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Accurately predicting the laminar-to-turbulent boundary-layer transition on hypersonic ve-
hicles remains one of the principal challenges in characterizing the expected heat loads and skin
friction the vehicle will experience in flight. Ground facilities, while incapable of replicating the
complete set of flow conditions found at hypersonic flight, play a critical role in providing phys-
ical measurements of the transition process. The experimental characterization of hypersonic
boundary-layer disturbances, however, has traditionally faced limitations in its ability to provide
spatiotemporally dense data sets comparable to those of computational fluid dynamics (CFD)
investigations. The present work aims to provide global off-body measurements of hypersonic
boundary-layer disturbances at frequencies much greater than that of the fundamental instabil-
ity, enabling the exploration of nonlinear phenomena and more extensive comparisons between
experimental and computational studies.

The current methodology utilizes the fact that hypersonic-boundary layer disturbances have



been observed to propagate at measurable and statistically predictable velocities. Particularly for
the second-mode instability, the density gradient fields acquired by a calibrated schlieren system
provide an avenue for resolving dense high-frequency spatiotemporal data. Disturbance propa-
gation velocities extracted from the schlieren images are used to conduct a time-interpolation of
the disturbances, which transforms spatially-available descriptions of the travelling waveforms
into up-sampled temporal signals at specific pixel locations. When performed across the entire
schlieren field of view, the resulting time-resolved signals have a new sampling frequency much
greater than the original camera frame rate and a spatial density equal to the camera resolution.
This enables the spectral analysis of high-frequency disturbances, including superharmonics of
the fundamental instability, which are not originally resolvable from raw time series of the video
data.

The methodology is employed here in three different experimental data sets, comprising a
7 half-angle sharp cone at zero incidence in Mach 6 flow, a 7 half-angle sharp cone at variable
incidence in Mach 14 flow, and a cone-flare geometry composed of a 5 frustum with compres-
sion angles of +5 , +10 , and +15 at zero incidence in Mach 14 flow. A comprehensive global
analysis is conducted on the linear and nonlinear development of the second-mode instability
waves in each case. Pointwise measures of the autobicoherence are used to identify specific
triadic interactions and the locations of their highest levels of quadratic phase coupling. Signifi-
cant resonance interactions between the second-mode fundamental and harmonic instabilities are
found along with interactions between these and the mean flow. Bispectral mode decomposition
is employed to educe the flow structures associated with these interactions. A similar analysis is
performed for the power spectrum, with power spectral densities computed for each pixel’s time-

series and spectral proper orthogonal decomposition employed to derive the modal structure and



energy of the flow at specific frequencies.

The instability measurements taken on the cone-flare geometry are the first of their kind at
Mach 14. The analysis reveals that incoming second-mode waves undergo extended interactions
with the shock waves present at the corner, consistently leading to amplification of the waves
and accelerating their nonlinear activity. The disturbance energy is also found to strongly radiate
along the shock waves, a behavior that appears to be intensified at high Mach numbers. In the case
of separated flow at the corner, additional low-frequency disturbances arise along the shear layer.
Self-resonance of these disturbances leads to the radiation of elongated structures upstream of
reattachment, which extend outward from the shear layer and terminate at the separation shock.
This shear-layer disturbance is determined to be dominantly unstable between separation and

reattachment but is significantly damped after reattachment.



GLOBAL ANALYSIS OF TRANSITIONAL HYPERSONIC FLOW
OVER ON CONE AND CONE-FLARE GEOMETRIES

by

Cole E. Sousa

Dissertation submitted to the Faculty of the Graduate School of the
University of Maryland, College Park in partial fulfillment
of the requirements for the degree of
Doctor of Philosophy

2024

Advisory Committee:

Professor Stuart Laurence, Chair/Advisor
Professor Kenneth Yu

Professor Christopher Cadou

Professor James Baeder

Professor Johan Larsson



" Copyright by
Cole E. Sousa
2024



Acknowledgments

I would first like to extend my deepest gratitude to my advisor, Professor Stuart Laurence,
for entrusting me with the remarkable opportunity to delve into the realm of hypersonics. His
unfaltering encouragement for my academic journey commenced over eight years ago during my
undergraduate years at the University of Maryland. Professor Laurence’s extensive expertise and
esteemed reputation in the field of hypersonics have facilitated invaluable research collaborations,
affording me unparalleled experiences conducting experiments at renowned facilities worldwide.

Additionally, I am tremendously thankful to Professors Kenneth Yu and Christopher Cadou
for generously sharing their insights and research acumen with me throughout my academic
pursuits, both within the confines of structured coursework and during program examinations. |
am also grateful to Professors James Baeder and Johan Larsson for their invaluable guidance and
perspective, which greatly contributed to the completion of this dissertation.

I extend my heartfelt appreciation to all my colleagues in the High-Speed Aerodynamics
and Propulsion Lab. During my time here, I have never encountered a solitary experiment. Each
member of our team has extended a helping hand, nurturing a culture of camaraderie and co-
operation. I am immensely fortunate to have been surrounded by such altruistic and inspiring
individuals, and wish each of you abundant success and fulfillment in your future pursuits.

Lastly, I wish to express my profound gratitude to my cherished family. None of my
achievements would have been possible without your endless support and dedication. I am in-
debted to my wife, Alessandra, whose boundless love, care, and laughter sustained not only me
but also our two children throughout the duration of my studies. Above all, I am eternally grateful
to my parents, Todd and Kim. Words fail to encapsulate the depth of my gratitude for the count-
less opportunities you have bestowed upon me. Your unwavering presence has been a constant
source of strength and inspiration. Every sense of pride and accomplishment, every triumphant

“"Huzzah!” — I wholeheartedly share them with you.

This project was funded by the United States Air Force Office of Scientific Research (Dr. Brett Pokines) through
grant FA9550-17-1-0085.

il



Table of Contents

Acknowledgements

Table of Contents

List of Tables

List of Figures

Nomenclature

Chapter 1:  Introduction

1.1
1.2
1.3

1.4

Motivation . . . . . . . .. e
Hypersonic Boundary-Layer Stability . . . ... ... ... ...........
Second-Mode Measurement Techniques . . . . . . ... ... .. ... .....
1.3.1 Nonlinear Wave-Packet Development . . . . . ... ... ... .....
1.3.2  Shock-Wave/Boundary-Layer Interactions . . . . . .. ... ... ....
Scope of Current Work . . . . . . . . . ...

Chapter 2: ~ Diagnostic and Analytical Techniques

2.1 Calibrated Schlieren . . . . . . . . ... ... .
2.2 Time-Resolved Signal Reconstruction Technique . . . . .. ... ... ... ..
2.2.1 Straight Cone Algorithm . . . . . . .. ... ... ... .. .......

2.2.2 Cone-Flare Algorithm . . . . . .. ... ... ... ... ........
2.2.2.1 Disturbance Propagation Velocities . . . . ... ... ... ..

2.2.2.2 Temporal Signal Reconstruction . . . . . ... ... ... ...

2.3 Model Reduction Techniques . . . . . . . . ... ... ... ... ........
2.3.1 Spectral Proper Orthogonal Decomposition . . . . ... ... ... ...

2.3.2 Bispectral Mode Decomposition . . . . . ... ...

Chapter 3:  Straight cone at zero incidence at Mach 6

3.1 Facility Overview . . . . . . . . . . . e
3.2 Model and Instrumentation . . . . . . ... ... ... 0oL
3.3 Schlieren Specifications . . . . . . . . . . ...
3.4 Propagation Speeds . . . . . . ... e e e
3.5 General Behavior . . . . . .. .. L
3.6 Power Spectral Density and N-Factor Analysis . . . . . .. ... ... ......
3.7 Bispectral Analysis . . . . . ...

il

il

il

vi

xi

12
15
21

24
24
30
30
32
32
35
37
38
41



3.8 Spectral Proper Orthogonal Decomposition and Global Bicoherence

3.9 Bispectral Mode Decomposition . . . .. .. .. ... .. ... ..
3.10 Summary ... e e e e e e

Chapter 4.  Straight cone at angle of attack at Mach 14

4.1 Experimental Methodology . . . . . ... ... ... ... .. ... ...
411 FacilityOverview . . . . . . . .
4.1.2 Model and Instrumentation . . . . .. ... ... .........

4.2 SchlierenSpecications . . . . . . . .. .. . .. .. . e

4.3 PropagationSpeeds . . . . . .. e

4.4 Power Spectral Density and N-Factor Analysis . . . . .. ... .. ...

4.5 Spectral Proper Orthogonal Decomposition . . . ... .. ... .. ..

4.6 Bispectral Mode Decomposition . . . . ... ...

4.7 SUMMAIY . . . . o e e e e e e e e e e

Chapter 5:  Cone- are at zero incidence at Mach 14

5.1 Facility Overview . . . . . . . . . e
5.2 Model and Instrumentation . . . . .. ... ... oL
5.3 SchlierenSpecications . . . . . . . . . ... ... .. e
5.4 GeneralBehavior . . .. .. ... ...
5.5 PropagationSpeeds . . . . . . . .. ...
551 PCBSensors . . .. .. ... .. i
5.5.2 Schlierenlmagery. . . . . . . . . . . . .
5.6 PCB Lateral Array . . . . . . . . o e e
5.7 Pixelwise Power Spectral Densities . . . . . .. ... ... ... .....
5.8 Global Power Spectral Densities . . . . .. .. .. ... ... ......
5.9 Spectral Proper Orthogonal Decomposition . . . .. ... .. .. ...
59.1 +5 Conguration. . . .. . .. .. .. .. . . e
5.9.2 +10 Conguration . . . . . . . . . .. e
5.9.3 +15 Conguration . . . . . . . .. ... e
5.10 Bispectral Mode Decomposition . . . . . . .. .. ... ...
5.10.1 +5 and+10 Congurations . . . . . . . . . .. ... ... ...
5.10.2 +15 Conguration . . . . . . . . . . .. e
5.11 Summary . . . . e e e e e e

Chapter 6:  Conclusion

6.1 Summary . . . . .. e e e
6.2 Future Work . . . . . . . . e e

Appendix A: E ect of Propagation Speed on Reconstructed Signal
Appendix B: Unsteady Freestream Flow Conditions

Bibliography



List of Tables

3.1 Testmatrixandconditions. . . . . . . . . .. . . ... 45
3.2 Numbers of images with identi ed wave packets and calculated propagation speeds
forallconditions. . . . . . . . . . . ... 47
4.1 Testmatrixandconditions. . . . . . . . . . . ... 77
4.2 Numbers ofimages with identi ed wave packets and calculated propagation speeds
forallconditions. . . . . . . . . .. 80
4.3 1ogl 1)) - - . o 93
5.1 Surface coordinates of PCR32-B38sensors. . . . . ... ... ... .. ... 99
5.2 Propagation speeds between PGBnsorpairs. . . . . .. .. .. ... ..... 107
5.3 Surface coordinates of pixelwise PSDs shown for eachtestcase. . . ... .. .. 113
54 SPOD Specications. . . . . . . . . i i e e e e e e 130
55 BMD Specications. . . . . .. . . .. .. 148



11
1.2

1.3

1.4

2.1
2.2

2.3

2.4

2.5

2.6

2.7

3.1
3.2
3.3
3.4

List of Figures

Paths to turbulence in boundary-layer ows. Image courtesy of Fedorov (2011). . 4
Propagation of second-mode waves, captured with schlieren imagery (Casper
etal. 2013). . . . .. 6
Field ofu velocity and streamlines near the separation region: zero streamline
(bold) and mixing layer (dashed line). Taken from Novikov et al. (2016). . . . . . 17
(Top to bottom) SPOD mode shapes corresponding to shear-layer disturbances at

42 kHz and 71 kHz; SPOD mode shape corresponding to second-mode distur-

bance at 215 kHz. Taken from Butler and Laurence (2021). . . . . . . .. .. .. 21
Z-type schlieren utilizing synchronized laser as the lightsource . . . . . . . . .. 25
Collimated light rays passing through a converging lens. Image courtesy of Har-
gather and Settles (2012). . . . . . . . . . . e 28

(Top Left) Calibration lens at low sensitivity. (Bottom Left) Calibration lens at

high sensitivity. (Right) Calibration curves for low-sensitivity (blugand high-
sensitivity (red )lenses. . . . . . ... 28
(a) Pixel intensity signals along a single row in successive images. (b) Recon-
structed signal (black) using a linearly-weighted average of the bolded portions

of the signals at; (blue )andt; + t(red4).. .. ... . ... ... ...... 31
Image processing sequence from top to bottom: original image, reference-subtracted
Image, high-pass- Itered image, and image gradient magnitude. . . . . . ... .. 33
Cross correlation window in rst image (top) and matrix of cross correlation co-

e cientsin subsequentimage (bottom). . . . . . ... ... ... ... ... 35
Local disturbance streamline through pixel undergoing temporal reconstruction.
Two sequential images are shown (left). Reconstructed signal (blpaking a
linearly-weighted average of the backward spatial sign&] étlue ) and for-

ward spatial signal ag + t(yellowd). . . .. .. .. ... ... ... ..... 36

Reference-subtracted image sequence for condition Re66 at interval® &f.14 49
Reference-subtracted image sequence for condition Re79 at interval® &f.14 49
Reference-subtracted image sequence for condition Re97 at interval® af.14 49
Power spectral densities of reconstructed time-resolved signal (solid red line) and
after removal of artifacts (dashed blackline). . . . . ... ... ... ... .... 51

Vi



3.5 Power spectral densities of pressure uctuations, captured witlf RGB-B38
sensors, and density gradients, captured with schlieren imagery, for all conditions
at streamwise locations of (a) 294.3 mm and (b) 345.5mm. ... .. ... ... 52
3.6 Power spectral density (left column) and change in N-factor (right column) along
the curve of maximum second-mode strength for all conditions. . . . . . . .. .. 53
3.7 Most-ampli ed frequencies of the fundamental second mode for conditions Re66
4,Re79 , and Re97 in (a) dimensional and (b) nondimensional form. . . . . . 55
3.8 Bicoherence maps for condition Re66 at§a 315 mm,Re&? = 1437 and (b)
S=365MMREZ =1549. . . . .. 58
3.9 Bicoherence maps for condition Re97 atga 315 mm,R&™? = 1748 and (b)
S=365MMREZ=1884. . . . . . 58
3.10 SPOD mode shapes at condition Re97 at frequencies of 249kHz (top), 275kHz
(middle), and 302kHz (bottom). . . . . . . . . ... . 63
3.11 SPOD mode shapes at condition Re97 at frequencies of 497kHz (top), 550kHz
(middle), and 593kHz (bottom). . . . . . .. ... ... 63
3.12 Power spectral densities at streamwise locations of 315 mm (blue), 335 mm (red),
and 355 mm (yellow) for condition Re97. Dashed vertical lines are located at the
SPOD frequencies shown in Figures11and 12. . . .. ... ... ... ..... 64
3.13 Global analysis of condition Re66: Comparison between the power of the most-
ampli ed second-mode fundamental frequency (222kHz), the power of the most-
ampli ed second-mode rst-harmonic frequency (435kHz), the most dominant
SPOD mode shapes at the second-mode fundamental and rst-harmonic frequen-
cies (227kHz and 432kHz), and multiple interactions found in the global bicoher-
BNCE. . . . o e e 68
3.14 Global analysis of condition Re79: Comparison between the power of the most-
ampli ed second-mode fundamental frequency (239kHz), the power of the most-
ampli ed second-mode rst-harmonic frequency (469kHz), the most dominant
SPOD mode shapes at the second-mode fundamental, rst-harmonic, and second-
harmonic frequencies (234kHz, 469kHz, and 757kHz), and multiple interactions
found in the global bicoherence. . . . . . .. ... .. ... ... ........ 69
3.15 Global analysis of condition Re97: Comparison between the power of the most-
ampli ed second-mode fundamental frequency (283kHz), the power of the most-
ampli ed second-mode rst-harmonic frequency (530kHz), the most dominant
SPOD mode shapes at the second-mode fundamental, rst-harmonic, and second-
harmonic frequencies (286kHz, 530kHz, and 772kHz), and multiple interactions

found in the global bicoherence. . . . . . .. ... .. ... ... ........ 70
3.16 Autobicoherence at multiple streamwise positions above the boundary-layer edge

forcondition Re97. . . . . . . . . L 71
3.17 BMD analysis of condition Re97: Bispectralmodes. . . . . . ... ... ... .. 73
3.18 BMD analysis of condition Re97: Interactionmaps. . . . .. .. ... ... ... 73

4.1 Reference-subtracted image sequence an@le of attack at intervals of & s.. 78
4.2 Reference-subtracted image sequence andle of attack at intervals of &' s. . 79
4.3 Reference-subtracted image sequence an@le of attack at intervals of & s. . 79
4.4 Reference-subtracted image sequence an@le of attack at intervals of & s.. 79

Vil



4.5

4.5

4.6

4.7

4.8

4.9

4.10

411

4.12

4.13

414
4.15

4.16

5.1

5.2

5.3
5.4
5.5
5.6
5.7
5.8

Power spectral density (left column) and change in N-factor (right column) along
the pseudo-streamline of maximum second-mode power for all angle-of-attack

States. . . .. 81
Power spectral density (left column) and change in N-factor (right column) along

the curve of maximum second-mode strength for all angle-of-attack states. . . . . 82
Most-ampli ed frequencies of the fundamental second mode for state9,al

()2 @),and3 (}). . . - . o e 83
N-factor growth for second-mode fundamental (a), rst-harmonic (b), and second-
harmonic (c) instabilities. . . . . . . . ... ... ... L 84

(a) Energy density spectrum of leading SPOD mode angle of attack (b)

SPOD mode shapes at @ngle of attack at frequencies of 85kHz (top), 180kHz
(middle), and 286kHz (bottom). . . . . . .. ... ... .. .. . 85
(a) Energy density spectrum of leading SPOD mode anyle of attack (b)

SPOD mode shapes atdngle of attack at frequencies of 117kHz (top), 235kHz
(middle), and 352kHz (bottom). . . . . . . . ... ... .. 85
(a) Energy density spectrum of leading SPOD mode angle of attack (b)

SPOD mode shapes at@ngle of attack at frequencies of 139kHz (top), 267kHz
(middle), and 405kHz (bottom). . . . . . . ... ... ... . 86
(a) Energy density spectrum of leading SPOD mode a&ngle of attack (b)

SPOD mode shapes at&ngle of attack at frequencies of 150kHz (top), 299kHz
(middle), and 459kHz (bottom). . . . . . . .. ... 87

Wall-normal energy distribution of leading SPOD mode for the second-mode fun-
damental (blue), rst-harmonic (red), and second-harmonic (yellow) structures at

0 (@),1(®M),2 ),and3(d). ... ... ... 88
Wall-normal structure pro les (left) and angles (right) for the leading SPOD
mode shape. . . . . . . . 89
Mode bispectrum at (a) @ngle of attack and (b) 3angle of attack. . . . . . .. 92
Bispectral mode shapes atdhgle of attack resulting from triadic interactions

fo+ fo! 2fy (top)and 4o+ fy ! 3fg (bottom). . . ... ... ... ...... 93
Bispectral mode shapes atdhgle of attack resulting from triadic interactions

fo+ fo! 2fy (top) and 4y + fo! 3fg(bottom). . . . .. ... ... ...... 93

Freestream Mach number (left) and unit Reynolds number (right) during the ap-
proximate useful test time of shots 1874 (blye 1877 (red ) and 1878, (yellow

T 97
PCB 132-B38 sensor layout. Lateral array (D2, D3, D5, D6) is exclusive to the
+10 are. Dimensions are in millimeters. . . . . ... ... ... ........ 98
Schlierenimage sequencet&t. . . . . . . . . . . . . ... L 0oL 100
SchlierenimagesequencetdD . . . . . . . . . . . . .. ... oo 101
Schlierenimage sequencetdD . . . . . . . . . . . . ... ... ... 102
Schlierenimage sequencetdc . . . . . . . . . . .. ... ... 103
Schlierenimage sequencerdc . . . . . . . . . . .. ... ... ... 104
Calculated second-mode propagation speeds during the test timerdBthghot

between PCBsensorsU3andD4. . . . . . . . ... .. ... .. ... 106

viii



5.9 Calculated second-mode propagation speeds across the schlieren eld of view for
the+5 (yellow), +10 (blue), and+15 (red) con gurations. . . .. .. .. ... 108
5.10 Average edgesdetectedinShét . . . . . .. ... .. ... oL 108
5.11 Power-Spectral-Densities at U3 (blue), D4 (red), D7 (yellow), and D8 (purple)
PCB stations at 10 (top). Real part of the continuous wavelet transform for U3
(bottom left) and D4 (bottom right) PCB stations. . . . . .. ... .. ...... 110
5.12 Magnitude Squared Wavelet Coherence betweerf BRE€sors D2 and D3 (left).
Mean Magnitude Squared Wavelet Coherence identi ed between alt B&isor
pairs. Pairs taken along lateral array is indicated in blue and streamwise array
pairs are indicated in purple+b ), red ¢10), and yellow ¢15). The mean
exponential t for all streamwise pairs is shown in black. (right). . . .. ... .. 112
5.13 Locations of selected pixelwise PSDs for#te (top) ,+10 (middle) , and+15
(bottom), overlaid on a reference-subtracted image during the useful test time of

eachshot. . . . . . . . . . . . 113
5.14 Power-Spectral-Densities at select pixels for compression angtes dfeft),
+10 (right), and+15 (bottom). . . . . . . . . . . . . ... .. .. ... . 115
5.15 Spatial distribution of the integrated power spectral density over the 200-250 kHz
band for compression angles5 (top),+10 (middle), and+15 (bottom). . . 119
5.16 Spatial distribution of the integrated power spectral density over the 30-80 kHz
band for compression angles©% (top),+10 (middle), and+15 (bottom). . . 120
5.17 Spatial distribution of the integrated power spectral density over the 375-425 kHz
band for compression angles®b (top),+10 (middle), and+15 (bottom). . . 121
5.18 Spatial distribution of the integrated power spectral density over the 600-650 kHz
band for compression angles©% (top),+10 (middle), and+15 (bottom). . . 122
5.19 Spatial distribution of the integrated power spectral density over the 825-875 kHz
band for compression angles®5b (top),+10 (middle), and+15 (bottom). . . 122
5.20 Spatial distribution of the integrated power spectral density over the 30-80 kHz
band, computed from the raw video data of ##5 con guration. . . . . . . . . 124

5.21 N-Factors along pseudo-streamlines of the shear layer (blue) and separation shock
(red), computed with raw time-series data (left) and reconstructed data (right) for
the+15 case. . . . . . . . e 124

5.22 N-Factors along pseudo-streamlines of maximum second-mode power+#&r the
(blue),+10 (red), and+15 (green)congurations. . . . .. ... ... ..... 126

5.23 PSDs (left) and N-Factors (right) along pseudo-streamlines of the shear layer
(top) and separation shock (bottom). . . . . . .. ... ... ... ... ... .. 129

5.24 SPOD eigenvalue spectrum (left) and the modal energy percentages (right) for
the ve leading SPOD modes forthes shot. . . . . . .. ... ... ...... 131

5.25 First two leading SPOD mode shapes for frequencies 431 kHz and 542 kHz for
the+5 shot (frequencies of arti cial spikes in SPOD eigenvalue spectrum). . . . 132

5.26 Leading SPOD mode shapes for frequencies 160 kHz, 209 kHz, and 258 kHz for
the+5 shot. . . . . . . . . 133

5.27 First two leading SPOD mode shapes for frequencies 468 kHz and 628 kHz for
the+5 shot. . . . . . . . . . . 134

5.28 SPOD eigenvalue spectrum (left) and the modal energy percentages (right) for
the ve leading SPOD modes forthelO shot. . . . .. ... .. ... ..... 135

iX



5.29 First two leading SPOD mode shapes for frequencies 160 kHz, 202 kHz, and 244

kHz forthe+10 shot. . . . . . . . . . . . . . . . 136
5.30 First two leading SPOD mode shapes for frequencies 264 kHz and 759 kHz for
the+10 shot (frequencies of arti cial spikes in SPOD eigenvalue spectrum). . . 136
5.31 First two leading SPOD mode shapes for frequencies 418 kHz, 661 kHz, and 828
kHz forthe+10 shot. . . . . . . . . . . . . . .. ... . 138
5.32 SPOD eigenvalue spectrum (left) and the modal energy percentages (right) for
the ve leading SPOD modes for thel5 shot. . . . .. ... ... ... .... 139
5.33 First two leading SPOD mode shapes for frequencies 192 kHz, 240 kHz, and 288
kHz forthe+15 shot. . . . . . . . . . . . .. ... .. 141
5.34 First leading SPOD mode shapes for frequencies 12 kHz, 48 kHz, 72 kHz, 96
kHz, and 120 kHz for the15 shot. . . . . . . . . .. ... ... ... ... .. 141
5.35 First three leading SPOD mode shapes at 36 kHz (top) and the spatial distribution
of energy for each mode (bottom) for thd5 shot. . . . . . . ... .. ... .. 143
5.36 First three leading SPOD mode shapes at 48 kHz (top) and the spatial distribution
of energy for each mode (bottom) for th&5 shot. . . . . . . .. ... .. ... 144
5.37 First three leading SPOD mode shapes at 72 kHz (top) and the spatial distribution
of energy for each mode (bottom) for th&5 shot. . . . . .. .. ... .. ... 144
5.38 First three leading SPOD mode shapes at 96 kHz (top) and the spatial distribution
of energy for each mode (bottom) for thé5 shot. . . . . . . ... .. ... .. 145
5.39 First two leading SPOD mode shapes for frequencies 420 kHz, 660 kHz, and 900
kHz forthe+15 shot. . . . . . . . . .. . . . ... .. . 146
5.40 First two leading SPOD mode shapes for frequencies 444 kHz and 516 kHz for
the+15 shot (frequencies of arti cial spikes in SPOD eigenvalue spectrum). . . 147
5.41 Magnitude mode bispectrum for thé conguration. . . . ... ... ... .. 149
5.42 Bispectral modes fortheb conguration . . . . . . ... ... L. 151
5.43 Summed mode spectra for con guratiers (blue),+10 (red), and+15 (green. 152
5.44 Magnitude mode bispectrum for th&0 conguration. . . . . . ... ... ... 154
5.45 Bispectral modes for thelO0 conguration . . . .. ... ... ... ...... 154
5.46 Magnitude mode bispectrum for th&5 con guration. . . . . . ... . ... .. 156
5.47 Bispectral modes for thel5 conguration . . . . ... ... L. 157
5.48 Bispectral modes generated by self-resonance interactions of low-frequency dis-
turbances for the15 conguration . . .. .. ... ... ... ......... 158

A.1 (a) PSDs using prorogation speeddkgf (blue), Q9U, (red), and 11U, (yel-
low). (b-d) Autobicoherence using propagation speedsp{b), 0:9U, (c), and

LIUp (d). o oo 175
B.1 Shot 1874 Freestream Test Conditions . . . . . . . . . . . . . . . .. ... ... 177
B.2 Shot 1877 Freestream Test Conditions . . . . . . . . . . . . . . . .. ... ... 178
B.3 Shot 1878 Freestream Test Conditions . . . . . . . . . . . . . . . ... ..... 179



Acronyms

AEDC
BAM6QT
BMD
CPSD
DNS
FLDI
FR
FSD
HEG
HWA
LST
M6QT
MSC
NPSE
POD
PSD
PSE
RMS
SNR
SPOD
SVD
SWBL]
TSP
TTL
T-S

Variables

Nomenclature

Arnold Engineering Development Complex
BoeingAir Force O ce of Scienti c Research Mach 6 Quiet Tunnel
Bispectral Mode Decomposition

Cross Power Spectral Density

Direct Numerical Simulation

Focused Laser Dierential Interferometry
Frame Rate

Focused Schlieren De ectometry
High-Enthalpy Shock Tunneld&ingen (HEG)
Hot-Wire-Anemometry

Linear Stability Theory

Texas A&M University Mach 6 Quiet Tunnel
Magnitude Squared Coherence

Nonlinear Parabolic Stability Equations
Proper Orthogonal Decomposition

Power Spectral Density

Parabolic Stability Equations

Root Mean Square

Signal-to-Noise Ratio

Spectral Proper Orthogonal Decomposition
Singular Value Decomposition
Shock-wavéboundary-layer interaction
Temperature-sensitive paint
Transistor-Transistor Logic
Tollmien-Schlichting

streamwise component of the complex disturbance wavenumber

b Width of point light source
lateral component of the complex disturbance wavenumber

C Contrast

d Displacement of knife-edge away from 50% cut-o
Boundary-layer thickness
Light ray de ection angle

y Light ray de ection angle in the direction normal to the knife-edge cut-o

Xi



< A

222>
&8

N< <X X~

Frequency

Second-mode fundamental frequency
Nondimensionalized frequency

Focal length of rst parabolic mirror

Focal length of second parabolic mirror

Focal length of calibration lens

Sampling frequency

Freestream stagnation enthalpy

llluminance at camera viewing plane with a cut-o
llluminance at camera viewing plane without a cut-o
Change in illuminance due to light ray de ection
Disturbance complex wavenumber

Gladstone-Dale constant

Width of refractive index disturbance

Numerical range of a bispectral density matrix

Total number of blockisealizations

Convective Mach number across a free shear layer
Total number of pixels in a schlieren image

Number of temporal samples in each block subdivision
Number of images used to create an average ow-on image
Number of frequency triads contributing to the summed mode spectrum
Total number of temporal samples

Refractive index

Test gas density

Radial distance from the lens optical center

Reynolds number

Local stability Reynolds number

Spatial coordinate in the streamwise direction
Boundary-layer-edge velocity

Disturbance frequency

Horizontal spatial coordinate in schlieren image
Direction orthogonal to the light-ray direction

Vertical spatial coordinate in schlieren image

Spatial coordinate in the direction normal to the model wall
Light-ray direction

xii



Chapter 1: Introduction

1.1 Motivation

In today's geopolitical climate, the United States nds itself heavily motivated in the de-
velopment of hypersonic missile capabilities. This is largely because the United States' greatest
global adversaries, Russia and China, have exhibited many successive technological advances in
this area, with Russia commissioning the very rst hypersonic missile during its recent invasion
of Ukraine. In the last few years, the United States Pentagon has continued to increase its budget
requests for hypersonic research, withods being focused on the development of hypersonic
boost-glide missiles, in which a maneuverable missile is deployed from a rocket booster upon
reaching hypersonic speeds, and hypersonic cruise missiles, which utilize onboard air-breathing
propulsion during ight. Both systems experience extended ight times within the stratosphere at
hypersonic speeds, in stark contrast to long-range missiles following a ballistic trajectory, which
reach hypersonic speeds but spend most of their ight time outside of the atmosphere.

Sustained hypersonic ight in the high-density gas of the stratosphere exposes the vehicle
surface to extreme aerothermal loading. Thermal management is therefore one of the most critical
design considerations for these vehicles. Unfortunately, despite now multiple decades of research
e ortinto prediction methods for hypersonic vehicle skin friction and heat ux, large uncertainty
remains in the characterization of these ow quantities. This is, in part, because of the complexity
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associated with the laminar-to-turbulent transition of the boundary layer on the vehicle surface.
The local heat ux and skin friction are highly in uenced by the state of the boundary layer,
with laminar-to-turbulent transition typically accompanied by an increase in these quantities by
a factor of 5 or greater. Without adequate modeling capabilities of the transition process, safety
factors applied to the turbulent heating rates are adopted. This results in a suboptimal design of

the thermal protection system, leading to detrimental increases in vehicle mass and volume.

1.2 Hypersonic Boundary-Layer Stability

Turbulence is ubiquitous in uid ows and its transition from an initially laminar state
has fascinated the minds of investigators for many generations. Much of the theoretical frame-
work began with the papers of Lord Rayleigh in the late 1800s and early 1900s, which described
an intrinsic linear instability of many inviscid laminar base ows to superposed uctuating dis-
turbances of in nitesimal amplitude. A viscous theory was soon after investigated by Ludwig
Prandtl and two of his students, Walter Tollmien and Hermann Schlichting, who predicted the
existence of growing waves of vorticity in wall-bounded shear ows. The linear theory in gen-
eral was rejected by a majority of those within the community for multiple decades until the
experimental discovery of the predicted instability waves, now termed Tollmien-Schlichting (T-
S) waves, by Schubauer and Skramstad in 1947. The discovery quickly led to global optimism
regarding the linear theory and extensive theoretical, experimental, and computational investiga-
tions have since been conducted to further our understanding of the transition process under its
scope.

The linear stability theory is based upon a dimensionless expression of the Navier-Stokes



equations, where each ow variable is divided into a steady mean- ow term and an unsteady
small disturbance term. The equations are then linearized by dropping the terms which are
quadratic in the disturbances. In the case of wall-bounded ows, the equations are further simpli-
ed by adopting a parrallel- ow assumption. The result is a set of separable equations, permitting

normal mode solutions of the form

axy;zt) = qy)exp i( x+ z+!1)] ; (1.1)

whereq is the state vector containing the ow variablegy) is the complex eigenfunction de-
scribing the structure of the wave through the boundary layand are thex andzcomponents

of the complex wavenumbég and! is the disturbance frequency. Only speci ¢ combinations
of , , and! are permitted for any given set of boundary conditions, Reynolds number, and

boundary-layer pro le. This relationship is called the dispersion relation,

L= () (1.2)

and its solution determines the eigenvalues of the normal modes, and thus whether they are stable
or unstable.

Boundary-layer transition on at plates, axisymmetric bodies, and airfoils at subsonic and
low-supersonic speeds is heavily dominated by the growth of T-S waves. In each of these cases,
all other modes are stable and do not substantially interact with the T-S waves, resulting in a
relatively simple single-mode system that can beaively predicted with linear theory. Leslie

Mack, however, discovered that the disturbance spectrum for hypersonic boundary layers is con-



Figure 1.1: Paths to turbulence in boundary-layer ows. Image courtesy of Fedorov (2011).

siderably more complex, owing to a region of the mean ow that is now supersonic relative to the
phase speed of modal uctuations. According to Mack’s framework, there are rst, second, and
higher modes present in hypersonic boundary layers that may simultaneously be unstable, with
T-S waves belonging to the rst mode and the second and higher modes characterized by trapped
acoustic waves re ecting between the wall and the generalized sonic line within the boundary
layer.

For slender, axisymmetric bodies at low incidence, upon the boundary-layer-edge Mach
number reaching a sweiently high value & 4), the transition to turbulence is dominated by
the growth of second-mode-instability disturbances (Mack 1975) rather than the rst mode (i.e.,
the growth rate of the second mode surpasses that of the rst mode). The second mode is an
inviscid instability with a maximum ampli cation rate for two-dimensional disturbances (i.e.,

= 0). Mack predicted that the most-ampli ed second-mode frequencies would be tuned to



the boundary-layer thickness, scaling with=, whereU, is the boundary-layer-edge veloc-

ity and the boundary-layer thickness. Experimental evidence of the existence of the second
mode was rst provided by Kendall in 1967 (Kendall 1967) in the Jet Propulsion Laboratory
supersonic wind tunnel at Mach 4.5. Both unstable rst-mode and second-mode waves were
measured with hot-wire anemometry and the second-mode growth rates and frequencies were in
good agreement with Mack's predictions. In subsequent experiments, Demetriades (Demetriades
1977 and Demetriades 1978), Kendall (Kendall 1975), Stetson (Stetson et al. 1983), and Stetson
and Kimmel (Stetson and Kimmel 1992) all observed the second-mode instability and performed
parametric studies characterizing theeets of wall temperature, nose bluntness, angle of attack,

freestream Reynolds number, and Mach number on the second-mode stability.

1.3 Second-Mode Measurement Techniques

The proportionality of the most-ampli ed second-mode frequenciéto results in dom-

inant frequencies in the range of approximately 100 kHz to over 1 MHz, with the upper extent
occurring in hypervelocity facilities. This initially made acquiring instability measurements a
signi cant challenge due to the lack of sensors with adequate frequency responses in the early
years of hypersonic boundary-layer transition investigations. There has been a long history of
using surface pressure taps and thermocouples within this eld of research (e.g., Lachowicz et al.
1996), however these are useful only for identifying transition locations. As noted by Schneider
(2004), transition location is heavily in uenced by freestream noise, which varies considerably
between ground facilities, and thus a direct measurement of instability-wave growth is needed

for code validation. The earliest investigations into second-mode instability mechanisms were



Figure 1.2: Propagation of second-mode waves, captured with schlieren imagery (Casper et al.
2013).

all performed using hot-wire anemometry (e.g., Kendall 1967; Demetriades 1977, 1978; Kendall
1975; Stetson et al. 1983; Stetson and Kimmel 1992). Although this technique has been shown to
be able to resolve second-mode content, a hot-wire system with aeesut frequency response

often requires the use of extremely thin hot wires (Li 2004). This places signi cant mechani-
cal limitations on the system, and thus imposes constraints on the test facility Reynolds number
and enthalpy (Estorf et al. 2008), such that, for example, a shock tunnel would produce test

conditions that are too harsh. Additionally, the hot-wire anemometry is intrusive, which pre-



cludes simultaneous measurement in multiple streamwise locations. Acquiring a dense spatial
matrix of data within the boundary layer, while possible, requires either the use of mechanical
systems to translate the probe during the experiment or a larger test matrix to incorporate various
discrete-point measurements. Stetson et al. (1983) used both continuous-traverse and discrete-
point surveys to analyze boundary-layer stability on a sharp cone at Mach 8. Similarly, Chokani
(1999) made discrete-point hot-wire anemometer measurements taken 6.35 mm apart along the
cone surface at the maximum root mean square (rms) disturbance height within the boundary
layer. A continuous-traverse mechanism would require acgntly long test duration, thus
adding further constraints on the test facility. The numerous limitations of hot-wire anemometry
led researchers to search for other non-intrusive measurement techniques.

Such an instrument was provided with the introduction of the P@iBzoelectric pressure
sensor (e.g., PCBmodel 132). This sensor was originally designed for detecting the arrival of
a propagating shock wave. However, it was shown by Fuji (2006) in 2006 that thé PEB
sensors, with a resonant frequency of over 1 MHz and a pressure resolution of 7 Pa, could be ef-
fectively used to measure the second mode on a cone in a hypersonic ground facility. This spurred
further investigations using the sensors, (e.g., Estorf et al. (2008); Fuji et al. (2011); Casper et al.
(2009, 2013, 2014)), which con rmed their accuracy based on excellent agreement with LST pre-
dictions of second-mode frequencies and ampli cation rates. The study of Casper et al. (2013)
noted that spectral broadening occurred in the P§ectra at the streamwise position of tran-
sition to turbulence (the transitional state of the boundary layer was con rmed with schlieren
imagery) with a simultaneous decrease in the amplitude of the second mode, likely caused by
averaging with intermittent turbulent bursts. Recently, Marineau et al. (2019) compiled and ana-

lyzed the PCB data collected in 11 dierent hypersonic wind tunnels across Germany, Belgium,
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Japan, and the United States measured on similar sharp cone models. The results identi ed trends
in the second-mode growth rates, including a decreasing growth rate with increasing Mach num-
ber over 6, a weak increase in the maximum second-mode amplitudes with increasing Mach
number over 6, and a strong decrease in the maximum second-mode amplitudes found at Mach 5
compared to those at Mach 6. Good agreement of measured growth rates with predictions from
the Parabolic Stability Equations (PSE) provided con dence that the stability equations could
be used eectively across multiple facilities (note that the PSE solutions are an improvement
upon eigensolutions found with LST as they account for the history of the disturbance and the
streamwise variation of the base ow; see Herbert 1997). Perhaps most signi cantly, the data re-
vealed a consistent increase in the maximum integrated growth rate (i.e., N-Factor) with increas-
ing freestream unit Reynolds number for all Mach numbers. It was concluded that increasing
the unit Reynolds number resulted in an increase in the most-ampli ed second-mode frequencies
(due to the change in the boundary-layer thickness). Tunnel noise, which provides the initial
amplitudes of second-mode disturbances, has lower spectral amplitudes at higher frequencies
(see Duan et al. 2018) and this leads to an increase in the N-factor at transition. Consequently,
it was demonstrated that transition N-factors could not accurately be used for transition predic-
tion without close consideration of the disturbance environment (i.e., Pate's correlation should be
avoided).

In addition to hot-wire anemometry, measurement techniques that captsw@face dis-
turbances include schlieren imagery and focused lasarential interferometry (FLDI). Early
experiments were able to use schlieren to capture images of second-mode waves (e.g., Potter and
Whit eld 1965; Fischer and Wagner 1972; Demetriades 1974), allowing investigators to con rm

the structure of the second-mode density uctuations and wavelengths. However, the frame rates
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of these initial schlieren images were much too low to obtain additional quantitative information
regarding the second-mode frequency spectra. It was VanDercreek et al. (2010) who integrated
de ectometry with a focused schlieren system, allowing the rst non-intrusivéody measure-

ments of a hypersonic boundary-layer at samplings rategigmt to analyze the second mode.
Their setup consisted of an optical ber placed at the imaging plane of the schlieren system, fol-
lowed by a photomultiplier tube, preampli er, and oscilloscope. Changes in the light intensity at
the optical ber head, which correspond to uctuations in the refractive index at a speci ¢ point

in the schlieren focal plane, were recorded at a sampling rate governed by the oscilloscope and
preampli er — here, approximately 1 MHz. Their experiments were conducted ohalffangle

cone at Mach 10. Excellent agreement was observed in the second-mode frequencies compared to
measurements from PCBensors embedded on the model surface, though the focused schlieren
de ectometry (FSD) had low signal-to noise at frequencies above approximately 300 kHz. The
work inspired further investigations using the FSD system by étth et al. (2013), who con-
ducted a similar set of experiments on a ared-cone in the Texas A&M University Mach 6 Quiet
Tunnel (M6QT). A modi ed system, which coupled a photodetector directly to the ber optic
cable of the FSD, allowed for much better signal-to-noise at high frequencies, enabling the anal-
ysis of second-mode harmonics up to the 3rd harmonic (i), 3rhe obvious shortcoming

of FSD is that each ber optic cable is only capable of capturing data from a single point in
the eld of view for each test. Similarly, FLDI has high signal-to-noise ratios and bandwidth,
resulting in high delity measurements of second-mode power spectral densities by providing
pointwise measurements of density disturbances. Notably, in the experiments of Parziale et al.
(2013), FLDI was shown to be capable of exceptional temporal and spatial resolution, reaching

sampling rates upwards of 20 MHz and beam focal diameters in the test section less than 100
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(for comparison, the focal diameter of the FSD in VanDercreek et al. 2010 was on the order of
the boundary-layer thickness). The high temporal resolution makes FLDI particularly useful in
boundary-layer transition studies conducted in hypervelocity facilities, where the second-mode
frequencies may exceed 1 MHz. Although there are signi cant advantages to FLDI, the system
requires precise installation and its pointwise nature limits its usefulness in providing a full pic-
ture of the transition process (despite recent advances in multipoint and linear-array systems (e.g.,
Gragston et al. 2021; Weisberger et al. 2020, 2022; Hameed et al. 2020).

Advancements in ultrahigh-speed cameras over the last 10-20 years have made direct mea-
surement of second-mode wave packets possible with schlieren cinematography. This approach
was popularized with the work of Laurence et al. (2012), which derived the structural and prop-
agation characteristics of the second mode using schlieren taken at a frame rate of 500 kHz in
the high-enthalpy shock tunneld@ingen (HEG). As mentioned previously, hot-wire anemome-
try is not conducive to the harsh conditions of shock tunnels and thus alternative methods must
be utilized to measure ebody characteristics of boundary-layer disturbances in these facilities.
The propagation speeds of wave packets were measured using two-dimensional image corre-
lation and power spectral densities of the wave packets were calculated along individual rows
of pixels in the images. The work of Laurence et al. (2012) was expanded upon by Laurence
et al. (2014a, 2016), which incorporated the additional schlieren techniques of a non-uniformly-
pulsed laser light source and two-point de ectometry. The application of a multi-phased laser
burst enabled the improved characterization of second-mode propagation speeds, such that both
the fundamental and rst harmonic propagation speeds were calculated on a cone in HEG and
found to be identical. The two-point de ectometry additionally enabled the calculation of dis-

turbance growth rates between two-body streamwise locations. The schlieren-based methods
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also identi ed wall-normal variations of second-mode power spectral densities. At low-enthalpy
conditions by 3.3 MJ kg 1), the fundamental and rst-harmonic second mode have energy
maxima initially close to the wall and neg&= = 0:70 0:75 and develop an additional peak

at the boundary-layer edge closer to transition. At high-enthalpy conditigns {2 MJ kg 1),

the disturbance energy is much more concentrated at the wall, owing to a signi cantly higher
edge-to-wall temperature ratio.

The characterization of second-mode propagation speeds by Laurence et al. (2012, 2014b,
2016) motivated the development of spatial-to-temporal pixel signal reconstruction techniques
by Kennedy et al. (2017, 2018b). These studies demonstrated that, given the near constant prop-
agation speed of the fundamental and harmonic second-mode waves, a pixelwise temporal signal
could be reconstructed between the time stamps of two successive schlieren images by utilizing
the second-mode waveform present in the images and the propagation speed of that waveform. If
the schlieren frame rate was saiently large ( 1=2 the fundamental second-mode frequency),
such that wall-normal (vertical) displacement of the second-mode wave packets between two
images was negligible, the streamwise (horizontal) row of pixel intensities upstream of any par-
ticular pixel could be horizontally scanned over that pixel at the second-mode propagation speed
to estimate the temporal signal at that pixel between successive images. The reconstructed tem-
poral signals thus had their ective sampling rates signi cantly increased, enabling the char-
acterization of second-mode harmonics (even if the relevant frequencies lay above the Nyquist
frequency of the camera frame rate). Studies on hypersonic boundary layers over slender cones
by Kennedy (2019) utilized this technique for discrete locations in the schlieren image along the
maximum rms disturbance streamline. Good agreement was observed between the experimental
growth rates of the fundamental second mode and PSE predictions within the linear regime. This

11



reconstruction technique is adopted for the analysis of schlieren data conducted in the present
dissertation. Modi cations to the technique are ful lled to facilitate global reconstruction of
the schlieren videos (rather than at discrete points), as well as to generalize the technique to two-
dimensional ow elds with spatially varying disturbance propagation velocities. Details of these

algorithms are discussed in Chapter 2.

1.3.1 Nonlinear Wave-Packet Development

In general, the transition to turbulence may follow any of the paths depicted in Figure
1.1, with the low-disturbance environments typically found in ight resulting in path “a”. The
growth of second-mode disturbances is initially governed by eigenmode growth, which is well
predicted by linear stability theory. However, upon reaching acent amplitude, nonlinear
interactions involving the primary instability become important, which thereby transfer energy
into harmonically-related waves via the quadratic terms of the Navier-Stokes equations. Despite
substantial research erts in the area of hypersonic-boundary-layer transition, a complete under-
standing of the nonlinear and secondary instability regimes has yet to be reached. The high char-
acteristic frequencies of the second mode (ranging from 100 kHz to over 1 MHz) have created
signi cant barriers to thorough experimental study of second-mode disturbance development,
particularly concerning the nonlinear regime, which necessarily involves second-mode superhar-
monics at even higher frequencies. High- delity computational tools have been developed, in-
cluding the Nonlinear Parabolized Stability Equations (NPSE) and Direct Numerical Simulations
(DNS), that can simulate nonlinear breakdown of wave packets (see, for example, Sivasubrama-

nian and Fasel 2014, 2015; Unnikrishnan and Gaitonde 2020). These teolgerhaps the most
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detailed descriptions of the viable pathways to transition; however, the chief nonlinear mecha-
nisms involved are dependent on the choice of forcing used to initiate disturbances. Experimental
data are required to compare with and validate computational results, particularly concerning the
nonlinear mechanisms.

Experimental investigation of nonlinear disturbances in a hypersonic boundary layer orig-
inated with Kimmel and Kendall's (Kimmell and Kendall 1991) analysis of data obtained by
Stetson et al. (Stetson et al. 1983) in a conventional Mach 8 tunnel. The key result of their
analysis was the identi cation of a rst-harmonic peak that appeared in the spectra at approxi-
mately twice the frequency of the fundamental second mode, which was not predicted by linear
stability theory. A bispectral analysis on the signals revealed quadratic phase-locking between
the fundamental and rst-harmonic second-mode frequencies, strongly indicating nonlinear wave
propagation. Their results showed a deviation of the fundamental growth rate from that predicted
by linear stability theory when the rst harmonic became ampli ed, suggesting that nonlinear
theories may be required for accurate prediction of wave growth in this region. Other notable
early works in the eld include those by Chokani (Chokani 2005, 1999), which analyzed the
nonlinear regime of transition on a cooled ared cone in a Mach 6 quiet tunnel, and Bountin et al.
(2008), which analyzed nonlinear breakdown on a sharp cone in a conventional Mach 6 tunnel
using arti cial excitation of boundary-layer disturbances via a unidirectional pulse at the second-
mode fundamental frequency. In the case of arti cial excitation, subharmonic resonance was
observed to be the dominant nonlinear interaction, whereas in the cases of natural transition the
dominant interaction was the fundamental self-interaction. This is somewhat contrary to analo-
gous cases in low-speed experiments utilizing arti cial disturbance excitation (see Kachanov and

Levchenko 1984) but may be attributed to the signi cantly higher presence of the rst mode in
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the experiments of Bountin et al. (2008), which provided larger amplitude priming oscillations
for the second-mode subharmonic resonance interaction. Note that, while the freestream Mach
numbers of Chokani (2005, 1999) and Bountin et al. (2008) were similar, the higher amplitudes of
the rst mode in the experiments of Bountin et al. (2008) were likely a result of the unidirectional
pulse being placed in a streamwise location on the model that was receptive to rst-mode type
disturbances (for an analogous CFD demonstration of theste see Novikov et al. 2016). More
recent experimental studies include those by Craig et al. (2019), which utilized a schlieren-based
measurement technique and identi ed second-mode fundamental self-interaction as the dominant
nonlinear interaction.

The role of superharmonics in hypersonic-boundary-layer transition remains uncertain.
Their ampli cation is the earliest indication of nonlinear signi cance in second-mode domi-
nated ows. However, like the fundamental disturbance, they are primarily two-dimensional
waves whereas turbulence is inherently three-dimensional. In addition, they reach amplitudes
prior to breakdown that are only fractions of the fundamental instability, indicating they are not
directly responsible for breakdown. There is signi cant evidence in low-speed transition stud-
ies, however, that superharmonics play a vital role in initially exciting three-dimensionality in
two-dimensional boundary-layer ows. The process, rst theorized by Craik (1971) and fur-
ther supported by Nayfeh and Bozatli (1971) and Kachanov and Levchenko (1984), involves
two simultaneous three-wave resonance interactions: (a) the self-interaction of the fundamen-
tal two-dimensional disturbance (1,0) to produce a two-dimensional rst harmonic (2,0), and
(b) the interaction between the rst harmonic (2,0) and a pair of its oblique subharmonic waves
(1, 1). The process thereby transfers energy from the two-dimensional primary instability into
three-dimensional waves of the same family. Although this theory was originally developed with
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regards to K-type breakdown (also commonly referred to as fundamental resonance) of the rst
mode, an analogous mechanism was identi ed for the second mode in hypersonic cone boundary
layers in the computational investigations of Sivasubramanian and Fasel (2014) and Sivasubra-
manian and Fasel (2015) using DNS. In the rst, broadband disturbance forcing was applied to
simulate a “natural transition” scenario and fundamental resonance was identi ed as the domi-
nant nonlinear mechanism. Subsequently, the latter investigation perturbed the ow using only a
limited number of waves to investigate the fundamental resonance mechanism in isolation. Fun-
damental breakdown of the second mode was observed to lead to a fully developed turbulent
boundary layer and was thus determined to be a viable pathway for transition to turbulence on

sharp hypersonic cones.

1.3.2 Shock-WavBoundary-Layer Interactions

Slender straight cones at zero and low-nonzero incidence have served as the canonical
geometry of initial hypersonic boundary-layer transition studies because the transition process
is dominated by the growth of the second mode without signi cant competition or interaction
with other unstable modes. Given the extensive research outlined above, the wave-packet de-
velopment of the second mode on this geometry is by now well characterized, especially within
the linear regime. There is therefore progressive interest among the community in studying the
boundary-layer transition on more complex model con gurations that involve multi-mode tran-
sition. One such geometry is a model with a straight conical forebody followed by a secondary
conical frustum of increased half-angle, such that an axisymmetric compression corner is gen-

erated at their junction. This geometry has been referred to with multiple names, including a
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double-cone, bicone, and cone- are. Here, we will refer to it as a cone- are. The outer mold
line of true hypersonic vehicles occasionally exhibit sudden angle changes (e.g., on a control
surface or engine intake); the cone- are is intended to replicate the ow de ection experienced
at these compression corners while also ensuring the dominant incoming instability encounter-
ing the ow de ection is well-known (e.g., either the rst or second modes, depending on the
freestream conditions).

When a supersonic ow encounters a positive ow de ection (i.e., compression corner),
an oblique shock wave will be generated at the corner, introducing a shockbeaadary layer
interaction (SWBLI). For low turning angles, the oblique shock wave will remain attached to the
wall at the point of de ection and a weakly positive (adverse) pressure gradient will exist across
the shock. The pressure gradient will increase in strength with increasing turning angle and, upon
reaching a su ciently strong pressure gradient, cause the incoming boundary layer to separate,
thus generating a region of separated ow at the corner known as a separation bubble. The
SWBLI will not only a ectincoming disturbances propagating from the upstream boundary layer
but can also give rise to new instability mechanisms. This is particularly true in the separated case
due to (1) the emergence of a shear layer between the slow recirculating ow of the separation
bubble and the fast ow traversing above the bubble, creating unstable shear-layer disturbances,
and (2) streamline curvature in the SWBLI region, leading to a centrifugal instability in the form
of Gortler vortices.

The stability of compressible free shear layers was originally investigated by Lees and Lin
(1946), who provided the basic formulation of the mathematical theory. The stability charac-
teristics of shear-layer disturbances were later investigated with respect to variations in Mach

number, Reynolds number, and the velocity and temperature ratios across the shear layer (e.g.,
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Figure 1.3: Field olu velocity and streamlines near the separation region: zero streamline (bold)
and mixing layer (dashed line). Taken from Novikov et al. (2016).

Zhuang et al. 1990; Jackson and Grosch 1989, 1990) in the context of compressible mixing layers
found in scramjet engines. Two groups of unstable modes were identi ed (referred to as the slow
and fast modes), both of the vortical type, whose stability was heavily dependent on the convec-
tive Mach numberM, of the fast-moving gas relative to the slow-moving gas. The maximum
instability growth rate sharply decreased with increasing convective Mach numbdg forM
whereM s a critical Mach number at which the disturbance phase speeds are both sonic, and de-
creased more slowly thereafter until reaching a reversal point, after which the growth rate began to
increase again. Increasing the temperature of the slow-moving gas relative to the fast-moving gas
led to an overall decrease in the growth rate of the instabilities and delayed the reversal to higher
convective Mach numbers. Although the characteristics of the second-mode and shear-layer in-
stabilities are reasonably well understood in isolation, only recently have researchers begun to
investigate how they might interact and compete in leading transition in hypersonic compression
corner ows. Providing insight into this multi-mode competition is of practical importance as it
will guide vehicle designers in deciding which instability is more important to control.

There is a considerable quantity of prior research on cone- are geometries at hypersonic
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conditions, as well as for similar geometries that induce two-dimensional SWBLIs, such as the
double-wedge and cylinder- are. Much of this work has been focused on thetgof boundary-

layer transition on the ow topology and aerothermal loading (e.g., Miller et al. 1964; Zakkay

et al. 1967; Hener et al. 1993; Running et al. 2019, 2020; Roghelia et al. 2017). Part of the
motivation for ongoing research into the ow topology on these geometries is the presence of
spanwise heat- ux variations aft of the compression corner. While this is an interesting phe-
nomenon, of greater relevance to the present study are the more limited studies that elucidate the
dominant transition mechanisms. Balakumar et al. (2002, 2005) numerically investigated a 5.5
compression ramp encountering a freestream Mach number of 5.373, performing a stability anal-
ysis of the ow eld using PSE and DNS for the case of separated ow at the corner. They studied
the stability of two-dimensional, xed-frequency disturbances traversing the corner and identi ed
multiple unstable modes. The second mode, which was the dominant instability approaching the
corner, was found to be unstable upstream of separation and downstream of reattachment but was
neutrally stable while traversing the separation region. In its place, a lower-frequency mode at
approximately 38% of the second-mode dominant frequency was found to be the most unstable
within the separation region. However, upon investigating the density eigenfunctions for each
of these disturbances, they noticed the low-frequency eigenfunction changed from a rst-mode
type distribution upstream of the corner to a second-mode type distribution within the separa-
tion region. Similarly, the eigenfunction for second-mode dominant frequencies changed from
a second-mode type distribution to a third-mode (i.e., the second of the higher acoustic modes,
according to Mack'’s terminology) type distribution within the separation region. This suggests
that the most unstable mode within the separated region remains as an acoustic mode, with a

relatively thick supersonic region inside the separated region boundary layer leading to larger
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wavelengths, and hence lower frequencies.

The work of Novikov et al. (2016) extended the simulations of Balakumar et al. (2002,
2005) to investigate three-dimensional disturbances on the same con guration and ow condi-
tions. They monitored the streamwise development of broad-spectrum wave packets generated
with a localized pulse at the wall boundary. The transition process was dependent on the wave
packet structure entering the corner, which was controlled by locating the pulse in a streamwise
position that was dominantly receptive to either the rst mode or second mode. For a wave packet
that was dominated by the second-mode instability, as will be most relevant here, the process was
in general agreement with that of Balakumar et al. (2002, 2005). High-frequency second-mode
disturbances were unstable upstream of separation and downstream of reattachment but neutrally
stable while traversing the corner. Planar mid-frequency disturbances were ampli ed throughout
the separation region, as well as oblique low-frequency disturbances, which were most-ampli ed
just upstream of the reattachment point. These low-frequency disturbances disappear quickly
after reattachment. Notably, in the case of a rst-mode dominated wave packet entering the
separation region, only oblique modes are unstable within the separated region, with minor am-
pli cation of low-frequency planar acoustic disturbances only at the separation point.

The transition process on a cylinder- are with a Jd&xisymmetric compression corner at
Mach 5 was studied numerically by Lugrin et al. (2021) using quasi-DNS, with the computational
domain encompassing 6bh the azimuthal direction. Three-dimensional disturbances were ex-
cited using white noise forcing. It was found that the upstream boundary layer was rst-mode
dominated with a weakly unstable second mode. Through the separated region at the compres-
sion corner, the second mode was immediately damped and found to be inconsequential during

the transition process. Instead, the proposed transition mechanism was rst-mode oblique break-
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down, which is a nonlinear process by which stationary streamwise streaks are excited by the
nonlinear di erence interaction of a pair of oblique rst-mode waves of equal frequency and op-
posite spanwise wavenumber. These nonlinearly-generated streaks were linearly ampli ed after
the reattachment point, leading to the eventual breakdown to turbulence.

Benitez et al. (2020) obtained FLDI and PCB measurements on a cone-cylinder- are in the
BoeingAFOSR Mach 6 Quiet Tunnel (BAM6QT) at Purdue University,eoing rare o -body
disturbance measurements near the shear layer at the compression corner and within the down-
stream are boundary layer. At swiently high Reynolds numbers, the second mode was found
within both the separation region and on the are and found to grow in amplitude downstream
of the corner. Additional lower frequency disturbances were identi ed in the range of 50-170
kHz, which possessed a distinctly @rent propagation speed than the second-mode propagation
speed. These disturbances were not seen in the FLDI measurements taken at the shear layer at the
corner but were found to begin growing in amplitude in the FLDI and PCB stations located down-
stream of the corner. It was concluded that these disturbances were generated by the shear layer,
as they were only present with are angles stiently high to cause separation at the corner.

More recently, Butler and Laurence (2021) performed experimental investigations of boundary-
layer transition on a 5half-angle cone- are at Mach 6 with various compression anglesbof
+10, and+15, intended to induce both fully attached and separated corner ows. They used
ultra-high speed calibrated schlieren with frame rates up to 822 kHz, enabling direct measurement
of the second-mode disturbances from pixelwise intensity signals. For an attached-shock case
(corresponding to the5 con guration), they observed second-mode dominated ow through
the corner. The weakly separated case (corresponding tolfhecon guration) exhibited com-

bined second-mode and low-frequency shear-layer disturbances, with the former unstable before
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Figure 1.4: (Top to bottom) SPOD mode shapes corresponding to shear-layer disturbances at
42 kHz and 71 kHz; SPOD mode shape corresponding to second-mode disturbance at 215 kHz.
Taken from Butler and Laurence (2021).

separation and after reattachment and neutrally stable in-between and the latter ampli ed within
the separation region. By increasing the compressiarit, the shear-layer instability became
dominant, reaching N-factors signi cantly higher than those of the second-mode. In every con g-
uration, signi cant disturbance energy, both of second-mode and shear-layer origin, was seen to
be radiated along the shocks present at the corner. The precise mechanism ultimately responsible

for breakdown, however, was not deduced.

1.4 Scope of Current Work

The goal of the present study is to address some of the current gaps in our understand-
ing of the transition process over slender cone and cone- are geometries. In particular, we are
interested in improving and utilizing the reconstruction technique developed by Kennedy et al.
(2017, 2018b), as this technique enables quanti cation of high-frequency content from calibrated

schlieren cinematography without sacri cing the eld of view of the image. The methodology
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is rst applied to two sets of experiments performed on a sharpalf-angle cone, one at zero
angle of attack at Mach 6, conducted in the NASA Langley 20-inch Mach 6 wind tunnel, and
the other at nonzero angle of attack at Mach 14, conducted in AEDC Tunnel 9. The reconstruc-
tion technique is applied globally, such that analysis of the second-mode development across the
entire eld of view is facilitated. The focus is to ensure that the expected behavior of the second-
mode fundamental instability is observed in the linear regime, and then to proceed with a more
novel global analysis of the nonlinear regime, including a characterization of the second-mode
harmonics. Flush-mounted P€Bensors are included in the model to compare with and validate
the second-mode frequencies resolved from the schlieren analysis. Spectral proper orthogonal
decomposition and a bispectral analysis, incorporating both pointwise autobicoherence inves-
tigations and bispectral mode decomposition, are utilized to elucidate the dominate instability
structures and their nonlinear interactions with each other.

Once the usefulness of the global reconstruction technique has been demonstrated on the
more canonical straight-cone boundary layer, we progress to its application on a cone- are geom-
etry. As outlined in the previous section, while multiple instabilities have been identi ed in the
corner region, there is not yet a clear consensus on the dominant instability mechanisms leading
to breakdown. In addition, it remains to be answered what in uence the Mach number has on
the development and interplay of the present instabilities. To date, the studies investigating the
transition process on these geometries have been limited to freestream Mach numbers of 6 and
below (although, there are a small number of older studies focused on the characterization of the
mean ow at higher Mach numbers, e.g., Miller et al. 1964; Zakkay et al. 1967). This motivated
us to conduct a set of experiments at Mach 14 in the Mach 10-20 Longshot Hypersonic Gun Tun-
nel, using an identical geometry to that used in Butler and Laurence (2021). With a substantially
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higher Mach number, the shock waves present in the corner region will lie signi cantly closer to
the body, leading to an extended interaction with the incoming second-mode disturbances. Ad-
ditionally, the temperature ratio across the mixing layer of the separated region will be skewed
towards higher temperatures within the separation bubble, which is expected to hawxtaore

the stability of shear-layer disturbances. Utilizing the aforementioned analytical methods, these

e ects will be addressed in the present study.
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Chapter 2. Diagnostic and Analytical Techniques

2.1 Calibrated Schlieren

Schlieren ow visualization is an optical technique that records the density uctuations
within a transparent medium by transforming these uctuations into regions of light and dark in
a greyscale image. The method relies upon the principles of refraction, whereby local changes in
the gas density result in de ections in the path of a passing light ray. Various schlieren systems
have been developed over the years; in the present work, one experimental campaign utilizes a
basic inline two-lens schlieren setup and the other two campaigns utilize the conventional Z-type
schlieren. The Z-type system is schematically shown in Figure 2.1. Here, light emitted from a
circular source is collimated by a parabolic mirror of focal lengthand passed through a test
section that possesses some eld of varying refractive index of widiFhe light rays exiting the
test section are re-focused by a second parabolic mirror with focal |éngtipically identical
to the rst, and a camera is placed behind the focal point to capture the resulting image. As the
light ray encounters changes in the refractive index over the course of the diktatsoggath will

be de ected by an angle, given by

—@, (2.1)
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Figure 2.1: Z-type schlieren utilizing synchronized laser as the light source

wherex represents the direction orthogonal to the light-ray directbnA linear relationship
between the refractive index, and the gas density, can be expressed with the Gladstone-Dale
relation:

=K +1; (2.2)

whereK is the Gladstone-Dale constant of the test gas.

In a schlieren system, a knife edge, referred to as the “clitie placed at the focal point
of the second mirror. Note that the circular light source is typically generated using an aperture of
width b, which, in the current system, will create a focal “point” of the same size on the opposite
end of the system. Partially inserting the knife edge at the focal point will uniformly decrease the
intensity of unde ected light rays. Following from the principles described in Settles (2001) and
Speak and Walters (1954), the illuminance at the camera is equal to

b=2 d
b i)

I = 1o (2.3)
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wherelg is the illuminance without a cut-oandd is the displacement of the knife edge away from
50% cut-o . Lightrays de ected by an anglg, where nowy denotes the portion of the de ection
normal to the knife edge, will have their focal points shifted by a distance of approxiniatgly
and will experience a dierent amount of cut-a The deviation in illuminance at the camera is
then equal to

| = IOT: (24)

The contrast observed in the schlieren image as a result of a varying refractive index will therefore

be
c= TI - b:ZFZ qv (2:5)
with the quantity
b:|2: 2 d (2.6)

often being referred to as the overall sensitivity of the schlieren system. The sensitivity for a
given system with xed mirrors is then maximized by driving the cutiato the focal point as
much as possible. This, however, simultaneously lowers the overall illuminance of the image
according to equation 2.3. A highly-sensitive schlieren system thus necessitates a high-powered
light source.

It is clear from equation 2.4 that there is an injective relation between the light ray de ec-
tion angle, y, and the resulting change in illuminancel,, so long as the light source, mirrors,
and knife-edge position remain xed. For a circular light source and focal point (as is commonly
the case), this relationship is nonlinear and may becdit to accurately characterize analyti-

cally due to uncertainties within the system (e.g., imperfections in the mirrors, misalignment of
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optical components, etc.). A simple method of mapping this relationship, described in Schardin
(1942) and Hargather and Settles (2012), involves instead placing a weak converging lens into
the schlieren eld of view. Collimated light rays passing through the calibration lens are focused

to a point such that they are de ected by an angle that is dependent on the radial location of the

passing light ray (see Figure 2.2). For a weak lens, we can approximate this as

=tan (2.7)

lens

wherer is the radial distance from the lens center &g the focal length. Since the de ection
angle varies with radial position on the lens, the passing light rays will experienceseedt
level of cut-o by the knife edge and a pixel-intensity gradient that is normal to the knife edge
will be imaged inside of the calibration lens. Thisezt is shown in Figure 2.3 for the cali-
bration lens used in the current experiments at twaegnt sensitivity settings. The de ection
angles that span the intensity gradient within the calibration lens determine the angles that may
be measured by the schlieren system. A high-sensitivity system enables better signal-to-noise for
small de ection angles at the expense of restricting the range of observable angles. The pixel
intensity located at the lens' optical center corresponds to unde ected light rays; however, since
there is never 100% light transmission through the lens, this intensity will be slightly less than
the background intensity observed outside of the lens. In the present experiments, a plano-convex
spherical lens of N-BK7 glass with a focal length of 10 m, a diameter of 25.4 mm, and a light
transmission rate of 92% was used for calibration.

The intensity pro les observed in Figure 2.3 provide the necessary information for the

transformation of pixel intensities in a schlieren image to de ection angles via equation 2.8,
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Figure 2.2: Collimated light rays passing through a converging lens. Image courtesy of Hargather
and Settles (2012).

Figure 2.3: (Top Left) Calibration lens at low sensitivity. (Bottom Left) Calibration lens at high
sensitivity. (Right) Calibration curves for low-sensitivity (blug¢ and high-sensitivity (red )
lenses.
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where now is equal to y since only de ections normal to the knife edge are observed by the

system. Inserting equation 2.2 into 2.1 we are left with
y= — — @ (2.8)
1

Given that the base ow and disturbances under investigation are approximately two-dimensional,

equation (1.8) can suitably be approximated as
ys — = (2.9)

with L representing the width of the refractive index disturbance.

Note that the light source depicted in Figure 2.1 is a Cavilux HF Laser. This is a high-
powered (280 Watt) pulsed-diode light source that generates low-coherence light at 640 nanome-
ters. In high-speed mode, the laser operates for 10 seconds at a 2% duty cycle with an adjustable
pulse-width from 10 ns up to 200s at 10 ns increments, yielding a maximum operating fre-
qguency of 2 MHz. The laser also accepts external TTL (transistor-transistor-logic) signals for
frame synchronization purposes. These capabilities make it ideal for use in a schlieren investi-
gation of hypersonic boundary-layer disturbances, providing high-powered short-duration light

pulses that enable sicient illumination at high frame rates thatectively freeze the ow.
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2.2 Time-Resolved Signal Reconstruction Technique

2.2.1 Straight Cone Algorithm

If each camera pixel were to be used as an independent sensor, the Nyquist criterion would
dictate a frame rate of many times the second-mode frequency to obtain frequency-resolved mea-
surements of instability power and growth rates, including harmonics, from the raw pixel inten-
sity time-series (e.g., as was done in Butler and Laurence 2021). To bypass this requirement,
time-resolved pixel intensity signals are reconstructed using neighboring spatial data to increase
the e ective frame rate, taking advantage of the near constant propagation speed of the second-
mode wave-packets and associated harmonic content (Laurence et al. 2016). Such a technique
was employed by Kennedy et al. (2018b) for select interrogation locations; here we extend it to
every pixel within the visualized boundary layer to allow global analysis techniques to be em-
ployed. A high camera frame rate (on the order of half the fundamental disturbance frequency)
is still recommended to ensure wave-packets do not evolve signi cantly between images (e.g.,
such that ow movement in the direction normal to the wall is negligible), as this would render
the interpolation employed inaccurate.

Although this reconstruction technique has already been described in Kennedy et al. (2017),
given its importance in the present analysis, it is outlined again here. The rst step in the recon-
struction is the calculation of the average propagation speed of the second-mode wave-packets;
further details of this procedure are provided in section 3.4. The signal reconstruction procedure,
outlined in Figure 2.4, is then conducted as follows. Consider a wave-packet propagating down-

stream at speed,. The pixel intensity at a speci ¢ streamwise locatiof, is known exactly
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(@) (b)

Figure 2.4: (a) Pixel intensity signals along a single row in successive images. (b) Reconstructed
signal (black ) using a linearly-weighted average of the bolded portions of the signal§xiie
)andt; + t(red4).

from the two schlieren images at timgsndt; + t, where tis equal to IFRandFRis the cam-

era frame rate. We wish to reconstruct the signal between these two known points in time. Since
we know the propagation speed, we have two possibilities for generating such a reconstruction:
(a) the pixel intensities betweefy U, tandX,in the rstimage (which represents informa-

tion that is about to pass ov&p); or (b) the pixel intensities betweety and X, + U, tin the

second image (representing information that has just passe&gvdihe delity of either option
degrades as we consider pixels further fri¥g Therefore, we use a linearly-weighted average

of the two such that the reconstructed signal is exagtandt; + t. Figure 2.4 exempli es this
process, where the blue and red signals represent the rowwise pixel intensity signals of a single
row in the boundary layer at timésandt; + t. This process is repeated for all images of interest
and all linearly-weighted-averaged signals are concatenated into a single temporal signal. The
resulting e ective sampling frequency id,= x, where xis the pixel spacing in the imaging

plane. Clearly, the assumption of a constant propagation speed for all disturbances is implicit in
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this technique; eects of a deviation from this assumption are examined in Appendix A.

2.2.2 Cone-Flare Algorithm

The technique as described thus far is limited to analyses of fundamental and harmonic
second-mode content on straight cones, such that the assumptions of a constant propagation speed
and quasi-parallel disturbance streamlines remain valid. Boundary-layer disturbances passing
through a compression corner, as in the current study, will violate these assumptions; therefore,

a modi ed reconstruction procedure, capable of handling disturbances with spatially-variant ve-

locities, has been developed and will be outlined in the following section.

2.2.2.1 Disturbance Propagation Velocities

The rst task in either reconstruction algorithm is the calculation of the disturbance ve-
locities. On straight cones in hypersonic ow conditions, it is fient to compute the average
streamwise phase speed of the fundamental second mode. Here, we must compute the average
disturbance phase speed and direction at every point in the image eld of view. Note that, because
the reconstruction requires a unique propagation velocity for the determination of the locally-
relevant waveform along the distandg t, the technique cannot consider multiple disturbances
of di erent types (e.g., rst mode, second mode, shear-layer disturbances) simultaneously as
their phase velocities may der substantially. The following description of the reconstruction
procedure will be outlined and illustrated for the calculation of second-mode velocities.

To improve the accuracy of the disturbance velocimetry, each schlieren image rst under-

goes a series of manipulations to accentuate the desired features. This image processing sequence
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Figure 2.5: Image processing sequence from top to bottom: original image, reference-subtracted
image, high-pass- Itered image, and image gradient magnitude.

is exempli ed in Figure 2.5. Consider an image of interégttaken during the useful test time.

To begin, the imagé, is reference-subtracted using an average 10 sequential images cen-

tered atl,,. Once all image$; throughl,,, wheren, is the total number of images in the useful

test time, have been reference-subtracted, each pixel-intensity time-series (taken fromlimages
throughl,) is ltered using a zero-phase lter to attenuate all frequencies outside the second-
mode band. In the current experiments (see Chapter 5), the fundamental second mode is found
between 130-350 kHz (estimated with ush-mounted PGBnsors). For the case of shot 1874,
which has a Nyquist frequency of 125 kHz (determined by the camera frame rate), the second
mode is aliased to approximately all resolvable frequencies; therefore, a low-pass Iter with a
cuto frequency of 50 kHz is chosen to accentuate the strongest second-mode content while at-
tenuating shear-layer disturbances that may be present in the range of 50-125 kHz. For the cases
of shots 1877 and 1878, which have Nyquist frequencies of 250 kHz, a high-pass Iter with a
cuto frequency of 130 kHz is used. The images are then reconstructed using the Itered pixel
time-series signals. Finally, a Sobel Iter is applied to each image to estimate the magnitude of

the image gradient. This step is motivated by the Sobel operator's usefulness in edge-detection
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algorithms. The computation of disturbance propagation speeds relies on the ability to track the
translation of individual wave packets in image pairs; emphasizing the wave-packet edges was
found to improve tracking accuracy.

Once the image processing is complete, the algorithm proceeds with computing the distur-
bance displacements throughout the eld of view for every image pair, as follows. Consider two
successive images, as shown in Figure 2.6, taken from shot 1877. At every pixel, a correlation
window is extracted around said pixel from the rst image of the pair, depicted as a white box
in the top image of Figure 2.6. In the subsequent image, a collection of windows of the same
dimensions are also extracted; to help prevent unrealistic results, these secondary windows are
only chosen in a region of the image where it is suspected the feature windowed in the rstimage
could have moved. Cross-correlation cagents are then computed between the window of the
rst image and all secondary windows of the subsequent image. The result is a matrix of coe
cients, shown for example as the colored region in the bottom image of Figure 2.6, where each
colored pixel represents the coeient value (blue corresponding to a low correlation and red a
high correlation) for the window boxed around that pixel. A two-dimensional Gaussian lter is
convolved with the matrix of correlation coe&ients to apply smoothing, and the location of the
maximum provides the displacement of the feature windowed in the rstimage. This sequence is
repeated for every pixel in the rstimage. In order to handle points close to the image boundaries
and the cone surface, the images are padded with NaN (i.e., "Not a Number”) values and the
pixel values corresponding to the cone- are surface are replaced with NaN. In this manner, when
performing the cross correlation for windows which contain NaN values, the NaN indices are
omitted. Once displacements for each pixel in the rstimage of the pair have been computed, the
process is repeated for all other image pairs and the average displacements are recorded. Note
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Figure 2.6: Cross correlation window in rst image (top) and matrix of cross correlation coe
cients in subsequent image (bottom)

that the methodology thus far is akin to an upwind numerical discretization scheme, where the
displacement of the feature between two images is represented at the most upstream point. To
improve the order of accuracy, this is modi ed such that the averaged displacements are instead

represented at the midpoints, i.e.,

. U(X;Y)_y+ V(X;Y)

U(X+ =5 >—) = U(XY);
_ _ (2.10)
\7(X+ U();’Y);y+ V();'Y)) = V(X Y);

whereU andV represent the modi ed horizontal and vertical displacements in pikesndV
the original displacements, and X and Y the horizontal and vertical coordinates in pixels. This
operation creates a nonuniform spatial grid that isegent from the original uniform grid of the

images; therefore the gridded datalbfindV is interpolated back onto the original grid.

2.2.2.2 Temporal Signal Reconstruction

As stated previously, the temporal signal reconstruction technique performed at a certain
pixel involves the concatenation of spatial signals around that pixel, with the propagation ve-

locities providing the necessary information to determine the disturbance streamline through the
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Figure 2.7: Local disturbance streamline through pixel undergoing temporal reconstruction. Two
sequential images are shown (left). Reconstructed signal (blacksing a linearly-weighted
average of the backward spatial signal,gblue ) and forward spatial signal &t+ t (yellow

4).

pixel as well as to transform spatial units into temporal ones. The procedure here in general fol-
lows closely to that described in section 2.2.1, with modi cations to address the now spatially
variant disturbance velocity grid. Note that there are two equally valid choices for the spatial sig-
nals to be used to reconstruct a temporal signal over a particular pixel located¥a):((1) the
upstream portion of the streamline passing throughYp), now of IengthF\t>t tu(X( );Y())d,
whereu(X;Y) is the disturbance velocity vector aX;(Y), or (2) the downstream portion of the
streamline, of Iengtrlj\:t+ tu(X( );Y()) d . The validity of either option degrades as the distance
away from (Xo,Yp) increases, as the waveform in the spatial signal has a longer time to deform
from its true value atXo,Yp). Option (1) better represents the leading half of the waveform and
option (2) better represents the trailing half; therefore, a linearly-weighted averaging of the two
spatial signals is chosen for the reconstruction.

Figure 2.7 exempli es the procedure using two sequential reference-subtracted images,
where the reconstruction technique is performed at a given pixel locatg, ¥)( denoted as a
black marker. Blue and yellow lines in either image represent the backward and forward stream-
lines through Xo,Yo), each spanning a time equal ta. The temporal signal at times between

t; andt; + t are constructed from a linearly-weighted averaging of the backward spatial signal
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obtained from the image taken at tirnand the forward spatial signal obtained at titde t, as

shown in Figure 2.7. The signal is exact at btandt; + t, ensuring the concatenation of each
spatial signal does not produce a discrete error in the reconstructed signal (as would be the case if
performing the reconstruction using either the backward or forward signals alone). Note that, if
one were to use all of the available pixels in the spatial signals to reconstruct the temporal ones,
a nonuniform magnitude of the disturbance velocity (ij@(X;Y)jj, c, wherec is a constant)
would produce a spatially-variant temporal resolution, as the distz%cetsu(X( );Y())d and

t“ tu(X( );Y( )) d depend on the position. To prevent this, the number of pixels spanned by
the distancgu(X; Y)jjmin t, Wherejju(X; Y)jjmin is the minimum measured velocity magnitude in
the eld of view, dictates the temporal resolution for all reconstructed signals. At locations where
the backward or forward streamlines span more than this limit, the distance is evenly divided by
the minimum; if the division results in non-integer pixel locations, the values are estimated using

a bicubic interpolation.

2.3 Model Reduction Techniques

Improvements in computational and experimental diagnostic techniques have dramatically
increased the quantity of obtainable data from uid dynamic investigations in the last couple of
decades. This is, of course, desirable; however, it presents the modern challenge of hee+to e
tively analyze such large caches of information. One of the most popular approaches has been
the use of model reduction techniques (see, for example, Towne et al. 2018; Taira et al. 2017; Hill
et al. 2023; Theo lis 2011; Butler and Laurence 2021), which attempt to reduce the dimension-

ality of the available data by decomposing a complex ow eld into its fundamental features, or
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modes, and retaining only those which contribute the largest percentages of the total energy (vari-
ance). Given these bene ts, this eld of mathematics has experienced incredible growth in recent
years and various techniques have been developed. In the current work, two model reduction
techniques are utilized: the spectral proper orthogonal decomposition (SPOD) and the bispec-
tral mode decomposition (BMD). A brief mathematical outline of these methods is provided in
the following subsections; however, the complete theoretical and algorithmic descriptions can be

found in Towne et al. (2018); Schmidt and Colonius (2020) (SPOD) and Schmidt (2020) (BMD).

2.3.1 Spectral Proper Orthogonal Decomposition

Spectral proper orthogonal decomposition seeks to identify a set of spatiotemporal orthog-
onal modes that best estimate the cross-spectral density (CSD) tensor of the time-resolved pixel
intensity data. The technique is a modern alternative to the traditional “space-only” POD, which
extracts spatially-coherent structures in the data set by obtaining a basis that is orthogonal under
a spatial inner product and optimally represents the spatial variance within the ow eld. Con-
ceptually, “space-only” POD can be equated to performing a singular value decomposition on
a non-square data matrix that is constructed directly from the ow eld data. These resulting
modes are energy-ranked in a hierarchical fashion such that the leading modes capture a greater
portion of the underlying dynamical processes. While these POD modes optimally represent
the variance present in the ow, each mode is likely to contain contributions from multiple fre-
guencies, and for this reason, it is not possible to represent a travelling structure with a single
mode (i.e., the modes are not temporally-coherent). The spectral POD algorithm addresses this

issue by performing the decomposition in the frequency domain of the data set, thereby extract-
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ing sets of energy-ranked modes that oscillate at a single frequency and optimally represent the
spatiotemporal ow statistics. The algorithm is constructed as follows.

Consider a state vectog, that is measured by either a computational or experimental
diagnostic tool. This vector may contain multiple ow eld variables and spatial dimensions
(e.g., density, velocity, ardr pressure measurements in a three-dimensional spatial eld). In the
current work,g 2 R", wheren is the total number of pixels in each image, contains the pixel
intensity values (to be calibrated into density gradients) within the two-dimensional eld of view
of the camera. Each “snapshot” of the state vector is themd represents a reshaped column
vector containing the pixel intensity values for each schlieren image (to be precise, since we will
be conducting a time-interpolation of the pixel intensity signgjs;ontains the entire eld of
pixel intensity values at a speci c time in the temporally-reconstructed signals). The process

then involves concatenating all state vectors into a single data m@trixe.,

Q=0a1 02 Qs On, (2.11)

whereny is the total number of temporal samples. Note that performing a singular value de-
composition onQ would get you the “space-only” POD modes (note, also, the distinction that
singular value decomposition is merely a method for acquiring the POD modes, which is useful
for conceptual understanding but is generally not the most computationatielet approach).
However, for SPOD we continue by employing Welch's method to estimate the cross-spectral

density tensor. The matri® is divided intoM total blocks, which may be overlapping, and a
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discrete Fourier transform is conducted on each block.

. h i
Q(l)! DET ! Q(l)= q(ll) q(zl) qgl) qﬁ)
. h i
Q(Z)! DET ! Q(Z): q(12) q(22) qu) qE\IZ)
. h [

Q™1 DFT! Q™M= g™ g0 af" a4 ; (2.12)

In equation 2.12N is the number of temporal samples in each block @?’id}lenotes the vector
comprising thek" Fourier coe cient of each pixel's temporal signal from th block. The
Fourier coe cients for a given frequency, are collected from all available blocks to construct

a new matrix

A, = hA(l) A2 5B A(M)i .

Qs = at’ 04y’ 45 ar, (2.13)
which, when multiplied with its Hermitian transpose, estimates the cross-spectral density matrix

Q. QY (2.14)

An orthogonal set of SPOD modes is extracted for each frequency bin by solving one of two

eigenvalue decomposition problems, namely
éka fi — fi fk; (215)

or

QfWQs = " (2.16)



whereW is a weighting function (equal to the identity matrix in the current application)Aan:

ka ) t.- The latter option is referred to as the method of snapshots and, assMing (which

is typically the case), requires less computation si@e;eis rank(M). The SPOD eigenvalues
are located in the diagonal matriAxfk and their associated eigenvectors, representing the SPOD
modes, are located iny,.

As the SPOD algorithm is based upon Welch's method of spectral density estimation, there
is a trade-o between frequency resolution and variance. Large block sizes are desirable for
greater frequency resolution, enabling accurate distinction between dynamical features operating
at di erent frequencies. However, the variance (i.e., uncertainty) of the estimate can only be re-
duced by averaging over a greater number of blocks, or realizations. The SPOD thus converges
as the number of blocks and the number of snapshots in each block both increase. This require-
ment is often the limitation in eectively employing SPOD for uid ows as many experimental
diagnostic tools do not provide the volume of data needed to create@ently large ensemble

of realizations.

2.3.2 Bispectral Mode Decomposition

While SPOD is generally applicable in nonlinear ows and reveals the energy contributions
of the dominant ow structures, it does not grant any insights into the existence of nonlinearity.
Triadic nonlinear interactions are of particular interest here as these are the result of the quadratic
nonlinearity of the Navier-Stokes equations and are the primary mechanism of energy transfer
between frequency components. The bispectrum is a classical technique that can detect quadratic

phase coupling in one-dimensional signals. The bispectral mode decomposition is the extension
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of the classical bispectrum to multidimensional data sets, revealing the coherent ow structures
associated with triadic interactions and their regions of highest activity in the ow eld.
The aspect of BMD which distinguishes it from the traditional bispectrum is the incorpo-

ration of spatial integration of the pointwise bispectral density:

"Z #
b(f;f)=E A0 f) G f) @ 0T+ f)dx] ; (2.17)

Here, b is used to refer to the integral measure of the bispectmuns, the vector of spatial

coordinates, is the spatial region of integration, is the Fourier transform of state vectgr
denotes the complex conjugate, andlenotes element-wise multiplication. As a shorthand

notation,gs, ¢, will be used to represent the Hadamard product betvg¢enf;) andq(x; f,), and

Q+,+1, Will be used to represef(x; f; + f,). The principles of Welch's method, traditionally used

as a power spectral density estimator, are adapted to estimate the bispectral density matrix. As in

SPOD, temporal data is separated into a series of blocks, representangrdirealizations of the

ow. Discrete Fourier transforms are computed for each block of data and the bispectral density

matrix, B, is formulated as

h i
A - A A2 A(3) aM) .
Qn = 0y, O, Qs a:t, (2.18)
~ - hA(l) ~(2) ~(3) ~ (M) i .
Qner, = Uiy, frr, Ofsr, Aror, (2.19)
— . — 1 AH A~ .
B - B(fls f2) - MQfl szf1+f2' (220)

In the current use of BMDB is an auto-bispectral density matrix singeontains only one state
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variable - the pixel intensity. However, spatial cross-correlation is a consequence of the formula-
tion of B. This implies the integral measure of the bispectral density and resultseneitiation
between sum and derence interactions. In the context of modal decomposittoand BMD

is at this point analogous to the cross-spectral density teﬁsprand SPOD. Howevef:fk isa
Hermitian matrix whereaB is not and thus the procedures diverge here. Instead of computing
an orthogonal basis, the principle task of BMD is to nd the unit vec&ds, which maximizes

the Rayleigh Quotient dB, i.e.,

a'Ba

a; = arg max (2.21)

aHa

The outputs of BMD are then the cross-frequency elds, bispectral modes, and interaction maps,

de ned as

06 = Qn nau (Cross-Frequency Field), (2.22)
th, = Onst,a (Bispectral Mode), (2.23)
fif, =  fh f1+ o (Interaction Map) (2.24)

The bispectral modes are linear combinations of Fourier modes and are interpreted as the physical
structures resulting from the nonlinear interaction between content at frequépaiesf,. The
cross-frequency elds are maps of phase alignment between contdntaad f, but do not
represent physical ow structures observed in the data. The interaction maps are the Hadamard

product of these and display the local bicorrelation strength among contgntfatand f; + f,.
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Chapter 3: Straight cone at zero incidence at Mach 6

In this chapter, the second-mode instability on &&lf-angle sharp cone at Mach 6 is ana-
lyzed using high-speed calibrated schlieren imagery. Experiments were conducted in the NASA
Langley 20-Inch Mach 6 facility at unit Reynolds numbers between 6L86and 9.71 10° m .
Time-resolved pixel intensity signals throughout the boundary layer are reconstructed using spa-
tially available data in the schlieren images to recover acéve sampling rate of over 10 MHz
(compared to fundamental second-mode frequencies between 200-350 kHz); these are then con-
verted to quantitative density gradients using a thin-lens-based calibration technique. A global
analysis is performed on the schlieren data to investigate the nonlinear growth of the second-mode

fundamental and harmonic content.

3.1 Facility Overview

Experiments were performed in the NASA Langley 20-Inch Mach 6 Wind Tunnel. Reser-
voir and free-stream properties for each of the three test conditions used are outlined in Table
3.1 (test conditions were determined according to the procedure described by Hollis 1996). A
complete description of the facility and its capabilities can be found in Berger et al. (2015). The
model wall temperaturel,,, varied slightly for each test as tests were run siently close to-

gether that the model did not cool completely in between. The average model wall temperature
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was 302.5K 6:5K, where 6.5K is the 2 value; the wall temperature changed by approximately

2.8K during a run.

Table 3.1: Test matrix and conditions.

Condition Re66 Re79 Re97

M 5.97 5.98 5.99
Re [10°=m] 6.56 7.94 9.71
Py [bar] 8.00 9.62 11.82
To [K] 488 486 486

U, [m/s] 928 927 927

P; [Pa] 531 632 770
T [K] 60.4 60.0 59.9

. [kg/m¥]  0.0307 0.0367 0.0449

3.2 Model and Instrumentation

A 0.52 m long 7 half-angle cone was employed as the test article for this campaign. The
model consisted of a 15-5 stainless steel frustum with a base diameter of 0.127 m and an in-
terchangeable 15-5 stainless steel nose tip. A nose tip radius of 0.152 mm was used for the
current campaign. The test article was instrumented with a variety of ush mounted pressure
sensors and thermocouples, including PAB2-B38 fast-response pressure transducers, Kulite
XCS-062 pressure transducers, Type-E Chromel-Constantan coaxial thermocouples, and static
pressure ports. Only data captured from the P&&nsors that were located in the schlieren eld
of view are presented in this analysis: there were two such sensors, located at distances of 294.3
mm and 345.5 mm from the nose tip, measured along the cone surface. Further details about the

test article design and complete instrumentation layout can be found in Leidy et al. (2021).
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3.3 Schlieren Speci cations

High-speed ow visualization was performed using a standard two-lens schlieren setup.
The schlieren hardware was mounted on top of two 0.61 m by 0.91 m breadboards located on
opposing spanwise sides of the wind-tunnel test section; these boards were suspended from an
overhead beam that provided vibration isolation from the tunnel. Light emitted from a Cavilux
HF laser operating at 810 nm with either 50 or 70 ns pulse-widths was collimated by a 101.6
mm diameter achromatic lens with a focal length of 500 mm before entering the test section.
Light leaving the test section was focused using an identical 101.6 mm lens and captured with
a Phantom v2512 high-speed camera with a 12-bit depth at a nominal frame rate of 285 kHz,
approximately equal to the expected second-mode frequencies at the tested conditions (200-340
kHz). An image resolution of 1280x64 was used for all images with a scale of 0.073gixem
The camera was angled to be aligned with the cone surface and xed at the same location on the
cone for all experiments described here, with the camera viewing plane extending from 288.0
mm to 384.7 mm from the nose tip along the cone surface. A horizontal knife-edge wato

used to visualize the density gradients approximately normal to the cone surface.

3.4 Propagation Speeds

As mentioned in section 2.2, average propagation speeds of the second-mode wave-packets
are computed before time-resolved signals can be reconstructed. Due to the large number of
images used for each reconstructed signal, an automated wave-packet identi cation algorithm

similar to that described in Shumway and Laurence (2015) is rst applied to all images: this
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identi es the presence and bounds of second-mode wave-packets. For each image containing
a wave-packet, the propagation speed is estimated using a two-dimensional cross-correlation
between that and the following image (see Laurence et al. 2014a). The total number of images
containing wave-packets for each condition together with the mean and standard deviation of
the calculated propagation speeds from those images are displayed in Table 3.2. The ratio of
propagation speed to boundary-layer-edge velotitysU., is also shown for each condition,

with U, calculated using the Taylor-Maccoll equation. The second-mode propagation speeds
are equal to approximately 90% of the edge velocity, consistent with prior work on hypersonic
boundary layers over slender cones (e.g., Maslov et al. 2006; Kennedy et al. 2017; Butler and

Laurence 2021).

Table 3.2: Numbers of images with identi ed wave packets and calculated propagation speeds
for all conditions.

Condition Re66 Re79 Re97
Number of Images 11070 13159 14796
Propagation Spedd, [m/s] 835.3 824.9 819.2
[m/s] 406 209 115
Up=Ue 091 0.90 0.90

3.5 General Behavior

Example image sequences showing the propagation of second-mode waves are shown in
Figures 3.1-3.3, with brackets bounding particular wave-packets observed. The horizontal axis
of each image is aligned with the cone surface. While some variation is observed at a given
condition (which is typical of conventional, noisy facilities), the image sequences selected are

representative of the general wave-packet behavior seen at each condition. Each image has been
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reference subtracted using an average ow-on image to accentuate perturbations about the mean-
ow state.

At condition Re66 (Figure 3.1), second-mode waves are weak and infrequent. Variations
in pixel intensity caused by the disturbances are much less pronounced than the other two condi-
tions, indicating smaller uctuations in density. At this condition, wave-packets are just becoming
discernible in select images of the run and breakdown (characterized by the degradation of the
periodic wave-packet structures prior to the onset of turbulence) is not observed. At condition
Re79 (Figure 3.2), second-mode waves are frequent, but not continuous, and experience large
growth. Note, for example, that as the bracketed wave-packet progresses through the image se-
guence in Figure 3.2, the disturbance is noticeably ampli ed, as seen by the larger variation in
greyscale intensity associated with the disturbance. Breakdown is occasionally observed near the
end of the camera viewing plane, but this occurs intermittently (e.g., a secondary wave-packet
seen to the right of the bracketed wave-packet in the rstimage of the sequence appears to are
out above the boundary layer and deform, possibly indicating the beginning of breakdown). At
condition Re97 (Figure 3.3), near continuous waves propagate through the image plane, many of
which are mature as they enter the eld of view. The downstream portion of the visible bound-
ary layer at this condition, though not continuously turbulent, often experiences turbulent bursts.
The wave-packet bracketed in Figure 3.3, for example, does not appear to experience any no-
ticeable ampli cation before losing much of its periodic structure and taking on a more chaotic

appearance by the end of the sequence.
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Figure 3.1: Reference-subtracted image sequence for condition Re66 at intervals of 14

Figure 3.2: Reference-subtracted image sequence for condition Re79 at interva® of 14

Figure 3.3: Reference-subtracted image sequence for condition Re97 at interva® of 14

3.6 Power Spectral Density and N-Factor Analysis

A Fourier transform of the reconstructed and calibrated pixel intensities is conducted to an-

alyze the spatial evolution of spectral content within the boundary layer. Power spectral densities
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(PSD) are calculated using Welch's method with data segments of length 2375 (zero padded to a
length of 4096) with 50% overlap between segments, resulting in 159 total segments. A Black-
man window function is applied to each segment prior to zero-padding. This speci ¢ choice of
segment size was selected to achieve an acceptable balance between frequency resolution and
reduction in variance.

One problem with the reconstruction procedure described in section 2.2 is that it can pro-
duce strong artifacts in the signal: as seen in Figure 3.4 (taken from condition Re97), these take
the form of narrow-band power spikes, which appear in the signal PSD at approximately integer
multiples of the camera frame rate and are orders of magnitude stronger than the second-mode
power (though the apparent power of the artifacts is reduced in Figure 3.4 due to spectral leak-
age). In the present experiments, they were determined to primarily arise due to the presence
of imperfections in the test section windows that alter the intensity at speci ¢ pixel locations in
every image, introducing a repeating pattern with a frequency corresponding to the camera frame
rate in the reconstructed signal. Although these artifacts could be mitigated by normalization
with a reference image, in some cases additional steps had to be taken. In the present analysis,
multiple zero-phase band-stop lters centered at the artifact spike frequencies were thus applied
to the reconstructed signals before computing the PSD. Spectral leakage that occurs during the
application of Welch's method, however, causes the in uence of the Iter to also decrease the
power of the second-mode content at nearby frequencies, resulting in divots in the PSD. The
PSD data at the frequencies corresponding to each divot were thus removed and the remaining
data in the second-mode frequency band were used to create a third-order polynomial t; the
removed data were then replaced with values from this curve t at the corresponding frequencies.

Figure 3.4 also displays the same PSD curve after the removal of the artifact spikes. Note that
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the unaltered PSD is averaged with 59 total segments to moderately reduce the variance while
preserving the narrow-banded appearance of the artifacts. The modi ed PSD is averaged with

159 segments — the number used in all other presentations of schlieren PSDs in this paper.

Figure 3.4: Power spectral densities of reconstructed time-resolved signal (solid red line) and
after removal of artifacts (dashed black line).

Figure 3.5 compares the PSDs of pressure uctuations captured by the twb $&@Bors
in the schlieren eld of view with the corresponding schlieren-derived PSDs for each condition.
The pressure PSDs are normalized by the square of the static pressure on the cone surface de-
rived from the Taylor-Maccoll solution. We rst note that the frequencies of the second-mode
fundamental and rst harmonic are in excellent agreement between the two measurement tech-
niques, strengthening our con dence in the reliability of the reconstruction technique to capture
this content (it should be pointed out that there is a well-known resonance in the $&@Bors
at approximately 300 kHz). Clear growth in both the fundamental and rst harmonic is observed
between the two stations for conditions Re66 and Re79. For Re97, however, little growth takes
place, indicating that the wave packets are close to saturation on average; the spectral broadening

for the downstream sensor is also consistent with saturation and the onset of breakdown.
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Figure 3.5: Power spectral densities of pressure uctuations, captured with PEBB38 sen-
sors, and density gradients, captured with schlieren imagery, for all conditions at streamwise
locations of (a) 294.3 mm and (b) 345.5 mm.

In the left column of Figure 3.6, contours of the PSD for each condition, showing its devel-
opment in the streamwise direction, are presented. At each point downstream, the plotted PSD
is taken from the wall-normal pixel exhibiting the maximum second-mode power. The change
in N-factor, N, for each frequency is displayed in the corresponding right-hand plot for each
condition, with the most upstream location of the visualization window used as a reference point,
S. These are computed with the equation:

1 PSOf;9) .

For the N-factor plots, physical distances along the cerae converted to the Stability Reynolds
numberRe?, whereRe = Re s, and frequencies are nondimensionalized according to the con-

vention used by Stetson et al. (1983), de ned by

2 f
F= ; 3.2
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(a) Condition Re66

(b) Condition Re79

(c) Condition Re97

Figure 3.6: Power spectral density (left column) and change in N-factor (right column) along the
curve of maximum second-mode strength for all conditions.
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The N-factor plots provide a better picture of the local growth of disturbances across the camera
eld of view compared to the PSDs (which represent the entire history of ampli cation). Note
that, because the reconstruction technique requires the use of neighboring upstream and down-
stream pixelss, corresponds to a value of 291.8 mm and the analysis concludes 3787 mm
rather than the true beginning and end of the camera viewing plane (288.0 mm and 384.7 mm).
The most-ampli ed fundamental frequencies at each streamwise location are shown in the
upper plot of Figure 3.7 for each condition. The trends are consistent with prior work (e.g.,
Kennedy et al. 2018b; Marineau et al. 2019), with most-ampli ed frequencies decreasing steadily
as ow progresses downstream and also being generally lower at lower unit Reynolds numbers
at the same streamwise locations. Botleets are due to the changes in boundary-layer thick-
ness. The corresponding lower gure displays these frequencies in nondimensional form plotted
against the stability Reynolds number and shows good collapse of the data. The change in N-

factor along the most-ampli ed frequencies of the fundamental, i.e.,

1 PS qfo;max; S) .
NS = 5N S Do %)

(3.3)

is also computed and used to compare the maximum disturbance growth among each condition.
These values will be denoted a®lax to distinguish them from those depicted in Figure 3.6.
Starting with condition Re66, we see that the initial power of the fundamental second-mode
content enters the image viewing plane at approximately 260 kHz. Wave-packets at this condi-
tion experience large growth, reaching the greates,.x value among the fundamental peak
frequencies at 1.15. The greatestl value of this condition across all individual frequencies is

1.42, located at the downstream end of the image viewing plane at a frequency slightly lower than
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Figure 3.7: Most-ampli ed frequencies of the fundamental second mode for conditions4Re66
Re79 , and Re97 in (a) dimensional and (b) nondimensional form.

the local fundamental peak frequency. This, in combination with the lack of spectral broadening
observed, indicates that wave-packets are still growing. Note thatithealues of Figure 3.6 are
computed with upstream content at the same frequency used as the reference, wNgreas
calculated with the most-ampli ed fundamental frequency used as the reference. Realkues

in Figure 3.6 will thus in general appear greater (because the reference power is smaller) and oc-
cur at frequencies lower than the most-ampli ed frequency (because lower frequencies become
ampli ed with growing boundary-layer thickness). The only distinguishable harmonic content at
Re66 is at the very end of the viewing plane, where the rst-harmonic begins to emerge in the
400-460 kHz frequency band.

At condition Re79, the peak fundamental second-mode content again grows throughout
the image viewing plane, though here only reaching\a,ax value of 0.56, indicating that wave-
packets are approaching their saturation limit. The overall power of the second-mode content at
Re79 is roughly an order of magnitude greater than in Re66 and signi cant energy emerges in

the rst-harmonic frequency band of 420-520 kHz, which reaches a p&akalue of 0.80.
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At condition Re97, the second-mode fundamental and harmonics reach their peak power
betweens = 325 345 mm R = 1777 1831). This saturation location of approximately
R = 1800 is consistent with previous experiments in this facility (see Marineau et al. 2019) and
is also supported by the PCRlata. The peak Nax value is 0.33, the lowest of all conditions,
and Npax decreases signi cantly after reaching the saturation amplitude, falling to a value of
-0.31 by the end of the eld of view. The peakN value found among all frequencies is 1.34
(which, somewhat surprisingly, exceeds the 1.23 value of condition Re79), which again occurs at
the end of the viewing plane at a frequency below the local peak fundamental frequency. There
is signi cant spectral broadening observed in Figure 3.6¢, consistent with the initial breakdown
to turbulence, which is precipitated by nonlinear interactions that cause energy redistribution to
the second-mode side bands. The rst and second harmonics experience the largest growth at
this condition, reaching maximumN values of 1.11 and 0.95. The spectral broadening and
harmonic growth are clear evidence that the second mode is experiencing nonlinear growth for

the majority of the streamwise positions observed at this condition.

3.7 Bispectral Analysis

The N-factor contour plots of Figure 3.6 indicate signi cant growth of the second-mode
rst harmonic at approximately twice the fundamental frequency with increasing Reynolds num-
ber and moderate growth of the second harmonic. The signal autobispectrum is thus computed to
guantify the nature of the nonlinear interactions responsible for this harmonic content. The use
of the reconstruction technique allows us to evaluate the bispectrum to high frequencies over the

entire visualization region. The normalized bispectrum, or bicoherence, presented by Brillinger
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(1965) is

bZ(fl. f2) — AJE[X(fl))’E(fZ)X (fli_ fZ)]JZ .
’ JEIX(F)IAELX(FR)IAELX(f + f2)]]2

(3.4)

whereE is the expectation operatof(f) is the Fourier transform of a segment of the calibrated
pixel intensity time-resolved signal, anddenotes the complex conjugate. For this analysis, we

use the discrete formulation

P (h: f) = iﬁpi“ilﬁ(fl)“»?(fz)mi (fi+ RO
1, 12) — r

L5 M X (F)ORX(F)OX(f1 + f2) 02

(3.5)

where M is the number of blocks. This formula provides a statistical measure of quadratic phase
coupling between frequencidsg, f,, and f; + f,. Quadratic phase coupling is observed when
waves atf; and f, are passed through a nonlinear quadratic system, producing a harmonic signal
at f, + f,. If the phases among the content of a signdi at,, andf, + f, are random, indicating

that these three waves are spontaneously independent?igihgo to zero over many realiza-
tions. Ab? value that is elevated above the noise oor is an indication that there is a fraction of
the wave power af; + f, that has been generated through quadratic phase coupling. For these
data, segments of length 512 were used with 50% overlap, resulting in 741 total blocks.

In this subsection, we present a limited set of results for discrete pixel locations to give a
picture of the range of interactions present; in the following subsection, several of these inter-
actions will be selected for global analysis. Example bicoherence results for conditions Re66
and Re97 are displayed in Figures 3.8 and 3.9 at downstream locations of 315 mm and 365 mm,
in each case at the wall-normal location exhibiting the maximum second-mode power. Note

that there are multiple symmetry lines in the frequency plane of the autobicoherence; only the
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Figure 3.8: Bicoherence maps for condition Re66 ats(& 315 mm,Re&? = 1437 and (b)
s= 365 mm,Re? = 1549,

(@) (b)

Figure 3.9: Bicoherence maps for condition Re97 at{& 315 mm,Re® = 1748 and (b)
s= 365 mm,R&™ = 1884,

rst quadrant is plotted here (with the symmetry lidig= f,), since di erence interactions are
essentially indistinguishable from the corresponding sum ( rst-quadrant) interactions in the au-
tobicoherence.

The nonlinear interactions at condition Re66 are initially weak as wave-packets enter the
camera viewing plane and are at their strongest in the nal streamwise location used in this

analysis. At the most upstream statidRef”> = 1437), the most prominent interaction is the

58



	Acknowledgements
	Table of Contents
	List of Tables
	List of Figures
	Nomenclature
	Introduction
	Motivation
	Hypersonic Boundary-Layer Stability
	Second-Mode Measurement Techniques
	Nonlinear Wave-Packet Development
	Shock-Wave/Boundary-Layer Interactions

	Scope of Current Work

	Diagnostic and Analytical Techniques
	Calibrated Schlieren
	Time-Resolved Signal Reconstruction Technique
	Straight Cone Algorithm
	Cone-Flare Algorithm
	Disturbance Propagation Velocities
	Temporal Signal Reconstruction


	Model Reduction Techniques
	Spectral Proper Orthogonal Decomposition
	Bispectral Mode Decomposition


	Straight cone at zero incidence at Mach 6
	Facility Overview
	Model and Instrumentation
	Schlieren Specifications
	Propagation Speeds
	General Behavior
	Power Spectral Density and N-Factor Analysis
	Bispectral Analysis
	Spectral Proper Orthogonal Decomposition and Global Bicoherence
	Bispectral Mode Decomposition
	Summary

	Straight cone at angle of attack at Mach 14
	Experimental Methodology
	Facility Overview
	Model and Instrumentation

	Schlieren Specifications
	Propagation Speeds
	Power Spectral Density and N-Factor Analysis
	Spectral Proper Orthogonal Decomposition
	Bispectral Mode Decomposition
	Summary

	Cone-flare at zero incidence at Mach 14
	Facility Overview
	Model and Instrumentation
	Schlieren Specifications
	General Behavior
	Propagation Speeds
	PCB® Sensors
	Schlieren Imagery

	PCB® Lateral Array
	Pixelwise Power Spectral Densities
	Global Power Spectral Densities
	Spectral Proper Orthogonal Decomposition
	+5 Configuration
	+10 Configuration
	+15 Configuration

	Bispectral Mode Decomposition
	+5 and +10 Configurations
	+15 Configuration

	Summary

	Conclusion
	Summary
	Future Work

	Effect of Propagation Speed on Reconstructed Signal
	Unsteady Freestream Flow Conditions
	Bibliography

