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Point set representation is a fundamental problem in fields such as point cloud
processing and event-based vision. A point set is an unordered collection of points in
Fuclidean space, typically generated by sensing technologies like 3D scanners or event
cameras. The goal of point set representation is to transform these unordered points
into fixed-length vectors suitable for machine learning tasks. A key challenge in this
process lies in handling point sets of varying sizes and uneven distributions. This requires
representation methods that scale effectively to large point sets while remaining resilient
to noise and variations in point density.

Existing point set representation methods generally fall into two categories: point-
based and voxel-based approaches. Point-based methods, like PointNet and its variants,
use multi-layer perceptrons to convert point clouds into fixed-length vectors. However, they

often struggle with noise and variations in point density, especially when these variations



were unseen in the training set. These methods can also be computationally expensive and
do not scale well to large point sets, such as event streams from event cameras. Voxel-
based methods, on the other hand, voxelize point sets into regular grid structures, allowing
for convolutional operations. While methods like E-RAFT show promise, voxel-based
approaches often suffer from performance drops when point set densities vary and face
challenges with generalizability across different domains.

This thesis introduces Vector Kernel Representation (VKR), a novel framework for
point set representation that addresses the limitations of existing methods. We first
establish Vector Kernel Representation Theorem, proving that Gaussian kernel mixtures
can be represented as fixed-length complex vectors through a predefined operation. Building
on top of the theorem, VKR is applied to various tasks, demonstrating superior accuracy
and computational efficiency. In point cloud encoding, VKR significantly improves performance
and reduce computational costs. When extended to event-based normal flow estimation,
VKR significantly improves accuracy and generalizability compared to voxel-based methods.
The thesis concludes by highlighting potential future directions, including time series
modeling, integrating VKR with temporal architectures for event-based tasks, and advancing

moving object segmentation through robust normal flow estimation.
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Foreword

00 000 00D 0dod 0doo Uoo footd ooy 0ooo 0oooodl booo o odo

If your data can somehow be described by a Gaussian kernel mixture f : RY ¥ R:

1 X 5. -
f(0) = ﬁ exp 10 Ogjje/2
k=1

then your data can be represented by a D-dimensional complex vector by:

1 .
VectorKernelRepresentation(f) = 0 exp(ilc0)

where i is the imaginary unit, [J is a fixed d-by-D matrix with all elements drawn
independently from N (0; 2).

0000 00oood 00 botoitooo o 0od oo boooo

i



Acknowledgments

I deeply appreciate my advisor Prof. John Yiannis Aloimonos and my co-advisor Dr.
Cornelia Fermiiller. Throughout my PhD journey, they always provided the strongest
support for my research, career, and personal growth. The PhD path is never easy,
but their encouragement, guidance, and belief in me made the challenges feel much more
manageable, and even exciting at times. I deeply appreciate my committees, Prof. Timothy
Horiuchi, Prof. Furong Huang, Prof. Ramani Duraiswami, and Prof. Bruno Olshausen,
for generously dedicating their time to reviewing my thesis. Their thoughtful feedback and
insightful suggestions have been invaluable in shaping this work.

My labmates and friends at the UMD PRG lab have enriched my life and research
greatly. I highly value many interesting and inspiring discussion with them. It is a
great fortune to work with talented and brilliant researchers at PRG lab: Jingxi Chen,
Levi Burner, Jiayi Wu, Minghui Liu, Angelos Mavrogiannis, Yantian Zha, Xiaomin Lin,
Eadom Dessalene, Zhiyuan Hua, Botao He, Pavan Mantripragada, Seong Jong Yoo, Yianni
Karabatis, Vaishnavi Patil. I am deeply grateful to my friends and colleagues at UMD:
Bang An, Sicheng Zhu, Xiaoyu Liu, Chenghao Deng, Mucong Ding, Tahseen Rabbani,
Xiyao Wang, Yuancheng Xu, Ruijie Zheng, Haozhe An, Xijun Wang, Anli Peng, Qifeng
Chen.

I owe my deepest thank to my parents and . They always stand by my
decisions and they are my biggest cheerleaders. Every summer, they endured the exhausting

1ii



15-hour flight to visit me in the United States, just to spend time together. Their amazing
home-cooked meals are the ultimate comfort, giving me the energy to go through every
challenge.

I thank my wife Muyang Ye and my parents in law and , who always
offer me constant encouragement.

I thank my grandparents and ; and . They are the
generation that study Politics and Wars, that allows me to study Mathematics and Philosophy.

I thank the Yuan’s and Ren’s family for giving me a wonderful childhood and a

peaceful, nurturing environment to grow up in. , , , ,

v



Table of Contents

Foreword

Acknowledgements

Table of Contents

List of Tables

List of Figures

Chapter
1.1
1.2
1.3
1.4
1.5

Chapter
2.1
2.2
2.3
2.4
2.5

Chapter
3.1
3.2

3.3

3.4

1:  Introduction

Point Sets: Inputs to Vector Kernel Representation . . . . . .. ... ...
Downstream Tasks and Requirements of Efficiency and Robustness . . . .
Existing Methods and Their Limitations . . . . . .. ... ... .. .. ..
Vector Kernel Representation Theory: An Overview . . . . . . . . .. ...
List of publications . . . . . . . . .. ...

2:  Vector Kernel Representation Theorem

Vector Kernel Representation Theorem . . . . . . . ... ... ... ....
Example Usage of Vector Kernel Representation Theorem . . . . . . . ..
Proof From Vector Function Architecture . . . . . . . . . . ... ... ...
Proof From Fourier Transform . . . . . . . . . . . . .. ... ... .....
A Short Conclusion . . . . . . . . . . .

3:  Decodable and Sampling Invariant Continuous Object Encoder

Introduction . . . . . . . ..
Related Work . . . . . . .. oo
3.2.1 Mesh-grid-based framework . . . .. .. ... ... 00
3.2.2 Sparse framework . . . .. ..o o
Problem Definition and Methodology . . . . . . . . .. ... .. ... ...
3.3.1 Explicit Function Encoding . . . . . . ... ... .00
3.3.2  Implicit Function Encoding . . . . . . . . . .. .. ... ... ...
3.3.3  Vector-Valued Function Encoding . . . . . . .. .. ... ... ...
3.34 Propertiesof HDFE . . . . . .. ... oo
Experiment . . . . . ...
3.4.1 Empirical Experiment of HDFE . . . . . . .. ... ... ... ...
3.4.2 Cost of Refinements . . . . ... ... ... ... ... .. ...

ii

iii

viil

S Ol W+~



3.5
3.6

Chapter
4.1
4.2

4.3

4.4

4.5
4.6

Chapter
5.1
5.2

2.3

5.4

2.5

3.4.3 Effectiveness of Sample Invariance . . . . . .. .. ... ... ... 34

344 PDESolver . . ... . ... 36
3.4.5 Unoriented Surface Normal Estimation . . . . . .. ... ... ... 38
Conclusion . . . . . . . . . . e 40
Supplementary Materials . . . . . . ... oo 42
3.6.1 Gradient Descent for Decoding Function Encoding . . . . . . . .. 42
3.6.2 Proof of Asymptotic Sample Invariance . . . . . . . ... ... ... 44
3.6.3 Proof of Isometry . . . . . . . ... o 47
4: A Linear Time and Space Local Point Cloud Geometry Encoder 49
Introduction . . . . . . ... 49
Related Work . . . . . . . . . 52
4.2.1 Local Geometry Encoder . . . . . .. .. .. ... ... ... ... 52
4.2.2  Point Cloud Architectures . . . . . . . . ... ... ... ... ... 54
Methodology . . . . . . . . . %)
4.3.1 Problem Definition and Main Theorems . . . . .. .. ... .. .. 55
4.3.2 Pointwise Local Geometry Encoder . . . . . . . .. ... ... ... 58
4.3.3 Dense Local Geometry Encoder . . . . . . .. ... ... ... ... 62
4.3.4 VecKM in Point Cloud Deep Learning . . . . . ... .. ... ... 65
Experiments . . . . . . . .. 66
4.4.1 Normal Estimation on PCPNet Dataset . . . ... .. ... .. .. 66
4.4.2 Classification on ModelNet40 Dataset . . . . . . . ... ... ... 70
4.4.3 Part Segmentation on ShapeNet Dataset . . . . . .. ... ... .. 72
4.4.4 Semantic Segmentation on S3DIS Dataset . . . . . . ... ... .. 73
Ablation Studies . . . . ... .. 74
Conclusion . . . . . . . . . . e 76
5:  Learning Normal Flow Directly From Event Neighborhoods 78
Introduction . . . . . . .. 78
Related Work . . . . . . . . . . 82
5.2.1 Event-Based Optical Flow Estimation . . . ... ... ... .. .. 82
5.2.2  Point-Based Networks for Event Cameras . . . . ... ... .. .. 83
5.2.3 Normal Flow and its Applications . . . . . . . .. ... ... .... 83
Methodology . . . . . . . . . 85
5.3.1 Problem Definition and Overview . . . . . . .. .. .. ... .... 85
5.3.2 Local Events Encoder . . . . . . .. ... ... ... ... ..... 86
5.3.3 Normal Flow Learning with a Two-Term Loss . . . . . ... .. .. 89
5.3.4 Improve Transferability by Data Augmentation . . . ... ... .. 90
5.3.5 Inference with Uncertainty Quantification . . . . . . . . .. .. .. 91
5.3.6 Egomotion Estimation from Normal Flow . . . .. ... ... ... 92
Experiments on Normal Flow Estimation . . . . . . . ... ... ... ... 94
5.4.1 Evaluation on MVSEC . . . . . . ... ... ... .. ........ 96
5.4.2  Evaluation on EVIMO2 . . .. .. .. ... ... .. ... ... 97
5.4.3 Evaluationon DSEC . . . . . . . ... ... .. ... ........ 98
Ablation Studies . . . . . . ... ... 99

vi



5.5.1 Effect of Motion Field Loss . . . . . . . . . . . . . . . .. .. ... 99

5.5.2  Effect of Uncertainty Quantification . . . . .. .. ... ... ... 100

5.5.3 Runtime and Memory Usage . . . . . . . . ... .. ... ... ... 101

5.6 Experiments on Egomotion Estimation . . . . . . . ... ... ... ... 102
5.7 Conclusion and Future Work . . . . . . . . . ... ... L. 103
5.8 Supplementary Materials . . . . . . . . .. ... 105
5.8.1 List of Flow Prediction Videos . . . . . ... ... .. ... .... 105

5.8.2 Dataset Preprocessing . . . . . . . . . ... L. 105

5.8.3 Implementation Details of Our Model . . . . . .. ... ... ... 106

5.8.4 Per-Scene Normal Flow Evaluation on EVIMO2 . . . . . .. .. .. 107

5.8.5  Per-Scene Egomotion Evaluation on EVIMO2 . . . .. . ... ... 107

Chapter 6:  Conclusion and Future Work 111
Bibliography 113

vii



3.1

3.2

4.1
4.2

4.3

4.4

4.5

5.1

List of Tables

Performance of function parameters regression. PointNet fails when sample
distribution varies between training and testing phases, while HDFE is
robust to the sample distribution variation. . . . . . ... ... ... ... 36
Unoriented normal RMSE results on datasets PCPNet and FamousShape.
Replacing from PointNet to HDFE improves performance. Integrating HDFE

with the SOTA estimator improves its performance. Applying data augmentation
to HDFE improves its performance. . . . . . . . . ... ... ... ..... 39

Normal estimation RMSE on the PCPNet dataset. . . . ... ....... 68
Classification performance on the ModelNet40 dataset. VecKM ¥ PN
means JO0I00 VecKM as a preprocessing module to PointNet, so the runtime
is expected to be longer than the PointNet baseline. VecKM ~— PN++/PCT
means (000000 the original dense local geometry encoding in the original
architectures with VecKM. Since VecKM is more efficient, the runtime is
reduced. . . . . . 72
Part segmentation performance on the ShapeNet dataset. Similar to the
classification, ¥ means adding VecKM as a preprocessing module, so the

runtime is expected to be longer.  means replacing the dense local geometry
encoding module with VecKM. Since VecKM is more efficient, the runtime
isreduced. . . . . . . 73

Semantic segmentation performance on the S3DIS dataset. Similar to the
classification experiment, ¥ means adding VecKM as a preprocessing module.
Since PointNet++ downsamples the point cloud at the first layer while
VecKM ¥ PN++ does not, their inference time is not comparable.

means replacing the original dense local geometry encoding module with
VecKM. Since VecKM is more efficient, the runtime is reduced. . . . . . . 75
Ablation study on the selection of the parameters and in Theorem 6, in

the context of ModelNet40 classification experiment. Numbers greater than
92:5% are bolded. . . . . . . ... 76

Quantitative results on MVSEC. The estimators are classified into model-
based (MB), supervised learning (SL), self-supervised learning (SSL), frame-
based (F), point-based (P). They are trained on MVSEC (M), DSEC (D),
EVIMO-000 (E).  « o o oot e e e 97



5.2

2.3

5.4

2.5
2.6
5.7
2.8

Quantitative results on the first five scenes of EVIMO2-000’s evaluation set.
The complete table is in Appendix 5.84. . . . . . . . ... ... ... ... 98
Comparison between the estimator trained with our motion field loss function
and the one trained with the standard norm-plus-direction loss function.
Using our motion field function significantly improves the model’s performance. 100
Performance of the estimator under varying ensemble sizes and uncertainty
thresholds. Increasing the ensemble size generally enhances results, with 4

to 6 ensembles already providing sufficiently stable outcomes. . . . . . .. 101
Computational cost of our normal flow estimator. . . . . . .. . .. .. .. 102
Statistics of event density of each dataset. . . . . . ... ... ... .... 102
Egomotion estimation error on EVIMO2-000. . . . . . ... ... ... .. 104
Per-scene normal flow evaluation on EVIMO2-000 split. . . . . . ... .. 108

ix



1.1
1.2

2.1

3.1

3.2

3.3

3.4

3.5

List of Figures

Point sets in real-world. . . . . . . ... ...
Mathematical modeling of point sets. The point set is viewed as random
samples from an underlying function f, which characterizes the object shape
or event surface. We aim to construct a consistent representation of function
T using samples that may be corrupted with noise or density variation.

Approximation of Gaussian kernel with Bochner’s theorem. . . . . . . . ..

0000: HDFE encodes continuous objects into fixed-length vectors without
any training. The encoding is not affected by the distribution and size with
which the object is sampled. The encoding can be decoded to reconstruct
the continuous object. JIOO0: Applications of HDFE. HDFE can be used to
perform machine learning tasks (e.g. classification, regression) on continuous
objects. HDFE also enables neural networks to regress continuous objects
by predicting their encodings. . . . . . . . . . ... .. L.
(a): How and in Eqn. (3.6) affects the receptive field of HDFE. (b)-(d):
Functions can be reconstructed accurately given a suitable receptive field
and encoding dimension. To capture the high-frequency component of the
function, a small receptive field and a high dimension are required. . . . .
HDFE is invariant of sample distribution and sample size. 0OU000: Three

distributions where the function samples are drawn from. For each distribution,

the sample size is either 5000 or 1000. [JIOI UIOO0: Similarity among the
function vectors generated by the six sets of function samples, before and
after the function vector tuning process, respectively. . . . . . . . . . . ..
HDFE is a distance preserving transformation. The L2-distance between

functions is proportional to the negative similarity between their encodings.

When encoding the same function under two different sample distributions,
one-shot refinement can approximate the sample invariant function encoding
well. It takes 75/90/1500 ms to encode 5000 samples on a CPU, and

13

17

31

32

33

7.5/8.0/250 ms on an NVIDIA Titan-X GPU when performing no refinement/one-

shot refinement/200-step iterative refinement. . . . . . .. .. ... .. ..

34



jXe >.61 bQHp2b S.1 #v T '2/B+iBM; i?2 2M+Q/BM; Q7 Bib bQF
"2+QMbi m+iBM; iTQBMib-bQi?22 Q +QMbBbibQ7 7mM+i
2°"Q° M/ "2+QMbi mGREHE@GV2Z2BROBOQM 2 "Q Q7 /Bz2 2Mi K2i?
mM/2"  /Bz2 2Mi i2biBM; "2bQHmMIBQMb- 2p Hm i2/ QM i?2 R/
JB/, h?2 "2+QMbi m+iBQM 2 "Q UBM >.61V/QKBM i2bi?2 7m
T 2/B+iBQM 2 "Q -r?BH2i?2 '2+QMbi ' m+iBQM 2 "Q  + M #2 "
i?72 /IBK2MbBQM HBiv Q7 i B 2IKS+2/IBMBQM 2 "Q Q7 /Bz2 ' 2M
K2i?Q/b 2p Hm i2/ QM k/ . X+X &ZHXQMXX X X X X X X X X X X X X

jiXd S°QQ7 Q7 bvKTiQiB+b KTH2 BB&WH(S)B WBa (SQp22 pB2rV X
i?72 bK HH2bi # HHS+ QIMB, BMB!M; - i?2 > mb/Q z /Bbi M+2
#2ir22M i?2 irQ # HHb ;Q2b iQ x2 Q rBi? T'Q# #BHBiv QM2X
;2 Q K2ijoenter(Ball (S,)) center(Ball(S))jj dy(Ball(S,);Ball(S)) X
aQ i?2/Bbi M+2 #2ir22M i?2 +2Mi2 b Q7 iX2XrR X KXHb XQ28dC

9XR Pm 02+EJ2M+Q/BM; Bb/2b+ BTiBp2- Q#mbiiQ MQBb2- M
M/ K2KQ v +QIbliX" G27i_r 02+EJ 2M+Q /BWQOmi Myv
i BMBM;"2 /v + Tim 2 "B+? ;2QK2i'B+ 72 im 2b bm+? b Q B
b? T2XQr2° G27M/2° p "vBM; H2p2Hb Q7 MQBb2- 02+EJ 2M
"2K BM ?B;?Hv +QMbBbiBMAXtBbiBM; 2M+Q/2 b 7 +2 K2KQ v
+Qbiln®7nKd)- r?BH2 02+EJ +Qid b MKAKQ vX 1tBbiBM;
2M+Q/2°b +QKThG3b- r?2°2 b 02+EJ QMHm 3QE8IXi2b
GQr2° B;?02+EJ Bb Ryyt 7 bi2" i? M 2tBbiBM; 2M+Q/2°b BM
+HQ+F iBK2 M/ b+ H #H2 iQ H ;2 X QXBXIiX+ KM QMmX BMX nXi XXX X
9Xk h?2Q°2iB+ H QmiHBM2 Q7 02+EJ BHHmbi" i2/ #v k/ b? T2t
b KTH2/ 7°QK b? T2 /Bbi'B#miBQM 7mM+iBQM- Bb bbQ+B |
F2"M2H KBtim'2 M/ +Q "2bTQM/BM; 02+EJ 2M+Q/BM;- r?2
2M+Q/BM; Bb T ' Qp2/iQ #2 "2+QMbi" m+iBp2 M/ BbQK2i B+ iQ
KBtim 2X aBM+2 i?2 : mbbB M F2 " M2H KBtim 2 + M TT QtB
7mMM+iBQM- i?2 02+EJ 2M+Q/BM; vB2H/b ;QQ/ 2T 8hN2Mi iB(
9X9 02+EJ + M #2 b2 KH2bbHv BMi2;" i2/ BMiQ /22T TQBMi +H(
BKT QpBM; #Qi? ++m > +vXM{ X{XBRM+}¥XX X X X X X X X X X
9X8 02+EJOb "Q#mbiM2bb iQ/ i +Q mMTiBQMbX 02+EJ + M "2+C(
b? T2 mM/2  +Q "mTi2/ BMTmibX h?2 02+EJ2M+Q/BM;b "2K B
mM/2 /i +Q MURBOXMKXXX X X X X X X X X X X X X X X X X
9Xe _mMMiBK2 Q7 HQ+ H ;2QK2i'v2M+Q/2'b mM/2  /Bz2 2Mi BM
M/ M2B;?#Q" bBx2X HH KQ/2Hb ‘2 i2bi2/ QM M _hs @8yy:
K2KQ 'vX . b? HBM2b K2 M i?2 K2KQ'v Bb MQi bm{+B2Mi iQ T
TQBMib BM QM2 # i+? M/ ? biQT Q+2bb i?2 DQRMNIb #Hy+?2b
9Xd p2 ;2 Jal Q7 MQ'K H2biBK iBQMi® BM2/ rBi? IBez2 2Mi M

tB



8XR g2T'QTQb2 TQBMi@# b2/ M2irQ ' F7Q"  2biBK iBM; MQ K H
/i X g2 /IBb+Qp2°  KmHIiBTH2 F2v /p Mi ;2b Q7 i?Bb TQBMi@
+QKT "2/rBi? 2tBbiBM; H2 "MBM;@# b2/ TT Q +?22bX M2p2N\
"2 }bi 2M+Q/2/ b }t2/@/BK2MbBQM H p2+iQ - r?B+? Bb i’
M2irQ'Fi° BM2/ BM bmT2 pBb2/r viQT 2/B+i MQ K H ~QrX
+?B2p2b ?B;? ++m +vr?BH2K BMi BMBM; bi QM;i" Mb72" #
/IQK BMb M// i b2ibX "2bB/2b-r2/2KQMbi i2i?2mb27mHM2t
MQ K H~QrBM M2r 2;QKQIiBQM bQHp2 i? iBbb?QrMiQ 2K
/Im " BM; ;; 2bbBp2 + KX XKRIBXMHIX X X X X X X X X X X X

8Xk Pm TQBMi@# b2/ K2i?Q/ T°Q/m+2b ++m” i2 M/ b? T T 2
T 2b2M+2 Q7 BM/2T2M/2MiHV KQpBM; Q#D2+ib-r?BH2 Qi?2" K
KQ/2Hb UB7H2 "MBM;@# b2/V "2i BM2/ QM .al* M/ 2p Hm
h?2 ~Qrb "2 /BbTH v2/ BM >ao0 +QHQ  bT +2-r?22°2i?2 ?m2 °
~Qr /B 2+iBQM- M/ i?2 # B;?2iM2bb 2T 2bXMAbXi 2% X Q& K ¢V B

8Xj IM+2'i BMiv [m MiB}+ iBQM UIZV Bb BKTQ'i Mi 7Q° T2 @2
2biBK iBQM- b Bi ?2HTb }Hi2 Qmi H2bb "2HB #H2 T 2/B+iBC(
MQ K H~QrT 2/B+iBQMbBM* b2bR M/ k "2KQ 2 2HB #H2 +
BM* b2b ) M/EIXX X X X X X X X X X X X X X X X X X X X X

8X9 _2+QMbi'm+iBQM Q7 /2MbBiv /Bbi'B#miBQM Ub?QrM BM
HQ+ H2p2Mib 2M+Q/BM;X h?2 "2+QMbi m+i2/j./Bbi'B#miBQ
i?72 Q'B;BM HU#HmM2 M/ "2/V 2p2Mib- /2KQMbi iBM; i? i 02-
2z2+iBp2Hv 2T 2b2Mib i?2 2p2Mi /i X h?2 2t KTH2b b?QrM
i?7Qb2 BM 6B;M 2 BEX(XX X X X X X X X X X X X X X X X X X X

8X8 GQbb K Tbh M/ ;" /IB2Mi }2H/b Q7 i?2 KQiBQM }2H/ HQbb 7mN
}2H/ HQbb 7mM+iBQM +QMbBbib Q7 ° /B H M/ M;mH * +QKTQ
QTiB+ Hni@r2 ° /B H+QKTQM2Mi ;mB/2b i?2 T 2/B+i2/ ~Qr iQ
+B +H2mBiP?2 /B K2i2 ' X h?2 M;mH ~ +QKTQM2Mi ;mB/2b i?2
~QriQ HB;MrrBB+? T 2p2Mib i?2 i BpB HT 2MBXiXKQMNQ7 x2°
8Xe oBbm HBx iBQM Q7 ~Qr T 2BEKXJBQM~GNMbloRIBO@H v2/
BM >ao +QHQ bT +2X Pm™ K2i?Q/ 2z2+iBp2Hv T 2b2 p2b i?2
AJPb-r?BH2 Qi?2 K2X?R /X X BHX X X X X X X X X X X X X X
8Xd h?2 KQ/2H + M +?QQb2 #2ir22M 2biBK iBM; i?2 7TmHH QTiE
~Qr/2T2M/BM; QM i?2i2tim 2 Q7 i?2HQ+ H 2;BQMX A7 i?2 H
2MQm;?2 U2X; X +Q " M2'V-i?2KQ/2HrBHH 2biBK i2 7mHH QT
i2tim2 QMHv +QMi BMb bi " QM; 2/;2b-i?2 KQ/2HXBRWy2biBK
8X3 *QKT 'BbQM Q7 2biBK i2/i° MbH iBQM p2HQ+BivT Q/m+2/1
[12Ti? (j) M/ Qm aoJ@# b2/ K2i?Q/X Pm™ TT Q +? vB2H/b KC
T 2/B+iBAMBX X X X X X X X X X X X X X X X X X X X X X X
8XN a+'22Mb?QiQ7i?2~Qr T 2/B+iBQM pB/2QbX 1 +? "Qr /BbTt
M/ ~Qr }2H/b Q7 #Qi? ;  QmM/@i mi? M/ T 2/B+i2/ ~QrbX h
pBbm HBx2b i?2 ;" QOQmM/@i mi? QTiB+ H~Qr-r?BH2 bm#b2[m
T'2/B+iBQMb i BM2/ QM 2 +? /i b2iX hQ BHHmbi" i2i?2 ~Qr
8-yyy ~Qr TQBMib 7Q  pBbm HBx iBQMX A7 TBt2H Bb ;  v-
T2/B+iBQM ? b ?B;? IM+2 X BIMXvX X X X X X X X X X X X
8XRy S2 @b+2M2 2;QKQIBQM 2pbAKTIBBIMKQOMXL XAXPX X X X X |

tBB



*2 Ti2 " RAMi"Q/m+iBQM

RXRQBMi a2ib, AMTmib iQ 02+iQ  E2"M2H 2T 2b2Mi iE

TQBMi b2i Bb M mMQ /2 2/ +QHH2+iBQM Q7 TQBMib BM 1m
bs = ft; ty; ;thgX h?2b2 "2 iviB+ HHv ;2M2° i2/ #v p BQmb b2Mb
6Q 2t KTH2-j. b+ MM2 b +QHH2+i /2i BH2/ i? 22@/BK2MbBQM H
2KBiiBM; H b2 #2 Kb M/ K2 bm BM; i?72 "2im M iBK2 Q7 i?2 HB;?
i?2M +QMp2'i2/ BMiQ bT iB HTQBMi +HQm/X 1p2Mi + K2 b- r?B
BMi2MbBiv  i?2 i? M+ Tim BM; bi iB+7 K2b-T ' Q/m+2/ i bi 2 Kb
+? M;2 BM HB;?i i bT2+B}+ TBt2H- 7Q KBM; i2KTQ HTQBMi bz
K2i2Q QHQ:B+ H/ i 7°QKp 'BQmb b+ ii2 2/ HQ+ iBQMb- r?B+? + |

b2i +QMbBbiIBM: Q7 K2 bm 2K2Mip Hm2b M/ i?2B" +Q "2bTQM/BM

U#V K2i2Q QHQ:B+ H
UV 2p2Mi 7" K2bX2 bm 2K2MibX U+V TQBMi +HQm/X

6B;m 2 RXR, SQBMi b2ib BM "2 H@rQ H/X

hQ 2T 2b2Mi TQBMi b2ib rBi? i?2Q 2iB+ HbmTTQ i- Bi Bb 2bb

R



K i?2K iB+ HHvX AM i?Bb i?2bBb- TQBMi b2ib "2 +QMbB/2 2/ b b
TmM+iBQMX aT2+B}% HMHY-TM@Q#D22p2Mi bm 7 +2 Bb KQ/2H2/ b M
T Q# #BHBiv /2MbBiR¥Y M R+iBDM2t) 2T 2b2Mib i?2 T Q# #BHBiv /2
i1 TQBMBb QM i?2 b? T2X h?mb-i?2 TQBMi b2i Bb pB2r2/ b~ M/
TmM+iBQMX hQ +QMbi m+i 2T 2b2Mi iBQMb 7Q  TQBMi b2ib-r2
2T 2b2Mi iBQM Q7fim2bBMIM #2BQO M /QK b KTH2bX

JQ/2HBM; TQBMi b2ib BM i?Bb K MM2 T ' QpB/2b +H2 " /2}MBI
LQBb2 BM TQBMi b2i K2 Mb i?2,@#b2 2R/ i2BbKTH2b 7 QK i?2
TmM+iBQM 2NI/2b2Mib MQBb2X .2MbBivp "B iBQM BM/B+BiRb i? i i’
b KTH2/ rBi? MQM@mMB7Q K /Bbi B#miBQMX h?2 "2b2 "+? +? Ht
#mBH/ +QMbBbi2Mi 2T 2b2MifiBRIM iQ2 23 nN+HABIM QBb2 M/,

p "B iBQMbXRBBHHMbi~ i2b i?2 K i?2K iB+ HKQ/2HBM: Q7 TQBMi b

UV mM/2 HVBME X mM+UB@M QBMi +HQm/ UbTUH2 MXBMi +HQm/ U/2Mb2"

6B;m 2 RXk, J i?2K iB+ H KQ/2HBM; Q7 TQBMi b2ibX h?2 TQBMi
b KTH2b 77 QK M mM/2 " HvBMMBF*FHhM2iBQIN Bx2b i?2 Q#D2+i b? T2
bm 7 +2X g2 BKiQ +QMbi'm+i +QMbBbi2M{f '@HBMW2IMIKIBHR2M P7i7
Kv#2 +Q "mTi2/ rBi? MQBb2 Q' /2MbBivp "B iBQMX



RXkQrMbi2 Kh bFb M/ _2[mB 2K2Mib Q7 1{+B2M+v M

AMp2'vb?Q i-TQBMib2i 2T 2b2Mi iBQMBb T “iB+mH "Hvp Hn
/i Qp "B #HBX2 r?BH2 7 QHQHMBrBBIM2Mi K ii2 M

6Q 2t KTH2- +QMbB/2 i?27QHHQrBM; K +?BM2H2 MBM;i bF,
# b2/ QM +QHH2+iBQM Q7 ?mKB/Biv K2 bm 2K2MibX AM i?2 i’ B
BM/2}MBi2 MmK#2 Q7 ?mKB/BivK2 bm 2K2Mibi F2M ip "BQmb HC
T'2+BTBi iBQMp Hm2X h?2 +? HH2M;2 HB2b BM K TTBM; i?2b2 p ™
iIQ bBM;H2 T 2+BTBi iBQM p Hm2X "v mbBM; TQBMi b2i 2T 2b2M
i?72 +QHH2+iBQM Q7 ?mKB/Biv K2 bm '2K2Mib BMiQ }t2/@H2M;i?
bi M/ "/ M2m™ H M2irQ ' FiQ K Ti?2 }t2/@H2M;i? p2+iQ ~ iQ i?2 T 2/E
i?Bb+ b2-i?2K2 bm 2K2Mib "2i?2BMTmi/ i Q7p B #H2 bBx2- M
/IBbi'B#miBQM Bb i?2 +QMbBbLiI2ZMi T ii2"MX

> pBM; 2bi #HBb?2/i?22 mb27mHM2bb Q7 TQBMib2i 2T 2b2Mi il
rev _Q#mbiM2bb M/ 2{+B2M+v 2 + BiB+ HBM i?Bb T Q+2bbX

_Q#mbiM2WM X +iB+2-i?2 " M/QK b KTH2b 2M+QmMi2 2/ /m BM
/IBz2 7' QK i?Qb2 mb2/ BMi° BMBM;X h?2b2 /Bz2 2M+2b + M K MB"
bBx2, h2bi +BiB2b K v? p272r2° Q KQ 2 ?mKB/BivK2 bm 2K2Mib i
b2iX kV a KTH2 /Bbi B#miBQM, h?2 /Bbi B#miBQM Q7 ?mKB/Biv
Kv/Bz2 77QK i? i Q7 i?2i° BMBM; +BiB2bX A7 i?2 TQBMi b2i "2T
"Q#mbiM2bb-bm+?p B iBQMbBMb KTHBM; + M/2;" /2i?2T2 7Q K
IMbm ' BM; "Q#mbiM2bb ?2HTb K BMi BMKQ/2H ++m” +v/2bTBi2 /B

/IBbi B#miBQMX



1{+B2M+v M/ a+ H #BHB@WQ H/ TQBMi b2ib + M p "v& K iB+ H
7°QK ?2mM/ 2/bQ7/ i TQBMibU2X:;X-K2i2Q QHQ;B+ HK2 bm 2K2M
/i 7°QK 2p2Mi + K2° bVX h?2°27Q°2- Bi Bb + m+B Hi? i TQBMi b
"2 2{+B2Mi M/ b+ H #H2- + T #H2 Q7 T ' Q+2bbBM;: H ;2 TQBMi b

+QKTmi iBOM HT2 7Q K M+2X

RXj1tBbiBM; J2i?Q/b M/ h?2B°  GBKBi iBQMb

1tBbiBM; TQBMib2i 2T 2b2Mi iBQMK2i?Q/b+ M#2# Q /HvV + 2
TOBMi@# b2/ M/ pQt2H@# b2/ K2i?Q/bX b iQ #2 /IBb+mbb2/- 2tBb
i?72 "Q#mbiM2bb M/ 2{+B2M+v "2[mB 2K2MibX

SQBMi@" b2Bb BbiviB+ HHVi?2/QKBM Mi+ i2;Q'v M/ Bbi?2 K(

iviB+ H 2t KTH2 Bb9sQrPBH22i (Mb7Q K TQBMi b2ib BMiQ }t2/@H
mbBM; i° BM #H2 M2irQ " FbX J Mv /2 °Bp2/ K2i?Q/b "2 T°QTQb2/ I
+H bbB}2/ BMiQ JGS@# b2/ M/ +QMpQHMIiBQM@# b2/ 2M+Q/2 bX
SQOBMibR-i*m p21Bp-i $QBMi&GSNn(BHBXx2 KmHiBH v2' T2 +2Ti'QMb iQ
+HQmM/b M/ 2KTHQV K t@TQQHBM; iQ ;2M2" i2 }t2/@H2M;i? 2T 2
?2 M/- +QMpQHMIBQM@# b2/ 2M+ Q/ )b -SBN MHB)LABI BAVE *P-Mp (
aTB/2 *IRy{ TTHVTQBMiQ 2/;2+QMpQHmMiBQMbiQ +?B2p2bBKBH

>Qr2p2' - TQBMi@# b2/ 2M+Q/2°'b H +F BM?2 2Mi "Q#mbiM2bb

BM/ i /2MbBivX ii2KTibiQQp2 +QK2i?2b2+? HH2M;2bivTB+ HHvVv
>Qr2p2 -i?22v/Q MQi;m ~ Mi22 +QMbBbi2Mi "Q#mbiM2bbX //BiBQWN

bm#bi MiB H+QKTmi iBQM H 2bQm +2b M/ "2 MQi BYXHh®Bd UiQ ?



*2bi'B+ibi?2B  mb2BMbT22/@+ BiB+ Hi bFb HBF22p2Mi+ K2 bi’
+QMbi> BM2/ 2MpB QMK2Mib HBF2 /°"QM2 M pB; iBQMX

0Qt2H@" b2/ J2i?QMIRH@# b2/ K2i?Q/b bbmK2 i? i TQBMi b2
“2:mH " ;"B/- 2M #HBM:i?2 TTHB+ iBQM Q7 +QMpQHMIiBQM H QT2
T°QKBM2Mi 2t KTH2 Bb i?2 L2m > HPT2 iQ - RBRQNR2?2T #u+ 22 Fo.
“2:mH " ;"B/b Q7 TQBMi b2ibX h?Bb HBM2 Q7 "2b2 “+?2 ? b H2/iQ i?:
(RKR}RORS8RP- rBi? i?2 6Qm B2 L2mRMH#ABM;iiQ2(KQbir2HH FMQrM 7
BKT 2bbBp2 ++m > +v M/ +QKTmi iBQM H 2{+B2M+v BM 7mM+iBQN

q?2M TQBMi b2ib /Q MQi M im> HHv HB;M rBi? 2;:mH " ; B/- pt
iQ 7Q0°+2i?2/i QMiQ :'B/bi'm+im°2X h?Bb bi’ i2;:vBb T “iB+mH
b2ib r?2°2 TQBMi@# b2/ K2i?Q/b 7 +2 b+ H #BHBiv Bbbm2bX AM |
PQt2H@# b2/ 2T 2b2Mi iBQMb "2 rB/2Hv mRRpQTDH BARbi 2\ 2 B i @
2biBK i2b QTiB+ H ~Qr mbBM: j. +QMpQHmMiBQMb- rBi? K Mv Qi?2"
/QTiBM; bBKBH ~ pQt2H @R R A b Rk kX jBRDK @ X

>Qr2p2 - pQt2H@# b2/ 2T 2b2Mi iBQMb Q7i2MH +F /2b+ BTiBy
#v pQt2HBxX iBQMX AM //BiBQM-i?2v Q7i2M bmz2 bB;MB}+ Mi T2
/Bz2 2Mi /QK BMb /m2iQ p "B iBQMb BM TQBMi b2i /2MbBiv- r?B+?

H2 /iQ Qmi@Q7@/Bbi B#miBQM Bbbm2b /m BM; +QMpQHmMIiBQM H

RX®2+iQ  E2"M2H 2T 2b2Mi iBQM h?2Q v, M Pp2 pB2

h?Bb i?2bBb BMi"Q/m+2b 02+iQ  E2"M2H _2T 2b2Mi iBQM UOoE

TQBMi b2i 2T 2b2Mi iBQMX h?2°'Qm:? +QK#BM iBQM Q7 i?2Q 2]



TTHB+ iBQMb-r2i?2Q Qm;?Hv 2tTHQ 2 0E_06b TQi2MiB H-/2KQMbi
p "BQmb TQBMi b2i TTHB+ iBOQMbX AM K Mv + b2b-0E_QmiT27Q
++m° +v M/ +QKTmi iBQM H 2{+B2M+vX

*2 Ti2kH vb i?2 i?2Q°2iB+ H 7QmM/ iBQM Q7 oE_ #v T 2b2MiB
02+iQ  E2°M2H 2T 2b2Mi iBOM h?2Q 2K-r?B+? 2M+ TbmH i2b i?2
i?2bBbX *? QidHBM2bi?2 +QM+2Tim H7QmM/ iBQM M/ KQiBp iBQN
Q7 oE_X Ai /2i BHb i?2 BMbTB" iBQMb M/ i?Qm;?i T°Q+2bb2b i?
*2 Ti29-r2 TTHvOE_iQ 7mM/ K2Mi HTQBMi +HQm/i bF @ HQ+ H
h?2 TTHB+ iBQM ?B;?HB;?ib oE_6b +QKTmi iBQM H 2{+B2M+v- r
T°Q+2bbBM; +Qbib +QKT 2/ iQ 2tBbiBMiXRIBQ@MHXi®?2pLMi + K2°
/i - //"2bbBM;i?2MQ K H~Qr2biBK iBQM T Q#H2K M/ +?B2pBM;
BM ++m  +v M/ ;2M2 HBx #BHBiv Qp2 +m 2MiebhmKX +BXI2X 6B\

i?72 F2v +QMi'B#miBQMb Q7 i?Bb rQ ' F M/ QmiHBM2b TQi2MiB H 7m

RX8Bbi Q7 Tm#HB+ iBQMb

Cum M- .2?2-@2pB"m M2 -CB vBgm-JBM;?mBGBm-CBM;tB *?2M
M/*Q M2HB 62 KCHH2 X 6G2 MBM;LQ K H6HQr .B 2+iHv 6 C

"sBp T'2T ' BMi "sBp,k9RkXRRk39 Ukyk9VX

Cum M- .2?2-0Q M2HB 62 KCHH2 - h ?b22M _ ## MB- 6m QM; >n
HQBKQMQbX 6 GBM2 ~ hBK2 M/ aT +2 GQ+ H SQBMi *HQm/
02+iQ Bx2/ E2 "M2H JBtim 2 U02+EJVX06 AMi2 M iBQM H*QM72"

Ukyk9VX



Cum M-.2?2-@m QM;>m M;-*Q M2HB 62 KCHH2 - M/uB MMBb H
M/a KTH2 AMp "B Mi*QMiBMmMQmbP#D2+i1M+Q/2 X0 AMi2 M

2T 2b2Mi iBQM UKkyk9VX

CamiQ -S2i2?2 Qum M.Qm;H bamKK2 b@ai v-*Q M2HB 62 KmHFE
HOQBKQMQbX 6:HmMBM; M2m™ HM2irQ FbbvK#QHB+ HHvViI? Qm

AMi2 M iBOQM H CQBMi *QM72°2M+2 QM L2m" H L2irQ Fb Ukykk

C*?2M- CBM:tB- " M/QM uX 62M;- > QKBM; * B- hB.2W7@ q M;- G
um M*Q M2HB 62 KmMHH2 -*?2 ' BbiQT?2" X J2ixH2 - M/uB MMB
S'2@i° BM2/0B/2Q .BzmbBQM JQ/2Hb7Q 1p2Mi@# b2/ 0B/2Q A

"sBp, kK9RkXyddeR Ukyk9VX

CJp Q:B MMBb-.8R2HQ@h-MM/ uB MMBb HQBKQMQbX 6.Bb+Qp2
ii'B#mi2b #v S'QKTIBM: G :2 G M:m :2 JQ/2Hb rBi? S2 +2Ti

A111 AMi2°M iBOQM H *QM72°2M+2 QM _Q#QiB+b M/ miQK iBQ

C K'Qm+?2->mbb K-JQ?b2M AK MB-smM CB Q- uB MMBb HQBKZC
2?7 Q um -M.QM;MBM; J - > Kx 1X " F K- S mH _X :2MbbH2" -
amiQ X 6" BM@BMbTB 2/ ?vT2 /BK2MbBQM H +QKTmiBM; 7Q
kykk AMi2 M iBQM H*QM72 2M+2 QM > “/r “2faQ7ir "2 *Q/2bB;N

U*P.laY AaaaV-TTX k8@j9X A111- kykkX



*2 Ti2  ko2+iQ E2 'M2H 2T 2b2Mi iBQM h?2Q 2K

kXRo2+iQ  E2 'M2H 2T '2b2Mi iBQM h?2Q 2K

h?2Q 2KW02+iQ" E2 "M2H _2T 2b2MXGRQM.h %#2Q TRBMi RF2i BM
P
ME(t) = L P 2tT 3t 4jj2/2) #2 i?2 : mbbB M F2 'M2H KBtim 2 /2}M:
. . . . P .
TQBMi b2iX(th22M #2 2T 2b28viR/ ky 2tdit, )2CP- r?2 22 R4 D

Bb }t2/ K i'BtrBi? HH 2H2K2Mib /> rM BM/2T2M/2MHy XK MQ K

02+iQ° E2°M2H 2T 2b2Mi iBQM h?2Q 2K UoE _hV bi i2b i? i i
KBtim 2 /2}M2/ #v TQBMi b2i + M #2 2T 2b2Mi2/ #v }t2/@H2M;
T 2@/2}M2/ QT2 iBQMX 6_2T 2b2Mi iBQM6 ?22°2 K2 Mb irQ T QT?

BbQK2i"B+ T°QT2 iB2b- /2}M2/ b 7TQHHQr2/,

P
S'QTQbBIBQMRMbI"m+iBQM Q7 02+iQ" EXQR&H1 27T, 20@Mi)iBQMYV

P
ME(t) =2 [, 2tT 3t tjj%2) - i?2M2t{@it ); 6! f(t) bD!1 X

h?Bb K2 Mb i?2 7mMi«itBQMMvHMBMIM #2 “2+QMbi m+i2/ 7° QK

2T 2b2MBHBQM 2@/2}M2/ QT2  iBQMX

S'QTQbBIBQMKQ E2"M2H 2T 2b2Mi X8 26M B i 2 bZTRK 2T B2 Mi iBQ N

Q7 : mbbB M FZ‘MﬂlezK-?i@l\n&b@i!h fi;foi bD11 X



h?Bb K2 Mb i?72 bBKBH "'Biv U+Q "2H iBQMV Q7 i?2 F2 M2H KE

2M+Q/BM;X
S'QTQDbBiIBRQMT7ji2/ S'QT2 iv, 1[mBp "B M+2 X#Z}Mi2h> MbH iBQMYV

1 X
6ftkgE:1 = ﬁ 2t te )
k=1

g2 ? p2

6f t toQEzl = Gftkgrk]:l 2t(|' i to )
r?2°2/2MQi2b i?72 2H2K2MirBb2 KmHIBTHB+ iBQMX

'Bp2M 2T VY = 2t{Ht) 2tTiv)-i?2 T°QQ7 Bb bi> B;?2i@7Q r °
*2 Ti20- r2 2tTHQBI i?Bb :B7i2/ T'QT2iviQ bQHp2 7mM/ K2Mi H

M K2Hv HQ+ H TQBMi +HQm/ ;2QK2i'v 2M+Q/BM:X

kXklt KTH2 Ib ;2 Q7 02+iQ E2 M2H _2T 2b2Mi iBQM h?;

"27Q°2 T'QpBM; 0E_h- H2i6b ? p2 M B/2 ?2Qr Bi Bb mb27mHX
+ M bQK2?2Qr /2b+ B#2 Qm  TQBMi b2i #v : mbbB M F2 'M2H KBtim
Q#i BM 2T 2b2Mi iBOQM Q7 i?2 TQBMi b2iX >2°2 "2 TQi2MiB H T

F2'M2H KBtim 2 7°QK TQBMi b2ib,
RX2+BbBQM 7mM+iBQM Q7 #BM v +H bbB}+ iBQM 2biBK i2/ 7°C
kX2+BbBQM 7mM+iBQM Q7 QM2@+H bb bmTTQ i p2+iQ  +H bbB

iX6mMM+iBQM }ii2/ #v bmTTQ i p2+iQ" "2;°2bbBQMX

N



G2i6b i F2 M 2t KTH2 iQ b22 ?2Qrr2 Kv TTHv i?2 i?B / T'BM+
b+2M "BQX IbBM; Qi?2° T'BM+BTH2b Bb bBKBH "X amTTQb2 i?:
K2 bm 2K2Mi bi iBQMb BM +Biv- M/ ipRB)GLXQ WBRIVIER b 2
i?72 i2KT2' im'2 i KQK2Mi (MLQ#iTBM >Qr /Q r2 2T 2b2Mi i?2
i2KT2  im 2 /Bbi'B#miBQM BM i?Bb +Biv\

IbBM; i?2i?B / T'BM+BTH2-r2} bi}i bmTTQ ip2+iQ  "2; 2bbB¢
F2'M2H-r?2°2i?2BMTmiBb +QQ /BM i2 M/i?2i “;2iBbi2KT2 im"
Bb

X
fooy)= oty 2tr X XY WY

[= {z }

“2T 2b2Mi2/ #v 0E_h

r22¥2 0, BbbQHPp2/#vi?2 ao_f{xty)im2bHHB#2b i?2i2KT2" im 2 /Bbi B
LQri?2 b2+QM/i2 K+ M #2 2T 2b2Mi2/ #v 0E_hX g2 + M Q#i BM i?2
#v TT2M/BIM;BiX LQrr2bm++2bb7mHHv 2T 2b2Mib+ ii2°2/K2 bm"
BMiQ }t2/@H2M;i? p2+iQ X A7r2M22/iQ mb2Bi bBMTmibiQ T 2/
#2 2 bBHvV /QM2X

LQr-r2 T°Q+22/iQ T'Qp2 0E_hX hQ T'QpB/2 KQ 2 +QKT 2?22M
r2 T'2b2Mi irQ T'QQ7bX h?2 }'bi T°'QQ7 Bb # b2/ QM i?2ka@2+iQ " 6ml
r?B+? Q' B;BM HHv BMbTB 2/i?2 7Q KmH iBQM Q7 i?Bb i?2Q 2KX

6QmM B2  i° Mb7Q K-r?B+? AT2 bQM HHvV }M/ 2 bB2 iQ mM/2 bi M/

Ry



kXjS'QQ7 6 QK 02+iQ  6mM+iBQM “+?Bi2+im" 2

g2 mb2 H2KK MQ2I7M2b h?2Q 2K?B+? bi i2b i? i i?2 : mbbB |
F2 MREHY + M #2 TT QtBK i2/ #v i?2 BMM2 T Q/m+i 87 IMBi2@H 2N\

€V -r?2°2Bbd@®Bv® i Bt rBi? HH 2H2K2Mib /> rM 7°QK MQ K H /Bbi’

G2KK RJI"Q+?M2hi?2Q R®AM; v2RY- 2RYPX HH 2H2K2Mib/B MM

7°QK MQ K H /BBNi(0B#Ni BIQ MM I -
pi
%he“ @vilG (ty= 2tT 0L W

S'QQFXi2RY r?2°2 N (y 24 #2 QM2 +QHMKM Q7-72 KHi 'BK i? |

E<éd (tV =G(tV),

h i h i
E<éd VYV =E +Qb (t )
S (LY -
- (2K)!
o ( 1)k h xd 2ki
= , (4 v)
o @O
s k h i
-0 LD it iz r?22°22N(0:1)
(@K
_ X1y a2
y (@K)! K12k
Xk y
- (klzz 2t i
k=0 '
2 12
_ it
= 2tT 5

RR



PMi?2 Qi?2 P=MJ{tY =0 #2+ mb2 MQ'K H/Bbi'B#miBQM Bb

/IBbi " B#miBQM "QmM/ vy,

h i h i
E=¢ VY =E bBM(t
hx t 2Kk+1
“E (D
_ (2k +1)!
k=0
% ( l)k h x 2k+1i
- 2k+1)0 (4 ¥
o BRI
)4 ( l)k h 2k+1I
= N Iy .. N .
- okrc It vz r?2°22N (0:1)

=0 #2+ mE@*)=0

h?2°27Q 2-r?2M r2D MIEQK@XBP2HAQ - 1?22 BMMBHET  @/ine+ |

P,
17D vtV rBHH +QM@BX; 9 i@ MFb iQ i?2 *2Mi~ H GBKBi h?2Q 2KX

02+iQ° 6MM+iBQM +?IBi22bmi 72 7mer)ch5>|\2L1 K (X X)
+ M #2 ‘2T‘2b26¢i§/ﬂ§vk|ﬁ(xk)- r?2KAx;y) Bb F2 'M2H M/ TT QtBK i2/
hix); Ky)i X 06 T Qp2b i?2 "2+QMbi m+i #H2 M/ BbQK2i'B+ T QT2"i
7Q KmH iBQMX gBi? "Q+?M2°6b i?2Q 2K- BilBbMM22 2 {222 +2¢

210 2(x  y)2/2) M/ 26XA)X h?2°27Q°2- 0E_h Bb T Qp2/X

kX9S QQ7 6°QK 6Qm B2  h> Mb7Q K

g2 Hi2 M iBp2Hv T Qp2 oE_h mbBM; 6Qm B2 i° Mb7Q KX aT2+

6QmM B2 i° Mb7Q KjQ7 Rji%12 Bb Ztift, ) KmHIBTHB2/#v +QMbi Mi-r’

Rk



6B:m 2 kXR, TT QtBK iBQM Q7 : mbbB M F2 "M2H rBi? "Q+?2N
#Qi% M/ 2 BRMIX
g2 b22F i?2 6Qm B2 i° Mb7Q K Q7 i?2 7TmM+iBQM

2
f(t)= 2tT 7kt t k>

r?2’242R4- M/ Bb TQDbBiBp2 b+ H “X
h?2 60m B2 i° MbE+IQRTmMi2/ #v
z 2
FIF]( )= 2tT —kt tk® e' 'dt
Rd 2
2IME=t - bQ idve dt- M/ 2r'Bi2i?2 BMi2;" H b
Z 2
FIf1( )= 2tT —kwk? e! (Wldy
Rd 2
aBM+Q@v+ t) = v+ te-r27 +iQ Qmii?22T? b2i2 K,
Z

2
FIfF]()=e' % 2tT —kw? e' ‘dv
Rd 2

Rj



h?2 BMi2; H

Z 2
| = 2tT ffsz el dv

Rd

Bb r2HH@FMQrM: mbbB M 6Qm B2 i Mb7Q K "2bmHi,

h?mb-i?2 6Qm B2  if ()M BHQ K Q7

dr2 2 '
FIFI() = 2—2 21T kz—kz el b

| {z }

+QMbi Mi

LQrB7r2 b KTH2K MQ K H /Bbi BHBKROMI 7DM r2 Q#i BM

eiltk;eiztk; ;eiDtkIZt(rtk)

r?B+? Bb i?2 "2T 2b2Mi iBQM r2 /2bB 2X AM //BiBQM- 6Qm B2"

BMp2 iB#H2 M/ BbQK2i'B+X h?2°27Q°2- 0E_h Bb T Qp2/X

kX8 a?Q 1 *QM+HmbBQM

qBi? i?2 02+iQ  E2"M2H 2T 2b2Mi iBQM h?2Q 2K BM KBM/- r2
KQ 2 2ti2MbBQMb Q7 Bi BM i?2 M2ti i? 20 mPHBIN2HXi 22?2 +TAM+2 T
70mM/ iBQM M/ KQiBp iBQM #2?BM/ i?2 /2p2HQTK2Mi Q7 oE_hX /

M/ i?Qm:?2i T'Q+2bb2b i? i H2/iQ Bib/2KQiBBIMX2b?I 722 TTHB+ iBQ

R9



0E hiQ 7mM/ K2Mi H TQBMi +HQm/ i bF, HQ+ H TQBMi +HQm/ 21
H2p2  ;2b i?2 i° MbH iBQM 2[mBp 'B M+2 iQ 2M? M+2 2{8B2M+v
2ti2M/b i?2 TTHB+ iBQM Q7 0E_hiQ 2p2Mi + K2  b- //"2bbBM; i?2

T Q#H2K- ;"2 iHv BKT QpBM; ++m  +v M/ ;2M2 HBx #BHBivX

R8



*?2 Ti2 j,2+Q/ #H2 M/ a KTHBM; AMp B Mi*QMiBMmQm

JXRAMI Q/m+iBQM

*QMiBMmQmb Q#D2+ib 2 Q#D2+ibi? i + M #2 b KTH2/ rBi? “#
/[2MbBivX 1t KTH2b BM+HmMKH -TZoR2MIii @# Qra /bp BB QM // KT (b2
K2i2Q ' QHQ:BXkMK/ i +(m+B H +? ~ +i2 ' BbiB+ Q7 +QMiBMmQmb Q#I
+? HH2M;2 7Q° H2 "MBM;- Bb i? i i?72B b KTH2 /Bbi'B#miBQM M/
M/ i2bi b2ibX 6Q° 2t KTH2- TQBMi +HQm// i BMi?2i2biBM; T? b2
i? Mi? iBMi?2i° BMBM; T? b2X 7> K2rQ Fi? i ? M/H2b i?Bb BM-
7Q° +QMiIBMmMQmb Q#D2+i H2 "MBM; X

q?2M /2bB;MBM; i?2 7> K2rQ F-7Qm T QT2 KBHE /Bbi2B8m -
BMp "B M?2 7° K2rQ'F Bb MQi z2+i2/ #v i?2 /Bbi'B#miBQM 7 QK
"2 +QHH2+BR2 KT HRWBX2 BMi? 2B MK2rQ F Bb MQi z2+i2/ #vi?2 Mm
b KTH2bXtTUHB+Bi 2T 2H2RM7IEK@NMQ F;2M2" i2b QmiTmibrBi? }t2//E
bm+? b }t2/@H2M;i? p2HQQ #HBHBON QMIiBMmMQmb Q#D2+i + M #2 "2+
i “#Bi® v "2bQHmMIBQM 7°QK i?2 2T 2b2Mi iBQMX

a KTH2 BMp "B M+2 UT QT2 iB2b R M/ kV 2Mbm 2b i? i /Bz2 21
i?72 b K2 +QMiBMmMQmb Q#D2+ib 2 i°2 i2/ +QMbBbi2MiHVv- i?22"2#\
+ mb2/ #vp "B iBQMb BMb KTHBM;X M 2tTHB+Bi 2T 2b2Mi iBQM

Re



M2irQ FiQ "2+2Bp2 +QMiBMmQmb Q#D2+ib bBMTmib- #v +QMbmK
.2+Q/ #BHBivUT QT2'ivOV 2M #H2b M2m  HM2irQ FiQ T 2/B+]
T 2/B+iBM; i?2 2T 2b2Mi iBQM M/ i?2M /2+Q/BM; Bi # HKRQ i?2 +C

BHHmbi i2bi?2 T°QT2 iB2b M/ i?2B  KQiBp iBQMbX

6B;m 2 jER7i>.61 2M+Q/2b +QMiBMmMQmb Q#D2+ib BMiQ }t2/@H2]
Mv i° BMBM;X h?2 2M+Q/BM; Bb MQi z2+i2/ #v i?2 /IBbi 'B#miBQN
Q#D2+i Bb b KTH2/X h?2 2M+Q/BM; + M #2 [/2+Q/2/ iQ “2+QMbi ' m
_B;?i TTHB+ iBQMb Q7 >.61X >.61+ M#2 mb2/iQ T2 7Q KK +?BM
+H bbB}+ iBQM- "2;°2bbBQMV QM +QMiBMmMQmb Q#D2+ibX >.61 |
"2;°2bb +QMIBMMQmb Q#D2+ib #v T 2/B+iBM; i?2B  2M+Q/BM;bX

>Qr2p2 - 2tBbiBM; K2i?Q/QHQ;B2b- r?B+? r2 /[BpB/2 BMiQ i? 2
r?2M BM+Q ' TQ ™ iBM; i?2 7QmBB+QZN2 7B KRR K2i?Q/b /Bb+ 2iBx
+QMiIBMmMQmb Q#D2+ib M/ T Q+2bb i?2K rBi? M3 g mb M2 irjQ@F b X ¢
*LLiQ T'Q+2bb pQt2HBxXx2/jRQBMRib+ MQm/lbi@ T 2/B+i T "iB+H2 i D
h?2b2 K2i?Q/b 2 MQi b KTH2 BMp "B Mi i?2 bT iB H M/ i2KTQ"
+QMbBbiIi2Mi + Qbb i?2 i° BMBM; MJ2i2d@B MB/@r#bed/X BWRZwvQ F
QT2 i2 QM +QMiBMmQmb Q#D2+ib /2}M2/ QM K2b? :"B/b M/ +?B2
Ui?2 7 K2rQ ' FBb MQi z2+i2/#vi?2 2bQHmMIiBQM Q7 i?2; 'B/bVX 11
i Mb7QRK M/i?2M2m~ H®FR"mQi?2v/Q MQi TTHviQbT b2/ i HB
+HQmM/baXTUPR 7° KXr®?Bv QT2 i2 QM bT b2 b KTH2b /> rM 7 QK i?

Q#D2+iX E2 M2HjK2Q?©/DQ" MQM@HBM?2 ~ "2;2bbBQM- +H bbB}+

Rd



/Q MQi T'QpB/2 M 2tTHB+Bi ‘2T '2b2Mi iBQM 97 222 B/m2Md i B QIvex
TQBMi +HQmM/ BMTmi M/ T Q/m+2b M 2tTHB+Bi 2T 2b2Mi iBQM-
/12+Q/ #H2X AM //BiBQM- HH i?2 7" K2rQ Fb "2[mB 2 2ti° i° BMBN
mM/2bB 2/ BM bQK2 b+ “+2 /i b+2M "BQbX

*m " 2MiHv- QMHV i?2 p2+iQ " 7mM+iBRQM+ ™M 2BV 2 Qi 2MUDLE M B(+
7mMM+iBQMBMiQ p2+iQ i? " Qm;?2bT "b2b KTH2b-r?BH2T 2b2 pBNM
06 Bb HBKBi2/ #v Bib bi'QM; bbmKTiBQM Q7 i?2 7TmM+iBQM H 70Q
7mM+iBQM iQ #Q()\Az?FzQK‘K(iIQ(x;xk)-r?ZKZ:X X! RBb F2'M2H /2}M2/
QM X A7 i?2 BMTmi 7TmM+iBQM /Q2b MQi +QM7Q K iQ i?2 7Q K- 06
H ;22 Q bX AMT  +iB+2-bm+? "2[mB 2K2Mi B () 2HWMQIiBb}2/)
2p2M TT QtBK i2 +QMIxVE 7 mil@+BQ@tBK i2i?22 +QMbi Mi 7mM+i
F2 'MK2Kmbi #2 +QMbi MiX "mi rBi? i?2f$QMbMMQF2TM2MBK i2 Qi?2
MOQM@+QMbi Mi 7TmM+iBQMbX am+? HBKBi iBQM ;2 iHv ?BM/2 Db i

q2 T'QTQb2 ?vT2 " @/BK2MbBQM H 7mM+iBQM 2M+Q/BM; U>.61
Mv 2tTHB+Bi 7Q 'K Q7 BMTmi 7mM+iBQMb #mi QMHvV “2[mB 2b GBT
> 61 + M 2M+Q@1+?2 H “;2° +H bb Q7r 7BHR+ PBQHMBM; HH 7Qm" T°C
rBi?7Qmi Mv i BMBM;X h? MFb iQ i?2 2H t iBQM- >.61+ M #2 TT
rQ'H/ TTHB+ iBQMb i? i 06 7 BHb-r?B+? rBHH #2 2H #Q" i2/ QM E
> 61K Tbi?2b KTH2b iQ ?B;?@/BK2MbBQM H bT +2 M/ +QKTmi:
i?2b KTH2bBM i? i bT +2iQ + Tim'2 +QHH2+iBp2 BM7Q 'K iBQM Q°
BM >.61/2bB;M Bb K BMi BMBM; b KTH2 BMp "B M+2-7Q r?B+? r2
"2}M2K2Mi T 'Q+2bbiQ /2+B/2i?2r2B;?2i Q72 +2 b KTH2X h?2 +QMi
#2 bmKK "Bx2/ b 7QHHQTrb,

R3



Cq2T 2b2Mi>.61- M2M+Q/2 7Q +QMiBMmMmQmb Q#D2+ib rBi?Qmi
b KTH2BMp "B M+2-/2+Q/ #BHBiv- M/ /Bbi M+2@T 2b2 p iBQMX
>.61Bbi?2 QMHvV H;Q 'Bi?Ki? i+ M2M+Q/2 GBTb+?Bix 7TmM+iBQ

70m T QT2 iB2bX

CQg2T QpB/22ti2MbBp2i?2Q 2iB+ H7QmM/ iBQM 7Q">.61X g2 T Q|

rBi? HH i?2 /2bB" #H2 T QT2 iB2bX g2 HbQ p2 B7vi?2K rBi? 2K’

Cg22p Hm i2 >.61 QM K2b?@; B/ /i M/ bT b2/ i X AMi?2 K2b?@
>.61 +?B2p2b +QKT2iBiBp2 T2 '7Q K M+2 b i?2 bT2+B HBx2/ bi
TMM+iBQM@iQ@7mM+iBQM K TTBM; i bFbX AM i?2 bT b2 /i |
rBi? >.61 H2 /b iQ p2 ;22 °Q /2+°2 b2b Q7 RKW M/ R8W BM ir
BM+Q TQ  iBM; >.61 BMiQ i?2 SQBMiL2i@# b2/ aPh +?Bi2+im":

12+°2 b2b Q7 kX8W M/ RXdWX

iXk_2H i2/ qQ F

JXKXR2b?@; B/@# b2/ 7 K2rQ F

h?2b2 K2i?Q/b QT2  i2 QM +QMiBMmQmb Q#D2+ib U7TmM+iBQM|
"#Bi' v "2bQHMIiBQMX h?2v 2MDQvV /Bb+ 2iBx iBQM BMp "B M+2-
b KTH2b b BMTmiX

6QmM B2 i° MWHBHWK+ MK T7mM+iBQMb 7 QK i?2B  iBK2/QK BMt
/QK BMbX "vF22TBM; }MBi2 MmK#2 Q7 7°2[m2M+B2b-6h+ M T Q|
Q7 7TmMM+iBQMbX R.@6h ? b#22M bi M/ “/i2+7MBWR7I@6mDB;M HT

RN



#22M mb2/7Q BK ;2j9)Q6RBHBMPQ BM+Q TQ  i2/BMiQ /22T H2 "MI
(8je)X >Qr2p2 - 6h Bb MQi b+ H@¥BEKDPEMBQN? R 6Qm B2 i° Mb7Q K
N@/BK2MbBQM H K i"Bt- r?B+? Bb ? ;2ilQHT @& bb r?2M

L2m"> H QT2 BilQ b2i Q7 iQQHFBibiQ KQ/2H i?2 K TTBM; #2ir22N\
h?2 i2+?2MB[m2r b TBQM22 2RBW /2 BRPB2b(Q7 iQQHDb rR¥ /2p2HQ
R} ROR8RE 7Q  bim/vBM; i?2 T Q#H2KX h?2 KQbi r2HH@FMQrM 1
L2m" HPT2 iQ REKLRY2( TT Q +? b?Qr2/ T'QKBbBM; ++m > +v M/ +
2{+B2M+vX h?2Qm;? T'QTQDb2/ BM kyky- 6LP Bb biBHH i?2 } bi +?QE
7MM+iBQMjbT3+NoX(.2bTBi2 i?2B" bm++2bb- M2m™~ H QT2  iQ b H +

2T 2b2Mi iBQMb M/ i?2B° TTHB+ iBQM Bb HBKBi2/iQ K TTBM;b {

iXkXBT b2 7" K2rQ'F

h?2b2 K2i?Q/b- BM+HmM/BM; >.61-rQ FrBi? bT b2 b KTH2b 7°Q

SQBMiL®@iBb M2m'> HM2irQ ' F +?Bi2+im27Q T ' Q+2bbBM: TQ
KmHIiB@H v2 T2 +2Ti'QMb iQ + Tim'2 HQ+ H72 im 2b Q7 2p2°v TC
BMiQ ;HQ# H72 im 2 p2+iQ i? iobhBMp "B MiiQi?2Q /2 Q7 i?2B
Bibp 'B OBORPK9j-999898 ? p2 #22M rB/2Hv TTHB2/iQ bT ‘b2 /i T
7Q° 2t KTH2- 7Q° Q#D2+9e®)bbBK+ MBEHVbQ ; K2BIONBQW Q#D2+i
/2i2+iBa¥RBKrBi? TQBMi +HQM/ BMTmiX >Qr2p2 - SQBMiL2i/Q2b MQ
"2T 2b2Mi iBQMX aT2+B}+ HHv- 7i2° 2M+Q/BM; TQBMi +HQm/ rE
/2+B/2 r?2i?2° TQBMiBb/ rM 7°QK i?2 TQBMi +HQm/ /Bbi ' B#miE

HbQ b2MDbBiBp2 iQ T2 im # iBQMb BM i?2 BMTmi TQBMi +HQm/X



	Foreword
	Acknowledgements
	Table of Contents
	List of Tables
	List of Figures
	Introduction
	Point Sets: Inputs to Vector Kernel Representation
	Downstream Tasks and Requirements of Efficiency and Robustness
	Existing Methods and Their Limitations
	Vector Kernel Representation Theory: An Overview
	List of publications

	Vector Kernel Representation Theorem
	Vector Kernel Representation Theorem
	Example Usage of Vector Kernel Representation Theorem
	Proof From Vector Function Architecture
	Proof From Fourier Transform
	A Short Conclusion

	Decodable and Sampling Invariant Continuous Object Encoder
	Introduction
	Related Work
	Mesh-grid-based framework
	Sparse framework

	Problem Definition and Methodology
	Explicit Function Encoding
	Implicit Function Encoding
	Vector-Valued Function Encoding
	Properties of HDFE

	Experiment
	Empirical Experiment of HDFE
	Cost of Refinements
	Effectiveness of Sample Invariance
	PDE Solver
	Unoriented Surface Normal Estimation

	Conclusion
	Supplementary Materials
	Gradient Descent for Decoding Function Encoding
	Proof of Asymptotic Sample Invariance
	Proof of Isometry


	A Linear Time and Space Local Point Cloud Geometry Encoder
	Introduction
	Related Work
	Local Geometry Encoder
	Point Cloud Architectures

	Methodology
	Problem Definition and Main Theorems
	Pointwise Local Geometry Encoder
	Dense Local Geometry Encoder
	VecKM in Point Cloud Deep Learning

	Experiments
	Normal Estimation on PCPNet Dataset
	Classification on ModelNet40 Dataset
	Part Segmentation on ShapeNet Dataset
	Semantic Segmentation on S3DIS Dataset

	Ablation Studies
	Conclusion

	Learning Normal Flow Directly From Event Neighborhoods
	Introduction
	Related Work
	Event-Based Optical Flow Estimation
	Point-Based Networks for Event Cameras
	Normal Flow and its Applications

	Methodology
	Problem Definition and Overview
	Local Events Encoder
	Normal Flow Learning with a Two-Term Loss
	Improve Transferability by Data Augmentation
	Inference with Uncertainty Quantification
	Egomotion Estimation from Normal Flow

	Experiments on Normal Flow Estimation
	Evaluation on MVSEC
	Evaluation on EVIMO2
	Evaluation on DSEC

	Ablation Studies
	Effect of Motion Field Loss
	Effect of Uncertainty Quantification
	Runtime and Memory Usage

	Experiments on Egomotion Estimation
	Conclusion and Future Work
	Supplementary Materials
	List of Flow Prediction Videos
	Dataset Preprocessing
	Implementation Details of Our Model
	Per-Scene Normal Flow Evaluation on EVIMO2
	Per-Scene Egomotion Evaluation on EVIMO2


	Conclusion and Future Work
	Bibliography

