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Abstract— Autonomous robots often require the ability to
autonomously navigate in heterogeneous regions. The most
efficient and the safest path, i.e., the least cost path in these sce-
narios, may no longer be the same as the shortest path. Optimal
control approaches can allow incorporating these considerations
into the controller design. However, they can be computationally
costly to solve. In this paper, we propose a navigation algorithm
that integrates geometrical approaches with optimal control to
enable efficient robot navigation across heterogeneous terrains.
The work introduces a system representation that exploits the
underlying geometrical properties of the environment and the
robot dynamics to formulate the optimal control problem.
Through simulations, we demonstrate that this representa-
tion effectively captures system behavior and yields control
outcomes consistent with theoretical expectations. Numerical
results validate the effectiveness of the proposed approach: the
model captures key aspects of system behavior, and drives the
agent, consistently, toward low-cost regions. When combined
with a shooting method approach, the model facilitates solving
the optimal control problem, effectively driving the agent to
any desired goal location in the domain.

I. INTRODUCTION

Many autonomous robot applications require robots to
operate in environments characterized by heterogeneous re-
gions. The ability to traverse mixed terrain is essential for
applications from planetary exploration [1], [2], forestry
[3], construction robots [4], and search-and-rescue robots
[5], [6]. As robots increasingly operate in environments
that combine smooth surfaces, uneven ground, and dynamic
obstacles, controllers designed for uniform conditions may
not suffice to deliver optimal performance. Achieving robust
performance in such environments requires accounting for
how terrain characteristics influence locomotion dynamics,
perception, and energy consumption. For example, traversing
a short distance on rougher terrain may be more energy-
expensive than following a longer path on smoother ground.
Similarly, paths that include slopes may affect the robot’s
field of view and power usage. Incorporating these factors
into planning and control enables selecting not just the short-
est path but also the safest and most efficient route, thereby
improving operational autonomy, efficiency, and longevity.
One approach to autonomous navigation in heterogeneous
and unstructured terrain is through optimization methods [7]
such as genetic algorithms [8]. However, these methods tend
to suffer from high computational costs [9]. Planning through
learning-based methods [10], [11] has also been demon-
strated. Learning-based approaches may be constrained by
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Fig. 1: A ground robot must traverse a field with a variety
of different terrains. Though some problematic areas (e.g.,
muddy or rocky) are to be avoided when possible, the robot
is technically capable of traversing over them if necessary.

limited data availability for unstructured terrains [9].
Optimal control formulations offer a powerful mechanism
to explicitly incorporate environmental constraints, vehicle
dynamics, and performance criteria into a unified framework.
They enable robots to dynamically adjust velocity and steer-
ing to minimize energy expenditure, reduce traversal time,
and mitigate the risk of collisions and failure [12]-[14].
However, despite their theoretical advantages, they are often
computationally expensive and may suffer from convergence
issues in complex or high-dimensional environments.
Alternatively, geometric methods such as the Frenet-Serret
formulation [15], [16] have been used in robotics to simplify
path planning and control. Frenet frames provide a natural
representation of motion along a reference trajectory by
describing curvature, torsion, and orientation as functions
of path length. This compact representation can simplify
trajectory generation and has been successfully employed in
path planning for driving on roads [17] as well as in the
design of path-following controllers [3], [18]-[20]. These
path following approaches have been applied to road driving,
forestry, ship and underwater navigation. By operating in
a moving coordinate frame aligned with the trajectory, the
robot’s motion can be described with fewer degrees of free-
dom, leading to efficient computation and easier constraint
handling. However, significant errors from the reference
paths, to avoid jerky motion, and the necessity for trajectory
smoothing, especially in uneven terrain, has been noted [3].
Building on these complementary strengths, this work in-
tegrates optimal control approaches with geometric methods
— particularly the Frenet-Serret framework — to develop a
unified navigation strategy for heterogeneous regions. In this
integrated approach, the geometric representation provided



by the Frenet-Serret frame is embedded within the optimal
control formulation to reduce problem dimensionality and
better exploit path curvature and orientation information.
With this combination, we seek to allow the controller to
compute inputs that minimize different criteria (e.g., energy,
time, or risk) and simplify computation by leveraging the
inherent geometry of the path. Our contributions are three-
fold: 1) an optimal control formulation and optimal solution
for generating the path between two points in a domain
with high and low cost regions, 2) a simplified geometric
model of the optimal path, 3) an algorithm for determining
the optimal path between two points based on the geometric
model. Results are verified numerically.

The rest of the paper is organized as follows: Section II
formally describes the problem and Section III provides
the optimal solution. In Section IV, we reformulate the
optimal solution to obtain a geometric description using
Frenet-Serret coordinates, which we modify in Section V
to obtain a simplified dynamic description of the optimal
solution geometry. Section VI presents example simulation
trajectories of the optimal navigation solution. Concluding
remarks are provided in Section VII.

II. PROBLEM FORMULATION

We address the problem of obtaining an optimal path,
that drives an agent between a start and goal location,
while reducing navigation through unfavorable regions in the
domain. Unlike standard collision avoidance formulations,
we do not necessarily wish to avoid these unfavorable region
as obstacles, but instead make traversing these regions costly.
This has the advantage of allowing the paths to overlap
with the region partly if it improves overall navigation
cost, in the distance-sense, for example. We approximate
these unfavorable regions as circles. We present the optimal
control formulation, before taking an indirect approach to
analytically find optimality conditions in the next section.

A. Environment Description

Consider an agent in a convex domain 2 C R2, divided
into two subsets — a “free space” region, {2; C €2, and a
higher cost region Q5 = {2 — 1, that represents unfavorable
regions in the domain. In this work, we consider (2 to be a
set of disjoint circles. An example is shown in Fig. 2.

Fig. 2: Domain with low- (€2;) and high-cost ({23) regions.

B. Kinematic Path Description

We describe the path through the motion of a constant-
speed agent. The state x(t) € R?, represents the position of
the agent, at any time ¢. The agent moves at constant speed
o such that it obeys the dynamics given by

i = oh(u) (1)

Here, u(t) € R is the control input at time ¢, the intantaneous
heading angle, and h(u) = [cos(u) sin(u)]? is the heading
vector. Consider a goal location G € 2. We wish to find
a heading angle w(t) that allows for the agent to move at
a constant speed o from its initial position zy = x(tg) to
the desired final position zy = z(ty) = G for some time
tf > to.

C. Cost Formulation

The heading angle that determines the path is to be
found as the solution to an optimal control formulation. We
employ a cost functional that consists of two components:
(a) a component that corresponds to the time taken, and
therefore also the distance covered, and (b) a locational
cost component that corresponds to being present in the
unfavorable region {25. The cost functional, J, is given by:

ty

J= [ (m+g(x))d 2)

to

subject to the kinematics in (1) with known initial and
terminal conditions. The positive constant m represents the
cost associated with the distance covered to get to the goal.

The function g(x) is a locational cost whose value depends
on whether the agent is in €27 or {23. We choose g(x) such
that it introduces little or no cost when in the free space
1, but penalizes with proximity to the center of a circle
in (2o, i.e., the further you go inside the unfavorable region,
the greater the cost. Consider one such circle in 5 with
radius r > 0, and, without loss of generality, let the center
of this circle be the origin of the domain. A function g(z),
that models these cost specifications is given by

sy = [ (r=1al) =l 5

0, otherwise

where, M is a positive constant dictating the rate at which
approaching the center of the circle is penalized.

III. OPTIMAL PATH CONDITIONS

We use Pontryagin’s Minimum Principle to obtain the
conditions for the optimal path [21]. Let A(#) € R? represent
the costate variables at any point in time ¢. The Hamiltonian
is given by,

H=m+g(x)+ i 4)

The optimality conditions depend on the location of the
initial state xy and the goal G. We consider two cases as
shown in Fig. 3.
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Fig. 3: Two different combinations of initial position =y and
goal G are shown the shortest path between which (a) does
not intersect with €25 and (b) does intersect with 5.

Lemma 1. If both xo, G € Q1 and the line joining them does
not intersect with Qo, then the optimal controller drives the
agent along the straight line joining the two.

Proof. Since no point on the line joining zo and G is in
9, there is no positive locational cost incurred for any
point on this line, i.e., g(x) = 0 throughout. The optimal
control solution would simply be the minimization of the
cost functional with constant integrand m, and the shortest
path would be expected to be the optimal solution.

We verify this by applying Pontryagin’s Minimum Princi-
ple to the Hamiltonian in (4), and to get the optimal case
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In addition, we also have

A=0 (7)
This suggests a straight line path owing to A being a constant
in this case. The direction of the line follows from the initial
and final conditions on x. O

We provide a more general description through the fol-
lowing lemma.

Lemma 2. At any given time T flows along A\, and A Sflows
along z, ie.,

A : x
=0 A=)

A [l

Sor scalars ¢ > 0 and ~(x) > 0.

T

Proof. Lemma 1 provided the kinematics of points in free
space (i.e., ¢ € £21). We now consider the case where at least
some points along the path lie in {25, which incurs a nonzero
locational cost. In this case, when we apply Pontryagin’s
Minimum Principle to the Hamiltonian, (5)-(6) still hold.
However the A dynamics are now given by

g’
ox
which for x € Q9 give v = M. O

A= = A=r-2 (@8

]
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Fig. 4: Geometric Setup. The curve (red) represents the path
taken by the agent. A moving frame (blue) is placed along
every point x on the curve with tangent 7' and normal N.
The angle 6 (green) is defined with respect to the tangent
vector and the vector pointing to x from the origin (yellow).

The combined general system of equations for the optimal
controller, can then be given by

A
izam; 2o, T s known 9)
}\ZV(iﬂ)ﬁ§ Ao, Ay unknown (10)
xr

o (2) = {M, r> ||z an

0, otherwise

This is a two-point boundary value problem, which can
be difficult to solve analytically. Instead of attempting to
directly solve this problem, we seek an indirect approach
that leverages the geometric properties of the system.

IV. FRENET-SERRET FORMULATION

The Frenet-Serret coordinate representation [15], [16] de-
scribes the motion of a point traveling along a curved path
using a moving frame expressed in terms of the unit tangent,
normal, and binormal vectors to the curve, along with the
curvature and torsion of the curve. In 2D space, only the
unit tangent 7, the unit normal N, and curvature x need to
be considered (see Fig. 4). For any curve in 2D with time-
parameterized position x(t),

x
= T = = (12)
]| I
and the Frenet-Serret formulas are given by
T = k(t)N (13)
N = —r(t)T (14)

where k(t) € R is the curvature at time ¢.

Lemma 3. The optimal control problem described in (9)-(11)
may be represented in the Frenet-Serret frame with curvature,
_ Y T
= TN 2
Proof. The tangent to the path 7', is given by the unit vector
along x, the derivative of the state (position) vector.
& A

B ()



For any unit vector v, let its projection matrix be given by
P, = vvT and its orthogonal projection matrix be given by
P =T —vvT. It can be shown that
L L _ afr r (16)
T el
Then, from (12), we obtain the following set of equations
with which to represent our system

- ﬁ 1;\| (17)

B ||1]z§i|| e

= Y (19
= —WT( ) (20)

where we note that N7z is a scalar. Comparing (19) and
(20) to the Frenet-Serret formulas in (12)-(14), for a curve
on a plane, we get

(Al

2L

O

This « also holds when the optimal path is entirely in free
space, as setting v = 0 results in x = 0. Since zero curvature
corresponds to a straight line path, this is in agreement with
Lemma 1.

V. SIMPLIFIED GEOMETRIC MODEL

While the Frenet-Serret representation allows us to reason
about the optimal path in a geometric frame, there are
redundant degrees of freedom that stem from using the
orthogonal unit vectors for the tangent and normal. In this
section, we provide an alternative representation that reduces
the redundancy in representing the path, facilitating future
analysis. We begin by examining how x evolves over time.

A. Alternative Representation

Let 6 be the angle between the state and the costate
vectors, x and ), respectively. Differentiating the expression
for k from Lemma 3 yields

= 2k2 cot@—i—m cos 6

Since T is parallel to A and N is perpendicular to both,
the angles 7' and N make with the state vector x are 6
and m/2 — 0, respectively. Let « = T72 = ||| cos® and
B = NTx =|z| sin6. It follows that &® + 32 = ||z||%. This
allows us to further simplify the system of equations into the
following form.

i = 2%14;2 n #‘)‘52/@ (22)
& =0+ kKp (23)
B =—ka (24)

. o a —f
T = m [5 o } T (25)

This form allows to fully represent the path given by z(t) in
terms of the evolution of «(t), 3(t), and x(t). To evolve the
dynamics, we need to suitably choose the initial conditions
for these equations.

B. Curvature Dynamics Analysis

To determine the initial condition for the curvature dy-
namics, we first identify its stability properties.
Lemma 4. The curvature dynamics has two equilibria, at
k€ {0, =597 ﬁz)}

Proof. The dynamlcs of k are given in (22). At equilibrium,
i.e., when £ = 0, we have

Q@ oa «@ of
0=2-k’+— - Kk=2—k|K4+ ——" 26
B T "= ( 2(a2+ﬁ2)> 20
This equation has two roots, one at 0 and the other at
oB
b CE =

Remark 1. Note that the equilibrium point k = 0 corre-
sponds to the straight line path. The other equilibrium can
be non-zero and is therefore associated with curved paths.

Lemma 5. Either one or the other equilibria in Lemma 4 is
locally stable, depending on the sign of a.

Proof. We linearize the dynamics around the equilibrium
configuration kq:

Sis — 4704 n oa
k= BK‘, 7a2+ﬁ2

For ko = 0, we have A(kg) = a;’ifﬁQ whose sign is the
same as the sign of a.

0k = A(ko)dkK

K=K

However, for kg = —2(0(;'75_[32), we have A(kg) = — agi%z
whose sign is the opposite of the sign of a.

As such, depending on the sign of o = ||z|| cos, either
one equilibrium or the other is locally stable. O

Remark 2. We select the stable equilibrium for the initial
condition for k, so the system starts close to the stable region,
while allowing for curves as necessary.
C. Boundary Conditions

The geometry of the curve is fully dictated by the initial
conditions on these parameters. Using the known initial and
final conditions on the path, we have
(27
(28)

ag + B85 = [|zoll®
of + B7 = |layl?

As « and f are related to each other through 6, and since
2o and x; are known, we only need to solve for initial and
final values of 6 to fully solve the problem. Thus, this model
provides a simplification of the optimal control problem.
To solve the two-point boundary problem, we use a
shooting method as follows: 1) Select an initial parameter 6
and simulate the path forward according to the dynamics in
(25) for t € [0, tf] for large enough ¢ > 0; 2) Determine the
time of closest path point z(¢*) to the goal G; 3) Compute
the angle error 60 = ZG — Zxz(t*); 4) Update the initial



Algorithm 1: Geometric Optimal Control Navigation

Input: Initial Position (xg), Goal Position (G),
Tolerance (¢), Heading Guess (6y),
Unfavorable Region Radius (), Maximum
Integration Time (ty), Shooting Step Size (7)

Result: Time to target (¢*), Optimal Navigation Path

(x*(t) for t € [0,t*])

0« 90;

Ty < X0,

while ||z; — G|| > ¢ do

a0 + [[zol| cos(6[k)):

Bo = [lwoll sin(6[k]):

ko + —Ba/2(a? + 32);

for t € [0,t¢] do

if ||z(¢)|| < r then

solve for x(t), a(t), B(t), and z(t)

according to (22)—(25) with initial
conditions kg, g, Bo, and xg;

st
Ise if s < t; then
solve for z(t) for t € [s, ] according to
(22)—(25) with initial conditions k = 0,
a(s), B(s), and x(s);

o

end

end

t* «— argmingc o ) [|2(t) — 2y
x*(t) < x(t) for t € [0,t*];

xy < z(t*);

00 < £L(G) — L(zy);

0+ 60— 166

s

end

angle according to the update 6 < 6 — 766 for sufficiently
small step size 7 > 0. This is conveyed by Algorithm 1.

VI. NUMERICAL RESULTS

In this section, we utilize the representation provided in
Section V to numerically generate paths under different
initial conditions and provide observations on the qualitative
behavior of the paths, as well as evaluate our theoretical
results. For the various simulations described in this section
we use a circular domain, €2, of radius 10m, an unfavorable
subdomain, €25, of radius 2.5m, and a constant agent speed
o set to 0.3m/s. The initial state zg is set to (0,-1.3) - an
arbitrary point inside 25. The initial values and dynamics
for «, 3, k are as described in Section V and Algorithm 1.

We first run a series of simulations where the initial
position is fixed inside the circle. We iterate a fixed number
of times over various initial heading angles and visualize
how the controller drives the agent state. The outcomes of
these simulations are depicted in Fig. 5. The two subplots are
organized so a plot line in Fig. 5a and a plot line in Fig. 5b
have the same color if they correspond to the same trial.
Fig. 5a shows the outcomes of the various simulations runs,
all of which started at the same initial position zy € {25, with
varied initial headings 6. The dashed-line circle indicates the

y-axis

T 0 5 10
X-axis

()
0.1 ¢

0.05
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-0.05 -
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Fig. 5: (a) shows controller paths in domain €2 (solid circle)
from zy (blue dot) in unfavorable region )5 and varying
0. (b) shows curvature ~ versus time; k drops to zero
immediately upon exiting 2.

high cost region €2, and the initial starting position is inside
this region. As can be seen in Fig. 5a, the controller drives
the agent out of the circle in each run, i.e., the path moves
towards the low locational cost region. Different choices of
initial conditions result in paths that shoot off in different
general directions. This suggests that it is possible to steer
the path towards the desired direction with careful choice
of initial conditions. Fig. 5b shows a plot of x against time
for the simulation runs shown in Fig. 5a. It can be seen
that x eventually reaches zero and stays there, for each
run. The zero curvature x represents the straight line path
in free space, thus also indicating that the controller drives
towards and stays in the low locational cost region. From
these simulations it can be reasoned that the model captures
the controller design and intended behavior reasonably well.

We combine this model with the shooting method de-
scribed in the previous sections to find paths to a desired
goal. Since the only degree of freedom to solve for is now
the initial heading 6y, the model reduces the search space
significantly. Fig. 6 shows outcomes of this approach. We
start with an arbitrary initial heading 6y, which is updated
over iterations based on the angle error between the goal
and the path point closest to the goal. Fig. 7 illustrates the
outcomes for various goal positions, both in 27 and 5. The
approach successfully drives the agent to the goal in all cases.

VII. CONCLUSIONS

This works presents and solves an optimal control for-
mulation for generating optimal navigation paths in domains
with heterogeneous sub-domains. While the high cost regions
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Fig. 6: Figure shows paths generated by the controller for
fixed initial position zy (blue dot) and a fixed goal (green
dot). The line joining zo and red dots shows the first iteration.
Each subsequent path represents a subsequent iteration.
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Fig. 7: Figure shows paths generated for fixed initial position
xo and varied goal positions, inside and outside €25.

of the domain can be traversed, it becomes progressively
costly to approach their centers. The two-point boundary
solution to the optimal control problem is represented as
geometric curve via the Frenet-Serret frame, and then further
simplified into a more intuitive geometric model. Through
insights obtained from the characterization of the curvature
dynamics, the number of unknown initial parameters is re-
duced, and the remaining unknown parameters are then easily
determined numerically through simple shooting methods.
Our resulting model effectively integrates the system’s
geometric characteristics with optimal controller design.
Simulation results demonstrate that the proposed framework
effectively captures intended system dynamics and success-
fully guides the agent toward regions of lower locational
cost, when the initial state is within unfavorable areas. It
also enables simplification of the two-point boundary value
problem. Numerical results demonstrate that with a simple
shooting method, the model successfully drives the agent to
the desired goal location. This work, thus facilitates deriving
optimal solutions for navigation in heterogeneous regions by
reducing the complexity inherent to the original problem.
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