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PREFACE

The thesis is a historico-philosophic survey of infinite
processes in Greek.mathematies. Beginning with the first
emergence, in Ionian speculative éosmogeny, of the underlying
concepts of 1nfinity, continuity, infinitesimal and limit, the
survey follows the development of infinite processes through
the ages as these aoncepﬁs gain in elarity, it notes the
positive contributions of various schools of thought, the
negative and corrective influences of others and, in a broad
way, establishes the causal chain that finally led to the more
abstract processes of the mathematical sechools of Cnldus
(Eudoxus)-and Syracuse (Aréhimedes). |

At various stages of the survey.important mathematical .
principles and sxioms are singled out for fuller discussion.
Where these are detected for the first time in this thesis a
full analysis is given; obscurities are cleared up, appraisals
offered and comparisons with modern equivelents mede. Where
the discovery is not new, current opinions are reviewed and
weighed and, where it has been thought necessary, counter

opinions are offered.

The central figures in the evolution surveyed in these
peges turn out to be Thales, Pythagoras, Zeno, Aristotle,
Eudoxus and Archimedes; they are not all of equal importance
but each is - som§ as individuals, others only as typifying
leading schools of thought — an indispensable link in the
chain established.

101497



Yhet the author considers original end, mathematically,
most important in this thesis is the full analysis of the
Method of Exheustion he presents, For the first time, to the
best of his knowledge.

a) the Budoxisn number system in which this method

operates is fully analysed,

b) the dependence of the method on this number
. system is established,

¢) its essentlial difference from the modern integral
calculus made clear, and

d) its two-fold aspect (as method of proof and method
. of discovery) revealed.

Other original, but minor, contributions, scattered through
the verious parts of the survey are new interpretations,
explanations, derivations, proofs and comments, Wherever these
oocur throughout the text, if mot explicitly attributed to
others, they are held to be originsal.

Finally, the author acknowledges, with thanks, his
indebtedness to Dr, Tobias Dantzig, under whose direction this
survey was undertaken, for help received in the selection of
titles and the organization of the material. Subjects which,
though relevant to the survey, were thought too tedious to
present in detall in the body of the thesis, and subjects
which, though interesting, were not comnsidered necessary to the
main purpose of the survey have been eonsiéned to the end, as
appendizes I - IV.

University of Maryland

College Park, Maryland
June, 1942,
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CHAPTER I
THE METHOD OF LIMITS

This survey begins, properly, with the Ionian School of
philosophy. For in this school, especially in the cosmologies
developed by its various members, we first find, with great
lack of explicitness, it is true, and always vaguely and

uncertainly, the basic concepts of infinity, the infinitesimal,
limit and continuity emerging.

Thales of Miletus (640-546 B.C.). From information

gathered from Proclus, Diogenes Laertius and other early
historiographers and commentators, G.J. Allmanl deduces that
Thales, among his other achievements, had also formed the
importent mathematiecal conception of the geometric locus. He
shows that Thales knew that:

1) A triangle is determined if its base and base
angles are given,

2) If the base and the sum of the base angles of a
triangle are given then an unlimited number of
triangles exist satisfying the given conditionms,

%) The vertices of all such triangles lie on the
circunference of a circle.

This constitutes one of the earliest exemples of an

1 ¢.7. Allmen, ‘Greek Geometry from Thales to Euclid' ,
Dublin, 1889, p. 13.
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infinity of entities being looked upon as one distinguishable
whole; it is also one of the earliest examples of a judgment
being made about every member of an infinite set. We shall
soon find the validity of such judgments being challenged.

Anaximander of Miletus (611-547). Paul Tanneryz Tecon-
structs Anaximander's cosmogony framAfragments preserved by
various early writers and finds that it is based on the
following three assumptions:

1) The sky rotates daily around the earth,

2) In a circular movement the heavy tends toward
the center, the light away from the center,

3) Heat is connected with motion, cold with
immobility.

In this theory, from an endless, unlimited amnd shapeless
mass, the vl Tecoo¥ | which is subjeet to a circular movement,
a flat disc, the earth, is formed at the center; then rings of
water, air and fire (the other three elements) are thrown out,
spreading away from the center in ever thinniﬁg layers but
not without limit, for gn infinite mass canmot rotate. The
universe thus formed, however, is not stable; the celestial
fire devours and dissipates the center and the outflung layers
and thus, in the course of time, everything returns to the
original state., But there is an end to every period of dissi~
pation too, and the same reeson that formed the universe once,
reforms it. There is thus an endless succession of worlds in
time and the only thing that remains immortal and imperishable

is the circular movement.

2 Paul Tannery, Pour l'histoire de la science helléne“,
chapter on Anaximandre, Paris, 1960.
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Tannery thinks that the word «£m¢c2 o¥ as used in this
context must not be taken in its customary sense (A-privative
+ mépxsy , end) es this is inconsistent with Anaximender's
view concerning rotation of an infinite mass, The word, he
thinks, may very well be derived from r7€¢¢ox (experience),
and the privative « , in which case the meaning of the neuter
noun, :t necpoox , would be "that which is not experienced®
both the active and the passivé senses being permissible, that
is, the word may mean not only "that which is not semsed™ but
also "that which does not sense", Hence, since the meaning
winfinite® confliets with the t}ieorjv, the o 77 ec pPov of
Anaximandér may well be nothing else but the air, immobile,
invisible, odorless, and so on, and thus unperceived by any of
the senses. It is then a plenum devoid of sll qualities or

attributes perceptible by the senses, and thus "an indeterminate

plenun®,

Plausible though Tennery's interpretation is it must be
rejected; for we have the following statement, attributed by

Simplicius3 to Theophrastus.

Among those who admit only one principle, mobile,
but infinite, Anaximander, son of Praxiades of
Miletus, who was a disciple and successor of Thales,
says that the infinite is the principle and element
of beings; besides, he is the one who first intro-
duced the word principle ( X2 X% ), meaning by
this word not water or some other of the elements
that we know of, but eececeese

in which it is clearly stated that, whatever this & /7 €¢por
may be, it is not any of the four elements (earth, water, air,

fire). Further, we shall see, when we takeﬂup Aristotle's

® simpiicius, Physics, 6 a, Vors. 15:21-34
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study of the infinite, that he examined this &/ 7€cp oy under
the guise of ;cf 2’7/ and rejected it as impossible.

Anaximenes of l&;etnsﬂ a younger contemporary of
Ansximender and, by report, a pupil and friend of his, added

the elaboration that the boundless air, subject to an eternal
movement, is the source of everything. Expanding under the
influence of heat, or contracting under that of cold, it has

formed all the phases of existience.

Anaxagoras of (}‘lazomenaue5 (500-428 B.C,) seems to have
considered a chaotic mass, existing in some wey from the
beginning, snd containing within it, in infinitesimally small

fragments, endless in number, the seeds of things, These
parts, of like nature with their wholes (the 5/4 ot opC 6'/47“ of
Aristotle which, as we shall see, were the basis of his con-
ception of the continuous) were arranged, the like being
segregated from the unliké, and summend into totals of like
nature by the action of Mind ( »o s ), whose first manifes-
tation in the universe was Motion., Anaxagoras held the
evidence of the senses in slight esteem; for, though we seem
to see things come into being and pass away, reflection (the
vosUs ) tells us that death and growth are but new aggre-
gations of the minute particles, It is easy to see in this
philosophy the beginning of Atomism, the theory propounded by

2 FoW.4. Mullech, Fragmenta Phil, Grae., 1, 237-252

° Ibid



Leucippus (cire. 480 B.C.), pupil of Zeno. In this
theory, an infinite empty Spacé, and an infinity of atoms
( < zoxa = indivisibles) are the ultimate constituents
of all things., His pupil and friend,

Democritus of Abdera (eirc. 460 B.C.), developed further
the philosophy of his teacher and,japﬁareﬁtly, applied it to
geonetry. For, in the letter to EBratosthenes prefixed to

*The Method" of A;rchim.edes6 we £ind the following statement.
This is a reason why, in the case of the

theorems the proof of whieh Eudoxus was the first

to discover, namely, that the cone is a third part

of the cylinder, and the pyramid of the prism,

having the same base and equal height, we should

give no small share of the credit to Democritus

who was the first to make the assertion with regard

to the said figure though he did not prove it.

Again, Plutareh7 presents bDemocritus as saylng:

If a cone were cut by planes parsllel to its
base, what must we think of the surfaces of the
sections, that they are equal or unegquel? For,
if they are unequal, they will show the cone to be
irregular, as having many indentaetions like steps,
and unevennesses; and if they are equal, the
sections will be equal and the cone will appear to
have the property of a cylinder, namely, to be
composed of equal and not unequal ecireles, which
is very absurd.

Whether this is an argument in support of Atomism — for
it seems to say that the indentations must be taken as
existing (but small enough to be invisible) for otherwise

there would be an absurd result — or, as Cajoria

thinks,
that it advances the view that matter is divisible to only a

finite number of parts, one thing stands out clearly, it is

6 7.1, Heath, The Method of Archimedes, Cembridge, 1912
7 Plutarch, De Comm, Not., Vol. IV, ed. Didot, p. 1321
8 Florian Cajori, American Mathematical Monthly, Vol. 22,



a distinet foreshadowing of the "Method of Indivisibles".
Heath® is so much of this opinioﬁ that he even suggests“a
method of proof as probably the one used by Democritus.

Two triangular pyramids with equal bases and equal
heights, cut by a plane parailel to the bases and dividing
the heights in some ratio give equal sections; hence the
pyramids, thought of as consisting of thin laminse, are egual.
This would be an antieipation of Cavalierits theorem.
Democritus would then see that the pyramids into which a prism
of the same base and height as the original pyramid can be
divided satisfy this test of equality, so that the pyramid
would be one third part of the prism. The extension to
pyramids with polygonal bases would then be made by dividing
the polygonal base into triangles., Finally, the extension
to the cone might have been made, of course, without rigorous
proof, by increasing indefinitely the number of sides of a
regular polygonal base.

9
T.Le Heath, History of Greek Mathematics, Vol., I.




CHAPTER II
PYTHAGOREAN ALGORITHMS

One of the well-known practices of Pythagoras and his
school was that of o} 7 & =& P44 E/¥ , or "representing
numbers by figures"™. This practice was, of coﬁrse, a conse-
quence of the Pythégorean doctrine, For, in this doctrine,
the geometric point was defined as "unity in position”

(/mz/a/'/ Deriv c-’}rw‘d) and, conversély, the unit of number as
e point without position® (-rwf/f;; A 8e7os )10, Hence the
natural tendency of repreéeﬁting numbers (pluralities of
units) by aggregates of points, arranged in such shapes as the
nature of the numbers might suggest.

In this practice a method was developed for the sue-
cessive generation of numbers of a given type; this was the
use of gnomonsll. Thus, Proclus, Diogenes Laertius and
Plutarch attributel? to Pythagoras the method of forming

sucecessive squares by the addition of equilateral gnomons
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10 Proclus, Comment, on Fuclid I, ed. Friedlein, 1873, p.95

/

1l yyop ¥ ( yvirvec , to know) = one who knows, that
by which something is known, a criterion. In geometry: the
figure (like a carpenter's square) which, added to any
parallelogram, preserves.the original shape (BEuc. II, Def.2).
More generally, the figure which, added to any figure,
preserves the original shape (Heron of Alex., Def. 59).

12 Proclus, op. eit., Diég. Laert.,, ed. Hubner,
Leipsie, VIII, 1ll.; Plutarch, Symposium, 6



while ILucian!® and Aristotle memntion the formation, by the
Pythagoreans, of the triangular and the oblong numbers
(ec'z'e,azy?'ue i :1/0( Q/Aoc' ) by the addition of the

éorresponding gnomons .
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Another Pythagorean discovery of interest in this survey

is that of what are now known as Pythagorean numbers, that is,

numbers which satisfy the equation xz—r y2== zf Proclusl®

says:

But there are delivered certain methods of
finding triasngles of this kind (sec. right-angled
triangles whose sides can be expressed by whole
numbers) one of which they refer to Plato, but the
other to Pythagoras, as originating from odd
numbers. For Pythagoras places a given odd number
as the lesser of the sides about the right angle,
and when he has taken the square erected on it, and
diminished it by unity, he places half the remainder
as the greater of the sldes about the right angle;
and when he has added unity to this he gets the
hypotenuse. Thus, for example, se.eses But the
Platonic method originates from even numbers. For
when he has taken a given even number he places it
as one of the sides about the right angle, and
when he has divided this into half, and squared
the half, by adding unity to this square he gets
the hypotenuse, but by subtracting unity from the
square he forms the remaining side about the right

angle.

The exact manner in which Pythagoras made this discovery

is not known; Allman, however, makes the following plausible

13 Lucian, .z ~ npass o 4 vol. 1, p. 317, ed.
Jacoblitz

14 Proclus, op. cit., p.428
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suggestionls. The recurrence formula in the formation of the

successive squai'es is nz, + (2n,+ 1) = ni s in which 2n,+ 1

is the number of units in the gnomon added to the square n.2 .

It is easily seen that if 2n,+ 1 = k2

s Where k is any odd
number (not 1), then the recurremce formula becomes n?-r k? = n?;
and thus the numbers mn, , kX, n, are a solution of the Pytha-

gorean triangle, The numbers n, and n, are, respectively,

-l-‘-:ig 1, kzz"' L, It is possible, of course, that Plato's rule
also may have had such an origin., For two successive ghomons
may have a sum which is a perfect sQuare, that is

(2n - 1)+ (2n + 1) = m? , m even, in which case n = (m/:a.)2 ’

which gives Plato's rule.

The higher polygonal numbers, though not definitely
attributed to Pythagoras, were yet studied with a good deal
of thoroughness by his later followers. A full account of
these is given by Nicomachus of Gerasal® and by Theon of
Smyrne}?, The latter of these two later Pythagoreens (early
part of second century A.D.) is important in this survey
because of his famous algorithm on the "side and diagonal"®
numbers (thus named by Hesth). It is eﬁough to state here ~
the matter will be diseussed'fully in a subsequent chapter —
that in his book "On the mathematics useful in the reading of
Plato", in order to support his typically Pythagorean

eontention that

15_ GeJe Allman, Enc., Brit., Werner Ed., New York, 1900

16 xicomachus of Gerasa, Introduction to Arithmetic, Tr.
M.L. D'0Ooge, Ann Arbor, 1938

17 Theon de Smyrne, ed., Jagues Dupuis, Paris, 1892, p.72.
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as unity is the principle of all figures,
aceording to the highest and generating ratio
so also is the ratio of the diagonal to the side

found in the unilt
he created an algorithm for the construction of a succession

of ratios, &7, which approach the 1limit Y2 ,
Sn 1



CHAPTER III
THE INCOMMENSURABLES

An infinite process of & different kind is involved in
the solution of another problem attributed to Pythagoras.

ZE’roclusl8

ascribes the discovery of the incommensurables to
him but, unfortunately, does not give the method of discovery.
It is eommehly assamed now that the discovery was effected
through the isosceles right-angled triangle. But the nature

of this o0ld proof (twice mentioned by Aristotlelg

, and pre-
sented in some editions of Euclid as Prop. 117, Book 220},
makes it more probable. Allmen thinks®l, that this was
accomplished by Pythagoras' successors. This proof is given

by Heath in the following form.

<
Cc Let i—'-g = 2— g A 3 relatively prine.
2 2.
AC _ A

But sinee AC = 2 AB” we havex =247
Hence « is even, whence « also is

A B  even; now, @ is prime to « ; hence

ﬂ must be odd.

Again, since o is even, let o = 2)’. Then,

18
1

Proclus, ope. cit., pe 65
9
Prior Analyties, I, ¢, XXIIT and I, G, XLIV. ed. Bekker

20 Rejected by both Heath and Heiberg as an interpolation.

21 Allmen, loc. cit.
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4y“= 2" whence
2 T
2y =,
and thus /3", whenceﬂ also, is even. But 3 was shown to be
odd.

Allman comnsiders it more likely that the discovery was
made by Pythagoras through the problem of cutting a line in
extreme and mean ratio. This problem was solved by Pythagoras
by the method known as "application of areas", a method
presented in Euclid (B&ok'VI) and definitelﬁ ascribed by

Eudemuszz to Pythagoras.

Now, from the solution of this problem it follows that if
on the greaster segment of a line so cut a part be taken equal
to the less, the greater segment, regarded as a new line, will
be cut in a similar manner; thus the process can be continued
without end. On the other hand if a similar method were
adopted in the case of any two lines which were capable of
numerical representation (the less always being subtracted
from the greater) the process would end, Hence would arise

the distinction between commensurable and incommensurab;g lines,

Allments theory is plausible; but there is evidence in
Euelid to establish its soundness. We are told by Heath?®
that "the substance of Books VII-IX goes back at least to
the Pﬁthagoreans"; we can teke the following definition and
theorem then as being due at least to the Pythagoreans if not

“to Pythagoras.

22 Proclus, op.eit., p. 65

23 T.L. Heath, History of Greek Mathematics, 2:294
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(A) Bk. VII, Def. 4. "Numbers composite to one another are
.those which are measured by some
number as a commoh measure®.

(B) Bk. VII, Prop. 1. "Two unequal numbers being set out, and
.the less being continually subtracted
from the greater, if the number which
is left never measures the one before
it until a unit is left, the original
numbers will be prime to one another".,

A £ G 8 ¢ F D £

a

Let the numbers be AB and CD, with AB greater
than CD, Subtract CD repeatedly. from‘AB until EB,
less than CD, is left.

Subtract EB repeatedly from CD until FD, less
than EB, is left; continue this process until g unit, 6B,
is left, I say AB, CD are prime to each other.

For, if not, let E, greater than a unit,
measure them both. Then, since E measures GD it
measures AE; but it also measures AB; hence it
measures EB,

Again, since E measures EB, it measures CF;
but it also measures CD; hence it measures FD.

Again, since E measures FD, it measures EG'
but it also measures EB; hence 1t measures the unit

GB, the greater the less, which is impossible.

Therefore, etc.

We note that in this proof lines are used to represent
numbers, and hence the unit also. But how long a line must
be taken to represent the unit? This question must have been
faced and the conclusion easily arrived at that, even in the
case where the two lines were not representations of whole
numbers, but "part, or parts®™ the one of the other, or, as
we would say,“the one a rational fraction of the other, the
length of the unit that measured them both did not matter;

so long as a length was found, no matter how small, that made
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the process end then the lines were commensurable. Hence would
arise the questions: but what if, no matter how small a line
were found, at any given step, it never measured the one before
it? Are there lines for whick this process would never come
to an end? And if there are such lines, how would one ever
put them to the test since, obviously, no one can perform an

infinity of operations?

At this point the known property of the "golden section™
would come to mind and supply the answers to these questionsé
Apply this same proecess to the segments AB, BC of the line AC,

divided in extreme and measn ratio at B,

A 8 B c A C

end you can be sure, beforehand, that the process will never

come to an end., Hence, there exist incommensurable lines.

I offer now, for purposes of comparison, the definition
(C) and the theorem (D) below; their similarity to the set
(A) and (B) above, in ideas involved, wording and method of
proof are too striking to miss,

(C) Bk. X, Def. 1. "Those magnitudes are said to be
.commensurable which are measured
by the same mesasure,

(D) Bk. X, Prop. 2. "If, when the less of two unequal
.megnitudes is continually subtracted
in turn from the greater, that which
is left never measures the one before
it, the magnitudes will be incom-
mensurable”,
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Let AB, CD be the given magnitudes, with AB
less than CD, and let AB be repeatedly subtracted
from CD until FD, less than itself, is left.

Let FD be repeatedly subtracted from AB until
GB, less than itself, is left, and let this be
continued indefinitely, with the remainder never
measuring the one before it. I say AB, CD are
incommensursgble,

For, suppose some magnitude, E, measures them
both, Then, since E measures AB it will measure CF,
and since it also measures CD it will measure FD.

Again, since it measures FD it will measure AG
and, since it also measures AB, it will measure GB.

Let this be continued until a magnitude HD is
reacheédeceessee Bk X, 1 less than E, Since E
measures CH and CD it also measures HD, the greater
the less, which is impossible., Therefore, etc.

The strict correspondence of (C), (D) to (A), (B) is
apparent; it points unmistskably to a derivation of the

incommensurables such as the one suggested by Allman.
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CHAPTER IV
MATHEMATICAL INDUCTION

We note in the derivation, snd proof of the existence of
the incommensurables just given, the first appearance of an
important mathematical principle, intimately connected with
the concept of infinity, namely, the principle of mathematical
induction.

It was stated above that if Euclid's process were applied
to the two segments of the "golden section" the process would
not come to an end., It was“pointed out that this was due to
the fact that these two segments are such that there is as-
surance, beforehand, that after any step of the proeess,
another was possible. For, let a, b, be the large and small

segments of this section, respectively; then

a+b _a

T = -B » whence

ab + b> = a* , or

b =a  — ab, and thus
b _ a

a—» — b

which shows that b and a — b are themselves the large and
small segments, respectively, of a "golden section®™., But b
and a — b are also the next two segﬁen’ss in Euclid's algorithm.
Hence, since b does not measure a neither does a — b measure

b and thus the process is endless.
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There are two more matters in the above theory to be

pointed out and appraised in which the principle of mathematical

induetion is — as in so many things in mathematics — involved;

hence, for the clarification of what is to follow a more
detailed discussion of this principle is advisable.

This principle may be stated, in the abstract, in the
following way:

Let S be a discrete series having the first

term s,; let P be a property such that if any term,
(I) s, of S has the property P then the successor of s

. (if = has a suceéssor) also has it. Then if s,

has the property P every term of S has it.

Consider now the discrete series whose terms are the
successive pairs of line segments produced from an initial
pair, (a,, Do), by Buclid's algorithm. This algorithm yields,
from any term (a,b), its successor, (b, a — mb), provided b
is not a measure of a; otherwise there is no successor and

the series ends with (a,b).

Now let the first term, (a,, bo), consist of the pair of
segments a,, bo, Of the "golden section" and let (a,b) be any
other term of the series, If a,b are the segments of a
"golden section" we know, from the nature of this section,
that b does not measure a, that Euclid's algorithm ( in which
m is 1 now) yields the sucecessor (b, a — b) and that this
sucecessor is itself a "golden section". But the first term,
(ao, bo), pPOSsesses this property (i.é., is a "golden
section®); hence, every term of the series possesses this

property.
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It is seen that the principle, as stated, is applicable
to all series in which every term (with the exception of the
last, if there is a last) has a suceessor. Its great useful-
ness, however, occurs in series in which every term does have
a successor; in such a case the principle makes it possible

to make assertions concerning every term of the series, with-

out enumeration of the individual terms (en operation which
is, of course, impossible); such a case was the one met with

in the derivation of the incommensurables given above.

A similar use of this prineiple, though somewhat more
difficult to see, is involved in the definition of the finite
cardinal numbers and hence, indirectly, of the infinite ones .
also, as conceived by G. Cantorz4, Ge Pean025 and B, Russellzs.
If we seek some property, present in every term of the
series
(8) 1, 2, 3, eececee Dy cecsas '
end in no other number, to use as a defining property of
these numbers, we are tempted to seize on the fact that these
numbers are all derivable from 1 by successive additions of
one. But then, how many successive additions are to be
permitted? A finite or an infinite number? If the former,
then some finite numbers will be left out by the definition,
which is not what we want; if the latter, then some number
of (8) will be infinite, which is not what we want either.

?4 G. Cantor, Math. Annal,., 1885, Vol:XLVI, or transl,
by P.E.B. Jourdain, The Theory of Transfinite Numbers, Chicago,
1915.

25 g, Peano, Formulaire de Mathematigues, Turim, 1895

26
B. Russell, Principles of Mathematics, New York, 1938,
or Introduction to Mathematicel Philosophy, New York, 1925
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Besides, we must not use the notions of finite and infinite

aﬁyway, for otherwise our definition becomes cireular.

We try to sidestep this difficulty by the use of another
word snd define the finite numbers, as some actually do in
popular language, as those that can be reached, from 1, by
suceessive additions of one, But then, what does the word
"reached" mean in mathematies? If it means "actually arrived
at? by cc;unting, or some other such proces,wthmmost of the
finite numbers will have to be left out, for a very small
part of them can be so arrived at. If, on the other hand,
only "conceptually arrived at® is meant, then the difficulties
are ihereased, not lessened. NFor, what is the e¢riterion of
conceptual accessibility? Some people have no difficulty in
arriving, in some way, at the infinite itself, conceptually.
As a last resort we try the statement: The finite numbers
are the numbers 1, 2, 3, 4, gnd so on, without end. But we
soon realize that this only begs the question; for we have
started out to define the series (S), and that is precisely
what this series says, nemely, 1, 2; 3, 4, and so on, without

end.

The feeling persists however (as it should, of course)
that the finite numbers are a perfectly definite class and
that therefore some satisfactory way of defining them exists.
A way does exist.

We recall the definition of the principle of mathematiecal
induction (given as (I) above) and in it we put (S) for S, 1
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for 84, B for s and n + 1 for "successor of s"; we obtain:
Let (8) be a discrete series having“the

first term 1; let P be a property such that if

any term, n, of (S) has the property P then n + 1

also has it., Then, if 1 has the property P every

term of (S) has it.

We observe now that if P is the property of being
wfinite", as the word is intuitively understood, then the
frincipie of mathematical induction asserts that all the terms
of (S) are finite; for, clearly, 1 is finite, and n + 1 is
finité if n is. Hence, we may define the finite numbers thus:

The finite numbers are all those numbers which

possess every property possessed by 1 whieh is such
that n + 1 possesses it if n does.

This definition will be recognized, of eourse, as
essentially that of B. Russell'327; it merely states, in
precise langusge, whet is only'vaguely expressed by the usual
popular phrases. Thus, by the use of the principle of mathe-
matical induction, the difficulty of comprehending an
infinity of objects within the scope of a single judgment has

been overcome. This question will reappear in thls survey.

The other matter that was to be pointed out is the
appearance, for the first time, of still another principle of
importance in mathematics, to wit, the principle of ®"infinite
descen‘b"ze. This prinéiple may be stated, in the abétract,

" Prineiples of Mathematics, Chap. XIV, or Introduection
to Mathematical Philosophy, Chap. III.

28
T, Dantzig, Lectures en Selected Topics in the History

and Philosophy of Mathematics:
Washington, 1940, ’
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as follows:
¥When in a repeated process which begins with

a finite number, each step of the process yields

LR S e e e e e,

An exsmination of Euclid!s algorithm (given as prop. 1,
Book VII above) reveals that this principle ie tacitly
1n§oked in it;Afor it is assumed that the process will, some
time, lead to the unit, at which it stops. Tacitly again
this principle was used later by Giovanni Gamyanozg (0.1260)
in proving the irrationality of the'"golden section", Fermatso
(1501-1665) made the first explieit_use of this prineiple;
by camhiniﬁg it with the law of contradiction he converted it
into a powerful method for the proof of theorems in the theory
of numbers. Thus, by its use, he proved that the area of a
Pythagorean trianglq is never a square; the assumption that
such an area is a square leads to the result that there
exists another'Pythago:ean triangle, smaller than the first,
whose area 1s also a square, whence an infinite sequence of
such triangles, each smaller than the one before it, which
eontradicts the principle in question, Fermat called his
method of proof *la descemte infinie ou indefinie“El. This
method was used By Legendre (with acknowledgment of indebted-
ness to Fermat) in his"Essei sur la theorie des nombres* in

the proof of a great number of theorems.

° Cajori, op.cit.,, p. 142

80 AJM, Legendre, Essal sur la theorie des nombres,
Paris, 1808

31

Cajori, op.cit., p. 169
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It will be seen, of course, that this method of proof is
not a principle in the same sense in which mathematical
induetion is a principle, that is, it is not an independent,
first truth, accepted without proof (no matter how it may have
been looked upon by its earlier users). It can be easily
proved by mathematical induction; in fact, it may be looked
upon as mathematical induction in reverse for, clearly, if
any finite number can be reached from 1 then, reversing the

process, from any finite number 1 can be reached.

It has been noticed, perhaps, that the infinite, as such,
has not appeared once as an object of study among the
Pythagoreans; instances of the concept have arisen many times
in the mathematieal processes and prineciples used by them,
but they were only incidental. However, there is one
exception to this remark; we have a comment, by Philoponouszz,
according to which "In dealing with the infinite, to the
Pythagoreans and Plato the relation of whole to part is that
of infinite to infinite". The meaning of this is obscure,
but it may well be a referenge to the property of the infinite
which was to cause its rejection by so many thinkers in the
past and which was to become its defining property to Dedekind
in more recent times. We do seem to have, however, in this
statement of Philopomnous'!, at least a recognition of the
property of the infinite of having parts which are themselves
infinite, But did the Pythagoreans, and Plato, go so far as
to think of the infinite as having parts equal to itself? |

5g-?hiloponous, Commentaria in Aristotelem, Graeca,

Vol. 16, Berlin,
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Did they see in this property a denial of the axiom "The
whole is greater than 1ts parts®? It is unfortunate that the

comment does not mske this cleaf.



CHAPTER V
THE PYTHAGOREAN AXIOM

We have seen that Pythagoras had identified the geometric
point (a unit having position or, as Tannery put it, "the
number one in space®) end the unit of number (the point with-
out position). It is necessary now, in order to provide the
background requisite to an understanding of post-Pythagorean
developments in infinite processes, to review briefly some of
the other tenets of the Pythagorean doetrine. We are told by
Diogenes Laertius35 that

Pythagoras taught that the principle of all

things is the monad, or unit; arising from this

monad is the infinite dyad.... from the moned and

the infinite dyad arise numbers; from numbers

points; from points lines, from lines planes,

from these solid figures and from these sensible

bodieS.sss

34
and, by Aristotle , that
The Pythagoreans seem to have looked upon

number as the principle and, so to speak, the

matter of which beings consist
and

They supposed the elements of number to be

the elements of being, and pronounced the whole

heaven to be harmony and number
while from Philolaus of Thebes55 (c.430 B.C.), the Pythagorean
who gave the first written ezposition of the doctrine, we

have the statement

-

33 Laertius, op.eit., chapter on "Pythagoras"

34 ). Seth, Enc. Brit., Werner ed., N.Y., 1900, XX:138

5
° Ibvid
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Number is great and perfect and omnipotent,

and the principle and guide of divine and human

life. )

It seems fairly certain then that the Pythagoreans had
not only identified the unit of number with the geometric
point, but that they had, further, identified, or rather
confused, the geometrie point with the physical point, or
particle. From this it followed that not only were geometric
loci pluralities of units (numbers) in position but that
physical bodies also could be regarded as such, Hence the
Pythagorean formula: Being is Number (=« o¥TH PO o zq3
hence also much of what is otherwise ocecult or mystical in
their doctrine (the belief, for instance, that physical
bodies possess properties that are governed and revealed by
nnmber); We shall also see, in a subsequent chapter, that
this doctrine had much to do with the paradoxes that Zeno

propounded.

It has been shown above that the idemtification of the
unit and the geometric point had led the Pythagoreans to
represent certain classes of numbers by geometric figures
which were made up of discrete points; but there is reason
to believe that in their School the identification of
grithmetic and geometry had gone much further. It is known56
that Thales introduced the notions of the Mequation™ and the
wproportion” into Greek mathematics; for aﬁong the theorems

ﬁhose discovery is attributed to him are:

36
Allman, op.cit., p. 10
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a) The three angles of a triangle are egqual
to two.right angles,

b) The sides of equiangnlar triangles are
proportional,

which, it is seen, explicitly introduce these concepts., From
this modest beginning Pythagoras and his successors (notably
Archyta357 of Tarentum) created the elaborate Theory of

38  substantially as given in Euelid, Bk. VII.

In this theory we find the first clear-cut instance of an

Proportions

attempt deliberately made to bring together two hltherto
distinet branches of mathematiecs., Commenting on this theory
Allmanzg says:

Pythagoras elaborated the notion of proportion
into a theory which reached the rank of a mathe~
matical method, applicable to both arithmetic and

eometry and in this respect he is comparable to

Jescartes, to whom is due the combination of

Algebra and Geometry.

It is neeessary now to search out the fundamental axiom
by which the junction of arithmetic and geometry was effected
in this theory. We have seen that the Pythagorean conception
of the straight line was that of a sequence of juxtaposed
points; this led, naturally, to their well-known assumption
that any two line segments are commensurable. Now, from this
it follows that, in this theory, to any line-segment, V-

there corresponded a rational number, m/n, as its length.,

57 Cajori, op.cit., p. 20

8
Heath, History of Greek Mathematics, 1:294

39
Allman, loc.cite.
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For, let the line-segment, & , be
taken as the unit of length, snd lay out p
p and € at any engle, # , as shown in
the figure. Join C and B and extend AC c

to any point D. Draw DE parallel to CB 2
‘ A e |8 £
€

and cutting AB, extended, at E. Let <
denote the segcnent AD and ¥ the éegment
AE; then

el /» =m/n, since any two segments are commensurable,
Bat P/ =¢7,, since the triangies ACB, ADE are equiangular,
Hence, if r denote the length of o , |

r/l =m/n, that is, r = m/n, as was to be shown.

Again, we have seen (page /3 above) that it is assumed
in this theory that to any two mmbers, m, n, there correspond
two line-segments 4, Y, whose ratio is m/n. It follows from
this (by a proof similar to the one given above) that to any
rational number, m/n, there corresponded a line-segment of
length m/n. Putting these two results together we obtain
the following fundsmental axiom:*°

To every point on the line corresponds
a rational number and, conversely, to every
rational number corresponds a point on the line.

This may be looked upon as the Pythagorean analogue of
the Cantor-Dedekind axiom.

40 It is well-known that the discovery of the existence
of incommensurable lines was long kept a secret within the
inner school; the final divulgence of this secret contributed
of course, t0 the collapse of this theory and the entire
Pythagorean doctrine,



If we state this axiom in the equivalent fomm

a

5 = a

where a and b are line-segments and m, n are whole numbers,
then the seemingly extreme views expressed by some later
Pythagoreans acquire meaning and credibility. For we are

told by Proclus41 that "Eratosthenes looked on proportion as

the bond («o» Je 64495 ) of mathematics", and by Theon?
thet "Eratosthemes showed that allifigurés also result from
the pfoportionﬂ, while, expressing his own views now, he
adds: "Everything in mathematies is eomposed of proportions
of some quantities, and the principle and (constituent)

element of mathematies is the nature of the pr0portion?.

That these views are not as extreme as they sound
becomes clear if it is observed that muck of the mathematies
of that period can be — and was then — reduced to the
simple notions of ratio and equality, that is, the notion
of the proportion. Indeed, one of the most striking
characterisbties of the mathematics of that period 1s the

omnipresence of the proportion.

1
Proclus, op.cit., pe. 43
42 Theon, OEocito, Pe 182
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CHAPTER VI
SUCCESSIVE RATIONAL APPROXIMATIONS

Perhaps the earliest and best known example of successive
rational approximations to irrational numbers is that of Theon's45
®side and diagonal® numbers, Theon stated his algorithm
thus: “

Let two units be laid out, of which we take
one as the side and the other as the diameteTre..
add to the side the dismeter and to the diameter
two sides... the diameter is now 3 and the side 2.
Again to the side add the diameter and to the
diameter twice the side... the diameter is now 7
and the side 5... and the addition beimg thus-
continuously made the ratio alternates, the square
on the diameter being now one more now one less
then twice the sguare on the side... therefore the
squares of all the diameters are the double of the
squares of all the sides, alternately exceeding
or falling short by omne...

Symbolically, if s,, 4, denote the "side and diagonal®™
numbers obtainmed at the n™ step then Theon's rule gives

the formlas

Sy+ = Sp + Qn
d.,,_,,‘ = 28, + 4w
L

which yield the sequence of ratios ——

Sk

_L ? 5 9 7 ) 9 4:1 9 99 9 259 ] 577 9 098 0>

17
I 2 % 12 29 W0 169 408
beginning with 4, =1, s, = 1. In this sequence, Theon seems

to say, the ratio-gﬁ alternates so that dz is now 2sh + 1
)

2
now 28rn — le

4.
3 See p. above
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Je DupuisM‘ sees in this the solution, in integers, of
the indeterminate equation yg‘ = 2x®%2 1; for, suppose y = a,
x = b is such a solution. Then a*~ 2b~=%1, Form, by Theon's
rule, the values a* = a »~ 2b, b* = a ~ b, We have:
a® - 2b% = (a +» 2b) — 2(a+ b)°= —a%+ 207 =%1, that is,
a', bt are a solution also, Now, a =1, b =1 is a solution;

hence"'l‘heon's rule gives an infinity of solutiomns,

However, Theon's comstruction has also been looked upon,
notably tyy Heathés, as an algorithm for successive approximations
to the square root of 2, For, from

yi-ex®=#1

we get

which show that the term -gf-s of the above sequence converges

to V2 , being alte:cnatelj less and greater.

Theon gave neither a proof nor a derivation of his
algorithm, But I’roc:l:f.w..t-:4‘6 asserts that the Pythagoreans
discovered the "side and diagonal" numbers, and that a proof
of their characteristic property ﬁras given by™hin! in the
second book of the Elements. The *him" in question is,
undoubtedly, Buelid; for, im Book II, prop. 10, we find the

theorem:

4% pupuis, opscit. p. 72

45
Heath, History of Greek Mathematics, Vol. 1; also

Allman op.cit, .

46 Procli Diadochi in Platonis rempublicem commentarii,
ed. Kroll, Vol. II, Teubner, 1901.
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"If a straight line be bisected, and a
straight line be added to it in a straight %ine,
the square on the whole with the added straight
line and the square on the added straight line
both together are double of the square on the
half and of the square described on the straight
line made up of the half and the added straight
line as on one straight line",

which means that if AB is bisecte&, at C, and the whole lime
is extended to D
A C B D

L

2 Y —2 — 2
then AD ~ BD = 2(AC + CD.)
or, in modern notétion -

X X . 7

(2x '+ y)z + yzr— z{x1 + (X + y)a} , whence
(2x+ y) — 2(x + 3) =2x*- y2% an identity.
From this it is clear, sa&s Hesth, that if x, , y, satisfy
either of
2x*~ yi=1, 2x - yi*= -1
then (x, + yv:), (2x, + y.) satisfy the other,

However, neither of these two views of the meaning of
Theon's algorithm is satisfactory. There is no convineing
evidence either that his purpose was to solve the indeterminate
eéuations y2-~ 2x°=+1 or that he wanted to find ratiomal
approximations to the square root of 2, On the other hand,
his opening statement, "As unity is the prineciple of all
figures, according to the highest and generating ratio, so
also is the ratio of the diagomal to the side found in the
anit", and Proclus' definite assignment of the "side and
diagonal™ numbers to the Pythagoreans, stronglynsuggest that
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Theon's purpose was to defend the Master's doctrine that the
unit is the constituent element of all numbers and the point
that of all figures.

And it must be observed, in the proof given by Eueligd,
that any whole number K may be substituted for the unit, that

is, if x, , ¥ , satisfy either of

2x?i- y*=x, o2x*— y*=-kx
then (x, + y,), (2x, - y,) satisfy the other. Thus, for K= 2
say, and for x, - 1, y, = 2 we easily get the sequence

%,%,J‘g,%,o.ooooo .

of successive rationzl approximations to the square root of 2,

But such a choice of K would not do for the purpose of the

L]

algorithm; for now the ratio g_ alternates so that the square
n

on the diameter is now 2 more now 2 less than twice the sguare
on the side, The unit does not play the all-importent role of
"generating principle® though the square root of 2 is
approximated just as é.ffectively as before.

A curious derivation of Theon's formulas, due to P. Bergh,

is given by M. Cantor47.

- "If we start with an isosceles right triangle,
ABO, of side s, and disgonal dn , and extend each

of the legs a distance d, , to the points E and D,
and complete the triangle EBD, then the new

diagonal will be 2s, + dn , and the new side s, + dn.
If the perpendiculars AF, CG are drawn the proof is
obvious®,

&7 Verlesungen uber Geshichte der Mathematik, I, p. 437;
also Heath, The Elements of Eueclid, 1:401




33

It is clearly implied in this comstruction that the sides
and diagonals obtained in the way described are Theon's "side
and diagonal® numbers. That they cannot be, howéver,'beécmes
immediately evident when it is noticed that a pair of numbers,
ds , sn , obtained by Bergh's method are never commensurable,
whereas Theon's numbers alwéys are., Again for any two pairs,
dn , Sn , and‘dwa, sm , of Bergh's numbers, we always have

dm A

Sw 8 am
an equality which is never true of Theon's numbers. I, how-
ever, Bergh did not offer them as Theon's numbers (and it is
hard to see what else he may have msant"by thenm) , then no

derivation of Theon's numbers has been given.

But a satisfactory derivation of Theon's algorithm,
based on the interpretation of its character advanced here
(a defense of the Pythagorean doctrine) and proceeding

entirely by Pythagorean considerations is easy to give.

The discovery of incommensurables was a serious blow to
this doctrine; henece, that efforts were made to circumvent

the difficulty may be safely assumed. Again, that the



diagonal of the unit square is incommensurable with
the side was known, It was natural then, and quite
likely, that attention was given to the more

general case ;?Ei];

\

9

where one side isstill preserved as a "unit", the important
constituent element of the doctrine. From ﬁhis, by the
Pythagorean theorem

(1) v = 2x° -1

Similarly, for the case

Mz Xa
which leads to
From (1) and (2) it follows that
(3) 2x} — ¥ =yl -2x =1
Hence, by use of the Euclidean theorem given above,
) 5 N
(4) (2x+y) — 2(x+y) = e&x*—y”
Theon's formilas A
X, = X, + ¥/ 3 L'J:lorz
y' —1 2I‘ -t y' A [
¢ J J e

follow from (4).
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In the derivation of the sequence

1’3’75;2’000000

1 2 5 Iz

it is of interest to note that the principle of mathematical
induction has been tacitly invoked. For, from the fact that

x, =1, ¥, = 1 satisfy the conditions y*— 2x°- *1, and the
fact that if x, , y, satisfy it so dox. =X, + §,, ¥y= = 2x,+y,

the infinite sequence follows,

Another interesting matter that msy be pointed out in the
derivation of this sequence is the example it affords of the
failure of the ancients to make (at times obvious) general-
izations. That any whole number, k, could be substituted for
1, in the equations y®> — 2x°® = *1, has been pointed out above,
when 2 was used to find eanother sequence of approximations to
the square root of the ssme number, 2. But still another
generalization, in another direction, is quite easy to make,
K may be substituted for the number 2 of the given equations,
to derive a sequence of approximations to the square root of
k. Thus, taking k = 5 that is, starting with the equation
(1) yei-=' =1,
we note that x =1, y = 2 is a solution, Assuming that x, ,

y, is a solution of (1) we seek numbers

X, = PX, + Qyy
(2) Y, - mx, + ny,

which are also a solution of (1), that is, such that

y2'~ 3x, = 1 y OT

(3) (mxl + 1y, )2"‘ 3(px, + qy, )z= 1.
Rewriting (3) in the form

(4) (n2 - 3q%)y,>+ 2(mn - 3pa)x,y, + (m*— 3p*)x? =1

’
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we see that if

z 2
(5) m — 3pg= 0
- m’-.. p‘?-:..s

this eguation becomes

yi-3x"=1
true by assumption. Hence, if numbers p, g, m, n can be found
to satisfy (5) the numbers x-, s Y2 of (2) are a solution of (1).
Now such numbers are': m=3,n=2,p = 2, qg= ls We have then

the formulas:

which yield, beginning with x, = 1, y, = 2, the seqguence

%,%’%’%,..... .

of rational epproximations to the square root of 3.

The terms of the sequence thus found approach /3 from
above, If approximations from below are desired use should de
made of the equation y>- 3x*= -k, where k is any suitable
constant. If, a&s in Theon's sequence, a seqguence approaching

{? alternately from above and from below is desired, then
constants ¢, k must be found such that if x, , y, is a solution
of either of y*— 3x =¢, y-— 3x = — k, then

X2 = PXy) + QY
Yy, = X, + N1y,

is a solution of the other.,

The next example of successive rational aspproximations to
irrational numbers is furnished by the Alexandrian School.
In the "Prolegomena to the Syntaxis of Ptolemy" - an

anonymoﬁs menuseript, variously attributed to i)ioPhantus,
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Pappus, or some later writer, living in Alexandris — is
found the following passage.
We shall show then how the square roots of

given numbers are found... In finding the area

of & triangle, by the general formula, Heron is

led to the number 720, whose root he is to fimd,

This is what he S8YS eseee i

This is followed by a set of instructions on how to
proceed in order to find the desired root. As if written by
Heron himself (who is noted for this fault) there is no hint of

yoof .
or derivation of the method used,

Reduced to modern symbolism the method may be presented
thus. If A is a number, not a perfect square, and if a, is
the nearest integral square root, then a closer approximation
is given by

a, = 1/2 (a.+ &)
and closer ones, in succession, aécordingAto the law

a/n+‘ = 1/2 (a-,,-l- %ﬂ)

Paul Tannery48 suggests the following derivation of this
formula, If A is the number whose root is to be found, and

if a® is the nearest rational square contained in A, we may

set

A = (a+ b)z= e+ 2ab + b ="+

end seek to £ind b, It is ciear that

r 28b + b> b?
(RS-~ P e S ——— — —-— 'b. ¥
8 %8 = b+ 2a > Hence,

- T _ A~ a* _ A
8, =8+ 3 =8+ 2 = 1/2 (a + a?

48 P. Tannery, Memoires Scientifiques, tome 1, No.53
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(which is Heron's formmla) is an approximaste value, from
above, of Va. "

Again, if a® is the smallest square containing A we nmay

set
R 2 F 2
A=-(a—-Db) =a —(2ab— b)) =a -~ r,

It is clear that

o8 =~ — 5a -2—5 Hence
=g —-_T _g_ 8%~ A : A
a,ca-zf-a-2__4._ 1/2 (a~+ =)

is an approximate value, again from above, of V4 .

This method is described again by Theon of Alexandria and
reappears, much later, in the Byzantine School, in the writings
of Maximus Planudes (13th cent.) asnd Nickolas Rhabdas (14th

cent.).

The Delian problem had been shown by Hippocrates of Chios
to be reducible to the discovery of two geometric means
between a and 2a; for from

%='xf=%a

it follows that x®= 22> . Of the many ways* invented by the

mathematicians of this period for the solution of this problem
one led to a geometric algorithm for the construction of

successive approximstions to the cube root of a number.

49

At the beginning of his third book Pappus ~ discusses

]
See Appendix I for a "mechanical™ solution.

9 - -~
: Collection Mathematique, tr. Paul Ver Eecke, Paris,
1933, 2 vols.
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at great length the problem of duplicating the cube and
eriticizes severely a solution submitted to him by a contemporary
mathematician (whom he does not name) on the ground that it

attempts to solve, by ruler and compass, a problem which is

at once linear and solid. The solution in question is as

followst
? 8' ¢
A r Y r X P
[}
Ml KI z rﬂ’ g
~v A E ' 4' £2
B __Na N A = fo

Let AB, A/ be two straights at right angles; draw through
B the straight BA equal to AB; draw the join Ar meeting BA at
E; through E draw the straight EO parallel to Al ; extend BA ;
draw through A the stralght AH parallel to BE ahd put the
straights AN, NN , /AZ , EK equal to BA.

Draw through the points N, N , = , K, the straights NO,
A M,=T7T, Ko parallel to BE; put KP equal to BA and cut KP into
two equal parts at the point £. Let =0 be to a straight OT
as the straight K6 is to the straight 0Z and let 6T be to a
straight 0% as the straight X 0 is to the straight 6T. On

=77 cut off X< equal to AB and draw the join XK and the
join X¢ .

Draw through < the stralght = ¢ parallel to the

straight X¢ and, from ¢ , the straight ¢ Q2 parallel to the

straight K= o LetQ M be to a straight MA' as the straight
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AM is to the straight M2, and the straight A'M be to a
straight MB' as the straight QM is to the straight MA', Cut
off on the straight ON the straight NI ' equal to the straight
Ab gnd draw the join '/ and the join rt'gt |,

Through €2 drsw the straight (2A*' parallel to the
straight ' B!, and through A' the straight A'E' parallel
to /A N. Let the straight HE' be to a straight EZ' as the
straight AH is to the straight HE' and let Z'H be to a
straight HO! as the straight E'H is to the straight HZ!.

Draw the join 6!/ , the straights Z'K', E* n*, parzllel
to the straight oI Aand, through K', N ', the straights KM,
/A*N* parallel to the straights Al , B4, It is to be shown
that the straights M'K*', N*A ' are the mean proportionals of
the straights A/, BA. '"

Pappus criticized the exactness of this solution but it
appears, as Tannery has pointed out, that the criticism is
wholly ummerited, for the inventor of this construction could
not have meant it for anything but a means of indefinite
approximation to the two means sought.

"Let it be required to calculate x=" a?b,

y =V ab*", says Tannery®“, "and, to fix the

ideas, let b < a.. Let x, be an approximate

value of x; the indicated construction amounts
to taking for a closer approximation,

—b) - b). x2
X, =a l*-—ra (a b) » ¥ = b~ (a ) 7
a%* + aX, + X3 ar+ax., +X,

50 P, Tannery, Memoires Scientifiques, tome 1, No. 8
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If one puts Xo =< x+=ro s X, = X+
one obtains easily

Py 1

Jo 1+ 3x2+ 3do + o ©
Ta - x)(a + 2x =J% )
One concludes from this that <5‘1s of the

same sign as do and smaller in absolute value,
and that J/J. decreases as X[y increases se...

Let it be required, for example, to find /2,
whose value is 1.2589 .., Make a =1, b = 1/2;
then 1/x. =2; one has, in succession

1/x- = 4/3 = 143333 ese
1/x, = 37/29 = 1.2758 o0s
1/x, = 6566/5197 = 142635 o0
1/x; = 104244667/82688489 = 1.2607

Or, by the second formula, giving the
approximate values of y, making b =~ 1, a = 2,
whence x . = 3/2,

Yo = 9/8 = 141250 ,..
Y, = 46/3? = 142432 4.0

By taking the arithmetic means of the
preceding values a much more rapid approximation
is obtained
12 [4/3 + o/8] = 59/48 = 1.2290 ...
1/2 [37/29 + 45/57] = 2703/2146 = 1,2595 ...
It is doubtful if the ancients ever made
use of this method; at any rate no known record
of its use exists",
Thus ends Tannery's discussion of this method. But
though Tennery has preferred to give an arithmetic explanation,
the process, as given in Pappus, is geometric; that is, it

does not give numerical values of the geometric means found,

Of course, these values are rational if a and be are rational.

But it is of interest to explain the geometric comstruction
itself, especially since Pappus has omitted the proof.
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It is required to find successive approximations, x; ,
Y. » to the two geometric means, X,y, between two given lines,

a,b, where a > b.

[ ‘ [} ’

Co Co C, C, C. Ca Cs c C

L

Ly '
L m [ b
E - -]D— Ma b M' b Mz ! / L !
te e 170 - 72 &3 zs T / Y 17

Xo 4 |z 2 Z;
So So ¢ 7 = S' /Z'( / / 2 /
L { X2 |G
/ 5 = X2 _1Ss

8o B 8, 8/ 82 8, B3 B 8’

Draw AB., B.D, each equal to a, at right angles; draw DE,
eciual to b, at right angles to B.D and complete the triangle
AB.Coe Extend AB. to the right and draw through C. a parallel
%o it. Draw the equal rectengles B.C.BiC!, B!C!B,C,, B.C, B} ¢!,
and so on, Let S. be the mid-point of B,D.

On B.C, find point T, such that :"g" = ESE"? and point Lo
such that g"g’ =%"_g°_ . i)raw S.s.,, T-t, parallel to AB, ;

these lines, x, , ¥» , are first approximations to the means

sought,

Lay off B!M. equal to a and join L.M., B.M.. Draw T.z=,
S.05 parallelito L.Mo and =, ,, oS, parallel to AB,; draw
BtC, cutting off Xx,, y, on S, ,z. ¢} respectively;" X,, YV,

ai'e the next approximations to x, y.

On B,C,find points T,, L ,making

B,C, 8,0, T,0,
E'E| NTlci —L(C/
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On B!C! lay off B'M, equal to a; join LM, , B M, and draw
T.T, 9 3167 P&rallel tO\ L'Ml L] Draw z Z"Z,’ 5737_ parallel tO BI B1,
and B!C. cutting off x,, y. on ¢ S., = =' respectively;

X,, Y.8Tre the next approximations to x , y.

On B,C,find points T,, L, making

B.C. 8.C. T.C,
S.Q_CQ_ Tzcz —LZGZ

On B}C! lay off BIM, equal to a; join L M,, B,M.,and draw T, ¢,
S.s; parallel to'LZMZ. Draw z, z3, 62 8; pai‘allel to 13133‘ , and
Bi1C, cutting x, , y3 on 52‘83 » T2, Yespectively; x,, ¥; are

the next approximations to x, y.

Continue this process indefinitely; notice that the
triangle B,L.M, approaches the limiting form BIM, the

proportion
BC _SC _ IC
8¢ " TC ~ IC

always holding., From this we have

B'gr _S'Cc* _T'C!
J¥CT ~ TfCT — LCT

from which a/x = x/y =y/b, & result which shows that the
values X, , ¥4 tend to are the geometric means between a and

be. '



CHAPTER VII
THE PARADOXES OF ZENO

Zeno of Elea (b. 500 B.C.), a pupil and friend of
Parmenides, is said, by Plat051
"discourses® in which he defended the views of his teacher,

, to have written certain

In answer to a question put to him by Soerates, Zeno says:

*You do not quite apprehend the true motive
of this performance (the writing of the "discourses"),
which is not really such an artificial piece of
work as you imagine... For the truth is that
these writings of mine were meant to protect the
arguments of Parmenides against those who ridicule
him, and urge the many ridiculous and contradictory
results which were supposed to follow from the
assertion of the One. My answer is addressed to
the partisans of the Eanﬁ, and intended to show
that greater and more ridiculous comsequences
follow from their hypothesis of the existence of
the Many, if carried out, than from the hypothesis
of the existence of the One, A love of controversy
led me to write the book in the days of my youth,
and someone stole the writings, and I had there-
fore no choice about the publication of them ..."

Zenot's discourses unfortunately have not come down to
our times and the only knowledge we have of his arguments
against "the partisans of the Many" are — excluding the

views exﬁressed in the Parmenides és irrelevant here —- the

2
paradoxes discussed by Aristot135 in his Physics and

attributed by him to Zeno, and repeated later, with some

additional ones, in the Commentaries of Simpliciusss. These

51 The Works of Plato, "The Parmenides", tr. B.Jowett, N.Y,
o8 Aristotle, Op.cit, Pﬁysics Vi

°% simplicii in Aristotelis Physicorum 1ibros gquattuor
priores commentaris, ed. H. Diels, Berlin, 1882.
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paradoxes have, from the earliest times, been treated, by
philosophers and commentators alike, as mere sophistic
fallacies and due to the ignorance of one uninstructed in the
subleties of the infinite. Much time and effort was expended,
but with little success, to the detection and exposure of the
errors involved in them., The failures of these attempts were
due, in part, to the faulty theories of the infinite and
continuity that were brought to bear on them, but to a larger
extent to the fact that in none of these attempts had the true
character of these paradoxes, as arguments directed to some
specific purpose, the disproof of some tenet of ancient philo-

sophy, been recognized.

Many, however, have accepted Zeno's paradoxes as "not
really such an artificial piece of work™ as could be eipected
from a young, pugnacious sophist defending the views of his
master., Thus, Grote®? sees in them en instemce of the
negative side of Grecian speculation, the probing, testing and
serutinizing, beginning then to come out more and more in
philosophical inquiries and occupying as large a measure of
the intelleetual in philosophy as the positive side. "We
shall find the two going bhand in hand, and the negativé vein
the more impressive and characteristic of the two from Zeno

downward in our history".

It was left for Paul Tannery55 however to detect the

specific aim of Zeno's paradoxes, rescue them from the scanty

54 History of Greece, VI:48
59 Pour 1l'histoire de la science hellene, Zenon d'Elee,
Paris, 1930, ¢ -~
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esteem in which they were held, and re-present them to the
world as a single, unanswerable polemic against the
Pythagorean Doctrine.

"Such a proposition is absolutely false",
says Tennery; "a body, a surface, or a line is
not a. totality.of juxtaposed points. The mathe-
matical point is not a unit; it is a pure zero,
a nothing of quantity™.

Drawing first on Simpliciué, whom he quotes as saying:

"After having shown that if being has no
magnitude it does not exist Zeno adds: 'If it
exists it is necessary that every being have
some magnitude, a certain thickness, and that
there be intervals between its parts. And the
same way be said of smaller parts; they too must
have magnitudes and& intervals between them. And
what has been said once can always be repeated;
there will thus be no last term where there are
no parts different from one another{ Thus, if
there is a plurality then things must be at once
large and small; so small that they have no
magnitude, and so large that they are infinite* *

Tannery interprets as follows:
If it be claimed that a body is made up of

points then the principle of infinite divisi-

bility leads to parts so small that they have no

magnitude, which would also mske their total,

the body, of zero magnitude., But if it is

assumed that these ultimate parts do have magnitude

(the other horn of the dilemmsa), since there is an

infinity of them the body must be infinitely large"

This argument, Tennery thinks, amounts to a rigorous
proof thet the infinitely divisible cannot be conceived of as
a sum of indivisibles. He also points out thatSimplicius
errs in asserting that Zeno's paradox leads to the result
that things ere at once large and small, a result unacceptable
because of the contradiction. It is rather a dilemma, each

horn of which is Individually unacceptable.
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The next paradox examined by Tannery is the ome in
which, according to Simplicius, Zeno argues thus: "If there
is a plurality, it is necessary that they be as maﬁj as they
are, neither more nor fewer. Being as many as they are they
are limited. But if there is a plurality, they are unlimited,
for there are always others between units, and still others
emong these, and thus things would be unlimited®™, This he
interprets as follows: to say that bodies are a sum of points
is to say, implicitly, that the number of points is unlimited,
On the other hand, the principle of divisibility reguires
thet we admit the existence of points between any two distinct
points; hence there must be an unlimited number of points,
Zeno, by this argument, forces the adversary into a contra-

dietion.

The other paradoxes examined by Tannery are the so-called
targuments against motion! preserved,'in very compressed form
by Aristotle and variously presented in expanded form by
later writers. As presented by Burnet56 they are:

1:~ You eannot traverse an infinite number of
points in finite time. Yom must traverse the
half of any given distance before you traverse
the whole, and the half of that again before you
traverse the whole, and the half of that again
before you can traverse it., This goes on ad
infinitum so that there are an infinite number
in any given space, and thus it cannot be traversed
in finite time.

2¢:~- The second argument is the famous
puzzle of Achilles and the tortoise, Achilles
must first reach the place from which the tortoise
started, By that time the tortoise will have
got on a little way. Achilles must then traverse
that, and still the tortoise will be ghead. He
is always nearer, but he never makes up to it.

Early Greek Philosophy, p. 322



S:- The third argument against the possi-
bility of motion through space made up of points
is that, on this hypothesis, an arrow in any
moment of its flight must be at rest in some
particular point, and thus at rest all the time,

~ 4:- Suppose three rows of points in juxta-
position, as shown in fig. 1

A L ] L ] * * L L J A L * . [ ] L 3 ®
rigol g . . s o ° . figoag . e o . * o
[ ] L] [ ] ® * [ ] L L 4

One of these, B, is immovable, while A end ¢

move in opposite directions with equal velocitles

so as to come into the positions shown in fig,.2.

The movement of C relatively to A will be double

its movement relatively tc B or, in other words,

any given point in C has passed twice as many
points of A as it has of B, It cammnot, therefore,
be the case that an instant of time corresponds
to the passsge from one point to another,

Tannery thinks that these arguments were given in Zenots
tdiscoursest in the form of a dialogue. A Pythagorean
adversary is to be convinced that space is not a sum of
indivisible parts. The first argument shows that if space
were really soO constituted then it could not be traversed

in finite time,

Agaeinst this the adversary objects (as Aristotle does)
and says that the dichotomy of the space is not an actual one
but only potential and thus it can still be traversed in
finite time,

%Zeno answers by the second argument in which this

objection cannot be made.

The Pythagorean now pleads that he has conceded too
mich, Finite time itself, he argues, may be capeble of
jnfinite dichotomy, for isntt it also a sum of instants? And

what prevents our making thé successive positions assumed
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correspond to the successive instants of time?

Zeno now counters by his third argument. To every
instant of time corresponds a defimnite position of the arrow.
But to occupy a definite position is to be at rest., Hence
the arrow is at rest every instant, and therefore the entire

finite time.

The adversary now says that this is not the only corre-
spondénce that can be conceived., May not every instant of
time correspond, not to a position, but to a change of

position, a passage from point to point?

Zeno answers this with his fourth argument. If such a
correspondence were possible then, since a point of G passes
through two points of A whenever it passes through one point
of B we have the absurd result that two instants are equal to

one-instant.

Tannery points out that Zemo is not (as is often over-
looked) at all arguing agaimst the possibility of motion.
Indeed it is quite clear, after this re-comnstitution of
Tannery's, that Zeno has only sought to show that, as he
himself said, "greater and more ridiculous consequences (the
ijmpossibility of motion) follow from their hypothesis of the
existence of the Many",

There seems to be no way open to doubt the correctness of
Pannery's interpretation of the meaning and real aim of Zeno's

paradoxés. The error they attacked was present in the
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Pythagorean doctrine, they did reveal, successfully and
devastatingly, this error and, as reconstituted by Tannery,
they fit together too well and too logicslly for Jjust this
purpose, to have been meant for any other., Further, this
interpretation of Tanneryt*s has raised Zeno from a rather
dubious former position to that of a "logician of the Pirst

.t'zam:!'z".s7 We shall see that his inf:ménce on the trend

mathematies was to take was great.,

o7 Cajori, American Mathematical Monthly, Vol. 22
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CHAPTER VIII
ARISTOTLE'S CONCEPTION OF THE INFINITE

Aristotle58 (b.384 B.C.) gave the best discussion in
antiquity of the concepts of infinity and continuity. In

various parts of his Physics, De Caelo, and Metaphysics we

find various aspects of these éoncepts dealt with, in an
apparently diseonnécted manner; yet careful study and piecing
together reveal a sound and consistent investigation and

analysis of these concepts.

Inquiring into the causes that give rise to the notion
of the infinite Aristotle finds that they are:sg

l1: The nature of time - it has neither beginning
noxr end,

2: The division of magnitude — it is, potentially,
an endless process.

3: The "coming to be" and the "passing away" —
for that from which things continually come to

~ be, and pass away, must be infinite.

4: The concept of #limitation® -~ This concept
leads inevitably to the notion of the infinite.
For, a thing is either limited or unlimited;

{f it is unlimited it is infinite., If it is
limited, it has its 1limit in something which
is either limited or unlimited. If this some-
thing is unlimited then it is infinite; if it
is limited then it has its limit in something
else which is either limited or unlimited,

and so on. Thus, an infinity is arrived at
again.

5: Magnitudes and things outside the heaven
never give out in our thought — for if we
think of anything outside the heaven we can-
not refrain of thinking of something beyond
that, and of something else beyond that, and so
on.

58 The Works of Aristotle, tr. and ed. J.A. Smith and
w.D. Ross, Oxford, 1908-1930

59 Ibid, Physics, VI
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Examining next the various senses in which the word
#infinite" isused he finds that these differ according as

fhe word is used of:

ol
[ 2]

That which is incapable of being gone through,
or traversed,

2: That which admits of being traversed the

- proeess, however, having no end,

338 That which with difficulty admits of being

"~ ‘traversed,

4: That which naturally admits of being traversed
but which is not actually traversed, or does
not actually come to an end.

The first use of the word given above is the trivial one
in vhich the word is applied to things which, by nature, are
neither finite nor infinite; it is the way in which the voice
might be said to be "invisible"., The second is the strict
use, the ome to be exemined. The third is the approximate,
exaggerated use of the word, as in "the boundless, infinite
sea", The fourth is that in which one speaks of "the endless-

ness of a ring or circle; there is no definite end.,

Exemining next the views that had been held by previous
thinkers about the infinite he finds that it had been held
to be:
An attribute of the elements (earth, water, air, fire)
as subjects,

A subject itself (as by the cosmogonists)
An attribute of an abstract subject.

=
[ 1]

2
3

0 o9

Finally, as to the processes that lead to the infinite
he finds that they reduce to two. "What is infinite is so

in respeet of addition, or division; or both",

He finds that the first two of the views listed above
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involve an actual infinite; the last a potential one., He
rejects the former as impossible, whether as a subject or as
an attribute, and accepts the latter as possible under

certain restricted conditions.,

It is neither possible nor desirable to give all of
Aristotle?'s arguments and proofs against the actual infinite
in this sﬁrvey. Some however will be given for the sake of
the historie interest attached to them. It must first be
explained that by an “actual® infiniteAAristotle means, in
some cases, a "physicél“ infinite, whether of one, two or
three dimensions and thét, apparently, to him the acceptance
of such an infinite reguires the acceptance of an infinite
universe to contsin it. ®Not every definite magnitude can
be exceeded for there would be something, in that case, bigger
than the heaven" , 50 But, an infinite heaven is impossible,
he says. For, #if it is infinite then any two radii are
infinite; hence the space between them is infinite. Bul an
infinite space cannot be traversed. And yet, we see the
heaven, in its daily revolution, traversing all spaee".61
Hence, the heaven is not infinite and thus actual phyéical

infinities do not exist.

Again, arguing now against the possibility of infinite
bodies, he starts with the assumption that the velocities of

falling bodies are proportional to their weights, an assumption

60 Physics, ITII, 207 b, 19-21

61 De Cselo



which makes their times of motion, for a fixed distance,
inversely'proportional to their weights. "Hence", he continues,
"for an infinite body the time of motion iévinriﬁitely small,
no mgtter what the distance traversed, which is absurd. If

you say it (the time of motion) is zero, then the infinite

body does mnot move (contrary to the hypothesis); if you say

it is a finite tima; then a finite body can be found to

perform this motion in this finite time and (thus) the finite
and the infinite (bodies) have equal motions, which is absurd
(since, in view of the assumption, they would then have equal

weights).

Noticeable in these arguments of Aristotle's are the errors
in his physical assumptions, Many centuries Iaier, Galileo
challenged them both, and of one of them he said:sz "It is
clear that Aristotle could not have made the experimeht".
But equally noticeable are some true notions Aristotle had
concerning the finite and the infinite, for it is clearly
jmplied, in his last argument, that a finite quantity, no
matter how small, can, by multiplication, be made to exceed
any other finite quantity, no matter how great, and that a
finite quantity, no matter how great, cannot be made infinite

by multiplication.

To explain now what Aristotle means by the "potential
jnfinite® it is best to proceed by way of the few examples
that he has himself used. We have his statement that "What

§s infinite is so in respect of addition, or division,'or

62 Two New Sciences, tr. HiCrew and A.DeSelvio, New

York, 1953, p. 656
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both". Here, of course, infinite is not to be understood,
naivély,'as meaning "of infinite magnitude" for, clearly,
magnitudes do not become great as a Tesult of division. The
meaning of the statement then must be, simply, that the
infinite arises, somehow, as a result of either of these
operations, or both, Again, he says: "The infinite is so in
virtue of its endlessly changing into éomething else ¢..." in
whieh the underscored word is significant; and again, "The
infinite must not be regarded as a particular thing ... bubt...
though finite at any moment, always different from moment to

moment®, where again the underscored word is significant,

Consider now the operation of division as applied to an
initial finite magnitude, a straight line say. The principle
of "infinite divisibility™, which Aristotle accepts, ensures
an endless repetitiom of the process; the result is an endless
sequence of terms, This is the "™potential infinite" whose
existence he asserts. "But", ne explains®®,Mnot in the sense
that it might ever be piéce& before you quite complete;
rather you have to gain a knowledge of its existence. And you
will have to understand that the fact that the division does

not give out ensures a continued potentiality for the actu-

ality, but not a completed existence"™. It is to be noticed
that, with the "potential infinite" thus understood (to wit,
as an infinite éequence, in modernhterminolosyl, all the
passages quoted make good sense, But more evidence in:

support of this interpretation is available.

63 Metaphysics, © - 6, 1048 b, 13-18




56

Consider now the operation of addition and the following
example of a potential infinite given by Aristotle. *In the
case of a finite magnitude™, he says, "™ you may take a
definite fraction of it and add to it in the seme ratio: if
now the successive added terms do not include one and the same
magnitude, whatever it may be, we shall find that addition
gives a sum tending to a definite limit"., It is not hard to
see that Aristotle is describing here, no matter how awkwardly,
a geometric series with common ratio less than one. But what
is infinite about it? Certainly not the sum, as he himself,
evidently, knows. The potential infinite lies in the endless
succession of terms., And it is apparently a characteristic
property of his "potential infinite" that, no matter how many
terms of it be téken, there are always some more left outside
of those taken. Hence, his next characterization:64 "Not that
outside of which there is nothing, but that outside of which
there is always something, that is the infinitet

On the other hand, if the process is that of adding a
finite magnitude, no matter how small, repeatedly to itself
then (as was pointed out above) he knows that any finite
magnitude will, some time, be exceeded. But, "Not every
definite magnitude can be exceeded, for there would be some-
thing, in that case, bigger than the heaven". Hencehis con-
clusion that "The infinite therefore cannot-exist, even
potentially, in the sense of exceeding every finite magnitude

as the result of successive addition".

4
Physics, III, 207 a 1-2
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There is some confusion here, some vestige of Pythago-
reanism perhaps, which somehow attaches physical mass to his
conception of magnitude and thus prevents him from accepting
even the possibility (potentiality) of "infinite magnitude,
That this lack of abstraction may be the true cause of the
difficulty here is supported by the faet that it would also
explain why Aristotle is, none the less, ready to accept the
sequence of the natural numbers as a "potential infinity".

His acceptance of this infinity does not require him to éccept

an "infinite magnitude™ also.

Heath65 has discussed this question and found that
Aristotlets "potential infinite" is a convergent infinite
séries. The view advanced here is that the "potential infinite"™
is an "infinite sequence®™, provided the law of formation of its
successive terms does not ultimately lead to a contradietion
of (rightly or wrongly) accepted truths. The proviso is
legitimate, of course, though some of Aristotle's accepted

truths could stand revision.

Mr. Abraham Edel in his very interesting and quite
plausible "Aristotle's Theory of the Infinite?®®, goes a good
deal beyond the view presented here. His thesis is (to the
best of my understanding) that Aristotle's "potential
infinite® is a large generalizstion of the interpretation

given hefe, one that comes close to being, if stated

-

68
~ Elements of Euclid, Vol., 1}, Cambridge, 1924

66 Ph.D., Thesis, Faculty of Philosophy, Columbia
University, New York, 1934
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abstractly, an embodiment of the Principle of Mathematieal
Induction. Because of its great inherent interest I try to
render Mr, Edelts thought more fully in Appendix II.

Aristotle’s treatment of continuity is not as fortunate.
His is not the“conception of mathemgtical continuity, but
rather an intuitive one, with little abstraction, of the
continuity of sensible magnitude., It is explained, by

Aristotle, as a type of contiguity, which is itself & type of

67

succession. "eee things are called continuous when the

touching limits of each become one and the ssme end are, as
the word (ocvve ;(5'5 ) implies, contained in each other;

continuity is impossible if these extremities are two®", His
treatment, condensed and reordered, may be given as féllows;

1: Things are said to be together, if they are
in one place.

2: Things are in contact if their extremities
are together.

3: That is between which is reached by a thing
before iT reaches another.

4: A thing is in succession to another if between
ig gndAthe other there 1s nothing of the same
kind.

5: A thing is contiguous to another if it is in
contact with it and in succession to it.

6: Things are continuous if they are contiguous
and if the extremities they have in contact
are one and the same,

The definition is very unsatisfactory, of course. It
maekes use of many irrelevant notions, and it is herd to see,
in (5) above, how a thing can be in contact with another and
yet fail to be in succession to it. But,worst of all, it is
jmpossible to form an adequate notion of the "things"

employed in the definition. Por since they have extfemities,

67 Physics, Vol, &, 277 a, 11-13
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they must have parts which are not extremities; now, if these
parts are continuous, the whole definition becomes circular,
end if they are discontinuous, the definitiomr breasks down,
However, Aristotle’s definition has the great merit of
recognizing, ezpliéitly, that the notion of order is
fundamental in, and prior to the notion of continuity. His
use of the phrases "between", "in succession to", are ample

evidenceodf this recagnit 1@11:
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CHAPTER IX
THE EUDOXIAN AXTOM

An anonymous scholiast on the fifth book of ' Euclid's
Elements (believed by Heath to be Proclus) tells us that "some
say that this book, eohtaining the generai theory of pr0p6rtion,
which is common to arithmetic, music, geometry, in a word to
all mathematical science, is the discovery of Eudoxus, the

teacher of Plato". 68

It thus appears that this important branch of Greek
mathematics is, at least by this scholiast, definitely
attributed to Eudoxus., But additional evidence, due to Archi-

medes and, though indirect yet very convincing, may be adduced,

In the letter to Dositheus prefixed to the treatise "On
the Sphere and Cylinder", Archimedes says: "I cannot feel‘any
hesitation in setting them (i.e., these the&rems) side by side
both with my former investigations and with those of the
theorems of Eudoxus on solids which are held to be most irre-
fragably established, namely, that any pyramid is one third
part of the prism which has the same base with the pyramid and
equal height, and that any cone is one third part of the
ecylinder which has the seme base with the cone and equal
height. For, though these properties were naturally inherent
in the figures all along, yet they were in fact unknown to all

the able geometers who lived before Eudoxus and had not been

68 mgxen by Heath (History of Greek Mathematics) from
Euclid, Vol. V, p, 280, ed, Helberg
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observed by any one".

.

Again, in the letter to Eratosthenes, prefixed to "The
Metho@", he says: "This is a reason why, in the case of the
theorems the proof\of which Eudoxus was the first to discover,
namely that the cone is a third part of the cylinder, and the
pyramid of the prism, having the same base and equal height,
we should give no smell share of the credit to Demoeritus who
was the first to make the assertion with regard to the said

figure though he did not prove it".

But, in the letter to Dositheus prefixed to "The Quadrature
of the Parabola™ Archimedes says: "... and for the demonstration
of this prOpert§ the following lemma is assumed, that 'the

excess by which the greater of two unequal aress exceedsthe

less_can, by being added to itself, be made to exceed any

finite area’. The earlier geometers have also used this

lemma; for it is by the use of this same lemma that they have
shown that circles are to one another in the duplicate ratio
of their diameters, and that spheres are to ome another in the
triplicate ratio of their dismeters, and further that every
pyramid is one third part of the prism whichhas the same base
with the pyramid and equal height; also that every cone is

one third part of the cylinder having the same base as the

cone and equal height they proved by assuming a certain lemma

gimilar to that aforesaid ..."

The lemma of the last quotation is given once again by
Archimedes, as one of the assumptions used in the book on

*The Sphere and Cylinder™, in the following form: "Of unequal
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lines, unequal surfaces, and unequal solids, the greater
exceeds the less by such a magnitude as, when added to itself,
can be made to exceed any assigned magnitude among those which

are comparable with it and with one another".

It is established then, on the strength of this evidence,
that Eudoxus gave the first irrefragable proof of certain
theorems on the pyramid and the cone by means of a certain
lemms similer to Archimedes® assumption., Now, an examination
of these theorems, as preseived by Euelid in XTI, 7 and XII, 10,
reveals that the proof is by the "Method of Exhaustion" and
thet this method involves, explicitly, the lemma (Euclid, X, 1).

#Tf there are two unequal maghitudes and from

the greater is subtracted more than its half (or

its half), and from the remainder is again sub-

tracted more than its half (or its half), and if

this is kept up continually there will be left

some magnitude which will be less than the lesser

of the two given magnitudes",

a lemma which Euclid proves by the assumption that:
"By teking the lesser of two magnitudes it

is possible, by multiplying it, to make it some

time exceed the greater",
an assumption which he seems to base on two definitionms of
Book V, which state that

A retio is a sort of relation in respect of
Def. 3. size between magnitudes of the same kind
( a‘l,wartvwv).
Def. 4. Magnitudes are said to hawa ratioto one
gnother which are capable, when multiplied,
of exceeding one another,
How similar Euclid's assumption is to Archimedes' may

be seen from the following considerations.
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Let a and b be any two comparable magnitudes, with a < b,
Then, there exists an integer n such that
(1) n « 2 > b, according to Euclid, while
(2) n. (b — a) > b, according to Archimedes.

Now, since a > o then b — a < b whence, by (1),
n .(b - a) > b, which is (2). Again, since a > o then b + a > b
whence, by (2), n (b + a) — I_)] > b, that is, n-a > b,
which is (1).

And now, we may summarize the additional evidence that
was to be adduced in support of Proclus'! assertion concerning
the authorship of Book V as follows. Archimedes asserted
that Eudoxus gave the first irrefragable proof of the theorems
concerning the volumes of the pyramié and the cone, by means
of a lemma similar to his own. These proofs, as preserved by
Euclid, involve an assumption which is similar (in fact,
eéuivalent) to that of Archimedes, and this assumption makes
its first éppearance in Greek mathematics in Book V. HEnce;

Eudoxus! connection with this book is established,

It will be noticed that this brief investigation also
establishes the fact that the axiom so often described as the
"Axiom of Archimedes® in mathematical literature is due to
Eudoxus; it is therefore more properly described as "The Axiom

of BEudoxus™.
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CHAPTER X
THE EUDOXIAN THEORY OF PROPORTIONS

This theory cannot be described here in its emtirety,

admirable though it is and "in every respect superior to the

algebraical method by which it is now generally replacedﬁsg;

but such parts of the theory as are at all involved in the

object of this survey will be carefully examined.

The theory is founded on a number of definitions of whiech
70

the most important are:

(1)
(2)
(3)

(4)

(5)

(6)

A magnitude is a part of a magnitude, the less of
the greater, if it measures the greater.

The greater is a multiple of the less when it is
measured by the less.

A ratio is a sort of relation in respect of size
between two magnitudes of the same kind.

Magnitudes are said to have a ratio to one another
which are cepeble, when multiplied, of exceeding
one another,

Magnitudes are said to be in the same ratio, the
first to the second and the third to the fourth
when, if any equimultiples whatever be taken of
the first and third, and any equimultiples what-
ever of the secomd and fourth, the former = -~
equimultiples slike exceed, are alike equal to,
or alike fall short of the latter equimultiples
respectively taken in corresponding order,

Let magnitudes which have the same ratio be called
proportionsl.

69 0. Henrici, F,R.S., Geometry, Enc. Brit. Vol.X:382

Werner Ed., New York, 1901

70
T.L. Heath, Elements of Euclid, Vol, 2
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(7) When, of the equimultiples, the multiple of the
. first magnitude éxceeds the multiple of the

second, but the multiple of the third does not

exceed the multiple of the fourth, then the

first is said to have a greater ratio to the

second than the third has to the fourth.

Of these definitioms (1) and (2) serve the purpose of
defining the word "multiple", used in (5) and (7); (6) is only
nominal and thus uﬁnecessar&. Definition (3) however is worse
than unnecessary; it is useless, For thouéh it professes to
be a definition of "ratio", it not'only does not define this
notien mathematicaliy (even if it does classify the notion
philosophically), but it also fails to impart to it eny
properties whatever that could meke it usable in & mathematical
system. However, no use is made of it in the theory, and it
is believed by many to be a later addition, probably by Theon
of Alexandria. Heath says: "It now appears certain this

- 71
definition is an interpolation.

The list narrows down now to (4), (5) and (7), defintions
which have been copiously commented upon and variously
interpreted through the ages. Thus, P3303172 thought that by
*mognitudes of the same kind" Euclid meant magnitudes pos-
éessing the Eudoxian yrogert&. But this is not acceptable
since there is evidence to support the view that Huclid
accepted certain magnitudes as being "of the same kind
( (];uﬂ Vdad ’; )" even though they did not possess this property.
For, in Book I he gives:

7 Henricil, Loc. cit.
72

Blaise Pascal, Penséas, ed, W.F. Trotter, N,Y., 1910
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Def. 8 A plane angle is the inclination to one

another of two lines in a plane which

meet one another and do not lie inm a

straight line.
Def, 9 And when the lines containing the angle

aignzzgfight, the angle is called recti-
in which, it is seen, the first definition puts all plamne
angles in the same genus and the second distinguishes recti-
linear ones as a separate species, Then, in Book III, 16,
he proves, after a fashion, that the angle a tangent to a
circle makes with the circumference is less than any recti-
linear angle, a fact which shows that though he thought of
these angles (H§&h”fﬂ€¢06i3 , horn-shaped) as being of the
same kind (at least in the matter of magnituae, sinece he
compared them), he yet denied that they possessed the Eudoxian
property. PFor, if they did possess this property then, for
any horn-angle H, and any rectilinear angle R, we would have,
by the Budoxian property, n-H > R whence H > % s Which
contradicts the theorem Euclid proved.

To allow therefore for this broader conception of "magni-
tudes of the same kind", which the above dicussion cleafly
shows Buclid had, the two definitions, (3) and (4), may now
(as is, besides, quite permissible linguistically) be retrans-
lated as follows:

Def. 3 A ratio is a sort of relation in respect of size
between certain magnitudes of the same kind.

Def. 4 Those magnitudes of the same kind are said to

have a ratio to one another which are capable,
when multiplied, of exceeding one another.

We have then, in the acceptance of these angles, & clear
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instance of what Bussell75 has celled since then the "relative
infinitesimal™, the correlative of the "relative inriﬁite“,
dealt with, in recent years, by DuBois ﬁeymond, 74 Borelvs,

and briefly by Klein, Kasner and others.

However, the concept of non-~Eudoxian magnitudes spparently
did not lend itself to easy, intuitive understanding. For
Proclusvs, in commenting on the many classifications of the
notion of "angle" made by previous philosophers — for these
had variouély pléced it in the categories of quantity, quality
and relation - rejects the opinion that angle is a magnitude,
saying: *If it is a magnitude, and all finite magnitudes of the
same kind have a mutual ratio, &1l angles of the same kind,
that is, which exist in surfa¢es, will have a mutual ratio.
And hence the horn-shaped will have a ratio to the reectilinesr,
But things which have a mutual ratio may, by multiplication,
exceed each other; and therefore it may be possible for the
horn-shaped to exceed the rectilinear angle which, it is
well-known, is impossible, since it is shown to be less than

any rectilinesr angle".

There is no explicit indication that Eudoxus himself had
such a braod conception of magnitude; but the mere fact that he

took the trouble to state his assumption concerning certain

s Russell, Principles of Mathemakics, p. 332

7 P. DuBois Reymond, Infinitidrcalcul, Hardy, Cambridge,
tract #12.
75

¥ E, Borel, La Theorie de la Croissance, Paris, 1910

78 Gommentaries on Euclid's Book I, p. 141, Tr. T.Taylor,
London, 1792
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magnitudes proves that he at least econsidered the broader
conception, though he decided to have nothing to do with it.

It is not unfair, I think, to see in this a retreat, due in
part to Zeno's criticisms. There is no explieit mention, as
there is in the case of Archimedes, of the magnitudes of which
BEudoxus made his assumption; but these turn out to be the same
as those of Archimedes. For the asswiption is applied to lines,
in Book V, and t0 surfaces and solids in Book XII.

On the other hand, that the difficulties raised by Zeno
were very skillfully circumvented by means of this assumption
cannot be denied. Within the theory built up by Eudoxus, any
magnitude (length, area, volume), no matter how small, can be
surpassed in smallness, and any-magnitude, no matter how large,
can be surpassed in largeness. There is now no ultimate small
and no ultimate large. The inconsisténcies attacked by Zeno
cannot now arise. Thus were banished the "polints®" of the
Pythagoreans, as constituent elements of mégnitudé, the
®indivisibles™ of the Atomists, and all infinite magnitudes

from Greek mathematics.

This does not mean, of course, thatall conceptions of
infinity were rendered impossible by the adoption of the
Eudoxian exiom, for, obviously, cne could still arrive at it
by induction (we have seen that Aristotle did), and without
violence to this axiom, provided one did not include it in the
sfige class with the finite. One could, for imstance, perceive
by means of some insight or principle that there are more than

n maegnitudes in a class, no matter what natural number n might
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be, and assert an infinity of magnitudes in that claas,
provided this infinity itself was not thought of as a member
of the seme class. In fact, something entirely amalogous
to this (except for the assertion of the Infinity) was done
by Euclid himself when, in regard to the totality of primes
he said (Book IX, 20), "Prime numbers are more than any
assigned multitude of piimes". There is no violence here to
the Eudoxian axliom for though Euclid did state that (for
convenience we denote the number of primes hy N) N > n, for
any natural number n, while the Eudoxian axiom asserts that
for any two natural numbers, M',N', where M' < N', an n
exists such that n.-M' > N, there is no conﬁradiétion, for
Euclid did mnot put N in the class of natural numbers; the N
of Euclidt*s is not the N' of the axiom.

Buclid's proof of this theorem was, of course, a credit-
able performanee. Not so however his extreme cautiousness
concerning the use of the word "infinite", For consider his:
evasiveness in the very enuncistion of this theorem: "The
prime numbers are more than any assigned number of primes".
Not only does he apply the adjective "infinite" to this
totality, but he even avoids reference to it as a "number",

Zeno's criticisms were, indeed, effective.

That there was here an opportunity for the drawing of a
valia definition of a certaim type of infinity can be made
clear by a brief examination of Euclid's proof of the theorem

in question. This is, in substance, as follows:
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Suppose the number of primes is finite.
Let these bea, b ¢« ¢« . « « + ko Form now the
number (& b +...kK) + 1, Then

Case I If this number is a prime, a new prime
has been found, for it is, obviously, not
anyOfa,b,oooooko

Case II If it is not prime then it is divisible by
some prime, p say, which cannot be identical

with any of a, b, ¢.e¢ o o k; for if it were
then it would divide (a b ...k), and since

it also divides (a b ...k) + 1 by hypothesis,
it would divide the difference, or unity,
which is impossible.

Hence, in either casse a new prime has been

found. This eontradiction proves that the number

of primes is not finite.

It is obvious that the principle of mathematical in-
duction is . involved in this proof. For a discerete series is
formed, whose terms are the successive primes, p,, , produced
by Euclidts process from an initial prime, 1 say. This
process yilelds, after any term p,, 1ts successor p,.. ,
which is either (1-P, - P. eesePn) 4—1, if this is a prime, or
some prime divisor of it if it is composite; in either csase,
Euclid's proof assures us that p,,, 1is a prime different from
any of its predecessors. Now, the first term of the series is
a prime; also, if the n™” is a prime, so is the (n + lfh .
Hence, every term of the series is a prime. But every term
of the series has a successor; hence the series is infinite

and thus the number of primes is infinite.

We note, incidentally, that this process canmot be used
as an algorithm to obtaln an endless succession of primes for
no general way is known by which it caen be decided, in every

case, whether (P, P» eeeP,) + 1 is itself a prime or a

product of new primes.
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It is now time to examine definitions (5) and (7) and,
to this end, I consider next the sense in which the word
"magnitude" is used by Euclid for, as can be seen, this concept

is fundamez:xtal in these definitions.

From axioms stated end others actually used in the
Elements, Euclld seems to assign, in general, the following
properties to any set of magnitudes, a, b, c, see €tc., of the
same kind,
1) Ifa=b,b=c¢c thena=-¢
2) Ifa <b, b <c thenas<e
3) Of the relations a<b, a = b, a > b one and only one holds.
4) a-+b is a magnitude of the same kind as a and b
5) If a<b then an n exists such that n-a > b (for lengths,
. areas, volumes)
6) If a end b satisfy (5) then a/b, b/a exist.
Properties (5) and (6) are introduced, as has been noted,
in Book V. And now, definitions (5) and (7) of Book V may be
stated as follows. Let a and b be magnitudes of the seme kingd, .
¢ and d magnitudes of the same kind (the second kind not
necessarily the same as the first); then
Def. 5 If, for every pair m, n of -the whole numbers
we have m-a = n'b according as m-¢c E n d then
a/b = c¢/d.

Def, 7 If, for some pair m, n of whole numbers we have
m-a>n-bbut m c= n & then a/b > c/d,

We note tha% properties (3) and (6) of the previous
paragraph are assumed in these definitions. We note also the
high degree of abstraction imparted to the notion of ratio by
these definitions; a and b may be lengths, ¢ and & areas, yet
a/b = ¢/d if Def. 5 is satisfied, The Budoxian ratioc was then

entirely independent of the nature of the magnitude in terms
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of whieh it was expressed.

These definitions of "equality" and "inequality" of ratios
were criticized in the pas% on the éroun&ythat they do not
offer criteria which cam be applied, in every given case, to
decide whether a certain ratio is or is not equal to another,
For definition 5 requires one to examine an infinity of pairs
m, n, which is actuaslly an impossible task, snd definition 7
requires one to find some pair m, n which, though it may exist,
one may conceivably fail to find in a yearts search. These
objections will be recognized, of course, as the older counter-
part of the questions agitated more recently by Kronecker
and still more recently by the "intuitionist school" under the
leadership of Brouwer and Weyl.‘

77 answers this criticism with the statement

A. De Norgan
that "nevertheless, certain mathematical methods enable us to
avoid this difficulty", and gives the following example in

evidence.

®If a series of parallels cut off consecutive
equal.parts from anyone line which they cut, they
do the ssme from any other, This premised, suppose
any two lines, OA, OB, and take a succession of
lines equal to OA, OB, drawing through every point
a parallel to @& givem line, Draw any other line,

77 Number and Magnitude, an Attempt to explain the
5th Book of Euclid, Londom, 1836, p. 72
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0CD, intersecting all the parallels, from which
the preliminary proposition shows that whatever
multiple Oa is of QOA, the same is Oc of 0C; and
whatever Ob is of 0B the same is 04 of OD. And
if Oa be greater than, equal to, or less than
Ob, Oc is greater than, equal to, or less than
0d. Hence the definition of equal ratios spplies
precisely to the lines OA, 0B, OC and 0D which
are, therefore,/proportional. This gives the
gonﬁtruction of’ Book VI, 12, or one analogous to
t.

Writing to the same end, O, Henrici”® shows, by the
following example, how Buclid's definition of equality may
yet be used. For greater clarity I underscore the theorems
he uses as premises, and adjoin a figure, with references

to it in parentheses, to illustrate his proof,

A, Bo B, A B. A, Bs As Bn Am

#Priangles of the same altitude are to one
gnother as their bases, or if a and b are the
bases, and « and R the areas of two triangles
which have the seme altitude, them a/b = <X/g .

To prove this we have, according to def. 5,
to show that:
if ma > nb, then mx >ng,
if ma = nb, then mo« =104,
if ma < nb, then m« <n24,

That this is true is, in our case, easily
seen. We may suppose that the triangles (OA, A,
and OB, B, ) have g common vertex (0), and their

78
Henrieci, loc. cit.
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bases in the same line., We set off the base

a along the line containing the base m times;

we then join the different parts of division

(Az , Az , ece &m) to the vertex and get m
triangles all equal to o¢ . The triangle (OA. A..,)
on ma as base equals, therefore, mo ., If we
proceed in the same manner with the base b,
setting it off n times, we find that the area

of the triangle (0B. B, ) on the base mb equals
ns , the vertex of all triangles being the same.
But if two triangles have the same altitude,
then their areas are equal if their bases are
equal; hence m« = n3 if ma = nb, and if their
bases are unequal, then that has the greater
area which is on the greater. base; in other
words, m« 1s greater than, equal to, or less
than ns according as ma is greater than, equal
to or less than nb, which was to be proved",

It is interesting to observe how again the difficulty of
ineluding an infinity within the scopeJof an gssertion has
been overcome by the intervention of a principle, We have met
examples in which the prineiple used for this purpose was
mathematical induction, but in the two instances just given
the empowering principle is not mathematical induction,
Consider either of these examples, Henrici's say, and examine
the premises used. Take the first,'for exdmple, and restate
it thus: ®"If, for any two triangles having equal sides, etc,";
it is at once evident that the word any is significant; it is

the clue to the prineciple sought.

Consider the class, X, of elements x. The phrase 'any X'
means ‘'an element of X, no matter which'. Hence the statement
'Any x has the property P' means

(A) If an element of X be taken, no matter which,
it will be found to have the property P.

 From this it is possible to infer, on a priori grounds

that
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(B) Every element of X has the property r.

In the case where X is a finite class the truth of (B)
can be shown to follow from that of (A) by the argument that

the elements of X dan be individually examined, and in such an

examination no x can be found which does not have the property
P for the finding of such an x would comtradict(A), whica is

supposed to be true.

In the case where X is infinite such an argument cannot
be used to deduce (B) from (A) for the elements of X camnmot be
exagmined individuail#. Buf if X is an infinite class of the
type known as a ’progreséion', the truth of (B) can be deduced
from that of (A) by the prineciple of mathematical induction.
For:

If the first element of X is taken it will be found
to have the property P, by virtue of (A).

]
L 1]

2: If any x is taken, it has the property P, by virtus
of (A) again.

%: Any such x has a successor, since X is a progression,

4: If this successor is takem, it has the property P,
by wirtue of (A)

5: Every element of X has the property P, by the
principle of mathematiecal induction.

But in the case of other types of infinity (to which
nmsthematical induction does not apply) no means remains of
asserting the property P for every member of the class
except that which proceeds through the 'concept of X!, the
coneept of which X itself is the 'extension', This is the

principle sought; it may be stated thus:
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(c) If the concept, C, whose class is X, implies
the property P, then every member of X has

the property P.

The validity of this principle has been disputed, as is
well known, by the intuitionists and, espeeially, by the
finitists; and various comtradictions now existing in the
theory of infinite numbers have beem attributed to it. Thus,
Brouwer79 insists that "The Komprehensions-axiom, by virtue
of which gll things‘whiéh have a certain property are united
to form an aggregate (Menge), even in the limited form used
by Zermelo, is inadmissible in founding the aggregate theory,
or is at least unserviceable. Only in the econstruetive
definition of aggregates is a trustworthy foundation of mathe-
matics to be found". But the rejection of principle (C), even
for classes which can be ordered by Zermelo's axiom, renders the
principle of the excluded middle inwali@jfof all infinite
classes except progressions. Brouwer does not hesitate; he
rejects even this, "On this fbunﬁationﬂso, he says,
"particulgrly in the last half century, extensive false theories
have been erected"., He (and Weyl) abendons traditional logie
and holds that a ﬁroposition of any theory is false if it
contradicts an axiom of the theory, true if what it asserss
can be constructed, and indeterminate if 1t contradicts no

axiom but has not been constructed yet. An interesting

79
J. Pierpont, Bulletin merican Mathematicel Society,

XXXTIV:5L
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peculiarity of this logie is that a proposition cannot be
proved to belong to the third class. For, cdbviously, the
asservion that the proposition will never be constructed
cannot be proved directly; on the other hand, the indirect
way, of showing that the hypothesis that it can be constructed
leads to a contradiction, proves that the proposition is

false, not indeterminate.

Whether the imputations made by these schoolsagainst the
established theories of the infinite are just or not is not
definitely known; for all that these schools have succeeded in
demonstrating is that the contradictions do not arise in these

infinities if these infinities are left strictly alone. And

it must not be overlooked that new principlesal have been
invoked by the opposing school of thought also, by the sup-
porters of traditional mathematics, which eliminate the
paradoxes and contradiétions from the theory of aggregates,

without necessitating the abandomment of fully one half of the

mathematies in existence. Russellsz, for instance, has shown
that the principle "Whatever involves all of a collection canmot
be one of the colleétion", the principle on which his Theory

of Types is based, removes the paradoxes and contradictions

from these theories without destroying them.

There is no a priori reason, as yet, for accepting either

of these two solutions of the difficulty in preference to the

8l €.8., The Hilbert Schocl and the Axiomatic Method, See
J. Pierpont, op. cit., p. 46=-50

82 principles of Mathematics, p. 523-528.
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other, and there camnot be until a complete theory of knowl-
edge becomes available. But pragmatic considerations urge
that, until them, those solutions be preferred which remove
the difficulty without destroying a large part of what is
left. There must hot be another retreat before the infimite,

An interesting comparison may be made between the two
principles, i.e., (C) above, and
(D) If in the progression X the first term has

the property P, and if P is such that when
any term, X, has the property its successor
also has it, then every term of X has the
property P,

As Poincarée®® pointed ou¥, the former is not an instrument
of discovery while the latter is. For, if knowledge is only
of the 'universal' then in asserting the property P of every
member of X the former principle mekes no discovery of new
knowledge since the property P was already contained in the
universal C. The latter however, proceeding from the

observation of the property P in the particular, x (which is

not knowledge), asserts it of the universal X (which is).

83 HE. Poincare, The Foundatioms of Science, tr. G.B. Halsted,
New York, 1929. "WiThout doubt recurrent reasoning in
mathematics and inductive reasoning in physics rest on different
foundations, but their march is parallel, they advance in the
same sense, that is to say, from the particular to the
general™, page 40. . . .
"We can ascend only by mathematical induction, which aleme can
teach us something new", page 42,
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CHAPTER XI
THE EUDOXIAN NUMBER SYSTEM

It is time now to examine the number system that
Eudoxus comstructed by means of the assumptions and definitioms
we have finished considering. Concerning this number system
Heath says:s4 "Max Simon remarks, after Zeuthen, that Euclid's
definition of éqnal ratios 1s, word for word, the same as Weier-
strass' definition of equal numbers. So far from agreeing in
the usuel view that the Greeks saw in the irrationsal no number,
Simon thinks it is elear from Euelid V that they possessed a
notion of number in all its generality as clearly defined as,
nay almost identical with, Welerstrass®' comception of it".
A% if skeptical about this high opinioﬁﬁﬁeath continues %hus:
"Certain it is that there is an exaet correspondence, almost
coincidence, betweem Euclid's definition of equal ratios and
the modern theory of irrationals due to Dedekind®, and offers,
in support of this view, the following demonstration.
"Dedekind arrives at the following definition
of an.irrational number: 'An irrational number, o ,
is defined whemever a law is stated which will
assign every given rational number to one and only
one of two classes A and B such that
1: every number in A precedes any number in
23 ;Egge is no last number in A and no first
H

the definition of o{ being that it is the one
number which lies between all numbers in A and

4
The Elements of Euclid, 2:125
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all numbers in B'. 85

Now let x/y and x'/y' be equal ratios in
Buclid®s sense. Then x/y will divide all rational
numbers into two groups A aend B; x!'/y*' will divide
all rational numbers into two groups A' and B'.

Let a/b be any rational number in A, so that
a/b < x/y; then ay < bx, But Euclid's definition
asserts that in that case ay' < bx' also. Hence
also a/b < x'/y'; therefore any number of group A
is also a number of group A',

Similarly any number of group B is also a
number of group B'., For if a/b belong to B, then
a/b >x/y and thus ay >bdx. But in that case, by
Euelid's definition, ay' > bx'; therefore also
a/b > x'/y*., Thus, in other words, A and B are
co-extensive with A' and B' respectively; therefore
x/y = x'/y' according to Dedekind as well as
according to Euclid, ’

If x/y, x'/y', happen to be rational, then one
of the groups, say A, includes x/y, and one of the
groups, say A', includes x'/y'. In this case a/b
might coincide with x/y; that is, a/b =x/y which
means that ay — bx. Therefore, by Euclid's
definition, ay' = bx'; so that a/b =x'/y'. Thus
the groups are again. co-extensive. In.a word then,
Buclid's definition divides all rational numbers
into two co-extensive classes, and therefore
defines equal ratios in a manner exactly corre-
sponding to Dedekind's theory".

It will be observed, of course, that this demonstration
of Heath's does not establish a correspondence between Euclid's
definition of equal ratios and the modern theory of irrationals
due to Dedekind but rather (and perhaps this is Heath's
meaning) between the definitions of equality in the two
systems. But even thus, the correspondence exists in one way

only, that is, if two ratios are equal in Euclid's sense then

the real numbers determined by them are equal in Dedekind's

85 The postulation of a real number corresponding to
every such "Cut" has beem criticized by H., Weber and B. Russell;
the "Cut" itself is now taken, by definition, as the real number,
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sense, but not conversely. How far the two systems are from
being in exact correspondence and how far Simon's estimate is

from being a true one will be made clear in the analysis of

the Eudoxian system that followss

We recall the definition of a real number:
If the class, C, of the rational numbers is
separated, in any manner, into two non-empty

classes, A and B, such that

1: any element of A is less than any element
of B,

2: A has no last element,
then the separation determined by the classes A and
B is a real number, rational if B has a first element,
irrational if it has not.
We demote the number thus defined by the symbol (A, B) and,
for greater convenience in the comparison to be made, we
exclude from the class C the number zero and all negative

numbers.

We show now that a Eudoxisn ratio, a/b, effects a sepa-
ration of the rational numbers which is strictly analogous to
the real number of the above definition., For, consider the
class A of the rational numbers consisting of those for which
ma > nb, and the class B of those for which ma = nb. Let such
a separation be demoted by the symbol A/B. It is to be shown
that
M. Every A/B is also an (4,B)

1: Let n/m be any rational number; then either

ma > nb or ma = nb; hence, n/m is either in
A or else in B.
2. Let n/m be any element of A and r/s any one of
B; then ma > nb and sa = rb., Hence, n/m < a/b < r/s,

thet is, n/m < r/s. Hence, sny element of A is
less than any element of B.
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Let a, b, be any two Eudoxian magnitudes of

the same kind. Then an integer n exists such
that mna > b; hence 1/a < a/b and thus A has at
least the rational number 1/n in it. Similarly,
an m exists such that mb > a, whence m/1 > a/b.
Thus B has at least the element m/1 in it.
Therefore A and B are non~-empty classes.

A has no lsst element. For, let n/m be any
element of A; we show that an element of A,
greater than n/m, exists.

8ince n/m is in A, n/m <a/b and thus ma > nb;
therefore ma — nb is a magnitude of the same kind
as a and b and thus Eudoxian. Of course, so is mb.
Hence, an integer k exists such that k(ma — nb) > mb,
From this it follows that

am — nb

”Andi now, it is easily seen, the rational number
n/m 1/k, greater than n/m, is in A, For, from
a) above

1/k < (ma -nb)/mb,

, whence

<& _2
m

ol

+% <% , which was to be shown.

BB

And now, from l:, 2:, 3:, 4: above it follows

that the definition of (A, B) is satisfied by A/B.
This concludes the proof.

We consider now the converse question,that is whether

Every (A, B) is also an A/B,

We paraphrase this guestion thus: Is there, for every

separation of the rational numbers in the Dedekindian sense,

a Eudoxian ratio., a/b, which effects this separation?

The answer to this question depends on the nature of the

magnitudes a, b, ¢, etc, But whether these possess the property

needed to assure the existence of the ratio in question, or

not, must ultimately be a matter for postulation rather than
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proof. Hence the question to be answered reduces now to
whether this postulation was made or not. It may be said that
there is no mention of such a postulate in Greek mathematies,
nor is there any indication of its use. On the other hand,

it is fair, as will be shown, to think that an opportunity to

formulate such a postulate did arise, but was not taken.

If we recall the statements of Eretosthenes, Theon of
Smyrna and Proclus (p. 216 above) concerning proportion as the

bond and common element of arithmetic and geometry, if we

recall that incommensurable lines had already beern discovered,
that, in faet, the theory of proportion of Bock V was created
for the express purpose of coping with incommensurables,
finally, if we note, in the following very natural derivation
of the definitions of "equality" and "inequality®™ used in this
book, a derivation, mofeover, which was most probably the one
employed in arriving at the said definition, if we note that
all that was needed was the assertion of the converse of an

observed fact, it will be seen that the opportunity was there.

For suppose that two pairs of magnitudes, a,b, and ¢,d,
which may be incommensurzble, are given,,and the ratios a/b,
¢/d are formed. If these are to be equal, that is, if they

are to be the seme ratio (see Def. 5 above) then, as is

intuitively demanded and as the analogy from the case of
commensurable ratios suggests, if a/b is less than, equal to
or greater than ratio, n/m, then so must the other ratio, ¢/d

be less than, equal to, or less than n/m. In other words,



if a/b < n/m  them c¢/d < n/m,

if a/b =n/m  then ¢/d = n/m,

if a/b > n/m  then ¢/d > n/m,
from which the definition that was adopted, "a/b = c¢/d if
ma ,énb according as me > nar naturally arises. And it is
obvioms =~ too obvious to miss — that each of these ratios,
a/b and c¢/d, leads easily to a separation of the numbers n/m
into two groups, to wit, the group of those that are greater
than it and that of those that are not. Hemnce, for two such
ratios the comparison between them might have been showm,

graphically, by means of two straight lines, thus:

”/m q/é '7/,', !
Yz S s ) m’

From this would arise also, quite easily, the definition
of "greater than". For, if a single ratio, r/s, lay between
a/b-and ¢/d, as shown in the figure, that is, if some r/s
existed such that r/s < a/b but r/s T ¢/d then, obviously
a/b > ¢/d. This, of course, would then be restated in the

form given in Def. 7.

Indeed, it is difficult to imagine an easier or more
natural approach to definitions 5 and 7 of Book V than the one
outlined here. Therefore, it may be assumed that Eudoxus knew
that any ratio separates the rational numbers into two mutually
exclusive, and exhaustive groups. Hence, an easy opportunity
was present to consider the possibility of the converse also
and thus arrive at the postulate in question. As stated above,

this opportunity was not seized by Eudoxus. On the other
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hand, he could not hawe been expected to either; for such a
procedurs would hsve been entirely foreign to the Greek habit
of mind., As is, besides, illustrated in the number system
Eudoxus constructed, the Greeks saw the magnitude first and
then assigned a measure to it; they did not assert the existence

of a magnitude to correspond to every measure.

It is Important, however, to examine the comsequences of
the postulste in question. Suppose then that we have not only
M Every A/B is an (A, B), as was proved above, but also
N Every (A,B) is an A/B, by hypothesis.

It is easy to show that, in such a case, there is a
one-to-one correspondence between the class of Dedekind Cuts
and the class of Eudoxian ratios. For, let A./B; correspond
to (A' , B! ) and let (A% , B% ) be any other Dedekind Cut.
Then, we show, 4,/B, does not correspond to it also. For, if
it did, we would have:

a; every element of A', is an element of A, , by N
b) every element of A, is an element of A! , by M.
¢) every element of A% is an element of A' , by a) and
. b); again

d) every element of BY is an element of B, , by N,

e) every element of B, is an element of B} , by M

f) every element of B! is an element of B} , by al

and e).

Now, from ¢) end £) (A' , B! ) ~ (4} , B%L ), by the
definition S° of equality of Dedekind Cuts. But this is
jmpossible, since, by hypothesis, (o', , B% ) is other than
(o' , B ). Hence, A, /B, cannot correspond to two distinct

Dedekind Cuts. In a similar manner it can be shown that (4 ,B)

86
p. 47

W.F. Osgood, Function of s Real Variable, Peking, 1936
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cannot correspond to two distinct Eudoxian ratios. Thus, the

correspondence is one-to-one,

Further, in this correspondence, the rank of corresponding
elements is preserved; that is, if A,/B, < A,/B, then (4! , B!)
< (A%, , B} ). For, suppose that A, /B, <AZ/BZ; then, for some
m, n, ma, « nb, and ma, 5 nb, , whence a,/b, < n/m but
a,/b; s n/m. From this it follows that B' contains a rational
number, n/m, not in BY ; hence, by the definition of "less than®
for Dedekind Cuts, (A' s B ) < (4, , B ).

It follows from the last two results obtaimed that if the
assumption N. is made the system of Eudoxisn ratios becomes a
lineer conf.inuum;87 for it has been shown to be a serles whose
class is in one-to-one correspondence with the class of real

pumbers gnd ordinally &8 similar to it.

Yet, the Eudoxisn continuum created with the help of this
assumption is, in an essential respect, different from the
Dedekindian continuum, For, if, according to the assumption,
to every real number o there corresponds a ratio a/b sueh that
A« =a/b then, letting b be the unit of magnitude, «-b =a,
that is, to every real number ' there corresponds a magnitude
of messure < o Hence, the assumption imparts to the geometric
magnitudes a, b,‘ e o o themselves the continuity of the Dede-
kindian system. If now, in this last result, the magnitudes

“a, b, « e o be regarded as geometric lengths, the assumption

87 E.V. Huntington, The Continuum as a Type of Order,
Hervard Press, 1921

88 Cantor, op. eit., p. 112.
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reduces to the Dedekind-Cantor axiom concerning the geometrie
line.

On the other hand, If the assumption is not made the
Eudoxiam system is not a continuum (it is shown in Appendix III
that it is a dense series). Further, this difference exists
between the two systems: the Eudoxian is geometric in
character, and dependent on the postulate N. if it is to be
continuous. The Dedekindien is purely arithmetic, and in-
dependent of this postulate for its continuity.

As is wellknown, Dedekind's purpose89 in the creation of
the arithmetic continuum was to free analysis from all dependence
on the notion of "messurable magnitude", and other notions
foreign to arithmétic. For, as RnsseligG puts 1%, "Weierstrass,
Dedekind, Cantor and their followers pointed out that if
jirrational numbers are to be‘s;gnificantly employed as measures
of quantitative fractions (measazgﬁle\magnitudes) they must be
defined without reference to qnantity'(magnitudej". To the
same effect, but more specifically, Dedekindgl writes "All the
more begutiful it appears to me that without any notion of
measurable magnitudes and simply by a finite system of simple
thought-steps man can advance to the creation of the pure
continuoms number-domsin; and only by this means in my view

'js it possible for him to render the notion of continuous space
clear and definitel

89
R, Dedekind, Esseys on Number, page 2, Chleago, 1924

90 Principles of Mathematies, p. 157
1
Dedekind, op. e¢it. p. 38




Thus did Eudoxus come within an ace of creating a con-
tinuum of ratios, and thus did Dedekind, twenty-two centuries
later, brilliantly achieve his éuperior, purely arithmetie
continuum, by taking up the problem where Eudoxus had left it.
The discussion of the preceding pages has, undoubtedly, revealed
the close connection between the two systems; to this can be
added the following frank admission,gz by Dedekind, of his

indebtedness to Eudoxus.

" « « o an irrational number is d@&efined by
the specification of all rationel numbers that are
less and all those that are greater than the number
to be defined . . . this manner of determining it
is already set forth in the clearest possible way
in the celebrated definition of the equality of two
ratios (Elements, V, 5). This same most ancient
gonviction has been the source of my theory as well
as that of Bertrand and msny other more or less
complete attempts to lay the foundations for the
introduction of irrational numbers into arithmetic®.

The comparison of the two number systems given above was
hot meant, of course, to place them on the same level of
excellence, nor should it be allowed to obscure the faet that
the Eudoxian system was woefully incomplete.95 This system
contained all the rational numbers, all the algeﬁraic ir-
rationals of the quadratic and the biguadratic (the twenty-five
species of the tenth book of Euclid), en infinity of algebraic
irrationals of order 2 {the infinite sequence of medials of
Book X, 115), and the transcendental /7 (though its trans-
cendentality, or even incommensurability was not definitely

known); but it still’lacked most of the algebraic irrationals

92 Ibid

93 See also H.B, Fine, "Ratio, Proportion and Measurement
jn Fuclid", Annals of Mathematies, XIX:1917,
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and all (with the sole exception noted) the transcendentals
which are, of course, by far the biggest part of the real

number system,

As a consequence of this incompleteness not all the mathe-
matical operations could be performed in this number system.
In particular, an infinite sequence of ratios, a,, @, « + «
@n, o « o Trational or not, which satisfied Cauchy's criterion
of comvergence, |as., — a,/¢¢, n 5 N, did not necessarily have
a 1limit in this system. However, it is very unlikely that this
defect inconvenienced Greek mathematiciens at all. Greek
mathematies had, by this time, takem a definite trend away from
considerations of infinities and limits (the effect of Zeno's
eritieisms noted above) and had substituted for them consider-
ations of simpler coneépts, clearer and easier to grasp
jntuitively, and methods that could be applied with greater
confidence. The Eudoxian number system was itself but a
reflection of the mathematies of the time. Thus, though the
éuestion raised sbove could not arise, one thgt could, that was
in fact substituted for it, was the comverse question, that is,
the question whether, for any ratio, a/b, of definite value
and assumed (on intuitive or other grounds) to exist, approxi-
mations of definite value and arbitrarily close to the assumed

one did or did not exist in their number system.

It can be shown that the Eudoxian number system, with the
help of the Eudoxian axiom, was sufficient to guarantee the
existence of such approximations. To this end we prove the

following theorem.
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"For any Dedekind Cut, (A, B), if it be
assumed that there exists a Fudoxian ratio, a/b,
determining the Eudoxian separation, A/B, then

there exists a <Eudo::ian ratio, a'/bt, such that
|a/b —a'/bY| < where ¢ is any Budoxiaen ratio".

Let the rational Eudoxian ratio € be such that €< J 3
that there exist::;: € 1is assured by the fact that J" etgects
a separation of the rational numbers into two classes, and as
was proved above, each of these has at least one element in

it.

Let n,/m, be an elemént of A and n,/m, an element of B;

then n,/m, > n,/m, and thus n/m = (n,/m,. - n,/m,) > O.

If n/m < ¢ we choose a' = (n, + n,)u, b' = (m,+ my)u,
where u is the unit of magnitude, and form the ratio a'/b?

= %l -: zo.;g , that is a'/bt = H , as the required ratio.
! 2 7 T

: . n n,+ 1n n o
ed =2 BT 22 o =2
As is easily verifi @, W, ol B,

Now, the ratio a'b' thus formed is either in A or in B.

We consider these cases separately.

Cese 1., Let a'/b' be in A; then H, . n,+ D= .8 <N , hence
. m, + I b Mo
2 - -a‘," g - n, + N~
BT b m, £ ma
< D _ N, + N Iy;Nz—NeMoy
~ Ma m, + Mz m,\m, -,
< m;nt — Ilggl_;_z_ - gz .I_]-l
mn., maq m,



Case 2, Let a’/b* be in B; then n. _ a . n,+ n- _ N
='<« 5 < =% hence
. ; m, W, » M= 2
a' a8 D, o a r +~ Nz _Not
— < CE——— - o=
b b M, R, b >+ M, Iy

2 my

Hence, in either case, |a/b — at /b'/ <d,

If, however, n/m 5 € , we choose », sc such that 0 < Y <6

whence also ”/ﬂ < n/m, By the Eudoxian axiom a k exists such
that « ”/,tl_ > n/m whence n,/m, — n/m, = n/m <k - 744 , OT
n,/m, <n,/m, +k- V&" . We form the sequence of rational
numbers:

(A) n,/m, , n./n;. + ”//A ,a,/m, + 2 ”//4,, e e a oeny/m + 1 ’Za ,
e o o I,/m+k V/,c, and note that some of the elements of (A)

are in A and some in B. Let n,/m, +T - Y/u be the last of-
those in A; then n./ﬁz, + {r + 1) V//4 is in B. Let now

NM, =n/w; +T Y , R,M; =n,/m, +(r +1) Y/ ; we have
Ex/Mz -NM, = n,/m, +(r +1) . y//«l_nl/ml - T V/,u = 7/( < 6<J:
We choose a' = (N ,+ Na)u, b* = (M, +M,)u, we form

a' /bt = H% and consider, precisely as before, the

case where &' /b' is in A and that where it is in B. We find
again, in either case, /a/b —at/br/< J\ which completes

the proof.

In what is to follow this theorem will be referred to, for
convenience, as the Existence theorem; the name is justified by
the feet that for any a/b and eny Eudoxiam ratio o(1 , the
Eudoxian ratio a'/b' is shown by this theorem to exist.
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CHAPTER XII

THE METHOD OF EXHAUSTION

y
It will be recalled that in tracing the authorship of the
fifth book of Euclid to Eudoxus we discovered that the "first
irrefragable proof" of the theorems that Archimedes assigned
to Budoxus was effécted by the method of exhaustion; it may
be taken then that, at least in the form found in Euclid, this
method of proof is due to Eudoxus. However, an earlier and
less perfect form of the method seems to have existed before
Eudoxus; for, Simplicius, in his Commentary on Aristotle's
Physics, preserves the following extraect from Eudemus® Histary

of Geometry.

"Antiphon, having drawn a c¢irele, inseribed
in it _one of those polygons that can be inscribed;
let it be a square. Then he bisected each side of
this square and through the points of section drew
straight lines at right angles to them, producing
themn to meet the circumference; these lines evi-
dently bisect the corresponding segments of the
eircle. He then joined the new points of section
to0 the ends of the sides of the square, so that
four triangles were formed, and the whole inscribed
figure became an octagon, And again, in the same
way, he bisected each of the sides of the octagon,
and drew from the points of bisection perpendiculars;
he then joined the points where these perpendiculars
met the circumference with the extremities of the
octagon, and thus formed an inscribed figure of
sixteen sides, Again, in the same menner, bisecting
the sides of the figure of sixteen sides and drawing
straight lines, he formed a polygon of twice as many
sides; and doing the same again and again until he
had exhausted the surface, he concluded that in this
manner a polygon would be inscribed in the ecircle,
the sides of which, on account of their minuteness,
would coincide with the cirfumference of the circle.
But we can substitute for each polygon a square of
equal surface; therefore we can, since the surface
cofncides with the circle, construct a square equal
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to a circle".,

-~

Simplicius remarks, quoting Eudemus to the same effect,
that the inseribed polygon would never coincide with the
circumference of the cirecle, even if it were possible to carry
the division of the area to infinity, since to suppose that it
would set aside a geometrical principle which asserts that
geometrical magnitudes are divisible ad infinitum.

4 contemporary of Antiphon*s, Brysom of H:eraclea,g4
extended this method by circumséribing polygons about the circle
at the same time that he inscribed others, thus obtaining an
upper limit also to the area of the circle; he made the mistake
however, of thinking that the arithmetic mean of the inscribed

eand circumscribed polygons was the area of the cirecle,

From these simple origins was evolved the justly famous
method of Budoxus, the method whiech, as improved and brilliantly
used by Archimedes, could well be called the Greek Integral
Calculus. How far beyond these origins this calculus went,
what levels of logical rigor it attained and how close it came
to the modern integral calculus will be made clear in the study
that follows. But also in what respect these two ealculil
remained essential;y distinet will be made equally clear; the

views expressed by Heath, in the following quotationgs,

econcerning the Greek ettitude toward the infinite and the
_4nfinitesimal shounld be observed,

94 Cajori, History of Mathematics, p. 23
95 Works of Archimedes, Cambridge, 1897, p cx1lil




94

"The time had not come for the acceptance
of Antiphon's idea, and, perhaps as a result of
the dialectic disputes to which the notion of
the infinite gave rise, the Greek geometers
shrank from the use of such expressions as
'infinitely greab' and *infinitely small' and
substituted the idea of things 'greater or less
than any assigned magnitude'. Thus, as Hankel
says, they never said that a cirecle is a polygon
with an infinite number. of infinitely small
sides; they always stood still before the abyss
of the infinite and never ventured to overstep
the bounds of clear conceptions. They never spoke
of an infinitely close approximation or a limiting
value of the sum of a series extending to an
infinite number:of terms,."

That the notioms of infinity, limit, infinitely close
approximation and so forth had been met, and that some of these
had been conceived with suffiecient clarity to be used in
mathematical computations or demonstrations has been shown in
the preceding pages. But to those of the Greek mathematicians
(as Budoxus, Euclid, Archimedes, Apollonius) who paid attention
to definiteness of result, clarity, and rigér of demonstration
the use of these notions remained prohibited umless, as in the
case of Archimedes, otherffg%jectionable means were gvailsble
for the logical demonstration. Thus, quoting from Heath again,96

"Yet they must have arrived practically at
sueh a conception, e.g., in the cese of the
proposition that circles are to one another as
the squares of their diameters, they must have
been in the first instance led to infer the truth
of the proposition by the idea that the circle
could be regarded as the limit of an inseribed
regular polygon with an indefinitely increased
number of correspondingly small sides., They did
not, however, rest satisfied with such an inference;
they strove after an irrefragable proof, and this,
from the nature of the case, could only be an
indirect one. Accordingly we alweys find, in proofs
by the method of exhaustion, a demonstration that

96 Heath, loc. cit.



95

an impossibility is imvolved by any other

assumption than that which the proposition main-

tains, Moreover, this stingent verification, by

means of adouble reductio ad absurdum, is

repeated in every individuel instance of the use

of the method of exhaustion; there is no attempt

to establish, in lieu of this part of the proof,

any general propositions which could be simply

quoted in any particular dase."

The method of exhaustion existed in two forms; as origi-
nated by Eudoxus (and as found exclusively in Eueclid) it
involved the construction of inseribed figures only in the
surface or solid whose measure was to be found. But as
improved by Archimedes (and as used by later writers) it invol-
ved the construction of circumscribed figures also in relation
to the one whose measure was sought. The inscribed end the
circumscribed figures are then allowed; by increasing the
numbers of their sides, to approach coincidence with each other
and with the figure whose measure is sought. But, it must be
understood, Archimedes does not describe his method in this
way; nor does he say at any time that the glven figure is the

limiting form of the imseribed or the circumseribed figure.

The resemblance of this procedure of Archimedes' to the
modern conception of the integral is, of course, striking.
Heath does not hesitgte to say "he (Archimedes) performs
genuine integrations". Paul Taﬁnery also, after describing
the first method, as found in Euclid, considers the extended
method and says "The second, due to Archimedes, consists in
summing values of a function corresponding to values of a

varieble in arithmetic progression; by multiplying by the

97 Notionms Historiques, Paris, 1903, p. 340,
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constant diffe;ence the successive values of the variable,
and by supposing the constant difference to decrease
indefinitely, the quadrature is thus obtained directly by
passing to the limit. This second method eorresponds to the
Lelbnizian conception of the primitive of the function £(x)
as Jf(x)dx".

Such are Heath's and Tannery's views of this method;
however, it will be maintained, and made clear, in the full
desceription and analysis of the method to be given now that,
because of the Greek attitude toward the infinite and the
infinitesimal described above, Archimedes never even attempted
to effect a quadrature by "passing to the Ximit", or "perform
a genuine integration®, if; by this phrase, Heaih maaﬁt an
integration in the modern sense. Further, it will be shown
that, because of the defect in the Greek number system revealed
in the study of the previous chapter, Archimedes could not have
passed to a limit, even if he had attempted it, for the
Eudoxian number system, in which this method operated, could
not guarantee the existence of such a limit; nor was its
existence ever asserted by postulation., In fact, to assume
that Archimedes ever proceeded in this manner is to do
injustice to his well-known sense of logical rigor. On the
other hand, it will be shown that the form Eudoxus and
Archimedes gave their method was largely determined by the
nature of the medium in which it was to operate and that, for

such a medium, no better method could be invented.

The following examples of the use of this method,
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selected from Euclid and Archimedes but presented here in more
or less modernized notation will be found useful both for an
understanding of the method itself and the analysis that is
to follow,

ore

The first one is the mentioned by Heath in the first
quotation above; it is Prop. 2, Book XII, Fuclid., It is
attributed by Heath to Budoxus because the proof is exactly
like those used in the theorems on the volumes of the pyramid
and the cone, theorems known to be due %o Eudoxus,

Proposition: Circles are to one another as the squares

on the diameters.

Let S be a circle and AB the side of an inscribed
regular polygon, P, . Bisect are AB at C, draw a tangent to
S at C and reise the perpendiculars AD, BE to it, to form the
rectengle ABED, Draw AC end BG.

The, we clearly have A ACB = D £

1/2 3 ABED > 1/2 = ACB. == ¢ XX

Hence, if P, is the inscribed

regular polygon of side AC,
S - P, < 1/2(8- P/ );
similarly S — P, < 1/2(8 — P.),
and so on. Hence, by Euc. X,'l
(see ps 92 above), a polygon,
| p, , exists such that § —P,,

4s less than any assigned area.“:’8

Let now S and S' be the areas of two given circles and

98 The Dependence of Euclid ¥, 1 on the Budoxlian exiom
should be observed.
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loet 4 and d' be thelr respective diaméters.

It is to be proved
that
(1) s/s' = a*/af
© If (1) is not true let A be an area such that
(2) ' a“/at = s/a,

ivhére elther A < é' or A > 8¢,

Case 1. Suppose that A < 8¢,

Construct polygoms,,the menner deseribed above, in S*

until
a polygon, B! , is reached such that 8' — P! < S' — A,
vhenee also - - ~

(3) A <Py
Inscribe in 8 a polygon, P, , similar to P! ; then
PVI/P:] = dl/d'z 7-
. = 8/A ., by (28) above, hence
(4) Pn/s - P-.!,/Ao -

Now, P, < 8, since P, is inseribed in S8; therefore, from (4),

we must have P,, < A; but this is impossible, by (3) above,
Therefore case 1 1s impossible.

Case 2. Suppose that A > S°',
(5)

Then from (2) above
ar /a* = ao/8;

A/S = S'/A'; then, from this end (5)
d/Z/dz - S'/A’
whére, since S* < A we have

(7)

Let A' be such that
(6)

At < S,

Construct polygons in S uhtil a P, is reached such that

(8) o A' « Py; °

Inscribe in S' a polygon,mP!,,, s similar to P,, ;3 then
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P /R, = Q0 /4 -

. =8'/A" , by (6) above, hence
(9) Pa'», /S' = P'vr/A! .
Now, P! < 8' , since P!, is inscribed in S'; therefore, we
must have P, < A', by (9) above; but this impossible by (8)
above, Eance Case 2 is impossible. It follows then that

A =~§*Aqhd thus, by means of (2), that (1) is true.

The next exsmple is selected from Archimedes; it is

Prop. 1, "0n the measurement of the circle,

Proposition: The area of any c¢ircle is equal to & right-
angled triangle in which one of the sides
about the right angle is equal to the
radius, and the other to the circumference

of the circle.

-
c

Let S be the area and C the circumference of the given
circle, end T the grea of the triangle described. Then, if
S~ T elther S<T or S>T,

Case 1. Let S > T,
Inscribe polygons in 8 until a polygon, P,, , is reachedgg

99 As proved in Buc. XII, 2 - the Eudoxian axiom again.
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such that 8 - P, < 8 — T, whence also

(1) T < P...

Let FA be the side of P, , p its perimeter, ON the perpen-
dicular on the former from the center, Then, ON is less than
R, the radius,and p is less than 0; hence P. < T, which
contradicts (1). Hence this case is impossible,

Case 2, Let S < T.
Circumscribe a polygon, P, , about S and let two adjacent
sides, touvhing the circle at E and H, meet in L. Bisect the
arcs between adjecent points of contget and draw the tangents
at the points of bisection to form the new polygon P, . Let
A be the middle-point of arc EH, and FAG the tangent at A.
Then, the angle LAG is & Tight angle, whence IG > GA and thus
1¢ > GH. It follows that A FIG > 1}2(area LEAH) snd thus
P, - S < 1/2(P, — 8); similerly, P, — S < 1/2(P, — 8), and
S0 on. Hencé, by Eue. X, 1,100 there exists a ) such thet

P,,— S is less than eny assigned ares.

Let polygons then be circumscribed about S until one, P,; s 18
reached such that PY, — 8 < T— 8, whence also

(2) PL. < T

Let FG be the side of P!, , D' its perimeter, and OA the
perpendicular on FG from 0. Then OA =R and p' > C; hence

Py, > T, which contradicts (2). Therefore thiscase also is
jmpoesible. It follows then that 8 =T, which was to be

proved .

0
10 See Footnote 98.
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The next, end last, example chosen is Archimedes!
quadrature of the area bounded by one turn of the spifal
T =a@ and the line @ = 0. The area is shown to be one third
of the area of the eircle r = 27a and the proof rests on

the following two lemmas.

Lemma 1. (Prop. 10, On Spirals).
If A,, A., A, e oo A,ben 1inesdforming an arithmetic

progression in which the common difference is equal to 4, ,

the least term, then
DAy < B (A + Air oo 4o +An), end
n-A5, >3 (A% -+ + o o o o +A5 ).
corollary. The results hold if similar plane figures are
substitutéd for squares.
Lemms 2. (Cor. to prop. 21, 22, 23, On Spirals).
a) A figure can be circumseribed to the area of a sbiral such
that it exceeds the area by less than any assigned area,
b) A figure can be inseribed in it such that the area

exceé&s it by less than any assigned area,

The proof of the first lemms masy be omitted as unessential
to this study; it is enough to say that Archimedes proves it
by means of n straightlines whose lengths are in arithmetiec
progression. The proof of the second one may be summarized

as follows,.

Given one complete turn of the spiral O P, P, e¢es P
araw a circle with center 0 and radius 0 P,; bisect this

circle and then bisect the halves, and then the quarters, and
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S0 on, until a sector ZOP,, is obtained, less than any
aessigned area (Archi-
medes here uses the
Eudoxian axiom,

n-a >">ov, in the form
b/n < a).

8 Then, by means of arcs

>
BT

112 of circles, AP, a,
BP.b, CP; ¢, etc., con-
s;ruct the circumseribed
figure OAP, BP,C..P., and
Z the inseribed figure
OP, aP, bP; Ce oY

It is clear that the
difference between the two figures is the sectar@OR,, , which
is less than any assigned area. Hence, since the area of the
spiral is intermediate in magnitude between these figures,
each of these differs in magnitude from the area of the
spiral, & fortiori, by less than any assigned area. It should
be noticed that the radii OP, 5 OP, , « « ¢« ¢« OP., aren lines
in srithmetic progression, and that the common éifference is

oP, , the least term.

Archimedes® proof of the theorem may be given now as
follows. Let C be the area of the circle (see figure), and
8 the area of the spiral, It is to be shown that S = 1/3 C,

If 8 == 1/3 C then either 8 <1/3 ¢ or 8 >1/3 C.
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Case 1. Suppose that 8 <1/3 C,
Circumseribe the figure, F, about the spiral, making
F—~8 <1/3 C — 8 whence also
(1) | F<1/3 c.
But 151-01".,,z < 3(01’.2 + OP: £ o o o s +0P:) whence, substituting
similar sectors for the squares, C < 3F, that is, F >1/3 ¢,
which contradicts (1) above, Therefore this case is impossible.

Case 2. Suppose that S >1/3 ¢,
Inscribe the figure, f, in the spiral, making S — f < S8 - }/3 €,
whence also,
(2) £ >1/3 C.
But n OP: 7»3(0??4- 0Pz + o o o «+0P,,) whence, substituting
similar sectors for the squares, ¢ > 3f, that is, f < 1/5 C,
which contradiets (2) above., Therefore this case also is
impossible.
Since S eannot be either greater or less than 1/3 C it must

be equal to it.

It will be comvenient to present, in fthe form of a lemms,

g line of reasoning which is fundamental in the method of

exhsustion.

Lenma. Letfratio, a/b, be assumed to exist, and let ¢/d be a
Eudoxian ratio., Thus, a/b is merely kmown to exist;
e¢/d is known in value also.

Row, (see H, I, Appendix III)
a) One end only one of the following relations holds:
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a/b > ¢/d, a/b =c¢/d, a/b< c/d,
and, by the existende theorem,

b) Given any ratio, S s 8 Tatio £ exlsts such that /a/b —{o/ <c§.'

If it be assumed now that a/b > ¢/d them, letting
dr = a/b —c/d a ratio,r, exists, by (b), such that
c) a/b-r <d, ., |
If it be essumed that a/b < ¢/d then, letting J,: =e¢/d — a/b,
a ratio, R, exists, by {b), such that
a) R —a/b<d2

And now, if it can be shown that r satisfies the relation

e) T < ¢/d
and R the relation

£) R > c/d
then a/b = e¢/d.

For, from (e¢), a/b — r < a/b — ¢/d, whence ¢/d < r; but
this is impossible, by (a), in view of (e).

Again, from (d), R — a/b < ¢/d — a/b, whence R < ¢/d;
but this is impossiﬁle, by {a), in view of (f).

Therefore, the assumptions &/b > e¢/d and a/b < c¢/d are
both false. Hence, by (a), a/b =c/d.

It will be convenient, also, to make some provision for
the faet that in some of the appliecations made of this method
the investigation is about ratios while in others it is about
absolute magnitudes. Thus, in the first example presented

agbove a ratio was to be found, while in the second and third,

absolute magnitudes, This difference may be allowed for


















































































































