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Chapter 1: Introduction

1.1 Business context: bike-sharing systems

Bike-sharing systems have become an increasingly popular mode of transportation in
urban areas around the world, offering a low-cost, convenient, and eco-friendly alternative
to traditional modes of transportation. As of August 2022, there were 1,914 bike-sharing
systems in 1,590 cities worldwide, with over 26 million bikes available for rent [1].

There are two main types of bike-sharing systems: station-based and dockless. Station-
based systems were the rst to be introduced, requiring xed locations and capacities for
each station. While they provide an organized and predictable system that is easy for
users to navigate, they also require signi cant investment in infrastructure and mainte-
nance. Dockless systems, on the other hand, allow users to park bikes anywhere within a
designated area, making them more exible and convenient but also more challenging to
manage and maintain.

To meet the needs of bike-sharing users, it is essential to effectively manage and
maintain the supply of bikes at each station to match user demand. This process, known
as rebalancing, involves redistributing bikes from stations with a surplus to those with a
de cit. Fricker et al. [2] studied the dynamics by applying mean- eld theory to some het-
erogeneous bike-sharing systems. Traditionally, bike-sharing companies rebalanced their
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bikes by employing drivers to operate trucks that can accommodate a certain number of
vehicles. However, with the rise of the gig economy in recent years, bike-sharing compa-
nies such as Bird and Lime have adopted a decentralized approach by hiring independent
contractors, known as gig workers, to reposition bikes in real-time [3].

These companies hire a certain number of rebalancers and post rebalancing tasks on
their map at a speci c time of day, usually in the evening. The map shows the locations
of bikes that need to be repositioned, along with a price label. Another map shows the
locations with high demand for bikes. Rebalancers pick up bikes from supply locations
and drop them off at demand locations according to the demand map, and they are paid
the price shown in the supply map per bike. This approach allows bike-sharing companies
to optimize the rebalancing process in real-time, reducing the need for costly and time-
consuming truck-based operations. Additionally, gig workers bene t from the exible and
dynamic nature of the job, enabling them to earn money on a task-by-task basis. Overall,
this decentralized approach has the potential to enhance the ef ciency and sustainability
of bike-sharing systems while creating new opportunities for gig workers in the sharing
economy.

Motivated by this strategy, our research employs a stylized model where each agent
is assigned the task of moving a single bike. Our rebalancing strategy aligns with the
decentralized nature of the gig-based setting, where agents cannot be directly assigned
speci ¢ tasks but can be in uenced through pricing mechanisms. Although our model

simpli es the scenario, it captures the essential decentralized aspects of the system.



1.1.1 Related research

Over the years, extensive research has been conducted on bike-sharing systems. La-
porte et al. provide a comprehensive survey of the main operational research issues and
corresponding methods in vehicle sharing systems in their works [4] and [5]. In the bike-
sharing literature, we identify three main topics: demand analysis, strategic planning, and
rebalancing operations. These topics are explored using various approaches, including em-
pirical studies and theoretical modeling.

In the eld of demand analysis, researchers examine the patterns of demand and
investigate the factors that in uence the service usage, aiming to provide guidelines for the
operation of bike-sharing services. Zou et al. [6] analyze dockless e-scooter trip trajectories
in the Washington DC area using real-time data, offering insights into route choices. Kabra
et al. [7] conduct an analysis that reveals a numerical relationship between bike-sharing
usage and station availability for customers. Goh et al. [8] develop a locational demand
model with distance ranking parametrization to account for substitution behaviors based
on proximity. Eren and Uz [9] provide a practical perspective and address the impact of
factors such as weather conditions, urban environment, station-level design, and temporal
considerations on service usage.

The literature on strategic planning explores optimal strategies for managing the sys-
tem to maximize its bene ts. Lin and Yang [10] address the station location problem by
formulating a non-linear integer program that considers user ow, station locations, and
bicycle lanes. Fricker and Gast [11] propose a queueing-based approach to determine the

desirable eet size, aiming to reduce the number of stations without bikes or available



slots. Datner et al. [12] focus on inventory level management and develop an approach that
minimizes expected dissatisfaction over the planning horizon.

In terms of rebalancing, Faghih-Imani et al. [13] perform station-level analysis us-
ing data from Barcelona and Seville, Spain, and propose a logistic model to estimate the
amount of rebalancing. As for operations, Various models for rebalancing are developed
based on different strategies. These strategies are often categorized into truck-based rout-
ing and user incentives. Truck-based routing involves manually redistributing bikes be-
tween stations using trucks or vans and is commonly modeled as a one-commaodity ve-
hicle pickup-and-delivery vehicle routing problem, as proposed by Hernandez-Perez and
Salazar-Gonzalez in [14]. Osorio et al. [15] provide a more speci ¢ modeling approach
where e-scooters are allowed to be charged while being transported. On the other hand, the
user-incentive strategy aims to encourage users to ride bikes from over-capacity stations
to under-capacity stations. Fricker and Gast [11] study the pricing strategy by propos-
ing a two-choice (of stations) model and show that the strategy helps improve the perfor-
mance even if only a small proportion of users choose the less-loaded station. Furthermore,
researchers have investigated special programs, such as volunteer-based rebalancing pro-
grams, as studied by Huang et al. [16].

To the best of our knowledge, the agent-based rebalancing strategy discussed in the
previous subsection has not been explored in prior research. Different from the truck-based
approach, the agent-based strategy considers the problem in a decentralized way. Unlike the
truck-based approach, the agent-based strategy takes a decentralized approach to address
the problem. While the user-incentives approach also adopts a decentralized perspective, it
balances between daily usage and repositioning, whereas agent-based rebalancing focuses
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solely on achieving rebalance objectives.

1.1.2 Pricing models

In our research, we introduce a decentralized pricing structure for rebalancing in
bike-sharing systems. Pricing models commonly used in shared vehicle services include
dynamic pricing and spatial pricing. Dynamic pricing has been proven bene cial in ride-
sharing platforms, as con rmed by Cachon et al. [17]. It involves adjusting prices based
on real-time demand and supply conditions. On the other hand, spatial pricing focuses on
pricing strategies based on different regions. Bimpikis et al. [18] examine spatial pricing in
ride-sharing systems while analyzing the demand pattern in the network. They demonstrate
that the effectiveness of this strategy depends on the balance of demand across different
regions. Banerjee et al. [19] propose an elevated ow relaxation of the non-convex pricing
problem as a basis for a general approximation framework to design pricing policies in
shared vehicle systems.

The pricing structure proposed in our research aims to optimize operations in de-
centralized settings, and we refer to this pricing as decentralized pricing. It is designed to
incentivize ef cient behavior and coordination among agents in the decentralized rebalanc-

ing operation in the bike-sharing system.

1.2 Decentralized models

Decentralized networks have gained signi cant attention in today's business land-

scape, particularly with the emergence of gig workers in the market over the past decades.



The idea of decentralization is closely connected to the principal-agent problem in microe-
conomics, where the decisions made by agents are considered by the principal decision-
maker. Sternberg and Andersson [20] give a research review on decentralized intelligence
in freight transport and measure its necessity in supply chain management by incorporat-
ing the literature. Demirag and Swann [21] examine decentralized logistics networks in
the sea cargo industry and compare their performance with that of centralized networks.
The authors recognize the NP-hard nature of the multi-route decentralized problem and
propose several heuristic methods to obtain upper bounds. They conclude that the perfor-
mance gap between the decentralized and centralized solutions relates to the performance
gap between the upper bound and the centralized solution. Decentralized models are also
discussed in the ride-sharing business where the matching between drivers and passengers
is based on auctions, as proposed by Kleiner et. al in [22]. Nourinejad and Roorda [23]
present an agent-based model that could match single or multiple drivers with single or
multiple passengers.

It is worth noting that when optimization problems involve agent decisions, they
are often formulated as bilevel problems, which can be dif cult to solve. To address this
challenge, a common approach is to reformulate the bilevel problem as a single-level opti-
mization problem, as the approach adopted by Aslan et. al in [24]. Fortunately, our model

can be transformed into a single-level problem, which simpli es the optimization process.



1.3 Dissertation outline

Chapter 2 of this dissertation presents the formulation of the model. Initially, it is
formulated as a Mixed-Integer Quadratic Programming (MIQP) problem, but by exploiting
structural properties that we identify, we can simply it into a Mixed-Integer Linear Program
(MILP). Furthermore, we introduce and prove several theoretical results that transform the
MILP into a combinatorial optimization problem. Furthermore, we develop an ef cient
algorithm to carry out a portion of the optimization process without the need for solvers.
The proof of its effectiveness is provided in the chapter as well. Additionally, we extend
the model with corresponding optimization problems by making slight modi cations to the
assumptions, allowing us to gain further insights into the formulation.

Chapter 3 focuses on exploring computational methods to address the Decentralized
Rebalancing and Pricing (DRAP) problem introduced in Chapter 2. We discuss both ex-
act and heuristic methods. The exact methods include branch-and-cut, which theoretically
solve the MILP formulation precisely. On the other hand, the heuristic methods involve
derivative-free searching techniques such as hill-climbing local search, simulated anneal-
ing, and genetic algorithms. We thoroughly examine these methods and propose potential
re nements to their underlying formulations. Notably, we highlight certain methods that
will be employed in the subsequent chapter for experimental purposes.

In Chapter 4, we conduct a comparative analysis of the most ef cient algorithms
identi ed in the previous chapter through a comprehensive case study. To do this, we gen-
erate numerical instances by making up a realistic business situation that utilizes real-world

data. Subsequently, we conduct extensive numerical experiments using these methods to



evaluate their performance. Additionally, we present visualizations of the solutions on a
map to gain a comprehensive understanding of the characteristics of the heuristic solutions.
Finally, in the concluding chapter, we summarize the key ndings of the entire dis-

sertation and provide potential directions for future research and discussion.



Chapter 2: Models and related results

2.1 Overview

In this chapter, we present the formulation of an optimization problem for agent-
based rebalancing operations. We propose multiple versions of the problem with a gradual
reduction in complexity. Additionally, we provide theoretical results that offer a new per-
spective, greatly simplifying the problem. Furthermore, we introduce extensions of the

models that allow for further evaluations.

2.2 Model formulation

We investigate the model setup of our research by analyzing the dynamics that arise
when a team of independent contractors, known as rebalancers, are hired by the platform
to operate within the bike-sharing system. The platform assigns tasks by setting prices for
each origin-destination pair and labeling the demand and supply for each location, which
the rebalancers will act upon. We assume that each contractor can only carry one bike
from their pick-up location, transporting it to the designated drop-off point and receiving
the agreed-upon compensation. In this proposal, the assignment process occurs within a

single time round, disregarding the time aspect. In this framework, rebalancers act au-



tonomously and the platform guides their behavior only indirectly by setting prices. This
arrangement enables the rebalancers to determine their work ow, creating a decentralized
system where the platform does not control the assignment of tasks. Notice that the model

we are formulating is a one-time operation that does not include the factor of time.

2.2.1 MIQP formulation

Leti;j 2 f1;::;;Ng represent regions, which can be either stations in the station-
based system or spots where shared bikes accumulate in the dockless setting. The distri-
bution of vehicles to be picked up and dropped off is denoted by the vaxter§o) and
t = (tj), respectively. The conservation equatli:;)mq = P ; tj ensures that the number of
vehicles to be picked up is equal to that to be dropped off.” L2f 1; ::;; Lg represent the
rebalancers in the system. The model assumes that each rebalancer rebalances one bike,
and all bikes will be rebalanced, which indicates that P ;0. Later, in Section 2.3,
we will also consider the situation where there is a surplus of rebalancer!a,:iael.:,) i 0.

Let cy; denote the personalized cost associated with rebalamoewing a bike from lo-
cationi to locationj. This personalized cost can vary based on various factors that are
speci ¢ to each rebalancer, such as their preferences for the time taken, travel distance,
road conditions, and other relevant factors. The personalized cost can be determined using
a personalized utility function that re ects the preferences of the rebalancers. Ultimately,
the cost is expressed as a value associated with different origin and destination pairs.

The binary decision variabbe; indicates whether or not the rebalancehooses to

take a route from regionto regionj in the decentralized system. The vectodescribes
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theassignmenof all available tasks.

Based on the aforementioned assumptions, the following equations can be derived:

X X

X =1 8
i
X X

X5 =0 8
J
X X

X5 =t 8

The rst condition signi es the constraint that each rebalancer can transport only one bike
at a time. The second and third conditions represent the supply and demand requirements
for bikes, respectively. In addition, we assume that the personalized cost matr{c;; )

for each rebalanceris known to the platform.

Though the decision variables; are explicitly modeled in our framework, these
decisions are made by rebalancers. The decision made by the platform consists of prices
pi; that the platform is willing to pay rebalancers for moving one bike from regitm
j . These prices are independent pso each rebalancer sees the same set of prices. In
addition, a rebalancer will only be willing to participate in the rebalancing system and
undertake the corresponding task if the payment exceeds their personal cost. This condition

can be expressed as:

Pi Cij 0 Whenx‘ij =1 8ij (2.2.1.1)

or, alternately,

P Gy Xy 870]
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In the model, we assume that a rebalancer selects the most pro table route, where
higher pro ts indicate greater desirability. Mathematically, if we de i€ );j (")) as the
origin-destination pair chosen by rebalancethe assumption can be expressed as:

POy Cioie) T maxtpy - Cj g whenxicy) =1 8-
This condition resembles a type of principal-agent problem formulation in microeconomics,

and unlike other formulations, our condition can be expressed as a set of inequalities im-

plying that the chosen route yields the highest pro t compared to all other options:
Pi  Cj  Poo Cigo whenxy =1 8%ij;i %) (2.2.1.2)
Then we use the big-M technique to eliminate the logical element:
P Pgo (G Cigoxy ML xy) 8% Gj8

where the constari¥l satis esM max; p;j . The pricing that satis es the aforemen-
tioned property for a given assignment= ( x+; ) is referred to aslecentralized pricing

Ultimately, the platform aims to minimize its cost by considering all feasible decen-
tralized pricing options. This objective is represented by the funcF':ioﬂ P X » which
calculates the total cost incurred by the platform based on the chosen prices and assignment
of rebalancers to bike movements.

With all the preparations described above, we can now outline the optimization prob-

12



lem as follows:

X X X
rp_in i X (2.2.1.3a)
X . i j
X X
s.t Xij = G 8i (2213b)
P
X X
Xy = tj 8] (2213C)
o
X X
Xjj =1 8 (2213d)
i
P Poo (Cj  Cigoxy ML xy) 8501 5% (2.2.1.3f)
xj 210,19 8;i;j (2.2.1.39)

Since the objective function is quadratic (product of decision variables) and the constraints

are linear, the formulation is a mixed-integer quadratic programming problem.

2.2.2 MIQP linearization

To proceed with the formulation, we can linearize the quadratic problem by employ-
ing a common technique known as variable substitution. In this approach, we introduce
additional variableg; to replace the quadratic terpj x; . Therefore, we have the fol-

lowing formulation:

min ya (2.2.2.1a)



s.t (2:2.1:3b  (2:2:1:3h)

zyy  Mxy 8% (2.2.2.1b)
Zj P 8] (2.2.2.1¢c)
ziy P M@ xy) 830 (2.2.2.1d)
ziy; 0 8%ij (2.2.2.1e)

The last four constraints enforce the relationship between the original vargbéesix

and the substitution variables; , ensuring thaky; = p; X . This substitution works in

this case because it is the product of a binary variable and a continuous variable. The valid-
ity of this substitution can be justi ed by separating the case into two scenasipss 0

andxy; = 1. As aresult, (2.2.1.3a) and (2.2.2.1a) are equivalent. Due to the maturity of
linear programming methods compared to quadratic programming methods, the linearized
formulation (2.2.2.1a) is considered more favorable than the original formulation (2.2.1.3a)
in terms of computational ef ciency, despite the increased number of variables and con-

straints.

2.2.3 MILP reformulation

The MIQP (2.2.1.3a) represents a natural formulation of the model and incorporates
two key aspects: how rebalancers make job choices individually and how the platform
globally sets prices on the map. However, when considering the perspective of rebalancers,
their compensation can be divided into two components: the cost incurred and the surplus

(pro t) earned. From this, we can derive an alternative formulation.
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If we de ne g as the surplus obtained by rebalancapon completing their task, we

can express this relationship as follows:

G =p; Cj; whenxy =1

= POy  Gioie)

=(Poiey  CiOIEXioi0) (2.2.3.1)
X
=Py CioOieXioio + (P G )X
(i )6(1% ()
X
= (P Ci )X

i

where(i();j (7)) is selected such that; ;) = 1. The fourth line is a consequence of our
model assumption, where only one route, speci céily);j (*)), is chosen by rebalancer

*, and all other route§; j ) invalidate their corresponding assignment variable, resulting in
Xy =0.

It is worth noting that if no rebalancer chooses rofit¢ ), then all the constraining
conditions in (2.2.1.3a) fqy; simplifytop; 0. Consequently, the minimization process
leads to the conclusion thpj = 0. Based on this observation, we can deduce that every
pair (i;j ) wherep; > 0 is associated with at least one rebalancer, and speci qallyr

cij + ¢ if rebalancer is one of those associated.

15



X X X X X X
= Cij X+ + G Xj
i i |
X X X X X X '
= Cij X+ + Xi
i i
X X X X
= Cij Xvjj + )

The rst equation prompts us to consider the perspective of rebalanedro always se-

lects a task from the system, while the last equation directly follows from the original

formulation.

Now let us re-evaluate constraints (2.2.1.2) as an equivalence to (2.2.1.30)% For

that is not chosen by any rebalancer, the condiign = O impliesp; ¢  Cjgo, for
" such that; =1, which is automatically true given the other constrgint ¢ when
x+j = 1. For(i%]9 chosen by rebalancé?, we have
Pij Cijj Pigo  Cigo whenx\ij =1 8 i;j;i 0;] 0
0 (ci +a) cj (Cago+ Go) Cigo whenxy =1; 8% %ij;i %j°
0 4 Qo Cago Cigo whenxy =1;xaq0=1 8 %i;j;i%j°
0 G Qo Cogo Cigo WhenXwogo=1 8;°%i%0
O (0} Go (C\oioj-o C\ino)X‘oioJ-o WhenX‘oioJ-o: 1 8‘;\0;i0;j0
X
0 G go (Cago  Cigo)xago 87 °
i%j0

Constraints orfi; j ) in the third equivalence are removed as the variable has already been

eliminated in the previous deduction. The last equivalence is derived similarly to (2.2.3.1).
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With these preparations, we can substitute the price varigplesth the new surplus
variablesg in (2.2.1.3a) and reformulate the problem into the following mixed-integer

linear program (MILP):

X X X X
minimize Cij X + o} (2.2.3.2a)
q:X . . . .
i
X X
s.t Xy = 0 8i (2232b)
P
X X
Xi =1t 8 (2.2.3.2¢)
i
X X
X5 =1 8 (2.2.3.2d)
i
xi 210,19 8;i;j (2.2.3.2¢e)
X ~
0 G Xsi (Gsj  Cij) 8s (2.2.3.2f)
i5j
g 0 8 (2.2.3.29)

where the last constraint is justi ed by a straightforward reformulation of (2.2.1.1) which
is equivalent to (2.2.1.3e). We observe that this MILP formulation not only simpli es the
complexity of (2.2.1.3a) by converting it into a linear form, but also reduces the number of
both variables and constraints involved. And the optimal prices can be recovered from the
optimal surplus values using = g + ¢y , whenxy; = 1:

In the given formulation, let us consider the case where we have a parameter

resulting in an optimal solutior.; , g, and an objective value. Now, if we modify the

ij
parametecy to c -, where is a constant multiplier, we observe that the new optimal

solution becomesx ; and g -, with the corresponding objective value beizg. This
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indicates that both the parametgr and the objective value exhibit the same scaling factor

. Therefore the scale of the parametgr does not alter the fundamental aspects of
the problem. If required, we can adjust the scale of the parameter during computation as
needed.

The formulation is referred to as the Decentralized Route Assignment Problem (DRAP).

The termdecentralizedemphasizes the autonomous decision-making of rebalancers in se-
lecting routes, whilaoute assignmenhighlights the task of assigning speci c routes to
individual rebalancers. The DRAP provides a comprehensive framework for addressing
this problem and will be used throughout this dissertation to discuss the proposed method-

ologies and ndings.

2.2.4 Minimal agent cost model

Another model is the minimal agent cost problem (MACP), which does not consider
the decentralized pricing structure. The solution of this model will be used to construct
a feasible solution to DRAP for computational purposes. In this model, we assume that
the platform has control over the assignments, and all contractors will follow the assigned
tasks. Prices are not generated from the optimization problem; instead, we only produce
an assignment. Therefore the program is formulated with a single set of decision variables
X, and the objective is to minimize the overall cost of rebalancers, referred to as the agent

cost:
X
minimize Cij Xjj
X
i (2.2.4.1)

s.t. (2:2221:3p)  (2:2:1:3d):

18



where only constraints on assignments in (2.2.3.2) are kept. We notice that the problem is
a three-index transportation problem.

In later sections of the dissertation, we establish that the solution to MACP can be
used to construct a feasible solution for DRAP. This conclusion implies that the solution
obtained from MACP can serve as an initial point for the proposed algorithms in Chapter

3, enhancing their ef ciency and effectiveness.

2.3 Theoretical results

We observe that, in some cases, the assignment varialesatisfying constraints
(2.2.3.2b)-(2.2.3.2e) may not be able to induce a set of surplus varcalihed make DRAP
feasible. In this section, our focus is on investigating the pattern. In Section 2.2.1, we will
demonstrate the conditions under which the assignment variahlesllow the existence
of a feasible set of surplug. Section 2.2.2 presents an algorithm designed to determine
the surplusy when the aforementioned conditions fof in the previous subsection are

satis ed.

2.3.1 Existence of decentralized pricing

From the assignment variable = (xy; ), we introduce a new variablg, y; =

- X . We interprety; as the number of bikes to be moved from regiada regionj and
refer to it as theow variable. It is worth noting that, as the bike routes are determined by

Xing y; , we are now assigniny bikes toL rebalancers. Therefore, for a xed ow,

there ard_! feasible assignmenis by bipartite matching. The variableis subject to the
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following constraints:

X
Vi = Oi;

j

X

i
Yii 27,

In this section, we show that the ow uniquely determines the decentralized assignment,
which allows us to focus on a lower dimensional problem in further computational ap-

proaches.

Theorem 2.3.1.There exists a set of decentralized pricmghenceq) for the assignment
x of given owy if and only if the assignment achieves the minimal agent cost among all

feasible assignments for the ow.

The aforementioned nding establishes a connection between the existence of decen-
tralized pricing and the assignment of rebalancers. The implication is that, when aiming
to facilitate a decentralized pricing structure, there is no requirement to impose additional
constraints on the ow of vehicles, as long as the ow remains valid by satisfying the de-
mand and supply requirements. In simpler terms, as long as the ow of vehicles ful lls
the necessary demand and supply conditions, the platform can promptly determine the ap-
propriate assignment and prioritize the establishment of a decentralized pricing mechanism
without necessitating further constraints on the ow itself. As a result, any ow con gura-
tion can generate a feasible assignment that corresponds to the minimum agent cost. This

observation supports the following argument:

Corollary 2.3.1. For any given owy, there exists an assignmextproducing a decen-
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tralized pricingp. Since (2.3.1.1) is always feasible, so is DRAP.

The corollary provides additional con rmation of DRAP's feasibility by demonstrat-
ing a feasible ow with valid parameters. Moreover, as implied by Theorem 2.3.1, it is
indeed possible to obtain the feasible assignment that corresponds to the lowest agent cost
for a given ow y. Therefore, when the owy is held constant, the computation of the

assignment feasible for decentralized pricing can be achieved by solving the following

problem:
X
minimize Cij X
§ |
X
S.t. Xii = Yi (2.3.1.2)
X X

X‘ij =1
i

Note that this problem can be formulated as a classical assignment problem, which can be
ef ciently solved using the Hungarian algorithm [25]. The Hungarian algorithm is widely
available in modern programming language packages such as Scipy for Python.

It is worth noting that there might be more than one solution to (2.3.1.2). In order to
guarantee the consistency of the problem, we need a result showing that all of them lead to
the same objective value to DRAP:

Proposition 2.3.1. If two assignmentz andx°can both induce decentralized pricing and

P P P
correspond to the same ow, i.e., Cj Xy = Cij x% and Xy = \xpij for all

%
i;] , then they will also yield the same total surplus. As a result, the objective value for

DRAP will be the same for both assignments as well.

The proposition implies that the corresponding optimal assignment, in terms of cost,
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will also yield the optimal objective value for DRAP, regardless of the speci ¢ assignment
chosen within the set of minimal-agent-cost assignments. In other words, the solution to
DRAP, given a speci ¢ ow, is unigue in the sense that it yields the same objective value.
Furthermore, we observe that the assignment that minimizes the total cost of global
rebalancers is automatically minimal for its corresponding ow. This implies that the solu-
tion to MACP not only allows for the enforcement of a decentralized pricing structure but

also provides a feasible solution to DRAP.

2.3.1.1 Proofs

In this subsection, our goal is to provide comprehensive proof for Theorem 2.3.1. To
achieve this, we will demonstrate the if direction and the only if direction separately. We
will begin by proving the if direction, followed by the only if direction, within which we
will establish a lemma that enhances the statement and contributes to the overall proof.

From the assignment variabke = (x-; ), we can derive an assignment of routes.
Speci cally, whenx-; =1, itsigni es thatthe rout€i; j ) (denoted ag(") for convenience)
is assigned to rebalancer We de ne apermutationof an assignment as a rearrangement

of the rebalancers while preserving the distribution of routes. For examplg,, lkt=

For convenience, we introduce the notatiog = ci¢y Gsi¢) for any rebalancers

sand’. The quantityms can be interpreted as the switching cost for rebalast¢ertake
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the route assigned to rebalanceAs a direct result, we hava- =0 for all ".

Proposition 2.3.2. If an assignment of routes allows for decentralized pricing, then the
assignment achieves the minimum agent cost among all its permutations. In other words,

it attains the minimum agent cost for the corresponding ow.

Proof. Since the assignment inducing(";i (")) makes a decentralized pricing structure

exist, it implies the existence of a surplus vedor ( ¢) such that:

G G Ciy Gig)= Mg!

Consider a permutation of the assignmentrfaebalancers:

(11(2):C21C3) 5 Cn 1iCn)) CaiiCa));

which is a permutation of

C1iC)):C2:i(2) 5 Cn 151Ch 1)) CasiCn)):

We can observe the following inequalities:

0. G, m--,

0, O, m-,,



G, G, m- -~

Add them all up, and we obtain:

By the de nition of mg:, we can rewrite the inequality as follows:

Clic) T Cuic) T 0T Cicn) T Chichn)

Clico) T Cuice) T 0T C i) T Chicy)

Notice that the left-hand side of the inequality represents the total agent cost of the orig-
inal assignment, while the right-hand side represents the total agent cost of the permuted
assignment. Since the inequality holds for any permutation of the rebalancers, it implies
that the original assignment achieves the minimal agent total cost among all its permuta-
tions. Since all permutations of an assignment give rise to the same ow, it implies that the

assignment also corresponds to the minimal agent cost for the given ow. O

Next, we prove the converse of Proposition 2.3.2:

Proposition 2.3.3.1f an assignment of routes achieves the minimum agent cost among all

its permutations, then it enables a decentralized pricing structure.

Proof. To prove the proposition, it suf ces to show that there ex{sts:::; ¢,) such that
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6 O0,8sand

& G mg 8s;;s6°

Consider the following linear program:

X
maximize Mg Vs
y N
S,
X X
s.t. Vs = ys 8s (2.3.1.3)
Ys 0 8s;°

Let( s), s Obe dual variables associated with the rst set of constraints. The objective

value of the dual problem i8 if mg s+ Ofor all s;, orl otherwise. Itis
important to note that s) satisfyingmg st - Oisexactly a set of surplusg) we
desire.

By the strong duality of linear programs, we can claim that the existenge=dfc)
is equivalent to the primal problem reaching an objective valu@. ofn other words, if
there exists a dual solutigns) that satis esmg: s+ - Oforalls;’, then the primal
problem achieves an optimal objective valuéof

To prove that the objective value of the primal problem (2.3.1.3), ise can in-
troduce an additional lemma that shows under the given constrgplirggg,mstyst can be
expressed as a sum of terms of the fdm, s, + Mg,s, + 1+ Mg, s, )d forsomed Oand
(S1;S2; 5555 Sn)-

Once this lemma is proven, we can utilize the assumption that the assignment achieves

the smallest total agent cost, which implies tfrat,s, + mg,s, + 11+ Mg,s,)  Ofollowing
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the same derivation as in Proposition 2.3.2. Then we can concludénbas + ms,s, +

i+ mg,s,)d 0. Consequently, the objective value of (2.3.1.3) is &lsas desired. [

We will now proceed to prove the lemma indicated in the previous proof, which is

necessary to conclude the overall proof:

P P P
Lemma 2.3.1.Given constraints .ys = .Yys, 8s,andys 0, , MgYs Ccan be

expressed as sum of terms in the fornfrof, s, + Ms,s, + 11+ Mg, s, )d forsomed Oand

Proof. To simplify the analysis, we can represent = (mg) andy = (ys) as anL

L matrix, where each entry corresponds to a switching oostand a ow valueys,
respectively. The rst constraint in (2.3.1.3) can be interpreted as the requirement that
in the matrixy = (ys'), the sum of entries in each row is equal to the sum of entries in each
column.

Now we proceed with the proof of the lemma using induction on the number of non-
zero entries in the matrix = (ys').

The base case yields a zero matrix, which automatically satis es the statement. Now
we consider the case wheyas a non-zero matrix with at least one non-zero entry. We will
updatey to a new matrixy °with fewer non-zero entries while satisfying both constraints in
the (2.3.1.3). We start by de nind > 0 as the minimum value among all non-zero entries
ofy,i.e.,d =ming ys = Ys,s5,. Next, we construct the matrix® by settingygls2 =0,
effectively removing the non-zero entry with the minimum value. Then we examine the
entries ofy row by row. For each rowg (starting froms;,), we look for a non-zero entry
Yscsco O If such an entry exists, we subtratfrom it and setyg g.1 = Yss.. O
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If sx+1 = S1, we stop the process. Otherwise, we continue to the nexsgew During

this process, we have updatgdto y° by subtractingd from certain entries. The rst
constraint, which requires the sum of entries in each row to be equal to the sum of entries
in each column, is still satis ed foy°. Additionally, the entries of ° remain non-negative.

P
Therefore, we can expressg, MgtYst as:

X
- 0.
MsYs = d(m5132 it mSnSl) + ms‘ys‘-

Sinceyg’l\1 =0 <d = ys,,, there is less number of non-zero entriey frthan iny .

Then the principle of induction validates the lemma. O

Theorem 2.3.1 then follows as a direct consequence of Proposition 2.3.2 and Propo-

sition 2.3.3.

2.3.2 An iterative algorithm for pricing

Once we have obtained a feasible assignment for DRAP that enables decentralized
pricing, the next step is to determine the pricing structure and compute the exact prices for
the corresponding ow and assignment. We will focus on the linear part of DRAP with the
assignment variable xed, which corresponds to enforcing the decentralized pricing on

the assignment determined ky

X
minimize (o}
! ‘ (2.3.2.1)

s.t. (2:2:3:2f)  (2:2:3:29):
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The following theorem highlights the key property of the optimal solution to the

problem:

Theorem 2.3.2.1f g = (g ) is optimal to (2.3.2.1), then we hage = maxsfms + q.g

forall ~.

The property states thgt = maxs m + ¢ = M, + g, for somes,. This property
implies the existence ompactchains between the rebalancers. Each rebalancer surplus is
either directly in uenced by itself (surplus @) or impacted by another rebalancer. The
concept ofimpactcan be seen as a one-to-one mapping from the set of rebaldnt¢ers
itself, indicating the in uence between rebalancers. It is worth noticing that there may
exist multiple possible one-to-one mappings for a solution, each yielding the same total
surplus. In other words, different rebalancers may impact each other in different ways, but
the overall surplus remains unchanged.

Building upon the theorem, we present an alternative approach to solve the optimiza-
tion problem (2.3.2.1) without the need for an LP solver. This approach is advantageous
due to the potentially high computational cost of LP solvers, particularly for large-scale
problems where traditional techniques like simplex methods can have exponential worst-
case time complexity. Meanwhile, our algorithms offer increased interpretability, allowing
for better insights into the problem, and can be a cost-effective solution for companies
seeking alternatives to LP solvers.

By consideringm-s as a matrix, we observe that the algorithm employs matrix ad-
dition during each iteration until it converges to the desired equation outlined in Theorem

2.3.2. Each iteration can be viewed as a step towards achieving a balance between rebal-
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Algorithm 1 Iterative Algorithm For Pricing

Initialization: setk =1 andg‘ =0, =1;2;::

while Truedo
gt =maxsfms+ g, =1;2:L
if 1 = ¢ then
break
end if
k k+1
end rgyhile
d= I":l qk

'L

ancers, and the iteration process terminates when a favorable trade-off is achieved. This

iterative approach not only demonstrates good interpretability but also allows for a clear

understanding of how the algorithm progressively solves the problem by iteratively re n-

ing the solution until reaching a desired equilibrium.

We now provide a result regarding the computational complexity of the algorithm.

Theorem 2.3.3.For an assignment that is feasible for decentralized pricing, Algorithm

1 requires at most. 1 iterations. Consequently, the algorithm has the computational

complexity ofO(L3).

Based on the previous analysis, we can develop a subroutine to nd a unique solution

to DRAP up to the same objective value, given a ow variaplelhe proposed outline for

the subroutine is given as follows:

Algorithm 2 Subroutine

Initialization: ow variabley;

Step lapply Hungarian algorithm to nd a feasible assignment variaile
Step 2apply Iterative algorithm to nd the corresponding surplus variahle
Step 3calculate objective value of DRAP with andg.

Now we claim that we can greatly reduce the complexity of the problem by trans-

forming it from searching for feasible assignmentand surplusy to searching for an
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optimal ow y. This reduction in complexity is attributed to the fact that every feasible
ow Yy satis es the market-clearing condition and that the dimension of the ow variable

is much smaller compared to the combined dimensionsafdq.

2.3.2.1 Proofs

In this section, we proceed to prove Theorem 2.3.2 and Theorem 2.3.3. Throughout
the proofs, we will maintain the notation introduced in Algorithm 1. Additionally, we will

provide proof for Proposition 2.3.1 using the results obtained from the previous theorems.

Lemma 2.3.2. After every iteratiork, the rebalancer surplug can be expressed as a sum

of termsm-o. More preciselygt = m~, + m--, + ::+ m-_ - forsome'y; 5; ;).

Proof. We prove the lemma by induction. The base case wheril holds automatically
sinceqt = 0 = m-. Asfork 2, by the construction off in the algorithm,g¢ =
m-, + q"l ! for some’ ;. By assumption of the inductioq',‘l l=m,+:+m o for
some'; :::; . Therefore we obtaigt = m- + m--, + i+ m-. - forsome's; 5,

as desired and complete the proof. O
Later in the section, fok 1, we refer togf as arupdateif of > ¥ *.

Lemma 2.3.3.1f ¢ updates in the-th iteration, theng® can be expressed as the sum of

exactlyk terms from the sen-.-o.

Proof. Again we prove it by induction. L€eT (¢f) be the number of terms ¢im-og in ¢f
written as sum. Fok = 1, if ¢¢ updates, then for somg 6 °, we haveq' = m-, =

maxog -f m-og, which indicatesT (¢*) = 1.
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For case whek 2, ¢¢ updates, there exists 6 * such thagf = m-, + ofk1 >
¢ *. Therefore we hav& (¢f) = 1+ T(d 1).

Now we claim thatof, * must have updated in iteratidn 1. If not, thengf * =

k 2

p1¢ < and

k 1

G

k 2 _ k 1 k 1
me, + g “=m +g >0

which is a contradiction. Thus we conclude tigtf, ') = k landT(cf)=(k 1)+1

k, i.e. ¢ has exactlk terms off m--og in the sum. [
With the lemmas stated above, we are now ready to prove Theorem 2.3.3.

Proof. We will prove the claim by contradiction.
Suppose the number of iterations reachethen at thd_-th iteration, there exists

such thagt updates, meaning- > g- *. We will have

G =My tmMy ot My
where’| = *. Among the values,; | 1;:::; o, Where each element takes a value in
the setl; 2;:::;L, there must exist indicasandj such that >j and’; = *;. From the

construction oy, we conclude thag, updates at iterationand that:

i — .
G =My FF My, My 10"
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Sincem:+, , + i+ m =m,, ,ti+m 0, we have

\j+1\i
) 1 - )
qli mp o, + dj LU + q!j 1 q!i

which meangt, doesn't update during iteratign+ 1;:::;i, leading to a contradiction.
Since each iteration of the algorithm involves a matrix addition that reqLitesi-

culations, the overall complexity of the algorithm is at mogt.3). O

Now we have established the proof for the computational complexity of Algorithm
1. To prove Theorem 2.3.2, our objective is to show that the nal solution produced by the
algorithm is optimal for the problem (2.3.2.1), as indicated by the termination condition of

the algorithm.

P
Theorem 2.3.4.Letd = le g be the total surplus computed in the algorithm, andzlet

be the objective value of problem (2.3.2.1), tiden z.

Proof. On the one hand, when the algorithm terminates, the following property holds:

g = maoxfm“o+ Gog M+ ¢; 8s

=) ¢ &6 mg; 8s

And since we havg® m- + ¢ 1= ¢ 1, we can con rm thatf is non-decreasing with
each iteration and that 0. Thereforeg is a feasible solution of problem (2.3.2.1). As

aresult, we havd z.
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To prove the other side of the equation, we consider the dual problem of (2.3.2.1):

X
maximize s Mg
q s
X X
s.t. o s 1 (2.3.2.2)
S S
s 0 8:s

Let .

=# fm;8sappeared inlg # fms;8sappeared img

X

= #fm-; 8s appeared imog # fmg;8s appeared imog
X

= #fm;8sappeared imog # fmg;8s appeared imog
08~

+ #fmy;8sappearedimg #fmg;8sappearedimg

Note that for°6 °, everym- appeared irjo as the sum of terms followsm@ge, which
means

#fm-;8sappeared imog #fmg;8sappearedimog O:

While inq,
#fmy;8sappearedimg #fmg;8sappearedimg=1 0=1:

P
Therefore, we obtain that 1,8 . Together with the fact that,  Ofor

's s s
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all * ands, we can conclude that, is a feasible solution to the dual problem of (2.3.2.1).

By weak duality, we have

Now we can conclude that= z. O

We will then prove Proposition 2.3.1 and begin by stating a lemma that is needed for

the proof.

Lemma 2.3.4.For a given ow, ifx andx°both minimize the total agent cost and induce
the switching costém-s) and(m%) respectively, then there exists a permutation of assign-
ments from(i1;i(i1)); (i2;1(i2)); =5 (i (k) to (ia;i(i2)); 25 (i 1 1(ik)); (ks i(ia))) . We

claim that the following equations hold:

= my,, m ] =1;:5k

ij+1l

=mys; S6 iq;:50k

Proof. We recall that for a xed ow, different assignments are permutations of each other,

which justi es the rst part of the lemma. From the constructiomot,, we obtain that

My, = GjiGijaa)  Cidija)

CiaiGijsr) 7 GijiGja) T GiuaiGjer)  CiGijar)
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=My, M, j =15k

and that whers 6 iq;::5; ik, m% = Gsicsy Ci(s) = Ms.
Since(m%) andm- are both induced by feasible assignment, the last equality can

be justi ed by the following:

where we used the fact that for any feasible= (m+), m- =0 8 andm-, + i +

m- +my, 085 . O

n 1\n
Now we prove the proposition.

Proof. We keep the notation in the proof of the lemma above. Suppose the algorithm
outputsef for x° As discussed previouslg® can be written as a sum of termsnm® =
(m%). Now we construct; as follows:

Consider®= m® + ::+ m® . forsome’y;::; . If thereis armF’tij term in the

sum, we substitute via the equation:

O.
%,

m =-m- mijijﬂ

tij+1

=My Mij i,y +(mi1i2 RERITILN LU PRI Pl mikil)

:m\tii“fl + mim i 2 + it mi, i, + :::mij i
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and for other terms, we can immediately substitute with its counterpart in tfensgy .
The new sum is denoted gsand we have that = of.
By following the same process as in the proof of Theorem 2.3.4, we can show that
g = (g) generates a set of dual variab{es,) that is feasible for the dual problem (2.3.2.2)
. P P
with (m-s). Therefore, we havd ¢ = = d° where we denotd andd®as the
total surplus corresponding foandx® respectively.

Finally, since the two assignments are symmetric in the problem, we can claim the

other directiord® d. Therefore, we conclude thd?= d. ]

2.4 Model extension

In this section, we will explore three distinct models. In Subsection 2.3.1, we will
extend DRAP by relaxing the constraint that governs the number of rebalancers, and present
associated results. Subsequently, in Subsection 2.3.2 and Subsection 2.3.3, we will provide
a brief overview of alternative pricing structures as substitutes for the prices determined by

the origin-destination pair.

2.4.1 Model with extra agents

We consider an extended model of DRAP where the number of rebalancers exceeds
the number of bikes in the system. In this scenario, instead of assuming that every rebal-
ancer moves exactly one bike, we allow rebalancers to move at most one bike while still sat-
isfying the bike supply and demand constraints. To preserve the decentralized nature of the

problem, rebalancers who are not assigned a task are unable to generate any pro t and have
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amaximum pro t of zero for all routes. This can be expresseshag;;,p; ¢Cj =0, 0r
equivalentlyp; ¢  Oforall (i;]).
. . : _ P P
In the corresponding MIQP formulation, constraint (2.2.1.3d) is relaxed;to | X
1, allowing for rebalancers to have at most one assignment. However, constraints (2.2.1.3e)
and (2.2.1.3f) still remain intact as they apply only whep = 1. Therefore, the extended

formulation can be expressed as follows:

X X X
m_|n pij X‘ij
piX N i i

X X
s.t X 1 8

o (2.4.1.1)

Bij Cij when Xjj =0
i5j

(2:2.1:3D) (2:21:30); (2:2:.1:3¢)  (2:2:1:3n)

To gain further insights, we introduce a notation called ttigious route, denoted
asf = (i¢;j¢). This notation represents a route that does not actually exist. Instead of
considering the scenario where extra rebalancers are not assigned any task, we assume that
they have chosen the ctitious route. Additionally, we make the assumption that on this

ctitious route, all rebalancers have a zero cost, denoteciigs = 0. Then we have the
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following MIQP formulation:

X X X X
rp;lxn - Pj X+ + \ Bigj Xt j
I J
X X
s.t Xii + X, =1 8
i

Pi i Cijr Xoigj 8\;i;j
L (2412
Piir  Pigo  (Cigjy  Cigo)Xig, M1 Xi.5,) 875i7]
P Pijr (G Cig )X M@ xy) 8]
Pis 0

(2:21:3p)  (2:2:1:3c);(2:21:3e)  (2:2:1:3h)

Following the same process as in Section 2.2, we can demonstrate that (2.4.1.2) is

equivalent to the following MILP:

X X X X X
minimize Cij Xy + Cije Xigjy + a
q;X N . . N .
[ J
X X
s.t Xy + Xi5, =1 8
P (2.4.1.3)
X .
G G Xsij (Csij Cij )+ Xsi ¢ (CSifjf) C\ifjf) 8;s

(2:223:2h)  (2:2:3:2€);(2:2:3:20)

Sinceci,;, = 0 for all °, the rst constraint reduces to (2.2.3.2f), and the MILP can be
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simpli ed as follows:

minimize Cij X+ + o}
q:x . . .

s.t X5 1 8 (2414)
(2:23:2h) (2:2:3:2d); (2:23:2f )  (2:2:3:29)
We will prove the ctitious route version (2.4.1.2) and (2.4.1.3) formulation is equiv-
alentto (2.4.1.1).

Lemma 2.4.1.In the optimal solution of (2.4.1.3), rebalancers who are assigned to the

ctitious route gain zero surpluses.

Proof. Assume that rebalancey taking the ctitious route with surplug, = . Then for

any rebalancer, we have

G 0o Coir jis Coitjr =0 :) 0) G, = Po:

Then similarly, for' ; who assigned to a ctitious route as well, we have

qo ql 0 :) ql qo = pO

Thus, we conclude that, = g, = po g for all °, indicating that all rebalancers
taking the ctitious route have the same surplus, which is the minimum among all existing

surpluses. Since the minimization process ensuresitimatg = 0, we obtainpy = 0. [

As a consequence of the lemma, we can deduce the existence of an optimal solution
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suchthap;,j, = C,j, + &, = 0. Based on this observation, we can re-evaluate (2.4.1.2).
The rst constraint implies the rst constraintin (2.4.1.1). The second and fth constraints
become redundant. The third constraint reducggde Cigo for xy,;, = 1, which is
equivalent to the second constraint in (2.4.1.1). The fourth constraint remains unchanged
and corresponds to (2.2.1.3e). Therefore, we can conclude that (2.4.1.2) is equivalent to
(2.4.1.1). We refer to (2.4.1.4) (or equivalently, (2.4.1.3)) as the Decentralized Route As-
signment Problem with Extra Agents (DRAP-EA).

Notice that the lemma states that the platform does not need to pay the rebalancers
if they are not assigned any task. As a direct consequence, if we increase the number of
rebalancers in the system while keeping the other factors constant, the total platform cost
will decrease. This is because the increase in the number of rebalancers provides more
combinations and options for the platform to choose from, potentially leading to lower
costs.

We observe that the corresponding MACP-EA is obtained by replacing the last con-
straint with a -inequality. If we determine the cost of rebalancers by distances between
locations, i.e.cyj = dj + (dy + dy), and consider a scenario where there is a substan-
tial number of rebalancers densely distributed across the region, we can reasonably infer
that there are an ample number of individuals positioned at the most cost-effective loca-
tions along all potential routes. As a result, their cost only relies on the distances between
the stations, leading to a total surplus®fn the optimal solution. Hence, the optimal
assignment to DRAP-EA for this scenario coincides with that of MACP-EA.

The concept of ctitious routes allows us to view DRAP-EA as an extension of the

standard DRAP by expanding the cost parameter (cj ;Ct), without making any
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changes to the objective functions and constraints. This extension enables us to gener-
alize the theoretical results in previous sections without requiring signi cant modi cations
to the existing framework.

Lastly, we observe that this idea can be further extended by relaxing the capacity

assumption ( ; X =1)to Xsij u-. This relaxation is equivalent to introducing

]

u-  ladditional agents with the same personalized cost to the system.

2.4.2 Pricing over stations

In order to demonstrate the advantages of pricing over origin-destination pairs, we
aim to compare the model that prices with other strategies. All the other assumptions of
DRAP are kept.

We rst consider a pricing structure where the platform sets prices separately for

pick-up stationst) and drop-off stationgy). The optimization problem can be formulated
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as follows:

X X
min p + t
i apr g
X X
s.t Xy = 0 8i
j .
X X
X i = tj 8]
i .
X X (2.4.2.1)
X‘ij =1 8

P+ q Gy Xy 8]
p+q (Po+go (Cj Cigxy M@ xy) 8500 &j°
xiy 2f01g; p 0, g O 8%
It is evident that the solution to the problem is feasible for (2.2.1.3a) by de pjng-

pi + g and but the opposite is not always true, thus resulting in the same or a higher

objective value than DRAP.
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2.4.3 Pricing over pick-up station

Next we consider the case where the company price the bike by pick-up logadion (

If we maintain the decentralized pricing element, we can formulate the following program:

X
min op
pP:q i
X X
s.t X =0 8i
j
X X .
X‘ij = tj 8]
i
X X
X =1 8
i
b Ci Xii 870

B po (Cj  Cigoxy  M(1

xij 2f0;1g; p 0 8%i;])

X)) 850

(2.4.3.1)

Unfortunately, unlike DRAP, there is no guarantee that this optimization problem will be

feasible. A counter-example can be created from a star network where there is only one

pick-up station but multiple drop-off stations.
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Chapter 3: Computational methods

3.1 Overview

DRAP is a mixed-integer linear program (MILP), which is NP-hard in general [26].
To solve MIPs, branch-and-cut is a widely used approach that combines the branch-and-
bound algorithm with the cutting plane method. In addition to these methods, this section
also explores several search techniques that can be used to solve DRAP: hill-climbing as a
local search method and simulated annealing as a global search method. We aim to evaluate
these algorithms on DRAP and hopefully draw possible insights.

In the context of DRAP, a ow variablg de ned by (2.3.1.1) determines a feasible
solution and hence an objective value, as shown in the previous section. As a result, one
possible approach to nding a solution to DRAP is to search through ows in the feasible

set. This is indicated by solving the following optimization problem:

minimize f (y)
(3.1.0.1)

subjectto (2:3:1:1)

where the realization df(y) is de ned by the subroutine we de ned earlier in Algorithm

2. We observe thdt(y) is not expressible in closed form and therefore not differentiable.
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3.2 Branch-and-cut

The branch-and-cut (B&C) method [27] is widely used to solve mixed-integer linear
programming (MILP) problems by combining branch-and-bound and cutting plane tech-
niques.

In the branch-and-bound framework, the problem is solved iteratively by traversing
a tree-like structure. At each node, the linear programming (LP) relaxation of the MILP is
solved. If the LP relaxation yields integer solutions, an upper bound is updated. Otherwise,
the node is branched into two child nodes, creating subproblems. This branching process
continues until infeasibility is detected or the optimal value of a subproblem exceeds the
current upper bound. The algorithm terminates once all nodes have been explored.

The cutting plane method is employed to improve the lower bound and tighten the
formulation of the MILP. Undesirable fractional solutions are removed by introducing cut-
ting planes, namely valid inequalities. This method plays a crucial role in the branch-and-
cut approach, reducing the search space and enhancing the ef ciency of the branch-and-
bound algorithm.

Branch-and-cut is a commonly employed technique in modern optimization solvers.
For our research on DRAP, we will utilize Gurobi, a state-of-the-art MIP solver, to obtain

computational results, which can serve as a benchmark for other proposed methods.
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Algorithm 3 Branch-and-cut Framework

Initialize the treeT = f og whereo has no branching constrainig; .=+ 1 .
while T is nonemptydo
Selectanode’2 T,
Initializez, ;= 1
if o%is feasiblethen
Let z be the value by LP relaxation and update maxfz; zg,
Apply cutting planes and updatgaccordingly,

else
T:= Tnfoy.
end if
if z>z,then
T := T nfodb.
else ifr is integerthen
T := TnfoYy,
Updatez, by plugging solutiorr, q into DRAP.
else
Branch, resulting in nodes ando , T :=T[f 0;0 g
end if
end while

3.3 Hill-Climbing algorithm

Hill-climbing, as a heuristic approach, is a classical local search algorithm for nding

the optimal solution to a complex optimization problem. The algorithm works by starting

with an initial solution and repeatedly searching for the direction of improvement in the

search space. At each step, the algorithm adopts one of two main strategies: complete

search where it selects the neighbor with the best objective function value and rst-accept

where it accepts the rst move with an improvement. The algorithm terminates when alocal

optimum is reached. Although hill-climbing can be ef cient for large-scale problems [28],

it is easily stuck at a local optimum. A common way to tackle this is to randomly restart

the program with different initial points multiple times [29].

In order to apply searching methods, we need to generate neighboring solutions for
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a given ow variable. We can achieve this by considering the swapping of destinations
between two bikes. For instance, if we have a gwherey;,;, > 0andy;,;, > 0, with

i, 6 i, andj; 6 j,, it implies that there is a bike moving from to j; and another bike
moving fromi, to j,. By swapping the destinations of these two bikes, we create a new
solution where the rst bike travels from to j, and the second bike travels framtoj ;.

As a resulty;,;, andy;,;, decrease by, whiley;,;, andy;,;, increase byl. Importantly,

this maintains the constraints (2.3.1.1). The algorithm to realize this process is outlined

below:

Algorithm 4 Generate Neighbor
Initializey, y"™“ =y
while True do
random generatq;i,, i; 6 i, from pick-up stations
random generatg;j ., j1 6 j» from drop-off stations
if yi,j, > Oandyi,;, > Othen
Yigs = Yiu: LY, = Vi, 1
yinl?gl = VYiijo +1, y|nzejv1v = VYiss +1
end if
end while
Returny"%

3.3.1 Hierarchical hill-climbing

We propose a new strategy to the classical hill-climbing method, which combines the
complete search and rst-accept strategies in hill-climbing algorithms. The search space is
divided into ordered groupS,;:::; G, with probabilityp,;:::;p, wherep, > > pn
andP pi = 1. The algorithm samples groups based on their probability, and evaluates all
possible solutions within each group to select the one with the best objective value. This

process is repeated for subsequent groups until the best solution within the group improves
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the current solution. The strategy aims to enhance the ef ciency of hill-climbing algorithms
by narrowing down the search space while still obtaining high-quality solutions. However,
it should be noted that this algorithm relies on having a prede ned preference for neighbors,
which may not be readily available in many problem scenarios. Additionally, we can see
that the algorithm terminates at local optimum.

We provide a detailed description of the algorithm below where the solution to MACP

is chosen to construct the initial point.

Algorithm 5 Hierarchical Hill-climbing

Initialize an ordered groupsGy;:::; G, with probability p1;:::;pn, initial solutiony
obtained from MACPK = 0.
while Truedo

Initializefk =0

for y°2 G, do
if f (y9 <f Xthen

Update:f & f(y9,yk y°

end if

end for

if fk<f (y)then
Break

end if

k k+1

y ¥

end while

To introduce preference in our problem (3.1.0.1), we assume that the rebalancer cost
parametecy; is positively correlated with the distandg between stationsandj. This
allows us to deduce that rebalancers generally prefer pick-up and drop-off locations that
are close to each other. When generating neighbors for a given ow, we consider swapping
two origin-destination pairs, such &s;j1) and(i,;j2), to(i1;j2) and(iz;j1). To judge

the preference of a neighbor, we compare the ratio betaegr+ d;,;, andd;,j, + d,j,. A
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larger ratio indicates a preferable swap. Notice that this preference is independent of ows
and hence can be prede ned.

Then we can group the neighbors in order from the most preferred to the least pre-
ferred. This creates a sorted list of groups for the algorithm, with each group contain-
ing similarly preferred neighbors. The probability of selecting the group can be adjusted

through experimentation by algorithm tuning.

3.3.2 Extended local search

We propose an extended local search method, a modi ed version of the complete-
search hill-climbing algorithm by combining tabu search [30] which uses a memory-based
mechanism to guide the search process and escape local optima. In this approach, we
maintain a tabu list that keeps track of all local optima reached by the algorithm, and
we exclude these optima from the neighbor search process. This modi cation allows the
algorithm to continue exploring and avoid getting trapped in local optima. The algorithm
is designed to run inde nitely, adapting to any runtime duration. The steps of the algorithm

are outlined below:

Algorithm 6 Extended Local Search

Initialize y = yo, tabu listS.
for k=1,2,...do

Search thoroughly excludirg and nd the neighbo®of y with minimal objective
value

if f(y9) f(y)then

addy to theS

end if

y ¥
end for
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3.4 Simulated annealing

Simulated annealing (SA) is an enhancement to the hill-climbing algorithm that in-
troduces stochasticity. It draws inspiration from the annealing process in metallurgy, which
involves heating and slowly cooling metal to enhance its properties by removing defects.
The idea of simulated annealing was rst introduced by Metropolis et al. [31], who devel-
oped a Monte Carlo simulation method at a xed temperature level. Kirkpatrick et al. [32]
later extended the Metropolis algorithm to incorporate varying temperatures, giving rise to
the concept of simulated annealing.

In simulated annealing algorithm, an initial solution is iteratively modi ed, and these
modi cations are accepted or rejected based on a probabilistic criterion determined by the
current temperature of the system. As the optimization process progresses, the temperature
gradually decreases, enabling the algorithm to explore the solution space more effectively.
This temperature annealing allows simulated annealing to escape local optima and poten-
tially converge towards a global optimum, given certain conditions [33].

The initial temperature in simulated annealing is a critical parameter that in uences
the trade-off between exploration and exploitation in the search process. By controlling the
likelihood of accepting worse solutions, the initial temperature guides the algorithm's be-
havior in the early stages. With a higher initial temperature, the algorithm is able to perform
arandom walk, allowing it to explore different regions of the search space and escape local
optima. Conversely, a lower initial temperature prioritizes exploitation, causing the algo-
rithm to focus on re ning the current solution and potentially converge faster. The choice of

the initial temperature depends on the speci ¢ problem and is typically determined through
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experiments [34].

Cooling schedules in the simulated annealing algorithm control the temperature re-
duction throughout the search process. They determine the transition from exploration
to exploitation by gradually decreasing the temperature. The convergence of simulated an-
nealing relies on the cooling schedule's ability to escape local optima and converge towards
the global optimum [35]. Popular cooling schedules include linear, logarithmic, exponen-
tial, and adaptive schedules [36]. The choice of a cooling schedule depends on the problem
and desired search behavior, often requiring experimentation to nd the most effective one.

Below is the pseudo-code for the simulated annealing algorithm with a geometric

cooling schedule, wherg.; = Ty and is typically chosen from the rang€:9; 1):

Algorithm 7 Simulated Annealing

Initialize the current solutiowy, the initial temperatur@, and the number of steps at
each temperature
fori=1;2;::: do
fork 1toK do
Generate a new solutiorf by swapping two origin-destination pairs de nedyin
Calculate the difference of objective valué = f (y9) f(y)
if f< Oorrandonf0;1)<e T then
Accept the new solutiory  y°
end if
end for
Cool down the temperaturéd: T
end for

3.4.1 Shaking procedure

In our simulated annealing algorithm, we utilize a shaking procedure to enhance
exploration and avoid local optima. This procedure involves generating new candidate

solutions by introducing random changes to the current solution. By incorporating this
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shaking step, the algorithm gains the ability to explore a larger search space, allowing for
the discovery of alternative solutions.

We propose a novel algorithm that integrates a shaking procedure to generate neigh-
boring solutions. Our algorithm includes a mechanism to monitor the number of rejections,
denoted a&, for a given solution. The shaking procedure is then employed with a proba-
bility that is determined by the inverse of the rejection count, pe:,1=R. This adaptive
shaking approach enhances the algorithm's exploration capability by encouraging it to ex-
plore a broader range of solutions, particularly when it is easier to transition away from
the current solution. By dynamically adjusting the shaking probability based on the ease
of transition, the algorithm increases its chances of nding improved solutions during the
optimization process.

The neighbor generation algorithm and the corresponding modi ed simulated an-

nealing algorithm are presented in Algorithm 8 and Algorithm 9, respectively.

Algorithm 8 Generate Neighbor with Probabilistic Shaking
Initializey, p
Generatg/® by swapping frony
if randong0; 1) < p then
Generatg/®%y swapping frony®°

y yOO
end if
Returny®.
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Algorithm 9 Simulated Annealing with Probabilistic Shaking

Initialize the current solutiol, the initial temperaturé@ , the number of steps at each
temperature, number of rejectior= 0.
fori=1;2;::: do
fork 1toK do
Generate a new solutigrf from y with shaking probabilityp = 1=(R + 1).
Calculate the difference of objective valué = f (y9) f(y)
if f< Oorrandonf0;1)<e T then
Accept the new solutiory  y°
Setr = 0.
else
R R+1
end if
end for
Cool down the temperatur@d: T
end for

3.5 Conclusion

After conducting extensive testing on various instances of the DRAP model, it has
been observed that all the search methods have shown promising performance. In the up-
coming section, we will implement three speci ¢ algorithms, namely simulated annealing
(SA), simulated annealing with probabilistic shaking (SA-PS), and extended local search
(ELS), to obtain numerical results.

To ensure a comprehensive evaluation, we will employ branch-and-cut algorithm
in Gurobi (GRB) as a benchmark. In order to enhance the performance of Gurobi, we
will utilize a warm start solution obtained through hierarchical hill-climbing. This warm
start solution is particularly crucial as it signi cantly increases the likelihood of generating

feasible solutions using Gurobi.

53



Chapter 4: Numerical experiments

4.1 Overview

In this chapter, our objective is to perform a comprehensive numerical study of DRAP
using the algorithms proposed in the previous chapter. To generate instances for our study,
we collect real data from the DC area and present a detailed case study. We carefully
design various scenarios and create 24 instances to analyze. To test the effectiveness of
our approach, we propose four algorithms for experimentation. Subsequently, we analyze
the numerical results obtained from these algorithms and provide visualizations of selected

solutions to gain further insights into the problem.

4.2 Case study

Our research focuses on analyzing the operations of a bike-sharing company lo-
cated in the Washington DC area. This company uses freelancers to help manage the
re-distribution of their bikes, with each freelancer only allowed to move one bike. In our
experiment, the payment for each freelancer is based on the bike's origin and destination,
with each freelancer's cost calculated using their home location.

The company has developed an app for their freelancers to make the bike rebalancing
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process easier. This app enables freelancers to register their availability three hours before
the rebalancing process begins. Every evening at 10 pm, the company activates its app and
presents a comprehensive list of rebalancing tasks, each accompanied by a designated pay-
ment amount. These tasks involve picking up bikes from speci ed locations and delivering
them to assigned drop-off points. Freelancers who have registered with the company can
access the app and review the available jobs, taking into account their own individual costs
and potential pro ts. Once a freelancer selects a job, they are responsible for collecting
the bike from the designated pick-up location and transporting it to the speci ed drop-off
point. Upon successful completion of the task, the freelancer receives payment and returns
where they started.

To simulate the bike distribution, we obtained real-time data from Capital Bikeshare,
a station-based bike-sharing company in Washington DC. The data used for the simula-
tion was collected from November 7th to November 8th, 2020. For the initial distribution,
we utilized the data recorded at 11:00 PM on November 7th, which represents the end
of operations for that day. Conversely, for the target distribution, we utilized the data
recorded at 5:00 AM on the following morning, just prior to the commencement of opera-
tions for that day. This choice was motivated by the understanding that the desired morning
bike distribution re ects the public demand that needs to be met, while the distribution at
night represents the outcome after the system has been operational throughout the day. We
speci cally selected stations within DC for designing our instances, even though Capital
Bikeshare stations extend beyond the city.

In our numerical experiment, we considered instance sizes rangingNrom?20,
30, 40, 50, whereN represents the number of pick-up locations. For each instance size,
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we randomly generated a set of pick-up and drop-off locations by sampling without re-
placement from the set of stations in the data, while ensuring that the total number of bikes
available for pick-up and drop-off remained constant across all instances. The pick-up lo-
cations were determined based on stations with an increase in bike count at night, while the
drop-off locations were chosen from stations with a decrease in bike count. Table 4.1 pro-
vides detailed information on the number of drop-off locations and bikes for each instance
sizeN.

The rebalancers in our dataset were generated randomly from a spatial distribution
proportional to the population density across the city of DC. This density information is
publicly available. Each rebalancer in the dataset is assigned a home location, which signi-
es their starting and ending point for the rebalancing tasks. All locations in our dataset, in-
cluding pick-up stations, drop-off stations, and rebalancer home locations, are represented
by latitude and longitude coordinates.

Figure 4.1 provides a visual representation of the original regional distribution of
stations and residency in Washington DC before being selected for our instances. The
two gures highlight that the stations requiring rebalancing are primarily concentrated in
the central area of the city, while the residents are more evenly distributed throughout the
entire region. Larger circles in Figure 4.1 (a) indicate larger numbers of bikes. Red circles
represent pickup stations, while blue circles represent drop-off stations. Similarly, in Figure
4.1 (b), larger circles indicate larger numbers of rebalancers in a particular area.

In our model, each rebalancer has an individual cost structure. We use a cost cal-
culation based on the total travel distance associated with a particular job. This cost cal-

culation consists of two components: the distance between stations and the distance be-
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(a) Bike distribution (b) Resident distribution

Figure 4.1: Bike and resident distribution from raw data

pick-up locationsi{) | drop-off locations| bikes
20 19 100
30 30 155
40 35 210
50 45 271

Table 4.1: Number of drop-off stations and bikes for each instance size
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tween the rebalancer home and the stations. The formula of the cost is represented as:

Cj = dj + (d{ + djf), whered; denotes the distance between statiand statior) , and

d; represents the distance between statiand the home of rebalancer The parameter
chosen fronf 0:7; 1; 1:5g plays as a tradeoff parameter re ecting the weight assigned to

traveling empty versus moving the bike. In other words, it represents the ratio of the cost

for a rebalancer to move between their home and stations compared to the cost of moving

between stations. For instance, wher 1, the cost is equal. A smaller value of=0:7

implies a higher cost for moving between stations, while a larger value=ot :5 indicates

a relatively higher cost for moving between the rebalancer home and stations. All distances

are calculated from latitudes and longitudes using the Haversine formula. In addition, as

discussed in Chapter 2, the scale of the cost parameter has no impact on the solution, except

for a constant multiple. Therefore, we can use the distance as a reliable proxy for the utility

of rebalancers.

In our experiments, we will compare two models: the original DRAP and its extended
version, DRAP-EA, which were introduced in Chapter 2. In the DRAP model, the number
of rebalancers is the same as the number of bikes. In contrast, the DRAP-EA model in-
cludes approximatel$0%more rebalancers to serve as additional resources in the system.
We introduce the parameteto represent the ratio between the number of rebalancers and
the number of bikes. In our subsequent discussions, we will refer to the DRAP model as the
standard model witlh = 1, and the DRAP-EA model as the EA (Enhanced Availability)
model withr = 1:5.

In summary, our experimental setup focuses on four sets of regional distributions

for bikes and rebalancers. This setup encompasses a total of 24 instances, which explore
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parameter values range
N 20; 30,40, 50

0:7;1,1:5

r 1,15

Table 4.2: Values range for instances

different combinations of instance sizad)( models (), and cost structures J. The

speci ¢ parameter settings for these instances are summarized in Table 4.2.

4.3 Numerical results

The primary objective of this section is to assess and compare the effectiveness of the
proposed approaches, namely simulated annealing (SA), simulated annealing with proba-
bilistic shaking (SA-PS), Gurobi (GRB), and extended local search (ELS). In our experi-
ments with large instance sizds = 40;50), we observed that Gurobi alone might not be
able to nd an incumbent solution, even with the assistance of its built-in heuristic func-
tion, within a reasonable time frame (approximately 3 days). To address this issue and
further improve the performance, we employed the hierarchical hill-climbing algorithm as
a warm-start strategy for Gurobi. All algorithms have been implemented in Python 3.9 and
executed on a system equipped with an Intel Core i7 8700 CPU (3.70 GHz) and 16 GB
RAM. Gurobi 9.5 Solver is employed for the optimization tasks.

Table 4.3 provides the hyperparameters that have been tuned for each instance size.
The second column includes the initial temperafly#or both SA and SA-PS approaches.

The third column shows the number of steps we iterated at each temperature level in SA and

SA-PS. The fourth column indicates the number of groups utilized in the hierarchical hill-
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climbing algorithm to determine Gurobi warm-start solutions. The nal column displays
the time limit extended as the problem instances grow in size. To strike a practical balance,
we imposed a maximum time limit of three hours for all algorithms. During the search for
Gurobi warm-start solutions, we imposed a time limit of 1500 seconds on the hierarchical
hill-climbing algorithm. This restriction applies speci cally to larger instance sizes. Both

simulated annealing methods in this study utilize a geometric cooling schebule:=

0:95Ty.
N To K groups time limit (s)
20 500 100 2 1800
30 1000 100 4 7200
40 1500 100 8 10800
50 2000 100 16 10800

Table 4.3: Algorithmic parameters for each instance size

Due to the inherently stochastic nature of the SA, SA-PS, and hierarchical hill-
climbing algorithm, it is expected that the results obtained from these methods may vary
across different runs. To ensure a robust evaluation, we conducted 10 instances for each of
the three methods: SA, SA-PS, and Gurobi with warm-start. For each of the three meth-
ods, we recorded the average objective value (@vy and standard deviation (std) across
the 10 instances. Additionally, we compared the results of SA, SA-PS, and ELS with the
warm-started Gurobi method by computing a column called gap. The gap is calculated

using the formula:

obj Gurobiobj

0,
Gurobiobj 100%

gap=

with obj being the (average) objective value for the method and Gurojdbeing the aver-
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age objective value for the warm-started Gurobi method. A comprehensive summary of the
numerical results can be found in Table 4.4. For better visualization and comparison of the
four methods, we also present boxplots obtained from all runs for all instances in Figure
4.2 and Figure 4.3.

Based on the results in Table 4.4 and the boxplots shown in Figures 4.2 and 4.3, it
is evident that the two simulated annealing methods consistently outperform the other two
approaches in all tested scenarios. Both SA and SA-PS consistently achieve better solutions
compared to the ELS and GRB methods, resulting in an average decrease in objective
values 0f5:8% from GRB. We also note that the ELS algorithm demonstrates comparable
performance to GRB across all cases, with no signi cant superiority or inferiority observed.
This is indicated by the even distribution of positive and negative values in the ELS gap
column.

To visualize the solution evolution over time, we selected one instance for each of
the stochastic methods (SA-PS, SA, GRB) and a single instance for the ELS algorithm,
and plotted the results. Figure 4.4 illustrates the solution progression over time for instance
N = 20 in the standard case. It is worth mentioning that the GRB method starts with a
starting solution derived from hill-climbing, resulting in a later start in the recorded data.
From the gure, we can observe that the ELS algorithm initially converges faster than the
two SA methods. However, after approximately 600 seconds, the SA methods stabilize
around their best solutions, while the ELS and GRB methods continue to make slow but
steady improvements at much higher iterations. It is notable that Gurobi updates its best
solution fewer than 7 times from its initial solution. ELS has the tendency to stagnate for a

prolonged period before reaching a point where it can make multiple signi cant improve-
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Figure 4.2: Boxplots of solutions for the standard model
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Figure 4.3: Boxplots of solutions for EA model
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ments.

These ndings provide insights into the performance dynamics of the four methods
and their convergence behavior over time. The results suggest that for the instances we
examined, the two SA methods are effective in nding high-quality solutions, while the

ELS algorithm and GRB method exhibit a more gradual convergence.

Figure 4.4: Evolution of four methods over time

4.3.1 SA methods comparison

In this subsection, we will compare the two simulated annealing methods, SA and
SA-PS. We recall that SA-PS incorporates an adaptive neighborhood search technique by
introducing a shaking procedure, which adjusts based on the number of rejections. The
objective is to evaluate the in uence of this added shaking procedure on the DRAP problem

within this subsection of the study.
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First, based on the numerical results presented in Table 4.4, we observe that the per-
formance differences in terms of the obtained best objective values between the two meth-
ods, SA-PS and SA, are not substantial across all instances. On average, SA-PS achieves
an objective value 011661975 while SA achieves a slightly lower value @fL66099
However, SA-PS consistently exhibits a smaller average standard deviad@vaicom-
pared to SAs average standard deviatior6difl9 resulting in a decrease @f:4%. This
indicates that SA-PS demonstrates a higher level of robustness in its results.

Next, we analyze and compare the dynamic behaviors of the two methods using
Figure 4.5. The graphs illustrate the results forHllinstances of the standard model,
whereN = 20 and = 1. The numerical results indicate an average objective value of
822429for SA-PS and821797 for SA, speci cally for this instance. It is worth noting
that this particular instance is representative of the overall comparison between the two
methods in terms of their behaviors across the remaining 23 instances. From the graphs, it
can be observed that SA initially converges faster compared to SA-PS. However, once both
methods reach a steady state, there is no signi cant difference in their convergence rates.
Additionally, we note that SA exhibits a wider range of solution levels as the computation
time increases, whereas SA-PS consistently produces more concentrated and consistent
results across multiple runs. Furthermore, we observe that SA-PS displays a slightly higher
peak in its solution search compared to SA, suggesting that SA-PS explores a broader range

of solutions during its search process.
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(a) objective value vs time (b) best objective value vs time

Figure 4.5: Evolvement of SA methods over time

Overall, the comparison between the SA and SA-PS methods indicates similar con-
vergence behavior and solution quality performance. SA demonstrates faster initial con-
vergence, while SA-PS exhibits more robust results. This can be attributed to the fact that

SA-PS tends to explore a broader region of the solution space before reaching convergence.

4.4 Solution visualization

In this section, we focus on visualizing the solutions for the instance Mith 20
and =1 obtained by SA-PS. We consider two solutions in this case: one for the standard
model and another for the EA model. These solutions correspond to objective values,
representing the platform costs,&f973and38852 respectively, from where we observe
a decrease d@326%in the total cost for the extended model.

Figure 4.6 showcases the regional distribution of data for both the standard and EA
models of the instance. Both models exhibit the same distribution of stations and bikes. In
the standard model, there are a total of 100 rebalancers and bikes, while in the EA model, an

additional 50 rebalancers are added, resulting in a total of 150 rebalancers with an excess
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ratio of r = 1:5. The additional rebalancers in the EA model are randomly distributed,

ensuring consistent overall distribution between the two models.

(a) The standard model (b) EA model

Figure 4.6: Bike and resident distribution for instance $ize 20

Based on our previous discussions in Chapter 2, we can infer that the platform cost
for the EA model is lower compared to its standard counterpart. This is because the EA
model provides more exibility in selecting the 100 rebalancers to perform the actual job.
As the cost is determined by the Euclidean distance between rebalancers and stations, we
can expect the selected 100 rebalancers in the EA solutions to be more concentrated around
the stations. This observation is clearly demonstrated by the solutions depicted in Figure
4.7. In the gure, each black circle represents the distribution of all rebalancers, while
the opacity of the lled color represents the rebalancers that have been selected. A hollow
black circle indicates that none of the rebalancers in that region have been picked, a black
disk indicates that all rebalancers in that region have been assigned a job, and a gray disk

indicates that some rebalancers have been selected. From the gure, it is evident that most

68



(a) (b)
Figure 4.7: Rebalancers picked for EA model

of the unpicked rebalancers are located far from the stations and tend to be distributed
around the edges of the area. In other words, although the platform is not directly paying
the cost of the empty travel time, it is still doing this indirectly because a low price is less
likely to be accepted by a rebalancer who has to travel farther. In contrast, in regions where
the stations are densely located, the black circles are completely lled in with black ink,
indicating that all rebalancers in those regions have been selected. The right graph further
illustrates this observation by drawing a rough circle within which the picked rebalancers
reside.

Next, we examine the graphs depicting the ow distribution for the two solutions in
Figure 4.8 and Figure 4.9. In these graphs, each line represents a connection between
a pick-up and drop-off station, indicating the movement of bikes in a speci c origin-
destination direction. The presence of a line signi es that bikes are assigned to be relocated

along that route, and the width of the line re ects the volume of bike traf ¢ on that partic-
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ular route. A wider line indicates a higher number of bikes being moved in that direction,
while a thinner line represents a lower volume of bike movement.

Upon observation, we can identify four distinct clusters of stations in the graph. To
highlight these clusters, dark blue circles are placed on the right graphs of both gures,
alongside the plain ow for comparison. In other words, most of the demand tends to be
satis ed by matching stations that are very close together.

By comparing the two distributions, we can clearly observe signi cant variations in
the ow after incorporating an additional 50 rebalancers into the system. Upon closer in-
spection, we notice that the ows become more concentrated within the clusters of stations,
and fewer connections are established between different clusters. This observation aligns
with our intuition, as it is more cost-effective to relocate bikes between stations that are
close to each other rather than between stations that are farther apart.

So far, we can conclude from the visualization of the solutions that it effectively high-
lights the advantages of the EA model in terms of reducing platform costs and concentrat-
ing rebalancers around the stations for ef cient operations. Additionally, the visualization
demonstrates the aggregate distribution of bike ows, showcasing the increased concentra-
tion of ows within localized clusters. These insights provide a clear understanding of the
improved ef ciency and cost-effectiveness achieved by the EA model.

Lastly, we examine speci ¢ connections between rebalancers and their assigned origin-
destination pairs in Figure 4.10. The colored labels highlight three locations of rebalancers,
with the number beside indicating the count of rebalancers in each location.

The colored lines in the graph represent the origin-destination pairs assigned to the
rebalancers, originating from the corresponding colored source points. The number on each
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() (b)

Figure 4.8: Flow distribution from the standard model

(@) (b)

Figure 4.9: Flow distribution from EA model
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