
















































































































































































J\ 1 
· I I 1· /\ I ,t • I \V"<' h a \·c t. h c fo ll ow ing tll<'orc111 . 

pp _y 111 g t, l(' !"('S Ii (. s O O il ( , cl , 

The ore n
1 

5.1 ( ,'i, ,, 
11 

( ,' and ( ,' drjinul a/JOI'( , /cl ,'1r: b< th , adjaffnty 11/(/IJ'i.r 

of (,' and fr-I ,,\ br !h r .-; rco nd fa,:q rsl r ig < 11 Nil11 r of tin 111 0 / ri .r ,, \ = ( I /:1"2): \ r;. 

'f'hr·n , ( ,' is 011 (n ,:H .c,,, n) - (. /'jHllld r 1· lt'ilh 

8( 1 -,\ ) 

,,\ + ,Jo( I - >-) + J>-2 + 8n( I - >.)("2 - >-) 

for any n ,O :S n < I. 

Proof: S('c 'l' hcorc 111 "2 . 1 t o C oro ll a r_\· J. :I i1 1 [N ,\1\ 187]. II 

Fo r a fi xed n , it. i s 11 0 t, t oo diffi c ult t o check t. h ,it c., i s ii d c n C'i1s i11 g 1'1 11 1ct io 11 

o f A so t h ;-it. ;-1
11 11 ppcr h o u n d 0 11 ,\ \\·ill \ ·ic l d ;-1 lo \\'e r lw 1111 d 0 11 tl l<' <'X p ,1 11:-; io n 

cod fi c i<' 11 L c,,. In t.1 1<' llC' Xt, sub:-;cct.i o n , we dni v<' a ll uppn h 01 111d Oil ,\ , ,Ille! t l l<' ll 

c;-1k1d ;-l! C' t. l w c x p ;-111 sio 11 coef fi c ien t. o f t h i s ex p a nder . 

5. 2 .2 E x p a ns ion C o effi c ient Calculation 

l <'o r n o t at io n a l co 11 ,·<' ll l<' ll C<' , \\'<' :-; h ;-1 II ;-1:-;:-; t111H' t h ;-1(. e;-1c li p ,ur 111 . \ ,,, i \ :-; ii t 11·0 

<' IC' 111 e11!. . co l1111111 , ·<•ct.o r . C i \'< ' ll 11 11 1', let N = {O . l , . . . ,11 I } . l k fi 1l<' ;111 

a.ut.0 111o r p h i s111 11 IH't wee n N ;-wd /\ 111 s11 c li t h a t., V_j 1\ ' , ,,( _j ) ( ./ 
1 

) . \ ,,,. 

I' • 

w here .J = ./1 + 111j, .O :S j , . j , :S /II - I. ( i .e .• Ci1-.i1) i :-; il ll //1 ill' _\' rnd<· () r j) , 

I k n ee . fo r ;-111_, · J>< ·1·1111 1t c·1t ·1<> 11 rr,· <> 11 \ · I ·> I (' t I · ' ,' ,,, .I = . -· .... ), l('J"( ' IS ii ('() lllil !'r p ;1r l 

JH' rn 1ut.at.io 11 (T; 0 11 .V defi ned hy (T,(j) = ,, - 1-rr, ,, (.i) = ,, - 1( 11 ,(, , (j))). Vj ( .\ '. 

For ea ch p <T 11111I at io n (T ;, \\'(' h a,·<' ii pC'r1rnit ;It io 11 111 ,lt r i x .\/ ,, , 

e ntries ar<· g i ,·<·11 h y 111 _',,. = b(-rr; 11(.i). 11(/.·)). 0 :S j, I.· :S 11 - I. \\' l l<'r<' ,~(- .· ) is Ill(' 

\\'(' l1 - k11 ow 11 l,ro1wckc r 's dcl t;-1 fun ct io n . Ld .\/;, d1 •11 () k il l<' t r il ll Sjl!)S(' 111 ,ilri x () r 

< JH' l'l lll l ii IOll l llill r1 :,,; ilSSO('Ji ll ('d /\!", · I t. i s 11 0 1 dif lirnlt t o \ '('r if_,, t l 1a t .\/"' , is t l1 , t 1· · · 

I I 



,v·,1 l t l · · - I __ 
1
1- 1.,,-,- 111. ' l ' l1crcforc , A(,· ( t l}(' ,H l_·J, l<"<' l lC_,. 

, 1 , l<' 111,·c r s<' pcrll11 1tat1on rr ; " 

111;1!.ri x o r (,') is t.l1 c Slllllll la,ti o n o ft l}('S(' :U p<'rllllili-11 ion lll i-11.ri c<'S, illld lll ,11 ri x 

i \ = ( I n2) 1\r.- i s g i,·<'n b_,· 

l 11 Lli<' const.rnction o f I.I}(' expa nder, w<' 11 sc t.wo type's of pc rin111 at ion s u1 1 ,- \ 111
• 

Il i-llll<'l _y li11 ca.r 1>< -r1111it.a.tions and affin e JH' /"llllllalio11 s. T h<' li11< ',1r 1wr1ll11Lllions 

a.r<' <'XJ)r<'sscd by lll\111.ipl _vi ng a 2 x 2 inn-rt.iii!<' n1at.r ix m ·cr 1/,11 , \\·it Ii c;1cl1 clc 111<'1il 

o r A11,., i-llld I.lie a ffi n<' JH' rlllli1,;-1.t.io 11 s ,n<' <'XJ) l"<'SS<'d by add ing" co nsLuit \Tctor 

to lin f'a r p crin u t.a.t ions. l\ l or<' specificall y, \\"f' use t I}(' fo llow ing 111,11 ri ces ,i nd 

V<'cLo r s: 

l ~ (; 1 [ 1 1 /J;} = /j~ I 
- 2 - :I 

[ ;i 
O 

1 
IJ, = IJ;; I [ =: 1 2 

(/,J (a) 0-z = ( II ) 

111 l.(' J"lll S o r Uwsc 111 ,ll.r iccs a 11d u-ctors, t.l1l' pc rnlllt,1tio11 s 0 11 .V ill"(' ITll"ritl< ' II 

0"1 //- I IJ111, 0"·2 // - I ( - (I ·2 + /JI // ), 

l'.T :3 // - 1 ( (I 2 + /JI // ), a .1 11 - 1(2u 2 + !J 11,), 

a ;; 11-
1 l/ I I1, a(; 11- 1( - 11 -2 + IJ:111 ). 

0"7 - I ( II 0 2 + /J:111 ) . (Tl' 
- I (·) /I _(/·2 + /J:111 ) , 



/J"!) /I - I J3 r, II, 0" 10 = //- I ( - (I I + j] r, // )' 

- I (") + /J,, 11), 
/J" I I // - I ( (I I + / ]c, /I ) ' 0"12 = // ~0 I 

0" 1:i 11- ' !hJJ, 0" 1-1 = I1- '( - o , + IJ,11), 

<ii(; 
11- 1 (2o I + !J,11 ). 

0" 1:, 11- 1(0 , + /J, 11) , 
n [ ] over t l l<' co11 11 >lcx 111 111il><'rs h~-

Now, ddi11 c a u11i t.a r_v 111a tri x H = u.'.1 .1.-
11 x

11 

w.1.k = ( I / '111 )w < u(.1). u (k) > , 0 ::; j, l · < 11 - I , w he re w 

(
. 1> cca 11 se 11 i s s_, ·11111 I<·t. r ic ;111d t I}(' 

<, > ck11 0 L<'S t.h c i11,1 e r pro d11 c t o \·cc t o r s. ' , 

(
. j . . ! '() \ •\ " 0 1· <~ 11 _)' ('() ILilllll o r 1\ is I , W(' kn ow t.h at. 

Slllll O (' 11 ,rl<'S Ill a.11 y " 

0 0 

() 

II 

0 

w h e re // = [ / l . a ll e \'lllit.i a 11 m a tri x, / \, = n· ,, \1 0 i }I l(I : \ 2 
l _j.k (11 - l) x ( 11 - I) IS 

n· A2n, T he l;ugcs t. c igc 11 n1 luc o r ; \ i s I sin e!' t. he Slllll o r e 11t ri es i11 ('i1C l1 nm O\' 

each co !J111111 o f ; \ i s I , and hen ce t.l1 c second la rges t c ige11\·,1 \11(' o f . I i s eq 11 ,il t o 

ti\(' IMg est. e i gc 11 \'al11 c o f /I . 

I, 0 1111d 011 t.h c la r ges t. c ige11 va luc o f // . 1-'irst , \\'(' need t l l<' fo llo11·i11 g t 1m l<' 111111 ;1s 

o f .limbo ;111d l\ l ;-1ru o kc1. [.l l\ 1~7]: 

Len1n1a 1: If 1r is a li1 J<'c1.r p c rn111 L-tt io 11 0 11 .- \ 111 , i .<' . i f t l l(' r <' <'x ist s soi11<' ~ X ~. 

i11 vc rt.ihlc 111 ;-1.t.ri x / j over 1/,
111 

su ch t.li at t lw co 1111 1<' r p;nt 1wr 1111 1Ld io 11 IT 
I ' I 7r / I 

L e n1n1a 2: If 7r i s i-l ll ;-i[li1}(' IH' l'llllif ;-1 ti o ll 0 11 : \ ,,, . i.<' . ir t l w r <' t·x i st s " (J I} }(''.! X .! . 

i11 vcrtihl c lll id ri x fl () \"(']' I'. ,,, i-\Il(I SO i l!(' 1 \\'O (' l(' l }H' l\ t ('() 11 Slilll1 n1 !111 1111 \'('('{()r <I 

s 11 ch th a t t I}(' co1111t.< ·rp ;1 rl p<' l'llllll ;-1 1 ion IT = , ,-
11r I1 of 7r i s p;i\"!' ll h_,· IT I I I ( (/ 



{ 
( ) > } " - I \/ w Ii ere IT == II - I (( /J - I n-I // ;rn d 

/3)11, t. li c 11 n* J\/~n == diog w<-(1,/I .I i=U I 
17

' 

dio.g{·} <k11 otc·s a di ago 11 ;-tl nrnt.rix . 

App ly ing t.licse le 111111 as, we ca n co111pute A, as 

l(i 

A , ( 1n2)I:O*/\l;,n 

I l ·. { I + < <1 2,1,(.1l > + ,<- 112,1, (.1) > 
- ( ,'/{l(j w u., :u . 

+ W <-2fl'2,11(.ll > } [ /\ / 1,- ' ((H;- 1 )' )- ' ,, + /\I ,,- , ( ( H:-;- ' )' i - 1 ,,] 

I . { <•" .v(.i l> + <- 11, .11(.I )> + - d/(/r; I + w w :u . 
+ W -< "2<11 .,,(j) > } [/\f,, - 1 ((H ,-;- ' )') - 1,, + f\l ,, , ((H;- ' )' J- 1,,] 

Fmtlwrmorc,11s i11 g t.hcl'a ct.stliat.((/3, 1n- 1 == /J:,, ((/J1
1

n - l == IJ, , < 111 , l
1
(.i) >=­

.i1 and < a
2

, 11(j) >== j 2, w here (j 1, j 2) is t,lic 111 -ary code of j, we o hL1i11 

/\ 1 == ( I j:3'2) di o g { I + w.1 ' + w - .1' + w -
2

.1 ' } [ J\/" , + /\ I (1,] 

+ ( 1/ :3'2)di og{1 +w.12 +u.-• - 12 +c..,, - ·2.1
2
}[/\/" ,, + /\/(1,] 

Si Ill i I <'l ,·I, ·. l I . t l 1· t t l t \. J , S Ill g , )(' cl C ,S , l cl / ·2 
.\ I - , for 

(T 1 1- I 

1 = l , 2,:Ltl, we co111putc /\ 2 ;-1s 

( I j:12)diag { I + w -.i , + w;' 

+ ( I j:12)diog {I + 1,..,, - .1 2 + w.12 + u.:
2.1 2

} [1\/{T,-;- ' I 1\/,,;- ,] 

'l'ltc j , l: -t.h c 11tr v or// is t. lic Sllllllll<lfio11 of tlw j. k-t h (' lilrics or . \1 ,\lld : \ 2. 

;-111d is lwn ce g iven by 

h ;,k 

+ 

. + 

+ 

I :i) I + u.!11 + w --" + u.,, -·2.1,) [ii( /J 111(j ), 11(k )) + h( /1 ,11(.i ), 11( k) )] 

I . :l
2 

( I + w-.1 , + w·" + u.,,2.") [h( IJ-211(.i), ,,( k)) + h( /J1,,(.i), 1,(l·))] 

I :
12

( 1 +w12 +w- 12 +u.,• -·2ll )[<l(/J"11(.i). 11( k)) I h( fl71,(j), i1(k))] 

I :t2(1 +u.:-)l +u.,•.12 +,,_,-212)[b( lli; 1'(.i ),1,( k)) b( IJs1{j).,,(k))] 



l'or I :'S; j, /,: :'S; 17 _ I . 

To 11pper 1)
01111

<1 t li c largest e ige nva l1 w A or// , ,,·c define a r<',ii - v,il 11('d 111 ,ll ri :--; 

(' = k.1,d(11 - l) x(11 - I ) hy 
-I 

<".1 ,k 

_I I 1 + u.-' - .I' + w.1, + u.?" \ I>r, ( LJ i 11 (j ) , 11 ( k) ) 
J] i= I 

+ 

8 

~ II +w- .1 2 +u.,'i2 +u.-'2.12 1 "i:,t,(/J;//(j).11(/,:)) 
.12 i = ~ 

(:>. I ) 

wlwre I :'S; j , I,- :'S; 
11 

_ I . Then ('j./. 2: lh .i,1. I, I ~ j, k ~ 11 - I , ,i nd (' is sy 11111)('t ric 

heca11sc II is Ilcrllliti a n. By tlw we ll -k110\\'ll principal o f Haylci g lt . t. lt crc (':--; ists 

a.11 tipp e r hou11cl O il t li e largest. cige11,·a luc ,\ c or C', ;:111d, in t 11r11 . ,\ (t lw l;1rg<'sl 

<' igc n va lu <' or// ) is 1tppn bounded by ,\c (Sec P ropositions :I.:>,'\· :l.(i in [.li\ 1~7] 

for deta il ). Specifica ll y, we have t. hc fo ll ow in g i11cq11a lit.y : 

n- 1 

A < 111a x L 11 .1,.c·,.1. 
- l 5' ) 5' 11 - I 1.-= I .. 

whe re ,j.k is ;-rny re,d valued fun ction o f j a.nd k. \\'lticlt sat isfies t 11(' c0t1dit io11 ,; 

Now, in o rd er t.o 11ppe r bo 11nd A, ,,·<· tl('cd a rcal - ,·,1 l11 ccl 1'11nct ion l.1 .1. .. l·' ir:-;t. let 

II ( • ) II lw a "°'"' o n ,1,,, ddi ncd by II ( ~'. ) II = II<("'" H //, i"'" I lo, ,,,., 1, 

(.1 1, J-2) E , \ ,,,, wli<'r<' H1 (·) cl cnok,; tlw r<'al part. o f ;-1 co n, pl<':--; 111 1111I H'r. 'l'lt(' II. 

ddi I I (' /1,k by 

l.1.k 

1/JTI if 11 11U) \\ >II 11( !. ·) 11 

if II 11 (.i) 11 =11 11 ( !.·) 11 

J[I ir II 11U) 11 <1111(!.·) 11 
(l//u),,(11 11(.i) 11 - 11 11 (1.·) II)+ b(\\ 11 (.i) II - \\ 1

1
(/,) Ill 

+ J:u,,(11 11(!. ·) II - II 1,Ci ) II ) 



wll<'rr ti(.) is t.lir Dirac delta f1111 ct io 11 a11d 11( •) is the s tep f1111ct ion ddi1wd a s 

11( .I') = I i r .I' > O; otlwrwise 11 (.r) = O. 

Frolll l•:qu;-d,io n :i. l , we find t. li at t lier<' a rc a. t rnos\. 8 distinct. l,'s swlt t it;-tl. 

('1 .k f. 0 for a.ny gi,·cn j, I ~ j ~ 11 - I. Spec ifi ca ll _v, they arc I.:; = 11-
1

13;11(.i) . i = 

I , 2 . ... . 8. I lcn cc, t.l 1e co rrcs po11di11 g ,.,.1., 's a rc ex pressed as 

11 11 U) 11 - 11 11( k, l 11 
11,k, = ( 1/J:8) 11 ( f,,';)+f> (f~;)+JCT11 ( - f•; ,) wlwre e; 

= 11 // ( j ) 11 - 11 /3 i II (.i ) 11 r O r i = I. 2' . .. , 8. 

Co 111hi11i11 g these, /) .i c;-1 11 be wr itt.c11 as 

I . ,t [ I l Oi = ~I 1 + w - .1, + w" + w 2.,, IL 10111( f•;;) +M I~; )+~,,( - /•,', ) 
•J- i = I V-3. •1 

I . . ~ [ I r,-; l +:>·>I ! + w- .12 + w.12 + w 2.n I~- r.;,f'( L';) + 8( I~;)+ V :L111( - /•,'; ) 
>- - " v -L 1 , _ ,) 

::•;o;:' now

1 

0

1

1

1

1, for ca ln ila.t io 11 co11 vc 11i c 11 c<·, we wi ll c lt a11g<(' t:;1
1
<· )di snctc ,·<•rsion 

., 111 .o , 1c co 11 t. i1111 0 11 s w rs io 11. C:iwn ;-111 _\' 11(.i) . .0 S j 1,_j2 ~ 
./ 2 

111· - I , let. .r = 21rj , /111 a nd y = 21rjifrn. Since u) = c.r/1[(21r/111)y'i"] . iv< · 

lia.vc II +w- -'' +w.11 +wl.i,I = llrns(.r )co.-:(.1'/2)I ;rnd II +u.-• - u -j u.-,.12 -j u-,212 1 -

'1ir"0-"(:1; )rn.,(y/2)I. F11rt.\wn1101T, lwc,1usc II JJ(.i) II = ll< (u.-•
1
')+n(u.:

12
) = rns(.r) t-­

co.,( y) , /•;;'scan IH' ex pressed ,ts 

lsi'll(:(11 - ./').,i11(: ly). 

/-,'_, 

' . . :1 ,11 + .I' . ,/' + .ti . .I' + 1/ 
;:i.,111( - -- )s!ll(-- )<'OSl(--' ) •) . ) . > • 

, . :3.1' + _I/ . ./' -f- I/ . ./' ~ 1/ 
::is111(--- ).,111(--' )co., 2

(--· ) 
2 l l . 

lsi11(:l.r + y)si11(:l.r). 

l.si11(:l.r - y).si11(Tr). 

,~. , . (: \If - ./' 1/ - /' I/ , 
°/:islll . ·) ).-:111( -·-- .)- · )C<>., 2( ~ ). - - • ) 

:-c.·> l -



:3.l' - I/ . ,/' - .lJ 2 ,/' - ,I/) 
,~•~ = ~.,in( T )s111( ~ )cos ( ~ • 

(-~.2) 

T lwrdo rc, \V(' get t II(' co 11 t. i1111 011s \'('l'SiOll f)( .r. !/)or / ) _, gi\'(' ll h,· 

Now,,\ is l>0 u ll dcd by,\ ::::: 1n;i :L,r <.r,y <ir f)(.r,y). \l'll<'r<' .r ,1 11d ,I/ ill'<' 11 0 I 1)01'1 

0. 111 ;iddiLio 11 , we no t.c that. IJ(.r,!J) is sy 1lll1 l<'tric. i.<' .. /)(.r , ,1/) = /}(,IJ .. 1') = 

/J( - .r , .'J ) = f)(.r , - !})- Tl1 c rdorc, 

,\ ~ 1n ;-1x f) (.r, .'J ), wlicrcl? = {(.r,,IJ)I0 ::::: .11 ::::: ,r ::::: rr,. r + .'J =/:- O} . 
(.r,y )E / 1 

\ Ve wi ll show t. li ;-1 !. t.ll(' ri g l1t-lia1 1d s ide oft ll<' a lH)\·c· i11 cq u,ilit.y is 11ppn ho1111d<'d 

by 0.70!'i. Fro111 l·'.q11;-1(io11 s.: l , we fir st 11 ot.c 1h ,1t. f) (.r,,IJ) clcpc 11 cls bo ll1 011 ill<' 

s ig ns o f /•;;'s a.11d t. li c rn l11 cs o f ico,,( .r )('().,(.r/:2)1 ;-111d lrn.,( ,IJ )rns(y/2)1. \\ .<· tll('ll 

p,1r t. it. io 11 /f i11 to t.l l(' fo ll ow i11 g s1il n a 11 gcs: 

ll2 {( :r , .'J)l .r + :3,1; < L7l',.l' - :3y ::::; o. :l.r - y 2: :!rr} 

!( \ {(.1' , .'J)I,/' + :l,1/ < L7l' ,. /' - :\y ::::: o, :l.r - y < 2rr.:\.r + ,11 '> :!rr} 

n, {( .r , .'J )l.r - :1,1/ > o,:3.r + y 2: :i rr} 

/f ,, {(.r,y)l.r - :\,I/ > 0, 2rr ::::: Tr + ,11 < :\rr} 

I?<; { (.r, y )j.r - :\y > 0, 7r ::::: :3.r + ,11 < :h} 

I?, {(. r , ,IJ)l ,r - :\y ::::: o,:3.r + ,11 < L7l',. I' + :\ ,11 2: rr } 

I?~ {(. r , .1J )l.r - :1y ::::: 0,:1.,. y 2: rr .. r + :1.11 < ,r} 

H:1 {(.r , y)l :3.1· +,I/ < rr} . 



I I I 
.· . 1· ,. ·11 /•,'· i = I. 2, ...• S ,1J1d c,1 lrn l,ll <' 

ll c,-1c lt s t1 bra ng;<', \\'<' c;-1 !I clwc, 1 IC s1g 11 ° < cl( , , 

t I · · ( /·>)I• I I· ,( ,1)co,( 11/·>)I. St1i>scq11('1!1 IY, it is c;1 s1· 
IC 111 ax 1111111 ns ol lco ., (. r) cos ./' ~ cl.l H (O. . · · ~ · · 

I I 1)1· 0 .70G ill <'c1cl1 s t1hr c1 11 g< ·. ;111d tli c 11 
t o V<'r if'y t. li a t f)( .r , y) is 11ppcr ho u1 1< <'< 

n (.r, y ) is upper bo u lld cd by 0.70-S i11 /? . 1\ lso, ,\ is uppn ho1111dcd hy 0.7(l!'i. 

I ,. 11 ' l' I ~ I we lta.,·c, · 111 <1. y , a p pl y i11 g t l1i s rcs til t. t.o 1co rc in .). · 

2. :Hi 

c,, > o. ,o.s + 1. 18n + JLOGn + 0. -197 1 

Taki!l g; n I , O lli' co 11 s t rn cL io 11 y ield s <i l l (11 , :n . 0.(d2. I )-('X p,1 11d<' r. , lll(I 1,tki1 1g 

(\' = o .. 1i , it. .,·ic ld s ;-111 ('11 , T3 , 0. c'rns , 0 .:i)-cx pa 11 dcr. Hot 11 t IJ('s(' <'X p,11, d <' rS Iii\ \'(' 

1,ngcr ('Xpa ,i s io n cod fi c ic n t. s t it a n t. lt c c x p,111dcrs co 11 s t rn c tcd s iJ11i lM l_1· [1\li1r 7:L 

CC 8 I , AMS.\ A lo8G, N /\1\ 187, .J l\ 187]. 

R e 111 a rk 5. 1 'f'h. r· ,,.; r-/ rd io n of 0 111 · pr 1·11111 /ol io 11 ,,.; is ba,,.;ul 011 <111 0/J .-; 1 1·1·11l io 11 11 ,,.; 

f o llow,,.;. If di.ff <1 ·r 11I p< 1·11111/ol io 11 ., 0 11 ,- \ ,,, at ·( r-/1 0,,.;r•11 , 1111 IIJJ /J<,. l)()1111d 011 tlu 

,,.;((·0 11d lrug1·,,.; / (' ig1 l/ 11(/I/I ( /\ 111 0 .') br di.flr /'Cll l . fu foci , di.fir/'( 11/ /ii 1·11111/ol io11., u•il l 

ui r/rl di/Jr·t'('!J/ , ,;; \ ; ,, / -,'q11 al io 11 s 5 . ..! (/ /I d(/ di.lf11·r11I n (. r . y ) i ll l '.'q110/ io 11 ,i .,J. 

/11 l ll r11 , ii ·11 •i ll gr11 r·1·0/( a d1jfr1 '('!1 / JHtl'l il io 11 0 11 I? = { (.r , y ) IO ~ y ~ ./' <... 

7r, .1· + y =f O}. Finollu . i11 rn r·li .•;i1b rn11gr /?;\ . /J( .r.y) is llf) /J< 1· lu111111l1d by 11 

rl i.[Jr /'( /// l/, /1,/11.b(' /' , !Ju /rial 0 11 rl ('/'/'()/ ', /I '( found //,o/ Oil/ ' /111·11111/al io11 ,,.; ll' ill lu11•r 

/ /,r ,,.; 1110./11·,,.; / ll /JJH ,. bo und 011 /) ( .r . y) in ((/c l, ,,.;11brn11_<J< nnd lir 11r ·r 0 11 ,\ . II 

5.3 Bounde d Concentrators a nd Supcrcouccutrators 

11 1 thi s sc ct.i o 11 , we ti s<' t. hc <'x pa 11 d< 'r co 11 s t.r 11 ctcd i1 1 tl 1<' <',1r li<'r scc t io 11 t.o o hL1i 11 

<'x pli c it co 11 s t rn ct io ns o f' li1 1(' ,1r-s iz<' co 11c<·1l1 r;d o rs ,llld s11p<Tco ,1 n ' ilt r,d o rs . l' lw 

co 11s t rn ct io 11 s fo ll m \· t. lt os<' i11 [i> ip 77. CC SI ]. 
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inputs 

0 

np/(p+1) -1 

Expander with 
np/(p+ 1) inputs 

outputs 

0 

n/(p+1)-1 
n/(p+1) 

n/(p+ 1)+1 

2n/(p+1)-1 

L----.,1.~',."'-- -,,"',,-~ n(p-1) /(p+1)+1 

n(p-1 )/(p+ 1) 

np/(p+1 )-1 

np/(p+1) _-_-_-:_•_-_-_-_-_-_-_-_-_-_-_-_-_-_-_-_-_-_-_-_-_-_-_-_-_-_--~ np/(p+1)+1 

n-1 

Fi g ure 25 : J\ 11 <'x pli c it co 11 s truct io 11 o f h o 11 ncl<'cl co 11C<' 11 t.r c1 t o r s. 

5. 3.I Bounde d Concentra tor Cons truc tion 

J\ li11 <'a r - s i 1/,<' b o u 11 d <' cl CO II C<' rr t. r ,1t.or ca 11 h e n m s f r1 1c t c d h_v 1I s I II g ;-i l i11c •;1r s I1/,<' 

<' x p r1 11d<' r . Fi g 11r<' 2-'> s lr ow s s 11 c lt ;-1 co 11 s t rn c t.io 11 o f a h o u11 dc •cl co I1c<· 1rt r ;ll o r 

w lri c li lr a.s II i11p11ts ,111cl 7)// / (p + I ) o u t. put s. Fo r t.! 1<' l as t 11 /( p + I ) i11p11t s, 1·;1c/1 

o f t. ii <· rn is j o i11 <'d h_y 11 c<i g<'s t o 11 o u t. pu t s, a 11d 11 0 t. wo o f t. ii <' 111 ;1 r<' jo ir wd t o f lw 

Si-Ill! (' o utp11t.. 

Th e ore n1 5.2 '/'/11 n r /11 •01·!.· co ·11 .·dr 11r!ul /11 Flg111 ·1 J ;j Is r111 ( 11 , 1111 /( 11 + 1 ); l.-'. O.:"i) ­

bo 1111drd co11 cr 11/m/0 1· 1/ !h r r.r1H111dr1 · Is 011 (1111 /( 11 + l ); l.- ,c,( / 2 - l )/ ::.1i2) ­

r.r1Jr1.11dr 1· 1p ///1 a11 r·.r1Jr111 s w11 r·or.f}icir 11/ r· ~ '2 / 2 /( 11 2 + I )( 11 - I ). 11'/1< n I.-' _ 

JI ( /. · + I )/( 71 + I ) . 

Proof: OI J\·io 11 s l_\ ·, Ill<' ll <'f 11·o rk ;-i s s li mrn i 11 l" ig 11rc :}_.') is hip;1rlit <• ;i
11

d lt ;i s 

JI( /. ·+ I )11 /( 11 + I ) <'d g <'s . By Ddi11if io 11 '2 .(i , it s11f l i c<'s to s l1 m1· t.l r;rt .. for ;r
II

_
1
-

s 11h s<' t X o f i11p11t. s wi t It /.\' / :=:; 0 .. 111 , /1\ ·/ ~ /.\" /, ll' it <' I'< ' I '_\· i s t.li< · S<' I o f o 11fprrt s 



;-1d ·1·
1
n,

1
,t 

1 
· t 

1
- \ . I t \. I \ hctlici 11 tcrsrct.io11sofX a11d tli<'subsds 

. < · , ,0 111 j) 11 S O . . ,(' , • J i-11 I ( · '2 ' 

o f t.11<' fir s t. in i/( i, + I) illput. s a lld t.ll<'last 11 /(71+ I ) i11put s, r,·spcct. i,·cl_Y. Tlie11, 

IXI = 1-'t ,I + 1x
2

1. Ir IX, I 2: iXl/!J, jl' xl 2: IXI sin ce t. li c 11u111lwr o f outp1t!s 

a dj o int t o i11puts X
2 

is exactly 11 1X2 1. OLlw rwisc. IX1I 2: ((11
- 1)/Ji)IXI, a

11
cl le! 

.\:" ' h<' a (( p - [ )/J,)IXl -subset o f X,. It. is clc,1r t.lt;-d. X' is a subset o f i11p1it s of 

the (p11./( Ji + l ); k .c,( 112 _ l )j2J12)-cxp;-1 11<l c r ;-111d IX'I :::; (( 1/ - l )/JJ1·)(/J11 /(J
1+ 

I) ) l><'c;-111s,· JXI ::; () _.5
11

_ l•'rom th e dcfi11it.i o 11 o f ex pa nder (Sec Dcfi11iti o 11 2.7), 

if'x,I 2: [I+ c( I - (J
1
1 - I )/J/)] IX'I . ,,-ltcrc I'x, is tlic sci o f 0 1!1 puts adjac('Jlt to 

i11p11t s of X' . T lwrdore, II'xl 2: jl'_x·,I 2: (71 /(JJ - I ))IX'I = IX I if t. li c ('Xpc1 11 sio11 

rnc ffi c i<'11t. c 2: 2p2 /(p2 + I )( 11 - I) . II 

Tak in g 71 = :! a11d s ubstitutin g th e 1nr,· io 11 sly cons tru cted (: !11 /- l ;:n.(Ull, ·l/! J)­

c:-:: pa.1,dcr i,it o tlw co 11 s t.r11 ct.io11 i11 Fig ure 2S, we oh t a i11 a 11 ( 11 .:!11/-1;2.'i.r>. ll .:i) -

bo u11dcd co 11 n·11t.rat.or. 

5.3.2 Superconcentrator Construction 

lls in g t.wo ('11 , /111 /(71 + l ); k , 0.S )- bo uncl cd co 11 cc1itra t.or, l•' ig 11rc 2(i slim\'s ;1 re 

n 1rsivc co11s t.rudio11 o f ;-1 11 n -i11put. supc1-co 11 c, ·11t.rat.or i11 whi ch !.lier<' is ;1 11 cdg<' 

_i o i11i11 g i11put. i a11d 011Lput. i , 0 :S ·i :S 11 - I. 

Theore1n 5.3 '/'h r 11.dwol'I, co11slrnciul in Fig111 ·( :J (i is n11 (11: d) -8 11p11 ·1·0 111 ·111/r-

o Io.,. fo,. d = ( p + I ) ( 21.: + I ) . 

Proof: ., a 11 y ,., 01 1 put s. _ ,,- :S 11. 1('1 i11p11t i IH' l•'o r a 11 y k i,11 >11(.-.·· c'lll (i I ( I < I 

pr1 ircd wit.Ii o u!j)llt. i if i111)11( i is <> II <' <> I. tit <' 1
· ,·11 i>it! -.·· I t · · /\ ., ill ll O 11 p I I I I Is O I I(' 

o f tltc I.. : 0 11 t.put.s, a 11 d let. X a 11d ) · he t lie set s o f 111<' re11 1c1i11i11 g i11p11ts ;i 11 d 

0 11!.p11!.s t.liat ca11 not. h<' pa ired i11 I lii s w;1_y, r<' S[H'c\ i,·<' I_, ·. Tli,·,i. I.\ I I) · 1. 

~ (i 



n-1 

. ············ ·························· 
. --~ ... ······ ··················· ········· ························ ··········· 

············· ... •··· · . 

······························ ··· ········ 
• •• • ••••• • •••••• •• • •• ••••• • •••••••••~•••••• • •••••• • ••••n• • •••••••••••••••••••• • ••••••• • 

(n ,np/(p+ 1 ) ;k ,0 .5) 
Bounded 

Concentrator 

(np/(p+ 1 )) 
superconcentrator 

Reverse 
(n ,np/(p+ 1) ;k,0.5) 

Bounded 
Concentrator 

outputs 
0 

Figure 26 : /\ rC'c urs ivc co 11 s t.r11 ct.i o 11 o f an n- i11put s iipcrco ii e< 'llt.I"<if or. 

IXI + ll .l <; k and IX I, l\' I <; ,, ;2 . Now find a uui cas l ass ignnwnl r, ·o,o S 

o nt o so i11 c set. , say X', o f o ut.puts o f t.h c (u , JJII /( 11 + l ): I.- , O.!"i) -bo tillci <'d co ll -
, f 

C(' nt.r ;-
1
.to r , a11cl fi11cl a u11i n 1s t. a ss ig n111e 11t. fro 111 ) . o nt o so

111
c set. , sa_\" ) . '

0 

1
11p11t.s o ft.lie reve rse ( n , pn /( p + I ): k , 0 .!"S) - bound cd co11 cc11t.rat.o r. 

indiidi o 11 , t.ltc sa11dwicltccl (
1111

/(p + I )) -supNco 11 cc11Lrc1t.o r 0 111 rc,ili zc ;i 
1111

j c;i SI 

i-lss ig 11111 c 11L frorn X' o nto ) ., _ Co 111 bi 11 i11 g t.liC uni cas t ass ig 11111 <• 11t.s fro
1

11 .\" on­

to X' , fro 111 X' 0 111.o )··1 a. ncl fro lll ) ·1 01 it.o } ·, we 11 ;-1,·c a u11i n-1s t ass ig 11
1

11c it1 

fro in X 0 11(0 L Tltcrcfo rc, t lw ne two rk i11 Fig urC' :W is a s11pcrco 11(T ld r;-it.o r. If 

.'-,' ( ,
11

) cl c 11 0 Lcs t.!1< ' 1111111bcr of ed ges o f s uch a 11 11 -input s111)('rco 11 c<'1itn-d or, t lt (' II 

,'--,'('n ) = S(J111) (J1 + I) )+ (2/,· + I )11. So h-i11 g t.!ti s rccmrcnc<', \\'(' lt ,l\ '< ' t lw dcnsit _,· 

o ft.lie s11pcrco 11 cc11tra.t. o r g iv<' II b,· d = (JI + I )(21.- + I ). II 

l ls i11 g t.lw ( 11 ,: ~11 /'1;2.').:i, O. G) -hcrn11dcd co 11 (Tlltra to rs c011 s t.r1 1d <'d 111 t it(' pn·,·
1 

01
1s scct.i o 11 , we !ia,·c a f;-w1il y o f s1qH'rco11n·1it.ra to rs wit It ckn sit _,· :.W~- \\"c 

1rn1 s t 11 0 k t.!1 ;-d thi s clc11 s ity is 11 0 ( t. lt c s 111 a llcst dcns it _,, t.lt ,d is k11 ow 11 : :\1 011 

ct. a l [N /\i\1 8 7], and .Ji111ho ;-111cl i\l a rn o ki-1 [.Ji\1 87] ;-1 lrca d_,, co ns trn ct<'d s1q H' r 

co 11 n'11trat.ors wit.It cl c 11 s it.v 122 . ll o,,·c \"<'r , we should ,il so 11 o tc tl 1<1t. it is slill 

87 



poss ibl <' to reduce t. h <' dc 11 si t.y by 11s111g o 11 r <'xpa11clc r 111 a. s11pcrco11c<'1il r;-dor 

d <'s i rJ' 1 r·rr· 1· . [( ( ' ] · n 1 < 1 c rc 11 t. ro 111 t. 11 ;-i t, g i ven 11 1 ; ;1-, 1 . 

5.4 Summary 

T li<' ex p ;-u1 d<'r co nstru c t io n g 1n' 11 111 t hi s ch a pt.er has a \'c ry large exp,iiis ioii 

co<' ffi c i<' nt hut. i t.s cl <'n sit.\· is aJc;o qui t.e l ,1rge as co 111pa red Lot lw de11 sit ics oft II<' 

prcv io ii s <'x p ;-111d <' r co nst rn ct io ns. Fo r ex pli cit. co nstru c t io 11 s o f 11 i<-<'.\ !) i-llidNs, 

t li <·fcll · > ow in g p ro bl c 1J1 s rc 111 a i11 o pen : 

(a.) D o <'s t,l l<' r c ex is t. ;-rn ex p;111 dcr wi t. Ii a slll a ll er dc11 si t.y, lll it. w ith aho ut. Il l<' 

Si-11 ll(' ('X ) . . rr . I I . I ? J <I II SJOn ('()(' II Cl('Jt t. i-lS t, I(' cx p a.nc er g t\·cn w rc. 

( I> ) f) ()('S Lll<'r<' <'X ist a n ex p ander w i t. Ii d c 11 si ty:::; :20 and cxpa 11 s10 11 co<' fli cic iil 

- · I so, tli1 s will g i ve a. s11p<'rco n e<' n t ra t.o r vv it.11 cl c 11 sit.y ;-d 1110s( S-1. > 0.7? , . . ·. · .· 

( c) M o re gc11<' r a lly, ca n o nr (i 11 c( a. t,i p; lit. lower bo 11 ncl 0 11 t. li c rx p,rn s io 11 cod l ic ic1Jt, 

as ;-1 f11n ct io n or tll<' den si ty? 

Th <' ;-w swns t.o Lll<'s<' quest. io ns w ill l a.rgcly set. tic t he d e 11 sit y ques t io n fo r co 11 -

C<' llt,r ;-it,o rs ;-1 nd sup e1-co ncc 11tra t.o rs. 



CONCLUSIONS 

6.1 Sun1mary of Contributions 

CHAPTER 

SIX 

'vV<:> l1 ;-1v(' pn'sc 11 1cd para ll <:> I ro uting a lgo rit.lim s w i t h t. hc fastes t ro 11ti11g ti11 J<' 

fo r t lw lk11 cs 11f'f.wo rks . lJs i 11 g t.l 1Cs<' ;-1'go ri t. l11n s, a 11 11 - i11pu t l k 11 <'S 11 <'1 \\'O r k 

Celli ro 11f.<, a 11y 1111i c;-1st. l.:-ass ig 11 11 w11t., I ~ I.- ~ 11, i11 O( lp/ k + lg 11) f i 11 w w i l Ii­

o ut pip<·li11i11 g a.11cl O( lg I. :) t,i 11 w wit.Ii pip<' li11i11 g if <'i-1cl1 pa ir o f p roc<'sso rs il r<' 

direc tl y co 1111 <'d<'d , a 11 d i 11 O( lg '1 I.: + lg2 k lg 11) t. i1n <' wi t. li o uf, pipcli11i11g ;1 11d 

O( li 1 k + lg I.: lg ·11 ) t i111c w i t. Ii pipc li11i11 g if t II<' p rocesso rs ;-ire <'Xl<'11d <'d pn fec t 

shuffle co n11 cdcd. \ ,Ve li st t l lf' co1np;-1. ri so 11 o f ,·ari ous p;-u;-ill<' I ro 11f i11 g ,ilgor i l l1111 s 

fo r t.li c I k11 cs 11d.wo rks i11 T,ilH'I l . 

\i\le l1 ;:1v<' a lso i11t.rodu cccl 11 <' \\' 11d\\'o rk s \\'it 11 s<' ll'- rcJ11t.i11 g sc lw11 ws i<J r ro 11I i11g ;111y 

n1ult.i cas t. ;-1ss ig 111nc 11t.. Fo r II input s, tl1C 111ulti c;-1.s ti11 g tl(' l\rn rk li as 0(11 1µ;
1

11) 

bi t. - lc, , ·e l co 11 s t.a 11 t. fa11i11 log ic g;-itcs and O( lg.2 ) hi t - lc\'f· I d<'pt. li , and c,111 '"" 

a li ze a 11 y 1rnil t. ic;-1s t. ass ig 11rn<' 11t s i11 O( ll11) hit. - lc\'C' I ti n w \\'i t. li o1it pipc l i11i11g 



!\ lgo ri t.11111 

L<'vdal [LP\/8 1] 

011 r A lgo ritl 11 n 

Topology 

co111plct.c 

pcrl"C'ct. shuffle 

CO lllpktc 

CO lllpirt.<' 

p<' r fcct sliufTlc 

Hout in g Tilll<' for 

k-Assig11111c11t.s 

CJ( ig'2 II) 

O(lg 1 'fl) 

O( lg2 II) 

O( lg2 k + lg 11) 

O(lg /.·) pip<' l i11 l i11 g 

O(lg'1 I.·+ lg 2 k lg II) 

O( lg3 k + lg /.· lg,,1) pipcl ini11g 

' !';-, h ie I : C<rn 1pari so n or p;-11" ;-1 l !cl routing algorit.lin1s for lk,ws nct1rnrks. 

!JO 



l 
· 1 . 1·. p; t·o ,· O(lg·'- 11) rn1rlticast assig11111<' 11t s. 

i-1 ll< O(lg 11) b it. - l<'v<'I t.irll<' \\"JI, 1 prpc 1111ll 

'! ' I . . ' 1 ·rr·'.' ' It 'cast i11 g· rJ<'I \\"Orks . 
a )<' I 2 -s lr ows 1.11 <' co 111plcx 1L1cs o f I.Irr<'<' c 1 < r< 111 lllll ·' · 

l•'· · II - - - . · f - f- ·1 · of li11c,u-si;;,c cxpandns 
11Id· Y, we lr av<' gIv<·1 I a n ,,x pl1c1t co 11 st n1< t,on ° d an ti) 

wi• l l ' rr· . ' 0 '-'(>''-' "l h rni l \ ' o f bou11dccl CO II C(' II -
' I I ( ('JJs r1 y :n and C'X j) i-l 1JSio 11 CO<' JCJ('llt . ( l (), < < ' 

Lr;-1.tors w it Ii den sity 2-'"i.2 ,111d a f;-ll!Jily of SlfJ)(' r co rrccntr;-tl o rs wi1 Ir dc11 sit_\" 20s . 

T lr <'s<' ndwo rks c;-1 II he used 1 o red uc<' 1 IJ<' cost o f o 1r r niu II icas t i11 g rJ<'two rks t o 

0( I ) · I -· · · r· lir l<'ar si;;,c <'X /J;-111clers. 
11. g ·11. i,1 hit. le·,·<,!. Tabe l :~ co riip ;-ir<'S v;-1r I0 11 s c es 1g 11 s o · - , , · 

6.2 Future R esearch 

Ottr p a r a. li e! ro u t ing a lgo ritl1n1 fo r the Herres 11 d \1·orks ca r! rt11J ri ot o, rl y 
0 11 

Lire co rnplde a nd ti)(' <1xtcndccl pcr/'<1ct -slrllrrl c topo logies ;-is descr il wcl i11 1 Iri s 

di ssertation , h11t ;-1 lso o n ot. li <' r topolog i<'s. 011<' f11t.trr<' rcs<·a rcli is to co 11 sid <' r 

otl re r t.opologi<'s tl1 ;-1t will fit 1.11 <' a lgorit.l11n , ;-11 1d a rr ot.lwr clircctio11 or r,rt Ill'( ' 

l"<'s<•arc/ 1 i s t.o h1rilcl li a.rclware p rot.ot.ypc route rs 1o i1nplc 111 errl ,1 11d de111011 st rate 

t.lrc · a lgo ri1.l1 r11. 

I t. S<'<' llls t.!1 ;-1.t. o ur ;-ilgori1.lllll lr as p oss ibly pro1·idcd t ir e fa stes t rou t i11g t illH' 

fo r Lir e Bcrr<'s netwo rk , a 11 d 1.11 ;-it. it. is diffirn l t t o ch;-111 ge tl l<' s trll('t.11 n' or 111<' 

a lgo ritlrrn t.o get a r11 ;-1jor gai11 of ro 11t.i11 g tinw. \\ ' i1lr 111i11or ad_j11 sti1 1g. 011 r 

;-i/go rit 111n ;-1 /so fit s o tlr e r u11i cas t i11g 11 et \\"orks t.i i;-11 caI I lw rcc 11rsi \"f' l_1· co11st rnckcl 

il s Li l<' B<'nes 11<'1.wor k , suclr ;-1s ti re o r11 cga pl11 s rc 1·erse 0 I11 cg;-1 net. wo r ks ;1 11d t 11(' 

base lin e plus h ;-1sel i1w net.wo rk s. llc·rr ce , it is also d ifli c1 rlt t o o ht ;-1 i11 ;1 f;-1stcr 

ro uti ng 1.i rrw fo r Llwse 11<'Lwo rk s tlrnn t.lra.t. fo r t. l rc lkrws 11<'1.wo rk . l l o 11'<' l '<'f'. Oil<' 

poss i l>l c excep t. io n is t Ire 2 lg 11 - I st ages slnrflle/nclia1 1g<' 11et 11·ork lwca rr s<' it is 

not ren rrs ivc ly co 11 s l.rt1da.hle. /\ I t l rcrng lr t lri s 11d1rnrk l1 ;-1s IH'<' JJ prm·<·d t o IH' ;1 

r111icasting n e t wo rk [F.1 1)1] , i t. st. i l l lacks ;-1 ro 11ti11g ;-1lgo ritl1r11 and <· 1·<· 11 ;-1 p;irall< ·l 
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( '0 11 s tr11 ct. io 11 ( 'ost. Depth 
Hout i11 g T i11l<' 

Nass illli ;-w d 
'l O( nlg· 11.) O( lg2 II ) 

()( lp/1 II ) 

Salt11i [NSS2 b] 

Tl1 0 111pso 11 0 (11lg n ) O( lg 11 ) 
0('11 lg II ) 

[Tlt o7S] 

O ur Nd .wo rk 
'2 O( lg' 11 ) 

O( lg:l II ) 
0( 11l g n ) 

O( lg 11.) pipe li11i11 g 

T ,1ble 2: ( :o lllplcx ities o f , ·a. ri o us lllllit.i cas ti11 g 11 ctwo rk des ig ns 
111 

hit lc, e l. 

ro iit i11 g a lgo rit.hm. 011e r11Lur<' research is t. o in ves tigate thi s poss ihilit._v. 

J\s for 11111 lt,i c;-1s t.i11 g 11 C'l.wo rks , \\'(' l1<1.\'(' s howed cl ll dri c ic nt. lllC'ili od I li cit II S('S 

0 (11) bits pe r inp1it. t.o c 11 coclc ;-rn y 11 1111!.i ca st a ss ig n111 c 11 L. 13ut., \\'<' s till d o 11 01 

kn ow ho w Lo rcd11 cc it. t o O( lg n) b it s per i11pu1 . llc11 cc , a f11t.11r <' r< 'S<'clf'Cii is lo 

fi11d a 111orc e fficient. c 11 cocli11 g 111dhod ro r input.- init.i a t. cd n11ilt.i cas t.i11 g 11 c l1rnrks . 

ln sLc;-ul, a s s hown i11 this cl isscrt.at.i o n , o ut put. -i11it.i ;-1tccl 1111111 in 1s l in g 11 <'1 wo rk s 

c;-111 be used , a 11d O ( lg ·11) hits of so urce ,Hlclress co di11 g per 01tip11t. ,m ' ~rnfli c i<' llt . 

J\ dirc c1 io11 fo r fut.m<' rcsc,1rcl1 is t. o i11n·s li gat.c Lil(' ad n lllL\ l?/'S o ft l1i s ;1pJHOi1C li 

a nd co 11 sLrncL 011t.p11l - i11i t.i ;lled 111ult.i cas l i11 g ne t wo rk s wit l1 lom· r cost ;i11d d <' pt Ii 

t l1 a 11 the i11p11t. - i11it.ia.t.ecl co u111crp ,Hl.s . 

Hcgardi11 g lin ca r - s i ✓,e cx pa11clcrs , it. W<)llld lw 11·ort.lil\'liil e to co ns1 ru e!. li11 <·nr 

s i ✓,< ' c·x pa11ders w ith s 111 ,il ln dc 11 s il y a 11cl la rger cx p;rn sio 11 codli ci<' til.s, ,rnd l \l 11 s<' 



( :0 11 s t.ru ct. io n l)c11sit.y l~xpa11s io 11 ( :od li cic11t 

Ma rg uli s [l\1la.rn] :i l I I I k I l() \I' 11 

Ca.bbcr a.nd Cal ii [CC: 81] :i 0.007 

J\ 1011 ct al [NJ\1\11 87] illtcl 9 ().I 12 

.Ji llliio a.11d Maru oka. [Jl\11 87] I :3 ()..161 

011r L~x pa11clcr :n ().868 
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