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We consider the challenging problem of forecasting high-dimensional, spatiotemporally
chaotic systems. We are primarily interested in the problem of forecasting the dynamics of the
earth’s atmosphere and oceans, where one seeks forecasts that (a) accurately reproduce the true
system trajectory in the short-term, as desired in weather forecasting, and that (b) correctly cap-
ture the long-term ergodic properties of the true system, as desired in climate modeling. We aim
to leverage two types of information in making our forecasts: incomplete scientific knowledge
in the form of an imperfect forecast model, and past observations of the true system state that
may be sparse and/or noisy. In this thesis, we ask if machine learning (ML) and data assimilation
(DA) can be used to combine observational information with a physical knowledge-based fore-
cast model to produce accurate short-term forecasts and consistent long-term climate dynamics.

We first describe and demonstrate a technique called Combined Hybrid-Parallel Prediction

(CHyPP) that combines a global knowledge-based model with a parallel ML architecture con-



sisting of many reservoir computers and trained using complete observations of the system’s past
evolution. Using the Kuramoto-Sivashinsky equation as our test model, we demonstrate that this
technique produces more accurate short-term forecasts than either the knowledge-based or the
ML component model acting alone and is scalable to large spatial domains. We further demon-
strate using the multi-scale Lorenz Model 3 that CHyPP can incorporate the effect of unresolved
short-scale dynamics (subgrid-scale closure).

We next demonstrate how DA, in the form of the Ensemble Transform Kalman Filter
(ETKF), can be used to extend the Hybrid ML approach to the case where our system observa-
tions are sparse and noisy. Using a novel iterative scheme, we show that DA can be used to obtain
training data for successive generations of hybrid ML models, improving the forecast accuracy
and the estimate of the full system state over that obtained using the imperfect knowledge-based
model.

Finally, we explore the commonly used technique of adding observational noise to the ML
model input during training to improve long-term stability and climate replication. We develop a
novel training technique, Linearized Multi-Noise Training (LMNT), that approximates the effect
of this noise addition. We demonstrate that reservoir computers trained with noise or LMNT
regularization are stable and replicate the true system climate, while LMNT allows for greater

ease of regularization parameter tuning when using reservoir computers.
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The top 3 panels in this gure are spatiotemporal plots with the 64 spatial grid
point locations plotted vertically and the Lyapunov time plotted horizontally.
From top to bottom in these panels, the color axis shows the true value of the
i" element ofx fori = 1;2;:::;Q from the KS system, the difference be-
tween the trué™ element ofx! fori = 1;2;:::;Q from the KS system and the
prediction from the baseline scheme, and the difference between thid'tele
ement ofx} fori =1;2;:::;Q from the KS system and the prediction from the
ML-DA scheme. The bottom plot shows the normalized RMS error as function
of time for the baseline (magenta) and ML-DA (light blue) schemes, while the
dotted vertical lines mark the forecast Valid Time using each scheme. For both
schemes, the model error was= 0:1, and the state was measured at 16

equally spaced locations of the f@l = 64 grid points with measurement noise
magnitude noise =0:1. . . L L L e 80
Forecast Valid Time of the ML-DA (light blue box plots) and baseline (magenta
box plots) schemes for the KS system at different values of the model e)ror (
Each box plot represents the result of 50 independent trials comparing the base-
line and the ML-DA forecasts, each using a different KS time series starting from
a random initial condition in the attractor. The box plots depict the median, the
25" and 75" percentiles, and th&" and 95" percentiles (depicted by dashed
lines) computed over these trials. As in Fig. 3.5, the covariance in ation parame-
ter is independently optimized for both sets of forecasts at each value of the model
error (), and the optimal value is displayed next to each box. The “*” above a
pair of boxes indicates where Mood's median test determined that the ML-DA
median forecast Valid Time was signi cantly greater than that of the baseline for
that value of and optimal , with a p-value lessthat0 3. . . . ... ... ... 81
Normalized RMS error during DA as we iteratively use the ML-DA to produce
analysis time series for the KS system and use those time series to train the hybrid
model. A covariance in ation parameter of= 2, which we found to produce

the lowest analysis error, was used to produce analysis time series at each step
of the iteration. In addition, all knowledge-based models used in this plot had an
error of = 0:2. The plotted values are the median normalized RMS error values
computed over 50 different sets of measurement data. The variance in the error
over these different data sets is very small; therefore, we have chosen not to plot
the standard deviation. At iteration O, the error values are those from using only
the knowledge-based model as our forecast model during DA. We also plot the
error values computed over only the measured or the unmeasured variables.

Machine Learning Model with Memory Used for Predicting Dynamics. The
above diagrams show an ML model with memory for prediction in the (a) “open-
loop” con guration (for training) and (b) “closed-loop” con guration (for predic-
tion). In panels (a) and (b), the dashed line indicates that the output is fed back

into the model asthe nextinput. . . . . ... .. .. ... .. .......... 87
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4.2 Diagram of our Reservoir Computer Model. The reservoir is trained in the “open-
loop” training phase (analogous to Fig. 4.1(a)). During this phase, the dashed
line representing the feedback loop is inactive. Once training is complete, the
“closed-loop” prediction phase (analogous to Fig. 4.1(b)) may begin by activat-
ing the output-to-input feedback connection (shown by the dashed line). On the
left, we indicate the input during training for the standard training (discussed in
Sec. 4.2.2) and for noise training (discussed in Sec. 4.2.3.3), as well as the feed-
back input during prediction (discussedin Sec.4.25). . . . ... .. ... .. .. 93

4.3 Comparing Predictions with Increasing,, Values. In this gure, panel (A)
shows a histogram of the mean map error values of predictions generated from
reservoir computers trained with Jacobian and Tikhonov regularization using a
logarithmic grid of regularization parameter values (grid given in Table 4.3). In
this panel, the solid blue line marks thg,, climate stability threshold, while the
dashed red, green, and magenta lines denote the mean map error value for three
example predictions: one is a stable prediction with a lgyy, one is stable with
a high map, and one is unstable, respectively. These predictions are obtained
using a longTpeq = 1;000 000 (12000t y,,). The dynamics at the end of
these predictions are displayed in panel (B), with the stable example prediction
with a low n,4p ON the top, the stable example prediction with a higly, in the
middle, and the unstable example prediction on the bottom. Panel (C) displays
the computed power spectral densityugfi.1(t) anduye. 1(t) for each of these
predictions and the true test data. When computing the power spectral density
using Welch's method, we used a window wittf sample98:304t,,,,) and no
overlap betweenwindows. . . . . .. ... e 118

4.4 Unstable Predictions of the KS Equation. The top panel shows a testing time
seriesuyye (t) generated from the true KS equations dynamics, while the bot-
tom panels show results from a reservoir computer trained with the regularization
type displayed between the left and right panels. Panels on the left show the reser-
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Lyapunov exponent of the true system, while the vertical axis denotes the spa-
tial coordinate. In the top panel and in the panels on the left, the color denotes
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Chapter 1. Introduction & Background

1.1 Chaos and the Limits of Predictability

This thesis deals with the important problem of accurately modeling high-dimensional
chaotic dynamical systems, with a particular interest in addressing terrestrial weather predic-
tion and climate modeling. The problem of weather predictability can trace its way back to the
seminal work that jump-started the study of chaotic dynamics: Edward Lorenz's 1963 paper,
“Deterministic Nonperiodic Flow” [2]. Lorenz, with the help of Margaret Hamilton, had devel-
oped a primitive model of a weather system from a small set of differential equations. These
equations were simulated by Lorenz and Ellen Fetter on a Royal McBee LGP-30 electronic com-
puter that was capable of producing one day of crude weather forecasts every minute. As part of
his study of the model, Lorenz wished to run a long-duration prediction beginning from an initial
condition taken from the middle of a previous forecast. Lorenz input the initial conditions into
the computer from a printout that rounded the output to the third decimal place, assuming that the
additional three decimals places stored in the computer memory but not printed would be incon-
sequential to the results. Returning an hour later, however, he found that this small discrepancy
in the initial conditions had caused this prediction to diverge from the earlier output [3]. Lorenz
had discovered that physically-derived, deterministic models could become unpredictable at long

time scales.



Scientists and mathematicians since 1963 have continued to develop the study of determin-
istic but unpredictable nonlinear dynamics. These include: James Yorke, who rst coined the
term “chaos” to describe this type of dynamics [4], Stephen Smale, who expanded understanding
of the underlying mechanisms of chaotic systems and the prevalence of unpredictability [5], as
well as my thesis advisor, Edward Ott, who, among other contributions, studied the control of

chaotic dynamical systems [6].

1.2 Numerical Weather Prediction and Climate Modeling

The expansion of the study of the fundamental limits of predictability in nonlinear dynam-
ical systems coincided with the beginning of useful weather forecasting using numerical models
run on computers. The possibility of numerical weather prediction (NWP) and the partial dif-
ferential equations needed to be solved to make it a reality were rst proposed by American
meteorologist Cleveland Abbe [7] and Norwegian scientist Vilhelm Bjerknes [8]. The Meteo-
rological Research Project, begun by John von Neumann in 1946 at the Institute for Advanced
Study (IAS) at Princeton, saw the rst attempts to use the new technology of electronic computers
to obtain numerical solutions to simpli ed versions of the proposed NWP equations in 1950 [9].
By the 1970's, supercomputers had advanced to the point that it became feasible to integrate a full
set of physics-based equations with realistic modeling of unresolved or unaccounted-for physics
(in meteorology, this is referred to as “parametrization” [10].) Since then, further advances in
computational power and the parametrizations of subgrid-scale processes, as well as improve-
ments in forecast uncertainty estimation methods and forecast initialization, have dramatically

increased the forecast skill of NWP models; a 5-day forecast made in 2014 had a higher average



forecast skill than a 3-day forecast made in 1981 [11]. This period has also seen the development
of global climate models (GCMs) that couple atmospheric, oceanic, and land-based components
to forecast the terrestrial climate variability over decades-long time scales and under different
climate change scenarios.

The utility of accurate weather and climate forecasts to society is dif cult to understate.
Accurate weather forecasts help to mitigate the impacts of damaging weather events and save
lives. The economic value of weather forecasts to U.S. households alone was estimated in 2009
to be approximately $31.5 billion dollars per year, at a total cost to the public and private sector
of $5.1 billion dollars per year [12]. Long-term GCM predictions, on the other hand, provide
information essential to public policy, water resource management, urban planning, agriculture,
and transportation.

Despite the astounding improvement in NWP models and GCMs in recent decades, cur-
rent state-of-the-art models still contain substantial imperfections that, in conjunction with the
fundamental unpredictability of chaotic systems, lead to erroneous forecasts. These models can-
not capture dynamics at the sub-grid scale (e.g., clouds, turbulent uxes, and interactions with
small-scale geographic features). In addition, the parametrizations used to model the effect of
unresolved or unmodeled physics will always be imperfect and will lead to model error. These
errors are more substantial in GCM's that use a comparatively coarser model grid. The errors
in existing models and the signi cance of chaotic systems to society mean that it is critical to
develop techniques to improve prediction of high-dimensional chaotic dynamical systems in a
manner that leads to both more accurate short-term forecasts while also capturing the long-term

climate variability.



1.3 The Rise of Machine Learning

Recent decades have born witness to profound advances in the eld of machine learning
(ML). The current revolution has its roots in latter half of thé"2@ntury, when computer scien-
tists developed the rst arti cial neural network (ANN)-based ML models that aimed to mimic
the activations and connections of neurons in the brain. One of the rst such models was the
perceptron, developed in 1958 [13]; another important class of ANNSs, the convolutional neu-
ral network (CNN), was rst developed and used to classify handwritten numbers in 1989 [14].
The current paradigm of deep learning (DL) models, consisting of many different ANN layers
arranged in series, began around 2009 when it became practical to train and infer with large DL
models using graphics processing units (GPUs) [15]. Since then, machine learning algorithms
have achieved otherwise inaccessible performance in facial recognition and image classi cation
tasks, and have been used to defeat top-ranking players in games such as Go [16]. More recently,
generative machine learning models based on stochastic diffusion have been used to create im-
ages from text descriptions [17], while transformer-based large language models (LLMs) like
chatGPT have been used to mimic human responses to prompts.

Machine learning models have proved to be effective at analysing and predicting the dy-
namics of chaotic systems where the equations of motion of said system are unknown. One of the
rst papers to demonstrate this was that of Jaeger and Haass [18], who used a particular machine
learning technique known as “reservoir computing” to predict trajectories of the low-dimensional
Mackey-Glass system using only state observations of that system. The reservoir computing tech-
nique has since been used to replicate the attractor of other unknown chaotic systems, such as the

Lorenz 63 equations and the spatiotemporal chaotic Kuramoto-Sivashinsky equation [19, 20].
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For large spatiotemporal chaotic systems, Pathak et al. demonstrated that a technique using many
reservoir computers in parallel, each trained to predict the dynamics of a small local region of the
system, could be used to make accurate forecasts of high-dimensional chaotic systems [21].

While these machine learning models have made accurate predictions by learning dynam-
ics from state observations, they do not make use of all the physical information that is typically
available. Namely, there typically already exists an imperfect knowledge-based forecast model
component. The possibility of explicitly combining a knowledge-based forecast model and a
machine learning component to predict low-dimensional chaotic dynamics was explored by this
author and colleagues in Pathak et al. 2018 [22]. In this study, we applied our “hybrid” ma-
chine learning approach, which used a reservoir computer as the machine learning component,
to predict the dynamics of the Lorenz "63 equations and the Kuramoto-Sivashinsky equation us-
ing the same equation(s) with initial internal parameters perturbed from their true values as our
knowledge-based forecast models. We found that (a) our hybrid approach substantially improved
the accuracy of predictions compared to either model acting alone and that (b) our hybrid ap-
proach produced accurate forecasts even when the predictions from each component model were
so poor that they were essentially useless. Moreover, we found that our hybrid approach was
able to replicate the true system climate in cases where the component models did not and that it
generally required less training data than the machine learning model alone. While this approach
provided a general method for forecasting low-dimensional chaotic systems when both state ob-
servations and an existing forecast model are available, it does not scale well to high-dimensional
chaotic systems. In addition, this technique requires a time series of complete observations of the
true system state that may not be available.

Signi cant advances in computing power and memory, in addition to the availability of
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large time series data sets from GCM predictions (e.g., CMIP5 [23]) and high-resolution esti-
mates of current and past atmospheric states obtained using state-of-the-art NWP models and
observation networks (e.g., ERAS5 [24]), have enabled the development of fully ML-based NWP
models learned from data. Efforts to develop an “ML surrogate” atmospheric model were rst
published in 2019 [25]. From 2019-2021, a number of groups developed ML models to forecast
the weather at a reduced resolution and/or for a subset of forecast variables (e.g., [26—30]); this
includes Arcomano et al. 2020 [31], who developed a reduced-resolution ML surrogate model
that implements the parallel reservoir technique of Pathak et al. 2018. In 2022, the rst ML
surrogate model that forecast on the 0:88d of high-resolution reanalysis was developed us-

ing graph neural networks [32]. This was followed soon after by a number of other models,
including Nvidia's FourCastNet [33], Google DeepMind's Graphcast [34], and Huawei's Pan-
guWeather [35]. The most accurate of these, Graphcast and PanguWeather, demonstrate forecast
skills on par with state-of-the-art NWP models, despite operating at a lower resolution. In ad-
dition, these models can produce forecasts in a small fraction of the time and, once trained,
with considerably less computer resources than comparable NWP models. This speed up has
the potential to revolutionize weather forecasting by substantially increasing the size and num-
ber of ensemble forecasts, thereby improving analysis and uncertainty estimation (By ensemble
forecasts, we refer to a collection of forecasts obtained from initial conditions spanning the un-
certainty range of the estimated forecasts of the atmospheric state.) So long as these models
remain as accessible as they currently are, this speed-up also has the potential to democratize
weather forecasting so that groups with a relatively small amount of computing resources can
obtain skillful weather forecasts.

The current state-of-the-art ML surrogate models are not without their aws, however,
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Their forecasts often underestimate atmospheric variability, making it uncertain if they will pro-
vide accurate extreme event statistics when used for ensemble forecasting. In addition, these
models must be used autoregressively (i.e., with the output fed back into the model as input) to
make medium-to-long range predictions. This process often leads to unbounded error growth or
climate drift, making these models unsuitable for long-term climate prediction. Finally, while
these models implicitly make use of scienti ¢ knowledge by training on data from climate model
simulations or reanalysis, they contain no explicit scienti ¢ knowledge, even in a simpli ed form.
The potential for improving both short and long-term forecasts of high-dimensional chaotic sys-
tems, such as the weather, makes developing scalable hybrid techniques that combine ML with a

knowledge-based model of paramount importance.

1.4 Data Assimilation and Machine Learning

So far, our discussion of predicting high-dimensional chaotic systems has focused on what
Bjerknes termed the “prognostic” step in forecasting, where we seek to accurately evolve the
system state from an initial condition to the state at a future time [8]. Before this step, however,
Bjerknes envisioned forecasters completing a “diagnostic” step, in which the initial condition
for the forecast model is determined from observations. In operational weather forecasting, the
diagnostic and prognostic steps are completed cyclically; observations of the atmosphere are
constantly taken and combined with the most recent NWP model forecasts to estimate the atmo-
spheric state at regular intervals. These observations are taken at different times and places, are
sparse and patchy, and may be of variables that are not a part of our physics-based NWP model.

Combining recent forecasts with the older and more recent observations is the task of data as-



similation (DA). The development and advancement of DA techniques has been one of the main
sources of the substantial improvement in weather forecast skill since the beginnings of NWP.
Whereas the assimilated observations may be irregular in space and time and noisy, the
estimated state obtained via data assimilation, called the “analysis”, is a full system state on the
forecast model grid. Full system states are typically what is required to train an ML model to
forecast dynamics; indeed, many of the state-of-the-art ML surrogate models are trained on “re-
analysis” states, which are estimated by using current operational NWP models to assimilate past
observations. Thus, performing data assimilation prior to training can be necessary if one desires
to train their ML model with observational information. However, as discussed in Sec. 1.2, the
knowledge-based forecast models which are used during data assimilation often have substan-
tial errors. By training on the analysis generated by these models, the ML model will “inherit”
some of this error; this is the case even for state-of-the-art ML surrogate models trained on high-
resolution reanalysis (e.g., precipitation forecasts from Graphcast [34]). Given these challenges,
it remains an open question as to how to obtain the best performing forecast model using ma-
chine learning when one has access to an existing scienti ¢ forecast model and sparse, noisy

observations.

1.5 Chapter Outline

In this thesis, we consider how machine learning can be combined with physical knowledge-
based forecasting and data assimilation to produce substantially more accurate short and long-
term predictions of high-dimensional, complex spatiotemporally chaotic systems, with an ulti-

mate view of applying the discussed techniques to weather forecasting and climate modeling.



Chapters 2-4 of this thesis each consider a different aspect of this dif cult prediction problem as

well as techniques to address them. In Chapter 5, we give some brief concluding remarks.

1.5.1 Combined Hybrid-Parallel Prediction

In Chapter 2, we introduce Combined Hybrid-Parallel Prediction (CHyPP), which merges
a global knowledge-based model with a scalable, parallel machine learning framework that em-
ploys multiple reservoir computers. We test the short-term forecast skill of this technique against
the knowledge-based and ML component methods, as well as against the hybrid approach of
Pathak et al. 2018, by using each to predict the dynamics of two paradigmatic spatiotemporally
chaotic systems: the Kuramoto-Sivashinsky equation and the multiscale Lorenz Model 3. This

chapter was published in the journal Chaos [36].

1.5.2 An lterative Technique for Hybrid Model Training from Sparse and Noisy
Observations

In Chapter 3, we illustrate how DA can be harnessed to broaden the application of the
Hybrid ML methodology for forecasting complex chaotic systems to scenarios with sparse and
noisy system observations. We describe a novel iterative technique for hybrid model training
that alternates between using DA to assimilate the observations, then training a hybrid model on
the resulting analysis. We test this technique using the Ensemeble Transform Kalman Filter to
assimilate sparse and noisy observations of the simple 3-variable Lorenz "63 equations and of the

Kuramoto-Sivashinsky equation dynamics. This chapter was published in the journal Chaos [37]



1.5.3 Stabilizing Machine Learning Prediction of Dynamics using Noise and
Noise-Inspired Regularization

In Chapter 4, we consider the problem of climate instability in long-term ML model fore-
casts of complex chaotic systems. Motivated by the commonly-used instability mitigating tech-
nique of adding noise to the ML model input during training, we formulate a novel training
technique, Linearized Multi-Noise Training, that approximates the effect of this noise. We then
systematically compare the short-term forecast accuracy and long-term climate replication of
reservoir computers trained using noise training, LMNT, and other well-known techniques. This

chapter was published in the journal Neural Networks [38].

1.6 Subsequent Projects

Since completing and testing Combined Hybrid-Parallel prediction (described in Chapter
2), we have worked to implement this parallel hybrid approach to combine a low-resolution
knowledge-based atmospheric model with an ML component [39] and a fully ML-based ocean
model [40]; this model produces more accurate weather forecasts than either component model,
has very low biases over a 70-year stable free run, and is able to capture processes not captured
by the component atmospheric model.

We have also followed up our work using data assimilation to train hybrid models using
sparse and noisy observations. Our recent work has been into developing an online technique to
perform the state estimation and model training simultaneously, while also correcting the poten-

tially erroneous mapping between observation and model space [41]. | have also worked on data
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assimilation-related projects outside of the University of Maryland. While interning at Argonne
National Lab from May to August 2023, | created a variational DA system to assimilate global
radiosonde observations using a state-of-the-art ML weather forecasting model.

Outside of weather and climate, | was a fellow in the Computation and Mathematics for
Biological Networks (COMBINE) NSF NRT program, where | participated in coursework, sem-
inars, and research with a focus on network science and its application areas. As part of this
program, | created an ML-based technique for context-dependent pooling of predictions from
different epidemiological forecast models and applied it to predict deaths due to the COVID-19

pandemic [42].
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Chapter 2: Combined Hybrid-Parallel Prediction

This chapter is based on the paper, Combining machine learning with knowledge-based
modeling for scalable forecasting and subgrid-scale closure of large, complex, spatiotemporal
systems, by Alexander Wikner, Jaideep Pathak, Brian Hunt, Michelle Girvan, Troy Arcomano,

Istvan Szunyogh, Andrew Pomerance, and Edward Ott, Chaos 30, 053111 (2020).

2.1 Introduction

In recent years, machine learning techniques have been used to solve a number of complex
modeling problems ranging from effective translation between hundreds of different human lan-
guages [43] to predicting the bioactivity of small molecules for drug discovery [44]. Typically,
the most impressive results have been obtained using arti cial neural networks with many hidden
neural states [45]. These hidden layers form a “black box” model where internal parameters
are trained given a set of measured training data but, after which, only the nal model output
is observed. This formulation using measured training data contrasts with how models used for
forecasting physical spatiotemporally chaotic processes are formulated, which is typically done
using the available scienti ¢ knowledge of the underlying mechanisms that govern the system's
evolution. For example, in the case of forecasting weather, this knowledge includes the Navier-

Stokes equations, the rst law of thermodynamics, the ideal gas law, and (see Sec. 2.4) simpli ed
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representations of physics at the unresolved spatial scales [11].

In this chapter, focusing on the key issues of scalability and unresolved subgrid physics, we
consider the general problem of forecasting a very large and complex spatiotemporally chaotic
system where we have access to both past time series of measurements of the system state evolu-
tion and to an imperfect knowledge-based prediction model. We present a method for combining
machine learning prediction with imperfect knowledge-based forecasting that is scalable to large
systems with the aim that the resulting combined prediction system can be signi cantly more
accurate and ef cient than either a pure knowledge-based prediction or a pure machine-learning-
based prediction. A main source of dif culty for scalability of the machine learning is that the
dimension of the state of the systems we are interested in can be extremely large. For example, in
state-of-the-art global numerical weather models the state dimension (number of variables at all
grid points) can be on the order d°. Thus, both the machine learning input (the current atmo-
spheric state) and output (the predicted atmospheric state) have this dimensionality. (In contrast to
the description of some machine learning techniques as “deep”, one might refer to the situations
we address as “wide”.) The prediction method that we propose for such large complex systems
builds on the previous work on parallelizable machine learning prediction [21] and hybridization
of knowledge-based modeling with machine learning [22]. We call our technique Combined
Hybrid/Parallel Prediction (CHyPP, pronounced “chip”). Although the general method we pro-
pose is applicable to different kinds of machine learning, the numerical examples presented in
this chapter use a machine learning method known as reservoir computing [46,47]. Jaeger and
Haas [18] described the effectiveness of reservoir computing for predicting low-dimensional
chaotic systems. Research surrounding this technique has since expanded [48,49], and it has re-
cently been shown that reservoir computing using recurrent neural networks can produce similar
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quality predictions for chaotic systems to those of other recurrent architectures, such as LSTM's
[50] and GRU's [51], while often requiring much less computational time to train [52]. Reser-
voir computing techniques can additionally be extended to physical implementations using, e.g.,
photonics [53] and Field Programable Gate Arrays (FPGA'S) [54, 55].

The rest of the chapter is organized as follows. In Sec. 2.2, we rst review a simple version
of reservoir computing [46,47] and discuss its shortcomings for forecasting high-dimensional
spatiotemporal chaos. We next describe the hybrid reservoir prediction technique (Refs. [22]
and [56]), as well as previous work on how machine learning can be parallelized for prediction
of spatiotemporal systems [21]. We then present our proposed CHyPP architecture combining
the two. In Sec. 2.3, we demonstrate how the CHyPP methodology improves on each of the
component prediction methods. For these demonstrations we use the paradigmatic example of
the Kuramoto-Sivashinky model as our test model of the spatiotemporally chaotic system that we
aim to predict. We highlight the scalability of the proposed method to very large systems as well
as its ef cient use of training data, which we view as the crucial issues for the general class of
applications in which we are interested. In Sec. 2.4, we consider a situation with multiple time
and space scales and show by numerical simulation tests, that CHyPP can, through its use of data,
effectively account for unknown subgrid scale processes. The main conclusion of this chapter is
that our CHyPP methodology provides an extremely promising framework, potentially facilitat-
ing signi cant advances in the forecasting of large, complex, spatiotemporally chaotic systems.
We believe that, in addition to weather, the method that we propose may potentially be applica-
ble to a host of important areas, enabling currently unattainable capabilities. Some speculative
examples of potential applications are forecasting of ocean conditions, forecasting conditions in
the solar wind, magnetosphere and ionosphere (also known as 'space weather', important for its

14



impact on Earth-orbiting satellites, GPS accuracy, and high frequency communications), fore-
casting the evolution of forest res and their response to mitigating interventions, forecasting the

responses of ecological systems to climate change, analysis of neuronal activity, etc.

2.2 Reservoir Computing Architecture for CHyPP

2.2.1 A Simple Machine Learning Predictor

To begin, we initially consider the goal of a generic machine learning system for time-
series prediction of an unknown dynamical system evolving on an attractor of that system.
Later, we will consider that the machine learning system is a reservoir computer and that the
unknown chaotic system is not completely unknown, and we will try to make use of that knowl-
edge. Given a nite duration time series of the unknown system state's evolution up to a cer-

tain timety, where the state at each time is represented byKtkidimensional vectou(t) =

lustrated in Fig. 2.1(a), in the initial training phase, at each timen t  tg, u(t) is input

to the machine learning system;{(t) = u(t)), which is trained to output a timet predic-

tion of the dynamical system statgt + t) (Uoe(t + t) ' u(t+ t)). We refer to the
just-described input-output con guration as the “open-loop” system (Fig. 2.1(a)). To ensure an
accurate representation of the true dynamics with a reservoir of limited sizs typically short
compared to natural time scales (such as the correlation time or the “Lyapunov time”) present in
the unknown dynamical system whose state is to be predicted. Once trained, the machine learn-
ing system can be run in a “closed-loop” feedback con guration (Fig. 2.1(b)) to autonomously

generate predictions over a nite duration of time. That is, wghiepresenting the time at the
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end of the training data, we replace the former input from the training data by the output by in-
serting an output-to-input feedback loop, shown by the dashed line in Fig. 2.1(b). Then, when
Uin (to) = u(tp) is the input, the reservoir computer produces an output predictiarn(fet t),

which we refer to ast(to + t) = ug(to + t). When this predicted state is then used as the
input (Uin (to + t) = w(tp + t)), the reservoir computer produces an output prediction for
U(to +2 t), denoted(to +2 t) (Uout(to+2 t)= t(tp+2 t)). This process is then iterated

to produce predictions of the system stateatto+ m tform=1;2;3;::: (Fig. 2.1(b)).

Figure 2.1: Machine learning prediction device (a) open-loop training phase and (b) closed-loop
prediction phase.

In the rest of this section, we rst present background from previous work (Secs. 2.2.2-
2.2.4), then introduce our CHyPP method for combining a knowledge-based model with reservoir-
based machine learning to form a scalable system concept suitable for state prediction of very
large, spatiotemporally chaotic systems. Speci cally in Sec. 2.2.2, we review a basic reservoir
computing setup based on the methods of [47,57] along with the proposal for its use as a pre-
dictor carried out in Ref. [18]. In Sec. 2.2.3, we build upon the simple setup of Sec 2.2.2 and
describe the methodology from Ref. [21] for hybrid forecasting of the dynamical system using
a single reservoir computing network and an imperfect model. In Sec. 2.2.4, the reservoir com-
puting forecasting technique of Sec. 2.2.2 is extended via parallelization of the machine learning

with multiple parallel reservoir computers, in order to predict high-dimensional spatiotemporally
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chaotic systems, as was rst described in [21] (but without the incorporation of a knowledge-
based model). Finally, in Sec. 2.2.5, we present our proposed CHyPP architecture and technique
for combining the parallel reservoir method of Sec. 2.2.4 with the hybridization of a knowledge-
based predictor and a parallel reservoir-based machine learning prediction of Sec. 2.2.3. ltis
our belief that it is only by means of such a combination that the most effective application of
machine-learning-enabled prediction can be realized for large, complex, spatiotemporally chaotic

dynamical systems.

2.2.2 Basic Reservoir Computing

We now consider that the ML device shown in Fig. 2.1 is a reservoir computer which,
as shown in Fig. 2.2 (and further discussed subsequently), consists of a linear input coupler
( Wi,) that couples the staig, (t) into the reservoir (the circle in Fig. 2.2). The state of the
reservoir is given by a high-dimensional vect@t), which is then linearly coupled by, to
produce an output vectoi,:(t + t) which, through the training, is a very good approximation
tou(t + t). Inthis chapter, our implementation of the reservoir is an arti cial recurrent neural
network with a large number of nodes. The arti cial neural network that forms our basis of the
reservoir computing implementation is illustrated in Fig. 2.2. The reservoir network adjacency
matrix is chosen to be a randomly generated, sparse nmattihat represents a directed graph
with weighted edges. The adjacency matikas dimension®, D, whereD, is the number
of nodes in the network. Elements Afare randomly generated such that the average number
of incident connections per node (average number of nonzero elements of the matrix in each

row) is set to a chosen valuldi, the “average in-degree”, while the nonzero element& afre
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Figure 2.2: Diagram of the reservoir computer setup. In the “open-loop” training phase (analo-
gous to Fig. 2.1(a)), the dashed line representing coupling from the output back to the input is
absent. In the “closed-loop” prediction phase (analogous to Fig. 2.1(b)), the coupling from the
output back to the input (dashed line) is activated.

chosen from a uniform distribution over the interyall; 1]. Once generated is re-scaled (i.e.,
multiplied by a scalar) so that the its largest absolute eigenvalue is a prescribed vealied
the spectral radius. Each node the network has an associated scalar stgt¢. The state of
the network is represented by tBg dimensional vector(t), whose elements amg(t) where
i=1;2,3;:::;Dy,.

The reservoir network stat€t) evolves dynamically while receiving input througlKa
D, input coupling matrix\Wi, . We choose the matri/;, to contain an equal number of nonzero
elements in each column, which corresponds to coupling each element of the reservoir input to
an equal number of reservoir node states. Nonzero elements of this matrix are selected randomly
and uniformly from the interval [, ], where is referred to as the input weight. Given the

current state of the reservaift), the reservoir state is advanced at each time using a hyperbolic
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tangent activation function,

r(t+ t)=tanh[Ar(t) + Wi, ui, (D]: (2.1)

Before prediction begins, the reservoir computer is trained in the “open-loop” con gu-
ration. During this training phasey, (t) = u(t) + s (t). Here,u(t) is the measurement of
dynamical system state at tinhén the form of aK -dimensional vector. As in Ref. [57], we add
a small, normally distribute& -dimensional vectos (t) of mean 0 and standard deviatien
to the input dynamical system state during training. The elements of the vegtjoare chosen
randomly and independently at each tim& he function of this added “stabilization noise” is to
allow the reservoir computer to learn how to return to the true trajectory when the input trajectory
has been perturbed away from it. We nd that, in many cases, this additional small noise input
bene cially promotes stability of the closed-loop prediction con guration once training has been
completed.

The adjustable constants characterizing the overall prediction systemOg,.d¢di, , s,
and t) are referred to as “hyperparameters”, and it is important that they be chosen carefully
in order for the reservoir computer to predict accurately. For example, as explained in previ-
ous literature, the hyperparameters can be chosen so that the reservoir system has the so-called
“echo-state property” (see, e.g., Ref. [57]) whereby, when in the open-loop training phase, the
reservoir state(t), aside from an initial transient and with the random sequerfte xed, the
reservoir state(t) becomes uniquely determined by the reservoir input sequéréand hence
independent of the initial values of. Accordingly, prior to initiation of the training, we ignore

and discard the reservoir and input states for the rst few time steps. The state of the reservoir
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at the end of this transient nulli cation period is labelle@). Starting withr(0), the training
system stateg(j t) (j anintegerj t tg) and the resulting reservoir state§j +1) t), are
recorded and saved. We then desire to the use these saved states to produce af(iottpuy),
whenu(t) is the input, which we desire to be very closafb+ t). To do this, we nd it useful

to perform an ad-hoc operation on the reservoir state vectors that squares the value of half of the

node states. Speci cally, we de ng] t) such that,

T
|

= r; fori odd, (2.2)

= rZfori even. (2.3)

T
|

As surmised in footnote [16] of Ref. [21], this operation improves prediction by breaking a par-
ticular odd symmetry of the reservoir dynamics that is not generally present in the dynamics to be
predicted. We next couple the transformed reservoir s{ate t) viaaK D, output coupling

matrix Wy, to produce an outputy (t + t),

Uout(t+ 1) = Wour(t+ 1), (2.4)

and we endeavor to choose (“train”) the matrix elementd/gf; so thatu,,(t + t) is close to
u(t+ t). Ingeneral, this will require thdd, K. To accomplish this, we try to minimize the
L2 difference between(t + t) anduy,(t + t). To prevent over tting, we insert a Tikhonov

regularization term to penalize very large values of the matrix elemem&,@f[58]; that is, we
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nd

X h [
min KWout(t) u(t)k?® + Trace(W ouW(,) ; (2.5)

t
0 et

over theKD , scalar values of the matriw/,,. Here, is a small regularization parameter
andk: : :k denotes thé.? norm. This technique is commonly known as ridge regression. In
our subsequent numerical experiments (Secs. 2.3 and 2.4), we use the “matrix solution” for the
minimization problem to determine the trainéé,,;. In particular, we proceed as follows. We

rst form a matrix R where thej ™ column is thej ™ transformed reservoir stat€j t). We

de ne a target matrixtJ consisting of the time series of training data such thaj theolumn of

Uisu(j t). We then determine a matri%/,; that satis es the following linear system,

Wou(RR' + 1 )= UR'": (2.6)

This can be done by explicitly calculating the matrix inverdg,,; = URT(RRT + 1) 1% or,

more ef ciently, by using a matrix division algorithm such esdivide in MATLAB [59] as

we do in our numerical experiments. We additionally note that methods of solving Eq.(2.5) for
W,y other than direct matrix solution are also available and may sometimes be advantageous
(e.g., GMRES [60], stochastic gradient descent [61], etc.). By means of this minimization, it
is hoped thatio (t) = u(t) is achieved. This completes the training process, following which
we can switch to the closed-loop con gurations (Fig. 2.1(b) and the dashed line in Fig. 2.2) and

attempt to predict the subsequent evolutioru@f). Prediction can then proceed via Eqgs.(2.1),
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(2.2) and (2.6) where the prediction of the dynamical system stte= u,(t) and the reservoir
input is received from the feedback loap,((t) = Uout(t)).

The closed-loop con guration system can be regarded as a surrogate dynamical system that
mimics the original unknown dynamical system. As such, if the original unknown dynamical
system is chaotic, the closed-loop predictor system will also be chaotic. Due to the exponential
growth of small errors implied by chaos, we cannot expect prediction to be good for more than
several Lyapunov times (the Lyapunov time is the typical e-folding time for error growth in a
chaotic system). Thus we will regard our predictions to be successful when they are good for a
few Lyapunov times.

Now consider that we have made a predictiond(t), and, at some later time, we wish to
perform another prediction of the same spatiotemporally evolving system with unknown dynam-
ics. It is not necessary to retrain our predictor; we can, instead, re-use the previously obtained
Wou [21]. To do so, we re-initialize the reservoir state to zero, switch the reservoir computer
into its open-loop con guration, and allow it to evolve given input states of the unknown dynam-
ical system measured attimgs Ts t t,(i.e.,ui, (1) = u(t)). Ts is some synchronization
time that is suf ciently longer than the characteristic memory of the reservoir computer but, im-
portantly, is much shorter than the necessary training time needed to det&ginet, is the
time at which we want to begin our prediction. After this synchronization period, the reservoir
computer is switched to its standard closed-loop prediction con guration and is used to make
predictions at later times.

If the original system is very high dimensional (i.e., the dimen&ioof the measure vector
u(t) is very large), them, K must be exceedingly large. This can make the training to de-
termineW,; infeasible. For example, if we solve Eq.(2.5) by the direct matrix method, Eq.(2.6)
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shows that we must solvely D, linear system of equations. For our computational resources,
we nd that this becomes impossible Bs approaches?2 10*. Due to this and other similar
considerations, we deem the method discussed in this section to be untenable for the prediction

of large, spatiotemporally chaotic systems of the type we are interested in.

2.2.3 Hybrid Reservoir Computing

Figure 2.3: Diagram of the hybrid reservoir computer setup. In the “open-loop” training phase
(analogous to Fig. 2.1(a)), the dashed line representing coupling from the output back to the input
is absent. In the “closed-loop” prediction phase (analogous to Fig. 2.1(b)), the coupling from the
output back to the input (dashed line) is activated.

In this section, we brie y review a hybrid scheme proposed in Ref. [22] for combining
reservoir computing with an imperfect knowledge-based model of the dynamical system of in-
terest. We again assume access to time series data of measurements of the state of the dynamical
system. We further assume that an imperfect knowledge-based model of the system producing

the measurements is available and that this imperfect model is capable of forecasting the state
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of the dynamical system with some degree of accuracy, which we wish to improve upon. In the
hybrid setup of Ref. [22] (Fig. 2.3) described below, it has been shown that the machine learning
method and the knowledge-based model augment each other and, in conjunction, can provide a
signi cantly better forecast than either the knowledge-based model or the pure machine learning
model acting alone.

As in Sec. 2.2, we assume that the data used for training is givéh measurements of
the state of the dynamical system at equally spaced increments in tiji®rming a vector time
seriesu(t). The imperfect knowledge-based modl is an operator that maps the staig) to
a forecast of the state at tinfe+ t).

We advance the reservoir state in time using the same activation function as described in

Sec. 2.2.2,
r(t+ t)=tanh[Ar(t) + Wi, ui (D]: (2.7)

Once again, during the training phasg, (t) = u(t) + s (t). The training process is similar
to the one employed in Sec. 2.2 for the basic reservoir computer but with the addition of the
knowledge-based prediction (as illustrated in Fig. 2.3). Using ridge regression, we nd a linear

mappingW . fromr{(t) andM [u(t)+ s (t)] to produce an approximate predictionugt + t),

2 3

Woutgl‘(t+ t)é' ut+ t): (2.8)
M [uin (1)]

Here,ui, (t) is the same as that input to the reservajy(t) = u(t)+ s (t). We again include the
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smalls (t) vector in the knowledge-based model input during training to improve the stability of
the method. Additionally, recall thatis related ta by Eq.(2.2). In the prediction phase, we run
the hybrid system in a closed loop feedback con guration (Fig. 2.3 with the dashed line feedback

connection present) using Eqs.(2.7), (2.2), and the following equation,

2 3
Ht+ 1)
Uout(t+ t) = Woutg é ; (2.9)

M [Uout (t)]
During the prediction phase, the hybrid foreaas{t) = ugy(t) and the hybrid input is received
from the feedback loop, (t) = ug(t)). Note that, in this scheme, the output is a linear combi-
nation of the reservoir state and the knowledge-based model output that optimizes the agreement
of the combined system output with the training data. Thus, we can regard the result as being
an optimum combination of the reservoir and knowledge-based components. Hence, we expect
that if one component is superior for some aspect of the prediction, then it will be weighted more
highly for that aspect of the prediction. This suggests that predictions by this method may be
greatly improved over those available from either the knowledge-based component or the reser-
voir component acting alone (e.g., see Fig. 7 of Ref. [22]).

In addition to the hybrid con guration shown in Fig. 2.3, we have also tested a modi ed
con guration in which there is an additional input to the reservoir component from the output
of the knowledge-based moddl . We have empirically found that this modi cation sometimes
yields a small positive improvement in prediction; however, for simplicity, we henceforth only

consider the con guration in the gure.
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2.2.4 Parallelization

Figure 2.4: Diagram of parallel reservoir computer setup.

To obtain a good prediction of a chaotic dynamical system state using reservoir computing,
the reservoir dimensionality must be much greater than that of the dynamical systebx,(i.e.,
K) so that there are enough free parameters availabW/gn for tting the reservoir output
state to the measured dynamical system state at(time t). This can cause the computational
cost of determining an optimum output matrix to become unfeasibly high for large dynamical
systems, e.g. because implementation of this step by the method of Eq.(2.6) involves solving a
D, D, linear system. As a point of reference, we note that the dimension of the state vector of a
current typical operational global weather forecasting model is on the ord€f oA method to
make consideration of such problems feasible for machine learning approaches was proposed in
Ref. [21]. The idea is to exploit the short range of causal interactions over a small time period in
many spatiotemporally chaotic dynamical systems. This was shown to allow the use of multiple
relatively small reservoir computers that each make predictions of a part of the full dynamical
system state as in a local region, illustrated in Fig. 2.4 and explained below. This method has the

advantage that, in the training phase, all of the relatively small output maWggs of each
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reservoir computer can be trained independently in parallel, thus greatly reducing the dif culty
of training.
For illustrative purposes, consider a spatiotemporal dynamical system in one spatial di-

mension with periodic boundary conditions. Let the dynamical system state be represented by a

u; (t) represents the time series at a single spatial grid point. We divide the system st#&te into
equally sized, contiguous regions containipgystem variables, wheRRQ = K. We denote the
system variables in these regionsugét) = [Ugp 1)+1 (t);::1;Ugp(t)]' wherel p P. Each

local region in space is predicted by a reser®jr each of which has internal reservoir states
rp(t) and adjacency matri&, generated via the process described in Sec. 2.2.2. Each reservoir is
coupled to its inputyi, (t), via a matrix of input weightsVi,., . This input corresponds to a lo-

cal region of the system that contains the region to be predicted by that reservoir as well as a size

range causal interactions across the boundaries of the local regions. The assumption here is that,
over the incremental prediction timet, state information does not propagate fast enough for
nodes outside the input regions of reseryoio in uence the time t change in the dynamical
system states predicted by resenmir

Each reservoir state is advanced using the following equation,

rp(t+ t) =tanh[ Agrp(t) + Winp Uinp (1)]: (2.10)
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During the training phase (Fig. 2.4 with the dashed output-to-input connection absgnt)) =
Vp(t) + s (t), Here, the(2" + Q) dimensional vector (t), is thep™ local region of a global

vector of normally distributed random variablegt), chosen independently at each tilme
2
QP 1+ °
Q(p 1+2 -
(t)p = (2.12)

After a suitably long transient nulli cation period, we determine the output matiégg,, for

each reservoir that solve the least squared optimization problem using ridge regression,

X h i

out;p 0 t<t o

Note that, for eaclp, the matrixW,,., can be relatively small as the number of outputs is the
number of state variables in regign(not the entire global state). Furthermore, the determina-
tions of the relatively smaW ., matrices are independent for each regmmnd thus can be
computed in parallel. The “direct matrix method” solution for determining each oWhg,

matrices proceeds as follows. First, we rewrite Eq.(2.12) as

out;p

where, in Eq.(2.13)J, andR,, are analogous tt) andR in the single reservoir prediction (see

Eqg.(2.6)).U, is the target matrix such that th& columnisu,(j t), while R, is obtained from
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R, analogous to the single reservoir case as described in Eq.(2.2).VEaghis calculated by

solving the following equation,
T T

Note that, as previously claimed, the minimization problem for gadfq.(2.13), is completely
independent, and can be solved for the diffefeint parallel. As in Sec. 2.2.2, in the prediction
phase and, after a period of synchronization, we produce a full state predictjoly running

the system in a closed loop feedback con guration (i.e., Fig. 2.4 with the dashed output-to-input
feedback connection present). This is done by concatenating the local predictions from each
reservoirtty(t) = Uourp(t) (Whereuoy:,(t) is the output state from each reservoir). Reservoir

p then receives inputs from its own outputs in addition to the left and right overlap zone inputs

from the" left grid points, and the right grid points. The entire system thus evolves as follows,

Uoutp (t) = Wourp [Fp(D)]; (2.15)
2 3 2 3 2
tri(t) Uout;1(t) Bo(p 1+1 (t)
Uz(t) uout;Z(t) l3"Q(p 1)+2 (t)
t(t) = . = ; Uinp () = wp(t) = g ; (2.16)
tp (t) Uout;,p (t) top+° (t)
rp(t+ t) =tanh[ Aprp(t) + Winp Uinp (1)]: (2.17)

to(t) is obtained fronT y(t) using Eq.(2.2).

Finally, we compare the parallel reservoir method with Convolutional Neural Networks
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(CNNs), a commonly used form of arti cial neural network architecture that is constructed to
learn spatial features [62]. The main differences between the parallel reservoir method and CNN-
based methods are in the type of models they produce and the method for training each of them.
CNNs capture spatial features via a global model of the local dynamics that parameterizes many
different local elds. Our chosen approach, on the other hand, determines many local models
for each spatial region which, in the case of a spatially inhomogeneous system such as terrestrial
weather, we believe will be more accurate than a global model. In addition, we expect our chosen
method is easier to train due to the simplicity of obtaining the least-squares optimal solution for

each relatively small local region.

2.2.5 Combined Hybrid/Parallel Prediction (CHyPP)

Figure 2.5: Diagram of the Combined Hybrid/Parallel Prediction (CHyPP) architecture using
reservoir computing.

In our previous work [22], we constructed a hybrid prediction method using a single reser-
voir. In this section, we consider a combination of the parallel approach of Sec. 2.2.4 (which
enables computationally ef cient scaling to high-dimensional spatiotemporal chaos) and the hy-

brid approach of Sec. 2.2.3 (which allows us to utilize partial prior knowledge of the dynamical
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system) where we assume that the knowledge-based system prglothes predictions over

the entire spatial domain. A diagram of this method can be found in Fig. 2.5. While the ap-
proach is easily generalized to 2- and 3-dimensional spatial processes, in order to most simply
demonstrate our proposed methodology, we again consider a one-dimensional, spatiotemporally

chaotic dynamical system with periodic boundary conditions, with a state representdd by a

based prediction operatdd gives a global prediction of the full system state for a time
M [u(t)] = O0(t + t). Asin our parallel reservoir computer prediction described in Sec. 2.2.4,
we partition the system state inB equally sized, continuous regions containiQgvariables,
whereP Q = K and each such region is predicted by a reseiRgip = 1;2;:::;P.

Each reservoiR, input is coupled to a local region of the system states as in Sec. 2.2.4,

and the reservoir statg(t) is advanced using the following equation,

rp(t+ t) =tanh[ Agrp(t) + Winp Uinyp (1)]: (2.18)

During the initial training phaseyin,p (t) = vp(t) + s (t),. In EQ.(2.18),Wi,, is the input
coupling matrix for the local system states, analogous to that described in Sec. 2.2.2. As in
Sec. 2.2.4yp(t) is the state measurements at grid points within the local region to be predicted
along with™ grid points to either side and(t), is thep™ local region of the global vector of
normally distributed random numbergt). Each reservoir is trained independently in parallel
using a set of training data consisting of an equally spaced time series of measured states of the
large scale dynamics beginningtat O after some initial transient nulli cation period. Again,

we solve the least squares optimization problem with ridge regression to determine an output
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mapping for each reservoir (analogous to Eq.(2.13)),

2 3

R
min kU, Wout;pg IOZk2+ Trace(Woutp Wouep) (2.19)

Wout;p
p

In Eq.(2.19),0p is a matrix whos¢™ columnisQ,(j t), whereQ,(j t) is the knowledge-based
prediction of thep™" local region of the system,

2 3
M [u(t)+s (Dlop 1+

M t t +
O(t+ t)= )+s Oloe vz s (2.20)

Mut)+ s (Dlep

The solution to Eq.(2.19) by the direct matrix method is

2 3
RP T T T AT,
Woutp Ry; 0,1+ 1 = UyR,; 0,1 (2.21)
0,
In the prediction phase, we run the system in a closed-loop con guration according to
Eqgs.(2.22-2.25) to predict each local region of the system given each reservoir state and knowledge-
based model prediction, obtainiag(j t). The local predictions are appropriately concatenated

to form a full state prediction, which is then used as input for the next prediction step, as follows,
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2 3

r(t)
up(t) = Uout;p (t)= Wout;p é ; (2.22)
Op(t)]
2 3
Ul(t) top n+ (1)
t o ~(t
(1) = EUZ() U= WO =B ” Y (2.23)
ttp (1) top+* (1)]
2 3
M [uin (D]op 1+
M in t +
0 (t+ t)= i Olete 127 (2.24)
M [uin (t)]op
Fo(t+ 1) = tanh[ Ao p(t) + Winp Ui (O] (2.25)

In the above equations, we once again calcutgl® fromr,(t) using Eq.(2.2).

2.3 Test Results on the Kuramoto-Sivashinsky Equation

We test the effectiveness of our proposed CHyPP method (Sec. 2.2.5) by forecasting the

state evolution of the Kuramoto-Sivashinsky equation with periodic boundary conditions [63,64],

@y @y @y.

@x @% @ (2.26)
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wherey = y(x;t) andy(x + L;t) = y(x;t). This spatially one-dimensional model generally
produces spatiotemporally chaotic dynamics for periodicity leigt& 50. For the purpose

of comparing various methods, we regard Eq.(2.26) as generating the state measurements of
a putative system that we are interested in, while the imperfect prediction model we use is a
modi ed version of this same equation, where an error tetisiintroduced in the coef cient of

the second derivative term,

@y_ @y

L@y @y
ot @x

1+ )oz o (2.27)

We have also investigated the case where the error is introduced by multiplyingalye@ x

term in EqQ.(2.26) by1 + ). For the latter case, the results of our method are qualitatively
similar to those for EQ.(2.27). We form our simulated measured time sagfigdy taking the

i element ofu(t) to bey(i x;t), where x = L=K is the grid spacing used for our numerical
solutions of Eq.(2.26). We numerically solve the Kuramoto-Sivashinky equation on the same
discretized spatial grid using fourth-order Runge-Kutta exponential time differencing [65]. As

a metric for how long a prediction is valid, we calculate the normalized root-mean-square error
(NRMSE) between the true and predicted system states. We de ne the length of valid prediction,
or “valid time”, to be the time at which the NRMSE exceeds 0.2. Since the NRMSE saturates at
sqrt(2), we consider this to be the point when error in the prediction reaches about 15% of its
saturation value. In Sec. 2.3.1, we demonstrate that our CHyPP methodology can scale to predict
very large systems. In Sec. 2.3.2, we show that the CHyPP method requires signi cantly less
training data than the parallel scheme of Sec. 2.2.4 (using reservoirs without a knowledge-based

component). We then discuss, in Sec. 2.3.3, the sensitivity of the CHyPP and parallel machine
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learning (Sec. 2.2.4) methods to the local overlap length

For all of our numerical experiments in this chapter, in addition to our solution of the im-
perfect model, we use a digital computer to implement the machine learning. However, if, in the
future, CHyPP is applied to very large systems (e.g., weather forecasting) requiring a much larger
number of parallel machine learning units, then we envision that it may prove useful to perform
the parallel machine learning using a special purpose physically implemented reservoir comput-
ing array, e.g., based on FPGA's or photonic devices [53-55]. Such implementations, called “Al

hardware accelerators”, show great promise with respect to low cost, speed, and compactness.

2.3.1 Prediction Scalability

hdi (average in-degree)| 3

(spectral radius) 0.6 " (local overlap length) | 6

(input coupling strength) 0.1 t (Prediction time step) 0.25

(regularization) 10 8 | Ts (synchronization time) 25

s (reservoir(s)-only tests) 0:001 S (CHyPP tests) 0

Table 2.1: Hyperparameters used in the results in Sec. 2.3.

We rst test the ability of our CHyPP method to scale to large system sizes. We consider the
Kuramoto-Sivashinsky equation where we x the number of system variables (grid points) each
reservoir is trained to predict © = 8, as well as the reservoir spatial densityPtel. = 16=100
(P is the number of reservoirs), while varying the periodicity lengtkor all tests in this section,
we use the hyperparameters in Table 2.1 unless otherwise speci ed. We additionally x the error
in the incorrect model to = 0:1. Figure 2.6 shows the resulting NRMSE between the true state

and our hybrid parallel prediction averaged over 100 prediction periods versus time. For each
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Figure 2.6: Average normalized root-mean-square error (NRMSE) in the CHyPP prediction
where we have xed the number of system variables predicted in each regiQn=to8 and

the reservoir spatial density Bt=L = 16=10Q The total number of spatial grid poinks in each
prediction ar&K = 128 for L = 100, K =512 for L =400, andK = 1024 for L = 800. Predic-

tions are made using an imperfect model with second derivative esr@:1. The results shown

are the average of 100 predictions where each prediction is made using the same set of reservoirs
and training data set but where the CHyPP method is synchronized to different initial conditions
for u(t). we see that the NRMSE curves are relatively invariant ascreases, indicating that

our method can be scaled to large systems.

value ofL plotted in Fig. 2.6, the density of the parallel reservoir computers is kept constant at
P=L = 0:16. Additionally, the time plotted horizontally is in units of the Lyapunov time (the
average chaos-induced e-folding time of small errors in the predicted state orbit). The NRMSE

is relatively unchanged as the valuelofs increased, indicating that the CHyPP prediction, like
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the parallel reservoir-only prediction in [21], can be scaled to very large systems by the addition
of more reservoirs.

Finally, we note that our test system, the Kuramoto-Sivashinky equation, is homogeneous
in space, while the real systems we are interested in are generally spatially inhomogeneous. For
example, weather forecasting accounts for geographic features (continents, mountains, etc.), as
well as for latitudinal variation of solar input, among other spatially inhomogeneous factors.

In order to ensure that our numerical tests with a homogeneous model are also relevant for a
typical inhomogeneous situation, we have not made any use of the homogenaity of Eq.(2.26): the
adjacency matrice&, corresponding to each reservpiare independently randomly generated,

and eactW,,, is determined separately (rather than taking\glandW ., to be the same, as

would be possible for a homogeneous system).

2.3.2 CHyPP Promotes the Possibility of Good Performance Using a Relatively
Small Duration of Training Data

The prediction results shown in Figs. 2.7 and 2.8 use the parameters contained in Table
2.1. In addition, the number of reservoirs and the length of training data are specied in the
gure captions. Our true Kuramoto-Sivashinky equation dynamics and our imperfect model use
a periodicity length oL. = 100 and are realized ové¢ = 128 spatial grid points. The imperfect
model has an error of = 0:1 and a small valid prediction time of onl}:48 Lyapunov times.
Each plotted valid time is averaged over 100 predictions that are generated using the same set
of reservoirs with the same training data sequence but that are synchronized to different initial

conditions. Figure 2.7 displays a set of example predictions of one of these test time series. Fig-
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Figure 2.7: (A) The true dynamics of the Kuramoto-Sivashinsky equation obtained by numeri-
cal evolution of Eq.(2.26) normalized to have mean 0 and variance 1. We plot the spatial grid
point along the vertical axis and the Lyapunov time on the horizontal axis. The Lyapunov time is
de ned by .t Where nax is the largest Lyapunov exponent computed from Eq.(2.26). Pre-
dictions of this evolution by four different methods are shown in panels (B), (C), (D), and (E).
The prediction in (B) is made by a single reservoir computer with 16,000 nodes, the prediction
in (C) is made by 16 reservoir computers in parallel each with 4,000 nodes, the prediction in (D)
is made by a hybrid with a single reservoir computer with 16,000 nodes(D), and the prediction in
(E) is made by CHyPP with 16 reservoir computers in parallel each with 4,000 nodes and an im-
perfect model with second derivative= 0:1. The plots on the right (b), (c), (d), and (e) display

the difference between the true dynamics (A) and the prediction using each of the corresponding
techniques. The vertical black line marks the valid prediction time. Each technique was trained
using a 3,375 Lyapunov time sequence of training data.
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ures 2.7 and 2.8 both demonstrate that CHyPP yields signi cantly longer valid predictions than
the parallel reservoir-only method, which (for our choice ahd reservoir size) produces longer
valid predictions than the imperfect model alone. Both the parallel hybrid and parallel reservoir-
only predictions outperform the imperfect model-only approach. From Fig. 2.8, we also observe
that the CHyPP saturates, or reaches a valid prediction time that increases only negligibly with
the addition of more training data, at a much shorter length of training data than the parallel
reservoir-only. As a result of this, the length of training data before which we would not bene t
from increasing the size of the reservoir is also much shorter in the CHyPP prediction. For ex-
ample, consider the plots in (b) and (f) in Fig. 2.8, where each prediction uses 4 reservoirs. If
we have a 500 Lyapunov time length of training data, we would not bene t from increasing the
number of nodes per reservoir above 2000 in the reservoirs-only prediction, but could obtain a
signi cant performance improvement if we did so using CHyPP. CHyPP exhibits its most impres-
sive performance for very short lengths of training data. With only 22.5 Lyapunov times worth of
training data, the parallel reservoir-only method is able to predict for only 0.44 Lyapunov times,
whereas CHyPP with 16 reservoirs of 2000 nodes each predicts for 3.35 Lyapunov times on aver-
age, matching the saturated single reservoir-only prediction that is trained using 150 times more

training data.

2.3.3 Prediction Quality dependence on local overlap length

In this section, we investigate the dependence of CHyPP performance on the local overlap
length™. Figure 2.9 shows that when the local overlap leng#wzero or close to zero, the parallel

reservoir-only prediction valid time (solid red line) is very poor, predicting for only around 0.5
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Figure 2.8: We plot the average valid time as a function of the duration of the training data, each in
Lyapunov time, for the parallel reservoir(s)-only method using (a) 1 reservoir, (b) 4 reservoirs, (c)
8 reservoirs, and (d) 16 reservoirs. We plot the same quantity obtained from the parallel hybrid
method using (e) 1 reservoir, (f) 4 reservoirs, (g) 8 reservoirs, and (h) 16 reservoirs. In each
case, the imperfect knowledge-based predictor in the hybrid prediction had an error in the second
derivative term of = 0:1, resulting in an average valid time for the model-only prediction of 0.48

of a Lyapunov time. A knowledge-based predictor with no error begun using the most accurate
initial condition from the parallel hybrid was able to predict for an average of 11 Lyapunov times.
The legend in each plot indicates the number of nodes used in each reservoir.

Lyapunov times.
CHyPP, however, is still able to obtain good predictions with very little local overlap length.
For CHyPP, this indicates that it is able to utilize the inaccurate model prediction to infer the prop-

agation of dynamical in uences between the adjacent prediction regions. We note that neither
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CHyPP nor the 16 parallel reservoirs-only prediction are able to improve upon a corresponding
single, large reservoir hybrid prediction or corresponding single large reservoir-only prediction
when the local overlap length is near 0. Regarding this comparison, however, it is important
to recognize that in systems larger than the one we have used to test our method here, use of
a single reservoir prediction is not possible because the reservoir size necessary for prediction
becomes infeasible, as discussed in Sec. 2.2. This result is nevertheless very important for large-
scale implementations of the proposed method. In realistic systems with 3 spatial dimensions, a
small increase in the local overlap lengtlean lead to increasingly large memory requirements
and increasingly large amounts of information that must be communicated between reservoirs at
each prediction iteration. Being able to obtain a good prediction with less local overlap length
when the propagating dynamics is adequately explained by the imperfect model is thus another

advantage of CHyPP.

2.4 Test Results on a Multiscale System Prediction and the Problem of Subgrid-

Scale Closure

A common dif culty in numerical modeling arises because many physical processes in-
volve dynamics on multiple scales. As a result, fundamentally crucial subgrid scale dynamics is
often only crudely captured in an ad-hoc manner. The formulation of subgrid scale models by
analytical technigues has been extensively studied (e.g., see Ref. [66]) and is sometimes referred
to as “subgrid-scale closure”. In this section, we show that our CHyPP methodology provides a
very effective data-based (as opposed to analysis-based) approach to subgrid-scale closure.

In particular, we test our CHyPP prediction method on a dynamical system with multiple
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Figure 2.9: We plot the valid time for the parallel and non-parallel hybrid and reservoir(s)-only
prediction as a function of the local overlap length

i1l

spatial and temporal scales. The particular system we choose to predict is the multiscale “toy
atmospheric model formulated by E.N. Lorenz in his 2005 paper [67]. We refer to this model
as Lorenz Model Ill. This model is a smoothed extension of Lorenz's original “toy” atmospheric
model described in his 1996 paper [68] (hereafter referred to as Lorenz Model I), with the ad-
dition of small scale dynamical activity. Lorenz Model Il describes the evolution of a single
atmospheric variableZ, on a one-dimensional grid witN grid points and periodic boundary

conditions, representing a single latitude. The valug at each grid pointZ,, evolves accord-
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ing to the following equation,
dZ,=dt=[X; X lxn + [Y; Y]en + dY; Xt Xn  bY, + F: (2.28)
In EqQ.(2.28) X is a smoothed version @&, andY is the difference between andX ,

Xn = ( JiDZn+i; Yn=2Zn Xnp; (2.29)

= 312+3 = 23%+41 ; = 2%2+1 =1%+212% : (2.30)

Here,| denotes the smoothing distance. Th¥sdescribes the large-spatial-scale, long-time-
scale wave component @&, while Y describes the small-spatial-scale, short-time-scale wave
component. [V; Wlk., indicates a coupling between the variablésand W [i.e., interaction
within scalesY = W = X orY) or between scales fov(= X, W = Y)]. ForK even, this

coupling takes the form,

X X
Vi Wlkn = 0 A Vo 2k iWn k j+ Vo kej iWnek+j)=K= (2.31)

Here,J = K=2 andP °denotes a modi ed summation where the rst and last summands are
divided by 2. FoK odd,J = (K 1)=2and eachP ®becomes a standard summatiFt))n In
Eq.(2.28), the parameteis, b, ¢, andF describe the coupling distance of the system's large scale
dynamics, the increase in small scale oscillation rapidity and decrease in amplitude (relative to
the large scale dynamics), the degree of interaction between the large and small scale dynamics,

and the overall forcing in the system, respectively. We note that whken = 0 andK =1, this
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model reduces to the Lorenz Model I.

For the purposes of testing our CHyPP method, we also introduce another model formu-
lated by Lorenz, which we will refer to as Lorenz Model 1l [67]. This model is equivalent to
Lorenz Model Il with no distinct small scale wave component or smoothing present in the equa-

tion,

0Z,=dt=[Z;Z]kn Zn+ F: (2.32)

Important for our tests, Lorenz notes that, for constanthe dominant wavenumber in Lorenz
Model Il depends only on the ratld=K .

We test our CHyPP method by using it to predict the dynamics generated from Lorenz
Model Il using Lorenz Model Il as our imperfect knowledge-based predictor. As we discussed in
Sec. 2.1, knowledge-based models used to predict physical multiscale systems (i.e., the weather)
often use simpli ed representations of subgrid scale dynamics. To replicate this type of im-
perfection in the knowledge-based model in CHyPP, we realize the Lorenz Model Il dynamics
over an equal or fewer number of grid poiMg.qe 1 While using the sambl=K ratio as used
to generate the true Lorenz Model 11l dynamics (iMmodel 11=Kmodel i1 = Nwmodel 1=Kmodel 11)-

Our imperfect model thus incorrectly represents the effect of small scale dynamics that, when
Nmodel 11 > N model 1, @re also subgrid. In our tests, each of these models is solved numerically
using a fourth-order Runge-Kutta scheme.

For the following results in this section, we use the parameters in Table 2.2. In addition, the
value ofs used in each of the reservoir computing-based prediction methods has been selected

for each method to maximize the valid prediction time. Figure 2.10 shows a solution of Lorenz
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hdi (average in-degree)| 3 (spectral radius) 0.6

" (local overlap length) | N/12 (input coupling strength) 1

t (Prediction time step) 0.005 (regularization) 10 4

Ts (synchronization time) 0.5

Table 2.2: Hyperparameters used in the results in Sec. 2.4.

Figure 2.10: Plot of the true dynamics from Lorenz Model Il using the paramBters960,

K =32,1 =12,F =15,b= 10, andc = 2:5. The dynamics have been normalized to set the
mean value to 0 and variance to 1. We plot the valug ablor-coded (color bar on the right),
the spatial grid point along the vertical axis, and the model time on the horizontal axis.

Model 11l where the value oZ is color-coded. The spatial variable is plotted vertically, time

is plotted horizontally, and the model parameters are given in the caption. As seen in Fig. 2.10,
there is a wave-like motion with a dominant wavenumber &f (7 oscillations along the vertical
periodicity length). This corresponds to Lorenz's design of the model to mimic atmospheric
dynamics, which has a predominant wavenumber for Rossby waves of this order as one goes
around a mid-latitude circle. Figures 2.11-2.14 show predictions of the true Lorenz Model llI
dynamics (in Fig. 2.10) for grid resolutions of varying coarseness. In particular, while the truth
(Fig. 2.10) is obtained from Model Il wittN = 960 grid points, the number of Model Il grid
points isN = 960, 480 240 and120for Figs. 2.11, 2.12, 2.13, and 2.14 respectively. Also

note that the measurements are taken from the Model Ill result only at the Model Il grid points.
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Figure 2.11: We plot the predictions of the normalized true dynamics from Lorenz Model Il
(displayed in Fig. 2.10) where we have measured every spatial grid point of Model Il during
training. We plot the spatial grid point along the vertical axis and the model time on the horizontal
axis. The plots on the left show the predictions made using each of the speci ed methods, while
the plots on the right show the difference between the true dynamics and the prediction (i.e., the
prediction error). The parallel reservoir-only prediction used its optimized valge0f0:1,

while CHyPP used its optimized value ®f 0:085

For both the parallel reservoir-only predictions and CHyPP, we x the ratio of the number of
nodes per reservoir to the number of grid points each reservoir predictsDedig = 25. We
choose the Lorenz Model Il time units rather than the Lyapunov time as our time scale for these
plots since the largest Lyapunov exponent of Model Il corresponds to the small-spatial-scale,
short-time-scale dynamics and thus will not be relevant to our intended goal of forecasting the
large-spatial-scale, long-time-scale dynamics.

We nd that CHyPP signi cantly outperforms each of its component methods, and that this
is true for all of the grid resolutions we tested. We note that, unlike in the Model Il and parallel
reservoir-only predictions, the prediction error in CHyPP seems to appear locally in a small re-
gion and manifests as slanted streaks in the error plots in Figs. 2.11-2.14. We have veri ed that the

slant of these streaks corresponds to the group velocity of the dominant wave motion (wavenum-
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