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Estimating functions, introduced by Godambe, are a useful tool for construct-
ing estimators. The classical maximum likelihood estimator and the method of
moments estimator are special cases of estimators generated as the solution to cer-
tain estimating equations. The main advantage of this method is that it does not
require knowledge of the full model, but rather of some functionals, such as a number
of moments.

We define an estimating function ¥ to be a Fisher estimating function if it
satisfies Eg (UW®T) = —Eg (0¥ /06). The motivation for considering this class of es-
timating functions is that a Fisher estimating function behaves much like the Fisher
score, and the estimators generated as solutions to these estimating equations behave
much like maximum likelihood estimators. The estimating functions in this class
share some of the same optimality properties as the Fisher score function and they
have applications for estimation in submodels, elimination of nuisance parameters,

and combinations of independent samples. We give some applications of estimating



functions to estimation of a location parameter in the presence of a nuisance scale
parameter. We also consider the behavior of estimators generated as solutions to es-
timating equations under model misspecification when the misspecification is small
and can be parameterized. A problem related to model misspecification is attempt-
ing to distinguish between a finite number of competing parametric families. We
construct an estimator that is consistent and efficient, regardless of which family

contains the true distribution.
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Chapter 1
Introduction

1.1 Overview

The topic of this dissertation is statistical inference for samples (X, ..., X,,)
drawn from a population Py parameterized by a scalar or vector valued parameter
0. Estimating functions ¥(x; ) for a statistical model (X, A, P ={FPy: 60 € O})
are a convenient tool since they can be based on partial information on P and yet
preserve basic properties of the classical methods, such as the method of moments
and the method of maximum likelihood. Estimating functions are also widely used
in generalized linear models.

In Chapter 2, “Estimating functions,” we present some general results on
estimating functions and the estimators generated from estimating equations. A
novelty is the concept of Fisher estimating functions and properties of the estimators
they generate.

In Chapter 3, “Estimating functions for location parameter families,” we de-
scribe the behavior of estimators of a location parameter and estimators of a location
parameter in the presence of a nuisance scale parameter generated from estimating
equations. Using the special characteristics of the parameters, we construct a simple
modification of the Pitman estimator in the presence of a nuisance scale parameter.

Chapter 4, “Estimators by estimating equations in misspecified models,” con-



tains new results on the large sample (i.e., when n — o0) behavior of estimators
defined by estimating functions under misspecified models when the misspecification
is of different order of smallness compared to 1/y/n. The models of misspecification
under study look rather realistic for applications and, at the same time, convenient
for a rigorous mathematical analysis.

In Chapter 5, “Analogues of classical tests based on estimating functions,” we
construct analogues of Rao’s and Wald’s classical tests and study their asymptotic
properties when the parameter estimators for the extended and/or restricted model
are obtained from estimating equations. The results can be used in reducing the
dimension of parametric models.

Some results that are, in a sense, by-products of research in the above main
topics are presented in Chapter 6, “Combining estimators.” They deal with combin-
ing estimators obtained from independent estimating equations. Also, a characteri-
zation of multivariate distributions depending on a multivariate location parameter
by linearity of the Pitman estimator of a linear function of the parameter is ob-
tained. It is worth noting that the class also contains non-Gaussian distributions,

in contrast to the univariate case.

1.2  Outline of results obtained in the dissertation

1. Theorem (2.3.1): We show the superadditivity of the efficient information on
a structural parameter 6; in the presence of a nuisance parameter @, based

on independent estimating functions ¥, and Ws.



2. Theorem (2.3.2): If 87 is a /n—consistent estimator of the nuisance parameter

0, and 91 is a consistent solution of the estimating equation

> W (X;:6,,05) =0, (1.1)

i=1

where \ill is the efficient estimating function for @, in the presence of @, based

on W, then
Vi (81 -6,) =% N, (0,B"(9)) (12)

as n —— OQ.

3. Theorem (3.2.1): A simple modification of the Pitman estimator of a location

parameter u in the presence of a nuisance scale parameter o is given by

. - S &L /X-X
nlz( ) (13)

1=

We show that
2

Vi, —p) 5 N (0, 07) , (1.4)
where 02 /1 is the efficient information quantity.
4. Theorem (3.2.3): We construct a modified version of the polynomial Pitman

estimator for a location parameter p in the presence of a nuisance scale pa-

rameter o, given by

R S e - X, - X
fon, = X — j(k)zjl(k) <T) (1.5)

and show that

Vit = i) < 3 (0.7 (1.6)

as n —— OQ.



5. Theorem (4.2.3): When the model P = { Py} is misspecified and the misspeci-
fication can be parameterized through n,, = ¢/+/n, the behavior of 0,,, the so-
lution to a general estimating equation for the assumed model ﬁ:l ¥(X;;0)=0
is

Jn (én - 9) L, N, (B(6),13'(9)) . (1.7)
If |n,|| = o(1/\/n), then the asymptotic behavior of @, is not affected by

model misspecification.

6. Theorem (4.3.1): If 6, is an unbiased estimator of # when the true distribution
is F'(z;0) or the true distribution is G(z; #), then a lower bound for the variance

of 6, when the true distribution is F is given by

1

n2(EyJ1(2))?
Tlll(e) - ((lell()n))

Var; <én) >
for some A; > 0.

7. Theorem (4.3.3): Let P = Py U Py where Py = {fi(z;6;) : 61 € ©; C R} and
Py = {fa(x;6y) : 03 € O3 C R}, and let 6, be the MLE for 6; and 6, be the

QMLE for #,. We show

P (sup ﬁfl(Xi;Q) > sup ﬁj‘é(Xﬁ@)) — 1 (1.9)

as n — 00 and

Jn (én _ 9) P (0, L) (1.10)



10.

11.

as n — 00, where

én = é1f {H f1(Xi;é1) > Hf2(Xi;é2)}

i=1 =1

+é2]{Hf1(Xz';81 H Xz,92 }
i=1 i=1

(1.11)

Theorem (5.2.1), Theorem (5.2.2): We give a version of the Wald test statistic

W, = nR”(8,) laRa(g")Ig(én)aRg—f”)] RO,  (112)

based on an estimating function W for testing the hypothesis R(6) = 0 and

show that the sequence of tests based on W, is consistent.

Theorem (5.3.3), Theorem (5.3.4), Theorem (5.3.5): We give a version of the

Rao score test statistic

- % (i U (X;: én)) 15'(6,) (i U (X;; 9n)) (1.13)

i=1
based on a Fisher estimating function ¥ for testing the hypothesis 8 = 8(n),

show that the sequence of tests R, is consistent, and prove R,, — W,, = 0,(1).

Theorem (5.3.7): The limiting distribution of R,, and W, under a linear hy-
pothesis and the form of misspecification described in Chapter 4 is shown to

be a non-central x? distribution.

Theorem (6.1.1), Theorem (6.1.3): Let X and Y be independent random
samples whose distributions depend on a common parameter 6. Let 6, be the
solution to the estimating equation ¥;(X;0) = 0 and 0, be the solution to

the estimating equation Wy(Y;6) = 0. We show the best linear combination



12.

of 6; and 6, is asymptotically as good as the estimator generated from the

optimal linear combination of the estimating functions ¥, and Ws,.

Theorem (6.2.3), Theorem (6.2.5): We give the form of the Pitman estimator
of a linear function of a bivariate location parameter and show that the Pitman

estimator is linear if and only if the characteristic function is of the form

o(t, s) = exp{Q(t, s) + h(cat — c15)} (1.14)

for some quadratic form () and some differentiable function h.



Chapter 2
Estimating functions

2.1 Introduction

Let P ={Pg: 0 € © CR°} be a family of distributions of a random element
X taking values in a measurable space (X, .A) depending on a parameter 6 € ©. In
other words, P(X € A;0) = Py(A), A€ A, 0 0.

Our goal is to estimate @ based on our observation X. Estimating equations,
introduced by Godambe ([11]), are a useful tool for constructing estimators. The
classical maximum likelihood estimator (MLE) and method of moments estimator
are special cases of estimators generated by estimating equations. The advantage
of the method of moments estimator is that no assumptions about the probability
measure need to be made except for the structure of the moments, while the advan-
tage of using maximum likelihood is that the estimator will be optimal. However,
to construct the MLE it is necessary to have full distributional specification.

A vector function ¥ = ¥(x;60) : X x © — R® is called an estimating function

for P if for all 8 € O,
1. Eo® =0,

2. Eg|V;|* < o0, j=1,...,s, and



3. the matrix
ow
Cy(0) = —Fp (—) (2.1)

is nonsingular.

In addition, we will assume that the covariance matrix
By (0) = Eg (¥¥") (2.2)

is positive definite for all 8 € ©.

Let G be the set of all estimating functions g : X x © +— R® for P. The choice
of the estimating function ¥ and the properties of the estimator it generates are
part of the theory of estimating functions.

Suppose Xy, ..., X, is a sample from a population Py € P. The justification
for the term “estimating function” comes from the fact that under general regularity
conditions (e.g. [42], p. 46), there exists a measurable function, that is a statistic,

0, = @n(Xl, ..., X,), which is a solution to the estimating equation

im(xi; 0) =0, (2.3)

such that

Vit (0, -0) = =C3!(0) 30 ¥ (X:0) + o,(1). (2.4)

where 0,(1) represents a random vector R(Xy,...,X,; @) with the property that as

n — 00, |[R(Xy,...,X,;0)| — 0 in Py-probability. Hence,

NG (én . 9) L, N, (0,C31(6)Bg (0)C5(6)") (2.5)



as n — 00. One simple condition for (2.4) to hold is that there exists a function

o o 2

U(x) with Eg¥ (x) < oo such that
1% (x;61) = (x;0)] < T (x) |61 — 0] (2.6)

for every 0; and 65 in a neighborhood of the true value 6.
The matrix

Iy(0) = Cy(0)By (0)Cu(0) (2.7)

is called the information on @ associated with the estimating function W. This
definition was introduced by Bhapkar ([5]) in 1972 based on the work of Godambe

([11]), and can be viewed as a generalization of the Fisher information

1(6) = Eo (a% log £ (x:0) 25 1og £ (x: 9>T) . (2.8)

Suppose Py is absolutely continuous with respect to some sigma-finite measure p

with dPg/dp = f(x;0), where f(x;8) is twice differentiable in @ and satisfies

% / F(x: 0)u(dx) — %f(x;e)u(dx) (2.9)

If the matrix I(0) is positive definite for all € ©, the Fisher score J = J(x;0) =
Jlog f(x;6)/00 is an estimating function which satisfies B3(0) = Cj(80) (see [34],
p. 134). In this case I3(0) reduces to I(0), so that this definition of the information
is consistent with Fisher’s definition.

Some of the properties of the information on @ contained in the estimating

function ¥ are as follows:



Lemma 2.1.1. Let S = S(X) be sufficient for the family P = {Pp: 68 € © C R*}.
The function

T(S:6) = o (¥(X;0) | S) (2.10)

defines an estimating function for P and
Iy (0) < Iy-(6). (2.11)

Proof. Assume 6 € R. Clearly Fy (0*) = 0, and Ey (V%) = E, (U*?)+ EyVary (¥ | S)
so that 0 < Ejy (U*?) = Vary (¥*) < oco. Since S is sufficient for 6, the conditional
distribution of X given S is independent of 6, so assuming we can interchange the

operations of integration and differentiation, we have

5 (20) -5 (2ewis) -6 (5( Lo 1s))
— E (%qf) #0

so that U* is an estimating function for P.

(2.12)

Let f(z;0) denote the density function. We can differentiate the identity
0 = EpVU(z;0) with respect to 6 (again assuming we can interchange the operations

of integration and differentiation) to get

0= B (:0) = o [ W(wi6) (i O)utds)

~ [ o @ oudn) + [ V@O L moud) (213
= Fy <%\II(:C,9)) + Fy <\Il(x, 0)%10g f(:c;@))
so that

o (35 0(050)) = B (0(a30)J(2:0) (2.14)

10



where J(z;0) is the Fisher score. Similarly, if S has density ¢(s; ),

—FEy (%\P*(s; «9)) = Ey (V" (s;0)J,(s;0)), (2.15)

where J, is the score function corresponding to the density ¢(s;#). Since S is

sufficient for 6, the density can be factorized as f(z;0) = g(s(x),0)h(x), hence

J(x;0) = % log f(z;0) = %logg(s(m),@). (2.16)

We have

By ((2:6)(z:6) | 5) = Fy (qf(x;e)% log g(s:0)

= % log g(s;6)Eg (V(x;6) | 5)

(2.17)
s) U*(s;0)

_ 5 (%Mg F(:0)

0
=5 log q(s;0)¥*(s;0).
The last equality follows from a well-known property of the Fisher score, which does
not rely on the sufficiency of S, but does require mild regularity conditions on the
densities. The proof can be found in [32], p. 330. Equations (2.13) - (2.15) give us

Eyg¥(z:0)" _ [Ey (¥(;0)% log f(2:0))]’
EgV2(x;0) EgU*2(s;0) + EpVar (V(x;0) | s)
[EgEg (\I/(x, 9)% log f(x;6) ‘ sﬂ2

Iy(0) = ( g

= EgU+2(s;0) (2.18)
B (v (s:0) 2 log q(5:0))]" (Eo 0 (s;0))°
B EgU+2(s;0)  EyUr2(s:0)
= Iy-(0).
[

For the case of a multivariate parameter, see [30], p. 37.

11



A more general monotonicity property holds for the Fisher score J(x;8). For
any statistic T = T(X), the information associated with the estimating function
J*(t;0) = Eg (J(x;0) | t), Ir(0), is less than or equal to the Fisher Information,
I(0), with equality if and only if T is sufficient for 6.

For a general estimating function we do not have this property of monotonicity.
That is if T = T(X) is a statistic and the matrix Eg (;%Ep (¥ | T)) is nonsingular
then W*(t;0) = F (¥(x;0) | t) will be an estimating function for P, since clearly
Eg (¥*) = 0, and for each component %, Eg (V2) = Eq (U3?) + EgVarg (U | T)
so that Eg (\I/;‘Q) < Eg (\Ilf) < 00. We cannot, however, say that Iy (6) < Iy+(0) or

Iy (0) > Iy-(0).

Lemma 2.1.2. Let U = U(X) be an ancillary statistic. That is, the distribution of
U does not depend on the parameter 6. If ¥ = W (x;0) is an estimating function

for @, then so too is

U = U (x;0) = ¥(x;0) — Ep (¥(x;0) | u) (2.19)

and
Iy(0) <Ig-(0). (2.20)
Proof. See [6]. O

There is a close relationship between Lemmas 2.1.1 and 2.1.2. Suppose there
exists a complete sufficient statistic S = S(X) for §. By Basu’s Theorem S is
independent of every ancillary statistic U = U(X), so that for square integrable

functions g and h, Covyg (g(S), h(U)) = 0. The space of functions of U is a linear

12



subspace of the vector space of all square integrable functions of X. Small and
McLeish ([36], [37]) showed that the subspace of functions of S is the orthogonal
complement of this linear vector space. Motivated by this observation, they showed
that an estimating function can be improved upon by projecting it onto the orthog-
onal complement of the space of ancillary statistics, even if a complete sufficient

statistic does not exist.

Lemma 2.1.3. Let X be distributed according to the probability measure Py and Y be
distributed according to the probability measure Qg, where X and Y are independent
random vectors and @ € © C R®. If W, = Wy(x;0) is an estimating function for 0

and Wy = Wy(y; 0) is an estimating function for @ and the matrix
Cy(0) =Cy,(0) + Cg,(0) (2.21)

15 nonsingular, then

U(x,y;0) = W1(x;0) + W,(y; 0) (2.22)

is also an estimating function for 8, and we have
Iy(0) <I1y,(0)+1g,(0). (2.23)
IfBg,(0) = Cy,(0) and By, (0) = Cg,(0) then we have equality in equation (2.23).

Proof. If ¥y and ¥y are estimating functions, then ¥ = ¥, + W, has zero expec-

tation and components which are square integrable. The covariance matrix
By (0) = Eg (P¥") = By, (0) + By, (0) (2.24)

is positive definite, so that (using assumption (2.21)) W is an estimating function
for @. The information on @ associated with ¥ is C¢” (8)Bg'(0)Cyw(8), so to prove

13



(2.23) we need to show that

(Cw,(6) + Cu,(0))" (By,(0) + Bu,(0)) ™" (Cy, (6) + Cu,(8))
(2.25)

< C%,(6)By! (6)Cu, (6) + C%,(6)By, (6)Cu, (6).

This follows from the zero expectation of an estimating function, the independence
of X and Y, and the fact that any covariance matrix is nonnegative definite:
0 < Ep (Cy, By, 1+ Cy, By, ¥z — CyBy'0)
(C4, Byl ¥+ CY, By ¥, — C4By'¥)"
= Cy,By.Cy, + C},Bg.Cy, + CEB3'Cy
— E (C%, By Wy + CL Byl W,) (CLBG! (W, +0,))"  (2:26)
— Eo (CLBg! (W, + ¥,)) (Ch By ¥y + CL_ Byl w,)"
=1g,(0) +1g,(0) +1g(0) — 2(Cy, + Cyg,)" Bg'Cy

If B\111 (0) = C\111 (0) and B\I,Q(O) = 0@2(0) then also B\I,(O) = C@(G), and the

above inequality becomes an equality. O]

The information on 6 associated with the estimating function ¥ can be used
as a tool for comparing different estimating functions for the same family P. The
estimating function W, is said to be more informative or better than the estimating
function W, if

Iy,(0) > Ly, (6) (2.27)

in the sense that Iy, (0) — Ig,(0) is a non-negative definite matrix. Similarly, we
say that an estimating function W is optimal in a class C of estimating functions for
P if it is more informative than any function ¥ € C.

14



It is well-known and is easily proved that under mild regularity conditions
I(0) > Iy(0) for any estimating function ¥ € G ([11], [28]), so that the optimal
estimating function in the class G of all estimating functions is the Fisher score. As
a second example, let X € R with E(z) = a(f) and Var(z) = 02() where a(f) and
02() are known differentiable functions of a scalar-valued parameter 6. The optimal
estimating function in the class of linear estimating functions ¥ (x;0) = a(0)+b(6)x

is given by
$0(0) (@ — a(6))

U(x;0) = ( (2.28)

This can be proved using (2.30) below.
It is easy to show that the above definition of optimality is equivalent to the

following definition: An estimating function W € C is optimal if

Eo(J - CyBy'¥) (J - C3By'Y)"
(2.29)
- T
TR-1 TR-1
< Bo (1-CLBy'¥) (3 - CLB )

for any W € C, where J is the Fisher score. This definition allows for a geometric
interpretation of optimality. Suppose C is a closed subspace of the Hilbert space
L?(Pp) (with inner product (¥, ¥,), = Eg (¥ ¥,) and norm || ¥||g = (P, \Il)é/Q).
As noted above, the optimal estimating function in the class of all estimating func-
tions G is the Fisher score J. The optimal estimating function in the closed linear

span of a subset of G is the estimating function W for which CLBg'W is closest to

the Fisher score. That is, the optimal estimating function in C is
U =FEy(J|C), (2.30)

the orthogonal projection of the Fisher score into the space C (see [15] for a full

15



proof).

2.2 Fisher estimating functions

Let A = A(6) be an s x s nonsingular matrix whose elements a;;(0) are

differentiable. If W is an estimating function for P, then so is ® = AW. The system

i@(xi; ) =0 (2.31)

is equivalent to

n

> W(X;:0) =0. (2.32)

=1

Since equation (2.31) and equation (2.32) will have the same solution, we say that
® is equivalent to . Thus, to choose ® as an estimating function over W is simply
a matter of preference.

In what follows we will show there exists a special matrix A corresponding
to the Fisher form of the estimating function equivalent to ¥. We call ¥ a Fisher

estimating function for P if
I4(0) =Bg(0) = Cyg(0). (2.33)

The motivation for this definition is that Fisher estimating functions and the esti-
mators they generate share a crucial property of the Fisher score and the maximum
likelihood estimator.

If ¥ is an estimating function for P and the elements of Cg(6) and Bg(0)

are differentiable, then ¥ = CZ;,BE}\I’ is a Fisher estimating function equivalent to

16



B, (0) = Fy (wT> = CLBy'Ep (#U") By'Cy = CLB;'Cy (2.34)
and
Cy(0) = —Eg g = —CLB;'Ey Oy - CLB;'Cy. (2.35)

We call ¥ the Fisher form of W. This definition coincides with Heyde’s definition

of the standardized form of the estimating function ¥ used in equation (2.30).

Theorem 2.2.1. If the matrices Bg(0) and Cg(0) are nonsingular with entries
that are differentiable in 0, there exists a unique Fisher form U of the estimating

function W.

Proof. Suppose there exist two Fisher estimating functions, ¥; = A; ¥ and ¥, =
A,W, which are both equivalent to ¥. Then \i'g = AgAfl\ill. Since \ill is a Fisher

estimating function,
Cg,(0) = A2(0)A77(0)Cy,(0) = A2(0)AT"(0)Bg, (0). (2.36)
Since W, is also assumed to be a Fisher estimating function,

Cy,(0) =By, (0) = A2(0)AT "By, (0)AT'(6)" Ax(6)". (2.37)

2

Therefore, A7 (0)T A5 (0)T =1, or A1(0) = A, (0). O

2.3 Structural and nuisance parameters

Let 87 = (87, 02) where 8, € ©, C R” is the parameter of interest, 6 € Oy C
R? is a nuisance parameter, and r + ¢ = s. Consider the set G; of all estimating

17



functions ¢g : X x ©; — R” for ;. Chandresekar and Kale ([10]) showed that for
any ¥ in Gy,

I,'(0) >1'(0) (2.38)
where I'(8) is the r x r submatrix of the inverse of the Fisher information matrix
I71(0) corresponding to 6, when I71(0) is partitioned according to the partition of
6" = (67,62).

It was shown by Godambe and Thompson that under certain regularity con-
ditions, there exists an optimal estimating function in G; ([12], [14]). Suppose there
exists a statistic (S, U) which is sufficient for 8. If the sufficient statistic has the
property that the conditional distribution of S given U, h(s;61|u), depends on 6
only through 8, and the family of probability distributions {PéU)} of U is complete

for every fixed 6, then the conditional Fisher score function

1(x;6,) = 81011%; h(s, 6:|u) (2.39)

will be the optimal estimating function in G; for 6.

We use the method of projection ([27], [37]) to minimize the effects of the
nuisance parameter @, when estimating the structural parameter @, using a general
estimating function. Let W be a Fisher estimating function for P = {FPs}. We

partition ¥(x;0) as,

1(x;0
¥ (x;0) = () , (2.40)

W,(x;0)
B\Il(e) as,

By (6) = Ly(8) B11(6) Bi:(6) | (2.41)

B21(0) Bay(0)
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and Bg'(0) as

B0 150~ | 0 (2.42)

B21 (0) B22(0)

with dimensions corresponding to the partition of 6.

Let U, = ¥, — Eg(\Pl ‘ W,), where Eg( . ‘ W,) is the projection operator onto
the space spanned by the components of ¥,. An element in the space spanned by
the components of ¥, can be written as C(6) W, so to find Eg (¥ | ¥,), we need

to find the matrix C(@) such that
Eg (T — C(6)¥,)" ¥,) = 0. (2.43)

We can set C(0) = B12(0)B,, (0) to attain equality (2.43).
The function \iﬁ =\, —B12B2_21‘I’2 is sometimes called the efficient estimating
function for @, in the presence of @5 based on the estimating function W. This is

due to the fact that

N . o~ 0 -
I,.4(0) = Eq (w&{) — _E, (—\m)
(2.44)

the inverse of the first block of matrix (2.42). We call the matrix I ¢ (8) the efficient
information on @1 contained in the estimating function W.
The next Theorem generalizes a result by Kagan and Rao ([27]) concerning

the efficient score function.

Theorem 2.3.1. (Superadditivity) Let X and Y be independent random vectors

and ¥, = U(X;0) and ¥y = Wy(Y;0) be Fisher estimating functions for the
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parameter 87 = (87,02). If ® = ®(X,Y;0) = ¥,(X;0) + ¥,(Y;0),

A

I 3(0) > 1,9,(0) +1,9,(0). (2.45)
If X and Y are identically distributed and W, = Wq then (2.45) becomes an equality.

Proof. We partition the estimating functions
‘Ill - 5 1112 - (246)

with dimensions corresponding to the dimension of the partition of @. The efficient

information on 6, contained in ® is given by

il,<I>(0) = Fg (‘131 - 112,<I>12_217<I>(I'2) ((I)l — I12,<I>12_217¢¢’2)T
= Eg (‘1’11 + Wy — I12,<I>12_21,¢ (W + ‘1’22))
(‘1’11 + Wy — 112,<I>IQ_217¢, (s + ‘1’22))T
= FEy (‘1’11 - Il2,¢152{@\P12) (‘I’n - 112,<1>I§217q>‘1’12)T
(2.47)
+ L (‘1’21 - 112,<I>127217<1>‘Il22) (‘I’zl - 112,@127217@‘1’22)T
> Eo (¥1 — Linw, Iy, W1o) (U1 — Tiow, L'y, @io) "
+ L (‘1’21 - 112,\11212_217\1,2‘1’22) (‘1’21 — 122,\11212_21,\1,2‘1’22>T
= Bo (197 + By (9,87) =1,,9,(6) + 11.0,(6).
The inequality follows from the fact that E, (U | Pyg) = 1127\1,1(9)12_217‘1,1(9)1112

which implies that for any r x ¢ matrix A(8),

Eo (T, — A(0)T,) (T — A(0)®,)"
(2.48)

> Eg (‘1’11 - 112,\111(9)12_217\1,1(9)‘1’12) (‘1’11 — 112,\111(9)12_217\1,1(9)‘1’12)T-
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If ¥, = ¥, and X and Y are identically distributed, then

I155(0)13) 5(0) = (Liw, (0) + 112,9,(0)) (T2, (0) + In2 9, (6)) "

= Lo, (0),,(0) (2.49)
= Lio,w,(0)54,(0).
Therefore we have equality in equation (2.45). ]

In general, ¥, = ¥, (x; 604, 05) depends on both the structural and the nuisance

parameter. For fixed 05, ¥, is a Fisher estimating function for 8;, and the equation

i=1
will have a solution 8, = él(Xl, ..., Xy, 03). The advantage of this method is that

when we have an initial \/n—consistent estimate 85 = 05(Xy, ..., X,,) of 85, 6, will

be efficient.

Theorem 2.3.2. Suppose for each j,

lzg_‘gj(xi;e) —E (%(x; 0)) H = 0,(1) (2.51)

n
i=1 J

sup
6co

as n — 00, and m;(0) = E (8@1/80j> is continuous in 6. If 05 is an initial
estimator of Oy such that \/n(05 — 0y) = O,(1), for all large n, there exists a

consistent solution 6, of the equation

S ,(X5; 01, 05) = 0 (2.52)
i=1
such that
Vn(0, — 6,) -4 N, (0,B'(0)) (2.53)

as n — o0.
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Proof. Let 6] = (0{0,050) denote the true value of the parameter. Since 65 is a

consistent estimator of @y we have for some 65 between 05 and 6y,

_;\1;1 (X;:01,65) = Z‘I’l (Xi;01,020) + Z%‘Z; (Xi:61.62) (6 - 6)

2, Eeo (lill (X; 0., 920))
(2.54)

as n — 00. In particular,
1 En: T * P
— ‘Ill (Xz; 010, 02) — 0 (255)
n <

as n — oco. By the continuity of m, () and (2.51),

\Il
28 ! Xz‘;91,9*) ml 90

0w ) *
801 Z : Xz’; 01, 02) — 1y (01, 92)

00,

+ [|my (01, 65) — my (6))]|

- 2‘1’1 Xi;0) —my (0)|| + ||my (61,05) —my (6o)]

< sup
G

— ||m1 (91, 920) —my (910, 920)”

(2.56)

as n — o0o. Fix r > 0. Let)\—l/ZHm OO)H . For some s < r,
|my (61,602) — my (619,0)] < A (2.57)

for all 8, € B, (6010). By the Inverse Function Theorem (see [33], p. 193 and [20],

Lemma 2), By, (M, (610)) € M,, (B, (610)), where

1~
M, (61) = - > W (X;56,,63). (2.58)
=1
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Since M, (619) - 0, for sufficiently large n, 0 € By, (M, (619)) € M,, (B, (01)).
That is, for sufficiently large n, there is a 0, € B, (610) C B, (01) such that
M,, <én> = 0. Since r > 0 is arbitrary, én 2,0, as n — oo.

To show (2.53) we can expand (2.52) in a Taylor series around the point (64, 85)

(dropping the extra subscript) to get
1 & .
= % Z \I’l <Xz, 91, 02>
\/_
\/—Z‘Ill X1701702 T;

ov o
\/_Z 3921 (Xi;61,6:)(0; — 02)

\if

6,)(6, — 6,) (2.59)

Z7

for some 6 = (01, 65) between (01, 6%) and (0, 6). By (2.51),

13 G (x00) o

Z 8\1’1 (
n < 00;

< Sup X;;0) — (0)

(2.60)
+ |[my (8) = m; ©)] = 0,(1)

since (61, 8,) converges in probability to 6 and m; (0) is assumed continuous. There-

fore,
1 0¥, o,
ﬁ ~ 802 (X-’Lu 01702) —> E9 (602 (X 01702))
owv, ) (8\1!2 )
=F x;60,,0 B;;B, E x;0,,0
o (Gorton0n) -Bumie (Greconen)

= —Cj3 + B;3B13B;,) Cyy = —Bysy + B12B5, By

=0.
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Then, since /n (05 — 03) = O,(1), the last term in (2.59) is 0,(1). Similarly,

8@1 X -~ ~ P 6@1
Z 801 Xi701702) B EG (801 (X1701702)>

owr ow
— Eg ( ! X 01,02)> — B12B2_21E9 ( 2(X 01,02))

00, ( 06, (2.62)

=—-Cy + B12B12B2_21021 = —B11 + B12B3, By
_ _(Bll)—l

Rearranging (2.59) gives

A -1
X 1 (10 .
V(0 — 6,) = NG (52 o, (Xi01,62) ) Z\Ifl (Xi;01,82) + 0,(1)
=1 7 =1 (2.63)

J R
Z \I’l(Xz, 01, 92) + Op(]_).
i=1

7

proving (2.53). O

— _Bll

Theorem 2.3.2 requires that our initial estimator 63 of 5 is y/n—consistent.

The assumption can be relaxed under further moment assumptions on oW, /00.

Theorem 2.3.3. Suppose
oW, |°

E
%100,

< o0 (2.64)

for some a € [1,2) and 6} is an initial estimator of @y such that

. 1
(02 - 92) - Op (W) . (265)

If 0, is a solution of the equation

Z ‘1’1 (Xi;61,605) =0 (2.66)

=1
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such that
0= qul (X:61.63) = Z\Ill X, 6,,0,) +Z 0%, > (X::61.62) (6:-61)
Z 802 (Xi;01,0,) (65 — 0,) +0,(1)

(2.67)
then

Vi (61-6) <% N, (0,B" (0)) (2.68)

as n — o0.

Proof. Since Eg (8@1/802> = 0 and Ejy Ha\ifl/aegua < 00, by the Marcinkiewz-
Zygmund law of large numbers (see [4], p. 256),

1 6\111
nl/‘)‘ : 00

(X’L; 017 02) —> (269)
as n — o0o. Since 05 — 0y = O, (n~Y/+1/2),

1 0w
= = (X161, 62) (05 — 65)
=1

1 ow
- nl/a 801 (XZ)0170 ) 1/a=1/2 (0 02) (1)010(]-) (270)

= 0,(1)

as n — 00. The remainder of the proof is identical to the proof of Theorem

2.3.2. [l

The next example, due to Kagan and Rao ([27]), shows that the efficient esti-
mating function can be a useful tool in calculating a statistic for the full parameter

0" = (07,61). Consider the standard linear regression model

X=AO+¢ (2.71)
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where X is an observable n x 1 random vector, A is a known design matrix of order
n x s of full rank s < n, and € is an n x 1 vector of errors with Fg(e) = 0 and
Varg (€) = 01,4, 02 unknown.

The least-squares estimator of 6,
0, = (ATA) " ATX (2.72)
is the solution of the estimating equation
¥ (X;0)=AT(X-A0)=0 (2.73)

and is the best linear unbiased estimator (BLUE) of 8 in the sense that for any

linear unbiased estimator 8,, = BX,
Varg (én> = g2 (ATA)f1 < Varg (én> . (2.74)

The best linear estimating function for @ is

Jin = Ee (J[X)= LAT (X —A0), (2.75)

o2

which is the Fisher form of the estimating function in equation (2.73). We partition

A= (Al AQ) and JT

lin

= (] 4n, I34m) according to the partition of 0" = (07, 6]).

The information on @ contained in the estimating function Jy, is

Lin = Eg (JlinJgn) — giATA _

1 A{Al A1TA2 1 Ly I
2 p

ATA, ATA, 7 Iy In
which is independent of 6.

The efficient estimating function for 6; in the presence of 8, based on the
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estimating function Jy, is

jl,lin = J1,lin - EB (Jl,lin ‘ J2,lin)

1 1 _
= AT (X - A0) — — (AAs) (AJAs) 7 AJ (X~ Af)

1 .
= (AT - (ATA.) (ATA) A X

1 _
3 <A1TA1 — (ATA;) (A7 A,) 1 A2TA1> 0,

1 B
= (AT — 11 AT) X — — (I')) ' 6,

1
o?
which is independent of @,. The estimating equation

Jl,lin =0

has solution

6, = 1" (AT — 1,1 AT) X.
Similarly, J 21in 1 independent of 64, and the estimating equation
j2,lin =0

has solution

0, =12 (AT — 1,1 AT) X.

(2.77)

(2.78)

(2.79)

(2.80)

(2.81)

AT ~T\T —
Simple calculations show that the variance of (01T, 92T> is 0% (ATA) " and

that 9: = (9?,9;) However, calculating 6, from (2.73) requires inverting one

s X s matrix, while calculating @; and 0, separately from (2.78) and (2.80) requires

inverting an r X r matrix and a p X p matrix. The computational complexity of

inverting an s x s matrix is C's**® for some constants C > 0 and 0 < 6 < 1. Thus, if

r = q = s/2 the computational complexity of generating 6,, from (2.73) is 2% times
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higher than first partitioning the parameter and then estimating the subvectors

separately using (2.78) and (2.80).
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Chapter 3
Estimating functions for location parameter families

3.1 Equivariant estimators

In Chapter 2 we studied estimators generated by estimating equations. In a
sense, the estimators were not given in an explicit form. Here, using the special
characteristics of a parameter, we present efficient estimators in an explicit form.

The loss incurred by estimating g(6) by g is measured by a loss function L(g; g).
Typically L(g;g) > 0 and L(g; g) attains its minimum value in g at ¢ = §. Two

common examples of loss functions are

L if [ g(x) —g(0)] > A
L(g;9) = for A > 0.

0 if [ g(x) —g(0)] <A
The first loss function is quadratic loss when p = 2 and absolute value loss when
p = 1. The second loss function is known as “0-17 loss; it is related to estimation
by confidence intervals.

If g(X) is an estimator for g(é), its performance is measured by the expected
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loss, called the risk:

R(3:9) = Eo (L(G:9)) = /X L(§(x); 9(6))dPs(x). (3.1)

The risk corresponding to the first loss function when p = 2 is the mean squared
error, Fy (§(X) — g(8))*, and the risk corresponding to the second loss function is
By (| 9(X) —g(0)] = A).

We would like to find an estimator for g(f) which minimizes the risk function
for all values of # € ©. Unfortunately, such a statistic does not exist in general.
For example, let §(X) = g(y) for some fixed number 6. The risk of this estimator
will be close to 0 for values of 6 that are close to 8y but will likely be very large for
other values of the parameter. For this reason we need to restrict our attention to
a smaller class of estimators which possess certain characteristics.

In what follows, we will consider the class of equivariant estimators. The
motivation for the use of an equivariant estimator can found in [9]. Equivariant
estimators are appropriate for problems in which certain symmetries exist; they
also have the advantage that in many cases there exists a best equivariant estimator
which minimizes the risk uniformly for all values of 6.

First, consider the case where the parameter p is a location parameter. 1If
(R,B(R), P) is a probability space and X is a random variable in R distributed
according to the probability measure P, then for any p € R, the random variable
X + p will be distributed according to the probability measure P, where P,(B) =
P(B — ) for any B € B(R). The family P = {P, : u € R} is called a location

family. If F|X| < co we can assume without loss of generality that £, (X) = p.
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Let X = (Xj,...,X,) be a random sample from P, € P and let T'(X) be
an estimator of p. Suppose that instead of u, we wish to estimate p + a for some
a € R. Two reasonable approaches to this estimation problem are to estimate y+a
by T(X) + a, or to first transform the data with X; = X; + a and use T(X + a) as

our estimator. We call a statistic location equivariant if
TXi+a,...,Xp+a)=T(Xy,...,X,) +a (3.2)

for any a € R. If (3.2) is violated, then the estimation problem depends on the
choice of the origin in R (see also [18], ch. 2).

When the loss function is squared error loss, there exists an equivariant es-
timator of p which minimizes the risk uniformly for any pu € R. The estimator is

called the Pitman estimator, and it is given by
th=X—-E(X|X1—-X,.... X, - X). (3.3)

If the density function f(x — @) exists, then (3.3) can be written in integral form as

i 6 — ) F(X — u)da
I ) KW 0

The Pitman estimator of a univariate location parameter is unbiased and effi-

cient ([31], [40]). That is,
Vnty —p) -5 N (o, L) (3.5)

as n — 00, where

)= | (J}/((j)))Qf(x)dx (3.6)

is the Fisher information of a location parameter.
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If, in addition, there exists an equivariant estimator ¢, of u such that
E, | ty—p|> < oo, (3.7)

the Pitman estimator of u is also admissible under quadratic loss in the entire class
of estimators of u ([39]). That is, if /i, = fin(X1, ..., X,) is any estimator of u such
that

E, (fun — M)2 < By (tn — N)Q (3.8)

for all p € R, then

for almost all p.
In the class of all distributions F' with fixed finite variance o2, the risk of
the Pitman estimator is maximized when ¢, = X. If F is Gaussian, then X is

independent of the vector of residuals (X; — X,..., X, — X), so
E(X|[Xi—-X,....X,—X)=0. (3.10)

Hence the normal distribution is a least favorable distribution. It was shown by
Kagan, et al. ([23], [24]) that if n > 3, the normal distribution is the unique

distribution for which ¢, = X; the result is known as the KLR-theorem.

3.2 Location-scale families

Let (R, B(R), P) be a probability space and let X be a random variable in R
distributed according to the probability measure P. For any 1 € R and any o € R*,
the random variable 0 X + p will be distributed according to the probability measure
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P

K0

where P, ,(B) = P(1/o(B — p)) for any B € B(R). We call such a family
P={P,,:n€R, o €R"} alocation-scale family. For the purpose of this section,
the location parameter p is the parameter of interest and the scale parameter o

is a nuisance parameter. As before, we can assume without loss of generality that

E

o

(X)=pforall p € Rand o € RT.

3.2.1 Modified Pitman estimator

Let @ = (u,0)T. For a location-scale family with known f, the Fisher infor-

mation matrix is of the form

f'(@)? f'(@)?
1 f - dx fl’ - dz 1 IH 112
10)= i )2 7(@) e | (3.11)
fxff((fg)) dr f (zf (?&‘{(ﬂv)) dr Iy Iy

which is independent of x and depends on ¢ only through the coefficient 1/02. The

inverse of this matrix has the form
IH 112
I71(0) = o* (3.12)
121 ]22

where I'' = (I}, — L1515, 1))~ This gives us the Cramér-Rao lower bound for

the variance of any unbiased estimator of p in the presence of the nuisance scale

parameter o of o2,
Let X = (X7, ..., X,) be arandom sample from P, ,. Denote an estimator for
1 by fi, = fi,(X1, ..., X,). Asin the previous section, we will restrict our attention

to equivariant estimators of p. For the location-scale family, an estimator fi, is

equivariant if for any @ € R and any b € R™ we have

fn(bX1 4+ a, ..., bX,, +a) = b, (X, ..., X,) +a. (3.13)
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We will compare estimators using the quadratic loss function

L(jis 0) = (ﬂ_“)Q. (3.14)

g

Notice that for any equivariant estimator fi,, the risk function is independent of the

parameter, since

Finding a best equivariant estimator with respect to the quadratic loss function
amounts to minimizing Fjy14%(X) over the class of equivariant estimators. It can
be shown (see [9]) that the Pitman estimator of y in the presence of the nuisance

parameter o has the form

E071 (75‘ X1§Y7 RN Xn_f)
o (5] B2, E).

t(X1,..., X)) =X -8

5 S
where S'is the sample standard deviation.
The Pitman estimator of x4 has the property that
2
Vi (b, —p) ~5 N (o, i—) , (3.17)
1
where [ 1=11—1 1212’21[21. Since the asymptotic distribution is Gaussian, with mean

0 and variance which achieves the Cramér-Rao lower bound, the Pitman estimator

of u is an efficient estimator.
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The goal of the remainder of this section is to construct an equivariant estima-
tor £, of y1, which we will call the modified Pitman estimator, that is asymptotically
as good as the Pitman estimator t,. Since the Pitman estimator is the best equiv-
ariant estimator, we will necessarily have that R(t,,u) < R(f,,u). However, the
modified estimator has the advantage that it has an explicit form that is easier to
work with.

In the location model, a version of the Pitman estimator was constructed by
modifying the score equation using an iterative approach based on the Newton-
Raphson algorithm (see [19] and [22]). In the location model, the maximum likeli-

hood estimator fi, is the solution of the likelihood equation

Z f, Z —J(X; —p) = 0. (3.18)

Applying the iterative procedure to (3.18), and replacing u with the y/n—consistent

initial estimate of u, X, we obtain the statistic

— 1
+
S (X -

%) 2_; J(X; — X). (3.19)

Finally, we can replace J' with its expectation —I, the Fisher information, to obtain

the modified Pitman estimator
fin =X ——> J(X; - X). (3.20)

The modified Pitman estimator is an equivariant, asymptotically efficient estimator
of .

For the location-scale model, the maximum likelihood estimator is the solution
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to the pair of equations

zn:—gj( ) ZJle,u, =0

= (3.21)

5[4 (5] -5 i

=1

where as before, J(z) = f'(z)/f(z).

Since we are interested only in estimation of u, and regard o as a nuisance
parameter, we need to eliminate o in our estimating function. To generate an
estimating function for p, we can use the method of projection discussed in Section
23. Let J, = J; — E’g(Jlng) where the operator E is the projection operator
onto the space spanned by J,. Since Ey ((J1 — 112I2}1J2)J2) = 0 it follows that
j1 = J; - ]1212_21J2, where I;; and s are the elements of the Fisher information
matrix (3.11).

We can apply the same iterative procedure to Ji to get the expression

[+

__ T (X, o). (3.22)
Zi:l 8£J (le w, o ;

Replacing j{ with its expectation —1/02f1 = —1/0*(I, — L1o15,' I5y), o with X, and

o with S, we get the modified Pitman estimator

(X1, .., Xy)

Theorem 3.2.1. Suppose EgX* < 0o and ¢ is twice differentiable with

‘gp (%)‘ < h(z), (3.24)
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for all i and o, where Egh*(x) < co. Then

2

ﬁ(fn—u)—>N<o,‘{> as n — oo. (3.25)

I

Proof. Since J = (Ji, JQ)T is a Fisher estimating function, the following equalities

hold:
0 1
EgJt = —Ey <@J1> = ;Ill, (3.26)
) 5, 1
FEo (J2) =—Fy %JQ = ;IQQ, (3.27)
0 0 1 1
Eg (JlJQ) — —Eg <@JQ> — —Eg (%Jl) — ﬁ112 - ;]21, (328)
and
2 1 2 L4

Eo <J1> = —Eo (¢) = 1. (3.29)

We can expand ¢ in a Taylor series around the point (X; — p) /o to get

Vil — ) = VX - ) - LIS 3 (KX

nl 3

SGESIEP o o “)

1=1

e () (5575

_ﬁSZ (&) (X; Xia—u)z

nly o3

(3.30)

for some &; between (X; — X)/S and (X; — p)/o. Straight forward calculation show

T = o f O I, 0
. e 7 31
© ( ) =0 < Ji (:B,;L,U) Iy 00 J1(33 w, o )) (33 )

so that

1 & X; — .

=3¢ (—”) L, 1. (3.32)
n g

=1
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Similarly,

(3.33)
]12 2 0 .
1220 60_J2 (I7M,O')
so that
1~ (X — X — I
—Z( : M) gp'( ’ N)L02121+0—202122:0. (3.34)
n P o g 122
The first and third terms combined in equation (3.30) are o,(1) since
X—p) - Y2 -
\/ﬁ( M) n ]1290 S S o
\/ﬁS - /(Xz_,u>
= Vi (X —p) - Y22
v ( 1) - [1; .
Xz_,u a Y_N
() G-0- (1))
11 Xi — X; —
VAT ) V(s - o) 7 S () ()
I , o o
= (3.35)
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The last term in equation (3.30) is also 0,(1) since

1 ~ ” Xl—y XZ—[,L ?
%;SO (fz)( s 4 )

1
s—niz

IA
Gl
3
n
|
Q
S~—
o
Y
| —
Mi 3
_
>
[\
Eaa
Sl
3
VN N——
o<
|
=
N———
N
N——
—
~
o
w
w
s

= 0p(1)
Therefore
Vi (tn — 1) = [T%ZSO( . > + 0p(1)
LY (3.37)
d o’
I
as n — 0o by the central limit theorem and Slutsky’s theorem. O

The proof of Theorem 3.2.1 depends mainly on the fact that the Fisher score
is a Fisher estimating function. For this reason, Theorem 3.2.1 can be generalized to
the case when our estimator is generated by an arbitrary Fisher estimating function

of the form
1| ® ()
D(X;p,0)= - . (3.38)
2 ()

(e

The covariance matrix of (3.38) is of the form

Bs(0) = — (3.39)
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which is also independent of x and depends on ¢ only through the coefficient 1/02.

Let i)l =o; — Eo (O1 ] Py) =Dy — 3123521@2'

Theorem 3.2.2. Suppose EgX* < 0o and  is twice differentiable with

o(50) <

for all i and o, where Egh?(x) < co. Then the statistic

- S &L /X, -X
Wy, =X — — iiJ
nBlz 1( S )

i=1

1s an equivariant estimator of p and has the property that

\/ﬁ(wn—u)LN@,‘f—Q)

By

where Bl = Bll — 31282_21321.

Proof. The proof is identical to the proof of Theorem 3.2.1.

3.2.2 Polynomial Pitman estimator

Let

,_(XN-X X -X
s s

be the standardized residuals and

Cr = {jin = X + SQ(Z) | Q is a polynomial of degree < k}.

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

For simplicity, we call the class Cy the class of equivariant polynomial estimators of

degree < k of a location parameter y in the presence of a nuisance scale parameter

o. For any ji, € Ck, under quadratic loss,

~ 2
EW,(“" ’“‘) = Eox (fin)?,

o

40
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so that the risk is constant, and we should expect that there is an estimator that
minimizes this risk.
Let Ax be the closed linear span of all functions of the form SQ(Z) where @

is any polynomial of degree at most k. For any ji,, = X + SQ(Z) € C; we have

- . L 2
Eo1(X + SQ(Z))? = By, (X — Boy (X | M) + Eoa (X | M) + SQ(Z))
S 2 L 2
= Bo (X = Boi (X1 A)) + Bos (Bo (X ) +5Q(2))
+2Eq; (Y - Eo,1 (X | Ak:)) (Eo,l (X | Ax) + SQ(Z)> (3.46)
3.46
S 2
> Eo 1 (X — Epy (X | Ak))
+ 2B (X = Boy (X1 ) (Boa (X +5Q(2) | Av))
. 2
= EO,I (X — EO,l (X ‘ Ak))
where the last line follows from the fact that X — EOJ (7 | Ak) is orthogonal to

every element in Aj. Since

uniformly minimizes the risk in the class Cy, we call [L;’“) the polynomial Pitman

estimator of a location parameter p in the presence of a scale parameter o. The
polynomial Pitman estimator is asymptotically Gaussian:

2
~(k d o
Vi (i) — p) == N (07 W) : (3.48)

1
It will be explained below that I 1(’“) /o? is the information on p in the presence of o
(k)

contained in the space of polynomials of degree at most k. This means that fi, ' is

not only optimal in the class C, but also efficient as an estimator of p.
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The polynomial Pitman estimator may have a complicated structure and it
may be difficult to calculate the coefficients explicitly. In this section we consider
equivariant polynomial estimators of a location parameter in the presence of a nui-
sance scale parameter with simpler structure that are asymptotically efficient in the
space of polynomials of degree < k.

One such estimator was constructed by Kagan et al. (see [26]). This estimator

can be written as

k

=2

where g; = 1/n Y. [(X; — X)/S)? and the constants A; depend only on the quan-
i=1

tities v; = [2'dF(z/o)/ ([ Z'QdF<£L'/U))i/2 fori=1,...,2k [ is asymptotically

equivalent to the polynomial Pitman estimator in the sense that

Eo (v (i) = i))* = o(1) (3.50)

as n — 00.
We will construct an alternative estimator using the methods of Section 3.2.1.
To do this, we will first need to review some results concerning estimators and

information on a general finite-dimensional linear space H and apply these ideas to

the case when ‘H = Span{l,x,..., z*}.
In [21], Kagan considers estimation of a general finite-dimensional parameter
0 when the estimator is an element of a finite-dimensional Hilbert space H. Let

P = {Ps : 0 € R?} be a family of probability measures indexed by a bivariate

parameter @ = (01,0,)7. Let H = Span{l,z,...,z*} be the closed linear span of
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the elements 1,...,2%. On H we specify the family of scalar products

{(901, ©2)o = / ©1p2dPg : 0 € R?) 01,09 € H} : (3.51)
X

Let 7;;(0) = (2",27)g, i,j = 1,...,k, and m(0) = (2°,1)g for i = 1,..., k. We
assume that the functions 7,;(@) are differentiable in 8, 7;(6) are twice differentiable

in @, and that the Gram matrix

7TH<0) cee 7le(0>
(3.52)
7Tk1(0) 7Tkk<9)
is nonsingular for all 8 € ©.
Let _ -
0 %71(0) e a%rm(ﬂ)
am(0)  m(8) - m(6)
Ao (g) = | P ! ' (3.53)
8%17?;4(0) 7Tk1(0) e Tkk(o)

for r,q = 1,2 and let AE;Q)(B), i,7 = 1,...,k + 1 be the cofactors of the matrix

A9 (@). The functions

k (r,r)
AV (0)
Jo=J (H;0)=—=> %()x r=1,2, (3.54)
o1 Ay (0)
are the unique functions in ‘H which satisfy
0
(Jr ) = ETR (p,1)g, r=1,2, (3.55)

for all ¢ € H and all 8. It can be shown that the functions J, (H;8) are the
projections of the Fisher score onto the space H. That is, Ji(0;H) = Eg (J; | H)
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and J5(8; H) = Eg (Jo | H). The vector J(H;0) = (Jy(H;0), Jo(H;0))T € H x H
is the called score vector of the space H.
The functions J;(0; H) and Jo(0; H) have 0 expectation. It follows from equa-

tion (3.55) that

)
(Jo, J))o = — (a—qur, 1)0. (3.56)

Therefore, the the score vector of the space H satisfies all the properties of a Fisher

estimating function. The corresponding polynomial estimating equation
> J(6:H)=0 (3.57)
i=1
will have a solution 0,,, which is not necessarily a polynomial, such that
NG (én - 0) L N, (0,171 (8; 1)) (3.58)

as n —— OQ.

The 2 x 2 matrix I(0; H) = [1,,(0; H)], where
]rq(O:H) = (JT(O’H)7JQ(07H)>07 rq = ]-727 (359)

is called the information on @ contained in the space H. An explicit formula for the

elements of the information matrix is given by
, rg=1,2. (3.60)

The information on @ contained in the space H has some of the same properties as
the Fisher information matrix such as additivity and monotonicity.
A version of the Cramér-Rao inequality exists for unbiased estimators ¢ =

(p1,02)7 € HXH of 0. Let B,(0;H) = Eq |(¢ — 0) (¢ — B)T]. For any ¢ € HxH
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such that (¢;,1)y =¥6;, i =1,2,

" (6;H) I'(6;H)
B, (6;H)>1"(0,H) = . (3.61)
PLO:H) I2(0:H)

This can be proved by using fact that any covariance matrix is non-negative definite:
0< Ep(p—0-T"(0;H)IO:;H)) (p— 0 —T""(0; H)I(0;H))"
=By, (0;H) — 11 (6; H)Eg (J(6; H), ) — Eo (¢, (6; H)) T (6; H)
+ 1790, H)Eo (J(0; H)J(0; H)") T71(6; H) (3.62)
=B(0;H) —17'(6; H)QE ®— 3E eI (0;H) +17(0; H)
) ) 80 7] 89 7] ) )
=B(O;H) — I_l(O;H).

It follows that for any unbiased estimator ¢; € H of 6,
(p1,1)g > 1" (6;H). (3.63)

See [21] for further discussion and detailed proofs of the above results.

Suppose P = {Pp : 0 = (u,0)7 € R x R} is a location-scale family and
that the probability measures Py are absolutely continuous with respect to some
sigma-finite measure v so that the densities (1/0) f((x — p)/0) exist. Let Ji(x) =
f'(x)/f(z) and Jo(x) = (1 + zf'(z)/f(x)). We assume that both J; and J; belong

to L?(f). The functions

_éjl (9‘; R “) (3.64)
and
_5]2 (‘7‘" R “) (3.65)

are the Fisher score functions for 1 and o respectively.
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Let

o 1 —
J® = (—;Jl (3“" - “) H) (3.66)

T = (—ljz (x - “) H) (3.67)

be the polynomial versions of the Fisher score and jl(k) = Jl(k) — Ey (Jl(k)‘ J2(k)> be

and

the polynomial version of the efficient Fisher score for the location parameter p in
the presence of the nuisance scale parameter o.
Let aj = [/ f(z)v(dz) < oo for j = 1,...,2k. The function J* can be

written in the form

co(6) + c1(8) (?) Yo te(0) (x;“>k (3.68)

Since —l/aJl—jl(k) is orthogonal to every element in H, the coefficients ¢y (0), . . ., cx(0)

are determined by the system of equations
1 . _ J
Fo ((——J1 - Jl(k)> (JL‘ M) )
o o
1 T — J T — J T — gtk
oo 40 (552)) s (52 s (5
o o o o

— F (—ljl (“”C - “)j) — o(0)a; — - — cx(B)asup = 0.

g o

(3.69)

46



Using integration by parts gives
1 T — U r— U J
Eo | —— 3
o o o
1 - —u\’ 1 -
() ) () e
o o o o o

We then have the following system of equations

0=0—co(0) —c1(0)ay — -+ - — cx(0) g1
1

0= P co(@)ay —c1(0)ag — - -+ — (@) g2
ka1

0= —co(@)ay, — c1(0) gy — -+ - — () gy

which has solution

— - — - —1 O
co(0) 1 o Qg ey
1/o
01(0) aq (0D Qa3 o Ok
C(e) = = 20&1/0’
Ck(0> O Qg1 Qpg2 - Qo
- B - : kag_1/o

(3.70)

(3.71)

(3.72)

so that the coefficients depend on the parameter only through the factor 1/o.
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Similarly, since
b (-2 () (551))
o (S () () )

(1 + w@) o f(@)(de) = == - l/acj“f'(ac)y(dgg) (3.73)
J

|~

f() o 0

T A . Do
_ %I /x]f(x)u(da?) _ % (G +1)ay
g g g
_ Yy
and
1 z—u\’ or
Fo ((—;Jg - Jé’“) ( 0“) ) =Yy (@)ay -~ By =0 (3.74)

for j =1,...,k, the coefficients by(8), ..., b;(0) also depend on the parameter only

through a factor 1/0. Therefore, the information on @ contained in H is given by

1w
10:H) = — | (3.75)
k k
Iy 1y

where Iz-(f) are constants independent of 6.

The efficient polynomial score function can be written as

. 7® 1 T — z—p\"
J® = g® %ng = {co +a (T) + o ( ) } . (3.76)
22

o

Using the iterative procedure on jl(k) discussed in Section 3.2.1 we can obtain the

modified polynomial Pitman estimator,

k J
— S 1 X, — X
~(k) __ 7
1 - -

~ A I -~ N
where Il(k) = [1(];) — [1(];) (I§§)> [éllc)-
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Theorem 3.2.3. Assume that for some k > 3, [ 2% f(x)v(dx) < co. The modified

polynomial Pitman estimator

S I A X, - X\’
ok —x - 2 E § , :
Ly, X o 2 Cj ( 5 ) (3.78)

i=1 j=0

1s an efficient estimator of . That is
2
Vi (i —6) -5 N (0, %) (3.79)
as n — oo.

- : T ® 0\
Proof. Since the function J(H; 0) = (J1(H;0), J2(H;0))" = <J1 ,Jy > is a Fisher

estimating function, so too is jl(k) and,

0 ) c1 Cco (T — e [(x— k=l
O — .| L 92 I Al
0 (8,uJ1 °\ o2 o? o k02 o?

(3.80)

while

Jo Jo

1 k k) () L Ak
= 52 <]1(1) - ]£2) (152)) 12(2)) = 0.

0 1.0
=t (-1 (1)) )

(3.81)
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jl Tzzlj:O
- S LR X; — -x\’
= Vn (X - )‘ﬂ@?ZZ%(%)]( Ju+ua )
1 i=1 j=0
- S Ve e Xi—p\ " (=X
= Ry (@) () (1) ()
i=1 j=0 [=

n k j XZ— j

>3 (3) ()

-1 =

_\/ﬁnkc' j j Xz'—,uj TR Xi—ﬂj
_7;;5—]],(01_5])( - )+7;;:CJ( - )

- _ n(S—a)%ii% (ion_lal> (Xig_ My—%iﬂm (Xis p, 0)
SVt 3 e (K)o (X))

g

- ﬁsz’” (Xii 1,0) + 0p(1)
=1

_ o) 0w AE) (.
__\/E(S_U) Z{%J (X,,,LL,U)—JI (Xia#>a)}
ZJ (X 1, 0) 4+ 0p(1)
g 7(k) i
= __Zjl (Xi;p,0) 4+ 0p(1).
vn i=1

(3.83)
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The terms comesponding to 1 — 1 o
2SS (@) () (55
— Vi (X~ p) ijj (5 (1)
= Vi (X -) zzj(%)ﬂmm @39

=1 j=1

- _\/_ X /vL Z Xlnu’v >+OP<1)

O
= 17\/5 (X - M) + 0p(1)

The remaining terms involve /n (X — u)l, [ > 2 so are 0,(1). Therefore

X — — S I" 561 &
\/ﬁ(ﬂgzk)_ﬂ):\/ﬁ(X_ﬂ)_\/ﬁ(X :u) [(k) 10_ k;)\/—zjl (Xi;p,0)
n k

Sy (@) () () (155 e

i=1 j=2 |=2

0'2 1 L A(k)
= =2 N Xip,o)+o(1)
M v/n Z 1 ’
2
LN<0,5'_)
7®
1

as n — o0. OJ

(3.85)

It is of interest to consider when a polynomial estimator of the form X +SQ(Z)
is linear. That is, when the polynomial estimator is equal to X. This question was
answered by Kagan, et al. ([26]). They found that if the distribution function F'(x)
has more than k growth points, all its moments aq, as, ... are finite, and a; = 0,
then the sample mean X is optimal as an estimator of y in the presence of ¢ in the
class X + SQ(Z) if and only if either as, ..., a1 coincide with the corresponding
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moments of the normal distribution or s, ..., axy1 coincide with the correspond-
ing moments of some centralized gamma distribution, or as, —as, ..., (=1)* o,y
coincide with the corresponding moments of some centralized gamma distribution,
where a centralized gamma distribution is a distribution with characteristic function

efz'ypt

>0, p>0. 3.86
TR (3.86)
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Chapter 4
Estimators by estimating equations in misspecified models

4.1 Misspecified models and quasi-maximum likelihood

In this introductory section we explain what is meant by a misspecified model
and describe the behavior of the maximum likelihood estimator and estimators gen-
erated as solutions to estimating equations under model misspecification. The re-
sults summarized below are due mainly to Huber ([16]) and White ([44]).

Let X4,...,X,, be independent random vectors having a common distribution
function G which is absolutely continuous with respect to some sigma-finite measure
w, with dG/dp = g. We assume the model to be F = {F(x;0) : 6 € © C R*} where
© is a compact subset of R®. The densities f(x;0) = dF(x;0)/du(x) are assumed
to exist. The true distribution G may or may not belong to the working family of
distributions F. If GG is not an element of F, the model is said to be misspecified.

White defined the quasi-log-likelihood of the sample to be
1 n
L,(0)=L,X4,...,X,,0)=— 1 X;: 0 4.1
(6) = L(X, )= D low 1% ) (1)

(not to be confused with the quasi-log-likelihood used in the theory of generalized
linear models). It can be shown that under general regularity conditions there

exists a measurable function 6,, = én(Xl, ..., X,) which maximizes the quasi-log-
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likelihood. That is, there exists a statistic 6,, such that

L, (6,,) > L,(0) (4.2)

for any @ € ©. We call 8, the quasi-mazimum likelihood estimator (QMLE) of 6
based on the sample Xy,...,X,,.

If the model is correctly specified so that G(x) = F(x;60y) € F for some
6, € O, the QMLE is simply the MLE and 6., is consistent for 6y and asymptotically
normal. However, if G ¢ F | it is not obvious that the QMLE should converge at all.
It was shown by White that if there is a distribution F(x;80*) € F that is “closest”
to G(x), then the QMLE will be consistent for 8° and will also be asymptotically
normal.

The Kullback-Leibler Information Criterion (KLIC) is defined as

Ho:1.0)= 5, (e | 5 ) = [ s | gy [ om0

A basic result concerning the KLIC is stated in the following Lemma.

Lemma 4.1.1. (Kullback-Leibler) Let f and g be probability densities with re-

spect to a sigma-finite measure p and let S be the region in which f > 0. If

[ (f(x) = g(x)) p(dz) > O then

[0 (@) F@)u(dz) > 0 (4.4

g9()

with equality if and only if f(x) = g(x) a.e. [u].

Proof. See [32], p. 59. ]

o4



The KLIC does not define a metric on the space of density functions as it
is not symmetric in its arguments and it does not satisfy the triangle inequality.
However it does give us a tool for measuring the “closeness” of the density f(z;8)

to the density g(z).

Theorem 4.1.2. Suppose E, (log g(x)) exists and | log f(x;0) |< h(z) for all@ € ©

where h is integrable with respect to G. If I(g : f,0) has a unique minimum at

0" 0O,

0, — 0" a.s. [G] (4.5)
asn — oo.
Proof. See [44], p. 4. O

Hence the QMLE is a consistent estimator of the parameter which minimizes the
KLIC.
Under certain additional general regularity conditions, the QMLE is also asymp-

totically normal. Let

92 log f(x;0) 9?2 log f(x;0)
Eg( 96796, ) Eg( 96706, )
A(6) = (4.6)
82 log f(x;0) 9% log f(x;0)
5 (SGata) o (TS

be the matrix of second order partial derivatives and

dlog f(x;0) dlog f(x;0) T dlog f(x;0) dlog f(x;0) T
Eq ( %el gael ) e B ( gael gaes )
B(0) = (4.7)
Olog f(x;0) dlo f(x;O)T Odlog f(x;0) dlo f(x;O)T
_Eg ( gaos gaos ) e By < gaos gaos >_

be the covariance matrix of the gradient of log f(x;@).

95



Theorem 4.1.3.
/) * a,G —1/n* * —1/n*
NG (on —6 ) 9 N, (0, A7 (6")B(07)A1(67)) (4.8)
Proof. See [44], p. 6. O

If the model is correctly specified, so that g(x) = f(x;60) for some 6y € O,
then B(0y) — A(6y) = 0. However, under misspecification, this is not necessarily
the case, and the covariance matrix in Theorem 4.1.3 does not necessarily collapse.

Similar results hold if our estimator 8, is the solution of an estimating equation

zn: (X 0) = 0. (4.9)

In this case, 6,, will also be consistent and asymptotically normal. However, there
does not seem to be an analogous version of the KLIC for relating the distance be-

tween the true distribution and the working distribution in this setup. The following

Theorem is due to Huber ([16]).

Theorem 4.1.4. Let X4,...,X,, be i.i.d. random vectors with distribution function

G and let ,, be a solution of the estimating equation
> W(X;:0) =0. (4.10)
i=1
If
1. W(x;0) is continuous in @ for each fired x,

2. N0) = Eq (¥(x;0)) exists for all @ € © and has a unique zero at 8* € O,

and
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3. there exists a continuous function which is bounded away from zero, b(0) >

b > 0, such that

(a) sup ||[®]|/b(0) is integrable
0

(b) limin |A(0)]|/b(8) > 1

6] —00

(¢) Eo (nmsup |w(x;0) - A<9>||/b<e>) <1,

[[6]]—o0

then

0, — 0" (4.11)
in G—probability as n — o0.

Under further regularity conditions, the estimator 6,, can be shown to be

asymptotically normal:
Jn (én - 9*) 48N, (o, A"1(0%)Bg (6%) (AT(e*))‘l) , (4.12)

where A(6%) = 9/90X\() |o_p-.

4.2 Behavior of estimators under small model misspecification

In this section we consider the behavior of an estimator generated as the
solution of an estimating equation under model misspecification when the degree of
misspecification is small and can be smoothly parameterized. Suppose X4,..., X,
is a random sample with probability density function p(x;€,,), where &X' = (8, nT)

for 8 € ®© C R* and n, € = C R™, and ||n,|| — 0 as n — oo. However,
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we believe the random sample to have probability density function p(x; @) where
p(x;8) = p(x;0,0).

For example, suppose we believe the random variable X to have the form
X = 0 + ¢, where € is a mean zero random variable with density f, while the true
form of the random variable is X = 6 + ¢ + 1,,Y, where Y is a mean zero random
variable, independent of €, with density g. Then the assumed density is f(x — 0)

while the true density is

h(z;0,1n,) = /f(x — 0 — nyu)g(u)du. (4.13)

Clearly f(x —0) = h(x;0,0).
A second example is Huber’s contamination model ([17]). In this model, we

assume the distribution is F'(x;#), while the true distribution is
H(x;0,1) = (1 = 1) F(x;0) + nnG(x; 0). (4.14)

This model has the interpretation that with high probability (1 —7,) an observation
X will be distributed according to F(x;#), while with small probability the observa-
tion will be distributed according to G(x;#). In the contamination model we have
F(x;0) = H(x;6,0).

In what follows, we will assume that the square root of the density p(x;&) is

differentiable in quadratic mean at the point & = (67, 07). That is, we assume
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o o T ol
there exists a vector 1 (x) = (l1 (x),1, (x)) such that

2

/ {Vﬁ<x;€+h>—Vﬁ(xsﬁ)—%hT‘i<x>\/ﬁ<x;‘s>} (dx)
:/ [\/ﬁ(x§£+h)—\/p(X;O)—%hTOI(x) p(x;e)] p(dx)  (4.15)

= o(|[h]|?) as h — 0.

Typically 1is the Fisher score at the point &, which in our case is

0log p(x;0,m) | 0 dlog p(x;0)
° 00 n= 00
i= - . (4.16)
dlog p(x;0,m) | dlog p(x;0,m) ‘
on n=0 on n=0

Differentiability in quadratic mean is usually a weaker condition than pointwise
differentiability. For example, a sufficient condition for differentiability in quadratic

mean of \/p(x; &) is that /p(x; &) is continuously differentiable in € for every x and

that the Fisher information matrix

i(€) = £ g ow: €) g Yow i€ (117)

is well defined and continuous in & ([42], p. 95).
The assumption of differentiability in quadratic mean of the square root of the

density allows us to take an expansion of the log likelihood.

Theorem 4.2.1. Suppose that © X = is an open subset of R¥T™ and that \/p(x;E,,)
is differentiable in quadratic mean at €& = (07,07). If h, = c/\/n for some fized

c! = (cf,cl) e R*T™, then

- p(x;€ +hy,) _ - p(x; € +h,)
bgg p(x:€) logg p(x:0) @18)

= =X — e e+ o,(1)
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as n — oo. If ||h,|| = o(1/y/n),

longX€+h HpX“h — o,(1) (4.19)

as n — 00.
Proof. See [42], p. 94. O
When the model is correctly specified, so that Xy,..., X, is a random sample

with density function p(x; @), we can choose an estimating function ¥(X;8@) from
which we can obtain a statistic 9n = én(Xl, ..., X,) as a solution to the estimating

equation

n

Y W(X;;6) =0, (4.20)

i=1

and easily find the asymptotic properties of 0, as in Chapter 2. We now describe
the behavior of the estimator 6,,, constructed as if the true family is P = {p(x;0) :
0 € O}, using the estimating function ¥ for P, when the true density is p(x;§,,) =
p(x;0,m,,) and p(x;0) = p(x;60,0). Roughly speaking, if we know the behavior of
a statistic T,, under the probability measure P, and we know that the probability
measure (), is sufficiently close to P,, then we should be able to derive the behavior
of T,, under @,.

This notion of “closeness” is made precise when we introduce the concept
of contiguity. If P, and @, are sequences of probability measures defined on the
measurable spaces (£, F,), the measures @, are said to be contiguous with re-
spect to the measures P,, written ), < P,, if for any sequence A, € F, such that

P,(A,) — 0 as n — 0 then Q,(A4,) — 0 as well. The measures P, and @),, are
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said to be mutually contiguous, written P, <> @Q,, if both P, < @, and @, < P,.
Contiguity can be thought of as asymptotic absolute continuity of probability mea-

sures.

Theorem 4.2.2. (LeCam’s Third Lemma): Let P, and @, be sequences of proba-
bility measures on measurable spaces (2, Ay), and let T,, : Q,, — R¥ be a sequence

of random wvectors. If

T, P, nw X T
i YA , (4.21)
log Z%: —%02 T o2
then
d,Qn
T, —= Ny (p+7,%). (4.22)
Proof. See [42], p. 90. O

We mention that when the conditions of Theorem 4.2.2 hold,

1
log 4Qn LYY (—502,02) : (4.23)

This is a sufficient condition for the probability measures P, and (),, to be mutually
contiguous ([42], p. 89). The mutual contiguity of P, and @, is an important part
of the proof of LeCam’s Third Lemma in deriving the asymptotic behavior of T,
under @,,.

Let ¥ = W(X;0) be an estimating function for P = {p(x;0)}, and assume

I4(0) = {ig(e)) 13(9)} = {Ep (\IlllT) E, (qflf)} = E, (‘I’OIT) (4.24)
exists and is finite.
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Theorem 4.2.3. Let Xy, ..., X, be i.i.d. random variables distributed according to
the density p(x; &,,) for & = (67, mL), where p(x;0,0) = p(x; ). Suppose \/p(x; &)
is differentiable in quadratic mean at €* = (67,07). If 0, = @n(Xl, LX) 1S a

solution to the estimating equation

z”: ¥(X;;0)=0 (4.25)
such that
NG (én - 0) - %c;(a) . (X, 0) +0,(1) (4.26)
then

A d"‘ _ ~ . .
2.V (6, -8) 25 N, (CH(O)3,(0)c,15(8)) ifm, = e
for some fized c € R™.

Proof. 1f ||m,|| = o(1/y/n) we can use Theorem 4.2.1 to expand the likelihood ratio

to get

p(Xi50.m,) ~~, BXi;0,n,)
lo = log ————— = 1). 4.2
gH §X.0.0) ~ 2% k0~ 420

Then we have under p = p (x;6),

\/ﬁ(én - 0) _ L

(X460 Vn <
log [T, pX ;7)71) i=1 0

(4.28)
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by the multivariate central limit theorem. By LeCam’s Third Lemma,

Jn (én _ 9) 42, N, (0,15(6)) . (4.29)

If n,, = ¢/+/n for some fixed ¢ € R™, we can again use the expansion given in

Theorem 4.2.1, with ¢ = (07, c”) € R*™™ to get

10gﬁ p(X;€+¢/vn) Xn:lo p(Xi;0;¢/y/n)

= = g
-t p(X€) — p(X;; 0)
. (4.30)
1 o 1 .~
- NG Z (X)) — §CT122(E)C +0,(1).
=1
Then we have
NG (@)n - 0) N KemiC) L 20.90) 0
] = % + ) + Op(l)
log [Ti, % = c’ly(X5) —5¢ Iyn(é)c
in 0 I5'(0) Cy'(0)I3(6)c
—7> s+1 )
—%CT122(5)C CTI%IJT(O)C;(O) c' Iy (€)c
(4.31)
By LeCam’s Third Lemma,
Jn (én - 9) LAY (c;(e)i?y(e)c, 1;,1(9)) . (4.32)
O

As an example, consider Huber’s contamination model with p(x;0) = f(z —0)

and
p(x;0,m,) = (1 =) f(x = 0) + mng(z — 0) (4.33)
for € R. Let
th=X-E(X|X;-X,....X, - X) (4.34)
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be the Pitman estimator of 6,

X i J(X; — X) (4.35)

be the modified Pitman estimator discussed in Section 3.2.1, and én be the MLE,
all constructed as if the sample Xi,..., X, is from the density f(z — 6). Suppose

the MLE én can be written in the form

A 1
and
- 1
th —tn =0, ~ (4.38)

Then both /1 (t, — 6) and /n (£, — ) have the representation

\F Z J(X; —0) +o0,(1). (4.39)

The score function can be written as

D ga6) - fle-6)
gy ) = g a0 ey
so that
Nt B ()
Io(z) = =0 (4.41)
and
[2(0) = z— 0)ly(z) f(x — 0)dx = f(z) x)dx
50) = [ e =@ -0 = [Lg@ar. @



Using Theorem 4.2.3, we have that if 7, = o(1/4/n), both /n (t, — ) and
V1 (t, — 0) converge in distribution to N(0,17'(f)) as n — oo under p(z;0,7,).
If 1, = ¢//n for some constant ¢, then both /n (¢, — 6) and v/n (£, — 0) converge

in distribution to

c [ L@ g(z)da
N( ff(z)g( )d 1 ) (4.43)

as n — oo under p(z; 0, 1n,).

4.3 Finite unions of parametric families

4.3.1 A version of the Cramér-Rao inequality

Suppose X = (X1,...,X,,) is a random sample with probability density func-
tion f(x;60) where # € R. The classic Cramér-Rao inequality states that if 7' = T'(X)

is an unbiased estimator of 6, then

Vary(T) > % (4.44)

where 1(f) is the Fisher information contained in the random sample X.

Andrews, et al. ([3]) considered the dual-criterion problem for estimation
of a location parameter. The statistic T = T'(Xy,...,X,,) is assumed to be an
unbiased, equivariant estimator of the univariate parameter ¢ when the random
sample X, ..., X, is distributed according to either of the two families dFy(z) =
dF(x — 0) = f(x — 0) or dGy(z) = dG(x — 0) = g(x — ). They sought to find

a Cramér-Rao lower bound for the variance of such an estimator when the true
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distribution is
Hy(z — 0) = cos*(¢) F(z — ) + sin®*(¢)G(z — 0) (4.45)

for all fixed ¢ between 0 and /2, which includes the case where the random sample
is distributed according to F' and the case when the random sample is distributed
according to GG. The found that the asymptotic lower bound for the variance of an

equivariant, unbiased estimator 7' is

sin?(¢) N cos?(o)

4.46
i) I0) 0
and they constructed an equivariant, unbiased estimator 7™ for which
o sin®(¢) | cos*(9)
Vary, (T*) ~ + (4.47)

I(F) I(G)
as n — 00.

We consider a similar problem for a general univariate parameter 6. Let P, =
{P} : 0 € ©}and P, = {P?: 6 € ©} where O is an open subset of R. Let
P = PLUP,. We assume there exists a sigma-finite measure p such that Py < pu for
all Py € P so that the densities fi(x; 0) and fo(x; 0) exist. Suppose X = (X1,...,X,,)
is a random sample with each component independently distributed according to
Py € P. Our goal is to find a lower bound for the variance of an estimator én =
én(X 1,--+,Xp,) which is unbiased for 6 for any Py € P. That is, an estimator 0, for

which
[ [@u=0)m0) - il O)utd) - ulaz,)
= [+ [ 6= Oha(oi0) - falaniOuld) - plde,) (449
0
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Let F; and Var; denote expectation and variance with respect to fi(z;6) and

E, and Var, denote expectation and variance with respect to fa(x;#). We need the

following assumptions on f; and f:

1. the support of fi(x;#) is the same as the support of fo(x;8),

2. for each fixed z, fi(x;0) and fo(x;0) are differentiable with respect to 6,

3. i(x) = fi(z;0)/ fi(x:;0) € L'(FF) and Jo(x) = f3(x:0)/ fo(x;0) € L'(Fy).

4. 0 < I,(0) = Ey (Ji(x)) < 0o and 0 < I1(0) = Fy (J3(2)) < oo,
5. fa(x:0)/ fi(x;0) € L*(Py) and fi(x;0)/ fo(;0) € L*(Ff),

6. 9/00 [ fi(x;0)u(dx) = [0/00f1(x;0)p(dx) and

9/06 [ fola; O)u(dz) = [ 0/06 f(x: O)u(de).

Theorem 4.3.1. Under the above assumptions, if 6, = 0, (X1,...,X,) is an esti-

mator of 6 such that F; (én> =60=F, (én>, then for each 6 € ©,

a 1
Var(0,) > - 5
n?(FqJ1(x
Ti(0) - PEACE
and
Vary(6,) > L
ars\ty, ) = 2 7 3
nly(0) — —gﬁ;;;y

for some non-negative constants Ay = Ay (0) and Ay = Ay ().

Proof. Differentiating

E(B,) = 0 = / / O] AiwssO)p(den) -+ )
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with respect to 0 gives

/ /GZfleHflx] p(dzy) - - - p(de,)

J#i
= Z/ /0 Ji(x; Hf1 (xi;0)pu(day) - - - p(day,) (4.52)
= //( ZJI T Hf1 i3 0)pldzr) - - - pu(day).
We also have [--- [, ﬁ fows; O)p(dzy) - - - p(dw,) = 0, so for any real c,

/ /9 —0) Hf2 zi;0)p(dxy) - - - plday,)

-/ -~-/ o]l fliii b

[ /i O)n(dan) - ) (4:53)

Subtracting equation (4.53) from equation (4.52) gives

1=/--./(én—9)<gh Hfm )Hflx,, u(der) - pldey).

(4.54)
It follows from the Cauchy-Schwarz inequality that
R 1
Vary(6,,) > 5 (4.55)
By (S0 ) — [T, 229
2
We can rewrite the term Fj (H fo(i;0)/ f1(zy; 9)) :
i=1
A 2
E 2 xz
! (H fl xw )
/ /(H fo(wi; Z ) Hfl 243 0)p(dzy) - - - p(dw,,)
i Nl (4.56)

Ly
([ (3g) sesomion)
= (144"
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for some A; = Ay (0) > 0, since [(f/g)?gu(dz) > 1 with equality if and only if

f =g ae. [u]. The denominator of (4.55) then becomes

. - 2(; 0 i
B, (Z_; Ji(z;) — CH—§1E$i§9§>

(4.57)
=nly(0) — 2enEy(Jy(z)) + (1 + A"
Minimizing over c gives
. Ex(Ji(z))
c n(l A (4.58)
Let
70 = 1)~ B (00| £ >)
. i 1) . (4.59)
= 3 e A T
=1 = 1
where F is the projection operator, and
A A 2 2
(6) = B (7200) = 1) - {2 (1.60)

The Cramer-Rao lower bound for the variance of an unbiased estimator én of 0

becomes
Vary (6,) > ! L (4.61)
1\Un) Z = = n2 ()2 :
L(O)  nni(6) - SERGE
proving (4.49). The proof of (4.50) is identical. O
If f# g, then A; > 0 and for each fixed 6,
Tl2 <E2J1 (.T))2
—_— 4.62
(R 462)

as n — oo so that the asymptotic lower bound is 1/ (nf;(€)). Therefore Theorem
4.3.1 is consistent with (4.46) in the case when 6 is a location parameter.
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Let us now return to the setup of Section 4.2. Suppose our two families are
Py = {fi(x;0) : 0 € O} and Ps,, = {fo(x;0,0,) : 0 € O, «, € R} where the
densities f; and f, are related by the equation fi(z;0) = fao(x;60,0). Suppose we

can expand the density f5 in a Taylor series expansion about the point a = 0:

fa(x; 0, ) = fo(;6,0) + Oénifz(l’; 0,0) + o(ay,)
O (4.63)

0
= fl(x; 9) + an_fQ(x; 07 O) + O(Oén)
O
as o, — 0. Let én be an unbiased estimator for 6 for any Fy € P =P, UP,,,. For

this example, the information bound can be computed asymptotically.
o f2 (ZL'7 07 Oén) ? X
vea= [(EESD) fwouan)
_ / (fi(z;0) + nd/dafs(x:0,0) + o(a))?
fi(z;0)
= /fl(:v; O p(dx) + 20, / 0/0afa(x;0,0)u(dx) (4.64)

o [ (0/0afs(x;0,0))?
(o) / fi(z;0)

p(dz)

u(dz) + o(a2)

=1+ca?+o(a?),
under the assumption that [0/dafs(x;0,0)u(dz) = 8/0c [ fo(x;60,0)u(dx) = 0.

Also,

E2J1($):/%ﬁ(x%@aan)ﬂ(d@

B 0/00 f1(x;0) . N o hs (e ola .
_/Q7m@r)w<w+nwaﬁmam+<wmw>

= /8/(96’f1(x; 0)p(dx) (4.65)

—8/89f1(x; ) afo(x; x) + o
o [ (PEEREE) 000 ftas 0.00n(d) + ofe)

= c1a, + o(ay,) as o, — 0.
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The information inequality of Theorem 4.3.1 becomes

) 1 1
Var, (Vi) > — (4.66)
) = NYAC)E n(c2a2+o(a2
L(0) = "Tiage-  N(0) — gageed)

We can use Theorem 4.3.1 to compare the information bound when the two
families P; and P, , become closer as n increases by observing what happens as

a, — 0 at different rates. If o, = o(1/4/n) as n — oo,

n(cia? + o(a?))

(1+a2c+o(a2))r cun{or, + ofep)) ()

n

1
=cn*o <—> e?/m = (1)

(4.67)

n

as n — 00, so that asymptotically, there is no loss of information. If o,, = 1/4/n,

n(cia; +o(a3))
(14 ca2 +o(a2))”

~ cn (ozi + o(ai)) (60)%%71

:qn(%+o<%))ec:cwcﬂ+ﬂﬂn

as n — 00, so that asymptotically, there may be some loss of information. Note

(4.68)

that since the denominator of (4.49) must be non-negative, by (4.68), the constants
¢ = c¢(0) and ¢; = ¢;(0) must satisfy the inequality c¢;e¢ < I; (f). Finally, if a,, =
1/n for 0 < < 1/2,

n(aa;, + o(az))

(1+age+o(af))"

~cn (ai + o(ai)) (ec)_a%"
(4.69)

1-26

= (cin' " 4+ 0(n' 7)) ()™ T =0(1)
as n — 00, so that again, asymptotically, there is no loss of information.

These results can be interpreted as follows: If the two possible distributions
are sufficiently close, then there is no need to distinguish between them, and there
will be no loss of information. If the two distributions are sufficiently far apart, then
asymptotically, we should be able to distinguish between the two possible families
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perfectly and there will be no loss of information. However, when «,, = O (1/y/n),

the possible distributions are close enough to affect the information bound.

4.3.2 FEfficient estimators

Let Py = {fi(z;61) : 01 € ©1} and Py = {fo(z;6) : O € Oy} be two
parametric families with both ©; and ©5 open subsets of R. The Cramér-Rao lower
bound guarantees that if X;i,..., X, is a random sample distributed according to
Py € Py that any unbiased estimator T,, = T,(X1,...,X,) of 6; will have vari-
ance greater than or equal to 1/nl;(#), where I1(0) is the Fisher information on
0 corresponding to fi(z;0). Asymptotically, the maximum likelihood estimator 6,

satisfies

Jn (él _ 9) N (o, ﬁ) (4.70)

as n — oo. We say that 0, is an efficient estimator since the limiting distribution
of \/n (él — 0) is Gaussian with variance equal to the Cramer-Rao lower bound.
Similarly, if X7, ..., X, is distributed according to fa(x;6;) any unbiased estimator
05 of 05 will have variance greater than or equal to 1 /I5(0s), and asymptotically, the

MLE of 6, satisfies

Jn (0} - 92) N (0, ﬁ) . (4.71)

Now suppose our random sample Xi,..., X, comes from P € P = P; U Ps.
Our goal is to construct a statistic which behaves like él when P € P; and like éz

when P € Ps.
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In what follows we assume that the functions

1 n
- > log fi(Xi;0;) (4.72)
i=1
follow the uniform law of large numbers for j = 1,2. That is

1
sup | —

" zn:log [ (X;;0) — E(log f; (z:6)) | = 0,(1) as n — o0. (4.73)
0e0; Py

One well-known set of conditions for which the uniform law of large numbers holds

is given in the following Lemma.

Lemma 4.3.2. If © is a subset of R* with compact closure, mg(x) is continuous in

0 € O for each x, and |me(x)| < h(x) for all @ € ©, where E|h(z)| < oo, then

1

250 as n — oo. (4.74)
n

sup

sup Z me(X;) — Eme(x)

Proof. Fix € > 0. For each @ € ©, let B.(0) = {6’ € © : ||§ — || < ¢}. By the

continuity of mg(x) in 8, for €, \, 0 as n — o0,

sup mg/(x) — inf mg(x) | — 0asn — oo. (4.75)
0'cB., (6) 0'eB.,, (0)

Since the functions mg(x) are assumed bounded by h(x), it follows from the Lebesgue

Dominated Convergence Theorem that

lim E| sup mg(x)— inf meg(x)| =0. (4.76)
n—so00 6'cB., (6) 0'cB., (0)

Therefore, for each 6 € O, there exists §(6) > 0 such that

E sup mg(x)— inf mg(x)| <e (4.77)
0'€B5(0) 0'€B5(9)(0)
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The set {Bs(9)(0)}oco forms an open cover of ©, so by the compactness of © there

exists a finite subcover, say {Bj,..., By} of ©. If 8 € B;,

1 n
_E:ﬁgnw Z%m@)gﬁizdeQ—Emﬂ@
(4.78)
< — Z sup mg (X;) — Emeg(x).
i=1 6'ceB;
By the law of large numbers,
— Z sup me (X;) — Emg(x) == E | sup meg(x) —mg(x) | < e (4.79)
=1 0'cB; 6'eB;
and
1 < p
- (Emg(x) - ;9}22 me (X, )) — — (mg(x) — 9122 me (X )> > —e.
(4.80)
Therefore,

n—->00 0cB;

0 < limsup (sup

1 n

E}:mﬂXQ—Emd@
i=1

in probability for all € > 0, or

sup
GGBJ'

ng Emg( )

Finally,
1 n
S - F x)| = ma S X;)—F
] £ S5m0 )| = s (| 33 o)~ o)
= 0,(1).
(4.83)
[

Lemma 4.3.3. Let P; = {fl(l’ 91) 0, € ©, C R} and Py = {fg(l’;eg) 10y € Oy C
R} be two parametric families with identifiable parameters and common support
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which is independent of the parameter. Let X = (Xy,...,X,) be a random sample
from P € P =Py UPy. Suppose the true value of the parameter, 6y, is an interior
point of ©1, and there exists a point 0* which is an interior point of ©o and uniquely
minimizes the KLIC, [log (fi(x;00)/fo(x;0%)) fi(x;00)pu(dz) > 0. Let Ey denote

expectation with respect to the density py = fi1(z;0p). If

sup
9€@j

%Zn:bg [i (X;5:0) — By (log f3(2:0)) | = 0p,(1) as n — o0, (4.84)
=1

for 3 =1,2, then

P <supr1 X;;0) > suprg X;;0) > — 1 asn — oo. (4.85)

0cO

Proof. Let 6, = 0y, (X) be a sequence of maximum likelihood estimators which is
consistent for #y based on the random sample X when the true density is fi(x;6p),
which exist with probability 1 for all sufficiently large n under the stated con-
ditions (see [9], p. 463), so that ﬁlfl(Xi;él) > ﬂfl(Xi;gl) for any 0, € O;.
Let 0y = égm (X) be a sequence of QMLEs which is consistent for 6* based on
the random sample X and the density fy(x;6;), which also exist with probabil-
ity 1 for all sufficiently large n under the stated conditions (see [44]), so that

H <X17‘92) > H f2(Xy; 02) for any 05 € ©;. Then

=1 =1

su (X;;0) > su X;;0)
e (I oo > [T )

=1 i
(711 S log f1(Xi501) > Zlogfg XZ,92>) .
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By assumption,

'% > log f1(Xi;61) — B (log fi(x36))
=1

9=6
. (4.87)
< 311(13 %Zlogfl(Xi; 0) — E1 (log fi(z;0)) | = Op1(1)7
€ i=1
and by Lemma 4.1.1,
By (log hiw: 90)) = By (log f1(x;00)) — By (log f1(x;0)) > 0 (4.88)
fi(w;0) 7 7

for any 6y # 6. Let M(0) = E) (log fi(x;0)) and M, (0) = 1/nzn:log fi(z;0). By
i=1

(4.88), M(6y) > M(H) for any € Oy, and M, (fy) —— M () as n — oo, hence

M, (61) > M, (60) = M, (6o) — M(6y) + M(6y) = M(6y) + 0,,(1). Therefore,

~

Opy (1) < My, (61) — M(6) < My (61) — M (6:)

(4.89)
<sup|M,(8) — M(0)| = o,,(1),
e)
so that
%;108; f1(X:01) — Ey (log fi(x;60)) = 0p, (1), (4.90)

By Theorem 4.1.2, the QMLE 0y is a consistent estimator of 0*, and
logﬁlfg(Xi;ég) > 10gﬁlf2(X¢;9) for any 6 € ©,. Since we have assumed that
0* uniquely minimizes the KLIC, we have KLIC(fi; fo,0) > KLIC(fi; fo,0%), or
Erlog fo(x;0) < Ejylog fo(x; %) for any 6 € ©5. We can therefore repeat the above

arguments with f; replaced by fs and 6, replaced by 6* to get

% > log f2(Xi;62) — B (log fa(;6%)) = 0y, (1). (4.91)
=1
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Using equations (4.90), (4.91), we have
= Zlogfl (Xi501) — Zlog f2(Xi; 05)
== LS tog (X4 01) = B (g fi(z:60)) + B (g fz:60)
=1

2 log fo(Xi: o) + i (log fo(:6%)) — F (108 fo(a:0°))
i=1

(4.92)
= By (log fi(z;00)) — Ex (log fo(x;07)) + 0p, (1)
_ o fi(z;00) ,
" (1 gfz(x;e*)) ol
L o fl(:L‘,@o)
B (1o 7755 ) =0
]

We can use Lemma 4.3.3 to find a statistic én that behaves like él when P € P;

and like 6, when P € Py.

Theorem 4.3.4. Let (Xq,...,X,) be i.i.d. random variables distributed according
to P € P =Py UPy. Suppose P € Py, so that dP(z)/du = f(z) = fi(x;01) for
some 61 € O, and let él be the MLE for 61 and ég be the QMLE for 0y. If the

conditions of Lemma 4.3.3 hold, the statistic

(4.93)

i=1 i=1

satisfies
1. én 2,0, and

2. ﬁ(én—&)LN(O,ﬁ) as n — 0o.
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i=1

Proof. Let A, = {ﬁ (X 0,) < H fQ(XZ,QQ)}. Since P;(A,) — 0 as n — o0,

it follows that I(A,) — 0 in P, —probability, since for any € > 0,

P (w:I(A) |[>e) =P (w:I(A,) =1) =P (w:w€E A,
(4.94)
= P (A,) — 0 asn — oc.
Likewise, I(AS) — 1 in Py—probability as n — oco. Since ; is a consistent
estimator of #; and ég is a consistent estimator of 8%, it follows that én is a consistent

estimator of 6.

To show asymptotic normality, we can see that
Jn (én - 91) —n (élf(A;) 4 0,1(A,) — 0, 1(AC) — 91](An)>
Z\/ﬁ<é1—91> (AC)+\/—< 2—91> I(A,) (4.95)

G

as n — oo since the QMLE 6, is a consistent estimator of 6* and VnI(A,) — 0

in P, —probability by a calculation equivalent to (4.94). O

Corollary 4.3.4 can be easily extended to the case when P =P, U---U Py, a
finite union of parametric families P; = {f;(z;6;) : 6, € ©;}. As in Theorem 4.3.3,

under certain regularity conditions,

lim Py (H F1(Xi;6y) > mafo] Xi; 6, )) (4.96)

=1

and the appropriate modification of (4.93) is

(4.97)



In some situations the statistic §, in equation (4.93) trivially converges to
the true parameter 6 because the quantity that minimizes the information criterion
is the true parameter itself. For example, if fi(x) is a symmetric density, and
fa(z;0) = fa(x — 0) where fo(x) is also a symmetric density, then 6* = 0 minimizes

the KLIC. The KLIC between f; and f5 is given by

I(fi: f2,0) = By, <10g {%}) : (4.98)

and can be minimized by maximizing the quantity

/ log (fo(x — 0)) fu(x)u(dz). (4.99)

Assuming we can interchange the operations of integration and differentiation, the

minimum is attained at the value of € where

0 0
— /log (folz = 0)) fu(@)p(de) = | o7 log (fa(x —0)) fr(z)p(dx)
00 00
i ) (4.100)
i\ —
=— | =—fo(x)u(dx) = 0.
) @)
Since f; and f> are even and f] is odd, the above integral will be equal to 0 when
6 =0.
As a non-trivial example, suppose X1,..., X, are i.i.d. lognormal random

variables with density function

11 (log z)?
Q<I)—\/—2—7Tgexp{— 9 }I(o,oo)(l')a (4.101)

and our two families of densities are

B o1 (log z)?
he {g@’ )= Jargn O {_ a7 f foelr)

0> 0} (4.102)
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and

Py = {f(x;e) = %exp {—%} L0,00) (%)

6 > o} . (4.103)

The parameter which minimizes I(g; f,0) is 8* = \/e. The MLE

) Lo 1/2
0, = (5 ;log(){i)> (4.104)
converges in probability to 1 and the QMLE éf — X converges in probability to
0* = /e.
A simulation of 500 standard lognormal random variables (using R) shows

that, in this example, this procedure chooses the MLE every time even though the

QMLE converges rather slowly.
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Table 4.1: Simulation of 500 standard lognormal random variables

~

~

~

i | X, 0, ; | log Ul 9(X;;8,) | log 1_11 f(Xi;6p) | 6,

1 10129 | 2.048 | 0.129 -0.088 -2.065 2.048
2 10.256 | 0.1740 | -0.193 -0.534 -3.370 1.740
3 10.133 | 0.1837 | 0.173 -0.652 -5.360 1.837
4 12940 | 1.680 | 0.865 -3.400 -3.572 1.680
5 10.265 | 1.616 | 0.745 -3.815 -4.247 1.616
20 10417 | 1.197 | 1.335 -25.172 -29.850 1.197
30 [0.541 | 1.164 | 1.721 -44.765 -72.528 1.164
40 [ 5.799 | 1.071 | 1.613 -56.115 -84.971 1.071
50 | 0.690 | 1.107 | 1.698 -71.937 -117.611 1.107
100 | 0.251 | 1.030 | 1.802 -140.922 -265.736 1.030
500 | 0.755 | 0.998 | 1.676 -698.837 -1146.099 0.998
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Chapter 5
Analogues of classical tests based on estimating functions

5.1 Estimation in a submodel

We call P* a submodel of P = {Py : @ € © C R°} if there exists an m-

dimensional (m < s) parameter n such that

where 0(n) is a differentiable function of n. Let

001(n)/Om - 061(n)/0nm

|905(n) /O -+ 00,(m)/Onm |
We assume D is of full rank.

Let ¥(X;0) be an estimating function for the full model P. There are many
transformations of ¥ that will produce an estimating function for P*, but the op-

timal linear transformation involves the Fisher form of the estimating function W.

To show this we will first need the following matrix inequality.

Lemma 5.1.1. Let B be an s X s symmetric positive definite matriz and let A be

an m x s matrix of full rank m < s. Then
AT (ABAT) 'A <B. (5.3)
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Proof. Let 3 be a positive definite matrix such that ¥*¥ = B. For any Y € R®

and any B € R, the quadratic form
(Y —2AT8) (Y - TAT8) = (Y — AB) B(Y — AB) (5.4)
is nonnegative. Using the theory of least squares, the above quadratic form is

minimized over B for fixed Y when 3 = (ABAT)"'ABY. Substituting B into

(5.4) and expanding the expression gives
Y'BY > Y'BA” (ABA”) ' ABY. (5.5)

Since this holds for any Y it follows that
B > BA” (ABAT) ' AB. (5.6)
Multiplying on the left and right by B™! gives the result. O

Theorem 5.1.2. The optimal estimating function for P* in the class of linear

transformations C = {A(0)¥(X;0) : A(0) is an m X s matriz of full rank } is
*(X;n) = D" (n)Cy(8(n))By' (8(n))T(X;0(n)). (5.7)

Proof. We fist verify that ¥* = DTCLB' W is a Fisher estimating function. Clearly

W* has zero expectation and components which are square integrable. Also,

By-(n) = E, (¥*(¥*)") = D' C{Bg'E, (¥¥”) Bg'CyD

(5.8)
=D'CLB,'CyD >0
while
Cu- (1) =~y (5o0") = ~D'C4B'E, (5L wixio0m) )
on on
— —DTCLB'E, (%\P(X; 0)%(:)) (5.9)

= D'CLB4'CyD = Byg-(n) > 0.
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Hence
Iy-(n) = By« (n) = Cy-(n). (5.10)

Let U = AW be any estimating function for P* in C. We need to show Ig-(n) >
I3 (n). Since

I3(n) =CLB;'Cy = D'CLAT(AByA”)'ACyD, (5.11)
it suffices to show Bg' > AT(ABgA”)~'A which holds by Lemma 5.1.1. O

Under the same regularity conditions as mentioned in Chapter 2, the estimat-
ing equation

S (Xim) = 0 (5.12)

i=1

will have a solution n,, = 1,,(Xy, ..., X,,) that is a consistent estimator for n when

the model can be correctly parameterized by the m—dimensional parameter n and
Vi (i, = 1) = Ny (0T3¢ () (5.13)
as n — 00. It follows from the delta method that
Vi (6 (71,) — 8 (m) == N, (0.DIy! () D) (5.14)
as n — 00. Let 6, be the solution to the estimating equation
i ¥ (X;;0)=0. (5.15)
i=1

Then

Jn (én _ 0) 5 N, (0,15 (9)) (5.16)
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as n — 00. It follows from Lemma 5.1.1 that
DI;D” = D (D"1yD) ' D’ <1 (5.17)

This expresses the fact that in estimating a parameter by estimating functions, it
is always better to parameterize the model from the very beginning with as few
parameters as possible.

We now consider the problem of constructing a test statistic for the hypothesis

that @ = 0(n) for some known function 6.

5.2 Wald’s test

Let Xi,...,X,, be a random sample from a distribution Py in P = {Py :
0 € © C R°}. We are interested in testing the hypothesis that the model is over-
parameterized, i.e. that the true model P* = {P; : n € H C R™} is a submodel of
P. Suppose there exists a function R : R® — R¥, where k = m — s, which links the
parameters in the full model to those in the submodel, in that for every P, € P*
where P = Pp(; we have R(0) = 0.

In 1943, Wald proposed a statistic based on the unrestricted maximum likeli-
hood estimator for testing the hypothesis that R(8) = 0 for some known function

R : R® — R* (see [43]). If @,, is the solution to the equation

n

)
> 7 log f(X:;0) = 0 (5.18)

then, under the hypothesis R(8) = 0, the statistic

nR7(6,) (ar{a<gn>11(@n)w) R(6,) (5.19)

00
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converges in distribution to a y? random variable, where k = s —m and I71(8) is
the inverse of the Fisher information matrix.

A similar test statistic based on 6, the solution to an arbitrary estimating
equation

D W(x;:0) =0 (5.20)

can be used in place of the MLE.

Theorem 5.2.1. Suppose 1y (0) is a positive definite matriz, the Jacobian

_aRl(e) . 8R1(6)_
001 00
OR(0)
— = ... ... . 21
00 (5:21)
ORL(0)  ORk(6)
| 0, a0s |
exists, is continuous in @, and is of full rank m, and the matriz
OR(6) | ( 0)8RT(0) - (5.22)
06 ¥ 06 '
is continuous in 6. Then, under Hy : R(0) = 0,
1.
. OR(0) ORT(0)
0,) = N, ;' (6)—— 2
ViR, - v (0. 5 5 0 (5.23)
and
2.
. .91
. 0 . T(9 .
W, =nR*(8,) [835(9 ”)Ig}(en)aRa—é”)] R(6,) & 2 (5.24)

as n — OoQ0.
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Proof. Let W be an estimating function for the full model P and let 6., be the

solution to the estimating equation S ¥(X;;0) = 0 . We can expand R(8,) in a
i=1

Taylor series around the point 6. For some 8* between 8,, and 6 we have

VAR(,) - R(O) = Vi (R(O) + T0 6, - 0) - Ri6) )

_ OR(9)
00

LA (0,

V(B — 8) +o,(1) (5.25)
OR(0)1 10 aR(e)T)

-1
00 I,'(9) 00

as n — 00. Under Hy, R(0) = 0, which proves 1. Part 2 follows from part 1, since

. . -1
OR(6,). , » ORT(8,) » [(OR(6)._,, ORT(O)\
Iy (0,)—— — | ——15 (0 2
as n — 00. Then, by Slutsky’s theorem,
d 2

O

For fixed a € (0,1), let x2, denote the critical point of the xj distribution.
The statistic W,, can be used as an asymptotic level a test statistic with critical
region K = (x2,,00) for testing the null hypothesis R(6) = 0.

Let ©g = {6 € © : R(0) = 0} and let 8" be any point in ©§. The power of
the test is defined to be

Py (W, € K). (5.28)
The test is said to be consistent if it is asymptotically of level o and
lim Pp- W, € K) =1 (5.29)

for any fixed 8" € OF.
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Theorem 5.2.2. Under the same conditions as Theorem 5.2.1, the sequence of tests

based on W, is consistent at level a against any alternative 8 € OF.

Proof. Fix 0* € ©;. Then R(6*) is not equal to the zero vector. Since 8, is a

consistent estimator for 8* and

h(8) = RT(6) (81;—‘(;)1;(9)8}; 0(0)) R(0) (5.30)

is assumed continuous in @, given € > 0 we have for all sufficiently large n,

Py ( \ h(0,) — h(e")| > 6) <e (5.31)
Since
(alzf*)ly(e*)—m;ée*))l (5.32)

is a positive definite matrix, and R(60") is not the zero vector, the quadratic form

h(6*) = R*(6%) (afg(g*)ly(e*)aRa—p) _ R(6%) (5.33)

is a positive number, say c. We have for any € with 0 < € < ¢,
O<c—e=h(O)—e<h(,) <h(@)+e=c+e (5.34)

with probability greater than 1 — e for all large n. Hence W, = nh(6,,) tends to

infinity in probability as n — oo. Therefore,
lim Py W, € K) =1 (5.35)

for any 6" € 6. O
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5.3 Rao’s test

In 1947 Rao proposed an alternative to the Wald test statistic based only on
the restricted MLE (see [32], p. 417). Suppose the parameter € is a function of an
m—dimensional parameter 1. The restricted maximum likelihood estimator 7),, is

the solution to the equation

> D" (n) 5y low F(X;:0m)) = 0. (5.36)

Rao showed that the efficient score statistic, given by

% (Z log f(Xi;én)> 149, (Z log f(Xi;én)> , (5.37)

where 6,, = 6(#,,) and 1(8) is the Fisher information on 6, also converges to a x?
distribution.

A similar test statistic based on the estimator 7),, derived from the best esti-
mating function ¥* for the submodel P* can be constructed. Let ¥ be a Fisher
estimating function for the full model and let 6., be a solution to the estimating
equation i ¥(X;;0) = 0. In Section 5.1 we found the best estimating function

i=1
P* for P* based on a linear transformation of ¥ to be ¥* = DTW. Let 7, be the
solution to the estimating equation il U*(X;;m) = iDT(n)\I’(Xi; 0(n)) = 0 and

let ,, = 0(7),,).

Lemma 5.3.1. If 6 = 0(n) is continuously differentiable in n and the matrix

D(n) = 00(n)/0n is of full rank, then under Hy : 0 = 0(n),

A ~

Vi(0, — 6,) -5 N,(0,0%(n)) asn — oo, (5.38)
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where
o’(n) = 15'(6(n)) — D(n)Izk (n)D" (n) (5.39)

1s of rank k = s —m.

Proof. Using the representations given in Chapter 2, we can write

(0, —6) = %1;«9) i U(X;;0) + 0,(1) (5.40)
and
Vit =) = =T ) 3 W (Xim) +0,(1), (5.41)

Since D(n) is assumed continuous in 1, we can take a Taylor series expansion of

6,, = 0(n,) around the point 1 to get

(5.42)

for some 1} between 7),,. Under H, we have

Vit(6, ~8,) = (6, ~ 6) ~ V(6(i,) ~ ()
= E130) 30 WK,:0) ~ Dlm) =I5k ) D0 W (Xiem) + 0,(1)

i=1

= =1(0) Y W(Xi:0) ~ DIt D (n) = > ¥(X.:0) + 0,(1)

— (1,)(6) - DIy (D (m)) % SO W(X:0) + 0(1)

i=1

(5.43)
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as n — 00, where

due to the fact that Ig«(n) = DT (n)Ig(0(n))D(n). Let P(0) be the symmetric
square root of the positive definite matrix Iy (0) so that P?(8) = Ig(6). Simple
calculations show that the matrix P(68(n))o?(n)P(0(n)) is symmetric and idem-
potent, hence its rank is equal to its trace. Since multiplication by a nonsingular

matrix does not change the rank, the rank of o?(n) is the same as the rank of

P(0(n))o*(n)P(0(n)) and we have

Rank (0%(n)) = Rank (P(8(n))o”(n)P(8(n))) = trace (P(8(n))o*(n)P(6(n)))
= trace (o(n)P?(8(n))) = trace (o(n)Ly (6(n)))
= trace (L, — D(n)Ig! (7)D”(n)I(8(n)))
— 5 — trace (D(n)Tgk (n) D" (n)Tw(6(n)))
= s — trace (It (7)D” (n)Ix(0(n))D(n))
= s — trace (Ig} (n)Ig+(n)) = s — trace (Lyxm)
—s—m=k
(5.45)

O

The next Lemma gives us the distribution of a quadratic form Y7 AY when

Y is a Gaussian random vector with a possibly singular covariance matrix.

91



Lemma 5.3.2. (Ogasawara and Takahashi, 1951) Let Y ~ N, (p,X). A necessary

and sufficient condition that (Y — )T A(Y — p) have x2 distribution is

SATAS = TAS (5.46)

and
r = Rank(AX) (5.47)
Proof. See [32], p. 188. O

Theorem 5.3.3. Under the conditions of Lemma 5.5.1, if 151(0) is continuous in

0 and

- % (i lIJ(XZ-;t%)) I;'(6,) (i \Il(Xi;én)> 4\ (5.49)

Proof. We can take a Taylor series expansion of lI’(Xz,én) around the point 0,.

Since Y W (Xi; @n) = 0, we have for some 0 between 0, and én,
i=1

wa X;: 0,) \/_Z\I: X:;0,) Zaa (X;;0°)(0, — 6,)

= —La(0()V7(B, — 6.) + 0,(1) (>:30)
2, N,(0,0%(0)) as n — oo,
by Lemma 5.3.1 and (5.48), where
o’(n) = 1u(6(n)) — Is(6(n))D(n)Iy- (n)D" (n)Ie (6(n)). (5.51)
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Direct calculations show that

o’ (I (8(n))o* (Mg (8(n))o?(n) = o’ (NI (8(n))o*(n) (5.52)

and Rank(Ig'(6(n))o?(n)) = k. Since Ig'(0) is assumed continuous, by Lemma

(5.3.2) and Slutsky’s theorem,

% (Zn: lIl(Xi?én)) IE}(én) (Zn: ¥ (X; én)) 4, X: as n — 00. (5.53)
]

It is well known that despite their very different constructions, the Rao score
test statistic (using the restricted MLE) is asymptotically equivalent to the Wald
test statistic (based on the unrestricted MLE) when the hypothesis R (0) = 0 is
equivalent to the hypothesis that @ = 6 (n), in the sense that the difference of the
two statistics converges in probability to zero (see [38]). The choice of which statistic
to use depends on the structure of the null hypothesis. We will now show that the
analogues of the Rao and Wald test statistics given in Theorems 5.2.1 and 5.3.3 are

also asymptotically equivalent.

Theorem 5.3.4. Suppose the hypothesis R(0) = 0 is equivalent to the hypothesis
that @ = 0(n). Then

R — Wy = 0,(1) (5.54)

as n —— Oo0.

Proof. Since R(0(n)) = 0 for any n € H it follows that R(8,) = R(6(7,,)) = 0.

Taking a Taylor series expansion around the point 0, gives for some @ between 0,
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and én

0=R(B,) = R(,) + 2 (8:)(6, ~0,)
) : 107) DP o
=R(6,) — W( n—05) +0,(1)

®.
=
o
&
™
3

|
D>

n = 0,(1) under Hy. Then the statistic W, can be written as

W, — nRT(B,) <3R(9n)lwl<gn)w> _ R(6,)

00 00

while the statistic R,, can be written as

R, = % <i ‘I’(Xuén)) I;'(6,) ( s

=n (6. - en)TLP(e) (8, —8.) +0,(1).

(5.57)

From Lemma 5.3.1, v/n (9n - én> %, Z ~ N, (0,0%(n))) where o(n) = I5'(0) —
D(n)Izk(n)DT(n) is of rank k. We can write Z = B(n)Y where Y ~ Ny, (0, Iyxy)
and B(n) is an s x k matrix of rank k such that B(n)B%(n) = o2(n). Then R,,—W,

can be written as (dropping the argument 6(n)),

ORT (8RI_18RT) 1 OR

Ro—Wh=n (én . én>T [LI, - (én - én) +0,(1)

00 \ 96°Y 06 06
ORT [OR. ,0RT\ ' OR
=Y'BT |1y — — 1} —| BY 1
LT (ao v aa) a0 | BY T ol
=YTAY +0,(1).

(5.58)

The matrix A is clearly symmetric. Since R(6(n)) = 0 for all n € H it follows that

OR(6(n)) _ 9R(6) 90 (n)
on 00  0On

=0. (5.59)
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Therefore,

A _pT |1, ORT (8R _laRT)‘l OR

—1 —] (Ig! — DI D)

Y06 \ 00T 06 00
ORT (OR._,ORT\ ' OR
[I‘P_W(a_elw W) 8_9]]3 (5:60)
ORT (OR._,ORT\ ' OR
_ T . 1T i Ehdaht fat Tt D
_B (1\P IuDI! D'y — — (aaI‘I’ aa) 69>B.

The term C = BTTy DI D7 1yB is symmetric, and direct calculations show that
C? = 0. It follows that C = 0. Therefore, A is a symmetric, idempotent matrix
and rank(A) =trace(A). Using equation (5.45) gives

T 7N\ —1
Rank(A) = trace(A) = trace (BT Ty — OR (8RI_18R ) aR] B)

00 \00"Y 96 00
once (g - TR (R ORIy R
S T e\ 99 He 00 | 7
ORT /OR. . ORT\ ' OR
= k- (=1, ) == [Ig — DIZD” (5.61)
g trace(aa (aa v ae> oo v~ Dly ]>
OR. .OR"\ ' /OR.  ORT
— k- ) fe Bl il pe Bl
g trace((ae v ae> (ae ¥ 99 ))
—k—k=0.
Therefore, A = 0 and R,, — W,, = 0,(1). O

As with the version of the Wald statistic, the version of the Rao statistic R,
can be used as an asymptotic level a test statistic with critical region K = (Xi’k, 00).

We now show that the sequence of tests based on R, is consistent.

Theorem 5.3.5. Let ©, = {0 € ©:0 =0(n), n € H}. Suppose the conditions of
Theorem 4.1.4 hold so that for each 8 € (9_,7)6, there exists a unique point n* € 'H
such that Eg*\il(x; n*) = 0. If the conditions of Theorem 5.3.3 hold, the sequence of
tests based on R, is consistent at level o against any alternative 8* € (@_,,)C
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Proof. Fix 8" € (@_,,)c By Theorem 4.1.4, 1, is a y/n-consistent estimator of n

and 0,, = 6 (7,,) is a \/n-consistent estimator of @ (n*). Then
Vit (00— 04) = v (6, 67) = Vit (8.~ 0 (m)) + Vi (6"~ 0 ("))
=Vn (0" =0 (n")) + 0,(1) (5.62)
=Vn (6" =6 (n") + 0,(1/vn))

(5.63)
= —Tg(0)vn (0" —0(n") + 0, (1/vn)) + 0y(1),
and the quadratic form R,, becomes
Ro=n (6" =8 (n')+0,(1/vn)) 1a(6) (6" =0 (") + O, (1/v/n)) + 0,(1).
(5.64)
The vector 8* — @ (n*) is not the zero vector, so since Ig(6) is assumed positive

definite,

(6" — 6 (n) + 0, (1/vn)) 1s(6) (6" — 8 (n*) + O, (1/V/n))

(5.65)
5 (6" — 60 ()" 14(6) (6" — 6 (")) > 0
and it follows that
lim Py« (R, € K) =1 (5.66)
for any fixed 8" € (@_n)c O

As an example, consider the family P = {Pg : 8 € © C R*} and the submodel
P'={P):m € H C R"} of P, where the submodel is related to the full model

through the function

0m) =, - N, 0, ,O)T: (nT,OT)T. (5.67)
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Suppose the density functions f(x; ) exist (with respect to the measure p) and let
W(x;0) be a Fisher estimating function for the full model P. Using the methods of

Section 5.1, we can see that the best estimating function ¥*(x;n) for P’ is given by

\Ijl (X7 n, 0)

¥ (x;m) = D' (n)¥ (x;0(n)) = e : (5.68)

U, (x;m,0)

since

D(n) = 00(m) _ | O (5.69)

Okxm  Orxk

where £ = s — m. Let 9n, 7,, and 0,, be defined as in previous sections. Then by

Theorem 5.3.3, under the hypothesis 8 = 6(n),

% (ixp (Xi;é,L))TI;(én) (i\p (Xi;én)> L\ (5.70)

Notice that under the null hypothesis, the density can be written as
f(x;01,--,0,,0,...,0), (5.71)

returning us to the setup of Chapter 4. We can use the results of Chapter 4 to
find the behavior of the statistics W, and R, under the sequence of alternative

hypotheses H,, : Xy,...,X,, are i.i.d. with density

f(501,. .0, 0m, Cir /N, .. cs /). (5.72)

To find the limiting distribution of W,, and R,, under the sequence H,,, we will
make use of the following Lemma:
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Lemma 5.3.6. Let Y ~ N, (u,X). A set of necessary and sufficient conditions

for YIAY to follow a non-central x?* distribution with r degrees of freedom and

non-centrality parameter J is
r = Rank(AX),

p' (AX)? = pTAY,

and
= u"Ap.
Proof. See [41].
Let
Ly(n) = {ﬂp(n) ié(n)} = {E (‘IlllT> E (\Pl?)} = [E (foiTﬂ

as in Chapter 4.

(5.73)

(5.74)

(5.75)

(5.76)

Theorem 5.3.7. Suppose the conditions of Theorem 5.2.1 and Theorem 5.5.3 hold.

If the square root of the density f(x;0) is differentiable in quadratic mean at the

point €& = (n”,07) then under H, : 6X = (n”,82),

. . 1
. OR(0,)._,,» ORY(,) . d
W,, = nRT(On) ( 20 I\I,l(en)a—e R(0n> I Xz,'y
and
1 (& ! o
Rn=— Z v <X7,7 9n> I\Efl(en) Z v (X“ 0n> - Xiﬁ’
n =1 =1
where

v =c'T§ Ty (I' — DI D7) IgIjec.
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Furthermore,

W, — R = 0,(1). (5.80)

Proof. Tf the square root of the density f(x;@) is differentiable in quadratic mean
at the point &€& = (n”,07), it follows from the comment following Theorem 4.2.2
that the measures P, = Py, and @), = Q = P, are mutually contiguous. Then,
since 8, — 6(n) in Q—probability, it follows that 8,, — @(n) in P,—probability.
To see this, fix € > 0, and let A, = {[|6, — 8(n)|| > €}. Then by the definition of
contiguity,

liTan Q(4,) =0< lirrln P,(A,) =0. (5.81)

Since I3'(0) is assumed continuous, Ig(0,) — Ig'(8(n)) as n — oo in P,—
probability as well. Also, by Theorem 5.3.4, W,, — R, = 0,(1) when the true
distribution is ). Therefore, W, — R,, = 0,(1) under H,, as well, proving (5.80),
and (5.77) will follow from (5.78).

Assume that the square root of the density f(x; @) is differentiable in quadratic
mean at the point & = (11,...,7m,0,...,0)T. In the proof of Theorem 5.3.3 it was

shown that

Ly 0 -1 -1 1 - )
NG X_;‘I’ (Xi; On) =14(0) (I3'(6) — DIg.(n)D") NG ;\P(X 0) + o,(1).

(5.82)
By Theorem 4.2.1 we have
o f(Xi0,8,) 1 s .
(o 555 = 75 S eh00) eIt ro ). (589

where 8,, = (cpi1/Vn, ... cs/v/n)T and ¢ = (cpi1,-..,¢s). Under Q, by the
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multivariate central limit theorem,

. zZ;l o (X én>

0 1 < [ Is (Ig) — DIGIDT) ¥(X;; 0)
. | = > o
[T log 5557 c"1(Xy)
0
+ + 0,(1)
_%CT122<£>C
g 0 a’(m)  X(n)
—5c () 3T(n) c'xn(é)c
(5.84)
where
o?(n) = Te(6(n)) (Iil(O(n)) — D)1y (n)DT(n)) Iy (0(n)), (5.85)
and
%(n) = (Te(8(n)) — DmIZ! (mD () Te(O(m) T (6(m))e. (5.86)
Hence, by LeCam’s Third Lemma, under P,,
% ; o <XZ-; én) “L N, (2(0),0%(6)) . (5.87)
Under H,,
Rn = YIS (O)Y + 0,(1) (5.88)

where Y ~ N, (X(0),0%(0)). Straight forward calculations, similar to those used

in the proofs of Lemma 5.3.1 and Theorem 5.3.4 show that X7(n) (Ig' (77)0'2(77))2 =

1)y (n)a?(n), Rank(Iy! (n)o?(n)) = k, and v = "1 Ty (I' — DIGIDY) IeTic.

Equation (5.78) then follows from Lemma 5.3.6. O
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Chapter 6
Combining estimators

6.1 Combining estimators vs. combining estimating functions

Let X = (Xi,...,X,,)T be a random sample from a distribution F(x;0)
and let Y = (Y1,...,Y,,)T be a second random sample, independent of the first,
from a distribution Fy(y;6), where both F; and Fy depend on a common univariate
parameter #. The sample sizes are of the same order in that n; = A\in and ny = A9n,
where \; and A\ are positive real numbers such that A\ + Ay = 1.

Let Wy = Wy (z;0) be an estimating function for P; = {Fi(x;0) : 6 € ©} and

let 6; = 6,(X1,...,X,,) be a solution to the estimating equation

S W (X6) = 0 (6.1)
i=1
such that
R 1 i
N (91 - 9) = —Cyl(0) Y W(X5:0) + 0(L). (6.2)
™ i=1
Similarly, let Wy = Wy(y;6) be an estimating function for Py = {Fy(y;0) : 0 € ©}
and let 0y = ég(Yl, ..., Y,,) be a solution to the estimating equation
ng
S W(¥i) = 0 (63)
i=1
such that
. 1o &
Vs (02— 0) = Ol (0) D2 Wa(Yi:0) + 0y(1). (6.4)

=1
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The question we will address is how to combine the estimators él and ég in
the optimal way, and how that optimal estimator compares to the estimator based
on the combined data from the two independent samples.

For any non-negative functions wi(6) and wo(6) with wy(60) + wy(0) = 1, the

linear combination wy (8)6; 4+ ws(#)6 will be asymptotically Gaussian:

A A _wi(0) A wy(6) A
NG (w1(0)81 +ws(0)0, 0) =V (el 9) HEVm (92 0) o
—L, N (0,0%(0))
as n — oo for
i(9) w3 (9)
o2(9) = il 27 6.6
() MIg,(0)  Aoly,(0) (6.:6)
The variance ¢%(f) is minimized when
M1y, ()
0) = ! 6.7
) = S 70) + rolu (0) (6.7)
and wq(f) =1 — wy(), and the minimal variance is
1
5 6.8
Ml (0) + AoTw,0) (6:8)
the inverse of the information in the combined sample. Clearly,
1 1 1
< min , 6.9
s < (s ) (09

so that optimal linear combination of él and é2 is better than either él or éQ.
Let 07 be an initial consistent estimate of . For example, we can choose

0% = 0,/2 + 0,/2. We will estimate the weight functions with w,(6%) and w,(07).

Theorem 6.1.1. If the weight function wy(0) given by (6.7) is continuously differ-

entiable, then

vn <w1(9;;)é1 + wy(07)0 — 9) 4N (o, T 0 Jlr AQI%(G)) (6.10)
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as n — o0.

Proof. Expand the function wq(67) in a Taylor series around the point 0 to get

wn(63) = () + ) g ) (6.11)

for some 6; between 6 and 6. Since wy(f) + w,(f) = 1 for all 0, it follows that

dwi(0)/df = —dwy(0)/df. We can then rewrite \/n (wl(QZ)él + wy(607)0 — 9) as

\/ﬁ<w1(9;>é1 + (1 —wi(6;))0 — 9)
_ \/ﬁ[ <w1(0) N dwl(él)(gz _ 9)> 6, — w,(0)0

do

— wi (0)vn (él - 9) +wa(8)y/n (éZ - 9)

+ 200 2 oy6,— by

db
_wi(9) 5 ws(0) A
= SV (0 - 0) + LV (62 = 0) +0,(1)
since (0% — 0) = 0,(1) and dwy (6;)/d6/n(6: — 6,) = O,(1). Also,
2
i) o (91 - 9) N (0,12 @Alf;l(e) (6.13)
A A2 1
while
R 2
wl) o (92 - 9) (0,229 o)) (6.14)
Ao A2 2
Since 6; and 6, are independent, we have
(6.15)

Vi (wn(0)01 + ws(6;)02 — 0) = N (0,0%(9))
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where

wi(f) w;(6)

) = S8 Ralun (0
_ Mly, (6) . olu, (6) (6.16)
o (0) + AT (0)F | Oy (0) + Mol (0))°
1

© Mly, (0) 4+ NIy, (0)
m
Now, suppose the common parameter 6 is s—dimensional. To combine the

estimators 6, and 0, in the optimal way, we should use the (s X s) matrices
w1(0) = A\ (MIy, (0) + MLy, (0) ' 1g,(6) (6.17)
and wy(0) = I s — w1(0) as the weight functions, so that

w1(6) (1w, (8)) " wi(8) +w2(6) (Aelw,(8)) ' w3 (8) = (MIw,(8) + AoLu,(6)) .
(6.18)
It follows by an identical argument as was used in the proof of (6.1.1) that if w;(8)

is continuously differentiable in @ and 6}, is an initial consistent estimator of 8, that
NG <w1(0;;)91 + wy(07)0, — 9) L N (0, (Mg, (0) + AoTg,(0) 7)) (6.19)

as n — 00.
To compare the best linear combination of the estimators 91 and 92 to an

estimator 6,, using the entire combined sample Z7 = (X*,Y”) we need to first

investigate how to combine the estimating functions ¥, and W,.

Theorem 6.1.2. Let X = (Xy,...,X,,,) be a random sample with distribution

function Fy(x;0), with @ € R®, and let ¥; = ¥,(X;0) = i\Ifl(Xi;O) be an

i=1
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estimating function for 6 based on the sample X. Let Y = (Y1,...,Y,,) be a
second random sample, independent of X, with distribution function Fy(y;0), and

let Uy = Wy(Y;0) = i‘IJQ(Yi;O) be an estimating function for 6 based on the

=1

random sample Y. Let ZT = (XT,YT) represent the combined samples. The best
estimating function ¥ = W(Z; @) for @ based on the combined samples Z in the class

of estimating functions W*(Z;0) = A1(0)¥, + Ay(0)¥, is
¥ =¥ (Z;0) = Cg, (0)By! (0)T,(X;0) + CL,(0)By (0)T2(Y;0).  (6.20)
Proof. First notice that
Cy(0) = Cy By Cy, + C}, By Cy, =1y, + Iy, = By(6). (6.21)

Therefore ¥ defines an estimating function (since Cg must be nonsingular, due to
the positive definiteness of Iy, and Iy,) that is in Fisher form.

Let ¥* = ¥*(X,Y;0) = A1(0)¥; + A2(0)¥, be any linear combination of
the estimating functions ¥; and W,. To prove the optimality of the estimating

function ¥ we need to show that
Iy =1y, +1g,
> (A1Cy, + AsCy,)" (A1Bg, AT + AyBy,Al) ' (A;Cy, + AyCy,) (6:22)
=TIy

This follows from the non-negative definiteness of the covariance matrix for the

105



vector ¥ — CL. Byl ¥*.
0< Eq (¥ - CL.Bg! 0% (¥ — CL.Bg w")"
= Eo (¥U7) — Ep (¥¥*") BglCy- — CL. Byl By (U¥7)
+ CL.Bgl Ep (" U*") Byl Cy-

=TIy — Eg (CL, Bg' ¥, + C§ Byl W,) (AT, + A, ¥,)" By! Cy.

(6.23)
— CL.By Eo (A1, + A,0,) (Ch By W, + CL B! 0,)" + Iy
=1y — (A,Cy, + AyCy,)" B3lCy-
— CL.By! (A1 Cy, + AyCq,) + Ig-
=TIy —2CL.ByiCy- + g = Iy — Iyg-
0

There is also a geometric interpretation of this result. In Chapter 2 we showed

that if C = {W¥,,...,¥,} is a finite collection of estimating functions and H =

Span{Wy,...,W.} is the closed linear span of the elements in C, then the optimal
estimating function ¥ in H is the projection of the Fisher score function onto H.
That is, if @ = Eg (J | H), then Iy (0) > I+ (8) for any estimating function ¥* € H.

It is easy to show that
U =Fo(J| ¥, ¥,)=Ch By ¥, +CL B ¥, (6.24)

giving an alternate proof of Theorem 6.1.2.
We now describe the behavior of the estimator that is the solution to the best

linear combination of the estimating functions ¥; and ¥, given in Theorem 6.1.2.
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Theorem 6.1.3. Suppose Py = {P1g:0 € © CR*} and Py = {Pp: 0 € © C R}
are two parametric families depending on a common parameter 6. Let W, be an
estimating function for Py and Wy be an estimating function for Py. Let 0, = én(Z)

be the solution of the estimating equation

W(Z;0) = Cy, (0)Bg.(0) i ¥,(X;;0) + Cu,(0)Bg! i ¥,(Y;;0)
N = =t (6.25)
= Z\ill(Xi§ 0) + Z Wy(Y;;0) =0

i=1 i=1

where \ill and \112 are the Fisher forms of ¥y and Wy respectively. If

. 9 .
- 2 20 Vi (X;;0)— E (a—e‘I’j(X’ 9)) H = 0p(1) (6.26)
for j =1,2 as n — oo then
NG (én - 0) ~L5 N, (0, (Mg, (8) + AT, (0) 7)) (6.27)
as n — oQ0.

Proof. Expand ¥(Z; én) in a Taylor series around the point @ to get

= Z\ifl(Xi;O) +Z¢12(Yi;9> (6.28)

Mmoo 5 e o ) A




Here we use the fact that for the Fisher estimating function W1 (x; ) (and similarly

for W),

1~ 90 p 0 -
T Zzl (‘)_9‘1’1(Xz’; 0) — —FEy <a—0\I’1(X; 9)) = C\i,l(e) = I‘i’1<0) =1g,(0)
(6.30)

as n; — 00. Since the first and second sample are assumed independent, and

1 - d .
¥, (X;:0) — N, I 31
\/n—1; 1( 170) s (07 \111(0)> (63 )
as n; — 0o we have
NG (én - 0) —L5 N, (0, (Mg, (8) + AT, ()Y (6.32)
as n — 00. ]

This result is somewhat counterintuitive, since the limiting distribution of the
estimator 0,, = én(Xl, ooy X0y, Y1, ..., Y, ), which is the solution of the estimating
equation based on the best linear combination of the estimating functions ¥, and
W, is the same as the limiting distribution of the best linear combination of the
estimators 91 and 92. In general, the estimator én is not a function of 91 and 92.
However, asymptotically, we can do as well using only the estimators 6, and 0, as

we can calculating an estimator ,, based on the entire combined sample.

6.2 Estimation of a bivariate location parameter

6.2.1 The Pitman estimator of a location parameter

If Xi,...,X, is a random sample from the distribution F'(z — p), where y is a
univariate location parameter, we saw in Section 3.1 that the Pitman estimator of
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# under quadratic loss is
th=X —Ey(X | X, —X,..., X, — X) (6.33)

and that (for n > 3) t, = X if and only if F is Gaussian.
In this section we consider samples from a distribution depending on a bivariate
location parameter. Let @ = (61,05)" € © = R? and (X, A) = (R*", By,), where

Bs,, is the o—algebra of Borel sets in R?", and

Po(A) = /A AF(x — 6) = /A dF(x) — 0) -+ dF(x, — ). (6.34)

We will be interested in estimating linear functions of the parameter 6.

Let (X1, Y1)T,...,(X,,Y,)T be a random sample with distribution function
F(z — 61,y — 02). Our goal is to estimate A = ¢16; + c05 where ¢; and ¢y are
known constants. For reasons discussed in Section 3.1, it makes sense to restrict our
attention to estimators that are equivariant. For the case of the bivariate location
family, an estimator 0= é(X, Y) of 161 + cab; is equivariant if for any a; € R, ay €
R,

é(X—FCLl,Y—FCI/Q) = é(X,Y) “+ cia1 + caa9. (635)

One such estimator is ;. X + oY .

When using an equivariant estimator, the estimation of ¢16; + 20 by (X, Y)
should be identical to the estimation of ¢; (61 +ay) + ca(f2 +as) by é(X—I— a;, Y +ay),
and this should be reflected in the loss function. We say that the loss function

L(8;61,05) is invariant if

L(é(X + ai, Y + CL2>; 91 + as, 62 + CLQ) = L((S(X, Y), 91, ‘92) (636)
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When calculating the loss of an equivariant estimator with an invariant loss
function, both the bias and the risk of the estimator are independent of the param-

eter @ = (01,0,)". To see why, let 6(X,Y) be any equivariant estimator. Then

Eol0(X.Y)) = [ 06x.)1(x ~ 01, — 62)ixdy

= /6(}{ + 01,y + 0o) f(x,y)dxdy

= /(5()(, y) + c1601 + o) f(x,y)dxdy (6.37)

= /((5(){, v)f(x,y)dxdy + c16q + c205

= Eo(0(X,Y)) + c161 + c205
so that the bias, Eg(0(X,Y) — (161 + c202)) = Epd(X,Y), is independent of 6.
A similar calculation shows that if L(§(X,Y)) is an invariant loss function, then
R(6(X,Y)) = EgL(0(X,Y)) is independent of 8. This is an important fact, because
it allows us to compare equivariant estimators. That is, if ; and d, are equivariant,
then either R(d1,60) > R(d2,0), R(1,0) < R(d2,0), or R(d1,0) = R(d2,0) for all
0 co.

Following the method used in Casella and Lehmann ([9]), we now describe the

class of equivariant estimators of A.
Lemma 6.2.1. A function u(X,Y) satisfies

wX,Y) =u(X+a,Y +as) (6.38)
for any a = (a1, a2)" € R? if and only if

WX, Y)=uXi - X,...,. Xy - XY, -Y,....Y, - Y). (6.39)
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Proof. 1f u satisfies (6.39) then clearly it satisfies (6.38). If u satisfies (6.38), then

we can set a; = —X and ay = —Y to get (6.39). [

Lemma 6.2.2. If §(X,Y) is equivariant, then an estimator ¢'(X,Y) is equivariant
if and only if

F(X,Y)=0X,Y) +u(X,Y), (6.40)
where u is of the form (6.39).

Proof. 1f &' = 6 + u then
(X +a,Y+a)=0X~+a,Y +a) +uX+a,Y +ay)
= §(X,Y) + u(X,Y) + crar + caas (6.41)
=3(X,Y) + c1a1 + czas.
Conversely, if ¢’ is equivariant then we can set v = § — §. O
One equivariant estimator is do(X,Y) = ;X + Y. By Lemma 6.2.2, any
equivariant estimator of A = ¢10; + co6s can be written as §(X,Y) = a1 X + Y +
u(X,Y). Finding the minimum risk equivariant estimator under an invariant loss
function then amounts to finding a function u which minimizes R(dy + u;0) =
EgL(60 + u;0). But since the risk is independent of the parameter 6, it suffices to
minimize R(dy + u;0) = EoL(d + u;0).
We define the Pitman estimator of A to be the minimum risk equivariant
estimator under quadratic loss, L(g,g) = (§(X) — ¢g(0))?. This is an invariant loss
function, so to find the form of the Pitman estimator of A we need to find the

function u which minimizes Eq (60(X,Y) + u(Z))?, where

Z=(X1—-X,...,. X, - X,Y1-Y,....Y,—Y) (6.42)

111



is the vector of residuals. Let v* = v*(Z) = Eo(60(X,Y) | Z). Then
Eo((6g —v)* | Z) = Eo((6g — v* +v* —v)? | Z)
— Bol(dy — ") | Z) + (v" — 0)? + 2Eo((6 — v")(v" — v) | Z)
= Eo((6 —v")* | Z) + (v = 0)” + 2(v" = 0)(Eo(0 | Z) —v)  (643)
= Eo((do —v")* | Z) + (v* —v)”
> Fo((6 — ") | 2)
Taking expectations of both sides gives R(dy 4+ v*;0) < R(0;0) for any equivariant
estimator d. This gives us the form of the minimum risk equivariant estimator of

c161 + c265 under quadratic loss.

Theorem 6.2.3. Let (X1, Y))T, ..., (X, V)T be a sample from a location family
F(X —6,,Y —0,). Under quadratic loss, the Pitman estimator of A = ¢101 + 205
18

ta(X,Y) =1 X + Y — Eg (X + Y | Z) (6.44)

whereZ = (X, - X,...,. X, - X, Y1 -Y,....Y, = Y).

The Pitman estimator of #; based on the observations Xi,..., X, is
t,=X-E(X|X1-X,...,X, - X) (6.45)
and the Pitman estimator of 6, based on the observations Y;,...,Y,, is
=Y - E(V|V-T,...Y, 7). (6.46)

It is of interest to consider when ¢,, = ¢;t, + cot,,. This is the case when the samples
X and Y are independent. The proof follows directly from the following Lemma:
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Lemma 6.2.4. Let &, n1, and ny be random variables with E | X |< co. Suppose

that (&§,m1) and 19 are independent. Then

E€|m,n)=E(E]|m) as. (6.47)
Proof. See [34], p. 35. ]

If, in addition, we assume that the distribution function F' has density f with
respect to Lebesgue measure, the Pitman estimator (6.44) can be written in integral

form

[ (ers + eat) iy £ = ,Y; — st (6.48)

t(X)Y) = [T, f(Xi—s,Y; — t)dsdt

The above form of the Pitman estimator of ¢;6; +c20s follows from (6.44) by calculat-
ing the conditional density of (X,Y") given the vector of residuals Z, and calculating

the conditional expectation Ejy (617 + Y ‘ Z).

6.2.2 Linearity of the Pitman estimator

In the class F of bivariate distributions F' with fixed, finite covariance

2
O'X D'e%

3= , (6.49)
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the risk of the Pitman estimator, Fg(t, — A)?, is maximized when it is of the form
tn(X,Y) =0y = 1 X + 3 since
ot 4 D2 49920 B (60— A = Eo (60)?
n n n
= Eo (60 — Eo (% | Z) + Eo (& | Z))*
= Eo (80 — Eo (60 | Z))* + Eo (Eo (6 | Z))°
+ 2Eqo ([6 — Eo (30 | Z)] Eo (60 | Z)) (6.50)
> Eo (5 — Eo (80 | 2))* + 2Eo { Eo [(60 — Eo (d0 | Z)) Eo (% | Z) | Z]}
= Eo (60 — Eo (5 | Z))* +2Eo {Eo (60 | Z) Eo [(50 — Eo (0 | Z)) | Z]}
= Eo (6 — Eo (% | Z))*

If (X,Y)T is from a bivariate Gaussian distribution with mean vector (6;,6,)"
and covariance matrix X, then ¢; X + oY is independent of the vector of residuals
and the Pitman estimator will then be ¢; X + ¢3Y. The next Theorem characterizes
the family of all bivariate distributions for which the Pitman estimator of A is linear,

namely, the class of distribution functions F for which ¢,(X,Y) = ¢; X +¢,Y. This

is equivalent to describing the class of bivariate distribution functions for which

EoaX+eY|X —X,... . X, - X,Y1-Y,....Y,-Y)=0. (6.51)

In contrast to the Kagan-Linnik-Rao theorem concerning a univariate location pa-
rameter, the family of Gaussian distributions is not the unique family of distributions

for which (6.51) holds.

Theorem 6.2.5. Let (X1,Y))T,... (X,,Y,)", (n > 3) be a random sample from
a location family F(x — 0,y — 03) with Ex?> < oo and Ey* < oo. If the Pitman
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estimator of A = c101 + ¢ is linear, then F' has a characteristic function of the

form

B(t,s) = eQs)Fhleat=cis) (6.52)

in a neighborhood of 0, where () is a quadratic form in s and t, and h is a differen-

tiable function with h(0) = 0.

Proof. Let Z = (X; - X,..., X, — X,Y, —=Y,...,Y, —Y) be the vector of residu-

als. Suppose Eo(c; X + ¢;Y|Z) = 0. Multiplying both sides of the equation by

j=1

for constants ¢; and s; and taking the expectation gives
FEo ((617 + CQ?)eiZ?:l(tj(Xj7Y)+8j(Y}7?))) = 0. (6.54)

Since ty (X, —X)+- -+, (X — X) = X1 (t; — )+ - -+ X, (t, — 1), after multiplying

through by n, we can rewrite equation (6.54) as

(1 X + CQYk)ei 21 (Xt _f)H’j(sJ-—g)))

>

A

n

T
I

Lo ((Cle + 2 Y%) H ei(Xj(tj—fHYj(sj—g)))

J=1

\E

E, ((Clxk+02yk> i(Xp (te—D)+Yi (5—3) )HEO( —D)+Y; (s~ s))))
Jj#k

i
I

\E

EO <(Cle —|—62Yk> UK (tr = 1)+ Vi (s, =) ) H(b t —t S] — S))

k=1 Jj#i
- C1 8 — _ Co 8 — _ - — _
= (7§¢(tk —t,s5,—35)+ 7$¢(tk — 1,8, — 3)) H Pp(t; —t,s; — 8))
k=1 J#i
=0
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where @(t,s) = Eoe'™ ¥ is the characteristic function for the pair (X,Y)” when
01 = 6, = 0. Since the characteristic function ¢ is uniformly continuous and
#(0,0) = 1, there exists a § > 0 such that for any (¢,s) € Bs(0) = {(¢,s) : ||(¢,9)] <
§}, we have ¢(t,s) # 0. Let all points (¢x —, s, — ) lie in the ball Bs(0) and divide

through by [[,_, ¢(tx — ¢, s — 5) to get

i %oty — 1,55 —5) + -ty — T, 5, — 3)
— o(tr — T, sp — )
(6.55)

n

k=1

Fix (t1,s1) and (t2, s2) in Bsj2(0) and set t5 = —t1 —ty, 53 = —s1 — 52, and 4 =

=ty =8,="-+-=8, =0 (so that t =35 = 0 as well). Equation (6.55) reduces to
o(t1,51) + p(ta, s2) + (= (t1 +t2), — (51 +52)) =0 (6.56)
or
P(t1,81) + @(t2, 52) = —p(—(t1 +t2), = (51 + 52)). (6.57)
If we let t{ = —t5 and s; = —so, we see that
p(t,s) = —p(—t, —s). (6.58)

Therefore, (6.57) can be written as

o(t1, s1) + (ta, s2) = p(t1 + t2, 81 + S2). (6.59)
We see that ¢ is linear and must have the form

o(t,s) = 01% log &(t, s) + CQ% log ¢(t,s) = At + Bs (6.60)
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for some constants A and B (see [1], p. 215). This is a partial differential equation

of the form ciu; + cous = At + Bs which has general solution (see [8])
u(t,s) = Q(t,s) + h(cat — ¢19) (6.61)
where () is quadratic in s and ¢t and A is a differentiable function. Therefore,

o(t,s) = exp{Q(t,s) + h(cat — c15)} (6.62)
for ||(¢, s)|| < 9. O

Let (Xi,...,X,) be a random sample with distribution function F(x). It
is well known that the sample mean X is independent of the vector of residuals
(X1 —X,...,X, — X) if and only if F' is Gaussian (see [23]). The next Theorem
shows that for a bivariate random sample ((Xl, Yl)T s (X, Yn)T), the indepen-
dence of ¢; X + Y and the vector of residuals Z characterizes the same family of

bivariate distributions with characteristic function of the form (6.52).

Theorem 6.2.6. Let <(X1,Y1)T sy (X, Yn)T> (n > 3) be a random sample from
a distribution F (z,y) with Ex? < oo and Ey* < oo. The linear combination
a1 X + Y is independent of the vector of residuals Z if and only if the characteristic

function of F' is of the form (6.52).

Proof. If ¢; X 4 ¢;Y is independent of Z, then E (017 + Y | Z) = 0. By Theorem
6.2.5, the characteristic function of F' must be of the form (6.52).
Suppose F' has a characteristic function of the form (6.52). A necessary and

sufficient condition for a vector of random variables to have independent components
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is that its characteristic function is the product of the characteristic functions of its

components (see [35], p. 286). The characteristic function of ¢; X + ¢,Y is

e+ =2 (s 155 (s 2 402 )

k=1

e (o (o o))

(6.63)
_ ,!‘[1 exp{Q (wer /n, wea/n) + h (cower n — crwes/n))
_ Hp Q (wefmywea )}
while the Characteristi; function of Z is
o (o {5t 071 )
=TT e {6 (X (6~ ) + Vi (52— 9))) (6:64)

>
Il
—

I
—=

exp{Q(tk—f,sk—E)th(cQ (tk—f) —cl(sk—§))}.

e
Il

1

The joint characteristic function of a1 X + Y and Z is

E (exp {iw (a1 X + Y +izn: [te (X = X) + s (Yi = Y)] })
:ﬁE<eXp{iXk (w%+tk—%) +1iYy <w%+3k_§)}>
= ﬁexp {Q (wcl/n+tk —t,wea/n + S —§) +h (02 (tk —f) — 1 (s —5))}.

(6.65)

Since Zn: (tr—1) = i (s —3) =0,

k=1 k=1

3

g Q (wc—l—l—t;c —f,w@—l—sk —§> = (Q <wﬂ,wc—2> +Q (ty — T, s —E)) .
n n n’n
k=1 k=1
(6.66)
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Therefore, the characteristic function in equation (6.65) is the product of the char-
acteristic functions in equations (6.63) and (6.64) so that ¢; X + ¢,Y is independent

of Z. O

Theorem 6.2.5 is a similar result to one proved by Yu ([45]). He considered the

class of bivariate distributions depending on a univariate parameter 6 of the form
F(x—0,y—9). (6.67)

The Pitman estimator for § based on a sample (X, Y;)?, ..., (X,,Y,)T was found

to be

(X, Y) = un X +wpY
(6.68)
By (Xt wY | X -V, X - VY — XY, X)
for appropriate non-negative constants w; and ws such that w; + wy, = 1. The
Pitman estimator was found to be linear in this setup if and only if the distribution
has characteristic function of the form given in Theorem 6.2.5.

The family of distributions with characteristic functions given by (6.52) in-
cludes, but is not limited to, the family of bivariate Gaussian distributions. In
addition, a Gaussian distribution convolved with a distribution with mass concen-
trated on the line ¢oY — ¢; X = 0 will have a characteristic function of the form
(6.52). But there are characteristic functions of the form given in (6.52) that cannot
be represented as the product of the characteristic function of a Gaussian distribu-

tion and another characteristic function. The following example is due to Gennady

Feldman at the Ukrainian Academy of Sciences.
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There exists a characteristic function of the form
o(t,s) =e P V(E), a>0,b>0 (6.69)

that cannot be represented as e~ 251/ (¢) where @ is a nonnegative definite quadratic
form and W (t) is a characteristic function.

Note that a characteristic function of the form (6.52) can be reduced to the
form (6.69) by a suitable change of variables. Let V' (t) = —1/4 +5/4 cos(t); V (t) is
not a characteristic function. This can be verified using Cramer’s Criterion, ([29], p.
65) which states that a bounded continuous function f(t) is a characteristic function
if and only if i) f(0) = 1 and ii) ¥(z, A) = fOA fOA f(t—u)exp {ix(t — u)}dtdu is real
and non-negative for all real = and for all A > 0. Setting x = 0 and A = 37/2 gives
fogﬂ/z 037r/2 V(t—u)dtdu = 5/2—9/167* < 0, so that V() cannot be a characteristic
function.

For any 0 > o = (4log(5))™", ¢(t) = e "V (t) is a characteristic function

while for 0 < o < 09, () is not a characteristic function. This is true because

pa) = o [ et
oo (6.70)

1 [5695/0 — 9e(22+1)/(40) | 5] e~ (@+1)?/(40)

- 16+/om

is nonnegative and integrates to 1 for any o > o¢, while p(z) < 0 for some x

if ¢ < 0p. In particular e~ "’V () is a characteristic function since it is the
product of two characteristic functions.

Suppose e~ 7 bV (1) = e QU (t). For s = 0, e 7V (t) = e ¥ W (t) for
some k > 0. But this is impossible, since if k > o, e~ *=70)®W (t) = V(t). The left
hand side is the product of two characteristic functions, while the right hand side is
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not a characteristic function. If k < oo, e~ @MV (¢) = W (t). The left hand side
cannot be a characteristic function since 0 < o9 — k < 0y.
Theorem 6.2.5 can easily be generalized to the case of location families where

the dimension of the parameter is greater than 2.

Theorem 6.2.7. Let X; = (X{,...,X}),.... X, = (X}, ..., XF) be a sample of
size n > 3 from a location family F(X — 0) for @ € R*. If the Pitman estimator
of A = c101 + -+ + ey, has the form CTX, where CT = [cy,...,ck], then F has

characteristic function of the form

¢(t1, e ,tk) ==
(6.71)
exXp {Q(tl, RN ,tk) =+ h(CQtl — Cltz, Cth — Cgtg, RN 7thk71 — Ckfltk)}.

where h is a differentiable function with h(0) = 0 and Q is a quadratic function in

et
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