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7(/)!,-!V(KM0+/!
V(KM0+!GT!"2!+1/D!6<$"!EFGE!C0,I*+NW/,*O(2K!()+NT!TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!c!
V(KM0+!ET!"!H(--(AM*)!6<$"!EFGE!C0,I*+NW/,*O(2K!()+NT!TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!d!
V(KM0+!`T!"!K01CB(A1*!0+C0+/+2)1)(,2!,-!)B+!L&%W.<8" W77%>T!TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!cb!
V(KM0+!_T!>10K(21*!N+12!1))0(IM)+!A,00+A)!A*1//(-(A1)(,2!01)+/!Q"''&/R!1)!+1AB!*+O+*!,-!)B+!
N12(CM*1)+H!-1A),0/T!"G!),!"_!(2H(A1)+!"))0(IM)+!G!),!"))0(IM)+!_T!TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!GFe!
V(KM0+!cT!>10K(21*!N+12!1))0(IM)+!C1))+02!A,00+A)!A*1//(-(A1)(,2!01)+/!Q6''&/R!1)!+1AB!*+O+*!,-!)B+!
N12(CM*1)+H!-1A),0/T!TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!GGF!
V(KM0+!dT!%B0++WS1D!(2)+01A)(,2!+--+A)/!,2!$4!,-!6+0/,2!"I(*()D!6101N+)+0!4/)(N1)+/!QL!i!cFFRT
TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!GGc!
V(KM0+!bT!%S,WS1D!(2)+01A)(,2!+--+A)/!,2!&>$4!,-!6+0/,2!"I(*()D!6101N+)+0!4/)(N1)+/!QL!i!
cFFRT!TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!GGc!
V(KM0+!aT!%B0++WS1D!(2)+01A)(,2!+--+A)/!,2!$4!,-!6+0/,2!"I(*()D!6101N+)+0!4/)(N1)+/!QL!i!GFFFRT
TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!GGb!
V(KM0+!eT!%S,WS1D!(2)+01A)(,2!+--+A)/!,2!&>$4!,-!6+0/,2!"I(*()D!6101N+)+0!4/)(N1)+/!QL!i!
GFFFRT!TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!GGb!
V(KM0+!GFT!%B0++WS1D!(2)+01A)(,2!+--+A)/!,2!$4!,-!C+0/,2!/C++H!C101N+)+0!+/)(N1)+/!QL!i!cFFRT
TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!GEF!
V(KM0+!GGT!%B+!N1(2!+--+A)!,-!)+/)!*+2K)B!,2!&>$4!,-!C+0/,2!/C++H!C101N+)+0!QL!i!cFFRT!TTTTTTT!GEF!
V(KM0+!GET!%S,WS1D!(2)+01A)(,2!+--+A)/!,2!&>$4!,-!C+0/,2!/C++H!C101N+)+0!+/)(N1)+/!QL!i!cFFRT
TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!GEG!
V(KM0+!G`T!%B0++WS1D!(2)+01A)(,2!+--+A)/!,2!$4!,-!C+0/,2!/C++H!C101N+)+0!+/)(N1)+/!QL!i!GFFFRT
TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!GEG!
V(KM0+!G_T!%B+!N1(2!+--+A)!,-!)+/)!*+2K)B!,2!&>$4!,-!C+0/,2!/C++H!C101N+)+0!QL!i!GFFFRT!TTTTT!GEE!
V(KM0+!GcT!%S,WS1D!(2)+01A)(,2!+--+A)/!,2!&>$4!,-!C+0/,2!/C++H!C101N+)+0!+/)(N1)+/!QL!i!
GFFFRT!TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!GEE!
V(KM0+!GdT!>10K(21*!N+12!I(1/!,-!)B+!/C++H!O10(12A+!+/)(N1)+/!1)!+1AB!*+O+*!,-!)B+!N12(CM*1)+H!
-1A),0/T!TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!GE_!
V(KM0+!GbT!>10K(21*!N+12!$4!,-!)B+!/C++H!O10(12A+!+/)(N1)+/!1)!+1AB!*+O+*!,-!)B+!N12(CM*1)+H!
-1A),0/T!TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!GEc!
V(KM0+!GaT!>10K(21*!N+12!&>$4!,-!)B+!/C++H!O10(12A+!+/)(N1)+/!1)!+1AB!*+O+*!,-!)B+!
N12(CM*1)+H!-1A),0/T!TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!GEd!
V(KM0+!GeT!>10K(21*!N+12!I(1/!,-!)B+!A,00+*1)(,2!I+)S++2!1I(*()D!12H!/C++H!+/)(N1)+/!1)!+1AB!
*+O+*!,-!)B+!N12(CM*1)+H!-1A),0/T!TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!GEb!
V(KM0+!EFT!>10K(21*!N+12!$4!,-!)B+!A,00+*1)(,2!I+)S++2!1I(*()D!12H!/C++H!1)!+1AB!*+O+*!,-!)B+!
N12(CM*1)+H!-1A),0/T!TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!GEa!
V(KM0+!EGT!>10K(21*!N+12!&>$4!,-!)B+!A,00+*1)(,2!I+)S++2!1I(*()D!12H!/C++H!1)!+1AB!*+O+*!,-!)B+!
N12(CM*1)+H!-1A),0/T!TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!GEe!
V(KM0+!EET!>10K(21*!N+12!I(1/!,-!)B+!()+N!(2)+0A+C)!C101N+)+0!+/)(N1)+/!-,0!+1AB!H1)1!-())(2K!
N,H+*T!TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!G`G!
V(KM0+!E`T!>10K(21*!N+12!#(1/!,-!)B+!()+N!(2)+0A+C)!C101N+)+0!1)!+1AB!*+O+*!,-!)B+!N12(CM*1)+H!
-1A),0/!Q<!i!_FRT!TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!G`E!



! P!

V(KM0+!E_T!>10K(21*!N+12!$4!12H!&>$4!,-!)B+!()+N!(2)+0A+C)!C101N+)+0!1)!+1AB!*+O+*!,-!)B+!
N12(CM*1)+H!-1A),0/!Q<!i!EFRT!TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!G`_!
V(KM0+!EcT!>10K(21*!N+12!$4!12H!&>$4!,-!)B+!()+N!(2)+0A+C)!C101N+)+0!1)!+1AB!*+O+*!,-!)B+!
N12(CM*1)+H!-1A),0/!Q<!i!_FRT!TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!G`_!
V(KM0+!EdT!>10K(21*!N+12!#(1/!,-!)B+!()+N!(2)+01A)(,2!C101N+)+0!1)!+1AB!*+O+*!,-!)B+!)+/)!*+2K)BT
TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!G`d!
V(KM0+!EbT!>10K(21*!N+12!$4!12H!&>$4!,-!)B+!()+N!(2)+01A)(,2!C101N+)+0!1)!+1AB!*+O+*!,-!)B+!
N12(CM*1)+H!-1A),0/!Q<!i!EFRT!TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!G`a!
V(KM0+!EaT!>10K(21*!N+12!$4!,-!)B+!()+N!(2)+01A)(,2!C101N+)+0!1)!+1AB!*+O+*!,-!)B+!N12(CM*1)+H!
-1A),0/!Q<!i!_FRT!TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!G`e!
V(KM0+!EeT!>10K(21*!N+12!&>$4!,-!)B+!()+N!(2)+01A)(,2!C101N+)+0!1)!+1AB!*+O+*!,-!)B+!
N12(CM*1)+H!-1A),0/!Q<!i!_FRT!TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!G`e!
V(KM0+!`FT!>10K(21*!N+12!I(1/!,-!)B+!()+N!(2)+2/()D!C101N+)+0!1)!+1AB!*+O+*!,-!)B+!N12(CM*1)+H!
-1A),0/T!TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!G_G!
V(KM0+!`G!>10K(21*!N+12!$4!,-!)B+!()+N!(2)+2/()D!C101N+)+0!1)!+1AB!*+O+*!,-!/1NC*+!/([+/T!TTTTT!G_E!
V(KM0+!`ET!>10K(21*!N+12!&>$4!,-!)B+!()+N!(2)+2/()D!C101N+)+0!1)!+1AB!*+O+*!,-!/1NC*+!/([+/T
TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!G_ !̀
V(KM0+!``T!>+12!I(1/!,-!)B+!0+K0+//(,2!A,+--(A(+2)!,-!)B+!A,2)(2M,M/!A,O10(1)+!,-!)B+!()+N!
(2)+0A+C)!C101N+)+0T!TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!G_d!
V(KM0+!`_T!>+12!$4!,-!)B+!0+K0+//(,2!A,+--(A(+2)!,-!)B+!A,2)(2M,M/!A,O10(1)+!,-!)B+!()+N!(2)+0A+C)!
C101N+)+0T!TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!G_b!
V(KM0+!`cT!>+12!&>$4!,-!)B+!0+K0+//(,2!A,+--(A(+2)!,-!)B+!A,2)(2M,M/!A,O10(1)+!,-!)B+!()+N!
(2)+0A+C)!C101N+)+0T!TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!G_a!
V(KM0+!`dT!>+12!#(1/!,-!)B+!0+K0+//(,2!A,+--(A(+2)!,-!)B+!H(AB,),N,M/!A,O10(1)+!,-!)B+!()+N!
(2)+0A+C)!C101N+)+0T!TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!G_e!
V(KM0+!`bT!>+12!$4!,-!)B+!0+K0+//(,2!A,+--(A(+2)!,-!)B+!H(AB,),N,M/!A,O10(1)+!,-!)B+!()+N!
(2)+0A+C)!C101N+)+0T!TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!GcF!
V(KM0+!`aT!>+12!&>$4!,-!)B+!0+K0+//(,2!A,+--(A(+2)!,-!)B+!H(AB,),N,M/!A,O10(1)+!,-!)B+!()+N!
(2)+0A+C)!C101N+)+0T!TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!GcG!
V(KM0+!`eT!>+12!#(1/!,-!)B+!0+K0+//(,2!(2)+0A+C)!,-!)B+!()+N!(2)+0A+C)!C101N+)+0T!TTTTTTTTTTTTTTTTTTTT!GcE!
V(KM0+!_FT!>+12!$4!,-!)B+!0+K0+//(,2!(2)+0A+C)!,-!)B+!()+N!(2)+0A+C)!C101N+)+0T!TTTTTTTTTTTTTTTTTTTTTT!Gc !̀
V(KM0+!_GT!>+12!&>$4!,-!)B+!0+K0+//(,2!(2)+0A+C)!,-!)B+!()+N!(2)+0A+C)!C101N+)+0T!TTTTTTTTTTTTTTTT!Gc_!
V(KM0+!_ET!>+12!I(1/!,-!)B+!0+K0+//(,2!A,+--(A(+2)!,-!)B+!A,2)(2M,M/!A,O10(1)+!,-!)B+!()+N!
(2)+01A)(,2!C101N+)+0T!TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!Gcc!
V(KM0+!_`T!>+12!$4!,-!)B+!0+K0+//(,2!A,+--(A(+2)!,-!)B+!A,2)(2M,M/!A,O10(1)+!,-!)B+!()+N!
(2)+01A)(,2!C101N+)+0T!TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!Gcd!
V(KM0+!__T!>+12!&>$4!,-!)B+!0+K0+//(,2!A,+--(A(+2)!,-!)B+!A,2)(2M,M/!A,O10(1)+!,-!)B+!()+N!
(2)+01A)(,2!C101N+)+0T!TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!Gcb!
V(KM0+!_cT!>+12!#(1/!,-!)B+!0+K0+//(,2!A,+--(A(+2)!,-!)B+!H(AB,),N,M/!A,O10(1)+!,-!)B+!()+N!
(2)+01A)(,2!C101N+)+0T!TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!Gca!
V(KM0+!_dT!>+12!$4!,-!)B+!0+K0+//(,2!A,+--(A(+2)!,-!)B+!H(AB,),N,M/!A,O10(1)+!,-!)B+!()+N!
(2)+01A)(,2!C101N+)+0T!TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!Gce!
V(KM0+!_bT!>+12!&>$4!,-!)B+!0+K0+//(,2!A,+--(A(+2)!,-!)B+!H(AB,),N,M/!A,O10(1)+!,-!)B+!()+N!
(2)+01A)(,2!C101N+)+0T!TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!GdF!
V(KM0+!_aT!>+12!#(1/!,-!)B+!0+K0+//(,2!(2)+0A+C)!,-!)B+!()+N!(2)+01A)(,2!C101N+)+0T!TTTTTTTTTTTTTTTTT!GdG!
V(KM0+!_eT!>+12!$4!,-!)B+!0+K0+//(,2!(2)+0A+C)!,-!)B+!()+N!(2)+01A)(,2!C101N+)+0T!TTTTTTTTTTTTTTTTTTT!GdE!



! P(!

V(KM0+!cFT!>+12!&>$4!,-!)B+!0+K0+//(,2!(2)+0A+C)!,-!)B+!()+N!(2)+01A)(,2!C101N+)+0T!TTTTTTTTTTTTT!Gd !̀
V(KM0+!cGT!>+12!I(1/!,-!)B+!0+K0+//(,2!A,+--(A(+2)!,-!)B+!A,2)(2M,M/!A,O10(1)+!,-!)B+!()+N!
(2)+2/()D!C101N+)+0T!TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!Gd_!
V(KM0+!cET!>+12!$4!,-!)B+!0+K0+//(,2!A,+--(A(+2)!,-!)B+!A,2)(2M,M/!A,O10(1)+!,-!)B+!()+N!(2)+2/()D!
C101N+)+0T!TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!Gdc!
V(KM0+!c`T!>+12!&>$4!,-!)B+!0+K0+//(,2!A,+--(A(+2)!,-!)B+!A,2)(2M,M/!A,O10(1)+!,-!)B+!()+N!
(2)+2/()D!C101N+)+0T!TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!Gdd!
V(KM0+!c_T!>+12!I(1/!,-!)B+!0+K0+//(,2!A,+--(A(+2)!,-!)B+!H(AB,),N,M/!A,O10(1)+!,-!)B+!()+N!
(2)+2/()D!C101N+)+0T!TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!Gdb!
V(KM0+!ccT!>+12!$4!,-!)B+!0+K0+//(,2!A,+--(A(+2)!,-!)B+!H(AB,),N,M/!A,O10(1)+!,-!)B+!()+N!
(2)+2/()D!C101N+)+0T!TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!Gda!
V(KM0+!cdT!>+12!&>$4!,-!)B+!0+K0+//(,2!A,+--(A(+2)!,-!)B+!H(AB,),N,M/!A,O10(1)+!,-!)B+!()+N!
(2)+2/()D!C101N+)+0T!TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!Gde!
V(KM0+!cbT!>+12!I(1/!,-!)B+!0+K0+//(,2!(2)+0A+C)!,-!)B+!()+N!(2)+2/()D!C101N+)+0T!TTTTTTTTTTTTTTTTTTTTT!GbF!
V(KM0+!caT!>+12!$4!,-!)B+!0+K0+//(,2!(2)+0A+C)!,-!)B+!()+N!(2)+2/()D!C101N+)+0T!TTTTTTTTTTTTTTTTTTTTTTT!GbG!
V(KM0+!ceT!>+12!&>$4!,-!)B+!0+K0+//(,2!(2)+0A+C)!,-!)B+!()+N!(2)+2/()D!C101N+)+0T!TTTTTTTTTTTTTTTT!GbE!
V(KM0+!dFT!>+12!I(1/!,-!)B+!/)12H10H!+00,0/!,-!)B+!A,2)(2M,M/!A,O10(1)+!0+K0+//(,2!A,+--(A(+2)T
TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!Gb_!
V(KM0+!dGT!>+12!I(1/!,-!)B+!/)12H10H!+00,0/!,-!)B+!A,2)(2M,M/!A,O10(1)+!0+K0+//(,2!A,+--(A(+2)T
TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!Gbc!
V(KM0+!dET!>+12!I(1/!,-!)B+!/)12H10H!+00,0/!,-!)B+!H(AB,),N,M/!A,O10(1)+!0+K0+//(,2!A,+--(A(+2)T
TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!Gbd!
V(KM0+!d`T!>+12!I(1/!,-!)B+!/)12H10H!+00,0/!,-!)B+!H(AB,),N,M/!A,O10(1)+!0+K0+//(,2!A,+--(A(+2)T
TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!Gbb!
V(KM0+!d_T!>+12!I(1/!,-!)B+!/)12H10H!+00,0/!,-!)B+!0+K0+//(,2!(2)+0A+C)T!TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!Gba!
V(KM0+!dcT!>+12!I(1/!,-!)B+!/)12H10H!+00,0/!,-!)B+!0+K0+//(,2!(2)+0A+C)T!TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!Gbe!
V(KM0+!ddT!>10K(21*!N+12!I(1/!,-!)B+!1))0(IM)+!(2)+0A+C)!C101N+)+0!+/)(N1)+/!+1AB!*+O+*!,-!)B+!
N12(CM*1)+H!-1A),0/T!TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!GaF!
V(KM0+!dbT!>10K(21*!N+12!$4!,-!)B+!1))0(IM)+!(2)+0A+C)!C101N+)+0!+/)(N1)+/!+1AB!*+O+*!,-!)B+!
N12(CM*1)+H!-1A),0/T!TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!GaG!
V(KM0+!daT!>10K(21*!N+12!&>$4!,-!)B+!1))0(IM)+!(2)+0A+C)!C101N+)+0!+/)(N1)+/!+1AB!*+O+*!,-!)B+!
N12(CM*1)+H!-1A),0/T!TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!GaE!
V(KM0+!deT!>10K(21*!N+12!I(1/!,-!)B+!1))0(IM)+!/*,C+!C101N+)+0!+/)(N1)+/!+1AB!*+O+*!,-!)B+!
N12(CM*1)+H!-1A),0/T!TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!Ga !̀
V(KM0+!bFT!>10K(21*!N+12!$4!,-!)B+!1))0(IM)+!/*,C+!C101N+)+0!+/)(N1)+/!+1AB!*+O+*!,-!)B+!
N12(CM*1)+H!-1A),0/T!TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!Ga_!
V(KM0+!bGT!>10K(21*!N+12!&>$4!,-!)B+!1))0(IM)+!/*,C+!C101N+)+0!+/)(N1)+/!+1AB!*+O+*!,-!)B+!
N12(CM*1)+H!-1A),0/T!TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!Gac!
V(KM0+!bET!',2/(/)+2AD!,-!)B+!()+N!(2)+0A+C)!C101N+)+0!+/)(N1)+/!1N,2K!H1)1!-())(2K!N,H+*/T!T!GeE!
V(KM0+!b`T!',2/(/)+2AD!,-!)B+!()+N!(2)+01A)(,2!C101N+)+0!+/)(N1)+/!1N,2K!H1)1!-())(2K!N,H+*/T
TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT!Ge !̀
V(KM0+!b_T!',2/(/)+2AD!,-!)B+!()+N!(2)+2/()D!C101N+)+0!+/)(N1)+/!1N,2K!H1)1!-())(2K!N,H+*/T!TT!Ge_!

!

!



! G!

'B1C)+0!G3!<2)0,HMA)(,2!

"#"!$%&%'(')%!*+!,-*./'( !

',K2()(O+!H(1K2,/)(A!1//+//N+2)/!B1O+!K1(2+H!(2A0+1/(2K!C,CM*10()D!12H!(NC,0)12A+!(2!

+HMA1)(,2T!%B+!H+O+*,CN+2)!,-!)B+/+!1//+//N+2)/!1(N/!1)!C0,O(H(2K!N,0+!H+)1(*+H!(2-,0N1)(,2!

,2!)B+!/)0+2K)B/!12H!S+1U2+//+/!,-!/)MH+2)/\!/U(**/@!U2,S*+HK+@!12H!1I(*()D!QJM--!j!;,,HN12@!

EFFbRT!$MAB!-(2+WK01(2+H!H(1K2,/)(A!(2-,0N1)(,2!A12!I+!M/+H!1/!/MI/)12)(1*!-++HI1AU!),!)+1AB+0/\!

(2/)0MA)(,2!12H!/)MH+2)/\!*+102(2K!Q+TKT@!%12K!j!kB12@!EFEFl!Z12K!+)!1*T@!EFEFRT!%B+!A,K2()(O+!

H(1K2,/)(A!N,H+*/!Q'.>/l!+TKT@!&MCC!+)!1*T@!EFGFR!10+!12!(NC,0)12)!-1N(*D!,-!*1)+2)!O10(1I*+!

N,H+*/!)B1)!A12!D(+*H!H(1K2,/)(A!(2-,0N1)(,2!1I,M)!)B+!/)MH+2)/!K(O+2!)B+(0!()+N!0+/C,2/+/T!

$C+A(-(A1**D@!'.>/!+NC*,D!H(/A0+)+!*1)+2)!O10(1I*+/!Q(T+T@!1))0(IM)+/R!)B1)!A1)+K,0([+!/)MH+2)/!(2),!

)B+(0!*1)+2)!C0,-(*+/!(2H(A1)(2K!)B+!N1/)+0D!/)1)M/!,-!+1AB!1))0(IM)+T!%B(/!AB101A)+0(/)(A!N1U+/!

'.>/!+/C+A(1**D!M/+-M*!(2!N+1/M0(2K!M2,I/+0O1I*+!1))0(IM)+/!)B1)!10+!0+YM(0+H!),!/,*O+!)B+!)1/U/T!

&+A+2)*D@!*1)+2)!O10(1I*+!N,H+*/!12H!)+/)!H+/(K2!-01N+S,0U/!C+0)1(2(2K!),! A,K2()(O+!

)B+,0(+/!B1O+!I++2!A,NI(2+H!(2!)B+!M/1K+!,-!H(1K2,/)(A!1//+//N+2)/!),!C0,HMA+!N+12(2K-M*!

0+/M*)/T!<2!K+2+01*@!)B+!C0(2A(C*+H!)+/)!H+/(K2!-01N+S,0U/!C*1D!1!A0MA(1*!0,*+!(2!H+O+*,C(2K!

H(1K2,/)(A!1//+//N+2)/!S()B!A,2/)0MA)!O1*(H()D!Q+TKT@!4NI0+)/,2@!Gea`@!GeeaRT!%01H()(,21**D@!)+/)!

H+O+*,CN+2)!N+)B,H/!N1(2*D!A,2/(H+0!A,2/)0MA)!O1*(H()D!1/!+/)1I*(/B(2K!A,00+*1)+H!)+/)!/A,0+/!

S()B!,)B+0!N+1/M0+/!Q2,N,)B+)(A!/C12RT!J,S+O+0@!A,2)+NC,010D!)+/)!H+/(K2!-01N+S,0U/!/MAB!1/!

)B+!A,K2()(O+!H+/(K2!/D/)+N!Q'.$l!4NI0+)/,2@!Gee_@!GeeaR!B1O+!(2)+K01)+H!A,K2()(O+!)B+,0(+/@!

)1/U!/)01)+K(+/@!12H!U2,S*+HK+!I1/+/!(2!)B+!()+N!H+/(K2!QA,2/)0MA)!0+C0+/+2)1)(,2RT!%B+0+-,0+@!)+/)!

H+/(K2!-01N+S,0U/!I0(HK+!)B+!M2H+0*D(2K!)B+,0(+/!12H!)+/)!()+N/!/,!)B1)!)B+!(2)+0C0+)1)(,2/!-0,N!

)B+!H(1K2,/)(A!1//+//N+2)/!10+!N+12(2K-M*!12H!H+-+2/(I*+T!!

! !



! E!

<2!1HH()(,2@!)+/)!H+/(K2!-01N+S,0U/!2,)!,2*D!/C+A(-D!()+N!/)(NM*M/!-+1)M0+/!IM)!1*/,!

C0+H(A)!)B+!C/DAB,N+)0(A!C0,C+0)(+/!,-!)B+!()+N/!Q4NI0+)/+2@!GeeeRT!<)!(/!H+/(01I*+!),!A,2)0,*!)B+!

()+N!C101N+)+0/!(2!)B+!1//+//N+2)!H+O+*,CN+2)!Q+TKT@!4NI0+)/,2@!Geeal!4NI0+)/,2!j!:12K @!

EFFdl!;*1/!j!O12!H+0!7(2H+2@!EFF`l!;,0(2@!EFFcl!71)B0,C!j!'B+2K@!EFGbRT!<2!)B+!1M),N1)(A!()+N!

K+2+01)(,2!/A+210(,@!1!*10K+!2MNI+0!,-!()+N/!S()B!U2,S2!C/DAB,N+)0(A!C0,C+0)(+/!2++H!),!I+!

K+2+01)+H!Q+TKT@!4NI0+)/,2!j!:12K @!EFFdl!71)B0,C!j!'B+2K@!EFGbRT!V,0!+P1NC*+@!)B+!()+N!

A*,2(2K!1CC0,1AB!Q+TKT@!#+^10!+)!1*T@!EFF`R!)1U+/!12!()+N!S()B!+/)1I*(/B+H!C/DAB,N+)0(A!C0,C+0)(+/!

1/!12!()+N!K+2+01)(,2!N,H+*!-,0!2+S!()+N/T!$C+A(-(A1**D@!A+0)1(2!()+N!A,O10(1)+/!10+!)0+1)+H!1/!

O10(1I*+/!12H!A12!I+!/MI/)()M)+H!(2!)B+!2+S!()+NT!<2!1HH()(,2@!I1/+H!,2!)B+!'.$!1CC0,1AB@!)B+!

()+N!A,O10(1)+/!10+!H+)+0N(2+H!ID!12!(2-,0N1)(,2WC0,A+//(2K!)B+,0D!12H!10+!0+*1)+H!),!()+N!

C101N+)+0/!Q4NI0+)/,2@!Geea@!GeeeRT!%B+0+-,0+@!()!(/!C,//(I*+!),!K+2+01)+!1!*10K+!2MNI+0!,-!()+N/!

S()B!U2,S2!C/DAB,N+)0(A!C0,C+0)(+/!C0+H(A)+H!ID!()+N!A,O10(1)+/T!<2!)B+!A,NCM)+0([+H!1H1C)(O+!

)+/)(2K!Q'"%R@!()!(/!(NC,0)12)!),!A,2)0,*!()+N!C101N+)+0/!),!N1(2)1(2!1!I1*12A+H!()+N!C,,*!Q+TKT@!

;*1/!j!O12!H+0!7(2H+2@!EFF`RT!!

J,S+O+0@!()!(/!,C+01)(,21**D!AB1**+2K(2K!),!S0()+!()+N/!S()B!)10K+)+H!AB101A)+0(/)(A/T!#M(*)!

,2!)B+!()+N!0+/C,2/+!)B+,0D!Q<&%R!N,H+*/@!)B+!+PC*121),0D!()+N!0+/C,2/+!N,H+*/!Q.+!#,+AU!j!

Z(*/,2@!EFF_R!/+0O+!1/!1!N+)B,H,*,K(A1*!-01N+S,0U!)B1)!1AA,NN,H1)+/!()+N!+--+A)/!HM+!),!()+N!

A,O10(1)+/!Q+TKT@!)+/)!H+/(K2!-1A),0/@!()+N!/)(NM*M/!-+1)M0+/R!)B1)!N1D!1--+A)!()+N!C101N+)+0/T!

V0,N!)B+!+PC*121),0D!C+0/C+A)(O+@!B,S!()+N!0+/C,2/+!H1)1!10+!K+2+01)+H!A12!I+!+PC*1(2+H!ID!)B+!

()+N!A,O10(1)+/!QZ(*/,2!+)!1*T@!EFFaRT!92+!-M2H1N+2)1*!+PC*121),0D!()+N!0+/C,2/+!N,H+*!(/!)B+!

*(2+10!*,K(/)(A!)+/)!N,H+*!Q77%>l!V(/AB+0@!Geb`R!SB+0+!)B+!()+N!H(--(AM*)D!C101N+)+0!(/!

H+A,NC,/+H!(2),!1!*(2+10!A,NI(21)(,2!,-!I1/(A!C101N+)+0/!)B1)!0+-*+A)!)B+,0+)(A1*!I+*(+-/!)B1)!10+!

A*,/+*D!0+*1)+H!),!)+/)!H+/(K2!C0(2A(C*+/T!"!C*+)B,01!,-!/)MH(+/!B1O+!-,AM/+H!,2!M/(2K!()+N!



! ` !

A,O10(1)+/!),!+PC*1(2!()+N!C101N+)+0/!M2H+0!)B+!77%>!-01N+S,0U!Q+TKT@!.+!#,+AU@!EFFal!

J,B+2/(22!+)!1*T@!EFFaRT!V,0!+P1NC*+@!J,B+2/(22!+)!1*T!QEFFaR!+P1N(2+H!)B+!()+N!C,/()(,2!+--+A)!

,2!)B+!()+N!H(--(AM*)DT!%BM/@!)B+!+PC*121),0D!()+N!0+/C,2/+!N,H+*(2K!-01N+S,0U!B+*C/!()+N!

S0()+0/!12H!)+/)!H+O+*,C+0/!),!M2H+0/)12H!B,S!A+0)1(2!()+N!A,O10(1)+/!1--+A)!()+N!C101N+)+0/T!

>+12SB(*+@!1/!)B+!H+O+*,CN+2)!,-!A,NCM)+0WI1/+H!H(1K2,/)(A!1//+//N+2)/@!()+N!0+/C,2/+!

)(N+/!Q&%/R!I+A1N+!1O1(*1I*+!(2!)B+!C/DAB,N+)0(A!N,H+*(2K!-,0!A,K2()(O+!H(1K2,/(/!CM0C,/+/T!

>12D!&%!N,H+*/!B1O+!I++2!H+O+*,C+H!(2!+HMA1)(,21*!1//+//N+2)!/+))(2K/@!/MAB!1/!)B+!*,K2,0N1*!

N,H+*!QO12!H+0!7(2H+2@!EFFdR@!)B+!K1NN1!N,H+*!Q>10(/@!EFG`R@!12H!)B+!#,PW',P!N,H+*!Qm*+(2!

42)(2U!+)!1*T@!EFFeRT!>+)B,H,*,K(+/!-,0!/(NM*)12+,M/*D!121*D[(2K!()+N!0+/C,2/+/!12H!&%/!B1O+!

1*/,!I++2!H+O+*,C+H@!1N,2K!SB(AB!)B+!B(+010AB(A1*!N,H+*(2K!-01N+S,0U!QO12!H+0!7(2H+2@!EFFbl!

kB12!+)!1*l!EFGaR!(/!)B+!N,/)!A,NN,2*D!M/+H!1CC0,1ABT!!

&%/!10+!M/+-M*!)+/)!H1)1!12H!A,2)1(2!0(AB!(2-,0N1)(,2!1I,M)!/)MH+2)/\!A,K2()(O+!C0,A+//+/!

(2!/,*O(2K!)B+!)1/U/T!V,0!+P1NC*+@!)B+!&%/!B1O+!I++2!M/+H!),!1//+//!/)MH+2)/\!*+102(2K!

C0,K0+//(,2!QZ12K!+)!1*T@!EFGaR@!),!N,H+*!*+102+0!B+)+0,K+2+()D!QkB12K!j!Z12K@!EFGaR@!12H!),!

1//+//!*+102(2K!,M)A,N+/!QZ12K!+)!1*T@!EFEFRT!VM0)B+0N,0+@!+PC*121),0D!&%!N,H+*/!Q+TKT@!m*+(2!

42)(2U!+)!1*T@!EFFel!O12!#0+MU+*+2@!EFFcR!)B1)!(2A,0C,01)+!()+N!A,O10(1)+/!B1O+!I++2!C0,C,/+H!),!

+O1*M1)+!A,K2()(O+!)B+,0(+/!12H!+PC*1(2!/)MH+2)/\!A,K2()(O+!C0,A+//+/T!<)!B1/!I++2!/B,S2!)B1)!()+N!

C101N+)+0/!-0,N!I,)B!)B+!()+N!0+/C,2/+!/(H+!12H!)B+!&%!/(H+!A12!I+!+PC*1(2+H!ID!()+N!A,O10(1)+/!

0+*1)+H!),!)+/)!H+/(K2!)B+,0(+/T!V,0!+P1NC*+@!4NI0+)/,2!12H!:12K!QEFFbR!/)1)+H!)B1)!()+N!&%/!10+!

A0MA(1*!H+C+2H+2)!O10(1I*+/!),!I+!,I)1(2+H!),K+)B+0!S()B!()+N!0+/C,2/+/!),!1//+//!)B+!M2H+0*D(2K!

)+/)!H+/(K2!)B+,0DT!%B+!&%/!B1O+!I++2!121*D[+H!M/(2K!1!N(P+H!0+K0+//(,2!N,H+*!S()B!()+N!

A,O10(1)+/!/C+A(-(+H!1/!-(P+H!+--+A)/!Q.12(+*!j!4NI0+)/,2@!EFGFl!4NI0+)/,2!j!.12(+*@!EFFaRT!<2!

)B(/!S1D@!&%/!A12!C0,O(H+!1HH()(,21*!(2-,0N1)(,2!1I,M)!)B+!()+N!AB101A)+0(/)(A/!S()B!0+/C+A)!),!



! _!

)+/)!H+/(K2T!%B+0+-,0+@!H+O+*,C(2K!+PC*121),0D!&%!N,H+*/!(/!,-!)B+,0+)(A1*!12H!C01A)(A1*!

(NC,0)12A+!(2!H(1K2,/(/!1//+//N+2)/T!

&+A+2)*D@!/+O+01*!/)MH(+/!B1O+!(2O+/)(K1)+H!+PC*121),0D!'.>/!Q+TKT@!7(1,!j!L(1,@!EFGal!

610U!+)!1*T@!EFGaRT!<2!7(1,!12H!L(1,!QEFGaR@!)B+!()+N!C101N+)+0/!(2!)B+!'.>/!10+!H+A,NC,/+H!(2!

)B+!77%>!N122+0T!$C+A(-(A1**D@!)B+!/*(CC(2K!12H!KM+//(2K!C101N+)+0/!S+0+!H+A,NC,/+H!ID!

*(2KM(/)(A!()+N!A,O10(1)+/!+P)01A)+H!-0,N!)B+!()+N!/)(NM*M/!(2!1!N1)B+N1)(A/ !1//+//N+2)T!$(N(*10!

),!)B+!+PC*121),0D!()+N!0+/C,2/+!N,H+*/@!+PC*121),0D!'.>/!A12!B+*C!(NC0,O+!)B+!H+O+*,CN+2)!

,-!H(1K2,/)(A!1//+//N+2)/@!C0,O(H+!(2-,0N1)(,2!-,0!()+N!K+2+01)(,2@!12H!/B+H!*(KB)!,2!/)MH+2)/\!

C0,I*+NW/,*O(2K!C0,A+//+/!)B0,MKB!)B+!+/)(N1)(,2!,-!()+N!+--+A)/!-0,N!)B+!()+N!A,O10(1)+/T!

J,S+O+0@!&%!(2-,0N1)(,2!B1/!I++2!2+K*+A)+H!(2!)B+!H+O+*,CN+2)!,-!+PC*121),0D!'.>/T!<)!(/!

2+A+//10D!),!(2A,0C,01)+!&%!(2!)B+!+PC*121),0D!'.>/!),!-1A(*()1)+!)B+!)+/)!H+O+*,CN+2)!C0,A+//T!!

"#0!,1-2*3' !

! %B+!AM00+2)!/)MHD!C0,C,/+/!)B+!+PC*121),0D!'.>!(2A,0C,01)(2K!&%/T!$C+A(-(A1**D@!)B+!
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O10(1I*+/!Q+TKT@!/U(**!N1/)+0D!/)1)M/RT!%B+!AM00+2)!*()+01)M0+!0+O(+S!N1(2*D!-,AM/+/!,2!'.>/!-,0!

H(AB,),N,M/!()+N!0+/C,2/+/!I1/+H!,2!)B+!CM0C,/+!,-!)B+!AM00+2)!/)MHDT!J,S+O+0@!)B+!'.>/!

(2)0,HMA+H!(2!$+A)(,2!ETE!A12!I+!+P)+2H+H!),!1AA,NN,H1)+!C,*D),N,M/!()+N!0+/C,2/+/T!<2!

1HH()(,2@!1/!)B+!H+O+*,CN+2)!,-!A,NCM)+0WI1/ +H!1//+//N+2)/@!A,2)(2M,M/!,I/+0O+H!O10(1I*+/!/MAB!
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A1C)M0+!)B+!0+*1)(,2/B(C/!I+)S++2!)B+!)S,!O10(1I*+/@!0+/+10AB+0/!B1O+!H+O+*,C+H!)B+!^,(2)!

N,H+*(2K!-01N+S,0U!-,0!&"!12H!&%!Q+TKT@!O12!H+0!7(2H+2@!EFFbRT!%B+!^,(2)!H(/)0(IM)(,2!,-!)B+!
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1/3!

! @! QETGT̀R!

,0!!
! @! QETGT_R!

SB+0+!)B+!A,2H()(,21*!H+C+2H+2A+!Q'.R!,-!&"!,2!&%!,0!)B+!'.!,-!&%!,2!&"!(/!1AA,NN,H1)+HT!

%B+!^,(2)!N,H+*/!-,0!&"!12H!&%!10+!0+O(+S+H!(2!)B+!/+A)(,2!ET_T!!
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1))0(IM)+!C0,-(*+/T!%B(/!/+A)(,2!-(0/)!C0+/+2)/!)B+!C101N+)+0([1)(,2!,-!)B+!K+2+01*!M20+/)0(A)+H!
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C0,C,0)(,2!,-!)B+!*1)+2)!A*1//!%!Q(T+T@!)B+!C0,C,0)(,2!,-!0+/C,2H+2)/!(2!)B+!*1)+2)!A*1//!%Rl! !
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! *,K() @! QETETER!

SB+0+!*,K()!i!*,K l! !12H! !10+!1))0(IM)+W/C+A(-(A!/*,C+!12H!(2)+0A+C)!C101N+)+0/T!<)!(/!
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N,H+*!Q7'.>l!J+2/,2!+)!1*T@!EFFeR!12H!)B+!K+2+01*!H(1K2,/)(A!N,H+*!Q;.>l!O,2!.1O(+0@!
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),!12/S+0!()!A,00+A)*DT!%B+!*1)+2)!0+/C,2/+!O10(1I*+!!(/!A0+1)+H!I1/+H!,2!)B+!A,2^M2A)(O+!
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N1/)+0!1)!*+1/)!,2+!1))0(IM)+!),!12/S+0!)B+!()+N!A,00+A)*DT!%B+!*1)+2)!0+/C,2/+!O10(1I*+!!(/!

A0+1)+H!I1/+H!,2!)B+!H(/^M2A)(O+!A,2H+2/1)(,2!0M*+!Q>10(/@!GeeeR@!SB(AB!(/!K(O+2!1/3!

! @! QETETcR!

SB(*+!)B+!C0,I1I(*()D!,-!,I)1(2(2K!1!A,00+A)!0+/C,2/+!(2!)B+!.<89!N,H+*!B1/!)B+!/1N+!-,0N!1/!
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)B+!N1(2!+--+A)/!12H!(2)+01A)(,2!+--+A)/!,-!)B+!1))0(IM)+/!A12!I+!A,2/)01(2+H!),!I+!FT!<2!-1A)@!)B+!

.<8"!N,H+*!(/!1!A,2/)01(2+H!7'.>!SB+0+!,2*D!)B+!B(KB+/)W,0H+0!(2)+01A)(,2!+--+A)!,-!)B+!

0+YM(0+H!1))0(IM)+/!(/!0+)1(2+H!Q&MCC!+)!1*T@!EFGFRT!%B+!(H+2)(-(A1)(,2!,-!)B+!7'.>!0+YM(0+/!)B1)!

1**!N1(2!+--+A)/!),!I+!C,/()(O+!12H!)B+!(2)+01A)(,2!)+0N/!10+!A,2/)01(2+H!/MAB!)B1)!0+/C,2H+2)/!

SB,!N1/)+0!N,0+!1))0(IM)+/!B1O+!B(KB+0!C0,I1I(*()D!,-!,I)1(2(2K!1!A,00+A)!0+/C,2/+!Q71,@!EFGdRT!

! %B+!;.>!Q O,2!.1O(+0@!EFFc@!EFG_R!(/!1!N,0+!K+2+01*([+H!'.>!)B1)!(2A*MH+!)B+!7'.>!

1/!1!/C+A(1*!A1/+T!%B+!;.>!A12!1AA,NN,H1)+!H(/A0+)+!12H!A,2)(2M,M/!*1)+2)!1))0(IM)+/!12H!

P( Xij =1|! j ) ! i ,0 ! i
Th(" j ,qi )

! i ,0

! i
Th(" j ,qi )

! i
Th(" j ,qi ) ! i ,1,(k)" jkqik +

k=1

K

! ! i ,2,(k1,k2)" jk1
" jk2

qik1
qik2

+ ...
k1<k2

!

! i ,1,(k)" jkqik ! i ,2,(k1,k2)" jk1
" jk2

qik1
qik2



! Gb!

0+/C,2/+!H1)1!S()B!)S,!,0!N,0+!0+/C,2/+!A1)+K,0(+/T!V,0!1!N,0+!A,NC0+B+2/(O+!0+O(+S!,-!)B+!

'.>/@!0+1H+0/!A12!0+-+0!),!&MCC!12H!%+NC*(2!QEFFaRT!!

0#0#0!BC2/&)&%*-:!E%'(!@'32*)3'!D*9'/3!

4PC*121),0D!()+N!0+/C,2/+!N,H+*/!Q.+!#,+AU!j!Z(*/,2@!EFF_R!B1O+!I++2!H+O+*,C+H!),!

+PC*1(2!()+N!0+/C,2/+!H1)1!ID!(2A,0C,01)(2K!A,O10(1)+/!-0,N!C+0/,2!/(H+@!()+N!/(H+@!,0!I,)B!/(H+/!

Q(T+T@!C+0/,2!,0!()+N!A,O10(1)+/R!(2),!)B+!/)1)(/)(A1*!N,H+*/T!%B+!CM0C,/+!-,0!/MAB!+PC*121),0D!

1CC0,1AB!(/!),!(2O+/)(K1)+!B,S!)B+!0+/C,2H+2)/\!)1/U!C+0-,0N12A+!0+*1)+/!),!)B+!+P)+021*!-1A),0/!

/MAB!1/!)+/)!H+/(K2!+*+N+2)/!Q+TKT@!4NI0+)/,2@!GeacRT!<2!1HH()(,2@!(2A,0C,01)(2K!1MP(*(10D!

(2-,0N1)(,2!-0,N!)B+!C+0/,2/!12H!()+N/!A12!(NC0,O+!)B+!+/)(N1)(,2!C0+A(/(,2!12H!/)1I(*()D!,-!)B+!

()+N!C101N+)+0!+/)(N1)(,2!Q>(/*+OD@!Geabl!>(/*+OD@!Geaal!>(/*+OD!j!$B++B12@!Geaal!>(/*+OD!j!

$B++B12@!GeaeRT!>+12SB(*+@!+PC*121),0D!'.>/!Q7(1,!j!L(1,@!EFGal!610U!j!7++@!EFG_l!610U!+)!

1*T@!EFGaR!B1O+!1*/,!I++2!C0,C,/+H!-,0!/(N(*10!CM0C,/+/T!%B+!AM00+2)!/)MHD!-,AM/+/!,2!

C/DAB,N+)0(A!N,H+*/!S()B!A,O10(1)+/!,2!)B+!()+N!/(H+T!%B+0+-,0+@!)B+/+!N,H+*/!10+!0+O(+S+H!(2!

)B+!-,**,S(2K!C101K01CB/T!

BC2/&)&%*-:!E@;!(*9'/3#!V,0!1!M2(H(N+2/(,21*!<&%!N,H+*@!)B+!N10K(21*!C0,I1I(*()D!,-!

)B+!,I/+0O+H!0+/C,2/+!C1))+02!,-!0+/C,2H+2)!#!Q!#!i!G@!E@h@!+R!),!)+/)!()+N/!Q"!i!G@!E@!h@!,!R!(/!

S0())+2!1/!Q1//MN(2K!*,A1*!()+N!(2H+C+2H+2A+R3!

! !!!!!!!!!!!!!!$ ! @! QETETaR!!

SB+0+! !H+-(2+/!)B+!C0,I1I(*()D!H(/)0(IM)(,2!-M2A)(,2!,-!)B+!*1)+2)!1I(*()D!@!12H!

!(/!K(O+2!ID!1!/C+A(-(A!<&%!N,H+*!12H!H+-(2+/!)B+!C0,I1I(*()D!,-!1!0+/C,2/+!

A1)+K,0D!K(O+2!)B+!1I(*()D!*+O+*T!92+!,-!)B+!N,/)!I1/(A!M2(H(N+2/(,21*!<&%!N,H+*/!(/!)B+!&1/AB!

(Yj = yj ) = P(Yij = yij |! ) f (! )d!
i=1

I

!"

f (! ) !

P(Yij = yij |! )



! Ga!

N,H+*!Q&1/AB@!GedFR@!(2!SB(AB!)B+!C0,I1I(*()D!,-!1!A,00+A)!0+/C,2/+!,-!0+/C,2H+2)!#!),!12!()+N!"!(/!

K(O+2!ID3!

! @!! QETETeR!

SB+0+! !12H! !H+2,)+!)B+!*1)+2)!1I(*()D!-,0!0+/C,2H+2)!#!12H!()+N!H(--(AM*)D!-,0!()+N!"@!

0+/C+A)(O+*DT!%B+!&1/AB!N,H+*!H,+/!2,)!C0,O(H+!(2-,0N1)(,2!,2!SB1)!N12(-+/)!-+1)M0+/!,-!)B+!

()+N/!N1D!1--+A)!)B+!()+N!H(--(AM*)D!,-!)B+!()+N/T!"*)+021)(O+*D@!)B+!*(2+10W*,K(/)(A!)+/)!N,H+*!

Q77%>l!V(/AB+0@!Geb`R@!SB(AB!(/!2+/)+H!S()B(2!)B+!&1/AB!N,H+*@!H+A,NC,/+/!)B+!()+N!H(--(AM*)D!

C101N+)+0/!/MAB!)B1)3!

! @! QETETGFR!

SB+0+! !Q' !i!G@!E@!h@!&l!&!-!, R!H+2,)+/!)B+!I1/(A!C101N+)+0/!)B1)!0+C0+/+2)!)B+!H(--(AM*)D!,-!)B+!

()+N!A,O10(1)+/l! !H+2,)+/!)B+!H+/(K2!N1)0(P!)B1)!*(2U/!)B+!,!()+N/!),!)B+!&!()+N!A,O10(1)+/T!

%B+0+-,0+@!)B+!77%>!A12!I+!M/+H!),!+O1*M1)+!)B+!H(--(AM*)D!,-!/C+A(-(A!1/C+A)/!,-!)B+!()+N/!)B1)!

10+!M/M1**D!H+-(2+H!I1/+H!,2!C/DAB,*,K(A1*!12H!A,K2()(O+!)B+,0(+/T!

#,)B!)B+!&1/AB!N,H+*!12H!)B+!77%>!N1U+!)B+!/)0(2K+2)!1//MNC)(,2!)B1)!1**!()+N/!B1O+!

)B+!/1N+!H(/A0(N(21),0D!C,S+0!1A0,//!0+/C,2H+2)/T!J,S+O+0@!)B(/!1//MNC)(,2!A12!I+!0+*1P+H!ID!

M/(2K!)B+!)S,!C101N+)+0!*,K(/)(A!QE67R!N,H+*!Q7,0H!j!8,O(AU@!GedaR@!(2!SB(AB!)B+!C0,I1I(*()D!,-!

1!A,00+A)!0+/C,2/+!,-!0+/C,2H+2)!#!),!12!()+N!"!(/!K(O+2!ID3!

! @! QETETGGR!

P(Yij =1|! j ,bi ) =
exp(! j ! bi )

1+exp(! j ! bi )

! j bi

P(Yij =1|! j ," k ,qi ) =
exp(! j ! qik! k )

k=1

K

!

1+exp(! j ! qik! k )
k=1

K

!

! k

qik

P(Yij =1|! j ,ai ,bi ) =
exp(ai (! j ! bi ))

1+exp(ai (! j ! bi ))



! Ge!

SB+0+! !H+2,)+/!)B+!()+N!H(/A0(N(21)(,2!C101N+)+0!-,0!()+N!"@!SB(*+!,)B+0!2,)1)(,2/!10+!

A,2/(/)+2)!S()B!)B,/+!(2!)B+!&1/AB!N,H+*T!%BM/@!)B+!E67!N,H+*!1**,S/!)B+!+/)(N1)(,2!,-!I,)B!)B+!

()+N!H(/A0(N(21)(,2!12H!()+N!H(--(AM*)D!C101N+)+0/T!4NI0+/)/,2!QGeeeR!-M0)B+0!+P)+2H+H!)B+!

77%>!),!)B+!E67WA,2/)01(2+H!N,H+*@!SB(AB!(/!K(O+2!ID3!

! @! QETETGER!

SB+0+! !H+2,)+/!)B+!I1/(A!C101N+)+0/!)B1)!0+C0+/+2)!)B+!H(/A0(N(21),0D!C,S+0!,-!)B+!()+N!

A,O10(1)+/@!SB(*+!,)B+0!2,)1)(,2/!10+!A,2/(/)+2)!S()B!)B,/+!(2!)B+!77%>T!<)!A12!I+!/++2!)B1)!)B+!

E67WA,2/)01(2+H!N,H+*!(/!2+/)+H!S()B(2!)B+!E67!N,H+*!ID!H+A,NC,/(2K!I,)B!)B+!()+N!

H(/A0(N(21)(,2!12H!()+N!H(--(AM*)D!C101N+)+0/T!<2!)B(/!S1D@!)B+!E67WA,2/)01(2+H!N,H+*!A12!I+!

M/+H!),!+O1*M1)+!I,)B!)B+!H(/A0(N(21),0D!C,S+0!12H!H(--(AM*)D!,-!/C+A(-(A!A,K2()(O+!1/C+A)/!,-!)B+!

()+N/T!

#,)B!)B+!77%>!12H!)B+!E67WA,2/)01(2+H!N,H+*!(NC,/+!1!/)0,2K!1//MNC)(,2!)B1)!)B+!()+N!

A,O10(1)+/!A12!C0+H(A)!)B+!()+N!C101N+)+0/!(2!)B+!&1/AB!N,H+*!,0!)B+!E67!N,H+*!C+0-+A)*DT!%B(/!

(NC*(+/!)B1)!)B+!()+N/!/B10+!)B+!/1N+!/)0MA)M0+!(2!)B+!H+/(K2!N1)0(P!12H!S,M*H!B1O+!+P1A)*D!)B+!

/1N+!H(--(AM*)D!,0q12H!H(/A0(N(21)(,2T!J,S+O+0@!()!B1/!I++2!-,M2H!)B1)!()+N!H(--(AM*)(+/!N1D!B1O+!

A,2/(H+01I*+!O10(1I(*()D!+O+2!1-)+0!1AA,M2)(2K!-,0!)B+!H+/(K2!/)0MA)M0+!Q4NI0+)/,2@!GeeaRT!%,!

)1U+!/MAB!O10(1I(*()D!(2),!1AA,M2)@!1!012H,N!+00,0!)+0N!B1/!I++2!(2)0,HMA+H!(2),!)B+!77%>!

QL12//+2!+)!1*T@!EFF_l!.+!#,+AU@!EFFaR@!SB+0+!)B+!()+N!H(--(AM*)D!(/!H+A,NC,/+H!1/3!

! @! QETETG R̀!

ai

P(Yij =1|! j ," k ,#k ,qi ) =

exp ( qik#k )
k=1

K

! (! j " qik" k )
k=1

K

!
#

$
%

&

'
(

1+exp ( qik#k )
k=1

K

! (! j " qik" k )
k=1

K

!
#

$
%

&

'
(

! k

bi = qik! k + " i
k=1

K

!



! EF!

SB+0+! !-,**,S/!)B+!2,0N1*!H(/)0(IM)(,2@! T!"!/ (N(*10!1CC0,1AB!A12!I+!K+2+01*([+H!

),!)B+!E67WA,2/)01(2+H!N,H+*!SB+0+!I,)B!)B+!()+N!H(/A0(N(21)(,2!12H!H(--(AM*)D!C101N+)+0/!10+!

1**,S+H!),!O10D!1N,2K!()+N/!)B1)!/B10+!)B+!/1N+!H+/(K2!/)0MA)M0+!Q+TKT@!;*1/!j!O12!H+0!7(2H+2@!

EFF`l!.+!L,2K!+)!1*T@!EFFbRT!!

! %B+!N,H+*!S()B!0+/)0(A)(,2/!,2!)B+!()+N!H(--(AM*)D!Q><&<.l!#M))+0!+)!1*T@!GeeaR!(/!A*,/+*D!

0+*1)+H!),!)B+!77%>T!$(N(*10!),!)B+!77%>@!)B+!><&<.!N,H+*!H+A,NC,/+/!)B+!()+N!H(--(AM*)D!

C101N+)+0!(2!)B+!&1/AB!N,H+*!(2),!1!*(2+10!A,NC,/()+!12H!1//MN+/!)B+!C+0-+A)!C0+H(A)(,2!,-!)B+!

()+N!H(--(AM*)DT!%B+!H+/(K2!N1)0(P!M/+H!(2!)B+!77%>!(/!U2,S2!1\!C0(,0(T!J,S+O+0@!)B+!><&<.!

N,H+*!(/!1CC*(+H!(2!)B+!/A+210(,!SB+0+!1!A,NC,/()+!()+N!A,2/(/)(2K!,-! /+O+01*!A,NC,2+2)!()+N/!

+P(/)/ !(2!)B+!)+/)T!%B+!S+(KB)/!(2!)B+!H+/(K2!N1)0(P!M/+H!(2!)B+!><&<.!N,H+*!10+!),!I+!+/)(N1)+H!

M/(2K!)B+!()+N!0+/C,2/+/!),!)B+!A,NC,2+2)!()+N/T!$C+A(-(A1**D@!)B+!C0,I1I(*()D!,-!,I)1(2(2K!1!

A,00+A)!0+/C,2/+!(2!)B+!><&<.!N,H+*!(/!K(O+2!ID3!

! @! QETETG_R!

SB+0+! !(/!)B+!S+(KB)!,-!)B+!A,NC,2+2)!H(--(AM*)D! !(2!)B+!A,NC,/()+!()+N!"l! !H+2,)+/!)B+!

/A1*(2K!(2)+0A+C)l!!H+2,)+/!)B+!C+0/,2!1I(*()D!,-!0+/C,2H+2)!#T!<2!)B+!><&<.!N,H+*@!@! !

12H! !1**!2++H!),!I+!+/)(N1)+H@!SB(*+!,2*D!)B+!I1/(A!C101N+)+0/!!2++H!),!I+!+/)(N1)+H!(2!)B+!

77%>T!$(2A+!)B+!AM00+2)!/)MHD!-,AM/+H!,2!+PC*121),0D!C/DAB,N+)0(A!N,H+*/!S()B!()+N!

A,O10(1)+/@!)B+!1CC*(A1)(,2/!12H!)B+!+P)+2/(,2/!,-!)B+!><&<.!N,H+*!10+!2,)!(2)0,HMA+HT!

BC2/&)&%*-:!FGD3#!$+O+01*!/)MH(+/!B1O+!I++2!A,2HMA)+H!),!(2A,0C,01)+!A,O10(1)+/!(2),!

'.>/!),!-1A(*()1)+!M2H+0/)12H(2K!,-!B,S!/MAB!O10(1I*+/!0+*1)+!),!)B+!()+N!C101N+)+0/!,0!)B+!

N1/)+0D!,-!-(2+WK01(2+H!*1)+2)!1))0(IM)+/!Q"D+0/!+)!1*T@!EFG`l!7(1,!j!L(1,@!EFGal!610U!j!7++@!

! i ! i ~ N(µ! ," !
2)

P(Yij =1|! j ," ik ,# k ) =
exp(! j ! ! k" ik +! )

k=1

K

!

1+exp(! j ! ! k" ik +! )
k=1

K

!

! k ! ik !

! j ! k ! ik

! ! k



! EG!

EFG_@!EFGel!610U!+)!1*T@!EFGaRT!"D+0/!+)!1*T!QEFG`R!12H!610U!12H!7++!QEFG_R!B1O+!1//,A(1)+H!

,I/+0O+H!C+0/,2!A,O10(1)+/!),!)B+!0+/C,2/+!C0,I1I(*()D!,0!1!/(2K*+!1))0(IM)+!,-!)B+!.<8"!N,H+*!

M/(2K!1!*,K(/)(A!-M2A)(,2T!$(N(*10*D@!610U!+)!1*T!QEFGaR!12H!610U!12H!7++!QEFGeR!-M0)B+0!

(2A,0C,01)+H!I,)B!,I/+0O+H!12H!*1)+2)!A,O10(1)+/!(2),!)B+!.<8"!N,H+*!),!+PC*1(2!)B+!1))0(IM)+!

C0,-(*+/T!%B+D!/B,S+H!B,S!O10(,M/!A,O10(1)+/!A12!(2-*M+2A+!)B+!N1/)+0D!,-!)B+!*1)+2)!1))0(IM)+/T!

J,S+O+0@!/)MH(+/!M/(2K!A,O10(1)+/!),!+PC*1(2!()+N!C101N+)+0/!(2!)B+!'.>/!10+!-+ST!7(1,!12H!

L(1,!QEFGaR!(/!)B+!-(0/)!1))+NC)!),!+P)+2H!)B+!77%>!(2),!)B+!'.>!-01N+S,0UT!$C+A(-(A1**D@!)B+D!

H+A,NC,/+H!)B+!/*(CC(2K!12H!KM+//(2K!C101N+)+0/!(2!)B+!.<8"!N,H+*!M/(2K!*(2KM(/)(A!-+1)M0+/!

+P)01A)+H!-0,N!)B+!()+N!/)(NM*M/T!%B+!H+A,NC,/()(,2!A,2/(H+0+H!I,)B!)B+!77%>!12H!)B+!77%>!

g! !-,0NM*1)(,2/3!

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!*,K() @!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!QETETGcR!

12H!

! *,K() T! QETETGdR!

%B+!KM+//(2K!C101N+)+0!S1/!H+A,NC,/+H!(2!)B+!/1N+!-1/B(,2T!%B+D!-,M2H!/,N+!*(2KM(/)(A!

-+1)M0+/!B1O+!/(K2(-(A12)!+--+A)/!,2!)B+!()+N!C101N+)+0/!,-!)B+!.<8"!N,H+*T!

0#4!@'32*)3'!;5('!D*9'/5)6 !

! <2!+HMA1)(,21*!1//+//N+2)/@!&%!B1/!I++2!/B,S2!),!I+ !1!M/+-M*!H1)1!/,M0A+!(2!O10(,M/!

1CC*(A1)(,2/@!(2A*MH(2K!AB+1)(2K!H+)+A)(,2!Q+TKT@!>10(12)(!+)!1*T@!EFG_l!$(2B101D!j!L,B2/,2@!EFGel!

$(2B101D@!EFEFR@!/+))(2K!)+/)!)(N+!*(N()!Q+TKT@!O12!H+0!7(2H+2@!EFGG1R@!/C++H+H2+//!A,2)0,*!(2!

1H1C)(O+!)+/)(2K!Q+TKT@!O12!H+0!7(2H+2!+)!1*T@!Geeel!O12!H+0!7(2H+2@!EFFel!O12!H+0!7(2H+2@!EFGGIR@!

12H!(NC0,O(2K!1I(*()D!+/)(N1)(,2!C0+A(/(,2!Q+TKT@!#,*/(2,O1@!j!%(^N/)01@!EFGal!O12!H+0!7(2H+2@!

EFFbRT!")!)B+!/1N+!)(N+@!&%!N,H+*/!B1O+!I++2!H+O+*,C+H!(2!-,0N1)(O+!1//+//N+2)!/+))(2K/!),!

! i

(si ) = ! 0 + ! k Xik
k=1

K

!

(si ) = ! 0 + ! k Xik + " i
k=1

K

!



! EE!

I+))+0!M2H+0/)12H!/)MH+2)/!*+102(2K!I+B1O(,0!Q+TKT@!Z12K!+)!1*T@!EFGaR!12H!),!(NC0,O+!)B+!

+/)(N1)(,2!1AAM01AD!(2!*1)+2)!C0,-(*+!A*1//(-(A1)(,2/!Q+TKT@!kB12!+)!1*T@!EFGaRT!%B+!AM00+2)!/+A)(,2!

-(0/)!0+O(+S/!)B+!/)1)(/)(A1*!H(/)0(IM)(,2/!)B1)!B1O+!I++2!C0,C,/+H!),!N,H+*!&%T!%B+2@!&%!N,H+*/!

M/(2K!)B+!+PC*121),0D!1CC0,1AB!10+!/MNN10([+HT!

0#4#"!$%&)9&-9!@;!D*9'/3!

<2!O10(,M/!1CC*(A1)(,2!/+))(2K/@!&%!H(/)0(IM)(,2/!10+!M/M1**D!C,/()(O+*D!/U+S+HT!%B+0+-,0+@!

N12D!/)MH(+/!AB,/+!),!2,0N1*([+!)B+!&%!H(/)0(IM)(,2/!M/(2K!)B+!*,KW)012/-,0N1)(,2!Q+TKT@!%B(//+2@!

Gea`l!O12!H+0!7(2H+2@!EFFdR!(2!/)1)(/)(A1*!N,H+*(2KT!%B+!*,K2,0N1*!N,H+*!C0,C,/+H!ID!O12!H+0!

7(2H+2!QEFFdR!(/!,2+!,-!)B+!N,/)!A,NN,2*D!M/+H!&%!N,H+*/@!SB(AB!(/!C0+/+2)+H!1/3!

! !! QET̀TGR!

(2!SB(AB!)B+!&%!C+0/,2!#!/C+2H/!,2!()+N!"!(/!*,KW)012/-,0N+H!),! l !(/!)B+!/C++H!C101N+)+0!

-,0!C+0/,2!#@!(2H(A1)(2K!)B+!/C++H!S()B!SB(AB!)B+!C+0/,2!#!S,0U/!)B0,MKB,M)!)B+!1//+//N+2)T!%B+!

*10K+0!!(/@!)B+!-1/)+0!)B+!C+0/,2!S,0U+H!,2!)B+!()+N/l!!(/!)B+!()+N!(2)+2/()D!-,0!()+N!"@!

(2H(A1)(2K!)B+!*1I,0!0+YM(0+H!-,0!)B1)!()+Nl!12H!!(/!0+-+00+H!),!1/!)B+!()+NW/C+A(-(A!)(N+!

H(/A0(N(21)(,2!C101N+)+0T!"!/N1**+0!O1*M+!-,0!!(2H(A1)+/!)B1)!)B+!()+N!I+))+0!H(/A0(N(21)+/!)B+!

&%!H(/)0(IM)(,2!C0,HMA+H!ID!C+,C*+!S()B!H(--+0+2)!*+O+*/!,-!/C++HT!$(2A+!)B+!01S!&%!(/!2,2W

2+K1)(O+!12H!C,/()(O+*D!/U+S+H@!)B+!*,KW)012/-,0N1)(,2!,-!&%!1CC0,P(N1)+/!)B+!2,0N1*!

H(/)0(IM)(,2!,-!&%!12H!N1U+/!)B+!*,K2,0N1*!N,H+*!1!/MAA+//!(2!O10(,M/!1CC*(A1)(,2/!Q+TKT@!

$AB2(CU+!j!$A10N/@!GeeeRT!8,)+!)B1)!1!/*,C+!C101N+)+0!A12!I+!(2A*MH+H!),!A1C)M0+!)B+!

H(--+0+2)(1*!+--+A)/!,-!)B+!()+N/!,2!C+0/,2!/C++H!Q+TKT@!V,P!+)!1*T@!EFFbl!m*+(2!42)(2U!+)!1*T@!EFFeRT!

log(Tij ) = ! i ! " j +#ij ,#ij ~ N(0,$ i
! 2),

logTij ! j

! j ! i

! i
! 2

! i
! 2



! E`!

J,S+O+0@!)B+!*,K2,0N1*!N,H+*!A122,)!1*S1D/!0+N,O+!)B+!/U+S2+//!(2!)B+!01S!&%!H1)1T!

%B+0+-,0+@!)B+!#,P W',P!2,0N1*!N,H+*!S1/!C0,C,/+H!M2H+0!/MAB!/A+210(,/!Qm*+(2!42)(2U!+)!1*T@!

EFFeR3!

! !! QET̀TER!

SB+0+!)B+!C101N+)+0/!10+!(2)+0C0+)+H!)B+!/1N+!1/!)B,/+!(2!)B+!*,K2,0N1*!N,H+*@!+PA+C)!)B1)!!

(2H(A1)+/!)B+!#,PW',P!)012/-,0N1)(,2!Q#,P!j!',P@!Ged_R!,-!&%/!(2/)+1H!,-!)B+!*,K!

)012/-,0N1)(,2@!12H!)B+!C101N+)+0/!10+!1**!,2!)B+!#,PW',P!)012/-,0N+H!/A1*+T!$C+A(-(A1**D@!(/!

+PC0+//+H!1/3!

! !! QET̀ T̀R!

SB+0+! (/!1!C101N+)+0!)B1)!H+)+0N(2+/!)B+!H+K0++!),!SB(AB!)B+!&%!(/!)012/-,0N+HT!#1/+H!,2!

)B+!1I,O+!+YM1)(,2@!)B+!#,PW',P!N,H+*!(/!N,0+!-*+P(I*+!12H!)B+!*,K2,0N1*!N,H+*!(/!1!/C+A(1*!

A1/+!,-!()!SB+2 T!J,S+O+0@!)B+!N1^,0!H(/1HO12)1K+!,-!)B+!#,PW',P!)012/-,0N1)(,2!(/!)B1)!()!

CM)/!()+N!C101N+)+0/!,2!H(--+0+2)!/A1*+/!12H!N1U+/!C101N+)+0!(2)+0C0+)1)(,2!N,0+!H(--(AM*)T!!

"/!12!1*)+021)(O+!),!)B+!#,PW',P!N,H+*@!)B+!',P!C0,C,0)(,21*!B1[10H/!Q6JR!N,H+*!

Q&12K+0!j!90)2+0@!EFGGl!Z12K!+)!1*T@!EFG`R!(/!/B,S2!1/3!

! @! QET̀T_R!

SB+0+! !H+2,)+/!&%!-,0!()+N!#!12H!C+0/,2!"@! !(/!)B+!I1/+*(2+!B1[10H!-M2A)(,2@!!(/!)B+!/C++H!

C101N+)+0!-,0!C+0/,2!#@!12H!!)B+!/*,C+!C101N+)+0!-,0!()+N!"!)B1)!A,2)0,*/!)B+!(2A0+1/+!,-!)B+!

B1[10H!01)+T!J1[10H!01)+!(2!)B+!)+/)(2K!/A+210(,!0+C0+/+2)/!B,S!(2)+2/(O+*D!)B+!0+/C,2H+2)!(/!

S,0U(2K!1)!)B+!N,N+2)T!<2!C/DAB,*,K(A1*!)+0N/@!B1[10H!01)+!(2H(A1)+/!)B+!0+/C,2H+2)\/!0+*1)(O+!

N+2)1*!C0,A+//(2K!1I(*()D!(2!1!M2()!,-!)(N+!Q&12K+0!j!90)2+0@!EFGGl!Z+2K+0!j!;(I/,2@!EFF_RT!

Tij
(! ) = " i ! # j +$ij ,$ij ~ N(0,%i

! 2),

Tij
(! )

Tij
(! )

T (v) =
Tv ! 1

v
,v " 0

logT,v = 0

#

$
%

&%
,

v ! !

v = 0

hij (tij |! j ) = h0 j (tij )exp(" i! j )

tij h0 j ! j

! i



! E_!

%B+0+-,0+@!!(/!121*,K,M/!),!)B+!()+N!H(/A0(N(21)(,2!C101N+)+0/!(2!)B+!()+N!0+/C,2/+!N,H+*/T!

%B+!/+N(C101N+)0(A!21)M0+!Q(T+T@!(2O,*O(2K!I,)B!M2U2,S2!12H!U2,S2!C0,I1I(*()D!H+2/()D!

-M2A)(,2/R!,-!)B+!',P!6J!N,H+*!C0,O(H+/!S()B!()!)S,!(NC,0)12)!1HO12)1K+/!,O+0!)B+!#,P!',P!

N,H+*3!()!1**,S/!)B+!M/1K+!,-!O10(,M/!&%!H(/)0(IM)(,2/!12H!()+NW/C+A(-(A!)012/-,0N1)(,2/!)B1)!

C0+/+0O+!)B+!(2)+0C0+)1I(*()D!,-!)B+!()+N!C101N+)+0/T!

! !!!!!!!!!!!"!N,0+!K+2+01*([+H!12H!-*+P(I*+!N,H+*(2K!1CC0,1AB!(/!)B+!*(2+10!)012/-,0N1)(,2!N,H+*!

Q&12K+0!j!mMB2@!EFGE1@!EFG`l!Z12K@!+)!1*T@!EFG`R3!

! @!! QET̀TcR!

SB+0+! !12H! !10+!(2)+0C0+)+H!)B+!/1N+!1/!)B,/+!(2!)B+!A,P!6J!N,H+*T!%B(/!N,H+*!(2H(A1)+/!

)B1)@!1-)+0!/,N+!,0H+0WC0+/+0O(2K!)012/-,0N1)(,2 @!&%/!I+A,N+!*(2+10*D!0+*1)+H!),!)B+!()+N!

C101N+)+0/!C*M/!;1M//(12!+00,0/!T!<)!A12!I+!1*K+I01(A1**D!/B,S2!)B1)!O10(,M/!,)B+0!N,H+*/@!

/MAB!1/!)B+!#,PW',P!N,H+*!12H!)B+!',P!6J!N,H+*@!10+!/C+A(1*!A1/+/!,-!)B+!*(2+10!)012/-,0N1)(,2!

N,H+*!QZ12K!+)!1*T@!EFG`RT!! !!

&+/+10AB+0/!B1O+!C0,C,/+H!)B+!M/1K+!,-!,)B+0!H(/)0(IM)(,2!-M2A)(,2/!),!N,H+*!&%!H1)1@!

(2A*MH(2K!)B+!*(2+10!+PC,2+2)(1*!N,H+*!Q$AB+(I*+AB2+0@!GebeR@!)B+!K1NN1!N,H+*!Q=+0B+*/)!+)!1*T@!

GeebR!12H!)B+!Z+(IM**!N,H+*!Q&,/U1N@!Geebl!&,MH+0!+)!1*T@!EFF`R!),!N,H+*!&%!+PA*M/(O+*DT!%B+!

*(2+10!+PC,2+2)(1*!N,H+*!Q$AB+(I*+AB2+0@!GebeR!(/!C0+/+2)+H!1/!-,**,S/3!

! @! QET̀TdR!

SB+0+! !12H! !10+!C+0/,2!12H!()+N!(2)+2/()D!C101N+)+0/@!0+/C+A)(O+*DT!8,)+!)B1)!!(/!

(2)+0C0+)+H!H(--+0+2)*D!(2!)B+!#,P!',P!N,H+*!12H!)B+!*(2+10!)012/-,0N1)(,2!N,H+*T!<2!)B+!*(2+10!

+PC,2+2)(1*!N,H+*@!0+C0+/+2)/!1!*(2+10!A,NI(21)(,2!,-!)B+!()+N!(2)+2/()(+/!,-!/+O+01*!()+N!

A,O10(1)+/!)B1)!0+C0+/+2)!H(--+0+2)!*1)+2)!A,K2()(O+!C0,A+//+/T!

! i

Hi (tij ) = ! i" j +#ij

! j ! i

Hi (tij )

! ij

f (RTij ) = (! j +" i )exp[! (! j +" i )RTij ]

! j ! i ! i

! i



! Ec!

"!N,0+!K+2+01*([+H!N,H+*!),!)B+!*(2+10!+PC,2+2)(1*!N,H+*!(/!)B+!K1NN1!N,H+*!Q>10(/@!

Gee`l!=+0B+*/)!+)!1*T@!GeebR3!

! @! QET̀TbR!

SB+0+! !12H! !10+!(2)+0C0+)+H!/(N(*10*D!1/!)B,/+!(2!)B+!*(2+10!+PC,2+2)(1*!N,H+*T!%B+!)S,!

C101N+)+0/!(2H(A1)+!)B+!C0+A(/(,2!12H!/C++H!)B1)!0+/C,2H+2)/!C+0-,0N!(2!1!)+/)@!1*),K+)B+0!-,0N(2K!

1!N+1/M0+!,-!N+2)1*!C,S+0T!%B+!Z+(IM**!N,H+*!Q&,/U1N@!GeebR@!B,S+O+0@!N,H+*/!)B+!)+/)!

A,NC*+)(,2!)(N+!.!(2/)+1H!,-!()+N!&%/T!<)/!H+2/()D!-M2A)(,2!(/!S0())+2!1/3!

! @!! QET̀TaR!

SB+0+! @! !12H! !10+!)B+!N+2)1*!/C++H!12H!C+0/(/)+2A+!,-!)B+!C+0/,2!#@! (/!)B+!()+N!

H(--(AM*)D!-,0!()+N!"T!&,MH+0!+)!1*T!QEFF`R!-M0)B+0!/MKK+/)+H!1!`WC101N+)+0!Z+(IM**!H(/)0(IM)(,2!

)B1)!+1/(*D!A1C)M0+/!12D!/B(-)@!/A1*+@!12H!/B1C+!,-!)B+!()+NW*+O+*!&%!H(/)0(IM)(,2/T!%B+!M/1K+!,-!

)B+!Z+(IM**!H(/)0(IM)(,2!(/!I+2+-(A(1*!I+A1M/+!()!21)M01**D!1AA,NN,H1)+/!)B+!C,/()(O+!/U+S2+//!,-!

)B+!&%!H(/)0(IM)(,2/!12H!B1/!I0,1H!1CC*(A1)(,2/!(2!/)1)(/)(A/!Q&,MH+0!+)!1*T@!EFG`RT!

! %,!/MNN10([+@!O10(,M/!/)1)(/)(A1*!N,H+*/!B1O+!I++2!C0,C,/+H!-,0!)B+!N,H+*(2K!,-!&%/3!

)B+!*,K2,0N1*!N,H+*!QO12!H+0!7(2H+2@!EFFdR@!)B+!#,PW',P!N,H+*!Qm*+(2!42)(2U!+)!1*T@!EFFeR@!)B+!

',P!6J!N,H+*!Q&12K+0!j!90)2+0@!EFGGl!Z12K!+)!1*T@!EFG`R@!)B+!*(2+10!)012/-,0N1)(,2!N,H+*!

Q&12K+0!j!mMB2@!EFGE1@!EFG`l!Z12K@!+)!1*T@!EFG`R@!)B+!Z+(IM**!N,H+*!Q&,/U1N@!Geebl!&,MH+0!

+)!1*T@!EFF`R@!)B+!K1NN1!N,H+*!Q>10(/@!Gee`l!=+0B+*/)!+)!1*T@!GeebR@!12H!)B+!*(2+10!+PC,2+2)(1*!

N,H+*!Q$AB+(I*+AB2+0@!GebeRT!"N,2K!)B+/+!&%!N,H+*/@!)B+!*,K2,0N1*!N,H+*!(/!)B+!N,/)!S(H+*D!

1CC*(+H!-,0!/+O+01*!0+1/,2/T!V(0/)@!)B+!*,KW)012/-,0N+H!&%/!10+!1//MN+H!),!B1O+!)B+!2,0N1*()D!

)B1)!A12!I+!+1/(*D!1H1C)+H!),!-1A),0!121*D)(A!N,H+*/T!$+A,2H@!()!B1/!I++2!-,M2H!)B1)!)B+!*,K2,0N1*!

f (tij ) =
! j

" i

! (" i )
tij

" i " 1e" ! jtij

! i ! j

f (t) = ! texp(!
!
2

t2)

! =
" j

bi# j

! j ! j
bi



! Ed!

N,H+*!B1/!1H+YM1)+!N,H+*WH1)1!-()!(2!O10(,M/!1CC*(A1)(,2!/A+210(,/!Q+TKT@!$AB2(CU+!j!$A01N/@!

Geee@!EFFERT!J,S+O+0@!)B+!,)B+0!&%!N,H+*/!1*/,!B1O+!)B+(0!,S2!I+2+-()/!12H!O1*M+/!(2!)B+!

121*D/(/!,-!&%/@!SB(*+!)B+D!N1D!H(--+0!(2!)+0N/!,-!/)1)(/)(A1*!1//MNC)(,2/!12H!)B+!(2)+0C0+)1)(,2!

,-!)(N+W0+*1)+H!C101N+)+0/T!V,0!1!A,NC0+B+2/(O+!0+O(+S!,-!&%!N,H+*/@!0+1H+0/!A12!0+-+0!),!

$AB2(CU+!12H!$A01N/!QEFFER!12H!7++!12H!'B+2!QEFGGRT!

0#4#0!BC2/&)&%*-:!@;!(*9'/3!

!$(N(*10!),!)B+!H+A,NC,/()(,2!N,H+*(2K!1CC0,1AB+/!-,0!)B+!()+N!0+/C,2/+/@!)B+0+!B1/!I++2!

1!)01H()(,2!),!H+A,NC,/+!&%/!I1/+H!,2!BDC,)B+/([+H!C0,I*+NW/,*O(2K!C0,A+//+/!(2!A,K2()(O+!

C/DAB,*,KD!Q.,2H+0/@!Gadel!$)+02I+0K@!GedeRT!%B+!N,/)!2,)1I*+!S,0U!S1/!$)+02I+0K!QGeeb1@!

GeebIR!)B1)!-,AM/+H!,2!121*,KD!()+N/!12H!$)+02I+0K!QGeaF@!GeadR!)B1)!-,AM/+H!,2!H+HMA)(O+!

0+1/,2(2K!()+N/T!V,0!+P1NC*+@!$)+02I+0K!QGeeb1R!M/+H!1!NM*)(C*+!*(2+10!0+K0+//(,2!N,H+*!

0+K0+//(2K!&%!,2!/+O+01*!()+N!A,O10(1)+/!)B1)!0+C0+/+2)!)B+!2MNI+0!,-!A,K2()(O+!,C+01)(,2/!-,0!

)B+!()+N/T!%B+!N,H+*!(/!S0())+2!1/3!

! @! QET̀TeR!

SB+0+! !(/!)B+!(2)+0A+C)@! !H+2,)+/!)B+!()+N!A,O10(1)+/@!!(/!)B+!;1M//(12!0+/(HM1*T!!
!
X/(2K!)B(/!N,H+*@!$)+02I+0K!QGeeb1R!S1/!1I*+!),!+/)(N1)+!)B+!&%!0+YM(0+H!-,0!+1AB!BDC,)B+/([+H!

A,K2()(O+!C0,A+//!-,0!+1AB!0+/C,2H+2)T!!

>,0+!0+A+2)*D@!0+/+10AB+0/!(2!)B+!10+1!,-!+HMA1)(,21*!1//+//N+2)!B1O+!H+O+*,C+H!

+PC*121),0D!&%!N,H+*/!)B1)!A12!I+!CM)!(2),!)B0++!A1)+K,0(+/3!N,H+*/!-,0!&%!,2*D!Q$AB+(I*+AB2+0@!

Gebel!>10(/@!Gee`R@!/+C101)+!N,H+*/!-,0!&"!12H!&%!Q#+^10!j!:,A,N@!GeeGl!4NI0+)/,2@!Geeal!

;,0(2@!EFFcl!>M*B,,**12H!+)!1*T@!GeaFl!60(N(@!EFFGR@!12H!^,(2)!N,H+*/!-,0!&"!12H!&%!Qm*+(2!

42)(2U@!+)!1*T@!EFFel!O12!#0+MU+*+2@!EFFcRT!$AB+(I*+AB2+0!QGebeR!C0,C,/+H!)B+!*(2+10!+PC,2+2)(1*!

RT = X0 + aX1 + bX2 + cX3 + !

X0 Xi (i =1,2,3) !



! Eb!

N,H+*@!1/!N+2)(,2+H!(2!)B+!C0+O(,M/!/+A)(,2@!(2!SB(AB!)B+!&%!(/!1//MN+H!),!B1O+!12!+PC,2+2)(1*!

H+2/()D!-M2A)(,23!

! @! QET̀TGFR!

SB+0+! !(/!C+0/,2!/C++H!C101N+)+0!12H!!(/!)B+!()+N!(2)+2/()D!C101N+)+0T!$AB+(I*+AB2+0!QGebeR!

-M0)B+0!/MKK+/)+H!)B1)!A12!I+!H+A,NC,/+H!M/(2K!)B+!1CC0,1AB!121*,K,M/!),!)B+!77%>3!

! @! QET̀TGGR!

SB+0+! !(2H(A1)+/!)B+!(2)+2/()D!,-!)B+!A,K2()(O+!C0,A+//!'! +NI+HH+H!(2!()+N!"!12H! (2H(A1)+/!

SB+)B+0!()+N!"!(/!1//,A(1)+!S()B!A,K2()(O+!C0,A+//!' T!$(N(*10*D@!>10(/!QGee`R!(2A,0C,01)+H!()+N!

A,O10(1)+/!(2!B(/!K1NN1!N,H+*!-,0!&%/T!J+!/B,S+H!)B1)!)B+!*(2+10!+PC,2+2)(1*!N,H+*!,-!

$AB+(I*+AB2+0!QGebeR!(/!1!/C+A(1*!A1/+!,-!,2+!-,0NM*1)(,2!,-!)B+!K1NN1!N,H+*T!8+O+0)B+*+//@!

)B+/+!N,H+*/!H(H!2,)!)1U+!&"!(2),!A,2/(H+01)(,2T!

! $+O+01*!/)MH(+/!B1O+!I++2!A,2HMA)+H!),!121*D[+!&"!12H!&%!/+C101)+*D!(2!12!+PC*121),0D!

S1DT!"!/B10+H!AB101A)+0(/)(A!,-!)B+/+!121*D/+/!(/!)B1)!)B+!&%!S1/!+O1*M1)+H!I1/+H!,2!()+N!

A,O10(1)+/T!$C+A(-(A1**D@!;,0(2!QEFFcR!M/+H!)B+!77%>!),!121*D[+!()+N!0+/C,2/+/!12H!)B+2!

0+K0+//+H!)B+!*,KW)012/-,0N+H!&%/!,2!)B+!()+N!A,O10(1)+/!M/(2K!0+1H(2K!A,NC0+B+2/(,2!()+N/T!

$(N(*10*D@!4NI0+)/,2!QGeeaR!12H!60(N(!QEFFGR!H+A,NC,/+H!&%/!M/(2K!0+K0+//(,2!N,H+*/!S()B!

-(KM01*!0+1/,2(2K!()+N/T!>M*B,**12H!+)!1*T!QEFFGR@!,2!)B+!,)B+0!B12H@!N1H+!C0+H(A)(,2!,-!&%/!

M/(2K!()+N!A,O10(1)+/!)B0,MKB!121*D/(/!,-!O10(12A+!-,0!A,00+A)!12H!(2A,00+A)!0+/C,2/+/!/+C101)+*DT!

X/(2K!1!N,0+!H+/A0(C)(O+!1CC0,1AB@!#+^10!12H!:,A,N!QGeeGR!A,NC10+H!)B+!()+N!H(--(AM*)D!

C101N+)+0/!12H!&%!H(/)0(IM)(,2/!,-!()+N!(/,N,0CB/!Q(T+T@!()+N/!S()B!)B+!/1N+!M2H+0*D(2K!H+/(K2!

N1)0(PR!-0,N!)S,!)+/)!-,0N/T!!

0#H!?*5)%!D*9'/5)6!*+!@A!&)9!@;!

f (RTij ) = (! j +" i )exp[! (! j +" i )RTij ]

! j ! i

! i

! i = qik" k
k=1

K

!

! k qik



! Ea!

>,H+*/!0+O(+S+H!(2!/+A)(,2/!ETE!12H!ET`!10+!H+O+*,C+H!-,0!)B+!N,H+*(2K!,-!&"!,0!&%!

+PA*M/(O+*DT!$+C101)+!121*D/(/!,-!&"!12H!&%!A12!C0,O(H+!/,N+!(2-,0N1)(,2!,2!I,)B!O10(1I*+/@!

IM)!)B+!0+*1)(,2!I+)S++2!)B+!)S,!O10(1I*+/!0+N1(2/!M2U2,S2T!%,!+PC*(A()*D!N,H+*!)B+!0+*1)(,2!

I+)S++2!&"!12H!&%@!0+/+10AB+0/!B1O+!H+O+*,C+H!N+)B,H/!-,0!)B+!^,(2)!N,H+*(2K!,-!)B+/+!)S,!

O10(1I*+/T!"/!N+2)(,2+H!(2!/+A)(,2!ETG@!)B+!^,(2)!H(/)0(IM)(,2!,-!&"!12H!&%!N1D!0+/)!,2!)B+!

1//MNC)(,2!,-!'<!,0!1AA,NN,H1)+/!)B+!'.!I+)S++2!&"!12H!&%T!"AA,0H(2K!),!O12!H+0!7(2H+2!

12H!;*1/!QEFGFR@!)B0++!'<!1//MNC)(,2/!+P(/)!(2!)B+!^,(2)!N,H+*(2K!,-!&"!12H!&%3!GR!

(2H+C+2H+2A+!I+)S++2!0+/C,2/+/l!ER!(2H+C+2H+2A+!I+)S++2!&%/l!`R!(2H+C+2H+2A+!I+)S++2!

0+/C,2/+/!12H!&%/T!%B+!'<!1//MNC)(,2!H(/AM//+H!(2!)B(/!/+A)(,2!N1(2*D!0+-+0/!),!)B+!)B(0H!)DC+T!

%B+!'.!,-!)B+!)S,!O10(1I*+/@!,2!)B+!,)B+0!B12H@!B1/!)S,!C,//(I*+!H(0+A)(,2/3!GR!)B+!&%!

H(/)0(IM)(,2!H+C+2H/!,2!)B+!()+N!0+/C,2/+!A1)+K,0(+/!Q(T+T@!A,00+A)!,0!(2A,00+A)Rl!ER!)B+!&"!

H(/)0(IM)(,2!H+C+2H/!,2!)B+!&%!AB101A)+0(/)(A/!Q(T+T@!-1/)!,0!/*,SRT!<)!(/!),!I+!2,)+H!)B1)!)B+!

N+)B,H/!,-!^,(2)!N,H+*(2K!,-!&"!12H!&%!10+!N1(2*D!H+O+*,C+H!M/(2K!)B+!<&%!N,H+*/!-,0!)B+!

&"@!SB(*+!/+O+01*!0+A+2)!+P)+2/(,2/!B1O+!I++2!N1H+!M/(2K!)B+!'.>/!-,0!)B+!&"T!%B+0+-,0+@!)B(/!

/+A)(,2!0+O(+S/!N+)B,H/!)B1)!^,(2)*D!N,H+*!&"!12H!&%@!12H!A1)+K,0([+!)B+!/)MH(+/!(2),!)B0++!

/MI/+A)(,2/3!^,(2)!N,H+*/!S()B!<&%!N,H+*/!-,0!)B+!&"@!!^,(2)!N,H+*/!S()B!'.>/!-,0!)B+!&"@!12H!

+PC*121),0D!^,(2)!N,H+*/!,-!&"!12H!&%T!V,0!)B+!^,(2)!N,H+*/!S()B!<&%!N,H+*/!-,0!)B+!&"@!)B+/+!

N,H+*/!10+!-M0)B+0!A1)+K,0([+H!I1/+H!,2!)B+(0!1//MNC)(,2/3!^,(2)!N,H+*/!)B1)!1//MN+!(2H+C+2H+2)!

&"!12H!&%@!^,(2)!N,H+*/!)B1)!1AA,NN,H1)+!'.!,-!&"!,2!&%@!12H!^,(2)!N,H+*/!)B1)!

1AA,NN,H1)+!'.!,-!&%!,2!&"T !

0#H#"!E@;!(*9'/3!+*-!%8'!@A!

ET_TGTG!'<!I+)S++2!&"!12H!&%!



! Ee!

"!/)01(KB)-,0S10H!1//MNC)(,2!(2!)B+!^,(2)!N,H+*(2K!,-!&"!12H!&%!(/!)B1)!)B+!()+N!

0+/C,2/+!12H!()+N!&%!10+!*,A1**D!(2H+C+2H+2)!K(O+2!)B+!A,2/)12)!*1)+2)!)01()/T!%B+!H0(-)!H(--M/(,2!

N,H+*!Q&1)A*(--@!GebaR!(/!,2+!/MAB!1CC0,1AB!(2!)B+!/(NM*)12+,M/!121*D/(/!,-!&"!12H!&%T!%B+!

H0(-)!H(--M/(,2!N,H+*!1//MN+/!1!H(--M/(,2!C0,A+//!SB+0+!)B+!(2-,0N1)(,2!1AAMNM*1)+/!,O+0!)(N+!

12H!B()/!1!I,M2H10D!SB+2!)B+!H+A(/(,2!(/!N1H+T!<)!(/!N,/)*D!M/+H!(2!)B+!+PC+0(N+2)1*!C/DAB,*,KD!

/+))(2K/!SB+0+!H1)1!-0,N!,2*D!,2+!0+/C,2H+2)!(/!A,**+A)+H!12H!121*D[+HT!J,S+O+0@!%M+0*(2AUP!

12H!.+!#,+AU!QEFFcR!B1O+!/B,S2!)B1)!)B+!H0(-)!H(--M/(,2!N,H+*!A12!I+!+P)+2H+H!),!(2A,0C,01)+!1!

012H,N!+--+A)!-,0!)B+!C+0/,2/!12H!I+!M/+H!(2!)B+!A0,//W/+A)(,21*!H1)1!A,2/(/)(2K!,-!I,)B!()+N!

0+/C,2/+/!12H!()+N!&%/!-0,N!1!/1NC*+!,-!0+/C,2H+2)/T!&+/+10AB+0/!B1O+!N1H+!-M0)B+0!+--,0)/!),!

1H1C)!)B+!H0(-)!H(--M/(,2!N,H+*!-,0!)B+!+/)(N1)(,2!,-!C+0/,2!1I(*()D!12H!()+N!C101N+)+0/!

Q>,*+2110!+)!1*T@!EFGcAl!O12!H+0!>11/!+)!1*T@!EFGGl!=12H+U+0AUB,O+!+)!1*T@!EFGGl!Z1K+2N1U+0/@!

EFFeRT!<2!-1A)@!)B+!H0(-)!H(--M/(,2!N,H+*!B1/!I++2!/B,S2!),!I+!0+*1)+H!),!)B+!E67!N,H+*!Q7MA+@!

Geadl!%M+0*(2AUP!j!.+!#,+AU@!EFFcRT!%B+0+-,0+@!)B+!H0(-)!H(--M/(,2!N,H+*!A12!I+!1CC*(+H!(2!

+HMA1)(,21*!N+1/M0+N+2)!/+))(2K/!1/!S+**!Q+TKT@!O12!&(^2!j!"*(@!EFGbRT!

"2!1*)+021)(O+!N,H+*(2K!1CC0,1AB!)B1)!1//MN+/!'<!(/!)B+!B(+010AB(A1*!N,H+*(2K!

-01N+S,0U!,-!&"!12H!&%!QO12!H+0!7(2H+2@!EFFbR@!SB(AB!B1/!I++2!1!C0,N(2+2)!1CC0,1AB!),!

^,(2)*D!121*D[+!&"!12H!&%!(2!+HMA1)(,21*!12H!C/DAB,*,K(A1*!N+1/M0+N+2)!/+))(2K/T!"/!()/!21N+!

/MKK+/)/@!)B+!B(+010AB(A1*!N,H+*!A,2/(/)/!,-!)S,!*+O+*/3!)B+!-(0/)!*+O+*!N,H+*/!/C+A(-D!)B+!

C0,I1I(*()D!H(/)0(IM)(,2!-M2A)(,2/!-,0!&"!12H!&%@!0+/C+A)(O+*Dl!)B+!/+A,2H!*+O+*!N,H+*/!1**,S!)B+!

C+0/,2!12H!()+N!C101N+)+0/!-0,N!I,)B!&"!12H!&%!/(H+/!),!A,O10DT!O12!H+0!7(2H+2!QEFFbR!

1H,C)+H!1!)B0++WC101N+)+0!2,0N1*W,K(O+!Q`689R!N,H+*!-,0!)B+!&"!12H!)B+!*,K2,0N1*!N,H+*!

QO12!H+0!7(2H+2@!EFFdR!-,0!)B+!&%!1/!)B+!-(0/)!*+O+*!N,H+*/T!")!)B+!/+A,2H!*+O+*@!)B+!NM*)(O10(1)+!



! `F!

2,0N1*!H(/)0(IM)(,2!(/!1//MN+H!-,0!)B+!C+0/,2!C101N+)+0/!12H!()+N!C101N+)+0/@!0+/C+A)(O+*DT!%B+!

()+N!C101N+)+0/!-,**,S!1!NM*)(O10(1)+!2,0N1*!H(/)0(IM)(,23!

! @! QET_TGR!

SB+0+!/ @!0!12H!A!H+2,)+!)B+!()+N!H(/A0(N(21)(,2@!H(--(AM*)D@!KM+//(2K!C101N+)+0/!(2!)B+!`689!

N,H+*@!0+/C+A)(O+*Dl!!H+2,)+/!)B+!()+N!(2)+2/()D!C101N+)+0!(2!)B+!*,K2,0N1*!&%!N,H+*T!%B+!

*1)+2)!1I(*()D!C101N+)+0!!(2!)B+!`689!N,H+*!12H!)B+!*1)+2)!/C++H!C101N+)+0!!(2!)B+!*,K2,0N1*!

&%!N,H+*!-,**,S!1!I(O10(1)+!2,0N1*!H(/)0(IM)(,2@!SB(AB!(/!K(O+2!ID3!

! !! QET_TER!

%B(/!N,H+*(2K!-01N+S,0U!(/!-*+P(I*+!(2!)B1)!)B+!N+1/M0+N+2)!N,H+*/!-,0!)B+!&"!12H!)B+!&%!A12!

I+!+1/(*D!N,H(-(+H!I1/+H!,2!)B+!C01A)(A1*!2++H/T!

! $,N+!+P)+2/(,2/!,-!O12!H+0!7(2H+2\/!N,H+*!QEFFbR!B1O+!I++2!N1H+!ID!M/(2K!1*)+021)(O+!

&%!N,H+*/!M2H+0!)B+!/1N+!B(+010AB(A1*!-01N+S,0U!Qm*+(2!42)(2U!+)!1*T@!EFFel!>,*+22110!j!

#,*/(2,O1@!EFGbl!&12K+0!j!mMB2@!EFG_1l!&12K+0!+)!1*T@!EFGcl!Z12K@!+)!1*T@!EFG`l!Z12K!+)!1*T@!

EFG`RT!$C+A(-(A1**D@!)B+!#,PW',P!N,H+*!Qm*+(2!42)(2U!+)!1*T@!EFFeR@!)B+!',P!6J!N,H+*!Q&12K+0!

+)!1*T@!EFGcl!Z12K!+)!1*T@!EFG`R@!12H!)B+!*(2+10!)012/-,0N1)(,2!N,H+*!QZ12K!+)!1*T@!EFG`R!B1O+!

I++2!1H,C)+H!1/!)B+!&%!N,H+*!(2!)B+!B(+010AB(A1*!N,H+*(2K!-01N+S,0UT!<2!1HH()(,2@!&12K+0!+)!1*T!

QEFGcR!C0,C,/+H!)B+!01A+!N,H+*!-,0!)B+!&%@!SB(AB!A,2/(H+0/!)B+!0+/C,2H(2K!N+AB12(/N!)B1)!(/!

H+)+0N(2+H!ID!)B+!/),AB1/)(A!C0,A+//!-,0!/C+A(-(A!0+/C,2/+!,C)(,2/T!!
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! `G!

! <2!1HH()(,2!),!)B+!/C+A(-(A1)(,2!,-!H(--+0+2)!&%!N,H+*/@!+P)+2/(,2/!,-!)B+!O12!H+0!7(2H+2!

QEFFbR!N,H+*!B1O+!I++2!N1H+!),!1AA,NN,H1)+!)B+!2,2W2,0N1*!H(/)0(IM)(,2!,-!)B+!*,KW

)012/-,0N+H!&%!12H!NM*)(C*+!*1)+2)!H(N+2/(,2/!HM+!),!NM*)(C*+!/,M0A+/!-,0!&"!12H!&%T!

>,*+2110!12H!#,*/(2,O1!QEFGbR!/)1)+H!)B1)!)B+!1//MNC)(,2!,-!)B+!2,0N1*()D!,-!)B+!*,KW

)012/-,0N+H!&%/!N1D!2,)!B,*H!(2!0+1*()DT!%B+0+-,0+@!)B+D!N,H(-(+H!)B+!&%!N,H+*!),!

1AA,NN,H1)+!)B+!2,2W2,0N1*()D!HM+!),!+()B+0!)B+!B+)+0,/A+H1/)(A!0+/(HM1*!O10(12A+/!,0!)B+!2,2W

2,0N1*!*1)+2)!/C++HT!V,P!+)!1*T!QEFG_R!A,2/(H+0+H!)B+!(NC1A)!,-!-++HI1AU!I+B1O(,0!,2!/)MH+2)/\!

C+0-,0N12A+T!%B+D!C0,C,/+H!1!NM*)(O10(1)+!^,(2)!N,H+*!,-!&"!12H!&%!S()B!-,M0!*1)+2)!

H(N+2/(,2/!),!1AA,NN,H1)+!NM*)(C*+!0+/C,2/+!/,M0A+/!Q(T+T@!()+N!0+/C,2/+/!12H!-++HI1AU!

I+B1O(,0RT!$(N(*10*D@!kB12!+)!1*T!QEFGaR!A,2/(H+0+H!)B+!NM*)(H(N+2/(,21*()D!(//M+!(2!I,)B!&"!12H!

&%!N,H+*/!M/(2K!)B+!B(+010AB(A1*!N,H+*(2K!-01N+S,0U!,-!O12!H+0!7(2H+2!QEFFbRT!>12!+)!1*T@!

QEFGeR!A,2/(H+0+H!)B+!A,NC+2/1),0D!NM*)(H(N+2/(,21*()D!(//M+!(2!)B+!&"!N,H+*!M/(2K!)B+!

B(+010AB(A1*!N,H+*(2K!-01N+S,0U!,-!O12!H+0!7(2H+2!QEFFbRT!%B+/+!+P)+2/(,2/!B1O+!/B,S2!)B+!

-*+P(I(*()D!,-!)B+!B(+010AB(A1*!N,H+*(2K!-01N+S,0U!(2!)B+!/(NM*)12+,M/!121*D/(/!,-!&"!12H!&%T!

$,N+!0+/+10AB+0/!B1O+!1HO,A1)+H!)B+!M/+!,-!)B+!E67!N,H+*!-,0!)B+!&"!QV,P@!EFGF@!

AB1C)+0!al!V,P!+)!1*T@!EFFbl!>,*+2110!+)!1*T@!EFGcl!>,*+2110!+)!1*T@!EFGcl!&12K+0!j!90)2+0@!EFGEl!

&12K+0@!EFG`R!12H!1!H(--+0+2)!/C+A(-(A1)(,2!,-!)B+!*,K2,0N1*!N,H+*!S()B!12!1HH()(,21*!/*,C+!

C101N+)+0!-,0!)B+!*1)+2)!/C++H!QV,P@!EFGF@!AB1C)+0!al!V,P!+)!1*T@!EFFbl!m*+(2!42)(2U!+)!1*T@!EFFeR!

(2!)B+!B(+010AB(A1*!N,H+*T!%B+!*,K2,0N1*!N,H+*!S()B!)B+!/*,C+!C101N+)+0!(/!K(O+2!ID3!

! !! QET_T̀R!

SB+0+!)B+!2,)1)(,2/!10+!A,2/(/)+2)!S()B!)B+!*,K2,0N1*!N,H+*!QO12!H+0!7(2H+2@!EFFdR!C0+/+2)+H!(2!

)B+!+YM1)(,2!ET`TG@!+PA+C)!)B1)!!(/!)B+!)(N+!H(/A0(N(21)(,2!C101N+)+0!N,H+*+H!1/!)B+!/*,C+!

C101N+)+0!-,0!)B+!*1)+2)!/C++H!!12H! !(/!)B+!()+N!/C+A(-(A!0+/(HM1*!O10(12A+T!%B(/!

log(Tij ) = ! i ! ! i" j + ! ij ,! ij ~ N(0," i
2),

! i

! j ! i
2



! `E!

/C+A(-(A1)(,2!(/!121*,K,M/!),!)B+!E67!N,H+*!-,0!()+N!0+/C,2/+/!12H!1**,S/!)B+!0+*1)(,2!I+)S++2!

)B+!+PC+A)+H!&%!12H!)B+!*1)+2)!/C++H!),!O10D!1A0,//!()+N/T!$MAB!N,H+*!/C+A(-(A1)(,2!N1U+/!()!

C,//(I*+!),!+P)+2H!)B+!B(+010AB(A1*!N,H+*(2K!1CC0,1AB!),!)B+!K+2+01*([+H!*(2+10!-1A),0!N,H+*!

1CC0,1AB!Q>,*+2110!+)!1*T@!EFGcIRT!>,*+2110!+)!1*T!QEFGcIR!/(NC*(-(+H!)B+!B(+010AB(A1*!N,H+*!,-!

&"!12H!&%!H+O+*,C+H!ID!O12!H+0!7(2H,2!QEFFbR@!V,P!+)!1*T!QEFFbR@!m*+(2!42)(2U!+)!1*T!QEFFeR@!

12H!;*1/!12H!O12!H+0!7(2H+2!QEFGFR!ID!,N())(2K!)B+!/+A,2H!*+O+*!N,H+*!,2!)B+!()+N!/(H+T!%B1)!(/@!

)B+!()+N!C101N+)+0/!S+0+!)0+1)+H!1/!-(P+H!+--+A)/!01)B+0!)B12!012H,N!+--+A)/!(2!)B+!N,H+*!,-!O12!

H+0!7(2H+2!QEFFbRT!%B+!I+2+-()!,-!)B(/!+P)+2/(,2!+21I*+/!)B+!M/+!,-!-*+P(I*+!*1)+2)!O10(1I*+!

N,H+*(2K!/,-)S10+!),!+/)(N1)+!)B+!N,H+*@!1*)B,MKB!)B+!(2A*M/(,2!,-!)B+!/+A,2H!*+O+*!N,H+*!,2!)B+!

()+N!/(H+!/B,M*H!I+!A,2/(H+0+H!-,0!/MI/)12)(O+!0+1/,2/!(-!2+A+//10DT!!

#M(*)!MC,2!)B+!K+2+01*([+H!*(2+10!-1A),0!N,H+*!1CC0,1AB@!>,*+2110!+)!1*T!QEFGc1R!

C0,C,/+H!12!+O+2!N,0+!-*+P(I*+!I(O10(1)+!K+2+01*([+H!*(2+10!<&%!N,H+*(2K!-01N+S,0U!-,0!)B+!

^,(2)!121*D/(/!,-!&"!12H!&%T!%B(/!N,H+*(2K!-01N+S,0U!1**,S/ !I,)B!*(2+10!12H!2,2*(2+10!A0,//!

0+*1)(,2!-M2A)(,2/!I+)S++2!*1)+2)!1I(*()D!12H!*1)+2)!/C++HT!<2!1HH()(,2@!N12D!+P(/)(2K!N,H+*/@!

(2A*MH(2K!)B+!B(+010AB(A1*!N,H+*(2K!-01N+S,0U!QO12!H+0!7(2H+2@!EFFbR!12H!/,N+!N,H+*/!-,0!&"!

,2*D!,0!&%!,2*D@!-1**!M2H+0!)B+!I(O10(1)+!K+2+01*([+H!*(2+10!<&%!N,H+*(2K!-01N+S,0UT!"AA,0H(2K!

),!>,*+2110!+)!1*T!QEFGc1R@!-,0!H(AB,),N,M/!0+/C,2/+/!12H!A,2)(2M,M/!&%/3!

! @! QET_T_R!

! @! QET_TcR!

SB+0+!)B+!2,)1)(,2/!10+!A,2/(/)+2)!S()B!+YM1)(,2/!ETET_!12H!ET`TG@!+PA+C)!)B1)!!12H! !10+!

,0)B,K,21*!12H!)B+!0+*1)(,2!I+)S++2!1I(*()D!12H!/C++H!(/!A1C)M0+H!ID!)B+!A0,//W0+*1)(,2!-M2A)(,2

T!8,)+!)B1)!)B+!/(K2!I+-,0+! !AB12K+/!-0,N!2+K1)(O+!),!C,/()(O+!12H@!)B+0+-,0+@!)B+!

E(Yij ) = ! (ai! j + bi )

E(log(Tij )) = ! i +" i# j + f ($ j ; %)

! j ! j

f (! j ; " ) ! i" j



! `` !

(2)+0C0+)1)(,2!,-!)B+!!2,S!(2H(A1)+/!/*,S2+//!01)B+0!)B12!/C++H!,0!-1/)2+//T!%B+!A0,//W0+*1)(,2!

-M2A)(,2!(2H(A1)+/!0+*1)(,2/!)B1)!A12!I+!*(2+10@!YM1H01)(A@!(2)+01A)(,2!,0!,)B+0!)DC+/!,-!0+*1)(,2/T!

%B+!N,H+*!,-!O12!H+0!7(2H+2!QEFFbR!1//MN+/!1!*(2+10!0+*1)(,2!I+)S++2!*1)+2)!1I(*()D!12H!/C++H!

12H!)B+!+PC+A)1)(,2!,-!)B+!*,KW)012/-,0N+H!&%!(/!K(O+2!ID3!

! T! QET_TdR!

7+)! !0+C0+/+2)!)B+!*1)+2)!/C++H!C101N+)+0!1/!/C+A(-(+H!(2!O12!H+0!7(2H+2!!QEFFbRT!

%B+2@!()!A12!I+!/++2!)B1)!!(2H(A1)+/!)B+!A,00+*1)(,2!I+)S++2!1I(*()D!12H!/C++H!(2!)B+!N,H+*!,-!

O12!H+0!7(2H+2!QEFFbRT!"HH()(,21**D@!/+O+01*!N,H+*/!-,0!&%!,2*D!QV+0012H,!j!7,0+2[,W$+O1@!

EFFb1l!EFFbIl!;1O(0(1@!EFFcl!&12K+0!j!mMB2@!EFGE1l!%B(//+2@!Gea`R!12H!N,H+*/!-,0!&"!,2*D!

Q&,/U1N@!Geabl!Z12K!j!J12/,2@!EFFcR!-1**!M2H+0!)B+!N,H+*(2K!-01N+S,0U!,-!>,*+2110!+)!1*T!

QEFGc1RT!V,0!+P1NC*+@!)B+!N,H+*!,-!%B(//+2!QGea`R!1*/,!1//MN+/!1!*(2+10!0+*1)(,2!I+)S++2!1I(*()D!

12H!/C++HT!%B+!+PC+A)1)(,2!,-!)B+!*,KW)012/-,0N+H!&%!(/!K(O+2!ID3!

! @! QET_TbR!

SB+0+! !(/!1!K+2+01*!(2)+0A+C)l!!12H! !10+!()+N!H(/A0(N(21)(,2!12H!H(--(AM*)D!(2!)B+!<&%!

N,H+*@!0+/C+A)(O+*Dl!!(2H(A1)+/!)B+!0+K0+//(,2!A,+--(A(+2)!I+)S++2!&%!12H!*1)+2)!1I(*()DT!%B+!

)+0N/! !12H! !A12!I+!1I/,0I+H!ID! !12H!)B+!+YM1)(,2!1I,O+!A12!I+!0+S0())+2!1/3!

! T! QET_TaR!

$(N(*10*D@!!(2!)B+!1I,O+!+YM1)(,2!A1C)M0+/!)B+!*(2+10!0+*1)(,2!I+)S++2!&%!12H!*1)+2)!1I(*()DT!<2!

1HH()(,2@!V+0012H,!j!7,0+2[,W$+O1!QEFFb1l!EFFbIR!M/+H!)B+!1I/,*M)+!O1*M+!!(2!)B+!

+YM1)(,2!ET_Tb!12H@!)BM/@!/C+A(-(+H!1!2,2*(2+10!0+K0+//(,2!,-!<&%!C101N+)+0/!,2!&%/T!;(O+2!)B1)!

! j

E(log(Tij )) = ! i +" i# j ! " i $1%j

! ' = ! j ! " 1# j

! 1

E(log(Tij )) = µ +! i +! j ! ! 1(ai" j ! bi )

µ ai bi

! 1

µ ! 1bi ! i

E(log(Tij )) = ! i +" j ! ai #1$ j

! 1

ai! j ! bi



! `_ !

)B+!AM00+2)!/)MHD!-,AM/+/!,2!)B+!^,(2)!N,H+*(2K!,-!&"!12H!&%@!)B+!/C+A(-(A1)(,2/!,-!)B+!,)B+0!

N,H+*/!-,0!&%!,2*D!,0!&"!,2*D!A12!I+!-,M2H!(2!>,*+2110!+)!1*T!QEFGc1RT!

! <2!/MNN10D@!)B+!H0(-)!H(--M/(,2!N,H+*!Q&1)A*(--@!GebaR@!)B+!N,H+*!,-!O12!H+0!7(2H+2!

QEFFbR@!12H!)B+(0!O10(12)/!10+!-M2H1N+2)1*!N,H+*(2K!-01N+S,0U/!)B1)!0+/)!,2!)B+!'<!1//MNC)(,2!

,-!&"!12H!&%T!%B1)!(/@!K(O+2!)B+!A,2/)12)!*1)+2)!1I(*()D!12H!*1)+2)!/C++H@!)B+!()+N!0+/C,2/+/!12H!

()+N!&%/!10+!(H+2)(A1**D!12H!(2H+C+2H+2)*D!H(/)0(IM)+HT!%B(/!1//MNC)(,2!N1U+/!)B+!/)1)(/)(A1*!

N,H+*(2K!/)01(KB)-,0S10H!12H!A,2O+2(+2)T!J,S+O+0@!)B(/!1//MNC)(,2!N1D!2,)!1*S1D/!B,*H!(2!

0+1*WS,0*H!/+))(2K/T!V,0!+P1NC*+@!)B+!/C++H!*+O+*!12H!1I(*()D!*+O+*!,-!1!0+/C,2H+2)!N1D!-*MA)M1)+!

HM0(2K!)B+!)+/)!HM+!),!O10(,M/!0+1/,2/!/MAB!1/!/)0(A)!)(N+!*(N()!Q#,*/(2,O1!+)!1*T@!EFGbRT!%B+0+-,0+@!

)B+!O(,*1)(,2!,-!)B+!'<!1//MNC)(,2!N1D!,AAM0!12H!^+,C10H([+!)B+!/)1)(/)(A1*!(2-+0+2A+!,-!)B+!-,A1*!

C101N+)+0/T!%,!+O1*M1)+!)B+!(NC1A)!,-!)B+!S()B(2WC+0/,2!O10(1)(,2/!,2!N,H+*!N(/-()@!N+)B,H/!

B1O+!I++2!H+O+*,C+H!),!1//+//!C+0/,2!-()!QV,P!j!>10(12)(@!EFGbl!>10(12)(!+)!1*T@!EFG_R@!N,H+*!-()!

Q>10(12)(@!EFGcl!&12K+0!j!mMB2@!EFG_Il!&12K+0!+)!1*T@!EFGbR@!12H!)B+!'<!1//MNC)(,2!QO12!H+0!

7(2H+2!j!;*1/@!EFGFl!#,*/(2,O1!j!>10(/@!EFGdl!#,*/(2,O1!j!%(^N/)01@!EFGdRT!%B+!/)MH(+/!

0+O(+S+H!(2!)B+!2+P)!)S,!/+A)(,2/!ET_TGTE!12H!ET_TGT`!-,AM/!,2!)B+!N,H+*(2K!1CC0,1AB+/!)B1)!

1AA,NN,H1)+!'.!(2!)B+!^,(2)!N,H+*(2K!,-!&"!12H!&%T!$C+A(-(A1**D@!/+A)(,2!ET_TGTE!-,AM/+/!,2!

N,H+*/!)B1)!1AA,NN,H1)+!'.!,-!&"!,2!&%@!SB(*+!/+A)(,2!ET_TGT`!-,AM/+/!,2!N,H+*/!)B1)!

1AA,NN,H1)+!'.!,-!&%!,2!&"T !

ET_TGTE!'.!,-!&"!,2!&%!

! ',2A+C)M1**D@!)B+!N,H+*!,-!O12!H+0!7(2H+2!QEFFbR!A12!I+!A,2A+(O+H!1/!1!/(NC*+!/)0MA)M0+!

B(+010AB(A1*!N,H+*!)B1)!1//MN+/!)B+!0+/(HM1*/!,-!&"!12H!&%!10+!M2A,00+*1)+HT!J,S+O+0@!1/!

N+2)(,2+H!(2!/+A)(,2!ETG@!SB+2!'.!,AAM0/@!)B+!^,(2)!H(/)0(IM)(,2!,-!&"!12H!&%!A12!I+!-1A),0+H!

1/!!!



! `c !

! @! QET_TeR!

)B1)!(NC*(+/!)B1)!)B+!N+1/M0+N+2)!N,H+*!-,0!&"!N1D!H+C+2H!,2!&%!+O+2!SB+2!)B+!*1)+2)!1I(*()D!

12H!)B+!*1)+2)!/C++H!10+!A,00+*1)+HT!<2!,)B+0!S,0H/@!)B+!0+/(HM1*!&%!-0,N!+()B+0!1!-1/)+0!,0!/*,S+0!

0+/C,2/+!A12!I+!0+*1)+H!),!)B+!N+1/M0+N+2)!N,H+*!-,0!)B+!&"!(2!/,N+!S1D/T!%BM/@!()!(/!A0MA(1*!),!

1AA,NN,H1)+!/MAB!'.!),!(NC0,O+!)B+!N,H+*!-,0!&"!Q+TKT@!#,*/(2,O1!+)!1*T@!EFGbRT!

! %,!+P1N(2+!SB+)B+0!-1/)!,0!/*,S!0+/C,2/+/!(2H(A1)+!H(--+0+2)!0+/C,2/+!C0,A+//+/@!,2+!

/)01(KB)-,0S10H!S1D!(/!M/(2K!)B+!<&%0++!N,H+*(2K!1CC0,1AB!Q.+!#,+AU!j!610)AB+O@!EFGERT!

<&%0++!N,H+*/!10+!<&%!N,H+*/!-,0!()+N!0+/C,2/+!H1)1!S()B!1!)0++!/)0MA)M0+!Q.+!#,+AU!j!

610)AB+O@!EFGERT!<2!)B+!A1/+!,-!^,(2)!N,H+*(2K!,-!&"!12H!&%@!)B+!)0++!/)0MA)M0+!A12!I+!-,0N+H!ID!

/C*())(2K!)B+!()+N!&%/!(2),!-1/)!12H!/*,S!A1)+K,0(+/!M/(2K!N+H(12!/C*()!S()B(2!C+0/,2/!,0!S()B(2!

()+N/!Q.+!#,+AU!j!610)AB+O@!EFGEl!.(%01C12(!+)!1*T@!EFGdl!610)AB+O!j!.+!#,+AU@!EFGERT!

',NN,2!<&%!N,H+*/!Q+TKT@!G67!12H!E67R!A12!I+!M/+H!-,0!)B+/+!()+N!0+/C,2/+/@!IM)!H(--+0+2)!

*1)+2)!O10(1I*+/!12H!()+N!C101N+)+0/!A12!I+!1//MN+H!-,0!-1/)!0+/C,2/+/!Q-1/)!12H!A,00+A)@!,0!-1/)!

12H!(2A,00+A)R!12H!/*,S!0+/C,2/+/!Q/*,S!12H!A,00+A)@!,0!/*,S!12H!(2A,00+A)R@!0+/C+A)(O+*DT!

"*)B,MKB!)B+!+/)(N1)(,2!12H!(2)+0C0+)1)(,2!,-!)B+/+!N,H+*/!10+!A,2O+2(+2)@!)B+!H01SI1AU/!,-!)B+!

<&%0++!N,H+*(2K!1CC0,1AB!(2A*MH+3!GR!)B+!1//(K2N+2)!,-!()+N!0+/C,2/+/!(2),!)B+!-1/)!,0!/*,S!

A1)+K,0(+/!(/!H+)+0N(2(/)(Al!ER!H(AB,),N([1)(,2!,-!()+N!&%/!*+1H!),!(2-,0N1)(,2!*,//!(2!)B+!

+/)(N1)(,2!,-!*1)+2)!1I(*()D!Q>,*+2210!j!.+!#,+AU@!EFGaRT!

! "2!1CC+1*(2K!1*)+021)(O+!1CC0,1AB!(/!),!M/+!)B+!N(P)M0+!N,H+*/!)B1)!1**,S!H(--+0+2)!*1)+2)!

A*1//+/!S()B!O10(,M/!C+0/,2!12H!()+N!C0,C+0)(+/!-,0!H(--+0+2)!/C++H!Q>10(12)(@!EFGc@!AB1C)+0!`l!

>,*+2110!+)!1*T@!EFGdl!>,*+2110!+)!1*T@!EFGdl!>,*+2110@!+)!1*T@!EFGdl!>,*+2110!j!.+!#,+AU@!

EFGal!>,*+2110!+)!1*T@!EFGel!Z12K!j!5M@!EFGcl!Z12K!+)!1*T@!EFGaRT!>,*+2110!12H!.+!#,+AU!

QEFGaR!C0,C,/+H!)B+!0+/C,2/+!N(P)M0+!N,H+*!)B1)!M/+H!)B+!*,KW&%/!1/!C0+H(A),0/!),!(H+2)(-D!)B+!

f (ti |! ; " i ) f ( yi |ti ,#;$ i )



! `d !

N(P(2K!C0,C,0)(,2/T!>,*+2110!+)!1*T!QEFGdR!-M0)B+0!+P)+2H+H!)B+!0+/C,2/+!N(P)M0+!N,H+*!(2!)S,!

S1D/3!GR!(2A,0C,01)+!)S,!*1)+2)!O10(1I*+/!-,0!-1/)+0!12H!/*,S+0!0+/C,2/+/@!0+/C+A)(O+*Dl!ER!1**,S!

)B+!*1)+2)!A*1//!/([+/!),!O10D!1A0,//!()+N/T!.(--+0+2)!-0,N!)01H()(,21*!N(P)M0+!N,H+*(2K!

1CC0,1AB+/@!)B+!0+/C,2/+!N(P)M0+!N,H+*!A*1//(-(+/!+1AB!()+N!0+/C,2/+!01)B+0!)B12!+1AB!0+/C,2/+!

O+A),0!(2),!-1/)!,0!/*,S!A*1//+/T!ZB(*+!)B+!0+/C,2/+!N(P)M0+!N,H+*!(2A,0C,01)+H!)B+!N(P)M0+!

A,NC,2+2)!(2!)B+!&"!N,H+*!,2*D@!Z12K!12H!5M!QEFGcR!(2A,0C,01)+H!N(P)M0+!A,NC,2+2)/!-,0!

I,)B!&"!12H!&%!(2!)B+!/A+210(,!SB+0+!01C(H!KM+//(2K!,AAM0/T!%B+!N,H+*!,-!Z12K!12H!5M!QEFGcR!

/C+A(-(+H!H(--+0+2)!<&%!N,H+*!12H!&%!N,H+*!-,0!)B+!/,*M)(,2!I+B1O(,0!12H!01C(H!KM+//(2K!

I+B1O(,0T!%B+0+-,0+@!H(--+0+2)!O10(1I(*()(+/!(2!)B+!&%!10+!N,H+*+H!-,0!H(--+0+2)!0+/C,2/+!C0,A+//+/!

Q(T+T!B+)+0,/A+H1/)(A()DRT!Z12K!+)!1*T!QEFGaR!-M0)B+0!H+O+*,C+H!1!)S,W/)1K+!C0,A+HM0+!),!-*1K!

1I+0012)!I+B1O(,0!M/(2K!1!#1D+/(12!0+/(HM1*!(2H+P!(2!1HH()(,2!),!)B+!N(P)M0+!N,H+*(2KT!$(N(*10*D@!

>10(12)(!QEFGc@!AB1C)+0!`R!C0,C,/+H!1!N(P)M0+!N,H+*!)B1)!H(--+0+2)(1)+/!/)1)(,210D!12H!2,2W

/)1)(,210D!/C++H!,O+0!I*,AU/!,-!()+N/T!J,S+O+0@!*(U+!)01H()(,21*!N(P)M0+!N,H+*/@!*1)+2)!O10(1I*+/!

10+!1//MN+H!),!I+!(2H+C+2H+2)!(2!)B+/+!N,H+*/!Q>10(12)(@!EFGc@!AB1C)+0!`l!Z12K!j!5M@!EFGcl!

Z12K!+)!1*T@!EFGaR@!SB(AB!N1D!2,)!1*S1D/!B,*H!Q>,*+2110!+)!1*T@!EFGdRT!%BM/@!>,*+2110!+)!1*T!

QEFGdR!C0,C,/+H!)B+!B(HH+2!N10U,O!<&%!N,H+*/!-,0!&"!12H!&%!)B1)!1**,S!)012/()(,2(2K!*1)+2)!

O10(1I*+/!),!I+!H+C+2H+2)!1A0,//!()+N/T!<2!1HH()(,2@!)B+!C101N+)0(A!1//MNC)(,2!,-!)B+!&%!

H(/)0(IM)(,2!A12!I+!),,!/)0(2K+2)T!%BM/@!>,*+2110!+)!1*T!QEFGdR!C0,C,/+H!)B+!/+N(WC101N+)0(A!

N(P)M0+!N,H+*!-,0!&"!12H!&%!M/(2K!A1)+K,0([+H!&%/!),!0+*1P!)B+!C101N+)0(A!1//MNC)(,2!,-!)B+!

&%T!>,*+2110!+)!1*T!QEFGeR!-M0)B+0!C0,C,/+H!)B+!B+)+0,/A+H1/)(A!B(HH+2!>10U,O!N(P)M0+!N,H+*!

)B1)!1AA,NN,H1)+!)B+!B+)+0,/A+H1/)(A!O10(12A+/!,-!&%!(2!H(--+0+2)!0+/C,2/+!C0,A+//+/@!

H+C+2H+2A+!,-!*1)+2)!/)1)+/!I+)S++2!/MI/+YM+2)!()+N/@!12H!)B+!/+N(WC101N+)0(A!H(/)0(IM)(,2!,-!

)B+!&%!1)!)B+!/1N+!)(N+T!



! `b !

! #,)B!)B+!<&%0++!N,H+*/!12H!N(P)M0+!N,H+*/!)0+1)!)B+!'.!,-!&"!,2!&%!1/!H(/A0+)+T!

J,S+O+0@!0+/+10AB+0/!B1O+!10KM+H!)B1)!)B+!(NC1A)!,-!&%!,2!)B+!&"!N,H+*!A12!I+!A,2)(2M,M/!

Q+TKT@!#,*/(2,O1!+)!1*T@!EFGbl!V,P!j!>10(12)(@!EFGdRT!V,P!12H!>10(12)(!QEFGdR!12H!>10(12)(!

QEFGc@!AB1C)+0!_R!1H,C)+H!)B+!*1)+2)!K0,S)B!N,H+*(2K!)+AB2(YM+/!),!0+C101N+)+0([+!)B+!*1)+2)!

/C++H!C101N+)+0!),!0+*1P!)B+!A,2/)12)!/C++H!1//MNC)(,2!(2!)B+!N,H+*!,-!O12!H+0!7(2H+2!QEFGbRT!

"C10)!-0,N!)B(/@!N,/)!,-!)B+!/)MH(+/!(2A,0C,01)+H!,I/+0O+H!&%/!1/!C0+H(A),0/!(2!)B+!&"!N,H+*!),!

A1C)M0+!)B+!'.!,-!&"!,2!&%T!%B+!K+2+01*([+H!*(2+10!N(P+H!N,H+*(2K!-01N+S,0U!S1/!M/+H!),!

(2A,0C,01)+!I,)B!-(P+H!12H!012H,N!+--+A)/!,-!)B+!*,KW)012/-,0N+H!&%/!,2!&"!Q;,*HB1NN+0!+)!

1*T@!EFG_l!;,*HB1NN+0!j!m0,+B2+@!EFG_l!;,*HB1NN+0!+)!1*T@!EFGcRT!;,*HB1NN+0!+)!1*T!QEFGbR!

-M0)B+0!+P)+2H+H!)B+!C0+O(,M/!1CC0,1AB!ID!H+A,NC,/(2K!)B+!*,KW)012/-,0N+H!&%/!1/!C+0/,2!

1O+01K+@!()+N!1O+01K+!12H!0+/(HM1*!&%/!1/!C0+H(A),0/!,-!)B+!&"!N,H+*!),!+P1N(2+!&%!+--+A)/!(2!

I,)B!S()B(2W!12H!I+)S++2W!/MI^+A)!A,2H()(,2/T!$(N(*10*D@!.+!#,+AU!+)!1*T!QEFGbR!(2A,0C,01)+H!)B+!

*,KW&%/!(2!)B+!&"!N,H+*!),!+PC*,0+!)B+!&%!+--+A)/!M2H+0!/C,2)12+,M/!12H!(NC,/+H!/C++H!

A,2H()(,2/T!&1)B+0!)B12!M/(2K!)B+!*,K2,0N1*!&%!N,H+*!QO12!H+0!7(2H+2@!EFFdR@!Z12K!QEFFdR!

C0,C,/+H!1!^,(2)!N,H+*!M/(2K!)B+!,2+WC101N+)+0!Z+(IM**!N,H+*!-,0!)B+!&%!12H!/C+A(-(+H!)B+!&"!

N,H+*!A,2H()(,21*!,2!&%T!#M(*H(2K!MC,2!Z12K!QEFFdR@!<2K0(/,2+!QEFFaR!/C+A(-(+H!)B+!N10K(21*!

H(/)0(IM)(,2!,-!&%!M/(2K!)B+!)S,!C101N+)+0!Z+(IM**!N,H+*@!SB(*+!)B+!A,2H()(,21*!H(/)0(IM)(,2!,-!

&"!1/!)B+!G67!N,H+*!A,2H()(,21*!,2!&%T!

"*)B,MKB!(2A,0C,01)(2K!)B+!,I/+0O+H!&%/!(2!)B+!&"!N,H+*!(/!/)01(KB)-,0S10H@!0+/(HM1*!

&%/!B1O+!I++2!1HO,A1)+H!(2!)B+!N,H+*(2K!,-!A,2H()(,21*!H(/)0(IM)(,2!,-!&"!Q+TKT@!#,*/(2,O1!+)!

1*T@!EFGbRT!$+O+01*!/)MH(+/!B1O+!+P)+2H+H!)B+!B(+010AB(A1*!N,H+*!ID!(2A,0C,01)(2K!H(--+0+2)!-,0N/!

,-!)B+!&%!0+/(HM1*!H+C+2H+2A+!,2!)B+!&"!N,H+*T!&12K+0!12H!90)2+0!QEFGER!1**,S+H!()+NW

/C+A(-(A!A,00+*1)(,2!C101N+)+0/!I+)S++2!&"!12H!&%!)B1)!A1C)M0+!12D!H+C+2H+2A+!)B1)!A122,)!I+!



! `a !

+PC*1(2+H!ID!)B+!A,00+*1)(,2!I+)S++2!*1)+2)!1I(*()D!12H!/C++HT!"*)B,MKB!()!(/!/)01(KB)-,0S10H@!)B(/!

1CC0,1AB!H,+/!2,)!+PC*(A()*D!+PC*1(2!B,S!)B+!()+N!0+/C,2/+!-M2A)(,2!AB12K+/!1/!1!-M2A)(,2!,-!)B+!

&%!0+/(HM1*!12H!,2*D!1**,S/!)B+!&%!0+/(HM1*!),!I+!1//,A(1)+H!S()B!)B+!()+N!(2)+0A+C)!C101N+)+0!,-!

)B+!()+N!0+/C,2/+!-M2A)(,2T!%BM/@!#,*/(2,O1!+)!1*T!QEFGbR!C0,C,/+H!1!B(+010AB(A1*!N,H+*!)B1)!

1**,S/ !I,)B!)B+!()+N!/*,C+!12H!()+N!(2)+0A+C)!C101N+)+0/!(2!)B+!E67!N,H+*!Q(T+T@!)B+!N+1/M0+N+2)!

N,H+*!-,0!&"R!),!H+C+2H!,2!)B+!/)12H10H([+H!&%!0+/(HM1*/T!#,)B!&12K+0!12H!90)2+0!QEFGER!12H!

#,*/(2,O1!+)!1*T!QEFGbR!),,U!(2),!1AA,M2)!)B+!()+NW/C+A(-(A!+--+A)/!,-!)B+!0+/(HM1*!&%!,2!&"@!IM)!

2,2+!,-!)B+N!A,2/(H+0+H!)B+!C,//(I*+!'.!-0,N!)B+!H(--+0+2A+/!I+)S++2!C+0/,2/T!>+2K!+)!1*T!

QEFGcR!/C+A(-(+H!)B+!C0,HMA)!,-!1!C+0/,2W/C+A(-(A!A,NC,2+2)!12H!12!()+NW/C+A(-(A!A,NC,2+2)!-,0!

)B+!0+/(HM1*!A,00+*1)(,2T!J,S+O+0@!)B+!()+NW/C+A(-(A!A,NC,2+2)!S1/!A,2/)01(2+H!),!I+!2,2 W

2+K1)(O+@!SB(AB!(/!A,2)01H(A),0D!),!+P(/)(2K!-(2H(2K/!)B1)!)B+!/(K2/!,-!)B+!'.!A12!I+!+()B+0!

C,/()(O+!,0!2+K1)(O+!Q+TKT@!#,*/(2,O1!+)!1*T@!EFGdRT!%,!H+O+*,C!1!N,0+!-*+P(I*+!12H!K+2+01*!

-01N+S,0U!-,0!)B+!N,H+*(2K!,-!)B+!'.@!#,*/(2,O1!+)!1*T!QEFGdR!C0,C,/+H!)B+!0+/C,2/+!

N,H+01)(,2!N,H+*/!)B1)!A,2/(H+0!)B+!'.!H(--+0+2A+/!I+)S++2!()+N/!12H!I+)S++2!C+0/,2/!12H!

1**,S!H(--+0+2A+/!(2!)B+!/(K2!12H!N1K2()MH+!,-!)B+!'.T!VM0)B+0@!#,*/(2,O1!12H!>,*+2110!QEFGaR!

+P)+2H+H!)B+!0+/C,2/+!N,H+01)(,2!N,H+*/!ID!(2A,0C,01)(2K!YM1H01)(A!+--+A)/!,-!)B+!0+/(HM1*!&%!

,2!&"T !

<2!A,2A*M/(,2@!/)MH(+/!B1O+!N,H+*+H!)B+!'.!,-!&"!,2!&%!-0,N!+()B+0!1!H(/A0+)+!C,(2)!,-!

O(+S!M/(2K!)B+!<&%0++!N,H+*(2K!1CC0,1AB!12H!N(P)M0+!N,H+*(2K!,0!-0,N!1!A,2)(2M,M/!C,(2)!,-!

O(+S!(2A,0C,01)(2K!&%/!,0!)B+!0+/(HM1*!&%/!(2!)B+!&"!N,H+*T!<)!B1/!I++2!-,M2H!)B1)!)B+/+!

N,H+*(2K!1CC0,1AB+/!B1O+!(NC0,O+H!)B+!N,H+*WH1)1!-()!Q#,*/(2,O1!+)!1*T@!EFGbl!>,*+2110!+)!1*T@!

EFGdRT!<2!1HH()(,2@!)B+/+!/)MH(+/!0+O+1*+H!+()B+0!2+K1)(O+!,0!C,/()(O+!'.!I+)S++2!&"!12H!&%!

Q+TKT@!#,*/(2,O1!+)!1*T@!EFGbRT!



! `e !

ET_TGT`!'.!,-!&%!,2!&"!

! "/!N+2)(,2+H!(2!/+A)(,2!ETG@!)B+!^,(2)!H(/)0(IM)(,2!,-!&"!12H!&%!A12!1*/,!I+!-1A),0+H!1/!!!

! @! QET_TGFR!

SB(AB!(NC*(+/!)B1)!)B+!N+1/M0+N+2)!N,H+*!-,0!&%!N1D!H+C+2H!,2!&"T!%B1)!(/@!H(--+0+2)!&%!

H(/)0(IM)(,2/!N1D!+P(/)!-,0!A,00+A)!12H!(2A,00+A)!0+/C,2/+/@!0+/C+A)(O+*DT!

! %B0++!/)1)(/)(A1*!)+/)(2K!C0,A+HM0+/!B1O+!I++2!H+O+*,C+H!),!+P1N(2+!)B+!'.!,-!&%!,2!

&"3!)B+!71K012K+!>M*)(C*(+0!Q7>R!)+/)!Q;*1/!j!O12!H+0!7(2H+2@!EFGFl!O12!H+0!7(2H+2!j!;*1/@!

EFGFRl!)B+!2,2WC101N+)0(A!m,*N,K,0,OW$N(02,O!Qm$R!)+/)!Q#,*/(2,O1!j!>10(/@!EFGdRl!12H!)B+!

C,/)+0(,0!C0+H(A)(O+!AB+AU/!Q66'/l!#,*/(2,O1!j!%(^N/)01@!EFGdRT!O12!H+0!7(2H+2!12H!;*1/!QEFGFR!

12H!;*1/!12H!O12!H+0!7(2H+2!QEFGFR!+O1*M1)+H!)B+!'<!1//MNC)(,2!M2H+0!)B+!B(+010AB(A1*!

N,H+*(2K!-01N+S,0U!QO12!H+0!7(2H+2@!EFFbRT!%B+D!/C+A(-(+H!)B+!&%!N,H+*!M2H+0!'<!1/!)B+!

*,K2,0N1*!N,H+*!QO12!H+0!7(2H+2@!EFFdR3!

! !! QET_TGGR!

SB+0+!)B+!2,)1)(,2/!10+!)B+!/1N+!1/!(2!)B+!+YM1)(,2!ET`TGT!%B(/!N,H+*!(/!A,2/(H+0+H!1/!)B+!2M**!

BDC,)B+/(/!12H!)+/)+H!1K1(2/)!1!C101N+)0(A!1*)+021)(O+3!

! !! QET_TGER!

SB+0+! !H+2,)+/!)B+!A,00+A)!,0!(2A,00+A)!()+N!0+/C,2/+/l!!(/!12!()+N!/C+A(-(A!*,A1)(,2!/B(-)!

C101N+)+0!)B1)!A1C)M0+/!)B+!H(--+0+2A+!,-!*,A1)(,2!,-!)B+!&%!H(/)0(IM)(,2!-,0!)B+!A,00+A)!,0!

(2A,00+A)!0+/C,2/+/T!%B+!*(N()1)(,2!,-!)B+!7>!)+/)!M/+H!(2!)B(/!/A+210(,!(/!)B1)!()!A12!,2*D!1//+//!

C,//(I*+!*,A1)(,2!/B(-)!,-!)B+!&%!H(/)0(IM)(,2!IM)!A122,)!1//+//!,)B+0!C,)+2)(1*!)DC+/!,-!'.T!<2!

1HH()(,2@!)B+!7>!)+/)!0+YM(0+/!)B1)!)B+!C101N+)0(A!H(/)0(IM)(,2!,-!&%!(/!A,00+A)*D!/C+A(-(+HT!

#,*/(2,O1!12H!>10(/!QEFGdR!C0,C,/+H!1!2,2WC101N+)0(A!m$!)+/)!1CC0,1AB!)B1)!H,+/!2,)!0+YM(0+!

)B+!/C+A(-(A1)(,2!,-!1!A+0)1(2!)DC+!,-!'.T!J,S+O+0@!()!0+YM(0+/!)B1)!)B+!&"!N,H+*!(/!12!

f ( yi |! ;" i ) f (ti | yi ,#; $i )

log(Tij ) = ! i ! " j +#ij ,#ij ~ N(0,$ i
! 2),

log(Tij ) = ! i ! " j + #i yij +$ij ,$ij ~ N(0,%i
! 2),

yij ! i



! _F!

+PC,2+2)(1*!-1N(*D!N,H+*!12H!1!*10K+!/1NC*+!),!1AB(+O+!1H+YM1)+!C,S+0!Q#,*/(2,O1!j!%(^N/)01@!

EFGdRT!%,!,O+0A,N+!)B+!*(N()1)(,2/!,-!)B+!7>!)+/)!12H!)B+!m$!)+/)@!#,*/(2,O1!12H!%(^N/)01!

QEFGdR!C0,C,/+H!)B+!66'!C0,A+HM0+!M/(2K!)B0++!H(/A0+C12AD!N+1/M0+/!)B1)!(2H(A1)+!H(--+0+2)!

)DC+/!,-!'.T!%B+(0!0+/M*)/!/B,S+H!)B1)!)B+!66'!C0,A+HM0+!(/!1!-*+P(I*+!12H!0,IM/)!N+)B,H!(2!

H+)+A)(2K!'.T!

! %B+!'<!1//MNC)(,2!I+)S++2!&"!12H!&%!(2H(A1)+/!)B1)!2,!A0,//W*,1H(2K/!10+!1**,S+H!(2!

)B+!B(+010AB(A1*!N,H+*!,-!O12!H+0!7(2H+2!QEFFbRT!#,*/(2,O1!12H!%(^N/)01!QEFGbR!0+*1P+H!)B(/!

1//MNC)(,2!ID!1**,S(2K!A0,//W*,1H(2K/!I+)S++2!*1)+2)!1I(*()D!12H!)B+!*,KW)012/-,0N+H!&%/3!

! !! QET_TG R̀!

SB+0+! !H+2,)+/!)B+!*(2+10!+--+A)!,-!1I(*()D!,2!)B+!*,KW&%!,-!()+N!"!12H!,)B+0!2,)1)(,2/!10+!

A,2/(/)+2)!S()B!)B,/+!(2!)B+!+YM1)(,2!ET_T`T!%B+D!1H,C)+H!)B+!,0)B,K,21*!0,)1)(,2!,-!)B+!-1A),0/!

-,0!)B+!N,H+*!(H+2)(-(1I(*()D!CM0C,/+T!%B+D!/)1)+H!)B1)!)B(/!+P)+2H+H!B(+010AB(A1*!N,H+*!(NC0,O+/!

)B+!+/)(N1)(,2!,-!1I(*()D!12H!1*/,!C0,O(H+/!12!+P)01!N+1/M0+!,-!()+N!C+0-,0N12A+!I1/+H!,2!)B+!

A0,//W*,1H(2K!+/)(N1)+/T!$(N(*10*D@!>1K2M/!+)!1*T!QEFGbR!M/+H!1!B(+010AB(A1*!N,H+*!S()B!/MAB!1!

/)0MA)M0+!,2!12!+NC(0(A1*!H1)1/+)!12H!1*/,!-,M2H!)B1)!)B+!(2A*M/(,2!,-!&%!(NC0,O+H!)B+!

N+1/M0+N+2)!C0+A(/(,2!,-!&"T!

! "C10)!-0,N!1**,S(2K!A0,//W*,1H(2K/!I+)S++2!&"!12H!&%@!#,*/(2,O1!12H!%(^N/)01!QEFGeR!

C0,C,/+H!12!+P)+2H+H!B(+010AB(A1*!N,H+*!)B1)!1AA,M2)!-,0!)B+!H(--+0+2A+!I+)S++2!A,00+A)!12H!

(2A,00+A)!0+/C,2/+/!H(0+A)*DT!$C+A(-(A1**D@!)B+!A,2H()(,21*!H(/)0(IM)(,2!,-!*,KW&%/!(/!/C+A(-(+H!1/3!

! !! QET_TG_R!

SB+0+! !H+2,)+/!)B+!A,00+A)!()+N!0+/C,2/+!12H! !H+2,)+/!)B+!(2A,00+A)!()+N!0+/C,2/+!

-,0!()+N!"l!)S,!/+)/!,-!)B+!()+N!(2)+2/()D!C101N+)+0@!*1)+2)!/C++H!C101N+)+0!12H!0+/(HM1*!O10(12A+!

log(Tij ) =ζ i ! ! i" j + ! i" j + ! ij ,! ij ~ N(0," i
2),

! i

log(Ti ) = ! iyi
! ! iyi

" yi
+ ! i ,! i ~ N(0," iyi

2 ),

yi =1 yi = 0



! _G!

C101N+)+0!+P(/)!,0!)B+!A,00+A)!12H!(2A,00+A)!0+/C,2/+/@!0+/C+A)(O+*D3!!12H!

T!%B+2@!)B0++!*1)+2)!O10(1I*+/3!*1)+2)!1I(*()D@!*1)+2)!/C++H!-,0!A,00+A)!0+/C,2/+/@!

*1)+2)!/C++H!-,0!(2A,00+A)!0+/C,2/+/!10+!1//MN+H!),!-,**,S!)B+!NM*)(O10(1)+!2,0N1*!H(/)0(IM)(,2T!

%B+(0!0+/M*)/!-0,N!)B+!+NC(0(A1*!H1)1!1CC*(A1)(,2!/MKK+/)+H!)B1)!H(--+0+2A+!(2!)B+!&%!N,H+*/!

I+)S++2!A,00+A)!12H!(2A,00+A)!0+/C,2/+/!+P(/)+H!12H!)B+!)S,!*1)+2)!/C++H!H(N+2/(,2/!S+0+!

/)0,2K*D!A,00+*1)+H!IM)!I+10!H(--+0+2)!(2)+0C0+)1)(,2/T!!

! #1/+H!,2!)B+!+NC(0(A1*!+O(H+2A+!-0,N!)B+!+P(/)(2K!/)MH(+/@!)B+!'.!,-!&%!,2!&"!(/!

C0+O1*+2)T!#,*/(2,O1!12H!>10(/!QEFGdR!-,M2H!)B1)!)B+!'<!1//MNC)(,2!S1/!O(,*1)+H!-,0!1!N1^,0()D!

,-!()+N/!(2!12!10()BN+)(A!)+/)!M/(2K!)B+!m$!)+/)T!O12!H+0!7(2H+2!12H!;*1/!QEFGFR!1*/,!-,M2H!)B1)!

)B+!'<!1//MNC)(,2!S1/!O(,*1)+H!-,0!N,0+!)B12!B1*-!,-!)B+!()+N/!-0,N!1!NM*)(/)1K+!)+/)!M/(2K!)B+!

7>!)+/)T!#,*/(2,O1!12H!%(^N/)01!QEFGdR!-,M2H!)B1)!)B+!'<!1//MNC)(,2!S1/!O(,*1)+H!-,0!EE@!`E@!

12H!a!()+N/!,M)!,-!`a!()+N/!I1/+H!,2!)B0++!H(/A0+C12AD!N+1/M0+!M/(2K!)B+!66'!C0,A+HM0+@!

0+/C+A)(O+*DT!%B+0+-,0+@!()!(/!(NC,0)12)!),!1AA,M2)!-,0!)B+!'.!,-!&%!,2!&"!(2!C01A)(A1*!/+))(2K/T!

0#H#0!FGD3!+*-!%8'!@A!

! &%!B1/!I++2!M/+H!1/!A,**1)+01*!(2-,0N1)(,2!(2!)B+!'.>/!),!(NC0,O+!N+1/M0+N+2)!

C0+A(/(,2!Q+TKT@!>(2AB+2@!EFGbl!kB12!+)!1*T@!EFGaR!,0!),!/B+H!*(KB)!,2!0+/C,2H+2)/\!*+102(2K!

I+B1O(,0/!Q+TKT@!Z12K!+)!1*T@!EFGaRT!$(N(*10!),!)B+!/)MH(+/!0+O(+S+H!(2!)B+!C0+O(,M/!/+A)(,2!M/(2K!!

<&%!N,H+*/!-,0!&"@!)B+!^,(2)!N,H+*(2K!,-!&"!12H!&%!M/(2K!'.>/!1*/,!1//MN+H!+()B+0!'<!,0!'.!

I+)S++2!&"!12H!&%T!J,S+O+0@!N,/)!,-!)B+!/)MH(+/!)B1)!M/+!'.>/!-,0!&"!-,AM/+H!,2!(//M+/!

0+*1)+H!),!*+102(2K!HM+!),!)B+!21)M0+!,-!)B+!H(1K2,/)(A!1//+//N+2)/!SB+0+!'.>/!10+!M/M1**D!

1CC*(+HT!V,0!+P1NC*+@!)B+!/)MH(+/!N,H+*+H!)B+!AB12K+!,-!0+/C,2H+2)/\!*1)+2)!1))0(IM)+!C1))+02!

,O+0!)(N+!12H!)B+!-*M+2AD!,-!1CC*D(2K!)B+!*1)+2)!1))0(IM)+/!M/(2K!)B+!^,(2)!N,H+*/!Q+TKT@!Z12K!+)!

1*T@!EFGal!Z12K!+)!1*T@!EFGel!Z12K!j!'B+2@!EFEFl!Z12K!+)!1*T@!EFEFl!kB12K!j!Z12K@!EFGaRT!

! i1," i1,#1,$ i1
2{ }

! i0," i0,#0,$ i0
2{ }



! _E!

! $+O+01*!B(+010AB(A1*!N,H+*/!M/(2K!)B+!'.>/!-,0!()+N!0+/C,2/+/!1//MN(2K!'<!I+)S++2!&"!

12H!&%!B1O+!I++2!H+O+*,C+H!Q>(2AB+2@!EFGbl!kB12!+)!1*T@!EFGaRT!#,)B!>(2AB+2!QEFGbR!12H!

kB12!+)!1*T!QEFGaR!N1H+!1!H(0+A)!1H1C)1)(,2!,-!)B+!N,H+*!,-!O12!H+0!7(2H+2!QEFFbR!ID!M/(2K!)B+!

B(KB+0W,0H+0!.<8"!N,H+*!QH+!*1!%,00+!j!.,MK*1/@!EFF_R!1/!)B+!N+1/M0+N+2)!N,H+*!-,0!&"T!

J,S+O+0@!>(2AB+2!QEFGbR!,N())+H!)B+!A,00+*1)(,2/!1N,2K!)B+!()+N/@!SB(*+!kB12!+)!1*T!QEFGaR!

(NC,/+H!I,)B!A,00+*1)(,21*!/)0MA)M0+/!,2!)B+!()+N!/(H+!12H!)B+!C+0/,2!/(H+T!VM0)B+0@!kB12!+)!1*T!

QEFGaR!A,2/(H+0+H!)B+!*,A1*!H+C+2H+2A+!-,0!&"!12H!&%!12H!(2A,0C,01)+H!)+/)*+)!/)0MA)M0+/!(2!I,)B!

)B+!&"!N,H+*!12H!)B+!&%!N,H+*T!%B+!/B10+H!CM0C,/+!,-!)B+/+!N,H+*/!(/!),!(NC0,O+!

N+1/M0+N+2)!C0+A(/(,2!,-!&"T!

"*/,!1//MN(2K!'<!I+)S++2!&"!12H!&%@!Z12K!+)!1*T!QEFGaR!C0,C,/+H!1!^,(2)!N,H+*!)B1)!

1**,S/!)B+!AB12K+!,-!*1)+2)!1))0(IM)+!C1))+02!,O+0)(N+!12H!)B+!K0,S)B!,-!*1)+2)!/C++H!HM+!),!)B+!

AB12K+!,-!)B+!*1)+2)!1))0(IM)+!C1))+02!12H!)B+!(2A0+1/+!,-!0+/C,2H+2)/\!-*M+2AD!(2!1CC*D(2K!

N1/)+0+H!1))0(IM)+/T!$(N(*10!),!)B+!B(+010AB(A1*!N,H+*!QO12!H+0!7(2H+2@!EFFbl!kB12!+)!1*T@!EFGaR@!

N+1/M0+N+2)!N,H+*/!-,0!&"!12H!&%!10+!/C+A(-(+H@!0+/C+A)(O+*DT!%B+!N+1/M0+N+2)!N,H+*!-,0!&"!

(/!)B+!B(KB+0W,0H+0!J(HH+2!>10U,O!'.>!QZ12K!+)!1*T@!EFGaR!)B1)!A,2/(/)/!,-!)B+!.<8"!N,H+*!

12H!1!)012/()(,2!N,H+*!)B1)!H+/A0(I+/!B,S!0+/C,2H+2)/\!*1)+2)!1))0(IM)+!C0,-(*+!AB12K+!,O+0!)(N+T!

%B+!N+1/M0+N+2)!N,H+*!-,0!&%!(/!)B+!*,K2,0N1*!N,H+*!QO12!H+0!7(2H+2@!EFFdR!S()B!1!*1)+2)!

A,O10(1)+!/C+A(-(+H!1/!1!-M2A)(,2!,-!)B+!*1)+2)!1))0(IM)+/3!

! !! QET_TGcR!

SB+0+!)B+! !(/!1!-M2A)(,2!,-!)B+!1))0(IM)+!)01^+A),0D!,-!0+/C,2H+2)!#l!)B+!-(P+H!/*,C+!C101N+)+0!

!A1C)M0+/!)B+!01)+!,-!)B+!*1)+2)!1))0(IM)+!AB12K+l!,)B+0!2,)1)(,2/!10+!A,2/(/)+2)!S()B!+YM1)(,2!

ET_T`T!.(--+0+2)!-0,N!)B+!N,H+*!,-!kB12!+)!1*T!QEFGbR@!)B+!)S,!N+1/M0+N+2)!N,H+*/!(2!Z12K!+)!

log(Tij ) = ! i ! ! j ! ! Gij (! j ) +! i ,! i ~ N(0," i
2),

G(!)

!



! _` !

1*T!QEFGaR!10+!0+*1)+H!)B0,MKB!)B+!*1)+2)!A,O10(1)+!!(2!)B+!&%!N,H+*!01)B+0!)B12!)B+!

A,00+*1)(,2!I+)S++2!*1)+2)!1I(*()D!12H!*1)+2)!/C++HT!!

! $+O+01*!+P)+2/(,2/!B1O+!I++2!N1H+!I1/+H!,2!Z12K!+)!1*T!QEFGaR!0+)1(2(2K!)B+!'<!

1//MNC)(,2T!Z12K!+)!1*T!QEFGeR!(2A,0C,01)+H!,I/+0O+H!12H!*1)+2)!A,O10(1)+/!,2!)B+!C+0/,2/!/MAB!

1/!C01A)(A+!12H!(2)+0O+2)(,2!+--+A)/!(2!)B+!)012/()(,2!N,H+*!,-!)B+!*1)+2AD!AB12K+T!%B(/!N,H+*!

S()B!C+0/,2!A,O10(1)+/!S1/!1CC*(+H!(2!)B+!H+O+*,CN+2)!,-!1!NM*)(H(N+2/(,21*!H(1K2,/)(A!

1//+//N+2)!S()B!*+102(2K!),,*/!QZ12K!+)!1*T@!EFEFRT!9)B+0!+P)+2/(,2/@!B,S+O+0@!A,2/(H+0+H!'.!

I+)S++2!&"!12H!&%T!kB12K!12H!Z12K!QEFGaR!M/+H!)B+!N(P)M0+!N,H+*!),!A1C)M0+!)B+!

B+)+0,K+2+()D!,-!)B+!*+102(2K!C0,A+//+/!(2!)B+!&"!12H!&%!I1/+H!,2!)B+!N,H+*!,-!Z12K!+)!1*T!

QEFGaRT!%B(/!N(P)M0+!N,H+*(2K!1CC0,1AB!(/!/(N(*10!),!)B+!N,H+*/!0+O(+S+H!(2!ET_TGTE!Q+TKT@!

>,*+2110!+)!1*T!EFGdRT!Z12K!12H!'B+2!QEFEFR!C0,C,/+H!1!^,(2)!N,H+*!(2!SB(AB!)B+!&%!N,H+*!(/!

A,2H()(,21*!,2!A,00+A)!,0!(2A,00+A)!0+/C,2/+/@!SB(AB!(/!0+*1)+H!),!)B+!N,H+*/!0+O(+S+H!(2!ET_TGT`!

Q+TKT@!#,*/(2,O1!j!%(^N/)01@!EFGeRT!$C+A(-(A1**D@!)B+!&%!(2-,0N1)(,2!-0,N!A,00+A)!0+/C,2/+/!(/!

M/+H!),!-M0)B+0!N,H+*!-*M+2AD!M/(2K!1!/(N(*10!N,H+*!-,0NM*1)(,2!1/!(2!)B+!+YM1)(,2!ET_TGc@!SB(*+!

)B+!&%!H(/)0(IM)(,2!-,0!)B+!(2A,00+A)!0+/C,2/+/!(/!)B+!*,K2,0N1*!N,H+*!QO12!H+0!7(2H+2@!EFFdRT!!

0#H#4!BC2/&)&%*-:!?*5)%!D*9'/5)6!*+!@A!&)9!@;!!

! $+O+01*!+PC*121),0D!^,(2)!N,H+*/!,-!&"!12H!&%!B1O+!H+O+*,C+H!ID!(2A,0C,01)(2K!C+0/,2!

12Hq,0!()+N!A,O10(1)+/!(2!)B+!&"!N,H+*!12H!)B+!&%!N,H+*@!0+/C+A)(O+*D!Qm*+(2!42)(2U@!mMB2@!

J,02U+@!j!V,P@!EFFel!m*+(2!42)(2U@!V,P@!j!O12!H+0!7(2H+2@!EFFel!7,+D/!+)!1*T@!EFGGl!O12!

#0+MU+*+2@!EFFcRT!O12!#0+MU+*+2!QEFFcR!C0,C,/+H!1!I(O10(1)+!N(P+H!*,K(/)(A!0+K0+//(,2!N,H+*!-,0!

)B+!*,KW)012/-,0N+H!&%/!12H!)B+!*,K()!,-!)B+!C0,I1I(*()D!,-!A,00+A)!0+/C,2/+/T!<2!)B(/!N,H+*@!

C+0/,2/!S+0+!)0+1)+H!1/!012H,N@!SB(*+!()+N/!-(P+HT!$C+A(-(A1**D@!*,KW)012/-,0N+H!&%/!12H!)B+!

*,KW,HH/!,-!A,00+A)!0+/C,2/+/!S+0+!H+A,NC,/+H!(2!)B+!77%>!-1/B(,2@!SB(AB!(/!/C+A(-(+H!1/3!

G(!)



! __!

! *,K() @!! QET_TGdR!

! @! QET_TGbR!

SB+0+! !(/!)B+!C0,I1I(*()D!,-!,I)1(2(2K!1!A,00+A)!0+/C,2/+!-0,N!0+/C,2H+2)!#!),!()+Nl! !

)B0,MKB! !(2H(A1)+!+()B+0!C+0/,2!,0!()+N!A,O10(1)+/l!!)B0,MKB! !12H! !)B0,MKB! !

(2H(A1)+!012H,N!C+0/,2!+--+A)/!-,0!()+N!0+/C,2/+/!12H!()+N!&%/@!0+/C+A)(O+*DT!%B+!H(/1HO12)1K+!

,-!)B+!N,H+*!,-!O12!#0+MU+*+2!QEFFcR!(/!)B1)!2,!C101N+)+0/!S+0+!/C+A(-(+H!),!0+-*+A)!)B+!()+N!

(2)+2/()D!12H!)B+!C+0/,2!/C++HT!7,+D/!+)!1*T!QEFGGR!1*/,!1H,C)+H!)B+!N(P+H!*,K(/)(A!0+K0+//(,2!

N,H+*(2K!)+AB2(YM+!12H!(2A,0C,01)+H!I,)B!C+0/,2!12H!()+N!A,O10(1)+/!(2!)B+!&"!12H!)B+!&%!

N,H+*T!J,S+O+0@!)B+D!)0+1)+H!I,)B!C+0/,2!12H!()+N!1/!012H,N!+--+A)/!)B1)!(2H(A1)+H!)B+!C+0/,2!

/C++H!O10(1)(,2!12H!)B+!()+N!(2)+2/()D!O10(1)(,23!

! *,K() !! QET_TGaR!

! @!! QET_TGeR!

SB+0+! !H+2,)+/!C+0/,2!1I(*()Dl! !H+2,)+/!()+N!H(--(AM*)Dl!!H+2,)+/!C+0/,2!/C++Hl! !

H+2,)+/!()+N!(2)+2/()Dl!!)B0,MKB! !12H! !)B0,MKB! !(2H(A1)+!-(P+H!+--+A)/!-,0!()+N!

0+/C,2/+/!12H!()+N!&%/@!0+/C+A)(O+*Dl!!12H! !H+2,)+!1!C+0/,2!A,O10(1)+!12H!12!()+N!

A,O10(1)+@!0+/C+A)(O+*DT!7,+D/!+)!1*T!QEFGGR!1**,S+H!)B+!&%!),!-,**,S!+()B+0!)B+!*,K2,0N1*!

H(/)0(IM)(,2!,0!)B+!Z+(IM**!H(/)0(IM)(,2T!<2!1HH()(,2@!)B+(0!N,H+*!-,**,S+H!)B+!B(+010AB(A1*!N,H+*!

,-!O12!H+0!7(2H+2!QEFFbR!),!1**,S!I,)B!C+0/,2!12H!()+N!C101N+)+0/!-0,N!)B+!&"!N,H+*!12H!)B+!

&%!N,H+*!),!I+!A,00+*1)+HT!<2/)+1H!,-!M/(2K!)B+!N(P+H!0+K0+//(,2!N,H+*(2K!-01N+S,0U@!m*+(2!

42)(2U@!V,P@!12H!O12!H+0!7(2H+2!QEFFeR!H+A,NC,/+H!)B+!()+N!C101N+)+0!(2!)B+!B(+010AB(A1*!

N,H+*!,-!O12!H+0!7(2H+2!QEFFbR!M/(2K!()+N!A,O10(1)+/!Q+TKT@!)+/)!H+/(K2!-1A),0/R!(2!)B+!77%>!

( pij ) = ! 0 j + ! 1 j X1ij + ! 2 j X2ij + ...+ ! pj Xpij

log(RTij ) = ! 0 j +γ 1 j X1ij +! 2 j X2ij + ...+! pj Xpij + eij

pij X1

Xp ! 0 ! p ! 0 ! p

( pij ) = ! 0 + ! 1X1j + ! 2X2i +! 1j +! 1i

Tij = ! 0 +! 1X1j +! 2X2i +! 2 j +! 2i + eij

! 1 j ! 1i ! 2 j ! 2i

! 0 ! p ! 0 ! p

X1j X1i



! _c!

-1/B(,2T!VM0)B+0@!m*+(2!42)(2U@!mMB2@!J,02U+@!12H!V,P!QEFFeR!+P)+2H+H!)B+!N,H+*!,-!O12!H+0!

7(2H+2!QEFFbR!),!1!NM*)(*+O+*!NM*)(O10(1)+!N,H+*!12H!(2A,0C,01)+H!C+0/,2!A,O10(1)+/!Q+TKT@!

K+2H+0@!A()([+2/B(C@!)+/)!+--,0)@!$"%!/A,0+/@!12H!1K+R!),!+PC*1(2!)B+!O10(12A+!(2!/C++H!12H!

1AAM01AD!I+)S++2!C+0/,2/!12H!K0,MC/T!

0#I!D*9'/!B3%5(&%5*)!*+!%8'!?*5)%!D*9'/3!

! %B+!N10K(21*!N1P(NMN!*(U+*(B,,H!Q>>7l!#,AU!j!"()U(2@!GeaGR!12H!)B+!#1D+/(12!

>10U,O!'B1(2!>,2)+!'10*,!Q>'>'R!N+)B,H!10+!)S,!N1^,0!+/)(N1)(,2!N+)B,H/!-,0!)B+!^,(2)!

N,H+*/!,-!&"!12H!&%T!%B+/+!)S,!+/)(N1)(,2!N+)B,H/!H(--+0!(2!)B+(0!1//MNC)(,2/!12H!

,C)(N([1)(,2!N+)B,H/!(2!,I)1(2(2K!)B+!C101N+)+0!+/)(N1)+/T!%B+!>>7!(/!1!-0+YM+2)(/)!N+)B,H!

)B1)!1//MN+/!)B+!N,H+*!C101N+)+0/!1/!-(P+H!O1*M+/T!%B+!C101N+)+0!+/)(N1)+/!10+!,I)1(2+H!ID!

-(2H(2K!)B+!C101N+)+0!O1*M+/!)B1)!N1P(N([+!)B+!*(U+*(B,,H!-M2A)(,2T!%B+!4PC+A)1)(,2W

>1P(N([1)(,2!Q4>R!1*K,0()BN!(/!A,NN,2*D!M/+H!),!-(2H!)B+!,C)(N1*!C101N+)+0!O1*M+/!Q+TKT@!

>,*+2110!j!#,*/(2,O1@!EFGbl!&12K+0!j!90)2+0@!EFGERT!%B+!I+2+-()!,-!)B+!>>7!(/!()/!+--(A(+2AD!

(2!)+0N/!,-!I,)B!/)1)(/)(A1*!C0+A(/(,2!12H!A,NCM)1)(,2!)(N+T!%B+!#1D+/(12!>'>'!1CC0,1AB@!,2!

)B+!,)B+0!B12H@!1//MN+/!)B+!N,H+*!C101N+)+0/!10+!012H,N!O10(1I*+/T!$C+A(-(A1**D@!)B+!K,1*!,-!

#1D+/(12!+/)(N1)(,2!(/!),!,I)1(2!)B+!C,/)+0(,0!H(/)0(IM)(,2/!,-!)B+!N,H+*!C101N+)+0/!I1/+H!,2!)B+!

C0(,0!I+*(+-/!12H!)B+!*(U+*(B,,H!-0,N!)B+!H1)1T!X/M1**D@!)B+!C,/)+0(,0!N+12!12H!/)12H10H!H+O(1)(,2!

,-!)B+!C,/)+0(,0!H(/)0(IM)(,2!10+!)1U+2!1/!)B+!C101N+)+0!+/)(N1)+/!12H!/)12H10H!+00,0!+/)(N1)+/@!

0+/C+A)(O+*D!Q+TKT@!kB12!+)!1*T@!EFGaRT!!

! %B+!AB,(A+!I+)S++2!)B+!>>7!12H!#1D+/(12!>'>'!+/)(N1)(,2!N+)B,H/!H+C+2H/!,2!

/+O+01*!-1A),0/T!V(0/)@!>>7!S1/!-1O,0+H!(2!)B+!K+2+01*([+H!*(2+10!N,H+*(2K!1CC0,1AB!SB+0+!()+N!

C101N+)+0/!S+0+!)0+1)+H!1/!-(P+H!+--+A)/!Q+TKT@!>,*+2110!+)!1*T@!EFGcl!>,*+2110!j!#,*/(2,O1@!

EFGbRT!92+!I+2+-()!,-!M/(2K!>>7!(/!)B1)!AM00+2)*D!1O1(*1I*+!/,-)S10+!-,0!*1)+2)!O10(1I*+!N,H+*/!



! _d!

A12!I+!0+1H(*D!M/+H!ID!)B+!C01A)()(,2+0/T!J,S+O+0@!)B+!#1D+/(12!>'>'!+/)(N1)(,2!S1/!M/M1**D!

M/+H!SB+2!)B+!()+N!C101N+)+0/!S+0+!)0+1)+H!1/!012H,N!+--+A)/!Q+TKT@!O12!H+0!7(2H+2@!EFFbRT!

$+A,2H@!>>7!I+A,N+/!(2-+1/(I*+!SB+2!)B+!2MNI+0!,-!*1)+2)!H(N+2/(,2/!+PA++H/!-(O+!QZ,,H!+)!

1*T@!EFFERT!%B(/!(/!SB+2!)B+!#1D+/(12!1CC0,1AB!I+A,N+/!12!1*)+021)(O+T!%B+0+-,0+@!/)MH(+/!)B1)!

(2O+/)(K1)+H!)B+!NM*)(H(N+2/(,21*()D!(//M+/!(2!)B+!^,(2)!N,H+*!,-!&"!12H!&%!1H,C)+H!)B+!

#1D+/(12!>'>'!+/)(N1)(,2!Q+TKT@!kB12!+)!1*T@!EFGaRT!71/)*D@!)B+!#1D+/(12!>'>'!+/)(N1)(,2!

S1/!C0+-+00+H!SB+2!)B+!H(/)0(IM)(,2!,-!)B+!O10(1I*+/!S1/!1//MN+H!),!I+!A,NC*+P!Q+TKT@!)B+!#,PW

',P!N,H+*!,-!)B+!&%l!m*+(2!42)(2U!+)!1*T@!EFFeRT!%B+!;(II/!/1NC*+0!Q;+*N12!j!;+*N12@!Gea_R!

(/!)B+!N,/)!A,NN,2*D!M/+H!>'>'!1*K,0()BN!Q+TKT@!#,*/(2,O1!+)!1*T@!EFGbl!V,P!+)!1*T@!EFFbRT!

J,S+O+0@!SB+2!)B+0+!S1/!2,!A,2^MK1)+!C0(,0@!)B+!>+)0,C,*(/WJ1/)(2K/!Q>Jl!'B(I!j!;0++2I+0K@!

GeeaR!S1/!M/+H!(2!m*+(2!42)(2U!+)!1*T!QEFFeRT!

! >,/)!/)MH(+/!0+O(+S+H!(2!)B(/!AB1C)+0!M/+H!+()B+0!,-!)B+!)S,!+/)(N1)(,2!N+)B,H/T!%B+!

/,-)S10+!>C*M/!Q>M)Br2!j!>M)Br2@!EFFbR!12H!)B+!*1)+2);97.!Q=+0NM2)!j!>1K(H/,2@!EFG`R!

B1O+!I++2!M/+H!-,0!)B+!>>7!+/)(N1)(,2T!L";$!Q6*MNN+0@!EFGcR@!Z(2#X;$!Q$C(+K+*B1*)+0!+)!

1*T@!EFF`R@!$)12!Q;+*N12!+)!1*T@!EFGcR!12H!9C+2#X;$!Q%B,N1/!+)!1*T@!EFFdR!B1O+!I++2!M/+H!-,0!

)B+!#1D+/(12!>'>'!+/)(N1)(,2T! !

0#J!$1((&-:!*+!=5%'-&%1-'!@'>5'K!

! %B(/!AB1C)+0!0+O(+S+H!/)MH(+/!,2!'.>/@!+PC*121),0D!()+N!0+/C,2/+!N,H+*/@!

Q+PC*121),0DR!&%!N,H+*/@!12H!Q+PC*121),0DR!^,(2)!N,H+*/!,-!&"!12H!&%T!4P(/)(2K!/)MH(+/!B1O+!

+PC*,0+H!S1D/!),!(2A,0C,01)+!()+N!A,O10(1)+/!(2!)B+!+/)(N1)(,2!,-!()+N!C101N+)+0/!(2!'.>/@!&%!

N,H+*/@!12H!^,(2)!N,H+*/!,-!&"!12H!&%T!J,S+O+0@!)S,!K1C/!10+!(H+2)(-(+H!(2!)B+!*()+01)M0+T!V(0/)@!

AM00+2)!^,(2)!N,H+*(2K!1CC0,1AB+/!,-!&"!12H!&%!)B1)!(2A,0C,01)+H!()+N!A,O10(1)+/!B1O+!-,AM/+H!

,2!<&%!N,H+*/T!$C+A(-(A1**D@!N,/)!,-!)B+!+PC*121),0D!N,H+*/!-,AM/+H!,2!)B+!()+N!H(--(AM*)D!



! _b!

C101N+)+0!(2!)B+!&1/AB!N,H+*!Q+TKT@!.+!#,+AU!j!Z(*/,2@!EFFaR@!SB(*+!N,/)!,-!)B+!+PC*121),0D!

^,(2)!N,H+*/!,-!&"!12H!&%!M/+H!)B+!N(P+H!0+K0+//(,2!1CC0,1AB!,0!)B+!<&%WI1/+H!1CC0,1ABT!<2!

-1A)@!)B+!+PC*121),0D!N,H+*(2K!1CC0,1AB+/!10+!,0(K(21)+H!(2!)B+!<&%!-01N+S,0UT!J,S+O+0@!)B+/+!

N,H+*/!H,!2,)!A,2/(H+0!)B+!()+N!AB101A)+0(/)(A/!Q+TKT@!/*(CC(2K!12H!KM+//(2KR!(2!)B+!H(1K2,/)(A!

1//+//N+2)/T!<2!1HH()(,2@!<&%!N,H+*/!H,!2,)!C0,O(H+!-(2+WK01(2+H!H(1K2,/)(A!A*1//(-(A1)(,2!

(2-,0N1)(,2!,2!)B+!0+/C,2H+2)/T!!

! $+A,2H@!+P(/)(2K!+PC*121),0D!'.>/!H,!2,)!(2A,0C,01)+!&%!(2-,0N1)(,2T!;(O+2!)B1)!

A,NCM)+0WI1/+H!1//+//N+2)/!10+!C0+O1*+2)!2,S1H1D/@!&%!(2-,0N1)(,2!(/!(NC,0)12)!(2!)B+!)+/)!

H+O+*,CN+2)!Q+TKT@!4NI0+)/,2!j!:12K@!EFFbRT!Z()B,M)!)B+!^,(2)!N,H+*(2K!,-!&"!12H!&%@!A+0)1(2!

0+/+10AB!YM+/)(,2/!A122,)!I+!1/U+HT!V,0!+P1NC*+@!)B+!1O+01K+!)(N+!0+YM(0+H!ID!12!()+N!(2!)B+!

C,CM*1)(,2!(/!B10H!),!U2,ST!%B(/!C(+A+!,-!(2-,0N1)(,2!A,M*H!I+!2+A+//10D!(2!)B+!)+/)!H+/(K2!,-!

)+/)/!S()B!)(N+!*(N()/T!<2!1HH()(,2@!)B+!0+*1)(,2/B(C!I+)S++2!)(N+W0+*1)+H!()+N!C101N+)+0/!12H!

'.>!()+N!C10 1N+)+0/!A122,)!I+!0+O+1*+HT!<)!(/!BDC,)B+/([+H!)B1)!()+N/!)B1)!10+!B10H+0!),!KM+//!

N1D!1*/,!)1U+!*,2K+0!)(N+!),!A,NC*+)+T!J,S+O+0@!/MAB!BDC,)B+/(/!A122,)!I+!)+/)+H!(-!)B+!&%!

(2-,0N1)(,2!(/!2,)!(2A,0C,01)+H!(2!)B+!C/DAB,N+)0(A!N,H+*(2KT!

! ;(O+2!)B+!*(N()1)(,2/!(2!)B+!*()+01)M0+@!)B+!AM00+2)!/)MHD!C0,C,/+/!)B+!+PC*121),0D!'.>/!

(2A,0C,01)(2K!&%/!)B1)!N1U+/!)S,!A,2)0(IM)(,2/T!V(0/)@!)B+!C0,C,/+H!N,H+*!A12!C0,O(H+!KM(H12A+!

-,0!)B+!()+N!S0()+0/!(2!)B+!H+O+*,CN+2)!,-!H(1K2,/)(A!1//+//N+2)/T!#D!(2A,0C,01)(2K!)B+!()+N!

A,O10(1)+/!)B1)!AB101A)+0([+!/C+A(-(A!()+N!-+1)M0+/@!)B+!C0,C,/+H!N,H+*!A12!+/)(N1)+!)B+!+--+A)/!,-!

)B+/+!A,O10(1)+/T!%B+0+-,0+@!I1/+H!,2!)B+!C101N+)+0!+/)(N1)+/@!()+N!S0()+0/!A12!A,2)0,*!()+N!

AB101A)+0(/)(A/!/MAB!1/!/*(CC(2K!,0!KM+//(2K!C0,I1I(*()(+/T!%B+D!A12!1*/,!U2,S!SB1)!()+N!-+1)M0+/!

N1D!N1U+!)B+!()+N/!N,0+!)(N+!(2)+2/(O+T!%B+2@!/C+A(-(A!(2/)0MA)(,2/!12H!KM(H12A+!A12!I+!

C0,O(H+H!HM0(2K!)B+!()+N!S0()(2K!C0,A+HM0+T!!



! _a!

! $+A,2H@!)B+!AM00+2)!/)MHD!1HO12A+/!)B+!/)1)+!,-!U2,S*+HK+!,-!+PC*121),0D!C/DAB,N+)0(A!

N,H+*/!ID!A,NI(2(2K!+PC*121),0D!.'>/!12H!+PC*121),0D!&%!N,H+*/T!V(0/)!,-!1**@!)B+!C0,C,/+H!

N,H+*!M)(*([+/!I,)B!()+N!0+/C,2/+/!12H!&%/!12H!1AA,M2)/!-,0!)B+!()+N!A,O10(1)+!+--+A)/!-,0!

A,K2()(O+!H(1K2,/(/T!<2!1HH()(,2@!()!/B,S/!)B+!C+0-,0N12A+!12H!C,)+2)(1*!M/1K+!,-!)B+!C0,C,/+H!

N,H+*!)B0,MKB!)B+!(2O+/)(K1)(,2!,-!C101N+)+0!0+A,O+0D!,-!)B+!C0,C,/+H!N,H+*!M2H+0!H(--+0+2)!

/(NM*1)+H!)+/)(2K!/A+210(,/T!71/)*D@!)B+!C+0-,0N12A+!,-!)B+!C0,C,/+H!N,H+*!(/!A,NC10+H!S()B!

/+O+01*!A,NC+)(2K!N,H+*/!),!C0,O(H+!KM(H12A+!),!0+/+10AB+0/!(2!)B+!/+*+A)(,2!,-!1CC0,C0(1)+!

N,H+*/!(2!C01A)(A1*!/+))(2K/T!

! !



! _e!

'B1C)+0!3̀!>+)B,H,*,KD!

4#"!;8'!,-*2*3'9!D*9'/ !

%B+!AM00+2)!/)MHD!C0,C,/+/!)B+!+PC*121),0D!'.>!(2A,0C,01)(2K!&%/@!SB(AB!+P)+2H/!)B+!

B(+010AB(A1*!A,K2()(O+!H(1K2,/)(A!N,H+*(2K!(2A,0C,01)(2K!&%/!QkB12!+)!1*T@!EFGaR!ID!(2)0,HMA(2K!

()+N!A,O10(1)+/!(2),!)B+!()+N!C101N+)+0/T!<2!)B(/!/+A)(,2@!)B+!-(0/)!*+O+*!N+1/M0+N+2)!N,H+*/!-,0!

&"!12H!&%!10+!(2)0,HMA+HT!%B+2@!)B+!B(KB+0!*+O+*!C,CM*1)(,2!N,H+*/!-,0!)B+!C+0/,2!12H!()+N!

C101N+)+0/!10+!C0+/+2)+HT!<2!C10)(AM*10@!)B+!1CC0,1AB+/!,-!(2A,0C,01)(2K!()+N!A,O10(1)+/!(2),!)B(/!

B(+010AB(A1*!-01N+S,0U!10+!+*1I,01)+HT!$C+A(-(A1**D@!0+C101N+)+0([+H!.<8"! N,H+*!Q+TKT@!

.+'10*,@!EFGGR!(/!1H,C)+H!1/!)B+!N+1/M0+N+2)!N,H+*!-,0!()+N!0+/C,2/+/T!%B+!.<8" !N,H+*!(/!

AB,/+2!HM+!),!()/!-*+P(I(*()D!12H!()/!S(H+!1CC*(A1)(,2!(2!)B+!-(+*HT!%B+!*,K2,0N1*!N,H+*!QO12!H+0!

7(2H+2@!EFFdR!(/!AB,/+2!1/!)B+!N+1/M0+N+2)!N,H+*!-,0!&%/!-,0!/+O+01*!0+1/,2/T!V(0/)@!()!B1/!I++2!

/B,S2!)B1)!)B+!*,K2,0N1*!N,H+*!C0,O(H+/!/1)(/-1A),0D!N,H+*WH1)1!-()!(2!O10(,M/!1CC*(A1)(,2/!Q+TKT@!

$AB2(CU+!j!$A01N/@!GeeeRT!$+A,2H@!)B+!2,0N1*()D!1//MNC)(,2!,-!)B+!*,KW)012/-,0N+H!&%/!(/!1!

N1^,0!1HO12)1K+!,O+0!)B+!,)B+0!&%!N,H+*/!+/C+A(1**D!(2!)B+!/(NM*)12+,M/!121*D/(/!,-!()+N!

0+/C,2/+/!12H!&%/!Qm*+(2!42)(2U!+)!1*T@!EFFeRT!<2!-1A)@!)B+!2,0N1*()D!1//MNC)(,2!N1U+/!)B+!^,(2)!

H(/)0(IM)(,2!,-!)B+!*1)+2)!0+/C,2/+!12H!&%!O10(1I*+/!1!I(O10(1)+!2,0N1*!,2+@!SB(AB!N1U+/!)B+!

B(+010AB(A1*!N,H+*!/C+A(-(A1)(,2!-+1/(I*+T!%B(0H@!)B+!/)1)(/)(A1*!(2-+0+2A+!(/!/(NC*(-(+H!K(O+2!)B1)!

)B+!/)1)(/)(A1*!C0,C+0)(+/!,-!NM*)(O10(1)+!2,0N1*!H(/)0(IM)(,2!10+!S+**!U2,S2!Q"2H+0/,2@!Gea_RT!

!"#"#$%&'&($#$)*+$$

! .+2,)+! !1/!)B+!I(210D!()+N!0+/C,2/+!-0,N!0+/C,2H+2)!#!Q#!i!G@!E@!h@!+R!),!()+N!"!Q"!i!G@!

E@!h@!,RT!<2!)B+!.<8"!N,H+*@!)B+!C0,I1I(*()D!,-!,I)1(2(2K!1!A,00+A)!12/S+0!QR!(/!K(O+2!ID3!

! @! Q̀TGTGR!

Yij

Yij = 1

P(Yij = 1|α j ) = gi + (1− si − gi ) α jk
qik

k=1

K

∏



! cF!

SB+0+! !12H! !10+!/*(CC(2K!12H!KM+//(2K!C101N+)+0/!)B1)!AB101A)+0([+!()+NW*+O+*!1I+0012)!

0+/C,2/+/@!0+/C+A)(O+*Dl!!i! !H+2,)+/!)B+!1))0(IM)+!C1))+02!-,0!0+/C,2H+2)!#!K(O+2!

1**!&!1))0(IM)+/!N+1/M0+Hl!( WN1)0(P!Q%1)/M,U1@!Gea`R!(/!12!,1IDW&!A,2-(0N1),0D!N1)0(P!)B1)!

/C+A(-(+/!)B+!0+*1)(,2/B(C!I+)S++2!()+N/!12H!I(210D!*1)+2)!1))0(IM)+/T!$C+A(-(A1**D@!!i!G!

(2H(A1)+/!1))0(IM)+!' !(/!0+YM(0+H!),!A,00+A)*D!12/S+0!()+N!"!12H! !i!F!,)B+0S(/+T!VM0)B+0N,0+@!()!

(/!1//MN+H!)B1)!)B+!()+N!C0,I1I(*()(+/!(2!)B+!.<8"!N,H+*!10+!/MI^+A)!),!)B+!,0H+0!A,2/)01(2)!Q(T+T@

R!/MAB!)B1)!1!0+/C,2H+2)!SB,!B1/!N1/)+0+H!1**!)B+!1))0(IM)+/!1*S1D/!B1/!1!B(KB+0!AB12K+!

),!12/S+0!)B+!()+N!"!A,00+A)*D!)B12!1!0+/C,2H+2)!SB,!*1AU/!1)!*+1/)!,2+!,-!)B+!1))0(IM)+/!Q&MCC!+)!

1*T@!EFGFRT!

! J,S+O+0@!)B+!()+N!C101N+)+0/!(2!)B+!.<8"!N,H+*!10+!,2!)B+!C0,I1I(*()D!/A1*+!SB(AB!

N1U+/!()!(2A,2O+2(+2)!),!/C+A(-D!)B+!B(KB+0!*+O+*!O10(12A+!12H!A,O10(12A+!/)0MA)M0+!1N,2K!)B+!

()+N!C101N+)+0/!(2!)B+!B(+010AB(A1*!N,H+*!Q+TKT@!O12!H+0!7(2H+2@!EFFbR!12H!(2A,0C,01)(2K!()+N!

A,O10(1)+/!(2!)B+!AM00+2)!/)MHDT!%B+0+-,0+@!)B+!*,K()!/A1*+!C101N+)+0([1)(,2!-,0!)B+!.<8"!N,H+*!

Q.+'10*,@!EFGGl!J+2/,2!+)!1*T@!EFFel!O,2!.1O(+0@!EFG_R!(/!M/+H!-,0!)B+!()+N!0+/C,2/+/T!%B(/!

N,H+*!A12!I+!A,2/(H+0+H!1/!1!/C+A(1*!A1/+!,-!)B+!;W.<8"!N,H+*!M/(2K!1!*,K()!*(2U!QH+!*1!%,00+!j!

.,MK*1/@!EFGGRT!>1)B+N1)(A1**D@!)B+!*,K()!,-!)B+!C0,I1I(*()D!,-!,I)1(2(2K!1!A,00+A)!0+/C,2/+!

Q R!M2H+0!/MAB!C101N+)+0([1)(,2!(/!K(O+2!1/3!

! *,K() @! Q̀TGTER!

SB+0+! !12H! !H+2,)+!)B+!()+N!(2)+0A+C)!12H!()+N!(2)+01A)(,2!C101N+)+0/@!0+/C+A)(O+*DT!%B+!

()+N!C101N+)+0/!Q(T+T@!!12H! R!(2!)B(/!*,K()!/A1*+!C101N+)+0([1)(,2!10+!0+*1)+H!),!)B+!/*(CC(2K!

12H!KM+//(2K!C101N+)+0/!Q(T+T@!!12H! R!(2!)B+!.<8"!N,H+*!(2!)B+!-,**,S(2K!S1D/3!

si gi

α j (α j1,...,α jK )'

qik

qik

1− si > gi

Yij = 1

P(Yij = 1|α j ) = β i +δ i α jk
qik

k=1

K

∏

βi δ i

β i δ i

si gi



! cG!

! i!*,K()!Q R@! Q̀TGT̀R!

! i!*,K() !*,K()Q RT! Q̀TGT_R!

VM0)B+0N,0+@!()!(/!0+1/,21I*+!),!-,0N!)B+!B(KB+0W,0H+0!*1)+2)!/)0MA)M01*!N,H+*!),!1AA,M2)!

-,0!)B+!A,00+*1)(,2!1N,2K!*1)+2)!1))0(IM)+/!QH+!*1!%,00+!j!.,MK*1/@!EFF_l!%+NC*(2@!EFF_R3!

! *,K() @!! Q̀TGTcR!

SB+0+! !(/!)B+!C+0/,2W/C+A(-(A!K+2+01*!*1)+2)!1I(*()Dl !H+2,)+/!)B+!C0,I1I(*()D!,-!

N1/)+0(2K!1))0(IM)+!' !ID!0+/C,2H+2)!#!K(O+2!1I(*()D! l! !12H! !10+!1))0(IM)+W/C+A(-(A!/*,C+!12H!

(2)+0A+C)!C101N+)+0/T!%B+!/*,C+/!10+!1//MN+H!),!I+!C,/()(O+!K(O+2!)B1)!B(KB+0!1I(*()D!*+1H/!),!

B(KB+0!C0,I1I(*()D!,-!N1/)+0(2K!12!1))0(IM)+T!%B+0+!10+!)B0++!I+2+-()/!-0,N!(2A,0C,01)(2K!)B+!

B(KB+0W,0H+0!/)0MA)M0+3!GR!)1U(2K!(2!),!1AA,M2)!)B+!A,00+*1)(,2/!1N,2K!)B+!1))0(IM)+/l!ER!1**,S(2K!

)B+!+/)(N1)(,2!,-!A,2)(2M,M/!K+2+01*!*1)+2)!1I(*()(+/!(2!1HH()(,2!),!A1)+K,0(A1*!*1)+2)!1))0(IM)+!

C0,-(*+/@!SB(AB!A12!-M0)B+0!-1A(*()1)+!)B+!-,0NM*1)(,2!,-!)B+!O10(12A+!12H!A,O10(12A+!/)0MA)M0+!

I+)S++2!C+0/,2!C101N+)+0/!(2!)B+!B(+010AB(A1*!N,H+*l!`R!0+HMA(2K!)B+!2MNI+0!,-!/)0MA)M01*!

C101N+)+0/!1//,A(1)+H!S()B!1))0(IM)+/!-0,N! !),!E&!QkB12!+)!1*T@!EFGaRT!

!"#",$%&'&($#$-.$+/0&($$

%B+!*,KW)012/-,0N+H!&%/!Q(T+T@!()+N!0+/C,2/+!)(N+/!)1U+2!21)M01*!*,K10()BNR@!H+2,)+H!1/!

@!10+!N,H+*+H!ID!)B+!*,K2,0N1*!N,H+*!QO12!H+0!7(2H+2@!EFFdR@!SB(AB!(/!+//+2)(1**D!1!

*(2+10!N,H+*!/C+A(-(+H!1/3$

! @! Q̀TGTdR!

S()B!!

! T! Q̀TGTbR!

β i gi

δ i (1− si )− gi

(P(α jk = 1|θ j )) = γ kθ j + λk

θ j P(α jk = 1|θ j )

θ j ! k ! k

2K ! 1

log(Tij )

log(Tij ) = ζ i −τ j + ε ij

ε ij ~ N (0,σεi
2 )



! cE!

6101N+)+0/! !12H! !H+2,)+!)B+!(2)+2/()D!-,0!()+N!"!12H!)B+!*1)+2)!/C++H!-,0!0+/C,2H+2)!#@!

0+/C+A)(O+*Dl!!(/!)B+!0+/(HM1*!)+0NT!%B+!*1)+2)!/C++H!@!121*,K,M/!),!)B+!K+2+01*!*1)+2)!1I(*()D!

@!(/!)1U+2!1/!)B+!*1)+2)!A,2/)0MA)!-,0!)B+!&%/!)B1)!A1C)M0+/!)B+!B+)+0,K+2(+)D!,-!)B+!S,0U!/C++H!

1N,2K!)B+!0+/C,2H+2)/T!%B(/!N,H+*!1//MN+/!)B1)!GR!)B+!0+/C,2H+2)/!B1O+!1!A,2/)12)!/C++H!HM0(2K!

)B+!)+/)l!ER!)B+!&%/!),!1!/+)!,-!()+N/!10+!*,A1**D!(2H+C+2H+2)!K(O+2!)B+!A,2/)12)!/C++H!*+O+*T!%B(/!

*,A1*!(2H+C+2H+2A+!1//MNC)(,2!(/!1*/,!121*,K,M/!),!)B1)!,-!)B+!N+1/M0+N+2)!N,H+*!-,0!()+N!

0+/C,2/+/T!<2!1HH()(,2@!)B+!()+N!(2)+2/()D!!(2H(A1)+/!)B1)!()+N/!N1D!O10D!(2!)+0N/!,-!)B+!)(N+!

0+YM(0+H!),!0+1AB!)B+!/,*M)(,2/T!V,0!+P1NC*+@!()+N/!S()B!*,2K+0!/)(NM*M/!,0!()+N/!)B1)!0+YM(0+!

N,0+!A,K2()(O+!/)+C/!N1D!0+YM(0+!N,0+!)(N+!),!/,*O+T!V(21**D@!)B+!+PC+A)1)(,2!,-!)B+!

+YM1*/! T!8,)+!)B1)!()!(/!C,//(I*+!),!(2A*MH+!1!H(/A0(N(21)(,2!C101N+)+0!(2!)B+!*,K2,0N1*!

N,H+*!Q+TKT@!V,P!+)!1*T@!EFFbl!m*+(2!42)(2U!+)!1*T@!EFFeR!),!A,2)0,*!)B+!H+A0+1/+!(2!!1/!

)B+!/C++H!!(2A0+1/+/T!J,S+O+0@!)B(/!/)MHD!H,+/!2,)!(2A*MH+!)B+!H(/A0(N(21)(,2!C101N+)+0!-,0!)B+!

AM00+2)!+PC*,01)(,2T!!

!"#"!$%&'&($,$+/0&($1/2$34&$5&26/7$58289&3&26$

! V,**,S(2K!)B+!B(+010AB(A1*!1CC0,1AB!QO12!H+0!7(2H+2@!EFFbl!kB12!+)!1*T@!EFGaR@!)B+!*1)+2)!

1I(*()D! 12H!)B+!*1)+2)!/C++H!!-0,N!)B+!*+O+*!E!N,H+*/!10+!-M0)B+0!1//MN+H!),!-,**,S!1!

I(O101()+!2,0N1*!H(/)0(IM)(,2!(2!)B+!C,CM*1)(,23!

! !! Q̀TGTaR!

<)!(/!1//MN+H!)B1)!)B+!()+N!0+/C,2/+/!12H!&%/!10+!*,A1**D!(2H+C+2H+2)!A,2H()(,21*!,2!A,2/)12)!

1I(*()D!12H!/C++H!*+O+*/T!%B1)!(/@!(-!1!0+/C,2H+2)!S,0U/!S()B!A,2/)12)!/C++H!12H!1I(*()D@!1**!

ζ i τ j

ε ij τ j

θ j

ζ i

log(Tij )

ζ i −τ j

E(log(Tij ))

τ j

θ j τ j

Θ j =
θ j

τ j
⎛
⎝⎜

⎞
⎠⎟
~ N µθ

µτ

⎛
⎝⎜

⎞
⎠⎟ ,Σ person

⎛
⎝⎜

⎞
⎠⎟
,Σ person =

σθ
2 σθτ

σθτ σ τ
2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
.



! c` !

O10(1)(,2/!S()B(2!12!()+N!10+!1//MN+H!),!I+!A1C)M0+H!ID!)B+/+!C101N+)+0/T!%B(/!*,A1*!

(2H+C+2H+2A+!1//MNC)(,2!(/!121*,K,M/!),!)B,/+!(2!)B+!*+O+*!G!N+1/M0+N+2)!N,H+*T!%B+!

A,O10(12A+! !1**,S/!M/!),!+P1N(2+!)B+!0+*1)(,2/B(C!I+)S++2!)B+!)S,!C+0/,2!C101N+)+0/T!V,0!

+P1NC*+@!1!2+K1)(O+!!N1D!(2H(A1)+!)B1)!1!0+/C,2H+2)!S()B!B(KB+0!1I(*()D!N1D!/C+2H!*,2K+0!

)(N+!),!A,NC*+)+!)B+!()+N/T!!

!"#":$%&'&($,$+/0&($1/2$34&$;3&9$58289&3&26$

! %B+!/1N+!B(+010AB(A1*!1CC0,1AB!(/!1CC*(+H!),!)B+!()+N!/(H+!,-!)B+!N,H+*T!<)!(/!1//MN+H!

)B1)!)B+!()+N/!10+!/1NC*+H!-0,N!12!()+N!H,N1(2@!^M/)!1/!C+0/,2/!10+!/1NC*+H!-0,N!)B+!C,CM*1)(,2!

QO12!H+0!7(2H+2@!EFFbRT!%B+0+-,0+@!)B+!()+N!C101N+)+0/!10+!)0+1)+H!1/!012H,N!+--+A)/!^M/)!1/!)B+!

C+0/,2!C101N+)+0/T!!

! %B+!AM00+2)!/)MHD!1(N/!1)!C0+H(A)(2K!)B+!()+N!C101N+)+0/!M/(2K!()+N!A,O10(1)+/!)B1)!10+!

0+*1)+H!),!)+/)!H+/(K2!+*+N+2)/!,0!()+N!/)(NM*M/!-+1)M0+/T!%B+!()+N!A,O10(1)+/!A12!I+!+()B+0!

A1)+K,0(A1*!Q+TKT@!)+/)!H+/(K2!-1A),0/R!,0!A,2)(2M,M/!Q+TKT@!2MNI+0!,-!S,0H/!(2!)B+!()+N!/)+NRT!

;(O+2!)B1)!)B+!()+N!C101N+)+0/!10+!)0+1)+H!1/!012H,N!+--+A)/!(2!)B+!AM00+2)!/)MHD@!)B+!()+N!

C101N+)+0/!10+!H+A,NC,/+H!M/(2K!)B+!77%>!g!!1CC0,1AB!Q.+!#,+AU@!EFFaRT!<2!)B+!)0M+!H1)1!

K+2+01)(2K!N,H+*@!)B+!()+N!C101N+)+0/!10+!1//MN+H!),!I+!1!*(2+10!-M2A)(,2!,-!I,)B!1!A,2)(2M,M/!

12H!1!H(AB,),N,M/!()+N!A,O10(1)+T!%1U+!)B+!()+N!(2)+0A+C)!C101N+)+0!!-,0!+P1NC*+3!

@!

SB+0+! !12H! !H+2,)+!)B+!A,2)(2M,M/!12H!H(AB,),N,M/!()+N!A,O10(1)+/@!0+/C+A)(O+*DT!7+)!

12H! @!)B+2!)B+!N,H+*!A12!I+!C0+/+2)+H!(2!)B+!N1)0(P!-,0N3!

@!

@!

σθτ

σθτ

ε

β i

β i = Α0(β ) +Α1(β )Ci +Α2(β )Di + εβi

Ci Di

Α = (Α0 ,Α1,Α2 ) Βi = (1,Ci ,Di )'

β i = Α (β )Βi + εβi

δ i = Α (δ )Βi + εδ i



! c_!

T!

%B+!O+A),0!A!A,2)1(2/!)B+!C101N+)+0/!,-!(2)+0+/)3!0+K0+//(,2!A,+--(A(+2)/!,-!)B+!()+N!A,O10(1)+/T!

%B+!(2)+0A+C)!)+0N!(2H(A1)+/!)B+!I1/+!*+O+*!,-!)B+!()+N!C101N+)+0!12H!)B+!0+K0+//(,2!A,+--(A(+2)/!

(2H(A1)+!)B+!+--+A)/!-0,N!)B+!()+N!A,O10(1)+/!Q+TKT@!7(1,!j!L(1,@!EFGaRT!%B+!(2)+0C0+)1)(,2!,-!)B+/+!

C101N+)+0/!10+!121*,K,M/!),!)B,/+!(2!1!*(2+10!0+K0+//(,2!N,H+*T!%B+!+00,0!)+0N/!10+!1//MN+H!),!

-,**,S!1!NM*)(O10(1)+!2,0N1*!H(/)0(IM)(,2@! 3!

! !! Q̀TGTeR!

%B+!C0,C,/+H!N,H+*!(/!0+-+00+H!),!1/!)B+!L&%W.<8" W77%>T!

%B+0+!10+!)S, !1HO12)1K+/!,-!)B+!C0,C,/+H!N,H+*!,O+0!)B+!B(+010AB(A1*!N,H+*!Q0+-+00+H!),!

1/!)B+!L&%W.<8"!N,H+*R!C0,C,/+H!ID!kB12!+)!1*T!QEFGaR3!GR!)B+!C0,C,/+H!N,H+*!1**,S/!)B+!

+O1*M1)(,2!,-!A,K2()(O+!)B+,0(+/!I+A1M/+!S+!A12!)+/)!)B+!+--+A)/!,-!)B+!()+N!A,O10(1)+/!)B1)!10+!

M/M1**D!0+*1)+H!),!BDC,)B+/([+H!A,K2()(O+!C0,A+//+/l!ER!)B+!/A,0+H!()+N!A,O10(1)+/!A12!I+!M/+H!),!

C0+H(A)!)B+!()+N!C101N+)+0/!,-!)B+!2+S!()+N/!(2!()+N!K+2+01)(,2!12H!C0,O(H+!KM(H12A+!-,0!()+N!

S0()+0/T!

!"#"<$+/0&($;0&73=1=>83=/7$870$)/76328=736$

! V,0!)B+!/A1*+!(H+2)(-(1I(*()D!CM0C,/+/@!A,2/)01(2)/!10+!/+)!1/! !12H! !i!GT!<2!

1HH()(,2@!)B+!1))0(IM)+W/C+A(-(A!/*,C+!C101N+)+0!(/!0+/)0(A)+H!),!I+! f!FT!<)!(/!0+1/,21I*+!),!

1//MN+!)B1)!B(KB+0!*1)+2)!1I(*()D!!(/!1//,A(1)+H!S()B!1!B(KB+0!C0,I1I(*()D!,-!N1/)+0(2K!1!*1)+2)!

1))0(IM)+! @!1*)B,MKB!)B(/!N1D!2,)!I+!)0M+!(-!,2+!,-!)B+!*1)+2)!1))0(IM)+/!0+-+0/!),!N(/A,2A+C)(,2!

01)B+0!)B12!/U(**!Q/++!#01H/B1S!j!%+NC*(2@!EFG_RT!!

ζ i = Α (ζ )Βi + εζ i

ε ~ N (0,Σ Itemε )

εβi

εδ i
εζ i

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
= N

0
0
0

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
,Σ Itemε

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
,Σ Itemε =

σεβ
2 σεβδ

σ εβζ

σ εβδ
σ εδ
2 σεδζ

σ εβζ
σ εδζ

σ εζ
2

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

.

µθ = µτ = 0 σθ
2

! k

θ j

α k



! cc!

VM0)B+0N,0+@!()!(/!/MKK+/)+H!),!/+)!()+N!(2)+01A)(,2!C101N+)+0! !),!+2/M0+!)B+!,0H+0!

A,2/)01(2)!Q(T+T@ R!(2!)B+!.<8"!N,H+*!Q+TKT@!'M*C+CC+0@!EFGcl!.+'10*,@!EFGEl!J+2/,2!+)!

1*T@!EFFel!LM2U+0!j!$(^)/N1@!EFFGRT!%B(/!(/!(NC*+N+2)+H!H(--+0+2)*D!-,0!N,H+*/!S()B!A,O10(1)+/!

12H!N,H+*/!S()B,M)!A,O10(1)+/T!V,0!N,H+*/!S()B!A,O10(1)+/!Q+TKT@!)B+!C0,C,/+H!N,H+*R@!)B+!()+N!

(2)+01A)(,2!C101N+)+0!(/!A,2/)01(2+H!),!I+!!ID!1//MN(2K!)B1)!)B+!+00,0!)+0N/!(2!)B+!4YM1)(,2!

`TGTe!10+!M2A,00+*1)+H!-,0!)B+!-,**,S(2K!0+1/,2/3!GR!()!(/!H(--(AM*)!),!(NC*+N+2)!)0M2A1)+H!

NM*)(O10(1)+!2,0N1*!H(/)0(IM)(,2!(2!L";$!Q7+OD!j!>(/*+OD@!EFGdRl!ER!)B+!A,00+*1)(,2/!1N,2K!)B+!

+00,0!)+0N/!10+!2,)!-,A1*!C101N+)+0/!12H!A,2/)01(2)/!,2!)B+N!B+*C!-1A(*()1)+!)B+!A,NCM)1)(,2!

+--A(+2AD!,-!)B+!C101N+)+0!+/)(N1)(,2l!`R!()!(/!0+1/,21I*+!),!1//MN+!)B1)!)B+!A,00+*1)(,2/!1N,2K!

()+N!C101N+)+0/!A,N+!-0,N!)B+!/B10+H!O10(1I(*()D!HM+!),!)B+!/1N+!/+)!,-!()+N!A,O10(1)+/T!V,0!

N,H+*/!S()B,M)!A,O10(1)+/@!)B+!AM00+2)!/)MHD!H,+/!2,)!A,2/)01(2!@!IM)!(2/)+1H!A,2/)01(2(2K!

!),!+2/M0+!)B1)!1!N1^,0()D!,-!)B+!()+N/!/1)(/-D!)B+!,0H+0!A,2/)01(2)!-,0!)B+!-,**,S(2K!

0+1/,2/3!GR!)0M2A1)+H!NM*)(O10(1)+!2,0N1*!H(/)0(IM)(,2!(/!H(--(AM*)!),!(NC*+N+2)!(2!L";$ !Q7+OD!j!

>(/*+OD@!EFGdRl!ER!()!B1/!I++2!/B,S2!)B1)!)B+!A,2/)01(2)! !(/!2,)!2+A+//10D!-,0!N,H+*!

(H+2)(-(A1)(,2!Q+TKT@!H+!*1!%,00+@!EFGGl!H+!*1!%,00+!j!.,MK*1/@!EFF_l!7(@!EFFal!kB12!+)!1*T@!EFGaRl!

`R!C0+*(N(210D!121*D/(/!,2!)B+!/(NM*1)+H!12H!+NC(0(A1*!H1)1/+)/!H,+/!2,)!0+O+1*!12D!O(,*1)(,2!,-!

)B+! !A,2/)01(2)!M/(2K!)B(/!0+*1P+H!A,2/)01(2)T!.+)1(*+H!N,H+*!/C+A(-(A1)(,2/!10+!+*1I,01)+H!

(2!)B+!/+A)(,2!`TET!

!"#"<$.2?&$+/0&($870$@(3&2783='&$+/0&(6$$

! %B+!C0,C,/+H!N,H+*!(/!M/+H!1/!)B+!H1)1!K+2+01)(2K!N,H+*!(2!)B+!/(NM*1)(,2!/)MHD@!SB(AB!

(/!H+N,2/)01)+H!(2!V(KM0+!` T!%B+!)0M+!N,H+*!12H!-(O+!A,NC+)(2K!N,H+*/!Q'>/R!S()B!N,H+*!

N(//C+A(-(A1)(,2/!10+!M/+H!),!-()!)B+!K+2+01)+H!H1)1/+)/@!SB(AB!10+!C0+/+2)+H!(2!)B+!%1I*+!GT!%B+!

δ i > 0

1− si > gi

δ i > 0

δ i > 0

µδ > 0

δ i > 0

δ i > 0



! cd!

-(O+!'>/ !10+3!)B+!L&%W.<8"!N,H+*!S()B!2,!A,O10(1)+/@!)B+!N,H+*!S()B!,2*D!)B+!H(AB,),N,M/!

()+N!A,O10(1)+!QL&%W.<8" W77%>W.R@!)B+!N,H+*!S()B!,2*D!)B+!A,2)(2M,M/!()+N!A,O10(1)+!QL&%W

.<8" W77%>W'R@!)B+!/+C+01)+!N,H+*/!S()B!2,!A,O10(1)+/!Q(T+T@!)B+!.<8"!N,H+*!12H!)B+!

*,K2,0N1*!N,H+*R@!)B+!/+C101)+!N,H+*/!S()B!()+N!A,O10(1)+/!Q(T+T@!)B+!.<8"W77%>!12H!)B+!

*,K2,0N1*W77%>RT!%B+!)S,W/)+C!+/)(N1)(,2!(/!A,2HMA)+H!SB+2!-())(2K!N,H+*/!S()B,M)!

A,O10(1)+/@!SB(AB!N+12/!)B+!()+N!C101N+)+0/!10+!-(0/)!+/)(N1)+H!-0,N!)B+!N,H+*/ !12H!)B+2!

0+K0+//+H!,2!)B+!()+N!A,O10(1)+/!),!,I)1(2!)B+!0+K0+//(,2!A,+--(A(+2)!+/)(N1)+/T!%B+/+!+/)(N1)+/!

A12!I+!-M0)B+0!A,NC10+H!),!)B,/+!,I)1(2+H!-0,N!)B+!C0,C,/+H!N,H+*T!!

%B+!CM0C,/+!,-!-())(2K!)B+!1*)+021)(O+!N(//C+A(-(+H!N,H+*/!(/!),!+P1N(2+!)B+!C101N+)+0!

0+A,O+0D!M2H+0!N,H+*!N(//C+A(-(A1)(,2/T!$C+A(-(A1**D@!)B0++!)DC+/!,-!N,H+*!N(//C+A(-(A1)(,2/!10+!

A,2/(H+0+H3!GR!()+N!A,O10(1)+/!N(//C+A(-(A1)(,2/@!(2A*MH(2K!)B+!)B+!N,H+*!S()B!,2*D!)B+!

H(AB,),N,M/!()+N!A,O10(1)+!QL&%W.<8" W77%>W.R@!)B+!N,H+*!S()B!,2*D!)B+!A,2)(2M,M/!()+N!

A,O10(1)+!QL&%W.<8" W77%>W'R!Q;0++2!j!$N()B@!GeabRl!ER!(K2,0(2K!)B+!/+A,2H!*+O+*!N,H+*/@!

(2A*MH(2K!)B+!.<8"W77%>!g!)B+!*,K2,0N1*W77%>!Q7,+D/!+)!1*T@!EFGGRl!`R!(K2,0(2K!()+N!

A,O10(1)+!/C+A(-(A1)(,2/!12H!M/(2K!)B+!)S, W/)+C!+/)(N1)(,2@!(2A*MH(2K!)B+!L&%W.<8" !12H!)B+!

.<8"!N,H+*! g!)B+!*,K2,0N1*!N,H+*!Q;0++2!j!$N()B@!Geabl!7(1,!j!L(1,@!EFGal!610U!+)!1*T@!

EFGaRT!!

!<2!)B+!AM00+2)!/)MHD@!1**!)B+!()+N!A,O10(1)+/!10+!1//MN+H!),!I+!(2H+C+2H+2)!-0,N!+1AB!

,)B+0!(2!)B+!)0M+!N,H+*T!<2!1HH()(,2@!)B+!A,O10(1)+/!10+!1//MN+H!),!I+!*(2+10*D!0+*1)+H!),!)B+!()+N!

C101N+)+0/T!J,S+O+0@!,)B+0!0+K0+//(,2!-M2A)(,2/!A12!I+!M/+H!),!*(2U!)B+!A,O10(1)+/!),!)B+!()+N!

C101N+)+0/@!/MAB!1/!)B+!AM0O*(2+10!-M2A)(,2/T!<)!(/!1*/,!C,//(I*+!),!(2A*MH+!N,0+!A,O10(1)+/@!

A,O10(1)+/!,-!,)B+0!H(/)0(IM)(,2/!Q+TKT@!,0H(21*!,0!2,N(21*R!,0!(2)+01A)(,2!)+0N/!(2!)B+!N,H+*T!



! cb!

J,S+O+0@!)B+/+!C,//(I(*()(+/!10+!2,)!+PC*,0+H!(2!)B+!/(NM*1)(,2!/)MHD!),!N1U+!)B+!/A,C+!,-!)B+!

/)MHD!N121K1I*+T!

!

V(KM0+!` T!"!K01CB(A1*!0+C0+/+2)1)(,2!,-!)B+!L&%W.<8" W77%>T!
! !



! ca!

%1I*+!GT!2345!6/./175853/."87!9:65;!/86!/;.538/."<5!9:65;=>!
>,H+*!%DC+! >,H+*!$C+A(-(A1)(,2!
%0M+!N,H+*!Q%>R! )B+!L&%W.<8" W77%>!S()B!!

!!

!

!!!

!!

',NC+)(2K!>,H+*/ !
GT!' > W8 !!
!Q^,(2)!N,H+*!S()B!2,!A,O10(1)+/R!

!
)B+!L&%W.<8"!N,H+*!S()B,M)!A,O10(1)+/!
Q)S,W/)+C!+/)(N1)(,2R!

ET!' > W. !
!Q^,(2)!N,H+*!S()B!,2*D!)B+!!H(AB,),N,M/!
A,O10(1)+R!

)B+!L&%W.<8" W77%>!S()B!!
!!

!

!!!

!!

` T!' > W' !
Q^,(2)!N,H+*!S()B!,2*D!)B+!A,2)(2M,M/!A,O10(1)+R!

)B+!L&%W.<8" W77%>!S()B!!
!!

!

!!!

!!

_T!' s W$8! !
Q/+C101)+!N,H+*/!S()B!2,!A,O10(1)+/R!

)B+!;W.<8"!N,H+*!12H!)B+!*,K2,0N1*!
N,H+*!Q)S,W/)+C!+/)(N1)(,2R!

cT!' > W$!
Q/+C101)+!N,H+*/!S()B!A,O10(1)+/R!

)B+!; W.<8"!N,H+*!12H!)B+!*,K2,0N1*!
N,H+*!S()B!!

!!

!

!!!

!
4#0!D*9'/!,&-&('%'-!B3%5(&%5*)!
!

<2!)B+!C0+/+2)!/)MHD@!)B+!&E^1K/!C1AU1K+!Q$M!j!:1^(N1@!EFGcR!(/!M/+H!),!(2)+0-1A+!S()B!

L";$!QO+0/(,2!_T`TFl!6*MNN+0@!EFGcR@!SB(AB!S(**!I+!M/+H!),!+/)(N1)+!)B+!C101N+)+0/!M/(2K!)B+!

-M**!#1D+/(12!1CC0,1AB!S()B!)B+!>10U,O!AB1(2!>,2)+!'10*,!Q>'>'R!N+)B,HT!"!;(II/!/1NC*+0!

Q;+*-12H!j!$N()B@!GeeFR!S1/!(NC*+N+2)+H!(2!L";$T!!

β i = Α0(β ) +Α1(β )Ci +Α2(β )Di + εβi

δ i = Α0(δ ) +Α1(δ )Ci +Α2(δ )Di + εδ i

ζ i = Α0(ζ ) +Α1(ζ )Ci +Α2(ζ )Di + εζ i
ε ~ N(0, ! Itemε )

! i = ! 0(! ) + ! 2(! )Di + " ! i

! i = ! 0(! ) + ! 2(! )Di + " ! i

! i = ! 0(! ) + ! 2(! )Di + " ! i

! ~ N(0,! Item! )

! i = ! 0(! ) + ! 1(! )Ci + " ! i

! i = ! 0(! ) + ! 1(! )Ci + " ! i

! i = ! 0(! ) + ! 1(! )Ci + " ! i

! ~ N(0,! Item! )

β i = Α0(β ) +Α1(β )Ci +Α2(β )Di + εβi

δ i = Α0(δ ) +Α1(δ )Ci +Α2(δ )Di + εδ i

ζ i = Α0(ζ ) +Α1(ζ )Ci +Α2(ζ )Di + εζ i



! ce!

,-5*-!32'75+57&%5*)3#!%B+!/)1)(/)(A1*!(2-+0+2A+!(/!I1/+H!,2!)B+!C,/)+0(,0!H(/)0(IM)(,2!,-!)B+!

N,H+*!C101N+)+0/!SB+2!)B+!#1D+/(12!+/)(N1)(,2!(/!M)(*([+HT!%B+!C,/)+0(,0!H(/)0(IM)(,2!(/!H+0(O+H!

-0,N!)B+!C0(,0!H(/)0(IM)(,2!1//(K2+H!),!)B+!N,H+*!C101N+)+0/!12H!)B+!,I/+0O+H!*(U+*(B,,H!I1/+H!

,2!,I/+0O+H!H1)1T!%B+0+-,0+@!)B+!/C+A(-(A1)(,2/!,-!)B+!C0(,0/!10+!A0MA(1*!(2!)B+!+/)(N1)(,2!,-!

N,H+*!C101N+)+0/T!<2!)B+!AM00+2)!/)MHD@!)B+!C0(,0/!,-!)B+!N,H+*!C101N+)+0/!10+!/C+A(-(+H!I1/+H!,2!

C0+O(,M/!/)MH(+/!,2!)B+!^,(2)!N,H+*(2K!,-!&"!12H!&%!M/(2K!'.>/!Q>(2AB+2@!EFGbl!kB12!+)!1*T@!

EFGaR!12H!C0+*(N(210D!121*D/(/!,-!)B+!+NC(0(A1*!H1)1/+)T!"//MN(2K!A,2H()(,21*!(2H+C+2H+2A+@!

()+N!0+/C,2/+/! !12H!*,KW)012/-,0N+H! !10+!A,2H()(,21**D!12H!(2H+C+2H+2)*D!H(/)0(IM)+H!

1/! !!12H! T!!

<2!)B+!H1)1!K+2+01)(2K!N,H+*@!)B+!()+N!C101N+)+0/!10+!H+A,NC,/+H!M/(2K!1!*(2+10!-M2A)(,2!

,-!,I/+0O+H!()+N!A,O10(1)+/T!V,0!+1AB!()+N!C101N+)+0@!,2+!(2)+0A+C)!)+0N!QR@!)S,!0+K0+//(,2!

A,+--(A(+2)/!Q @! R!10+!+/)(N1)+HT!8,2(2-,0N1)(O+!C0(,0/!-,0!)B+!(2)+0A+C)!)+0N/!10+!/C+A(-(+H!

1/3!

! !T! Q̀TETGR!

"/!(2!7(1,!12H!L(1,!QEFGaR@!)B+!C0(,0/!-,0!)B+!)S,!0+K0+//(,2!A,+--(A(+2)/!-,0!,2+!

H(AB,),N,M/!A,O10(1)+!12H!1!A,2)(2M,M/!A,O10(1)+!10+!/C+A(-(+H!1/!2,2(2-,0N1)(O+!-,0!1**!)B0++!

()+N!C101N+)+0/3!

! !T! Q̀TETER!!

Yij log(Tij )

Yij ~ Bernoulli(P(Yij =1|! j ," i ,#i ) log(Tij ) ~ N(! i ! ! j ," #i
2 )

A0

A1 A2

! 0(! ) ~ Normal(0,106)

! 0(! ) ~ Normal(0,106)

! 0(! ) ~ Normal(0,106)

! 1 ~ Normal(0,106)

! 2 ~ Normal(0,106)



! dF!

%B+!?:39/; !(2!)B+!1I,O+!+YM1)(,2/!(2H(A1)+/!)B+!2,0N1*!H(/)0(IM)(,2T!%B+!)S,!2MNI+0/!(2!)B+!

C10+2)B+/+/!1-)+0!?:39/;! (2H(A1)+!)B+!N+12!12H!O10(12A+!,-!)B+!2,0N1*!H(/)0(IM)(,2T!

%B+!C0(,0/!-,0!()+N!C101N+)+0/!10+!1//MN+H!),!-,**,S!2,0N1*!H(/)0(IM)(,2/!SB(AB!10+!

/C+A(-(+H!1/3!

@!

!@!

T!

!%B+!(2O+0/+WK1NN1!(/!AB,/+2!1/!)B+!BDC+0C0(,0/!-,0!)B+!O10(12A+/!,-!)B+!()+N!C101N+)+0/!Q(T+T@!

@! @! R!12H!)B+!C0(,0!-,0!)B+!O10(12A+!,-!)B+!*,KW&%/!Q R3!

!t! <2O;1NN1!QG@!GR@!

!t! <2O;1NN1!QG@!GR@!

!t! <2O;1NN1!QG@!GR@!

!t! <2O;1NN1!QG@!GRT!

%B+!(2O+0/+WK1NN1!(/!AB,/+2!I+A1M/+!()!(/!1!A,2^MK1)+!C0(,0!),!)B+!O10(12A+!A,NC,2+2)/!(2!)B+!

2,0N1*!H(/)0(IM)(,2!A,2H()(,21*!,2!)B+!N+12/T!"* )B,MKB!;+*N12!QEFFdR!H(/AM//+H!)B+!

H(/1HO12)1K+/!,-!M/(2K!)B+!(2O+0/+WK1NN1!1/!)B+!C0(,0!),!)B+!O10(12A+!A,NC,2+2)/@!)B+!(//M+!

10(/+/!,2*D!SB+2!)B+!O10(12A+!(/!2+10![+0,T!!

%B+!C0(,0/!-,0!)B+!C+0/,2!C101N+)+0/!(2!)B+!H1)1!K+2+01)(2K!N,H+*!12H!1*)+021)(O+!N,H+*/!

10+!/C+A(-(+H!1/3!

@!

! i ~ N(! (! )! i ," !
2 )

! i ~ N(! (! )! i ," !
2) T(0,+! )

! i ~ N(! (! )! i ," !
2)

! "
2 ! "

2 ! "
2 ! "

2

! "
2

! "
2

! "
2

! "
2

! j

" j

!
"#

$
%&

~ N µ!
µ"

!
"#

$
%&

,' person

!
"#

$
%&

,' person =
# !

2 # ! "

# ! " # "
2

!

"
#
#

$

%
&
&



! dG!

SB+0+! !12H! !i!G!-,0!)B+!/A1*+!(H+2)(-(A1)(,2T!%B+!(2O+0/+WZ(/B10)!C0(,0!A122,)!I+!

M/+H!1/!)B+!C0(,0!-,0! !HM+!),!)B+!A,2/)01(2)!!i!GT!%B+0+-,0+@!)B+!AM00+2)!/)MHD!-,**,S/!

kB12!+)!1*T!QEFGaR!(2!0+C101N+)+0([(2K! !M/(2K!)B+!'B,*+/UD!H+A,NC,/()(,2@!

SB+0+!!

! @! Q̀TET̀R!

(/!1!*,S+0!)0(12KM*10!N1)0(P!S()B!!I+(2K!C,/()(O+!SB(*+!!I+(2K!M20+/)0(A)+H!+2)0(+/T!

$C+A(-(A1**D@!)B+!C0(,0/!-,0!)B+/+!)S,!+*+N+2)/!10+! !12H! l! !(/!

)B+!A,2^MK1)+!)012/C,/+!,-! T!%B+!C0(,0/!-,0!)B+!B(KB+0W,0H+0!/)0MA)M01*!C101N+)+0/!10+!!

@!

! !! Q̀TET_R!

!(2H(A1)+/!)B1)!)B+!O1*M+/!10+!)0M2A1)+H!),!I+!C,/()(O+T!%B+0+-,0+@!)B+!1))0(IM)+W/*,C+!

C101N+)+0! !(/!/C+A(-(+H!1/!-,**,S(2K!1!2,0N1*!H(/)0(IM)(,2!S()B!N+12!i!F!12H!O10(12A+!i!_@!IM)!

,2*D!C,/()(O+!O1*M+/!10+!A,2/(H+0+HT!%B(/!0+/)0(A)(,2!(/!HM+!),!)B+!1//MNC)(,2!)B1)!1!0+/C,2H+2)!

S()B!B(KB+0!*1)+2)!1I(*()D!(/!N,0+!*(U+*D!),!N1/)+0!N,0+!1))0(IM)+/T!VM0)B+0@!1))0(IM)+/!!10+!

A,2H()(,21**D!(2H+C+2H+2)!K(O+2!T!%B+!C0(,0!H(/)0(IM)(,2!,-!)B+!1))0(IM)+/!(/!-M0)B+0!/C+A(-(+H!1/3!

! !! Q̀TETcR!

V,0!)B+!N,H+*/!S()B!N,H+*!N(//C+A(-(A1)(,2/@!N,/)!C0(,0!/C+A(-(A1)(,2/!0+N1(2!)B+!/1N+!

+PA+C)!-,0!)B+!,2+/!*(/)+H!1/!-,**,S/T!$C+A(-(A1**D@!-,0!)B+!L&%W.<8"!N,H+*!S()B,M)!A,O10(1)+/!

Q' > W8R@!)B+!C0(,0/!-,0!)B+!()+N!C101N+)+0/!10+!/C+A(-(+H!1/3!

µθ = µτ = 0 σθ
2

! person σθ
2

! person = " person" person
'

! person =
1 0
! "

"

#
$

%

&
'

! !

! ~ N(0,1) ! ~ Gamma(1,1) ! person
'

! person

! k ~ Normal(0,4)T(0,+! )

! k ~ Normal(0,4).

T(0,+! )

! k

! jk

!

! jk |" j ,#k ,$k ~ Bernoulli
exp(#k" j + $k )

1+exp(#k" j + $k )

!

"
#

$

%
&.



! dE!

!<2OZ(/B10)!Q@()+N@!`R@!!

SB+0+!@()+N!(/!1!)B0++WH(N+2/(,21*!(H+2)()D!N1)0(PT!%B+!(2O+0/+WZ(/B10)!(/!AB,/+2!I+A1M/+!()!(/!1!

A,2^MK1)+!C0(,0!),!)B+!NM*)(O10(1)+!2,0N1*!H(/)0(IM)(,2T!VM0)B+0@!)B+!BDC+0!C0(,0/!10+!/C+A(-(+H!1/!

@! @! T!%B+!BDC+0!C0(,0/!!12H! !

-,**,S!kB12!+)!1*T!QEFGbR@!1//MN(2K!)B+!N+12/!,-!)B+!KM+//(2K!C0,I1I(*()D!12H!)B+!/*(CC(2K!

C0,I1I(*()D!+YM1*!FTGT!%B+!BDC+0!C0(,0!!(/!/+)!I1/+H!,2!)B+!N+12!*,KW)012/-,0N+H!&%!(2!)B+!

+NC(0(A1*!H1)1/+)!Q(T+T@!_TF`RT!

V,0!)B+!A,NC+)(2K!N,H+*!S()B!,2*D!H(AB,),N,M/!()+N!A,O10(1)+!Q' > W.R!12H!)B+!

A,NC+)(2K!N,H+*!S()B!,2*D!A,2)(2M,M/!()+N!A,O10(1)+!Q' > W'R@!,2+!C0(,0!,-!)B+!/)12H10H!2,0N1*!

H(/)0(IM)(,2!(/!1//(K2+H!),!)B+!0+K0+//(,2!A,+--(A(+2)@!1/!/B,S2!(2!)B+!4YM1)(,2!`TETET!

V,0!)B+!/+C101)+!.<8"!N,H+*!12H!*,K2,0N1*!N,H+*!S()B,M)!A,O10(1)+/!Q' > W$R@!)B+!C0(,0/!

,-!)B+!()+N!C101N+)+0/!(2!)B+!.<8"!N,H+*!10+!1//MN+H!),!-,**,S!)B+!I(O10(1)+!2,0N1*!

H(/)0(IM)(,23!

!<2OZ(/B10)!Q@()+N@!ER@!!

)B+!BDC+0!C0(,0/!10+!/C+A(-(+H!1/! @! T!%B+!()+N!

C101N+)+0/!Q!12H! R!10+!1//MN+H!),!I+!A,00+*1)+H!),!A1C)M0+!)B+!S()B(2W()+N!AB101A)+0(/)(A!

H+C+2H+2AD@!1/!(2!kB12!+)!1*T!QEFGeRT!8,)+!)B1)!kB12!+)!1*T!QEFGeR!/C+A(-(+H!)B+!S()B(2W()+N!

AB101A)+0(/)(A!H+C+2H+2AD!1/!)B+!A,00+*1)(,2!I+)S++2!*,K()QR!12H!*,K()QR@!SB(*+!)B+!AM00+2)!

/)MHD!/C+A(-(+/ !()!1/!)B+!H+C+2H+2AD!I+)S++2!!12H! !),!N1U+!)B+!C101N+)+0([1)(,2!A,2/(/)+2)!

! i

" i

#i

!

"

#
#
#

$

%

&
&
&

~ N

µ!

µ"

µ#

!

"

#
#
#

$

%

&
&
&

,' item

!

"

#
#
#

$

%

&
&
&

,' item ~

µ! ~ N(! 2.197,2) µ! ~ N(4.394,2)I (µ! > 0) µ! ~ N(4,2) µ! µ!

µ!

! i

" i

!

"
#

$

%
&~ N

µ!

µ"

!

"
#

$

%
&,' item

!

"
#

$

%
&,' item ~

µ! ~ N(! 2.197,2) µ! ~ N(4.394,2)I (µ! > 0)

! i ! i

si gi

! i ! i



! d` !

1N,2K!H(--+0+2)!N,H+*/T!%B+!C0(,0!-,0!)B+!B(KB+0W,0H+0!1I(*()D!!(/!)B+!/)12H10H!2,0N1*!

H(/)0(IM)(,2T!%B+!C0(,0!-,0!)B+!*1)+2)!/C++H!C101N+)+0!!(/!1!2,0N1*!H(/)0(IM)(,2! S()B!

)B+!BDC+0!C101N+)+0!!t!<2O;1NN1QG@GRT!%B+!C0(,0!,-!)B+!)(N+!(2)+2/()D!C101N+)+0!-,**,S!1!

2,0N1*!H(/)0(IM)(,2! !S()B!)B+!BDC+0!C0(,0/! !12H! T!V,0!

)B+!/+C101)+!.<8"!N,H+*!12H!*,K2,0N1*!N,H+*!S()B!A,O10(1)+/!Q' > W$R@!)B+!C0(,0/!-,0!)B+!()+N!

(2)+0A+C)!)+0N/!12H!)B+!0+K0+//(,2!A,+--(A(+2)/!10+!)B+!/1N+!1/!/B,S2!(2!4YM1)(,2/ !`TETG!12H!

`TETET!%B+!C0(,0/!,-!)B+!()+N!C101N+)+0/!(2!)B+!.<8"!N,H+*!10+!1//MN+H!),!-,**,S!)B+!2,0N1*!

H(/)0(IM)(,2! @! @! T!J DC+0!C0(,0/!-,0!)B+!

O10(12A+/!10+!(2O+0/+WK1NN1@! !t! <2O;1NN1!QG@!GR@! !t! <2O;1NN1!QG@!GR!12H! !t!

<2O;1NN1!QG@!GRT!

!"**!/1NC*+H!N,H+*!C101N+)+0/!(2!)B+!C0,C,/+H!N,H+*!10+!K(O+2!(2!)B+!@!/B,S2!1/3!

! T! Q̀TETdR!

;(O+2!)B+!C0(,0/!12H!)B+!@@!)B+!^,(2)!C,/)+0(,0!C0,I1I(*()D!,-!)B+!C0,C,/+H!N,H+*!(/!S0())+2!1/3!

$Q@uL @!*,KQ;MR AQL @!*,KQ;Mu R

!

SB+0+!

! AQL @!*,KQ;Mu R @!! Q̀TETbR!

(/!)B+!*(U+*(B,,H!,-!)B+!C0,C,/+H!N,H+*T!V(21**D@!)B+!C,/)+0(,0!N+12!12H!C,/)+0(,0!N,H+!10+!M/+H!

1/!+/)(N1)+/!-,0!A,2)(2M,M/!C101N+)+0/!Q+TKT@!12H! R!12H!A1)+K,0(A1*!C101N+)+0/!Q(T+T@!

1))0(IM)+/R@!0+/C+A)(O+*DT!

!

! N(0,! "
2)

! "
2

N(µζ ,σζ
2) µ! ~ N(4,2) σζ

2 ~ InvGamma(1,1)

! i ~ N(! (! )! i ," !
2 ) ! i ~ N(! (! )! i ," !

2) ! i ~ N(! (! )! i ," !
2)

! "
2 ! "

2 ! "
2

S = α k ,θ j ,τ j ,λk ,γ k ,Σ Itemε ,Σ Person ,σε
2 ,Α{ }

∝ α ,Α,τ ,σ ε
2

×P(α | λ ,γ ,θ )P(λ )P(γ )P(θ ,τ | 0,Σ Person )P(Σ Person )P(Α)P(ε (β ) ,ε (δ ) ,ε (ζ ) | 0,Σ Itemε )P(Σ Itemε )P(σ ε
2 )

α ,Α,τ ,σ ε
2 = P(Yij |α jk

i=1

I

∏
j=1

J

∏ ,Α(β ,δ ) ) f (log(Tij ) |Α(ζ ) ,τ j ,σεi
2 )

τ j θ j



! d_!

;8'!)1(.'-!*+!DFDF!78&5)3N!5%'-&%5*)3N!&)9!7*)>'-6')7'!78'7O T!<2!)B+!#1D+/(12!

+/)(N1)(,2@!)S,!>10U,O!AB1(2/!10+!0M2!S()B!012H,N!/)10)(2K!C,(2)/T!%B+!)B(22(2K!(2)+0O1*!(/!/+)!

1/!)S,T!%B+!2MNI+0!,-!()+01)(,2/!C+0!AB1(2@!)B+!2MNI+0!,-!IM02W(2!12H!0+/M*)(2K!C,/)+0(,0!/1NC*+!

/([+/!10+!C0+/+2)+H!(2!%1I*+!ET!%B+!H+A(/(,2/!10+!N1H+!I1/+H!,2!N,H+*!)DC+!12H!/(NM*1)(,2!

A,2H()(,2/!SB(AB!10+!H+/A0(I+H!(2!/+A)(,2!`T`TGT!%B+!C,)+2)(1*!/A1*+!0+HMA)(,2!-1A),0!Q6$&Vl!

#0,,U/!j!;+*N12@!GeeaR@!1*/,!U2,S2!1/!!"@!(/!A,NCM)+H!-,0!+1AB!C101N+)+0T!!"!(/!1!01)(,!I+)S++2!

)B+!+/)(N1)+H!C,,*+H!O10(12A+!,-!)B+!>'>'!H01S/!Q(T+T@!/MN!,-!)B+!S+(KB)+H!N+12/!,-!)B+!

S()B(2WAB1(2!O10(12A+!12H!)B+!I+)S++2WAB1(2!O10(12A+R!12H!)B+!+/)(N1)+H!S()B(2WAB1(2!O10(12A+T!

<2!K+2+01*@!!"!/N1**+0!)B12!GTG!,0!GTE!(/!A,2/(H+0+H!1/!)B+!A,2O+0K+2A+!A0()+0(,2!-,0!)B+!C101N+)+0!

+/)(N1)(,2!Q+TKT@!kB12!+)!1*T@!EFGal!H+!*1!%,00+!j!.,MK*1/@!EFF_Rl!)B+!AM00+2)!/)MHD!1H,C)/!)B+!

A,2O+0K+2A+!A0()+0(,2!1/!!"!/N1**+0!)B12!GTGT!<2!1HH()(,2@!)B+!)01A+!C*,)/!,-!)B+!C101N+)+0!

+/)(N1)+/!10+!+P1N(2+H!),!AB+AU!)B+!A,2O+0K+2A+T!%01A+!C*,)/!H(/C*1D!)B+!C101N+)+0/!H01S2!-0,N!

+1AB!()+01)(,2!,-!)B+!>'>'!AB1(2/T!$C+A(-(A1**D@!(-!)B+!)01A+/!-0,N!H(--+0+2)!>'>'!AB1(2/!10+!

/)1I*+!12H!A,2O+0K+!),!)B+!/1N+!*,A1)(,2@!)B+!A,2O+0K+2A+!(/!1AB(+O+HT!9)B+0S(/+@!(-!)B+!)01A+/!

-0,N!H(--+0+2)!>'>'!AB1(2/!/+C101)+!1C10)!12H!H,!2,)!A,2O+0K+!),!)B+!/1N+!*,A1)(,2@!()!(/!

A*1(N+H!)B1)!)B+!A,2O+0K+2A+!(/!2,)!1AB(+O+HT!<2!1HH()(,2@!)B+!+--+A)(O+!/1NC*+!/([+!Q4$$R!(/!M/+H!

),!(2H(A1)+!)B+!C0+A(/(,2!,-!)B+!#1D+/(12!C101N+)+0!+/)(N1)+/T!$C+A(-(A1**D@!4$$!/N1**+0!)B12!_FF!

(/!A,2/(H+0+H!1/!*1AU!,-!C0+A(/(,2!,-!)B+!#1D+/(12!+/)(N1)(,2!Qk()[N122!j!J+AB)@!EFGeRT!

60+*(N(210D!/(NM*1)(,2!0M2/!/B,S+H!)B1)!)B+!A,2O+0K+2A+!S1/!S+**!1AB(+O+HT!

! !



! dc!

%1I*+!ET!>'>'!<)+01)(,2/ !(2!$(NM*1)(,2!$)MHDT!
',2H()(,2 ! >,H+*! 8MNI+0!,-!

<)+01)(,2/!
8MNI+0!,-!
#M02W(2!

6,/)+0(,0!$1NC*+!
$([+!

+!i!cFF!
,!i!EF!

L&%W.<8" W77%>! _FFFF! EFFFF! EFFFF!
L&%W.<8" ! _FFFF! EFFFF! EFFFF!
.<8" ! _FFFF! EFFFF! EFFFF!
.<8" W77%>! _FFFF! EFFFF! EFFFF!
7,K2,0N1*! GEFFF! dFFF! dFFF!
7,K2,0N1*W77%>! GEFFF! dFFF! dFFF!
L&%W.<8" W77%>W' ! _FFFF! EFFFF! EFFFF!
L&%W.<8" W77%>W. ! _FFFF! EFFFF! EFFFF!

+!i!cFF!
,!i!_F !

L&%W.<8" W77%>! `FFFF! GcFFF! GcFFF!
L&%W.<8" ! `FFFF! GcFFF! GcFFF!
.<8" ! `FFFF! GcFFF! GcFFF!
.<8" W77%>! `FFFF! GcFFF! GcFFF!
7,K2,0N1*! EFFFF! GFFFF! GFFFF!
7,K2,0N1*W77%>! EFFFF! GFFFF! GFFFF!
L&%W.<8" W77%>W' ! `FFFF! GcFFF! GcFFF!
L&%W.<8" W77%>W. ! `FFFF! GcFFF! GcFFF!

+!i!GFFF!
,!i!EF!

L&%W.<8" W77%>! `FFFF! GcFFF! GcFFF!
L&%W.<8" ! `FFFF! GcFFF! GcFFF!
.<8" ! `FFFF! GcFFF! GcFFF!
.<8" W77%>! `FFFF! GcFFF! GcFFF!
7,K2,0N1*! GdFFF! aFFF! aFFF!
7,K2,0N1*W77%>! GdFFF! aFFF! aFFF!
L&%W.<8" W77%>W' ! `FFFF! GcFFF! GcFFF!
L&%W.<8" W77%>W. ! `FFFF! GcFFF! GcFFF!

+!i!GFFF!
,!i!_F !

L&%W.<8" W77%>! EFFFF! GFFFF! GFFFF!
L&%W.<8" ! EFFFF! GFFFF! GFFFF!
.<8" ! EFFFF! GFFFF! GFFFF!
.<8" W77%>! EFFFF! GFFFF! GFFFF!
7,K2,0N1*! EFFFF! GFFFF! GFFFF!
7,K2,0N1*W77%>! EFFFF! GFFFF! GFFFF!
L&%W.<8" W77%>W' ! EFFFF! GFFFF! GFFFF!
L&%W.<8" W77%>W. ! EFFFF! GFFFF! GFFFF!

?:.5 T!+!i!$1NC*+!$([+l!,!i!%+/)!7+2K)BT!

4#4!$5(1/&%5*)!G'356)!

! %B+!C0,C,/+H!N,H+*!12H!)B+!#1D+/(12!+/)(N1)(,2!N+)B,H!10+!C0+/+2)+H!(2!)B+!C0+O(,M/!

)S,!/+A)(,2/T!%,!+P1N(2+!)B+!C+0-,0N12A+!,-!)B+!C0,C,/+H!N,H+*@!1!/(NM*1)(,2!/)MHD!(/!A100(+H!

,M)!12H!)B+!H+)1(*+H!/(NM*1)(,2!H+/(K2!(/!H+*(2+1)+H!(2!)B(/!/+A)(,2T!V(0/)@!)B+!N12(CM*1)+H!-1A),0/!



! dd!

12H!-(P+H!-1A),0/!10+!C0+/+2)+H!12H!^M/)(-(+HT!%B+2@!)B+!,M)A,N+!N+1/M0+/!-,0!+O1*M1)(2K!

C101N+)+0!0+A,O+0D!12H!,O+01**!N,H+*!-()!(2H(A+/!10+!(2)0,HMA+HT!%B+!CM0C,/+!,-!)B+!/(NM*1)(,2!

/)MHD!(/3!GR!),!+P1N(2+!)B+!C101N+)+0!0+A,O+0D!,-!)B+!C0,C,/+H!N,H+*!M2H+0!/+O+01*!/(NM*1)+H!

A,2H()(,2/l!ER!),!A,NC10+!)B+!C+0-,0N12A+!,-!)B+!C0,C,/+H!N,H+*!12H!)B1)!,-!)B+!1*)+021)(O+!

N,H+*/l!`R!),!+O1*M1)+!B,S!0+*1)(O+!N,H+*!-()!(2H(A+/!C+0-,0N!(2!(H+2)(-D(2K!)B+!C0,C,/+H!N,H+*!

1/!)B+!I+/)!H1)1!-())(2K!N,H+*l!12H!_R!),!A,NC10+!)B+!1AAM01AD!12H!+--(A(+2AD!,-!)B+!0+K0+//(,2!

A,+--(A(+2)!+/)(N1)+/!,I)1(2+H!-0,N!)B+!C0,C,/+H!N,H+*!12H!)B,/+!-0,N!)B+!A,NC+)(2K!N,H+*/T!!

!"!" #$+87=A?(83&0$B8>3/26$

<2!)B(/!/(NM*1)(,2!/)MHD@!)B+!C0,C,/+H!L&%W.<8" W77%>!(/!M/+H!1/!)B+!)0M+!H1)1!

K+2+01)(2K!N,H+*T!%B+!C0,C,/+H!N,H+*!12H!1*)+021)(O+!N,H+*/!*(/)+H!(2!)B+!%1I*+!G!10+!M/+H!1/!

H1)1!-())(2K!N,H+*T!%B+!N12(CM*1)+H!-1A),0/!12H!A,00+/C,2H(2K!*+O+*/!10+!H+)+0N(2+H!I1/+H!,2!

+NC(0(A1*!H1)1!121*D/(/!-(2H(2K/!-0,N!C0+O(,M/!/)MH(+/!Q+TKT@!.+!#,+AU@!EFFal!J10)(K!+)!1*T@!EFGEl!

7(1,!j!L(1,@!EFGeR!12H!)B+!/(NM*1)(,2!/)MHD!H+/(K2T!$C+A(-(A1**D@!)B+!N12(CM*1)+H!-1A),0/!(2!)B+!

/(NM*1)(,2!/)MHD!(2A*MH+3!/1NC*+!/([+!QcFF@!GFFFR@!)+/)!*+2K)B!QEF@!_FR@!)B+!1I/,*M)+!O1*M+/!,-!)B+!

0+K0+//(,2!A,+--(A(+2)/ !-,0!)B+!()+N/!C101N+)+0/!Q'.>3!FT_@!FTal!&%!N,H+*3!FTE@!FT_R@!)B+!

A,00+*1)(,2!I+)S++2!C+0/,2!1I(*()D!12H!C+0/,2!/C++H!!QFTE@!FTc@!FTaRT!$C+A(-(A!*+O+*/!,-!)B+!

N12(CM*1)+H!-1A),0/!10+!C0+/+2)+H!(2!%1I*+!` T!%B+!-,M0!N12(CM*1)+H!-1A),0/!10+!-M**D!A0,//+H@!

D(+*H(2K!E_!/(NM*1)(,2!A,2H()(,2/@!1/!/MNN10([+H!(2!%1I*+!_T!

%1I*+!̀T!@499/3B!:C!9/8"D4;/.56!C/%.:3=>!
! >12(CM*1)+H!V1A),0/!
7+O+*/! $1NC*+!$([+! %+/)!7+2K)B! &+K0+//(,2!A,+--(A(+2)! ! !!

G! cFF! EF! ! !

!!

!

FTE!

E! GFFF! _F! !

!

FTc!

ρθτ

ρθτ

Α1(β ) = Α2(β ) = −0.4
Α1(δ ) = Α2(δ ) = 0.4
A1(ζ ) = A2(ζ ) = 0.2

Α1(β ) = Α2(β ) = −0.8
Α1(δ ) = Α2(δ ) = 0.8



! db!

!

` ! ! ! ! FTa!
?:.5>! i!',00+*1)(,2!I+)S++2!1I(*()D!12H!/C++HT!

%1I*+!_T!@499/3B!:C!="94;/.":8!%:86".":8=>!

',2H()(,2!8,T !
>12(CM*1)+H!V1A),0/!

$1NC*+!$([+! %+/)!7+2K)B!
&+K0+//(,2!
',+--(A(+2)!

!

G! cFF! EF! $N1**! FTE!
E! cFF! EF! $N1**! FTc!
` ! cFF! EF! $N1**! FTa!
_! cFF! EF! 710K+! FTE!
c! cFF! EF! 710K+! FTc!
d! cFF! EF! 710K+! FTa!
b! cFF! _F! $N1**! FTE!
a! cFF! _F! $N1**! FTc!
e! cFF! _F! $N1**! FTa!
GF! cFF! _F! 710K+! FTE!
GG! cFF! _F! 710K+! FTc!
GE! cFF! _F! 710K+! FTa!
G !̀ GFFF! EF! $N1**! FTE!
G_! GFFF! EF! $N1**! FTc!
Gc! GFFF! EF! $N1**! FTa!
Gd! GFFF! EF! 710K+! FTE!
Gb! GFFF! EF! 710K+! FTc!
Ga! GFFF! EF! 710K+! FTa!
Ge! GFFF! _F! $N1**! FTE!
EF! GFFF! _F! $N1**! FTc!
EG! GFFF! _F! $N1**! FTa!
EE! GFFF! _F! 710K+! FTE!
E`! GFFF! _F! 710K+! FTc!
E_! GFFF! _F! 710K+! FTa!

?:.5>! i!',00+*1)(,2!I+)S++2!1I(*()D!12H!/C++HT!

$&(2/'!35P'N!%'3%!/')6%8N!&)9!QR(&%-57'3#!%B+!/1NC*+!/([+!12H!)+/)!*+2K)B!10+!

N12(CM*1)+H!),!+P1N(2+!)B+(0!(NC1A)!,2!C101N+)+0!0+A,O+0DT!$1NC*+!/([+!A12!(2-*M+2A+!)B+!

+/)(N1)(,2!1AAM01AD!12H!C0+A(/(,2!,-!)B+!()+N!C101N+)+0/@!SB(AB!(2!)M02!N1D!1--+A)!)B+!

+/)(N1)(,2!,-!)B+!0+K0+//(,2!A,+--(A(+2)/T!$1NC*+!/([+!(/!N12(CM*1)+H!1)!)S,!*+O+*/3!cFF!12H!GFFFT!

%B+/+!)S,!*+O+*/!10+!)DC(A1**D!,I/+0O+H!(2!1CC*(+H!0+/+10AB!12H!N+)B,H,*,K(A1*!/)MH(+/T!<2!)B+!

'.> WI1/+H!^,(2)!N,H+*(2K!*()+01)M0+@!N,/)!/(NM*1)(,2!/)MH(+/!(2A*MH+!/1NC*+!/([+!*+O+*/!10,M2H!

A1(ζ ) = A2(ζ ) = 0.4

ρθτ

ρθτ

ρθτ



! da!

cFF!12H!GFFFT!V,0!+P1NC*+@!>(2AB+2!QEFGbR!M/+H!/1NC*+!/([+/!,-!cFF@!GFFF@!12H!EFFFl!Z12K!+)!

1*T!QEFEFR!M/+H!/1NC*+!/([+/!,-!cFF!12H!GFFFl!kB12K!12H!Z12K!QEFGaR!M/+H!/1NC*+!/([+/!,-!cac@!

GFFF@!12H!`FFFT!ZB+2!M/(2K!1!-(P+H!/1NC*+!/([+!(2!)B+!/(NM*1)(,2!/)MHD!,0!A,2HMA)(2K!+NC(0(A1*!

H1)1!121*D/(/@!kB12!+)!1*T!QEFGaR!M/+H!1!/1NC*+!/([+!,-!GFFF!12H!Z12K!+)!1*T!QEFGaR!M/+H!`cG@!

0+/C+A)(O+*DT!%B+0+-,0+@!)B+!AM00+2)!/)MHD!AB,/+!)B+!/1NC*+!/([+!,-!cFF!),!0+C0+/+2)!1!/N1**!

/1NC*+!A,2H()(,2!12H!GFFF!),!0+C0+/+2)!12!1H+YM1)+*D!*10K+!/1NC*+!/([+!A,2H()(,2!(2!)B+!

(2O+/)(K1)(,2!,-!C101N+)+0!0+A,O+0DT!

%+/)!*+2K)B!A12!(2-*M+2A+!)B+!0+A,O+0D!,-!C+0/,2!C101N+)+0/@!(2A*MH(2K!C+0/,2!1I(*()D@!

/C++H@!12H!*1)+2)!1))0(IM)+/T!<2!1HH()(,2@!(2!)B+!()+N!+PC*121),0D!N,H+*(2K!/A+210(,@!)+/)!*+2K)B!

Q(T+T@!2MNI+0!,-!()+N/R!N1D!1--+A)!)B+!0+A,O+0D!,-!)B+!0+K0+//(,2!A,+--(A(+2)!+/)(N1)(,2T!

$C+A(-(A1**D@!()!(/!+PC+A)+H!)B1)!/N1**+0!2MNI+0!,-!()+N/!N1D!^+,C10H([+!)B+!+/)(N1)(,2!1AAM01AD!

12H!C0+A(/(,2!,-!)B+!0+K0+//(,2!A,+--(A(+2)/T!%B+0+-,0+@!)+/)!*+2K)B!(/!N12(CM*1)+H!1)!)S,!*+O+*/3!

EF!12H!_FT!" !H(1K2,/)(A!1//+//N+2)!S()B!)+/)!*+2K)B!,-!_F!(/!)DC(A1*!A,2/(H+0+H!1/!1!*,2K!)+/)!(2!

)B+!+NC(0(A1*!H1)1/+)/!-0,N!H(1K2,/)(A!1//+//N+2)/T!V,0!+P1NC*+@!Z12K!+)!1*T!QEFEFR!H+O+*,C+H!

12H!+O1*M1)+H!1!NM*)(H(N+2/(,21*!H(1K2,/)(A!1//+//N+2)!A,2/(/)(2K!,-!_F!()+N/!)B1)!N+1/M0+H!_!

1))0(IM)+/T!kB12K!12H!Z12K!QEFGaR!1*/,!-(P+H!)B+!)+/)!*+2K)B!1)!_F!(2!)B+!/(NM*1)(,2!/)MHD!)B1)!

+O1*M1)+H!)B+!C101N+)+0!0+A,O+0D!,-!1!N(P)M0+!B(+010AB(A1*!N,H+*!,-!&"!12H!&%!)B1)!)01AU+H!)B+!

*,2K()MH(21*!)012/()(,2!,-!)B+!N1/)+0D!/)1)M/!,-!_!1))0(IM)+/T!VM0)B+0@!Z12K!+)!1*T!QEFEFR!/(NM*1)+H!

EF!12H!_F!()+N/!1/!)S,!*+O+*/!,-!)B+!)+/)!*+2K)B!),!+O1*M1)+!)B+!C101N+)+0!0+A,O+0D!,-!)B+!

B(+010AB(A1*!N,H+*!)B1)!A,2/(H+0+H!'.!,-!&%!,2!&"T!%BM/@!)B+!AM00+2)!/)MHD!/(NM*1)+H!EF!12H!_F!

()+N/!1/!)S,!*+O+*/!,-!)B+!)+/)!*+2K)B!),!N+1/M0+!_!*1)+2)!1))0(IM)+/@!SB+0+!EF!()+N/!12H!_F!()+N/!

10+!A,2/(H+0+H!1/!1!/B,0)!)+/)!/A+210(,!12H!1!*,2K!)+/)!/A+210(,@!0+/C+A)(O+*DT!!



! de!

%B+!/(NM*1)+H!?WN1)0(A+/!10+!C0+/+2)+H!(2!%1I*+!cT!%B+!?WN1)0(A+/!(2!I,)B!)+/)!*+2K)B!

A,2H()(,2/!(2A*MH+!(H+2)()D!N1)0(A+/!)B1)!+2/M0+!)B+!A,NC*+)+2+//!,-!)B+!?WN1)0(P!Q'B(M!+)!1*T@!

EFG`RT!<)!1*/,!/1)(/-(+/!)B+!(H+2)(-(1I(*()D!,-!)B+!.<8"!N,H+*!Q;M!j!5M@!EFGeRT!!

%1I*+!cT!? WN1)0(A+/!X/+H!(2!)B+!$(NM*1)(,2!$)MHDT!
<)+N! ! ! ! !

" ! " ! ! ! !
0! ! " ! ! !
4! ! ! " ! !
H! ! ! ! " !
I ! " ! " ! ! !
J! ! " ! " ! !
S! ! ! " ! " !
T! " ! ! ! " !
U! " ! " ! " ! !
"V! ! " ! " ! " !
"" ! " ! ! ! !
"0! ! " ! ! !
"4! ! ! " ! !
"H! ! ! ! " !
"I ! " ! " ! ! !
"J ! ! " ! " ! !
"S! ! ! " ! " !
"T! " ! ! ! " !
"U! " ! " ! " ! !
0V! ! " ! " ! " !
EG! G! ! ! !
EE! ! G! ! !
E`! ! ! G! !
E_! ! ! ! G!
Ec! G! G! ! !
Ed! ! G! G! !
Eb! ! ! G! G!
Ea! G! ! ! G!
Ee! G! G! G! !
`F! ! G! G! G!
`G! G! ! ! !
`E! ! G! ! !
`` ! ! ! G! !
`_ ! ! ! ! G!
`c ! G! G! ! !
`d ! ! G! G! !
`b ! ! ! G! G!
`a! G! ! ! G!

α1 α 2 α 3 α 4



! bF!

`e ! G! G! G! !
_F! ! G! G! G!

?:.5 T!#*12U!N+12/!oFpl!)B+!-(0/)!EF!0,S/!(2!I,*H!-1A+!(2H(A1)+/!)B+!?WN1)0(P!M/+H!(2!)B+!)+/)!
*+2K)B!i!EF!A,2H()(,2l!)B+!_F!0,S/!(2H(A1)+/!)B+!?WN1)0(P!M/+H!(2!)B+!)+/)!*+2K)B!i!_F!A,2H()(,2T!
!

@'6-'335*)!F*'++575')%3T!%B+!N1K2()MH+!,-!)B+!0+K0+//(,2!A,+--(A(+2)/!(/!N12(CM*1)+H!),!

0+-*+A)!/)0,2K!12H!S+1U!0+*1)(,2/!I+)S++2!)B+!()+N!A,O10(1)+/!12H!)B+!()+N!C101N+)+0/T!

$C+A(-(A1**D@!1I/,*M)+!O1*M+/!,-!)B+!0+K0+//(,2!A,+--(A(+2)/!10+!/+)!1)!T_FF!,0!TaFF!-,0!)B+!()+N!

(2)+0A+C)!12H!()+N!(2)+01A)(,2!C101N+)+0/!(2!)B+!'.>!),!(2H(A1)+!/)0,2K!12H!S+1U!0+*1)(,2/@!

0+/C+A)(O+*Dl!)B+!0+K0+//(,2!A,+--(A(+2)!(/!/+)!1)!TEFF!,0!T_FF!-,0!)B+!()+N!(2)+2/()D!C101N+)+0!),!

(2H(A1)+!/)0,2K!12H!S+1U!0+*1)(,2/@!0+/C+A)(O+*DT!%B+!0+K0+//(,2!A,+--(A(+2)/!-,0!)B+!()+N!(2)+0A+C)!

C101N+)+0!10+!/+)!1)!2+K1)(O+!O1*M+/@!,CC,/()+!-0,N!)B+!()+N!(2)+01A)(,2!12H!()+N!(2)+2/()D!

C101N+)+0/@!I1/+H!,2!+NC(0(A1*!-(2H(2K/!)B1)!()+N/!+1/D!),!KM+//!10+!M/M1**D!B10H!),!/*(C!12H!)1U+!

*,2K+0!),!A,NC*+)+!Q+TKT@!kB12!+)!1*T@!EFGaRT!%B+!0+/M*)(2K!O10(12A+!+PC*1(2+H!!O1*M+/!(2!)B+!

()+N!C101N+)+0/!(2!)B+!S+1U!12H!/)0,2K!0+*1)(,2!A,2H()(,2/!10+!TEFF!12H!TaFF@!0+/C+A)(O+*DT!%B+/+!

!O1*M+/!10+!0+1/,21I*+!),!0+-*+A)!1!*,S!C0+H(A)(O+!C,S+0!/A+210(,!12H!1!/)0,2K!C0+H(A)(O+!

C,S+0!/A+210(,!I1/+H!,2!)B+!+NC(0(A1*!-(2H(2K/!(2!)B+!*()+01)M0+T!$C+A(-(A1**D@!I 1/+H!,2!)B+!

+NC(0(A1*!0+/M*)/!M/(2K!)B+!77%>!g !N,H+*@!J10)(K!+)!1*T!QEFGER!-,M2H!)B1)!)B+!!O1*M+!(2!

)B+(0!+NC(0(A1*!/)MHD!),!I+!T`ed@!SB(*+!.+!#,+AU!QEFFaR!0+C,0)+H!1!!O1*M+!,-!TabcT!#1/+H!,2!

)B+!^,(2)!N,H+*(2K!M/(2K!)B+!&1/AB!N,H+*!12H!)B+!*,K2,0N1*!&%!N,H+*@!m*+(2!v2)(2U@!mMB2@!

J,02U+@!+)!1*T!QEFFeR!0+C,0)+H!)B+!!,-!)B+!()+N!H(--(AM*)D!C101N+)+0!12H!()+N!(2)+2/()D!

C101N+)+0!S+0+!T`_F!12H!T`bF@!0+/C+A)(O+*DT!<2!)B+!()+N!+PC*121),0D!'.>!/)MHD@!7(1,!12H!L(1,!

QEFGaR!-,M2H!)B1)!)B+!!O1*M+/!S+0+!TEdF!12H!T`FF!-,0!)B+!()+N!(2)+0A+C)!12H!()+N!(2)+01A)(,2!

C101N+)+0/@!0+/C+A)(O+*DT!!

R2

R2

ε R2

R2

R2

R2



! bG!

%B+!H+)1(*+H!O10(12A+!H+A,NC,/()(,2!12H!)B+!A,00+/C,2H(2K!()+N!C101N+)+0!O1(012A+/!(2!

)B+!/)0,2K!12H!S+1U!0+*1)(,2!A,2H()(,2/!10+!/B,S+H!(2!%1I*+!dT!%B+!0+/M*)(2K!O10(12A+/!-,0!)B+!

()+N!(2)+0A+C)!QR!12H!(2)+01A)(,2!QR!C101N+)+0/!(2!)B+!'.>!+YM1*!GTFFF!(2!)B+!)S,! !

A,2H()(,2/T!%B+/+!O1*M+/!10+!A,2/(/)+2)!S()B!)B+!+NC(0(A1*!0+/M*)/!(2!)B+!'.>!/)MH(+/!SB+0+!)B+!

O10(12A+/!,-!)B+!()+N!(2)+0A+C)!12H!(2)+01A)(,2!C101N+)+0/!10+!10,M2H!GTFFF!QkB12!+)!1*T@!EFGaRT!

%B+!0+/M*)(2K!O10(12A+!-,0!)B+!)(N+!(2)+2/()D!QR!C101N+)+0!(2!)B+!&%!N,H+*!+YM1*/!TEcF!(2!I,)B!

!A,2H()(,2/@!SB(AB!(/!A,2/(/)+2)!S()B!+NC(0(A1*!-(2H(2K/!(2!kB12!+)!1*T!QEFGbR!12H!kB12!+)!1*T!

QEFGaRT!;(O+2!)B+!-(P+H!N+12/!,-!)B+!()+N!C101N+)+0/@!)B+!A,00+/C,2H(2K!N+12/!,-!)B+!()+N!

(2)+0A+C)!QR!C101N+)+0!+YM1*!WGTeeb!12H!WGTbeb@!0+/C+A)(O+*Dl!)B+!A,00+/C,2H(2K!N+12/!,-!

(2)+01A)(,2!QR!C101N+)+0!+YM1*!_TGe_!12H!̀Tee_@!0+/C+A)(O+*Dl!)B+!A,00+/C,2H(2K!N+12/!,-!)(N+!

(2)+2/()D!QR!C101N+)+0!+YM1*!`TeFF!12H!̀TaFF@!0+/C+A)(O+*DT!%B+0+-,0+@!)B+!/*(CC(2K!QR!12H!

KM+//(2K!QR!C0,I1I(*()(+/!012K+!-0,N!F!),!TdcF@!(2H(A1)(2K!)B1)!)B+!/(NM*1)+H!()+N/!A,2/(/)!,-!

I,)B!B(KBWYM1*()D!QGW=W7!fi !FTdcFR!12H!*,SWYM1*()D!QGW=W7!w!FTdcFR!()+N/!QH+!*1!%,00+@!EFFbRT!<2!

1HH()(,2@!)B+!)(N+!0+YM(0+H!),!/,*O+!12!()+N!(/!(2!K+2+01*!S()B(2!,2+!),!)S,!N(2M)+/!1/!(2!)B+!0+1*W

S,0*H!/+))(2K/!Q7++@!EFFbRT!!

%1I*+!dT!%B+!/(NM*1)+H!0+K0+//(,2!A,+--(A(+2)/!12H!0+/(HM1*!O10(12A+/T!

<)+N!
6101N+)+0!

Z+1U!&+*1)(,2! ! ! $)0,2K!&+*1)(,2!
%,)1*!

O10(12A+!
! ! ! !

! ! %,)1*!
O10(12A+!

! ! ! !

! GTFFF! T_FF! T_FF! TaFF! TEFF! ! ! GTFFF! TaFF! TaFF! TEFF! TaFF!
! GTFFF! T_FF! T_FF! TaFF! TEFF! ! ! GTFFF! TaFF! TaFF! TEFF! TaFF!
! TEcF! TEFF! TEFF! TEFF! TEFF! ! ! TEcF! T_FF! T_FF! TFcF! TaFF!

?:.5>! !12H! !H+2,)+!)B+!0+K0+//(,2!A,+--(A(+2)/!-,0!)B+!A,2)(2M,M/!12H!H(AB,),N,M/!()+N!

A,O10(1)+/@!0+/C+A)(O+*DT!!H+2,)+!)B+!O10(12A+/!,-!)B+!0+/(HM1*!)+0N/!,-!)B+!()+N!C101N+)+0/T!
!

! i ! i R2

! i

R2

! i

! i

! i si

gi

! 1 ! 2 ! "
2 R2 ! 1 ! 2 ! "

2 R2

! i

! i

! i

! 1 ! 2

! "
2



! bE!

! F*--'/&%5*)!.'%K'')!2'-3*)!&.5/5%:!&)9!32''9 T!%B+!N1K2()MH+!,-!)B+!A,00+*1)(,2!

I+)S++2!C+0/,2!1I(*()D!12H!/C++H!)DC(A1**D!1--+A)/!)B+!N+1/M0+N+2)!C0+A(/(,2!,-!)B+!C+0/,2!

1I(*()DT!%B1)!(/@!*10K+0!A,00+*1)(,2!I+)S++2!C+0/,2!1I(*()D!12H!/C++H!M/M1**D!(NC0,O+/!)B+!

N+12/M0+N+2)!C0+A(/(,2!12H!)B+!1))0(IM)+!A*1//(-((A1)(,2!1AAM01ADT!;(O+2!)B1)!/+C101)+!N,H+*/!10+!

A,2/(H+0+H!1/!,2+!)DC+!,-!A,NC+)(2K!N,H+*/@!()!(/!N+12(2K-M*!),!/++!B,S!*10K+!)B+!(NC1A)!S,M*H!

I+!(2!)B+!()+N!+PC*121),0D!N,H+*(2K!/A+210(,!SB+2!)B+!/+A,2HW*+O+*!/)0MA)M1*!A,NC,2+2)!,2!)B+!

C+0/,2!/(H+!(/!,N())+HT!%B+!AB,(A+!,-!)B+!!*+O+*/!H+C+2H/!,2!+NC(0(A1*!-(2H(2K/!12H!

/(NM*1)(,2!/)MHD!H+/(K2/!,-!+P(/)(2K!+/)MH(+/T!#1/+H!,2!)B+!+NC(0(A1*!0+/M*)/!-0,N!B(+010AB(A1*!

N,H+*/!I1/+H!,2!'.>/@!)B+!A,00+*1)(,2!C+0/,2!1I(*()D!12H!/C++H!S1/!+/)(N1)+H!1/!WTEF!QkB12@!

7(1,@!j!#(12@!EFGaR!12H!WTcF!QkB12!+)!1*T@!EFGaRT!%B+!+NC(0(A1*!-(2H(2K/!-0,N!B(+010AB(A1*!

N,H+*/!I1/+H!,2!<&%!N,H+*/!0+O+1*+H!/(N(*10!0+/M*)/T!V,0!+P1NC*+@!O12!H+0!7(2H+2!QEFFeR!-,M2H!

)B1)!)B+! !012K+H!-0,N!WTdc!),!T`FT!<2!/(NM*1)(,2!/)MH(+/@!!*10K+0!)B12!FTd!S1/!M/M1**D!

/(NM*1)+H!),!(2H(A1)+!*10K+0!A,00+*1)(,2T!V,0!+P1NC*+@!m*+(2!42)(2U!QEFFeR!/+)!!1/!F@!TEc@!Tbc@!

12H!G!),!N(N(AU!*,S!),!B(KB!C+0/,2!C101N+)+0!A,00+*1)(,2/T!61)),2!QEFGcR!A,2/(H+0+H!1!/(N(*10!

012K+!,-!O1*M+/!,-! i!F@!T`F@!TdF@!TeFT!%B+0+-,0+@!)B+!AM00+2)!/(NM*1)(,2!/)MHD!AB,/+!),!

N12(CM*1)+!TEF@!TcF@!TaF!),!0+C0+/+2)!/N1**@!N,H+01)+@!12H!*10K+!A,00+*1)(,2!I+)S++2!C+0/,2!

1I(*()D!12H!C+0/,2!/C++HT!92*D!C,/()(O+!O1*M+/!10+!A,2/(H+0+H!I+A1M/+!)B+!/(K2!H,+/!2,)!1--+A)!()/!

(NC1A)!,2!C101N+)+0!+/)(N1)(,2!1AAM01ADT!
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12H!C0+H(A)+H!H1)1T!%B+!AM00+2)!/)MHD!-,**,S+H!kB12!+)!1*T!QEFGaR!),!+O1*M1)+!)B+!1I/,*M)+!N,H+*W

H1)1!-()!,-!&"!12H!&%!/+C101)+*DT!%B+!/MN!,-!)B+!/YM10+H!6+10/,2!0+/(HM1*/!-,0!0+/C,2H+2)!#!12H!

()+N!"!Q:12!+)!1*T@!EFF`R!S1/!M/+H!1/!)B+!H(/A0+C12AD!N+1/M0+!-,0!)B+!&"!N,H+*@!SB(AB!(/!S0())+2!

1/3!

! @! Q̀T̀TGR!

SB+0+! !B1/!)B+!/1N+!H(/)0(IM)(,2!1/!)B1)!(2!)B+!4YM1)(,2!`TGTET!%B+!/MN!,-!)B+!

/)12H10H([+H!0+/(HM1*!-M2A)(,2!,-! !-,0!0+/C,2H+2)!#!12H!()+N!"!Q>10(12)(!+)!1*T@!EFG_R!S1/!

M/+H!1/!)B+!H(/A0+C12AD!N+1/M0+!-,0!)B+!&%!N,H+*/3!

! T! Q̀T̀TER!

A33'335)6!%8'!2'-+*-(&)7'!*+!(*9'/!+5%!5)957'3#!&+*1)(O+!N,H+*!-()!(2H(A+/@!(2A*MH(2K!

)B+!"U1(U+!(2-,0N1)(,2!A0()+0(,2!Q"<'l!"U1(U+@!Geb_R@!)B+!#1D+/(12!(2-,0N1)(,2!A0()+0(,2!Q#<'l!

$ABS10[@!GebaR@!12H!)B+!H+O(12A+!(2-,0N1)(,2!A0()+0(,2!Q.<'l!$C(+K+*B1*)+0!+)!1*T@!EFFER!10+!M/+H!

-,0!N,H+*!/+*+A)(,2T!%B+!C+0-,0N12A+!,-!)B+!N,H+*!-()!(2H(A+/!(/!YM12)(-(+H!ID!)B+!-0+YM+2AD!,-!

0+C*(A1)(,2/!)B1)!,2+!C10)(AM*10!N,H+*!-()!(2H+P!A,00+A)*D!(H+2)(-(+/!)0M+!H1)1!K+2+01)(2K!N,H+*!1/!

)B+!I+/)!-())(2K!N,H+*!Q(T+T@!)B+!C0,C,/+H!N,H+*!B1/!)B+!/N1**+/)!N,H+*!-()!(2H+P!A,NC10+H!),!

1*)+021)(O+!N,H+*/!S()B!N(//C+A(-(A1)(,2/RT!"AA,0H(2K!),!',2KH,2!QEFF`R@!SB+2!M/+H!(2!

#1D+/(12!>'>'!+/)(N1)(,2@!)B+!"<'!12H!#<'!N,H+*!-()!(2H(A+/!10+!/C+A(-(+H!1/3!

! @! Q̀T̀ T̀R!

! @! Q̀T̀T_R!

D(Yij ;! j ," i ,#i ) = (
Yij ! P(Yij =1)

P(Yij =1)(1! P(Yij =1))
)2

i=1

I

"
j=1

J

"

P(Yij =1)

log(Tij )

D(logTij ;! j ," i ,#) = (#(logTij ! (" i ! ! j )))
2

i=1

I

"
j=1

J

"

AIC = D + p

BIC = D + p(log J ! 1)



! be!

SB+0+! !H+2,)+/!)B+!C,/)+0(,0!N+12!,-!)B+!H+O(12A+l!D!H+2,)+/!)B+!2MNI+0!,-!C101N+)+0/l!+!

H+2,)+/!)B+!/1NC*+!/([+T!#,)B!)B+!"<'!12H!)B+!#<'!C+21*([+!N,H+*/!S()B!N,0+!C101N+)+0/@!IM)!

)B+!#<'!B1/!B+1O(+0!C+21*([1)(,2!,2!)B+!N,0+!A,NC*+P!N,H+*T!

%B+!.<'!(/!1!K+2+01*([1)(,2!,-!)B+!"<'!12H!)B+!#<'!),!I+!M/+H!(2!)B+!#1D+/(12!>'>'!

N+)B,H!12H!(/!A1*AM*1)+H!1/3!

! @! Q̀T̀TcR!

SB+0+ !H+2,)+/!)B+!C,/)+0(,0!N+12!,-!)B+!H+O(12A+l!(/!)B+!+--+A)(O+!2MNI+0!,-!C101N+)+0/@!

SB(AB!A12!I+!+/)(N1)+H!ID! !Q;+*N12!+)!1*T@!EFG_l!$M!j!:1^(N1@!EFGcR@!)B1)!(/@!B1*-!,-!

)B+!C,/)+0(,0!O10(12A+!,-!)B+!H+O(12A+T!%B+!/N1**+0!O1*M+/!,-!)B+!"<'@!)B+!#<'!12H!)B+!.<'!

(2H(A1)+!I+))+0!N,H+*!-()T!

%B+!N,H+*!/+*+A)(,2!S1/!-M0)B+0!YM12)(-(+H!I1/+H!,2!"2H+0/,2!QEFFaRT!V(0/)@!)B+!

H(--+0+2A+!I+)S++2!)B+!O1*M+!,-!1!-()!(2H+P!12H!()/!N(2(NMN!O1*M+!1N,2K!G!-())+H!N,H+*/!S1/!

A,NCM)+H@!H+2,)+H!1/! T!$+A,2H@!)B+!*(U+*(B,,H!,-!N,H+*!3!K(O+2!H1)1!E!S1/!

A,NCM)+H!12H!H+2,)+H!1/3!

! @!! Q̀T̀TdR!
%B(/!*(U+*(B,,H!0+C0+/+2)/!)B+!0+*1)(O+!/)0+2K)B!,-!+O(H+2A+!1N,2K!A,NC+)(2K!N,H+*/!12H!(/!

H(--+0+2)!-0,N!)B+!*(U+*(B,,H!,-!)B+!H1)1!K(O+2!1!/)1)(/)(A1*!N,H+*T!%B(0H@!)B+/+!N,H+*!*(U+*(B,,H/!

S+0+!2,0N1*([+H!),!1!/+)!,-!"U1(U+!S+(KB)/! !)B1)!1HH+H!MC!),!G@!SB(AB!H+/A0(I+!)B+!

C0,I1I(*()D!,-!N,H+*!3!(/!)B+!+PC+A)+H!I+/)!-())(2K!N,H+*3!

! @! Q̀T̀TbR!

71/)*D@!)B+!+O(H+2A+!01)(,!I+)S++2!12D!)S,!A,NC+)(2K!N,H+*/!"!12H!#!S1/!A,NCM)+H!1/3!

D

DIC = D + pD

D pD

var(D) / 2

! r (r =1,...,R)

L(gr | x) ! exp(! " r / 2)

! r

! r =
exp(! " r / 2)

exp(! " r / 2)
r =1

R

#



! aF!

! T!! Q̀T̀TaR!

"AA,0H(2K!),!"2H+0/,2!QEFFaR@!+O(H+2A+!01)(,/!*10K+0!)B12!cc!M/M1**D!(2H(A1)+!)B1)!)B+!)S,!

N,H+*/!B1O+!/(K2(-(A12)*D!H(--+0+2)!N,H+*!-()T!

! A33'335)6!%8'!(*9'/!2&-&('%'-!-'7*>'-: #!%, !1//+//!)B+!C101N+)+0!0+A,O+0D!,-!)B+!

A,2)(2M,M/!C101N+)+0/!Q+TKT@!1I(*()D!12H!/C++HR@!)B+!I(1/@!)B+!+NC(0(A1*!/)12H10H!+00,0!Q$4R!12H!

)B+!0,,)!N+12!/YM10+H!+00,0!Q&>$4R!10+!A1*AM*1)+H!-,0!+1AB!C101N+)+0T!%B+!I(1/@!)B+!$4!12H!)B+!

&>$4!10+!A1*AM*1)+H!1/3!

! @! Q̀T̀TeR!

! @! Q̀T̀TGFR!

! @! Q̀T̀TGGR!

SB+0+! !(/!)B+!C101N+)+0!,-!(2)+0+/)l!!12H! !H+2,)+!)B+!)0M+!C101N+)+0!O1*M+!12H!)B+!C,(2)!

+/)(N1)+@!0+/C+A)(O+*Dl!G!(/!)B+!2MNI+0!,-!),)1*!0+C*(A1)(,2/T!6,/)+0(,0!N+12!(/!M/+H!1/!)B+!C,(2)!

+/)(N1)+!-,0!1**!A,2)(2M,M/!C101N+)+0/T!%B+/+!)B0++!N+1/M0+/!1//+//!H(--+0+2)!1/C+A)/!,-!)B+!

C101N+)+0!0+A,O+0DT!$C+A(-(A1**D@!)B+!I(1/!+O1*M1)+/!)B+!/D/)+N1)(A!+00,0/@!SB(*+!)B+!$4!N+1/M0+/!

)B+!012H,N!+00,0/!(2!)B+!C101N+)+0!+/)(N1)+/T!%B+!&>$4@!B,S+O+0@!1//+//!I,)B!)B+!/D/)+N1)(A!

12H!012H,N!+00,0/!,-!)B+!C101N+)+0!+/)(N1)+/T!<2!-1A)@!)B+!/YM10+!,-!)B+!&>$4!+YM1*/!)B+!/MN!,-!

)B+!/YM10+!,-!)B+!I(1/!12H!)B+!/YM10+!,-!)B+!$4@!)B1)!(/@!

! T! Q̀T̀TGER!

Ei, j =
L(gi | x)

L(gj | x)
=

! i

! j

Bias(! ) =
1
R

ö!
r =1

R

! " ! true

SE(ϑ ) = 1
R

öϑ −
öϑ

r=1

R

∑
R

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

r=1

R

∑

2

RMSE(ϑ ) = 1
R

(ϑ̂ −ϑ true )
2

r=1

R

∑

ϑ ϑ true ϑ̂

RMSE(ϑ )2 = Bias(ϑ )2 + SE(ϑ )2



! aG!

$N1**+0!I(1/@!$4@!12H!&>$4!(2H(A1)+!I+))+0!C101N+)+0!0+A,O+0DT!%B+/+!N+1/M0+/!10+!-(0/)!

A,NC10+H!H+/A0(C)(O+*D!1A0,//!H(--+0+2)!H1)1W-())(2K!N,H+*/T!%B+2@!)B+/+!N+1/M0+/!10+!121*D[+H!

M/(2K!)B+!"89="!(/!M/+H!),!)+/)!)B+!/(K2(-(A12A+!,-!)B+!(NC1A)!,-!)B+!N12(CM*1)+H!-1A),0/T!!

! %B+!/)12H10H!+00,0!I(1/+/!,-!)B+!0+K0+//(,2!A,+--(A(+2)!+/)(N1)+/!10+!1*/,!,I)1(2+H!-0,N!

4YM1)(,2!`T`TeT!$C+A(-(A1**D@!)B+!)0M+!/)12H10H!+00,0!O1*M+!(/!)B+!/)12H10H!H+O(1)(,2!,-!)B+!C,(2)!

+/)(N1)+! !1A0,//!0+C*(A1)(,2/@!SB(*+!!(/!)B+!C,/)+0(,0!/)12H10H!H+O(1)(,2!1//,A(1)+H!S()B!)B+!

C,(2)!+/)(N1)+!(2!+1AB!0+C*(A1)(,2T!!

V,0!)B+!H(/A0+)+!C101N+)+0/@!(2A*MH(2K!)B+!*1)+2)!1))0(IM)+/!12H!*1)+2)!1))0(IM)+!C0,-(*+/@!)B+!

A*1//(-(A1)(,2!1AAM01AD!(/!1//+//+H!ID!)B+!1))0(IM)+!A,00+A)!A*1//(-(A1)(,2!1AAM01AD!Q"''&R!12H!

)B+!C1))+02!A,00+A)!A*1//(-(A1)(,2!01)+!Q6''&RT!%B+!"''&!(/!)B+!C0,C,0)(,2!,-!A,00+A)!

A*1//(-(A1)(,2!-,0!+1AB!1))0(IM)+!(2!)B+!/(NM*1)(,2!/1NC*+l!)B+!6''&!(/!)B+!C0,C,0)(,2!,-!)B+!

A,00+A)!A*1//(-(A1)(,2!,-!)B+!1))0(IM)+!C0,-(*+!(2!)B+!/(NM*1)(,2!/1NC*+T!%B+!"''&!-,0!+1AB!

1))0(IM)+!' !12H!)B+!6''&!10+!A1*AM*1)+H!1/3!

! @! Q̀T̀TG R̀!

! @! Q̀T̀TG_R!

SB+0+!+!H+2,)+/!)B+!/(NM*1)+H!/1NC*+!/([+l!!12H! !H+2,)+!)B+!)0M+!1))0(IM)+!N1/)+0D!/)1)M/!

-,0!1))0(IM)+!'! 12H!)0M+!1))0(IM)+!C0,-(*+!-,0!0+/C,2H+2)!#l! !(/!12!(2H(A1),0!-M2A)(,2!

)B1)!H+)+0N(2+/!SB+)B+0!)B+!+/)(N1)+H!N1/)+0D!/)1)M/!,-!)B+!1))0(IM)+!' !,-!0+/C,2H+2)!#!+YM1*!),!()/!

A,00+/C,2H(2K!)0M+!O1*M+l! !(/!12!(2H(A1),0!-M2A)(,2!)B1)!H+)+0N(2+/!SB+)B+0!)B+!

+/)(N1)+H!1))0(IM)+!C0,-(*+!,-!0+/C,2H+2)!#!+YM1*!),!()/!A,00+/C,2H(2K!)0M+!O1*M+T!6,/)+0(,0!N,H+!(/!

M/+H!1/!)B+!C,(2)!+/)(N1)+!-,0!1**!H(/A0+)+!C101N+)+0/T!

ϑ̂ ϑ̂

ACCRk =
1
J

I(α̂ jk =
j=1

J

∑ α jk )

PCCR=
1
J

I ( ö! j = ! j )
j=1

J

!

! jk ! j

I ( ö! jk = ! jk )

I ( ö! j = ! j )



! aE!

! <2!/MNN10D@!)B0++!0+*1)(O+!N,H+*W-()!(2H(A+/!10+!/+*+A)+H!12H!A,NC10+H!(2!)+0N/!,-!)B+(0!

C+0-,0N12A+!,-!(H+2)(-D(2K!)B+!)0M+!H1)1!K+2+01)(2K!N,H+*T!<2!1HH()(,2@!)B+!I(1/@!)B+!$4@!12H!)B+!

&>$4!10+!M/+H!),!+O1*M1)+!)B+!C101N+)+0!0+A,O+0D!,-!)B+!A,2)(2M,M/!C101N+)+0/!(2!)B+!H1)1W

-())(2K!N,H+*/@!SB(*+!)B+!"''&!12H!6''&!10+!M/+H!),!+P1N(2+!)B+!A*1//(-(A1)(,2!1AAM01AD!,-!)B+!

*1)+2)!1))0(IM)+/!12H!1))0(IM)+!C0,-(*+/T!

! E)+'-')%5&/!3%&%53%573!*)! *1%7*('!('&31-' 3#!%,!12/S+0!)B+!0+/+10AB!YM+/)(,2/!,2!B,S!

)B+!N12(CM*1)+H!-1A),0/!1--+A)+H!)B+!C+0-,0N12A+!,-!)B+!C0,C,/+H!N,H+*!A,NC10+H!S()B!)B+!

A,NC+)(2K!N,H+*/@!)B+!,M)A,N+!N+1/M0+/!,-!)B+!C101N+)+0/!,I)1(2+H!-0,N!1**!H1)1!-())(2K!N,H+*/!

10+!(2/C+A)+H!,2!+1AB!*+O+*!,-!)B+!N12(CM*1)+H!-1A),0/T!ZB+2!)B+!2MNI+0!,-!C101N+)+0!(2!)B+!

C101N+)+0!)DC+!(/!2,!*+//!)B12!EF@!)B+!N(P+HW+--+A)!121*D/+/!,-!O10(12A+!Q"89="R!(/!),!I+!

A,2HMA)+H!),!+P1N(2+!)B+!/)1)(/)(A1*!12H!C01A)(A1*!/(K2(-(A12A+!,-!)B+!+--+A)/!,-!)B+!H1)1!-())(2K!

N,H+*!)DC+!12H!()/!(2)+01A)(,2/!S()B!)B+!N12(CM*1)+H!-1A),0/T!%B+/+!C101N+)+0!)DC+/!(2A*MH+!

C+0/,2!1I(*()D!C101N+)+0!Q@!#!i!G@!E@!`@!h@!+R@!C+0/,2!/C++H!C101N+)+0!Q@!#!i!G@!E@!`@!h@!+R@!

()+N!(2)+0A+C)!C101N+)+0!Q@!"!i!G@!E@!`@!h@!,R@!()+N!(2)+01A)(,2!C101N+)+0!Q@!"!i!G@!E@!`@!h@!,R@!

12H!()+N!(2)+2/()D!C101N+)+0!Q@!"!i!G@!E@!`@!h@!,RT!<2!)B+!N(P+HW+--+A)!"89="@!+1AB!C101N+)+0!

(/!)0+1)+H!1/!1!o/MI^+A)pT!. 1)1!-())(2K!N,H+*!)DC+/!10+!)0+1)+H!1/!oS()B(2W/MI^+A)!-1A),0/p!12H!

N12(CM*1)+H!-1A),0/!10+!)0+1)+H!1/!oI+)S++2W/MI^+A)!-1A),0/pT!%B+!,M)A,N+!N+1/M0+/!Q(T+T@!I(1/@!

$4@!&>$4R!10+!)1U+2!1/!0+C+1)+H!N+1/M0+N+2)/!,2!+1AB!o/MI^+A)pT!%BM/@!)B+0+!10+!d!E_!i!G__!

A+**/!,-!)B+!H+/(K2!(2!)B+!N(P+HW+--+A)!"89="/@!+1AB!A+**!A,2)1(2/!)B+!C101N+)+0!+/)(N1)+/!-0,N!

,2+!H1)1W-())(2K!N,H+*!M2H+0!,2+!,-!)B+!E_!/(NM*1)+H!A,2H()(,2/T!!

! %B0++!1//MNC)(,2/!+P(/)!-,0!)B+!N(P+HW+--+A)!"89="@!(2A*MH(2K!)B+!2,0N1*()D!,-!

0+/(HM1*/@!)B+!B,N,K+2+()D!,-!0+/(HM1*!O10(12A+!12H!/CB+0(A()DT!8,0N1*()D!,-!0+/(HM1*!(/!1//+//+H!

ID!)+/)(2K!SB+)B+0!)B+!,M)A,N+!N+1/M0+!(2!+1AB!A+**!(/!2,0N1**D!H(/)0(IM)+H!S()B!)B+!$B1C(0,W

θ j τ j

β i δ i

ζ i

×



! a` !

Z(*U!)+/)!,-!2,0N1*()D!Q$B1C(0,!j!Z(*U@!GedcRT!8+O+0)B+*+//@!/(2A+!)B+!HW)+/)!(2!)B+!"89="!(/!

0,IM/)!),!)B+!O(,*1)(,2!,-!)B+!2,0N1*()D!1//MNC)(,2!Q6+10/,2@!Ge`Gl!%(UM@!Ged_R@!)B+!"89="!

S(**!I+!A100(+H!,M)!1/!*,2K!1/!)B+!2,22,0N1*()D!(/!2,)!+P)0+N+T!%B+!B,N,K+2+()D!,-!0+/(HM1*!

O10(12A+/!N+12/!)B1)!)B+!0+/(HM1*!O10(12A+/!10+!+YM1*!1A0,//!K0,MC/!,-!)B+!I+)S++2W/MI^+A)!

-1A),0/@!SB(AB!(/!)+/)+H!ID!)B+!7+O+2+\/!)+/)!,-!+YM1*()D!,-!+00,0!O10(12A+/!Q7+O+2+@!GedFRT!%B+!

O(,*1)(,2!,-!)B+!B,N,K+2+()D!,-!0+/(HM1*!O10(12A+/!N1D!1--+A)!)B+!%DC+!<!+00,0!01)+!,-!)B+!

"89="!Q#,P@!Gec_l!J,0/2+**@!Gec`RT!J,S+O+0@!)B+!"89="!S1/!-,M2H!),!I+!0,IM/)!),!)B(/!

O(,*1)(,2!SB+2!)B+!/1NC*+!/([+/!10+!1CC0,P(N1)+*D!+YM1*!1A0,//!K0,MC/!Qm,B0!j!;1N+/@!Geb_RT!<)!

(/!1*/,!/MKK+/)+H!),!M/+!+YM1*!/1NC*+!/([+!H+/(K2!),!C0+O+2)!)B+!O(,*1)(,2!,-!)B+!B,N,K+2+()D!

1//MNC)(,2!Q>1PS+**!j!.+*12+D@!GeeFRT!%B+0+-,0+@!)B+!N(P+HW+--+A)!"89="/!10+!A100(+H!,M)!

/+C101)+*D!-,0!/(NM*1)+H!A,2H()(,2/!,-!H(--+0+2)!/1NC*+!/([+!12H!)+/)!*+2K)B!*+O+*/T!%B+!/CB+0(A()D!

1//MNC)(,2!N+12/!)B1)!)B+!O10(12A+/!,-!)B+!H(--+0+2A+/!I+)S++2!*+O+*/!,-!)B+!S()B(2W/MI^+A)!

-1A),0!10+!+YM1*T!>1MAB*D\/!)+/)!,-!/CB+0(A()D!(/!M/+H!),!)+/)!)B(/!1//MNC)(,2!Q>1MAB*D@!Ge_FRT!<-!

)B+!/CB+0(A()D!1//MNC)(,2!(/!O(,*1)+H@!)B+!DWO1*M+/!(2!)B+!"89="!0+/M*)/!S(**!I+!A,00+A)+H!ID!

1H^M/)(2K!)B+!H+K0++/!,-!-0++H,N!S()B!)B+!;0++2B,M/+W;+(//+0!60,A+HM0+!Q;0++2B,M/+!j!

;+(//+0@!GeceRT!<2!1HH()(,2@!,I/+0O1)(,2/!10+!1//MN+H!),!I+!(H+2)(A1**D!12H!(2H+C+2H+2)*D!

H(/)0(IM)+H!(2!"89="T!%B+!O(,*1)(,2!,-!)B+!(2H+C+2H+2A+!1//MNC)(,2!S,M*H!0+/M*)!(2!12!(2-*1)+H!

%DC+!<!+00,0!01)+!(2!)B+!"89="!Q+TKT@!m+22D!j!LMHH@!GeadRT!

! <2!)+0N/!,-!/)1)(/)(A1*!(2-+0+2A+@!1!DWO1*M+!/N1**+0!)B12!FTFc!(/!A,2/(H+0+H!/)1)(/)(A1**D!

/(K2(-(A12)T!<2!1HH()(,2@!)B+!+--+A)!/([+!YM12)(-(+H!ID!)B+!C10)(1*!Q',B+2@!GedcR!(/!M/+H!1/!1!

N+1/M0+!,-!C01A)(A1*!/(K2(-(A12A+!,-!)B+!0+/M*)/T!"AA,0H(2K!),!',B+2!QGeaaR@!)B+!A0()+0(,2!,-!)B+!

N1K2()MH+!,-!)B+!+--+A)!/([+!(/3!C10)(1*!FTFG!≤ w!FTFd!-,0!1!/N1**!+--+A)@!FTFd!≤ w!FTG_!-,0!1!

N+H(MN!+--+A)@!≥!FTG_!-,0!1!*10K+!+--+A)T!<2!)B+!0+/M*)!/+A)(,2@!,2*D!+--+A)/!)B1)!10+!I,)B!

η 2

η 2 η 2

η 2



! a_!

/)1)(/)(A1**D!/(K2(-(A12)!Q(T+T@!D!w!FTFcR!12H!B1O+!1)!*+1/)!1!/N1**!+--+A)!/([+!Q ≥!FTFGR!10+!

0+C,0)+HT!

! %,!+O1*M1)+!)B+!(NC1A)!,-!N12(CM*1)+H!-1A),0/!,2!)B+!C101N+)+0!0+A,O+0D!,-!)B+!C0,C,/+H!

N,H+*!L&%W.<8" W77%>@!)B+!)B0++WS1D!"89="!S1/!A,2HMA)+H!-,0!)B+!/1N+!K0,MC!,-!

C101N+)+0!)DC+/!(2A*MH+!C+0/,2!1I(*()D!C101N+)+0!Q@!#!i!G@!E@!`@!h@!+R@!C+0/,2!/C++H!C101N+)+0!

Q @!!#!i!G@!E@!`@!h@!+R@!()+N!(2)+0A+C)!C101N+)+0!Q@!"!i!G@!E@!`@!h@!,R@!()+N!(2)+01A)(,2!C101N+)+0!

Q @!"!i!G@!E@!`@!h@!,R@!12H!()+N!(2)+2/()D!C101N+)+0!Q@!"!i!G@!E@!`@!h@!,RT!41AB!N12(CM*1)+H!

-1A),0!(/!)0+1)+H!1/!1!-1A),0!,-!)B+!"89="!H+/(K2T!"**!)B+!1//MNC)(,2/!N+2)(,2+H!(2!)B+!C0+O(,M/!

C101K01CB!10+!+P1N(2+H!+PA+C)!-,0!)B+!/CB+0(A()D!1//MNC)(,2!SB(AB!(/!2,)!0+YM(0+H!(2!)B+!)B0++W

S1D!"89="T !

4#H!B(25-57&/!G&%&!A)&/:353!

!":"#"$*838$870$-&6&82>4$H?&63=/76$

%B+!+NC(0(A1*!H1)1!121*D/(/!M/+/!CMI*(A!H1)1/+)/!-0,N!)B+!6<$"!EFGE!C0,I*+NW/,*O(2K!

()+N/T!%B(/!H1)1/+)!(/!/M()1I*+!-,0!)B+!AM00+2)!/)MHD!I+A1M/+!()!(2A*MH+/!I,)B!)B+!()+N!0+/C,2/+!12H!

0+/C,2/+!)(N+!H1)1!-0,N!)B+!0+/C,2H+2)/T!<2!1HH()(,2@!)B+!)+/)!H+/(K2!(2-,0N1)(,2!12H!/1NC*+!

()+N/!10+!1AA+//(I*+!,2!)B+!94'.!S+I/()+!12H!)+AB2(A1*!0+C,0)!Q94'.@!EFG_RT!

! 6MI*(A!H1)1/+)/!10+!1O1(*1I*+!-,0!+*+O+2!C0,I*+NW/,*O(2K!()+N/T!"AA,0H(2K!),!94'.!

QEFG_R@!)B+/+!()+N/!1//+//!-,M0!*1)+2)!1))0(IM)+/3!+PC*,0(2K!12H!M2H+0/)12H(2K!Q R@!C*122(2K!12H!

+P+AM)(2K!QR@!N,2(),0(2K!12H!0+-*+A)(2K!Q R@!0+C0+/+2)(2K!12H!-,0NM*1)(2K!QRT!J,S+O+0@!

I1/+H!,2!;M!12H!5M!QEFGeR@!,2*D!)B+!)S,!1))0(IM)+/!Q(T+T@!@! R!N+1/M0+H!ID!+2,MKB!()+N/!

S+0+!M/+H!(2!)B+!H1)1!121*D/(/!), !+2/M0+!)B+!(H+2)(-(1I(*()D!,-!)B+!.<8"!N,H+*T!%B+0+-,0+@!1!

N1P(NMN!,-!b!()+N/!S+0+!AB,/+2!Q(T+T@!'6FFE?Fb@!'6FFE?Fa@!'6FFb?FG@!'6FFb?FE@!

η 2

θ j

τ j β i

δ i ζ i

! 1

! 2 ! 3 ! 4

! 1 ! 2



! ac!

'6FEc?FE@!'6F`a?FG@!12H!'6F`a?FER!-,0!)B+!AM00+2)!H1)1!121*D/(/T!%B+!?WN1)0(P!M/+H!(2!)B+!

H1)1!121*D/(/!(/!/B,S2!(2!%1I*+!aT!&+/C,2H+2)/!S()B!2,)!0+1AB+H!0+/C,2/+/!QA,H+H!1/!bR!S+0+!

0+N,O+H!-0,N!)B+!/1NC*+T!6,*D),N,M/!0+/C,2/+/!S+0+!H(AB,),N([+H!S()B!-M**!A0+H()!1/!A,00+A)!

0+/C,2/+!Qi!GR@!SB(*+!C10)(1*!A0+H()!12H!2,!A0+H()!S+0+!A,H+H!1/!(2A,00+A)!0+/C,2/+/!Qi!FRT!&%!

H1)1!S+0+!,I)1(2+H!-0,N!)B+!*,K!-(*+/!-0,N!)B+!/1N+!/+)!,-!C0,I*+NW/,*O(2K!()+N/T!$C+A(-(A1**D@!

()+N!&%/!S+0+!A1*AM*1)+H!1/!)B+!H(--+0+2A+!I+)S++2!)B+!)(N+!,-!)B+!-(0/)!1A)(,2!12H!)B+!)(N+!

/)1NC!,-!)B+!*1/)!1A)(,2!-,0!+1AB!C+0/,2!,2!+1AB!()+NT!&+/C,2H+2)/!S()B!N(/)1U+2*D!0+A,0H+H!

)(N+!/)1NC/!Q2+K1)(O+!&%/R!S+0+!0+N,O+HT!%B+!&%/!S+0+!,0(K(21**D!(2!/+A,2H/!12H!)B+2!*,KW

)012/-,0N+HT!%,!A0+1)+!1!/1NC*+!,-!0+1*(/)(A!/([+@!0+/C,2H+2)/!-0,N!"M/)01*(1@!.+2N10U@!12H!

%M0U+D!S+0+!0+)1(2+H!(2!)B+!-(21*!/1NC*+!Q?!i! EGbR̀T!&+/C,2H+2)/!-0,N!)B+/+!)B0++!A,M2)0(+/!10+!

0+C0+/+2)1)(O+!-,0!1!/1NC*+!,-!1!S(H+!/C+A)0MN!,-!C0,I*+NW/,*O(2K!A,NC+)+2A+!1AA,0H(2K!),!)B+!

C+0-,0N12A+!0+C,0)!-0,N!)B+!94'.!QEFG_RT!<2!1HH()(,2@!6<$"!()+N/!H,!2,)!1HO12)1K+!1!

C10)(AM*10!A,M2)0D!,0!*12KM1K+!K0,MC!Q94'.@!EFG_RT!J,S+O+0@!2,)!1**!0+/C,2H+2)/!12/S+0+H!1**!

b!()+N/!HM+!),!)B+!/1NC*(2K!H+/(K2T!%B+!*+1/)!2MNI+0!,-!0+/C,2H+2)/!SB,!12/S+0+H!12!()+N!S1/!

GFdbT!%B+!N(//(2K!H1)1!N+AB12(/N!S1/!(K2,01I*+!12H!A12!I+!B12H*+H!C0,C+0*D!ID!)B+!#1D+/(12!

+/)(N1)(,2!M/+H!(2!)B+!AM00+2)!/)MHD!Q;+*N12!+)!1*T@!EFG_RT!

%1I*+!aT!2I5!( 19/.3"E!J=56!"8!.I5!K9D"3"%/;!F/./!L8/;B="=>!

<)+N/! ! !

'6FFE?Fb! G! !
'6FFE?Fa! G! !
'6FFb?FG! ! G!
'6FFb?FE! ! G!
'6FEc?FE! ! G!
'6F`a?F G! G! !
'6F`a?F E! ! G!

?:.5 T! !i !+PC*,0(2K!12H!M2H+0/)12H(2K@!!i! C*122(2K!12H!+P+AM)(2KT!#*12U!N+12/!oFpT!

! %B+!+NC(0(A1*!121*D/(/!1(N/!),!1HH0+//!)B+!-,**,S(2K!0+/+10AB!YM+/)(,2/3!

! 1 ! 2

! 1 ! 2



! ad!

GR! .,!)B+!A1)+K,0(A1*!12H!A,2)(2M,M/!()+N!A,O10(1)+/!B1O+!/(K2(-(A12)!+--+A)/!,2!)B+!

()+N!C101N+)+0/!-0,N!'.>!12H!)B+!&%!N,H+*@!0+/C+A)(O+*Dn!

ER! J,S !(/!)B+!A,2/(/)+2AD!,-!)B+!()+N!C101N+)+0!+/)(N1)+/!12H!1))0(IM)+!+/)(N1)+/!

1N,2K!)B+!H1)1W-())(2K!N,H+*/n!

!":","$*838$@78(G6=6$52/>&0?2&$

M>N>*>)>!,.59!O:</3"/.5=!/86!(19/.3"E!

;(O+2!)B+!*(N()+H!2MNI+0!,-!1O1(*1I*+!()+N/@!)S,!()+N!A,O10(1)+/!S+0+!M/+H!(2!)B+!

+NC(0(A1*!H1)1!121*D/(/!1/!1!H+N,2/)01)(,2!,-!)B+!()+N!+PC*121),0D!N,H+*T!$C+A(-(A1**D@!,2+!

H(AB,),N,M/!()+N!S1/!H+)+0N(2+H!I1/+H!,2!)B+!)+/)!H+/(K2!H+/A0(C)(,2!(2!94'.!QEFG_RT!<)!

H+/A0(I+/!)B+!C/9";"/3".B!:C!"8C:39/.":8!/86!%:9948"%/.":8!.5%I8:;:7B!,-!)B+!()+N/!SB(AB!A12!I+!

+()B+0!-1N(*(10!Qi!GR!,0!M2-1N(*(10!Qi!FRT!%B+!A,2)(2M,M/!A,O10(1)+!(/!)B+!1O+01K+!/)+C/!)1U+2!-,0!

+1AB!()+NT!%B+!A,2)(2M,M/!A,O10(1)+!S1/!/)12H10H([+H!S()B!N+12!F!12H!O10(12A+!G!),!I+!M/+H!(2!

)B+!()+N!+PC*121),0D!N,H+*/T!

V,M0!N,H+*/!S+0+!-()!(2!)B+!H1)1/+)3!)B+!L&%W.<8" W77%>@!)B+!L&%W.<8"!N,H+*@!)B+!

.<8" W77%>!N,H+*!12H!)B+!7,K2,0N1*W77%>@!12H!.<8"!N,H+*!12H!)B+!7,K2,0N1*!N,H+*T!

%B+!C0(,0!/C+A(-(A1)(,2/!12H!#1D+/(12!>'>'!+/)(N1)(,2!/+)MC!-,0!)B+/+!N,H+*/!0+N1(2!)B+!/1N+!

1/!/)1)+H!(2!)B+!N,H+*!C101N+)+0!+/)(N1)(,2!/+A)(,2T!$+O+01*!1/C+A)/!,-!)B+!H1)1!121*D/(/!10+!

0+C,0)+HT!V(0/)@!)B+!N,H+*!-()!(2H(A+/!10+!M/+H!),!(2H(A1)+!)B+!C+0-,0N12A+!,-!)B+!C0,C,/+H!12H!

1*)+021)(O+!N,H+*/T!<2!1HH()(,2@!)B+!C101N+)+0!+/)(N1)+/!,-!)B+!0+K0+//(,2!A,+--(A(+2)/!10+!

C0+/+2)+H!),!M2H+0/)12H!)B+!+--+A)/!,-!)B+!()+N!A,O10(1)+/T!71/)*D@!)B+!A,2/(/)+2AD!,-!)B+!()+N!

C101N+)+0!+/)(N1)+/!12H!)B+!1))0(IM)+!A*1//(-(A1)(,2/!1N,2K!)B+!H1)1!-())(2K!N,H+*/!(/!+P1N(2+HT!

! !



! ab!

'B1C)+0!_3!$(NM*1)(,2!$)MHD!&+/M*)/!

%B+!/(NM*1)(,2!/)MHD!S1/!A,2HMA)+H!),!1HH0+//!)B+!-,**,S(2K!0+/+10AB!YM+/)(,2/3!GR!),!

+P1N(2+!)B+!1I/,*M)+!N,H+*!-()!12H!0+*1)(O+!N,H+*!-()!,-!)B+!C0,C,/+H!N,H+*!12H!A,NC+)(2K!

N,H+*/l!ER!),!+O1*M1)+!)B+!H(/A0+C12AD!,-!)B+!C101N+)+0!0+A,O+0D!,-!)B+!C0,C,/+H!N,H+*!12H!

A,NC+)(2K!N,H+*/l!`R!),!(2O+/)(K1)+!)B+!(NC1A)!,-!)B+!N12(CM*1)+H!-1A),0/!,2!)B+!C101N+)+0!

0+A,O+0D!,-!)B+!C0,C,/+H!N,H+*T!%B+!C0,C,/+H!N,H+*!12H!)B+!A,NC+)(2K!N,H+*/!10+!/MNN10([+H!

(2!%1I*+!eT!%B+!A,NC+)(2K!N,H+*/!10+!H(--+0+2)!-0,N!)B+!C0,C,/+H!N,H+*!Q(T+T@!L&%W.<8" W

77%>R!(2!)+0N/!,-!,2+!,0!N,0+!,-!)B+!-,**,S(2K!1/C+A)/3!GR!*1AU!,-!)B+!/+A,2H!*+O+*!N,H+*l!ER!

*1AU!,-!,2+!,-!)B+!A,O10(1)+/!QA,O10(1)+!N(//C+A(-(A1)(,2Rl!`R!)S,W/)+C!+/)(N1)(,2!,-!)B+!

0+K0+//(,2!A,+--(A(+2)/!,-!)B+!A,O10(1)+/T!

%1I*+!eT!P<53<"5Q!:C!R:65;!@D5%"C"%/.":8=!:C!.I5!F/./1H".."87!R:65;!"8!.I5!@"94;/.":8!@.46B>!

>,H+*!
>,H+*!'B101A)+0(/)(A/!

$+A,2HW*+O+*!
>,H+*!

',O10(1)+!
>(//C+A(-(A1)(,2!

%S,W/)+C!
4/)(N1)(,2!

L&%W.<8" W77%>! √! ! !
L&%W.<8" ! √! ! √!

.<8"!g!7,K2,0N1* ! ! ! √!
.<8" W77%>!g!7,K2,0N1*W

77%>! ! ! !

L&%W.<8" W77%>W' ! √! √! !
L&%W.<8" W77%>W. ! √! √! !

?:.5 Ty!0+C0+/+2)/!C0+/+2A+T!!

! %B+!-,M0!N12(CM*1)+H!-1A),0/!(2!)B+!/(NM*1)(,2!/)MHD!(2A*MH+!/1NC*+!/([+!QcFF@!GFFFR@!)+/)!

*+2K)B!QEF@!_FR@!A,00+*1)(,2!I+)S++2!1I(*()D!12H!/C++H!QFTE@!FTc@!FTaR@!+PC*121),0D!C,S+0!,-!)B+!

A,O10(1)+/!Q/N1**@!*10K+R@!0+/M*)(2K!(2!E_!/(NM*1)(,2!A,2H()(,2/T!%B(0)D!0+C*(A1)(,2/!S+0+!

A,2HMA)+H!-,0!+1AB!A,2H()(,2@!0+/M*)(2K!(2!bEF!0+C*(A1)(,2/T!%B+!N,H+*/!S+0+!+/)(N1)+H!M/(2K!)B+!

#1D+/(12!>'>'!N+)B,H!M/(2K!&E^1K/!/,-)S10+T!%B+!()+01)(,2/!0M2!S+0+!/MNN10([+H!(2!%1I*+!E!

(2!)B+!/+A)(,2!`TET!%S,!>'>'!AB1(2/!S+0+!0M2!S()B!1!)B(22(2K!,-!ET!"/!1!0+/M*)@!1**!N,H+*/!

A,2O+0K+H!S()B!!!"!w!GTG!(2!1**!0+C*(A1)(,2/@!SB(AB!(2H(A1)+/!)B1)!)B+!AB1(2/!A,2O+0K+H!12H!N(P+H!



! aa!

S+**T!<2!1HH()(,2!),!A,2O+0K+2A+@!)B+!AM00+2)!/)MHD!+O1*M1)+H!)B+!C0+A(/(,2!,-!)B+!C101N+)+0!

+/)(N1)(,2!(2!)+0N/!,-!)B+!+--+A)(O+!/1NC*+!/([+!Q4$$RT!V,**,S(2K!k()[N122!12H!J+AB)!QEFGeR@!

4$$!*10K+0!)B12!_FF!S1/!A,2/(H+0+H!),!I+!/M--(A(+2)!(2!)+0N/!,-!+/)(N1)(,2!C0+A(/(,2!-,0!1**!

C101N+)+0/T!%B+!C+0A+2)1K+/!,-!-,A1*!C101N+)+0/!Q(T+T@!C+0/,2!1I(*()D@!C+0/,2!/C++H@!()+N!

(2)+0A+C)@!()+N!(2)+01A)(,2@!()+N!(2)+2/()D@!0+K0+//(,2!A,+--(A(+2)/R!S()B!4$$!f!_FF!1A0,//!

0+C*(A1)(,2/!-,0!1**!-())+H!N,H+*/!-,0!+1AB!/(NM*1)(,2!A,2H()(,2!10+!/B,S2!(2!%1I*+!GFT!<)!(/!

,I/+0O+H!)B1)!1*N,/)!1**!-,A1*!C101N+)+0/!Q≥!ecxR!1AB(+O+H!/1)(/-1A),0D!+/)(N1)(,2!C0+A(/(,2!(2!

)B+!#1D+/(12!>'>'!+/)(N1)(,2T!V,0!)B,/+!C101N+)+0!+/)(N1)+/!S()B!!"!w!GTG!IM)!4$$!w!_FF@!)B+!

AB1(2/!+PC*,0+H!)B+!C101N+)+0!/C1A+!01)B+0!/*,S*D!12H!N,0+!()+01)(,2/!S+0+!2++H+H!),!+2/M0+!

C0+A(/+!+/)(N1)(,2!,-!)B+!C,/)+0(,0!N+12/!Qk()[N122!j! J+AB)@!EFGeRT!$C+A(-(A1**D@!-,A1*!

C101N+)+0!+/)(N1)+/!S()B!4$$!w!_FF!N1(2*D!(2A*MH+H!C+0/,2!1I(*()D!C101N+)+0!+/)(N1)+/!-0,N!

N,H+*/!L&%W.<8" W77%>@!L&%W.<8"@!.<8"@!.<8" W77%>@!L&%W.<8" W77%>W'@!L&%W

.<8" W77%>W.!+/C+A(1**D!M2H+0!A,2H()(,2/!SB+0+!/1NC*+!/([+!S1/!/N1**@!12H!()+N!(2)+2/()D!

C101N+)+0!+/)(N1)+/!12H!C+0/,2!/C++H!C101N+)+0!+/)(N1)+/!-0,N!)B+!7,K2,0N1*!N,H+*!M2H+0!

A,2H()(,2/!SB+0+!)+/)!*+2K)B!S1/!*,2KT!;(O+2!)B1)!1**!C101N+)+0/!B1H!!"!w!GTG!12H!)B+!N1^,0()D!,-!

)B+!-,A1*!C101N+)+0/!B1H!4$$!f!_FF@!)B+!C101N+)+0!+/)(N1)(,2!(2!)B+!/(NM*1)(,2!/)MHD!S1/!

A,2/(H+0+H!),!I+!/1)(/-1A),0D!12H!1**!0+C*(A1)(,2/!S+0+!M/+H!(2!)B+!/MI/+YM+2)!121*D/(/T!!

%B+!/(NM*1)(,2!0+/M*)/!10+!/MNN10([+H!I1/+H!,2!)B+!)DC+/!,-!C101N+)+0/!C0+/+2)+H!(2!

%1I*+!GG!S()B!0+/C+A)!),!)B+!,M)A,N+!N+1/M0+!Q+TKT@!A,00+A)!A*1//(-(A1)(,2!01)+/@!I(1/@!$4@!12H!

&>$4RT!<2-+0+2)(1*!/)1)(/)(A/!Q(T+T@!"89="R!10+!C0,O(H+H!-,0!C+0/,2!1I(*()D@!C+0/,2!/C++H@!()+N!

(2)+0A+C)@!()+N!(2)+01A)(,2@!12H!()+N!(2)+2/()D!C101N+)+0/T!.+/A0(C)(O+!/)1)(/)(A/!Q+TKT@!N+12@!N(2@!
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Table 12. Summary of the Posterior Predictive P-Values of the JRT-DINA-LLTM under the 24 Simulated Conditions 
Condition 
No. 

J I  ! 
PPP value for response model PPP value for RT model 
Min Median Mean Max Min Median Mean Max 

1 500 20 0.2 Small 0.34 0.41 0.42 0.52 0.50 0.51 0.51 0.52 
2    Large 0.31 0.38 0.38 0.45 0.51 0.51 0.51 0.52 
3   0.5 Small 0.36 0.43 0.44 0.53 0.51 0.51 0.51 0.52 
4    Large 0.36 0.39 0.39 0.46 0.50 0.51 0.51 0.52 
5   0.8 Small 0.36 0.42 0.43 0.57 0.51 0.51 0.51 0.52 
6    Large 0.34 0.38 0.39 0.47 0.51 0.51 0.51 0.52 
7  40 0.2 Small 0.34 0.48 0.48 0.57 0.50 0.51 0.51 0.52 
8    Large 0.38 0.45 0.45 0.61 0.50 0.51 0.51 0.52 
9   0.5 Small 0.38 0.47 0.47 0.56 0.50 0.51 0.51 0.52 
10    Large 0.38 0.46 0.46 0.62 0.50 0.51 0.51 0.52 
11   0.8 Small 0.35 0.48 0.47 0.58 0.50 0.51 0.51 0.52 
12    Large 0.35 0.47 0.46 0.55 0.50 0.51 0.51 0.52 
13 1000 20 0.2 Small 0.39 0.43 0.44 0.54 0.50 0.51 0.51 0.52 
14    Large 0.39 0.41 0.42 0.47 0.50 0.51 0.51 0.52 
15   0.5 Small 0.40 0.45 0.45 0.52 0.50 0.51 0.51 0.52 
16    Large 0.37 0.41 0.41 0.44 0.50 0.51 0.51 0.52 
17   0.8 Small 0.40 0.44 0.44 0.50 0.50 0.51 0.51 0.52 
18    Large 0.38 0.40 0.41 0.44 0.50 0.51 0.51 0.52 
19  40 0.2 Small 0.40 0.53 0.52 0.65 0.50 0.51 0.51 0.52 
20    Large 0.41 0.46 0.46 0.60 0.50 0.51 0.51 0.52 
21   0.5 Small 0.44 0.52 0.52 0.67 0.49 0.51 0.51 0.52 
22    Large 0.40 0.46 0.46 0.59 0.50 0.51 0.51 0.52 
23   0.8 Small 0.44 0.52 0.52 0.61 0.50 0.51 0.51 0.52 
24    Large 0.39 0.46 0.46 0.66 0.49 0.51 0.51 0.52 

Note. PPP = Posterior Predictive P-Values. 
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Table 13. Summary of the Posterior Predictive P-Values of the JRT-DINA under the 24 Simulated Conditions 
Condition 
No. 

J I  ! 
PPP value for response model PPP value for RT model 
Min Median Mean Max Min Median Mean Max 

1 500 20 0.2 Small 0.40 0.48 0.49 0.60 0.51 0.51 0.51 0.52 
2    Large 0.42 0.47 0.47 0.51 0.51 0.51 0.51 0.52 
3   0.5 Small 0.42 0.48 0.49 0.61 0.50 0.51 0.51 0.52 
4    Large 0.45 0.48 0.49 0.55 0.50 0.51 0.51 0.52 
5   0.8 Small 0.41 0.49 0.50 0.64 0.50 0.51 0.51 0.52 
6    Large 0.43 0.48 0.48 0.55 0.51 0.51 0.51 0.52 
7  40 0.2 Small 0.35 0.50 0.50 0.59 0.50 0.51 0.51 0.51 
8    Large 0.46 0.53 0.54 0.61 0.50 0.51 0.51 0.52 
9   0.5 Small 0.39 0.50 0.49 0.59 0.50 0.51 0.51 0.52 
10    Large 0.48 0.54 0.54 0.69 0.50 0.51 0.51 0.52 
11   0.8 Small 0.38 0.51 0.50 0.59 0.50 0.51 0.51 0.52 
12    Large 0.44 0.55 0.54 0.61 0.50 0.51 0.51 0.51 
13 1000 20 0.2 Small 0.44 0.48 0.49 0.58 0.50 0.51 0.51 0.52 
14    Large 0.46 0.49 0.49 0.54 0.50 0.51 0.51 0.51 
15   0.5 Small 0.44 0.50 0.50 0.56 0.50 0.51 0.51 0.52 
16    Large 0.44 0.49 0.49 0.51 0.50 0.51 0.51 0.52 
17   0.8 Small 0.44 0.49 0.49 0.56 0.50 0.51 0.51 0.52 
18    Large 0.45 0.48 0.48 0.52 0.50 0.51 0.51 0.52 
19  40 0.2 Small 0.43 0.56 0.55 0.68 0.50 0.51 0.51 0.51 
20    Large 0.48 0.52 0.53 0.61 0.49 0.51 0.51 0.51 
21   0.5 Small 0.46 0.54 0.55 0.67 0.49 0.51 0.51 0.52 
22    Large 0.49 0.52 0.53 0.61 0.50 0.51 0.51 0.52 
23   0.8 Small 0.46 0.55 0.55 0.63 0.49 0.50 0.50 0.51 
24    Large 0.47 0.52 0.52 0.65 0.50 0.50 0.51 0.51 

Note. PPP = Posterior Predictive P-Values. 
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Table 14. Summary of the Posterior Predictive P-Values of the DINA+Lognormal under the 24 Simulated Conditions 
Condition 
No. 

J I  ! 
PPP value for response model PPP value for RT model 
Min Median Mean Max Min Median Mean Max 

1 500 20 0.2 Small 0.38 0.45 0.46 0.58 0.52 0.52 0.52 0.52 
2    Large 0.42 0.47 0.47 0.51 0.52 0.52 0.52 0.52 
3   0.5 Small 0.40 0.46 0.47 0.58 0.52 0.52 0.52 0.52 
4    Large 0.45 0.48 0.48 0.54 0.52 0.52 0.52 0.52 
5   0.8 Small 0.39 0.47 0.48 0.63 0.52 0.52 0.52 0.52 
6    Large 0.43 0.47 0.48 0.55 0.52 0.52 0.52 0.52 
7  40 0.2 Small 0.37 0.49 0.50 0.60 0.50 0.50 0.50 0.50 
8    Large 0.45 0.49 0.50 0.56 0.50 0.50 0.50 0.50 
9   0.5 Small 0.37 0.50 0.49 0.58 0.50 0.50 0.50 0.50 
10    Large 0.45 0.50 0.50 0.66 0.50 0.50 0.50 0.50 
11   0.8 Small 0.36 0.50 0.49 0.59 0.50 0.50 0.50 0.50 
12    Large 0.43 0.50 0.50 0.56 0.50 0.50 0.50 0.50 
13 1000 20 0.2 Small 0.42 0.46 0.46 0.57 0.51 0.51 0.51 0.52 
14    Large 0.46 0.49 0.49 0.53 0.51 0.51 0.51 0.51 
15   0.5 Small 0.40 0.47 0.48 0.56 0.51 0.51 0.51 0.51 
16    Large 0.45 0.49 0.49 0.51 0.51 0.51 0.51 0.51 
17   0.8 Small 0.43 0.46 0.47 0.53 0.51 0.51 0.51 0.52 
18    Large 0.46 0.47 0.48 0.52 0.52 0.52 0.52 0.52 
19  40 0.2 Small 0.44 0.55 0.54 0.69 0.50 0.50 0.50 0.51 
20    Large 0.44 0.50 0.49 0.57 0.50 0.51 0.51 0.51 
21   0.5 Small 0.44 0.53 0.54 0.66 0.50 0.50 0.50 0.51 
22    Large 0.45 0.49 0.49 0.56 0.50 0.50 0.50 0.50 
23   0.8 Small 0.47 0.54 0.54 0.62 0.50 0.50 0.50 0.50 
24    Large 0.46 0.49 0.50 0.58 0.50 0.50 0.50 0.50 

Note. PPP = Posterior Predictive P-Values. 
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Table 15. Summary of the Posterior Predictive P-Values of the DINA-LLTM+Lognormal-LLTM under the 24 Simulated Conditions 
Condition 
No. 

J I  ! 
PPP value for response model PPP value for RT model 
Min Median Mean Max Min Median Mean Max 

1 500 20 0.2 Small 0.35 0.42 0.42 0.53 0.50 0.51 0.51 0.52 
2    Large 0.32 0.38 0.38 0.44 0.50 0.51 0.51 0.52 
3   0.5 Small 0.37 0.42 0.43 0.52 0.51 0.51 0.51 0.52 
4    Large 0.36 0.39 0.39 0.46 0.50 0.52 0.52 0.53 
5   0.8 Small 0.35 0.42 0.43 0.56 0.50 0.51 0.51 0.53 
6    Large 0.34 0.39 0.39 0.48 0.50 0.51 0.51 0.53 
7  40 0.2 Small 0.34 0.49 0.48 0.56 0.50 0.51 0.51 0.51 
8    Large 0.36 0.45 0.45 0.60 0.50 0.51 0.51 0.51 
9   0.5 Small 0.38 0.47 0.46 0.55 0.50 0.51 0.51 0.52 
10    Large 0.38 0.45 0.46 0.62 0.50 0.51 0.51 0.52 
11   0.8 Small 0.36 0.47 0.47 0.57 0.50 0.50 0.51 0.51 
12    Large 0.34 0.46 0.46 0.54 0.50 0.51 0.51 0.51 
13 1000 20 0.2 Small 0.39 0.43 0.44 0.54 0.50 0.50 0.50 0.51 
14    Large 0.38 0.41 0.41 0.48 0.50 0.50 0.50 0.51 
15   0.5 Small 0.40 0.45 0.45 0.52 0.50 0.50 0.50 0.52 
16    Large 0.37 0.41 0.41 0.44 0.49 0.50 0.50 0.51 
17   0.8 Small 0.41 0.44 0.45 0.51 0.49 0.50 0.51 0.51 
18    Large 0.38 0.40 0.40 0.44 0.49 0.50 0.50 0.51 
19  40 0.2 Small 0.40 0.53 0.52 0.67 0.50 0.50 0.51 0.52 
20    Large 0.40 0.46 0.46 0.60 0.49 0.51 0.51 0.51 
21   0.5 Small 0.44 0.52 0.52 0.66 0.49 0.50 0.50 0.52 
22    Large 0.39 0.45 0.46 0.59 0.49 0.50 0.50 0.51 
23   0.8 Small 0.43 0.52 0.52 0.60 0.50 0.50 0.50 0.51 
24    Large 0.39 0.46 0.46 0.64 0.50 0.50 0.50 0.51 

Note. PPP = Posterior Predictive P-Values. 
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Table 16. Summary of the Posterior Predictive P-Values of the JRT-DINA-LLTM-C under the 24 Simulated Conditions 
Condition 
No. 

J I  ! 
PPP value for response model PPP value for RT model 
Min Median Mean Max Min Median Mean Max 

1 500 20 0.2 Small 0.37 0.44 0.44 0.55 0.51 0.51 0.51 0.52 
2    Large 0.33 0.40 0.40 0.45 0.51 0.51 0.51 0.52 
3   0.5 Small 0.38 0.44 0.45 0.55 0.51 0.51 0.51 0.52 
4    Large 0.38 0.41 0.41 0.48 0.51 0.51 0.51 0.52 
5   0.8 Small 0.38 0.44 0.45 0.59 0.50 0.51 0.51 0.52 
6    Large 0.36 0.40 0.40 0.49 0.51 0.51 0.51 0.52 
7  40 0.2 Small 0.34 0.49 0.48 0.57 0.50 0.51 0.51 0.52 
8    Large 0.40 0.47 0.48 0.60 0.50 0.51 0.51 0.52 
9   0.5 Small 0.38 0.47 0.47 0.56 0.50 0.51 0.51 0.52 
10    Large 0.41 0.49 0.49 0.62 0.50 0.51 0.51 0.52 
11   0.8 Small 0.35 0.47 0.47 0.57 0.50 0.51 0.51 0.52 
12    Large 0.38 0.50 0.49 0.58 0.50 0.51 0.51 0.52 
13 1000 20 0.2 Small 0.40 0.44 0.45 0.56 0.50 0.51 0.51 0.52 
14    Large 0.40 0.43 0.43 0.48 0.50 0.51 0.51 0.52 
15   0.5 Small 0.41 0.45 0.46 0.51 0.50 0.51 0.51 0.52 
16    Large 0.39 0.43 0.43 0.46 0.51 0.51 0.51 0.52 
17   0.8 Small 0.41 0.45 0.45 0.51 0.50 0.51 0.51 0.52 
18    Large 0.39 0.42 0.42 0.46 0.50 0.51 0.51 0.52 
19  40 0.2 Small 0.41 0.53 0.52 0.65 0.50 0.51 0.51 0.52 
20    Large 0.44 0.48 0.49 0.60 0.49 0.51 0.50 0.51 
21   0.5 Small 0.45 0.51 0.52 0.64 0.50 0.51 0.51 0.52 
22    Large 0.42 0.49 0.49 0.59 0.50 0.51 0.51 0.51 
23   0.8 Small 0.44 0.52 0.52 0.61 0.50 0.51 0.51 0.52 
24    Large 0.42 0.48 0.49 0.64 0.50 0.51 0.51 0.52 

Note. PPP = Posterior Predictive P-Values. 
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Table 17. Summary of the Posterior Predictive P-Values of the JRT-DINA-LLTM-D under the 24 Simulated Conditions 
Condition 
No. 

J I  ! 
PPP value for response model PPP value for RT model 
Min Median Mean Max Min Median Mean Max 

1 500 20 0.2 Small 0.38 0.45 0.45 0.56 0.51 0.51 0.51 0.52 
2    Large 0.38 0.43 0.43 0.48 0.50 0.51 0.51 0.52 
3   0.5 Small 0.39 0.44 0.46 0.56 0.51 0.51 0.51 0.52 
4    Large 0.39 0.44 0.43 0.48 0.50 0.51 0.51 0.53 
5   0.8 Small 0.38 0.45 0.46 0.60 0.51 0.51 0.51 0.52 
6    Large 0.37 0.43 0.43 0.51 0.51 0.51 0.51 0.52 
7  40 0.2 Small 0.35 0.49 0.49 0.58 0.50 0.51 0.51 0.52 
8    Large 0.39 0.45 0.46 0.57 0.50 0.51 0.51 0.52 
9   0.5 Small 0.38 0.48 0.48 0.58 0.50 0.51 0.51 0.52 
10    Large 0.39 0.45 0.46 0.57 0.50 0.51 0.51 0.52 
11   0.8 Small 0.36 0.49 0.49 0.60 0.50 0.51 0.51 0.52 
12    Large 0.38 0.46 0.46 0.56 0.50 0.51 0.51 0.52 
13 1000 20 0.2 Small 0.41 0.44 0.45 0.55 0.50 0.51 0.51 0.51 
14    Large 0.42 0.45 0.45 0.50 0.50 0.51 0.51 0.52 
15   0.5 Small 0.41 0.45 0.46 0.52 0.50 0.51 0.51 0.52 
16    Large 0.41 0.45 0.45 0.49 0.50 0.51 0.51 0.52 
17   0.8 Small 0.41 0.45 0.45 0.52 0.50 0.51 0.51 0.52 
18    Large 0.43 0.45 0.45 0.49 0.50 0.51 0.51 0.52 
19  40 0.2 Small 0.42 0.54 0.53 0.67 0.50 0.51 0.51 0.52 
20    Large 0.43 0.46 0.47 0.58 0.50 0.51 0.51 0.52 
21   0.5 Small 0.45 0.52 0.53 0.66 0.50 0.51 0.51 0.51 
22    Large 0.43 0.46 0.47 0.54 0.50 0.51 0.51 0.53 
23   0.8 Small 0.44 0.53 0.53 0.61 0.50 0.51 0.51 0.52 
24    Large 0.42 0.46 0.47 0.58 0.50 0.51 0.51 0.52 

Note. PPP = Posterior Predictive P-Values. 
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Table 18. The Number of Replications of Each Joint Model Identified as the Best-Fitting Model in the Simulation Study  

J I  ! 

AIC  BIC  DIC 

JRT-
DINA-
LLTM 

JRT-
DINA 

JRT-
DINA-
LLTM-

C 

JRT-
DINA-
LLTM-

D 

 JRT-
DINA-
LLTM 

JRT-
DINA 

JRT-
DINA-
LLTM-

C 

JRT-
DINA-
LLTM-

D 

 JRT-
DINA-
LLTM 

JRT-
DINA 

JRT-
DINA-
LLTM-

C 

JRT-
DINA-
LLTM-

D 
500 20 0.2 Small 0 0 12 18  0 0 12 18  3 14 10 3 

   Large 0 0 25 5  0 0 25 5  13 2 13 2 
  0.5 Small 0 0 11 19  0 0 11 19  4 10 6 10 
   Large 0 0 23 7  0 0 23 7  11 2 14 3 
  0.8 Small 0 0 16 14  0 0 16 14  9 7 6 8 
   Large 0 0 23 7  0 0 23 7  11 2 15 2 
 40 0.2 Small 0 0 16 14  0 0 16 14  6 5 11 8 
   Large 9 0 21 0  0 0 30 0  23 1 6 0 
  0.5 Small 0 0 15 15  0 0 15 15  12 2 6 10 
   Large 5 0 25 0  0 0 30 0  18 3 9 0 
  0.8 Small 0 0 17 13  0 0 17 13  12 5 9 4 
   Large 6 0 24 0  0 0 29 1  14 1 15 0 

1000 20 0.2 Small 0 0 6 24  0 0 6 24  3 14 7 6 
   Large 0 0 17 13  0 0 17 13  6 6 10 8 
  0.5 Small 0 0 6 24  0 0 6 24  5 6 10 9 
   Large 0 0 19 11  0 0 19 11  12 3 9 6 
  0.8 Small 0 0 8 22  0 0 8 22  5 14 4 7 
   Large 1 0 18 11  1 0 18 11  8 2 10 10 
 40 0.2 Small 0 0 13 17  0 0 13 17  11 4 9 6 
   Large 0 0 30 0  0 0 30 0  13 6 9 2 
  0.5 Small 0 0 18 12  0 0 18 12  4 6 9 11 
   Large 0 0 30 0  0 0 30 0  11 4 14 1 
  0.8 Small 0 0 12 18  0 0 12 18  6 7 6 11 
   Large 1 0 29 0  0 0 30 0  15 2 10 3 

Note. J = sample size; I = test length; = correlation between ability and speed; ! = regression coefficients

! " #

! " #
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Table 19. The Number of Replications of Each Response Model Identified as the Best-Fitting Model in the Simulation Study  

J I  ! 
AIC  BIC  DIC 

DINA-
LLTM DINA  DINA-

LLTM DINA  DINA-
LLTM DINA 

500 20 0.2 Small 30 0  30 0  3 27 
   Large 30 0  30 0  27 3 
  0.5 Small 30 0  30 0  7 23 
   Large 30 0  30 0  21 9 
  0.8 Small 30 0  30 0  3 27 
   Large 30 0  30 0  25 5 
 40 0.2 Small 30 0  30 0  23 7 
   Large 30 0  30 0  29 1 
  0.5 Small 30 0  30 0  26 4 
   Large 30 0  30 0  30 0 
  0.8 Small 30 0  30 0  24 6 
   Large 30 0  30 0  27 3 

1000 20 0.2 Small 30 0  30 0  12 18 
   Large 30 0  30 0  13 17 
  0.5 Small 30 0  30 0  7 23 
   Large 30 0  30 0  20 10 
  0.8 Small 30 0  30 0  11 19 
   Large 30 0  30 0  19 11 
 40 0.2 Small 30 0  30 0  15 15 
   Large 30 0  30 0  15 15 
  0.5 Small 30 0  30 0  22 8 
   Large 30 0  30 0  24 6 
  0.8 Small 30 0  30 0  17 13 
   Large 30 0  30 0  23 7 

Note. J = sample size; I = test length; = correlation between ability and speed; ! = regression coefficients.

! " #

! " #
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Table 20. The Number of Replications of Each Response Time Model Identified as the Best-Fitting Model in the Simulation Study  

J I  ! 
AIC  BIC  DIC 

Lognormal-
LLTM 

Lognormal  
Lognormal-

LLTM Lognormal  
Lognormal-

LLTM Lognormal 

500 20 0.2 Small 30 0  30 0  30 0 
   Large 30 0  30 0  30 0 
  0.5 Small 30 0  30 0  30 0 
   Large 30 0  30 0  30 0 
  0.8 Small 30 0  30 0  30 0 
   Large 30 0  30 0  30 0 
 40 0.2 Small 30 0  30 0  30 0 
   Large 30 0  30 0  30 0 
  0.5 Small 30 0  30 0  30 0 
   Large 30 0  30 0  30 0 
  0.8 Small 30 0  30 0  30 0 
   Large 30 0  30 0  30 0 

1000 20 0.2 Small 30 0  30 0  30 0 
   Large 30 0  30 0  30 0 
  0.5 Small 30 0  30 0  30 0 
   Large 30 0  30 0  30 0 
  0.8 Small 30 0  30 0  30 0 
   Large 30 0  30 0  30 0 
 40 0.2 Small 30 0  30 0  30 0 
   Large 30 0  30 0  30 0 
  0.5 Small 30 0  30 0  30 0 
   Large 30 0  30 0  30 0 
  0.8 Small 30 0  30 0  30 0 
   Large 30 0  30 0  30 0 

Note. J = sample size; I = test length; = correlation between ability and speed; ! = regression coefficients.

! " #

! " #
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! !QI #

@@:AD#?'#0&%'%).%5#,)#:*+-%#"QB#.G%#%60-*)*.(&/#0(2%&#(F#.G%#,.%1#3(H*&,*.%'#*)5#'*10-%#',M%#
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9AJK#(F#,.%1#,).%)',./#0*&*1%.%&#%'.,1*.%'#*&%#0&%'%).%5#,)#:*+-%#"SD#f)5%&#+(.G#.%'.#-%)O.G#

3()5,.,()'B#'*10-%#',M%#2*'#F(4)5#.(#G*H%#*#-*&O%#%FF%3.#',M%#()#+(.G#JK#*)5#9AJK#(F#.G%#,.%1#
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! !QW#

'*10- %#',M%#2*'#VIID#:G,'#,)5,3*.%'#.G*.#-*&O%#'*10-%#',M%#.%)5%5#.(#5%3&%*'%#.G%#1*O),.45%#(F#

.G%#&*)5(1#%&&(&#*)5#.(.*-#%&&(&#(F#.G%#,.%1#,).%)',./#0*&*1%.%&#%'.,1*.%'D#

:*+-%#"SD#3-4*-5-6+*/$755&6/($-*$/8&$:-;&<=755&6/$9>?@9$D&(J./($)*$37$+*<$D:37$)5$/8&$F/&2$
F*/&*(-/0$%+'+2&/&'$7(/-2+/&($
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>)/&"#=#Y#:%'.#-%)O.GX#8#Y#J*10-%#',M%D#

#
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#
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! !Q"#

#

E,O4&%#"WD#A*&O,)*-#1%*)#9AJK#(F#.G%#,.%1#,).%)',./#0*&*1%.%&#*.#%*3G#-%H%-#(F#'*10-%#',M%'D#
#
# :G%#,10*3.#(F#1*),04-*.%5#F*3.(&'#()#.G%#0*&*1%.%&#&%3(H%&/#(F#.G%#,.%1#,).%)',./#

0*&*1%.%&#%'.,1*.%'#(+.*,)%5#F&(1#89:;<=>? ;@@:A#2*'#%6*1,)%5#4',)O#.G%#.G&%%;2*/#

?>_`?D#:G%#&%'4-.'#*&%#'G(2)#,)#:*+-%#"ZD#J0%3,F,3*--/B#'*10-%#',M%#2*'#F(4)5#.(#G*H%#*#-*&O%#

%FF%3.#',M%#()#+,*'B#JKB#*)5#9AJK#(F#.G%#,.%1#,).%)',./#0*&*1%.%&#%'.,1*.%'#(+.*,)%5#F&(1#89:;

<=>? ;@@:A#2G%)#.%'.#-%)O.G#2*'#WI#*)5#QID#=)#*55,.,()B#.G%#%60-*)*.(&/#0(2%&#(F#,.%1#

3(H*&,*.%'#G*5#-*&O%#%FF%3.#',M%'#()#+,*'#*)5#JK#*)5#*#'1*--#%FF%3.#',M%#()#9AJK#2G%)#.%'.#

-%)O.G#2*'#QID#?)#,)'0%3.,()#(F#.G%#1*&O,)*-#1%*)'#,)5,3*.%'#.G*.#-*&O%#'*10-%#',M%'#-%5#.(#

'1*--%&#*+'(-4.%#H*-4%'#(F#.G%#1%*)#+,*'B#JKB#*)5#9AJKD#=)#*55,.,()B#-*&O%#%60-*)*.(&/#0(2%&#(F#

,.%1#3(H*&,*.%'#*-'(#-%5#.(#'1*--%&#*+'(-4.%#H*-4%'#(F#.G%#1%*)#+,*'B#JKB#*)5#9AJK#2G%)#.%'.#

-%)O.G#2*'#QID#

:*+-%#"ZD#3-4*-5-6+*/$755&6/($-*$/8&$B8'&&=C+0$9>?@9$D&(J./($)*$M-+(P$37$+*<$D:37$)5$/8&$F/&2$
F*/&*(-/0$%+'+2&/&'$7(/-2+/&($-*$ADB=EF>9=GGB:$
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! !QQ#

QI# ^ # "VQDSIQ# R#IDII!# DSIW# # !ZZDWTU# R#IDII! # IDWZ
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# 8#
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ID!U
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#
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>)/&D#^#Y#K60-*)*.(&/#0(2%&#(F#,.%1#3(H*&,*.%'X#=#Y#: %'.#-%)O.GX#8#Y#J*10-%#',M%D#

!"H"H$D&4'&((-)*$6)&55-6-&*/($5)'$/8&$-/&2$1+'+2&/&'($

# =)#.G%#5*.*#O%)%&*.,)O#1(5%-#N,D%DB#89:;<=>? ;@@:APB#.G&%%#,.%1#0*&*1%.%&'B#,)3-45,)O#

,.%1#,).%&3%0.#0*&*1%.%&B#,.%1#,).%&*3.,()#0*&*1%.%&B#*)5#,.%1#,).%)',./#0*&*1%.%&B#2%&%#
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>,->-*1($.-(14$5*$/01$?1*/$(5/5@+&//&')$.-(14$&'$8-.>5,&*-'$<&/0$54/1,'5/&=1$.-(14*$<&/0$

.&**>18&+&85/&-'*A$

! J*5').;*!82:*5!7.)!.3:.0*/!.3;*/).6')*:!.3!)&*!01++*3)!/)1:C!.3051:*!G4%>!H4%!'3:!-4%=!

Q(*0.7.0'55C>!G4%!'3:!H4%!'+*!)+':.).23'55C!:*;*52(*:!)2!B*!1/*:!.3!)&*!7+*D1*3)./)!7+'8*92+R>!

9&.5*!-4%!./!)&*!6*3*+'5.K').23!27!G4%!)2!B*!1/*:!.3!)&*!H'C*/.'3!7+'8*92+R=!G55!)&+**!82:*5!7.)!

.3:.0*/!)'R*!.3)2!'00213)!27!&29!9*55!)&*!:')'!7.)).36!82:*5!7.)/!)&*!:')'/*)!'3:!(*3'5.K*!82:*5!

028(5*F.)C=!Q(*0.7.0'55C>!H4%!&'/!5'+6*+!(*3'5)C!27!)&*!82:*5!028(5*F.)C!)&'3!G4%>!9&.5*!-4%!

&':!'!)*+8!)&')!)'R*/!.3)2!'00213)!27!*77*0).;*!318B*+!27!('+'8*)*+/!.3!)&*!82:*5=!!

! 43!)&*!/.815').23!/)1:C>!)&*!(+2(2/*:!82:*5!SJEA-4TG AUUEI>!9&.0&!9'/!'5 /2!)&*!)+1*!

:')'!7.)).36!82:*5>!&':!)&*!/8'55*/)!:*;.'30*!.3!'55!+*(5.0').23/!13:*+!'55!/.815')*:!023:.).23/=!

V*)>!)&*!:*;.'30*/!27!)&*!028(*).36!82:*5/!9*+*!;*+C!052/*!)2!)&')!27!SJEA-4TG AUUEI=!G4%!

'3:!H4%!)*3:*:!)2!0&22/*!82:*5/!28.)).36!23*!02;'+.')*!<.=*=>!SJEA-4TG AUUEI A%!'3:!SJEA

-4TG AUUEI A-?!13:*+!'55!023:.).23/=!E&./!/166*/)/!)&')!G4%!'3:!H4%!(*3'5.K*:!)&*!SJEA

-4TG AUUEI!72+!.)/!82:*5!028(5*F.)C=!W3!)&*!2)&*+!&'3:>!-4%!)*3:*:!)2!0&22/*!SJEA-4TG A

UUEI!235C!9&*3!)*/)!5*36)&!9'/!5236!'3:!)&*!*F(5'3')2+C!(29*+!27!)&*!.)*8!02;'+.')*/!9'/!

5'+6*=!E&./!'5/2!.3:.0')*/!)&')!-4%!)*3:*:!)2!(*3'5.K*!SJEA-4TG AUUEI!9&*3!)&*!318B*+!27!

.)*8/!9'/!/8'55!:1*!)2!.)/!82:*5!028(5*F.)C=!X1+)&*+82+*>!*;.:*30*!+').2!<G3:*+/23>!LYYZ?!9'/!

1/*:!)2!:*)*+8.3*!9&*)&*+!)&*!:.77*+*30*/!27!)&*!82:*5!7.)!'8236!)&*!:')'!7.)).36!82:*5/!9*+*!

/.63.7.0'3)=!4)!9'/!7213:!)&')!SJEA-4TG AUUEI! 9'/ !32)!/.63.7.0'3)5C!:.77*+*3)!7+28!)&*!B*/)!

7.)).36!82:*5!<.=*=>!82:*5/!9.)&!02;'+.')*!8.//(*0.7.0').23/?!.:*3).7.*:!BC!G4%>!9&.5*!.)!9'/ !
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/.63.7.0'3)5C!:.77*+*3)!7+28!)&*!B*/)!7.)).36!82:*5!<.=*=>!82:*5/!9.)&!02;'+.')*!8.//(*0.7.0').23/?!

.:*3).7.*:!BC!H4%=!E&./!./!B*0'1/*!H4%!&':!82+*!(*3'5)C!23!82:*5!028(5*F.)C!)&'3!G4%=!E&*!

*;.:*30*!+').2!7.3:.36/!72+!-4%!9*+*!/.8.5'+!'/!)&*!7.3:.36/!23!1/.36!-4%!.)/*57!)&')!-4%!)*3:*:!

)2!/*5*0)!SJEA-4TG AUUEI!9&*3!)*/)!5*36)&!9'/!5236!'3:!)&*!*F(5'3')2+C!(29*+!27!)&*!.)*8!

02;'+.')*/!9'/!5'+6*=!E&./!9'/!'5/2!023/./)*3)!9.)&!)&*!82:*5!7.)!+*/15)/!2B)'.3*:!7+28!)&*!

*8(.+.0'5!:')'!'3'5C/./= !E&*+*72+*>!G4%>!H4%>!'3:!-4%!:.:!32)!(*+72+8!9*55!.3!02++*0)5C!

.:*3).7C.36!)&*!(+2(2/*:!82:*5!'8236!2)&*+![2.3)!82:*5/!9.)&!8.//(*0.7.0').23/=!!

! E&*!(*+72+8'30*!27!+*5').;*!7.)!.3:.0*/!72+!-4TG!'3:!-4TGAUUEI!9'/!/.8.5'+!9.)&!)&')!

27!)&*![2.3)!82:*5/=!G4%!'3:!H4%!0&2/*!-4TGAUUEI>!B1)!)&*!+*/15)/!72+!-4%!9*+*!8.F*:=!-4%!

'5/2!)*3:*:!)2!0&22/*!-4TG AUUEI!9&*3!)*/)!5*36)&!9'/!5236!'3:!)&*!*F(5'3')2+C!(29*+!27!

.)*8!02;'+.')*/!9'/!5'+6*=!N29*;*+>!'55!)&+**!+*5').;*!82:*5!7.)!.3:.0*/!0&2/*!U2632+8'5AUUEI!

2;*+!)&*!U2632+8'5!82:*5!.3!'55!+*(5.0').23/!13:*+!'55!/.815')*:!023:.).23/=!\;.:*30*!+').2!

7.3:.36/!23!)&*!)&+**!82:*5!7.)!.3:.0*/!/166*/)*:!)&*!/'8*!023051/.23/!23!)&*/*!/*('+')*!82:*5/=!!

71*15,80$931*/&-'$B:$;-<$&*$/01$>5,5.1/1,$,18-=1,6$-+$/01$>,->-*1($.-(14$3'(1,$

(&++1,1'/$*&.345/&-'$8-'(&/&-'*A!!

X21+!7'0)2+/!9*+*!8'3.(15')*:!.3!)&*!/.815').23!/)1:C>!.3051:.36!/'8(5*!/.K*>!)*/)!5*36)&>!

02++*5').23!B*)9**3!'B.5.)C!'3:!/(**:>!'3:!*F(5'3')2+C!(29*+!27!)&*!.)*8!02;'+.')*/=!43!6*3*+'5>!

)&*!('+'8*)*+/!27!)&*!(+2(2/*:!82:*5!SJEA-4TG AUUEI!+*02;*+*:!9*55!13:*+!'55!/.815').23!

023:.).23/=!N29*;*+>!*'0&!27!)&*!721+!8'3.(15')*:!7'0)2+/!&':!.8('0)!23!')!5*'/)!23*!)C(*!27!

('+'8*)*+/!.3!)*+8/!27!)&*!('+'8*)*+!+*02;*+C>!9&.0&!./!:./01//*:!.3!)&*!725529.36!('+'6+'(&/=!

X.+/)>!)*/)!5*36)&!'3:!/'8(5*!/.K*!9*+*!7213:!)2!&'; *!/.63.7.0'3)!2+:.3'5!.3)*+'0).23!*77*0)/!

23!(*+/23!('+'8*)*+/!<.=*=>!(*+/23!/(**:>!(*+/23!'B.5.)C>!5')*3)!'))+.B1)*/?!'3:!.)*8!('+'8*)*+/!

<.=*=>!.)*8!.3)*+0*()>!.)*8!.3)*+'0).23>!.)*8!.3)*3/.)C?>!+*/(*0).;*5C=!Q(*0.7.0'55C>!5236!)*/)!5*36)&!
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9'/!7213:!)2!5*':!)2!/8'55*+!*/).8').23!*++2+!.3!(*+/23!('+'8*)*+/!9&.5*!5'+6*!/'8(5*!/.K*!9'/!

7213:!)2!5*':!)2!/8'55*+!*/).8').23!*++2+!.3!.)*8!('+'8*)*+/!<.=*=>!.)*8!.3)*+0*()>!.)*8!.3)*+'0).23>!

.)*8!.3)*3/.)C?=!E&*/*!7.3:.36/!'+*!023/./)*3)!9.)&!)&*!5.)*+')1+*!<*=6=>!]'36>!LY"$ !̂U.'2>!LY"Z>!

I'+.'3).>!LY"_^!Q1&>!LY"Y^!@'36>!*)!'5=>!LY"M?=!4)!./!'5/2!*F(*0)*:!7+28!)&*!7+*D1*3)./)!

*/).8').23!(*+/(*0).;*!)&')!5'+6*+!/'8(5*!/.K*!'3:!5236*+!)*/)!5*36)&!9215:!C.*5:!82+*!'001+')*!

.)*8!('+'8*)*+!*/).8')*/!'3:!(*+/23!('+'8*)*+! */).8')*/=! !

Q*023:>!5'+6*!02++*5').23!B*)9**3!'B.5.)C!'3:!/(**:!C.*5:*:!/8'55*+!)2)'5!*++2+!.3!(*+/23!

'B.5.)C!('+'8*)*+!*/).8').23!'3:!B*))*+!'))+.B1)*!05'//.7.0').23!'001+'0C=!E&./!./!023/./)*3)!9.)&!

*F./).36!7.3:.36/!)&')!82+*!.372+8').23!/&'+*:!B*)9**3!)&*!5')*3)!)+'.)/!5*':!)2!82+*!'001+')*!

8*'/1+*8*3)!(+*0./.23!<]5*.3!\3).3R>!LYY#^!`'))23>!LY"_?=!V*)>!)&*!/(**:!*/).8')*/!9*+*!32)!

/.63.7.0'3)5C!'77*0)*:!BC!02++*5').23!B*)9**3!'B.5.)C!'3:!/(**:!B*0'1/*!)&*!.372+8').23!./!/&'+*:!

'/C88*)+.0'55C!<U.'2>!LY"Z?=!

E&.+:>!)&*!*F(5'3')2+C!(29*+!27!)&*!.)*8!02;'+.')*/!9'/!8'3.(15')*:!)2!B*!/8'55!2+!5'+6*!

.3!)&*!01++*3)!/)1:C=!4)!./!7213:!)&')!5'+6*!)&*!*F(5'3')2+C!(29*+!27!)&*!.)*8!02;'+.')*/!5*:!)2!5*//!

*/).8').23!*++2+!.3!(*+/23!'B.5.)C!('+'8*)*+>!5')*3)!'))+.B1)*/>!'3:!)&*!.)*8!('+'8*)*+/=!a.;*3!)&')!

)&*!/'8*!/*)!27!.)*8!02;'+.')*/!9*+*!1/*:!72+!'55!.)*8!('+'8*)*+/>!)&*!8'63.)1:*!27!)&*!

*F(5'3')2+C!(29*+!27!)&*!.)*8!02;'+.')*/!+*75*0)/!)&*!02++*5').23/!'8236!)&*!.)*8!('+'8*)*+/=!

E&*+*72+*>!)&./!.3:.0')*/!)&')!)&*!02++*5')*:!+'3:28!.)*8!*77*0)/!'77*0)*:!)&*!('+'8*)*+!*/).8')*/!

)2!/28*!*F)*3)=!I25*3''+!*)!'5=!<LY"b?>!&29*;*+>!/&29*:!)&')!28.//.23!27!)&*!02++*5')*:!+'3:28!

.)*8!*77*0)/!:.:!32)!'77*0)!('+'8*)*+!*/).8')*/!/1B/)'3).'55C=!4)!./!3*0*//'+C!)2!(2.3)!21)!/*;*+'5!

:.77*+*30*/!.3!)&*!/.815').23!/*)1(!B*)9**3!)&*!01++*3)!/)1:C!'3:!I25*3''+!*)!'5=!<LY"b?=!X.+/)>!

)&*!+*/(23/*!82:*5!1/*:!.3!)&*!01++*3)!/)1:C!./!)&*!-4TG!82:*5>!9&.5*!I25*3''+!*)!'5=!<LY"b?!

1/*:!L`U!82:*5=!Q*023:>!I25*3''+!*)!'5=!<LY"b?!.3;*/).6')*:!02++*5').23/!'8236!.)*8!
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('+'8*)*+/!7+28!Y!)2!Y=$>!9&.5*!)&*!02++*5').23/!.3;*/).6')*:!.3!)&*!01++*3)!/)1:C!+'36*:!7+28!Y="!

)2!Y=Z=!E&.+:>!I25*3''+!*)!'5=!<LY"b?!1/*:!8'+6.3'5!8'F.818!5.R*5.&22:!<H20R!c!G.)R.3>!"#Z"?!

)2!*/).8')*!)&*!82:*5/!28.)).36!)&*!+'3:28! .)*8!*77*0)/>!9&.5*!)&*!01++*3)!/)1:C!1/*:!H'C*/.'3!

I%I%!*/).8').23=!U'/)5C>!I25*3''+!*)!'5=!<LY"b?!7201/*:!23!)&*!B.'/*/!27!)&*!.)*8!('+'8*)*+!

*/).8')*/>!9&.5*!)&*!01++*3)!/)1:C!8'.35C!7213:!)&*!.8('0)!27!*F(5'3')2+C!(29*+!27!.)*8!

02;'+.')*/!23!)&*!Q\!'3: !JIQ\!27!)&*!.)*8!('+'8*)*+!*/).8')*/=!E&*+*72+*>!.)!./!.8(2+)'3)!)2!

023/.:*+!)&*!.3051/.23!27!)&*!02++*5')*:!+'3:28!.)*8!*77*0)/!*/(*0.'55C!9&*3!)&*!/1B/)'3).;*!

+*/*'+0&!023)*F)!/166*/)/!/2=!

U'/)5C>!)&*!('+'8*)*+!+*02;*+C!27!)&*!+*6+*//.23!02*77.0.*3)/!.3!)&*!(+2(2/*:!82:*5!./!27!

('+).015'+!.3)*+*/)!.3!)&*!01++*3)!/)1:C=!H2)&!)&*!+*02;*+C!27!)&*!(2.3)!*/).8')*/!'3:!/)'3:'+:!

*++2+/!27!)&*!+*6+*//.23!02*77.0.*3)/!9*+*!*F'8.3*:=!4)!&'/!B**3!7213:!)&')!5236*+!)*/)!5*36)&!'3:!

5'+6*+!*F(5'3')2+C!(29*+!27!)&*!.)*8!02;'+.')*/!C.*5:*:!82+*!'001+')*!'3:!(+*0./*!+*6+*//.23!

02*77.0.*3)!*/).8')*/=!43!6*3*+'5>!)&*!('+'8*)*+!+*02;*+C!27!)&*!+*6+*//.23!02*77.0.*3)/!27!.)*8!

.3)*3/.)C!('+'8*)*+!9'/!B*))*+!)&'3!)&')!27!)&*!.)*8!('+'8*)*+/!.3!)&*!-4TG!82:*5!B*0'1/*!)&*!

.)*8!.3 )*3/.)C!('+'8*)*+!&':!)+.;.'5!*/).8').23!*++2+/=!X2+!)&*!(2.3)!*/).8')*/!27!+*6+*//.23!

02*77.0.*3)/!27!.)*8!('+'8*)*+/!.3!)&*!-4TG!82:*5>!8'+6.3'5!8*'3!B.'/*/!9&*3!)*/)!5*36)&!9'/!

LY!'3:!*F(5'3')2+C!(29*+!27!)&*!.)*8!9'/!/8'55!9*+*!'/!&.6&!'/!Y=L!)2!Y=M=!X1+)&*+82+*>!)&*!

(+2(2/*:!82:*5!2;*+*/).8')*:!)&*!/)'3:'+:!*++2+/!27!)&*!+*6+*//.23!02*77.0.*3)/!6.;*3!)&*!

(2/.).;*!8'+6.3'5!8*'3!B.'/*/!27!)&*!/)'3:'+:!*++2+/=!N29*;*+>!)&*!B.'/*/!9*+*!3*65.6.B5*!9&*3!

)*/)!5*36)&!9'/!5236!'3:!*F(5'3')2+C!(29*+!27!.)*8!02;'+.')*/!9'/!5'+6*!*/(*0.'55C!72+!

023).3121/!02;'+.')*/=!E&*+*72+*>!.)!./!0+10.'5!)2!.3051:*!.)*8!02;'+.')*/!9.)&!5'+6*!*F(5'3')2+C!

(29*+!'3:!1/*!*3216&!.)*8/!)2!*/).8')*!)&*!+*6+*//.23!02*77.0.*3)/=!43!'::.).23>!71+)&*+!

*F(52+').23/!'+*!+*D1.+*:!23!)&*!.375')*:!/)'3:'+:!*++2+!*/).8')*/=!4)!./!92+)&!(2.3).36!21)!)&')!)&*!
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01++*3)!/)1:C!1/*:!323.372+8').;*!(+.2+/!72+!)&*!+*6+*//.23!02*77.0.*3)/=!4)!./!'59'C/!(2//.B5*!)2!

1/*!82+*!.372+8').;*!(+.2+/!)2!8'R*!)&*!(2/)*+.2+!Q-/!27!)&*!+*6+*//.23!02*77.0.*3)/!/8'55*+=!

G32)&*+!(2//.B5*!+*'/23!./!)&*!*/).8').23!8*)&2:!1/.36!SGaQ!.3!)&*!01++*3)!/)1:C=!SGaQ!

.8(5*8*3)/!/5.0* A9.)&.3Aa.BB/!/'8(5.36!'3:!8'R*/!.)!:.77.015)!)2!1/*!)&*!)+130')*:!815).;'+.')*!

32+8'5!:./)+.B1).23!)2!/*)!)&*!(2/.).;*!023/)+'.3)!23!)&*!.)*8!.3)*+'0).23!('+'8*)*+=!E&1/>!2)&*+!

/'8(5.36!8*)&2:/>!/10&!'/! )&*!'00*()'30* A+*[*0).23!/'8(5.36>!8'C!B*!*F(52+*:!.3!)&*!71)1+*=!

71*15,80$931*/&-'$C:$;-<$(-$/01$.-(14$.&**>18&+&85/&-'*$D1")"E$/01$/<-@*/1>$1*/&.5/&-'$

.1/0-($5'($/01$-'1 @*/1>$1*/&.5/&-'F$5++18/$>5,5.1/1,$,18-=1,6$8-.>5,1($/-$/05/$-+$/01$

>,->-*1($.-(14A $

E&*!01++*3)!/)1:C!023/.:*+*:!)&+**!028(*).36!82:*5/!<.=*=>!82:*5/!9.)&!

8.//(*0.7.0').23/?,!"?!/*('+')*!82:*5/!)&')!28.)!)&*!/*023: A5*;*5!/)+10)1+'5!028(23*3)!B*)9**3!

)&*!5')*3)!)+'.)/^!L?!82:*5/!9.)&!02;'+.')*!8.//(*0.7.0').23/^!M?!82:*5/!9.)&!)92A/)*(!*/).8').23=!

E&*!:.77*+*30*/!27!('+'8*)*+!+*02;*+C!B*)9**3!)&*!(+2(2/*:!82:*5!'3:!)&')!27!)&*!028(*).36!

82:*5/!'+*!/188'+.K*:!.3!)&*!725529.36!('+'6+'(&/=!

X.+/)>!/*('+')*!82:*5/!<.=*=>!-4TG>!-4TGAUUEI?!&':!5* //!'001+')*!(*+/23!'B.5.)C!

('+'8*)*+!*/).8')*/>!(*+/23!/(**:!('+'8*)*+!*/).8')*/>!5')*3)!'))+.B1)*!*/).8')*/>!)&*!;'+.'30*!27!

/(**: !('+'8*)*+!*/).8')*/!'3:!&.6& A2+:*+!/)+10)1+'5!('+'8*)*+/=!E&*/*!('+'8*)*+/!'+*!'55!23!)&*!

(*+/23!/.:*=!E&*!:./0+*('30C!B*0'8*!5'+6*+!*/(*0.'55C!9&*3!)&*!02++*5').23!B*)9**3!'B.5.)C!'3:!

/(**:!9'/!5'+6*+!)&'3!Y=_=!4)!&'/!B**3!:./01//*:!'B2;*!)&')!/&'+*:!.372+8').23!B*)9**3!)&*!)92!

5')*3)!)+'.)/!5*':!)2!&.6&*+!8*'/1+*8*3)!(+*0./.23!<]5*.3!\3).3R>!LYY#^!`'))23>!LY"_?=!E&*+*72+*>!

.)!./!/166*/)*:!)&')![2.3)!82:*5/!/&215:!B*!023/.:*+*:!9&*3!82:*5.36!B2)&!.)*8!+*/(23/*/!'3:!

+*/(23/*!).8*/!.302+(2+').36!.)*8!02;'+.')*/=!G:8.))*:5C>!+*/(23/*!).8*/!0'3!B*!.302+(2+')*:!.3!
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2)&*+!9'C/>!/10&!'/!'::.36 !'/ !'!02;'+.')*>!.3!)&*!+*/(23/*!82:*5=!N29*;*+>!)&*!B*3*7.)!27![2.3)!

82:*5.36!./!)&')!)&*!02++*5').23!B*)9**3!(*+/23!'B.5.)C!'3:!(*+/23!/(**:!0'3!B*!*/).8')*:=!

Q*023:>!)92!)C(*/!27!82:*5/!9.)&!02;'+.')*!8.//(*0.7.0').23/!9*+*!.3;*/).6')*:,!SJE A

-4TG AUUEI A%!<.=*=>!28.)).36!)&*!:.0&2)2821/!02;'+.')*?!'3:!SJE A-4TG AUUEI A-!<.=*=>!

28.)).36!)&*!023).3121/!02;'+.')*?=!H2)&!)C(*/!27!02;'+.')*!8.//(*0.7.0').23/!C.*5:*:!5'+6*+!

*/).8').23!*++2+/!.3!.)*8!('+'8*)*+/!.3!)&*!-4TG!82:*5!'3:!+*6+*//.23!02*77.0.*3)/>!B1)!SJEA

-4TG AUUEI A-!9'/!82+*!(+2B5*8').0=!Q(*0.7.0'55C>!SJEA-4TG AUUEI A-!&':!)&*!5'+6*/)!

+'3:28!*++2+!'3:!)2)'5!*++2+!.3!)&*!.)*8!.3)*+0*()!'3:!.)*8!.3)*+'0).23!('+'8*)*+!*/).8')*/!'8236!
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