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Strongly nonlinear model dynamics and observation operators can induce bias in Gaussian-

based data assimilation methods commonly used for numerical weather prediction, such as en-

semble Kalman filters (EnKFs) and the 4D variational method (4DVar). This limitation is appar-

ent for multiscale weather prediction systems that exhibit large uncertainty in smaller scales, or

when observations are sensitive to cloud processes.

Several methods have been proposed for improving data assimilation performance in non-

linear regimes. Examples include the adoption of an ”outer loop” in variational methods, which

helps reduce bias caused by linear assumptions. Likewise, numerous ”iterative ensemble meth-

ods” exist, which periodically re-linearize model and measurement operators in the same manner.

While the convergence properties of the latter methods are not completely known, numerical ex-

periments performed by several previous studies suggest they can provide accurate solutions for

mildly nonlinear problems. Another strategy that has gained momentum in recent years is to ap-

ply dimension-reduction procedures (namely, localization) to particle filters (PFs). PFs avoid the



parametric estimation of Bayesian posterior densities, thus providing great flexibility for solving

non-Gaussian data assimilation problems. However, these methods are more easily affected by

sampling error than Gaussian-based methods—even when using localization.

My research introduces new approaches that bridge Gaussian and non-Gaussian data assim-

ilation for geophysical models. To begin, the first part of this study investigates intrinsic limita-

tions in data assimilation methods that are currently used for nonlinear applications in geoscience.

We then propose novel data assimilation strategies for combining PFs with Gaussian-based meth-

ods that are more robust to sampling error. We demonstrate that the approaches have significant

value within modern high-resolution regional atmospheric modeling systems, which are designed

specifically for predicting tropical cyclones and severe convective storms. We further emphasize

that this research has general implications for data assimilation within Earth-system models.
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Preface

The material in this dissertation is comprised of two first-authored publications and an

additional analysis of experiments using high-resolution atmospheric models. These publications

are based on studies I conducted as a Ph.D. candidate in the Department of Atmospheric and

Oceanic Science at the University of Maryland.

This dissertation contains the following first-authored manuscripts that are either fully pub-

lished or near submission:

• Chapter 1 is based on my 2021 publication in the Monthly Weather Review [MWR; Kuro-

sawa and Poterjoy [2021]].

• Chapter 2 is based on my 2023 publication in the Monthly Weather Review [MWR; Kuro-

sawa and Poterjoy [2023]].
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Chapter 1: Data assimilation challenges posed by nonlinear operators: A com-

parative study of ensemble and variational �lters and smoothers

1.1 Introduction

The ensemble Kalman Filter [EnKF; Evensen, 1994; Evensen and van Leeuwen, 2000;

Houtekamer and Mitchell, 1998] and the 4D variational method [4DVar; Thepáut and Courtier,

1991] are the most commonly used �lters and smoothers in atmospheric science. Ensemble/variational

hybrid approaches [e.g., Buehner, 2005; Hamill and Snyder, 2000; Lorenc, 2003] combine the

�ow-dependent ensemble covariance from an EnKF with climate-based covariance from varia-

tional methods. The methods have also become well-established and widely accepted for global

weather prediction at major environmental prediction centers, such as the European Centre for

Medium-Range Weather Forecasts (ECMWF), UK Met Of�ce, Environment and Climate Change

Canada (ECCC), and National Centers for Environmental Prediction (NCEP). One strategy of the

hybrid methods, denoted as ensemble-4DVar [E4DVar; Zhang et al., 2009] in this manuscript,

typically uses tangent linear and adjoint model operators to minimize a cost function in the same

manner as the traditional 4DVar data assimilation system. A second strategy is 4D-ensemble-Var

(4DEnVar; Liu et al. 2008), in which the cost function minimization is computed based on an

ensemble forecast instead of using tangent linear and adjoint models. In the 4DEnVar, temporal
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covariances are estimated from an ensemble of model trajectories that pass through the observa-

tion time window. In either case, both methods approximate prior densities using a Gaussian and

perform linearizations to relax these assumptions. Therefore, strongly nonlinear model dynam-

ics or measurement operators cause these methods to be biased, which leads to the suboptimal

use of major Earth observing systems, such as satellite radiometers. For example, the combined

impact of highly nonlinear model dynamics and measurement operators introduces major data

assimilation challenges in weather regimes containing clouds or precipitation. As a result, most

infrared satellite assimilation studies mainly focus on clear-sky observations [e.g., Errico et al.,

2007; Fabry and Sun, 2010; Geer and Bauer, 2011; Honda and Coauthors, 2018; Minamide and

Zhang, 2017; Okamoto et al., 2014; Zou et al., 2013]. This follows despite the known bene�ts

of assimilating cloudy radiances for weather forecasting [e.g., Privé et al., 2013; Stengel et al.,

2009; Vukicevic et al., 2004]. Some operational centers are making efforts to cope with these

issues and assimilate cloudy and precipitating microwave radiances [e.g., Geer et al., 2019, 2017;

Zhu et al., 2016]. For further details on signi�cant advances and current plans of operational

centers that are close to implementing assimilation, we encourage readers to review the summary

presented in Geer et al. [2018].

Several procedures have been proposed to improve the performance of these methods in

nonlinear regimes. For example, in order to deal with issues within the 4DVar system [e.g.,

Bonavita et al., 2018], minimization of the 4DVar cost function typically follows multiple sets of

iterations to re-linearize tangent linear and adjoints for the model, measurement operators, or both

around an improved background solution. This step, known as an ”outer loop,” helps reduce bias

caused by linear assumptions, thus making Gaussian error approximations more appropriate. The

minimization strategy follows the Gauss–Newton method, which is guaranteed to approximate
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the posterior mode for local minima.

Alternatively, a number of methods fall under the generic category of ”iterative ensemble

methods”, which follow a similar strategy of periodic re-linearization. Note that here “itera-

tions” refers to multiple adjustments at a single time. Both 4DVar and the iterative ensemble

methods re-linearize the observation operator. The only difference is that in 4DVar, the obser-

vation operator contains the nonlinear model. Gu and Oliver [2007] introduced the ensemble

randomized maximal likelihood �lter (EnRML) to handle nonlinearity by means of iterations of

the EnKF. Sakov et al. [2012] proposed the iterative ensemble Kalman �lter (IEnKF), which uses

a deterministic update form, ensemble square root �lter, while EnRML uses a stochastic update

form, perturbed observations method. Following the introduction of ensemble Kalman smoother

[EnKS; Evensen and van Leeuwen, 2000; van Leeuwen and Evensen, 1996] for use in history

matching by Kjervheim et al. [2011], the iterative forms of smoothers have developed into use-

ful tools by the reservoir-engineering community for history matching reservoir models. Chen

and Oliver [2012] proposed an iterative form of EnRML targeted for oil-reservoir modeling, and

Bocquet and Sakov [2014] developed the iterative ensemble Kalman smoother (IEnKS), which

extends IEnKF using a �xed-lag smoother with an ensemble variational method.

Emerick and Reynolds [2012] introduced the multiple data assimilation scheme (MDA) to

improve EnKF estimates for nonlinear cases by assimilating the same data multiple times with

the covariance matrix of the measurement errors multiplied by the number of data assimilation.

We note that the name “MDA” is somewhat deceiving, as it is simply an application of tempering

[Neal, 1996]. The process of the EnKF with MDA (EnKF-MDA) is based on the idea that a

“large jump” between the forecast and analysis states could be reduced by assimilating the same

data multiple times with increased measurement errors. MDA yields the same updated mean
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and covariance as would be obtained from assimilating the same data with the original measure-

ment error covariance and no iterations when errors are Gaussian, and all operators are linear

[Emerick and Reynolds, 2012]. For the nonlinear case, EnKF-MDA partly resolves issues with

nonlinearity and leads to smaller bias than a conventional EnKF. Emerick and Reynolds [2013]

developed the EnKS with MDA (EnKS-MDA) for reservoir simulations, and Bocquet and Sakov

[2014] showed IEnKS with MDA signi�cantly outperforms standard EnKF and EnKS in strongly

nonlinear regimes with a simpli�ed model. However, these methods have seen little attention in

numerical weather prediction (NWP) communities. While the convergence properties of these

methods are unknown, numerical experiments performed by Evensen [2018] suggest they can

provide accurate solutions for mildly nonlinear problems.

Lastly, particle �lters (PFs) present a purely Bayesian �ltering approach for state estima-

tion, which avoids many of the linear/Gaussian assumptions of the above methods. PFs provide

a much more general, non-parametric estimate of the model probability density function (PDF),

which is advantageous for non-Gaussian problems as long as a suf�cient number of ensemble

members exist. Nevertheless, these methods can easily diverge when a relatively small number

of particles (ensemble members) are adopted for data assimilation; see Bengtsson et al. [2008],

Bickel et al. [2008], and Snyder et al. [2008] for discussions on ensemble size requirements for

PFs. Several strategies are proposed to overcome this �lter collapse and apply PFs to data assim-

ilation problems for operational NWP models very recently. One common effort to avoid �lter

divergence is to use localization, which restricts the in�uence of observations to nearby state vari-

ables. For example, Poterjoy [2016] introduced the localized PF, which assimilates observations

with independent errors sequentially to combine sampled particles from a standard bootstrap PF

with prior particles in a manner that satis�es a set of local constraints. Following this work,
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Poterjoy and Anderson [2016] and Poterjoy et al. [2017, 2019] demonstrate that the local PF

works well for high-dimensional systems. For these studies, the authors compare the local PF

with EnKFs for a simpli�ed general circulation model and both idealized and real mesoscale

convective systems in the Weather Research and Forecasting (WRF) model, respectively. Even

more recently, Potthast et al. [2019] applied an alternative localized PF for global weather predic-

tion using the Icosahedral Nonhydrostic Weather and Climate (ICON) model, which marks the

�rst successful test of a PF in an operational framework. These studies provide an incentive to

further explore the potential of localized PFs for weather prediction, especially considering the

theoretical bene�ts they pose for assimilating remotely sensed measurements, such as satellite

radiance and radar re�ectivity, which require nonlinear measurement operators.

In addition to the methods described above, there are some notable developments related

to treatment of nonlinearity and non-Gaussianity. For example, Bishop [2016] introduces the

GIGG-EnKF algorithm, which retains the accuracy of the EnKF in the Gaussian case while lend-

ing it a high degree of accuracy when the forecast and observation uncertainty are gamma or

inverse-gamma distributions. When conditions are not suitable for EnKF, such as the distribu-

tion of the prior and observation are not Gaussian distribution, and the observation operator is

non-linear, Amezcua and van Leeuwen [2014] apply a pre-processing step known as Gaussian

anamorphosis to obtain state variables and observations that better ful�ll the Gaussianity con-

ditions. Fletcher [2010] and Fletcher and Jones [2014] present variants of variational solvers

for issues with lognormal and mixed lognormal Gaussian distributed background and observa-

tion errors. While many methods have been proposed to deal with such dif�cult conditions, this

study mainly focuses on the tempered iteration approach, which is relatively easy to implement

in current NWP systems and can deal with these problems well.
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In this study, we discuss EnKF-MDA, EnKS-MDA, E4DVar, 4DEnVar, and the local PF

data assimilation methods and their use in applications that require nonlinear measurement oper-

ators. We also examine the sensitivity of each method to user-speci�ed parameters, which include

ensemble size, covariance localization radius of in�uence (ROI), in�ation coef�cients, data as-

similation window length (DAW), and the number of iterations and outer loops. The comparisons

are conducted with the 40-variable dynamical system introduced in Lorenz (1996, hereafter L96),

using numerical experiments performed with conventional EnKF and EnKS techniques as bench-

marks. This study provides a necessary �rst step in understanding the complexity of assimilating

remotely-sensed measurements in weather models, which will require appropriate choices for

data assimilation methodology going forward.

Three main goals of these experiments are as follows: 1) investigate intrinsic limitations of

current data assimilation methodology for applications that require nonlinear measurement oper-

ators; 2) compare recently developed methods designed for nonlinear/non-Gaussian applications

with those currently used for operational NWP; 3) inform ongoing efforts to design future geo-

physical modeling systems (e.g., NWP with Hurricane Analysis and Forecast System; HAFS),

which will inevitably need to exploit remotely-sensed measurements.

The manuscript is organized in the following manner. In Section 1.2, we present algo-

rithmic descriptions of each data assimilation method. Section 1.3, describes settings for data

assimilation experiments and results from the cycling experiments. The last section summarizes

the main �ndings of this study and discusses the potential of the methods for real numerical

weather prediction.
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1.2 Data Assimilation Methods

In this section, we present the mathematical framework for each method, along with the

dynamical system adopted for performing numerical experiments. We use lowercase boldface

font to indicate vectors, uppercase boldface font to indicate matrices, and italic font to indicate

scalars and nonlinear operators.

In this study, letx f be anNx -dimensional background model forecast; lety be anNy-

dimensional set of observations; letH be the tangent linear operator that converts the model state

to the observation space; letR be theNy � Ny dimensional observation error covariance matrix;

and letP be theNx � Nx dimensional error covariance matrix. Superscriptf and a denote

forecast and analysis, respectively.

1.2.1 EnKF

The EnKF is an approximate but ef�cient application of the Kalman Filter [Kalman, 1960]

and explicitly includes the time evolution of error statistics, which operates effectively for moder-

ately nonlinear dynamical systems. In EnKF,P is represented by ensemble members statistically.

There is no need to consider the tangent linear model operator used in KF, so EnKF has many

advantages for nonlinear dynamics. The analyzed statexa is given by the following Kalman �lter

equations [e.g., Gelb et al., 1974; Jazwinski, 1970]
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xa = x f + K (y � Hx f ) (1.1)

K = P f H T (HP f H T + R)� 1 (1.2)

Pa = ( I � KH )P f (I � KH )T + KRK T = ( I � KH )P f : (1.3)

For the ensemble formulation, the covariance matrixP can be de�ned as

P = EE T ; (1.4)

E = 1p
Ne � 1

[� x (1) j � � � j � x (Ne) ]; (1.5)

where� x (l ) is considered as a perturbation aroundx (l ) , which is thel th member from an

ensemble ofNe model states.

The Kalman �ltering algorithm requires the computation ofPa in (1.3). This process is

equivalent to producing an appropriate analysis ensemble or “ensemble update,” which has a

sample covariance ofPa. For this study, all algorithms requiring an EnKF to update ensemble

members use the serial ensemble square-root �lter [serial EnSRF; Whitaker and Hamill, 2002].

In general, this method provides a deterministic update of the ensemble mean and perturbations

about the ensemble mean separately in a manner that satis�es the analysis mean and error co-

variance given by Kalman �lter theory. The serial EnSRF assumes an ensemble update of the

form
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Ea = ( I � ~KH )E f : (1.6)

Andrews [1968] provides one solution, which involves Kalman gain matrix for perturba-

tions of the form

~K = P f H T [(HP f H T + R)� 1=2]T [(HP f H T + R)1=2 + R 1=2]� 1: (1.7)

If observations are uncorrelated (R is diagonal), each observation is treated serially, which

makes the termsHP f H T andR scalar. In this case, (1.3) can be simpli�ed by assuming~K = � K

where� is a scalar value. The� was �rst derived by Potter [1964] as

� =

 

1 +

r
R

HP f H T + R

! � 1

: (1.8)

Thus, the serial version requires only the computation of a scalar factor to weight the tra-

ditional Kalman gain, and therefore is no more computationally expensive than the EnKF. In this

study, observations are assumed to be independent of each other, which makes only the compu-

tation of (1.8) necessary. When assimilating a single observation through this formulation,K

andH are vectors withNx dimensions, andR is scalar. Therefore, for an individual observation,

the termsP f H T andHP f H T reduce to scalars and can be computed even if the measurement

operator is fully nonlinear, which is done by applying this operator on each ensemble member

before calculating sample statistics.
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1.2.2 EnKS

The EnKS operates by storing ensemble members at past times and then modifying them

by a gain matrix that considers observations at the current time. Whitaker and Compo [2002]

introduced a serial ensemble square-root smoother (serial EnSRS), which uses Monte-Carlo esti-

mates of forecast-analysis error cross-covariances needed to compute the Kalman smoother gain

matrix. While they applied the serial EnSRS to the �xed-lag Kalman smoother proposed by Cohn

et al. [1994], in this study, we apply it as a �xed-interval Kalman smoother.

Here, de�ne a subscript notationmjn to indicate a quantity at observation time m, which

incorporates knowledge of all observations up to and including time n. In this notation, (1.1) can

be expressed as

�xa
kjk = �x f

kjk� 1 + K (y � Hx f
kjk� 1): (1.9)

In the serial square-root smoother, we useP f
(m;n ) to denote a cross-covariance matrix be-

tween variables at timesm andn. The gain matrixK involves the forecast error cross-covariance

matrixP f
(k;k � l ) betweenx f

kjk� 1 andx f
k� l jk� 1.

K = P f
(k;k � l )H

T (HP f H T + R)� 1; (1.10)

where
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P f = E f
kjk� 1E f T

kjk� 1 (1.11)

P f
(k;k � l ) = E f

kjk� 1E f T
k� l jk� 1: (1.12)

In the formulation of Cohn et al. [1994], this quantity is computed directly using the dy-

namical model because they developed the �xed-lag smoother without ensembles. On the other

hand, the �xed-lag smoother with ensembles uses the dynamical model only when creating the

background model forecast [Whitaker and Compo, 2002]. This idea can be directly implemented

to the �xed-interval smoother. Note that the basic equations for the lag-0 implementation are

identical to those of the serial EnSRF.

1.2.3 Multiple data assimilation (MDA)

Emerick and Reynolds [2012] introduced the MDA scheme, which assimilates the same

data multiple times using an in�ated covariance matrix of the measurement errors. They proved

the equivalence between single and multiple data assimilations for the linear-Gaussian case. Al-

though MDA contains approximations for the fully nonlinear case and the equivalence does not

hold for the nonlinear case, MDA bene�ts from the inclusion of smaller incremental ensemble

corrections.

When the same set of observations are assimilatedNa times, the in�ated measurement error

covariance matrix is used in (1.2),

K = P f H T (HP f H T + � i R)� 1; (1.13)
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where

NaX

i =1

1
� i

= 1: (1.14)

Note that in this paper, we use� i = Na for i = 1; : : : ; Na for all experiments with MDA.

Rommelse [2009] and Emerick and Reynolds [2012] suggest that when the assimilation of ac-

curate data in non-Gaussian regimes requires a “large jump” between the forecast and analysis

state, the magnitude of the jump can be overestimated by linear updates. This limitation of Gaus-

sian data assimilation techniques is observed frequently for the assimilation of all-sky radiance

measurements in weather models, which is one of the reasons to motivate the use of observation

error in�ation [e.g., Minamide and Zhang, 2017] and other ingeneous approaches as descibed in

Section 1.1. By using an in�ated error covariance, a potentially large spurious update in the state

vector is avoided. Going a step further, iterative techniques like MDA replace single updates with

a series of smaller updates, which can correct �lter or smoother updates that are too large.

In summary, the ensemble formulation of a �xed-interval serial EnSRS, with and without

MDA, are realized by the following procedures. For DAW lengthl = 0, the serial EnSRS reduces

to the serial EnSRF, and forNa = 1, each iterative data assimilation cycle with MDA reduces to

a single-step data assimilation scheme, such as standard EnKF and EnKS.
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Algorithm 1 EnKS with MDA cycle
Function EnKS-MDAcycle :

for t = 1:timedo
if t is at the end of DAWthen

t0  t � l
for i = 1:iterationNa do

for k = 0:DAW lengthl do
xa

t0 jt0+ k  SerialEnSRS(x f
t0 jt0+ k� 1, x f

t0+ kjt0+ k� 1, y t0+ k , � i R)

x f
t0 jt0+ k  xa

t0 jt0+ k

x f
t0 jt0 � 1  xa

t0 jt0+ l

for m = 1:Ne do
x f (m)

t+1 jt  M xa(m)
t0 jt

else
for i = 1:iterationNa do

xa
t jt  SerialEnSRS(x f

t jt � 1, x f
t jt � 1, y t , � i R)

x f
t jt � 1  xa

t jt

for m = 1:Ne do
x f (m)

t+1 jt  M xa(m)
t jt

return

13



Algorithm 2 Serial EnSRS

Function Serial EnSRS(x f
t � kjt � 1, x f

t jt � 1, y, R) :
for j = 1:Ny do

E f
t � kjt � 1 = 1p

Ne � 1
[� x f (1)

t � kjt � 1 j � � � j � x f (Ne)
t � kjt � 1]

E f
t jt � 1 = 1p

Ne � 1
[� x f (1)

t jt � 1 j � � � j � x f (Ne)
t jt � 1 ]

P f = E f
t jt � 1E f T

t jt � 1

P f
(t � k;t ) = E f

t � kjt � 1E f T
t jt � 1

K = P f
(t � k;t )H

(j )T [H (j )P f H (j )T + R (j ) ]� 1

�xa
t � kjt = �x f

t � kjt � 1 + K (y (j ) � H (j )x f
t jt � 1)

� = (1 +
q

R ( j )

H ( j ) P f H ( j )T + R ( j ) )� 1

~K = � K
Ea

t � kjt = E f
t � kjt � 1 � ~KH (j )E f

t jt � 1
xa

t � kjt = �xa
t � kjt + Ea

t � kjt

x f
t � kjt � 1  xa

t � kjt

return xa
t � kjt

1.2.4 E4DVar and 4DEnVar

In this section, the equations of 4DVar, E4DVar, 4DEnVar are introduced brie�y. For fur-

ther details on these methods, we encourage readers to review the mathematical descriptions in

Liu et al. [2009], Poterjoy and Zhang [2015], and Bannister [2017]. The 4DVar method seeks

a solution that minimizes the mis�t of a control variable to the background statex f
0 at t = 0

and observationsy t at timest = 0; 1; 2; :::; � . The minimization is carried out with respect to

increments� x0 from x f
0 [Courtier et al., 1994]. The cost function is expressed as the sum of

background (Jb) and observation (Jo) terms:

J (� x0) = Jb(� x0) + Jo(� x0)

=
1
2

� xT
0 B � 1� x0 +

1
2

�X

t=0

(H tM t � x0 � d t )T R � 1
t (H tM t � x0 � d t ); (1.15)
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whereB is the background error covariance andM t is the tangent linear model operator. The

vectord t contains the innovations at each time along a model trajectory fromx f
0 and is given by

d t = y t � H t [M t (x
f
0)]; (1.16)

whereM t andH t are the nonlinear forecast model and observation operators, respectively. In

practice,� x0 is replaced withUv , wherev is the new control variable, andU is a square root

of the background error covariance matrix (B = UU T ) [Lorenc, 2003]. The cost function in the

control variable space and the gradient of the cost function with respect to the control variables

become:

J (v) =
1
2

vT v +
1
2

�X

t=0

(H tM tUv � d t )T R � 1
t (H tM tUv � d t ) (1.17)

r v J = v +
�X

t=0

U T M T
t H T

t R � 1
t (H tM tUv � d t ) (1.18)

For E4DVar and 4DEnVar, using a similar substitution described above,� x0 is separated

into two terms to include a hybrid covariance in the variational cost function. For NWP appli-

cations, the ensemble contribution of the hybrid covariance is often much greater than the static

covariance [Kleist and Ide, 2015], however, such a choice is directly dependent upon the quality

of ensemble, ensemble size, and model error. For the L96 model, Poterjoy and Zhang [2015]

found the static error covariance to have a major impact only when an imperfect model is used

for data assimilation, which is not explored in the current study. Therefore, we omit the use of a

static error covariance to reduce the number of parameters to examine for this study. As a result,
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we have

� x0 = � xe
0 = U eve; (1.19)

where� xe
0 is the increment resulting from the ensemble-estimated covariance. As described in

Buehner [2005],U e can then be written

U e = [ e(1) j � � � j e(Ne) ] (1.20)

P � C = U eU eT ; (1.21)

e(n) =

r
1

Ne � 1
� diag(x f (n)

0 � �x f
0)C

1
2 ; (n = 1; 2; : : : ; Ne); (1.22)

where� indicates element wise multiplication, andC is the correlation matrix used for localizing

the ensemble covariance. From these equations, the cost function and the gradient of E4DVar are

found by substitutingU e for U andve for v in (1.17) and (1.18). Using an ensemble forecast

stored at each observation time in DAW,M tU e can be rewritten as

M tU e = [ M te(1) j � � � j M te(Ne) ]

= [ ê(1)
t j � � � j ê(Ne)

t ] (1.23)

ê(n)
t =

r
1

Ne � 1
� diag(x f (n)

t � �x f
t )C

1
2

=

r
1

Ne � 1
� diag(M t (x

f (n)
0 ) � M t (x

f
0))C

1
2 (1.24)

By substituting (1.23) into (1.17) and (1.18), the 4DEnVar cost function and the gradient can be

expressed without the tangent and adjoint model.
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Note that while E4DVar uses tangent linear and adjoint models to propagate a localized

error covariance through the DAW, 4DEnVar requires the localization of time covariances. Most

previous studies use the same correlation matrix at each time thus ignoring the complexity of

introducing a localization of time-dependent covariance (LTC) [Buehner et al., 2010; Fairbairn

et al., 2014; Liu and Xiao, 2013; Liu et al., 2009; Poterjoy and Zhang, 2015].

The method also allows for the use of either the nonlinear operatorH t or the tangent linear

operatorH t in its place. This study explores both approaches in 4DEnVar experiments to identify

which option presents the largest advantage for nonlinear operators. To perform the localization,

we calculate the tangent linear operatorH t at each time and use it to propagate a localized error

covariance through the DAW. Moreover, this study re-runs the ensemble in outer loops for 4DEn-

Var, despite the fact that it is prohibitively costly for weather applications. This step is done to

allow for a more direct comparison with incremental E4DVar with outer loops.

To form a hybrid analysis, the variational solution is typically taken as the posterior mean

and posterior perturbations from an EnKF are recentered about this solution at the middle of the

time window [Poterjoy et al., 2014; Zhang et al., 2009]. This approach is more consistent with the

methodology adopted at major NWP modeling centers [Bannister, 2017]. For the current study,

we instead add posterior perturbations to the mean analysis at the end of each DAW. This option

has a number of advantages, namely, the EnKF assimilates measurements at the appropriate

times over an assimilation window, thus providing an EnKF posterior mean that is theoretically

equivalent to the 4DVar posterior mean in the absence of sampling error and nonlinearity. It also

permits a more direct comparison of smoothers and �lters explored in this study.

In summary, the ensemble formulation of E4DVar and 4DEnVar are realized by the follow-

ing procedures.
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Algorithm 3 Ensemble/variational hybrid data assimilation without static error covariance

Function ensemble variational hybrid( U e,x f
0 , y, R) :

if 4DEnVar w/o LTCthen
H t  H t

while Outer Loopdo
d t = y t � H t [M t (x

f
0)]

while Inner Loopdo
switch Hybrid do

caseE4DVar
D t  M tU e

case4DEnVar w/ LTC .or. 4DEnVar w/o LTC
D t  [ê(1)

t j � � � j ê(Ne)
t ]

J (ve) = 1
2veT ve + 1

2

�P

t=0
(H tD tve � d t )T R � 1

t (H tD tve � d t )

r v eJ = ve +
�P

t=0
D T

t H T
t R � 1

t (H tD tve � d t )

ve = arg min( J (ve))

x f
0  x f

0 + U eve

xa
0  x f

0
return xa

0

1.2.5 The local PF

The current study uses the local PF proposed by Poterjoy et al. [2019]. For simplicity,

this section highlights important aspects of the local PF that are relevant to the comparisons

performed in this study. Our experiments take advantage of additional regularization, tempering,

and hybrid strategies that are unique to the local PF, which are brie�y discussed in this section.

For full details on this methodology, we refer readers to Poterjoy [2022b].

The local PF assimilates observations serially, performing a bootstrap PF update for parti-

cles projected onto the current observation in the sequence, followed by a model-space update.

For a given observationy, the model-space update replaces the standard bootstrap re-sampling
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step with one that merges sampled particles and prior particles:

xn
y = xy + r 1 � (xkn � xy) + r 2 � (xkn � xy); (1.25)

wherexn
y is an updated particle,xkn is thenth sampled particle,xy is the localized posterior mean

based on importance weights that consider all observations up toy, andr 1 andr 2 are derived to

satisfy the posterior mean and variance of marginals. The sampled particles are selected from a

bootstrap re-sampling of past updated particles using a cumulative distribution formed by weights

calculated from particle likelihoods fory. In general, the posterior particles formed from linear

combinations of the sampled and prior particles are localized, becauser 1 andr 2 are calculated

based on localized moments.

Poterjoy et al. [2019] provide several improvements to the Poterjoy [2016] local PF, which

are aimed at preventing particle weight collapse. In addition, Poterjoy [2022b] introduces regu-

larization and tempering methodology to further improve �lter performance when sampling error

is large. In short, regularization raises particle weights to a power� , which is pre-determined

to yield marginal particle weights that have a speci�ed ”effective sample size,” similar to the

methodology described in Poterjoy et al. [2019]. Regularization acts as a heuristic means of

preventing weight collapse, similar to observation error in�ation. It provides a strategy for as-

similating observations through tempered iterations [Neal, 1996], each with a unique set of�

coef�cients. Unlike regularization, tempering does not introduce bias in the posterior estimate.

The method also bene�ts from the use of a mixing parameter,
 , to increase particle diver-

sity in the vicinity of observations. As described in Poterjoy [2022b],r 1 in (1.25) is multiplied

by 
 , which introduces a smooth “jittering” of particles. The coef�cients inr 2 are then modi�ed
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Table 1.1: Con�guration of cycling data assimilation experiments.

Expt H (x) � y Ne ROI � ,
 N y � t (h)

Linear Case x 1.0 10,40 Variable Variable 20 6
Nonlinear Case 1 x2 1.0 10,40 Variable Variable 20,15,10 6,24
Nonlinear Case 2 log(jxj) 0.1 40,100 Variable Variable 20 6

so that the �rst two posterior moments are still maintained.

1.3 Cycling data assimilation experiments

We perform separate sets of data assimilation experiments to investigate limitations for

nonlinear applications and examine the sensitivity of the methods to user-speci�ed parameters.

These parameters include the number of iterations, DAW, ensemble size, ROI, in�ation, and

measurement operators. The �rst two sets of experiments focus primarily on key parameters for

smoothers, which are known to be sensitive to nonlinearity in model dynamics and measurement

operators. These parameters are the number of iterations and DAW length. The third set of

experiments focuses more broadly on the comparison between �lters and smoothers. For this

purpose, we select three types of observation networks, each differing primarily in choice of

measurement operator. The system parameters for each of these cases are summarized in Table

1.1.
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1.3.1 Experimental design

1.3.1.1 Model

We examine several aspects of the data assimilation methods by performing idealized nu-

merical experiments with the L96 model [Lorenz, 1996; Lorenz and Emanuel, 1998]. The model

consists of variablesx i for i = 1; 2; : : : ; Nx , which are equally spaced on a periodic domain. The

variables are evolved in time using the set of differential equations,

dxi

dt
= ( x i +1 � x i � 2)x i � 1 � x i + F; (1.26)

with cyclic boundaries:x i + N x = x i andx i � N x = x i . We integrate (1.26) forward numerically

using the fourth-order Runge-Kutta method with a time step of 0.05 [units de�ned arbitrarily as

6 h; see Lorenz [1996]]. For this study, we �xNx at 40 and useF = 8:0, which causes the model

to behave chaotically.

1.3.1.2 Observations

In this study, we create observation networks ofNy = 10, Ny = 15, andNy = 20 observa-

tions that are evenly spaced on model grid points. Note that for the caseNy = 15, we line up the

observation points so that they were evenly distributed (i.e., at grid points 1, 4, 6, 9, 12, 14, 17, 20,

22, 25, 28, 30, 33, 36, 39). We simulate measurements every time step (6 h) by selecting values

from a truth simulation, applying one of the operators discussed below, then adding uncorrelated

Gaussian errors selected fromN (0; � 2
y I ), where� 2 is the measurement error variance.

Experiments include three forms of measurement operator. The ”Linear Case” uses anH
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that selects model variables to be directly observed; i.e.,H (x) = x̂, wherex̂ is a subsetNy

variables inx chosen byH . The ”Nonlinear Case 1” extendsH to be quadratic:H (x) = x̂ � x̂ .

The ”Nonlinear Case 2” introduces log and absolute value operators to the interpolated values:

H (x) = log[ABS(x̂)], whereABS indicates the absolute value of each element. The second

and third operators produce weak and strong nonlinearities, respectively. Note that we apply a

simple gross error check for the third measurement operator to prevent observations from being

assimilated if the value ofABS(x̂) is extremely small. If the difference between the observed

value and the background state is greater than four times the standard deviation of the background

state, the observation will not be assimilated. Observation error standard deviations are set to

� y = 1:0 for the �rst two experiments, but reduced to� y = 0:1 for the third case to compensate

for the smaller information content provided by this observation network.

1.3.1.3 Observation timeline and veri�cation

Observations are assimilated over a 3650-day period, and root-mean-square errors (RM-

SEs) from the last 3550 days are used to quantify the accuracy of the posterior analyses. The �rst

100 days of data assimilation act as a spinup period to allow members time to reach quasi-steady

posterior solutions for the given setup of the model and observation network.

In the �rst sets of experiments described below, we perform direct comparisons of the

different smoothers used for this study. For these experiments, we calculate RMSEs at the begin-

ning of the DAW (smoother solution), because it more directly indicates how much information

is being extracted from observations at future times. For experiments shown later in this section,

which compare different forms of smoothers and �lters, we calculate RMSEs at the end of the
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DAW (�lter solution).

1.3.1.4 Treatment of sampling errors

Potential sources of bias in the estimation of the posterior include small ensemble sizes

relative to the state dimensions, model errors, nonlinearities, and assumptions used to form data

assimilation algorithms. Therefore, heuristic covariance localization strategies are needed to

reduce noise introduced from ensemble error approximations by performing a Schur product

between this matrix and an empirically de�ned correlation matrix with a tunable length scale

parameter, or ROI. For this purpose, we use the �fth-order correlation function given by Eq.

(4.10) of Gaspari and Cohn [1999].

The posterior covariance is in�ated by replacing ensemble perturbations with linear com-

binations of posterior and prior perturbations, which is known as a covariance relaxation method

[Zhang et al., 2004]:

x
0a
n  (1 � � )x

0a
n + � x

0f
n : (1.27)

The� in (1.27) is called the “relaxation coef�cient” and ranges from 0 to 1, where� = 0 implies

no in�ation. We adopt this in�ation strategy to remain consistent with Poterjoy and Zhang [2015],

who perform a similar comparison of ensemble data assimilation algorithms, including hybrid

covariance forms of E4DVar and 4DEnVar.

As previously stated, the local PF uses a mixing parameter to maintain particle diversity

during updates. While this approach is effective at preventing �lter divergence with small en-

sembles, it does not directly increase prior or posterior error variance in the same manner as

relaxation. Similar to the� used in the relaxation method the coef�cient
 is a scalar between 0
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and 1. It further mixes prior particles and resampled particles everywhere particles are updated

in state space, including in the vicinity of measurements.

1.3.2 Results

1.3.2.1 Sensitivity to the number of outer iterations

The variational and MDA techniques present different iterative strategies for coping with

nonlinearity in model dynamics and measurement operators. For the �rst set of experiments, we

explore the sensitivity of these methods to the number of iterations. In addition to providing a

direct comparison of different smoothers for a nonlinear application, these experiments help mo-

tivate choices for iteration number in the �lter/smoother comparisons that follow. As previously

stated, we also explore the advantage of LTC, which is a localization of the ensemble covariance

at each observation time in the window calculated with the tangent linear operatorH t at each

time for nonlinear operators.

Figure 1.1 shows mean RMSEs of EnKS-MDA, E4DVar, 4DEnVar with LTC, and 4DEnVar

without LTC from experiments with Nonlinear Case 1. Ensemble sizeNe, relaxation coef�cient

� , and DAW are �xed at 10, 0.3, and 24 h, respectively. We �nd this window length to be

suf�cient for exploring sensitivity to outer loops without adding computational cost. We do not

show results using Nonlinear Case 2 because all methods tested in this study (other than the PF)

experience �lter divergence when measurements are simulated with this operator. These results

are discussed in the �lter/smoother comparisons below.

For the observation networks tested in this study, we �nd that increasing the number of it-

erations has little impact on mean error for EnKS-MDA. For E4DVar and 4DEnVar, however, we
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con�rm that multiple outer loops are required for optimal performance. Under various circum-

stances, outer loops are also needed to prevent �lter divergence with the nonlinear measurement

operator. For example, E4DVar with ROI �xed at 1 and a single outer loop shows a worse score

than with multiple iterations. We also �nd that the minimum number of outer loops required to

prevent �lter divergence is sensitive to ROI. E4DVar experiments using an ROI of 3 and 5 re-

quire 2 and 3 outer iterations, respectively. Nevertheless, the improvements of multiple iterations

beyond these numbers becomes negligible once a suf�cient number is reached.

We also �nd E4DVar to be more stable than 4DEnVar for the tested observation networks.

Recall, this method uses the tangent linear model to propagate increments along a nonlinear

trajectory to future times, and its adjoint to propagate sensitivity gradients backward from obser-

vation times to the beginning of the DAW. The trajectory is updated between outer iterations to

ensure that values propagated by the tangent linear and adjoint remain small enough for linear

approximations to remain valid. In addition, the input of ensemble error covariance at a single

time in this process (at the beginning of the DAW) greatly simpli�es the removal of spurious er-

ror correlations through localization [Fairbairn et al., 2014; Poterjoy and Zhang, 2015]. For this

reason, we �nd con�gurations of 4DEnVar that use LTC to be more stable than con�gurations

without LTC. Based on this �nding, we use this strategy for all remaining 4DEnVar experiments.

1.3.2.2 Smoother performance as a function of data assimilation window length

Several of the methods examined in this study are smoothers, which are sensitive to the

choice of DAW. For the next set of experiments, we compare mean RMSEs of EnKS, EnKS-

MDA, E4DVar, and 4DEnVar as a function of DAW (Fig. 1.2). As stated above, the veri�cation
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Figure 1.1: Mean analysis RMSEs as a function of the number of iteration or outer loop. Results
are shown for the Nonlinear Case1. Values are from the experiment with EnKS-MDA (triangle),
E4DVar (circle), 4DEnVar without LTC (square), and 4DEnVar with LTC (diamond), and ROI set
to 1 (blue), 3 (red), and 5 (green). The RMSEs are calculated at the start of the DAW (smoother
solution).

for these experiments focuses on the posterior smoothing density; i.e., the analysis at the begin-

ning of the DAW. For these experiments, we �x the ensemble sizeNe, relaxation coef�cient� ,

and ROI at 10, 0.3, and 3, respectively. The number of iterations (MDA) and outer loops (Var) are

both set to 3. These decisions are based on results from the previous set of experiments, showing

little bene�t beyond 3 iterations for chosen model and observation networks. As we revisit later,

in experiments with the Nonlinear Case 1, the observation value is closer to the truth all the time,

making the RMSEs and order of magnitude smaller than the Linear Case.

We start by examining the impact of MDA on the EnKS. Our experiments show that MDA

provides slight bene�ts over non-iterative con�gurations, even at DAW lengthl = 0 h and lin-

earH (Fig. 1.2a). Note that EnKS is identical EnKF for this DAW length, so no bene�ts are

expected from the iterations. One possible reason for the difference in skill between EnKS and

EnKS-MDA at DAW lengthl = 0 h is due to small differences in how ensemble perturbations
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are adjusted through iterative steps. For linear cases with Gaussian prior, MDA yields the same

posterior mean and covariance as would be obtained without iterations. As suggested by Rom-

melse [2009], the extra uncertainty included in measurements during each iteration ensures that

adjustments from prior to posterior values are dampened, which is bene�cial when linear updates

overestimate the true impact of measurements that relate nonlinearly to model variables. There-

fore, MDA provides an opportunity for the EnKF to remove over-adjustments that may occur

during previous iterations. We suspect that a combination of serial processing of observations

and iterative updates of members leads to slight improvements in how the EnKF samples from

the posterior density, which is assumed to be non-Gaussian because of the nonlinear model. This

�nding explains why the MDA approach yields small improvements in posterior estimates over

successive data assimilation steps, which is also explored later.

The advantage of the EnKS-MDA over the EnKS with the DAW lengthl > 0h is shown in

both the linear and nonlinear cases. For both experiments, the MDA scheme resolves issues with

the nonlinearlity of the model and observation measurement operators in DAW. EnKS is stable

even with the longer DAW, but the quality of the analysis starts to degrade as the DAW length is

increased beyond a certain point, because sampling error increases as the DAW become longer.

Compared to 4DEnVar, EnKS is more stable with longer DAW. This indicates that the forecast

error covariance matrix used for smoother is approximated more accurately by cross-covariance

matrix (P f
(k;k � l )) in EnKS than by ensemble-based error covariance in 4DEnVar. Unlike the

variational methods, the EnKS samples directly from the smoothing density rather than using a

hybrid strategy of re-centering EnKF perturbations about a variational solution. Furthermore, the

4DEnVar experiment contains higher RMSEs than E4DVar because of the dif�culty required in

removing sampling errors from temporal error covariances whenNe is small [Fairbairn et al.,
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2014; Poterjoy and Zhang, 2015].

Figure 1.2: Mean analysis RMSEs as a function of smoother lag. Results are shown for (a) Linear
Case and (b) Nonlinear Case 1, with the EnKS (blue), the EnKS-MDA (red), the E4DVar (green),
and the 4DEnVar (magenta). The number of iterations and outer loops is �xed at 3 for both cases.
The RMSEs are calculated at the start of the DAW (smoother solution).

1.3.2.3 Filter performance

In this section, we present results from experiments that examine the sensitivity and limi-

tations of EnKF, EnKF-MDA, EnKS, EnKS-MDA, E4DVar, 4DEnVar, and the local PF to ROI,

relaxation coef�cient� , PF mixing coef�cient
 , and the observation measurement operators.
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For all experiments, DAW for EnKS, EnKS-MDA, E4DVar, and 4DEnVar is set to 24 h, and the

number of iterations and outer loops are set to 3. For the local PF, the regularization operates

only when the effective ensemble sizeNe� falls below a target value ofNe� . The targetNe� is

�xed at N t
e� = 0:5 � Ne for all experiments. We de�ne �lter divergence objectively by �agging

con�gurations that produced 100-cycle average RMSEs larger than 2 with NA for ”not available”

in the �gures.

Figure 1.3 shows mean RMSEs from the experiment with the Linear Case. Results from all

methods, which use a �xed ensemble sizeNe of 10, are displayed in charts that show RMSE as a

function of tunable variables used to reduce the impact of sampling error. For example, Fig. 1.3

demonstrates that the optimal ROI and� are comparable for EnKF, EnKF-MDA, EnKS, EnKS-

MDA, E4DVar, and 4DEnVar. In most cases, the optimal scores are typically found near values

that lead to �lter divergence. RMSEs from the local PF are slightly worse due to the small number

of particles used in these experiments. Figure 1.4 shows results from experiments with the same

settings exceptNe is increased to 40. As expected, all methods become more stable and require

less localization (larger ROI) and less in�ation (smaller� and
 ) asNe increases. Comparing the

results of the local PF from Fig. 1.3 and 1.4, it is clear that the larger ensemble size is required for

the local PF to outperform the methods with a Gaussian prior with the tested observation network.

EnKS shows clearly better performances than EnKF, and MDA makes EnKF and EnKS slightly

improved, even with a linear measurement operator because of the reason mentioned in Sec.

1.3.2.1.

Results from Nonlinear Case 1 experiments usingNe = 10 are shown in Fig. 1.5. Unlike

experiments with the Linear operator, �lter divergence occurs without setting strict limits on

ROI and in�ation coef�cients for all methods. Despite the nonlinear measurement operator in
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Figure 1.3: Mean analysis RMSEs estimated for a range of relaxation coef�cient� (a-f) and PF
mixing coef�cient 
 (g) and ROI. Results are shown for experiments with the Linear Case and
ensemble size is �xed at 10. Black shading indicates higher RMSEs, NA indicates that �lter
divergence occurs during the experiment, and the smallest errors are indicated by the black box.
The RMSEs are calculated at the end of the DAW (�lter solution).
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Figure 1.4: As in Fig.1.3, but for ensemble size �xed at 40.
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these experiments, we �nd no bene�ts from the assimilation methods designed speci�cally for

non-Gaussian applications, namely EnKF-MDA and the local PF. We believe this result occurs

because of the accuracy and frequency at which these measurements are collected. For model

variables that can reach magnitudes ofO(10), measuring the square of these variables with an

error variance of 1 yields highly accurate information for characterizing the posterior. This factor,

combined with the frequency of these measurements lead to prior and posterior members that

remain close to the truth at all times, thus making Gaussian assumptions more valid. We revisit

this property of the Nonlinear Case 1 measurement operator in the next section.

These experiments also continue to show clear bene�ts of E4DVar and 4DEnVar over

EnKF, both in terms of stability and accuracy. We hypothesize that the 4D data assimilation

methods are less sensitive to sampling noise, which becomes the dominant source of bias in

mildly nonlinear regimes. Likewise, we �nd E4DVar to be more stable than 4DEnVar whenNe

is small, owing mostly to the localization strategy adopted by this method. We note that all al-

gorithms approach similar RMSEs as ensemble size increases; i.e., Fig. 1.6 shows results with

Ne = 40 for the same observation network. The reason why E4DVar and 4DEnVar are more

stable than EnKS is due to the small number of ensembles and the nonlinear observations that

prevent from accurately estimating of the cross-covariance matrix in the Serial EnSRS.

Figure 1.7a shows the mean RMSEs from experiments of the local PF that use measure-

ments simulated with Nonlinear Case 2 andNe = 40. For this con�guration, �lter divergence

occurs in all methods except the local PF, owing to the strong nonlinearity in the measurement

operator. This observation network presents a case where nonlinearity in the application becomes

a much larger factor than sampling error in ensemble-estimated prior and posterior distributions.

Even withNe = 100, the Gaussian-based methods fail to provide stable solutions despite the po-
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Figure 1.5: Mean analysis RMSEs estimated for a range of relaxation coef�cient� (a-f) and PF
mixing coef�cient 
 (g) and ROI. Results are shown for experiments with the Nonlinear Case 1
and ensemble size is �xed at 10. Black shading indicates higher RMSEs, NA indicates that �lter
divergence occurs during the experiment, and the smallest errors are indicated by the black box.
The RMSEs are calculated at the end of the DAW (�lter solution).
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