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The dynamics of mechanical systems such as turbomachinery and vibration energy
harvesting systems (VEH) consisting of one or multiple cantilever structures is often
modeled by arrays of periodically driven coupled nonlinear oscillators. It is known that
such systems may have multiple stable vibration steady states. Some of these steady
states are localized vibrations that are characterized by high amplitude vibrations of a
subset of the system, with the rest of the system being in a state of either low amplitude
vibrations or no vibrations. On one hand, these localized vibrations can be detrimental
to mechanical integrity of turbomachinery, while on the other hand, the vibrations can
be potentially desirable for increasing energy yield in VEHs. Transitions into or out of
localized vibrations may occur under the influence of random factors.

A combination of experimental and numerical studies has been performed in this
dissertation to study the associated transition times and probability of transitions in
these mechanical systems. The developments reported here include the following: (i) a
numerical methodology based on the Path Integral Method to quantify the probability of
transitions due to noise, (ii) a numerical methodology based on the Action Plot Method to
quantify the quasipotential and most probable transition paths in nonlinear systems with
periodic external excitations, and (iii) experimental evidence and stochastic simulations
of the influence of noise on response localizations of rotating macro-scale cantilever
structures. The methodology and results discussed in this dissertation provide insights
relevant to the stochastic nonlinear dynamics community, and more broadly, designers of

mechanical systems to avoid potentially undesirable stochastic nonlinear behavior.
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Chapter 1. Introduction and Research Objectives

Mechanical vibrations inuence the structural integrity and performance of
mechanical systems to the extent they can create undesirable operating conditions or
even catastrophic failures. Often, studies of these systems resort to deterministic linear
models that are simple and powerful rst-approach tools, but can in certain situations not
adequately capture the behavior of a system. In reality, mechanical systems experience
both seemingly random and nonlinear forces; stochastic nonlinear models can be better
suited to explain the resulting behavior, but they give rise to challenging mathematical
problems.

In this dissertation, the effect of random forces on systems with inherently nonlinear
behavior is studied via a combination of experimental and simulation work. In particular,
the systems of interest, including turbomachinery, micro-electromechanical systems
(MEMS), and vibration energy harvesters (VEH), consist of multiple beam-like and
plate-like structures that can exhibit stable periodic mechanical oscillations that are best
explained via nonlinear analysis [1-3]. Furthermore, it is known that random factors
can induce transitions into and out of these vibration modes [4, 5]. In this dissertation,
experiments are developed to demonstrate the effect of random perturbation on these

mechanical systems. These developments include automatic control of electromechanical



components to produce thousands of trials of noise induced transitions out of undesired
vibration modes of rotating macro-scale cantilever struct(@mmpters 5 and 6) They

also include the rst experiments of a circular oscillator array of mechanical macro-
scale cantilevers developed and used to study the in uence of noise on nonlinear modes
of the structurgChapter 6) Additionally, new computational methodologies, physics-
based models, and observations are explained for quantifying and understanding the
stochastic nonlinear behavior that arises in the considered systems. These include adding
post processing steps to numerical results that can be obtained using the Path Integral
Method [6] to quantify probability of transitionfChapter 3) promoting the Action

Plot Method [7] to quantify quasipotentials and transition paths for high dimensional
systems with periodic external excitatiofi@hapter 4) and comparisons of Monte Carlo
simulations of system models to experimental res{@sapters 5 and 6) The selected
modeling approach consists of coupled single degree of freedom nonlinear oscillators.
The resulting governing equations are high dimensional, nonlinear, lightly damped, non-
autonomous, and non-deterministic. These equations can be dif cult to solve as there
are no generalized solutions for these system models, and numerical approximations of

solutions are an active area of research [3, 8, 9].

1.1 Systems and Phenomena of Interest

1.1.1 Turbomachinery

Turbomachinery refers to devices through which energy is transferred between a

uid or gas and a rotor [10]. The energy transfer is often performed by a bladed disk



mounted on a rotor. When the energy is transferred from a uid or gas to the rotor, the
machine is known as a turbine. There are steam, gas, and hydraulic turbines, and common
applications of these machines include wind turbines and power plants. When the energy
is transferred from the rotor to the uid or gas by increasing its pressure, the machine is
known as a compressor. Compressors are used for example in rockets and jet engines by
the aerospace industry. A picture of a Pratt & Whitney PW4000-112 engine is included
as an example of turbomachinery in Fig. 1.1 [11]. The competitive and growing nature
of the energy and aerospace markets creates a need for lower cost, increased ef ciency
and safety, which has led to proposals for new products that rely on lightweight designs
or materials [12]. Resulting slender, lightweight, or under-damped structures from new
designs may lead to higher de ections of vibrating components that can lead to undesired

nonlinear behavior [3].

Figure 1.1: Pratt & Whitney PW4000-112 engine [11].



1.1.2 Vibration Energy Harvesters

Vibration energy harvesters (VEH) are another type of mechanical system of
interest that convert ambient vibration energy into primarily electrical energy [13, 14].
These systems can be integrated into micro scale devices such as micro-electromechanical
systems (MEMS) or integrated circuits (IC) when they are used to power wireless sensors
in biomedical applications and remote tracking and positioning applications [15, 16].
There are also macro-scale VEHs such as those that harvest energy from underwater
motion, as shown in Fig. 1.2 [17]. Nonlinear behavior in some designs of VEHs can
increase the frequency bandwidth over which the system response yields a high energy

output [18].

Figure 1.2: Underwater vibration energy harvester from research by Taylal [17].

1.1.3 Response Localizations

A response localization consists of a subset or component of the system vibrating

at a high energy level while the rest of the system vibrates with less energy. In



turbomachinery, this can take the form of one or more blades vibrating at a high
amplitude while the rest of the blades vibrate at low amplitudes. Localization can
occur when the blades of the bladed disk are mistuned; that is, in-homogeneous due
to manufacturing errors or wear. Severs [19] developed an experimental study of
mistuning in turbomachinery and has cited many experimental studies of the effect in
turbomachinery in his dissertation. Others have studied mistuning in turbomachinery
by developing Finite Element models [20] or other models [21-23]. Likewise, response
localizations can occur in designs of VEHSs, in which coupled in-homogeneous blades
are used; Gardonioet al. [24] studied localized modes in a system of coupled in-
homogeneous linear oscillators; they discussed how localizations can be utilized to
maximize energy yield by properly placing a piezoelectric generator where the energy is
localized. In these studies of mistuning, the systems are studied and modeled in the linear
regime. In newer slender or lightweight system designs, by design or as a bi-product,
systems can exhibit nonlinear behavior to the extent these linear approximations are
inadequate; a system with nonlinear behavior even when perfectly homogeneous (well-
tuned) can exhibit response localizations [1-3, 25—-27]. These localized high amplitude
oscillations can on one hand be destructive in turbomachinery [3, 19, 20, 22, 28] and on

the other hand be bene cial for energy harvesting systems [24, 29].

1.2 Objectives and Structure

The overarching goal behind this work is to understand how response localizations

that arise due to nonlinear behavior are in uenced by random perturbations. Random



perturbations can be representative of the cumulative external excitations from a
complicated surrounding environment. That is, random perturbations arise naturally from
the environment and in uence these systems. Additionally, random perturbations could
be used in a simpli ed control strategy to transition into or out of response localizations.
The tools and knowledge developed in this work can be used by designers of systems
that consist of vibrating cantilever structures to understand, design for, and control
potentially undesirable stochastic nonlinear behavior. The following research objectives

are addressed in this work:

1. Generate experimental evidence of the effect of noise on a cyclically arranged

macro-scale mechanical oscillator array

2. Quantify the probability of transitions into and out of nonlinear modes of nonlinear

oscillator arrays in uenced by harmonic excitations and noise

3. Quantify the quasipotential to transition into and out of nonlinear modes of

nonlinear oscillator arrays subjected to periodic excitations

4. ldentify the most probable transition paths between stable nonlinear modes in the

weak noise limit

Through work towards the rst objective the undesired nonlinear vibration modes
and the noise inuenced transitions are demonstrated in a controlled environment.
Experimental evidence is invaluable to the validation of theoretical and computational
work modeling noise induced transitions out of nonlinear modes. The second, third, and

fourth objective address the development of theoretical and computational tools that can



be used to understand and design for the problem of interest.

Prior research and contributions relevant to these objectives are described via a
literature review in Chapter 2.

Original work in Chapter 3 expands on prior work by de ning a methodology
to quantify the probability of transitions in a forced Duf ng oscillator system and a
system of two coupled Duf ng oscillators. This chapter primarily addresses challenges
in quantifying probabilities of transitions in non-autonomous systems with more than one
potential well due to large noise intensities, and uses the developed methodology on a case
study of Duf ng oscillators representative of the mechanical system. The results of the
case study are approximations of the probability with respect to time of transitioning out
of stable periodic solutions; these can be practically useful in understanding how likely
transitions will occur in the short term due to random perturbations.

While Chapter 3 addresses large noise intensities, Chapter 4 is focused on systems
subjected to very small noise intensities. Chapter 4 includes a case study on noise induced
transitions between nonlinear modes that occur with the highest probability in the weak
noise limit. The chapter improves on an existing methodology allowing it to work with
higher dimensional systems subjected to periodic excitations. The improved methodology
is then used to determine the most probable transitions paths and the quasipotential, a
system speci ¢ quanti er of the dif culty of a system transitioning due to noise.

Experimental results are described in Chapters 5 and 6 for a single cantilever
and a circular array of cantilevers, respectively. The array, developed in this work,
consists of eight cantilevers arranged as shown in Fig. 1.3. The array is designed so

that the cantilevers resonate at low frequencies, the cantilevers could be calibrated to a

7
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