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The study of rare events in molecular and atomic systems such as conformal changes

and cluster rearrangements has been one of the most important research themes in chemical

physics. Key challenges are associated with long waiting times rendering molecular sim-

ulations inefficient, high dimensionality impeding the use of PDE-based approaches, and

the complexity or breadth of transition processes limiting the predictive power of asymp-

totic methods. Diffusion maps are promising algorithms to mitigate these issues. We adapt

the diffusion map with Mahalanobis kernel proposed by Singer and Coifman (2008) for the

SDE describing molecular dynamics in collective variables in which the diffusion matrix is

position-dependent and, unlike the case considered by Singer and Coifman, is not associated

with a diffeomorphism. We offer an elementary proof showing that one can approximate

the generator for this SDE discretized to a point cloud via the Mahalanobis diffusion map.

We then upgrade to incorporate standard enhanced sampling techniques such as metady-

namics. The resulting algorithm, which we call the target measure Mahalanobis diffusion

map (tm-mmap), is suitable for a moderate number of collective variables in which one can



approximate the diffusion tensor and free energy. The tm-mmap algorithm allows us to ap-

proximate the backward Kolmogorov operator and compute the committor function, the key

function for describing transition events in the framework of transition path theory. Sim-

ple post-processing steps delineate the transition channels and estimate the transition rates.

We apply this methodology to a number of test problems including benchmark systems in

chemical physics such as alanine dipeptide with four dihedral angles and Lennard-Jones 7,

validate the results, and demonstrate the efficacy of the proposed approach. In particular,

we show that use of (i) the Mahalanobis kernel, (ii) enhanced sampling data, and (iii) phase

space dimensions beyond the scope of standard PDE solvers (such as finite difference and

finite element methods) is essential for capturing the underlying dynamics and accurately

estimating transition rates.



MAHALANOBIS DIFFUSION MAPS FOR QUANTIFYING RARE EVENTS:
THEORY AND APPLICATION TO MOLECULAR DYNAMICS

by

Andrew Luke Evans

Dissertation submitted to the Faculty of the Graduate School of the
University of Maryland, College Park in partial fulfillment

of the requirements for the degree of
Doctor of Philosophy

2023

Advisory Committee:

Professor Maria K. Cameron, Chair/Advisor
Professor Pratyush Tiwary, Co-Chair/Co-Advisor
Professor Radu Balan
Professor Ramani Duraiswami
Professor Vincent Lyzinski



ii

Acknowledgements

First, I want to thank my advisors Masha Cameron and Pratyush Tiwary. When I started

working with Masha I had little knowledge of stochastic methods and no knowledge of

statistical mechanics, but knew I wanted to work with a numerical analyst with both solid

mathematics and genuine respect for physical scientists. Within a month of hashing out ideas

for a project, I hesitated on what research direction to go, and Masha told me exactly what

I needed to hear, that she truly enjoyed working with me and we could find a good project

anywhere, as long as it wasn’t in category theory. Masha has been my strongest coach and

collaborator for many years, and I owe so much to her for my discipline, confidence, and

curiosity as a researcher. A few years after I started working with Masha and right when

I hit a difficult road block as a researcher and advisee, Pratyush began inviting me to his

group meetings and eventually to work on a project. Pratyush was so encouraging at a very

difficult time for me, and especially so at the very worst of the pandemic, where we put

together the core of what would become this dissertation via zoom, slack, and matplotlib. I

want to thank Pratyush so much for roping me in to running my first marathon and doing

it together. Since then running has been a huge part of my life and balancing out stresses

from academia, and having done all three I can now confirm his advice that “completing a

PhD is not like running a marathon, it is like training for a marathon”.

From UMD faculty, I also want to thank Radu Balan and John Benedetto. I was truly

intimidated by UMD mathematics when I started my PhD, but I felt immediately welcome as

part of Radu’s seminar and the Norbert Wiener Center. I eventually changed in my research

interests, and it means a lot to me that I still felt just as welcome to talk mathematics with

them or ask for advice. I really enjoyed my time working with the Norbert Wiener Center and

organizing the conferences, especially getting to meet the (huge) academic tree of applied



harmonic analysis from UMD. Also from the UMD faculty, I want to thank my Ramani

Duraiswami and Vince Lyzinski for serving on my committee and giving great feedback.

The whole process with the committee has worked really smoothly and I’ve gotten great

insight from everyone.

I am also deeply indebted to my friends in graduate school with me at UMD. Stephanie

Allen has been my closest friend in grad school and such a supportive and understanding

person. I will really miss always having a study buddy for numerical analysis or for any class

we were taking. Noah Chrein, Ishfaaq Imtiyas, Jermain Mcdermott and Shashank Sule have

kept me laughing and grounded during a very crazy few years. Thanks also to Chris Dock

and Michael Rawson. From Masha’s research group, I want especially to thank Sam Potter.

Sam really encouraged me to work with Masha initially, and kept me steady when I really

had a hard time committing to long-term research. He has been a great mentor and friend.

From Pratyush’s research group, I’d really like to thank Yihang Wang and Sun-Ting Tsai for

their kindness and constantly affirming me early on that I was a strong asset to the group’s

research as mathematican-in-residence. Thank you to Zack Smith and Bodhi Vani for many

good jokes, video game / movie / t.v recommendations, and solid advice on metadynamics

and transition path theory. I also want to thank Bodhi for her advice and for connecting me

to many other researchers with a similar hodgepodge of math and chemistry in their lives.

At San Francisco State University, I want to thank Chun-Kit Lai for letting me be his

first graduate student, for his kindness, and for really pushing me to not let the perfect be the

enemy of the good in my mathematics. At Hendrix College, I want to thank David Sutherland

for getting me to major in math and for so much good advice during my undergraduate

years. I want to especially thank Lars Seme for showing me how to research, teach, and

communicate mathematics in such a fundamental way that I still think on nearly every day.



Thank you so much to Chris Camfield for always having an open office door and for really

guiding me through my initial foray into mathematics via linear algebra and analysis. At

the University of Arkansas, I want to thank Lynne Spellman for letting me finish her Intro

to Philosophy class a year after I dropped out of school there, and for telling me that I was

capable of re-entering school and doing well.

Thank you to my mom, dad, sister and brother for everything. I have always felt sup-

ported, loved, and listened to by them, and they have been nothing but the most genuinely

supportive family I could ever have doing the whole time I have been in this years-long math

odyssey, and all of the years before. I cannot express here how blessed I feel to have you all

in my life, I truly feel overwhelmed with joy at the thought of it. Almost exactly 12 years

ago from writing this, I experienced a severe and prolonged mania and psychosis destructive

enough that it was in serious doubt I would ever mentally recover from it. My family and

community truly carried me through this time, and I was able to recover enough to live a

reasonably healthy life, which felt like more than enough. I am amazed to write this today

after finishing this PhD and am so grateful for it.

Finally, I want to thank my wife Lora for always listening to me, accepting me and loving

me for exactly who I am. We have gone through grad school together, jumped from the south

to the west coast and east coast together, found and are living our own passion and lifes

work together. Thank you for steering me out of my own way every day and for anchoring

me.



v

Chapter 0. Table of Contents

Acknowledgements ii

List of Tables viii

List of Figures ix

List of Abbreviations x

1 Introduction 1
1.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Background: Molecular Dynamics Models and Data . . . . . . . . . . . . . . 2
1.3 Summary of Theoretical Results . . . . . . . . . . . . . . . . . . . . . . . . . 6
1.4 Preview of Numerical Tests . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
1.5 Applications to Benchmark Molecular Dynamics Problems . . . . . . . . . . 9

2 Background: Molecular Dynamics Models and Data 10
2.1 Dynamics models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.1.1 Langevin dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
2.1.2 Overdamped Langevin equation . . . . . . . . . . . . . . . . . . . . . 12
2.1.3 Collective variables . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.2 Computing the diffusion tensor and mean force . . . . . . . . . . . . . . . . 18
2.3 Transition Path Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

2.3.1 Transition path theory in collective variables . . . . . . . . . . . . . . 21
2.4 Effective dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

2.4.1 Committor approximation in collective variables . . . . . . . . . . . . 26
2.4.2 Effective dynamics from conditional expectations . . . . . . . . . . . 29
2.4.3 Lifting and averaging with collective variables . . . . . . . . . . . . . 32
2.4.4 Timescale and rate approximation by effective dynamics . . . . . . . 35

3 Theory: Approximating Generators using Mahalanobis Diffusion Maps 38
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38



3.2 Di�usion Maps . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
3.2.1 A formal derivation for di�erential operators from Gaussian kernels . 42
3.2.2 Di�usion map normalization . . . . . . . . . . . . . . . . . . . . . . . 44
3.2.3 Di�usion maps for data coming from SDEs with multiplicative noise . 47
3.2.4 Origin of Mahalanobis di�usion maps . . . . . . . . . . . . . . . . . . 48
3.2.5 Mahalanobis di�usion maps for a general di�usion matrix . . . . . . . 49
3.2.6 Local kernels . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

3.3 Theoretical results for Mahalanobis Di�usion Maps . . . . . . . . . . . . . . 52
3.3.1 Not every di�usion matrix is associated with a variable change . . . . 53
3.3.2 The family of di�erential operators approximated by Mahalanobis dif-

fusion maps . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55
3.4 Obtaining the reactive current and the reaction rate from the committor com-

puted by mmap. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
3.5 Target Measure Mahalanobis Di�usion Maps . . . . . . . . . . . . . . . . . . 62

3.5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62
3.5.2 Target Measure Di�usion Map . . . . . . . . . . . . . . . . . . . . . . 65
3.5.3 Proposed methodology: the target-measure Mahalanobis di�usion maps

algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66
3.5.4 Transition Path Theory in collective variables with di�usion maps . . 68
3.5.5 Metadynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71
3.5.6 Obtaining the free energy and di�usion matrix in high dimensions . . 72
3.5.7 Preparing the dataset . . . . . . . . . . . . . . . . . . . . . . . . . . . 73
3.5.8 Theoretical results for target measure Mahalanobis di�usion maps . . 74

3.6 Practical considerations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
3.6.1 Choosing� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
3.6.2 Di�usion map implementation . . . . . . . . . . . . . . . . . . . . . . 79

3.7 Proof of Theorem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80
3.8 Proof of Theorem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85
3.9 Proof of Theorem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

4 Numerical Tests 107
4.1 Mahalanobis Di�usion Maps: C5 to C7eq transition in alanine dipeptide . . 107

4.1.1 Obtaining input data . . . . . . . . . . . . . . . . . . . . . . . . . . . 108
4.1.2 Testing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

4.2 Target Measure Mahalanobis Di�usion Maps . . . . . . . . . . . . . . . . . . 113
4.2.1 The Moro-Cardin system . . . . . . . . . . . . . . . . . . . . . . . . . 114
4.2.2 Alanine dipeptide with two dihedral angles . . . . . . . . . . . . . . . 119



5 Applications to Benchmark Molecular Dynamics Problems 124
5.1 Transitions between the trapezoid and the hexagon in Lennard-Jones 7 in 2D 124

5.1.1 Choosing collective variables . . . . . . . . . . . . . . . . . . . . . . . 125
5.1.2 Obtaining data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126
5.1.3 Results and Committor Analysis . . . . . . . . . . . . . . . . . . . . 128

5.2 Alanine dipeptide with four dihedral angles . . . . . . . . . . . . . . . . . . . 129
5.2.1 Simulation details . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130
5.2.2 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132

6 Conclusions and Perspectives 135
6.1 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135

6.1.1 Bridges to new research . . . . . . . . . . . . . . . . . . . . . . . . . 137
6.2 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141

7 Appendix: Interpretation of M � 1 as a metric tensor 145

Bibliography 150



viii

Chapter 0. List of Tables

5.1 Comparison oftm-mmaprates for alanine dipeptide . . . . . . . . . . . . . . . 133



ix

Chapter 0. List of Figures

2.1 Reactive trajectory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

3.1 Three di�erent sampling methods of a 10ns trajectory for alanine dipeptide . 65

4.1 Alanine dipeptide dihedrals and free energy . . . . . . . . . . . . . . . . . . 107
4.2 Di�usion matrix ellipses for alanine dipeptide . . . . . . . . . . . . . . . . . 108
4.3 Alanine dipeptide data andmmapcommittor errors . . . . . . . . . . . . . . 111
4.4 Committor level sets formmapversusdmapon alanine dipeptide . . . . . . . . 112
4.5 Reactive currents formmapand dmapon alanine dipeptide . . . . . . . . . . . 113
4.6 Moro-Cardin system, potential energy and di�usion matrix . . . . . . . . . . 115
4.7 Reactive current for Moro-Cardin system, computed from FEM . . . . . . . 116
4.8 Committor level sets and reactive currents fortm-mmapon Moro-Cardin system117
4.9 Committor error and rates fortm-mmapon Moro-Cardin system . . . . . . . 118
4.10 Alanine dipeptide molecule . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119
4.11 Alanine dipeptide free energy. . . . . . . . . . . . . . . . . . . . . . . . . . . 120
4.12 Di�usion matrix ellipses for alanine dipeptide. . . . . . . . . . . . . . . . . . 121
4.13 Reactive current for alanine dipeptide in� ; 	 ; computed from FEM andtm-mmap122
4.14 Committor error and rates fortm-mmapfor alanine dipeptide in� ; 	 . . . . . 123

5.1 Lennard-Jones 7 free energy . . . . . . . . . . . . . . . . . . . . . . . . . . . 124
5.2 Di�usion matrix ellipses for LJ7 . . . . . . . . . . . . . . . . . . . . . . . . . 127
5.3 Committor level sets formmapversusdmapon LJ7 . . . . . . . . . . . . . . . 127
5.4 Reactive currents formmapand dmapon LJ7 . . . . . . . . . . . . . . . . . . 129
5.5 Committor analysis formmapand dmapon LJ7 . . . . . . . . . . . . . . . . . 130
5.6 Di�usion matrix ellipsies for alanine dipeptide in four dihedrals . . . . . . . 131
5.7 Committor and reactive current for alanine dipeptide in 4 dihedrals, computed

from tm-mmap. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133



x

Chapter 0. List of Abbreviations

TPT T ransition Path T heory
SDE Stochastic D i�erential Equation
PDE P artial D i�erential Equation
CV C ollective V ariable
MD M olecular D ynamics
dmap d i�usion map
mmap m ahalanobisdi�usion map
tm-dmap t arget measuredi�usion map
tm-mmap t arget measuremahalanobisdi�usion map



1

Chapter 1. Introduction

1.1 Motivation

Molecular simulation commonly deals with high-dimensional systems that reside in stable

states over very large timescales and transition quickly between these states on extremely

small scales. Examples of these transitions include protein folding or conformational changes

in a molecule. These events are of primary interest in molecular simulations but are hard to

study due to their rarity.

Transition path theory (TPT) is a mathematical framework for direct study of rare

transitions in stochastic systems, and it is particularly utilized for metastable systems arising

in molecular dynamics (MD) [136]. The key function of TPT is the committor function,

a mathematically well-de�ned reaction coordinate with which one can compute reaction

channels and expected transition times between a reactant stateA and a product stateB

in the state space. However, the committor is the solution to an elliptic PDE that can be

solved using �nite di�erence or �nite element methods only in low dimensions. As a result,

the typical use of transition path theory for high-dimensional systems consists of �nding

an estimate for a zero-temperature asymptotic transition path and then using techniques

like umbrella sampling to access the committor [41, 42]. While this approach is viable, it

relies on the assumption that the transition process is localized to a narrow tube around the
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found path. In practice, the transition process may be broad and complex, and the found

asymptotic path may give a poor prediction.

One can utilize intrinsic dimensionality of the system that is typically much lower than

3Na, where Na is the number of atoms, and analyze transition paths in terms ofcollective

variables[19, 74]. However, a large number of internal coordinates such as contact distances

and dihedral angles may be required for a proper representation of a biomolecule [93, 96, 100,

112]. Hence, one still may be unable to leverage traditional mesh-based PDE solvers to even

dimensionally-reduced data given either in physics-informed or machine-learned collective

variables.

1.2 Background: Molecular Dynamics Models and Data

Transition path theory (TPT) [41] is a framework for direct study of rare transitions between

designated setsA; B in systems governed by stochastic di�erential equations (SDEs) of form

dxt = b(x t )dt + � (x t )dwt ;

with x t 2 
 � Rn , b : Rn ! Rn and � : Rn ! Rn� n : Given certain conditions on the

potential V , a system governed by overdamped Langevin dynamics is ergodic with respect

to the Gibbs distribution � (x) = Z � 1e� �V (x) ; whereZ is a normalizing constant. The subject

of TPT is the ensemble ofreactive trajectories, continuous pieces of a given trajectoryx t

which start at @Aand end at@Bwithout returning to @A:

A key concept of TPT is the committor function q : 
 ! [0; 1] where q(x) := P(� B <

� A j x0 = x) and � S = inf f t > 0 j x t 2 Sg: In words, q(x) is the probability that a trajectory

starting at x will arrive �rst at the set B rather than A: The committor satis�es the boundary
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value problem (BVP)

Lq(x) = 0 ; x 2 
 n(A [ B); qj@A � 0; qj@B � 1 (1.1)

whereL is the in�nitesimal generator of the process(x t )t � 0 given by

L = b� r +
1
2

tr(�� > rr ):

From the committor one can compute thereactive current, a vector �eld used to identify

reactive channels and compute transition rates. For up to 3D problems, one can use standard

approaches such as the �nite di�erence or �nite element method to solve (1.1). However, in

applications of interest
 is high dimensional, such that the committor PDE is conceptually

interesting but practically infeasible to solve.

Collective variables(CVs) are used by computational chemists to lower the dimensionality

and increase interpretability [19, 74, 112] of molecular dynamics data. We consider collective

variables � (x) : Rn ! Rd as functions of the atomic coordinates designed to give a coarse-

grained description of the system's dynamics, preserving transitions between metastable

states but erasing small-scale vibrations. CVs can be physically motivated or machine-

learned [5, 45, 100, 134]. Physical intuition has traditionally driven the choice of CVs,

with examples such as dihedral angles or intermolecular distances. For example, the alanine

dipeptide molecule can be reasonably well represented by four or even just two of the dihedral

angles shown in Fig. 4.10(a).
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The dynamics in CVszt = � (x t ) is governed by a time-reversible SDE with anisotropic

di�usion [74, 89]

dzt = ( � M (zt )r F (zt ) + � � 1r � M (zt ))dt +
p

2� � 1M
1
2 (zt )dwt ; (1.2)

whereF : Rd ! R is the free energy, M : Rd ! Rd� d is the di�usion tensor , and � � 1 = kbT

is temperature in units of Boltzmann's constant. These can be computed forz = � (x) by �rst

simulating a trajectory f x(tk)gN
k=1 with restraining potential U(x) = V(x) + � =2jj � (x) � zjj 2

and taking the trajectory averages

r [F (z)]i � �N � 1
NX

k=1

(zi � � i (x(tk)))

M ij (z) � N � 1
NX

k=1

nX

l=1

@�i (x(tk))
@xl

@�j (x(tk))
@xl

(1.3)

for 1 � i; j � d; further described in Section 3.5.6. The committor in CVs solves a BVP

analogous to (1.1), where the generatorL z of the anisotropic overdamped Langevin dynam-

ics (1.2), given by [74]

L zf = ( � M r F + � � 1(r � M )) � r f + � � 1tr [M rr f ] = � � 1e�F r � (e� �F M r f ): (1.4)

The e�ective dynamics model from (1.2)-(1.4) is a special case of a mathematically rigorous

framework developed by Legoll and Leliévre in 2010 for the case of one-dimensional CVs [68],

and later generalized to multi-dimensional CVs by Zhang et al [138], Leliévre and Zhang [69]

as well as Duong et al. [40].
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While CVs can substantially reduce the dimension, the number of CVs needed for de-

scribing the relevant process may still be too high for �nite di�erence and �nite element

methods [93, 96, 100, 112]. This necessitates use of point-cloud and trajectory-based meth-

ods which avoid meshing the CV space, such as neural networks parametrizing the commit-

tor [61, 70, 101] and approximation of the generator with di�usion maps [43, 44, 124].

The di�usion map is an algorithm similar to spectral clustering [131] and Laplacian

eigenmaps [6]. These methods all impose a similarity kernel, typically a Gaussian kernel

k� (x; y) = exp( � (2� )� 1jj x � yjj 2
2); on a dataset and analyze the associated graph. Di�usion

maps feature the discrete-to-continuous interplay of the kernel matrix and are motivated by

the observation that the random-walk graph-Laplacian on a dataset with sampling density

� (x) corresponds to an overdamped Langevin dynamics with stationary measure� 2(x) in-

stead of � (x): Coifman and Lafon introduced a renormalization parameter� 2 R resulting

in a Markov chain approximating the generatorL for the gradient dynamics with stationary

density � 2� 2� (x) where

L f = � f + (2 � 2� )r f � r log� = � � (2� 2� )r � (� 2� 2� r f ) (1.5)

in the limit as N ! 1 and for � ! 0 [29]. Notably, the choice� = 0:5 approximates the

backward Kolmogorov operator for the overdamped Langevin dynamics when the sampling

density � is the invariant Gibbs density. The di�usion map algorithm with a Gaussian kernel

approximates the generator for gradient �ows (1.5) and is not suitable for approximating

generators (1.4) for SDEs of form (1.2).
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1.3 Summary of Theoretical Results

The main goal for the theory of this dissertation is to approximate the generator (1.4) for

SDE (1.2) whereM (z) is given by (1.3). The Mahalanobis kernel

k� (z; � ) = exp
�
� (4� )� 1(z � � )> [M � 1(z) + M � 1(� )](z � � )

�
(1.6)

was �rst introduced by Singer and Coifman in [109] to undo a di�eomorphism applied to

the input data. However, the di�usion matrix given by (1.3) is not associated with a dif-

feomorphism and generally cannot be decomposed toJJ> (z); whereJ(z) is the Jacobian for

a variable change. We give a criteria for this decomposition in Theorem 1 and show that

the decomposition does not hold in general. Due to this result, the proof techniques used

in [109] are not valid in this case.

We derive a family of di�erential operators that can be approximated by the di�usion map

algorithm with kernel (1.6) (mmap) for general positive-de�nite matrix-functionsM (z): In par-

ticular if the renormalization parameter� is 0:5; the approximated generator matches (1.4).

In order to compute the reactive current given byJ (z) := � � 1Z � 1e� �F (z)M (z)r q(z);

one needs to compute the gradient of the committor. We propose a technique for evaluating

M r q without meshing the ambient space based on an observation [89] that for any two

functions f; g;

L z(fg )(z) � f (z)L zg(z) � g(z)L zf (z) = 2 � � 1r g(z)> M (z)r f (z):

Choosingg(z) := z(i ) ; 1 � i � d; and f (z) = q(z); one recovers thei th component of the

reactive current.
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For metastable molecular systems, quantities like the committor are relevant precisely

where sampling is extremely di�cult, and sampling dependent algorithms like di�usion maps

must be coupled with enhanced sampling to obtain usable results. We introduce a reweight-

ing of the sampling density to a user-de�ned �target measure� extending the results of Banisch

et al. 2020 [3] for the Mahalanobis kernel (1.6), resulting in the �target measure Mahalanobis

di�usion map� ( tm-mmap) algorithm (Algorithm 2). The density-reweighted kernel for a tar-

get measure� (z) is:

[K �;� ]ij := [ K � ]ij (� j jM j j � 1=2)1=2[� � ]� 1
j ; [� � ]j = N � 1(2�� )� d=2jM j j � 1=2

P N
`=1 [K � ]`j (1.7)

for 1 � i; j � N; where K � is the kernel matrix for the Mahalanobis kernel (1.6) and[� � ]

is the kernel density estimator for the sampling density� (z): We then provide formulas for

computing the reactive current and transition rate from transition path theory viatm-mmap.

For our main theoretical result, we prove that the generator obtained bytm-mmapap-

proximates the generator (1.4) for an arbitrary sampling density� (z) that is absolutely

continuous with respect to the target measure� (z):

We have another numerical challenge in that the target measure� (z) = Z � 1e� �F (z) is

not computable in dimensions greater than two by standard MD software. We develop a

way to approximate it using the observation that for � (z) / exp(� � (F (z) + U(z)) for a

known bias potentialU(z); one has� (z) � � � (z) exp(�U (z)): The enhanced sampling we use

with tm-mmapis �metadynamics�, a robust statistical reweighting procedure used to mitigate

long waiting times in complicated molecular dynamics systems [128]. We appliedtm-mmap

to the transition between C7eq and C7ax in alanine dipeptide with two dihedral angles for

validation, and four angles for application.
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1.4 Preview of Numerical Tests

We provide numerical tests formmapand tm-mmapon examples where an approximate

ground truth committor is available. All examples use SDE simulation data as input for

mmap/ tm-mmap, and compare themmap/ tm-mmapcommittor against the �ground truth� com-

mittor obtained from solving the committor PDE (1.4) with the �nite di�erence method or

�nite element method. In all cases, the di�usion map committors are interpolated to the

�nite di�erence grid or �nite element mesh for error calculation.

Then, we test mmapon the transtion between the C5 and C7ax mestastable states of

alanine dipeptide, shown in Figure 4.1(a). Formmap, we chose the transition between C5 and

C7eq for our tests because it can be easily sampled without resorting to enhanced sampling

methods. We compare the committors obtained frommmapand dmapto the �nite di�erence

solution using the root-mean-square (RMS) error (see Figure 4.3). The reactive currents

from mmapand dmapare computed and shown in Figure 4.5.

We validate tm-mmapon the Moro-Cardin two-well system with position-dependent dif-

fusion [84] and on alanine dipeptide with two dihedral angles. For both examples, metady-

namics [66] is used for enhanced sampling. We compare thetm-mmapcommittor, the reactive

current, and transition rate to the corresponding �nite element solutions in Figure 4.8 and

Figure 4.9 for Moro-Cardin, and likewise for alanine dipeptide in Figures 4.13-4.14.

For each example used fortm-mmapvalidation and testing, we generate data from en-

hanced sampling (metadynamics or temperature acceleration) and created (i) a dataset sub-

sampled uniformly in time (at equal time intervals) and (ii) a dataset subsampled quasi-

uniformly in space (see Algorithm 3). This is done to illustrate thattm-mmapperforms much

better on quasi-uniform data.
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1.5 Applications to Benchmark Molecular Dynamics Problems

Following the numerical tests, we showcase Mahalanobis di�usion maps on more challenging

benchmark examples.

For mmapwe compute the commitor and current for the Lennard-Jones cluster of 7 par-

ticles in 2 dimensions (LJ7) [36, 87, 132]. We conduct a committor analysis, a simulation-

based validation technique for the committor [49, 74, 91]. We compare against di�usion maps

(dmap), �nding that that mmapproduces a reasonable approximation for the1=2-isocommittor

surface, whiledmapplaces this surface incorrectly.

For tm-mmap, we compute the committor and current for alanine dipeptide with four

dihedral angles in vacuum. Though we cannot compare with the �nite element method,

the committors and current computed for di�erent pairs of dihedrals (Figure 5.6 and 5.7)

are very similar to those from previous literature [73, 119]. Moreover, the transition rate

computed for this transition usingtm-mmapis in good agreement with the estimate obtained

by simulating a very long unbiased trajectory in [130]. With these results we demonstrate

the ability of tm-mmapto quantify of the transition process between the C7eq and C7ax

metastable states in 4D.
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Chapter 2. Background: Molecular Dynamics Models and Data

In this section, we overview e�ective dynamics, transition path theory, and di�usion maps.

2.1 Dynamics models

2.1.1 Langevin dynamics

Our primary interest in this work is in datasets arising in MD simulations, though we believe

the formalism developed here would be applicable to generic trajectories across chemical

physics obtained from simulations or experiments. We consider theLangevin dynamics, a

commonly used model for the dynamics of heavy particles in a potential force �eld and

pushed by lighter particles, and follow the the description given in Pavliotis' work [89]. The

model describes the heavy atoms in terms of the atomic positionsy and their velocitiesv:

dy = vdt (2.1)

dv = �
�
m� 1r V(y) + 
v

�
dt +

p
2
 (m� )� 1dw: (2.2)

Here V : Rn ! R is a potential function, � � 1 = kbT is temperature in units of Boltzmann's

constant, t is time, 
 is the friction coe�cient, m is the diagonaln � n mass matrix, and

wt is a Brownian motion in Rn . Given certain conditions on the potentialV(y); a system
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governed by (2.1) is ergodic with respect to the invariant Boltzmann-Gibbs density

� (y; v) =
� n=2jmj1=2

ZV (2� )1=2
exp

�
� �

�
V (y) + 1

2v> mv
�	

;

wherejmj denotes the determinant of the mass matrixm and ZV =
R

Rn exp(� �V (y))dy.

The Langevin dynamics describes dynamics for a mechanical system with noise and

dissipation due to the in�uence of a heat bath at temperature� � 1: The noise models the

in�uence of the heat bath on the heavy atoms, and the dissipation (friction) o�sets the

energy �uctuations from the noise.

The Hamiltonian for this system is de�ned byH (y; v) := V(y) + 1
2v> mv; and we can use

this to rewrite (2.1) as

dy = m� 1r vH (y; p)dt

dv = �
�
m� 1r yH (y; p) + 
v

�
dt +

p
2
 (m� )� 1dw;

with invariant Boltzmann-Gibbs density � (y; v) = 1
ZV ZK

e� �H (y;v) ; whereZV :=
R

Rn e� �V (y)dy,

ZK :=
R

Rn e� �v > mv dv = � n= 2 jmj1=2

(2� )1=2 so that
R

Rn � Rn � (y; v)dydv = 1:

The Langevin dynamics can be recast as an SDE of formdX t = b(X t ) + �dW t with

X t = [ yt vt ]> 2 R2n ; drift b(X t ) 2 R2n with constant � 2 R2n� 2n by setting

b(X ) :=

2

6
4

v

� (m� 1r V(y) + 
v )

3

7
5 � (X ) :=

2

6
4

0n 0n

0n

p
2
 (m� )� 1I n

3

7
5 ;

where0n is the n � n matrix of all zeros andI n is the n � n identity matrix.
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The Langevin dynamics has in�nitesimal generator

L = b(X t )> r +
1
2

tr (�� > r 2) (2.3)

= v> r y � r yV(y)> m� 1r v + 
 (� v> r v + m� � 1� v):

It is important to note that � (X ) is not positive-de�nite (since noise only appears in the

velocity equation), so that the Langevin generatorL is not an elliptic operator. However,

the Langevin generator is stillhypoelliptic, see Pavliotis' text [89] for a more in-depth study.

2.1.2 Overdamped Langevin equation

The overdamped Langevin equationis a simpli�ed model for molecular motion which describes

the molecular con�guration in terms of the positionsy of its atoms:

dyt = �r V(yt )dt +
p

2� � 1dwt : (2.4)

With certain conditions on the potential V , a system governed by overdamped Langevin

dynamics is ergodic with respect to theGibbs distribution � (y) = Z � 1
y e� �V (y) ; whereZy is a

normalizing constant.

The overdamped Langevin dynamics is valid for systems with large friction compared to

the mass of the particles. The paragraph below has an informal derivation of the overdamped

limit, see Chapter 6.5 of [89] for a rigorous treatment. A related approach comes from the

�spatial transfer operator� of Schütte [15, 105] that corresponds to a Langevin dynamics

with randomized momenta which can be related to the overdamped dynamics by a change

in timescale [15].
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Informal derivation of the overdamped Langevin equation

Suppose thatm
 � 1 is small, and for simplicity suppose that each particle has identical mass

so that we treat the massm as a scalar. Then, we multiply the velocity equation from (2.1)

on both sides bym
 � 1 :

m
 � 1dv = �
�

 � 1r V(y) + mv

�
dt +

p
2
 � 1m� � 1dw: (2.5)

We then take m
 � 1 to 0 on the left-hand side of (2.5), and writingv = dy=dt get

mdy = � 
 � 1r V(y)dt +
p

2
 � 1m� � 1dw: (2.6)

Then, we rescale time according to� := ( m
 )� 1t; so that dt = m
d�: For the noise term,

it is important to note that Brownian motion has the time-rescaling property that for w(t)

and constanta > 0; a� 1=2w(at) is a Brownian motion [89]. Then, we can say thatdw(t) =

dw(m
� ) =
p

m
dw (� ). Plugging in to (2.6) and dividing by m on both sides gives the form

of the overdamped Langevin dynamics in time� :

dy� = �r V(y� )d� + m
p

2� � 1dw� :

The overdamped Langevin dynamics has in�nitesimal generator

L f = � � 1� f � r f � r V = � � 1e�V r � (e� �V r f ) (2.7)

de�ned for twice continuously di�erentiable, square-integrable functionsf .
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2.1.3 Collective variables

As mentioned in the Introduction, the number of atoms in biomolecules is typically very

large. Even the small molecule alanine dipeptide comprises 22 atoms, and hence has a 66-

dimensional con�guration space (n = 66) and 132-dimensional phase phase(y; v). On the

other hand, an e�ective description of the state of a biomolecule is usually done in terms

of certain functions in y specifying desired geometric characteristics rather than in terms of

(y; v). Therefore, to reduce the dimensionality and obtain a more useful and comprehensive

description of the system-at-hand, one usescollective variables(CVs). CVs are functions

of the atomic coordinates designed to give a coarse-grained description of the system's dy-

namics, preserving transitions between metastable states but erasing small-scale vibrations.

Physical intuition has traditionally driven the choice of collective variables including dihe-

dral angles, intermolecular distances, macromolecular distances, and various experimental

measurements.

For a given system con�guration y 2 Rn ; we denote the CV coordinates as� (y) =

(� 1(y); : : : ; � d(y))> 2 
 whered � n and 
 is a d-dimensional manifold. Since the CVs are

typically dihedral angles or distances, we limit our considerations to the case where
 is of

the form Tk � Rd� k , wherek can be0; 1; : : : ; d. In other words, the manifold 
 is a direct

product of tori and real lines and its local geometry coincides with the one inRd:

In all below, we refer to the Jacobian matrix with respect to� as [J(y)]ij := @�i (y)
@yj

; so

that J(y) is a d� n (wide) matrix, and column i is r � i (y): Further, for the remainder of this

dissertation we make the following assumption on� :

Assumption 1. rank(J(y)) = d for all y 2 
 :
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This implies that JJ> (y) is invertible for all y, and that J(y) has a right inverse given

by the pseudo-inverse matrixJ+ (y) = J > (JJ> )� 1(y); with JJ+ (y) = I d� d: Sinced < n (J is

underdetermined),J+ (y) has the property that for b 2 Rd; v := J + (y)b satis�es J(x)v = b

and jjvjj 2 � jj ujj 2 for all u with Ju = b:

The co-area formula

For x 2 Rd; we refer to the pre-image ofx under � by the notation � x := f y 2 Rn j� (y) = xg:

Given the rank assumption onJ and similar properties on�; it is possible to show that� x is

a d-dimensional submanifold ofRn : To de�ne the collective variable dynamics, we utilize the

�co-area formula� [54] as a way of essentially marginalizing over particular output values of

the collective variables. Denotingd� as the area element on� x ; the co-area formula states

that for an integrable test function f : Rn ! R :

Z

Rn
f (y)dy =

Z

Rd

� Z

� x

f jJJ> j � 1=2d�
�

dx: (2.8)

Then, we can de�ne the notation of the delta-function via

Z

Rd
f (y)� (� (y) � x)dy :=

Z

� x

f jJJ> j � 1=2d� (2.9)

and re-write the co-area formula as

Z

Rd
f (y)dy =

Z

Rd

� Z

Rn
f (y)� (� (y) � x)dy

�
dx: (2.10)
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For a function in the CV spaceg : Rd ! R and somef : Rn ! R we have:

Z

Rn
f (y)g(� (y))dy =

Z

Rd

� Z

Rn
f (y)� (� (y) � x)dy

�
g(x)dx

=
Z

Rd

� Z

� x

f jJJ> j � 1=2d�
�

g(x)dx:

When f (y) is the Gibbs distribution � (y) = Z � 1e� �V (y) ; we de�ne the free energyF (x)

based on the marginalization when integrating against a function onRn that depends only

on � :

Z � 1
Z

Rn
g(� (y))e� �V (y)dy = Z � 1

Z

Rd
g(x)

� Z

Rn
e� �V (y) � (� (y) � x)dy

�
dx

=
Z

Rd
g(x)e� �F (x)dx:

We assume that� (y) is a su�ciently �good" set of CVs (see Section 2.4 ahead) such that

we can describe a closed dynamics in coordinatesx = � (y) by the anisotropic overdamped

Langevin dynamics of the form [74]

dxt =
�
� M (x t )r F (x t ) + � � 1r � M (x t )

�
dt +

p
2� � 1M 1=2(x t )dWt ; (2.11)

whereF (x) is the free energywith respect to the CVs given by

F (x) = � � � 1 ln
� Z

Rn
Z � 1

V e� �V (y) � (� (y) � x)dy
�

; (2.12)
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and M (x) is the di�usion matrix for the CVs de�ned by

M (x) = e�F (x)
Z

Rn
J(y)mJ> (y)Z � 1

V e� �V (y) � (� (y) � x)dy: (2.13)

Note that since the collective variables depend only on the positionsy, the velocitiesv are

integrated out in deriving the e�ective dynamics (2.11). The practical calculation ofM (x)

uses the averaging ofJJ> over the data generated using restrained dynamics, as detailed by

Maragliano et al in [74] (also see Appendix A of [44] and Section 3.5.6).

One can check that the invariant probability measure for the process governed by SDE

(2.11) is the Gibbs density

� (x) = Z � 1
F e� �F (x) ; (2.14)

and that the process is time-reversible [41]. Moreover, any reversible di�usion process must

be of the form (2.11) for some functionF (x) and some matrix� � 1M (x) [89]. The drift term

� � 1r � M (x) is a column vector whosei th component is

� � 1[r � M (x)]i = � � 1
dX

j =1

@Mij (x)
@xj

1 � i � d;

and is a correction term that ensures reversibility.

For the datasets considered in this work, we compute the di�usion matrixM (x) via local

simulations with quadratic position restraints as described in [74]. This procedure is an

outgrowth of well-established uses for restrained dynamics within the molecular dynamics

community, particularly in position-dependent friction [115] as well as fundamental works

for computing free energy di�erences [22, 62].
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The generator for the SDE (2.11) is given by

L f =
�
� M r F + � � 1(r � M )

� >
r f + � � 1 tr [M rr f ]; (2.15)

which can also be written in divergence form as

L f = � � 1e�F r � (e� �F M r f ): (2.16)

We would like to remark that we have chosen model (2.11) for the dynamics in collective

variables due to the fact that it is time-reversible and amenable for the di�usion maps

framework. There are other models for the dynamics in collective variables rigorously derived

in [138] and [68] that have, in general, a di�erent drift from (2.11) and match (2.11) if the

underlying system evolves according to the overdamped Langevin dynamics.

2.2 Computing the di�usion tensor and mean force

A method for estimating the di�usion matrix M (x) of (2.13) was described by Maragliano

et al. in [74]. Here we outline it for the reader's convenience.

First, we approximate the distribution
Q d

l=1 � (� l (y) � x l ) with a Gaussian. We �x x 2 Rd,

choose a large spring constant� > 0, and consider a constrained system with the �extended

potential� given by

U(y; �; x ) = V(y) +
�
2

jj � (y) � xjj 2; (2.17)
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evolving according to the overdamped Langevin dynamics

dyt = �r U(yt ; �; x )dt +
p

2� � 1dWt

=
�
�r V(y) � � J(y)> (� (y) � x)

�
dt +

p
2� � 1dWt : (2.18)

The restrained dynamics (2.18) has stationary distribution

� (y; �; x ) := Z (�; x )� 1e� �U (y;�;x ) where Z(�; x ) :=
Z

Rd
e� �U (y;�;x )dy;

with limiting distribution

lim
� !1

Z

Rd
f (y)� (y; �; x )dy =

Z

Rd
f (y)Z � 1

y e� �U (y)
dY

l=1

� (� l (y) � x l )dy

Next, we generate trajectory dataf yt i g
n
i =1 for the restrained dynamics (2.18). These data

enable us to estimate the conditional expectation for an arbitrary functionf as follows:

lim
� !1

lim
n!1

1
n

nX

i =1

f (yt i ) = lim
� !1

lim
n!1

1
n� t

Z n� t

0
f (yt )� (yt ; �; x )dt

= e�F (x)
Z

Rn
f (y)Z � 1

y e� �V (y)
dY

l=1

� (� l (y) � x l )dy

= E[f j� (y) = x]: (2.19)

In particular, the di�usion tensor M (x) for the collective variablesx = � (y) is estimated

according the formula:

M ij (x) �
1
n

nX

k=1

mX

l=1

@�i (ytk )
@yl

@�j (ytk )
@yl

: (2.20)
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The mean force, i.e., the gradient of the free energyr F (x), also can be estimated in a similar

manner:

r F (x) =
�
n

nX

i =1

(x � � (yt i )) : (2.21)

We evaluateM (x) by (2.20) in both applications presented in this work. This procedure is an

outgrowth of well-established uses for constrained dynamics within the molecular dynamics

community, particularly in fundamental works for computing free energy di�erences [22, 62]

and position-dependent friction [115].

For a general di�usion matrix not necessarily of form (2.13) or for when the Jacobian

J(y) is not available, one can utilize local covariances as described in [3, 90, 109, 110, 116].

These approaches utilize that for (2.11),

M (x) = lim
� t ! 0

E
�
(x t+� t � x t )(x t+� t � x t )> jx t = x

�

2� � 1� t
;

and derive estimators ofM (x) by approximating the right-hand side through short simulation

bursts initiated at x or from small neighborhoods of the trajectory nearx:

2.3 Transition Path Theory

Transition path theory is a celebrated mathematical framework proposed by Weinan E and

Eric Vanden-Eijnden in 2006 [41, 42] for describing transition processes in systems governed

by SDEs. Shortly after, it was extended to Markov Jump Processes [81] and thereafter

utilized in the popular Markov state model framework [57, 95].
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2.3.1 Transition path theory in collective variables

Throughout this section we assume that the system under consideration is governed by

the overdamped Langevin SDE in collective variables (2.11). Suppose we have an in�nite

trajectory f x tg1
t=0 . Further, suppose that we have designated a priori two minimaxA ; xB

of the potential F with corresponding disjoint open subsetsA 3 xA ; B 3 xB which we refer

to as the reactant and product sets respectively. Transition path theory (TPT) [41, 42] is

Figure 2.1: A segment of a long trajectory. Reactive pieces from reactant
state A to product state B are shown with solid lines.

a mathematical framework to analyze statistics of transitions between the reactantA and

the product B: The subject of TPT is the ensemble ofreactive trajectories, de�ned as any

continuous pieces of the trajectoryx t which start at @Aand end at @Bwithout returning

to @Ain-between (see Figure 2.1). Key concepts of TPT are theforward and backward

committor functions with respect to A and B. Since the governing SDE (2.11) is reversible,

the forward q+ and backwardq� committors are related viaq� = 1 � q+ [41]. Hence, for

brevity, we will refer to the forward committor as the committor and denote it merely by

q(x). The committor q has a straightforward probabilistic interpretation:

q(x) = P(� B < � A j x0 = x); (2.22)
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where� A := inf f t > 0 j x t 2 Ag and � B = inf f t > 0 j x t 2 Bg are the �rst entrance times of

the setsA and B, respectively. In words,q(x) is the probability that a trajectory starting

at x will arrive at the product set B before arriving at the reactant setA. One can show

that q satis�es the boundary value problem [41]

8
>>>>>><

>>>>>>:

Lq(x) = 0 x =2 (A [ B)

q(x) = 0 x 2 @A

q(x) = 1 x 2 @B;

(2.23)

whereL is the in�nitesimal generator (2.15). Once the committor is computed, one can �nd

the reactive current that reveals the mechanism of the transition process:

J = � � 1Z � 1e� �F (x)M (x)r q(x): (2.24)

The integral of the �ux of the reactive current through any hypersurface� separating the

setsA and B gives the reaction rate:

� AB := lim
t !1

NAB

t
=

Z

�
J � n̂d�; (2.25)

whereNAB is the total number of transitions from A to B performed by the system within

the time interval [0; t], and n̂ is the unit normal to the surface� pointing in the direction of

B .
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For the reactive current given by (2.24) it can be shown by choosing� to be an isocom-

mittor surface that the transition rate can be found as

� AB = � � 1Z � 1
F

Z


 n(A [ B )
e� �F r q> M r qdx: (2.26)

Another quantity of interest is the probability density of reactive trajectories� AB (x);

de�ned by

� AB (x) = Z � 1
F e� �F (x)q(x)(1 � q(x));

which is the probability density to observe a reactive trajectory atx =2 (A [ B) at time t:

Note that

� AB :=
Z



� AB dx (2.27)

is the probability that an in�nite trajectory x t is reactive at any randomly picked moment

of time t.

Since our goal is to compute the committor and related quantities, our criterion for a

set of good CVs is determined by how well the committor for SDE (2.11) approximates the

committor for the Langevin dynamics (2.1) in the region of the phase space(y; v) where the

density of reactive trajectories is substantial. Hence, we say that a set of CVsy is good if

the integral
Z

R2n
jq(� (y)) � q(y; v)j~� ~A ~B (y; v)dydv; (2.28)

is small, where the �lifted� reactant and product sets are de�ned as~A := f (y; v) j � (y) 2

A; kvk < r g, ~B likewise, and~� AB (y; v) is the probability density of reactive trajectories in

the original variables(y; v). This criterion is essentially used when the committor is checked

by committor analysis [49].
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Given the integral (2.28) is small, the dynamics in collective variablesx = ( x1; : : : ; xd)>

is approximated up to a change in timescale by the anisotropic Langevin dynamics (2.11)

determined by � , di�usion matrix M (x) and free energyF (x) given in (2.12) and (2.13)

respectively [74, 75]. To our knoweldge, the anisotropic Langevin dynamicsx t with M (x)

determined by the Jacobian of the CVs (2.13) was �rst derived by Maragliano et al. in

2006 [74] as an auxilary dynamics to approximate the committor in CVs. A 2014 study

by Maragliano, Roux, and Vanden-Eijnden [75] showed that the e�ective dynamicsx t are

equivalent up to a change in time-scale to e�ective dynamics obtained Itô's formula and

Kramers-Moyal coe�cients [86, 138].

Transition path theory has been extended to Markov jump processes [20, 81] on a �nite

state spaceS, jSj = N , de�ned by the generator matrix L satisfying

8
>><

>>:

P
j 2S L ij = 0; i 2 S

L ij � 0; i 6= j; i; j 2 S :
(2.29)

The settings and concepts in discrete TPT mimic those from its continuous counterpart. In

particular, the committor is the vector [q] = [ q1; : : : ; qn ]> with

[q]i = P(� B < � A j X 0 = i ):
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Analogously, [q] solves the matrix equation

8
>>>>>><

>>>>>>:

[Lq]i = 0 i 2 Sn(A [ B);

[q]i = 0 i 2 A;

[q]i = 1 i 2 B:

(2.30)

2.4 E�ective dynamics

Here we summarize the framework for e�ective dynamics �rst given by Legoll and Leliévre

in 2010 for one-dimensional CVs [68], and extended to multi-dimensional CVs by Zhang,

Hartmann and Schütte in 2017 [138] as well as Zhang and Leliévre in 2019 [69]. The e�ective

dynamics from [68, 69, 138] is a mathematically rigorous generalization of the reversible

dynamics informally derived by Maragliano et al. in 2006 [74].

Each of these studies is motivated heavily by amodel reduction to an important set of

collective variables, both as a tool for statistical analysis of molecular dynamics data (as

considered in this dissertation) and also for simulating new data from the averaged, lower-

dimensional learned reduced model (see for example [31, 68, 138]). In our case, the di�usion

map algorithms we use willimpose the reversible CV dynamics (2.11) and generator (2.15)

on any given trajectory data, hence we wish to use existing theory on e�ective dynamics to

corroborate our results and motivate further work.
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2.4.1 Committor approximation in collective variables

The reversible collective variables dynamics (2.11) given in [74] comes from a relatively

straightforward and informal derivation. The full dynamics is assumed the Langevin dy-

namics (yt ; vt ) with associated committor q(y; v) and the CV space is Euclidean, namely


 = Rd: Further, the reactant and product setsA; B are considered subsets of the phase

spaceR2n ; and for simplicity we take the particle masses to be identically 1.

The committor ansatz of [74] is that

q(y; v) � f (� (y)) (2.31)

in some approximate sense, for ally 2 Rn ; v 2 Rn wheref is a function f : Rd ! R: Then,

for a test function u : Rn � Rn ! R with u(@A) = 0 ; u(@B) = 1 we consider the functional

I (u) :=
Z

Rn � Rn
jL u(y; v)j2e� �H (y;v)dydv; (2.32)

whereL is the generator for the Langevin dynamics (2.3) and� (y; v) = ( ZV ZK )� 1e� �H (y;v) is

the Boltzmann-Gibbs density with Hamiltonian H (y; v) = V(y) + 1
2v> mv: Clearly I (u) � 0;

and I (q) = 0 :

Now, suppose that the test functionu(y; v) depends only on� (y); i.e. that there exists

~u : Rd ! R with u(y; v) � ~u(� (y)) : Then, since~u doesn't depend on velocityv; the generator
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(equation (2.3)) applied tou is

Lu(y; v) = v> r yu(y; v) � r yV(y)> m� 1r vu(y; v) + 
 (� v> r vu(y; v) + m� � 1� vu(y; v)) :

= v> r y ~u(� (y)) :

= (J( y)v)> r x ~u(� (y)) ;

wherer x is the gradient with respect the CV variablesx = � (y); andJ 2 Rd� n is the Jacobian

matrix of � (y) with [J (y)]ij = @�i (y)
@xj

: Substituting into I and integrating out velocity gives

I (u) =
Z

Rn

Z

Rn
[r x ~u(� (y))]> J(y)vv> J> (y)r x ~u(� (y))e� �H (y;v)dydv (2.33)

= C
Z

Rn
[r x ~u(� (y))]> JJ> (y)r x ~u(� (y))e� �V (y)dy

for some constantC > 0 that does not depend onu:

Then, we can use the coarea formula (2.10) so that

I (u) = C
Z

Rd

Z

Rn
[r x ~u(� (y))]> JJ> (y)r x ~u(� (y)) � (� (y) � x)e� �V (y)dydx (2.34)

= C
Z

Rd

Z

Rn
[r x ~u(x)]> JJ> (y)r x ~u(x)� (� (y) � x)e� �V (y)dydx

= CZ
Z

Rd
[r x ~u(x)]> M (x)r x ~u(x)e� �F (x)dx;

whereM (x) 2 Rd� d with

[M (x)]ij = Z � 1e�F (x)
Z

Rn
[JJ> (y)]ij � (� (y) � x)e� �V (y)dy:
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Thus, we can de�ne the functional

~I (~u) =
Z

Rd
[r x ~u(x)]> M (x)r x ~u(x)e� �F (x)dx: (2.35)

The minimizing of ~I over all smooth~u : Rd ! R with ~u( ~A) = 0 ; ~u( ~B) = 1 is the variational

formulation for the PDE

8
>><

>>:

e�F (x)r x �
�

e� �F M (x)r x ~u(x)
�

= 0

~u( ~A) = 0 ; ~u( ~B) = 1 :
(2.36)

The operator L x := e�F (x)r x � (e� �F (x)M (x)r x ) is the generator for the reversible dynam-

ics (2.11) with some timescale�: Hence, the main intuition with the ansatzq(y; v) � f (� (y))

is that if the committor at (y; v) depends only on� (y); and the mechanism of the reaction

from A to B can be understand from dynamics (2.11) with generator (2.15). It is important

to note that informally passing from the functional ~I to the PDE (2.36) and then to the re-

versible dynamics (2.11)does not necessarily preserve the original timescale of the Langevin

dynamics, which is noted in [74]. For Maragliano et al. [74] the goal is to preserve pathways

of the original dynamics and not rates, so the ansatz (2.31) still su�ces for their case. In

the next section, we show that the e�ective dynamics (2.11) can be more rigorously derived

from assumptions other than the ansatz (2.31) which do not involve the unknown change in

timescale.

We note that while the ansatz (2.31) from the Langevin dynamics is often valid for the

systems we consider in molecular dynamics simply because the kinetic energy tends to stay

in a certain level. It is easily violated in other mechanical systems such as an array of

Du�ng oscillators [26] with much larger masses. More delicate considerations are needed
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both numerically and theoretically for transition path theory in phase space, e.g with regard

to the choice ofA; B; see [79, 80].

2.4.2 E�ective dynamics from conditional expectations

In this section we follow both Legoll and Leliévre's 2010 work [68] and Zhang, Hartmann and

Schütte's 2017 work [138] to motivate the collective variable dynamics from Ito's formula

and averaging. Both references start with the assumption that the system is overdamped,

so that the dynamics (2.4) hold for positionsyt with generator L given by (2.7).

From Ito's formula applied to the CVs � (y), we have that

d� i (yt ) =

 
nX

j =1

�
@�i (yt )

@yj
[r xV(yt )]j + � � 1

nX

j =1

@2� i (yt )
@y2j

!

dt +
p

2� � 1
nX

j =1

@�i (yt )
@yj

(dwt ) j

(2.37)

for i = 1; : : : ; n; which can also be written as

d� (yt ) =
�

� J(yt )r yV(yt )dt + � � 1r y � J(yt )
�
dt +

p
2� � 1J(yt )dwt : (2.38)

Following Duong et al. [40], we refer to� (yt ) as the coarse-graineddynamics. The coarse-

grained dynamics (2.38) is not Markovian in general and is not closed, as the evolution still

depends onyt : One closing procedure known since 1986 from Gyöngy [53] is to average both

sides of (2.38) as

d�x = �b(�x t ; t)dt +
p

2� � 1 �� (�x t ; t)dwt (2.39)
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with drift and di�usion

�b(�x; t ) := E
�
� J(yt )r yV(yt )dt + � � 1r y � J(yt ) j � (yt ) = �x

�
(2.40)

�� (�x; t ) :=
�

E
�
JJ> (yt ) j � (yt ) = �x

� � 1=2
; (2.41)

where E above is considered as an expectation with respect to paths of the dynamicsyt

with y0 distributed according to �: In the case where� (x) is one-dimensional,�x t is exact in

terms of time marginals, i.e. the probability distribution function of the process�x t is exactly

the probability distribution function of � (x t ) [53, 68]. However, the conditional expectations

depend ont and are exceedingly impractical to compute.

An intuitive next step is to approximate the dynamics (2.38) with the time-autonomous

SDE

dxt = b(x t )dt +
p

2� � 1� (x t )dwt (2.42)

with drift and di�usion

b(x) := E�
�
� J(y)r yV(y)dt + � � 1r y � J(y) j � (y) = x

�
(2.43)

� (x) :=
�

E�
�
JJ> (y) j � (y) = x

� � 1=2
; (2.44)

with E� denoting the expectation onRn with respect to �: These conditional expectations

take the form as with the free energy (2.12) andM (x) (2.13), with

E� [f (y) j � (y) = x] =
Z

Rn
f (y)� (y)� (� (y) � x)dy:
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Given appropriate conditions on the CVs�; the e�ective dynamics x t from (2.42) are re-

versible and ergodic with probability density � (x) = ZF e� �F (x) with free energy F (x)

from (2.12) [68, 138] andZF :=
R

Rd e� �F (x) :

The studies [40, 68, 69] quantify the e�ective dynamicsx t by how closely it approxi-

mates the coarse-grained dynamics� (yt ) in terms of time marginals, pathwise convergence,

and convergence in law. In [68], Legoll and Leliévre fully address the case whereyt is the

overdamped Langevin dynamics and the CV is one-dimensional. The case for multidimen-

sional linear CVs applied to the Langevin dynamics(yt ; vt ) is investigated by Duong et al.

in [40], and in [69] Leliévre and Zhang examine pathwise convergence for multidimensional

CVs applied to the overdamped Langevin dynamics.

Remark. From [138], the reversibility ofyt implies the reversibility of the e�ective dynam-

ics x t (2.42). An important observation from [89] is that an SDE of formdx = a(x t )dt +
p

2� � 1&(x t )dt with stationary distribution � (x) / e� �U (x) for some potentialU(x); and suit-

ably well-behaved drifta and di�usion matrix &&> ; is reversible if and only if the drift has

form

a(x) = � &&> (x)r U(x) + � � 1r � &&> (x):

Thus, if the physical system of interest has dynamics that can be well approximated by the

overdamped Langevin dynamics, then the e�ective dynamics in CV coordinates� (y) from

conditional expectations(2.43),(2.44) will have the same form as with the committor ansatz

from [74] up to a possible change in timescale.
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2.4.3 Lifting and averaging with collective variables

The committor ansatz q(y; v) � ~q(� (y)) implies a theoretical framework based on functions

de�ned on the high-dimensional spaceRn but which are parametrized by functions on the CV

spaceRd: Here we include de�nitions and results from [138] and [69] in a similar framework,

as a roadmap for further theory.

We de�ne H := L2(Rn ; � ); a Hilbert space with inner projecthf; g i � :=
R

Rn fg�d�; and

similarly we de�ne ~H := f ~f 2 L2(Rd; � )g for the collective variable space. Then, we de�ne

the �lifted space� H � � H de�ned by H � = f f 2 H j f = ~f � �; ~f 2 ~Hg: Let f 2 H � ; so that

f (y) = ~f � � (y) for some ~f 2 ~H: Then,

@f(y)
@yi

=
dX

j =1

Jji (y)
@~f (� (y))

@xj
; (2.45)

and since we assumerank(J(y)) = d for all y we have the following three expressions for

gradients off and ~f :

r yf (y) = J > (x)r x
~f (� (y)) (2.46)

r x
~f (� (y)) = (J + )> (y)r yf (y) (2.47)

J+ J(y)r yf (y) = r yf (y); (2.48)

whereJ+ (y) = J > (JJ> )� 1(y) is the pseudoinverse ofJ(y). We note that since the left-hand

side of (2.47) only depends on� (y); we can re-write (2.47) as

r x
~f (x) = (J + )> (y)r yf (y) for any y 2 Rn with � (y) = x: (2.49)
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For x 2 Rd; we recall the notation for the pre-image ofx under � : � x := f y0 2 Rn j� (y0) =

xg: Then, we de�ne �( y) := I n � J+ J(y). It can be shown that �( y) is the orthogonal

projector onto the tangent spaceTy � � (y) to the submanifold � � (y) [114].

We can then decompose the generatorL with respect to the CVs� as

L = L 0 + L 1 (2.50)

with

L 0 = � � 1� (y)r y � (� (y)�( y)r y) (2.51)

L 1 = � � 1� (y)r y � (� (y)( I n � �( y))r y): (2.52)

Given an initial condition y0 2 Rn with x0 = � (y0); L 0 de�nes a di�usion process on the

submanifold � z0 with invariant density � x0 (y) = e�F (z0 ) � (y)jJJT (y)j � 1=2: Further, each x 2

Rd has an associated Dirichlet formEx de�ned by

Ex (f; g ) := �
Z

� z

(L 0f )g d� z = � � 1
Z

� x

(r f )> � � > r g d� z; (2.53)

and the variance of a functionf : Rn ! R on the submanifold� x is de�ned as

Var� x (f ) :=
Z

� x

f 2 d� z �
� Z

� x

f d� z

� 2
: (2.54)

In [69] (see Assumption 4) it is assumed that thatL 0 has very large coe�cients in comparison

with L 1; i.e. there is a signi�cant scale separation in the dynamics with respect to the CVs.

Particularly, it is assumed that there exists a large constant� > 0 such that for eachx 2 Rd
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and eachf : Rn ! R in the domain of L 0 :

Var� x (f ) �
1
�

� x (f; f ): (2.55)

With this assumption, for any initial y0 with x0 = � (y0); the di�usion process on� x0 de�ned

by L 0 is very fast compared to the dynamics along� (yt ):

Consider again a �lifted� function f 2 H � with f = ~f � �: Then, from (2.48) have

L f = L 1f: Equivalently, starting from (2.46) and (2.51)

L f = � � 1� � 1(y)r y � (� (y)( I n � �( y))r yf )

= � � 1� � 1(y)r y � (� (y)J+ JJ> (y)r y
~f (� (y))

= � � 1� � 1(y)r y � (� (y)J> (y)r y
~f (� (y))

=
�
J(y)r yV(y) + � � 1r � J]> r y

~f (� (y)) + tr(JJ> (y)r 2
y

~f (� (y)))

=
dX

i =1

L � i (y)[r y
~f (� (y))] i + tr(JJ> (y)r 2

y
~f (� (y))) :

In [138], Zhang et al. show that the space of �lifted functions�~H forms a linear subspace of

H ; and that it is exactly the image of the �lifted averaging operator�P de�ned by

Pf (x) := E� [f (x0) j � (x0) = � (x)] :

Note that Pf is a function over Rn ; and that at x 2 Rn simply takes the conditional

expectation from (2.43)-(2.44) at� (x) 2 Rd: We can similarly de�ne a �lift� operator � :

~H ! H � by �( ~f ) := ~f � �: With � and P one can show thatH � is isomorphic to ~H [138].

We can then restate the e�ective dynamics from (2.43)-(2.44) by averaging the generator
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L : Namely, for x 2 Rd and any y 2 � x ; we rewrite the drift and di�usion of the e�ective

dynamics (2.42) as

bi (x) := P(L � i )(y) (2.56)

[�� > ]ij (x) := P
�
(JJ> )� 1]ij (y); (2.57)

where L is the generator of the overdamped Langevin dynamics inyt (2.7). With this

formulation, the authors of [138] show under more general dynamics foryt that: for a �lifted�

functions f 2 H � and giveny 2 Rn with x = � (y) :

PL f (y) =
dX

i =1

P(L � i )(y)
@~f (x)
@xi

+
dX

i;j =1

P[(JJ> )� 1]ij (y)
@2 ~f (x)
@xi @xj

= b> (x)r x
~f (x) + � � 1 tr (�� > (x)r 2

x
~f (x)):

In other words, for lifted functions, conditionally averaging the generator is the same as

applying the e�ective generator on conditional averages.

2.4.4 Timescale and rate approximation by e�ective dynamics

The main focus of [40, 68, 69] is the approximation of the non-closed coarse-grained dynamics

� (yt ) by the e�ective dynamics x t : However, we also wish to consider how well the e�ective

dynamics approximates the rates and time-scales of the original high-dimensional processyt :

Here we summarize results from [138] on these approximations.

Again, let L denote the generator for the overdamped Langevin dynamicsyt and ~L denote

the generator for the e�ective dynamicsx t : Further, we assume the processes are both such

that L andL x have only discrete spectra. We denotef ' i g1
i =0 as the normalized eigenfunctions
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of �L with ' 0 � 1; and corresponding eigenvalues0 = � 0 � � 1 � � � � � i � � i +1 � � � � :

Likewise, we denote the eigenpairs( ~' i ; ~� i ) for �L x :

Proposition 1 (From [138]). For i � 0;

� i � ~� i � � i + � � 1Z � 1
Z

Rn
jjr y ' i (y) � r y ~' i (� (y)) jj 2e� �V (y)dy (2.58)

Thus, the eigenvalues of the e�ective dynamics~� i always bound the original eigenval-

ues � i from above. Equivalently the e�ective dynamics time-scales~� � 1
i at best match or

underestimate the original timescales� � 1
i :

A similar relationship also holds [138] for reaction rates computed from committors with

respect to L and ~L ; with the e�ective dynamics overestimating or at best matching the

original reaction rate. For this result, we assume the reactant and product sets are de�ned

through the collective variables, denoted~A; ~B � Rd in the CV space with lifted setsA :=

� � 1( ~A); B := � � 1( ~B) in Rn :

Proposition 2 (From [138]). With q(y) and ~q(x) denoting the committors for the original

and e�ective dynamics with respective reaction rateskAB and ~k ~A ~B ;

kAB � ~k ~A ~B � kAB + � � 1Z � 1
Z

(A [ B )c
jjr yq(y) � r y ~q(� (y)) jj 2e� �V (y)dy (2.59)

From Zhang et al. [138], we know that if the full dynamics in phase space(yt ; vt ) can

be well approximated by the overdamped Langevin dynamics, we can move beyond the

informal reasoning from Maragliano et al. [74] and apply the rigorous theoretical results

from [68, 69, 138]. Most directly, Propositions 1 and 2 illustrate methodologies to determine

if the reversible CV dynamics (2.11) for a �xed set of CVs mimics the dynamics of the
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original system. In principle, we can 1) compare approximations of the eigenfunctions the full

dynamics to approximations of the eigenfunctions of the e�ective dynamics and 2) compare

likewise with approximations of the committors. A related comparison would be for the

gradients of the eigenfunctions or committors, closely related to theeigencurrents[21] and

reactive currents. However, in practice the associated eigenfunctions and committors as

well as eigenvalues and rates of the full dynamics are extremely di�cult to compute and

criteria are heavily limited by the approximation capability of the method at hand. Instead,

Proposition 1 and 2 or similar criteria and are often instead used to justify variational

principles in optimization for rates or eigenvalues of e�ective dynamics [138].

The numerical results of this dissertation are consistent with Proposition 2. Both the

estimated transtion rate for alanine dipeptide in 2D (Section 4.2) and 4D (Section 5.2)

overestimate the rate obtained from direct simulation. In the 4D case, the inclusion of the

� dihedral angle is known to provide a better approximation tor yq(y) [73, 119], and hence

this should tighten the upper bound from (2.59). Indeed, our results show the e�ective

dynamics rate~k ~A ~B for four dihedral angles is much closer tokAB than the case for 2 dihedral

angles. If we can reasonably assume that the full dynamics for alanine dipeptide in vacuum

is approximately overdamped, equation (2.59) indicates that our close match for the 4D

rate may result from a close approximation of the true high dimensional reactive current

(Section 5.2, Figure 4.5) .
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Chapter 3. Theory: Approximating Generators using Mahalanobis

Di�usion Maps

3.1 Introduction

Meshless approaches to solving the committor PDE discretize it to point clouds obtained from

MD simulations. The most promising approaches in high dimensions utilize neural networks

[61, 70, 101] di�usion maps [124], and tensor trains [24]. The tensor train approach has higher

order accuracy but it challenging to implement and has yet to be generalized to molecular

dynamics examples. The approach based on neural networks is more straightforward in its

implementation and has been applied to high dimensional and large datasets. Overall, the

di�usion maps is harder to apply to large point clouds, but it is more interpretable, intuitive,

and fast, which motivates our focus on it in this work.

The di�usion map algorithm introduced in 2006 in the seminal work by Coifman and

Lafon [29] is a widely used manifold learning algorithm. Like its predecessors such as locally

linear embedding [103], isomap [118], and the Laplacian eigenmap [6], di�usion map relies

on the assumption that the dataset lies in the vicinity of a certain low-dimensional manifold,

while the dimension of the ambient space can be high. Importantly, this manifold does not

need to be known a priori. Di�usion map inherits the use of a kernel for learning the local

geometry from its predecessors and upgrades it with the remarkable ability to approximate
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a class of di�erential operators discretized to the dataset. These include the backward

Kolmogorov operator (a.k.a. the generator) needed for computing the committor function.

More speci�cally, the standard di�usion map with isotropic Gaussian kernel [29] yields

an approximation to the backward Kolmogorov operator if the input data comes from an Ito

di�usion process with a gradient drift and an isotropic additive noise. The problem of �nding

the committor then reduces to solving a system of linear algebraic equations of a manageable

size. This strategy would be suitable for MD data in the originalR3Na -dimensional space of

atomic positions, and has been utilized heavily in previous work [28, 45, 47, 100, 124, 140].

As mentioned above, biophysicists prefer to keep track of collective variables rather than

positions of atoms, as it lowers the dimension and gives more useful information about the

molecular con�guration. Unfortunately, the transformation to collective variables induces

anisotropy and position-dependence on the noise term [7, 19, 74, 136] as described in 2.1.3.

The resulting SDE from (2.11) describing the dynamics in collective variables has a non-

gradient drift and a multiplicative anisotropic noise.

3.2 Di�usion Maps

Di�usion maps, like spectral clustering [131] and Laplacian eigenmaps, [6] impose an a�nity

or similarity measure on a dataset de�ned by a kernel function, and then analyze the associ-

ated graph on the dataset. One interpretation of di�usion maps is that a particular Markov

chain is de�ned on the data, and analysis of the Markov chain reveals additional structure

about the data. An important di�erence between di�usion maps and previous algorithms, in

particular Laplacian eigenmaps, [6] is the emphasis on the discrete-to-continuous interplay

of the kernel matrix and algorithmic utilization of known asymptotic error results. Per-

haps most important is that the random-walk graph Laplacian on a dataset with sampling
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density � (x) corresponds to an overdamped Langevin dynamics with stationary measure

� 2(x) instead of � (x): Thus, for non-uniform densities such as a Gibbs distribution, graph

Laplacian-like methods must account for the sampling density to obtain correct estimates.

Coifman and Lafon [29] in introducing di�usion maps tune the sampling so that for any

choice of scalar parameter� the di�usion map corresponds to a gradient dynamics with

stationary density � 2(1� � ) :

The di�usion map algorithm takes as input a datasetX = f x i gN
i =1 � Rd of indepen-

dent samples drawn from a distribution� (x) that does not need to be known in advance.

The manifold learning framework assumes thatX lies near a manifoldM which has low

intrinsic dimension. For application to molecular dynamics,x i is usually a vector repre-

senting the i -th molecular conformation from a trajectory, but can generally be considered

as ad� dimensional feature vector for thei -th piece of data. Pairwise similarity of data is

encoded through a distance functiond(x; y) and kernelk� (x; y) whose simplest form is given

by

k� (x; y) = exp
�

�
d(x; y)2

2�

�
: (3.1)

The user-chosen parameter� > 0 is the kernel bandwidth parameter(or the scaling parame-

ter ).

For many applications d(x; y) can be taken as Euclidean distance between the vectors

x; y, but many other distances can be used. [17, 127] For datasets consisting of molecular

con�gurations in atomic coordinates, the most commonly used distance is the root-mean-

square deviation (RMSD) between con�gurations [45, 140]. Other distances include Eu-

clidean distance after RMSD-aligning con�gurations to a reference structure [28, 124] and

hybrid RMSD-energy based distances, [117] with others compared in [17] as structural and

kinetic similarity measures [126].
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The original di�usion map algorithm [29] requires an isotropic kernelh� (jjx � yjj 2) with

exponential decay askx � yk ! 1 . Let us describe the construction of a di�usion map

following the steps in [29]. The kernelk� (x; y) de�nes an N � N similarity matrix K � with

[K � ]ij = k� (x i ; x j ). We can then consider a graph onN nodes with features vectorsX and

weighted adjacency matrix given byK � : Our goal is to use the discrete graph de�ned by our

data X and the kernel matrix K � to analyze the continuous process generating the data.

The discrete-to-continuous interplay arises from Monte Carlo integration: the strong law

of large numbers implies that for a scalarf (x) on Rd we have:

lim
N !1

1
n

NX

j =1

k� (x i ; x j )f (x j ) =
Z

Rd
k� (x i ; y)f (y)� (y)dy almost surely. (3.2)

It follows from the Central Limit Theorem that the error of this estimate decays asO(N � 1
2 ).

The action of the kernel on su�ciently large datasets is approximated by an integral operator

G� de�ned by

(G� f )(x) :=
Z

Rd
k� (x; y)f (y)dy: (3.3)

Namely, for a su�ciently large dataset,

lim
N !1

1
N

NX

j =1

k� (x i ; x j )f (x j ) = G� (f � )(x i ) almost surely: (3.4)

A natural interpretation of the Monte Carlo integration with the kernel k� (x; y) given

by (3.2) suggests that, for small� , we can informally say

1
c� (x)

k� (x; x0) � � (x � x0) (3.5)
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wherec� (x) is the normalizing factor for the kernelk� (x; x0) de�ned by

c� (x) :=
Z

Rd
k� (x; y)dy (3.6)

and � (�) is the Dirac delta function.

Motivated by (3.5), we de�ne the continuouskernel density estimatoras

� � (x) :=
1

c� (x)

Z

Rd
k� (x; y)� (y)dy (3.7)

and its discrete counterpart as the vectorp� 2 RN with

[p� ]i =
1

Nc� (x i )

NX

j =1

k� (x i ; x j ): (3.8)

3.2.1 A formal derivation for di�erential operators from Gaussian kernels

A crucial use of the kernel functionk� (x; y) in di�usion maps is for computing actions of

certain di�erential operators on functions without gridding the phase space. For example,

the standard Gaussian kernel

k� (x; y) := e� jj x � y jj 2

2� (3.9)

on Rd is the heat kernel for the backward Kolmogorov equation for the standard Brownian

motion: @u
@� = 0:5� u. The normalizing factor for this kernel isc� = (2 �� )d=2. The parameter

� plays the role of a �ctitious time parameter. Given an initial condition u(0; x) = f (x) at
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� = 0, one can �nd u(�; t ) at any � > 0:

u(�; x ) =
1

(2�� )d=2

Z

Rd
e� jj x � y jj 2

2� f (y)dy:

On the other hand, for small� , u(�; x ) can be found using the Taylor expansion:

u(�; x ) = u(0; x) +
@
@�

u(0; x) + O(� 2)

= f (x) +
�
2

� f (x) + O(� 2):

Therefore, the following identity must hold:

1
c�

Z

Rd
e� jj x � y jj 2

2� f (y)dy = f (x) +
�
2

� f (x) + O(� 2): (3.10)

Now we observe that

lim
N !1

1
N

X

j

e�
jj x � x j jj 2

2� f (x j ) =
Z

Rd
e� jj x � y jj 2

2� f (y)� (y)dy;

where� is the sampling density. Therefore,

lim
N !1

P
j e�

jj x � x j jj 2

2� f (x j )
P

j e�
jj x � x j jj 2

2�

=

R
Rd e� jj x � y jj 2

2� f (y)� (x)dy
R

Rd e� jj x � y jj 2

2� � (x)dy
(3.11)

=
(f � )(x) + �

2 �( f � )(x) + O(� 2)
� (x) + �

2 � � (x) + O(� 2)

= f (x) +
�
2

�
� f (x) + 2 r f (x) �

r � (x)
� (x)

�
+ O(� 2): (3.12)
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Choosingx = x i , i = 1; : : : ; N , we observe that the fraction in the left-hand side of (3.11)

can be viewed as a Markov matrixP� with entries

[P� ]ij =

"
X

l

e�
jj x i � x l jj 2

2�

#� 1

e�
jj x i � x j jj 2

2�

multiplied by the vector [f (x j )]N
j =1 , and its limit, i.e., the fraction in the right-hand side of

(3.11), is the corresponding Markov operatorP� acting on f (x). Equation (3.12) implies

that

lim
� ! 0

P� f � f
�

= � f + r f � r
�
log� 2

�
; (3.13)

which is the generator for the overdamped Langevin dynamics with a temperature twice as

high as the sampling density corresponds to.

3.2.2 Di�usion map normalization

The main innovation of the di�usion map algorithm [29] in comparison with Laplacian eigen-

map [6] is the introduction of the parameter� 2 R allowing us to control the in�uence of the

density � and approximate a whole family of di�erential operators of similar form to (3.13).

Let us review the construction of di�usion maps.

The �rst step is to compute the kernel density estimator� � (x) from (3.7). Then, the

right-normalized kernel is de�ned as

k�;� (x; y) =
k� (x; y)
� �

� (y)
: (3.14)
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We note that one can write the action of the right-normalized kernel on density-weighted

functions f (x)� (x) as

Z

Rd
k�;� (x; y)f (y)� (y)dy =

Z

Rd
k� (x; y)f (y)� (y)� � �

� (y)dy:

Hence the right normalization regulates the in�uence of the density� (x) in Monte Carlo

integrals. We then compute the discrete kernel density estimatep� 2 RN as the scaled

vector sums of the matrixK � as given in (3.8). We de�ne the diagonal matrixD � = diag(p� ).

Then, the discrete counterpart for theright-normalized kernel (3.14) is

K �;� := K � D � �
� : (3.15)

Next, we �x

� �;� (x) :=
Z

Rd
k�;� (x; y)� (y)dy (3.16)

to left-normalize the kernel, and de�ne the Markov operatorP�;� on f as

P�;� f (x) =

R
Rd k�;� (x; y)f (y)� (y)dy

� �;� (x)
: (3.17)

Finally, we de�ne a family of operatorsL �;� as

L �;� f =
P�;� f � f

�
�

1
�

�
G� (f �� � �

� )
G� (�� � �

� )
� f

�
: (3.18)

To obtain its discrete counterpart, we form a diagonal matrixD �;� with scaled row sums

of K �;� along its diagonal and use it toleft-normalize the matrix K �;� and get the Markov
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matrix P�;� = D � 1
�;� K �;� : Then the family of discrete operatorsL �;� is de�ned as

L �;� :=
P�;� � I

�
: (3.19)

The discrete and continuous operatorsL �;� and L �;� relate via the pointwise in�nite data

limit. Let us �x an arbitrary point x1 drawn from the invariant density � and keep adding

more points drawn from� (x) into a dataset containingx1. Then

lim
n!1

[L �;� [f ]]1 = [ L �;� ] f (x1); almost surely (3.20)

with error decaying asO(N � 1
2 ). It is proven in [29] that1

lim
� ! 0

L �;� f =
1
2

�
�( � 1� � f ) � f �( � 1� � )

� 1� �

�
=

1
2

� � (2� 2� )r � (� 2� 2� r f ) (3.21)

for when the data is sampled from a compactC1 submanifold ofRd: If the input dataset X

comes from the overdamped Langevin SDE (2.4), and hence the invariant measure is Gibbs,

i.e., � (x) = Z � 1e� �V (x) , and the kernel is given by (3.1), then

lim
� ! 0

L �;� f =
1
2

�
� f � 2� (1 � � )r f > r V

�
=

1
2

e(2� 2� )�V r � (e� (2� 2� )�V r f ): (3.22)

The series of steps described here leading to the construction of the matrix operatorL �;�

(3.19) will be referred to asdmap(an abbreviation for the di�usion map algorithm).

The renormalization parameter� tunes the in�uence of the density� in the operator

L �;� . Setting � = 0 yields, up to a multiplicative constant 1=2, the standard graph Laplacian,

which converges to the Laplace-Beltrami operator only if� is uniform. With � = 1 the

1We believe that a multiplicative constant is missing in Theorem 2 and in Proposition 10 in [29].
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density � (x) is reweighted so that the limiting density for� ! 0; n ! 1 is uniform and the

Laplace-Beltrami operatorL f = 1
2 � f is recovered. Setting� = 1=2 recovers the backward

Kolmogorov operator,

lim
� ! 0

L �; 1=2f =
�
2

�
� � 1� f � r f > r V

�
=

�
2

e�V r � (e� �V r f ) �
�
2

L f; (3.23)

which is needed for computing the committor.

The di�usion map algorithm has also seen many other modi�cations and improvements

which are used heavily in practice. A primary development concerns the kernel bandwidth

parameter �; which usually requires extensive tuning in practice. Di�usion map variations

such as locally scaled di�usion maps [100] and variable bandwidth di�usion kernels [10] utilize

a bandwidth which varies at each data point and can improve stability as well as accuracy

at the boundary points of a dataset.

3.2.3 Di�usion maps for data coming from SDEs with multiplicative noise

An important limitation of the original class of di�usion maps with isotropic kernels [29] is

that it can only approximate in�nitesimal generators of the form (3.22) that are relevant only

for gradient �ows [3, 11]. This limitation is caused by the fact that the construction relies

on the sampling density of the data but not dynamical properties of the data. For example,

the reversible di�usion process in collective variables (2.11) has the Gibbs distribution� (x)

and di�usion matrix M (x), but application of di�usion maps will approximate the generator

of gradient dynamics with density� (x) and constant di�usion matrix [3]. Hence, to approx-

imate generators for di�usion processes with multiplicative noise, a modi�ed di�usion maps

algorithm is required [3, 108].
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3.2.4 Origin of Mahalanobis di�usion maps

The foundational approach for applying di�usion maps to di�usion processes with multi-

plicative noise is proposed by Singer and Coifman (2008) [108]. They consider a di�usion

process

dzt = b(zt )dt +
p

2dwt ; zt 2 M ; (3.24)

whereM is a d-dimensional manifold. The generator for this process is given by

L z = � + b� r : (3.25)

The dynamics (3.24) are considered as the unobserved intrinsic dynamics of interest, while

the observed dynamics is the processx t = � (zt ); where� is an injective, smooth function from

M to Rm ; where m � d: To elucidate the key idea from [108], we assume thatM � Rd;

m = d; and that the mapping x = � (z) is a di�eomorphism. From Ito's Lemma, the

di�erential of � is

d� i (zt ) =
dX

j =1

�
@�i (zt )

@zj
bj (zt ) +

@2� i (zt )
@z2j

�
dt +

p
2

dX

j =1

@�i (zt )
@zj

[dwt ]j : (3.26)

Thus, the noise term ford� (zt ) is given by
p

2J(zt )dwt ; whereJ(zt ) is the Jacobian of� with

entries [J(z)]ij = @�i
@zj

:

The crucial fact utilized in [108] is the following relationship between the(JJ> )� 1-

weighted quadratic form in the space of observed variablesx = � (z) and the Euclidean
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distance in thez-space:

1
2

(� (z) � � (z0))>
h
(JJ

>
)� 1(x) + (JJ

>
)� 1(y)

i
(� (z) � � (z0))

= jjz � z0jj 2 + O(jjz � z0jj 4): (3.27)

This relationship motivated the introduction of the anisotropic kernel

k� (x; y) = exp
�

�
1
4�

(x � y)> ((JJ> )� 1(x) + (JJ > )� 1(y))( x � y)
�

: (3.28)

The di�usion map with kernel (3.29) approximates the generatorL z for the unknown latent

dynamicszt in the case whereb(zt ) = �r U(zt ) for some potentialU(z). The fact that the

di�usion matrix is of the form JJ> is essential for the proof of this approximation presented

in [108]. Relationship (3.27) essentially reduces this to the proof for di�usion maps with

rotationally symmetric Gaussian kernel in [29].

The algorithm proposed in [108] and variants have been applied to multiscale fast slow-

processes [38, 108], nonlinear �ltering problems [116], optimal transport and data fusion

problems [37, 83], chemical reaction networks [110], localization in sensor networks [104],

and molecular dynamics [39]. Further, kernel (3.29) has recently been used for isometric

embeddings to high-dimensional latent spaces [90] and for deep learning frameworks [90, 104].

3.2.5 Mahalanobis di�usion maps for a general di�usion matrix

This work addresses the case where di�usion matrixM (x) in SDE (2.11) is not necessarily

decomposable asM (x) =
�
JJ>

�
(x) and hence there is no relationship of the form (3.27) to
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utilize. Following [108], we use the Mahalanobis kernel

kmmap
� (x; y) = exp

�
�

1
4�

(x � y)> (M � 1(x) + M � 1(y))( x � y)
�

: (3.29)

The normalizing factor c� from (3.6) with the Mahalanobis kernel is given byc� (x) :=

(2�� )
d
2 jM j1=2(x): Other than the choice of the kernel, the Mahalanobis di�usion map al-

gorithm (mmap) follows the steps of the di�usion map algorithm (dmap) detailed in Section

3.2. For the reader's convenience, we summarizemmapin Algorithm 1. The family of di�er-

ential operators approximated bymmapwill be derived in Section 3.3.

Remark. For applying di�usion maps with the Mahalanobis kernel(3.29) as described in

Algorithm 1 and approximating the correct limiting operator, we use unnormalizedkernel

sums of form
P N

j =1 [K � ]ij for the right-normalization step, rather than the kernel density es-

timate [p� ]i = 1
Nc � (x i )

P N
j =1 [K � ]ij : Alternatively, we could use[p� ]i for the right normalization

in mmapand change Algorithm 1 by multiplying by an appropriate power ofc� (x i ): However,

explicitly computingc� requires computing the di�usion matrix determinants, and using un-

normalized kernel sums circumvents this. For regular di�usion maps,c� is a constant and

the algorithm output is the same for unnormalized or normalized kernel row sums.

Remark. The term Mahalanobis kernelis related to the Mahalanobis distance. If data

points x and y are sampled from a multivariate Gaussian distribution with covariance matrix

C, then

(x � y)> C � 1(x � y)

is the squared Mahalanobis distance betweenx andy. In the orthonormal basis of eigenvectors

of C, the di�erence between each component ofx and y is normalized by the corresponding
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Algorithm 1: Mahalanobis Di�usion Map Algorithm ( mmap)

Input: data X = f x i gN
i =1 , di�usion matrices f M (x i )gN

i =1 , bandwidth � ,
renormalization parameter�

Output: Matrix operator L �;�

Construct kernel using (3.29), estimate sampling density
1 [K � ]i;j = kmmap

� (x i ; x j ); i; j = 1; : : : ; N
Right normalize the kernel

2 [D � ]ii :=
NX

j =1

[K � ]ij ; i = 1; : : : ; N

3 [K �;� ] := K � D � �
�

Left normalize the kernel

4 [D �;� ]ii :=
NX

j =1

[K �;� ]ij ; i = 1; : : : ; N

5 P�;� := D � 1
�;� K �;�

Construct generator

6 L �;� =
P�;� � I

�

variance, which re�ects the di�culty to deviate along each direction. Hence, kernel(3.29) is

a decaying exponential function of an approximate squared Mahalanobis distance. Therefore,

it is designed to account for anisotropy of the di�usion process where the data is coming

from.

3.2.6 Local kernels

A further development facilitating data-driven analysis of anisotropic di�usion processes was

done by Berry and Sauer (2016) [11]. Their local kernels theory generalizes theoretical results

of [29, 108] to a class of anisotropic kernels which utilize user-de�ned drift vectorsb(x i ) and

di�usion matrices A(x i ). The local kernel approach has been extended to related work in

solving elliptic PDEs with di�usion maps [52] and to computing reaction coordinates for

molecular simulation [3]. In [3] the authors incorporate arbitrary sampling densities into the
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local kernel approach [11] and prove that for user-de�ned drift vectorb(x) and user-de�ned

di�usion matrix A(x), kernels of the form

kA;b
� (x; y) = exp

�
�

1
4�

(x � y + �b(x))> A � 1(x)(x � y + �b(x))
�

; (3.30)

applied to data f x i gN
i =1 with arbitrary density can be normalized (similarly to the di�usion

map with � = 1) to approximate the di�erential operator

L f (x) = b(x)r f (x) + tr[A(x)rr f (x)]: (3.31)

Equation (3.31) describes a broader class of generators than (2.15), which is advantageous.

On the downside, the local kernel di�usion map algorithm of [3] requires drift estimates at

all data points, as well as a second kernelk~� (x; y) with additional scaling parameter~� in

order to normalize the density of the dataset. As a result, implementation of the local kernel

approach requires adjustment of two scaling parameters� and ~� , which can be challenging.

We are primarily interested in the reversible dynamics in collective variables coming from

MD simulations. On the other hand, the density of the data is far from being uniform, and

may change by orders of magnitude thereby complicating the tuning of scaling parameters.

Therefore, we choose to usemmaprather than the local kernel approach.

3.3 Theoretical results for Mahalanobis Di�usion Maps

Our goal is to prove that the mmapalgorithm (Algorithm 1) with � = 1=2 approximates the

generator (2.15) for SDE (2.11), the overdamped Langevin dynamics in collective variables.

First we show that not every symmetric positive de�nite smooth matrix function M (x)
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admits the decompositionJJ> (x) whereJ(x) is the Jacobian matrix function for some smooth

vector-function. This will justify the lengthy calculation conducted in our proof of the

main mmaptheorem (Theorem 2 below). Next, we derive the family of di�erential operators

approximated by mmapwith an arbitrary � 2 R (Theorem 2). Finally, we evaluate the

resulting di�erential operator at � = 1=2 and show that it is the generator for (2.11) (Corollary

1).

3.3.1 Not every di�usion matrix is associated with a variable change

The fact that not every smooth symmetric positive de�nite matrix function M (x) can be

decomposed as

M (x) = J( x)J(x)> where J =
�

@fi
@xj

� d

i;j =1

(3.32)

for some smooth vector-functionf : 
 ! Rd, where 
 is an open set inRd, is not new but

it is not widely known. The non-existence of decomposition (3.32) is pointed out for the

position-dependent di�usion matrix in the Moro-Cardin 2D example [84] by M. Johnson and

G. Hummer [58] with a reference to the textbook by H. Risken [98] (Section 4.10), where the

general criterion for the existence of decomposition (3.32) consisting in vanishing a certain

complicated di�erential form is presented.

Here we will give a simple proof of the fact that not every symmetric positive de�nite

smooth matrix function admits decomposition (3.32) by establishing a necessary condition

for a class of2 � 2 symmetric positive de�nite matrix functions

M (x; y) = m2(x; y)I 2� 2; m(x; y) 2 C2(
) ; m(x; y) > 0 8(x; y) 2 
 ; (3.33)

for decomposition (3.32) to exist. Precisely, the necessary condition requires the function
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logm(x; y) to be harmonic. Moreover, if the open set
 is simply connected, this condition

is also su�cient for the class (3.33).

Theorem 1. Let M (x; y) be a symmetric positive de�nite matrix function of the form(3.33)

wherem(x; y) is a positive twice continuously di�erentiable function in an open set
 � R2

and I 2� 2 is a 2� 2 identity matrix. Suppose thatM admits decompositionM (x; y) = JJ > (x; y)

whereJ(x; y) is the Jacobian matrix of some twice continuously di�erentiable vector-function

f : 
 ! R2. Then logm(x; y) must be harmonic, i.e.,

�
@2

@x2
+

@2

@y2

�
logm(x; y) = 0 8(x; y) 2 
 : (3.34)

Moreover, if the open set
 is simply connected, then(3.34) is also a su�cient condition for

the existence of decomposition(3.32). If 
 is not simply connected,(3.34) is not a su�cient

condition.

A proof of Theorem 1 is given in Section 3.7.

Thus, any matrix function of the form (3.33) wherelogm(x; y) is not harmonic in 


does not admit decomposition (3.32) in
 . For example, the functionm in the Moro-Cardin

example [84]

m(x; y) =
�

1 + e� x 2+ y 2

2

� � 1=2

(3.35)

is such that its logarithm is not harmonic:

� log m(r ) =
1
2

"
(2 � r 2)(1 + e� r 2=2)e� r 2=2 + r 2e� r 2

(1 + e� r 2=2)2

#

; r =
p

x2 + y2:

Furthermore, any d � d twice continuously di�erentiable matrix function M (x; y) that

has a principal 2 � 2 submatrix of the form (3.33) wherelogm(x; y) is not harmonic in 
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does not admit decomposition (3.32).

3.3.2 The family of di�erential operators approximated by Mahalanobis di�u-

sion maps

We will adopt three technical assumptions. The �rst one deals with the space of collective

variablesx:

Assumption 2. The range of x representing the set of collective variables constitutes a

d-dimensional manifoldM which is either Rd, or the d-dimensional torusTd, or a direct

product of torusTk and Rd� k . In all cases,M is of the form

M = Tk � Rd� k ; for some 0 � k � d: (3.36)

By the torus Tk , 1 � k � d, we mean the "�at" torus, i.e., the direct product of intervals

with periodic boundary conditions, i.e.,

Tk � Rd� k = [ a1; b1] � [a2; b2] � : : : � [ak ; bk ] � Rd� k ;

(x1; : : : ; xl � 1; al ; x l+1 ; : : : ; xd) = ( x1; : : : ; xl � 1; bl ; x l+1 ; : : : ; xd); 1 � l � k:

The metric on such a torus is locally Euclidean [85], i.e., within any open ball of radius

REuc := min
1� l � k

jbl � al j
2

: (3.37)

Therefore, the metric onM is Euclidean if M = Rd or locally Euclidean within any ball of

radius REuc if M = Tk � Rd� k for some1 � k � d.
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Assumption 2 is nonrestrictive in view of chemical physics applications, as usually col-

lective variables are dihedral angles or distances between certain atoms. For example, the

alanine dipeptide molecule is represented in two or four dihedral angles,M = T2 or T4, a

2D or a 4D torus respectively. Assumption 2 allows us to prove our main theoretical result

from scratch using only elementary tools.

The second and third assumptions impose integrability and di�erentiability conditions

on the di�usion matrix M (x) and a class of functionsf : M ! R to which we apply the

constructed family of operators. We need the following de�nition:

De�nition. We say that a continuous functionf : Rd ! R grows not faster than a polyno-

mial as kxk ! 1 if there exist constantsA � 0, B � 0; and l 2 N such that

jf (x)j � A + Bkxkl 8x 2 Rd:

Assumption 3. The di�usion matrix M (x) is symmetric positive de�nite. Its inverse

M � 1(x) is a four-times continuously di�erentiable matrix-valued functionM � 1 : M ! Rd� d

and the determinant ofM � 1(x) is bounded away from zero. If the manifoldM is unbounded

(i.e., 0 � k � d � 1 in (3.36)), then the entries (M � 1) ij (x) and their �rst derivatives

@(M � 1 ) ij (x)
@x̀ grow not faster than a polynomial askxk ! 1 .

Assumption 4. The function f (x) is four-times continuously di�erentiable. If M is un-

bounded thenf (x) grows not faster than a polynomial askxk ! 1 .

Now we are ready to formulate our convergence results formmap.

Theorem 2. Suppose a manifoldM and a di�usion matrix M (x) : M ! Rd� d satisfy

Assumptions 2 and 3 respectively. Let� 2 R be �xed and the kernelkmmap
� be the Mahalanobis
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kernel (3.29), and the operatorL �;� be constructed according to(3.68), (3.14), (3.16), (3.17),

and (3.18). Then for any function f (x) : M ! R satisfying Assumption(4) we have

lim
� ! 0

L �;� f (x) =
1
2

h
jM j1=2r � (jM j � 1=2M r f ) +

�
M r log

�
� jM j1=2

� 2(1� � )
� >

r f
i

(3.38)

A proof of this theorem is done by a direct calculation of limit (3.38). It is carried

out from scratch and involves only elementary tools from linear algebra and multivariable

calculus. It is found in Section 3.8. We remark that, in turn, the corresponding discrete

operator applied tof (x) discretized to a point cloud drawn from the invariant density� (x)

and with L �;� [f ] de�ned by (3.8), (3.15), (3.19) converges pointwise with probability one to

L �;� f as the number of data points tends to in�nity.

Equation (3.38) de�nes a family of di�erential operators parametrized by� 2 R. Since

our goal is to compute committors, we are primarily concerned with approximating the

generator (2.15) for the overdamped Langevin SDE in collective variables (2.11). Setting

� = 1=2 approximates the generator that we need:

Corollary 1. Let M and M (x) be as in Theorem 2. Suppose that the invariant density� (x)

takes the form of the Gibbs distribution� (x) = Z � 1e� �F (x) for free energyF; temperature

parameter � � 1; and normalizing constantZ =
R

M e� �F (x)dx. Then for � = 1=2 the limit

(3.38) reduces to

lim
� ! 0

L �; 1=2f (x) =
�
2

L f (x) 8x 2 M ; (3.39)

where

L f =
�
� M r F + � � 1 (r � M )

� >
r f + � � 1tr [M rr f ] (3.40)
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is the generator for the SDE

dxt =
�
� M (x t )r F (x t ) + � � 1r � M (x t )

�
dt +

p
2� � 1M 1=2(x t )dwt : (3.41)

Corollary 1 follows from expanding the divergence term in (3.38), substituting� = 0:5

and cancelling terms. A discussion of (3.38) for general� with M � 1 interpreted formally as

a metric tensor is found in Appendix 7.

Our main interest is in solving the committor PDE (2.23). Our approach consists in

approximating the generatorL in (2.23) by the matrix operator L �; 1=2 which converges to

L �; 1=2 as the number of data pointsn tends to in�nity as O(n� 1=2).

Finally, we remark that the use of the symmetric Mahalanobis kernel (3.29) is essential

for the convergence ofL �; 1=2f (x) to the generator (3.40). If one processes data sampled from

a long trajectory of SDE (3.41) with dmap, i.e., implements the isotropic Gaussian kernel

(3.1) in the di�usion map algorithm, one obtains an approximation to the generator for the

di�usion process governed by

dxt = �r F (x t ) +
p

2� � 1dwt

which has the same invariant densityZ � 1 exp(� �F (x)) as (3.41) but a di�erent drift and

a di�erent di�usion matrix. If one replaces the half-sum 1
2(M (x) + M (y)) in (3.29) with

M (x), all terms containing derivatives ofM in (3.38) do not arise, and only the �rst term

in (3.38) remains. For� = 1=2 this yields � M r F � r f + � � 1tr [M rr f ], the generator for

the dynamics

dxt = � M (x t )r F (x t )dt +
p

2� � 1M 1=2(x t )dwt ;
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which approximates (3.41) only ifM is constant or � � 1 is small. In our examples presented

in the next section, M varies considerably and� � 1 is not so small, rendering the term

� � 1r � M (x t ) non-negligible.

3.4 Obtaining the reactive current and the reaction rate from the

committor computed by mmap

We can now utilize the generator approximation from Theorem 2 to compute the reactive

current (equation (2.24)). This approximation is based on the Gamma operator de�ned for

an Ito di�usion with generator L as

�( f; g )(x) =
1
2

�
L (fg )(x) � f Lg(x) � gL f (x)) : (3.42)

This operator is sometimes referred to as thecarré du champoperator [2, 89]. We apply it

to the discrete generator matrixL from mmap.

Applying the Gamma operator to the generatorL of (2.15) gives

L (fg ) = f Lg + gL f + 2� � 1r f > M r g; (3.43)

and hence�( f; g ) simpli�es to

�( f; g )(x) = � � 1r f > M r g(x): (3.44)
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Choosingf (x) to be the committor q(x) and g(x) to be � � : Rd ! R, mapping x to its � th

component, we obtain the� th component of the reactive current by:

� (x)�( q; � � )(x) = � � 1� (x)[M r q(x)]� : (3.45)

Therefore, in order to obtain the reactive current discretized to a dataset, we need to con-

struct a discrete counterpart of the Gamma operator and obtain an estimate for the density

� .

We recall that the discrete generatorL approximates �
2 L pointwise on a datasetf x i gn

i =1 :

Let f and g be arbitrary smooth functions and[f ]; [g] 2 Rn be their discretization to the

dataset, i.e., [f ]i = f (x i ) and [g]i = g(x i ). Since L approximates �
2 L pointwise on the

dataset, we have:

X

j

L ij ([f ]j [g]j ) � [f ]i L ij [g]j � [g]i L ij [f ]j � � �( f; g )(x i ) = r f > M r g(x i ): (3.46)

Since the row sums of the matrixL are zeros, the left-hand side of (3.46) can be written as

X

j

L ij ([f ]j [g]j ) � [f ]i L ij [g]j � [g]i L ij [f ]j =
X

j

L ij ([f ]i � [f ]j )([g]i � [g]j ): (3.47)

This allows us to de�ne the discrete analogue of the Gamma operator by:

[�̂( f; g )]i := � � 1
nX

j =1

L ij ([f ]i � [f ]j )([g]i � [g]j ): (3.48)

Now, it remains to obtain an estimate for the density� . We proceed as follows. First

we construct an isotropic Gaussian kernel[~k~� ]ij = exp[�jj x i � x j jj 2=(2~� )]. Setting M (x) � I
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and f (x) � 1 in the kernel expansion (3.96), we observe that

lim
n!1

1
n(2� ~� )d=2

nX

j =1

[~k~� ]ij = � (x) + O(~� ): (3.49)

So, we de�ne a kernel density estimate with the vector[p] 2 Rn de�ned by

[p]i =
1

n(2� ~� )d=2

nX

j =1

[~k~� ]ij i = 1; : : : ; n: (3.50)

Alternatively, we can use the Mahalanobis kernel frommmapwith entries [k� ]ij and uti-

lize (3.96) to de�ne [p]i := ( n(2�� )d=2jM (x i )j1=2)� 1
P

j [k� ]ij for i = 1; : : : ; n:

Let [q] 2 Rn be the discrete committor obtained bymmap. Using the constructed discrete

density [p], we estimate the reactive current using the formula

[Ĵ ]�i :=
�
p�̂

�
[q]; x �

��
i

= � � 1[p]i
nX

j =1

L ij ([q]i � [q]j )(x �
i � x �

j ) (3.51)

where1 � � � d, 1 � i � n; and x �
i ; x�

j denote the� -th coordinate for data points i and j

respectively.

The reaction rate � AB is given by (2.25) and can be rewritten as [42]

� AB = � � 1
Z

Mn (A[ B )
r q(x)> M (x)r q(x)� (x)dx: (3.52)

Observing that � � 1r q(x)> M (x)r q(x) � �( q; q), we get:

� AB =
Z

Mn (A[ B )
�( q; q)(x)� (x)dx: (3.53)
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Hence, we compute an estimatê� AB as the Monte Carlo integral

�̂ AB =
1

jI AB j

X

i 2 I AB

�
�̂

�
[q]; [q]

��
i

=
1

jI AB j

X

i 2 I AB

nX

j =1

L ij ([q]i � [q]j )2; (3.54)

whereI AB = f i : x i 2 Mn (A [ B)g .

3.5 Target Measure Mahalanobis Di�usion Maps

3.5.1 Introduction

In Section 3.3, the di�usion map algorithm was promoted to approximate the dynamics

in collective variables that is time-reversible but typically has a position-dependent and

anisotropic di�usion tensor M (x). The e�ect of such a di�usion was captured via the use of

the Mahalanobis kernel [108]

kmmap
� (x; y) = exp

�
�

(x � y)> [M � 1(x) + M � 1(y)](x � y)
4�

�

The original di�usion map algorithm [29] relies on the assumption that the input data are

sampled from a Gibbs distribution of interest and that the underlying process is governed

by the overdamped Langevin dynamics. This sampling issue is also a substantial practical

shortcoming of mmap. Often an adequate dataset for the study of a transition of interest

can be achieved only with enhanced sampling. A vivid illustration for it on the example of

alanine dipeptide is given in [70]. Previous approaches have incorporated various sampling

techniques with di�usion maps and MD data: integration with umbrella sampling [46] un-

covers informative low-dimensional local parametrizations for the high-dimensional system

of interest, and thetarget measure di�usion map[3, 124] allows for the data to be sampled
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from an arbitrary density provided that the invariant density for the process of interest is

known.

In this section, we extendmmap( 3.3) to work with input data generated by any standard

enhanced sampling technique. This is achieved by the following right-normalization of the

Mahalanobis kernel:

ktm� mmap
�;� (x; y) = kmmap

� (x; y)
� 1=2(y)jM (y)j � 1=4

� � (y)
:

Here, � is the target measure, i.e., the invariant measure for the dynamics in collective

variables, jM j is the determinant of the di�usion tensor M , and � � is an estimate for the

sampling density � that can be readily obtained in the di�usion map framework. This

renormalization is based on a reweighting scheme for the rotationally symmetric Gaussian

kernel proposed by Banisch et al. [3, 124]. We will refer to the resulting algorithm as the

target measure Mahalanobis di�usion mapand abbreviate it astm-mmap.

It is important to note that for metastable molecular systems, quantities like the com-

mittor are relevant precisely where sampling is extremely di�cult. Enhanced sampling ap-

proaches such as umbrella sampling [121] and metadynamics [66] can alleviate this issue.

The proposed algorithm,tm-mmap, combinesmmapwith the enhanced sampling. Its output

is the committor function that is processed via the transition path theory to obtain the reac-

tive current and the transition rate between the metastable states of interest. In summary,

tm-mmapis a simple and customizable tool which expands the di�usion map framework to a

moderate number of user-de�ned collective variables and enhanced sampling for rare event

analysis in molecular dynamics.
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In Chapter 4 we validate tm-mmapon the Moro-Cardin two-well system with position-

dependent di�usion [84] and on alanine dipeptide with two dihedral angles in vacuum. Here

metadynamics [66] is used for enhanced sampling, though our method could easily work in

conjunction with other enhanced sampling approaches. We compare thetm-mmapcommittor,

the reactive current, and the transition rate to those computed using the �nite element

method and show that thetm-mmapcommittors and rates are robust with respect to the

choice of the kernel bandwidth. Importantly, the kernel bandwidth values chosen from a

standard heuristic [9, 10, 34, 51] lead to near-optimal error for the committor on a variety

of subsampled datasets, in particular for spatially quasi-uniformly data.

Finally, in Chapter 5 we apply tm-mmapto alanine dipeptide with four dihedral angles in

vacuum and demonstrate its ability to facilitate the quanti�cation of the transition process

between the C7eq and C7ax metastable states in 4D. Moreover, the transition rate com-

puted for this transition using tm-mmapis in good agreement with the estimate obtained by

simulating a very long unbiased trajectory in [130].

In order to quantify rare transitions between metastable regions using the TPT frame-

work, one needs to approximate the generator of the process within the reactive channels

and solve the committor boundary value problem (2.23). Hence, it is necessary to collect

data there. This is typically done usingenhanced sampling: sampling an auxiliary dynamics

where rare events are no longer rare. Di�usion maps is a powerful but sampling-dependent

method, and enhanced sampling techniques are needed to fuse the algorithm with mean-

ingful study of rare events in molecular simulations. One natural solution is to choose a

distribution that is easier to sample, e.g from a higher temperature system [1, 113] or from a

��at" energy landscape, [133] and then reweight to atarget measure� (x): This reweighting

is the idea of importance samplingfor Monte Carlo integration, and also the foundation
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Figure 3.1: Three di�erent sampling methods for a 10ns trajectory of
alanine dipeptide in vacuum subsampled to have105 data points, with (left)
room temperature (300 K) sampling, (middle) high temperature (500K)
sampling, (right) metadynamics sampling. The metastable sets C7eq and
C7ax are denoted by black and green circles respectively.

of umbrella sampling, [121] one of the oldest enhanced sampling methods. More advanced

techniques such as metadynamics [66] bias the dynamics during the course of the simulation

and can greatly accelerate sampling, see Figure 3.1. The middle �gure (sampling at high

temperature) illustrates that even if rare transitions occur during a simulation, the timestep

of the sampling may not be small enough to capture the transition, and more care needs to

be taken to sample transitions, e.g by using an adaptive biasing potential as shown in the

right �gure.

3.5.2 Target Measure Di�usion Map

The target measure di�usion map algorithm [3] (tm-dmap) modi�es the right normalization

of the kernel to incorporate a user-provided target measure� (x): The target measure does

not need to be normalized and it can be given in the form of a vectorf � (x i )gN
i =1 de�ned

on the dataset. The dataset itself has a sampling density� (x) (not necessarily known)

which tm-dmapreweights to replace with� (x): The generator approximated bytm-dmap
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corresponds to the overdamped Langevin dynamics

dx = �r F (x)dt +
p

2� � 1dw (3.55)

with stationary distribution � (x) = exp( � �F (x)); and is independent of the sampling den-

sity. For use in metastable systems in molecular dynamics, one can generate data from an

enhanced sampling procedure, run di�usion maps on the data, and reweight the results to a

provided target measure such as a speci�ed Gibbs density.

The tm-dmapmakes use of the kernel density estimate� � (x) using (3.8). The right-

normalized kernel is de�ned for a pair of data pointsx; y as

ktm� dmap
�;� (x; y) :=

e� kx � y k2

2� � 1=2(y)
� � (y)

: (3.56)

In the denominator, the power1 of the sampling density estimate leads to its complete

cancellation in the order� term in a calculation similar to (3.11)�(3.12). In the numerator,

the power 1=2 of the target measure� results in the order � term being � f + r f � log�

which is �= 2 times the generator for (3.55).

Before proceeding, we note thattm-dmapgeneralizes di�usion maps: if we construct the

target measure from the kernel matrix by setting� = � 2(� � 1)
� ; the algorithm is just dmap

with density tuning parameter �:

3.5.3 Proposed methodology: the target-measure Mahalanobis di�usion maps

algorithm

An important limitation of the target measure di�usion map (tm-dmap) [3, 124] is that it only

approximates generators that are relevant for gradient �ows (3.55). Thetm-dmapalgorithm
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utilizes the user-input target measure, but not dynamical properties of the data. Note that

the invariant measure for the dynamics in collective variables (2.11) with position-dependent

di�usion tensor is the same as for the overdamped Langevin dynamics (3.55):exp(� �F ).

Position-dependent di�usion is essential in dynamical models for collective variables,

tracing back to Kramer's model for di�usive barrier crossing. [64] This di�usion naturally

arises from the coupling of collective variables to the solvent [58, 115] and heavily in�uences

the reaction pathway and reaction coordinate in problems such as protein folding [12] and

membrane permeation [107].

In Section 3.3 we proved that the Mahalanobis di�usion map algorithm (mmap) approx-

imates the generator for the overdamped Langevin dynamics in collective variables (2.15)

with O(� ) accuracy. We applymmapto collective variable data of MD simulations of Lennard-

Jones-7 in 2D in 5 and of the transition between metastable states C7eq and C5 of alanine

dipeptide in vacuum in 4. Importantly, we were not able to applymmapto the transition

C7eq�C7ax in alanine dipeptide because of the lack of data in the transition region sampled

from the invariant density required for mmap.

The mmapalgorithm uses the Mahalanobis kernel introduced by Singer and Coifman [108]

kmmap
� (x; y) = exp

�
�

(x � y)> [M � 1(x) + M � 1(y)](x � y)
4�

�
; (3.57)

where eachM (x) is a user-inputd � d symmetric positive-de�nite matrix considered as the

di�usion matrix for data point x: The di�erence between each component ofx and y is

normalized by the corresponding variance and re�ects the di�culty to deviate along each

direction. Therefore, the Mahalanobis kernel (3.57) is a decaying exponential of Mahalanobis

distance squared, and is designed to account for anisotropy of the di�usion process the data
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is coming from.

An important di�erence between the cases considered in [108] and our work in Section 3.3

is that the di�usion matrix M (x) in [108] is of the formJJ> (x) whereJ is the Jacobian matrix

for some di�eomorphism, while we have omitted this requirement. Indeed, the di�usion

tensors computed using restrained dynamics and averaging [74] are not of the formJJ> (x)

(see Section 3.3.)

In this section, we extend the results of Section 3.3 to the target measure di�usion

map resulting in the target measure Mahalanobis di�usion mapalgorithm, abbreviated as

tm-mmap. The key modi�cation in tm-mmapin comparison with tm-dmapis that the right-

normalized kernel function (3.14) is changed to

ktm� mmap
�;� (x; y) = kmmap

� (x; y)
� (y)1=2jM (y)j � 1=4

� � (y)
; (3.58)

where k� is the Mahalanobis kernel (3.57),jM (y)j denotes the determinant ofM (x) and

� � (x) is de�ned as (3.7) with c� (x) := (2 �� )d=2jM j1=2(x): The tm-mmapalgorithm written out

in the panel Algorithm 2 follows the steps oftm-dmap[3].

3.5.4 Transition Path Theory in collective variables with di�usion maps

To obtain the committor, we solve the matrix equation

[L �;� q]i = 0; x i 2 
 n(A [ B); (3.59)

[q]i = 0; x i 2 A;

[q]i = 1; x i 2 B:
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Algorithm 2: Target Measure Mahalanobis Di�usion Map (tm-mmap)

Input: data X = f x i gN
i =1 , di�usion matrices f M (x i )gN

i =1 bandwidth � , target
measure� (x i )

Output: Generator matrix L �;�

Construct kernel from (3.57), estimate sampling density
1 [K � ]i;j = kmmap

� (x i ; x j ); i; j = 1; : : : ; N
2 ci = (2 �� )d=2jM i j1=2; i = 1; : : : ; N

3 [p� ]i =
1

Nci

X

j

[K � ]ij ; i = 1; : : : ; N

Right normalize the kernel
4 D � = diagf [p� ]1; : : : ; [p� ]N g

5 U = diagf
�
� jM j � 1=2(x1)

� 1=2
; : : : ;

�
� jM j1=2(xN )

� 1=2
g

6 K �;� := K � UD � 1
�

Left normalize the kernel

7 [p�;� ]i =
NX

j =1

[K �;� ]ij ; i = 1; : : : ; N

8 D �;� = diagf [p�;� ]1; : : : ; [p�;� ]N g
9 P�;� := D � 1

�;� K �;�

Construct generator

10 L �;� =
P�;� � I

�

The matrix in (3.59) is sparsi�ed � see Section 3.6.2 � allowing for the use of sparse linear

algebra solvers.

SinceL �;� approximates the generatorL for the overdamped Langevin dynamics in collec-

tive variables from (2.11), the solution to (3.59) converges to the solution to the corresponding

committor problem (2.23) whereL is given by (2.15). Once the committor is found, one can

calculate the probability density of reactive trajectories, the reactive current on the data,

and the transition rate.

To compute the reactive current, we need an estimate for the target density� (x) :=

Z � 1� (x); with Z =
R

Rd � (x)dx: If we don't have access toZ; we can estimate this with the
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kernel density estimatep� from (3.8). Namely, we estimateZ via Monte Carlo integration

with kernel reweighting as

Z � :=
1
N

NX

i =1

� (x i )
[p� ]i

(3.60)

as for su�ciently large N and small � we have

Z � �
Z

Rd

� (x)
� (x)

� (x)dx = Z:

Then the discrete reactive current and the transition rate can be calculated directly on

the point cloud without meshing it, as described in Section 3.4. The formulas for the reactive

current (2.24) and the transition rate (2.26) include the termM r q. The key observation

facilitating this calculation [89] is that for any two functions g1 and g2 and the generator

(2.16) for SDE (2.11) we have:

L �;� (g1g2) � g1L �;� g2 � g2L �;� g1 =
2
�

r g>
1 M r g2: (3.61)

On the other hand, using Monte Carlo integration and simple algebra, recalling thatL �;�

approximates �
2 L , we obtain:

r g>
1 M r g2 �

NX

j =1

[L �;� ]ij ([g1]i � [g1]j )([g2]i � [g2]j ): (3.62)

The discrete reactive currentĴ � 2 Rd� N is obtained using (2.24), (3.60), and (3.83) with

[g1] = [ x]l , the lth entry of x, and [g2] = [ q]:

[Ĵ � ]i;l :=
� (x i )
�Z �

NX

j =1

[L � ]ij ([q� ]i � [q� ]j )(x i;l � x j;l ): (3.63)



71

Here, [Ĵ � ]i;l denotes thelth component of the current at x i , and x i;l is the lth entry of x i ,

1 � l � d, 1 � i � N .

The reaction rate �̂ AB is estimated using (2.26), (3.60), and (3.83) with[g1] = [ g2] = [ q]:

�̂ AB =
1

jI AB j

X

i 2 I AB

NX

j =1

[L � ]ij ([q� ]i � [q� ]j )2 � (x i )
Z � [p� ]i

(3.64)

whereI AB = f i : x i 2 
 n(A [ B)g.

3.5.5 Metadynamics

For enhanced sampling we utilize the well-tempered metadynamics algorithm (WTMETAD). [4]

WTMETAD is an adaptive enhanced sampling algorithm which updates the potential of the

simulation as the trajectory progresses. At thenth biasing step, the existing bias at the

current location xn is contributed to the bias term

Vn (x) = Vn� 1(x) +
h
he� (x � xn )> � � 1 (x� xn )

ih
e� �


 � 1 Vn � 1 (xn )
i

(3.65)

for the nth biasing step. The bias function parameters are the height of the biasing kernel

h; the covariance matrix � , and the biasing factor
: Usually, the covariance is chosen to

be a diagonal matrix � = diag(� 1; : : : ; � d) where � j , 1 � j � d are based on the unbiased

CV �uctuations. The well-temperedvariant of metadynamics is distinguished by the factor

exp
�

� �

 � 1Vn� 1(xn )

�
which scales the Gaussian biases. In the limit
 ! 1; the well-tempered

term tends to 0 and there is no biasing, while for
 ! 1 we have the well-tempered term

tending to 1 and recover the usual metadynamics algorithm. The user also chooses a timestep

tbias = nbias� t; where� t is the timestep of the simulation. As the simulation runs, the height

of the deposited Gaussian bumps decreases. As a result, the total biasing potential becomes
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less rugged as the metadynamics run progresses. Moreover, it converges to� (1 � 1

 )F (x);

particularly the negative of the free energy as
 ! 1 . Hence, in the long run, metadynamics

�attens out the free energy and with large
 will �ll its level sets uniformly with samples.

We utilize well-tempered metadynamics because of its convergence guarantees [33, 48, 128]

and its improved reweighting over the standard metadynamics [120].

3.5.6 Obtaining the free energy and di�usion matrix in high dimensions

Besides the dataset,tm-mmaprequires the target measure and the di�usion matrix evaluated

at the data points. The evaluation of the di�usion matrix is computationally demanding but

straightforward using local restrained simulations [74], see Section 3.5.6. The evaluation of

the target measure if it is not known a priori is less straightforward. We propose a method

for estimating the target measure� = exp( � �F (x)) in high dimensions that works with

any standard enhanced sampling algorithm with known biasing potential. This method is

inspired by [120].

Suppose that an enhanced sampling algorithm samples from the Gibbs density

� (x) / e� � (F (x)+ U(x)) ;

where U is a known bias potential, while F (x) is the unknown free energy. The desired

target measure is� (x) = exp( � �F (x)): We approximate the sampling density� (x) by � � (x)

given by (3.8) and obtain the following estimate for the target measure:

� (x) � � � (x) exp(�U (x)): (3.66)
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3.5.7 Preparing the dataset

A remarkable property of tm-mmapis that it allows for the use of input data distributed

according to an arbitrary measure� provided the target measure� is absolutely continuous

with respect to � . In practice, this means that the data points should cover all regions where

the target measure� is above a certain threshold which should be strictly smaller than the

value of the target measure at the transition state. Therefore,tm-mmapenables us not only

to generate data points using any enhanced sampling algorithm but also post-process them

as we see �t. In this work, we used two enhanced sampling algorithms to generate data:

temperature acceleration and well-tempered metadynamics (see Section 3.5.5). We generated

long trajectories using these enhanced sampling algorithms and then post-processed them

to leave roughlyN = 104 points as follows:

ˆ Trajectory data generated using temperature acceleration were subsampled uniformly

in time.

ˆ Trajectory data generated by well-tempered metadynamics were subsampled

� uniform in time

� quasi-uniform in space resulting in the so-calleddelta-net. [31]

We compare the performance oftm-mmapon these three types of datasets and show that the

the delta-net data leads to the most accurate and the most robust results. The construction

of the delta-net is detailed in Algorithm 3.
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Algorithm 3: Delta-net [31]

Input: data X = f x i gN
i =1 , spatial parameter�

Output: delta-net Z
1 Choose initial ordering of the data setf x i gN

i =1 :
2 Initialize � -net asZ = f x1g
3 for i = 2 to N do
4 if minz2 Z d(x i ; z) > � then
5 Z := Z [ f x i g
6 end
7 end
8 (Optional) Prune the delta-net for isolated points
9 for z 2 Z do

10 if minz02 Z d(z0; z) > 2� then
11 Z := Znf zg
12 end
13 end

3.5.8 Theoretical results for target measure Mahalanobis di�usion maps

We now state our main result fortm-mmap, following closely the result formmapin Corol-

lary 2. Suppose that we have a sampling procedure that allows us to generate a dataset

f x i gN
i =1 of any sizeN distributed according to an arbitrary measure� (x) with the prop-

erty that the target measure � (x) is absolutely continuous with respect to� . This means

� (A) = 0 implies that � (A) = 0 for any measurable setA. The main theoretical result for

tm-mmapis that Algorithm 2 constructs an approximation to the generatorL (2.15) for the

overdamped Langevin dynamics in collective variables(2.11). The result essentially states

that the following limit takes place for all x i , 1 � i � N , that have enough neighbors in their

neighborhoods of radius� 3
p

� :

lim
� ! 0

lim
N !1

[L �;� [f ]]i = lim
� ! 0

[L �;� f ](x i ) =
�
2

[L f ](x i ); (3.67)
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where[f ] = [ f (x j )]N
j =1 , the matrix operator L �;� is constructed according to Algorithm 2, the

integral operator L �;� is the continuous counterpart ofL �;� , and L is the generator (2.15).

The limit

lim
N !1

[L �;� [f ]]i = [ L �;� f ](x i )

follows from the law of large numbers. Indeed,

[L �;� [f ]]i =
[P�;� [f ]]i � [f ]i

�

=
1
�

 P N
j =1 [K �;� ]ij [f ]j

P N
j =1 [K �;� ]ij

� [f ]i

!

!
1
�

 R

 ktm� mmap

�;� (x i ; y)� (y)f (y)dy
R


 ktm� mmap
�;� (x i ; y)� (y)dy

� f (x i )

!

=: [ L �;� f ](x i ):

The limit � ! 0 is established as a result of a tedious calculation consisting of two stages.

First, a Taylor expansion in � for the integrals of the form

Z



kmmap

� (x; y)f (y)dy

is computed. This is done in Lemma 4 in Section 3.8. Second, a calculation similar to

(3.11)�(3.13) is conducted � see Theorem 2 in Section 3.8.

The kernel density estimator is the same as formmap, derived from the kernel expan-

sion in Lemma 4 as

� � (x) :=
1

c� (x)

Z



k� (x; y)� (y)dy; (3.68)
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where

c� (x) :=
Z



k� (x; y)dy =(2 �� )d=2jM j1=2(x): (3.69)

The corresponding integral operator to the right-normalized kernelktm� mmap
�;� is de�ned as:

K �;� f (x) :=
Z



ktm� mmap

�;� (x; y)f (y)� (y)dy: (3.70)

The Markov operator or the left-normalized kernel operator is:

P�;� f (x) :=
K �;� f (x)
K �;� 1(x)

; (3.71)

where1(x) � 1 for all x 2 
 : Finally, the generator operator is de�ned as:

L �;� f (x) :=
1
�

(P�;� f (x) � f (x)) : (3.72)

Our goal is to evaluate the limit as� ! 0:

lim
� ! 0

L �;� f (x): (3.73)

Theorem 3. Suppose a manifold
 and a di�usion matrix M (x) : 
 ! Rd� d satisfy assump-

tions 2 and 3 respectively. Suppose we have a target measure, i.e., a nonnegative function

� : 
 ! R, � 2 C4(
) , such that
R


 �dx < 1 . Suppose� (x) is absolutely continuous with

respect to the sampling density� (x); and takes the form of a Gibbs measure� (x) = e� �F (x) .

Then for function f : 
 ! R satisfying assumption 4, the limit(3.73) for the operator L �;�
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constructed according to(3.58), (3.68), (3.70), (3.71), and (3.72) is

lim
� ! 0

L �;� f (x) =
�
2

L f (x) 8x 2 
 ; (3.74)

where

L f =
�
� M r F + � � 1 (r � M )

� >
r f + � � 1tr [M rr f ] (3.75)

is the generator for the SDE

dxt =
�

� M (x t )r F (x t ) + � � 1r � M (x t )
�
dt +

p
2� � 1M 1=2(x t )dwt : (3.76)

3.6 Practical considerations

3.6.1 Choosing �

In practice, the limit � ! 0 cannot be taken for a �nite dataset. Instead, one generally

tries to choose� as small as possible without making the corresponding generator matrix

L �;� reducible. We note that many heuristics exist for choosing the scaling parameter� in

di�usion maps, relating back to bandwidth selection in kernel density estimation [72]. For

this work, we choose the method of Berry, Harlim and Giannakis [9, 10, 34, 51] which we

refer to as theKsum test.

The idea for the heuristic is to �nd the range of� where the asymptotic results of di�usion

maps hold true for the given dataset. We �nd this range by analyzing the double sum

S(� ) :=
1

N 2

NX

i =1

NX

j =1

[K � ]ij



78

over a range of� values. Here,[K � ]ij = k� (x i ; x j ) wherek� is the Mahalanobis kernel (3.57).

For large N , the intermediate asymptotic forS(� ) is [10, 27]

S(� ) �
Z


 2
k� (x; y)dxdy � C� d=2

whereC is a constant. Note thatC depends on the distance function in the kernel and the

volume of 
 that is assumed to be �nite, but is independent of� . Hence,

logS(� ) �
d
2

log� + log C: (3.77)

Therefore, if we plot logS(� ) against log� we should see a linear region of slope approx-

imately d
2 , where d is the dimension of the dataset. This region demarcates the range of

suitable values of� [9, 10, 34, 51]. On the other hand, if� is large, [K � ]ij � 1 for all i; j;

and henceS(� ) ! 1 as � ! 1 . For small �; [K � ]ij � 0 for all i; j , i 6= j , and [K � ]ii = 1.

Therefore,S(� ) ! N � 1 as� ! 0: Hence, the slope of the graph oflogS(� ) versuslog� should

tend to zero as� ! 0 and as� ! 1 . Therefore, the Ksum test suggests to choose the value

of � corresponding to the maximal slope of this graph.

For practical calculation, it is useful to note that

@logS(� )
@log�

=
@S(� )

@�
d�

d log �

S(� )
= �

P
i

P
j [K � ]ij log[K � ]ij

P
i

P
j [K � ]ij

: (3.78)

The procedure for choosing a good bandwidth� � is outlined in Algorithm 4.
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Algorithm 4: Kernel Double Sum Test [9, 10, 34, 51]

Input: data X = f x i gN
i =1 , di�usion matrices f M (x i )gN

i =1 ; target measure�
Output: bandwidth � �

1 Choose a range of epsilon valuesE, for example� i = 2 i ; i = � 20; � 19; : : : ; 9; 10
2 for � in E do
3 Compute the kernel[K � ]
4 Compute @log S(� )

@log � according to (3.78)
5 end
6 Choose� � = argmax

�

@log S(� )
@log � :

3.6.2 Di�usion map implementation

The approximation error for di�usion maps scales asO(N � 1=2) whereN is the number of data

points. On the other hand, the kernel matrix is dense as the exponential function in the kernel

function is always positive, though exponentially decaying. Therefore, it is important to

utilize a sparse approximation~K � for the kernel matrix. Typically practitioners will use a k-

nearest neighbors (KNN) approach or a radius-nearest neighbors (RNN) approach. We prefer

the RNN-based sparse approximation as it gives results consistent with our expectations even

if the choice of the bandwidth is poor and it does not require symmetrization of~K � . The

radius nearest neighbors approach uses

~k� (x; y) =

8
>><

>>:

k� (x; y); d(x; y) � r

0; otherwise
; (3.79)

whered(x; y) is the distance used in the kernel andr is typically chosen to be3
p

� .

To implement tm-mmapwhere data pointsx; y are on a torus (such as for dihedral angles),

we compute the Mahalanobis kernel (3.57) accounting for the periodic boundary conditions
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in computing the distance vectorx � y.

3.7 Proof of Theorem 1

We will need two auxiliary lemmas. The �rst lemma gives a necessary condition for a

matrix-function to be Jacobian.

Lemma 1. Let z = f (x) be a twice continuously di�erentiable coordinate changef : Rd ! Rd

with Jacobian matrix

J(x) =

2

6
6
6
6
4

@f1
@x1

� � � @f1
@xd

...
...

@fd
@x1

� � � @fd
@xd

3

7
7
7
7
5

: (3.80)

Then, the entries ofJ satisfy

@Jij

@xk
=

@Jik

@xj
81 � i; j; k � d; j 6= k: (3.81)

Proof. Indeed, the left and right-hand side of (3.81) are the mixed partials that are equal as

they are continuous:
@Jij

@xk
=

@2f i

@xk@xj
=

@2f i

@xj @xk
=

@Jik

@xj
:

The second lemma shows that any decompositionM = AA > of a symmetric positive

de�nite matrix relates to M 1=2 via an orthogonal transformation.

Lemma 2. Let M be a symmetric positive de�nite matrix, andA be any matrix such that

M = AA > . Then, there exists an orthogonal transformationO such thatA = M 1=2O.
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Proof. We have:

M = M 1=2M 1=2 = AA > :

Multiplying this identity by M � 1=2 on the right and on the left we get:

I = M � 1=2AA > M � 1=2 = M � 1=2A
�
M � 1=2A

� >
:

HenceO := M � 1=2A is orthogonal. Therefore,A = M 1=2O as desired.

Proof. (Proof of Theorem 1.) First we prove that (3.34)is necessary for the existence of

decomposition(3.32). We observe thatM 1=2(x; y) = m(x; y)I 2� 2 is a Jacobian of a vector-

function f : 
 ! R2 if and only if m(x; y) is constant. Indeed, condition (3.81) applied to

M 1=2(x; y) = m(x; y)I 2� 2 reduces tomy = 0 and mx = 0. Note that any constant function

is harmonic.

Suppose thatm(x; y) is not constant. In this case, by Lemma 2, ifM admits decompo-

sition (3.32) then J(x; y) must be of the formM 1=2(x; y)O(x; y) for some orthogonal matrix

O(x; y). There are two families of orthogonal2 � 2 matrix functions:

O(x; y) =

2

6
4

cos� (x; y) sin � (x; y)

� sin� (x; y) cos� (x; y)

3

7
5 and O(x; y) =

2

6
4

cos� (x; y) sin � (x; y)

sin� (x; y) � cos� (x; y)

3

7
5 :

(3.82)

Hence,M 1=2(x; y)O(x; y) is of the form

m(x; y)

2

6
4

cos� (x; y) sin � (x; y)

� sin� (x; y) cos� (x; y)

3

7
5 or m(x; y)

2

6
4

cos� (x; y) sin � (x; y)

sin� (x; y) � cos� (x; y)

3

7
5 :
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Condition (3.81) applied to M 1=2(x; y)O(x; y) requires the following equalities to hold:

@
@y

(m cos� ) =
@

@x
(m sin� ) ;

@
@y

(m sin� ) = �
@

@x
(m cos� ) :

Performing di�erentiation, we get:

my cos� � m� y sin� = mx sin� + m� x cos�

my sin� + m� y cos� = � (mx cos� � m� x sin� )

Regrouping the terms, we obtain:

my cos� � mx sin� = m [� x cos� + � y sin� ] (3.83)

� my sin� � mx cos� = m (� y cos� � � x sin� ) : (3.84)

The last set of identities can be rewritten in a matrix form:

2

6
4

cos� sin�

� sin� cos�

3

7
5

2

6
4

my

� mx

3

7
5 = m

2

6
4

cos� sin�

� sin� cos�

3

7
5

2

6
4

� x

� y

3

7
5 (3.85)

The matrix in (3.85) is orthogonal. Hence, multiplying (3.85) by its transpose we get:

my

m
� [logm]y = � x ; �

mx

m
� � [logm]x = � y: (3.86)
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The fact that the mixed partials of � must be equal, implies that

[logm]xx + [log m]yy = 0: (3.87)

This completes the proof that (3.34) is necessary for the existence of decomposition (3.32).

Next, we prove that (3.34) is su�cient for the existence of decomposition(3.32) if 


is simply connected.This immediately follows from the theorem of calculus saying that if

the components of a two-dimensional continuously di�erentiable vector �eld[p; q]> satisfy

py = qx in a simply connected domain
 then this vector �eld is conservative. Indeed, we

de�ne the vector �eld [p; q]> by p = [log m]y and q = � [logm]x . This vector �eld satis�es

the condition py = qx as logm is harmonic. We choose a point(x0; y0) 2 
 , �x it, and for

any other point (x; y) 2 
 choose a path
 � 
 from (x0; y0) to (x; y) and integrate the

vector �eld (p; q) along it (see the integral in the right-hand side of equation (3.89) below).

We claim that the value of this integral is independent of the path
 from (x0; y0) to (x; y).

Indeed, if 
 0 is some other path connecting these points, then we de�ne a closed contour by

reversing the path
 0 and apply Green's theorem

I

C
pdx + qdy=

ZZ

U
(py � qx )dxdy; (3.88)

whereU is the region bounded by the simple closed contourC. Sincepy � qx is identically

zero, the contour integral also must be zero. If the contour formed by the paths
 and

the reverse of
 0 is self-intersecting, we apply Green's theorem to all simple closed contours

formed by these paths. Therefore, we can de�ne a function� (x; y) by

� (x; y) =
Z



[logm]ydx � [logm]xdy (3.89)
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where
 � 
 is any path from (x0; y0) to (x; y) set J(x; y) = m(x; y)O(x; y) whereO(x; y) is

any orthogonal matrix function of the form (3.82) with � de�ned by (3.89).

Finally, we show that if 
 is not simply connected, the condition(3.34) is not su�cient

for the existence of decomposition(3.32). We adapt the famous counterexample of a non-

conservative vector �eld. Consider the vector �eld

2

6
4

p

q

3

7
5 =

a
x2 + y2

2

6
4

� y

x

3

7
5 ; (3.90)

wherea 6= 0 is a constant, with the property that py = qx . It is smooth in R2nf (0; 0)g. Let

m(x; y) =
�
x2 + y2

� � a=2
: (3.91)

It is easy to check that [logm]y = p and � [logm]x = q and hencelogm is harmonic ev-

erywhere except for the origin. Let us choose� (x; y) satisfying � x = p and � y = q to be1

� (x; y) =

8
>>>>>><

>>>>>>:

aarctan (y=x) ; x > 0

�a
2 ; x = 0

�a + aarctan (y=x) ; x < 0

(3.92)

The function � is smooth everywhere except for the origin and the negativey-axis. It has a

jump discontinuity of size 2�a along the negativey-axis. If a =2 Z, the functions sin� and

cos� will be discontinuous along the negativey-axis. Hence decomposition (3.32) does not

exist.
1Acknowledgement of lecture notes by E. L. Lady:

http://www.math.hawaii.edu/ � lee/calculus/potential.pdf
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Remark. However, ifa 2 Z in (3.91), the orthogonal matrices(3.82) with � given by(3.92)

are smooth everywhere except for the origin. In particular, ifa = 1, we have:

1
p

x2 + y2

2

6
4

x y

� y x

3

7
5 and

1
p

x2 + y2

2

6
4

x y

y � x

3

7
5 (3.93)

3.8 Proof of Theorem 2

We �x r � 0, x 2 Rd, and a symmetric positive de�nite matrix A 2 Rd� d. Then Br (x; A)

denotes the ellipsoid

Br (x; A) := f y 2 Rd j (y � x)> A(y � x) � r 2g:

The proof of Theorem 2 includes two technical lemmas.

Lemma 3. Let x 2 Rd be �xed, � (x+ a) be a function that grows not faster than a polynomial

as kak ! 1 , and A be a positive de�nite matrix. Then, for all small enough� > 0 and any

� 2 (0; 1=2), we have:

I :=

�
�
�
�

Z

Rd nB� � (x;A )
e� 1

2� (y� x)> A(y� x) � (y)dy

�
�
�
� � � d=2p(� 2� � 1)e� � 2� � 1

2 ; (3.94)

wherep is a polynomial.
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Proof. We implement two variable changes. First we introducez := � � 1=2A1=2(y � x) and

then switch to spherical coordinates inRd. We calculate:

I =

�
�
�
�

Z

Rd nB� � (x;A )
e� 1

2� (y� x)> A(y� x) � (y)dy

�
�
�
�

=

�
�
�
�
�

Z

Rd nB� 2� � 1 (0;I )
e� 1

2 kzk2
� (x +

p
�A � 1=2z)� d=2jAj � 1=2dz

�
�
�
�
�

Note that 2� � 1 < 0, hence� 2� � 1 ! 1 as � ! 0. Further, since � (x + a) grows not faster

than a polynomial askak ! 1 , there are constantsC1 and C2 and a positive integerk such

that
�
� � (x +

p
�A � 1=2z)

�
� � C1 +

p
�C 2� max (A � 1=2)kzkk :

Therefore, aiming at switching to spherical coordinates inRd, we write:

�
�kzkd� 1

�
� (x) +

p
�A � 1=2z

� �
� � C1kzkd� 1 +

p
�C 2� max (A � 1=2)kzkk+ d� 1 � Ckzkm ;

whereC is some constant, andm is the smallest odd integer greater or equal tok + d � 1.

Finally, switching to spherical coordinates and denoting the surface of the(d� 1)-dimensional

unit sphere by jSd� 1j, we derive the desired estimate:

I �
C� d=2jSd� 1j

jAj1=2

Z 1

� � � 1=2

e� r 2

2 r mdr

=
C� d=2jSd� 1j

jAj1=2

Z 1

� 2� � 1
2

e� t t
m � 1

2 dt

= � d=2p(� 2� � 1)e� � 2� � 1

2 ;
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where the polynomialp is obtained from integrating by parts(m � 1)=2 times and multiplying

the result by CjAj � 1=2.

Lemma 4. Let G� be an integral operator de�ned by

G� f (x) =
Z

Rd
e� 1

4� (x� y)> [M � 1 (x)+ M � 1 (y)]( x� y) f (y)dy; (3.95)

where the matrix functionM and the scalar functionf satisfy Assumption 3.

Then

G� f (x) = c�

�
f + �

�
1
2

�
jM j � 1=2r � (jM j1=2M r f )

�
� f !

�
+ O(� 2)

�
; (3.96)

wherec� (x) := (2 �� )d=2jM j1=2(x) from (3.6), and the function! : 
 ! R is an O(1) function

that depends onM � 1(x) and the �rst and second derivatives at of its entries evaluated atx.

Proof. The proof utilizes the Taylor expansionf (x + z) around f (x):

f (x + z) = f (x) + r f (x)> z +
1
2

z> rr f (x)z + p3(z) + p4(z); (3.97)

wherep3(z) is a homogeneous third degree polynomial inz, and p4(z) is O(z4).

We further need the Taylor expansion ofM � 1(x + z) around x: Let ~M � M � 1 and

~M (y) = ~M (x) + r ~M (x)(y � x) + r2(x; y � x) + r3(x; y � x) + O(ky � xk4); (3.98)

wherer ~M (x)(y � x) is a matrix with entries

�
r ~M (x)(y � x)

�

ij
= r ~M >

ij (y � x);
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and r2(x; z) and r3(x; z) are the matrices whose entries are the second and third-order terms

in Taylor expansions of ~M ij .

To establish (3.96), we will need to integrate the products of each of these terms with

the Mahalanobis kernel

k� (x; y) = e� 1
4� (x� y)> [ ~M (x)+ ~M (y)]( x� y) : (3.99)

First we eliminate the dependence of the matrix~M on the integration variable y in the

exponent by using Taylor expansions. Letz := y � x and %be the residual in the expansion

(3.98):

%(x; x + z) := ~M (x + z) �
n

~M (x) + r ~M (x)z + r2(x; z) + r3(x; z)
o

= O(kzk4):

Then

e� ( y � x ) > [ ~M ( x )+ ~M ( y )]( y � x )
4� = e� z> ~M ( x ) z

2� e� z> [r ~M ( x ) z+ r 2 ( x ;z )+ r 3 ( x ;z )+ %( x;y )] z
4� : (3.100)

The Taylor series forexp(� t) converges onR. Hence, expanding the second exponent in

(3.100) we get:

e� z> [r ~M ( x ) z+ r 2 ( z )+ r 3 ( z )+ %( x;y )] z
4�

=1 �
1
4�

�
z> [r ~M (x)z + r2(x; z) + r3(x; z) + %(x; y)]z

�

+
1

32� 2

�
z> [r ~M (x)z + r2(x; z) + r3(x; z) + %(x; y)]z

� 2
� : : :

+
(� 1)k

k!(4� )k

�
z> [r ~M (x)z + r2(x; z) + r3(x; z) + %(x; y)]z

� k
+ : : : :
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Second, we will split the integral of each term in (3.97) multiplied byk� (x; y) into the

sum
Z

Rd
=

Z

Bx;� �

+
Z

Rd nBx;� �

where Bx;� � denotes the ellipseB� � (x; ~M ) and � 2 (0; 1=2) is �xed. Where appropriate, we

will apply Lemma 3 to the integral overRdnBx;� � . We will need the following ingredients.

Integral 1 :

Z

Bx;� �

k� (x; y)dy (3.101)

=
Z

B0;� �

e� z> ~M ( x ) z
2�

�
1 �

1
4�

�
z> [r ~M (x)z + r2(x; z) + r3(x; z) + O(kzk4)]z

�

+
1

32� 2

�
z> [r ~M (x)z + r2(x; z) + r3(x; z) + � (x; y)]z

� 2
� : : :

+
(� 1)k

k!(4� )k

�
z> [r ~M (x)z + r2(x; z) + r3(x; z) + � (x; y)]z

� k
+ : : :

�
dz:

We will tackle this integral term-by-term. For brevity, we will omit the argument (x) of ~M .

From Lemma 3,
Z

B0;� �

e� z> ~Mz
2� dz = c� (1 + � 1(� )) ;
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where� 1(� ) decays exponentially fast as� ! 0. Further,

Z

B0;� �

e� z> ~Mz
2�

�
z> [r ~Mz]z

� 2k+1

(4� )2k+1
dz = 0; k = 0; 1; 2; : : : ;

Z

B0;� �

e� z> ~Mz
2�

�
z> [r ~Mz]z

� 2k

(4� )2k
dz = c� (x)O

�
� k

�
; k = 1; 2; : : : ;

Z

B0;� �

e� z> ~Mz
2�

�
z> r2(x; z)z

� k

(4� )k
dz = c� (x)O

�
� 2k� 1

�
; k = 1; 2; : : : ;

Z

B0;� �

e� z> ~Mz
2�

�
z> [r ~Mz]z

� 2k
z> r2(x; z)z

(4� )2k+1
dz = c� (x)O

�
� k+1

�
; k = 1; 2; : : : :

The rest of the integrals originating from (3.101) will be either zero orO(� d=2� k) for some

k > 2. Putting the integrals together and organizing them according to the order in powers

of � , we get:
Z

Bx;� �

k� (x; y)dy = c� (x)
�
1 � �! (x) + O(� 2)

�
; (3.102)

where

! (x) :=
1

c� (x)

Z

Rd
e� z> ~Mz

2�

2

6
4

z> r2(x; z)z
4� 2

�

�
z> [r ~Mz]z

� 2

32� 3

3

7
5 dz: (3.103)

Note that the value ! is of the order of 1. We have applied Lemma 3 to replace the integral

over Bx;� � with the one overRd.



91

Integral 2 :

Z

B0;� �

k� (x; x + z)zi dz

=
Z

B0;� �

e� z> ~Mz
2� zi

�
1 �

1
4�

�
z> [r ~Mz + r2(z) + r3(z) + O(kzk4)]z

�
+ : : :

�
dz

= c� (x)
�
� �! 1;i (x) + O(� 2)

�
; (3.104)

where, with the aid of Lemma 3,

! 1;i (x) :=
1

4� 2c� (x)

Z

Rd
e� z> ~Mz

2� zi

h
z> [r ~Mz]z

i
dz; 1 � i � d: (3.105)

For the following integral, we use the notationH (x) := rr f (x) as the Hessian matrix

for f evaluated atx:

Integral 3 :

Z

B0;� �

k� (x; x + z)z> Hzdz

=
Z

B0;� �

e� z> ~Mz
2� z> Hz

�
1 �

1
4�

�
z> [r ~M (x)z + r2(z) + r3(z) + O(kzk4)]z

� �
dz

= c� (x)
h
� tr( ~M � 1H ) + O(� 2)

i
: (3.106)

Using Integrals 1, 2, and 3, we calculate:

G� f (x) =
Z

Rd
e� z> [ ~M ( x )+ ~M ( x + z )] z

4� f (x + z)dz =
Z

B0;� �

[: : :]dz +
Z

Rd nB0;� �

[: : :]dz:

The second integral in the right-hand side decays exponentially as� ! 0 by Lemma 3.

Therefore, we will incorporate its value intoO(� 2) term below. We continue, omitting the
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argument x for brevity and recalling that ~M � 1 � M :

G� f =
Z

B0;� �

e� z> [ ~M ( x )+ ~M ( x + z )] z
2�

�
f + r f > z +

1
2

z> rr fz + : : :
�

dz +
Z

Rd nB0;� �

[: : :]dz (3.107)

= c�

�
f + �

�
�r f > ! 1 � f ! +

1
2

tr(M rr f )
�

+ O(� 2)
�

: (3.108)

Simplifying the ! 1 error term

We now proceed to simplify the! 1 term de�ned by (3.105). To compute the integral in

(3.105), we do the variable changet := � � 1=2 ~M 1=2z. Then

zi := � 1=2e>
i

~M � 1=2t; where ei is the standard unit vector:

The polynomial in the integrand in (3.105) resulting from this change is:

zi

h
z> [r ~M (x)z]z

i
= zi z>

"
dX

k=1

@~M
@xk

zk

#

z =
dX

k=1

zi z> @~M
@xk

zzk

= � 2
dX

k=1

e>
i

~M � 1=2tt > ~M � 1=2 @~M
@xk

~M � 1=2tt > ~M � 1=2ek : (3.109)

= � 2
dX

k=1

e>
i M 1=2tt > M 1=2 @M� 1

@xk
M 1=2tt > M 1=2ek : (3.110)

Let us introduce the notation

Rk := M 1=2 @M� 1

@xk
M 1=2: (3.111)
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Using the notation Rk introduced in (3.111) we get:

! 1;i (x) =
1

4(2� )d=2

dX

k=1

e>
i M 1=2

� Z

Rd
e� t 2

2 tt > Rk tt > dt
�

M 1=2ek : (3.112)

First we compute the integral in the square brackets in (3.112). This integral is ad � d

matrix, and its entries are:

(tt > Rk tt > ) ij =
dX

l=1

dX

m=1

t i t l [Rk ]lm tm t j :

Note that again we consider a Gaussian integral and that odd powers oft will result in zero,

so we can greatly simplify the computation by considering even powers oft:

Case i = j : Taking into account that in order to produce a nonzero integral, we must

have l = m in this case. Hence

Z

Rd
e� t 2

2 (tt > Rk tt > ) ii dt =
Z

Rd
e� t 2

2

dX

l=1

[Rk ]ll t2
l t2

i dt

= (2 � )d=2

 

3[Rk ]ii +
X

l6= i

Rll

!

= (2 � )d=2 (2[Rk ]ii + trRk) : (3.113)

Case i 6= j : In this case, to produce a nonzero integral, we must havel = i and m = j

or the other way around. Hence

Z

Rd
e� t 2

2 (tt > Rk tt > ) ii dt =
Z

Rd
e� t 2

2 [[Rk ]ij + [ Rk ]ji ] t2
i t2

j dt

= (2 � )d=2 ([Rk ]ij + [ Rk ]ji ) = (2 � )d=22[Rk ]ij (3.114)

as Rk is symmetric.
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Therefore, the integral in the square brackets in (3.112) is

(2� )d=2 (2Rk + I trRk) : (3.115)

Plugging this result into (3.112) and recalling (3.111) we obtain:

! 1;i (x) =
1
4

dX

k=1

e>
i M 1=2 [2Rk + I trRk ] M 1=2ek

=
1
2

dX

k=1

e>
i M

@M� 1

@xk
Mek +

1
4

dX

k=1

e>
i M trRek : (3.116)

Now we recall that
@M
@xk

= � M
@M� 1

@xk
M:

Using this formula, we get:

! 1;i (x) = �
1
2

dX

k=1

@Mik

@xk
+

1
4

dX

k=1

M ik trRk : (3.117)

It follows from Jacobi's formula for the derivative of the determinant that

tr
�

M 1=2 @M� 1

@xk
M 1=2

�
= tr

�
M

@M� 1

@xk

�
= jM j

@jM j � 1

@xk
=

@logjM j � 1

@xk
(3.118)

and hence

! 1(x) = �
1
2

r � M +
1
4

M r logjM j � 1 =
1
2

�
M r logjM � 1=2j � r � M

�
: (3.119)
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Returning back to the expansion from (3.107), we combine the trace term with the! 1

term from (3.119) so that

1
2

tr(M rr f ) � r f > ! 1 =
1
2

tr(M rr f ) +
1
2

h
� M r logjM � 1=2j + r � M

i >
r f

=
1
2

�
tr(M rr f )+

h
M r logjM 1=2j + r � M

i >
r f

�
:

We then make use of the vector calculus identity that for a matrix functionA and vector

function u; we have

r � (Ar u) = ( r � A)> r u + tr(Arr u):

Then, we can write the previous term in divergence form as

1
2

tr(M rr f ) � r f > ! 1 =
1
2

�
jM j � 1=2r � (jM j1=2M r f )

�
: (3.120)

Finally we can write

G� f = c�

�
f + �

�
1
2

�
jM j � 1=2r � (jM j1=2M r f )

�
� f !

�
+ O(� 2)

�
: (3.121)

Now we prove Theorem 2.

Proof. To carry out the proof of Theorem 2, we need to calculate the limit

lim
� ! 0

L �;� f (x) � lim
� ! 0

P�;� f (x) � f (x)
�

(3.122)
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for any �xed x 2 M . Central to the calculation of P�;� f (x) is the calculation of integrals

over M which is done by splitting each integral into the sum

Z

M
=

Z

Bx;� �

+
Z

MnB x;� �

;

where � 2 (0; 1=2) meaning that � � ! 0 as � ! 0. Since the manifoldM is either Rd or

Tk � Rd� k for some1 � k � d with the Euclidean metric within any open ball of radius

REuc (3.37), for the purpose of integration over it,M can be treated either asRd or as a

hyperstrip or a hyperbox in Rd (see Assumption 2). Therefore, if� is small enough so that

the whole ellipseBx;� � lies within a ball of radius REuc , for each integral with an integrand

satisfying the assumptions of Lemma 3 we have:

Z

M
=

Z

Bx;� �

+
Z

MnB x;� �

and

�
�
�
�
�

Z

MnB x;� �

�
�
�
�
�

�

�
�
�
�
�

Z

Rd nBx;� �

�
�
�
�
�
:

According to Lemma 3, this last integral overRdnBx;� � decays exponentially as� ! 0.

Therefore, the integrals overMnB x;� � do not a�ect the limit (3.122), i.e., (3.122) is completely

determined by the integrals over the ellipseBx;� � which are the same whetherM is Rd or

Tk � Rd� k provided that it satis�es Assumption 2. Hence, Lemma 4 remains valid for the

manifold M .

Notation : For simpli�cation we will utilize the notation � M (x) := � (x)jM j1=2(x) for the

remainder of the proof when applicable.

Further, we will use the notation Q(f ) := jM j � 1=2r � (jM j1=2M r f ) to substitute for the

corresponding di�erential operator in (3.96). Of particular use for theQ notation is the
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product rule, which is similar to the product rule for the Laplacian:

Q(fg ) = f Q(g) + gQ(f ) + 2 r f > M r g: (3.123)

We note that Q is the same form as the operator

� M (f ) := jM j1=2r � (jM j � 1=2M r f )

appearing in the expansion for (3.38), but with �ipped signs for the determinant. The

operator Q can be expressed in terms of� M with a correction term:

Q(f ) = jM j � 1=2r � (jM j1=2M r f )

= tr(M rr f ) + ( r � M )> r f + ( M r logjM j1=2)> r f

= tr(M rr f ) + ( r � M )> r f + ( M r logjM j � 1=2 � 2M r logjM j � 1=2)> r f

= jM j1=2r � (jM j � 1=2M r f ) + ( M r logjM j)> r f

= � M f + ( M r logjM j)> r f: (3.124)

The operator � M is formally the Laplacian with respect to metric tensorg := M � 1 and

follows the product rule (3.123), see the appendix in Section 7 for further discussion.

We will omit the argument x in the calculations within this proof to shorten expressions.

Lemma 4 implies that

� � (x) =
1

c� (x)

Z

M
k� (x; y)� (y)dy =

�
� + �

�
1
2

Q(� ) � �!
�

+ O(� 2)
�

: (3.125)
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Therefore,

� � �
� = � � �

�
1 � ��

h1
2

Q(� )
�

� !
i

+ O(� 2)
�

:

Since the right normalization for mmapuses the un-normalized kernel density estimation

c� (x)� (x) (corresponding to the kernel row sums in Algorithm 1) for the calculation of

K �;� f (x) we compute

�
(c� � � )�

= c� �
� � 1� �

�
1 � �

h�
2

Q(� )
�

� �!
i

+ O(� 2)
�

= (2 �� )� �d= 2� 1� � jM j � �= 2

�
1 � �

h�
2

Q(� )
�

� �!
i

+ O(� 2)
�

= (2 �� )� �d= 2� 1� �
M jM j � 1=2

�
1 � �

h�
2

Q(� )
�

� �!
i

+ O(� 2)
�

: (3.126)

For notational convenience, we collect the leading expansion terms from (3.126) as


 := � 1� �
M jM j � 1=2 = � 1� � jM j � �= 2: (3.127)

Now, using Lemma 4, (3.126) and (3.127) we calculateK �;� f (x):

K �;� f (x) :=
Z

M
k� (x; y)

�
� (y)

(c� � � )� (y)
f (y)

�
dy

=
Z

M
k� (x; y)

�
� (y)

(c� � )� (y)
f (y)

� �
1 � �

h�
2

Q(� )(y)
� (y)

� �! (y)
i

+ O(� 2)
�

dy

= (2 �� )� �d= 2

 

G� [f 
 ](x) � � G�

"

f 

h�

2
Q(� )

�
� �!

i
#

(x)

!

= (2 �� )� �d= 2c� (x)

 

f 
 + �
n 1

2
Q(f 
 ) �

�
2

f 

Q(� )

�

o

+ �f 
 (� � 1)! + O(� 2)

!

: (3.128)
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Observing that � �;� (x) = K �;� 1, i.e., we need to usef � 1 to get � �;� (x). We calculate

K �;� 1(x) as:

K �;� 1(x) :=
Z

M
k� (x; y)

�
� (y)
� �

� (y)

�
dy

= (2 �� )� �d= 2c� (x)

 


 + �
n 1

2
Q(
 ) �

�
2



Q(� )

�

o

+ �
 (� � 1)! + O(� 2)

!

: (3.129)

Thus, we compute the operatorP�;� :

P�;� f (x) =
Z

M

k�;� (x; y)
� �;� (x)

f (y)� (y)dy

=
f 
 + �

n
1
2Q(f 
 ) � �

2 f 
 Q(� )
�

o
+ �f 
 (� � 1)! + O(� 2)


 + �
n

1
2Q(
 ) � �

2 
 Q(� )
�

o
+ �
 (� � 1)! + O(� 2)

=
f + �

n
1
2

Q(f 
 )

 � �

2 f Q(� )
�

o
+ �f (� � 1)! + O(� 2)

1 + �
n

1
2

Q(
 )

 � �

2
Q(� )

�

o
+ � (� � 1)! + O(� 2)

:

(3.130)
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Expanding P�;� f (x) in powers of�; we cancel the! and �= 2 terms and use the product rule

for Q from (3.123) to obtain:

P�;� f (x)

=
�
f + �

n 1
2

Q(f 
 )



�
�
2

f
Q(� )

�

o
+ �f (� � 1)! + O(� 2)

�

�
�
1 � �

n 1
2

Q(
 )



�
�
2

Q(� )
�

o
� � (� � 1)! + O(� 2)

�

= f + �
n 1

2


h
Q(f 
 ) � f Q(
 )

io
+ O(� 2)

= f + �
n 1

2


h

 Q(f ) + 2 r f > M r 


io
+ O(� 2)

= f + �
n 1

2

h
Q(f ) + r f > M r log(� 2(1� � )

M jM j � 1)
io

+ O(� 2)

= f + �
n 1

2

h
Q(f ) + r f > M r logjM j � 1) + r f > M r log� 2(1� � )

M

io
+ O(� 2): (3.131)

Note that from (3.124) the logjM j � 1 term above provides the correction needed so that

the desired laplacian term� M appears:

P�;� f (x) = f + �
n 1

2

h
� M (f ) + r f > M r log� 2(1� � )

M

io
+ O(� 2):

(3.132)

Finally, we compute the operatorL �;� , take the limit � ! 0, and obtain the desired result:

lim
� ! 0

L �;� f (x) = lim
� ! 0

P�;� f (x) � f (x)
�

=
1
2

h
� M (f ) + r f > M r log� 2(1� � )

M

i

=
1
2

�
jM j1=2r � (jM j � 1=2M r f ) +

�
M r log

�
� jM j1=2

� 2(1� � )
� >

r f
�

: (3.133)
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3.9 Proof of Theorem 3

In the following, we state and prove the main result from Section 3.5.3. We will adopt

Assumptions 2-4 to simplify the calculations, restated here.

Assumption 2. The range ofx representing the set of collective variables constitutes ad-

dimensional manifold
 which is eitherRd, the d-dimensional torusTd, or a direct product

of torus Tk and Rd� k . In all cases,
 is of the form


 = Tk � Rd� k ; for some 0 � k � d: (3.134)

By the torus Tk , 1 � k � d, we mean the ��at" torus, i.e., the direct product of intervals

with periodic boundary conditions. Therefore,

Tk � Rd� k =[ a1; b1] � : : : � [ak ; bk ] � Rd� k with

(x1; : : : ; xl � 1; al ; x l+1 ; : : : ; xd)

=( x1; : : : ; xl � 1; bl ; x l+1 ; : : : ; xd);

1 � l � k:

The metric on such a torus is locally Euclidean [85], i.e., within any open ball of radius

REuc := min
1� l � k

jbl � al j
2

: (3.135)
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Therefore, the metric on
 is Euclidean if 
 = Rd or locally Euclidean within any ball of

radius REuc if 
 = Tk � Rd� k for some1 � k � d.

Assumption 3. The di�usion matrix-function M (x) is symmetric positive de�nite for all

x 2 
 . Its inverse M � 1(x) is a smooth matrix-functionM � 1 : 
 ! Rd� d, the determinant

of M � 1(x) is bounded away from zero, and the entries of(M � 1) ij (x) as well as their �rst

derivatives are @(M � 1 ) ij (x)
@x̀ are bounded.

Theorem 3. Suppose a manifold
 and a di�usion matrix M (x) : 
 ! Rd� d satisfy assump-

tions 2 and 3 respectively. Suppose we have a target measure, i.e., a nonnegative function

� : 
 ! R, � 2 C4(
) , such that
R


 �dx < 1 . Suppose� (x) is absolutely continuous with

respect to the sampling density� (x); and takes the form of a Gibbs measure� (x) = e� �F (x) .

Then for any smooth and bounded functionf : 
 ! R, the limit (3.73) for the operatorL �;�

constructed according to(3.68), (3.58), (3.70), (3.71), and (3.72) is

lim
� ! 0

L �;� f (x) =
�
2

L f (x) 8x 2 
 ; (3.136)

where

L f =
�
� M r F + � � 1 (r � M )

� >
r f + � � 1tr [M rr f ] (3.137)

is the generator for the SDE

dxt =
�

� M (x t )r F (x t ) + � � 1r � M (x t )
�
dt +

p
2� � 1M 1=2(x t )dwt : (3.138)

The proof of Theorem 3 relies on the Mahalanobis kernel expansion from Lemma 4 in

this dissertation, which we restate for convenience.
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Lemma 4. Let 
 be a manifold satisfying Assumption 2 andG� be an integral operator

de�ned by

G� f (x) =
Z



e� 1

4� (x� y)> [M � 1 (x)+ M � 1 (y)]( x� y) f (y)dy; (3.139)

where the matrix-functionM satis�es Assumption 3 and the functionf : 
 ! R is smooth

and bounded. Then

G� f (x) = c�

�
f + �

�
1
2

�
jM j � 1=2r � (jM j1=2M r f )

�
� f !

�
+ O(� 2)

�
; (3.140)

wherec� (x) is de�ned in (3.69) and the function! : 
 ! R is an O(1) function that depends

on M � 1(x) and the �rst and second derivatives at of its entries evaluated atx.

Proof of Theorem 1. To compute the Taylor expansion of the Markov operatorP�;� (x) de-

�ned in (3.71), we will need the Taylor expansion of� � 1
� (x) in � that enters the construction in

(3.58). Applying Lemma 4 tof (x) = � (x) and using the notationQ(f ) := jM j � 1=2r � (jM j1=2M r )

as in Section 3.8, we get:

� � (x) =
1

c� (x)

Z

M
k� (x; y)� (y)dy =

�
� + �

�
1
2

Q(� ) � �!
�

+ O(� 2)
�

: (3.141)

Hence,

� � 1
� = � � 1

�
1 � �

h1
2

Q(� )
�

� !
i

+ O(� 2)
�

:

We now proceed to derive an asymptotic expansion ofP�;� f (x) in �: To do so, we �rst

introduce the following simplifying notation:
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Notation. Given the target measure� and di�usion tensor M (x) with determinant jM (x)j;

we de�ne

~� (x) := jM � 1=2(x)j� (x):

Then, the numerator of the left-normalized kernelP�;� from (3.71) can be written as

K �;� f (x) :=
Z



k� (x; y)f (y)~� 1=2(y)

� (y)
� � (y)

dy: (3.142)

Using (3.142) and collecting terms by power in� we obtain:

K �;� f (x)

=
Z

Rd

"

k� (x; y)f (y)~� 1=2(y)
�

1 � �
h1

2
Q(� )(y)

� (y)
� ! (y)

i
+ O(� 2)

� #

dy

= c�

"

f ~� 1=2 + �
�

1
2

Q(f ~� 1=2) � f ~� 1=2! � f ~� 1=2 1
2

Q(� )
�

+ f ~� 1=2!
�

+ O(� 2)

#

:

= c�

"

f ~� 1=2 +
�
2

�
Q(f ~� 1=2) � f ~� 1=2 Q(� )

�

�
+ O(� 2)

#

: (3.143)

Similarly,

K �;� 1(x) = c�

"

~� 1=2 +
�
2

�
Q(~� 1=2) � ~� 1=2 Q(� )

�

�
+ O(� 2)

#

: (3.144)
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For brevity in notation, we will omit the argument in x from the remainder of the proof.

Collecting powers of�; we derive the operatorP�;� from (3.71) as

P�;� f =
f ~� 1=2 + �

2

�
Q(f ~� 1=2) � f ~� 1=2 Q(� )

�

�
+ O(� 2)

~� 1=2 + �
2

�
Q(~� 1=2) � ~� 1=2 Q(� )

�

�
+ O(� 2)

=
f + �

2

�
Q(f ~� 1=2 )

~� 1=2 � f Q(� )
�

�
+ O(� 2)

1 + �
2

�
Q(~� 1=2 )

~� 1=2 � Q(� )
�

�
+ O(� 2)

=

"

f +
�
2

�
Q(f ~� 1=2)

~� 1=2
� f

Q(� )
�

�
+ O(� 2)

#

�

"

1 �
�
2

�
Q(~� 1=2)

~� 1=2
�

Q(� )
�

�
+ O(� 2)

#

= f +
�
2

�
Q(f ~� 1=2) � f Q(~� 1=2)

~� 1=2

�
+ O(� 2);

where in the second to last step we utilized the Taylor expansion(1 + a�)� 1 = 1 � a� + O(� 2)

for the denominator.
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From here we use the expansion ofQ from (3.124) and the product rule forQ from (3.123)

and further simplify:

P�;� f = f +
�
2

�
Q(f ~� 1=2) � f Q(~� 1=2)

~� 1=2

�
+ O(� 2)

= f +
�
2

�
~� 1=2Q(f ) + 2 r f > M r (~� 1=2)

~� 1=2

�
+ O(� 2)

= f +
�
2

�
Q(f ) + 2 r f > M r log ~�

�
+ O(� 2)

= f +
�
2

�
Q(f ) + ( M r logjM j � 1=2 + M r log� )> r f

�
+ O(� 2)

= f +
�
2

�
tr(M rr f ) + ( M r log� + r � M )> r f

�
+ O(� 2): (3.145)

Therefore, for� (x) = e� �F (x) , the operator L �;� is:

L �;� f (x) =
1
�
(P�;� f � f )(x)

=
�
2

h
� � 1 tr(M rr f ) + ( � M r F (x) + r � M )> r f

i
+ O(� )

=
�
2

L f + O(� ); (3.146)

and taking the limit as � ! 0 we obtain the desired result:

lim
� ! 0

L �;� f (x) =
�
2

L f: (3.147)



107

Chapter 4. Numerical Tests

4.1 Mahalanobis Di�usion Maps: C5 to C7eq transition in alanine

dipeptide

(a) (b)

Figure 4.1: (a): Structure of alanine dipeptide and dihedral angles� and 	
serving as collective variables. (b): Free energy surface of alanine dipeptide
in vacuum at temperature T = 300K in vicinity of C5 and C7eq minima, in
� ; 	 coordinates.

Alanine dipeptide, a small biomolecule comprising 22 atoms, is a popular test example in

chemical physics [19, 74, 122, 124]. A typical set of collective variables e�ectively representing

its motion consists of four or just two dihedral angles. We choose the set of only two dihedral

angles� and 	 shown in Figure 4.1(a). Their range comprises a two-dimensional torus, i.e

the manifold M is T2:
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4.1.1 Obtaining input data

Figure 4.2: Ellipses corresponding to the principal components of the
estimated di�usion matrices for the alanine dipeptide data. Each ellipse is
plotted with center on the point whose di�usion matrix it represents. The
ellipses are plotted on a representative subsampling of the trajectory data.

We used a velocity-rescaling thermostat to set the temperature to 300K in a vacuum

and ran a 1 nanosecond trajectory under constant number, volume, and temperature (NVT)

conditions, integrating Newton's equations of motion with timestep2 femtoseconds using the

molecular dynamics software GROMACS [129]. For use with di�usion maps, we subsampled

the trajectory at equispaced intervals of timesteps to obtainN = 5000 data points f x i g5000
i =1

with x i 2 T2. To obtain pairwise distances in dihedral angles we employed the periodic
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re�ections x � x0 where

x � x0(`)
=

8
>>>>>><

>>>>>>:

x(` ) � x0(`) ; jx(` ) � x0(`) j < �

x(` ) � x0(`) � 2�; x (` ) � x0(`) > �

x(` ) � x0(`) + 2�; x (` ) � x0(`) < � �;

for ` = 1; : : : d; substituting x � x0 for x � x0 in the Mahalanobis kernel (3.29). The di�usion

matricesM (x i ) were obtained following the methodology of [74] (see 2.2) and are visualized

in Figure 4.2. The reactant and product setsA and B are the small ellipses centered at the

the C5 and C7eq minima in the(� ; 	) -space shown in Figure 4.1(b). In� ; 	 coordinates the

C5 and C7eq minima are(� 2:548; 2:744) and (� 1:419; 1:056) respectively, and the ellipses

shown are the level sets of the free energyF at 1:4 kcal/mol.

To compare the committors computed viammapand dmapwith the one obtained by a

traditional PDE solver, we discretized the range[� �; � ]2 of (� ; 	) into a uniform square

mesh128� 128 as in [19] and generatedM (x) and r F (x) using the procedure from [74],

summarized in 2.2. We then posed a boundary-value problem for the committor PDE from

(2.15), (2.23) and solved it using a �nite di�erence scheme with central second-order accurate

approximations to the derivatives.

Often (see e.g. Section 4.2.2 as well as [70, 74] and many other works) a much rarer

transition in alanine dipeptide is studied: the one between the combined metastable state

comprising C5 and C7eq and the metastable state called C7ax located near� = 75 � , 	 =

� 75� . For using mmapwithout enhanced sampling, we chose the transition between C5 and

C7eq for our tests because it can be easily sampled at room temperatureT = 300K. It

is essential formmapto have su�cient data coverage of the transition region, and the data
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must be sampled from the invariant distribution. The study of this transition gives us

another bene�t: unlike that for the transition between (C5,C7eq) and C7ax, the free energy

barrier between C5 and C7eq is not large in comparison withkbT. This renders the term

� � 1r� M (x) in SDE (2.11) non-negligible which is nonzero if and only ifM (x) is nonconstant.

As a result, the contrast between the results ofmmapand dmapis ampli�ed. We leave the

task of upgradingmmapto make it applicable to datasets obtained using enhanced sampling

techniques for the future.

4.1.2 Testing

We computed the committor using themmapand dmapalgorithms with a large range of values

of the scaling parameter� . This range is naturally bounded from above and below by the

diameter of the point cloud and by the minimal distance between data points, respectively.

In addition, we computed the committor by solving the boundary-value problem for the

committor PDE using �nite di�erences as mentioned in Section 4.1.1 and took it as a ground

truth qtrue . To quantify the error of the mmapand dmapcommittors, we evaluated the root-

mean-square (RMS) error

RMS error =

s P n
j =1 (qtrue (x j ) � qapprox (x j ))2

n
;

where f x j gn
j =1 are the data points. The �nite di�erence solution qtrue was evaluated on the

data through bilinear interpolation. It is clear that the committor computed with di�usion

maps cannot be expected to be accurate on the outskirts of the dataset where the data

coverage is insu�cient. On the other hand, themmapand dmapcommittors are exact atA

and B by construction and highly accurate near them, and these are the regions containing
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the majority of data points as they are sampled from the invariant density. We care the most

about the accuracy of themmapand dmapcommittors in the transition region. Therefore, we

select the subset of points marked with magenta dots in Figure 4.3(a). The graphs of the

RMS errors formmap(red) and dmap(blue) over this subset as functions of� are displayed in

Figure 4.3(b). The epsilon values minimizing the RMS error of themmapand dmapcommittor

are � = 0:01 and � = 0:003 with RMS errors 0:014 and 0:036 respectively. We know that

the range of � used for mmapis shifted with respect to the range ofdmapdue to the fact

that the eigenvalues ofM � 1 range from1:16 to 8:11 and average to4:06. As a result, the

optimal � for mmapis approximately larger than that for dmapby a factor of 3:33. Moreover,

for all � -values in the overlap of ranges the error formmapis smaller than that of dmap. The

(a) (b)

Figure 4.3: (a): Alanine dipeptide C5! C7eq dataset. Its subset lying in
the region of interest marked with magenta is used for computing the RMS
error. (b): RMS errors for dmapand mmapcommittors as functions of the
scaling parameter� . The dotted lines indicate lower bound for � -values
related to the minimal distance between data points.

level sets of the computed committor usingmmapand dmapfor the values of� minimizing the

error are shown, respectively, in Figure 4.4(a) and 4.4(b) with dashed lines. The solid lines

are the corresponding level sets of the committorqtrue computed by �nite di�erences. The
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level sets of themmapcommittor closely match those ofqtrue , while the level sets of thedmap

committor notably deviate from them.

(a) (b)

Figure 4.4: Level sets for the approximate committor functions obtained
from mmap(a) and dmap(b) on the point cloud (grey dots), with A as the
reactant region andB the product region. The dotted lines represent the
committor level sets obtained bymmap(a) and dmap(b), while the solid lines
depict the committor level sets obtained by the �nite-di�erence method.

As we have explained in Section 2.3, the committor allows us to compute the reactive

current and the transition rate. The calculation of the reactive current and the reaction

rate is detailed in Section 3.4. The reactive currents computed using themmapand dmap

committors, respectively, are visualized in Figure 4.5 (a) and (b). Notably, the intensity for

the respective currents di�ers by an order of magnitude. The corresponding reaction rates

for mmapand dmapare, respectively,� AB = 0:092� 10� 12s� 1 and � AB = 0:31� 10� 12s� 1. To

verify the rate, we ran 10 long trajectories and for each calculated the transition rate as the

ratio of the number of transitions fromA to B over the elapsed time. The mean rate over

the trajectories is � AB = 0:093� 10� 12s� 1 (standard deviation 0:003� 10� 12s� 1) which is

very close to themmaprate and notably di�ers from the dmaprate.
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(a) (b)

Figure 4.5: The intensity of the reactive current computed using themmap
(a) and dmap(b) committors.

4.2 Target Measure Mahalanobis Di�usion Maps

In this section, we testtm-mmapon two examples: the Moro-Cardin two-well system with

position-dependent di�usion, and on alanine dipeptide with two dihedral angles in vacuum.

The results of tm-mmapare compared to those computed by means of the �nite element

method (FEM). An application of tm-mmapto alanine dipeptide with four dihedral angles

will be reported in Section 5.2.

We weigh the numerical error according to the probability density of reactive trajectories:

E =
NX

i =1

jq(x i ) � qF EM (x i )jw(x i ); (4.1)

w(x i ) =
� (x i )qF EM (x i )(1 � qF EM (x i ))P
j � (x j )qF EM (x j )(1 � qF EM (x j ))

: (4.2)

The resulting error will be abbreviated as WAE (Weighted Absolute Error). For this section

we utilize the above error instead of the RMSE from 4.1 because the enhanced sampling
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protocols can generate data in high energy regions far outside the transition region of interest.

The errors in these regions are misleading for validation, so we using the`1 norm in (4.1)

and weight with (4.2) to emphasize the �ground truth� transition regions indenti�ed via the

FEM solution.

4.2.1 The Moro-Cardin system

The Moro-Cardin two-well system with position-dependent di�usion [84] is a simple and

insightful example featuringsaddle avoidance. The system evolves according to SDE (2.11)

with the potential function F (x) � V(x) and di�usion matrix M (x) given by

V(x) = 5( x2
1 � 1)2 + 10�x 2

2; (4.3)

M (x) = (1 + 8 e�jj x jj 2=2� 2
)� 1I 2� 2; (4.4)

where � = 0:2 and � = arctan(7�= 9). The inverse temperature-like parameter� in SDE

(2.11) is chosen to be 1. The di�usion matrixM (x) is close to the identity matrix everywhere

except for a ball around the origin of radius2� = 0:4, while it decays to (1=9)I 2� 2 at the

origin. The function V(x) has two minima at (� 1; 0) and (1; 0), and a saddle at the origin.

The setsA and B are chosen to be balls centered at the minima of radius 0.2. Level sets of

the potential function and the di�usion coe�cient are depicted in Figure 4.6.

The dynamics of the Moro-Cardin system manifest saddle avoidance (see Figure 4.7).

Those reactive trajectories that pass near the saddle are slowed down by low di�usivity so

much that they become trapped in this region for a long time. Consequently, the reactive

trajectories that climb over higher barriers and avoid the low-di�usivity region surrounding

the origin will surpass those that go over a lower barrier but get trapped in the low-di�usivity
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Figure 4.6: The potential energy function (color coding) and the level sets
of the di�usion coe�cient (dashed circles of grey shades) for the Moro-Cardin
system. The level sets of the di�usion coe�cient indicate a low-di�usivity
region around the origin.

region. As a result, the reactive �ux splits into two reaction channels bending around the

origin from above and from below.

We created three datasets as described in Section 3.5.7. The �rst dataset, denoted by

hightemp, was generated by running a long trajectory using the Euler-Maruyama method

with time step dt = 10� 4 for 106 steps at a high temperature� � 1 = 3, and then subsampling

the trajectory at equispaced time intervals. The second and third datasets were generated

using WTMETAD with parameters h = 0:35; � 1 = � 2 = 0:1, 
 = 5:0 and deposition rate

of every 500 timesteps (see Section 3.5.5). Then the datasetsmetad and deltanet were

obtained, respectively, by subsampling WTMETAD trajectory data uniformly in time and

quasi-uniformly in space using Algorithm 3 with� = 0:017. All datasets contain a total of

N = 104 data points.

For each of these datasets, we computed the matrix operatorL �;� using Algorithm 2 and

then computed the committor, the reactive current, and the transition rate as described in

Section 3.5.4.
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Figure 4.7: The reactive current computed for the Moro-Cardin system
(Section 4.2.1) using the �nite element method.

For validation, we also computed the committor, the reactive current displayed in Figure

4.7, and the transition rate using the �nite element method (FEM) . The points of the �nite

element mesh were used as the test pointsx i . The error metric for the committor was the

weighted absolute error (WAE) de�ned in (4.1)�(4.2).

The committors and the reactive currents for thehightemp, metadanddeltanet datasets

are shown in Figure 4.8. The errors in the committor and the transition rate measured

against the FEM solutions for all three datasets are plotted in Fig. 4.9. The dashed vertical

lines correspond to the values of the bandwidth parameter� obtained using Agorithm 4.

The error plots indicate that the deltanet dataset leads to the most accurate results and

most robust with respect to the choice of the bandwidth parameter� . In particular, the

discrepancy between the transition rate computed bytm-mmapfor the deltanet dataset and

the FEM rate is within 5% for a broad range of epsilon values:2 � 10� 3 < � < 10� 1. The

results obtained for thehightemp dataset are the least accurate and least robust.
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Figure 4.8: An application of tm�mmapto the Moro-Cardin system (Section
4.2.1). Committor level sets (top row) and reactive current magnitudes
(bottom row) computed by tm-mmapusing three datasets as input. Left
column: datasethightemp, temperature accelerated molecular dynamics data
for � � 1 = 3 subsampled uniformly in time. Middle column: datasetmetad,
WTMETAD trajectory data subsampled uniformly in time. Right column:
dataset deltanet , WTMETAD trajectory data subsampled quasi-uniformly
in space using Algorithm 3. The level sets of the committor computed using
tm-mmap(dashed colored curves) are superimposed with the level sets of the
committor computed using the �nite element method (solid black curves).
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