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Ultracold atoms are a versatile platform for studying quantum physics in the lab. Using

carefully chosen external fields, these systems can be engineered to obey a wide range of effective

Hamiltonians, making them an ideal system for quantum simulation experiments studying exotic

forms of matter. In this work, we describe experiments using 87Rb Bose–Einstein condensates

(BECs) to study exotic topological matter based on out-of-equilibrium effects. The topological

states are prepared through the quantum dynamics of the ultracold atom system subjected to a

highly tunable lattice potential described by the bipartite Rice–Mele (RM) model, created by

combining dressing from a radiofrequency (RF) magnetic field and laser fields driving Raman

transitions. We describe a form of crystal momentum-resolved quantum state tomography, which

functions by diabatically changing the lattice parameters, used to reconstruct the full pseudospin

quantum state. This allows us to calculate topological invariants characterizing the system.



We apply these techniques to study out-of-equilibrium states of our lattice system, de-

scribed by various combinations of sublattice, time-reversal and particle-hole symmetry. After

quenching between lattice configurations, we observe the resulting time-evolution and follow

the Zak phase and winding number. Depending on the symmetry configuration, the Zak phase

may evolve continuously. In contrast, the winding number may jump between integer values

when sublattice symmetry is transiently present in the time-evolving state. We observe a scenario

where the winding number changes by �2, yielding values that are not present in the native RM

Hamiltonian.

Finally, we describe a modulation protocol in which the configuration of the bipartite lattice

is periodically switched, resulting in the Floquet eigenstates of the system having pseudospin-

momentum locked linear dispersion, analogous to massless particles described by the Dirac

equation. We modulate our lattice configuration to experimentally realize the Floquet system

and quantify the drift velocity associated with the bands at zero crystal momentum. The linear

dispersion of Floquet bands derives from nontrivial topology defined over the micromotion of

the system, which we measure using our pseudospin quantum state tomography, in very good

agreement with theory.
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Preface

A Ph.D. thesis serves multiple purposes. It seeks to convey theoretical background, tech-

nical details, as well as scientific results. It is a capstone to years of research, putting specialized

scientific results into a broader context. This thesis describes the key scientific results of my

graduate career, including technical details and nuances that were too long for the papers. It also

includes technical and theoretical background which will be familiar to experts, but might prove

useful as a reference for future students. If you are searching for technical details of an experi-

ment performed in the RbK lab at NIST between 2018 and 2023, or a reference on the physics of

alkali atoms, laser cooling, or topology in condensed matter physics, you are in the right place. I

hope this thesis serves you well.
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�̂ y. (b) Berry curvature for three different cases: the switching protocol for the
j"i andj#i bands, and the single-con�guration protocol for aj"i initial state. . . . 154

8.8 Displacement at �niteq over two Floquet periods. . . . . . . . . . . . . . . . . . 157

A.1 In our design the AC voltage drive for our coils is provided by an H-bridge.
During operation, current �ows from the input power supply through one of the
two `high-side' switches, through the load, then through the complimentary `low-
side' switch to ground. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163

A.2 The output voltage waveform for our circuit (red) and the resulting load current
in three regimes: inductively dominated load (small� ), restively dominated load
(large� ), and intermediate. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167

A.3 (a) The magnitude of each component in the Fourier decomposition of the current
waveform, normalized in the three cases of operation shown in Fig. A.2. The
cases are an inductively dominated load, where the load current is approximately
a triangle wave, a resistively dominated load, where the current is approximately
a square wave, and an intermediate case where the load has signi�cant resistance
and inductance. (b) The amplitude of the fundamental Fourier component as a
function of L with �xed R = 1 and as a function ofR with �xed L = 1=2�
(jZL j = 1). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 168

A.4 The schematic of our prototype design. In this iteration the power for the board
(the digital buffers and gate drivers) is supplied by a separate input from the main
coil power. Earlier prototypes had one set of power inputs, with board power
provided by the main coil power supply, controlled by a linear regulator. . . . . . 169

A.5 The prototype GaN FET based H-bridge PCB. The two forward facing banana
connectors connect to DC supplies that power the board and the main coils, while
the rear banana connectors connect the prototype to the coils. We also worked
with smaller prototype boards powered by a single DC supply. . . . . . . . . . . 170

xiv



A.6 Performance atf = 1:0 MHz, VIn = 15:0 V, including a series resistance of 0.66

 with the coil load. (a) and (b) compare two measurements of the same magnetic
�eld; (a) is based on inductive pickup, while (b) is based on measurements of the
voltage drop across a sense resistor. . . . . . . . . . . . . . . . . . . . . . . . . . 174

A.7 Performance with negligible load resistance and a single loop coil across a range
of frequencies and input voltages. (a) Measured pickup coil voltage and average
magnetic �eld from an inductive measurement atf = 1.0 MHz. The blue wave-
form is the integral of our measured pickup coil voltage, while the red and purple
waveforms are Fourier decompositions including only a �nite number of terms.
(b) Carrier Fourier amplitudes atf = 1.0 MHz through 5.0 MHz at all tested input
voltages. (c) Fourier amplitudes atf = 1.0 MHz and 5.0 MHz up to 100 MHz.
The values shown are for an input voltage of 14V and re�ect the qualitative shape
of the Fourier components for lower input voltages. . . . . . . . . . . . . . . . . 176

B.1 Schematic of Keplerian telescope operating as a telescope (a) and microscope (b)
along with ray labels (c). The telescope con�guration corresponds to an object
at in�nite distance while the microscope corresponds to a �nite object distance.
In both cases the lenses have a1=5 focal length ratio giving a magni�cation of
m = � 5. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 181

B.2 Point spread function and corresponding MTF for an ideal imaging system with
NA=0.25. Dotted lines give the lengths and wavevectors associated with the Abbe
resolution, the Rayleigh criterion, and the spatial cutoff frequency. . . . . . . . . 184

B.3 Fourier analysis of imaging or projection of a random pattern. (a) Coordinate
space image after propagating through a system withNA = 0 :25. (b) 2D Fourier
space decomposition of image. (c) 1D cross-section of power spectral density.
(d) Radial average of power spectral density. The resulting image/projection in-
cludes Fourier components up to2kNA , but the dominant contribution comes from
components belowkNA . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 187

B.4 Prototype acting as a complete imaging system. . . . . . . . . . . . . . . . . . . 190
B.5 Prototype acting as an in�nity corrected objective. . . . . . . . . . . . . . . . . . 191
B.6 Measured PSF for imaging system prototype for design in Fig. B.4. Because of

an additional optical relay the total magni�cation wasM = 22:5. (a) 2D image.
(b) Radially averaged image and �t to the ideal PSF, given by an Airy disk. (c)
Cross sections of the 2D Fourier transform, corresponding to the MTF. The “x”
marks the location of the cutoff frequency corresponding to the �rst 0 in the PSF. 192

B.7 Measured PSF for imaging system prototype for the in�nity corrected design in
Fig. B.5. Because of an additional optical relay the total magni�cation wasM =
96. (a) 2D image. (b) Radially averaged image and �t to the ideal PSF, given by
an Airy disk. (c) Cross sections of the 2D Fourier transform, corresponding to
the MTF. The “x” marks the location of the cutoff frequency corresponding to the
�rst 0 in the PSF. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 193

B.8 Window thickness measurement geometry. . . . . . . . . . . . . . . . . . . . . . 194

xv



List of Abbreviations

RF Radio frequency
RWA Rotating Wave Approximation
OD Optical Depth
ToF Time of Flight
SG Stern–Gerlach
GPE Gross–Pitaevskii Equation
MOT Magneto-Optical Trap
PGC Polarization Gradient Cooling
ODT Optical Dipole Trap
AOM Acousto-optic Modulator
TTL Transistor-Transistor Logic
AO Analog Output
VCA Voltage Controlled Attenuator
PD Photodiode
DDS Direct Digital Synthesis
DMD Digital Micromirror Device
BZ Brillouin Zone
SSH Su–Schrieffer–Heeger
RM Rice–Mele
TRS Time-reversal Symmetry
PHS Particle-hole Symmetry
SS Sublattice Symmetry
QHE Quantum Hall Effect
GaN Gallium Nitride
FET Field Effect Transistor
NMR Nuclear Magnetic Resonance
TTL Transistor-Transistor Logic
PCB Printed Circuit Broad
NA Numerical Aperture
PSF Point Spread Function

xvi



Chapter 1: Introduction

Quantum simulation is a paradigm of experimental physics �rst proposed by Feynman [2],

in which experimenters use an analog quantum system to study a quantum system of interest,

taking advantage of quantum features of the analog system to simulate problems which are com-

putationally dif�cult using classical computers. Quantum simulators make use of a wide variety

of platforms based on disparate physical systems but generally take advantage of many-body

quantum effects such as quantum entanglement [3].

Ideal quantum simulation platforms allow the experimenters to precisely control and mea-

sure the analog system. Ultracold atoms are a form of quantum-degenerate matter including

Bose–Einstein condensates (BECs) and degenerate Fermi gasses, offering superb measurability

along with the ability to engineer potentials using external �elds. This makes them an excellent

platform for quantum simulation of condensed matter systems, allowing the creation of “arti�cial

solids” with desired properties in the lab [4].

Ultracold atom systems build on several major achievements of 20th century physics. Mod-

ern atomic physics developed along with quantum mechanics, providing key insights and test

cases for the developing theory [5, 6]. Explaining the details of atomic structure and predicting

the resulting spectra was a key triumph of the “�rst quantum revolution,” in which physicists used

the emerging quantum theory to better understand the natural world. The ability to precisely ma-
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nipulate atomic states makes ultracold atoms an excellent platform for technologies engineered

to take advantage of quantum mechanics: the “second quantum revolution” [7]. This precise

manipulation is enabled by technical innovations including laser cooling [8], making possible

the creation of atomic BECs, quantum-degenerate systems where a macroscopic fraction of the

atoms occupy the same quantum state, in the lab [9–11].

The experiments presented here use ultracold atoms to study topology in condensed matter

physics. Topology provides a paradigm to illuminate phenomena in condensed matter physics

including the quantum Hall effect and topological insulators [12–14]. We take advantage of our

ability to precisely prepare initial states and observe their evolution to study topology in the con-

text of quantum dynamics, observing changing topology during out-of-equilibrium evolution,

and topological dynamics of periodically modulated Floquet systems. Both of these experiments

take place in quantum simulated one-dimensional lattice systems. In the �rst, we observe the

changing topology of the time-evolving system, culminating with our observation of a state with

higher-order topology in the out-of-equilibrium evolution. In the second, we engineer and char-

acterize a Floquet system mimicking the behavior of massless particles described by the Dirac

equation: linear, spin-momentum locked Floquet bands. This experiment culminates with our

measurement of the underlying Floquet topological invariant characterizing the system.

1.1 Thesis Overview

This thesis covers three broad topic areas: the �rst is background, including topics from

atomic physics that form the basis for our experimental techniques. The second area is technical

details, including some details of our experimental apparatus, as well as how we use it to imple-
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ment a tunable bipartite lattice system. The �nal category is scienti�c results, including our study

of topological states of an out-of-equilibrium lattice system in Ch. 7, and a topological Floquet

system with linear, spin-momentum locked (Dirac) dispersion in Ch. 8.

Ch. 2 introduces important tools from atomic physics, including the electronic structure of

87Rb as well as the light matter interactions we harness to produce BECs and manipulate them in

quantum simulation experiments.

Ch. 3 introduces the basic theory of BEC as well as the laser and evaporative cooling

techniques we apply to produce BEC in the lab. The chapter includes technical details of our

experimental apparatus including a thorough review of the Raman system used throughout the

experiments described in this thesis.

Ch. 4 describes the basic theory of lattice systems, providing simple models which can be

used to understand the key physics of our experiments.

Ch. 5 establishes key ideas from topology in physics, including examples of nontrivial

topology in static one and two-dimensional systems, de�ning the winding number, Zak phase,

and Chern number. We also introduce topology for dynamical systems described by Floquet

topological invariants (Floquet winding numbers).

Ch. 6 introduces the Raman-RF system used for the bipartite lattice experiments described

in this thesis, including the pseudospin measurement techniques we employ to measure the topol-

ogy of our system. We include a detailed theoretical model of the system at the single-particle

level as well as basic experiments to characterize the lattice system in the lab.

Ch. 7 describes an experiment where we measure the topology of the quantum state of

atoms in our bipartite lattice as they undergo out-of-equilibrium evolution. We categorize differ-

ent initial states by symmetry, observing scenarios where topological invariants characterizing the
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system can change during the evolution, including a case where the topological winding number

takes on a value not possible in our static lattice system.

Ch. 8 describes an experiment in which we realize a Floquet system where the eigenstates

are spin-momentum locked linear bands. We observe linear motion predicted for the system,

characterize the topological origin of the behavior in terms of a measured Floquet topological

invariant, and study how the motion changes with altered modulation.

The appendices describe technical details of an RF signal generator circuit in App. A, some

practical aspects of imaging systems along with a description of prototype systems in App. B, and

a reproduction of Ref. [15], a study of techniques to create solitonic excitations in our ultracold

atom system in App. C.
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Chapter 2: Atomic Physics Background

In this chapter we introduce key concepts and results from atomic physics that will be the

foundation for understanding our experiments. This includes atomic structure, focusing on alkali

atoms, which will provide the state space in which our experiments take place. We also introduce

light-matter interactions, providing the key tools we use to manipulate atoms. We discuss the

speci�c ways these concepts can be applied to create optical dipole force traps and drive Raman

transitions between the internal states of our atoms. Finally, we introduce how we measure our

ultracold atoms systems, using absorption imaging and time-of �ight (ToF) techniques. Together,

these elements form the toolbox for creating ultracold atoms systems and using them for the

quantum simulation experiments we will discuss in later chapters.

2.1 Alkali Atoms

Alkali metals comprise the �rst column of the periodic table. This gives their neutral

electron con�guration a �lled subshell plus a single valence electron, making their electronic

state structure qualitatively similar to hydrogen. For single electron excited states, this means

the orbital angular momentum operatorL̂ and spin angular momentum operatorsŜ simply cor-

respond to the single valence electron, and the electronic state is described by four quantum

numbers. The orbital electronic state is characterized by the principal quantum numbern, or-

5



bital angular momentum quantum numberl, and magnetic quantum numbermL corresponding

to the quantization axis projection of the orbital angular momentum. For alkali atoms there

is an additional magnetic quantum numbermS for the electronic spin (s = 1=2 owing to the

single valence electron). The corresponding quantum numbers ares = 1=2;mS = � 1=2 and

l = 0; 1; :::; mL = 0; f� 1; 0; 1g; ::: depending on the orbital angular momentum state, which we

denoteS, P, D, ...using the historical spectroscopic notation [16]. The full spectroscopic nota-

tion includes the spin multiplicity2S + 1, which is always 2 for our atoms, so we omit it. At

this coarse level of electronic structure the ground state of87Rb is expressed as5S and the �rst

excited state as5P.

2.1.1 Fine structure

Fine structure describes lower energy scale features of atomic spectra, which arise due to

relativistic effects, including the relativistic kinetic energy and the relative motion of the electrons

and the nucleus. The relativistic treatment of the atomic Hamiltonian gives rise to a spin-orbit

term, proportional tôL � Ŝ. This is called spin-orbit coupling because it is an interaction between

the orbital angular momentum and the spin angular momentum. Diagonalizing the Hamiltonian

including this term results in a new electronic angular momentum operatorĴ = L̂ + Ŝ, so that

the eigenstates of the Hamiltonian are described by new quantum numbersj; m J . Including �ne

structure, we describe the electronic state in terms ofn, l andj denotednL j , for example5S1=2

for the electronic ground state of87Rb.

The ground state of87Rb, 5S1=2 hasl = 0, j = 1=2, so there is no �ne structure splitting

for the ground state. The �rst excited state hasl = 1, giving possible values ofj = 1=2 or
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j = 3=2, so the �ne structure splits the level into separate5P1=2 and5P3=2 levels. The resulting

5S1=2 ! 5P1=2 and5S1=2 ! 5P3=2 transitions give rise to the D1 and D2 spectral lines. For

87Rb these have wavelengths of� D 1 = 794:98 nm1 and� D 2 = 780:24 nm(f D 1 = 377:11 THz,

f D 2 = 384:23 THz) [1]. This can be expressed in terms of the �ne structure splitting� EFS =

h(f D 2 � f D 1), 7:12 THz for 87Rb. The state structure at the level of �ne structure is shown on

the left of Fig. 2.1.

2.1.2 Hyper�ne Structure

In addition to the spin-orbit coupling that gives rise to �ne structure, the atomic Hamilto-

nian also includes coupling between the electronic and nuclear spins. For87Rb we have a nuclear

spin Î with i = 3=2. As before thêJ � Î term can be diagonalized by de�ning the total angular

momentum quantum numberF̂ = Ĵ + Î , so that the good quantum number aref andmF . For

87Rb in the electronic ground state withj = 1=2, we have two possible values:f = 1; 2. In the

absence of external �elds, these two state-manifolds are split by a frequency of6:8347 GHz[1].

The state structure for87Rb including hyper�ne structure is shown on the right of Fig. 2.1.

2.1.3 External Magnetic Fields

In the presence of a static external magnetic �eld, all three components of the angular

momentum interact with the �eldB0 via their individual magnetic moments. The strengths of

these interactions all depend on the different magnetic dipole moments associated with each type

of angular momentum. It is convenient to write them all in proportion to the Bohr magneton� B

1We have arbitrarily limited number of signi�cant digits for convenience; for the full values with uncertainties,
see Ref. [1]
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Figure 2.1: Energy level structure of87Rb. The levels on the left include the �ne-structure
splitting that gives rise to the D1 and D2 lines, while the right includes hyper�ne structure.
The energy levels given are in the absence of an external magnetic �eld. Values for frequency
differences and corresponding light wavelengths are from Ref. [1].
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with g-factors giving the proportionality. For the electronic spin and orbital angular momentum

these are given bygS � 2 andgL � 1 respectively. The nucleargI depends on the details of the

nuclear structure, so we rely on experiments rather than calculations. For87Rb gI = � 0:0009951;

owing to this small value, we can generally neglect terms includinggI in comparison to terms

with gS or gL [1,17].

Since the couplings that gave rise to �ne and hyper�ne structure are still present, diago-

nalizing the full Hamiltonian is non-trivial. Despite this, the physics can be understood in two

limiting regimes, giving a simple approximate diagonalization of the Hamiltonian: small �eld,

where the couplings between angular momentum components dominate, and large �eld, where

the interactions with the external �elds dominate. In the large �eld case, we consider all the

individual dipoles to interact with the external �elds and neglect the coupling terms, making

s; mS; l; mS; andi; m I good quantum numbers. In the small �eld case the couplings dominate,

sof; m F are good quantum numbers, so we calculate a Landé g-factor to describe the interaction

between the total angular momentum and the external �eld.

gJ � 1 +
j (j + 1) + s(s + 1) � l(l + 1)

2j (j + 1)
(2.1)

gF = gJ
f (f + 1) + j (j + 1) � i (i + 1)

2f (f + 1)
+ gI

f (f + 1) + i (i + 1) � j (j + 1)
2f (f + 1)

gF �
f (f + 1) + j (j + 1) � i (i + 1)

2f (f + 1)
(2.2)

For the speci�c case of alkali atoms withs = 1=2, we have the luxury of an analytical
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solution for the Hamiltonian eigenvalues at all �eld strengths: the Breit–Rabi Formula [18,19].

E =
� EHFS

2(2I + 1)
+ gI � B(mI � mJ )B �

� EHFS

2

r

1 +
4(mI � mJ )x

2I + 1
+ x2; (2.3)

x =
� BB(gI � gJ )

� EHFS
(2.4)

For 87Rb (mI � mJ ) takes on the possible values� 2; � 1; 0; 1; 2. The magnetic energy lev-

els for87Rb are shown in Fig 2.2, including the low-�eld regime wheref; m F are good quantum

numbers and the high-�eld regime wherej; m J are good quantum numbers. We will primarily

work in the low �eld regime, using states described byf; m F as our state space.

In the low �eld regime the energy shift goes asgF mF B. Although states withmF = 0

do not experience an energy shift proportional toB nearB = 0, they do experience a quadratic

shift (the “clock shift,” which is named due tomF = 0 states being of particular use in atomic

clocks) [19].

eq =
(gi � gj )2� B

2~� EHFS
B 2 (2.5)

This means that themF states do not form a perfect ladder system with even energy spacing.

Despite this, for the experiments described in this thesis, we worked with� E = 1MHz, corre-

sponding toeq=~ � 150Hz, which is negligible for most purposes.

The interaction energy� �̂ � B can be used to create external potentials for atoms. This

allows for magnetic trapping of atoms in the local minimum of a magnetic �eld gradient, for

atoms in low-�eld seeking states. For87Rb in the low-�eld regime, the trappable states are

jf = 1; mF = � 1i and jf = 2; mF = f 1; 2gi . In regions where the magnetic �eld goes to0

it is possible for atoms to transition to non-trappable states, leading to “Majorana” spin-�ip
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Figure 2.2: Magnetic sublevels of the electronic ground state of87Rb. The left panel shows the
crossover between the low �eld and high �eld regimes, while the right shows the details of the
low �eld regime.

losses [20].

2.2 Light Matter Interaction

In this section we introduce a model for the interaction of an atom with the electromagnetic

�eld, such as that generated by a (monochromatic) laser or a radiofrequency (RF) antenna with

frequency! . It will be suf�cient to consider the external �eld classically for our purposes. This

will provide important tools for coherently manipulating the internal states of our atoms, as well

as creating light-dependent forces that allow for cooling and trapping.
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2.2.1 Near-Resonant Excitation and Rabi Flopping

First we consider the effect of the atom-light coupling when! is near resonance. We

use a two-level atom as an approximate model. The formalism is applicable to electric dipole

transitions between different electronic states or magnetic dipole transition between hyper�ne

states, although for our experiments the excited state lifetime is too short to observe Rabi �opping

between ground and excited electronic states. In both cases we will consider a monochromatic

�eld with time dependence given bycos(!t ), neglecting any variation of the �eld over the atomic

length scale (this is justi�ed as long as� � ratom ). The bare Hamiltonian is

Ĥ = ~! 0 jeihej � Ĥ int : (2.6)

For our two-level approximation, we writêH int is terms of the matrix elements of the electric

dipole moment operator̂d for electric dipole transitions or̂� for magnetic dipole transitions:

deg = hej d̂ jgi , anddeg = hgj d̂ jei = d �
eg and likewise for̂� eg. It is convenient to write these in

terms of the quantity
 . For the electric dipole case we have

~
 = deg � �̂E 0(r ): (2.7)

And for the magnetic dipole case we have

~
 = ^� eg � �̂B 0(r ): (2.8)
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This gives an interaction Hamiltonian

Ĥ int = � ~(
 jeihgj cos(!t ) + 
 � jgihej cos(!t )) : (2.9)

We transform into a rotating frame at! by applyingÛ = jgihgj + jeihej ei!t via H int ! ÛHint Ûy.

In the rotating frame, the Hamiltonian is

Ĥ int = � ~(
 jeihgj e� i!t cos(!t ) + 
 � jgihej ei!t cos(!t )) (2.10)

= � ~=2
�

 jeihgj (1 + e� i 2!t ) + 
 � jgihej (1 + ei 2!t )

�
(2.11)

The rotating frame transformation also changes the bare Hamiltonian to

~(! � ! 0) jeihej : (2.12)

Following this we can neglect “fast rotating” terms with frequency! + ! 0 by taking the rotating

wave approximation (RWA). This can be thought of as ignoring time dependence on the scale

de�ned by! , which is femtosecond scale for light oscillations and microsecond scale for RF. We

de�ne � = ! � ! 0 to write the RWA version of the full Hamiltonian in simpli�ed form

Ĥ = ~
�

� � jeihej +


2

�
jeihgj + jgihej

�
�

; (2.13)

assuming
 = 
 � . Time evolution under Eq. 2.13̂URabi (t) = e� i Ĥt= ~ generates Rabi oscil-

lations [21]. Fig. 2.3 shows the sinusoidal populations in thejgi and jei states over this time

evolution starting fromjgi for different values of� . For � = 0 the population oscillates with full
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contrast with angular frequency
 , which is called the Rabi frequency. For �nite� , the contrast

decreases and the oscillation frequency increases, to the generalized Rabi frequency

~
 =
p


 2 + � 2: (2.14)

In addition to considering the effects of the pulsed Rabi Hamiltonian (Rabi �opping) we

can gain understanding from the eigenstates of the Rabi Hamiltonian. The eigenvalues of Eq. 2.13

are shown in Fig. 2.3 (c) for
 = 1 as a function of� , showing an avoided crossing at� = 0. The

energy shift, negative for� < 0 (red detuning) and positive for� > 0 (blue detuning), shows the

basic physics of light shifts, which we will discuss in detail in Sec. 2.3. For high� the eigenstates

are essentially bare states with shifted energy due to the coupling.

2.2.2 Magnetic Transitions

One common application for Rabi oscillations in our experiments is driving transition be-

tween the hyper�ne sublevels of the87Rb electronic ground state, either between hyper�ne man-

ifolds (f = 1 $ f = 2), or between sublevels within a hyper�ne manifold. The magnetic dipole

moment can be determined from the angular momentum, the Landé g-factor (Eq. 2.2), and the

Bohr magneton, determining the Rabi frequency via Eq. 2.8. We will be working in the low-�eld

limit introduced in Sec. 2.1.3, sof will be a good quantum number and̂F will be the relevant

angular momentum operator.

When driving transitions between sublevels of a hyper�ne manifold, there are often more

than two relevant states to consider. In these cases the �eld may drive transitions between more

than two states, such as the three states of thef = 1 hyper�ne manifold of87Rb. The three state
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Figure 2.3: Rabi Oscillation starting fromj (0)i = jgi . (a) Resonant oscillation with
 = 1 ,
� = 0 giving ~
 = 
 . (b) Off-resonant oscillation with
 = � = 1 giving ~
 =

p
2
 . (c)

Eigenvalues of the Rabi Hamiltonian for
 = 1 with variable� . At high � the difference between
the coupled eigenenergy (solid curves) and the bare energy (bashed lines) can be understood as
light shifts.
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Figure 2.4: Evolution during a resonant RF pulse. (a) Initial statejmF = 0i . (b) Initial state
jmF = � 1i .

Rabi Hamiltonian is analogous to Eq. 2.13, including terms proportional to
 between each rung

of the ladder (terms coupling states separated by2! 0 are neglected after taking the RWA). As we

introduced in Sec. 2.1.3, our hyper�ne sublevels are not a perfect ladder because of the presence

of the quadratic Zeeman shift, which enters as a diagonal termeq jmF = 0ihmF = 0j.

Fig. 2.4 shows experimental data for RF Rabi driving for two different initial states:jmF = 0i

andjmF = � 1i , with ! RF =2� = 1MHz and� � 0. At the selected Zeeman energy, the quadratic

Zeeman shift can be safely neglected for strong driving.
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2.3 Light Shifts

In addition to driving transitions between states, external light �elds can shift the energy

levels of the internal atomic states. In this section we will focus on the effects of the interaction

with the electric �eld of the light wave, since the interaction with the magnetic component will

be much weaker. As before, we consider a monochromatic external �eld.

E(t) = E0(r ) cos(!t )

= E+ (r )e� i!t + E � (r )ei!t

= �̂E + (r )e� i!t + �̂E � (r )ei!t (2.15)

E0(r ) is a spatial envelope function and�̂ accounts for the polarization. It is useful to de�ne a

basis for the polarization based on the quantization axis for the atomsez in terms of� + (right-

circularly polarized),� � (left-circularly polarized), and� (linearly polarized alongez) states. As

a guide, we can think of the response of a classical oscillator coupled to the electric �eld with

polarization (electric dipole moment per unit volume)

p(t) = � E(t): (2.16)

The interaction energy in this model is proportional top(t) � E(t), corresponding to the electric

dipole moment interacting with the external �eld. The polarizability� will have real and imag-

inary parts corresponding to oscillations in phase and out of phase with the external �eld; these

oscillations give rise to (conservative) dipole forces and (dissipative) scattering forces [22].
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As we develop a model for the interaction between our quantum mechanical atoms and

the external �eld, we will determine the quantum model for� and corresponding dipole and

scattering forces. We begin by considering the Hamiltonian describing interactions between an

atom and the external �eld. The dominant term in the multipole expansion for the light-matter

interaction is the electric dipole term.

Ĥd = d̂ � E(t); (2.17)

d̂ = � e
X

n

r n ; (2.18)

wheren sum over the electrons of the atom and� er n is the electric dipole moment operator for

thenth electron, withe being the fundamental charge.

Next we consider how interaction with off-resonant light effects the energy levels of an

atom. Using second order perturbation theory inĤd, we can write the energy shift of the ground

state. The interaction energy is the dipole interaction from Eq. 2.17 and can be expressed in terms

of the atomic polarizability, quantifying the atomic response to the external �eld.

We �rst consider a two-level atom with excited statejei and ground statejgi . In this case

the energy level of thejei state is shifted by [19]

� Eg = �
2! egj hgj E(r )+ � d̂ jei j 2

~(! 2
0 � ! 2)

: (2.19)

This provides a simple model to understand the scalar light shift from far detuned laser beams.

When! < ! 0 (lower than resonant frequency or red detuned) the energy shift is negative. As a

result atoms are attracted to regions of high laser intensity. By contrast, for! > ! 0 (higher than
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resonant frequency or blue detuned) the shift is positive, leading to repulsive forces in regions of

high intensity. This ground state scalar light shift forms the basis for red detuned dipole trapping

(Sec. 2.3.2).

The form of Eq. 2.19 motivates us to de�ne the dynamic (AC) polarizability

� (! ) = �
! 0j hgj �̂ � d̂ jki j 2

~(! 2
0 � ! 2)

(2.20)

de�ned so that

� Eg = � � (! )jEj2: (2.21)

To describe light shifts in multilevel atoms, we use a sum to include terms from all the

atomic states. We will also need to account for the different angular momentum states of our

system. To capture the interaction between different polarizations and angular momentum states,

we introduce a frequency-dependent polarizability tensor [19,23] for stateji i ,

� �� (i ; ! ) =
X

j

2! ij hi j d� jj i hj j d� ji i
~(! 2

ij � ! 2)
; (2.22)

wherej sums over the excited states.� �� (i ; ! ) is de�ned so that

� E i (! ) = � � �� (i ; ! )E +
� E �

� ; (2.23)

where the repeated indices�; � are summed over.

When we write an expression for� �� it is helpful to decompose it into different parts,

depending on how they transform under rotation. This leads to scalar, vector, and tensor contri-
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butions to the polarizability.

� (0) = � �� (2.24)

� (1)
� = � ��� (� �� � � �� ) (2.25)

� (2)
�� = � �� �

1
3

� �� � �;� ; (2.26)

where� ��� is the rank-3 antisymmetric tensor (Levi–Civita symbol),� �;� is the Kronecker delta,

and summation over repeated indices is implied.

We are interested in the polarizability of atomic hyper�ne states in the linear Zeeman

regime, wheref; m F are good quantum numbers, so we will specify by exchangingi ! f; m F

andj ! f 0; m0
F : In this case, after converting to spherical tensors, only one independent compo-

nent remains for the scalar, vector and tensor polarizabilities,� (0) ; � (1) ; � (2) . See Ref. [19] for a

full derivation. The interaction Hamiltonian can be written in terms of these components and the

angular momentum operatorF.

Ĥd = � � (0) jE + j2 � � (1) i (E + � E � ) � F � � (2) (:::): (2.27)

Our experiments work in a regime where only the �rst two contributions are important, so

we will neglect terms including� (2) .

2.3.1 Scattering

Our treatment of Rabi oscillation neglected spontaneous emission from the excited state.

In many cases, when the lifetime� of the excited state is shorter than or comparable to the Rabi
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frequency, spontaneous emission cannot be neglected. Instead, an atomic ensemble will come to

a steady state, where the rate of excitation from the external �eld equals the rate of spontaneous

emission, or scattering. The scattering rate depends on the decay rate� = 1 =� , detuning from

resonance� , and saturation intensityI sat [24]

� sc =
I

I sat

� =2
1 + I=I sat + 4( �=�) 2

: (2.28)

The saturation intensity

I sat =
2� 2� ~c

3� 3
; (2.29)

quanti�es when saturation effects become signi�cant. Note that these expressions do not account

for a Doppler shift between the atom and the excitation light.

2.3.2 Optical Dipole Force Traps

A key consequence of the scalar polarizability and resulting dipole force is the ability to

create attractive potentials with red detuned light and repulsive potentials with blue detuned light.

The scalar polarizability for statei is

� (0) =
X

j

2! ij j hi j d � �̂ jj i j 2

~(! 2
ij � ! 2)

: (2.30)

The polarizability can be neatly expressed in terms of the Fermi golden rule [25] transition rate

[22]

� ij =
! 3

ij

3�� 0~c3
j hi j jd � �̂ j j j i j 2: (2.31)
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For a two-level atom with onlyi = g; j = e we simplify the notation! ij ! ! 0; � ij ! � .

The scalar polarizability results in a dipole potential expressed [22]

U(r ) =
3�c 2

2! 2
0

�
�

! 0 � !
+

�
! 0 + !

�
I (r ); (2.32)

in terms of the intensityI = 2� 0cjE j2. The off-resonant scattering rate for this scenario is

� sc =
3�c 2

2~! 2
0

�
!
! 0

� 3 �
�

! � ! 0
+

�
! + ! 0

� 2

I (r ): (2.33)

In the RWA where the detuning� = ! � ! 0 is relatively small,j� j � ! 0, we can neglect

the counter-rotating (! + ! 0) terms, giving

U(r ) =
3�c 2

2! 2
0

� �
�

I (r ); (2.34)

and

� sc =
3�c 2

2~! 2
0

�
�
�

� 2

I (r ): (2.35)

This potential forms the basis for optical dipole trapping, in which a spatial intensity pat-

tern, typically a tightly focused Gaussian laser beam or a pair of crossed beams creates a region of

high intensity, resulting in a locally harmonic trap. Our implementation of optical dipole trapping

is discussed in Sec. 3.3.1.

In general the two-level atom approximation and RWA should be thought of at approxi-

mately the same level; this is because when the counter rotating term cannot be neglected, the

contribution from other excited states is generally also non-negligible [19]. Note that the ra-
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tio of potential depth to off-resonant scattering is~�=� , meaning that we can reduce unwanted

scattering by increasing the detuning, with the resulting loss in potential depth compensated by

increasing the intensity.

A more rigorous treatment must take into account the multi-level internal state structure of

real atoms. For alkali atoms such as87Rb this means including separate contributions from the

D1 and D2 lines as well as the particular hyper�ne ground state [22] (as before we consider the

linear Zeeman regime wheref; m F are good quantum numbers).

U(r ) =
�c 2�
2! 2

0

�
2 + PgF mF

�D 2
+

1 � PgF mF

�D 1

�
I (r ); (2.36)

whereP = 0; � 1 for light with �; � � polarization. For far detuned light such that� � � EFS, it

makes sense to de�ne the average detuning� de�ned relative to the center of the D-line doublet.

In this case we can approximate the potential as

U(r ) =
�c 2�
2! 2

0�

�
1 +

1PgF mF � EFS

�

�
I (r ): (2.37)

As we introduced in Sec. 2.1.1� EFS is the5P �ne structure splitting. This shows the diminish-

ing role of �ne structure as we detune further from resonance. For example, our optical dipole

trap operates at 1064 nm so that the two-level approximation is highly accurate and �ne structure

can be neglected. For closer detuned potentials, such as the phase imprinting potentials we used

for the experiment described in App. C with 777.6 nm (!= 2� = 685:5THz), the dominant con-

tribution comes from the0th order term with a correction due to the internal structure. For light

with frequency very close to the D1 and D2 transitions, the approximation is not valid.
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2.4 Raman Coupling

The vector polarizability allows light to create state dependent potentials and drive Raman

transitions between different internal states. In a Raman transition there are two or more light

�elds with frequency components! + and! � , which a drive transition between different internal

states accompanied by a change in momentum. This can be thought of as a two-photon transition

via a virtual excited state.

We will focus on the vector light shift for the state structure of alkali atoms in the linear

Zeeman regime. Recall that the vector polarizability part of Eq. 2.27 was a term of the form

E � E � F̂ . Because of this, the vector light shift part of the Hamiltonian can be expressed in

terms of an effective magnetic �eld
 .

Ĥv =
� BgF

~
(
 � F̂ ) (2.38)

The effective �eld is proportional to the vector polarizability [23],

� (1) =
2� (0) � EFS

3�
: (2.39)

For a combination of laser �eldsE ! + andE ! � with frequency components! + and ! �
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differing by ! RF = ! Z + � RF , the effective magnetic �eld takes the form [23]


 =
� (1) gf

~gj
[ � Im[(E �

! � � E ! + ) � (ex � iey)];

� Re[(E �
! � � E ! + ) � (ex � iey)];

� RF
~gj

� (1) gf
+ i (E �

! � � E ! � + E �
! + � E ! + ) � ez]:

(2.40)

The
 � = 1=2(
 x � 
 y) components drive transitions between differentmF sublevels, while the


 z component acts as an effective bias �eld. Note that� RF , which de�nes resonance for coupling

themF internal states, should not be confused with the single photon detuning,� which is often

large when driving Raman transitions.

For the speci�c case of two equal intensity beams counter propagating alongex , with the

! � beam linearly polarized alongey and the! + beam linearly polarized alongez, we have

E ! � = Eeik R xey andE ! + = Ee� ik R xez. The con�guration results in a spatially rotating effec-

tive Zeeman �eld


 = [
 R sin(2kRx); 
 R � cos(2kRx); � RF ]; (2.41)

The Raman Rabi frequency
 R = E 2� (1) gf =gj ~ corresponds to the proportionality in Eq. 2.40.

If we are free to de�ne the origin forx we can effectively change the phase of thesin andcos

terms in the position dependent magnetic �eld.

Fig. 2.5 shows the time evolution under the in�uence of a Raman Hamiltonian of this type

starting fromjk = 0; mF = 0i . Con�gurations other than counterpropagating beams are equally

possible, with the recoil direction de�ned by the intersection angle� between the beams and the

length and energy scales changing ascos(� � � )=2 [23].

More complicated arrangements of �elds can yield additional structure. For example if
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Figure 2.5: Raman pulsing starting from thejk = 0; mF = 0i initial state. In this case themF =
� 1 states havek = � 2kR . Solid lines are theory curves for
 = 10 :6ER .

each beam carries both frequency tones! � , ! + , the �eld components areE ! � = EA eik R xey +

EB e� ik R xez andE ! + = EA e� ik R xey + EB eik R xez. For this arrangement Eq. 2.40 yields


 = [(
 A + 
 B) sin(2kRx); (
 A � 
 B) cos(2kRx); � RF ]; (2.42)

where the Raman Rabi frequencies are de�ned for individual �eld pairs:
 A;B = E 2
A;B � (1) gf =gj ~.

The addition of a magnetic �eld oscillating at! RF adds a position independent component to the

effective �eld: 
 RF cos(� RF)ex � 
 RF sin(� RF)ey, where� RF is the relative phase between the RF

and Raman �elds. This arrangement forms the basis for the lattice system we will introduce in

Ch. 6.
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2.5 Measurements

One of the key advantages of ultracold atoms as a platform for studying diverse physics is

their high degree of measurability. This includes absorption imaging, quantifying light removed

from a probe beam by resonant absorption by the atoms; phase contrast imaging, quantifying the

phase shift acquired by the beam through dispersive interaction with the atoms; and �uorescence

imaging, quantifying light re-emitted by the atoms after resonant absorption. We focus on ab-

sorption imaging, which allows us to image the column density of an atomic cloud either in-situ,

or after a time-of-�ight (ToF) expansion.

2.5.1 Absorption Imaging

We can quantify absorption and dispersion with a density-dependent complex index of

refraction. In the two-level approximation this gives [26]

n = 1 +
� 0��
4�

�
i

1 + (2�=�) 2I=I sat
�

�
1 + (2�=�) 2I=I sat

�
; (2.43)

with resonant cross section� 0 = 6� �� 2, atomic density� , detuning� = ! � ! 0 and saturation

intensityI sat (de�ned in Eq. 2.29). For simplicity we factor out the density dependence, de�ning

n0 � 1 = ( n � 1)=� .

As light passes through the 3D atomic density distribution, it will be attenuated by the

imaginary part ofn. This leads to an optical depth related to the atomic column density.

d
dz

I (x; y; z) = � Im[n(x; y; z)]I (x; y; z) (2.44)
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Integrating alongz from the initial condition ofI (x; y; 0) yields the solution

I (x; y; z) = I (x; y; 0)e� ~� (x;y;z )Im[ n0 ]; (2.45)

where~� (x; y; z) =
Rz0

0 � (x; y; z0) is the integrated atomic column density up toz.

The optical depth of the medium is the quantity~� (x; y; z)Im[n0] = OD(x ; y) for z ! 1

(i.e. after the beam has passed through the region containing atoms). We can extract the OD by

comparing an image of the probe beam attenuated by atoms to a bare image of the probe beam.

I a(x; y)
I p(x; y)

= e� OD( x;y ) (2.46)

In practice we also subtract a “dark” image taken with no probe light to reduce the contribution

from technical noise such as stuck pixels. Fig. 2.6 shows how we use absorption to generate an

image of the atomic distribution. This may be the in-situ distribution of trapped atoms, or the

distribution after the atoms are released using ToF imaging as we will explore in the next section.

The number of atoms can be calculated from the OD on a per-pixel basis. In the limit of

probe intensity much less thanI sat this gives

np =
ApOD

� 0
; (2.47)

whereAp is the in-situ pixel area, taking into account any magni�cation of the imaging sys-

tem. As a rule we treat the absolute atom number from the measured OD as an estimate rather

than a quantitative measurement, as accurate atom number counting from OD requires careful

calibration and elimination of systematic error.
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Figure 2.6: Conceptual sketch of absorption imaging. Atomic absorption attenuates the probe
beam. By comparing an image of the attenuated probe to a reference probe image without atoms
present, we can determine the OD. The false-color image right shows a cropped region of the
sensor for the atoms and probe shots used to form an absorption image, corresponding to the
center of Fig. 2.7 (a).

Our absorption imaging uses thef = 2; f 0 = 3 transition of theD2 line, meaning that the

probe light must be accompanied by a “repumper” beam (discussed in Sec. 3.2.1) so that atoms

may undergo multiple absorption-emission cycles and any atoms inf = 1 are pumped into a

state addressable by the cycling transition. Alternately we can use a microwave pulse to transfer

some or all of the atoms fromf = 1 to f = 2 before imaging. This is the basis for partial transfer

absorption imaging [27] which is useful when the OD is high or to perform a measurement

without fully destroying the cold atom system. We do not use partial transfer imaging for any of

the scienti�c data reported in this thesis, but we use it for a magnetic �eld monitoring technique

described in Sec. 3.7.1.
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2.5.2 Time-of-Flight Imaging

We are often interested in the momentum distribution of our ultracold atoms. To probe this,

we use time-of-�ight (ToF) imaging, in which we release our atoms from their trap, allowing

for a period of mean-�eld driven expansion, followed by free expansion (the atomic density

quickly reduces to the point where interactions are negligible and the expansion can be considered

free). If the expansion time is long compared to the initial spatial distribution of atoms, the

ToF distribution will re�ect the initial momentum of the atoms at the start of the expansion.

This approach has the added bene�t of allowing the atoms to spread out, so their OD is lower,

allowing for more faithful imaging. Atoms experience radiation pressure from the resonant probe

light during absorption imaging as well as momentum changes due to spontaneous emission. To

avoid complications due to this, we used a probe pulse time of30� sfor the experiments described

in this thesis, which is fast compared to the timescale for atomic motion. Fig. 2.7 (a-c) shows

ToF images of condensates with different momentum components separated along the horizontal

direction (separation along the vertical direction will be discussed in the next section).

The spatial ToF distribution can be qualitatively thought of as the in-situ momentum distri-

bution. This equivalence is only quantitative in the limit of very long ToF, which can be especially

hard to reach in anisotropic traps with weak longitudinal con�nement, in which case the initial

size is large in the longitudinal direction. To compensate for this we can use momentum focus-

ing [28–30]. In this technique we brie�y deepen the harmonic trap in the longitudinal direction,

providing a restoring force to the atoms related to their displacement from the trap center, for a

quarter period of the deepened trap, followed by free propagation. This is analogous to the action

of a lens in optics followed by a region of free space for the light to come to a focus. This trans-
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lates the initial momentum information into position information removing any contributions to

the ToF distribution from the in-situ condensate size. Fig. 2.7 (c) and (d) compare ToF images

with and without momentum focusing along theex direction, corresponding to the horizontal

direction in the images.

When working with systems with narrow peaks in their momentum distributions, this

method presents a drawback because the �nal distribution will be more tightly focused com-

pared to a conventional ToF distribution, making the peak OD higher and atom number counting

correspondingly harder.

2.5.3 Stern–Gerlach Imaging

In addition to the momentum distribution of atoms, we also often desire to measure their

internal state. We can measure the internal angular momentum of atoms using the Stern–Gerlach

(SG) effect in combination with ToF imaging. The principle of SG imaging, borrowed from

the famous 1922 experiment [6, 31], uses an inhomogeneous magnetic �eld to spatially separate

atoms by their magnetic moment. In the classic realization an atomic beam passes through an

inhomogeneous magnetic �eld; in our case the movement comes from the atoms falling due to

gravity during the ToF. For our experiments, the magnetic �eld is approximately a quadruple

con�guration, produced by a pair of coils in an anti-Helmholtz con�guration (see Sec. 3.4). As

we saw in Sec. 2.1.3 the different internalmF states have different magnetic moments, meaning

the spatial distribution after SG ToF gives us the distribution ofmF internal states.

SG imaging is compatible with momentum resolved imaging when we measure momen-

tum along only one direction of the system, perpendicular to the SG separation direction. As
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