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The first part of the dissertation introduces a new class of limited and full information GMM
estimators for simultaneous equation systems (SEM) with network interdependence modeled by
Cliff-Ord type spatial lags (Cliff and Ord (1973, 1981)). We consider the same model specifi-
cation as that in Drukker, Egger, and Prucha (2022) and allow for higher order spatial lags in
the dependent variables, the exogenous variables and the disturbances. The network is defined
in terms of a measure of proximity and can accommodate a wide class of dependence structures
that may appear in both micro and macro economic settings. We show that the scores of the
log-likelihood function can be viewed as a weighted sum of linear and quadratic components
that motivate valid moment conditions. One contribution of this dissertation is showing that the
linear moments can be written to permit instrumental variable (IV) interpretation, extending on
the existing results in the context of classical SEMs. Towards constructing the linear moments,

the instruments exploit the nonlinear structure of the parameters implied by the reduced form



model, while those utilized by the existing 2SLS- and 3SLS-type estimators do not. From this
perspective, the new estimation methodology incorporates the ideas underlying the LIVE and the
FIVE estimators in Brundy and Jorgenson (1971) for classical SEMs, as well as the IV estimators
using optimal instruments for spatial autoregressive (SAR) models. In addition to the linear IV
estimators, we also consider one-step GMM estimators that utilize both the linear and quadratic
moments implied by the scores. Our new LIVE and FIVE estimators for the network SEMs re-
main computationally feasible even in large sample and are robust against heteroskedasticity of
unknown form. Monte Carlo simulations show that the new estimators in general outperform the
existing 2SLS- and 3SLS-type estimators for this class of models when the instruments are weak.

In the second part of the dissertation, we estimate the consumer demand for gasoline in the
market of Vancouver, Canada. We employ a demand system with a spatial network component,
utilizing the model and the estimation methods considered in the first part. Demand elasticity
for gasoline at aggregate level are well documented in the literature, while estimates at station
level are relatively scarce. We estimate the station-level demand elasticities as well as (spatial)
elasticity of substitution under a variety of network structures based on different proximity mea-
sures. We collected station-level data on retail prices, sales volume, station characteristics of
the 151 stations, as well as the characteristics of local markets, for September 2019 as well as
March 2020. To deal with the endogeneity of prices, existing works typically exploit variations
in the characteristics of each station’s direct competitors. We argue that in a geographically con-
tinuous market, this strategy may not be sufficient. In spirit of Fan (2013), our instruments also
exploit the variations in the characteristics of the competitors of each station’s competitors (indi-
rect competitors). We find that the own-price demand elasticity is between —12 and —4 while the

cross-station price elasticity is in general between 0.6 — 6, depending on the construction of the



network matrices that governs the degree of competition. We also report the impact measures that
provides interpretations on the estimated coefficients of the exogenous variables in the context of
spatial network models. We find that the availability of service station in general have contributed
positively on the sales volume at a station. In general, a station located within a neighborhood of

more drivers face stronger demand.
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Chapter 1: Introduction

Empirical literature has documented substantial evidence of cross sectional interdependence
among observations both at the micro and at the macro level. At the micro level, cross sectional
units are often individuals, firms or plants, whereas at the macro level the units could be states
or countries. These works often utilize data with spatial features and/or employ models allow for
network structures among cross-sectional units. Due to the large size of relevant literature, we
only mention a few here. Using county level data, Gallardo, Whitacre, Kumar, and Upendram
(2021) study the impact of broadband access on job productivity. Nakamura and Avner (2021)
analyze the spatial distributions of job accessibility and housing rents in Nairobi, Kenya. Fingle-
ton and Szumilo (2019) estimate the impact of investment on high-speed rail infrastructure on
wage levels in England and Wales. In their analysis on causal effects of democracy on economic
growth, Acemoglu, Naidu, Restrepo, and Robinson (2019) model explicitly spatial correlation
among variables (e.g., GDP and shocks) to control for regionally correlated omitted factors. At
the micro level, Pinkse, Slade, and Brett (2002) estimate spatial price competition among whole-
sale gasoline terminals. With bank-level data of euro area countries, Gibson, Hall, Petroulas,
Spiliotopoulos, and Tavlas (2020) analyze the spillover effects on other banks when providing
emergency liquidity assistance (ELA) to one bank during the euro area crisis. There are also

works that apply spatial models to study social networks, include Ballester, Calvo-Armengol,



and Zenou (2006), Lee (2007), Calvé-Armengol, Patacchini, and Zenou (2009), Blume, Brock,
Durlauf, and Ioannides (2011), Liu (2014) and Cohen-Cole, Liu, and Zenou (2018). !

The first part of the dissertation considers the estimation of simultaneous equation models
(SEM) with network interdependence. An important class of models for spatial networks origi-
nates from the single equation model introduced by Cliff and Ord (1973, 1981). This model can
be viewed as a variant of the model introduced by Whittle (1954) and is often referred to as a
spatial autoregressive (SAR) model; see, e.g., Anselin (1988). In SAR models, cross-sectional
interactions are modeled through Cliff-Ord type spatial lags.> We consider the same model spec-
ification as that in Drukker, Egger, and Prucha (2022) and allow for higher order spatial lags in
the dependent variables, the exogenous variables and the disturbances. Following their termi-
nology, we would refer to this class of models as the simultaneous spatial autoregressive model
with spatially autoregressive disturbances (SE-SARAR) model. In this dissertation, we consider
a new class of generalized method of moments (GMM) estimators that utilize approximations to
the optimal instruments towards constructing the linear moments. We also consider the GMM
estimators that utilize both the linear moments and the quadratic moments that originate from the
scores of the log-likelihood function. More specifically, the new estimators build on three lines

of the literature. First, we show that the linear parts of the ML scores can be viewed as a set of

'In addition, Baltagi and Bresson (2011), Jeanty, Partridge, and Irwin (2010) study housing price spillovers at the
county level. Hauptmeier, Mittermaier, and Rincke (2012) focus on fiscal competition over taxes and public input.
Agrawal (2015) studies spatial fiscal competition in the local tax rates near district borders. Conley and Ligon (2002),
Ertur and Koch (2007) document spatial spillover in economic growth. Behrens, Ertur, and Koch (2012) suggest that
bilateral trade flows exhibit spatial interdependence, and Baltagi, Egger, and Pfaffermayr (2007), Baltagi, Egger, and
Pfaffermayr (2008) and Blonigen, Davies, Waddell, and Naughton (2007) find similar pattern in bilateral foreign
direct investment. Ertur and Musolesi (2017) examine the technological knowledge spillovers among countries.
Some recent works address the relation between COVID-19 and economic activities. For example, Ascani, Faggian,
and Montresor (2021) used Italian data to show that geographical concentration of economic activity in specific areas
of the country acts as a vehicle of disease transmission and thus generates a core-periphery pattern in the geography
of COVID-19. Lee and Huang (2022) analyze the shifting housing preferences during the pandemic in the United
States.

%In the introduction part of Chapter 2, we explain the term spatial lags in details.



estimator generating equations from which a generic form of instrumental variable (IV) estima-
tors can be derived. This result extends on its relevant counterparts in Hausman (1975), Hendry
(1976) and Prucha and Kelejian (1984) in the context of classical SEMs. Second, the new estima-
tors incorporate the underlying ideas of the LIVE and the FIVE estimators proposed by Brundy
and Jorgenson (1971) in the context of classical SEMs. The LIVE and the FIVE estimators can
be viewed as a specific form of the limited information and the full information IV estimators,
respectively. Compared to the 2SLS and the 3SLS estimators, the LIVE and the FIVE differ in
the approach of estimating the expected values of the endogenous variables towards constructing
instruments and utilize better the information of the nonlinear parameter restrictions implied by
the reduced form model. The new estimators considered in this dissertation share this feature of
the LIVE and the FIVE estimators. Finally, the estimation methodology considered in this pa-
per also relates to the instrumental variable estimators with optimal instruments in the context of
single equation spatial autoregressive (SAR) models. Early contribution to this line of literature
includes Lee (2003) and Kelejian, Prucha, and Yuzefovich (2004). Furthermore, our new GMM
estimators that utilize both the linear and the quadratic moments remain robust to heteroskedas-
ticity of unknown form and computationally feasible even when sample size (i.e., the size of
the networks) becomes large. The Monte Carlo results show that the new GMM estimators out-
perform their existing counterparts, e.g., the 2SLS-type and 3SLS-type estimators considered in
Drukker, Egger, and Prucha (2022), when the instruments are weak.

In the second part of this dissertation, we estimate the consumer demand for retail gaso-
line in the market of Vancouver, Canada. We employ a demand system with a spatial network
component, utilizing the model and the estimation methods considered in the first part. Demand
elasticity for gasoline at aggregate level are well documented in the literature, while estimates

3



at station level are relatively scarce. We estimate the station-level demand elasticities as well
as (spatial) elasticity of substitution under a variety of network structures based on different
proximity measures. We collected station-level data on retail prices, sales volume, station char-
acteristics of the 151 stations, as well as the characteristics of local markets, for September, 2019
and March 2020. We obtained the sales volume data from Kalibrate. The price data were col-
lected from Gasbuddy.com at daily frequency and then aggregated to monthly frequency.® The
data on the station and regional characteristics are provided by Kalibrate’s survey and Census
Canada 2016. Towards constructing the network matrices, we also collected the traffic and geo-
graphical information using Google Map API. We estimate the station-level demand elasticities
as well as (spatial) elasticity of substitution under a variety of network structures based on differ-
ent proximity measures. To deal with the endogeneity of prices, existing works typically exploit
variations in the characteristics of each station’s direct competitors. We argue that in a geograph-
ically continuous market, this strategy may not be sufficient. Following Fan (2013)’s arguments,
we additionally exploit the variations in the characteristics of the competitors of each station’s
competitors (indirect competitors). We find that the own-price demand elasticity is between —12
and —6 while the cross-station price elasticity in general between 0.6 — 6, depending on the
specific construction of the network matrices that governs the degree of competition. These esti-
mates are largely consistent with economic theory, but of smaller magnitude than those reported
in some recent works, e.g., Houde (2012). One possible explanation is that we build networks
based on different sources of information. Houde (2012) exploits heavily on the local traffic pat-
tern and road structure and thus allow a station to compete with another located far away if they

are located on a main commute route or a segment of highway. Our approach of constructing

3In Chapter 3, we show that there is no significant cyclical pattern in prices during the sample periods.



the spatial network matrices lies in line with the majority of existing literature. * Our proximity
measures exploit the information of stations’ neighborhoods or the pair-wise travel distance be-
tween neighboring stations. Thus, we implicitly assume that the competition is largely local. We
also computed the impact measures that provides interpretations on the estimated coefficients of
the exogenous variables in the context of spatial network models. We find that the availability
of service station in general has contributed positively on the sales at station level. In general, a
station located within a neighborhood of more drivers face stronger demand.

The organization of the dissertation is as follows. Chapter 2 proposes the new class of GMM
estimators for the simultaneous equations model with network dependence. Chapter 3 illustrates
the empirical relevance of the first chapter by estimating the demand system with network depen-
dence for the retail gasoline market in Vancouver, Canada. We relegate the proofs and technical

details of Chapter 2 to Chapter A. Additional results to Chapter 3 are documented in Chapter B.

4See, e. g., Pennerstorfer (2009), Pennerstorfer and Weiss (2013), Pinkse, Slade, and Brett (2002), among others.



Chapter 2: LIVE and FIVE Estimation of the Simultaneous Equation Models

with Higher Order Spatial/Social Interactions

In this chapter, we introduce a new class of GMM estimators for simultaneous equation
models (SEM) of cross sectional data with network interactions in the dependent variables, the
exogenous variables and the disturbances. The model and the proposed estimators are applicable

to a wide class of networks, including spatial networks and social networks.

2.1 Introduction

In spatial autoregressive (SAR) models, cross-sectional network interactions are modeled
through Cliff-Ord type spatial lags, which are weighted averages of the model variables. For a
network consists of n cross-sectional units, a (first-order) spatial lag in the endogenous variable
yn (n x 1) is W,y,,, where W,, (n x n) is often referred to as the spatial weights matrix.! The
weights reflect the relative importance of the links between cross-sectional units in generating
network interactions. In the context of geographical networks, the elements in W,, are typically
based on some measure of distance between units, e.g., the inverse of Euclidean distance. We
emphasize that, however, the measure of proximity is not necessarily indexed by the locations of

the units and thus the notion of distance is not confined to geographical distance. The flexibility

'In the (social) network literature, this W,, matrix is sometimes referred to as the adjacency matrix.



in constructing the measures of proximity makes the model capable of describing a wide variety
of networks. For example, in the context of social networks, proximity measures could depend
on the number of friends that each person has in the sample. Spatial econometrics has a long
history in regional science, urban economics and development; see, e.g., Anselin (1988). The
development of econometric methods of estimation and inference for Cliff-Ord type models has
also attracted lots of attention.’

While most theoretical works in the spatial econometrics literature focused on single-equation
models, the literature on the estimation of simultaneous systems of spatially interrelated cross
sectional equations is relatively scarce. In economics, different outcome variables are frequently
determined jointly within a system of equations. In the context of a network SEM, the simulta-
neous nature of the outcomes can stem from both the interactions between different endogenous
economic variables (i.e., the classical simultaneous effect), as well as the interaction between
cross sectional units (i.e., the network generated interdependence). Extending on the methodol-
ogy developed in Kelejian and Prucha (1998, 1999) for single equation SAR models, Kelejian
and Prucha (2004) provide an early development of GMM estimators for a SE-SARAR model
with first order spatial lags (i.e., model allows for one spatial weights matrix /,,). Liu (2014,
2019, 2020), Cohen-Cole, Liu, and Zenou (2018) and Liu and Saraiva (2019) build and extend
on Kelejian and Prucha (2004) in estimation methodology and identification conditions within
the context of social interaction models with first order spatial lags, and cross-sectionally inde-
pendent disturbances. More specifically, Liu (2014) focuses on IV-based linear estimators and
shows that the Bonacich centrality (Bonacich (1987)) provides additional information to iden-

tify peer effects and can be used as an instrumental variable. Liu (2020) extends on Liu (2014)

2See, e.g., Anselin (2010) for a review of the development of spatial econometric methods.



and considers one-step GMM estimation methods that utilize both the linear and the quadratic
moment conditions. Liu (2014, 2020) also provide bias correction procedures with many instru-
ments. Liu and Saraiva (2019) consider one-step GMM estimation based on both the linear and
quadratic moments and allows for heteroskedasticity of unknown form. Cohen-Cole, Liu, and
Zenou (2018) consider the identification and estimation of social interaction effects in the con-
text of multivariate choices. Liu (2019) proposes an estimation methodology for a simultaneous
system of equations with binary outcomes generated from an incomplete information network
game. Drukker, Egger, and Prucha (2022) further extend on the methodology of Kelejian and
Prucha (2004) to a more general model specification that allow for higher order spatial lags in
the dependent variables, the exogenous variables and the disturbances. In addition to 2SLS- and
3SLS-type estimators, they also consider one-step limited and full information GMM estimators
which utilize both linear and quadratic moments and remain robust against heteroskedasticity.
The model specification in the current chapter is the same as that in Drukker, Egger, and Prucha
(2022), which, to the best of our knowledge, is more general than the existing cross-sectional
SEMs with network interactions in the literature. Other recent contributions to the literature
on spatial simultaneous equation models include Baltagi and Deng (2015), who consider an ex-
tension of a two-equation system with first-order spatial lags to panels. Wang, Li, and Wang
(2014) analyze the quasi maximum likelihood (QML) estimator for a two-equation system with
first-order spatial lags in the cross section. Yang and Lee (2017) consider the quasi maximum
likelihood estimator for a multi-equation system with a first-order spatial lag in the dependent
variable. Yang and Lee (2019) provide an extension to dynamic panel data models allowing
for multiple weight matrices. In contrast to this dissertation,these papers either consider only

first-order spatial lags in the dependent variable, and/or do not allow for spatial spillovers in the

8



disturbance process. In the Section 2.2, we will explain that allowing for higher order spatial
lags brings considerable flexibility and robustness to the model. Also will be explained below,
this dissertation also differs from the above cited literature in terms of estimation methodology.
In particular, we considers an alternative way of constructing the IVs and the moment conditions,
and consider both two-step estimation procedures and one-step GMM estimators.

The new class of GMM estimators considered in this chapter builds on three lines of the
literature. First, in the context of classical SEM, Hausman (1975) shows that ML estimator can
be written to carry IV interpretation where the instruments embody all the a priori restrictions.
Hendry (1976) and Prucha and Kelejian (1984) demonstrate that the normal equations of ML
estimators can be viewed as an estimator generating equations and IV estimators can be viewed
as numerical approximations to the solutions of this nonlinear system. These insights carry over
to the present simultaneous equation system with network dependence. In Section 2.3, we extend
on these insights and show that the linear parts of the ML scores can also be viewed as a set of
estimator generating equations from which IV estimators can be derived.

The new estimators also incorporate the underlying ideas of the LIVE and the FIVE esti-
mators proposed by Brundy and Jorgenson (1971) in the context of classical SEM, which can be
viewed as a specific form of the limited information and the full information IV estimators, re-
spectively. Compared to the 2SLS and the 3SLS estimators, the LIVE and the FIVE differ in the
approach of estimating the expected values of the endogenous variables towards constructing in-
struments. In the first stage, 2SLS (and 3SLS) estimates for the expected value of the endogenous
variables implied by the reduced form model by OLS, without imposing parameter restrictions.
Alternatively, Brundy and Jorgenson (1971) utilize the specific form of the reduced form model

and compute reduced form parameters with some consistent initial estimates. In this way, their

9



instruments exploit the underlying nonlinear structure of parameters in the reduced form while
2SLS and 3SLS do not. In finite sample, the LIVE and the FIVE estimators may be more efficient
than the 2SLS and the 3SLS, respectively. The 2SLS- and 3SLS-type estimators considered in
Kelejian and Prucha (2004) and Drukker, Egger, and Prucha (2022) also estimate the expected
values of the endogenous variables in an unrestricted fashion. While numerically convenient,
this procedure ignores the underlying nonlinear structure of the parameters in the reduced form
and hence loses efficiency. This motivates the exploration of estimators with more carefully con-
structed instruments for this class of network systems. To indicate the links to the LIVE and the
FIVE estimators in the context of classical SEMs, we would refer to the new limited and full
information IV estimators for SEMs with network dependence as the Generalized Spatial LIVE
(GSLIVE) estimator and the Generalized Spatial FIVE (GSFIVE) estimator, respectively.
Finally, the estimation methodology considered in this chapter relates to the instrumental
variable estimators with optimal instruments in the context of single-equation spatial autore-
gressive (SAR) models. As an early contribution to estimation methodology for this class of
models, Kelejian and Prucha (1998) introduce 2SLS and 3SLS type estimators, noting that the
mean of endogenous variable y,, depends on X,,, W, X,,, W,an and so on. To obtain the instru-
ments, they regress right-hand side variables over the collection of linearly independent columns
in [Xn, Wo X, Wan, cey Wns X,J for some finite order S. This resembles the first stage of
classical 2SLS estimator and thus, in light of the above discussion, also ignores the nonlinear
structure of the reduced form model. Alternatively, Lee (2003) constructs the IV by estimat-
ing for the optimal instruments of endogenous variables (i.e., Ey,,) implied by the reduced form

model with some consistent initial estimates. > However, their instruments involve inversions

3Specifically, they considered initial estimates obtained by the GS2SLS estimator in Kelejian and Prucha (1998).
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of n x n matrices and thus become computationally infeasible in large sample. To cope with
this challenge, Kelejian, Prucha, and Yuzefovich (2004) approximate for the inverses embedded
in Ey,, with corresponding geometric sums of finite order.* The estimators considered in this
chapter share the same spirit with Kelejian, Prucha, and Yuzefovich (2004) in constructing the
instruments for the endogenous regressors, i.e., approximate for Ey,, implied by the reduced form
with consistent initial estimates and geometric series of finite order. On a more general level, the
IV estimators considered Brundy and Jorgenson (1971), Lee (2003) and Kelejian, Prucha, and
Yuzefovich (2004) all utilize the nonlinear structure of parameters in Ey,, implied by the reduced
form when construct the instruments.

In addition to the GSLIVE and the GSFIVE estimator that utilize the linear moments, we
would also consider one-step GMM estimators that utilize both the linear and the quadratic mo-
ments that originates from the scores of the log likelihood function. The spatial literature has
long recognized the value of quadratic moments in identifying spatial parameters. As suggested
in Kelejian and Prucha (1998), the linear moment conditions may fail to identify the regression

parameters.’

An extreme case of such scenario is when the true parameter values on the ex-
ogenous variables are all zeros. In these cases, the ML estimator, whose scores consist of both
the linear and the quadratic components, may still remain consistent in estimating the regres-

sion parameters. We note that the quadratic components of the scores represent valid quadratic

moment conditions. °® Building on Kelejian and Prucha (1999), Kelejian and Prucha (2004)

“Note that in Kelejian, Prucha, and Yuzefovich (2004), they allow for the order of approximation in the geometric
sums goes to infinity and thus their estimator is asymptotically equivalent to that considered in Lee (2003).

SFor example, Kelejian and Prucha (1998) suggest a case in which the weight matrix is row normalized and the
only exogenous regressor is a constant.

6Specifically, quadratic components of the scores can be showed to be of the form: ¢, A,¢,, where ¢, is a
n x 1 vector of disturbances and A,, being nonstochastic. Under homoskedasticity (Ee,e!, = o,1,), imposing
tr(A,) = 0 implies Ee¢,, A,,e,, = ontr(A,) = 0. Under heteroskedasticity, ones needs to further assume A,, to be
of zero diagonal for these quadratic moments to be valid. See Proposition 3 and Lemma 1 for more discussion.
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suggest a GMM procedure with quadratic moments to estimate the spatial autoregressive pa-
rameter in the disturbance process with the disturbances correlated across equations.” In this
chapter, we also extend the GSFIVE estimator to the Linear-Quadratic Generalized Spatial FIVE
(LQ-GSFIVE) estimator by complementing the linear moments with the moments implied by
the quadratic components of the scores. Analogously, we extend the GSLIVE estimator to the
Linear-Quadratic Generalized Spatial LIVE (LQ-GSLIVE) by incorporating quadratic moments
but ignoring the cross-equation error structure. One major difference to the existing estimators is
that the quadratic moments utilized in this dissertation explicitly take into account the nonlinear
structure of the structural parameters implied by the quadratic components of the scores of the
log-likelihood function. However, while ML is asymptotically efficient under normality, it is in
general inconsistent under heteroskedasticity. This drawback passes onto the quadratic moments
implied by the quadratic scores. To cope with this drawback, we further modify on the quadratic
moments and derive their heteroskedasticity-robust counterparts. As such, our GMM estimators
that utilize both the linear and the quadratic moments remain consistent under heteroskedastic
disturbances.

Relative to the ML estimator, another advantage of the new estimators is that they remain
feasible when sample size gets large. As the scores of log-likelihood function depend on the
inverses of n X n matrices where n is the sample size, ML procedures are not feasible when n

becomes large. Note that n also determines the size of the network in the spatial/social network

7 Acknowledging that the quadratic moments could help with identifying spatial autoregressive parameters, Lee
(2007) and Lin and Lee (2010) both considered GMM estimator with a single vector consists of both the linear and
quadratic moments for single equation SAR models. Kuersteiner and Prucha (2020) built on this idea and showed
that it can help with the weak identification problem of linear moments. For a simultaneous system, Liu and Saraiva
(2019), Drukker, Egger, and Prucha (2022) considered GMM estimators utilizing both linear and quadratic moments
that remain consistent when linear moments are not sufficient for identification. Their quadratic moments exploit the
covariance structure of model disturbances both within and across equations.
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models. For instance, there are over 3,000 counties and 70,000 census tracts in the U.S. To
address this difficulty, we approximate for the inverses embedded in the instruments (and moment
conditions) with geometric series of finite order. In the context of single equation SAR models,
this idea is utilized by Kelejian, Prucha, and Yuzefovich (2004) in order to cope with the large n
problem exists in the 2SLS-type estimator with optimal instruments considered in Lee (2003).

The rest of this chapter is organized as follows. In Section 2.2, we specify the considered
simultaneous equation system with cross-sectional network interactions. We would also discuss
model assumptions. In Section 2.3, we derive the scores of the log-likelihood function and show
that the linear and quadratic parts of the scores represent valid moment conditions. We would
also show that the linear moments carry an IV interpretation, which in turn motivate the generic
form of linear IV estimators. In Section 2.4, we present the heteroskedasticity-robust limited
and full information linear and quadratic moment conditions and their approximated versions
with the inverse matrices replaced by the corresponding geometric series. In Section 2.5, we
define and discuss the implementation details of the GSLIVE and the GSFIVE estimators, as
well as the LQ-GSLIVE and the LQ-GSFIVE estimators. We also provide a brief discussion
on the identification of the model in Section 2.6, which would motivate the strong and the weak
identification scenarios that appear in our Monte Carlo simulations. Section 2.7 documents the
Monte Carlo results and Section 2.8 concludes. All proofs and auxiliary discussions are relegated
to Chapter A.

Notations: We adopt the following notations throughout the dissertation. Let (A,,),cn be
some sequence of n x m matrices, then we denote the (i, j)-th element of A, with a;;,. The
i-th row and j-th column with a; , and a j,. The j-th column of the n x n identity matrix I,
will be denoted as i;,,. If A,, is nonsingular, we denote the (i, j)-th element of A, ' as a’/. More
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generally, if A,, is a blocked matrix of size nG' x nP with G x P blocks, we then denote the
(g, h)-th n x n block as Ay, withg =1,...,G and h = 1, ..., P. Borrowing from the standard
matrix notations, we let A, ,, denote the g-th n x nP block of A, and let A}, ,, denote the h-th
nG x n block of A,. Moreover, if G = P, we denote the (g, h)-th block of A1 as A" with
g,h = 1,...,G. We further let A9 denote the g-th n x nG block of A ! and let A:" denote the
h-th nG x n block of A,;*. For any n x n matrix A, = (a;;,) we denote with diag, {a; }
the n x n diagonal matrix with the (, ¢)-th element being a;; ,. Analogously, for some nG x nG
matrix A, = (Agp) we denote with diags_, { Agg } the diagonal block matrix with the (g, g)-th
matrix block being A ..

Let A,, be of dimension m,, X m,, with elements potentially depend on sample size n, then

the maximum column sum and row sum matrix norms of A,, are, respectively, defined as

[Anll, =  max Z!%n! and || A, = max Z!%,

1<j<m 1<j<mn

If |A,]l; < cand ||A,||, < cforsome finite constant ¢ which does not depend on n, then we say
that the row and column sums of the sequence of matrices A,, are uniformly bounded in absolute

value.

2.2 Model

In this section we specify our simultaneous system of GG equations for G endogenous vari-
ables observed for n cross sectional units. We consider the same model as Drukker, Egger, and
Prucha (2022), but will develop new estimation methods for that model. We note that our presen-

tation and discussion of the model follows very closely and/or duplicates that of Drukker, Egger,
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and Prucha (2022).

In our model, simultaneity can stem from two sources. The first source is the classical
simultaneity across equation that captures the dependence of the g-th endogenous variable for
the ¢-th unit on the other endogenous variables for the i-th unit. The other source stems from
Cliff and Ord (1973, 1981) type cross-sectional network interactions between cross-sectional
unit ¢ and j, which are modeled in the form of ““ spatial lags”. The model specification is fairly
general and allows for multiple network structures, in the form of higher order spatial lags in the

endogenous variables, in the exogenous variables as well as in the disturbances.

2.2.1 Structural Form Model

We assume that the cross-sectional data of n units are generated by the following system

(g=1,....G):
G K G P
Ygn = Z bigYin + Z CkgTkn T Z Z AigpWon | Yin + g, (2.1
=1 k=1 =1 |p=1
Q
Ugmn = Z Pg.aMan | Ugn + Egn;
=1

where y, ,, is the n x 1 vector of cross-sectional observations on the dependent variable in the g-th
equation, xy ,, is the n x 1 vector of cross-sectional observations on the k-th exogenous variable,
Ug.r, 18 the n X 1 disturbance vector in the g-th equation, and €, 1s the n x 1 vector of innovations
entering the disturbance process for the g-th equation. With by, and ¢, we denote the scalar
parameters corresponding to the [-th endogenous and k-th exogenous variables, respectively, of

the g-th equation. In general, the structural model parameters are not identified without certain

15



restrictions. Those restrictions will be introduced in the next subsection.®

With above notations, recall that a classical SEM model can be formulated as (¢ = 1, ..., G)

G K
Ygn = Z blgyl,n + Z CkgTkn + Ug n, (22)
=1 k=1

where b;, represent the classical simultaneity effects. The difference between the network SEM
(2.1) and the classical SEM (2.2) is that the former contains the additional explanatory regres-
sors W, »y1, With associated parameters )\, ,. The terms Ay, ,W), .41, capture the spatial/cross-
sectional dependence among agents. Note that in the classical SEM, the equilibrium outcome
of the i-th agent depends only on the other outcome variables, the exogenous characteristics and
unobservables of itself. In contrast, in a simultaneous equation model with network dependence,
the equilibrium outcome of the i-th agent also depend on the outcomes of the other agents. In
other words, the equilibrium outcomes are determined simultaneously by all agents. Consistent
with the usual terminology for Cliff-Ord type network interactions, we refer to the nonstochastic

n X n matrices W, , and M, ,, as spatial weights matrices and to
yl,p,” = Wp,nyl,n and ﬂqu7n = M(L"ugm

as spatial lags on y;, and on u,,. Correspondingly, the (scalar) parameters \;,, and p,, are
referred to as the spatial autoregressive parameters. Observe that the i-th element of 3, ,,, and

Ug qn are given by

n n
Yitpm = E WijpnYjtn  and  Uiggn = E M gnUign-
=1 j=1

$At minimum, by, for g = 1,..., G are restricted to zeros in the model.
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The weights matrices contain the information on the links between units and on the relative
weight of those links. For example, in the spatial settings, the elements in the weights matrices are
often some function of the inverse distance between units. The spatial autoregressive parameters
describe the strength of the spillovers. It is worth noting that, Cliff-Ord type network models do
not require indexing the observations by locations. They only rely on some measure of proximity
between units in the formation of the spatial weights. Although originally introduced for spatial
networks, the notion of network in these models goes beyond geographic ones and thus can
accommodate a wide class of networks, as remarked in the introduction. For example, in the
context of social network models, one common specification has been to assign to each of the
i-th individual’s friends a weight of 1/n;, where n; denotes the total number of friends of 7, while
assigning zero weights to individuals not being a friend of 7.’

As is often the case in the literature, the elements of the spatial weight matrices are allowed
to depend on the sample size. This permits normalization of these matrices where the normal-
ization factor(s) depend on the sample size, which in turn, implies that the model parameters

depend on sample size.'”

As seen from the above, the i-th element of, say, ¥, ,,, is given by
> 71 WijpnYjin- Note that in light of this, even if the elements of the spatial weights matrices
do not depend on sample size, the elements of the spatial lag 3, ,, , and, analogously, the elements
of ug 4, will generally depend on sample size. This in turn implies that the elements of ¥, ,, and
ug.» Will generally depend on the sample size, or in other words, form triangular arrays. In allow-

ing the elements of x,,, to depend on the sample size, we implicitly also allow for some of the

exogenous variables to be spatial lags of exogenous variables. For example, the elements of x, ,,

See, e.g., Cohen-Cole, Liu, and Zenou (2018), among others.
10See Kelejian and Prucha (2010) for further discussions regarding normalizations.
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could be of the form z;; ,, = Z?Zl w;jpnG; Where (; is some basic exogenous variable. Thus the
model allows for, as remarked above, cross-sectional interactions in the endogenous variables,
the exogenous variables, and the disturbances.

The above model generalizes the spatial simultaneous equation model considered in Kele-
jian and Prucha (2004) in allowing for higher-order spatial lags. One attractiveness of this feature
is that they can capture different forms of proximity between units. For example, in the context
of social networks, different matrices may refer to different circle of friends, e.g., one matrix may
contain the very close friends, and a second matrix contains the other friends. As remarked in
Drukker, Egger, and Prucha (2022), an estimation theory that allows for multiple spatial weights
matrices can also be used to accommodate certain parameterizations of the spatial weights. We
borrow their discussion of the motivating example in the following. Spatial weights are often
specified as functions of some distance measure. Let W = (w;;) be the basic spatial weights
matrix, let d;; denote some distance measure between units 7 and j, and let d;; be some conti-
guity measure taking on values of one or zero. Then, the researcher may specify the weights

as the product of the contiguity measure and a polynomial in d;;, treating the coefficients of the

polynomial as unknown parameters:
Wi = d;kj >\1di]’ + ...+ )\de
Now, suppose the researcher models y, as a function of, say, \;; Wy, then it follows that

P P
)\lgW}ﬁ = )\lg Z )\pwp y1 = Z )\lg,pr Y1,
p=1

p=1

18



with Ay = NigAp, Wy, = (wijp), and wyj, = dj;d;;. In allowing for higher-order spatial lags,
model (2.1) covers this specification as a special case. Note further that the above specification
can accommodate other basis functions (e.g., alternate basis functions) and more general mea-
sures of distance and contiguity. The same ideas also apply to the modeling of the disturbance
process. As suggested in Drukker, Egger, and Prucha (2022), we would refer to this model as a
simultaneous spatial autoregressive model of order PP with spatially autoregressive disturbances
of order (), for short, a simultaneous SARAR(P,()) model, consistent with the terminology of
Anselin and Florax (1995).

In order to distinguish the true parameters from other possible values in the parameter space,
we will denote in the following the true parameters as by, 0, Cig.0, Aigp,o and p, 0. Model (2.1)

can be written more compactly as

Y, =Y,By + XnCO + 7nAO + Una (2.3)

Uu,=U,P,+ E,

with
Yn = (yl,n7 "-7yG,n)n><G7 Xn = (xl,na '-'axK,n)nXK
Un = (ul,na ceey uG,n)nXG7 En - (61,717 ceey gG,n)nXG’
Y, = (yl,l,m S yl,P,m S yG,l,n? S yG’,P,n)nXPG"
U” - (ﬂl,lﬁw ceey HQ,I,H? ceey al,G,'n,v ceey HQ,G,n)nXQG
where the parameter matrices By = (big0)axa. Co = (Crgo)rxas Mo = (Ngpo)paxa, and

19



Py = (pg.q.0)0cxc are defined conformably.'!

2.2.2 Reduced Form and Structural Model with Exclusion Restrictions

To derive the reduced form of the above model, we denote the vectorized model variables as

yn = vec(Yy), T, = vec(Xy), up, = vec(Uy,), en = vec(Ey).

We also denote with WW,, and M, the stacked spatial weight matrices

Wy =W, .. Wp,I, M, = [M;

1n -

MG,

Observing that vec(Y,,) = (Ig ® W,)y, and vec(U,) = (I¢ ® M,)u, and that for any
two conformable matrices A; and As, vec(A;Az) = (A, @ Ivec(Ay), it is readily seen that the

spatial simultaneous equation system (2.1) can be re-written in the stacked notation as

Uy, = Piun + €n,

where B = (B ® I,,) + (A @ I,)(Ig @ W,,), Cf = Cy @ I,, and P = (Py® I,,)(Ig @ M,,).

"Under this  formulation, the g¢-th column of Ay and P, are, respectively,
[Mg,1,05 - Mg, P0s -3 AGg.1,05 --s Agg,P0) and [0,...,0,041,0,--509.0,0,0,...,0).  For normalization, diago-
nal elements of B are restricted to zeros.
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To facilitate discussion, we denote

Sn<)\0750) = InGg — BS;

Rn(pO) = InGg — P(Sk

The reduced form of the system is given by

Yn = (Ing — Bgyl (Coan + up) = Sgl()\oa Bo) (Coan + un) , (2.5)

Up = (InG’ - P(;k)_lgn = R;1<p0)€na

assuming that the inverses of [, — B and [, — P exist.

In general, the structural parameters of the spatial simultaneous equation system (2.1) and
(2.3) are not identified without imposing exclusion restrictions. Let 3, o, V4.0, Ag,0 and p, o denote
the my 3 X 1, mgy, x 1, my » X 1 and my , X 1 vectors of non-zero elements of the g-th column of
By, Cp, Ag and Py, respectively. Let Y, ,, X, ,, ?g,n’ Ug,n and F, ,, be the corresponding matrices
of observations on the endogenous variables, exogenous variables, spatially lagged endogenous
variables, spatially lagged disturbances and disturbances appearing in the structural equation for

the g-th endogenous variable. Then model (2.3) can be expressed as (¢ = 1, ..., G):

Ygm = Zg,n(;g,O + Ug.n, (26)

Ugn = UgnpPgo + Egms (2.7)
where Z,,, = [Yg,n,?g,n, Xynland 6,0 = (B o, N, 7;70]’.

9,00 7g,00
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For purposes of estimation, it proves helpful to apply a spatial Cochrane-Orcutt transfor-
mation to the model. In particular, premultiplying (2.6) by R, ,.(pg0) = In — > ¢cl,, Pg.a.0Mqn
yields

Yxgn = Z*g,nég,() + €g.ns (2.8)

With Y = Yugn(Pg.0) = Ryn(Pg.0)Ygn and Zoyn = Zign(pg0) = Rgn(pg0)Zgn- Stacking the

transformed equations yields

Ysn = Z*n60 + En, (29)

/ /
with Y = Yy s - - - ,yka,n} y Lo = diagngl {Z*g,n}, 0o = [5370, . ,5&,0} )

It then follows from (2.6) and above transformed form of the model (2.8) that

Egn = [n - Z pg,q,OMq,n [yg,n - Zg,nég,o] = Rg,n(pg»())ug,n- (210)

q€ly,p

We can stack (2.6) and (2.10) over GG equations to write the whole system as

Yn = ZnOo + Un, 2.11)

En = Rn(Po)Un,

where Z, = diag?_, {Zyn}. Ru(po) = diagty {Rgn(pg0)} 0o = [07 0, ..., 060) denotes the
vector of all parameters in the structural equations and py = [p] g, ..., pg0]’ is the vector of all
spatial autoregressive parameters in the disturbance process. To facilitate below expressions in
the next subsection, we let 00 = [0} 4, o, o|" be the vector of parameters in the gth equation of

the full model and 0y = [0 ¢, ..., 0 o]’ be the vector of all model parameters.
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2.2.3 Model Assumptions

Given that we consider the same model specification as in Drukker, Egger, and Prucha
(2022), the following assumptions regarding the data generating process (DGP) are also the same

as those maintained in their paper.

Assumption 1. Forp=1,... Pandq=1,...,Q:
(a) All diagonal elements of W), , and M, ,, are zero.

(b) ||I/V;,,,nH1 <g HquH < c for some finite constant ¢ which does not depend on n, and

1

Wl =1

Myl = 1.

Assumption 2. (a)The matrix S,,(Xo, 5o) = Inc — Bg is nonsingular. (b)The spatial autoregres-
sive parameters satisfy supn ey, |Pgq0l < 1forg =1,..G withly, = {qg1,...,dgq,}
C {1,...,Q} denotes the set of indices associates with the elements of p, o."

(c)The row and column sums of S;,*(\o, Bo) are uniformly bounded in absolute value.

The above assumptions are in line with the spatial literature. Assumption 1(a) entails a
normalization rule and embodies the fact that unit ¢ is not treated as a neighbor of itself. Assump-

tion 1(b) implies that the row and column sums of the matrices W), ,, and M, are uniformly

bounded in absolute value. As pointed out in Kelejian and Prucha (2010), ‘meHOO = 1 and
|Myn||,, = 1 implies a normalization for the parameters. This normalization can always be

achieved by appropriately re-scaling the elements of the spatial weight matrix, along with corre-

spondingly redefined spatial autoregressive parameters.'?

12Note that the index set I, , varies with g and hence embodies different exclusive restrictions imposed on spatial
autoregressive parameters in different disturbance equations.

13See Kelejian and Prucha (2010) or Drukker, Egger, and Prucha (2022) for a more detailed discussion.
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Assumption 2(a) ensures that the first equation of the expression for the reduced form
(2.5) is well defined.'* Observe that R, (py) = diagS_, { Ryn(pgo)} With Ry ,(pgo) = I —
> e1,, Po.a.0Myn. Inlight of this, it follows from Assumption 1(b) and 2(b) that || I, — Rn(po)|| <
matyy ¢cl,, ’pg,%o‘ < 1, which in turn implies that R, (p,) is nonsingular, by Horn and John-
son (1985), pp.301). Consequently, the second equation of the reduced form in (2.5) is also well
defined, and thus vy, is uniquely defined by the model.

Assumption 1(b) and 2(b) imply even that sup,, || P5||,, < 1, which in turn implies that
the row sums of the matrices R, (py,0) are uniformly bounded in absolute value. To see this,

observe that HR‘(]_’}l(pg’O)Hoo <1/ [1-1Fll.] < 1/[1=sup, ||Pll.] < oo; see Horn and

Johnson (1985), pp.301).

Assumption 3. The matrix of (nonstochastic) exogenous regressors X, has full column rank.

Furthermore, the elements of X,, are uniformly bounded in absolute value by some finite constant.

Above assumption are standard in the spatial literature. In particular, in treating X,, as
nonstochastic, analysis in this dissertation should be viewed as conditional on X,,.
We next state the assumptions maintained for the disturbance ¢,,. Let V,, = [v1,,, ..., vg.»] be

an n X G matrix of basic innovations and let v,, = vec(V},). Then assume

Assumption 4. The innovations <,, are generated as follows

where ¥, is a nonsingular G x G matrix and the random variables {vi,,, : i = 1,....,n,9 =

4One common yet more restrictive condition in the literature is to assume || Bg|| < 1 for some induced matrix
form.
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1, ..., G} are, for each n, identically and independently distributed with zero mean, unitary vari-
ance, and finite 4 + v moments for some v > 0, and their distribution does not depend on n.
Furthermore, let g = Y'Y, then the diagonal elements of ¥y are bounded by some finite con-

stant.

The above assumption on the innovation process is in line with the specification of the
disturbance terms for a classical simultaneous equation system. Let ¢, (i) denote the i—th row
of E,, then equation (2.12) implies £, = VX, since ¢, = vec(F,). It is then readily seen
that the innovation vectors {¢, (i) : 1 < ¢ < n} are i.i.d. with zero mean and VC matrix Y.
With respect to the stacked innovation vector, the above assumption implies that Es,, = 0 and
Ee,c!, = ¥y ® I,,. For notational convention, let oy be the column vector consists of nonzero
upper diagonal elements of >y, the G x G variance-covariance matrix of the innovation vectors
{en(i) : 1 <4 < n}. Following the aforementioned notations, o, ¢ and o, denote the g-th row
and the g-th column of Xy, respectively. Similarly, 09-° and o9 denote the g-th row and the g-th
column of X', respectively. We note that o, , = 0, and ag'/ = oy by symmetry of %.

From the reduced form model (2.5) and Assumption 4, we see that the VC matrices of u,,

and y,, are given by, respectively,

Qun = Ry, (o) (S0 ® 1) R, (po) (2.13)

Qy,n - 5771(/\07 BO)Qu,nS;I()\Oa ﬂO),~ (214)

Assumption 2 and 4 imply that the row and column sums of the VC matrix of u,, and that of
yn are uniformly bounded in absolute value, thus limiting the degree of correlation between,
respectively, the elements of w,, and of v,,.
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2.3 Maximum Likelihood Estimation and Estimator Generating Equations

Hendry (1976) and Prucha and Kelejian (1984) show that the normal equations of the ML
estimator can be utilized as a set of estimator generating equations, and IV estimators can be
viewed as numerical approximations to its solution. Hausman (1975) shows explicitly that full
information maximum likelihood estimator of a classical simultaneous system can be written into
a form that permits IV interpretation where the instruments embody all the underlying parameter
restrictions. Extending on these results, one contribution of the dissertation is showing that the
linear components of the ML scores for the simultaneous system with network dependence can
also be re-written to carry IV interpretations.

In this section, we first derive the scores of the ML estimator of the network SEM model in
equation (2.3). The scores are seen to be composed of weighted averages of linear and quadratic
forms. We then show that both the linear and the quadratic forms represent valid moment condi-

tions, and that the linear moments can be written into a form defining the generic IV estimator.

2.3.1 Scores of the Log-likelihood Function

In light of the reduced form model (2.5), we see that y,, ~ N(fx,,(2,) under normality,
where

Hy = (InG - BS)_lchm

and €2, is defined in equation (2.14). In order to obtain more elegant expression of the scores,
it proves helpful to reparameterize the model with 7! instead of Y, observing that there is a

one-to-one correspondence between the elements of 3 and X!, In the following, let i denote

26



the upper diagonal elements of X7!(1). Assuming now the elements of ¢ are distributed i.i.d.

normal, the reparameterized log-likelihood function is then given by'

L0, 1) = — " 1n(2m) ~ Stn[S(0)] + 1nlSu(0, B)] + Inl Rl
- %[Sn(k B)yn — Co ()] Ry, (p) (X7 () @ L) R (p)[Sn (A, B)yn — Crn(7) ).

(2.15)

To help with the presentation of scores, define Lg , as the G x m, g selection matrix on B
for equation g such that 5,9 = L%, gb,g,o where b 4 ¢ denotes the g-th column of By and recall that
Bg4,0 denotes the vector non-zero elements in b 4. The selection matrices Ly 4, L. 4 and L, , are
defined analogously. We also denote the selection matrix associated with 7 as L,..'® The proofs

of the propositions in this section are given in Chapter A.2.

Proposition 1. The scores of (2.15) with respect to the parameters of interests in equation g, for

PWith Q. in (2.14) and y;; (8) = S, (A, B)C; (7). note that (y, —y5,(8))'2, 1, (yn —v5:(8)) = [Su(A, B)yn—
Cr(Man] By, (p) (571 (0) @ Ln) Rn(p)[Sn (X, B)yn — Cri(7)2n]-

16To be clear, Ly.g, Ly g and L, 4 are of dimension PG X mg x, K x mg .~ and @ X my ,, respectively. For the
full system, e.g., Lg = diaggG:1 {Lg,4} which is of dimension G* x 25:1 mg, g. Consistent with the definition of
7, selection matrix L, is of dimension G% x G(G + 1)/2.
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g=1,...,G, are:

AlnL, (0, , ,
% =Yy Ryn(pg) (0% (1) @ L) Ru(p)un(6) — pg,gn(A B), (2.16)
g
AlnL, (0, , /
% :Xg,nRgm(pg) (Ug(n) ® [n)Rn(p>un<5)a (217)
g
AlnL, (0, — ,
w =Y, nRon(pg) (0% (n) @ L) Ru(p)un(d) — piagm(A, B), (2.18)
g
AlnL, (0, _ ,
% =Uyn(04)" (0 (n) @ 1) Rp(p)un(0) — tpgn(pg), (2.19)
g
lnL, (0, 1, /
% =51y [nvec(2(n)) — vec(E,(0) E,(0))] (2.20)
where
19X B) = L [tr(S¥ (N, B)), ... tr(SSU(N, B))], (2.21)
fingm (A, B) = LA [tr(Sp (N, BYWan), .. tr(S (A, B)Wey), (2.22)
e ,t?“(Sgg<)\, 5)W1,ﬂ)? Tt 7tr(Serg()‘a B>WP,n)]/ (2-23)

Hpgin(Pg) = Ly gltr(Ry n(pg) M, - tr(Ry 1 (pg) M)

Note that the endogenous variables and their spatial lags can be decomposed into

Y, =Y(00) + V,.(6o), (2.24)

771 :?Z((SO) + Vn(90)7 (2.25)

with Y¢(0y) = EY,, and EV,,(6;) = 0, as well as Y, (6) = EY,, and EV,(6,) = 0. Obviously,

Y,¢(6) is the best instrument for Y;, and Y, (&) is the best instrument for Y.
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Explicit expressions for the columns of Y,¢(3y), Y. (6), Vi(fo) and V,,(6y) are obtained
from the reduced form of the model (2.5). Let y<(dg) = vec(Y,¢(do)) and v, (0y) = vec(V,,(6p)),
it is readily seen that ¢ (8o) = S, ' (Ao, Bo)Cixn and v, (0y) = S, (Ao, Bo) R,  (po)en. Recalling
that vec(Y,,) = (Ig ® W,,)yn, then it is furthermore readily seen that 7 (o) = (Ig ® W,,)y%(8o)
and v,,(0y) = (Ig ® W,)v,(6p). Note that both v,,(6y) and v,,(6y) are linear in ,,.

For the g-th equation, matrix Y, (d0) = Y5 (d0)Lg,4 collects the mean of columns in Y, ,,
1.e., the endogenous variables that appear on the right hand side of the g-th equation. Similarly,
7;,1(50) = 72(50)11 »g collects the mean of columns in Y, i.e., the spatially lagged endoge-
nous variables that appear on the right hand side of the g-th equation. The stochastic components
Vyn(fo) and V, ,,(6) are defined analogously. We can then re-write the score w.r.t. to 3, and A,

as

dlnL,(0,n)

0P, =Y (0) Ryn(pg)' (0% (1) ® L) R (p) 1 (6)

+ [Von(0) Rgn(pg) (0% (1) @ L) Bn(p)tn(6) — 15,90 (X, B,

%f’”) =V (8) Ryn(pg) (0% (n) @ L) Ro(p) 1 (5)

+ [Vg,n(e)/Rg,n(Pg)/(Ug'(n) ® L) Rn(p)un(0) — MA,g,n(/\a B)],

from which we see that the scores in (2.16) - (2.19) composed of either linear, or quadratic, or
linear-quadratic forms in terms of ¢,(0) = R,(p)u, (). The following proposition collects the

linear components of the scores and show that they represent valid moment conditions.

Proposition 2. In light of above decomposition, the linear part of the scores (2.16),(2.17),(2.18)
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can be collected as

Yge,n(é)/Rg,n (pg)'(69:(0) ® I,)en(0)

My (6) = % Y, 1 (0) Ryn(py) (02(0) ® I)en(0) | = %ng,n(ﬁ)%o% (0) ® I)en(6),

X Bon(pg) (05(0) @ I)en(0)

(2.26)

€

where Z¢,,,(0) = Ryn(pg) Z¢,,(0) and Z%,,(6) = |Y£,(6),Y (5),Xg7n]. Under Assumption 4,

*g,m » T ogm

Em, ,(60) = 0 and hence represent valid moment conditions.

In addition to the information carried by the linear parts of the scores, the ML estimator
also exploit the quadratic parts of the scores when it comes to identification (and estimation). It
is well known to the spatial literature that the quadratic moment conditions could also help with
identifying spatial autoregressive parameters when linear moments are weak.!” The following
proposition collects the quadratic components of the scores and show that they also represent

valid moment conditions, in addition to the linear ones.

Proposition 3. In light of above decomposition, the quadratic part of the scores (2.16),(2.18)

and (2.19) can be collected as

mg’ﬁ(Q) Von(0) Rgn(pg) (08:(0) @ In)en(0) — p15,9n (A, B)

1]
mg . (0) = | m22(6) = | Vgn(0) Ryn(pg) (08:(0) ® I)en(0) — pirgm(A, B) | (227

>

he)
=
=

gn(0g) (05:(0) @ I)en(0) — f1p.9.n(pg)

:%ukg,n(e)'(ag(e) @ L)en(0) — tgn(0),

TFor a discussion, see, e.g., Kelejian and Prucha (1998), Lee (2007), Kuersteiner and Prucha (2020).
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where Vg (0) = [Rg,n@g)vg,n(@% Ryn(pg)V gn(0), Ug,n(eg)] and fig,,(0) = [:u/ig,n()‘a B,
1790 (As B) s g (pg)'] ', Under Assumption 4, Eml . (60) = 0 for g = 1,...,G and hence

represent valid moment conditions.

2.3.2 IV Interpretation and Estimator Generating Equations

The implication of Proposition 2 is twofold. First, it shows that the linear part of the scores
can be used to motivate a set of valid linear moments. Second, it implies that this set of linear

moment conditions can be re-written to motivate IV estimators. To see the latter, let

my,(0o) =

mlG,n (90>

denote the sample moment vector obtained from stacking the mlgm(&) in (2.26) over G equations,

and correspondingly let Z¢(6) = diagS., {Zg}n(é)}. Then

1
Emfm(e(]) - EEZSL<5O),Rn(pO),(E_1(‘90) ® In>Rn(p0)(yn - Zn50) (228)
1

= EEan(QO)’(Z‘l(GO) ® L) (Yen(p0) = Zin(p0)do) = 0,
with Z¢ (00) = R,.(po)Z&(do) and where the other Cochrane-Orcutt transformed matrices and
vectors Z.,(po) = Ru(po)Z, and y.,(po) = R.(po)yn are as defined in the previous section.
In the spirit of Hendry (1976) and Prucha and Kelejian (1984), sample moment analogue of

equation (2.28) can be viewed as an estimator generating equation in the following sense: given
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some initial estimates 6,, and ¥,,, it is readily seen that the sample analogue of (2.28) can be

solved to yield

On = [Z5,(00) (57" © L) Zun) M Z5,(00)' (2, @ L) yen (). (2.29)

which defines the generic form of the IV estimators. Limited information estimators are obtained
by setting 3, = I. This result is an extension on the results of Hausman (1975) and Prucha
and Kelejian (1984) in the context of classical SEMs. Within the context of the classical SEM,
Hendry (1976) and Prucha and Kelejian (1984) observe that the 2SLS/3SLS and LIVE/FIVE
estimators can be viewed as special cases of the class of estimators defined by the estimator
generating equations corresponding to the ML score. Those estimators are also special cases
of the generic form of the IV estimators discussed in Hausman (1975). Analogously, the our
generic IV equation (2.29) also motivates the GS2SLS/GS3SLS considered in Drukker, Egger,
and Prucha (2022) as well as the GSLIVE/GSFIVE estimators considered in this dissertation. As
will be discussed in the next section, their difference lies in the approach of approximating the

instruments Z¢(d).

2.3.3 Connection to LIVE/FIVE and Optimal I'V Estimation

As remarked in the introduction, the GSLIVE and the GSFIVE estimators incorporate ideas
underlying the LIVE and the FIVE estimators introduced by Brundy and Jorgenson (1971) in the
context of a classical SEM. To give additional background information on LIVE (FIVE) estima-
tors, we briefly review in which way LIVE (FIVE) estimators differs from 2SLS (3SLS) estima-

tors in the construction of the instruments. The optimal instruments are given by the expected
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value of the endogenous variables, which are well know to be functions of the reduced form
parameters. Since the reduced form parameters are unobserved they have to be estimated. The
difference between the classical IV estimators is solely in the way the reduced form parameters
are estimated. The LIVE (FIVE) estimators exploit the structure of the reduced form parame-
ters implied by the reduced form model, while 2SLS (3SLS) estimators do not. The LIVE (and
the FIVE) estimators employ consistent initial estimates of the structural parameters to compute
the (estimated) expected value of the endogenous variables, which in turn are used to construct
the instruments. The 2SLS (and the 3SLS) estimators simply estimate the expected values of
the endogenous variables by running an OLS regression of the endogenous variables against the
exogenous variables.

As will become clear, similar differences distinguish the GS2SLS (GS3SLS) estimator con-
sidered in Drukker, Egger, and Prucha (2022) and the GSLIVE (GSFIVE) estimator considered
in the current paper in the context of network SEM. For network SEM, the optimal instruments
Z4 (do) involve the inverse of n x n or even nG x nG matrices, depending on the structure of
the model. A further difference is that for numerical simplicity GS2SLS (GS3SLS) estimator do
not fully exploit the structure of those inverse matrices. In that sense the GSLIVE (GSFIVE)
estimator considered in the paper share related in spirit to Lee (2003) and Kelejian, Prucha, and
Yuzefovich (2004) that consider IV estimation with optimal instruments in the context of single-
equation spatial autoregressive models. Our estimators are in spirit close to Kelejian, Prucha, and
Yuzefovich (2004), in that we also use a series approximation of the inverse matrices, to avoid
computational issues with those matrices for large samples. In the following we provide a more
formal discussion of these links between the new estimators considered in this dissertation and

those previously considered in the literature.
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2SLS and LIVE of Classical SEM
Recall from the reduced form (2.5) of our model that Ey,, = vec(EY,,) = (I,¢—Bg) ' Ciz,
with Bf = B{ ® I, + (Aj ® 1,)({¢ ® W,,) and Cj = C{, ® I,,. For classical SEM, Ay = 0 and

thus B; = B{ ® I,,. Therefore, the reduced form model becomes
Ey, = (I, — By ® In)_lCa‘xn = [(IG - B(/))_1 ® In} (Cy @ I,)xn

and thus EY,, = X,,I1y with Iy = Cy(Ig — By)~ .12

In the context of classical SEM, the 2SLS and the 3SLS estimate EY,, by an OLS regression
of Y,, against X,,. Specifically, EY, = X, II, where II,, = (X X,,)"'X"Y,.”° LIVE and FIVE
estimators employ an initial consistent estimator of the structural parameters, say 0,,. Given this

initial estimator they estimate EY,, by E/ﬁ/; = Y,f(én) = X, II,, where II,, = C’n(IG — En)‘l and

thus utilize explicitly the structure of the reduced form model. In the vectorized form, we have ?°

Ey, = y5(0,) = (g — B, ® I,) 'C*z, = |(Ic — B,) ' ® ]n] (" @ 1)z, (2.30)
The GS2SLS and GS3SLS estimators considered in Drukker, Egger, and Prucha (2022)

differ from the GSLIVE and the GSFIVE estimators considered in this paper in a closely related

manner. To see this observe that provided that || B|| < 1 for some induced matrix norm ||.|| we

18Recall that vec(A1,, Az ) = (A5, ® In)vec(Ay ) for any two conformable matrices A; ,, and Ag ;.
19Note that this is equivalent to the vectorized form Ey,, = (I, ® I,,)vec(X,,).

20The first equality of (2.30) involves inversion of a nG x nG matrix. This is not necessary for a classical SEM
as suggested in the second equality, but it is only given for the ease of making a connection to the corresponding

expression of Ey,, for a SEM with network interactions in (2.32) in the following.
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have (I, — Bg)™' = Yo ,(Bg)*, and consequently the reduced form can be written as

o0
Ey, = (Inc — BS>7lchn = Z(BS)SCSQ%-
s=0
In light of the structure of By and Cj, for W, = [W},,Ws.,...,Wp,]', we can then approximate
for EY,, as follows with finite S:
EY,~ Y > Y WELWE WS XL, ), (i) (2.31)
[1,0ey lp s1=0 SPZO
—_—
s1+..+sp<S
where [, € {1,..., P} and the elements of the matrices I, s1),....(1p,sp) are functions of the

structural parameters. Depending on the model not all combinations of products may appear

in the approximation of EY,, or equivalently, some of the I, s, . (p.sp) May be zero. As a

motivating example, we give the explicit expression of approximated EY,, up to the second order
for a two equation system in the Chapter A.1.

Analogously to 2SLS and 3SLS for the classical SEM, GS2SLS and GS3SLS do not ex-

ploit the structure of above reduced form model. Adopting a similar notation from Drukker,
Egger, and Prucha (2022) that (As,n)ss: L= [Am, Aspy.oey AS,n] for any conformable matrices

Aip, ..., Asp, define

P
Ji=1’

71,71 = (Vle,an)

P
Ji,j2=1"

72,n = (Vle,nVng,an)

Xin = (WiaWizn -+ WinaXa) |

") j1,52,0r=1"
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and let Hg, = [Xn, 71,71, - ,YRW] . To approximate EY,,, the GS2SLS and GS3SLS estima-

tors run an OLS regression of Y,, against a collection of the independent columns in
[HR,na Wl,nHR,nv sy WP,nHR,n} .

.......... Ip,sp) from such a regression, then we

can express the approximation of EY), as

EY, = Z ZmZWianlZ?n---WliannHal,sn ,,,,, (Lposp)-
1

..... Ips1=0  sp=0

s1+...+sp<S

The advantage of this approximation is that it is readily computable, but it is not consistent.
The above approach differs from the GSLIVE and the GSFIVE estimators, which explicitly
exploit the structure of parameters implied by the reduced form model. Given a consistent initial

estimates § we estimate EY,, as

__ . N
Eyn =y (0) = (Lo — B;)  Cian, (2:32)
B =B @I, + (A, @ I)(Ig ® W,).
IV Estimators of SAR models

The GSLIVE (GSFIVE) estimators considered in this paper also relates to Lee (2003) and
Kelejian, Prucha, and Yuzefovich (2004) who consider IV estimators with optimal instruments in

the context of single-equation SAR model. To illustrate, consider the following SAR model with
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first order spatial lags in both y,, and u,,:

Uy =pMyuy, + €.

The reduced form of y,, is given by y, = (I, — \W,,)"(X,,8 + u,,) and thus the optimal

instrument for ¥, 1s its mean

Ey, = (I, — \W,) ' X,.58.

With [A| < 1, we can express (I, — AW,,)~t = "2 /AWy, As noted in Kelejian and Prucha
(1998), Ey,, can thus be expressed as a weighted sum of the sequence of matrices X,,, W, X,
W2X,,.... Therefore, they defined the IV matrix H, that consists of linearly independent
columns in [Xn, WoX,, ... ,X,an] for S being finite. Their first step IV estimator is 5n =
(2! Z,) ' Z'y, with Z, = H,(H'H,) 'H!Z, and thus 6, is a 2SLS-type estimator. The
GS2SLS and GS3SLS estimators of Drukker, Egger, and Prucha (2022) generalize this idea.
Lee (2003) alternatively estimates for Ey,, as g, = (I, — Xan)—lann, assuming the
availability of consistent initial estimates S\n and Bn Their first step IV estimator is thus Sn =
(Z! Z,) " Z" 4y, where Z, = [Wyoin, Xn]. Lee (2003)’s estimator exploits fully the nonlinear
structure of the parameters in the reduced form model or in Ey,. Since the expression for 4,
involves the inverse of n x n matrix, Z, may not be commutable in large sample. To overcome
this difficulty, Kelejian, Prucha, and Yuzefovich (2004) used finite order approximation W, y,, =
Zf:o S\fLW;:’“X B3, in replace for W,,y,, and their estimator remains feasible even when n is large.

Note that Kelejian, Prucha, and Yuzefovich (2004) allows the order of series sum .S to grow with
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sample size and approach infinity. Asymptotically, their estimator is equivalent to that considered
in Lee (2003).

Recall that for our network SEM, ]TJEL given in (2.32) involves the inverse of [,5 — B;,
which is an nG' X nGG matrix. Therefore, GSLIVE and GSFIVE could again be computationally
infeasible when n becomes large. LIVE and FIVE estimators in the context of a classical SEM do
not suffer from this issue since in this case Ey, = |(Ig — B.)™! ® I,| C*x,, and the dimension
of I — B;L does not depend on the sample size n. To cope with the difficulty in computing
(Ig — B%)~" for network SEM, we consider approximating (I, — B)~" with a geometric
series of finite order. We defer the details to Section 2.4.2 where we introduce the approximated

moment conditions.

2.4 Moment Conditions

In this section, we present the heteroskedasticity-robust moment conditions based on Propo-
sition 2 and Proposition 3. We will also give the series approximated version of these moment

conditions that will be used in defining the GMM estimators in Section 2.5.

2.4.1 Heteroskedasticity-robust Moment Conditions

Recall that by Assumption 4 we have Fe,, = 0 and

Ullln e Ulgln

Eene, = SR ;

n

UGIIn e O'G(;In
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where we drop the subscript zero for the true parameters for notational convenience. Now con-

sider the case where the innovations are heteroskedastic in the sense that

/ . . .
Egnf: - : .. : 3

n

where ¥, = diag]’, {Uu‘,gh} denotes the true VC matrix under heteroskedasticity. In the follow-
ing we introduce a modification of the moment conditions such that they remain valid under the
above form of heteroskedasticity. For this discussion we assume the availability of some initial
estimator 6, ,, such that

— . L, .

Ogh = pllmn%ooﬁgg,ngh,n

with &, ,, = Ry (Pgn)Ygn — Zgndyn). For this discussion we will also assume that > = (Ggn) is
known, while noting that for the empirical implementation . will be replaced by the correspond-

ing estimator with the (g, 1)-th element given by n='&, & ..

Heteroskedasticity-robust Linear Moment Conditions
In light of equation (2.28) and ¢, = R,,(po)u,(Jp), under heteroskedasticity, consider the

following modified linear moments (at 6):

1 -
i (60) = —Z;.(60) Ru(po)' (% (00) ® L)en. (2.33)

It is straight forward to see that Em. (6y) = 0 even under heteroskedasticity, and thus they

represent valid full information moment conditions even under heteroskedasticity. Of course, the
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limited information counterpart for the g-th equation

1
mé,n(emg) = ﬁZ;,n((sO)/Rg,n(pg,O)/gg,n (2.34)

also satisfies Em), (6o, g) = 0 and thus represent valid limited information moment conditions

under heteroskedasticity.

Heteroskedasticity-robust Quadratic Moment Conditions

Let A, = (Aypn) for g,h = 1,..., G be some non-stochastic nG x nG matrix where the
blocks Ay, , are of dimension n x n. It is well known in the literature that to make a quadratic
moment condition of the form

1
, p—
EEEg’nAgh7n597n =0

robust against heteroskedasticity, we can set the diagonal elements of the matrix in the middle of
the quadratic form, Ay, ,,, equal to zeros.?! For the system case we consider moment conditions of
the form %%An% = % Zle 25:1 €y.nAghnEnn, and thus %EsﬁlAngn = % 290:1 Zle Ee}, , AghnEnn =
% ZgG=1 Zle tr(AgnnEenney ). We see immediately that %Ea’nAnsn = 0 for any E¢y, ¢, =
diag! 4 {aii,hg}, provided that the diagonal elements of Ay, ,, are zeros.

For the following it proves convenient to introduce the following notation:
MAT, (thm) = thm — dz'ag(th,n) and MATp (Bn) = (MATd (thm)).

That is MATy (Bgp,n) is the matrix obtained from Byj, ,, by setting all diagonal elements equal to

zero, and thus MATp, (B,,) is obtained from B,, by setting the diagonal elements of each n X n

*'Here we let A,y , denote the (g, h)-th n x n block of the nG x nG matrix A,,.
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block equal to zero.?

Moreover, we note that the diagonal elements of each n x n block in
(X' (60) @ L)MAT, (B,)  or  MATp (BL) (5 (6p) ® I,,) (2.35)
are zeros.>> Hence, in light of above discussion,

%Esg(il(eo) ® I,)MATp (B,) &, = %Es;MATD (By) (S (60) ® L), = 0.

To present our heteroskedasticity-robust quadratic moments, it proves helpful to first show
that each element in the quadratic moments implied by (2.27) in Proposition 3 can indeed be
expressed as a quadratic form ¢,,. In the vector of quadratic components of the scores (2.27),
columns in V,,(6y) and V,,,(6) are given by (n x 1 blocks of) v,,(6p) = St (Ao, Bo) R (p0)en
and U, (0) = (Ig ® W,)v,(6o), respectively, and thus columns in V() and V,,,(0) are then
seen to be weighted sums of ¢, ,, for g = 1,...,G. Also, recall that a typical column in Ugyn is
of the form M, ,u,,, and u,,, = Ry, (pg0) " €4n- In the following lemma we provide the details

of how each individual element in m? , (¢) can be expressed as a quadratic function of ¢, (0).

Lemma 1. Ler S™(\, 3) denotes the h-th n x nG block of S, *(\, 8) and i, ¢ denotes the g-th

column of the identity matrix of dimension G. Then the element in mgﬁ(@) that is associated with

22Recall the notational convention that B,, = (Bgh,n) Where By, 5, is the (g, h)-th n x n block of B,,.

23To see this, note that each n x n block in (X (6y) ® I,) is a diagonal matrix and the diagonal elements of
each n x n block in MATp (B,,) are zeros by construction. Let A,, = (Agx,n) and Cp, = (Cgp,n) be some nG x nG
matrices, with the (g, k)-th n x n block of A, being Ay, and the (k, h)-th n x n block of C,, being Cip n.
Furthermore, let Ay ,, be a diagonal matrix and diagonal elements of Cy,,, be zeros (or vice versa). Then the
diagonal elements of Ay ,,Cip. ., are zeros. Note that the (g, h)-th n x n block in A,,C,, is Zszl Ayl nChh,n and
thus the diagonal elements of Zle AgknCrh,n are also zeros. Since this holds for any (g, h)-th block in A,,C,,,
the diagonal elements of each n x n block in A,,C, are also zeros.
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the score w.r.t. by, can, upon replacing 3 with Y, be written as

@) (5 @ L) Ra(p) g SO A) By (0)en®) — S tr(SHO 6),

n

the element in mgi;\l(G) that is associated with the score w.r.t. \nq,, can be written as

(@) (5 @ L) Ra(p) g0 © WS (0, ) By (p)en(6) = —r (W, SHO, 6),

n

and the element in m{? (0) that is associated with the score w.r.t. p, , can be written as

1 fa—1 . _ 1 _
—enl(0)(2 @ Ln)(igclpe @ MRy 5 (pg))en() — ﬁtT(Mq,nRg,i(pg))-

(2.36)

(2.37)

(2.38)

Proof of Lemma 1 is presented in Chapter A.2. Note that under heteroskedasticity of the

Ens i€, Bepe!, # (X ® I,) the expected values of the moments defined in (2.36) - (2.38) are

generally not zero. For example, under heteroskedasticity it is readily seen that in general

E%dm(i_l ® [n)Rn(p)(ig,G ® Sg'()\m ﬁo))Rﬁl(Po)Sn - %tr(S,’fg()\O, Bo)) # 0,

observing that

1, = . _
Eggn(z ' ® [n)Rn(p) (lg,G ® SZ<A07 50))Rn1(p0)5n
—tr (Egns;(i‘l & L) Ra(p) (ipe ® S™ (Mo, @0))3,;1@0))

#etr iy © S1 O Bo)) = 7 (5190, o),
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where the inequality follows since under heteroskedasticity Ec,¢/, # (X ® I,,). This implies that
in general Em{ , (6h) # 0 and hence the moment vector does not yield a set of valid moment
conditions under heteroskedasticity. Following the discussion at the beginning of this section, we
can make the quadratic moment conditions robust to heteroskedasticity by restricting the diagonal

elements of each of the matrices in the quadratic forms in (2.36),(2.37),and (2.38) to zeros.

Full Information Quadratic Moments: In light of (2.36) in Lemma 1, the set of heteroskedasticity-

robust quadratic moments originates from mgﬁ(@) (i.e., the quadratic scores w.r.t. 3 in (2.27))

can be written compactly as

n h=1,g=1

(2.39)

mz:%<9>:lL’ﬁvec[(enw)/@‘l@fn)mm [Rap)ig @ SEO DR )] ) ]

with Lﬁ = diaggG:l{L/@g}.
Analogously, the set of heteroskedasticity-robust quadratic moments originate from the

mi () is

Ll)\,lvec {(&L(e)/(i_l ® I, )MATp [RH(P)(il,G ® Wp,nszL'()‘a ﬁ))R;I(p)] 5n(9))

(2.40)
Finally, the set of heteroskedasticity-robust quadratic moments originate from m@? (6) is
1 — 1 Q.G
m‘f;’%(e) = —L;vec (En(e)’(Z ® I, )MATp [ig,Gi;,G ® Mq,nR;}l(p)} 5n(6)> ,
q=1,9=1
(2.41)

with L, = diagngl{Lp,g}
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Note that each element in mi’%(&) is of the generic form ~e,,(0)’ A&, (0) where the diagonal

elements of each the nxn blocks in A,, = (ifl (60)®1,)MATp, (B,,) are zeros as discussed before
Lemma 1. Hence, at 6, we have ELel A,e, = %Zle S tr(Agnndiagl, {oiing}) = 0
where 0 1y = K& hn€ign. Thus Emiﬁ%(@g) = 0 holds under heteroskedasticity and represents
valid quadratic moment conditions. Following analogous arguments, we also have Emg’j‘%(ﬁo) =
0, Em"%:(0y) = 0 and hence all represent valid moment conditions. Stacking miﬁ%(&), m‘f;’%(ﬁ)
and mf;%(&) together, we can obtain the vector of heteroskedasticity-robust (full information)

quadratic moments for the whole system as

Limited Information Quadratic Moments: If one ignores the cross-equation error struc-

ture in mJ (@), we can then obtain the following limited information moment vector for the g-th

equation:
- o -
L gvec [(ggvn(eg)/MATd [Rg,n(pg)sgg(/\v 5)]%;,711(/79)} 59771(&9)) ]
h=1
1 i PG
mg,n,R(‘gvg) = E L’)“gvec (€g7n(99)’MATd [Rg,n(pg)wp,nsgg(/\v 5)3;,11(,09)} 59771(69)) ]
L p=1,h=1
[ Q
L}, gvec (%m(eg)/MATd [quR;}L(Pg)] 5g,n(9g)) )
i 4=
) (2.42)

Observing that each element in m] , (6, g) is of the generic form Le, ,,(6,)'MAT, (Byg ) €9.n(6,)

and thus at 6,,, we have E%e’g’nMATd (ng,n) Egn = %tr(MATd (ngm) diag!* {aiwg}) =0
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q

gn.r(00,9) = 0 and thus represent valid quadratic mo-

where 0, o = E¢; gn€ign. Hence, Em
ment conditions under heteroskedasticity.

As known to the literature, GMM estimators based on both the linear and quadratic moments
may remain consistent when linear moments alone are insufficient in identifying parameters.
When identification through linear moments are weak, GMM estimators based on both the linear
and the quadratic moments may outperform those utilize only the linear moments. As remarked,

to ensure our GMM estimators remain feasible when sample size n gets large, we would consider

the approximated version of these moments, as discussed in the following section.

2.4.2 Approximated Moments

Recall that ]:Z\y/n in (2.32) involves inversion of an nG x nG matrix I, — B;ﬁ, and thus
may not be computable when n is large. This issue also plagues ML estimators, in light of the
scores (2.16) - (2.19). In general, estimators involves inversion of matrices whose dimensions
depend on sample size n could be computationally infeasible when n becomes large. To cope
with this problem, we approximate for the inverse by a geometric series of finite order .S, in
spirit to Kelejian, Prucha, and Yuzefovich (2004), and obtain approximated moment conditions
from the heteroskedasticity-robust linear and quadratic moments derived in above. We will adopt
these approximated versions of linear and quadratic moment conditions to construct the GMM
estimators, in order to overcome the computational issue involved with inversion of matrices

whose dimensions depend on sample size n.

Since S; ' (X, 8) = (Ing — B;;)‘1 with Bf = B!, ® I,, + (N, ® I,)(Ig @ W,,), one can
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approximate S (A, 3) with
SN B) = Ina + By + ...+ (By)®,

for S being finite.>* Following our notational conventions, we let S"94(), 3) denote the (h, g)
-th n x n block of SA()\,3) and S™4(),3) denote the h-th n x nG block of SZ(\,3), for
h,g=1,...,G.

Thus, the series approximation to Ey,, = S, 1(), )vec(X,,C) in defining the approximated

GSLIVE and GSFIVE estimators is expressed as

Note that by definition, Y, (4) and 7;771(5 ) in the matrix of instruments Z; ,(6) = [Y,,(9), 7;7n(6 ), Xyl
depend on y;,(¢). Thus, we denote the approximated versions of Y, (d) and ?;n(d) as Y54(0)

—e,A . . e e e —e,A
and Y, (0) and the approximated version of Z¢, (5) as Zo/'(0) = [Y5(0),Y ), (6), Xy] and

g,n
25(0) = diagl, { Z:4(0)}.
We also approximate R} (p) = (I, = > _— Pa.gMqn) ~! with some finite matrix polyno-

mial as:

RA = qug gn) ot qug an)

q€ly g q€ly,g
Approximated Linear Moments
In light of the linear moment conditions in Proposition 2 and equation (2.34), the (limited

information) linear moments with approximated instruments for the g-th equation can be written

24We find that a relatively low number of S would render rather accurate approximations. In our Monte Carlo
simulations, setting S = 15 makes approximation error to be at 10 — 6 scale.
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as

1

mlg’ﬁ(é,g) = Eng(é)/Rg,n(pg)leg,n(eg)'

(2.43)

Moreover, in light of equation (2.33), the vector of (full information) linear moments with ap-

proximated instruments is then

i ) = ~ 254 6) Ralp) (5

(2.44)

As will be shown in Section 2.5, m/% (6, g) and m/;"(#) will be used to construct the approxi-

mated GSLIVE and the approximated GSFIVE estimators.

Approximated Limited Information Quadratic Moments

For the limited information quadratic moments mgm’ r(0, g) in (2.42), its approximated ver-

sion is expressed as

L% e

q,A

mg:n,R(eﬁ g) = Ll)\,gvec

S|

L; JUec

Approximated Full Information Quadratic Moments

To obtain the approximated version of, say

£n(0) (5 @ L)MATD |Ru(p)(ige ® Si(A, B)) R
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(egm(@g)’MATd My (p)] 5g,n(eg))Q ]

-1
n

(Egm(eg),MATd [RQ,H(PQ)SZQ’A()H B)R;,n (pg)} ggm(gg))

q=1

(p)| €n(0)

G

h=1

|

(59,n(99)/MATd [Rgm(pg)wp,nsgg’A()‘a ﬁ)Rﬁn(PQ)] 59,n<99))

PG

p=1,h=1

(2.45)

|




n

in mZ%,(6), we would replace MATp (Ry(p)(ig.c ® S™(\, B)) R, (p)) with

MaTp [Ra(p)ig e ® SEA (N, ) RA(p)]

where R2(p) and S"+4(\, 3) are the approximated version of R, !(p) and S” (), 3) introduced

above. The approximated version of mi’%(@) in (2.39) is then given by

A 1 1 GG
mifi(0) = ~Livec [(en<0>'<z 9 LIMATS [Ru(9) SO0 )RR 0(6)) ] ,

h=1,9=1

(2.46)

Analogously, to obtain the approximated version of, e.g.,

en(0)'(2

® L)MATD | Bu(p) (i ® WynS (0 B) R (0)] 0 6)
in mf{%(@), we would replace the “middle matrix” with

MATp | Ru(p)(ige @ WyaSy (A, B)) By (p)]| -
The approximated version of mgzg (0) in (2.40) is then given by

MA
mgL,R (0)

e | (2a (7 @ LMATS [Ra(p)(in0 @ WSO )R] 20) |

SRS

L gvee | (057 LAty [ (p)ice © WSO DR 00)) ]

p=1,h=1

(2.47)
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Finally, for the element &, (0)' (S ® I,)MATp [igvgi’va ® quR;}L(p)} en(0) in my"5(0), we

replace the “middle matrix” with
MAT ) [ig,gi;,G ® quR;n(p)} :

and the approximated version of m{? (¢) in (2.41) is then given by

1 _ Q.G
m?ﬁﬁ’gA(e) = EL’pvec [(en(e)/(z e I,)MATp ig,Gi;,G ® quR;n(p)] en(9)> ] ,
q=1,9=1
(2.48)

Stacking mgﬁ;‘(e), m%’j{,A(e) and m%’gA(Q) together, we can obtain the vector of approximated

heteroskedasticity-robust (full information) quadratic moments for the whole system as

2.5 LIVE and FIVE Estimators for Network SEM

In this section, we define the limited and full information estimators based on the approxi-
mated linear moment conditions (2.43) and (2.44) as well as the approximated quadratic moment
conditions derived in the previous section. In particular, we define and present the implementation
steps of our GSLIVE and GSFIVE estimators for , (along with the efficient GMM estimators
for pg), as well as the One-Step GMM estimators LQ-GSLIVE and LQ-GSFIVE for 6.

Generic forms of the GSLIVE and the GSFIVE Estimators

Recall that the underlying form of the generic moment conditions defined in (2.28). The
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generic full information moment conditions are given by

1 _
E-—Z5(80) Rulp0) (27 (66) @ L) Ra(p0) (9 — Zadi) = 0. (2:49)
The generic limited information moment conditions are obtained by replacing 37! (6,) with

the identity matrix:

B2 (50) By (00) Ry (00) W — Zosog) =0, g=1,..G.  (@50)

As discussed in Section 2.3.2, the generic forms of full information and limited information IV

estimator can then be derived by solving for the sample analogues of equations (2.49) and (2.50),
respectively.?

Our GSLIVE and GSFIVE estimators are special cases of the generic limited and full in-

formation IV estimator obtained in this fashion. They are obtained by solving the estimator

generating equations implied by the heteroskedasticity-robust linear moment conditions in (2.43)

and (2.44), respectively. Specifically, the generic form of the GSLIVE estimator is given by

_ —1
6g,n = Zfﬁl(eo)lz*g,n@g,o)] ngiz(eo)ly*g,n<pg,0)a (2-51)

and the generic form of the GSFIVE estimator is given by

= —1
5n = thA(QO)/(Eal & [n)Z*n(pO)] Zf;zA<90)/<Eal & [n)y*n(pO) (252)

2 Specifically, the resulting generic forms of the limited information and full information IV estimators are ng/ =
[ng,n (Gn)IZ*g,"}71ng,n(9n)/y*g,n(ﬁg,n) and 0,, = [an(gn)/(zﬁl ® In)Z*n]ilzfn(an)/(Egl @ L) Ysn (Pn)-
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2.5.1 Limited Information Estimators

We now discuss, in a sequence of steps, the implementation details of the GSLIVE estimator
of d4 0 and a GMM estimator of p, o based on the first stage residuals. We will then also define the
One-Step GMM estimator of 0, (i.e., the LQ-GSLIVE estimator) that utilizes both the (limited
information) linear and quadratic moments.

Step 1a: GSLIVE estimator of J,

Let én be some consistent initial estimates of 6, e.g., the GS2SLS estimator considered in
Drukker, Egger, and Prucha (2022). We can then compute the Cochrane-Orcutt transformed ma-
trices Z.gn(Pgn) = Bgn(Pgn)Zgns fon(én) = Rg,n(/}g,n)zge,’f(gn) and y.g.n(Pg.n) = Rgn(Pgn)Yg.n-

In light of the generic form (2.51), our GSLIVE estimator for d,, can be defined as

. - 1 -
5g,n = [Z:’gjén(en)/z*g,n(ﬁg,n)] Zf;;?n(en)/y*g,n<ﬁg,n)- (253)
We shall also utilize the following estimator for the variance of the limiting distribution of ngn:

A ~ ~ -1
W33 (9) = Gy |7 25 0. 2558

*g,n *g,n

~

1

TPV A N _
where 649, = 1€} g With €5 = Ysgn(Pgn) — Zign(Pgn)gn-

Step 1b: Efficient GMM estimator of p, based on GSLIVE residuals

Lettg,, = Ygn— Zg,ngg,n denote the residuals of the gth equation based on GSLIVE estimate

A

g4, Obtained in Step 1a. In light of the moment vector mg’,ﬁ r(0,g) in (2.45), we can write the
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(limited information) sample moments with first stage residuals 4, as

~

Q
m? (Pg; Og.ny Pgny 9) = L/p,gvec [(%,nRg,n(pgyMATd Mq,nRﬁ,n(/}g,n) Rg,n(ﬂy)%m) ] :

q=1
(2.54)
The efficient GMM estimator of p, is then defined as
Pgn = argminmy, (pg, Sg,m Pg.ns 9),(@55771(9))_1“1%(/09’ 8g,n> Pgm>9), (2.55)

Pg

where \if’g)’g’vn(g) is an estimator of the VC matrix of the limiting distribution of the normalized

~

sample moments m”(pg, dg.n, Pgn,g). For r,s € I, , (where I, , is the index set defined in

Assumption 2), the rs-th element of \@557”( g) is given by

~2

N Oqan ~
fg,gg,n(g) :%tr (MATd [Mr,nRﬁn(pg7n):| (256)
/
(MATd [Mstgfn(ﬁg,n)} + MATy [Ms,nR;‘,n(ﬁg,n)] ))

~ ) ~
+ a/ m (g)ag,s,na

g7r7n gg7n
with

1

Qgrm =

~ /!
2o 00 (3T [V )] 4 90T (01,088,700 Rg,n@g,n)ag,n] -

Above expression of ¢)?? (g) is derived in light of Theorem 2 (and Theorem 5) in Drukker,

rs7gg7n

Egger, and Prucha (2022). Let \Ifgg’n( g) denote the asymptotic VC matrix of the sample moment

vector M2 (g, 0gn, fgm, ). As remarked in Drukker, Egger, and Prucha (2022), the second term
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in (2.56) stems from the fact that the sample moment vector depends on estimated residuals .
The LQ-GSLIVE Estimator

Complementing the approximated limited information linear moments (2.43) with the ap-

q,A

o, r(0, g) based on equation (2.45) and let 0,, denote some

proximated quadratic moments m

consistent initial estimate for 6, the vector of the linear-quadratic sample moments can then be

formed as

m,,(0,,0,,9)

Zgjﬁ(Sn)/Rg7n(ﬁg)/597n(eg)

G
(59,n(99)/MATd [Rg,n (/Sg,n)szg’A(S‘m BH)R;,n (ﬁgn)} 5g,n(99)> ]

LIB Juec
h=1

S|

i PG
L,A,gvec (%m(‘gg)/MATd [Rg,n(ﬁg,n)wp7nsﬁg’A()\na Bn)R;,n(ﬁg,n)} 5g,n(99)> ]

p=1,h=1

[ Q
Lj, yvec (sg,nwg)'MATd My 2 ()| sg,nwg)) ]

g=1

The corresponding efficient GMM estimator can be defined as

HAgﬁLQ,n = argminmg,(6,, 9~n, g)'(\ffgg,n(g))_lmg’n(%, én, 9), (2.57)

by

where U, ,,(g) denotes an estimator for the asymptotic variance covariance matrix of normal-

ized sample moments /nm,,(8,,6,,g). Specifically, let the residuals be &,,, = Yugn(fgn) —
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Zegn(Pgn)0gm and Ggp = L L& Egn- The estimated VCV matrix is then

where

o n e A ~ ~ e n
\Di;g 2(9) = %Zg:g‘(Qn)/Rg,n(pg,n),Rg,n(ﬂg,n)zgﬁ(en)

is the block corresponding to the linear moments and

Vol(9) Uin(e) Wor.(9)

g99,mn gg,n gg9,n

Wion(9) = | WY (g) UM (g) T ()

g99,n gg,n gg9,n

Vot (9) Woe(9) Wt .(9)

gg.n g9,n

is the block corresponding to the quadratic moments.

For completeness, the explicit expression of each block in ¥ 7,n(g) are discussed in Chapter

A.3. Due to limited space, we only present the general forms of the individual elements in

U2 (g) in below.

99,m

A typical element in U58 (¢) is of the form

g9,n

~2

o
N

—I9 e

n (MATd [Rg,n(ﬁg,n)smgA( na/Bn) (ﬁgm)} (MATd [Rg,n@g,n)smg/‘( n)ﬁ“) (ﬁgm)]

FMAT, [Rg,n(ﬁg,n)sngf‘(ﬂn,Bn)R;n(ﬁg,nﬂ )) ,
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where 71,15 € {1,...,G}; a typical element in U2 (g) is of the form

~2

Mtr (MATd [Rg,n(ﬁg,n)STlgA( nyﬁn) (ﬁg,n)} <MATd [Rg,n(ﬁg,n) ST29A< ”’ﬁ”) (ﬁg’n)]

n

+MATq [Rg7n<ﬁg,n) Srng( naﬁﬂ) (ﬁgn)]/>) )

where 7,79 € {1,...,G},p € {1,..., P}; atypical element in \Ilggn( ) is of the form

~2

Mtr (MATd [Rg,n(ﬁg,n>STgA( naﬁﬂ) (ﬁgJL)] (MATd [Mq:”Rﬁn(ﬁg’”)} + MATq [Mq’nR;’n(ﬁg’n)})) ’

n

where r € {1,...,G}, ¢ € {1,...,Q}; atypical element in \Ifggn( ) is of the form

~2

Tg9.n = T1 Y A3 P = T2 Y A3 5
&tr (MATd [Rg,n(pg,n>wp17nsn g’A(/\m 5“)R§‘,n(pg7n)] (MATd [Rg,n(pgm)wm,nsn g’AO‘m ﬁn)Rﬁn(pgﬁ)]

n

+MATy [Rg,n<ﬁg,n)wp2 nSngA( mﬁn) gn(pg n>i|/)> ;

where 71,79 € {1,...,G}, p1,p2 € {1, ..., P}; atypical element in \I/ggn( ) is of the form

~2

o B e AT .
P01 (T Ry () W2 o B e )]

n

/
(MATd [Mq,nRﬁ n(ﬁg,n)] + MATy [Mq,nRﬁn(ﬁg,n)} )) ;

where r € {1,...,G},pe {1,...,P}and q € {1,...,Q}; a typical element in \Ilggn( ) is of

the form

~2

Tg9.n M A (= M A (=~ M A=
. tr | MATy | Mg, n Ry, (Pgn) | | MATy | Mg, n Ry, (Pgin) | + MATy | Mg, n Ry (Pg.n) ,
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where ¢1,q2 € {1,...,Q}.

2.5.2 Full Information Estimators

We now define, in a sequence of steps, the implementation details of the GSFIVE estimator
of 6y and a GMM estimator of py based on the first stage residuals. We will then also define
the One-Step GMM estimator of 6, (i.e., the LQ-GSFIVE estimator) that utilizes both the (full
information) linear and quadratic moments.

Step 2a: GSFIVE estimator of )

As in above defining the limited information estimators, let 0,, be some consistent initial
estimates of 6. We can then compute the Cochrane-Orcutt transformed matrices Z,,(p,) =
Ro(pn) Zns Z5M0,) = Rp(pn)Z(0,) and un(pn) = Ru(pn)yn. In light of the generic form

(2.52), our GSFIVE estimator for d, can be defined as

2 ~ ~ -1 ~ ~
O = |ZEMN0Y (57 © L) Zenlfn)| 25000 (571 © L)yn(pn)  (258)

where the gh-th element of 33,, is given by Gy = =/ Eppn ad €y = Yugin(Dgn) = Zign(Pgin)Ogin-

We shall also utilize the following estimator for the variance of the limiting distribution of O

-1

W = |n 71 ZeAN0,) (57 @ L) Z5A0,) |

with the gh-th element of 3, being 3gh7n = %ggynaﬁh’n with gg,n = Yugn(Pgn) — Z*gm(ﬁg,n)gg,n.
We denote the (g, 2)-th blocks of W% as ‘i’ff,i,n-

Step 2b: Efficient GMM estimator of p based on GSFIVE residuals
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Let ﬁg,n = Ygn — nggg,n denote the residuals of the gth equation based on the GSFIVE
estimate 0,, obtained in Step 2a, and égyn(pg) = Rg,n(pg)ﬁgm. In light of the moment vector
(2.45), we can then write the (limited information) sample moments with first stage residuals

Ug.p aS

- Q
m? (g, 0g.ns Py ) = L;,gvec [(ﬂ'ngg’n(pg)'MATd Mq,nRﬁn(ﬁg,n) Rg,n(Pg)ag,n> ] .

q=1
(2.59)
The efficient GMM estimator of p, is then defined as
5.%” = argminm (pg; 59 ) pg,n; g) (\Ilgg7 (g))ilmfxpg’ 89,117 ﬁg,?ﬁ g)7 (260)

Pg

where \Iﬂg”g’ () is an estimator of the VC matrix of the limiting distribution of the normalized

~

sample moments m” (py, 8¢ n, Pgn,g). For r,s € 1,, (where I, , is the index set defined in

Assumption 2), the rs-th element of \ifg'z’n( g) is given by

rs,gh, n

2 o ghntr (MATd M, R2 (5, n)} (2.61)

(MATd [ w(Pam } + MAT, [Ms,nR;n(ﬁg,n)}/)>

~

00 A
g,r n‘I]gh n®h,sn;

with

N 1
Qgrm =

ZeA B (Mm My (Py) |+ MATG | Mo B3k ()| ) Rg,n@g,n)ég,n] .
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The LQ-GSFIVE Estimator

Complementing the approximated full information linear moments (2.44) with the approx-

imated quadratic moments mf{ﬁ{‘(@) based on (2.46) - (2.48) in Section 2.4.2, the vector of the

linear-quadratic sample moments can then be formed as

~ ~ !/

mn(67 6”) = mfm(a én>,7 m2<97 én)/7 m2<67 en)/v me(Q, ﬁn)/ )

where 9~n denotes some consistent initial estimates of ). The vector of (approximated) linear

sample moments is

mn(07 gn) = _ZEVA( n)/Rn(ﬁn)/(i;1 ® In)gn(g)a

and the vectors of (approximated) quadratic sample moments are

mg(ﬁ, én) = EL%UGCR

where the gh-th elements in 3, is givenby 7,5, = %é:;,néhm withé,,, = y*gvn(ﬁn)—Z*g,n(ﬁn)S

1

g

(5n 0577 & LTS [Ralpu) s © Wy Ui B RG] n6))

<€n(9),(i;1 ® I,,)MATp [R;L(ﬁn)ﬁG,G 0y meSg"A(S\n, Bn))Rﬁ(/;n)} gn(e))
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[(enw)'(igl 9 LIMATS [R(n) iy 814G BRG] 20(0))

G,G

Koy

PG

p=1,h=1

g=1,h=1

PG ]

p=1,h=1

|

|




and

~ 1 / /(N — . ./ ~ “Q
m (0, pn) = EvaecR [(an(ﬁ) (3, ® L)MATp |igcil o ® quR;‘m(pn)} 5n(9)) ] :

g=1,4=1

The corresponding efficient GMM estimator can be defined as

O10., = argminmy, (6, 6,) U m, (6, 6,) (2.62)
0

where W,, denotes an estimator for the asymptotic variance covariance matrix of normalized

sample moments /nm,, (6, ,,). Specifically,

where

] S Al
\Ifln - EZ;?A(@n) Ry, (pn) (an ® In)Rn(pn)ZﬁA(en)

is the block corresponding to the linear moments, and the block corresponding to the quadratic

moments is of the form

G5 G G
4 — BN AN A

o,
O U T

with each sub-matrix consists of G x G sub-blocks.

For completeness, the explicit expressions of each block in \I/% are given in Chapter A.3.
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Due to limited space, we only present the general forms of the individual elements in \ng in below.

A typical element in the gh-th block of @55 is of the form

n

Lir (MATD | R ig.c @ S5 (s B B2 () (MATD R inc @ 572 O, o) B )|

(5 @ LIMAT) [Ru(3) (e © S (B B R ()] (5" & m)) ,

for 1,75 € {1,...,G}; a typical element in the gh-th block of ¥#* is of the form

%tr (MATD | Ra(fu) i ® S74 (v B) Bk ()] (MATD B (i © Wy S22 (s B )R ) |

(50 ® LOMATS [Ru(3) (6 © Wy (R, Bu) RAG) | (571 @ m)) :

for 1,79 € {1,...,G}, p € {1,..., P}; a typical element in the gh-th block of \ifﬁp is of the

form

1 o\ A3 N .. N
~tr <MATD [ Ba(fn)ig.c @ S O, B) R ()| <MATD [in.cit © My Rt (5nn)

~ I~
+(Xn @ I)MATp [ih,ciz,g ® Mq,nRﬁ,n(ﬁh,n)} (PImpe m)) :
forr € {1,...,G}, g€ {1,...,Q}; atypical element in the gh-th block of W>* is of the form

~tr (MATD [Rn(,on)(lg,c ® Wi, ST (A, ﬁn))Rf}(pn)] (MATD [Rn(pn)(lhg ® Wiy S™ A (An, Bn)) RA ()

(S0 © LIMATD [Ra5a) (06 © Wynn 724 O ) B ()] (51 @ m)) ,

for ri,7o € {1,...,G}, p1,po € {1,..., P}; a typical element in the gh-th block of U** is of
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the form

n

1 R AT 3 . .. .

—tr (MATD R ig.c @ Wi S O B) R (50| (MATD [t @ My R ()|
~ e

+<En & In)MATD |:ih,Gi;L7G & Mq,nR}Iin(ﬁh,n)] (2;1 & In))) )

forre {1,...,GY,pe{l,...,P}, g€ {1,...,Q}; atypical element in the gh-th block of ¥’

is of the form

1 . . . -
EtT (MATD [lg,Gllg,G ® MqhnR;,n(pg,n)} (MATD [lh,GI;z,G ® Mq2,nR£,n(ph,n)]

~ [
+(Xn ® 1,)MATp [ih,ciz,g ® Mq2,an,n(ﬁh,n)] S ® LJ)) :
for 41,92 € {17 R Q}

2.6 Identification Condition

To discuss the identification conditions via the linear moment conditions, we consider the
following general system of G equations with spatial lags in both the endogenous variables and
the disturbance process. Some parts of the discussion follow closely the relevant discussion in
the Appendix F of Drukker, Egger, and Prucha (2022). Recall from (2.4) that the stacked system

can be written as

Up, = FPyuy, + en,
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where B} = (By® I,,) + (A @ I,)(Ig @ W,,), Cf = C) @ I,,, and Py = (P} ® I,)(Ig ® M,,).*®
Assuming invertability of S, (Ao, 5o) = In¢ — B and R, (po) = I.c — Py, the reduced form of

the system is given by

Yn = 57:1()\0, 60) (ngn + un) 5

Un = Rrjl (P0)5n~

The assumption on ,, implies Ec,, = 0 and E¢,.¢/, = ¥(®[,,, the expected value and the variance

of y,, are given by

n — Sgl()\07 60)081."’ (263)

Var(y,) = S, (Ao, Bo) Ry, (p0) (S0 ® L) Ru(p0) ™" Sw(o, Bo) ™" (2.64)

Recall that 7, ,, = [ng,ng, X, | and thus the best instruments for Z, , isEZ,,, = |EY, ., EY ., X, .|
In light of the linear moments mlg’n (0) in (2.26) as well as those in Drukker, Egger, and Prucha
(2022), we let H, ,, denote (generically) the matrix of instruments for the linear moments corre-

sponding to the g-th equation. The linear moments conditions then follow the general form

EH! ug, = 0.

*0As before, we let Y, = [¥] s> Y p)'s Un = (W) ps- .- u,) and e, = [¢] ,,. .., €)' be the stacked
vector of the endogenous variables, the disturbances of the structural equation and the disturbances, respectively.
Let v, = [¥} ,,,..., 2% ,]" denote the stacked vector of the K exogenous variables. The parameter matrices By =
(big,0)axc (simultaneous effects), Ag = (M\ig,s,0)Paxc (spatial autoregressive parameters), Cy = (cig,0) K xG
(parameters on exogenous variables), and Py = (pg.4,0)Qcxc (spatial autoregressive parameters in the disturbance
process) are defined conformably.
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Recall that ug,, = Yg.n—Zg 04,0, Where d, o denotes the vector of (true) structural parameters
appear in equation g, it then follows that the linear moments can be written as EH| ug ,,(dy) =
EH , (Ygn — Zgndy) = BH, (Ugn — Zgn(dg — 640)) = H, ,EZ, (640 — Jg). In line with
Kelejian and Prucha (1998), the identification based on linear moment conditions for the g-th
equation requires H; ,EZ, ,, to have full column rank, which in turn requires that EZ, ,, to be of
full column rank.?’” To provide guidance on where this condition may fail, we next discuss two

such scenarios.

2.6.1 Scenariol

In this scenario, let us first consider the extreme case that the model does not contain any
exogenous variables, i.e., Cp = 0. As such, Ey, = 0 by (2.63) and thus EY,,, = 0, E?gm =
0. It then follows that EZ, , = |Ey,,, E?Q,n, X g,n] is not of full column rank. This in turn
implies that H, , EZ,,, is not of full column rank and thus the linear moments cannot identify
all structural parameters d, . Apart from a complete failure of identification by linear moments
under this scenario, we expect the estimators based only on linear moment conditions to perform
poorly, when the parameters of the exogenous variables are “small”. Since the values of the
elements in Cj depend on the chosen units of measurement of the exogenous variables, it seems
intuitive that “small” is best interpreted as to correspond to a small ratio of the variance (signal)
stemming from the exogenous variables to the variance (noise) of the disturbances. As such, we
expect the identification via linear moments to be strong (weak) when the signal to noise ratio is
large (small).

In addition to the linear moments, the quadratic moments may help identify (some) of the

?TTo avoid under-identification cases, we assume implicitly rank(H, ) > rank(Z, ).
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parameters. To see this, note that Var(y,,) in (2.64) is still a function of structural parameters
even if Cy = 0. For contributions on identification with the help of quadratic moment conditions,
see, e.g., Lee (2007) and Kuersteiner and Prucha (2020) within a single equation framework, and
see , e.g., Liu (2014, 2019, 2020), Liu and Saraiva (2019), and Yang and Lee (2017, 2019) for

contributions within a systems framework.

2.6.2 Scenario 11

In addition to low signal-to-noise ratio described in Scenario I, one may also encounter the
following weak identification scenario in empirical applications when allowing for spatial lags
on X,,. For the ease of illustration, we consider the following two-equation model without spatial

lags in the first equation

Yin =b21Y2n + C11T10 + C21T2n + €313 + €10 (2.65)

Yo.n =b12Y1.n + [)\22,1W1,n + /\22,2W2,n} Y2.n T Cr2Tan + C82T5n + Co2Tg pn + E2n

Pre-multiplying both sides of the first equation by (7,, — A11,1W1,,) and collect the terms, we can

obtain

Yin =b21Y2n + M1 i Winyin + A aWinlon

+ ey + %2, + 3123, + cai Wi n 10 + 51 Wi a0 + ce1 Wi 23, + 01, (2.66)
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with vy, = (£, — A11.1 Wi, )€1, and the following parameter restrictions satisfied simultaneously

>\21,1 = —>\11,1b217 Cq1 = —)\11,1611, Cs1 = —>\11,1021, Ce1 = —)\11,1031- (2.67)

The first equation of model (2.65) and (2.66) are observationally equivalent given above parame-
ter restrictions and hence the spatial parameters \1; ; and Ag; ; are not identifiable. In connection
to our discussion at the beginning of Section 2.6, note that under model (2.66), the best instru-

ment for 7, ,, is

EZLn = [Eyzm Wl,nEyl,nu Wl,nEyZ,n;Xl,n7 Wl,nXl,n} )

where X, ,, = [xlﬁn, T2, I‘gm}. Under (2.65), W1 ,Ey1 5, = bai W1, Eys,, + W1, X1 71 where
y1 = [c11, €21, €31]', and thus EZ, ,, is in general not of full column rank.

In light of above discussion, any point in the parameter space satisfying the parameter re-
strictions in (2.67) constitutes a “non-identification” point. It is of interest to explore the finite
sample performance of the estimators under both the strong and the weak identification cases,
i.e., when the true parameters values are far away from and close to these “non-identifications”

points. To do so, let

Ao = —(A1a + v)boy

e = —(M11 +v)en
cs1 = —(M11 + v)ea
ce1 = —(M11 + v)es,

where the parameter v governs the size of deviation from the corresponding “non-identitfication”
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points. Larger value of v corresponds to a point in the parameter space further away from the
“non-identification” point and hence the identification through linear moments based on X, and
spatial lags of X, are expected to be stronger than those cases with smaller ©’s. Specifically,
Aa11 = —(A11,1 + v)bey indicates a point deviates from the “non-identification” in the “negative”
direction of Ay 1 with size vbyy; ¢y = —(A11,1+7)ck—31 indicates a point deviates from the “non-
identification” in the “negative” direction of c;; with size vc,_3 1, for k = 4,5, 6. In general, the
strength of identification via linear moments depends on the size of deviation and much less so

on the sign of deviation.

2.7 Monte Carlo Simulations

We investigate the finite sample property of the proposed estimators and compare their per-
formance with several existing estimators in the literature, under both the strong and weak identi-
fication cases. Corresponding to the discussion in Section 2.6, we consider two scenarios where
weak identification issues could arise. Scenario I is designed to compare the performance be-
tween estimators under high and low signal-to-noise ratio. We do so by varying the size of
parameters on the exogenous variables X,,. Note that Scenario I is in line with the weak IV
cases that arise in empirical applications. Scenario II extends on the case considered in, e.g.,
Kuersteiner and Prucha (2020), that identification becomes weak when near the “singular point”
in the parameter space. Due to space limitation, we will focus on the strong and weak identifica-
tion cases under homoskedasticity as well as the strong identification case with heteroskedastic
disturbances in this section. In Chapter A.4, we document results on additional robustness tests,

including cases with an alternative design of spatial weight matrices as well as correlated exoge-
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nous variables.

For the purpose of comparison, in addition to the GSLIVE, the GSFIVE, the LQ-GSLIVE
and the LQ-GSFIVE estimators considered in this dissertation, we also report the finite sample
performance of the (quasi)-maximum likelihood estimator (MLE), the generalized spatial 2SLS
(GS2SLS) that was first introduced in Kelejian and Prucha (1998) and the generalized spatial
3SLS (GS3SLS) that was first introduced in Kelejian and Prucha (2004) but extended to the
simultaneous equation SARAR model of higher order spatial lags in Drukker, Egger, and Prucha
(2022). We would also implement the linear quadratic GS2SLS (LQ-GS2SLS) and the linear

quadratic GS3SLS (LQ-GS3SLS) that were considered in Drukker, Egger, and Prucha (2022).

2.7.1 Data Generation Process

We next describe the way we generate the exogenous variables xy, ,,, the disturbance vector
£n, as well as the spatial weight matrices.

Exogenous Matrix: Let n denote the sample size. We generate a n X 6 exogenous matrix
Xy = [T1n,T2m, .., Ten) as follows. Elements in X,, are generated with i.i.d. normal distri-
bution with mean p, = 1 and variance o0, = 1 for 7 = 1,...,6 and the columns in X,’s are
uncorrelated. The X, is generated once for all Monte Carlo experiments.

Disturbances: In the Monte Carlo simulations, we consider two equation systems (i.e.,
G = 2). We generate the n x 2 disturbance matrix F, = [517,1,527”} as follows. Let g; , =
[€i1.n, €i2.n) be the i-th row of E,,. The ¢; ,, are generated i.i.d. normal in ¢, with mean p. = 0
and variance o. = 1. In addition, we set the covariance between the i-th element in €, 5, and €2,

to be 0.5 fori = 1,...,n (i.e., cov(g;1,e2) = 0.5 fori = 1,...,n). We generated 500 different
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E,, = [e1,n,€2,,] for the 500 Monte Carlo trials in total.

Spatial Weight Matrices: We consider the North-East modified-rook design in Arraiz,
Drukker, Kelejian, and Prucha (2010) but adapt to the current model with second order spatial
lags. For the convenience of readers, we repeat the details of their design in the following.

First, consider a matrix in terms of a square grid with both the x and y coordinates only
taking on the discrete values 1, 1.5, 2, 2.5, ..., m. Let the units in the northeast quadrant of
this matrix be at the indicated discrete coordinates m < x < m and m < y < m, where m
can be seen as a cut-off value. Let the remaining units be located only at integer values of the
coordinates: x = 1,2,...,m —landy = 1,2,...,m — 1. Under this construction, the number
of units located in the northeast quadrant is inversely related to the cut-off value m. As such, we
refer to this matrix as a north-east modified rook matrix. For clarity, we illustrate such a matrix

for the case in which m = 2 and 7 = 5. and with the units indicated by the starts:

5.0 * * x| ok | ok | ok | %

4.5 x | o | ok | x| %

4.0 % * * * * * *

3.5 x| ok | ok | ok | %

3.0 % * S I e O

2.5

20| * * * * *

1.5

1.0] = * * * *
1.011.512.0(25]3.0]35[4.0[45 5.0
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To generate spatial weights matrices W, ,, and W ,,, we first define the measure of Euclidean
distance between any two units, ; and i», that have coordinates (x1, y;) and (2, y2), respectively,
as

A(in,i) = (o1 = 22)” + (1 —0)?]""

Given this distance measure, we define the (7, j)-th element of our row normalized weights matrix

Wi, as

n
— * *
wij1 = wj;/ Z Wigs
1=1

where w}; = 1if 0 < d(i,i2) < 1 and w}; = 0 otherwise; (4, j)-th element of our row normalized

weights matrix W5, as
n
* *
wije = wi;/ Y wh,
=1

where wj; = 1if 1 < d(i1,is) < 2 and wj; = 0 otherwise. We further set M;,, = Wy, and
M., = Wy,,. For our experiment, we consider the case in which m = 5 and m = 15 and thus
the sample size is n = 486. In this specification, the North-East (NE) sector accounts for about

75% of the units in the sample.

2.7.2 Implemented Estimators

To avoid confusions, we list the considered estimators in the experiments along with their

notations appear in Table 2.1 - Table 2.7.
1. ML estimator, 0 ML

2. GS2SLS 6 and GMM estimator p considered in Drukker, Egger, and Prucha (2022), de-
noted as Oggosrs = [5’, s
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3. GS3SLS g and GMM estimator /3 considered in Drukker, Egger, and Prucha (2022), de-

noted as fgg3sr5 = [0, i &
4. Approximated GSLIVE éGS rive in (2.53) and the GMM estimator for p, in (2.55);
5. Approximated GSFIVE éGS rrve in (2.58) and the GMM estimator for p, in (2.60);
6. LQ-GS2SLS éLQ,GSQ srs considered in Drukker, Egger, and Prucha (2022);
7. LQ-GS3SLS éLQ,ngs s considered in Drukker, Egger, and Prucha (2022);
8. Approximated Linear-Quadratic GSLIVE Lo-csoive in (2.57);

9. Approximated Linear-Quadratic GSFIVE 0 Lo-Gsrive 1n (2.62).

As discussed, the (LQ-) GSLIVE and (LQ-) GSFIVE estimators considered in this disserta-
tion require some initial estimates. In the Monte Carlo simulations, we use the GS2SLS estimates
as the initial estimates for the GSLIVE, and then use the GSLIVE estimates as the initial esti-
mates when implement the GSFIVE. Analogously, we use the LQ-GS2SLS estimates as the initial

estimates for the LQ-GSLIVE, which in turn serves as the initial estimates for the LQ-GSFIVE.

2.7.3 Performance of Estimators under Strong and Weak Identifications Sce-
nario [

In light of our discussion in Section 2.6.1, it is of interest to compare the performance of the
proposed estimators under both the strong and weak identification set-ups. In the following, we

suppress subscript n in the following where not necessary.
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Model Specification: The model considered in the experiment is given by

Y1 =ba1y2 + [)\11,1W1 + )\11,2W2] Y1+ C11T1 + €12 + €313 + Ui,
Y2 =b12y1 + [>\22,1W1 + )\22,2W2] Yo + C40T4 + C52%5 + CoaTg + U2,

Ug = [pglwl + ngWﬂ Ug + €g, g = 1a 2.

For simplicity, we denote ¢ = [c11, Ca1, ¢c31]) and co = [ca2, C52, Co2)’. In the simulations,
we experiment with both ¢; = co = [1,1,1] and ¢; = ¢y = [0.4,0.4,0.4]", corresponding
to the high and low signal-to-noise ratio cases. We expect the identification power of linear
moments would be weakened in the latter case. Therefore, we refer to the former case as the
strong identification case and the latter case as the weak identification case in Table 2.1 - Table
2.3 below.

Parameter Space:

AW+ A o Wo bar I,
Recall that S(\, 8) = I, — B* where B* =
bia 1, Ao2 1 W1 4 Aag oW
puuWi + pr1aWo 0
and R(p) = Iy, — P* where P* = . For the reduced
0 paWi + paaWo

form (2.5) to exist, we need to ensure the existence of S(\, 8)~' = > 7 (B*)" and R(p)~! =
> o (P*)", which in turn requires ||B*|| < 1 and ||P*|| < 1 for some induced norm. Row-
normalized W; and W; imply ||[Wi||oc = 1 and ||W3||e = 1, where || A||~ gives the maximum

absolute row sum of A,,. To ensure || B*||» < 1, we need to restrict
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[|bor 1, + A Wi+ )\11,2W2||oo < |baa || Ln|se + |)\11,1H|W1||oo + |/\1172|||W2||oo
= |bo1| + [A111] + [A112] < 1,

[1b12Ln + Aa2 1 W1 + A2 aWalloo < 012|100 4 [A22.1 ||| Willoo + [A22.2/]| W2 |

= |bya| + |Aa2.1| + [A222] < 1.

This is equivalent to require

max{|bai| + [A11] + |[A12], [bia] + [Ao21] + [Aa22]} < 1. (2.68)

The inequalities follows from triangular inequalities for matrix norms. Similarly, to ensure

|| P*||o < 1, we need to restrict

P11 W1 + p1aWalloo < |puill[Willoo + |p12]|[Walloe = |p1| + |p12] < 1

and

P21 W1 + p2oWalloo < |p2a1l|[Willoo + |p22||[Walloo = |p21| + |p22] < 1

This is equivalent to require

maz{|p11| + |p12|, |p21| + |p22]} < 1. (2.69)

In light of above, we consider the following parameter combinations
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1. le € {—0157015}, b12 = 03

2. Mg € {—0.3,0,0.3,0.5}, A1y 2 € {—0.2,0,0.2}

3. )\2le == 03, )\2272 == 015

4. P11 S {—02, 02}, P12 = 0.1

5. P21 = 01, P22 = 0

Note that the inequalities (2.68) and (2.69) are satisfied with above parameter sets. These

parameter choices constitute 48 different experiment settings for each of the weak and the strong

identification cases and thus 96 experiments in total. Due to the limited space, we report the

Monte Carlo results for each case of ¢; = ¢, = [1,1, 1]' (i.e., the strong identification case) and

c1=co=104,04, 0.4]' (i.e., the weak identification case) with the three parameter constella-

tions in the tables below

Table 2.1 Table 2.2 Table 2.3

by1 = 0.15 b2 =0.3 bs1 = 0.15 b2 =0.3 be1 = 0.15 b1 = 0.3
Mt =03 Aio=02 | Au=05 Apa=02 |A1=-03 Ans=—02
Moz1 = 0.3 Mmoo =015 | ooy =03 Moo =015 | Aoy =03 Ao =0.15
p11 =02  pp=0.1 p11 =02  pp=0.1 p1i1 =02 p12 = 0.1
p21 = 0.1 p22 =10 p21 = 0.1 p22 =10 po1 = 0.1 paz =0

We report the Median and the RMSE of the obtained estimates based on 500 Monte Carlo

repetitions. Following, e.g., Kelejian and Prucha (1998), the RMSE is calculated as RMSE =
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[bia52 +1Q/ 1.35} 2. where the bias is the absolute difference between the median of the em-
pirical distribution and the true parameter value, and IQ is an inter-quantile range. That is,
1Q) = c; — ¢ where ¢; is the 0.75 quantile and ¢, is the 0.25 quantile. Note that if the dis-
tribution is normal, the median is equal to the mean and 7()/1.35 is approximately equal to the
standard deviation. As mentioned in Kelejian, Prucha, and Yuzefovich (2004), an important fea-
ture of this modified RMSE measure is that it is based on quantiles which always exist. The
standard measure of the root mean square error is based on the first and second moments which,
as pointed out by Kelejian and Prucha (1999) among others, may not always exist. Thus the

standard measure may not be well defined.
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Table 2.1: Median and RMSE of Scenario I, homoskedasticity, Parameter Constellation 1

Strongi.d. TRUE| 0y, Ocsasns Ocs3sis fosLive basrive éLQ—GSZSLS gLQ—GSSSLS éLQ—GSLIVE éLQ—GSFIVE

Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE

by 0.150] 0.149 0.024 0.165 0.029 0.153 0.026 0.150 0.026 0.150 0.025 0.151 0.026 0.147 0.025 0.151 0.025 0.151 0.025
A1, 0300 0301 0.052 0.307 0.067 0.303 0.061 0.303 0.057 0.300 0.053 0.309 0.065 0.300 0.059 0.304 0.057 0.302 0.054
A112 0.200| 0.201 0.050 0.186 0.068 0.197 0.061 0.198 0.057 0.201 0.052 0.191 0.060 0.206 0.058 0.198 0.057 0.200 0.052
p11 0.200| 0.190 0.099 0.182 0.112 0.191 0.110 0.187 0.106 0.193 0.102 0.175 0.110 0.190 0.105 0.192 0.109 0.195 0.100
p12 0.100| 0.069 0.123 0.101 0.128 0.092 0.128 0.067 0.131 0.073 0.128 0.096 0.123 0.091 0.130 0.097 0.136 0.094 0.118
b1 0.300] 0.298 0.021 0312 0.024 0.299 0.022 0.299 0.021 0.299 0.022 0.298 0.022 0.298 0.022 0.300 0.021 0.302 0.021
X221 0.300| 0.299 0.052 0.295 0.068 0.298 0.057 0.293 0.061 0.297 0.052 0.300 0.067 0.292 0.057 0.295 0.063 0.296 0.054
X222 0.150| 0.157 0.056 0.145 0.066 0.152  0.063 0.157 0.063 0.156 0.057 0.151 0.063 0.160 0.058 0.155 0.065 0.155 0.056
po1 0.100] 0.089 0.096 0.084 0.121 0.092 0.113 0.087 0.106 0.085 0.104 0.086 0.117 0.096 0.117 0.097 0.118 0.099 0.102
p22 0.000(-0.043 0.150 -0.018 0.162 -0.026 0.163 -0.043 0.161 -0.043 0.165 -0.016 0.162 -0.020 0.168 -0.022 0.168 -0.021 0.144

Weak i.d. TRUE| 0y, Ocsasns Ocs3sLs fosLive basrive éLQ—GSZSLS éLQ—GSSSLS éLQ—GSLIVE éLQ—GSFIVE

Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE

by; 0.150| 0.149 0.059 0.227 0.093 0.180 0.069 0.153 0.064 0.154 0.064 0.157 0.060 0.138 0.067 0.163  0.060 0.156 0.062
A1 0.300| 0.308 0.125 0.347 0.214 0.347 0.235 0.307 0.142 0.307 0.137 0.325 0.166 0.320 0.162 0.305 0.138 0.305 0.129
A2 0.200] 0.197 0.123 0.089 0.216 0.141 0.222 0.200 0.146 0.191 0.132 0.154 0.152 0.186 0.147 0.180 0.142 0.188 0.127
p11 0.200| 0.183 0.149 0.120 0.239 0.132  0.241 0.183 0.180 0.191 0.166 0.127 0.191 0.156 0.184 0.190 0.174 0.195 0.153
p12 0.100| 0.077 0.163 0.194 0.219 0.140 0.212 0.061 0.195 0.074 0.182 0.127 0.184 0.097 0.191 0.108 0.172 0.102 0.165
bio 0.300] 0.296 0.052 0.366 0.082 0.314 0.061 0.299 0.053 0.302 0.056 0.302 0.054 0.296 0.064 0.308 0.055 0.306 0.054
Ag21 0300 0.294 0.122 0.296 0.196 0.307 0.213 0.284 0.152 0.291 0.137 0.298 0.148 0.292 0.151 0.286 0.153 0.288 0.124
X222 0.150| 0.158 0.131 0.095 0.191 0.120 0.203 0.169 0.150 0.158 0.146 0.145 0.141 0.164 0.140 0.148 0.157 0.158 0.133
po1 0.100] 0.092 0.163 0.078 0.229 0.078 0.260 0.100 0.213 0.091 0.185 0.092 0.196 0.108 0.204 0.107 0.210 0.102 0.167
p22 0.000(-0.051 0.194 0.018 0.208 -0.009 0.220 -0.053 0.228 -0.050 0.228 -0.017 0.192 -0.044 0.205 -0.024 0.222 -0.026 0.193

! Results are based on 500 Monte Carlo trials with sample size n = 486; 0. = 1.
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Table 2.2: Median and RMSE of Scenario I, homoskedasticity, Parameter Constellation 2

Strongi.d. TRUE| 0y, Ocsasns Ocs3sis fosLive basrive éLQ—GSZSLS gLQ—GSSSLS éLQ—GSLIVE éLQ—GSFIVE

Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE

by 0.150] 0.149 0.025 0.165 0.029 0.153 0.026 0.150 0.026 0.150 0.025 0.151 0.026 0.147 0.025 0.151 0.025 0.151 0.025
A1, 0.500( 0.501  0.050 0.521 0.067 0.513 0.062 0.503 0.057 0.503 0.051 0.520 0.065 0.507 0.060 0.502 0.055 0.502 0.052
A1z 0.200| 0.202 0.047 0.171 0.068 0.187 0.057 0.201 0.054 0.200 0.049 0.180 0.061 0.196 0.054 0.198 0.055 0.200 0.047
p11 0.200| 0.191 0.099 0.160 0.122 0.177 0.116 0.184 0.111 0.196 0.102 0.163 0.116 0.181 0.112 0.193 0.116 0.197 0.099
p12 0.100| 0.070 0.122 0.110 0.124 0.098 0.125 0.070 0.129 0.072  0.127 0.107 0.123 0.099 0.125 0.097 0.128 0.091 0.117
b1z 0.300] 0.299 0.021 0.310 0.023 0.298 0.021 0.298 0.021 0.299 0.021 0.299 0.021 0.298 0.022 0.300 0.021 0.302 0.020
X221 0.300| 0.298 0.053 0.295 0.070 0.302 0.057 0.295 0.062 0.298 0.051 0.300 0.067 0.294 0.058 0.296 0.063 0.297 0.053
X222 0.150| 0.155 0.055 0.142  0.066 0.149 0.060 0.159 0.060 0.154 0.055 0.148 0.064 0.157 0.058 0.153 0.062 0.154 0.054
po1 0.100] 0.087 0.098 0.081 0.120 0.085 0.116 0.084 0.109 0.084 0.103 0.086 0.117 0.094 0.121 0.097 0.116 0.099 0.104
p2e 0.000(-0.045 0.148 -0.015 0.160 -0.021 0.163 -0.042 0.163 -0.040 0.167 -0.014 0.158 -0.019 0.166 -0.016 0.166 -0.024 0.151

Weak i.d. TRUE| 0y, Ocsasns Ocs3sLs fosLive basrive éLQ—GSZSLS éLQ—GSSSLS éLQ—GSLIVE éLQ—GSFIVE

Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE

by; 0.150| 0.149 0.061 0.226 0.092 0.179  0.065 0.151 0.064 0.155 0.065 0.136 0.061 0.142  0.063 0.164 0.062 0.156 0.065
A1 0.500( 0.504 0.119 0.631 0.219 0.633  0.227 0.505 0.152 0.516 0.131 0.542 0.176 0.535 0.162 0.507 0.136 0.503 0.121
A2 0.200] 0.197 0.111 0.018 0.241 0.051 0.220 0.205 0.146 0.186 0.134 0.166 0.176 0.162 0.151 0.184 0.129 0.190 0.114
p11 0.200| 0.187 0.152 0.025 0.265 0.039 0.262 0.184 0.200 0.186 0.175 0.148 0.231 0.149 0.216 0.187 0.187 0.192 0.157
p12 0.100| 0.070 0.150 0.223  0.203 0.180 0.185 0.062 0.186 0.082 0.162 0.105 0.169 0.113 0.168 0.101 0.158 0.105 0.155
b1 0.300] 0.298 0.051 0.356 0.074 0.307 0.057 0.297 0.054 0.303 0.055 0.287 0.051 0.294 0.060 0.307 0.055 0.305 0.051
X221 0.300| 0.300 0.121 0.298 0.201 0.332 0.221 0.278 0.159 0.297 0.139 0.312 0.149 0.299 0.153 0.288 0.159 0.294 0.127
Ag22 0.150| 0.155 0.125 0.073  0.192 0.094 0.201 0.176  0.160 0.155 0.154 0.153 0.143 0.152 0.145 0.148 0.154 0.151 0.127
po1 0.100| 0.092 0.161 0.062 0.234 0.048 0.269 0.109 0.226 0.082 0.190 0.076  0.199 0.096 0.208 0.106 0.211 0.104 0.168
p22 0.000{-0.051 0.190 0.034 0.206 0.008 0.215 -0.065 0.229 -0.050 0.222 -0.020 0.185 -0.031 0.203 -0.022 0.219 -0.024 0.186

! Results are based on 500 Monte Carlo trials with sample size n = 486; 0. = 1.



Table 2.3: Median and RMSE of Scenario I, homoskedasticity, Parameter Constellation 3

LL

Strongi.d. TRUE| 0, Ocs2sLs Ocsasns bosLive bosrive éLQ—GSZSLS éLQ—GSSSLS éLchsme éLQ—GSFIVE

Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE

bsy 0.150| 0.147 0.023 0.165 0.028 0.153 0.024 0.150 0.025 0.148 0.024 0.150 0.025 0.145 0.025 0.151 0.024 0.149 0.023
A1 -0.300(-0.297 0.055 -0.321 0.063 -0.313 0.062 -0.298 0.059 -0.301 0.055 -0.304 0.061 -0.306 0.058 -0.298 0.057 -0.299 0.056
A112 -0.200(-0.200 0.059 -0.198 0.064 -0.185 0.063 -0.203 0.065 -0.198 0.060 -0.192  0.067 -0.179 0.065 -0.204 0.063 -0.202 0.060
p11 0.200| 0.189 0.090 0.216 0.104 0.208 0.101 0.184 0.100 0.191 0.102 0.190 0.101 0.199 0.100 0.191 0.102 0.195 0.092
p12 0.100| 0.069 0.125 0.079 0.146 0.072 0.145 0.067 0.139 0.066 0.132 0.074 0.134 0.076 0.139 0.095 0.140 0.086 0.130
b1 0.300| 0.297 0.022 0.313 0.025 0.301 0.022 0.298 0.022 0.299 0.022 0.299 0.022 0.300 0.024 0.301 0.023 0.300 0.022
X221 0.300| 0.296 0.053 0.293 0.067 0.293  0.060 0.294 0.061 0.295 0.052 0.295 0.068 0.291 0.059 0.296 0.062 0.294 0.052
X222 0.150| 0.157 0.056 0.154 0.067 0.157 0.059 0.157 0.062 0.156 0.054 0.153 0.067 0.164 0.059 0.155 0.064 0.155 0.056
po1 0.100| 0.091 0.092 0.094 0.118 0.099 0.116 0.088 0.102 0.086 0.101 0.089 0.115 0.102 0.113 0.099 0.116 0.098 0.095
p2e 0.000]-0.045 0.151 -0.023 0.162 -0.034 0.170 -0.046 0.164 -0.043 0.165 -0.019 0.162 -0.021 0.171 -0.027 0.164 -0.025 0.144

Weak i.d. TRUE| 0, Ocs2sLs Ocsasns bosLive fosrive Or0-GsasLs OL0-csssLs éLQ—GSLlVE éLQ—GSFIVE

Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE

bsy 0.150| 0.143 0.057 0.228 0.093 0.185 0.069 0.152 0.064 0.152  0.060 0.154 0.059 0.137 0.063 0.162 0.057 0.154 0.058
A1 -0.300(-0.291  0.127 -0.421 0.203 -0.417 0.201 -0.297 0.154 -0.320 0.136 -0.331 0.146 -0.324 0.148 -0.311 0.140 -0.307 0.129
A2 -0.200(-0.202 0.124 -0.203 0.176 -0.148 0.187 -0.218 0.162 -0.187 0.155 -0.166 0.159 -0.170 0.168 -0.222 0.147 -0.218 0.133
p11 0.200| 0.176 0.146 0.295 0.197 0.281 0.192 0.184 0.180 0.210 0.160 0.230 0.153 0.220 0.149 0.200 0.154 0.193 0.148
p12 0.100] 0.067 0.182 0.050 0.216 0.020 0.230 0.064 0.231 0.048 0.217 0.048 0.204 0.050 0.221 0.093 0.197 0.095 0.190
b2 0.300] 0.293 0.059 0.378 0.092 0.328 0.065 0.298 0.058 0.302 0.056 0.304 0.056 0.306 0.065 0.311 0.056 0.302 0.053
A1 0300 0.291 0.126 0.305 0.187 0.280 0.201 0.284 0.152 0.283 0.139 0.286 0.140 0.280 0.149 0.279 0.159 0.286 0.128
X222 0.150( 0.163 0.131 0.135 0.188 0.164 0.201 0.160 0.155 0.163 0.141 0.159 0.140 0.169 0.144 0.160 0.160 0.162 0.129
p21 0.100| 0.096 0.162 0.090 0.222 0.123 0.247 0.089 0.200 0.102 0.177 0.106 0.189 0.121 0.199 0.113 0.219 0.104 0.164
p22 0.000(-0.056 0.200 -0.008 0.218 -0.046 0.243 -0.054 0.231 -0.050 0.224 -0.028 0.199 -0.050 0.212 -0.026 0.227 -0.031 0.200

I Results are based on 500 Monte Carlo trials with sample size n = 486; 0. = 1.



2.7.4 Performance of Estimators under Strong and Weak Identifications Sce-

nario II

Model Specification: In light of our discussion in Section 2.6.2, we consider the following

model for Scenario II:

y1 =ba1y2 + A a Wiy + Ao i Wiy
+ c11X1 + Co119 + C3173 + C41W1$1 + C51W11'2 + 661W1£B3 + &1 (270)

Yo =biayr + [Aaz i Wi + Ao aWa| Y + craty + co25 + Coat6 + €2

with the following parameter restrictions:

A1 = —(A1ra + v)ba

e = —(M11 +v)en

(2.71)
cs1 = —(M11 +V)ca
ce1 = — (A1 + V)Ca1.

b

Parameter Space: To test on parameter values close to and away from the “non-identification’
points, we consider v = 0.4,0.8,1 where v = 0.4 corresponds to the case closest to the “non-
identification” point and thus the weak identification case; ¥ = 1 corresponds to the strong

identification case.

AiaWh o bady, 4 Ao W _
Recall that S(\, 3) = [, — B*, where B* = . Again,

bial, A2 aWi + Ao oWo

for the reduced form to exist, we need to ensure the existence of S(\, 3)~! = > (B*)" which
in turn requires ||B*|| < 1 for some induced norm. Again, row-normalized W, and W, imply
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[|Wi||leo = 1 and ||Ws||o = 1. To ensure || B*||s < 1, we need to restrict

(1621 Ln + A11a W1 4 A1 1 Wi |oo < [b21][ 10|00 + [ A1 [[|Wil]oo + 1 X211 [[|Wi]]oo
= |bo1| + [M111] + [A211] < 1,
[1b121n + Aa2 1 W1 + A2 aWalloo < [b12]||1n]]oo 4 [A22.1 ||| Willoo + [A22.2/]| W2 |

= |bya| + |Aa21| + [A222] < 1.

This is equivalent to require

max{|bai| + [A11] + |[Aan1], [bra] + [Ao21] + [Aa22]} < 1. (2.72)

The inequalities follows from triangular inequalities for matrix norms. In light of this, we con-

sider the following parameter combinations

—_—

. Deviation parameter v € {0.4,0.8,1}

2. bgl € {—015, 015}, b12 - 03

3. M1 €{—0.3,0,0.3,0.5}, X211 depends on Ay 1, boy and v as specified in (2.71)

4. )\22’1 - 03, )\2272 - 015

5. c11, 21, C31 = 15 ca1, ¢51, c61 depend on c1q,¢21, €31, respectively, as well as A7 ; and v as

specified in (2.71)

6. C72,Cg2,C92 = 1

Note that the inequality (2.72) is satisfied with above parameter sets. These parameter com-
binations constitutes 24 different experiment settings. Due to limited space, we report Monte
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Carlo results for the following three parameter constellations:

Table 2.4 Table 2.5 Table 2.6

le = 015 612 = 03 b21 == 015 612 - 03 b21 = 015 b12 - 03
)\11’1 - 03 )\11’1 - 05 )\11’1 - —03

)\2271 =0.3 )\2272 =0.15 )\2271 =0.3 )\2272 =0.15 )\2271 =0.3 /\2272 =0.15

and (1) X911 depends on Ay 1, boy and v as specified in (2.71); (2) c11, c21,¢31 = 1; ca1, Cs1, Co1
depend on c;1,c91, €31, respectively, as well as Aq; ; and v as specified in (2.71); (3) c72, cs2, o2 =
1 for all cases.

For each parameter constellation, we report results on v = 1 (the strong identification case)

and v = 0.4 (the weak identification case).
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Table 2.4: Median and RMSE of Scenario II, homoskedasticity, Parameter Constellation 1

Strongi.d. TRUE| 0y, Ocs2sLs Ocsasns BosLive osrive éLQ—GSZSLS éLQ—GSSSLS éLchsme éLQ—GSFIVE

Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE

bsy  0.150| 0.150 0.026 0.164 0.030 0.155 0.027 0.150 0.026 0.150 0.027 0.153 0.026 0.156 0.026 0.152 0.026 0.152 0.026
A1 0.300( 0.295 0.048 0.328 0.081 0.319 0.070 0.302 0.072 0.300 0.069 0.297 0.056 0.311 0.053 0.300 0.053 0.298 0.048
Ao11 -0.195(-0.198 0.038 -0.194 0.044 -0.191 0.042 -0.197 0.046 -0.198 0.045 -0.199 0.044 -0.198 0.038 -0.200 0.039 -0.199 0.038
cq1 -1.300(-1.298 0.090 -1.307 0.105 -1.307 0.098 -1.299 0.107 -1.297 0.099 -1.286 0.115 -1.303  0.097 -1.298 0.108 -1.300 0.092
cs1 -1.300(-1.295 0.101 -1.315 0.113 -1.304 0.102 -1.303 0.118 -1.296 0.104 -1.303 0.127 -1.300 0.102 -1.300 0.119 -1.299 0.105
cg1 -1.300(-1.292 0.088 -1.301 0.094 -1.303 0.092 -1.288 0.102 -1.295 0.095 -1.287 0.117 -1.298 0.089 -1.291 0.098 -1.294  0.089
b2 0.300] 0.299 0.025 0.314 0.028 0.306 0.025 0.300 0.025 0.300 0.025 0.301 0.025 0.307 0.027 0.302 0.025 0.303 0.024
A221 0300 0.294 0.043 0.299 0.061 0.299 0.056 0.294 0.062 0.295 0.057 0.302 0.049 0.300 0.045 0.299 0.043 0.297 0.043
Ag2o 0.150] 0.152 0.043 0.164 0.059 0.153 0.053 0.158 0.057 0.152 0.054 0.151 0.050 0.155 0.044 0.153 0.043 0.152 0.044

Weak i.d. TRUE| 0, Ocs2sLs Ocsasns basLive osrive éLQ—GSZSLS éLQ—GSSSLS éLQfGSLIVE éLQ—GSF[VE

Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE

by; 0.150] 0.149 0.026 0.165 0.030 0.156 0.027 0.149 0.026 0.149 0.026 0.153 0.026 0.156 0.026 0.152 0.026 0.152 0.026
A, 03001 0.288  0.068 0.414 0.207 0.382 0.175 0.286 0.186 0.295 0.171 0.294 0.078 0.317 0.079 0.297 0.073 0.296 0.068
X911 -0.105|-0.106 0.034 -0.112  0.039 -0.108 0.037 -0.109 0.040 -0.108 0.036 -0.110 0.044 -0.114 0.036 -0.110 0.039 -0.108 0.034
cq1 -0.700(-0.690 0.108 -0.787 0.164 -0.767 0.139 -0.695 0.183 -0.707 0.155 -0.689 0.134 -0.706 0.107 -0.690 0.121 -0.694 0.109
cs1 -0.700(-0.685 0.111 -0.788 0.178 -0.759 0.151 -0.683 0.183 -0.700 0.159 -0.700 0.139 -0.711 0.109 -0.701 0.119 -0.691 0.110
cg1 -0.700-0.687 0.095 -0.781 0.167 -0.761 0.143 -0.687 0.190 -0.696 0.159 -0.682 0.117 -0.712  0.100 -0.684 0.106 -0.691 0.097
b2 0.300] 0.299 0.023 0.311 0.025 0.304 0.023 0.300 0.023 0.300 0.024 0.300 0.024 0.306 0.025 0.302 0.024 0.304 0.023
A221 0.300] 0.296 0.041 0.289 0.063 0.299 0.055 0.294 0.061 0.295 0.054 0.299 0.047 0.297 0.044 0.298 0.043 0.298 0.043
X222 0.150( 0.153 0.041 0.160 0.058 0.148 0.054 0.156 0.060 0.153 0.055 0.151 0.048 0.152 0.043 0.152 0.044 0.152 0.041

! Results are based on 500 Monte Carlo trials with sample size n = 486; 0. = 1.
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Table 2.5: Median and RMSE of Scenario II, homoskedasticity, Parameter Constellation 2

Strongi.d. TRUE| 0y, Ocs2sLs Ocsasns BosLive osrive éLQ—GSZSLS éLQ—GSSSLS éLchsme éLQ—GSFIVE

Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE

bsy  0.150| 0.150 0.025 0.164 0.030 0.155 0.027 0.150 0.026 0.149 0.027 0.153 0.026 0.156 0.027 0.152  0.027 0.152 0.026
A1 0.500( 0.495 0.038 0.526 0.059 0.518 0.050 0.501 0.055 0.502 0.048 0.500 0.046 0.511 0.042 0.500 0.041 0.498 0.039
Ao -0.225(-0.229 0.040 -0.219 0.047 -0.214  0.047 -0.230 0.047 -0.226  0.048 -0.229 0.045 -0.225 0.039 -0.231 0.040 -0.230 0.040
cq1 -1.500(-1.500 0.093 -1.492 0.098 -1.502 0.098 -1.498 0.105 -1.501 0.100 -1.486 0.116 -1.502 0.093 -1.497 0.103 -1.501 0.094
cs1 -1.500(-1.498 0.104 -1.503 0.108 -1.503 0.103 -1.500 0.114 -1.499 0.105 -1.499 0.127 -1.499 0.104 -1.496 0.119 -1.500 0.106
ce1 -1.500(-1.493 0.092 -1.488 0.100 -1.496 0.090 -1.489 0.105 -1.495 0.089 -1.489 0.121 -1.495 0.094 -1.489 0.105 -1.494 0.089
b2 0.300] 0.299 0.023 0.317 0.029 0.309 0.026 0.302  0.026 0.301 0.026 0.302 0.025 0.309 0.026 0.303 0.024 0.304 0.023
A1 0300 0.294 0.044 0.302 0.061 0.304 0.058 0.297 0.063 0.298 0.059 0.304 0.049 0.303 0.046 0.299 0.044 0.298 0.044
Ag22 0.150| 0.151 0.044 0.170 0.063 0.155 0.055 0.155 0.062 0.155 0.055 0.152 0.057 0.157 0.048 0.150 0.046 0.153 0.046

Weak i.d. TRUE| 0, Ocs2sLs Ocsasns basLive osrive éLQ—GSZSLS éLQ—GSSSLS éLQfGSLIVE éLQ—GSF[VE

Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE

by; 0.150] 0.150 0.026 0.166 0.030 0.157 0.027 0.149 0.027 0.150 0.026 0.153 0.026 0.157 0.026 0.152 0.026 0.152  0.025
A, 05001 0.486  0.057 0.617 0.168 0.586 0.141 0.489 0.140 0.501 0.125 0.500 0.064 0.522  0.066 0.497 0.056 0.494 0.055
Ao11 -0.135(-0.137 0.035 -0.132  0.036 -0.130 0.038 -0.139 0.040 -0.136  0.039 -0.139 0.043 -0.143  0.036 -0.141 0.039 -0.140 0.034
cq1 -0.900(-0.891 0.097 -0.974 0.133 -0.956 0.114 -0.892 0.145 -0.906 0.123 -0.885 0.127 -0.905 0.095 -0.895 0.111 -0.895 0.100
cs1 -0.900(-0.890 0.110 -0.971 0.146 -0.947 0.121 -0.892 0.156 -0.899 0.124 -0.901 0.130 -0.907 0.104 -0.900 0.115 -0.893 0.106
cg1 -0.900(-0.885 0.094 -0.963 0.124 -0.954 0.119 -0.892 0.148 -0.899 0.124 -0.886 0.113 -0.908 0.094 -0.888 0.104 -0.891 0.093
b2 0.300] 0.298 0.023 0.313 0.027 0.306 0.026 0.300 0.024 0.300 0.024 0.301 0.024 0.308 0.026 0.303 0.024 0.305 0.023
A1 0300 0.296 0.042 0.292 0.062 0.304 0.056 0.295 0.061 0.295 0.055 0.300 0.048 0.298 0.045 0.299 0.043 0.298 0.043
X222 0.150( 0.153 0.041 0.160 0.059 0.145 0.054 0.156 0.058 0.153 0.055 0.151 0.049 0.152 0.044 0.151 0.043 0.152 0.042

! Results are based on 500 Monte Carlo trials with sample size n = 486; 0. = 1.
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Table 2.6: Median and RMSE of Scenario II, homoskedasticity, Parameter Constellation 3

Strongi.d. TRUE| 0y, Ocs2sLs Ocsasns BosLive osrive éLQ—GSZSLS éLQ—GSSSLS éLchsme éLQ—GSFIVE

Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE

bsy  0.150| 0.151 0.025 0.161 0.028 0.154 0.027 0.150 0.026 0.150 0.026 0.153 0.026 0.155 0.026 0.152  0.027 0.152 0.026
A1 -0.300(-0.304 0.061 -0.314 0.092 -0.315 0.078 -0.299 0.101 -0.304 0.084 -0.313 0.070 -0.310 0.063 -0.302 0.065 -0.300 0.060
X911 -0.105(-0.107 0.035 -0.115 0.040 -0.109 0.038 -0.107 0.041 -0.106 0.038 -0.108 0.044 -0.111 0.035 -0.111  0.039 -0.110 0.036
cq1 -0.700(-0.692 0.102 -0.699 0.134 -0.691 0.113 -0.697 0.132 -0.694 0.117 -0.687 0.134 -0.692 0.106 -0.695 0.118 -0.696 0.103
cs1 -0.700(-0.696 0.106 -0.702  0.127 -0.689 0.115 -0.698 0.130 -0.702 0.117 -0.702 0.138 -0.694 0.105 -0.702 0.115 -0.699 0.110
cg1 -0.700(-0.692 0.091 -0.686 0.118 -0.682 0.114 -0.695 0.129 -0.691 0.117 -0.676 0.121 -0.691 0.096 -0.686 0.107 -0.695 0.091
b2 0.300] 0.298 0.023 0.310 0.025 0.302 0.023 0.299 0.023 0.300 0.023 0.300 0.023 0.305 0.024 0.301 0.022 0.302 0.024
A221 0300 0.295 0.042 0.294 0.057 0.289 0.055 0.293  0.060 0.295 0.051 0.300 0.047 0.296 0.043 0.296 0.043 0.297 0.041
Ag2o 0.150( 0.153 0.041 0.159 0.056 0.160 0.052 0.156 0.059 0.156 0.053 0.152 0.050 0.156 0.043 0.153 0.043 0.151 0.041

Weak i.d. TRUE| 0, Ocs2sLs Ocsasns basLive osrive éLQ—GSZSLS éLQ—GSSSLS éLQfGSLIVE éLQ—GSF[VE

Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE

by; 0.150] 0.150 0.026 0.161 0.028 0.154 0.026 0.150 0.027 0.150 0.026 0.153 0.026 0.155 0.026 0.152 0.026 0.152 0.026
1,1 -0.300(-0.306 0.079 -0.355 0.201 -0.368 0.185 -0.302 0.238 -0.319 0.198 -0.318 0.092 -0.318 0.090 -0.305 0.086 -0.302 0.081
X911 -0.015(-0.015 0.036 -0.020 0.039 -0.017 0.037 -0.019 0.040 -0.018 0.039 -0.017 0.046 -0.018 0.037 -0.019 0.041 -0.018 0.034
cq1 -0.100(-0.094 0.119 -0.058 0.216 -0.057 0.176 -0.102 0.243 -0.088 0.213 -0.082 0.146 -0.086 0.123 -0.091 0.133 -0.091 0.121
cs1 -0.100(-0.091 0.117 -0.054 0.213 -0.043 0.184 -0.090 0.248 -0.094 0.207 -0.091 0.150 -0.087 0.120 -0.096 0.126 -0.097 0.119
cg1 -0.100(-0.096 0.102 -0.050 0.206 -0.051 0.183 -0.093 0.238 -0.086 0.208 -0.074 0.130 -0.085 0.110 -0.085 0.120 -0.093 0.103
b2 0.300] 0.298 0.023 0.309 0.023 0.302 0.022 0.299 0.022 0.300 0.022 0.300 0.023 0.304 0.024 0.302 0.022 0.302 0.024
A1 0300 0.296 0.040 0.288 0.061 0.286 0.057 0.295 0.061 0.294 0.053 0.299 0.047 0.293 0.045 0.297 0.043 0.296 0.042
X222 0.150( 0.153 0.041 0.161 0.058 0.161 0.053 0.157 0.060 0.155 0.052 0.153 0.050 0.155 0.044 0.152 0.042 0.152 0.042

! Results are based on 500 Monte Carlo trials with sample size n = 486; 0. = 1.



2.7.5 Heteroskedasticity

The ML estimator is in general inconsistent under heteroskedasticity and could exhibit con-
siderable bias. The moment conditions of the GMM estimators considered in this dissertation are
robust to heteroskedasticity and hence the GMM estimators remain consistent. To document this
advantage of the considered GMM estimators over the ML estimator, we conduct the following
experiments.

Model Specification

We consider a model specification similar to that considered in Scenario I but with one less

exogenous variables in both equation 1 and 2:

Y1 =bo1ys + [)\11,1W1 + )\11,2W2} Y1 + c1121 + €122 + U,
Yo =b1ay1 + [)\22,1W1 + )\QQ,QWQ} Y2 + C32T4 + Ca2T5 + Uz,

Ug = [pglwl + pQQWQ} Ug + Eg;s g = 1, 2.

The z’s (k = 1, 2,4, 5) are columns of the matrix of exogenous variables (X') that we generated
before.

Spatial Weights Matrices:

We adopt the “dumbbell-shaped” design of the weight matrix that considered in Arraiz,
Drukker, Kelejian, and Prucha (2010) with n = 500 but adapted to the current model of second
order spatial lags. To do so, we first generate a ¥/, and let (approximately) the first 100 and the
last 100 units to have 10 neighbors ahead and 10 neighbors behind; we let (approximately) the
middle 300 units to be 3-ahead and 3-behind. We then adopt the “ring” design and generate W ,,
with the first 100 and the last 100 units to have 5 neighbors ahead and 5 neighbors behind with
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the middle (approximately) 300 units to be 1-ahead and 1-behind. To generate W5 ,,, we net out
Wi, from W, and thus each of the first and the last 100 units in W5, has the 6th to 10th unit
ahead and behind as neighbors while the middle 300 units has the 2nd and the 3rd unit ahead and
behind as neighbors.

For clarity, we present an example of “dumbbell-shaped” W, ,, with n = 30 as follows:

0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1

0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1

0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1 0.1 0.1 0.1
0.2 0.2 02 02 02 0.2
0.2 0.2 02 02 02 0.2
0.5 0.5
0.5 0.5
0.5 0.5
0.5 0.5
0.5 0.5
0.5 0.5
0.5 0.5
0.5 0.5
0.2 02 02 02 0.2 02
0.2 0.2 02 02 02 0.2
0.1 0.1 0.1 0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1
0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1
Disturbances
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To generate heteroskedastic disturbances, we take the :—th element of the innovation vector

Egn @S
Egmi — O—n,ng,n,i

Opi = O et
Tt Y 1 dng/n

j=1
where (;,,; is i.i.d. N(0,1) for g = 1,2 and the correlation between (; ,, and (3, is 0.5. We
denote d,, ; as the number of neighbors the i-th unit has, which depends on the relative position of
the ¢-th unit in the network. We note that the average standard deviations of the elements of ¢, ,
is . By setting o = 1, we maintain the average standard deviation of ¢; , tobe 1 fori =1,....,n
and g = 1, 2, which is the same as the o. in the homoskedasticity case.

Parameter Space

We report the Monte Carlo results for the case of [c11, ¢o1]" = [1, 1) and [c32, caa) = [1, 1]

(i.e., the strong identification case) with the four parameter constellations in the tables below:

Paral Para 2
bo1 = 0.15 b2 =0.3 be1 = 0.15 b2 =0.3
)\1171 =0.3 )\2271 =0.3 /\11"1 =0.3 )\2271 =0.3

)\11,2 =0 )\22’2 =0.15 )\1172 =0.2 )\22’2 =0.15

P11 = —0.2 P21 = 0.1 P11 = —0.2 P21 = 0.1
pr2=01 pp=0 pr2=01 pp=0
Para 3 Para 4

le = 0].5 b12 = 03 b21 = 015 b12 = 03

)\1171 =0.3 )‘22,1 =0.3 )\1171 =0.3 )\2271 =03
)\11,2 =0 )\2272 =0.15 )\11’2 =0.2 )\22’2 =0.15
P11 = 0.2 P21 = 0.1 P11 = 0.2 P21 = 0.1

pr2=01 pp=0 pr2=01 pp=0
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To save on space, we only report the estimates of the parameters in the first equation of
the model. We document a sample of Monte Carlo results under heteroskedasticity in Table 2.7

below.

2.7.6 Remarks

Under homoskedasticity and strong identification cases, all estimators considered in the
study perform reasonably close. As expected, MLE is the most efficient estimator and shows the
smallest RMSE under nearly all scenarios and parameter constellations. Both LQ-GS3SLS and
LQ-GSFIVE perform very close to MLE in these scenarios. In addition, under strong identifi-
cation cases, estimators utilize only the linear moments also perform close to their counterparts
utilize both the linear and the quadratic moments. Specifically, GS3SLS and GSFIVE show sim-
ilar RMSE in comparision to, e.g., LQ-GS3SLS and LQ-GSFIVE. Finally, since the disturbance
terms €, and ¢, are correlated across equations (i.e., g # h), full information estimators in
general outperform their limited information counterparts throughout the experiments. Thus, we
see that GSFIVE and LQ-GSFIVE outperform GSLIVE and LQ-GSLIVE, respectively.

As remarked, MLE is in general inconsistent under heteroskedastic disturbances. MLE
shows significant bias when estimating for the spatial autoregressive parameters in the regression
equation (i.e., the \’s), as well as the spatial autoregressive parameters in the disturbances (i.e.,
the p’s). Since the other estimators that were implemented are robust to heteroskedasticity, they
show much smaller bias than MLE.

Under the weak identification cases, LQ-GSFIVE performs very close to MLE in both Sce-

narios I and II that we considered. In particular, we note that LQ-GSFIVE shows considerable ef-
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ficiency gain over LQ-GS3SLS, and that LQ-GSLIVE outperforms LQ-GS2SLS under the weak
identification too. In general, similar observations hold when we compare GS2SLS with GSLIVE
and GS3SLS with GSFIVE. These results highlight the advantage of using approximated optimal
instruments when constructing the moments and thus better exploits the underlying structure of
parameters in the reduced form model. In addition, we see that LQ-GSLIVE (LQ-GSFIVE) in
general outperforms GSLIVE (GSFIVE) under weak identification cases. This observation is in
line with existing literature that quadratic moments could help with identification when linear
moments are weak. Not surprisingly, such efficiency gain in finite sample is not significant under
strong identification cases.

In Chapter A.4, we document additional simulation results of settings with the “dumbbell-
shaped” design of spatial weights matrices and correlated z,,’s. In general, the above observations

also hold in those cases.
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Table 2.7: Median and RMSE of Scenario I under Heteroskedasticity, Parameter Constellation 1-4

Strongi.d. TRUE| 0, Ocs2sLs Ocsasns BosLive bosrive éLQ—GSZSLS éLQ—GSSSLS éLchsme éLQ—GSFIVE
Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE
Strongid. TRUE| 0y fcsasrs Ocsssrs csiive Ocsrive 0r0-cs2s1s 0r0-Gs3sLs Oro-cstive Oro-csrive
Para l Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE
byy 0.150| 0.162 0.028 0.163 0.029 0.154 0.025 0.152 0.028 0.152 0.026 0.162 0.030 0.155 0.028 0.155 0.028 0.154 0.025
A1 0.300( 0.227 0.078 0.303 0.045 0.307 0.043 0.302 0.047 0.301 0.039 0.298 0.046 0.300 0.042 0.301 0.046 0.300 0.038
A2 0.000] 0.042 0.053 -0.015 0.039 -0.010 0.034 -0.003 0.035 -0.003 0.032 -0.011 0.037 -0.006 0.035 -0.006 0.035 -0.005 0.032
p11 -0.200{-0.089 0.119 -0.233 0.144 -0.234 0.145 -0.211  0.097 -0.212  0.096 -0.219 0.127 -0.218 0.139 -0.218 0.136 -0.210 0.122
p12 0.100] 0.035 0.109 0.099 0.123 0.092 0.121 0.085 0.132 0.085 0.125 0.090 0.134 0.091 0.141 0.095 0.134 0.095 0.121
TRUE| Oy fcsasis Ocsssis OcsLive Ocsrive Org-cszsts Orq-cssss Org-csLive Orq-csrive
Para 2 Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE
byy 0.150| 0.164 0.030 0.163 0.030 0.155 0.026 0.152 0.028 0.152 0.027 0.162 0.030 0.155 0.030 0.154 0.029 0.154 0.026
A1 0.300( 0.233  0.072 0.304 0.045 0.307 0.043 0.303 0.044 0.301 0.038 0.299 0.043 0.300 0.041 0.302 0.044 0.301 0.039
A2 0.200( 0.242 0.051 0.185 0.039 0.190 0.036 0.196 0.036 0.197 0.031 0.190 0.039 0.194 0.035 0.194 0.036 0.195 0.033
p1n -0.2001-0.092 0.117 -0.233  0.147 -0.233 0.145 -0.211 0.097 -0.213  0.097 -0.219 0.130 -0.217 0.138 -0.216 0.139 -0.208 0.124
p1z 0.100| 0.042 0.105 0.097 0.125 0.090 0.119 0.084 0.131 0.084 0.124 0.088 0.133 0.090 0.144 0.099 0.133 0.100 0.123
TRUE| Oy, fcsasis Ocsssis fcsLive Ocsrive Org-cs2sts Orq-cssss Org-csLive Org-csrive
Para 3 Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE
by 0.150| 0.155 0.032 0.165 0.035 0.155 0.033 0.152 0.035 0.152 0.033 0.164 0.036 0.155 0.037 0.156 0.035 0.154 0.034
Air 0.300| 0.269 0.042 0.302 0.040 0.305 0.037 0.301 0.040 0.300 0.037 0.300 0.041 0.302 0.037 0.299 0.040 0.299 0.037
A2 0.000| 0.018 0.039 -0.018 0.044 -0.010 0.041 -0.003 0.042 -0.003 0.040 -0.015 0.043 -0.008 0.042 -0.005 0.043 -0.004 0.041
p11 0.200] 0.150 0.076 0.177 0.121 0.178 0.119 0.205 0.099 0.199 0.098 0.183 0.111 0.189 0.123 0.193 0.121 0.198 0.103
p1z 0.100| 0.062 0.089 0.104 0.110 0.095 0.107 0.109 0.109 0.096 0.110 0.099 0.109 0.102 0.118 0.098 0.121 0.095 0.106
TRUE| Oy, Ocsasis Ocsssis OcsLive Ocsrive Org-cs2sts Orq-cssss Org-csLive Oro-csrive
Para 4 Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE
by 0.150| 0.159 0.034 0.166 0.036 0.155 0.035 0.152 0.035 0.152 0.034 0.165 0.037 0.156 0.039 0.156 0.036 0.154 0.034
Ain 0.300( 0.275  0.037 0.303 0.040 0.305 0.038 0.302 0.040 0.300 0.036 0.301 0.039 0.303 0.038 0.300 0.041 0.299 0.036
Az 0.200] 0.210 0.035 0.183 0.045 0.190 0.041 0.197 0.042 0.197 0.040 0.185 0.044 0.191 0.041 0.194 0.043 0.196 0.039
p11 0.200] 0.146 0.078 0.177 0.122 0.179 0.122 0.205 0.102 0.199 0.097 0.183 0.113 0.189 0.124 0.196 0.119 0.199 0.106
p1z2 0.100| 0.072 0.086 0.102 0.109 0.094 0.105 0.108 0.108 0.094 0.107 0.097 0.109 0.101 0.118 0.101 0.118 0.100 0.112

! Results are based on 500 Monte Carlo trials with sample size n = 486; 0. = 1.



2.8 Concluding Remarks

In this chapter, we proposed a new class of generalized method of moments (GMM) esti-
mators for the simultaneous equation models (SEM) with higher order network interdependence.
In essence, these estimators utilize approximations to the optimal instruments towards construct-
ing the linear moments, in the same spirit to Lee (2003) and Kelejian, Prucha, and Yuzefovich
(2004). We also considered the GMM estimators that utilize both the linear moments and the
quadratic moments that originate from the scores of the log-likelihood function. Towards deriv-
ing the estimators, we showed that (1) the linear parts of the ML scores can be viewed as a set of
estimator generating equations from which a generic form of instrumental variable (IV) estima-
tors can be derived. This result extends on its relevant counterparts in Hausman (1975), Hendry
(1976) and Prucha and Kelejian (1984) in the context of classical SEMs; (2) The new estimators
incorporate the underlying ideas of the LIVE and the FIVE estimators proposed by Brundy and
Jorgenson (1971) in the context of classical SEMs. Towards constructing the instruments, the
new estimators take into account the nonlinear a prior parameter restrictions in the reduced form
when estimating for the expected value of the endogenous components. Furthermore, our new
GMM estimators that utilize both the linear and the quadratic moments remain robust to het-
eroskedasticity of unknown form and computationally feasible even when sample size (i.e., the
size of the networks) becomes large. The Monte Carlo results show that the new GMM estimators
outperform their existing counterparts, e.g., the 2SLS-type and 3SLS-type estimators considered

in Drukker, Egger, and Prucha (2022), when the instruments are weak.
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Chapter 3: Empirical Application: Demand Estimation for Retail Gasoline Mar-

ket with Network Dependence

3.1 Introduction

In this chapter, we illustrate the empirical relevance of the considered model with spa-
tial/network interactions and estimation methods with approximated optimal instruments, i.e.,
the GSLIVE and the GSFIVE estimators. Specifically, we estimate a demand system with a
spatial network component. The example we choose is the retail gasoline market of several sub-
regions of Greater Vancouver, Canada. We seek to estimate the station-level demand elasticities
as well as the (spatial) elasticity of substitution under a variety of popular network structures
based on different proximity measures. Demand elasticity for gasoline at aggregate level are well
documented in the literature, while estimates at station level are relatively scarce, perhaps due
to data limitations.! We also compute the impact measures in spirit of Anselin et al. (2001) that
interprets the estimates of the coefficients on the exogenous regressors in network models.

Changes in gasoline prices attract a lot of attention from consumers and regulators for sev-
eral reasons. Firstly, households spend a considerable share of their income on gasoline products.

According to U.S. Energy Information Administration (EIA), in 2017, the average U.S. house-

IFor some of the recent works on aggregate demand elasticity, see Hughes et al. (2008), Park and Zhao (2010),
Levin et al. (2017), among others.
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hold expenditure on gasoline is $1,977, which is equivalent to about 4% of annual household
expenditure. For Canada, gasoline (including diesel) also accounts for about 50% of total energy
expenditure per household. Second, pricing of gasoline in the retail market is relatively transpar-
ent and but changes frequently. It is common to observe intra-day fluctuations in retail prices for
over 5%.

Classical spatial competition models, e.g., the Hotelling model, typically assume that the
cost of switching stations is related to the physical location of firms. Thus firm locations are
often treated as the unique aspect of product differentiation in these models. Our application fits
the context of spatial competition models reasonably well. Regular retail gasoline is a nearly
homogeneous good in terms of chemistry contents. However, gas stations differ in terms of ge-
ographical location as well as station attributes, e.g., retail brand and menu of services offered
at the stations, and thus create product differentiation. In the context of retail gasoline markets,
consumers face travel cost or search cost when switching between gasoline stations. This allows
retailers to exercise local market power and generate price dispersion. In other words, these costs
lead consumers to consider nearby gas stations as close substitutes after controlling for station
characteristics or perceived product quality (e.g., brand name). Given that spatially differenti-
ated gas stations compete with the neighboring stations in price, we think that the equilibrium
prices and sales volume of all stations are simultaneously determined in a competitive system.
Therefore, it could be desirable to account for the network structure explicitly when modeling
the demand system for the retail gasoline markets. We consider a theoretical model of spatial
competition based on Pinkse and Slade (2004), in which sellers are downstream firms and buyers
are households or individuals. This model is simple yet flexible enough to allow for spatial dif-
ferentiation among individual stations and thus captures the main feature of spatial competition
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in this market. We then deduce the econometric specification for the demand equation that maps
to the simultaneous equation model with spatial dependence (SE-SARAR) that considered in the
previous chapters of the dissertation.

For the study of competition in the retail gasoline market, properly defining the extent of
market is important for obtaining consistent estimates of structural parameters. For our applica-
tion, this issue is equivalent to properly specify the spatial network matrix W, that appear in the
demand equation. However, as discussed in the theoretical chapters of this dissertation, construc-
tion of the spatial network matrix often requires prior knowledge of the market as well as certain
assumptions about the nature of the competition. For example, in the literature, empirical re-
searchers typically assume that individual stations only compete with their immediate neighbors
but not stations that located further than certain threshold distance, e.g., 2-miles radius. In this ap-
plication, we consider six different metrics in constricting the spatial network matrices that based
on different measures of closeness. For example, we consider measures like common boundaries,
same street dummies, travel distance, nearest neighbors and other hybrid measures. We find that
metrics based on related measures often yield similar results for the own-price elasticity as well
as the spatial elasticity of substitution.

As noted in, e.g., Anselin et al. (2001), interpreting the estimated coefficients of regres-
sors of exogenous variables are less direct in the presence of network structure IV,,’s than the
regressions without network interactions at individual level. For example, if the change in k-th
exogenous variable of station ¢ has an effect via spatial correlation on other stores and they, in
turn, feedback to store i, the corresponding coefficient say v, does not denote the total effect
of a unit change in z; on the endogenous variables, e.g., sales volume. Therefore, we compute

the direct and the indirect impact measures that have been adopted by the spatial literature for
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consistent interpretations of the coefficients of station and market characteristics in our spatial
network model.

The rest of this chapter is organized as follows: in Section 3.2, we discuss the literature
on price and spatial competition in retail gasoline markets. We highlight how our application
relates to and differs from these existing works. In Section 3.3, we present our adaptation of the
theoretical model considered in Pinkse and Slade (2004) as well as the econometric specification
that will be used for estimation. We also describe in details the six different measures of closeness
and their corresponding spatial network matrices in this section. Due to limited space however,
we focus on the common boundary measure in the main text and document results associated with
other metrics to the Chapter B. In Section 3.4, we describe the data set that we assembled from
various sources, including the online platform Gasbuddy.com, the marketing agency Kalibrate,
as well as the 2016 Canadian Census. In Section 3.5, we discuss the instruments that we will be
using to address the endogeneity of the prices. Section 3.6 documents the estimation results as

well as the impact measures computed based on these estimates. Section 3.7 concludes.

3.2 Related Literature

The literature on price competition in retail gasoline markets is vast.> One major line in the
literature concerns the observed dynamics of retail prices. Eckert (2003), Noel (2007) and Doyle,
Muehlegger, and Samphantharak (2010) find that Edgeworth cycles in retail gasoline prices are
associated with lower market concentration and greater presence of independent stations that

operate convenience stores. Noel (2007) and Atkinson (2009) use high frequency station-level

2We only provide a partial review here due to limited space. For a more comprehensive review, please refer to,
e.g., Eckert (2013).
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retail price data and find that price cuts in an Edgeworth cycle are typically initiated by smaller
stations and price restorations are lead by larger brands. Barron, Umbeck, and Waddell (2008)
and Slade (1992) focus on dynamic price responses between neighboring stations. Atkinson,
Eckert, and West (2014) studied the price pattern and volatility changes in Canadian cities with
high-frequency price data obtained from GasBuddy.com. Compared to these studies, our empiri-
cal study abstracts from the dynamic aspect of stations’ pricing strategies but with an emphasize
on the network generated cross-sectional interdependence in demand. As discussed in below,
our study also differs from the existing empirical works that focuses on spatial price competition
and/or strategic pricing behaviors among individual stations.

There have been many works studied determinants of price dispersion and uniformity, uti-
lizing station level price data. With city level data, Sen (2003, 2005) reveal that wholesale prices
and share of smaller firms in the market play major roles in determining retail price levels. There
are mixed results about the effect of local concentration measure on retail prices. Van Meer-
beeck (2003), Barron, Taylor, and Umbeck (2004), Eckert and West (2004) and G6tz and Gugler
(2006), among others, find that higher station density, measured by number of stations within a
radius of certain travel distance, is associated with lower prices and a lower level of price dis-
persion. While Hosken, McMillan, and Taylor (2008) report no association between local station
density and price when all brands are included in the regression, but distance to the closest sta-
tions shows a positive sign on price. With a spatial lag model Pennerstorfer (2009) finds that
competition-increasing effect of independent retails is muted by a “composition effect”, which
implies branded stations can charge higher prices when a local market is populated by unbranded
stations that are perceived to be of lower quality. There are also a number of works adopt con-

centration measure not necessarily related to travel distance, but based on spatial adjacency.

95



Pennerstorfer and Weiss (2013) document that increase in spatial clustering of same brand sta-
tions reduces degree of competition between firms and increases equilibrium prices. Clemenz
and Gugler (2006) find evidence that concentration within a station’s ZIP code is associated with
higher margins. Using price data in Sheffield, England, Ning and Haining (2003) also find ev-
idence of positive association between a station’s price and prices of stations in the same local
cluster. These works motivate the specifications of the spatial network matrices W, in our empir-
ical study. In general, we construct our I¥,,’s with measures of closeness based on the presence
of immediately adjacent stations (common boundary), a radius of 2-mile travel distance, or the
presence of other stations on the same street. Overall, we find that the spatial parameter is positive
and significant for the specifications based on common boundaries or same street measures, but
tend to be smaller for measures based on travel distance.> We interpret these results as evidence
that stations tend to compete more rigorously with their neighbors or those stations located along
a main commuter route, rather than all stations within an arbitrary area. However, as discussed,
the econometric model we adopt differs from these works so this should not be interpreted as
a direct comparison. Eckert and West (2004, 2005), Ning and Haining (2003), Barron, Taylor,
and Umbeck (2004) and Hosken, McMillan, and Taylor (2008), among others, also find evidence
between the services offered at retail stations and price levels. We would control for these factors
as station characteristics in this empirical study.

Instead of aggregate demand elasticity, we focus on the demand estimation at the level of
individual stations. However, results at station level are scarce, possibly due to data limitation.*

Houde (2012) used a relatively long panel of station-level prices and sales volume data for Quebec

3To see this, one may compare results in Table 3.5 and Table B.7 in the Chapter B.4.
“For example, it is often costly to obtain accurate data on sales volume at station level even at monthly frequency.
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City to estimate a structural spatial model taking into account road-network and commute patterns
of residents.’ ® In the current study, we compliment the price data with sales data which enables
us to estimate the price elasticities. In comparison to Houde (2012), we use a much simplified
framework with network structure being explicitly specified. We note that our results imply that
demand is less elastic than that in Houde (2012). One possible explanation is that his multi-
address model allows consumers to purchase gasoline from stations along commuting route in
addition to those near their home and thus each station in the market faces more competition.
From modeling perspective, his model allows for a more flexible substitution pattern. In contrast,
we adopt, e.g., the common boundary measure when construct network matrix ¥/, and thus the
underlying assumption is more align with the single address model in Houde (2012)’s terms.
However, one redeeming merit of the current framework is much less demanding on data for
road structure and auxiliary information, e.g., traffic flows, commute pattern of residents, etc.,
that may be unavailable for many interested markets. Of course, the current model is also much
less computational expensive. Therefore, the class of network models considered in this paper
may still be appealing in early stages of policy analysis on a differentiated product market. We

will provide more details in below after presenting our econometric model.

SFor work involves estimation of a structural model, see also Manuszak (2010) uses data on volumes, prices and
characteristics for stations in Maui and Kauai to estimate a model designed for upstream merger.

®Houde (2012) focus primarily on the multi-address model mainly since it allows consumers to purchase gasoline
from stations along commuter routes or shopping paths. Thus it is reasonable to assume that multi-address model
is more realistic than the traditional single-address model which assumes consumers to purchase gasoline only from
stations near residence.
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3.3 Model

3.3.1 Theoretical Motivation

Following Pinkse and Slade (2004), the demand model is based on a linear-quadratic indirect-
utility function in which the prices of the differentiated products as well as individual incomes
have been normalized by the price of the outside good. For the ease of aggregation to station-
level demands, we assume the individual indirect-utility functions are in Gorman polar form and
thus aggregation does not depend on the distribution of (unobserved) consumer heterogeneity or
income levels. In this setting, the aggregate-demand equation can be shown to be linear in both

(log) normalized prices and income.” Demand for station i is then given by

(Gim) = Qi + B Y Wignln(pin) +0in(Yin), i=1,...,n 3.1)

J

where w;; 5, 1s the 7j-th element in n X n matrix W, and p; ,, is the j-th element in the (normalized)
vector of prices p,, y; , denotes the (aggregate) income of the consumers within the census tract
on which the station 7 resides. For generality, it can be assumed that a; ,, is a linear function of
the station ¢’s characteristics ; ,,, 1.€. @;,, = Z;n0q.

As suggested in, e.g., Pinkse et al. (2002) and Pinkse and Slade (2004), the diagonal ele-
ments of WW,,, which can be interpreted as the own-price elasticities, are also assumed to depend
on the station characteristics, or wj; ,(x;,). The off-diagonal elements of IV,, represent cross-
price elasticities and are assumed to be functions of a vector of measures of the distance between

stations by some metric. In Pinkse et al. (2002)’s semi-parametric settings, w;;,, 1s assumed to

"Please refer to Chapter B.1 for more details.
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be a series of the form ), 0)d; ;; where d, ;; is the k-th basis function of some distance measure
and 0y is its parameter to be estimated. Hence, to adapt their model to our parametric scheme,
we normalize W, = (wjj,) such that wy;,, = b and wy;, = Awyj;,, for i # j, where b, \ are

*
ij,m

parameters and w?; ~is a (nonlinear) function of some distance measure. In other words, we de-
compose the term 3 ) _; w;j »In(p;») into the sum of bin(p;,) and A~ ., wy; ,In(pjn,). Thus b
represents the own-price elasticity of station ¢ and A is the spatial autoregressive parameter that
represents the cross-station elasticity of substitution. In the following, we assume elements in
W, are exogenous and w;;,, = 0 for< = 1,...,n by abuse of notation.® Collecting Qip = TjpOyp

and nln(y; ) into X, 7, we can then stack the demand schedule (3.1) for individual stations over

1 and rewrite the demand system with matrix notation:

In (gn(pn)) = bln(p,) + AW,ln(p,) + Xy + uy, (3.2)

where X,, includes a constant term and the set of station as well as local market characteristics.
In addition, w,, captures unobserved station or regional characteristics.
We note that u,, can be heteroskedastic and correlated across stations. To cope with these

possibilities, we assume that u,, follows a spatial autoregressive process:

Up = panun + €n,

where W, u,, captures the cross-sectional correlation between stations. Of course, the estima-

tion theory we proposed in the previous chapters accommodate this specification. We assume

*Note that in (3.1), wj;,, 7 0 in general. In the decomposition of 3 3= ; wij nln(p;,n), w}; = 0 and thus the W,
in (3.2) in fact should be denoted as W;. We drop the * for the presentation that follows.
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Ele; n| Xy, W,] = 0, which in turn implies that the unobserved characteristics u,, are mean inde-
pendent of the observed characteristics, i.e., E[u; ,| X,,, W,,] = 0.

For the supply side, we assume each station faces a marginal cost of the form
ci = exp(x],0 + vy), (3.3)

where 27, represent factors that shifts marginal costs of station 7. In principle, we can allow for
the marginal cost factors to be spatially correlated. In other words, let x, ,, be one “basic” factor
and one column in z;, could be W),y ,.

Above formulation allows for the existence of a Nash equilibrium in pure strategies, such
that the prices satisfy the first-order condition

Pin = Cin — dq%%‘,m (34)

)

which in turn can be derived as the price response function from a profit-maximizing problem of

standard form:

maxpimni(pn) = (pz,n - Ci,n)Qi,n(pn) - E,n

with the quantity of demand is given by

Gin(psn) = exp | a; + bln(pin) + A Z Wignln(pjn) + TinB + Uin |
J

d

as discussed and the term F;,, denotes the fixed cost. Note that dz ’z ¢in = Pin/b under our
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specification, and thus one may alternatively work with the log-transformed (3.4):

In(pin) = B +1In(cin) = B+ 27,0 + Vipn, (3.5)

where 8 = In(1 + 7).

3.3.2 Econometric Specification

In light of above discussion and (3.2), we consider the following model specification of the

supply and demand system with network component

In(gn) = bin(p,) + AWyin(p,) + Xpy + tn, (3.6)

Up = P Woty, + €,.

For easier interpretation, we adopt a log-log specification of the demand equation. We let
In(gy) denote the (log) quantity of demand at price In(p,); X, collects the common regressors
that are expected to shift the demand equation and it includes the constant. The parameters of
primary interest are b and . As in the classical system of supply and demand, the b in this
case can be interpreted as the (market-average) own-price elasticity. As we will explain below, A
captures the competition intensity in the market. In spirit of Pinkse and Slade (2004), AW,, can
be viewed as an approximation for the cross-price elasticities between stations. As in most of the
empirical IO studies, we rely on the supply-side instruments to address the endogeneity of (log)

prices, In(p,). ? Details of the instruments will be discussed in Section 3.5 below.'”

9See e.g., Berry, Levinsohn, and Pakes (1995) and Nevo (2001). See also MacKay and Miller (2021) for a
more detailed discussion of identification strategies via supply-side instruments, demand-side instruments and the
covariance structure of a supply and demand system.

10The price equation is modeled in a reduced form fashion as In(p,) = X 121l + Z4 113 + vy, where X,
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The deviation from a classical supply and demand system comes with the inclusion of spatial
lags W,,In(p,) and the spatial coefficients \. As remarked before, the spatial weights matrix W,
is specified with some measure of proximity between units. We experiment with six different

metrics that appear in the literature:'!

1. Abinary W; = (w ;) with w; ;; = 1is and j are sharing a common boundary (explained

below);

2. A binary W5 = (ws,;) with wy;; = 1is ¢ and j are with 2-miles of travel distance and

wjj;, = 0 otherwise;

3. A numerical W3 = (ws;;) with ws;; being the reciprocal of the travel distance between
station ¢ and station j, within the adjacent census blocks of 7. The implicit assumption is

that stations that are geographically close compete more vigorously;

4. A binary W, = (w47ij) with wy;; = 1 if j is ¢’s nearest neighbor, where closeness is
measured by travel distance. Note that this is the most local measure and the relationship

need not to be symmetric. By construction, a station competes directly with only one rival;

5. A binary W5 = (ws,;) with ws,;; = 1 if stations 7 and j are on the same street and zero
otherwise. This construction reflects the empirical findings that most competition occurs

along main streets and commuter routes;'?

denotes the included instruments (with a column of constant) and Z; ,, denotes the excluded instruments. Note the
supply schedule of individual firms are typically unobserved and not possible to specify. Hence, a supply equation
in tradition form In(q2) = b°In(ps) + X111 + Z1 I3 + vy, is not always justifiable in oligopoly settings and
thus b° is not readily interpretable. Hence we abstract from modeling the supply-side in a structural way.

Eor example, Pinkse and Slade (1998) considered six different metrics based on both Euclidean distance as well
as common street/boundary measures. The metrics considered in this application resembles those considered in their
paper. However, we consider the travel distance between stations rather instead of the Euclidean distance, with the
former better reflects the local traffic conditions and road structures.

12See, e.g., Houde (2012) and Pennerstorfer (2009), among others.

102



6. A numerical Wy = (wg ;;) based on combined measures of 1¥; and 5. Under this scheme,
we,i; 18 the product of ws;; and ws;;, 1.e., the reciprocal of the travel distance between
station ¢ and j that are located on the same street with pairwise travel distance less than
(or equal to) 2-miles. The underlying assumption concerning competition is that stations
primarily compete with other stations located on the same street, and that the intensity of

competition diminishes with travel distance.

For the ease of presentation, we focus on the specification with W ,, in the main text. Addi-
tional results associated with other weight matrices are documented in the Chapter B.4. Figure
3.1 below illustrates the first construction for the market of Vancouver area. Each individual
station is marked by a red cross. The edges are segments that bi-secting the distance between
any two stations, conditional on there is no other stations in between. Therefore, two stations
sharing the same edges are treated as closest neighbors in the first specification of W,,. We color
each sub-market area with respect to the (log of) local population density, measured by counts of
residence per square kilometer. A polygon with darker color means an area of higher population
density.

In second specification of W,,, w;;, = 1 if the travel distance between station ¢ and j is
smaller than 2-miles, and w;;,, = 0 otherwise. In the third specification, we consider some
continuous measure and let elements in W, to depend on the pair-wise travel distance between
stations located in the adjacent census blocks. The fourth specification is the most local one, as
we assume stations only compete with their closest neighbors. In other words, each station only
has one competitor under this construction. The fifth specification requires additional information

about the local road structure. In particular, we treat station ¢ and j located along the same street
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Figure 3.1: Market Area based on Common Boundaries

(up to 3 blocks away) as competitors and assign w;;,, = 1. We let w;;,, = 0 otherwise. The
last specification builds on W5 and W;5. Specifically, we restrict competition to stations located
on the same street as in IV but in addition allow such competition to decay with travel distance
between station ¢ and j. As a common practice in the empirical literature, we normalize these
W, by its maximum row sum when comes to estimation. We emphasize that all I¥,,’s need not
to be symmetric by construction.

Specification of the demand equation is in line and extended based on the network demand
equation specified in Pinkse and Slade (2004), where they analyze the effects of mergers on brand

competition and pricing in the UK brewing industry. In their specification, the own-price and the
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cross-price elasticities are captured by a n x n matrix B,,. The term B,In(p,) in their model is
equivalent to bin(p,) + A\W,In(p,) in above model (3.6). They estimated the cross-product de-
mand elasticity matrix semi-parametrically and utilized the information on the proximity between
brands based on product similarities (e.g., alcohol content, flavor, etc.). Our construction shares
the same spirit in that W, can be viewed as being constructed with some measure of inverse travel
distance between stations. Note that this proximity measure is the key factor of differentiating
products in the retail gasoline market, given that gasoline is largely homogeneous in terms of con-
tent. The difference is that, we reparameterize the elasticity of cross-station substitution matrix
as AW, and thus A can be viewed as an measure of competition intensity between neighboring
stations. Indeed, our construction is more restrictive than theirs as b is a single parameter and thus
captures only the average own-price elasticity of the entire market. Also, since W), is pre-defined
based on some distance measure, it is likely to be less flexible than the semi-parametric construc-
tion considered in Pinkse and Slade (2004) and thus miss some of the substitution pattern. These
observations suggest potential interest to develop semi-parameter or non-parametric estimation

methods for this class of general network SEMs in future research.

3.4 Data

The data set consists of several components from different sources and we now describe
each in turn.

We collect retail prices of regular gasoline at station level from GasBuddy.com. Each gas
station is associated with a unique ID number that enables us to collect price information at a

set frequency with an algorithm. The gasoline prices are in Canadian cents. We collect daily
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data for 151 retail stations that belong to several sub-regions in the Greater Vancouver area,
including Vancouver City and adjacent suburbs.'?> The sample covers two periods: 09/12/2019
to 10/16/2019 and 03/11/2020 to 04/08/2020 . Approximately 91% of the stations appear in our
sample get one or more report on price information within a day. The rest 9% of the stations are
typically located on roads with less traffic and thus price information could only be updated every
a few days for some stations.'* The sales volume data is proprietary and purchased from Kalibrate
Ltd., a leading marketing and consulting firm.'> The observations are the (monthly) sales volume
of the 151 stations for the survey period of September 2019 and March 2020. Existing works
rely on survey data often rely on the price information in the survey. Since these surveys are
often conduct only at monthly frequencies, such price information is incomplete and may be
misleading. The issue could be mitigated if one works with a long panel span many months or
the distribution of prices among stations are unchanged in terms of ranking. To alleviate such
concerns, we compute for the average of the daily prices for stations in the sample matched for
the survey periods of the volume data. The final data set is a cross-sectional monthly price and
volume data for the 151 stations in the sample. Table 3.1 below provides some summary statistics
on the price and sales variables in the sample.

Since our price data is an average over the sampling period, one may worry about the effect
of price movements on consumers’ decisions and thus the demand. One such example is the

Edgeworth cycle generate by price wars between gas stations in the local market. If consumers

B3The complete list of regions include Vancouver City, Burnaby, New Westminster, North Vancouver, Port Co-
quitlam, Port Moody, and Richmond.

14 Atkinson (2008) discussed sample selection issues with consumer-reported data (e.g., Gasbuddy). In general, he
finds that consumer reported data are in general reliable for answering questions that require daily and major brand
station prices. However, it is risky to use them to study issues concerning within-day price dynamics.

I5Kalibrate acquired Kent Marketing Ltd. recently, which was a consulting firm specialized in Canadian petroleum
industry.
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perceive that stations are actively undercutting their prices to match their competitors, they may
delay purchases and wait for the price to be lower. On the other hand, if consumers expect the
price war will end soon or prices would be increasing in near future, they may stock up some
inventory now while prices are low. In Figure 3.2 below, we plot the average station level retail
price in this market during the period of August 1st to November 30th, 2019 as well as the
period of February 1st to May 31st, 2020. The shaded area indicates the time periods of our
empirical exercise, i.e., the time period for which we collect the sales volume data. During the
two periods, although there are significant trends of prices, there is no significant pattern of the
Edgeworth cycle that has been widely documented in the literature during late 90s and early
2000.!° In Chapter B.2, we provide a more detailed discussion and additional result on margins.
As suggested in, e.g., Eckert (2003) and Noel (2007), greater presence of independent stations
should lead to more cycling activity and less sticky pricing, as they often initiate a undercutting
process and generate price movements in markets akin to an Edgeworth cycle. In light of this,
one possible explanation for the price pattern showed in Figure 3.2 is the declining share of
independent stations in Vancouver since 1990s. In the current sample, only 10% of the stations
are of minor brands or being independent.!” In addition, since the upward trend is reasonably
mild during the period, we assume that intertemporal effect on consumers’ purchases is of minor
concern.

In constructing the instruments for prices discussed below, we also collect the rack prices

for Suncor and Shell that are sold in local distribution terminals.'® In the retail gasoline market of

For relevant literature, see Eckert (2003), Noel (2007), Noel (2007), Noel (2008), Atkinson (2009), among
others.

17Table 3.1 documents the list of major brands that operate in Vancouver.

18Parkland is now the only operating refinery in this area, which supplies Chevron and Esso, along with several
other minor brands. Unfortunately, rack prices for Parkland is not available.
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Vancouver, stations typically are supplied by major refineries under some type of contract.'” For

example, Petro-Canada stations are operated and supplied directly by Suncor. We assume most

independent stations purchase supplies on spot market.?’

Table 3.1: Summary Statistics of Retail Prices, Sales Volume

Mean  Std Dev Mean Std Dev
September 2019
Retail Price Sales
All 155.10 3.15 1291 0.59
Shell 155.84 2.80 13.11 0.53
Suncor 155.38 2.23 1292 0.41
Chevron 156.33 1.14 12.89 0.57
Husky 154.84 2.05 12.48 0.72
Rack Price
Suncor 90.35
Shell 90.47
March 2020
Retail Price Sales
All 97.30 3.68 12.49 0.73
Shell 96.42 2.81 12.70 0.52
Suncor 98.03 3.93 12.52 0.44
Chevron 97.05 2.68 12.39 0.94
Husky 9697 4.16 12.26 0.88
Rack Price
Suncor 49.50
Shell 49.55

! Prices are in Canadian cents; sales volume are in logged liters.

We collect information on station-characteristics such as availability of car wash, service
station, size of convenience store from both Gasbuddy.com and the data provided by Kent Mar-

keting Ltd. Table 3.2 reports the fraction of stations overall and of the four major brands in our

19Slade (1998) lists four different vertical arrangements between a supplier and a station displaying its brand of
gasoline in Canadian markets: (1) company owned and operated stations; (2) commissioned agent stations; (3)lessee
dealer stations and (4) dealer owned stations.

20See Houde (2012) for a similar assumption.
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sample that offer each type of service. As suggested in the literature, these variables of station
characteristics could partially explain the price levels observed at individual stations. We would
control for car wash and service station in the regression as dummy variables and size of con-
venience store as a continuous one. These three variables are treated as the common regressors
in both the demand equation and the price equation. We abstract from controlling for brand-
fixed effects as they appear to be less important in the another set of preliminary results and the

relatively small sample we am working with.
Table 3.2: Summary Statistics of Station Characteristics

All  Shell Suncor Chevron Husky
Character variable
C-store 90.07 9091 87.93 92.86 92.86
Car Wash 12.58 22.73  20.69 0.00 14.29
Service Station 9.27  9.09 17.24 0.00 0.00

! Fraction of stations with each type of facility; numbers in percentage.

For the variables that potentially shift consumer demand, we collect data of the number of
drivers (unit of measure is 1, 000 driver per census tract), median income of residents (in 1, 000
Canadian Dollars), fraction of long-distance commuters as well as a measure of transportation
mode for each census tract, from the 2016 Canada Census Database. We note that there are 126
census tracts in the sample and there are at most 4 gasoline stations within a single census tract.
Moreover, 71% of the census tract in the data set has only one station and 37% of the stations have
no neighboring station within the same tract. Therefore, regional variables at census tract level
may provide some additional “quasi-station specific” variations in cross-section. In the data,
there are four level of commuting distance: (1) commute within census subdivision (CSD) of

residence; (2) commute to a different CSD within census division (CD) of residence; (3) commute
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to a different CSD and CD of residence and (4) commute to a different province or territory, with
increasing distance of daily transportation. With the number of commuters of each type for each
census tract (or census subdivision (CSD)), we construct an index assigning weight of 1 to the
first type commuter, and 2 to the second type commuter, etc. Thus the index can be viewed as
a proxy of average daily commuting distance for an census tract. The presumption is that long-
distance commuters naturally demand more gasoline if they drive. A drawback of this argument
is that the commuters do not necessarily refuel their tanks near their place of residence, and thus
preferably a multi-address model should be considered, as showed in Houde (2012). In principle,
such additional information could be embodied in the network matrix W, or a sequence of W,,’s
that represent different layers of networks. Unfortunately, due to data availability, we abstract
from this extended analysis. Finally, we also computed the fraction of commuters that drive to
work (“Travel Mode”), given that some of them would choose alternative mode of transportation
and thus demand less gasoline (e.g., take public transportation or just walk). Another limitation of
the data is that we do not observe the transportation mode taken by the long-distance commuters.
However, given that public transportation is usually available at some densely populated areas
and such areas accounts for only a small fraction of census tracts in the sample, we argue that

this last concern could be minor.

3.5 Instruments and Identification

In the model, we assume managers of gasoline stations know the unobservable (to econo-
metricians) station specific tastes and the unobservable cost factors before they choose the retail

prices, which is thus likely to be correlated with the unobservables. Instrumental variables are
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used to address this endogeneity concern. Price is determined by marginal costs and markups,
and valid instruments may shift either component. In light of this, we consider two types of
supply-side instruments.

The IVs belong to the first type may be viewed as related to some measure of market power.
Specifically, we include number of competitor and the average size of competitor (measured by
the number of pumps), following Houde (2012). As discussed in, e.g., Pennerstorfer and Weiss
(2013), stations with fewer neighboring competitors tend to exhibit larger (local) market power
and hence higher ability to exercise higher markup. In addition, inspecting the sample suggests
that larger stations (measured by the number of pumps) tend to be vertically integrated and thus
may have stronger local market power.?! Moreover, as suggested in the 2019 market report by
Kent Marketing Ltd. (now part of Kalibrate), larger stations also tend to be newer and have better
amenities, which may also contribute to their local market power.??

In the context of retail gasoline market, station ¢’s direct rival(s) often compete with another
set of stations simultaneously. The sub-market served by station ¢ may also (partially) overlap
with the sub-market served by its direct rivals. As such, rivals’ characteristics (and potentially
through interaction with their prices) may affect station 7’s demand through network interactions.
For example, high price set by a high quality rival (e.g., station with high brand loyalty) will have
a different effect on station ¢ than a high rival price set by a low quality rival (e.g., an independent
station). The model we considered does not rule out this endogeneity and we need additional

instruments. The instruments we consider is the station/sub-market characteristics of the indirect

2I'The average number of pumps for Shell, Chevron, Husky and independent brands in the sample are 8.5, 8.8,
7.4, and 6.6, respectively.

22Report can be purchased at ht tps: //kalibrate.com/insights/report/data-intelligence/
2019-fuel-census/.
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rivals of station ¢, i.e., the direct rivals of station ¢’s rivals that do not compete directly with station
1. This approach follows closely Fan (2013) in the context of newspaper market, in which both
prices and product characteristics are assumed to be endogenous. One main similarity between
the retail gasoline market and the newspaper market considered in Fan (2013) is that, firm A has a
(partially) overlapping sub-market with firm B, which in turn compete with its direct rivals in the
other overlapping (sub)-markets. The intuition for why the characteristics of indirect rivals can
be used as instruments is as follows. Consider three stations A, B and C, such that A compete
directly with B and B compete directly with C, but A does not compete directly with C'. The
variation in station/sub-market characteristics of station B influence the demand for station B
and thus affect its prices. Because station A and B are competitors, B’s decision on prices affects
A’s decision. Station C’s characteristics would also affect B’s decision in an analogous fashion,
but since C' and A are not compete directly, C"s characteristics would not affect A’s demand. In
summary, we assume that variation in C’s characteristics would shift B’s prices, in a way that
should not affect A’s demand.?® Specifically, the instruments we consider include the station
characteristics (dummies of car wash and service station) of A’s indirect rivals, as well as their

count and average sizes.

Table 3.3: Correlation of Station Characteristics in Neighboring Markets

Car Wash Service No.nb Avg. Size Nb
Correlation 0.252 0.311 0.591 0.046

Note that the availability of car wash and service station of station ¢ are included instruments.
Table 3.3 reports the correlation between the included and the excluded instruments. Specifically,

we report the correlation between the availability of car wash and service station of station 7’s

23In spatial/social network literature, this type of instruments is often referred to as neighbor’s neighbor’s charac-
teristics.
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indirect rivals and those of station 7, as well as the correlations between the count (and average
size) of station ¢’s indirect rivals and those of station 7’s direct rivals. In general, the included
instruments are not highly correlated with the excluded instruments. Heuristically, these results
give us some confidence that the excluded instruments affect endogenous prices differently than
the included counterparts and thus affect the sales volume primarily through prices.

The second type of supply-side IVs can be viewed as cost-based ones, as they are related to
the rack prices at which independent stations could purchase inputs from local outlets operated
by major brands. This set of instruments include the interaction terms of presence of branded
stations with the rack price of those brands as well as an interaction term of brand and travel
distance to the corresponding distribution terminals.?* Following Houde (2012), we also exploit
the fact that there exists a small amount of cross-sectional dispersion in the posted rack prices
of the Shell and the Suncor outlets located in this area. We construct instrumental variables that
focus only on Shell and Suncor rack prices, assuming unbranded retails purchase gasoline from
the spot market from a supplier with lowest price. In particular, for each station 7, we construct
an instrumental variable that interacts Shell’s rack price with a dummy variable equal to one if
another Shell station was located within the same neighborhood. Note that the definition of local
market depends on the specification of spatial matrices W, or specifically, w;; = 1 if station %
and j are located within the same neighborhood. A similar instrumental variable is constructed
for Petro-Canada stations, which are operated by Suncor. These two sets of instruments capture
two sources of variation that are correlated with price: the presence of Shell and other vertically
integrated stations in the same locality, and the dispersion of their rack prices. Finally, the inter-

action term of brand and travel distance to the corresponding refinery exploit the cross-sectional

24Shell still operates a local terminal for distribution of petroleum products.
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variation in travel distance from refineries to retail stations. If a station belongs to a brand, it may
get favorable prices of inputs than the independent stations that are assumed to purchase inputs
from spot market. The source of lower costs could either be pre-planned and optimized route of
transportation or other types of internal discounts that are unobserved to econometricians.

Table 3.4 documents the first-stage OLS results and F-statistics for the main specification
for all six constructions of W,,’s. In the main specification, we includes all of the supply-side
instruments described above, including characteristics of station #’s direct rivals as well as the
direct rivals of 7’s direct rivals net of i’s direct rivals (i.e., station ¢’s indirect rivals) and cost-
based I'Vs discussed above. In the Chapter B.3, we also report the results for specification (2) that
focuses on the characteristics of ¢’s direct rivals and the cost-based IVs as well as Specification
(3) that focuses on the characteristics of ¢’s indirect rivals, along with results based on alternative
specifications of W,,’s.?> In general, we see that selected instruments are reasonably strong in

light of the F-statistics.?® %’

3.6 Estimation Results and Impact Measures

Table 3.5 below documents the main estimation results based on the first specification of
the spatial network matrix W,, discussed above. We compare the estimates with different sets of
supply-side instruments, under the columns of specifications (1) - (3). Table B.6 - Table B.10 in
the Chapter B.4 document the estimation results based on the rest of the specifications of the

spatial networks listed above, i.e., W5 to Ws. More detailed definitions of variables are reported

23The same set of specifications are adopted in reporting the estimation results in the next section.

%6Note that in the settings with a single endogenous variable the Kleibergen and Paap (2006) Wald statistic is
equivalent to a heteroskedasticity-robust F-statistic. The explicit expression is given in the Chapter B.3.

27To the best of our knowledge, tests for over-identifying restrictions (e.g., Hansen’s J-test) have not been formally
developed for spatial SEMs at this moment.

115



Table 3.4: First-stage OLS Regression and tests for IV power

Wi Wy W3 Wy Ws W
No. Nb -0.041 -0.081**  -0.020** -0.041 -0.041
(0.039) (0.020) (0.004) (0.037) (0.037)
Avg. Nb Size 0.030 -0.034** 0.012 0.065** -0.013 -0.013
(0.043) (0.005) (0.011) (0.020) (0.027) (0.027)
No. Indirect Nb -0.142**  -0.050** 0.008* 0.010 0.010
(0.017) (0.010) (0.004) (0.023) (0.023)
Avg. Indirect Nb Size 0.104 -0.197** -0.144 0.056* 0.151** 0.151**
(0.075) (0.054) (0.099) (0.020) (0.024) (0.024)
Indirect Nb. Car Wash | -0.066**  -0.104**  -0.033**  0.034** -0.016 -0.016
(0.022) (0.012) (0.004) (0.008) (0.011) (0.011)
Indirect Nb. Service 0.024* 0.035**  -0.052**  0.026**  -0.203**  -0.203**
(0.009) (0.005) (0.011) (0.003) (0.033) (0.033)
Suncor X Rack 0.163** 0.137** 0.034* 0.092**  0.189** 0.189**
(0.052) (0.037) (0.013) (0.027) (0.030) (0.030)
Shell X Rack 0.055* 0.102** 0.104 0.157** -0.028 -0.028
(0.024) (0.026) (0.062) (0.033) (0.023) (0.023)
Dist Refinery 0.012** 0.044 -0.315 0.145**  0.141** 0.141**
(0.002) (0.200) (0.206) (0.018) (0.017) (0.017)
Period Dummy Yes Yes Yes Yes Yes Yes
Weak IV (F-stat) 36.49 59.81 65.24 46.54 27.80 27.80
x? crit-val (5%) 20.53 20.53 20.53 19.86 20.53 20.53
Sample size 302 302 302 302 302 302

! Hetero-robust SEs are in parenthesis; * (p < 0.05), ** (p < 0.01).
2 We report effective fist-stage F-statistics based on Olea and Pflueger (2013) and Stock-Yogo weak

ID test critical values.

in Table B.11. In addition, we test for the presence of the network spillovers in the data, based
on the test proposed in Liu and Prucha (2018). The details of this test statistics and relevant
results are reported in Table B.13. In general, we find strong evidence of the presence of spatial

interdependence in prices in the demand equation.

3.6.1

With specification (1), the OLS estimate of the demand elasticity is bias downward in terms

of magnitude and the spatial autoregressive parameter A; (on term Win(price)) in the demand

Main Estimation Results
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system is not significant. The IV estimates of demand elasticity and spatial auto-regressive pa-
rameters are close in magnitude and are in general significant. This gives additional confidence
to the estimates as both 6 Lo-Gs2sLs and 0 Lo-asrLivE are expected to yield similar results at least
when Vs are reasonably strong. The demand elasticity is estimated to be ranging from —5 to
—6, depending on the set of IVs used in the estimation. These estimates are lower than those
reported by Houde (2012) in magnitude. Recall that Houde (2012) reports an average store-level
price elasticity of demand between —22 and —15 for the multi-address model, depending on IV
choices. This could relate to two differences in the model specification. First, towards construct-
ing the network matrix W, we do not account explicitly for the possibility of purchasing gasoline
along the route of daily commute or shopping trips. In Houde (2012)’s terminology, the current

model should be viewed as a variant of “single-address” model.?

Although this specification is
popular in the literature, it likely to bias the demand elasticity downwards (in magnitude) since
it only allows for substitution among closest rivals and exclude those located further away but
along a connected street or highway of high traffic flows. For the single-address model, Houde
(2012) reports estimates ranging from —15 to —6, and thus closer to our estimates. Second,
Houde (2012) adopts demand specification of random coefficient logit, which allows for a more
flexible substitution pattern than the log-linear form we assumed.?

Recall that in specification (3), we focused on the characteristics of indirect rivals when in-

strument for prices at own stations. One question is that whether we have included the proper

set of indirect rivals when constructing the instruments. With W ,,, such a concern could be

28In essence, the “single-address” model assumes a consumer’ trip to gas stations always starts from his/her home.
This construction omits the possibility of re-routing to a gas station located near daily commute route or shopping
routes.

2To the best of our knowledge, accommodating flexible forms of demand schedule in a spatial model has not
been well explored in the literature.
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reasonable, observing that the demand elasticity in specification (3) is somewhat smaller than
that obtained under specification (2), in which we focus on the characteristics of direct rivals.
One possible explanation is that the number of indirect rivals’ of own station under W ,, is larger
than the number of stations that indirectly affect station 7’s demand in reality. In our sample,
the average number of indirect rivals of each station is 14. Hence, the variations of the average
characteristics of these indirect rivals may partially masked the variations that fits our story about
using the characteristics of indirect rivals. In the context of current model, such “over-couting”
could be driven by the fact that W, ,, partially ignores the traffic and road conditions in local
markets, e.g., ¢ and j may share a common boundary by our construction but they do not com-
pete with each other since there is a highway/river between them. Obviously, such hypothesis
could be tested by varying construction of W,,’s, which controls the scope of direct and indirect
neighbors of station z. We notice that under alternative constructions of W,,, above observations
could be reversed. For example, the scope of indirect competition under 3 ,, is more local than
Wi . in the sense that it takes into account the travel distance between stations and thus put
more “weights” on the close neighbors in modeling the competition. Also, Wy, is constructed
based on the closest neighbor only and thus the scope of competition is much smaller, with the
number of direct competitors being 1. Under these constructions, the aforementioned concern of
over-counting indirect rivals is much alleviated. The results (see Table B.7 and B.8) show that de-
mand estimates using characteristics of indirect rivals (i.e., specification (3)) are larger than those
obtained by using only characteristics of direct rivals (i.e., specification (2)). Above discussion
calls for a systematic way of identifying sub-markets. In the context of retail gasoline markets,
recent contributions include, Perdiguero and Borrell (2012), Bantle et al. (2018), and Ulrick et al.
(2020). However, to our knowledge, an universally accepted approach, especially in the literature
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of spatial econometrics, has not been developed.

As remarked above, parameter b can be interpreted as the market average own-price elastic-
ity. In the spatial literature, A typically captures the intensity of spillovers among cross-sectional
units. In model (3.6), the matrix AWV, is equivalent to the cross-price elasticity matrix in Pinkse
and Slade (2004). Furthermore, recall that we normalize W, by its maximum row sum, wj;,, in
general is not a binary entry. For example, if the maximum row sum of W), is 10, then w;; , = 0.1
of ¢ and j are neighbors by the selected metric (i.e., w;;,, # 0). Hence, A can then be viewed
as a market weighted-average measure of cross-price elasticity between stations. Also note that
w;, npn gives the weighted average prices of stations that are neighboring to station z. For the
Wi p, its ij-th element w;;,, = 0.083. Hence, an estimate of :\1 = 3.72 (e.g., éLQ_GSQSLS in
specification (1)) implies that, on average, 1% price increase in a neighboring station j would

imply, on average, a 0.31% (3.72% x 0.083) increase in sales to station 1.

3.6.2 Impact Measures

Interpreting the estimates on non-price regressors are less direct in the presence of network
structure W,,’s than the regressions without network interactions at individual level. Specifically,
if the change in k-th exogenous variable of station ¢ has an effect via spatial correlation on sales
at the other stores and they, in turn, feedback to store ¢, the corresponding coefficient, say ~x,
does not denote the total effect of a unit change in x;, on the sales of station ¢. The final effect is
sometimes referred to as the Average Total Direct Impact, following LeSage and Pace (2009)’s
terms. The direct impact measure on the (log) sales of station ¢ associated with its k-th exogenous

variable in X,, is computed as %Z?:l %’t‘m. Table 3.6 reports the estimated Average Total
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Direct Impact for variables of station/neighborhood characteristics that appear in the demand
equation, for both W, ,, and W5 ,,. In light of the formulae, it should be clear that the magnitude
of impact measures depend on the specific construction of W,,’s. For interpretation, we focus
on the results obtained with 1 ,, as an example. Under the W, ,, adding car wash service at
station 7 would decrease the demand at station i by 3.8% — 4.0% (depending on the estimator)
and adding a service station is associated with 1.38% — 1.51% lower demand. In additional,
larger convenient stores seems to be correlated with lower sales volume, with about 4.3% lower
in sales for 100-square meter (about 1,000 square feet) space increase of C-store. The direct
impact of 1000 more drivers in the census-tract that station ¢ locates on is associated 3.4% - 4.4%
increase in sales volume. In contrast, the direct impact of 1, 000 more Canadian dollar income in
the census-tract that station ¢ locates on implies 0.6% — 3.2% decrease in sales volume for station
1. One possible explanation for this seemingly contradictory result is that the price charged by
stations located in neighborhoods of higher income tend to be higher and hence some of the
residents tend to opt for stations located along their commuter route for lower prices.*”

In addition, one can computed the impact on sales at station ¢ if xj of j-th (j # i) station
changed and propagates through the network. Following LeSage and Pace (2009), we refer to this
as the Average Total Impact from an Observation. In our context, one may interpret this measure
as the average impact of the a (unit) change in a station characteristic at station j to demand at
station 7. The impact on the (log) sales of station ¢ associated with the k-th exogenous variable of
station j is computed as % Z?Zl Yoy %ji{m. Under W, ,,, when station ¢ competes with station
Jj that offers car wash service, it would lower the demand at station ¢ by about 10% — 13%, taking

into account network propagation. Similarly, addition a service station at j is associated with

30See Houde (2012) for a similar argument.
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10% — 15% deduction demand at station 7. In additional, demand at station 7 is 3.8% — 4.0%
lower if it competes with a station with 100 square meter larger C-store. Sales volume at station ¢
is 3.4% - 4.4% higher if the census tract of its competitor has 1000 more drivers, after accounting
for the propagation through the network. In contrast, the indirect impact of 1, 000 more Canadian
dollar income in the census-tract that station i’s competitors located on implies 0.6% — 3.2%
decrease in sales volume for station . As remarked, these estimated impact measures depend

crucially on the construction of network matrix W,.
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Table 3.5: Estimation Results with 1V based on common boundaries

(1) (2) (3)
OLS  0r.9-cs2sts OLo-GsLIVE Or0-as2sLs  OLQ-GSLIVE Or0-as2sLs  OLQ-GSLIVE
In(price) -3.807** -5.945* -5.952* -6.063* -6.036* -5.082* -5.012*
(1.242) (2.432) (2.382) (2.714) (2.689) (2.768) (2.429)
W#In(price) 2.090 3.723* 3.734* 4.242 4.224* 3.190* 3.210%
(1.361) (1.811) (1.725) (2.179) (1.847) (1.437) (1.429)
Car wash 0.038 0.026 0.048 0.028 0.075 0.047 0.052
(0.111) (0.126) (0.157) (0.127) (0.150) (0.116) (0.139)
Service Station 0.051 0.077* 0.081* 0.082* 0.089* 0.060 0.057
(0.037) (0.038) (0.036) (0.038) (0.037) (0.038) (0.036)
C-store Size 0.050 0.046 0.047 0.047 0.048 0.050 0.054
(0.035) (0.035) (0.034) (0.036) (0.035) (0.035) (0.033)
No. Drivers 0.025* 0.044* 0.034* 0.043* 0.026 0.048* 0.050**
(0.012) (0.015) (0.014) (0.015) (0.015) (0.015) (0.014)
Med Income 0.005 -0.032 -0.006 -0.035 0.000 -0.095 -0.025
(0.233) (0.246) (0.281) (0.247) (0.287) (0.246) (0.276)
Commute Dist. -1.877* -1.769 -1.793 -1.762 -1.827 -1.897 -1.893
(0.902) (1.018) (1.455) (1.028) (1.496) (1.020) (1.430)
Travel Mode -0.016* -0.017* -0.019* -0.016* -0.014* -0.020* -0.022*
(0.006) (0.007) (0.010) (0.007) (0.011) (0.007) (0.010)
p1 0.261** 0.127 0.445 0.130 0.444 0.127 0.445
(0.074) (5.749) (2.351) (4.041) (2.247) (4.258) (2.517)
Period Dummy Yes Yes Yes
Sample size 302 302 302
R-square 0.15

!'Panels (1),(2),(3) correspond to different sets of supply-side IVs; SE in parentheses are robust to heteroskedasticity; * (p < 0.05), **
(p < 0.01). w;; = 0.13 if 7 and j are neighbors



Table 3.6: Impact Measures

Org-cs2sLs Org-csLive

Direct Indirect Direct Indirect
Wi
Demand Side Var.
Car wash -0.0401 -0.0988 -0.0378 -0.1260
Service Station -0.0138 -0.1048 -0.0151 -0.1518
C-store Size -0.0433 -0.0392 -0.0440 -0.0379
No. Drivers 0.0439 0.0439 0.0340 0.0340
Med Income -0.0315 -0.0315 -0.0056 -0.0056
W,
Demand Side Var.
Car wash -0.0926 -0.0924 -0.0671 -0.0669
Service Station 0.0132 0.0133 -0.0261 -0.0261
C-store Size -0.0975 -0.0973 -0.1548 -0.1546
No. Drivers 0.0532 0.0532 0.0522 0.0522
Med Income -0.1592 -0.1592 -0.1235 -0.1235

LW, network based on closest neighbors ;Ws: network based on neighbors with 2-
miles radius.

2 Estimates are based on regression specification (1).

3 Direct refers to the the “Average Total Direct Impact”; Indirect refers to the “Average
Total Impact from an Observation”.

3.7 Concluding Remarks

In this application, we estimate a demand equation with network dependence for (a sub
region of) the retail gasoline market in Vancouver, Canada. The data set includes observations
on both the sales volume and the station level prices, along with station and census tract level
characteristics. We find that the own-price elasticity is between —12 and —4, depending on the
set of IVs and the specific construction of the network matrices WW,,, which governs the degree
of competition to some extent. The cross-station price elasticity is in general between 0.6 —
6, depending on the network specification. These results are largely consistent with economic

theory. However, Houde (2012)’s multi-address model reports own-price demand elasticity to be
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within the range of —22 to —15, which is much more elastic than our estimates. If we ignore the
possible unobserved city level or market level fixed effects, one possible explanation is that we
build networks based on different sources of information. Houde (2012) exploits heavily on the
local traffic pattern and road structure and thus allow a station to compete with another located
far away if they are located on a main commute route or a segment of highway. Our approach of
constructing the spatial network matrices lies in line with the majority of existing literature. >'
Our proximity measures exploit the information of stations’ neighborhoods or the pair-wise travel
distance between close-by stations. Thus, we implicitly assume that the competition is largely
local. Allowing for a more flexible network structure in the current econometric framework is
one possible direction for future works. We also computed the direct and indirect measures
associated with the station and neighborhood characteristics. In general, the number of drivers in
local neighborhood and the portion of drive to work residents are important factors for demand
in retail gasoline. Finally, we do find that the estimation results are heavily influenced by the

construction of network matrices, which is a well documented phenomenon in empirical spatial

literature.

3lSee, e.g., Pennerstorfer (2009), Pennerstorfer and Weiss (2013), Pinkse et al. (2002), among others.
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Appendix A: Appendix to Chapter 2

A.1 Appendix: Example expression of EY),

For the ease of presentation, we drop the subscripts n on matrices when appropriate and
subscript 0 on parameters in below. Consider the following SE-SARAR model consists of two

equations, i.e., G = 2:

Y1 =bo1y2 + [)\11,1W1 + )\11,2W2] Y1 +curr + co1ro + €4,

Y2 =b12y1 + [)\22,1W1 + )\22,2W2] Y2 + C32T3 + C2T4 + €9,

/\11,1W1 + >\11,2W2 b1 I, ciil, cal, 0 0
and thus B* = , 0% =

bial, Aag 1 Wi + Agg oW 0 0 c3l, cal,

We consider an approximation to Ey = [Ey/, Ey}]’ up to the second order: > >_ (B*)*C*x,
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where © = vec(X) and X = [x1, z9, 23, x4]. In particular, note that

cuBiy  caBiy bacsel, bacal,
B*C* = 7
biaciiln,  bigcaily 032352 042352
(B*)zc* C11 (b2lb12]n + Bﬁ) Co1 <b21b12]n + BT;) b21032 (Bikl + B;Z) b21€42 (Bikl -+ B;Q)
biac11 (BT + Bss) biacor (BY, + B3y)  C32 (521512]n + B§§> C42 <b21b12In + B;;)
with
Bl = MiiWh + Ao Wa, (A.1)
B3y = Apg 1 Wi + Aaa oW, (A.2)
Biki = )‘%1,1W12 + A%Lsz? + A1 A oW W + Wolly), (A.3)
BS; = )‘32,1W12 + )‘32,2W22 + Mgz 1 Aoz 2 (Wi W + Woly).
Consequently

2 Dy Dis D13 Diy
D = Z(B*)S(j* = , (A.4)
s=0 Dy Dy Dag Doy
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with

2
Dy = ZBﬁ + bi2bar 1y, | e

s=0

- (In A1V A aWa + X2 2 A X2 W2+ A A o(Wh W3 + szl)) e

2
Dy = Z Bfi + bigbai 1y, | e

s=0

= ([n + )\11’1W1 + /\1172W2 + )\%171W12 + /\%1’2W22 + )\11’1>\11,2(W1W2 + WQWl)) Co1

Dy5 = (I, + B11 + Baa) baicse = (In + (M11 + A1) Wi+ (A1 + )\22,2)W2) ba1 32

Dyy = (I, + B11 + Baa) bajcas = (In + (AM11 + Ao ) Wi+ (A1 + )\22,2)W2) baicao

Doy = (1, + B11 + Bay2) biaciy = (In + (AM11 + Ao ) Wi+ (A12 + )\22,2)W2) biacii

Doy = (I, + B11 + Ba) biacor = (In + (/\11,1 + Ao 1) Wi+ (A2 + /\22,2)W2) biacor

2
Dys = Z Bﬁ + bigbai L, | 32
s=0

= (In + Ao 1 Wi+ A o Wo + /\32,1W12 + A§2,2W22 + A2 1 A2 o (Wi W5 + W2W1)> C32

2
Dy = (Z Bf; + bigbai 1Ly, | a2

s=0

- (In + Aot W3 + Ao aWa + A2y W2 4 A2 o W2 + Aaay Aas (Wi W + W2W1)> Can.

Given above results and recall that x = vec(X) with X = [z1, xq, 23, 24], it follows that the

second order approximation to Ey = [Ey/, Ey}]’ can be expressed as

(I, + Bf, + B3,) (biaciixy + biacara) + <Z§:o B3, + bl2b21]n> (c30m3 + Ca224)
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With expressions in (A.4) and the expanded terms, we thus can express the approximated Ey;

and Ey, as
2
Eyl ~ Z Bﬁ + blgmen (0111‘1 + 0211‘2) + ([n + Bfl + B;2) (bglcggl‘g + b2164gl‘4)
s=0

- [(1 + biobor) T+ At a Wi + A aWa + X2 W2 4 X2 W2 4 A o (Wi W + Wi Th7)
(c11271 + Co122) + [In + (A1 + Aoz )W+ (A2 + )\2272)W2j| (bo1c303 + boycanxy)
=c11(1 + b12ba1 )1 + o1 (1 + biaboy ) za + barcsaxs + barcynxy (A.5)
+ c11 ()\11,1W1 + )\11,2W2) 1+ co ()\11,1W1 + /\11,2W2) To
+ barcaz [(M11,1 + A2 )W + (M2 + Moo ) Wa] 3
+ barcaz [(M11,1 4 A2 ) Wi + (12 + Moo ) Wa ] 24
+ e [Afuwf + M1 (W W + WalVy) + Afmwg] :vl

+ co1 [)‘%1,1W12 + M1 A 2(WiWe + Wolly) + )\%172W22:| T2,
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and

2
Ey2 ~ (In -+ Brl + B;2) (b12611$1 + b12(321332) + Z B;; -+ blgbzlfn (CgQZL’g + C42374)
s=0

= [Ln + (M1 4 Aa2, ) Wi + (Ai12 + Moo o) Wa) (bracii@y + bracor®a) + [(1 + biobor ) Iy
oo Wi 4 AaaaWa + Ay \ W2 4 A2, 5 W2 + Ao 1 Ao o (Wi Wy + Wgwl)] (c32m3 + Caos)
=b12¢1171 + b12ca1 e + €30(1 + biaboy ) w3 + caz(1 + b12boy )2y (A.6)
+ bizcn [(Mn1 + Ao 1) Wi + (M2 + Aaz2)Wa) 21
+ b1aCoy [()\1171 + X2 1)W1 + (A112 + )\222)W2:| T
+ 32 (Aa2, i Wi + Moo oaWa) @3 + Can (Moo, i Wi + Ao o W) 24
+ e3 [Agmwf + Naz i Ao o (Wi Wa + WalV7) + Agmwg] 23

e | NauWE + Aoz daaa (Wi Wz + WalWh) + X W3 | 2.

In light of (A.5) and (A.6), we see that the second order approximation for Ey, and Ey, are

sums over terms of the generic form
()W Wi2x,  orequivalently W WP2a,m(6), (A7)

with 7(0) denotes a (scalar) function of structural parameters, s1,$2 = 1,2, l1,lo = 1,2 and

k=1,...,4. Recall that X = [z, X9, x3, 24], the second order approximation for Ey; in (A.5)

129



can be written as

Ey, ~ Z WYW3 XTI (1,0),2,0) + Z Wi W3 XTI (1,1),2.0)

l1=1,l0=2 l1=1,l0=2

+ Z Wl()ngXHL(Lo),(2,1)+ Z W12W20XH1,(1,2),(270)

l1=1,l2=2 l1=1,l12=2

+ Z WPW22XH1,(1,O),(2,2)+ Z WfWQIXHL(l,l),(m)

l1=1,l2=2 l1=1,l12=2

+ Z W;WIIXHL(QJ),(LI)

l1=2,l>=1

- Z Z ZVvlilVVISQZXHL(lhﬁ),(lz,Sz)7 (A.8)

l1,lg 51=0s2=0
——
S1+s52<2

with

I (1,0),20) = |(b12ba1 + 1)ci1, (bi2bar + 1)car, barcaa, b21042}/7
A11,1€11, AM11,1621, barcsa(M11 + Ao21), barcaz (A1 g + )\22,1)], )

Hl,(l,o),(Q,l) = >\11,20117 )\11,20217 5210320\11,2 + /\22,2)7 b21042(>\11,2 + )\22,2)],7

/
_ [y2 2
HL(LO),(?,?) = >‘11,26117 >‘11,20217 0, O] )

/
>\11,1)\11,2C117 /\11,1>\11,2021, 0, 0}

/
I 1,2),20) = [)‘%1,1011,)\%1,10217070] )
Hl,(2,1),(1,1) = [)\11,1)\11,20117 )\11,1)\11,20217 0, 0},7

and other Iy, ) (1,s,) s being restricted to zeros. One can check that, in above, the generic

l2,s2

form of a summand is

4
81 S9 _ S1 52
151 M/ZQ XHQV(Z1151)7(12751) - : :.[A/ll M/Zz xkﬂ-gv(llvsl)v(l%sl)?k’
k=1
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where Ty (1, 51, (12,51),k denotes the k-th element in 11, 4,),15,51) S1, S2 denotes the power of each
W, and index g corresponds to y, that we are approximating for. We note that the summands
W W2 ey (1y,51).(12,51).k @ppear in the right hand size of above equation conforms with the
generic form given in (A.7). We also note that, above expression allow for both W, Wazrmg (1,1),(2,1),%
and WoWi g (2,1),(1,1),k @8 summands that appear in the second order approximations.

Analogously, the second order approximation to Ey, can then be expressed as

Ey, ~ Z WYW3 XTIy (1,0),2,0) + Z Wi W3 XTI, 1,1),2.0)

li=1,l=2 l1=1,lp=2

+ Z WPW, X1y, 1,0, 2,1) + Z WEWS X1y 1.9 (2,0

li=1,2=2 li=1,lo=2

+ Z W10W22XH2,(1,0),(2,2)+ Z WBWQIXHQ,(I,I),(Q,I)

l1=1,l2=2 l1=1,l12=2

+ Z W21W11XH2,(2,1),(1,1)

11=2,l5=1

=3 D) WEWEXTD 1y 60),12,52); (A.9)

l1,lg 51=0s2=0

s1+s2<2
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with

bizci1, biacar, (bi2ba1 + 1)csa, (br2bar + 1)042] ;

=
=

I, ,(1,1),(2,0) 512011 )\11 1+ Az 1) 512021()\11,1 + /\22,1), )\22,1032, )\22,1042], )
[512011 )\11 2+ 22 2) 512021()\11,2 + )\22,2), /\22,2032, )\22,2042]/ )
[O 0, >‘22 1C32, Ao 1042]/:

11, ,(1,0),(2,2) [0 22 2C32, 32 2042]/,
[0 0, X221 A2 2€32, )\22,1)\22,2042}/

11, ,(2,1),(1,1) [0 0, A22,1A22 232, )\22,1)\22,2042}/7

and other Iy (j, ) (1,,s,) s being restricted to zeros.

Combing (A.8) and (A.9), the second order approximation to EY" is then a special case of

EY =3 > Y W WEXTg, ) (1) (A.10)

l1,lo s1=052=0

s1+52<2

with I, o), (12,50) = [Hi,00,81),(12,52)» H2,(11,51),(12,52)) and some of the T1(;, 5,) 1,,s,)s are restricted
to zeros. Note that above expression conforms with and is a special case of (2.31) as stated in
Section 2.3.3.

Since we can cover the cases where [y = 1,15, = 2 and [; = 2,5 = 1 with choices of s; and

s9, we can write (A.10) more explicitly by

EY, ~ ) Y WPW X ) 00 + O O Wa Wit XTln0) 0,0

$1=0 s2=0 $1=0 s2=0
——— ——
$1+52<2 s1+52<2
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A.2  Proofs of Chapter 2

A.2.1 Preliminary Results

In addition to the notations introduced in the main text, we introduce the following two types
of matrices that are needed in deriving the scores of the log-likelihood functions.
Commutation Matrix: For any matrix A of size n x m, the commutation matrix K., is

defined by vec(A!) = K,,.,vec(A,). It is readily checked that

I, @17,
Kym =
Im ® i;L,n
observing that A, = [a} ,,,...,a, ,]and (I, ® i}, )vec(A,) = a} ,. For simplicity, we would

refer this K., as the commutation matrix on A,,.
Stacked Blocked Matrices: Let A, = (Ay,) be a nG x nK matrix with blocks A,

of dimension n x n, and let B,, = [B;

Lnr > By,] be an nH x n matrix with blocks By, ,, of

dimension n X n, then

U@Cn(An, Bn) = [tr(All,nBLn), Ce 7tT(All,nBH7n)> e at/’n(AGl,nBl,n)a e ;tT(AGl,nBH,nOA"ll:)

tr(AlK,nBl,n)a ce 7tT(A1K,nBH,n)a s 7tr(AGK,nBl,n)a ce atr(AGK,nBH,n)]/
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denotes the GK H x 1 vector composed of the traces of the n x n blocks of the matrix

- AinBin . AignBin -
All,nBH,n AlK,nBH,n
AcinBin . AgrnDin

i AGl,nBH,n AGK,nBH,n |

As a special case, let B,, = I,, and thus

veen (A, 1) = vee,(An) = [tr(Aiin), - tr(Agin), - tr(Aika), -« tr(Ack.n)]

denotes the GK x 1 vector composed of the trace of the n x n blocks. Note that for n = 1
we have Ay, = ag, and vec;(A,) = vec(A,) where vec(.) denotes the standard operator of
vectorization. We also note that vec, (A1, B,) with A, = (A9) is covered as a special case of
the above definition, with A, replaced by A9*.

To save on notations, we will suppress the subscript n when not necessary.

We used the following lemmata in deriving the scores of the log-likelihood function.

Lemma 2. Let A be some matrix whose elements depend on some vector o = oy, ..., o).
Assume A to be nonsingular, then 224l = yec( A~V ) 2ecld),

[ole" oo

Proof
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By Corollary 29 of Dhrymes and Guerard (1978), % = |AJvec(A~VY ‘9”68—665‘4). Further note

Aln|Al _ 1 0|4

that =5 = = TA] D the statement of the Lemma then follows by combining these two results.

Lemma 3. Let A be a matrix of size p X q then

Jvec(A' ® I,,)

Gocad) = U ® g ® 1)Ly © vee(1))] Ky

Proof

By the formula on page 55 of Magnus and Neudecker (2019) !, we can write

vec(A' @ I,) = [I, ® (Kyn.q @ L) (1, ® vec(l,))vec(A") (A.12)

= [I, ® (Ky.q @ I,) (1, @ vec(I,))| Ky qvec(A).

It then follows that

dvec(A' ® I,,)

Jvec(A) = I, ® (Kpnq ® I)(I; @ vee(l,)) ]| Kpq

as claimed.

Lemma 4. With n being the column vector consists of nonzero upper diagonal elements of

Y1 (n), we have

' (O) R (p) ("' (n) ® L) R(p)u(9)
on

=vec(E(0)' E(0))' L

R

'The formulae states: let A be p x ¢ and B be m x n. We then have vec(A @ B) = (I, @ T)vec(A) =
(H ® I,)vec(B), where T = (K,,., ® I,)(I, ® vec(B)), H = (I; @ K,,.,))(vec(4) ® I,,).
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where E(0) = vec(e(0)) with €(0) = R(p)u(9).

Proof

We would utilize the following two propositions in Dhrymes and Guerard (1978):

* Proposition 89: Let A, As, A3 be suitably dimensioned matrices. Then tr(A;AsAs) =

vec(A)) (A ® Ivec(As).

* Proposition 98: Let A be m x n, and X be n x m; then % = A’. If X is a function of

otr(AX) _ Otr(AX) Ovec(X) __ /
the elements of the vector a, then ==57= = FE-= =50= = vec(A)

1 Ovec(X)
Oa

Applying Proposition 89 in Dhrymes and Guerard (1978), we then can write

u'(6) R (p)(57" () ® L) R(p)u(d)
—vec(B(0)) (S (1) @ L)vec(E(0))

=tr(E(0)'E(0)S™ ()

We next apply Proposition 98 in Dhrymes and Guerard (1978) to obtain

Otr(E(0)E0)X1(n)) _ Otr(E(0) E(0)X""(n)) dvec(S~(n))
on Jvec(X~1(n)) on

=vec(E(9)'E(0)) L,

where by definition L, = %:(")). 2 The statement of the Lemma now follows.

Lemma 5. Let A = (A;;) be a nG x nG matrix with blocks A;; of dimension n x n and let

Note that the selector matrix w.r.t. 7, L,, is of dimension G? x G(G +1)/2.
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B = (B},) be anH x n matrix with blocks By, of dimension n x n. We then have

Koo [IHG ® (Ig @ vec(l,) ) (K] o ® In)} [(IG ® B) ® [ng] vec(A)
= [tT(AllBl), ceny tT’(AllBH>, ceey tr(AGlBl)a ceey tr(AGlBH)a
o tr(A16B1), ooy (A1 Bir),s oo tr(Aca Br), ooy tr(Aca Bir)]

= vecy (A, B),

where K . is the commutation matrix on any HG x G matrix T such that vec(T") = Kgg.qvec(T).

Proof

By definition of commutation matrix ,,.;, we have

s/
IG ® ll,n

s/
IG & ln,n

where i; ,, is the ith column of [,,. Hence, K| ., = [l ® i1, ..., [¢ ® i,]. Therefore,

(I ®@vec(l,) ) (Ko ® I,) = (Ie @ vec(L,) ) [Ig @ i1y @ I, ..y Ig @ iy @ 1)
= [le @vec(,) (i1 @ 1), .., I @ vee(1,) (inn @ 1,)]

f— [[G ® ill,?’L’ ceey [G ® i;l,n]

where the last equality follows because (i}, ® I,)vec(l,) = vec(lyiin) = .
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Also note that

e @1, I ®1,,](Br @ Ing)
=[(Ic ® illjn)(bth ® Ing) + (I ® ilgjn)(bm,h QL)+ ...+ (U ® i;,m)(bnl,h ® Ing), -
(IG & i,17n)(b1n,h ® InG) + ([G &® i/Q,n)(b2n7h ® Ing) + ...+ (IG ® i;lm)(bnn,h ® Ing)]

:[IG & b(l,hv IG ® b(2,h? AR IG ® B./n,h]

where b ; ;, denotes the i-th column of B,.
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It then follows that

Koo [IHG ® (Ig @ vec(l,) ) (K] o ® [n)} [(IG ® B) ® Ing] vec(A)

1
_KHG-G

.
_KHG-G

Bl ® [nG
Io @1 Io @1, By @ L
vec(A")
Ig®i£7n,...,lg®i;7n By ®InG
HG diag:);al blocks
BH ® InG
G diago?l?il blocks
IG ® B:/l,l e IG ® B'I,’L,l
vec(A")
Ie ® By 4 Iec® B;, 4
[G®Bi7H cee ]G®B7/’L,H
G diagoﬁial blocks

tr(A'(i6ly ¢ © By)) tr(A'(i6ly ¢ © By))

tr(A'(i,¢ig.c ® B1))

tr(A'(i,¢l1 ¢ © Biy))

tr(A'(iv ¢t ¢ @ By)) tr{39(ic.cii ¢ © B1))




The second to the last equality of above follows because, fori,j =1,...,Gandh =1, ..., H:

[07 R3] i;’,G ® b(l,ha XS] i;,G ® b{n,ha (XS] O]U€C(A/)

~
jth 1 x n?G block

=vec(is, i) g ® Bn)'vec(A')

—tr(A'(is6i, ¢ © By))

where the last equality follows from, e.g., Proposition 88 in Dhrymes and Guerard (1978).
Finally, note that tr(A'(ij i} ¢ ® By,)) = tr((iici} o ® Br)A) = tr(A;iBy), and thus
Kheo [Ine @ (Ig @ vec(1,) ) (K. ® I,)] [(Iec ® B) ® L] vec(A')
= [t’f’(AHBl), ceey t’/’(AHBH>, ceey tT(AGlBl), ceey tT(AGlBH),
o tr(A1gBy),s oy tr(AigBr), oy tr(Age Br), ooy tr(Ace Bu) ||

= vecy (A, B)
as claimed.

A.2.2  Proof of Proposition 1

Let z denote a n x 1 vector with elements being functions of the r-element vector . Let A

be n x n matrix and elements in A are independent of . Then for B = 2’ Az,

0B L Ox

3The Proposition 88 in Dhrymes and Guerard (1978) states that: Let A, B be suitably dimensioned matrices.
Then tr(AB) = vec(A’) vec(B) = vec(B') vec(A)
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If A is symmetric, it then follows that

0B ,  O0x

Alternatively, if the elements of A depend on some vector o and A is nonsingular, Lemma

2 shows that mg_w = Uec(Afl’)/avg«B(A)_
a (0]

Using these results, we first write the score vectors of the log-likelihood function (2.15) as

g = veets(n )y TR @) ) ) © 1R
(A.14)
T R ) ) 1)) PG 15
o = vec(S(, 5y PG )R )2 ) @ 1Rl
(A.16)
o = ety 2w () ) 0 1) P aa)
L) _n o OveeS ) 10w ()R () (0) © L) Alp)u(s)
o 5@66(2(7])) an —3 an (A.18)

We start off by simplifying the first terms in the score vectors.
Recall that S(\, ) = L, — (B'® I,) — (N ® I,,) (I ® W) and R(p) = I,c — (P’ ®

I,)(Ig ® M). Apply Proposition 86 of Dhrymes and Guerard (1978) #, we can obtain

4The Proposition 86 of Dhrymes and Guerard (1978) states: Let A, B be n x m, m x q respectively. Then
vec(AB) = (B’ @ I,)vec(A) = (I, ® A)vec(B).
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vee (N @ 1) (I @ W)] = [(I¢ ® W) @ L] vee(A @ I,) (A.19)
vec[(P' ® I,)(Ig @ M)] = [(Ic ® M") ® L] vec(P' ® I,,) (A.20)
Also, by the definition of selection matrices,

Ovec(B)
0B,

dvec(N)

Ovec(P)
0Ny

dpg

=ige ® Lgg, =iy ® Lyy, and — i, ®L,, (A21)

In light of (A.19), (A.20), (A.21) and apply Lemma 3, we can obtain the following

duec(S(\, B)) _ Ovec(B' ® I,,) dvec(B)

I, N Jvec(B) B,
= — [IG ® (KnG (059 [n)<[G (059 vec([n))} Kg_G(i%G (059 L@g) (A22)
duec(S(A,B))  Ovec[(N ® I,)(Ie @ W)] Qvec(A)
0Ny T Jvec(A) 0Ny

Jvec(N' ® I,,) Qvec(A)
Jvec(A) A,

= — [(IG (059 W/) X Ing}

= — [(IG ® W/) ® Ing} [[PG &® (Kn~G ® [n)(IG & UBC(In))] Kpg.G(igg ® L)wg)

(A.23)

dvec(R(p)) _ _Qvec|(P' @ 1) (Ig ® M)] dvec(P)
dp, dvec(P) Opy
Jvec(P' ® I,,) Qvec(P)
Ovec(P) Opy

= — [(IG X M/) & Ing]

= — [(IG X M/) & Ing] [IQG X (KnG & In)(IG &® Uec(fn))] KQG-G<ig,G & Lp,g)

(A.24)

where K¢.¢, Kpa. and Kqg.¢ are the commutation matrices on B, A and P, respectively.
Now, to further simplify the above expressions, we take the following steps: First, we apply
Lemma 5 taking A = S~! and B = I, and, noting that [(]G ® I, ® ]ng] = I,,2¢2, to obtain
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vec(S(A, B) ) [Ie @ (Kna ® L) (e ® vec(1))] Ka.clige © L)
= tT’(S(/\, 5)11>7 ) tT(S(/\v B)Gq)’ 0 tT(S(/\, 6)1G)’ Y tT’(S(/\7 6)GG)] <ig7G © L'&g)
=vecy(STH(N, B)) (ig.a © Lg.g)

=vec,(S(A, 8)7) Lg 4, (A.25)

where S()\, 3)%¥ denotes the ijth n x n block of ST1(\, 3).

Next, take A = S~ ! and B = W, it then follows from Lemma 5 that

U@C(S(/\, /B)_ll), [(IG & W/) & In(;} |:]PG & (KnG & ]n)<]G & ’U@C(In))} KPGG’(ig,G & L)\’g)
= [tr(S(A,B)”Wl), ot (SN, BYHWp), s tr(S(A, B)FWY), s tr(S(N, B) W),

o tr (SO BYCWL), s tr(S(N, B) W), s tr(S(N, B)CCWL), o tr (SN, B)“Wh) | (1.6 @ Lay)

=vecn, (SN, B)9, W) Ly ,. (A.26)
Next, let A = R~ and B = M.,it then follows from Lemma 5 that

vec(R(p) ™) [(Ie ® M") ® L] [Igc ® (Kn.c ® In)(Ie ® vee(In))] Koa(ige ® Lyg)

= [tr(Ry ' (p)My), ..., tr(RTH(p) M), 0, ..., 0, ooy 0,...,0,t7(RG (p) M), ..., tr(RG () M) | (ig.c ® Lpyg)

1st 1 x QG block Gth 1 x QG block

:Uecn(R_l(p), M)/(ig,G ® Lp,g)

=vecn(Ry H(pg), M) Ly . (A.27)

Now equations (A.25) - (A.27) represents the simplified first terms of the scores w.r.t. 3,, A, and
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Pg-
We now simplifying the second terms in the scores. First, we note that
oC*(v)x  I(le ® X)vec(C) dvec(C)

- = (e @ X)(go ® Lyg) =ipa® X, (A2
g dvec(C') I, (le ® X)(igc ® Lyg) =lgc @ X, (A.28)

Next, recalling that vec(Y) = (Ic@W )vec(Y) and vec(U) = (Ig®M )vec(U) and applying

again Proposition 86 of Dhrymes and Guerard (1978), we have

(B' @ I,)vec(Y) = (I ® Y)vec(B) (A.29)
(N ® L) Ie@W)vec(Y) = (N ® I)vee(Y) = vec(YA) = (I ® Y)vec(A), (A.30)

(P'® I)(Ig @ M)vec(U) = (P' @ I,,)vec(U) = vec(UP) = (Ig @ U)vec(P).

Consequently

IS\, By Ollng — By (B’ ® I,)vec(Y)

dvec(B)  dvee(B)  Ovec(B) =—Ue®Y) (A.31)
S\, By 0L —Bily 0[N, ® L,)(Ig @ Wy)]vee(Y) _
dvec(N) (9560(/\) - 8vch(A) =—-Ig®Y), (A32)
OR(p)u  Oll,c— Pilu 0[P, ®I,)(Ig ® M,)vec(U) _
dvec(P) 8560(P) o Ovch(P) =-(le®U)
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and thus

S\, By 0S(X, By dvec(B) _

_UG ® Y)(ig,G ® Lﬁ,g) = ig,G ® Y:m

983, ~ Ovec(B) 9B,
IS\, By 35( , B)y Qvec(A) . . o
a)\g o avec( ) a>\g - (IG ® Y) (lg,G ® L/\,g) — 1g7G ® Yg7
OR(p)u  OR(p)u Qvec(P) . . o
opy 8vec(P) dpg = —(Ie®U)(ige® Lyg) =iga@U,.

Substituting (A.28) - (A.35) into the second terms of the scores and observe that

') ® L) R(p)(igc ® Xy) = (079 @ L) Ry(py) Xy,
(X7 ) @ L)R(p)(ige ® Yy) = (09 @ L) Ry(py) Yy,
(2_1(77) ® I,)R(p)(ig,c ® ?g) =(07® [n)Rg(pg)?gv

(2_1(77) ® In)(ige ® Ug) =(07® In)Um

the second terms of the scores can then be written as

W' (6) R (p) (0 @ L) Ry(pg) Xy,
u'(0) R (p)(0? @ In)Rg<Pg)Y;J7
W' (8)R'(p) (09 @ 1) Ry(py)Y g,

WO (p)(o? ® L)T,.
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Finally, note that %:(")) = L, by definition and recall Lemma 4 shows that

0u'(6) R (p) (X~ () ® L) R(p)u(d) _ Y.
n = vec(E(0)E(9)) L,.

Substituting these results into (A.18), we obtain obtain

8172?7(9) = % [nvec(E(n))' - vec(E(@)/E(e))/} Ly. (A.40)

We combine above results (A.25), (A.26), (A.27) for simplifying first terms of the scores,
(A.36) - (A.39) for simplifying second terms of the scores, as well as (A.40). We can then re-write

scores in (A.14) - (A.18) as

azggg(@ = — vec (SN, B)9) Ly + 1/ ()R (p) (09 @ 1) Ry(py)Yy,
3“5’;59) —u ()R (p)(0? © 1) Ry(py) X,

algife) = — vee (SO, B)9, WY Lag + 4/ (0) R (p) (09 ® L) Ry(py)Y .
algﬁg(@) — — veca(Ry (py), MY Ly + 1 (5)R (p)(0 @ L)T,,
OLO) L vt - w0 E0)'
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Recall the notation stacked blocked matrices defined in Chapter A.2.1, we have

veea(S(N, B)9) Lgg = [tr(S,2 (N, ), - -, tr(S7(N, B))] L,
veen (SN, BY9, W) Ly = [tr(S¥(\, B)Wi), ..., tr(S¥(N, B) W),
tT(SSg()\, B)Wl,n)7 s 7tr(57?g()‘7 B)WP,H)]L)\797

Uecn(Rgl(pg)v M),Lpg [tT(R;;(Pg)Ml,m e atT(R;qlz(Pg>MQ,n)]Lp,g

Taking transposes of above expressions of scores, it then follows

%ﬁ(ﬁ”) =Yy Ryn(pg) (0% (1) @ 1) Ru(p)un(8) — L goecn(S(A, 6)9),
%f;’m = X! Ry () (0% () © L) Ry ()i (6),

%fjn) =Y, Ryn(pg) (0% (0) @ L) Ru(p)un(8) — L jveca(S(A, B)9, W),
%,ﬁf’m =Ugun(05)' (0% (1) @ L) Ru(p)un(8) = L, yveca(R, ™ (py), M),
%f’”) :%L; [nvec(S(n)) — vee(Ea(6) Ea(8))]

The statement of the proposition now follows.

A.2.3  Proof of Proposition 2

Under Assumption 4 and note that m/(0,) = 1Z¢,(0) (0§ ® I,)e is linear in . Thus

n*g

Em! (6,) = 0 as the proposition claimed.
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A.2.4 Proof of Proposition 3

For the quadratic moments, note that at t, we have 09 (6y) = EE; ;Ey = (0410, -, 0gc0]-
Next, observe that v = S™!(\g, Bo)u = S7( N, Bo) R~ (po)e and thus v; = Zle SrR-1e,.
Consequently, for the I-th vector in V] (6) R, (py) (0% (0) ® I,,)R(p)u(d) at the true parameter

values we have

G
EvR) (0§ @ I,)Ru=E) e R"'S"R, Z o, (A.41)
r=1
G G
- Z > tr[R7S" R 08 Ee.e)] (A.42)

s=1

G
> (RS R 0800 (A.43)

=1

I
Mm

1

ﬁ
Il
w

G
tr[R7 SR 0800 = tr[Ry 'S'R,) = tr(SY)

1 s=1

I
M2

r

observing that 25:1 08’050 = 0 forr # g and Zle 08°0s.0 = 1 for r = g. This proves that

EVg/(‘SO)R/g(IOO,gXUg ® In)R(PO)U(50) = Mﬂ,g()‘Oa 50)

Next, since v = (/¢ @ W)v and thus 7, = W, Zle SR e, forl = 1,,,.G and p =
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1,..., P. In light of the proof above, we the have

Ev,,R. (0§ ® I,)Ru _EZe R'S"™W!'R! Zao £

r=1

p”qg
MQ

tr[R'S"' W) R, 0§’ Ee ¢,]
1

%
Il
—
)
Il

M-
B

tr[R S W R, 080 4r,0]

1

ﬁ
I
—
vl
I

G
tr[R S W R!] Z 08 00 = tr[Ry "SR] = tr(SYW,).

1 s=1

M-

T

This shows that EV;(éo)R;(poy)(O’g & ]n)R(po)U((So) = M)\7g(/\07 60)

For the moment conditions w.r.t. pg, recall that U, = [M;u,, ..., Mgu,] and hence
Eu, M, (0§ ® I,)Ru = e’gRg’l’Mé(ag' ® I,)e
=E< R,V M, Z od’e,s
R,V M, Z 03 Ee,e)
R;UM; Z 08°04s50)
s=1

= tr(R,'M,)

where the last equality follows because zsczl 08°04s0 = 1. This proves that EU; (0§ @ 1,)Ru =

Mp,g(pg,0)~

Putting above results together, the claim of the proposition follows.
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A.2.5 Proof of Lemma 1

Recall from equation (2.27) in that the set of quadratic moments

Von(0) Ryn(pg) (07(0) @ Ln)en(0) = p15.90(A, 5)

Mgn(0) =~ 1 Vo u(0) Ry(pg) (09(0) @ L)en(0) — pirgn(X, B) | -

=

9n(09)'(05:(0) @ I,)en(0) — t1pgn(pg)

for g =1, ..., G based on the score of the (log)-likelihood function, and

Mﬁ,g,n(A, B) - L,B,g[tr(SrILg(/\v 6))7 te 7tr(STCL;g<>‘7 6))]/’ (A44)
fiagn(A, B) = L&g[tr(S}ﬂ(}\, BYWin), .- tr(SHN, B)We,), (A.45)
tr(SSIN, BYWi,), ..., tr(SS9N, B)We,)] (A.46)

Hpgn(pg) = L o[tr(Ry(pg) M, - tr(Ry(pg) M)l

Let vy, ,(0) be the h-th n x 1 block in V,,(#) and assume vy, ,,(6) is one column in V, ,,(¢). In

light of m{ ,, (¢) and the expression of V; ,,(¢) deduced in Section 2.3.1, we see that

Uhn ZSM Rln pl)gln(0>

The (full information) quadratic moments associated with the score w.r.t., e.g., b, in the

g-th equation, is thus given by

| SZ O R0 SO BY | Ryl (07 @ )en(6) = ~r(SIOB), (A4D)
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Recall that S™ (), 8) denotes the h-th n x nG block of S, (), 3) and i, ¢ denotes the g-th

column of the identity matrix of dimension (G. We further note that (A.47) is equivalent to

a0V R () (1 SO BY) B0 (57 @ L)eal) = ~tr(SHOLB). (AdS)

n

To see this, note that i, ;, ® S} (A, p)’ is in fact

0 ... SM(X\B) ... 0

n

ic® Sk, B) =

0 ... SFE(\B) ... 0

which is a nG' x nG matrix of zeros except for the g-th nG x n (column) block. Thus

%En(e)/R;1<p)/(ilg,G ® SZ'O‘v p)/) R;L(p)(z_l ® In)en(0)

0 ..o Rin(p)SP N B) Rynlpg) -. 0
RENOAE ; | (27 @ L)ea(6)
n

0 ... RgL(pa)SEY(N,B) Ryn(pg) ... O

(ob @ I,)en(0)

1
=—10... Zeln Ry} (o) SE (N, B) Ryn(py)s - .., 0

g-th 1 % block (0% ® I,)en(0)

Zan R M) SI O BY | Ryn(pg) (0% @ L)en(6)

S|

as desired. With entirely analogous steps, one can write an element in V,,(0)' R, .(p,) (¢% (6) ®
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L,)en(0) — piagn(A, B) that is associated with the score w.r.t., e.g., Apgp, as

a0 B (0) (1,6 ® S BY Wy, ) Ralp) (57 @ L)en(6) — ~tr(SII(N, B)1W;,0), (A49)

n

and the element in U, ,,(6,) (09-(0) ® I,)en(0) — 1, 4.n(p,) that is associated with the score w.r.t.,

€.8., Pg.q» AS

1 .. _ _ 1 -
—en(0) (ig.ciy ¢ ® Ry, (pg) M, ) (57" @ L,)en(0) — Etr(Rg,i(pg)qun)- (A.50)

n

Upon replacing o with X and taking transposes of the expressions (A.48),(A.49) and (A.50),

the claim of Lemma 1 now follows.
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A.3  Explicit Expressions of VCV matrices

A.3.1 Explicit Expression of \i/gg,n(g)

Recall that the block corresponding to the quadratic moments is of the form

U2 (g) WA (9) VP (g)

gg,m gg9,n

Vi) = | UBY (g) UM (g) T (g) |

g99,m 99,m g99,n

Vo' (g) WM (g) Wee (g)

g99,m g99,m gg,n

as well as the general forms of the individual elements in a sub-matrix of ¥4 (g), say W50 (g),
that presented in Section 2.5.1.

For easier presentation, we define the following matrices

AEY = MATa | Ryn(g) S12 s Br) Ri ()|

AA’Z’A = MATy _Rgm(ﬁg,n)Wp,nSf;g’A(j\m Bn)R;,n(lagﬂ)} )

r7p?g

ol A [ A [~
AZ»Q - MATd quRg,n(pgyn) °

The superscript [ is used to highlight these matrices are associated with the limited information
moments, in contrast to the full information matrices, e.g., flfg 4 defined in the next section.

Recall that 3,, A\, and p, are my 3 X 1, mgx X 1 and my, x 1 vector of parameters. The
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Myg,5 X mg,g block W58 (g) is

ABLA 1B1LA A8.LA ABLA AB,1LA A8.1LA
tr <A1,g (Al,g + Al,g >> st <Af,g (Ag,g + AGyg >>
5_2
1,88 _ggmn gy . . .
\Ilgg,n<g) - T 8,9 : t. : Lﬁ,g'
ABLA 1B1LA A8,1LA ABLA AB.1LA AB.1LA
The my,5 X myg, block T2X (g) is
TBLA IALA TNLA TB.LAL TNLA TANLA
tr <A1,g (Al,lvg + Al,Lg >> s tr (A/f,g (AG,P,g + AG,P79)>
5.2
T8\ g9g,m 11 . . .
qjggm,(g) = n B,9 : c. : L/\:g’
TBLA INLA TNLA TB.LAL TNLA TANLA
tr <AG,9 (Alyl,g + Al,Lg >> st (Ag,g (AG,P,g + AG,P79)>

and in accordance to the order of quadratic moments mg’,f, r(0, g) in defining the LQ-GSLIVE,

the first row in @g;n( g) (ignoring selecting matrix) is

TBLA INLA L AALA TBLA, INLA | TALAY
“”(Al,g (Ayrg + ATy ) )t ALy (ATE, + AT ) |

TBLAL TALA | TALA TBLA, TIALA | FALA
L tr (Al,g (Agi, + AGJ’g)) .t <A1,g (Agpy + AG,P’9)>] )

The my 3 X M, , block U2 (g) is

gg,n
ABLA folA Aol A ABLA folA Al A
(At ) (A A
5.2
I8 _ _99n g1 . . .
\Ilgg,n@) — T, By : . : L,,.
AB LA fplA ApLA ABLA Ap,lA Ao A
(At a) e (A A
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The my, \ x my 5 block \Ifggn(g) is

SALAL TALA /\,l,A SALAL FALA L IALAY
tr (Am,g (ATry + A )) St (Al,lyg (AGpg + AG,P,9)>
5.2
TN _ g9 74 SALA L FALA )\,l,A LA LA AALA
\11997 (g) T on L>\7g tr <A1,P,9(A1,179 + A )) oo (ALP,Q(AG,P,Q + AG,P,g)) L’\’g’
SALA  TALA A,l,A LA FALA | GALAY
tr <AG,P,g(A1,1,g + 4 )) SR (AG,P,g(AG,P,g + AG,P,g))

and in accordance to the order of quadratic moments mg o R(H g) in defining the LQ-GSLIVE,

the first row in U2 (g) (ignoring selecting matrix) is

A A L )\lA TALA NA,Z,A A,Z,A

TANLAL TNLA LA TANLA L TALA LA
tr (Al,l,g (Ale,g + AG,l,g )> yeeestT (Al,l,g (AG,P,Q + AG,P,Q>)] :

The my» x m, , block U (g)is

gg9.n
tr (Aﬂ:’;(A”’Z’A + AP )) ot (Ai;{j;(m bA A ))
- &2 ,
Worn(g) = =215, | ir <Ai BA(APA 4+ AphA )) Lt (Ai BAAGLA 4 ABhY )) Ly,
<A>\,Z,A (Ap,l VA AT:;A/)) o (AX LA (Ap,l JA Ap A ))
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and lastly the mg, , x m, , block \ifgg.n(g) is

(At ) o (g agh)
PP ( ) _ 539»% I/ . . . L
ggn\9) = n P9 : e : pg-
AnLA AplLA Ap.LA AnLA L Ap LA Aol A
tr (AQ,g (Al,g + Al,g )) . tr (AQ,g (AQ’g + AQ’Q ))

A.3.2 Explicit Expression of \i/%

For easier expressions, we define

A4 —MnTp [Ro(fu) iy @ S5O, B)) B )|

ANSA =MATp _Rn(ﬁn>(i;,6’ ® Wp»”S:L'(S\”’ Bn))RZ‘(ﬁn)}

T7p7g

A0, fA . o/ A
At =MAT [ig iy, © My Rt (o)

The superscript f is used to highlight these matrices are associated with the full information

moments, in contrast to the limited information matrices, e.g., A%,A defined in the previous

section.

Recall that the block corresponding to the quadratic moments is of the form

with each sub-matrix consists of G' x G sub-blocks, as well as the general forms of the individual
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BB

elements in each sub-block, say W ghan

that presented in Section 2.5.2.

157



8S1

Explicitly, the gh-th block of \ifgﬁ (of size mg g X mp ) is

tr (Afg,A( A4 L (S, 0 L) A 5 e [n))) Lt (Afg,A( AA L (S, 0 L) A% 5 e In)))

~ 1
88 _ !
Yonn =~ Lisg

tr (AgQA( WA (S, 0 L) A 5 e [n))) Lt (AgQA( AA L (S, 0 L) A% 5 e ]n)))

The gh-th block of W5 (of size m, 5 x ™) is

r(AFAEL + G ARG SR 0 1)) o e (AAE+ G LA E @ 1)

(AL G A SR 0 1)) o o(AAE+ Cae LIAE 0 1)

where, to clarify the ordering, the first row in the bracket is

(AR G ARG S 0 1) )t (AAAS + Saw A 57 0 1)),

ot (Af;gmggﬁ LB LA (S e zn») R~ (Af;gﬂ@gg;; F Lo LA e In))>] |



651

The gh-th block of W57 (of size my 3 x my, ) is

~ 1
Bp _ /
Yohn =~ Lisg

tr (flf:;‘ AAA 4 (S, @ L)AM (5 @ In)>>

tr (Aé’,’;"“(ﬁ’fzi’A + (. @ LAY (S ® h)))

The gh-th block of \ifﬁ’\ (of size my x X My ) 1S

TN /
\Ilgh,n - ﬁLA,g

tr (Ai’f‘:;“@i:{f e LA e fn»)
tr (@:ﬁﬁ(ﬁi;{f L L) (E o fn»)

ANMGA (AN LA < INA S
ir (Agf;,gmi{,h F e L) A (5 fn>>)

~)" 7A N)‘7 7A S N)‘7 7A/
tr (Al’{g (AN7 + (Sn @ L) AN,
~)" 7A ~)‘7 7A S ~)‘7 7Al
tr (ALJJ;,g (AG,];,h +(Zn® [n>AG£3,h

LA MLA e A
tr (AG,J;,g(AG,J;’,h + (Zn ® IH)AG,J;,h

o 1)
£ o)

e n)

L,

L/\,hJ



091

where, to clarify the ordering, the first row in the bracket is

tr<Ai{;;‘(Af;{;,;“+(in®ln)Af;{;;"(i;1®In))),...,tr(Ai;{,’;‘(Ai (S ® LA (5: @1»)

..,tr(fli’{”;(flg, (S © LA (5: @1») ,tr(A;v{;;mgf (B @ LAY (5: ®I)))]

The gh-th block of W? (of size m, \ X ™y, ,) is

(R Goo AT E @ L) o e R Gaw AL € @ 1)

~ 1 - - - - ~ ', ~
ok = 2L “"(Ai;i?ml + (S @ L)AL (S5 ®1)>) ”(Ai’z’?i’;‘<A8§;A+<En®fn>A8§;A<En1®fn>>

tr<[1g§;f;(flf:£"‘+(in®1n)/~1f£ 5 @1») tr(/igﬂgj‘;(/igf,;“r(in®ln)Agf,;A'(inl®1n))

Lastly, the gh-th block of W (of size m, , X my, ) is

tr (A” PAATA 4 (8, @ LYAYIY (B @ In))> tr (Aq;gvA(Agf,;A + (2, @ L)AGY (S @ [n)))

pp _ 7!
\Dgh,n ang

tr(A”f YA + (B, @ LAY (S 9 1, ))) tr<Ag{;A(Agf‘,ﬁ+ (. ® L)AZY (2 ®1n)))




A.4 Additional Monte Carlo Results

In this section, we report additional Monte Carlo results utilize the “dumbbell-shaped”

weights matrix considered in Section 2.7.5.

A.4.1 Results with Alternative W,,’s

For the robustness check, we experiment with the same model specification as those in
Section 2.7 for each scenario, but with a subset of the parameter constellations described in the

main text. Specifically, for Scenario I, we experiment with

Eqn 1 le =0.15 )\1171 =0.3 )\1172 =0.2 P11 = 0.2 P12 = 0.1

Equ 2 1)12 =0.3 )\22,1 =0.3 /\22,2 =0.15 P21 = 0.1 P22 = 0

We consider both the cases with c; = ¢, = [1,1,1] and ¢; = c, = [0.4,0.4,0.4]" in this
scenario.
Scenario 11

We experiment with

Eqn 1 bgl =0.15 /\1171 =03 )\2171 depends on )\1171, bgl, 1%

Eqn 2 b12 =0.3 )\22,1 =0.3 )\22’2 =0.15

For the parameters on the exogenous variables, we let

* Equation 1: c¢q1,co01,c31 = 1; cq1, 51, Co1 depend on cq1,c91, c31, respectively, as well as

)\11’1 and v,

e Equation 2: c¢79, cga, Cgo = 1,
72, 82, LY
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and we set the deviation parameter ¥ = 1 and 0.4 (corresponds to the strong identification and

the weak identification cases, respectively).
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€91

Scenario I

Table A.1: Median and RMSE of Scenario I, homoskedasticity, alternative W,,’s

Strongid. TRUE| 0y fcsasts fcsssis besiive fosrive 0r0-asasts 0r0-csssis éLQ—GSLIVE éLQ—GSFIVE

Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE

by 0.150] 0.151 0.023 0.164 0.028 0.154 0.025 0.152 0.024 0.152 0.024 0.151 0.024 0.151 0.024 0.154 0.024 0.154 0.025
A 0300 0.303 0.031 0.307 0.036 0.311 0.035 0.301 0.034 0.303 0.032 0.311 0.036 0.309 0.032 0.301 0.036 0.301 0.032
A2 0.200] 0.196 0.032 0.178 0.044 0.188 0.037 0.194 0.036 0.196 0.033 0.186 0.040 0.191 0.037 0.193 0.036 0.193 0.035
pnn 0.200] 0.191 0.062 0.182 0.072 0.185 0.072 0.191 0.066 0.194 0.069 0.183 0.071 0.189 0.071 0.196 0.069 0.196 0.062
p1z 0.100] 0.095 0.070 0.111 0.078 0.105 0.078 0.092 0.075 0.092 0.078 0.100 0.077 0.100 0.077 0.098 0.080 0.105 0.068
b1, 0.300] 0.301 0.022 0.313 0.025 0.302 0.023 0.303 0.022 0.302 0.021 0.302 0.023 0.301 0.021 0.304 0.022 0.303 0.023
Ag21 0.300| 0.300 0.029 0.306 0.037 0.308 0.033 0.299 0.034 0.298 0.030 0.304 0.037 0.305 0.033 0.299 0.035 0.298 0.030
X222 0.150| 0.151 0.030 0.132  0.041 0.140 0.036 0.149 0.036 0.148 0.032 0.143 0.039 0.144 0.033 0.149 0.036 0.148 0.031
p21 0.100| 0.097 0.064 0.088 0.069 0.090 0.071 0.096 0.069 0.103 0.069 0.088 0.070 0.096 0.068 0.098 0.072 0.102 0.069
paa 0.000(-0.014 0.075 0.002 0.085 -0.006 0.087 -0.017 0.090 -0.017 0.089 -0.007 0.089 -0.009 0.090 -0.007 0.092 -0.010 0.078

Weak i.d. TRUE| 0y, Ocsasrs fcsasrs Ocsiive Ocsrive 0r0-cs2s1s 0r0-cs3sLs Oro-cstive Or0-csrive

Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE

byy 0.150| 0.152 0.060 0.223  0.090 0.181 0.069 0.155 0.060 0.158 0.061 0.161 0.058 0.158 0.067 0.169 0.063 0.162 0.063
A1 0300 0311 0.080 0.356 0.116 0.367 0.121 0.298 0.086 0.308 0.084 0.355 0.107 0.352 0.101 0.302 0.089 0.306 0.080
A2 0200 0.187 0.077 0.081 0.154 0.108 0.134 0.189 0.089 0.182 0.087 0.130 0.114 0.145 0.105 0.175 0.092 0.177 0.082
p1n 0.200] 0.183 0.096 0.114 0.157 0.108 0.163 0.190 0.116 0.183 0.110 0.133 0.132 0.142 0.126 0.186 0.117 0.188 0.098
p1z 0.100| 0.107 0.096 0.225 0.174 0.190 0.152 0.101 0.117 0.108 0.108 0.163 0.131 0.146 0.128 0.116 0.125 0.117 0.099
b1 0.300] 0.304 0.050 0.360 0.079 0.318 0.062 0.308 0.057 0.309 0.053 0.310 0.054 0.308 0.056 0.317 0.056 0.308 0.056
X221 0.300| 0.297 0.071 0.347 0.110 0.359 0.116 0.291 0.088 0.300 0.078 0.329 0.093 0.328 0.092 0.294 0.092 0.295 0.075
Ag2o 0.150| 0.148 0.074 0.050 0.134 0.070 0.125 0.148 0.089 0.137 0.078 0.103 0.104 0.104 0.098 0.135 0.089 0.139 0.072
p21 0.100| 0.107 0.102 0.025 0.144 0.019 0.153 0.106 0.113 0.101 0.112 0.057 0.123 0.065 0.119 0.106 0.119 0.107 0.106
p22  0.000(-0.017 0.105 0.089 0.154 0.071 0.142 -0.018 0.128 -0.008 0.117 0.028 0.125 0.022 0.121 -0.004 0.126 -0.008 0.107

! Results are based on 500 Monte Carlo trials with sample size n = 486; 0. = 1.



Y91

Scenario I1

Table A.2: Median and RMSE of Scenario 11, homoskedasticity, alternative W,,’s

Strong i.d. TRUE éML éGSZSLS éGSBSLS éGSLIVE éGSFIVE éLQ—GS?SLS éLQ—GSSSLS éLQ—GSLIVE éLQ—GSFIVE

Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE

by 0.150| 0.148 0.024 0.163 0.027 0.155 0.025 0.150 0.024 0.149 0.024 0.166 0.029 0.156 0.026 0.152 0.024 0.150 0.024
A1 0.300( 0.300 0.027 0.324 0.050 0.320 0.045 0.304 0.045 0.301 0.043 0.317 0.036 0.314 0.033 0.305 0.032 0.303 0.030
Ao -0.195(-0.195 0.027  -0.198 0.032  -0.191 0.032 -0.196  0.031 -0.195 0.030 -0.205 0.031 -0.197 0.029 -0.199 0.029 -0.196 0.027
¢y -1.3001-1.302 0.065  -1.312 0.075 -1.314 0.065 -1.300 0.074 -1.300 0.067 -1.303  0.070 -1.308 0.062 -1.298 0.070 -1.303  0.064
¢ -1.3001-1.300 0.070  -1.306 0.078  -1.309 0.074 -1.297  0.080 -1.301 0.075 -1.301 0.081 -1.309 0.070 -1.298 0.082 -1.303 0.070
ce1 -1.300(-1.291 0.074  -1.311 0.082  -1.304 0.071 -1.295 0.085 -1.292 0.070 -1.302  0.078 -1.300 0.074 -1.295 0.079 -1.294  0.074
b2 0.300| 0.300 0.023 0.312 0.026 0.307 0.024 0.301 0.024 0.301 0.024 0.314 0.027 0.308 0.024 0.303 0.023 0.305 0.024
X271 0.300] 0.299 0.027 0.311 0.037 0.307 0.036 0.299 0.038 0.299 0.035 0.309 0.030 0.306 0.029 0.303 0.029 0.301 0.027
Ag2o 0.150| 0.149 0.026 0.145 0.035 0.145 0.033 0.149 0.037 0.151 0.032 0.145 0.029 0.146 0.028 0.147 0.028 0.149 0.026

Weak i.d. TRUE| 0, Ocs2sLs Ocsasns basLive osrive éLQ—GSZSLS éLQ—GSSSLS éLQfGSLIVE éLQ—GSF[VE

Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE

bo; 0.150| 0.149 0.024 0.165 0.029 0.157 0.026 0.149 0.024 0.149 0.024 0.165 0.029 0.156 0.025 0.151 0.024 0.150 0.024
A, 03001 0.299 0.041 0414 0.162 0.390 0.129 0.302 0.110 0.299 0.106 0.323  0.052 0.323  0.051 0.305 0.045 0.302 0.044
X911 -0.105(-0.104 0.029  -0.116 0.032  -0.109 0.030 -0.107 0.028 -0.106  0.031 -0.119 0.032 -0.112 0.031 -0.109 0.030 -0.106  0.029
¢y -0.7001-0.696 0.066  -0.791 0.145 -0.769 0.117 -0.705 0.127 -0.702 0.116 -0.715 0.076 -0.717  0.069 -0.698 0.074 -0.700 0.063
cs -0.7001-0.696 0.074  -0.790 0.148  -0.776 0.121 -0.703  0.127 -0.710 0.112 -0.718 0.086 -0.715 0.078 -0.699 0.085 -0.698 0.077
ce1 -0.7001-0.685 0.076  -0.789 0.147  -0.767 0.122 -0.698 0.120 -0.694 0.113 -0.713  0.086 -0.704 0.076 -0.695 0.082 -0.690 0.076
b2 0.300| 0.300 0.025 0.314 0.027 0.307 0.025 0.302 0.025 0.302 0.024 0.316 0.029 0.307 0.026 0.304 0.025 0.305 0.025
X221 0.300] 0.299 0.026 0.305 0.033 0.307 0.032 0.299 0.033 0.297 0.033 0.305 0.028 0.304 0.027 0.301 0.027 0.300 0.027
X222 0.150] 0.150 0.025 0.143 0.036 0.140 0.033 0.149 0.037 0.151 0.032 0.142  0.028 0.144  0.026 0.147 0.027 0.149 0.025

! Results are based on 500 Monte Carlo trials with sample size n = 486; 0. = 1.



A.4.2 Correlated = ;.’s

Recall that we generated each column in X,, = [z1,,, %2y, ..., T6,] by i.i.d. normal with
mean i, = 1 and variance 0, = 1. Let x; ,, = [Ti1n, Tion, - - -, Tien) be the ith row of X,,.
We now set the covariance between z;; ,, and x;;,, to be 0.25, for j # k, and thus the variance

covariance matrix for elements in x; , is

1 025 ... 025
025 1 .o 0.25
025 ... 025 1
L 4 6x6
for: = 1,...,n. The X, is generated once for all Monte Carlo experiments. The model speci-

fications and parameter choices are the same as those in Chapter A.4.1, but here we focus only

on the strong identification cases.
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Scenario I

Table A.3: Median and RMSE of Scenario I,

homoskedasticity, correlated X,

Strongid. TRUE| 0y OcsasLs Ocsssis fcsLive Ocsrive 0rg-csasLs Org-csssLs éLQ—GSLIVE éLQ—GSFIVE

Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE

by 0.150| 0.151 0.023 0.165 0.027 0.155 0.024 0.152  0.023 0.151 0.023 0.152 0.023 0.150 0.025 0.153 0.024 0.152  0.025
A1 0.300( 0.302 0.026 0.302 0.029 0.307 0.028 0.301 0.028 0.302 0.025 0.304 0.029 0.305 0.027 0.301 0.027 0.302 0.027
A2 0.200| 0.197 0.028 0.184 0.033 0.189 0.029 0.196 0.028 0.197 0.027 0.193 0.029 0.194 0.028 0.194 0.029 0.195 0.027
p1i1 0.200| 0.192 0.059 0.189 0.068 0.187 0.067 0.193 0.065 0.191 0.066 0.192  0.065 0.194 0.066 0.198 0.064 0.197 0.057
p12 0.100| 0.094 0.065 0.105 0.075 0.101 0.078 0.093 0.073 0.098 0.075 0.096 0.073 0.098 0.076 0.099 0.077 0.101 0.067
b2 0.300| 0.300 0.020 0.313 0.023 0.301 0.020 0.301 0.021 0.300 0.019 0.301 0.020 0.302 0.020 0.302 0.020 0.302 0.021
X271 0.300| 0.299 0.023 0.300 0.025 0.306 0.026 0.299 0.025 0.298 0.024 0.300 0.026 0.302 0.025 0.299 0.025 0.300 0.024
Aoz 0.150| 0.151 0.024 0.140 0.027 0.145 0.025 0.150 0.024 0.151 0.023 0.147 0.024 0.148 0.023 0.150 0.025 0.149 0.024
p21 0.100| 0.097 0.061 0.095 0.063 0.095 0.066 0.098 0.063 0.099 0.064 0.097 0.063 0.100 0.065 0.102 0.064 0.102 0.062
p22 0.000(-0.017 0.076  -0.005 0.085 -0.009 0.086 -0.015 0.089 -0.017 0.090 -0.012 0.085 -0.012 0.089 -0.007 0.087 -0.008 0.076

I Results are based on 500 Monte Carlo trials with sample size n = 486; 0. = 1.
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Scenario I1

Table A.4: Median and RMSE of Scenario II, homoskedasticity, correlated X,

Strong i.d. TRUE éML éGSZSLS éGSSSLS éGSLIVE éGSFIVE éLQ—GS?SLS éLQ—GSSSLS éLQ—GSLIVE éLQ—GSF[VE

Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE Med RMSE

by 0.150| 0.148 0.023 0.161 0.026 0.153 0.024 0.150 0.023 0.149 0.022 0.164 0.027 0.155 0.023 0.152 0.024 0.150 0.023
A1 0.300( 0.301 0.025 0.315 0.039 0.312  0.035 0.301 0.035 0.301 0.033 0.313 0.031 0.312 0.028 0.304 0.027 0.304 0.026
Ao -0.195(-0.197 0.026  -0.195 0.032  -0.190 0.032 -0.195 0.033 -0.195 0.030 -0.202  0.030 -0.196 0.028 -0.200 0.029 -0.197 0.028
¢y -1.300(-1.301 0.074  -1.311 0.085 -1.313 0.072 -1.301 0.086 -1.300 0.074 -1.302  0.081 -1.307 0.070 -1.298 0.082 -1.301 0.072
¢ -1.3001-1.301 0.079  -1.304 0.089  -1.309 0.083 -1.299  0.096 -1.302  0.082 -1.300 0.090 -1.308 0.079 -1.297  0.090 -1.301 0.080
ce1 -1.3001-1.292 0.080  -1.307 0.095 -1.304 0.082 -1.294  0.094 -1.292 0.081 -1.300 0.088 -1.300 0.081 -1.296  0.089 -1.293  0.082
b2 0.300| 0.300 0.021 0.313 0.026 0.307 0.024 0.302 0.025 0.302 0.025 0.314 0.026 0.307 0.023 0.303 0.021 0.304 0.022
X271 0.300| 0.299 0.026 0.312 0.033 0.308 0.031 0.300 0.031 0.299 0.029 0.311 0.029 0.307 0.026 0.302 0.026 0.302 0.026
Ag22 0.150| 0.150 0.020 0.147 0.026 0.147 0.025 0.150 0.026 0.151 0.025 0.147 0.024 0.147 0.021 0.149 0.024 0.149 0.020

I Results are based on 500 Monte Carlo trials with sample size n = 486; 0. = 1.



Appendix B:  Appendix to Chapter 3

B.1 Theoretical Motivation for the Demand Equation

We consider the indirect utility function of Gorman polar form:

where y; denotes the consumer income (or wealth) and both the functions f;(p) and g(p) are ho-
mogeneous of degree one in p. In our context, ¢ denotes the index of stations. Thus we implicitly
work with “aggregated” indirect utility function and demand functions. The aggregation is at
census tract level on which station 7 resides.

In the following, we view ¢(p) as a price index for normalization. The logarithm version of

Roy’s identity implies that the demand schedule can be written as

i(p,y) ,Ovi(p.y) _ 9fi(p) | Oy(p)
hi(p,y) = — = i — Ji .
»,y) o0, / o0, o0 T om, (yi = fi(p))/9(p)
Let ‘9J;ip(?) = af, agg;) = n*, and view g(p) = po as a price index that does not vary with
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consumers. Then the above demand equation can be written equivalently as

hi(p,y) = ai + Bfi(p) + 1"y, (B.1)

where f/(p) denotes the “normalized” version of f;(p) which is linear in p. Above model accom-

modates log-log transformation in the following sense: note that

In (hi(p,y)) = In (af + B () +1'wi)

and first order Taylor series expansion of above demand function at (po, o) can be written as

Ohi(p,y) i —pio | Ohi(p,y) Yi — Yo
In (h;(p, ~ In(h;(po, + : )
( (p y)) (ri(zo, o)) Op; m hi(po, Yo) dy; o hi(po, Yo)
Note further that first order linear approximation also implies In(x) — In(xy) = =2, we then

zo

have

Ohi(p,y), In(p:) —In(pip)  Ohi(p,y), In(y:) — In(yio)

In (hi(p,y)) = In(hi(po, yo)) + 0 — + o =
( ( )) ( (0 0)) Op; ’p hz(poayo)/pi,o 0y; ‘y hi<p07y0)/yi,0
(B.2)

Ohi(py Pi,0

.. . s . . )

In spirit of Pinkse and Slade (2004)’s modeling assumptions, we also assume o Lo o)
to be a nonlinear function of p. For simplicity, we assume such nonlinear functions can be
approximated by some series function Z? W;p.! In the context of spatial markets, one may take

wj;» to denote some distance measure between firms ¢ and j. In the context of Pinkse and Slade

(2004) context, ¢ is the brand index in the sample and the distance measure could be a function

I'This formulation shares spirit of semi-parametric estimators. See Pinkse et al. (2002) for an example on spatial
competition, among others.
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‘ yio
Y0 h;(po,yo)

of alcohol content of each product/brand. Since %;,y) = 7" and thus let ahég”_’y)

Yi,0

* Yi,0
n hi(po,yo) ©

hi(po,yo)

For simplicity, we assume 1 = n* to be a constant. Thus the coefficients of
(log) aggregate income In(y;) does not depend on proximity measures or individual stations.

In summary, in light of (B.2), we could formulate the log-demand equation for station ¢ as

In(g;) = o; + B Z wijln(p;) + nin(y:),
J
where o; may vary between stations and thus reflect station-specific effects/characteristics.

B.2 Edgeworth Cycle

B.2.1 Retail Margins

Panel (a) of Figure B.1 and B.2 plot the retail margin, defined as the station level retail price
minus the rack price of corresponding wholesale outlet.> The margin plot does not show strong
evidence for the presence of Edgeworth cycle during this period. Panel (b) and (c) of Figure B.1
and B.2 plot the retail margin calculated by retail price on day ¢ minus spot rack price on day
t — 5 and t — 10, respectively, since station often maintain inventory that was purchased/ordered
one to two weeks ago. These two figures still do not show strongly the asymmetric fluctuations

in prices that mark an Edgeworth cycle.

2For stations without a supplier agreement with either Shell or Suncor, we use the average rack price of these two
outlets.
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Figure B.1: Average Retail Margin Computed with Spot Rack Price, Rack Price of 5 and 10
Days’ Lead, Aug - Nov, 2019
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Figure B.2: Average Retail Margin Computed with Spot Rack Price, Rack Price of 5 and 10
Days’ Lead, Feb - Apr, 2020
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B.2.2 Markov Switching Regression (MSR)

To further diagnose the possible presence of Edgeworth cycles, we fit the daily prices and
margins of Vancouver market to a Dynamic Markov Switching model of two states, in spirit to
Noel (2007) and Noel (2007). Table B.1 and Table B.2 document the estimation results for the
Markov Switching model and the estimated expected duration for the relenting phase (State 1)
and the undercutting phase (State 2). Table B.3 reports the switching probabilities between State
1 and State 2 for both periods.

Generically, the model can be written as

Y = o, + Xy B+ Zyys + €4y

where y; is the dependent variable, X; is the matrix of exogenous variables with state invariant
coefficients 5 and Z; is the matrix of exogenous variables with state-dependent coefficients s,
o, 1s the state-dependent intercept. In the current context, the dependent variable are set to be
the average station prices (in Canadian cents) at time ¢ (specification (1)), average station level
retail margins with spot rack prices (specification (2)), and average station level retail margins
with rack prices of 10 days lead (specification (3)). For each specification, X; includes the first
and second order lags of the dependent variables, to account for potential trend and momentum
in dependent variables that are not state-dependent. We do allow for state dependent intercept
and volatility of ¢,.

The estimated switching probabilities (Table B.3) show that price tend to stay in the current
state, i.e., continue to be in State 1 in period ¢ + 1 if the process is in State 1 in period ¢. This is

in contrast to the results reported in, e.g., Noel (2007) and Noel (2007) where the probabilities of
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moving from relenting phase (State 1) to undercutting phase (State 2) are generally above 90%
while that of moving from undercutting phase (State 2) to relenting phase (State 1) are often
less than 10%. In other words, their results are consistent with the asymmetric pattern of price
undercutting and restoring that an Edgeworth cycle features (e.g., p11 is much lower than pis),
while our results are not. Together with the Figure B.1, we conclude that there is no strong

evidence of the presence of Edgeworth cycle during the sample period of this empirical study.
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Table B.1: Within-Regime Estimates and Expected Duration in Days, September 2019

(1) (2) 3)
Main
L.price 0.387*
(0.177)
L2.price 0.163
(0.156)
L.Margin 0.060
(0.172)
L2.Margin -0.066
(0.164)
L.Margin (10 days lead) 0.386"*
(0.130)
L2.Margin (10 days lead) 0.209*
(0.115)
State 1
Constant 68.576*  62.794** 26.979**
(22.304) (14.296) (5.517)
Os, 0.881* 0.351 1.494*
(0.166)  (0.232)  (0.245)
State 2
Constant 71.825"  62.790** 26.407**
(23.260) (14.271) (5.331)
Osy 0.089 1.177* 0.094

(0.193)  (0.198)  (0.182)
Expected Duration State 1  29.522 16.586 2.834

Expected Duration State 2  25.229 18.585 5.664

Observations 33 33 33

I'Standard errors in parentheses , * (p;0.05), ** (p;0.01)
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Table B.2: Within-Regime Estimates and Expected Duration in Days, September 2020

(1) (2) 3)
Main
L.price 0.146
(0.153)
L2.price -0.152
(0.136)
L.Margin 0.260
(0.169)
L2.Margin 0.082
(0.157)
L.Margin (10 days lead) 0.214
(0.166)
L2.Margin (10 days lead) 0.105
(0.164)
State 1
Constant 152.266** 39.122** 41.114**
(26.253) (11.155) (11.994)
Os, 0.825** 0.421* 0.369*
(0.163) (0.232)  (0.221)
State 2
Constant 157.127*  40.654** 43.465**
(27.042) (11.681) (12.707)
Ts, 0.150 1.275** 1.190**

(0.199) (0.183)  (0.186)
Expected Duration State 1 ~ 23.395 15.586 7.834

Expected Duration State 2 21.210 12.585 4.664

Observations 31 31 31

! Standard errors in parentheses , * (p;0.05), ** (p;0.01)
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Table B.3: Switching Probabilities

) 2) 3)

September 2019

p11 (relenting — relenting) 0.966™ 0.940** 0.647**
(0.042) (0.096) (0.176)

p12 (relenting — undercutting) 0.034 0.060  0.353*
(0.042) (0.096) (0.176)

p21 (undercutting — relenting) 0.040  0.054  0.177

(0.040) (0.089) (0.111)
P22 (undercutting — undercutting) 0.960**  0.946** 0.823**
(0.960) (0.089) (0.111)

March 2020

p11 (relenting — relenting) 0.969** 0.956** 0.953**
(0.038) (0.059) (0.064)

p12 (relenting — undercutting) 0.031 0.044 0.047
(0.038) (0.059) (0.064)

po1 (undercutting — relenting) 0.040 0.037 0.036

(0.052) (0.048) (0.043)
P22 (undercutting — undercutting) 0.960"*  0.963** 0.964**
(0.052) (0.048) (0.043)

! Standard errors in parentheses , * (p;0.05), ** (p;0.01)

B.3  Test for IV power

In this section, we present the heteroskedasticity-robust F-statistics used for the empirical
application. Some parts of the presentation follows closely that of Andrewsi et al. (2018).
For generality of the discussion, we consider the following linear instrumental variables (IV)

model with a single outcome variable Y,:

Yn = le,ﬁ + XQ,nPYl + €ns (B3)

Xl,n = Zl,nH + XZ,n’yQ + Vna (B4)
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where X ,, is a n X K; matrix of (potentially) endogenous regressors, Xy, is a n X Ky matrix
of exogenous regressors. and Z; ,, is the n x H matrix of instruments. In light of above con-
struction, we maintain the following assumptions: E (Z{jnen) =0, E (ZLnd’n) = 0 for VE,
E (Xémgn) =0. E (Xéynd,n) = 0. We are interested in estimating 3 consistently, but X ,, is
potentially endogenous in the sense that we may have E (SQZV,.W F# 0). Substituting for X ,, in
(B.3), we obtian the equation

Yo = Z; 6+ X375 + Un, (B.5)

with § = II5. Following the common terminology, we refer to (B.3) as the structural form, (B.4)
as the first-stage, and (B.5) as the reduced-form. Let My, ,, = I,, — X27n(X§,nX27n)_1X§’n and

QZZ|X2 = %Z{’RMXMZM, the 2SLS estimator can be written as

R . N1
Basrs = <H/QZZ|X2H> IT'Qz2)x,0,

where IT is the first stage OLS estimator for the reduced form parameter I1.
Let Y = Q;ZI X5 (Z{nM Xw(f/nv,;)]\/[ XMZM) Q;Z‘ x,- Then the heteroskedasticity
robust F-statistics is given by

HFE =TI'So L1 ~ x 2

In the following table, we report the effective first-stage F-statistics proposed by Olea and
Pflueger (2013) that depends on a non-homoskedasticity robust estimate of the variance. Explic-

itly, the effective F-statistics is computed as

ﬂ'@zzp(gﬂ

Feff — _ - _
tr(EmmQzz|x,)
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Table B.4a: First-stage OLS Regression and tests for IV power

%4} Wy
ey @) 3) ey @) 3)
No. Nb -0.041  -0.221* No. Nb
(0.039) (0.038)
Avg. Nb Size 0.030  -0.010 Avg. Nb Size 0.065** 0.081**
(0.043) (0.050) (0.020) (0.022)
No. Indirect Nb -0.142* -0.151* No. Indirect Nb
(0.017) (0.015)
Avg. Indirect Nb Size 0.104 0.104 Avg. Indirect Nb Size  0.056* 0.044*
(0.075) (0.082) (0.020) (0.021)
Nb. Car Wash -0.066** -0.068** Nb. Car Wash 0.034** 0.040**
(0.022) (0.024) (0.008) (0.008)
Nb. Service 0.024* 0.022* Nb. Service 0.026** 0.026**
(0.009) (0.010) (0.003) (0.003)
Suncor X Rack 0.163** 0.164* 0.172* Suncor X Rack 0.092** 0.089* 0.101**
(0.052) (0.062) (0.056) (0.027) (0.032) (0.028)
Shell X Rack 0.055* 0.052  0.049 Shell X Rack 0.157* 0.113** 0.170**
(0.024) (0.029) (0.026) (0.033) (0.039) (0.035)
Dist Refinery 0.012** 0.013** 0.012** Dist Refinery 0.145** 0.141** 0.147*
(0.002) (0.002) (0.002) (0.018) (0.021) (0.019)
Weak IV (F-stat) 36.486 30.290 40.804 Weak IV (F-stat) 46.538  30.658 48.847
x? crit-val (5%) 20.530 18.370 19.860 x? crit-val (5%) 19.860 16.850 19.280
Ws Ws
)] 2 3) ey 2 3)
No. Nb -0.081** -0.129** No. Nb -0.041  0.006
(0.020) (0.018) (0.037) (0.038)
Avg. Nb Size -0.034** -0.037** Avg. Nb Size -0.013  -0.068*
(0.005) (0.006) (0.027) (0.030)
No. Indirect Nb -0.050** -0.069* No. Indirect Nb 0.010 -0.003
(0.010) (0.008) (0.023) (0.022)
Avg. Indirect Nb Size -0.197** -0.076 Avg. Indirect Nb Size 0.151** 0.148"*
(0.054) (0.056) (0.024) (0.026)
Nb. Car Wash -0.104** -0.119* Nb. Car Wash -0.016 -0.019
(0.012) (0.012) (0.011) (0.011)
Nb. Service 0.035* 0.037* Nb. Service -0.203* -0.200**
(0.005) (0.005) (0.033) (0.035)
Suncor X Rack 0.137** 0.167** 0.080* Suncor X Rack 0.189** 0.188** 0.176**
(0.037) (0.044) (0.038) (0.030) (0.035) (0.030)
Shell X Rack 0.102** 0.113** 0.074* Shell X Rack -0.028  -0.042 -0.036
(0.026) (0.031) (0.028) (0.023) (0.028) (0.025)
Dist Refinery 0.044 0269 0.215 Dist Refinery 0.141*  0.151* 0.142*
(0.200) (0.235) (0.217) (0.017)  (0.020) (0.018)
Weak IV (F-stat) 59.806 36.789 55.517 Weak IV (F-stat) 27.797 24.030 31.931
x? crit-val (5%) 20.530 18.370 19.860 x? crit-val (5%) 20.530 18.370 19.860




Table B.4b: First-stage OLS Regression and tests for IV power (continued)

Wi

No. Nb

Avg. Nb Size

No. Indirect Nb

Avg. Indirect Nb Size
Nb. Car Wash

Nb. Service

Suncor X Rack

Shell X Rack

Dist Refinery

Weak IV (F-stat)
x? crit-val (5%)

(D

-0.020**
(0.004)
0.012
(0.011)
0.008*
(0.004)
0.144
(0.099)
-0.033*
(0.004)
-0.052**
0.011)
0.034*
(0.013)
0.104
(0.062)
20315
(0.206)

65.243
20.530

2

-0.009**
(0.003)
-0.084**
(0.009)

0.027
(0.014)
0.025
(0.070)
0.153
(0.235)

50.940
18.370

3

-0.006*
(0.003)
-0.050
(0.105)
-0.033*
(0.004)
-0.050**
0.011)
0.039*
(0.012)
0.072
(0.065)
-0.161
0.221)

67.045
19.860

W

No. Nb

Avg. Nb Size

No. Indirect Nb

Avg. Indirect Nb Size
Nb. Car Wash

Nb. Service

Suncor X Rack

Shell X Rack

Dist Refinery

Weak IV (F-stat)
x? crit-val (5%)

)

-0.041
(0.037)
20.013
(0.027)
0.010
(0.023)
0.151*
(0.024)
0.016
0.011)
0.203*
(0.033)
0.189*
(0.030)
-0.028
(0.023)
0.141%
(0.017)

27.797
20.530

2

0.006

(0.038)
-0.068*
(0.030)

0.188*
(0.035)
-0.042

(0.028)
0.151*
(0.020)

24.030
18.370

3

-0.003
(0.022)
0.148"*
(0.026)
-0.019
0.011)
-0.200**
(0.035)
0.176**
(0.030)
-0.036
(0.025)
0.142*
(0.018)

31.931
19.860

! Panels (1),(2),(3) correspond to different sets of IVs; Robust SEs are in parenthesis; * (p < 0.05), ** (p < 0.01).
2 We report effective fist-stage F-statistics based on Olea and Pflueger (2013) and Stock-Yogo weak ID test

critical values.

B.4 Additional Empirical Results
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Table B.6: Estimation Results with 115 ,, (2-miles radius)

(D (2 (3)
OLS  0Org-cs2srs OrLo-GsLivE Org-cs2sLs  OLQ-GSLIVE Org-cs2sLs  OLQ-GSLIVE
Demand
In(price) -3.996** -12.217** -12.250** -9.980* -9.989** -9.274* -9.327*
(1.233) (3.751) (3.068) (3.870) (3.282) (3.720) (3.228)
W#In(price) -7.301 1.821 1.928 1.145 1.147 0.138 0.258
(4.162) (1.336) (1.923) (1.707) (1.097) (1.543) (1.332)
Car wash 0.042 -0.261 -0.006 -0.200 -0.005 -0.082 -0.001
(0.113) (0.126) (0.132) (0.121) (0.119) (0.120) (0.118)
Service Station 0.047 0.038 -0.001 0.038 0.035 0.045 0.039
(0.036) (0.040) (0.042) (0.038) (0.038) (0.038) (0.038)
C-store Size -0.047 -0.036 -0.094* -0.038 -0.042 -0.046 -0.041
(0.035) (0.038) (0.040) (0.036) (0.036) (0.036) (0.036)
No. Drivers 0.053* 0.053* 0.052 0.041 0.058* 0.051* 0.047*
(0.023) (0.026) (0.028) (0.025) (0.024) (0.024) (0.025)
Med Income 0.020 -0.159 -0.123 -0.156 -0.029 -0.142 -0.023
(0.239) (0.266) (0.284) (0.254) (0.252) (0.251) (0.249)
Commute Dist. -1.814* -1.472 -1.533 -1.541 -1.581 -1.609 -1.607
0.912) (1.027) (1.148) (0.976) (0.977) (0.965) (1.002)
Travel Mode -0.015* -0.012 -0.010 -0.010 -0.016* -0.009 -0.013*
(0.006) (0.007) (0.008) (0.006) (0.006) (0.006) (0.006)
p1 0.274 -15.533** -15.522** -8.751** -8.743** -7.084** -7.008**
(2.540) (0.460) (0.694) (0.584) (1.232) (0.029) (1.367)
Period Dummy Yes Yes Yes
Sample size 302 302 302
R-square 0.15

!'Panels (1),(2),(3) correspond to different sets of supply-side IVs; SE in parentheses are robust to heteroskedasticity; * (p < 0.05), **

(p < 0.01). w;; = 0.0588 if 7 and j are neighbors.
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Table B.7: Estimation Results with V3 ,, (common boundary and reciprocal of the travel distance)

(D () (3)
OLS 0rg-gs2s1s OrLg-gsLive Org-as25Ls  OrLo-asLivE Org-cs2sLs  Oro-asLivEe
Demand
In(price) -3.345* -6.944* -6.815** -5.730* -5.712* -7.419** -7.320**
(1.234) (2.806) (2.048) (2.055) (2.035) (2.856) (2.077)
W#In(price) 1.633** 1.317* 1.418* 0.749 1.438* 1.247* 1.326*
(0.565) (0.628) (0.558) (0.627) (0.539) (0.625) (0.475)
Car wash 0.022 -0.172 0.083 -0.012 0.053 -0.008 0.086
(0.110) (0.113) (0.111) (0.111) (0.110) (0.112) (0.111)
Service Station 0.048 0.049 0.032 0.050 0.031 0.050 0.032
(0.036) (0.036) (0.035) (0.035) (0.035) (0.036) (0.036)
C-store Size -0.042 -0.050 -0.031 -0.046 -0.030 -0.046 -0.031
(0.034) (0.034) (0.033) (0.033) (0.033) (0.034) (0.034)
No. Drivers 0.046 0.037 0.037 0.035 0.037 0.038 0.034
(0.022) (0.026) (0.028) (0.025) (0.028) (0.026) (0.027)
Med Income -0.041 -0.436 0.137 0.167 0.132 -0.052 0.192
(0.231) (0.250) (0.257) (0.242) (0.254) 0.247) (0.259)
Commute Dist. -1.585 -1.472 -1.441 -1.289 -1.407 -1.452 -1.267
(0.897) (1.060) (1.151) (1.032) (1.146) (1.039) (1.132)
Travel Mode -0.012* -0.004 -0.017* -0.013 -0.018* -0.009 -0.017*
(0.0006) (0.007) (0.008) (0.007) (0.008) (0.007) (0.008)
01 2.430 2.572*%* 4.227** 2.739** 4.373** 2.327* 4.167**
(1.476) (0.806) (1.040) (0.054) (1.338) (0.959) (0.648)
Period Dummy Yes Yes Yes
Sample size 302 302 302
R-square 0.17

U Panels (1),(2),(3) correspond to different sets of supply-side IVs; SE in parentheses are robust to heteroskedasticity; * (p < 0.05), **
(p < 0.01).
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Table B.8: Estimation Results with ¥y ,, (nearest neighbor)

(D (2) (3)
OLS fOrg-cgs2sts Org-asLive Org-cs2s5Ls  OLo-asLivE Org-cs2s5Ls  OLo-asLIVE
Demand
In(price) 3.688 -6.814* -6.833* -4.393 -4.176 -11.579** -11.358**
(2.553) (2.964) (2.938) (2.792) (2.359) (3.140) (3.074)
W#In(price) 0.630 6.479* 6.403* 4.374* 4.369* 10.545** 9.444**
(1.506) (2.252) (2.301) (1.907) (1.776) (2.962) (3.023)
Car wash 0.037 0.111 0.110 0.093 -0.102 0.229* -0.273*
(0.112) (0.118) 0.147) (0.118) (0.143) (0.113) (0.122)
Service Station 0.048* 0.069* 0.060* 0.064* 0.058* 0.072* 0.082
(0.023) (0.027) (0.026) (0.027) (0.028) (0.033) (0.040)
C-store Size -0.047 -0.045 -0.059 -0.047 0.011 -0.049 -0.002
(0.035) (0.035) (0.040) (0.035) (0.042) (0.036) (0.062)
No. Drivers 0.056* 0.070** 0.065* 0.068* 0.082** 0.078** 0.100**
(0.022) (0.023) (0.023) (0.023) (0.024) (0.023) (0.022)
Med Income -0.008 0.042 -0.020 0.036 -0.349 0.013 0.025
(0.214) (0.334) (0.389) (0.407) (0.439) (0.436) (0.491)
Commute Dist. -1.878* -2.063* -2.095* -2.069* -1.988* -2.052% -1.994*
(0.903) (0.923) (0.923) (0.938) (0.831) (0.927) (0.707)
Travel Mode -0.016 -0.016* -0.047* -0.017* -0.029 -0.013* -0.080**
(0.006) (0.006) (0.016) (0.006) (0.016) (0.0006) (0.025)
p1 0.124* 0.005 0.335 0.032 0.337 -0.040 0.336
(0.061) (1.813) (2.599) (1.116) (1.557) (1.076) (1.590)
Period Dummy Yes Yes Yes
Sample size 302 302 302
R-square 0.08

' Panels (1),(2),(3) correspond to different sets of supply-side IVs; SE in parentheses are robust to heteroskedasticity; * (p < 0.05), **

(p < 0.01).
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Table B.9: Estimation Results with I¥5 ,, (common street)

(1) (2) (3)
OLS  0.9-cs2sts OLg-csLivE Or0-as2sLs  OLQ-GsSLIVE Or0-as2sLs  OLQ-GsSLIVE
Demand
In(price) -3.945** -7.213* -7.078* -6.786* -6.679** -7.008* -6.980*
(1.225) (2.646) (2.369) (2.697) (2.159) (3.094) (2.864)
W#In(price) 0.654 1.967** 1.349* 1.359* 1.331* 1.201* 1.405*
(0.294) (0.512) (0.529) (0.509) (0.540) (0.513) (0.519)
Car wash 0.042 -0.034 -0.102 -0.026 -0.101 -0.080 -0.103
0.111) (0.114) (0.122) (0.113) (0.121) (0.114) (0.131)
Service Station 0.047 0.043 0.066 0.046 0.065 0.039 0.066
(0.036) (0.037) (0.036) (0.037) (0.036) (0.037) (0.036)
C-store Size -0.046 -0.043 -0.064 -0.040 -0.063 -0.047 -0.064
(0.035) (0.035) (0.034) (0.035) (0.034) (0.035) (0.034)
No. Drivers 0.051* 0.048* 0.056* 0.051* 0.058* 0.050* 0.056*
(0.023) (0.024) (0.024) (0.024) (0.024) (0.024) (0.023)
Med Income -0.057 -0.066 -0.147 -0.058 -0.136 -0.074 -0.151
(0.236) (0.245) (0.248) (0.245) (0.254) (0.245) (0.250)
Commute Dist. -1.746 -1.599 -1.961* -1.625 -2.048* -1.635 -1.971*
(0.907) (0.981) (0.971) (0.984) (0.960) (0.982) (0.948)
Travel Mode -0.014* -0.018* -0.015* -0.017* -0.015* -0.014* -0.015*
(0.006) (0.006) (0.006) (0.006) (0.006) (0.006) (0.006)
P1 0.272** 0.109 0.098 0.118 0.100 0.110 0.098
(0.055) (0.410) (0.322) (0.388) (0.321) (0.435) (0.320)
Period Dummy Yes Yes Yes
Sample size 302 302 302
R-square 0.15

!'Panels (1),(2),(3) correspond to different sets of supply-side IVs; SE in parentheses are robust to heteroskedasticity; * (p < 0.05), **
(p < 0.0D).
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Table B.10: Estimation Results with ¥ ,, (hybrid measure of common street and travel distance)

(1) (2) (3)
OLS  0rg-cs2sts OLo-GSLIVE Or0-cs2sLs  OLQ-GSLIVE Org-cs2sLs  OLQ-GSLIVE
In(price) -3.946** -8.875** -9.112** -6.286** -6.428** -7.692* -7.698*
(1.225) (2.526) (2.303) (2.608) (2.043) (3.008) (2.746)
W#In(price) 0.650* 0.129 0.135 0.648* 0.614* 0.609 0.625
(0.299) (0.329) (0.332) (0.321) (0.331) (0.327) (0.335)
Car wash 0.042 -0.147 -0.047 -0.195 -0.279* -0.688** -0.317*
(0.111) (0.118) (0.120) (0.116) (0.118) (0.124) (0.127)
Service Station 0.047 0.041 0.040 0.048 0.045 0.055 0.035
(0.036) (0.038) (0.038) (0.038) (0.037) (0.040) (0.038)
C-store Size -0.046 -0.043 -0.047 -0.048 -0.029 -0.082* -0.019
(0.035) (0.036) (0.036) (0.036) (0.036) (0.038) (0.036)
No. Drivers 0.051* 0.040 0.048* 0.055% 0.091** 0.051% 0.072**
(0.023) (0.024) (0.024) (0.024) (0.024) (0.025) (0.023)
Med Income -0.057 -0.130 -0.071 -0.130 0.119 -0.479 0.071
(0.236) (0.250) (0.253) (0.246) (0.251) (0.261) (0.269)
Commute Dist. -1.747 -1.504 -1.574 -1.624 -3.185** -1.683 -2.474**
(0.907) (0.980) (0.967) (0.968) (0.954) (1.011) (0.974)
Travel Mode -0.014* -0.020** -0.006 -0.022** -0.017* -0.009 -0.014*
(0.006) (0.006) (0.006) (0.006) (0.006) (0.006) (0.006)
p1 0.157** 0.046 0.088 0.052 0.062 0.012 0.049
(0.040) (0.408) (0.354) (0.367) (0.343) (0.412) (0.395)
Period Dummy Yes Yes Yes
Sample size 302 302 302
R-square 0.15

!'Panels (1),(2),(3) correspond to different sets of supply-side IVs; SE in parentheses are robust to heteroskedasticity; * (p < 0.05), **

(p < 0.01).
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In(volume)
In(price)

Car wash
Service Station
No. Drivers
Med Income
Commute Dist.
Travel Mode
No. Nb

Avg. Nb Size
C-store Size/No. Pump
Suncor X Rack
Shell X Rack
Dist Refinery

Table B.11: Definition of Regression Variables

log of monthly sales volume in liters

log of monthly average price in Canadian cents

1 if the station provides car wash, 0 otherwise

1 if the station has service station, 0 otherwise

number of car drivers live on the census tract that a station is located (1 unit = 100 people)
median income of the residents live on the census tract that a station is located on (unit = 10, 000 canadian dollars)
index of commute distance (between 0 and 1)

index of transportation mode (between 0 and 1)

number of neighboring stations

average size of neighboring stations measured by the number of pumps

size of C-store (square meters)/number of pumps

Dummy of Suncor’s presence in neighborhood interacted with monthly average rack price
Dummy of Shell’s presence in neighborhood interacted with monthly average rack price
Distance to closed refineries by brands (in kilometers)
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B.5 Impact Measures

Table B.12: Impact Measures

W3 W4
0LQ-Gs2sLs 0LQ-GSLIVE 0Lo-Gs2sLs 0LQ-GSLIVE
Direct Indirect Direct Indirect Direct Indirect Direct Indirect
Demand Side Var.
Car wash -0.0433 -0.0463 -0.0178 -0.0207 -0.0127 -0.0347 -0.0128 -0.0789
Service Station -0.0266 -0.0302 -0.0282 -0.0318 0.0388 0.0112 0.0306 -0.0523
C-store Size -0.0598 -0.0608 -0.0399 -0.0410 -0.0428 -0.0404 -0.0559 -0.0486
No. Drivers 0.0371 0.0371 0.0373 0.0373 0.0701 0.0701 0.0646 0.0646
Med Income -0.4364 -0.4364 0.1374 0.1374 0.0423 0.0423 -0.0195 -0.0195
W5 Ws
0rL0-cs2sLs Oro-asLive 0ro-as25Ls Oro-asLive
Direct Indirect Direct Indirect Direct Indirect Direct Indirect
Demand Side Var.
Car wash -0.0339 -0.0613 -0.0403 -0.0675 -0.0508 -0.0832 -0.0407 -0.0731
Service Station 0.0190 -0.0022 0.0423 0.0214 0.0128 -0.0122 0.0120 -0.0130
C-store Size -0.0452 -0.0470 -0.0663 -0.0681 -0.0458 -0.0480 -0.0494 -0.0516
No. Drivers 0.0477 0.0477 0.0556 0.0556 0.0405 0.0405 0.0479 0.0479
Med Income -0.0657 -0.0657 -0.1470 -0.1470 -0.1295 -0.1295 -0.0707 -0.0707

I Specifications correspond to estimates obtained with W3 - W, respectively.
2 Estimates are based on regression specification (1).

2 Direct refers to the the “Average Total Direct Impact”; Indirect refers to the “Average Total Impact from an Observation”.



B.6 Test for Network Dependence

Table B.13: Test for Network Dependence

Wi Wy W3
Ij 165.28 59.31 400.10
Critical Value | 14.07 21.03 19.68
W,y Wiy Ws
I; 53.52 46.72 19.47
Critical Value | 14.07 19.68 19.68

! Critical value based on 0.01 significant level.

The following test statistics is derived based on Liu and Prucha (2018) and is a special case
of that presented in their Theorem 2.

Consider the following linear model

y =260+ u,

where Z contains the exogenous and endogenous regressors. The null hypothesis is given by

HY Ey=Xp and cou(y) is diagonal.

Note that X denotes only the exogenous variables and thus under H there is no network gener-
ated dependence.

Denote the IV/GMM estimator for the parameters ¢ of above model as 6. In our imple-
mentation, we used LQ-GS2SLS estimates. Denote Z = X(X'X)'X'Z, ¥ = diag(i2),
Y = diag(G;é;), and S = diag(éixéq), where 4; is the i-th element of & = y — 70 and
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£ is the (i, k)-th element of £ = Z — Z.

Let W = (W +W")/2,

VY (i)YY (i)YZ (i)YU
f/: f/z , o = ((-i—)YZ)/ OZZ  HIU |,
VU @YU)/ (Ci)ZU)/ ci)UU

where

VY =a'wy, VZ=(@wz), VU=dWi,

K K
VY =2tr(WEWY) + 2 Z Optr(WEWE, + WEWD) + ) Z WOitr (WS WS, + WS, W'S)
k=1 k=1 I=1

O Z'W M S MW Z6,

K
(I)YZ = QtT(Wﬁ:Wﬁ)O + Z éktT(WikWil + Wﬁle’ﬁ))
k=1

1=1,...K
+OZW MZSMW Z
VY —2tr(WEWE) + 2 Z Optr(WE, W),
k=1
O7E — [t (WEW S+ WEIW'S)| + ZWMSM,WZ,
ki=1,. K

o = w9

UV =2t (WEWY),

and K denotes the number of columns in Z and M, = I, — Z(Z'Z)~'Z'. In their Theorem 2,

Liu and Prucha (2018) showed that %Cf) is a consistent estimator for the VC matrix of n~/2V/,
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and the generalized test statistic If, is now given by

~ A ~

12 = (LV)(LL)Y(LV), (B.6)

where L is a selector matrix such that L&L’ is nonsingular. Their Theorem 2 implies Ij N

x2(rank(L)). Note that the degree of freedom of the x? distribution is given by rank(L).
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