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1 Numerical Optimization in
Engineering

Optimization problems arising in engineering appli-
cations often present distinctive features that are not
exploited, or not accounted for, in standard numeri-
cal optimization algorithms and software codes.

First, in many cases, equality constraints are not
present, or can be simply eliminated (e.g., by an ap-
propriate change of variables, or, say, by explicit in-
tegration of systems dynamics). Thus promising ap-
proaches that do not have a provision for handling
equality constraints should not be discarded.

Second, there are several instances where it is
advantageous, or even crucial, that, once a feasi-
ble point (point satisfying all constraints) has been
achieved, all the subsequent iterates generated by the
algorithm be feasible as well. One such instance is in
real time, closed loop optimal control applications.
There, an acceptable control action (i.e., satisfying
all “hard” constraints) must be determined within
a specific amount of time; applying a control that
satisfies certain constraints may also be mandated
for stability of the closed loop system to be ensured
(e.g., [1]). Other reasons why it may be useful to
generate feasible iterates include (i) the possibility
that the objective function be not well defined out-
side the feasible set (e.g., a time domain L; error for
an unstable dynamical systems) and (ii) in a multiob-
Jective problem, the impracticability of meaningfully
exploring tradeoffs (interactively), when hard con-
straint violations make many options unacceptable.
Thus there is a clear need for efficient algorithms
generating feasible iterates.

Third, as just suggested, many optimization prob-
lems arising in engineering are best formulated as
(constrained) multiobjective problems. A natural
way to tackle such problems is to express them
as (constrained) weighted minimax problems, with
weights interactively adjusted to explore tradeoffs or
steer the solution to a “true” optimal (e.g., [2,3]).
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Constrained minimax problems should thus be given
special attention.

Fourth, especially in dynamical systems design
or control applications, some specifications must be
achieved over a range of values of an independent
parameter (time, frequency, etc.). This gives rise to
“functional” objectives or constraints, resulting in
“semi-infinite” optimization problems. Again, one
needs ways to efficiently tackle such problems.

While various other distinctive features arise in op-
timization problems found in specific classes of engi-
neering problems, this paper focuses on those iden-
tified above, as they have been the object of special
attention by the authors and their co-workers in re-
cent years. Thus, throughout, it is dealt only with
optimization problems that do not involve nonlin-
ear equality constraints. Sections 2 to 5 below dis-
cuss (1) a simple scheme that generates a sequence of
feasible iterates converging superlinearly, (ii) an im-
provement of this scheme via introduction of a non-
conventional line search rule, (ili) an extension that
efficiently handles minimax problems, and (iv) an-
other extension, to semi-infinite programming prob-
lems. An underlying assumption throughout is that,
as is often the case in engineering problems, function
evaluations are computationally demanding, much
more so than, e.g., solution of a quadratic program.

Due to space constraints, no convergence analysis
is included; it will appear elsewhere.

2 Basic FSQP Scheme

Feasible direction methods have been proposed and
analyzed by several authors as far back as in the early
1960’s (e.g., [4-6]) and extensions to semi-infinite
problems have been devised (e.g., [7,8]). While clas-
sical feasible direction methods have been used suc-
cessfully on many problems, they suffer from a ma-
jor drawback: because they are “first order” meth-
ods, i.e., they do not make use of some kind of esti-
mate of second derivatives, convergence is typically
slow. Recently, it was shown that the popular, super-
linearly convergent, Sequential Quadratic Program-
ming (SQP) iteration could be adapted so as to pro-
duce a sequence of feasible iterates [9,10]. A simple



version is presented now.
Consider the problem

(P1) minimize f(z) st. z€X

where
X = {z s.t. g(z) < 0},

with f : IR” — IR and g : IR® — IR™ smooth func-
tions. Note that, when all iterates satisfy the con-
straints, it is natural that the line search (necessary
to enforce global convergence) be such that the ob-
jective function f decrease at each iteration. Thus
we intend to enforce the conditions

Tp41 €X (2.1)

f(r41) < f(zx) (2.2)

at each iteration k. Let z; € X be an estimate of a
strong minimizer z* for (P;) and let H; be a sym-
metric positive definite approximation to the Hessian
of the Lagrangian function. The traditional SQP it-
eration consists of first computing a search direction
d{ by solving the quadratic program QP (zx, Hy)

min  3(d°, Hpd®) +(V f(z4), d°)

O 23)
s.b. gi(zr) + (Vg;(zr),d®) <0, Vi
It is readily checked that d is a descent direction for
[ at zx. However, d9 may not be feasible at z since
(2.3) allows (Vg;(zx),d}) = 0 for active constraints.
Also, even when dY is feasible, a line search enforcing
(2.1) and (2.2) may not allow a full step of one to be
taken in a neighborhood of a solution and thus super-
linear convergence may never take place. It is shown
in [10] that these difficulties can be circumvented by
means of two simple mechanisms corresponding to
successively “tilting” and “bending” the search di-
rection.

Specifically, first dY is replaced by a convex com-
bination di = (1 — pg)dy + prd} of d and some
(essentially arbitrary) feasible descent direction d},
e.g., d; is the minimizer for the quadratic program

I;}i? (dY —d',dY —d')y + 6
st (Vf(zx),d) <6
9i(zx) + (Vygj(zx),d') < 6, Vj.

To ensure that dj inherits the quasi-Newton charac-
ter of d2, py, is forced to go to 0, e.g.,!

o e
T

Second, di is “bent”, i.e., a search along an arc
ap + tdy + t2dy is performed. This is because, even
close to z*, xj + dr may violate both feasibility and
decrease of f. Such an arc search was previously

Yor = O(||dY||?) is necessary to make it possible for the
subsequent correction dj, to ensure (2.2).

used by Mayne and Polak [11] in a different context.
Here, d}, is selected in such a way that, (i) in a neigh-
borhood of z*, zp41(= x5 + dr + di) satisfies both
(2.1) and (2.2), (ii) di + di converges to d, so as
to preserve the quasi-Newton character of the itera-
tion. This requires that, upon approaching a solution
to (P1), zx + di + di closely follow the active con-
straint boundaries from inside the feasible set, which
can be achieved, e.g., by performing a Newton-like
iteration at zj + dg. Specifically, to take advantage
of the available second order information Hy, dg is
defined to be the solution of the quadratic program
Q-Pl(zk) dka Hk)

H{iin 1((di + d), He(di + d)) + (V f(ax), d)

st. gi(er +di) + (Vgi(zr),d) < —|lde]|”, Vi
(2.4

(but dy is discarded if too large).? Here, v € (2,3) is
preselected; the range of values (2,3) insures that the
correction is significant enough to restore the feasibil-
ity, yet &g +dy +dy, is close enough to the boundaries
of the active constraints to ensure descent on f. This
yields the following algorithm, dubbed FSQP (Fea-
sible Sequential Quadratic Programming).

Algorithm 1

Parameters. a € (0,1), B € (0,1), v €(2,3).
Data. zg € X, Hy € R**", and Hy = H{ > 0.
Step 0. Initialization. Set k = 0.

Step 1. Computation of a search arc.

i. Compute d9, the solution of QPi(xx, Hy). If
d} =0, stop.

ii. Select suitable di and pi and set

di = (1— pi)d} + prdy.

iii. Compute dy, the solution of QP (e, dx, Hy). If
lldell > l|dxll, set di = 0.

Step 2. Arc search. Compute iy, the first number ¢
in the sequence {1, 3, 3%, ...} satisfying

Fzi + tdi +62di) < f(zr) + ot (V f(zi), di)

gj(.’ck +tdy + iz(ik) <0, Vj.

Step 3. Updates. Compute a new approximation
Hp41 to the Hessian of the Lagrangian. Set xg41 =
zy + tpdg + t%dk. Set k = k + 1. Go back to Step 1.

O

Global and local convergence of Algorithm 1 are es-
tablished in [10] under mild assumptions.

2Throughout this paper, || - || denotes the Euclidean norm
in R™.



3 Nonmonotone Line Search

Computation of the correction dj in Step 1 iii of Al-
gorithm 1 involves an additional evaluation of the
constraints at each iteration, at point =3 + dj (see
(2.4)). It turns out that, if (2.2) is not required,
zp+1 may follow less closely the boundaries of the
active constraints without jeopardizing superlinear
convergence; evaluation of g(zp + di) can then be
dispensed with and replaced by a certain “trial and
error” boundary search carried from iteration to it-
eration (see below). The key issue is then to in-
sure global convergence without enforcing (2.2), i.e.,
without monotone decrease of the objective function.
It turns out that this can be achieved, by suitably
adapting a “nonmonotone line search” scheme in-
troduced by Grippo, Lampariello and Lucidi in the
context of Newton’s method for unconstrained opti-
mization [12]. A detailed exposition of such exten-
sion, with complete analysis, can be found in [13] and
[14]. Here we recall the essentials of this approach.

First it turns out that, if a sequence of iterates
{x} is generated by the basic SQP iteration for (Py),
ie., ¢py1 = ok + dg where dg solves the quadratic
program QP (g, Hy), if zq is sufficiently close to a
strong local minimizer * of (P;) and if the entire
sequence {x;} happens to be feasible, then, given
any positive number «,

f(@e41) £ f(ze-s) + o(Vf(zr), zp41 — ) (3.1)

will hold for k large enough. Thus, a line search rule
requiring that the condition

flon +tdy) < max  fzr_r) + ot(V (i), d})

be satisfied would eventually always accept the full
step of one, and superlinear convergence would be
preserved.3

However, as in §2, d} need not be feasible. To
ensure the feasibility of the full step of one close to
a solution, consider a search direction dj such that

dy = di + O(||&3 (1) (3.2)
satisfying
9i(zx) +(Vgj(zx), dx) < =C||QII>, Vi, (3.3)

for given C' > 0. An exponent less than 2 on the
right hand side of (3.3) (i.e., a larger correction)
would make (3.2) impossible to satisfy and, as a
consequence, (3.1) may not hold with the iteration
Tr+1 = 2k + di. If (3.3) holds, the sequence {zj}
constructed by the iteration zgy1 = oy + dj will sat-
isfy

i

gi(zx) + (Vg (2x), di)

1 &g
+§<dk; —a-fgi(mkﬂ)dk)

9i (Zk+1)

VAN

—C||dz|I* + l||dkHzll—(‘fﬁ(@kﬂ)ll \7]
k 2 Ox? ’

3The “max” insures that the line search will complete suc-
cessfully, even away from z*.

with Zr41 = 2% + & pdi for some & € [0,1].
And if (3.2) holds, for k large enough we will have
gi(zr4+1) <0, Vj, provided 2C is strictly larger than
the largest among all eigenvalues of the Hessians
%—?}(z*), Vj. While these Hessians are obviously
unknown, it is shown in [14] that one can adaptively
obtain a suitably large value of C, by increasing C
whenever z; + dj is not feasible.

Asin §2, dj, will be chosen as a convex combination
of dY and a certain direction di. To ensure that (3.3)
can be achieved close to z*, it will be required that
d} be a (nonzero) direction of strict feasibility even
at stationary points. Clearly then, one cannot any
more require that d} be a direction of descent for f.
For example, d} can be chosen to be the minimizer
for the quadratic program

min ||d'|* + 6
st. gj(z) + (Vgi(ee),d') <6, Vj.

The following algorithm is devised to implement
these ideas.

Algorithm 2
Parameters. o € (0, %), pe(0,1), C, d>0.
Data. 29 € X, Hy € R™*", and Ho = H¥ > 0.

Step 0. Initialization. Set k = 0, z_3 = z_q
z_1=xg,and Cy = C.

It

Step 1. Computation of a new ilerate.

i. Compute df, the solution of QPi(z, Hg). If
dd = 0, stop.

ii. Select d} with the required properties. Let vy =
min{C||d?2]|%,]|d%]|} and let px; be the lesser
number between 1 and the smallest p > 0 such
that

9i(zi) + (Vg;(zx), (1 — p)dg + pdi;) < —vy .
Finally, let pr = max; {px;}.
11i. Obtain a search direction
dy = (1 - p)d} + prdi.
iv. Compute 1, the first number ¢ in the sequence
{1,8,3?%, .-} satisfying

Flep+tdy) < Z;T&f»fs{f(mk_e)}+at(Vf(1‘k), de)

gi(zr +1dy) <0, Vj

and set Zp41 = Tp + Lrdg.

Step 2. Updates. (i) If ||dY|| > d, set C, = C. Oth-
erwise, if gj(zr + dp) < 0, Vj, set Cyr1 = Ch.
Otherwise, set Cyy1 = 2C%. (1) Compute a new ap-
proximation Hy,y to the Hessian of the Lagrangian.
Set k =k + 1. Go back to Step 1.

O



Algorithm 2 as just stated may not meet our require-
ments. Specifically, (3.1) can only be shown to hold
provided a full step is taken at each iteration, in par-
ticular, at iterations k — 3, k — 2 and £ — 1. Thus the
algorithm must be suitably initialized. In [14], it is
shown that this can be done by making use (if nec-
essary) in the early iterations of a bending-and-arc-
search technique such as that discussed in §2 above.
Also, in the early iterations, dy may not be a de-
scent direction for f, and it may be necessary to use
a different direction, closer to d}. Under mild as-
sumptions, global and local superlinear convergence

can be shown to hold [14].

4 Minimax Problems

Now consider the “minimax” problem
(P2) minimize f(z) st. z€ X

where f(z) = maxXe(y,..p} fi(z) with f; : R* - R
smooth functions. For the simplicity of exposition,
we first assume that X = IR". Problem (P;) can
be readily solved by Algorithm 2, using a standard
transformation. However, it is shown in [15] that
one can use a simpler scheme to solve (P;) more ef-
ficiently. It is also shown that, for an SQP direction
d} (see, e.g., [16,17] for the use of an SQP scheme
in the context of minimax problems), the solution of
the quadratic program Q Pa(xg, Hy)

1rré;1)n %(dO,deo) + f'(zg,d")
with
(2, d) = max{fi(z) + (V fi(2), d)} - f(z)

a first order approximation to f(z+d)— f(«) at z in
direction d, given any positive number «, the three-

step monotone (rather than four-step monotone, cf.
(3.1)) condition*

flzr +d}) < fzr-2) — a(dy, Hyd}) (4.1)

eventually holds, locally around a strong mini-
mizer z* for (P,). Here again, the algorithm
must be initialized, e.g., by a bending-and-arc-search
scheme. A suitable correction dg, to be computed
whenever (4.1) does not hold, can in the present

case be obtained by solving the quadratic program
QP (zx, dy, Hy)

I D S ;
min o ((de +d), Hy(di + d)) + (21 + i, 24, d)

(but dy is discarded if too large), with
f'(z’ +d,z, J) =
max{f(z + d) + (Vfi(e), )} - £z +d).
4 (d‘,’c, Hyd}), alower bound to | f'(z, d2)|1 can also be used

in the line searches of Algorithms 1 and 2, but with apparently
no significant advantage.

This suggests the following algorithm.

Algorithm 3

Parameters. o € (0,3), B € (0,1).

Data. g € X, Hy € R**™, and Hy = HT > 0.
Step 0. Initialization. Set k =0 and z_9 = z_1 =
Zo.

Step 1. Computation of a new iterate.

i. Compute dY, the solution of QPa(zi, Hi). If
||d2|| = 0, stop.

. If
Jz+d9) < max {f(zi_0)} - ald), Had))

set t; = 1, dy = 0 and go to Step 2.

ili. Compute di, the solution of 61-32(:%, d9, Hy). If
lldell > lld2], set di = 0.

iv. Compute t;, the first number ¢ in the sequence
{1) ﬂa ﬁza o } SatiSfying

fzx +td2 +t2c?k) < l_r_r})alx?{f(mk_e)} —at(clg, deg).

Step 2. Updates. Compute a new approximation
Hp41 to the Hessian of the Lagrangian. Set xx41 =
zp + tgdd +t2d. Set k = k + 1. Go back to Step 1.

[}

If constraints are present, a suitable combination of
Algorithm 2 and Algorithm 3 will do. Again, global
and local superlinear convergence follow under mild
assumptions [15].

5 Functional Specifications

Of interest here are problems such as (P;) but for
which X (in the simplest case) is of the form

X ={est yY(z,w) <0 Ywel0,l1}}
where ¢ : R"” x IR — R is smooth. To make the ex-

position as simple as possible, however, we consider
instead the closely related problem

(P3) minimize max ¢(z,w)

wel0,1]

where ¢ : R” x IR — IR is smooth. The difficul-
ties in solving (Ps) stem from the fact that (i) ac-
curate evaluation of max,¢(o,1] ¢(z,w) requires a po-
tentially time consuming global maximization and
(i) max,efo,1) ¢(%,w) is typically nonsmooth. Much
of the existing literature focuses on the local solution
of (Ps) (e.g., papers in [18]). Globally convergent al-
gorithms typically rely on an adaptively refined dis-
cretization of the interval of variation of w (e.g., [7,
8]). In this context, a key issue is how to efficiently
solve the discretized problem

(P}) minimize max é(z,w)



with - )
q-—
Q {0) q’ q ) ) q ’ 1}

where q is a fixed positive integer. While this prob-
lem is of the form (P;), regularity of ¢ as a function of
w ought to be exploited (especially when ¢ is large).
In [7] and [8], (P3) is solved by means of first or-
der (i.e., slow) methods. In [7] the search direction
at iteration k is based on the gradients V,¢(xx,w)
at all “e-maximizing” values of w € Q. In [8], it is
shown that a smaller set of gradients can be used by
suitably detecting “critical” values w and “remem-
bering” them from iteration to iteration.

Here we propose to efficiently solve (P3) by
adapting the ideas developed in [8] to the frame-
work of Algorithm 3 above. QPy(zk, Hx) and
QP,(xx,d3, Hy) will be replaced by QPs(zx, Hy, Q)
and 6?3(”, dY, Hy,S%). The latter are identical to
the former except that f;(-) and V fi(.) are replaced
by ¢(-,w) and Vé(-,w) and the maximizations are
now over £, an adaptively constructed subset of .
Specifically, Q41 includes all w’s that globally maxi-
mize ¢(Lr41,) over 2, all w’s that affected direction
d), as well as all w’s that restricted the step length
at iteration k. Based on these ideas, the following
algorithm is proposed. For any z € IR®, we define

flz)= I‘Zleaé(qﬁ(z,w)
and the set of global maximizers at z

Qz) = {w € Q:¢(z,w) = f(x)}.

Algorithm 4
Parameters. o € (0,3),8,€ (0,1).
Data. o € R*, Hy € R™*", and Hy = H > 0.

Step 0. Inttialization. Set k = 0, z_y = z_1 = =,
and Qo = Q(.’Bo)

Step 1. Computation of a new iterate.

i. Compute dY, the solution of Q P3(z¢, Hy, Q). If
lla2]l = 0, stop.

i, If
flex +d}) < max {f(zx_0)} - a(d}, Hydy)

set tx = 1, di = 0 and go to Step 2.

1ii. Compute dy, the solu-
tion of QPs(zx,dy, Hy, Q). If |di]] > (|42,
set di = 0.

iv. Compute tg, the first number ¢ in the sequence
{1,8,42,- -} satisfying

far+tdi+t2dy) < max {f(ze_e)} —at(d}, Hydy).

Step 2. Updates. Set xx41 = i +1xdd+t7dr. Define

Qr41 = Q(zk+1) U{wi € Qi 1 Ag s > 0}
U{w € Q : f(Zry1) > f(zr) — ot (dY, Hrdd)}

where Zx41 = zg +1dd +t_%cik with t; = min{1, %}
and Az ; is the multiplier associated with each ele-
ment w; € Q4 in solving QPs(xk, Hg, Q). Compute
a new approximation Hy 4 to the Hessian of the La-
grangian. Set k = k + 1. Go back to Step 1.

O

Here also, global and local superlinear convergence
are established under mild assumptions [19].

6 Implementation and Appli-
cations

The algorithms presented in this paper are at dif-
ferent stages of implementation. The FSQP For-
tran code [20] encompasses Algorithms 1 through 3,
with simple extension to efficiently handle affine con-
straints, including affine equality constraints. Up-
dating of Hy is by means of the BFGS formula with
Powell’s modification [21]. FSQP has been exten-
sively tested on standard test problems [10,14,15]. It
appears to be competitive with the currently most
popular algorithms (not of feasible direction type).
Algorithm 2 is noticeably superior to Algorithm 1.
The FSQP code has also been used on engineering
applications. Examplesinclude predictive control us-
ing neural net dynamic models [22] and batch pro-
cess optimal profile determination [23] (both of them
are real time applications). A “distributed compu-
tation” implementation is being completed and will
soon be tested on civil engineering structural design
problems [24].

Algorithms 1 through 4 (except, for the time be-
ing, for the nonmonotone line search) have been im-
plemented in the CONSOLE package [25], an inter-
active system for optimization-based design of engi-
neering systems. Success has already been achieved
on a number of problems, including the design of me-
chanical components [26] and that of a multivariable
controller for an advanced rotorcraft [27].
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