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Panel count data and recurrent event data often arise in event history studies. Unlike
recurrent event data which are collected from studies that monitor subjects continuously, panel
count data are encountered when subjects are observed only at discrete time points. In such case,
the exact occurrence times of the events are unknown, but only the numbers of occurrences of
the events between subsequent observation time points are recorded. Statistical analysis of panel
count data have been studied based on two stochastic processes: an observation process and a
response process that characterizes the occurrences of the events of interest.

The first part of the dissertation will present a likelihood-based joint modeling procedure
for the regression analysis of univariate panel count data with dependent observation equations
and time processes. The inference procedure involves estimating equations and an EM algorithm
for the estimation of all involved parameters.

In the second part, we will extend the proposed methods to multivariate panel count data,



which occurs when a recurrent event study involves several related types of recurrent events. In
particular, we will present three types of multivariate modeling scenarios and the corresponding
inference procedures. A model checking procedure is developed for the proposed univariate
models and all three types of multivariate models.

Simulation studies indicate that the proposed inference procedures have a good and
consistent performance across various situations. The proposed methods are applied to a skin
cancer study with bivariate panel count data on the occurrences of two types of related non-

melanoma skin cancers.
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Chapter 1: Introduction and Literature Reviews

1.1 Event History Studies

Event history study plays an important role in the area of biomedical research. One of the
most essential topics in event history studies is survival analysis, which attempts to investigate
the time to the first occurrence of the event of interest. However, in some research fields, the
events may occur repeatedly and interest often lies in characterizing the underlying processes
over time. Some examples include the occurrences of asthma attacks in respirology trials and
epileptic seizures in neurology studies.

In general, the recurrent events concerned in event history studies can also be classified into
two types. The first type is referred to as recurrent event data, which are collected from studies
that monitor or observe subjects continuously and the information on the times of all occurrences
of the events are collected. The other type is called panel count data, the focus of this dissertation,
which arise when subjects can only be observed at discrete time points. In such case, the exact
occurrence times of the events are unknown, but only the numbers of occurrences of the events
between subsequent observation time points are recorded.

Panel count data and recurrent event data are different in the amount of relevant information
available for statistical inference. However, most methods for the analysis of panel count data

developed in the past extended from the analysis of recurrent event data, and it is worth reviewing



literature before discussing the methods for panel count data analysis. The following section
provides a brief review of some commonly used approaches for the analysis of recurrent event

data.

1.2 Statistical Analysis of Recurrent Events

In many biomedical studies, the interests are often to examine the recurrent event process
where the events of interest are repeatedly generated over time. The resulting recurrent event data
may vary across different areas of application. In some areas interest may lie in a small number of
processes but generating a large number of events; while in other areas, the interest is only for a
relatively small number of recurrent events but lies in a relatively large number of processes. The
latter is more common in biomedical studies, where a group of patients may experience multiple

clinical events repeatedly over the study period.

1.2.1 Example of Recurrent Event Data

An example of recurrent event data was obtained on 35 players from a professional rugby
league club competing in the 2008 Australian NRL competition (Ullah et al., 2014). Injury and
participation data were collected from 29 matches (including all trial, fixture and finals matches).
Injuries were defined as conditions associated with pain or disability that occurred during match
participation, irrespective of the need for first aid, medical attention or time loss. Figure 1.1
shows the timing of the incidence of each injury event in relation to the total number of matches
(each of 80 min or 1.33 h duration). Censoring sometimes occurred when a player (a) had not

experienced the relevant outcome, by the end of the season; (b) was lost to follow-up; or (c)



experienced a different event that made further follow-up impossible. The data structure shows

the complex nature of the recurrent injuries in that, in some players, several injuries occurred and

the time between injuries also differed across players.
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Figure 1.1: Recurrent injury history of 35 professional rugby league players (Ullah et al., 2014).

1.2.2 Poisson Processes

Modeling of recurrent events can be approached by the definition of intensity functions

and the concept of counting process. For a single recurrent event process that starts at t = 0

with the time of the kth event denoted as 7T}, we have that 0 < T7 < Ty < ---

<Tp < -

Then the cumulative number of events can be generated by the corresponding counting process

{N(t),t > 0}, where N(t) = > .-, I(T} < t)is the number of events occurring over the time

interval [0, ¢]. The number of events occurring over the interval (s, ¢] is generally represented by

N(s,t) = N(t) — N(s).

Following this framework, we can then consider the probability distribution for the number



of events in very short intervals denoted by [t, t + At| given the history of event occurrence before
time t. We further denote the number of events in the interval [t, t+At] by AN (t) = N(t+At)—
N(t), and the history of the process at time ¢ can be represented by H(t) = {N(s) : 0 < s < t}.

The event intensity function is then defined as

NHH(E) = 1im ZAAN®) = HHL)}

At—0 At ’ (1.

which gives the instantaneous probability of an event occurring at ¢, conditional on the event
history with the assumption that two events cannot occur simultaneously for events occurring in
continuous time.

However, the mean function and variance function for the counting process {N(t),0 <
t} are difficult to determine without assuming distributions of event counts or specifying the
underlying recurrent event processes. Among all types of processes for recurrent events, Poisson
process is considered as two of the canonical types of processes for recurrent events. The other
canonical type, which we will not discuss in the dissertation, is the renewal process, in which the
gap times between successive events are statistically independent. Unlike the renewal process,
the Poisson process is based on counts and describes situations where the numbers of events
between any two non-overlapping time intervals are assumed independent, which is considered
more appropriate to model incidental events or events that are influenced by random external
factors.

Poisson processes can be defined via the intensity function below

At H(1)) = p(t), (1.2)



where p(t) is a non-negative integrable function for ¢ > 0, and H (t) is the event history. Then

the cumulative intensity function defined below

A(t) = /0 AMs)ds (1.3)

is assumed to be continuous and finite for all £ > 0. The key property of a Poisson process is that
for 0 < s < t, N(s,t) has a Poisson distribution with mean A(s,t) = A(t) — A(s), which can
be proved by showing that the marginal probability of n events is the Poisson probability mass
function,

Als, t)"

Pr(n events in (s,t]) = | exp{—A(s,t)} (n=0,1,...) (1.4)

Poisson processes can be further differentiated as being homogeneous if A() is a constant
(A(t) = A) or nonhomogeneous otherwise. The Poisson process is a Markov process, for which
the probability of an event in (¢, ¢ + At) may depend on ¢ but is independent of the event history
H (t). This implies that the random variables N (s, t) and N(s',t’) are assumed to be independent
if (s, ] and (&', '] are non-overlapping intervals.

Fixed covariates can be incorporated in a Poisson process by specifying the intensity as a

function of ¢ with the following form

A(t) = Aolt) exp(8X), (1.5)

where [ is a vector of regression parameters and the baseline intensity function \(t) is always

positive. The model is fully parametric if the baseline intensity function \(?) is specified with a



parametric distribution; otherwise, the model is semiparametric. The semiparametric model with
an arbitrary positive baseline intensity function is sometimes called the Andersen-Gill model
(Andersen et al. 1982).

Considering the situation when all of the covariates are fixed, the process {N(t),0 < t} is

Poisson with mean function

E{N()|X} = Ao(t) exp(8'X), (1.6)

where Ao(t) = [}

o A(s)ds is the baseline mean function.

For some cases, one may notice that for individuals ¢ = 1,...,n, the variance of N;(t)
appears to be substantially larger than the expectation of N;(t). However, under a Poisson model,
the variance of N;(¢) is assumed to be identical with the expectation of N;(t). If the counts are
of interest but there is more interindividual variation in event occurrence to be accounted for by
a Poisson process, we can consider incorporating unobservable random effects z; for individuals
i =1,...,n. Then the process { N;(¢),0 < ¢} given covariates x; and z; is a Poisson process with

intensity function

At zs, 2, Hi(t)) = z;M0(t) exp(x3), (1.7)

where x; = (21, T2, ..., ip), and 21, ..., z,, are taken to be i.i.d. with finite mean and distribution
function G(z). Without loss of generality, the expectation of z; is assumed to be 1. Random
effects can be incorporated in multiple ways, and we will further discuss this topic in later

sections.



1.2.3 Nonparametric Methods

Considering the situations when parametric assumptions are likely to violated, for such
cases the baseline intensity functions are not assumed to be parametric. To make nonparametric
inferences, we first consider dA(t) = A(t)dt as the expected value of N (¢, t+dt). Without adding

covariates, the estimating equation for dA(s) is given by Cook and Lawless (2007):

3 V(s){dNi(s) — dA(s)} = . (1)
i=1
The solution for dA(s) from the above estimating equation is then given by dA(s) =
dN (s)/Y (s), where dN (s) = Y. | Yi(s)dN;(s) and Y.(s) = > | Yi(s) represents the total
number of observed events and the total number of subjects at risk within the interval [s, s + ds)

respectively. In addition, the estimator obtained from the estimating equation above is unbiased

based on the fact that given E{dN;(s)|H;(s),Yi(s) = 1} = dA(s),

E{dA(s)} = E[E{AN.(3)/Y.(s)|Yi(s), - Ya(s)}] = dA(s).

Since A(t) = fot dA(s), an estimator for A(t) can be obtained as follows

A(t) = /O dA(s) = /0 dxs) = > dN.(tn) (1.9)

where t; < to < ... < t); denotes M distinct event times among all individuals. It is worth
noting that the estimator obtained above is constructed as a nonparametric maximum likelihood

estimator of the mean function for Poisson processes (Cook and Lawless, 2007).



1.2.4 Semiparametric Regression

The semiparametric regression model with the profile likelihood estimates has been
discussed in Cook and Lawless (2007), following Anderson and Gill (1982). Considering a

regression-based model with the intensity function

Ni(t) = Xo(t) exp(XB), (1.10)

where \((t), the baseline intensity function, is not assumed to have any specific parametric form.
This is the semiparametric regression model and it is sometimes called the Andersen — Gill
model. We can explore this type of estimation and inference by first considering the concept of
profile likelihood.

The profile likelihood estimates can be derived based on the following estimating equation

> Yi(s){dNi(s) — exp(X[B)dAo(s)} =0 s > 0. (1.11)

=1

The profile likelihood estimates for dA(s) can then be solved as

~ dN.(s)
dXo(s;B) = =5 . (1.12)
50) = S Vi(s) exp(X0B)
After substitution, a p X 1 system of equations can be constructed, which yields
%W=Z/mmwwmm, (1.13)
i=1 70

where



XL Y(s) exp(alf)a,
S V() expla )

Gils: B) = @ils) (1.14)

The estimate is the solution of the above system of equations Us(/5) = 0 (Cook and Lawless,

2007).

1.2.5 Bibliographic Notes

Recurrent event data are frequently encountered in event history studies or longitudinal
follow-up studies. Among those well-developed models, Poisson models have a long history
of use in the analysis of recurrent events. In 1987, Lawless considered parametric and
semiparametric methods for regression analysis based on Poisson process. Andersen and Gill
(1982) proposed the semiparametric regression models that used counting process theory to
derive asymptotic properties, which were generalized based on methods in the field of survival
analysis (Cox, 1972). In 1995, Nelson discussed nonparametric estimation with the use of
the population Mean Cumulative Function (MCF) for general processes. In 2001, Wang et
al. considered the situation that the censoring mechanism is not independent of the recurrent
event process. To deal with this case, the occurrence of recurrent events was modeled by
a subject-specific nonstationary Poisson process via a latent variable, and nonparametric and
semiparametric methods for estimating the cumulative rate function and regression parameters
based on recurrent event data in informative censoring models were developed.

Besides Poisson models, smooth estimates of a common rate function have also been
studied. In 1983, Ramlau—Hansen et al. developed a method to estimate counting process

intensities using kernel functions to smooth the nonparametric Nelson estimator for the



cumulative intensity. In addition, Andersen et al. (1993) discussed the choice of bandwidth

and variance estimation for the smooth nonparametric estimates.

1.3 Statistical Analysis of Panel Count Data

In many biomedical studies, study subjects are not examined in a continuous way, instead,
they are observed only at discrete time points. Under that situation, only the numbers of
occurrences of the recurrent events of interest between subsequent observation times can be
recorded. In other words, the exact occurrence times of the events are unknown. In the following
sections, we will first discuss two examples of panel count data and then review multiple

approaches developed for the analysis of panel count data.

1.3.1 Examples of Panel Count Data

For panel count data, the first example comes from a bladder cancer study conducted by the
Veterans Administration Cooperative Urological Research Group (Byar, 1980; Wei et al., 1989;
Wellner and Zhang, 1998), which produced univariate panel count data. In this study, all patients
had superficial bladder tumours when they entered the trial. At baseline, bladder tumors were
removed transurethrally and patients were randomly allocated into three treatments: placebo,
thiotepa, and pyridoxine. Many patients had multiple recurrences of tumors during the study.
These recurrent tumors were removed at the patient’s clinic visits. For illustration, Figure 1.2
gives the numbers of new tumors discovered at on 36 patients from the place. In Figure 1.2, dot
means no visit and the number represents the number of bladder tumors that occurred between

the previous and current visits. The second column gives the size of the largest initial tumor, and

10



Patients’ Sizet Numbers of new tumours at the following months:
identification
0 10 20 30 40 50 53
1 3 10. ...
2 1 20. .0 . B
3 1 1. . 0. L
4 1 5..0.....00.
5 1 40..0.10..0. ..
6 1 1..0. .0 . . .0 . P
7 1 1.0. . .02 L. .0 .
8 1 1..0. .. [ .0 .
9 3 r....2....0.0. .0 .. L
10 3 1..0. .0 o6 L 0 . .0 .
11 1 10.8 . ... .0 . .0 . .00 L 08
12 1 3..1..0..10..0. .0 . .08 .0.
13 3 3..0..0..0.0..0. .0 . .0 .
14 3 2..0. .8 . .7 . .0 e .
15 1 1. .1..0..0 .0 .. .0..0.0 .3
16 1 88 . 0. .0. 0. .0..0..0. .00 .
17 4 1.4 . ..0. .. .. 8 .
18 2 1..0..0. .0 . 00. .0. ..
19 2 1. .0 . .. 3 .0 ..
20 4 1. R ... 0. .0 .
21 2 1..0..0. ... 0. L .0 .
22 1 4.0..0 .. 0. .. 0. . .0
23 5 1. 4. T .0 L L L2 .40 . .. 0.0 .
24 1 2. .1..3. .. .30 00 . .00 . .3 . ..0.
25 6 1.0..00..0...0. R .0 . 201 .
26 3 10.00.0..0..2.. 0L L ..0 . .0 ..
27 2 1..0..0..0..0.0..0..0... .0 . L0 L
28 1 2...0. .. .0 .. .0 . .. .. 0L .00 .00 .
29 1 2..0..0..0.0..0..0..0..0. .0 . .0 .
30 1 3. . . .0 L. P | .8 L .0 L.
31 2 10..0. .0 . ... 0. .. N | .0 ..
32 1 4 .0 . .. .8 ... L0 20005 ... 0. .0 .. 0. . .0
33 1 5.0.00. L0 L .8 . .1 .0 02,01 .0 . 3
34 2 1..0..0. 0o.0..0..0..0..0..0..0. . 00 . . 0. ..
35 1 1..3.0.0 .0 .. .0 . ... 0. .. 0. . .0 .0 . .0 .
36 6 2..0. 10 .0 . .0. 0. .0..0. .0 . .0 .

Figure 1.2: Numbers of new tumors at each visit for 36 subjects in the placebo group

the number of initial tumors (at month 0) is given in column 3.
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Observation number
ID Covariates 1 2 3 4 5 6 7 8 9 10 11 12
DFMO group

1 (2,56,M) t 180 350 538 742 924 1,100 1,287 1,498 1,680 1,778
Ny 0 O 0 0 0 0 1 0 0 2
N> 0 O 0 0 0 0 0 0 0 0
2 (9,76, M) ¢ 180 370 412 543 606 747 873 1,337
Ny 0 O 0 0 0 0 0 0
Ny 1 4 0 6 0 0 0 0
3 (7,76,F) t 264 362 633 721 994 1,357 1,440 1,788
0
1

NN O O 0 0 0 0 0
N0 0 1 o0 1 10
4 (1,49,F) ¢ 99 131 188 342 523 722 910 1,085 1,275 1,457 1,793
NN O O O O O O 0 0 0 0 0
N, O O 0 0O O O 0 0 0 0 0
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Figure 1.3: The Skin Cancer Chemoprevention Trial: observation times in days (¢) and numbers
of new skin cancers (N1 and N2 for basal cell carcinoma and squamous cell carcinoma
respectively)

Figure 1.3 presents another example of bivariate panel count data on the occurrences of
two types of related non-melanoma skin cancers, such as basal cell carcinoma and squamous cell
carcinoma from the skin cancer chemoprevention trial (Sun, 2013). Figure 1.3 only contains data

from the first 10 patients from the treatment group, but the study involved 291 skin cancer patients
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in total with one removal, and the remaining 290 patients were randomized into a treatment
group with 143 patients and a placebo group with 147 patients. For each patient, a sequence of
observation times and the numbers of occurrences of both basal cell carcinoma and squamous
cell carcinoma between the observation times were recorded. It is worth noticing that in this
study, both types of skin cancers were evaluated and recorded during each patient visit, and
thus the observation times for each patient were the same across both event types. In addition
to the treatment indicator, information was also available on three baseline covariates including
patient’s gender, age at the diagnosis, and the number of prior skin cancers from the first diagnosis
to randomization. This data example will be further discussed and analyzed in Chapter 6.

Figure 1.4 presents another example of multivariate panel count data when the observation
processes for various event types are different. The information was collected on the functional
and radiological courses of disease for patients with psoriatic arthritis (Gladman et al., 1995).
Figure 1.4 contains the timeline diagrams for a sample of 10 patients, where the duration of
time from clinic entry to last contact for functional assessments (solid lines) and radiological
assessments (dashed lines) were represented based on the length of the horizontal lines. As
shown in the figure, the number of visits and the duration between two subsequent visits were
largely different between the two types of assessments, there was no overlap in observation time

between assessment types.

13



— FUNCTIONAL ASSESSMENT
----------- RADIOLOGICAL ASSESSMENT
J 0 18 2 0
0 2 0
| 400 1000000 0 0 00 0
0 0 8 1 2
H| oo 1 0000 0O 00O O0OOOO
0 7 0 0 0 1
Glo o 22 1 3 1 0 0 000 O
00 0 © 16 3
EF 0 0 0 0 0 0 0000 GO0 O
& 1 2 1 1
|_
EL(E 13 2 0
21
D 0 0 00 0
0 0
C|oo000 0 0 o 0 0 00 00 000 1 0 00 0 00 000 00O
0 2 0 2 2
B 2314 2 0 0 00 4 000 07 00
00 34 4 0
A 130 3 10
8 0
I I I [ I [ [ I I [ |

8 10 12 14
YEARS SINCE CLINIC ENTRY

Figure 1.4: Timeline diagram for sample of patients in the University of Toronto Psoriatic

Arthritis Clinic

1.3.2  Counting Processes and Martingales

Before introducing the methodology for the analysis

of panel count data, it is worth

introducing some notation and reviewing some concepts and models about counting processes,

which are the foundation of the development of many stati

stical approaches and inferential

procedures for event history analysis. Among many models developed previously, the Cox type

intensity model for counting processes proposed by Andersen

and Gill (1982) has been playing

an essential role. Andersen and Gill developed a partial likelihood estimation procedure for

regression parameters and established the large sample theory for the resulting estimators.
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A counting process is a type of stochastic process {N(¢);t > 0} with N(0) = 0 and
N(t) < oo almost surely. The process is right-continuous with probability one and has only

jump discontinuities with size 1. An intensity process is defined to model the counting process

P{N(t+ At") — N(t7) = 1|H(t)}
At—0 A(t) ’

(1.15)

where H (t) is the event history prior to time ¢. Given A(t), the cumulative intensity process can
be obtained as A(t) = [ A(s)ds.

Counting processes have played even more fundamental roles for the analysis of event
history studies when connected with martingale methods. Let M (¢) be an integrable stochastic

process with E{|M ()|} < oo for all ¢, and let H (¢) be the event history up to time ¢. Then M ()

is a martingale if

E{M(t)|H(s)} = M(s) (1.16)
for all s < t. If we further define
dM(t) = dN(t) — At)dt, (1.17)
Then the process
M(t) = N(t) — /Ot/\(s)ds (1.18)

is a martingale with E{M (¢)} = 0.
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1.3.3 Likelihood-based Approach

Considering a recurrent event study that only observes the number of events that have
occurred over some time interval for each of the n independent subjects. Let /V; be the observed
event count for each subject ¢, and suppose that a vector of covariates X;,7 = 1,...,n exists in
the study. To make inferences about the effects of covariates on the occurrence rate of the event

of interest, we first assume that given X, the conditional mean of N; has the following form

E(N;|X;) = exp(ﬁTXi), (1.19)

where (3 denotes a vector of regression parameters. For statistical inference on (3, some
likelihood-based procedures can be employed if the /N; are assumed to follow a Poisson
distribution. In addition, some estimating equation-based procedures can be used without the
Poisson assumption. In this section we first discuss the likelihood-based procedures. Assume

that N/s follow Poisson distributions with the mean given by

E(Ni|X;) = exp(ﬁTXi), (1.20)
then the log-likelihood function of [ is proportional to

1(B) = zn: {NZﬂTXi — eXp(BTXi)}. (1.21)

Then the maximum likelihood estimator 3 of 3 can be solved using the following score estimating

equation
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ZX{N — exp(BTXi)} = 0. (1.22)
=1

Since B is the MLE, it is easy to show its consistency. The covariance matrix of B can be

expressed as

1
n{ S X XT exp(mx,.>} |

V(3) = (1.23)

It is worth noting that the Poisson assumption is rather strong and it often does not hold in
practice. In other words, Var(V;|X;) may not be the same as E'(/N;|X;). One common choice is

to include a latent variable z; such that given z;, /V; follows a Poisson distribution with the mean

E(Ni|X;, z) = ziexp(fTX;), i=1,...n (1.24)

More details on the latent variable will be further discussed in section 1.3.4.3.

1.3.3.1 Likelihood-based Semiparametric Estimation Methods

In 2007, Wellner and Zhang proposed two types of likelihood-based approaches (i.e.,
profile likelihood and pseudo-likelihood methods) for the semiparametric estimation methods for
the regression analysis of panel count data. Here, we focus on the profile likelihood approach. In

Wellner and Zhang (2007), the following proportional mean regression model was considered

A(t]X) = B{N()IX} = exp(B] X)Ao(t), (1.25)
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where A is a monotone increasing baseline mean function, and [, and A are the parameters of
primary interest. In the model presented above, { N (¢) : ¢ > 0} is a univariate counting process,
E{N(t)|X} is the expected number of events of interests.

Under the assumption that N (¢) is a nonhomogeneous Poisson process conditionally on
X, the likelihood can be obtained using the conditional independence of the increments of N (¢),
which are defined as AN (s,t] = N(t) — N(s). The Poisson distribution of these increments is

given by

AA((s, 1] X)]F
P(AN(s.1] = k|X) = | ((3];' IOV ep = AA (s, 150} (1.26)
The log-likelihood can then be expressed as
n K;
i=1 j=1

where K; is the number of distinct time points for subject i, AN;; = N(T;;) — N(7;;-1) and
AN;; = N(T; ;) — A(T; 1) fori =1,...,nand j = 1, ..., K;. Then the parameters (Bn, An) can
be obtained by maximizing the log-likelihood function above, which can be carried out in two
steps via profile likelihood.

A doubly iterative algorithm is employed to update the estimates alternately. The algorithm
and iteration are conducted by first choosing the initial 5(°), and then for a given ), the updated
estimate of A®) is computed by the modified iterative convex minorant algorithm proposed by

Jongbloed (1998) on the likelihood 1,,(3%, A). The iteration is stopped when the relative change
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of the log-likelihood is small enough.

The second part is to obtain the updated estimate of S+ by optimizing I,,(3, A®)
using the Newton-Raphson method. The iteration is stopped when the change of 5 is small
enough. The algorithm is to repeat those two steps above until an updated convergence criterion
is satisfied. It is also worth noting that the log-likelihood [,,(5,A) is a concave function
of the regression parameter § with negative definite Hessian matrix for any given monotone
nondecreasing function A. In addition, the iterative algorithms proposed via both approaches
converge very well.

One of the limitation for this profile likelihood approach is that the algorithm is not efficient.

The pseudo-likelihood estimator, on the other hand, is computationally less intensive.

1.3.4 Estimating Equation Approach

In Sun and Wei (2000), the authors proposed a model for the mean function of counting
process without assuming the event count process as a homogeneous or non-homogeneous
Poisson process. Consider a study with n participants and for subject 4, let N;(¢) be the cumulative
number of events that have occurred before time t, 0 < ¢t < 7, where 7 is a known fixed time
point. Suppose that there exists a p x 1 covariate vector X; = (X1, ..., X;,)7. And the expected
value of X is set to 0 without loss of generality. Then given X;, the mean function of N;(t) is of

the following form

pi(t) = po(t) exp(8'X5), (1.28)

where 114(+) is completely unspecified and /5 denotes a vector of unknown regression parameters.
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Let C; be the follow-up time for the ith subject, since not every subject can be followed
until 7. In this case, N;(T; ;), 7 = 1, ..., K; is not observable when C; < T; ; < 7. Given this fact,

A new point process Nz(t) is defined for the sth subject’s observation times

N;(t) = Hy{min(t, C;)}, (1.29)
where
K;
Hi(t) = I(T;; <), (1.30)
j=1

and [(-) is an indicator function.

1.3.4.1 Observation and Follow-up Times Independent of Covariates

Following the discussion from the previous section, H; and C; are assumed to be mutually
independent and independent of N; and X;. In addition, X; and exp(—37X;)N;(T;;) are
uncorrelated at each observation time point 7;; under model (1.28). Then the following

estimating function can be constructed

n K,

1 XiN{(T; )Ty < Cy)
1.31
\/_Z () (131

Here G(/3) is an unbiased estimating function given that the expected value of G/(5) is 0. To
facilitate the estimation procedure, we define the following quantity
K; T -
No= Y NATIT, < C) = [ N(BdFi()
0

j=1
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Then the estimating function 1.31 can be expressed as

~ 2 Z =t ﬁTX (1.32)

To solve for 3, note that
G(B) z”: N X, XT
6‘5 T Vn = exp(BTX)

is strictly negative definite, and thus the estimating equation G/(5) = 0 has a unique solution.

1.3.4.2 Observation Times Dependent on Covariates

Some nonparametric and pseudolikelihood approaches have been proposed for the analysis
of panel count data. Those methods assume that the counting process that characterizes the
observation times or the observation process is independent of the point process that characterizes
the occurrence of the event. This assumption may not be always true, as the observation process
may be correlated with the point process of interest. In 2000, Sun and Wei proposed a regression-
based method that considered a situation where observation times may depend on covariates.

We first make the assumption that the censoring time C; is independent of the two processes
H;, N; as well as the covariates X;. In addition, H; is independent of /N; conditionally on X;.

Furthermore, assume that the mean function of the counting process H;(t) is

fii(t) = fio(t) exp(v'X;).
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The estimating equation for 5 can be simplified as

n

1

GB7) =GB+ =7, exp((ﬁx —Z}]Y;)TXJ

)

where
K;
N; =Y Ni(Ti) (T < Cy).

j=1

1.3.4.3 Regression Analysis with Unobservable Frailty

In 2007, Sun et al. extended the method by assuming that

pi(t) = 2" po(t) exp(8'z;),

where z; is a subject-specific unobservable positive frailty and « is an unknown parameter. It is

also assumed that given (x;, z;), H;() is a nonhomogeneous Poisson process with the intensity

function

Ni(t) = 2 \o(t) exp(y/z;).

Under the above models, N; and H; can be correlated and their relationship is partly

determined by the parameter a. With the same definition of NV;, following Sun and Wei (2000),

the estimation function below can be considered

IR -
U(Brly, 238, zis) = n Z W1iT1i |:Ni — 0z, exp{(B + 1)z},
i=1

where 6 = [ Ao(t)P(C; > t)puo(t)dt, f1 = (8,14 o, log(0)) , a; = (), log(z;), 1), and the
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wy;’s are weights that could depend on the x;’s and C;’s.
The estimating equation given above has a unique solution as the second derivative of /3; is
strictly negative definite. The estimation procedure is to first estimate v by following Huang and

Wang (2004) and first obtaining Ao (t) by

and estimating y with the estimating equation
Z waiai{ KAy (C;) — exp(vhz2:)} = 0,
i=1

where K is the number of distinct observation times for subject 7. For the unknown z;’s, note
that given (z;, C;, 2;), the expected value of K is equal to z;Ao(C;) exp(v'z;), which suggests

that z; can be replaced by
K*

A
i
Zi = =

AO<C’Z.)€’?'22' .
Given 7 and the z;’s, 5 can then be estimated by the solution to the estimating equation U, (B1) =

0.

1.3.5 Bibliographic Notes

The Poisson process plays a major role in the parametric and semiparametric inference
procedures. For the regression analysis of panel count data, two situations are usually considered.
One is that the underlying recurrent event processes of interest are non-homogeneous Poisson

processes, and the other is that the recurrent event processes are mixed Poisson processes, as
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discussed in Lawless (1987). In 1997, Staniswalls et al. also considered the situation where the
underlying recurrent event process of interest are mixed Poisson processes and the baseline rate
functions are completely unspecified. Using the mixed Poisson model is one of the two ways
to relax the Poisson assumption. In 1993, Wedel et al. proposed an alternative by developing a
latent class-based Poisson model.

Nonparametric estimation can be studied with or without assuming an underlying Poisson
process. In 2000, Wellner and Zhang considered the non-parametric maximum likelihood
estimator (NPMLE) and the non-parametric maximum pseudo likelihood estimator (NPMPLE)
as two likelihood-based estimators of the mean function without assuming a non-homogeneous
Poisson process model. In a recent paper in 2021, Zeng and Lin employed nonparametric
maximum likelihood estimation and formulated the effects of potentially time-dependent
covariates on multiple types of recurrent events through nonhomogeneous Poisson processes with
random effects. Another type of nonparametric estimation is to consider the smooth estimation of
the rate function of the recurrent event processes with the focus on kernel estimation, which was
developed by Wand and Jones (1995). Bean and Tsokos (1980) discussed the methods commonly
used for kernel estimation of density functions for the selection of the bandwidth parameter.
However, more research remains to be done for nonparametric estimation with panel count data
without assuming that the observation process is independent of the underlying recurrent event

process of interest.
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1.4 Outline

The analysis of recurrent event data and the analysis of panel count data are closely
related, and the literature reviewed above provide a comprehensive coverage of well developed
approaches for both data types. This dissertation will focus on two major topics on the analysis
of panel count data. In Chapter 2, we start with univariate panel count data and consider the
situation where the data can be described by non-homogeneous Poisson processes using semi-
parametric inference procedures. A key advantage of the assumption is that the correlation
between the observation process and the point process that characterizes the occurrence of the
event are modeled with a covariance matrix under a bivariate normal distribution, which allows
the inferences on both processes to be conducted simultaneously without multi-step procedures.
Chapter 3 extends the proposed methods to multivariate panel count data. Three types of
multivariate modeling assumptions and the corresponding inference procedures will be discussed.
Chapter 4 will present model checking procedures for both univariate and multivariate models.
The procedures will use martingale-based residuals to assess the objectivity of the proposed
models by visually assessing how unusual the observed pattern is and by the supremum tests.
In Chapter 5, we conduct the simulation studies and present the simulation results for all of
the proposed models. The key idea is to show the unbiasedness of the proposed estimators and
the performance of the proposed variance estimation procedures. In Chapter 6, the proposed
methodology will be applied to analyze the bivariate panel count data on the occurrences of two
types of related non-melanoma skin cancers, including basal cell carcinoma and squamous cell
carcinoma, from the skin cancer chemoprevention trial. The results will be compared with the

findings obtained from other literature. Chapter 7 concludes with some final remarks for the
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dissertation, including potential directions for future research and possible software package for

the analysis of multivariate panel count data.
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Chapter 2: Semiparametric Analysis of Panel Count Data

2.1 Introduction

This chapter presents a novel statistical approach for the analysis of univariate panel count
data. As discussed in chapter one, panel count data involve an extra observation process compared
to recurrent event data. In this chapter, we consider the situation where the underlying recurrent
event process of interest is not independent of the observation process. More specifically, the
goal is to model the correlation between the two processes.

Regression ananlysis of panel count data may start with modeling the intensity process
with the intensity function of the observation process and the mean function of the underlying
recurrent event process of interest. The intensity function and the mean function can be modeled
parametrically or in a nonparametric way. However, it is often difficult to properly determine
the parametric models. In our proposed method, we employ semiparametric approaches without
assuming any parametric forms of the baseline intensity function or the baseline mean function.

We first discuss model assumptions in Section 2.2. For regression analysis of panel count
data with informative or dependent observation processes, we then describe a joint modeling
procedure that allows the underlying recurrent event process of interest and the observation
process to be correlated, even conditional on covariates, in Section 2.3. To achieve this approach,

a key assumption has to be made such that the relationship between the two processes can be
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characterized through some frailty terms or latent variables. The estimation procedure involves
the use of an EM algorithm for the estimation of all involved parameters, which are presented in
Section 2.4. Section 2.5 discusses the advantages of our proposed methods compared to other

existing methods.

2.2 Models and Notations

Assuming that given X; and a subject-specific unobservable frailty Z;, N;(t) follows a

nonhomogeneous Poisson process with the mean function

pi(t) = po(t) exp{XiB + Zi}, 2.1

where fi(.) is a completely unspecified baseline mean function, and /3 is a vector of unknown
regression parameters.

For the observation process, it is assumed that given X; and a subject-specific unobservable
frailty U;, the observation process H;(t) follows a nonhomogeneous Poisson process with the

intensity function

Ai(t) = Xo(t) exp{ X}y + Uy}, 2.2)

where \o(.) is a completely unspecified baseline intensity function, and ~ is a vector of unknown
regression parameters.

To model the correlation between the two processes N;(t) and H;(t), it is assumed that (Z;,
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U;) follows a bivariate normal distribution with mean (0, 0) and variance-covariance matrix
Y= (2.3)

Under the above models and assumptions, there are 5 sets of unknown parameters. The first and
second sets are i(.)’s and Ao(.)'s. Let M be the number of distinct time points of {7} ;}. Then
we have M unknown po(.)’s to be estimated. A similar idea apply to A\o(.)’s, which contains M
unknown parameters.

The third and fourth sets are 3’s and +'s. Let p be the number of available covariates,
then we have p unknown ('s and p unknown ~’s to be estimated. The last set is the unknown
parameters in the variance-covariance matrix. The variance-covariance matrix includes the
variance for Z;, the variance for U; and their corresponding covariance. The detailed estimation

procedure will be discussed in the following sections.

2.3 Joint Likelihood

We first set T;O = (0 and NzKl = NZ(,IIZ,KZ), ANZ = NZ(T;J) - Ni(ﬂ,j—l) fOI'j = 1, ceey Ki’
¢t = 1,...n. Assuming that the observations from the n subjects are i.i.d. copies, given the
observed data O; = {X;,T;, N;,C;}, i = 1,...,n with T; = {T,9,T;1,....,Ti k,} and N; =

{Ni(T;1), ..., Ni(T; k,)) }, the likelihood function of 6 = (3, v, ¥, p1, A) is proportional to

=1

where
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f(:z-;, N’L|Xza Ci7 Uy 24, Ba s K A)

:exp(—A(C’i)e ) [A(Cy)eXivtu] K H< jé] ((Toy) — i(Tis ) }AN

K;!

x exp((X]B + 2:) ANyj) exp{—(u(T; ;) — (T j-1)) exp(XiB + Zi)}/(ANij!))7

and ¢(.; ) is the density function of a bivariate normal distribution with zero mean and variance-
covariance matrix Y. The expression above can be simplified as follows:
f(IZLJ N1,|X17 Ciy Uiy 24 67 Yy Ky )‘)

exp(_A(Ci)exgwui)[exgwui]m
N K;!

x exp((X;B + zi)Nik,) exp{—(1u(T;,x,) exp(X;B + z) }

xH( D) = W(Tig)} (AN ).

Then the likelihood function can be obtained by removing the terms that are not related to

the parameters, which can be written as

La(6]0}s) (HﬂA )H/ [ (=G exp(Xiy -+ ) fexp(Xy + )]

i=1 j=1

x exp((XiB + i) Nix,) exp{—u(Ti x,) exp(X; 58 + z) }

X H{PJ z] zy 1)}ANZJ¢(UMZM )duzdzz
Let the true value of 6 be 6y = (5o, 0, 20, o, Ao) and 0 < ¢; < ... < tj be the ordered
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distinction time points of {7 ;}. Then the maximum likelihood estimation of 6, can be obtained
by maximizing the above likelihood function subject to the monotonicity of A(.) (e.g., non-
decreasing). It seems natural to calculate the maximum likelihood estimators. However, this
maximum of the foregoing likelihood function is infinity, because we can always choose some
function A(.) with fixed values at T} ;s while letting A(t) = dA(t)/dt go to infinity. Therefore, we
relax A(.) to be right-continuous and allow it to have jumps at 7; ;. Then the likelihood function

can be rewritten as

Lo (HHAA ) ) " H/ [ (=G exp(Xiy -+ ) exp(Xy + )]

i=1 j=1

x exp((XiB + 2zi) Nix,) exp{—u(Ti x,) exp(X; 5 + z) }

X H{ﬂ' 7,] z] 1)}ANZJ¢(U17Z7,72>dUidZi.

where AA(t) = A(t) —A(t7) and A(t) = Zn]‘le AA(t;,)I(t > t,,). The resulting estimators are

referred to as maximum likelihood estimators, denoted by 0, (Bn, fyn, ns s An)

2.4 Estimation Procedures

2.4.1 Maximum Likelihood Estimation and Algorithm

Some difficulties are involved in this maximization procedure. The first is that the number
of estimated parameters (2M +2p+3) is large due to the large M, which is the number of distinct
time points 7 ;s. Secondly, the integral has no closed form. Monte Carlo approximation of this
integral may be applied, but we will implement an EM algorithm instead.

Form =1,..,M,set N, = >, Z I(T; ; = t.,), which represents the total number
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of observations whose observation time is exactly ¢,,. Based on this setup, the u,s and z.s were

treated as missing data. Then the complete likelihood function is given by

M
Lo(010}s, u}s, zjs) = [ [IAA(tm)M x H exp(—A(C) exp(X]y + w;)) [exp(X]y + u;)]

m=1

x exp((X;B + zi)Nik,) exp{— (T} k,) exp(X; B + z)}

XH{M i) T - DN (u, 235 %),

To implement the EM algorithm, we first consider the E-step, which computes the
conditional expectation of the log likelihood function given the current estimate of 6 and the

observed data O. To this end, note that the log likelihood function can be written as

1.(0|O%s, u.s, zis) = Zlm(ﬂOi,ui)

=1

=Y N, log AA(t Z { C;) exp(Xvy + u;)

m=1

S

+ Ki(Xjv 4+ u;) + Nig, (X8 + z1) — u(Ti k,) exp(X; B + z)

T log 6(us, 2% +ZA loglu(T,) — M<Ti,j1>}}

Now we consider the maximization of the above expectation, which is the M-step. Suppose

that at kth step, the current parameter estimate is %) = (3% ) $(*) 1, *) AK)) then the

conditional expectation of the “complete” log-likelihood function is

1,(0]0}s,0%)) = 1) (v, A|OLs, 0%)) + 128, u|OLs, %)) + 1D (8|0}, 00)),  (2.5)
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where

M
107, A|O}s,0%)) =~ N, log AA(t)

m=1
+ Z [ — A(C))eX E{ev
i=1

0;,60%)}

n

19(8, 1|O%s, 0 Z{ZA Joglu(T,y) — u(Toy 1)

+ Nig, (X[B + E{z]0;,6M})

— 1(Tix,) exp(X[8) E{e*]0;, 0V} |,

17(13)(210257 e(k)) = E{log ¢(Ui> 245 Z)’Oh Q(k)}-

Therefore, the maximization of the log-likelihood function can be achieved by maximizing the
above three log-likelihood functions separately, and then we can obtain the next estimate §*1).

In particular, the estimate of A in step (k+1) is

-1

[AA(tm)](k“):Nm{Z (C; > )X E(e%|0;, 00| | (2.6)
=1

33



form = 1,..., M and v**1) can be obtained by solving the following equation

ZX { (CH]™ exp(XIy)E(e¥]0;, 00| = 0. (2.7)

2.4.2 A Self-Consistent Algorithm
By maximizing the following log-likelihood function

n

z;”w,mo;s,e%)):Z{ZA jlog(u(Ti ;) — (T j1)]

=1
+ Nik, (X[B + E{z]0;,6M1})

one obtains the (k -+ 1)th step estimates of 1 and 5. This algorithm was developed by Wellner and
Zhang (2007). Here, we propose a new algorithm to generate a nondecreasing estimator by using
the self-consistent algorithm (Hu et al., 2009), which has been demonstrated to be consistent

without the Poisson assumption. Let

o = p(tm) — pt(tm—1),

with ¢y = 0 and 14(0) = 0. Then it is obvious that the estimator can be written as
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The following algorithm will be used to estimate the (k + 1)th step estimators:

i k
dony _ T X0 (b € (Tigr, T ANy / {n ¥ (T3y) = ) (Tiy1))
. Yoy I(Tik, > t) exp(X!B8W)E{e*|0;,0®)} )

(2.8)

and B*+1) can be calculated by solving the following equation

0,00} = (2.9)

ZX { ik, — (T, )™ exp(X!3) E{e”

2.4.3 Estimation of X

The following log-likelihood function
18)(2|0%s,0%)) = E{log ¢(us, 2;: 2)|0;, 6®)}.

can be maximized by obtaining the (k + 1)th step estimates of ¥ as

DD = =% E[ 10;,00) 1. (2.10)
2

Then the maximum likelihood estimate of § can be obtained by the following step:

Step 1. Start with initial value §(

Step 2. At the kth step, we calculate the (k + 1)th step 0%V through (2.6 - 2.10); and then
iterate this step until the desired convergence achieves.

It is clear that to calculate 2.10, one needs to first calculate E[z2|0;, 0], Efu;2]0;, 0%)]

and E[u?|O;, 0™)].
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We let
I (ugy 25, 0) = exp(=A(C;) exp( Xy + u;) + Kiju; + z:Nik, — (T, ) exp(X[ B + 1)),
fori = 1, ..., n. Generally, for some function h(u;, 2;),
B{h(us, 2)[05, 00} — / / h(us, 20) f (s, 2|0, 08 dusdl,

where

10 ) — I (i, 215 0) (i, 253 3)
f(uzazz|0170) - fffz*(uwzue)(b(U“Z“Z)dulzz (211)

is the conditional density function of U; and Z; given O; and 6. It is apparent that this integration
has no closed form. For this situation, with § = 0%, let {u;y, zig;i = 1,...,n;¢ = 1,...,Q}
be @ i.i.d. samples from N (0, X(*)), where () is sufficiently large. Then one can approximate

. “ h ig» Zig) 7 (Uig, 2ig; O
Bl 2|0, 601} = T )1 i 5 070) @.12)

Z?:l fi*(uiq’ Zig; Q(k))

Therefore, E[22|0;,0*)] can be approximated by

_ Z(?:l 25 f7 (Wig, Zig; 0™*)

B{z}|0:,0"}
Zqul fi*<uiq7 Zig; Q(k))

, (2.13)
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E[u;2|0;, 0%)] can be approximated by

Zqul uiqziqfi*(uiqa Zigq; e(k))

E{u;z]0;,0W} = , (2.14)
Zqul fi*<uiq> Zig; Q(kz))
and E[u?|O;, 0] can be approximated by
: S iy i (g 227 0)
E{u?|0;, 00} = =12 1 : (2.15)

Zqul fz* (uiqv Zigs Q(k))

2.5 Discussion

A main feature of the methodology discussed in this chapter is that the correlation between
the observation process and the point process that characterizes the occurrence of the events is
modeled using a variance-covariance matrix from a bivariate normal distribution of two frailty
terms Z; and U;. This allows us to conduct the estimation procedure with the joint likelihood.
In this case, we can develop a complete likelihood approach without using some two-step or
three-step procedures that are commonly implemented in previous literature. Furthermore, the
EM algorithm is used for determination of parameter estimators, and a straightforward bootstrap
procedure is implemented for the variance estimation. In Chapter 3, we discuss an extension
of this approach and the algorithm to the situation in which multiple related types of recurrent

events are presented.
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Chapter 3: Semiparametric Analysis of Multivariate Panel Count Data

3.1 Introduction

This chapter discusses the extension of the proposed methodology to the statistical analysis
of multivariate panel count data, which arise when the study involves multiple related types of
recurrent events, and the study subjects are examined only at discrete time points. For multivariate
panel count data, the correlation between different types of events may exist and should be
taken into consideration. To deal with it, we propose three types of modeling assumptions,
as listed in the beginning of Section 3.2. The first type assumes common covariate effects
across all event types with an identical correlation between the observation process and the
point process that characterizes the occurrence of the events. The second type also assumes
common covariate effects across all event types, but allows the correlation between the two
processes to be event-type-specific. The third one assumes different covariate effects for multiple
event types with an identical correlation between the two processes. Those three multivariate
modeling approaches will cover a wide variety of multivariate panel count data in real-world data
analysis. Regarding the estimation procedures, we adopt similar joint modeling techniques but
the complete likelihood function and the corresponding estimation equations for each of the three
multivariate models are quite different, which are described in details in Section 3.3. Finally,

Section 3.4 discusses the advantages of our proposed methods as well as possible directions for

38



future research.

3.2 Models and Notations

In the multivariate modeling procedure, we propose three types of modeling structures,

which are presented in the following table:

Table 3.1: Features of Multivariate Models

Type of Type of X
Multivariate Model A Constant Constant
Multivariate Model B Constant Event-type-specific
Multivariate Model C  Event-type-specific Constant

For the proposed model A, it is assumed that given X; and a subject-specific unobservable
frailty z;, N;)(t), (I = 1, ..., L), which is the total number of type [ events that have occurred up

to time ¢, follows a nonhomogeneous Poisson process with the mean function

piwy () = poq) () exp{XiB + zi}. (3.1)

Given X; and a subject-specific unobservable frailty u;, H;;(t), which is the total number
of observation times for type [ events that have occurred up to time ¢, follows a nonhomogeneous

Poisson process with the intensity function

Aiy () = Aoy (1) exp{ Xjy + u;}. (3.2)

To model the correlation between the two processes N, (t) and H;(t), it is assumed that

(z;, u;) follows a bivariate normal distribution with mean (0, 0) and a variance-covariance matrix

39



that is the same across all of the event types

= (3.3)

For the proposed model B, it is assumed that given X; and a subject-specific and event-
type-specific unobservable frailty z;;), N;q)(t), (I = 1, ..., L), which is the total number of type
events that have occurred up to time ¢, follows a nonhomogeneous Poisson process with the mean

function

fiy (t) = poqy () exp{ X{8 + ziy }- (3.4)

Given X; and a subject-specific and event-type-specific unobservable frailty w;), H;q(t),
which is the total number of observation times for type [ events that have occurred up to time ¢,

follows a nonhomogeneous Poisson process with the intensity function

iy (1) = Aoqy (1) exp{ X[y + wiq) }- (3.5)

To model the correlation between the two processes N, (t) and H;(t), it is assumed that
(zi1)» ui()) follows a bivariate normal distribution with mean (0, 0) and a variance-covariance

matrix that is event-type-specific

[O-Z(l)]Q Uzu(l)

S = (3.6)

Oy o)

For the proposed model C, it is assumed that given X; and a subject-specific unobservable

40



frailty z;, N;o)(t), (I = 1, ..., L), which is the total number of type [ events that have occurred up

to time ¢, follows a nonhomogeneous Poisson process with the mean function

i) (t) = poa)(t) exp{ X;Buy + 2}, (3.7)

where () is a vector of unknown regression parameters specifically for event type /.
For the observation process, given X; and a subject-specific unobservable frailty wu;(),
H;q)(t), which is the total number of observation times for type [ events that have occurred

up to time ¢, follows a nonhomogeneous Poisson process with the intensity function

iy (1) = Aoy (1) exp{ Xjva) + wil, (3.8)

where 7 is a vector of unknown regression parameters specifically for event type /.
To model the correlation between the two processes N, (t) and H,(t), it is assumed that
(zi, u;) follows a bivariate normal distribution with mean (0, 0) and a variance-covariance matrix

that is the same across all of the event types

Y — (3.9
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3.3 Estimation Procedures

3.3.1 Multivariate Model A

For the proposed multivariate model A, we first set T;;y0 = 0, Ny, x, = Niy(Ti),x,) and
ANi(l)J = Ni(l)(ﬂ(l),j) — Ni(l)(Ti(l),jfl) fOI'j = 1, ey Ki(l)’ 1= 1, ..nand! = 1, ey L. Then we

assume that the observations from the n subjects are i.i.d. copies, given the observed data
Oy = {Xs, Ty, Niqry, Cipy }, i =1, ...,n, L =1, ..., L

with Ty = {Ti0),0, Tiy. 15 ).k, 3 and Ny = {N;oy(Tiy1), - Ny (T, :) 3

The likelihood function of 8 = (3,~, X, i, A) is proportional to

L

HH//f sy sy | X, Gy, wiqy, Ziays By 1y May) 0(wary, ziys 2)dusaydziqy, (3.10)

=1 =1

where

[Ty, Niqy| X, Ciays waqry, Ziary, B, 7, by, Aqy)

exp(—Aw (Cigy) exp(X]y + wiy)) [Aw (Cigy) exp(X]y + wigy)] 0
Ki(l)!

K@y

A . .
H Ay {N(l( i) — ty (Do j—1) } N0

x exp((XiB + i) ) ANiq ;)

x exp{—(uw (Tija) — @y (Tiwyj—1)) exp(X; 6 + ziw) }/ (AN 1)),
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and ¢(.; X) is the density function of bivariate normal distribution with zero mean and variance-
covariance matrix . Noted that for the expression above, A ;) (Cj(;)) can be cancelled out and the
remaining parts can be simplified as follows:

F(Tiay, Nay| X, Ciqrys wiqry, 2y, B, 7 1y Ay)

exp(—Aqy(Ciy) exp(X{y + wiy))[exp(X]y + uip))] O

x exp((XiB + 2ia)) Niw, x;) exp{— (1(Tiqw) x,) exp(XiB + zip)) }

1(1)
X H ( Ty ) e (Tia) —M(z)(Ti(z),j—ﬂ}AN“”’j/(ANi(z),j!)>-

The likelihood function can be obtained by removing the terms that are not related to the

parameters, which can be written as

L
Lo(010is) = | TTTT T Aoy (Tiy )

L n
<1111 /eXP(—A(l)(Cz‘(D) exp (X7 + i) [exp(Xy + ui)] 0

=1 1=1

x exp((X;6 + zi)) Nigy, k) exp{—pay (Tio),x,) exp(X 6 + ziq)) }

X H {1 (Tii0) — mo (Tiayi-1) 300 d(uiy, ziy; X)duigydzig)

Let the true value of (), which is the set of true parameters of event type [, be Oy =
(Bo, Y05 o, tory, Nowy) and 0 < ¢ < ... < try, be the ordered distinction time points of
{Ti(l),j}- Then the maximum likelihood estimation of ;) can be obtained by maximizing
the above likelihood function subject to the monotonicity of Ay (.) (e.g. non-decreasing).

Following the discussion in chapter 2, the maximum of the foregoing likelihood function is
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infinity, because we can always choose some function A (.) with fixed values at the Ti,; while
letting A(;y(t) = dA)(t)/dt go to infinity. Thus we relax A;)(.) to be right-continuous and allow

it to have jumps at 7;;) ;. Then the likelihood function can be rewritten as

n 'L(l)

L,(0]0}s) HH 1T 20

=1 1=1 j=1

L n
<I111 / / exp(—Aw) (Cigy) exp(Xjy + wigy)) [exp(Xjy + wig))] 0
=1 1=

1

X eXP((X{B + Zi(l))Ni(l),Ki) eXP{—M(Y}(l),Ki) eXP(Xfﬁ + Zz’(l))}

Ky
X H {1 (Tij0) — mw (Tiayj—1) 00 d(uiy, iy X)duigydziq)

where AA() () = Agy(t) — A (t—) and Ay (t) = Mo AN (tma)) L (t > tnq)). The resulting

estimators, are referred to as maximum likelihood estimators, denoted by

/\ ~

(57”7717 na,un(l A ) (l:1,7L>
Following a similar algorithm as in Chapter 2 and by incorporating multivariate

components, the complete likelihood function for multivariate model A is given by

My
L,(0|0;s,us, zis) = H AN ()] VO
=1 m=1
L n
X H exp(—Auy(Ciy) exp(X{y + wi))) [exp(X[y + wi))])®
I=1 i=1

x exp((X;6 + zi)) Nigy,x.) exp{—pay (Tio),x,) exp(X; 6 + ziq)) }

Ky
X H{M(Z) i) — 2o (T 1) N0 6wy, ziy; D),

where M),l = 1,..., L is the number of distinct observation time points for event type . To

44



implement the EM algorithm, we first compute the conditional expectation of the log likelihood
function given the current estimate of ¢ and the observed data O (E-step). To this end, for

multivariate model A, note that the log likelihood function can be written as

1,(0|O%s,us, z1s) :Zlm(é\Oi,ui)

i=1
L My L n

=D NuwlogAAg () + { 0 (Cigp) e
I=1 m=1 I=1 i=1

+ Ky (X + wiqy) + Nir, o, (XiB + zigy) — by (Tiay, ) exp(XiB + ziqy)

z(l)
+ logp(uiay, 2iay; 2 +ZAN jlogluay(Tija) — M(Z)(Ti(z),j_ﬁ]}.

Now we consider the maximization of the above expectation, which is the M-step. For
event type [, suppose that at (k)th step, the current parameter is 98“)) = (B®) k) nk) ugf) AM)
for multivariate model A. Then the conditional expectation of the “complete” log-likelihood

function is

1,(8]0%s,0%)) = 10 (~y, A|OLs, %)) + 1D(B, 1| Ols, 88)) + 1 (2]0Ls, 6%)), (3.11)
where
L My
D (7, AlOjs, 0) = > 3 " Nuwylog ANy (tnr))
=1 m=1
£ 30 Aot B0, )
=1 =1

+ Kigy (X[ + B{uig)|0;, 6™} ],
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L n z(l)
198, 1|OLs, 0 ZZ[ZANWW[ (Tosw) — i (T )]

=1 i=1 =

+ Nle(z) (leﬁ + E{Z¢(1)|Oi, e(k)})

— iy (Tiy x,) exp(X{B) E{e"® |0, 0} |,

1(2]05s, M) = E{logd(uiq), ziay; £)|0s, 0}

Therefore, the maximization of the log-likelihood function can be achieved by maximizing the
above three log-likelihood functions separately, and then we can obtain the next estimate (1),

By maximizing the following log-likelihood function 1

L My
=1 m=1
L
#3035 [ - A0 (Gl B j0.0%)
=1 i=1

one obtains the (k + 1)th step estimates of A and  for event type [,

—1
[AA(l) (tm(l))](k+1) = Nm(l) {Z I(Cz‘(l) > tm(l))eXl{’Y(k)E(eui(l) ’Oi, Q(k)):| , (3.12)

form = 1, ..., My and v**1) by solving the following equation

in

=1 i=

X [ i) — M) (Ciy)] exp(X[7) E(e" |0, 9““))} = 0. (3.13)
1
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By maximizing the following log-likelihood function

n K
128, 105, 0%)) =) [Z ANy loglina (Tiim) — o (Tiayj-1)]
=1

=1 j=1

+ NiKi(l) (leﬁ + E{Zz’(l)|0i, 6(’“)})

— uy (T, k) exp(X[B) E{e*0]0;, 0"} |,

one obtains the (k + 1)th step estimates of p and S. Following the self-consistent algorithm
discussed in Chapter 2, the following algorithm can be applied to estimate the (k + 1)th step
estimators for event type [:

n K; & . i
ey _ i 20 Lt € (T2, Tttty ANawa (i) (Tin) = iy (Ta.i-1)}
N( ) = @ () )
m(l) ZT." 1 I(Ti(l),Ki > tm(l)) exp(XZ(ﬁ(k))E{ezz-u) ’Oi7 g(k)} )

(3.14)

and 51 by solving the following equation:

L n

DX [Niam — 1)) (Ti.rc,) exp(X[B) E{e®0|0;, 00} | = 0. (3.15)

=1 i=1
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3.3.2 Multivariate Model B

For multivariate model B, the joint modeling setup is similar to multivariate model A except

for the covariance component. The likelihood function can be simplified as

n 'L(l)

L,(0]0}s) HH 1T 20

=1 1=1 j=1

L n
<I111 / / exp(—Aw (Ciy) exp(X]y + wiw)) lexp(Xjy + uiy)] 0
=1 1=

1

X eXP((Xfﬁ + Zz’(l))Ni(l),Ki) eXP{—M(Y}(l),Ki) eXP(Xz(ﬁ + Zz’(l))}

Ky
X H {1 (T0) — p (Tiayj-1) YN0 G (uiy, 23 Sy ) dus dziq).

where AA()(t) = Ag)(t) — A (t—) and Ay (t) = ZM(” AN (tm@ )L (t > timy). The resulting

estimators are referred to as maximum likelihood estimators, denoted by

~ ~ A ~

6 1) = (57”&n7zn(l)7ﬂn(l)7An(l)), (l = 1, . ,L)

Then the complete likelihood function for multivariate model B is given by

l

L,(0|0;s,u;s, z;s)

177 7T

)
[AA Q) (Ery)] Y ®

1
[T exp(—Aq (Ciw) exp(X[y + wiy) [exp(Xfy + )]

=1 =1

L M
=1 m=
L
<[]
=1

x exp((X;B + ziw)) Niw,x,) exp{ =) (Tigy,x,) exp(XB + zi@) }

K
< [[H{ro(Tw) = po) (T -}V 00 6 (i), 20 Sw).
=1

To compute the conditional expectation of the log likelihood function given the current estimate
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of # and the observed data O, note that the log likelihood function can be written as

1(6]O)s, s, 2}s) = 1,i(0]0;, u;)

i=1

L My L n
D) LATMINUIMIED 93X ERICHRAE
=1 m=1 =1 =1

+ Ky (X{y + wiq)) + Nir, o, (XiB + zigy) — by (Tiy i) exp(XiB + ziy)

For event type [, the conditional expectation of the “complete” log-likelihood function for

the current parameter (98“)) = (B®), k), ng)), ugf)), Agf))) is

1,(0]0Ls, 00) = 10 (4, A|O}s, 0%)) + 123, u|OLs, 8F)) + 13 (2|01, 08, (3.16)
where
L My
I (7, MO}, 69) =3~ NowylogAA ) (Emr)

=1 m=1
L

+ZZ { M E{et0]0;, 0™}
=1 =1

+ Kigy (X[ + B{uig)| 0,00} ],
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L n z(l)
198, 1|OLs, 0 ZZ[ZANWW[ (Tosw) — i (T )]

=1 i=1 =

+ Nle(z) (leﬁ + E{Z¢(1)|Oi, e(k)})

— iy (Tiy x,) exp(X{B) E{e"® |0, 0} |,

19(2)0;s,0M) = E{logd(wia), ziay; )| O, 0P}

Therefore, the maximization of the log-likelihood function can be achieved by maximizing the
above three log-likelihood functions separately and then one can obtain the next estimate (1),

By maximizing the following log-likelihood function 1Y

L My
=1 m=1
L
#3035 [ - A0 (Gl B j0.0v)
=1 i=1

one obtains the (k + 1)th step estimates of A and  for event type [,

1
(AN (@)Y = Ny [ZI(Q(Z) > tm(l))eXh%)E(eui(l) 0;, Q(k))} , (3.17)

form = 1, ..., M and **1) by solving the following equation

in

=1 i=

X; [ i) — (A (Ciy)] exp(X[y) E (0|0, 9““))} = 0. (3.18)
1
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By maximizing the following log-likelihood function

L n z(l)
128, 105s,600) => "> {Z AN jlogliw (Tiiw) — nay(Tig.i-1)]

=1 i=1 =

— uy (T, k) exp(X[B) E{e*0]0;, 0"} |,

one obtains the (k + 1)th step estimates of 1 and /3. The self-consistent algorithm discussed in
Chapter 2 suggests the following (k + 1)th step estimates of ,, for event type [:

K; k k k
ooy i gt Tlbmay € (T, Ty ) iy ANy 1 /) (Tiay5) = 1) (T 51)}
fmty” = S [Ty i, > tmiy) exp(X[B®) E{em0]0;, 00} ’

(3.19)

and 51 by solving the following equation:

L n
) Xﬁ[ i, — 1) (Tiy) exp(X1B) E{e*0]0, 0%} | 0. (3.20)
=1 1

1=
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3.3.3 Multivariate Model C

For multivariate model C, the covariance component is similar to multivariate model A,

and the likelihood function can be simplified as

n ’L(l)

L, (0|O}s) HH 1T 220

=1 1=1 j=1

L n
X H H / / eXp l)) eXP(X Y + Ui(l))[exp(XZ{fy(l) + Ui(l))]KW)
=1 i=

1

x exp((X;Bay + ziw) Niwy,x,) exp{—u(Tiq), x,) exp(X;Bay + i) }

K@
< [TH{ro (Tw) = po (Ti.j-0) Y00 6w, zi0y; £)duigdzig)

where ANy (1) = Agy(t) — Agy(t—) and Ay (t) = s, ANy (tmay)L(t > tnq). The resulting

estimators are referred as maximum likelihood estimators, denoted by

~

Oty = (Buity, n(ys S fimity, Any), (=1, L).
For multivariate model C, the conditional expectation of the “complete” log-likelihood
function is maximized based on each event type. One can obtain the (k + 1)th step estimates of

A for event type [ as follows

n -1
1., (k)
(AN (tn@)] ™ = Nungr {ZI (Cigy = tmy)e™ 0 E(e 00,69 | (3.21)

i=1

form = 1,..., M. Then fy((f;rl), 7((5;1), e ,fy((grl) can be obtained by solving the following
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system of equations

0

ZX { an = E ))(Ci(l))] eXP(X£7(1))E(e“i<1>|Oi,9(’“))}

ZX[ i(2) — E)(Oi(Q))] eXp(Xh(z))E(e““?)lOi,0(’“))} 0

(3.22)

X [Kw — (A (Ciny)] exp(Xfyr)) E(e"®|O;, e(k))} =0

The (k + 1)th step estimates of x can also be obtained following the self-consistent algorithm

discussed in Chapter 2, which yields the following (k + 1)th step estimate of ., for event type I:

LD S S Itmay € (T g1, Ty )i £,’:21AN@-<I M) (Tayg) = 1) (T 1)}
0 S0 Ty, > ) exp(X[B)) E{e50]O;, 00} ’
(3.23)

and 6(“1 6(“1 e ﬁ((k;rl) can be obtained by solving the following system of equations

ZX { i — i) (Tia >,Kz-)eXp(Xﬁ(l))E{ez“”IOue(k)}] =0

Z X {wa — 15) (Tigay i) exp (X[ Biay) E{e™)|O;, H(k)}} -

h (3.24)
Z X [Ni(L)yKi - NEE)) (Typ).x:) exp(X{ By E{e”®|O;, (9(]“)}} 0
i=1
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3.3.4 Estimation of X2

For multivariate model A, the following log-likelihood function

13(2]0!s,0%)) = E{loge(uia), ziqy; 2)| O, 0%}

can be maximized to obtain the (k + 1)th step estimates of ¥ as

3

[Zil]2 Zi(H) Uil
E[ " o0 10;,6%)|. (3.25)
1

zZimuwiy  [wi)?

Then the maximum likelihood estimate of § can be obtained by the following step:

Step 1. Start with the initial value 6();

Step 2. At the kth step, we calculate the k + 1th step 6%*+1); and then iterate this step
until the desired convergence achieves. To calculate E[[zi;)]%0;, 0], E[zi0yuiqy|Os, 0] and
E[ui]*0s, 0®],

we let

L
fi*(u;‘7 z:‘; 9) =exp { Z [ — A(l)(Ci(l))] exp(X{’y + ui(l))

=1

+ Kigywiy + ziw) Vi), x;

— oy (Ti),x,) exp(XiB + Zi(l))}a

fori =1,...,n, u} = (W), ..., uyry) and 25 = (%), ..., zi(r)). Generally, for some function

h(uiqy, Ziqy)s
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E{h<ui(l)7zi(l))|0ia0(k)}://h(ui(l),Zi(l))f(u;-k,Z:|Oi70(k))duidzi7

where
Ji(ug, 25 0M)(uy, 253 %)

T T 2 00)(ug, 25 ) dut

1) T 1) T

f(ur, z¥0;,0%)

177

(3.26)

is the conditional density of U; and Z; given O; and 6. It is apparent that this integration has no
closed form. For this situation, with 8 = 6% let {wiwy g ziy,it = 1,..,m,q¢ = 1,..,Q,1 =
1,...,L} be L sets of ) i.i.d. samples from N (0, £(®)), where @ is sufficiently large. Then one

can approximate E{h(u;q), zi1))|O;, o)} by

S (i) g Zig) o) f (W, 25y 0)

E{h(ui(z), 2iw)]0i, 0} = (3.27)
S [ (uly, 27, 00)
Following equation 3.27 above, E[[z;)]?|O;, 0*)] can be approximated by
Q 2 ¥ (% * .ok
Bi[ea 2|0, ) = i lEi0al § (g, 25 0) (3.28)
S fi(uly, 25, 00)
Elziayuigy|O;, 0] can be approximated by
Q * * * .
E’{z-(l)u-(l)|0~ gk} = =1 Zi).atin,a fi (Wi, 2y o) (3.29)
S 7 (ugy, 25 00)
and E[[u;))?|O;, 0] can be approximated by
Q . 2 £k (0% * . (k)
. anr S(ul 2500
B{lu 10, 00 = Zoti0al Wi Z5gi07) (3.30)

Sy [ gy, 25 0®)
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For multivariate model B, the following log-likelihood function
19 (3105, 6%) = E{loge(uiqy, ziay; S)|0i, 60}
can be maximized to obtain the (k + 1)th step estimates of ¥y as

n lziw]? ziwua
O, 0% | . (3.31)
1)

Zi()Ui(l) [Uz‘(l)]2
Then the maximum likelihood estimate of # for event type [ can be obtained using the following
step:

Step 1. Start with the initial value HEZO));

Step 2. At the kth step, we calculate the k£ + 1th step ng)ﬂ); and then iterate this step
until the desired convergence achieves. To calculate E[[z;;)]?|O;q), 6’83)], Elzpuwia)|Oiqy, 083)]

k
and E[[u;)]?O;q), OEI))],

we let

fit (i ziwy: Oay) = exp(=Aw (Ciry) exp(Xjy + wig))

+ Kigywiay + 20 Nig,x: — 1) (Tig), ) exp(XiB + zi))),

fori = 1, ..., n. Generally, for some function h(u;, z;) for event type [,
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k k
E{h<ui(l)>Zz’(l))|0i(l)79§l))} ://h(uz‘(l),Zi(l))f(ui(m,Zi(l)|0i(z),9El)))dui(1)d2z’(z),

where

fz*( )( (l)) Zz(l); 0(1))¢(u7,(l)7 ZZ(Z)) Z(l))
fff wiry, Ziy; Ow) (Wi, ziay; L)) dwiay ziq)

iy, 20| Oay. O0y) = , (3.32)

is the conditional density of U; and Z; given O; and 6. It is apparent that this integration has no
closed form. For this situation, with ;) = 0((?) let {uw;q)q, zi),g3t = 1,..on, ¢ = 1,...,Q,1 =
1,...,L} be @ iid. samples from N (0, ng))), where @ is sufficiently large. Then one can

approximate E{h(u;qy, ziq))|Oiq) Gglk))} by

Q * ok
> g1 MWy q0 zi(l)yq)fi(l)(ui(l),qv Zi(0),q) %))

E{h(ui), z)|Oi. 0} = (333)
7 )~ ) 9 (l) Q % . (k)
D et fi(z)(ui(l),qv “i(l),q5 9(1) )
Therefore, following the above equation, E{[z;)]*|O; 9(“)] can be approximated by
Q * .ok
oY D e 1[Zi(l> ]2f-()(uz(nqui()qv@&)) )
Z ( )@ “i(l),q> 9(1) )
Elziqyuwiw)| Oy, 9((;3)] can be approximated by
Q (k)
- Zi0),qUi(0),a.f 31y (Wi0) 0> Zi(0),q5 0
E{zi(l)ui(l)!Oi(z)ﬁ((g)} = 2z Z0a 00 Fip (U 4 0 (l)) (3.35)

. (k)
2(1:1 fi(l)(ui(l)7q7 zi.g> Oy )
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Ellu)?|Oiqy, lek))] can be approximated by

Q 2 L* (k)
o U i) \Wi(l),q5 %i ,;9
B {100 00} = D e [i,a)* iy (Wi 40 2i0) .4 a)). (3.36)

l) - k
Zq 1f (uz(l q7Zz 0, qa9§ )))

For multivariate model C, the estimation procedure of > is very similar to that in
multivariate model A, based on the fact that §'s and +'s are different across event types in

multivariate model C, the definition of f;"(u}, 27; 6) is slightly different, which is given by

L
fi* ('u,;.k, z:; 9) =exXp { Z [ — A(l)(Cz‘(l)>] exp(Xh(l) + ui(l))

=1

+ Kigywiqy + ziy N,k

— uay(Tiy,x,) exp(X; By +Zzl))}

fori = 1,..,n, uf = (W), .., w)) and 2¥ = (Z(), .-, ziz)). Then for some function

h(wiqy, Ziqy)s

E{h(ui(l), Zl’(l))‘oia 9(1@)} = / / h(ui(l), zi(l))f(u;k, z;"|Ol~, Q(k))duidz,-,

where
f*(u* Z*' Q(k )¢(u* Z*' E)

T frur, 250 p(ur, 25 D) dutzr (3.37)

( 1,’ z|OZ79(k)

is the conditional density of U; and Z; given O; and 6. It is apparent that this integration has no

closed form. For this situation, with § = %), let {wiw g ziy.it = 1,..,m,qg = 1,..,Q,1 =
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1,...,L} be L sets of ) i.i.d. samples from N (0, X)), where Q) is sufficiently large. Then one

can approximate E{h(u;), zi1))|O0;, 0} by

E{h(ui), z))|0:, 0P} =

S B, ziy.0) f (w25, 00)

S fr(ug,, 2 00)

Following the equation above, E[[z;)]?|O;, 0] can be approximated by

222:1 [ziw.a) £ (u:qa 23 o)
Yoo fr (g, 25 00)

E{[zi0)*|0;, 6"} =

Elziayuigy|O;, 0] can be approximated by

Q Kok %
Zq:l Zi().q%i(0).q/; (uiqa Zig ok))

E{Zi(l)ui(l)loia o =
S fr (g, 2 00)

E[[u;)]? O, %] can be approximated by

25:1 [ui(l)7Q]2fi*(u;q7 2 o)

E{[ui]?|0:, 00} =
S fr(ug,, 2 00)

3.4 Discussion

(3.38)

(3.39)

(3.40)

(3.41)

In this chapter, we discussed three different model assumptions and the corresponding

estimation procedures for the situation in which multiple related types of events are presented.

The performance of each of the three proposed models will be demonstrated by simulation studies

in Chapter 5. Application to real-world data will be implemented and discussed in Chapter 6.

Our proposed approaches are capable of incorporating the same or event-type-specific covariate
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effects and flexible in modeling different types of correlation between the observation process and
the point process that characterizes the occurrence of the event depending on the major research
purposes. Furthermore, the algorithms for all of the three models are relatively easy to implement
although the bootstrap methods for the variance estimation may take a longer computation time
in real-world data analysis. One limitation of the proposed approach is the lack of consideration
of an informative follow-up time process. A possible direction for future research is to develop
an approach that allows the follow-up time to be related with the observation process as well as
the point process of interest. This situation can occur if the disease of interest is not indolent
and a relatively large proportion of severe patients may tend to drop out of the study earlier. This
problem has been discussed by some previous literature with multi-step inference procedures (He

et al. 2009), but has not been tackled in the multivariate panel count data setting.
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Chapter 4: Model Checking

4.1 Overview

This chapter presents model checking procedures for the proposed univariate models as
well as all types of multivariate models. The procedures are developed based on the model
checking procedures discussed in Lin et al. (1993), which were derived from cumulative sums of
martingale-based residuals over covariate values. The underlying distributions of such stochastic
processes can be approximated by zero-mean Gaussian processes. A number of simulated
realizations from the approximate null distribution can be assessed to compare with each observed
process. The functional form of a covariate can then be checked to assess the objectivity of the
proposed models by visually assessing how unusual the observed pattern is and by a supremum

tests, which will be discussed later.

4.2 Martingale-Based Residuals

Martingale residuals can provide useful clues on appropriate functional forms of covariates
by generating plots of the martingale residuals versus covariates, which are helpful to detect

potential model departures. To describe the martingale residuals, the counting process is defined
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as

K;
Ni(t) =Y ANGI{Ty <t} (i=1,..,n), (4.1)

k=1

where AN, = N;(Tix) — N;(Tix—1). These processes have the intensity functions

pi(t) = po(t) exp{XiB + Z;} (i=1,...n). (4.2)

The differences between the counting processes and their respective integrated intensity

functions can be defined as

t
M;(t) = Ni(t) — / po(u) exp{Xi3 + Zi}du (i=1,..,n), (4.3)
0
and they are martingales. The martingale residuals are defined as

O;, 0 dp(u) (i=1,...n), (4.4)

i) = Nit) - [ exp{XIB} B

where

M is the number of the distinct time points 77 ;s, and

fm = fi(tm) — pltim—1)-

The quantities j,,, can be estimated by using the self-consistent algorithm discussed in

Chapter 2. The martingale-based residuals can then be grouped cumulatively with respect to
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covariate values. We then define the following stochastic process:

Wa(t,x) =Y F(X)I(X; < 2)My(), (4.5)
=1
where f(.) is a known smooth function, * = (z1,...,z,)" € RP, and the event {X; < z}

means that all the p components of X; are no larger than the respective components of x. This
process will fluctuate randomly around zero if model (4.2) holds. The approximation of the null
distribution is shown in the next section.

The model checking procedures can be extended to the multivariate analysis. In the

multivariate modeling, the counting process for event type [ is defined as

K
Niw(t) = Z AN I{Tiy e <t} (i=1,...,n), (4.6)

k=1

where AN;y . = Nioy(Tiwy,) — Nigy (L) 6—1)- For each multivariate model, these processes
have different mean functions.

For the multivariate model A, the processes have the following conditional mean functions

iy (t) = poy (t) exp{X;6 + Z;} (i=1,...,n). 4.7)

For the multivariate model B, the processes have the following conditional mean functions

iy () = poay(t) exp{ X/B + Zipy} (i =1,...,n). (4.8)

For the multivariate model C, the processes have the following conditional mean functions
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iy (t) = powy(t) exp{ Xy + Z;} (i =1,...,n). (4.9)

Then for the multivariate model A, the differences between the counting processes and their

respective integrated intensity functions for event type [/ are defined as

t
M (£) = Ny (£) — /0 o (1) exp{ X8 + Z¥du (i =1, ...n), 4.10)

which are martingales.
Similarly, for the multivariate model B, the differences between the counting processes and

their respective integrated intensity functions for event type [ are martingales and are defined as

t

Mz’(l) (t) = Nm)(lf) — /0 uo(l) (u) eXp{XZ{ﬂ + Zi(l)}du (Z = 1, vy n), (4.11)

The differences between the counting processes and their respective integrated intensity

functions for event type [ for the multivariate model C are also martingales

t
Mi(l) (t) = Ni(l)(t) — / ,uo(l)(u) exp{X{ﬁ(l) -+ Zz}du (Z = 1, ceey n) (412)
0

The martingale residuals for event type [ can then be obtained from the above expression.

For the multivariate model A, the corresponding martingale residuals are defined as

~

t
Mi(l)(t) = Ni(l)(t) — /0 exp{X{ﬁ}E{ezi O;, 9(1)}dﬂ(l) (u) (Z =1,.., n), 4.13)
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where

where M;) is the number of the distinct time points 77;s for event type [ and

fm(@) = pt) (tm) — 1) (Em1)-

Similarly, the martingale residuals for event type [ in the multivariate model B are defined

as

~

t
My (t) = Niy(t) — / exp{ X|B}E{e*®|0;, 00 Ydig(u) (i=1,..,n). (4.14)
0

Similarly the martingale residuals for event type [ in the multivariate model C are defined

as

t
Mi(l) (t) = Ni(l)(t) — / exp{X{ﬁ(l)}E{eZﬂOi, 0(1)}dﬂ(l)(u) (’L = 1, PN n) (415)
0

For all of the multivariate models, j,, can be estimated by using the self-consistent
algorithm discussed in Chapter 2. The martingale-based residuals can then be grouped
cumulatively with respect to covariate values. Then for each event type [, We can define the

following stochastic process:

Wt ) =Y F(X) (X < 2) Mg (8), (4.16)
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where f(.) is a known smooth function, x = (zy,...,2,)" € RP, and the event {X; < x} means
that all the p components of X; are no larger than the respective components of x. Again, this

process will fluctuate randomly around zero if model 4.2 holds.

4.3 Null Distributions

To check the functional form of a covariate, Lin et al. (1993) proposed an objective
graphical solution plots the partial-sum processes of the MZ() instead of plotting the raw

martingale residuals,

Wo(z) = > I(X; < 2)Mi(c0), (4.17)

The partial-sum processes Wy (z) is a special case of W, (¢, z) with f(X;) = 1 and t = co. Then
the null distribution of W;(z) can be approximated through Monte Carlo simulations. Here, we

derive the following approximation of Wy (x) for the proposed univariate model

Wo(x) ZiilNz‘Ki{f(Xi <) - g(B,m)}Gz

3 T, exp(XB)E(e5 01, O)T(X: < x>{x,- - X(B)} @.18)
=1

x F71(B) ZINK{X - X(B)}Gi,

where
S exp(X}5) B (e3]0s, 6)

Y

and
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X(B) _ Z] nl eXp<X ﬁ/) (ezj‘Oiue)
> -1 exp(XiB)E (eZJ|OZ,9)

Here {G;;i = 1,...,n} denotes a random sample of standard normal variables, and .# ‘1(5’) is
the inverse of the Fisher information derived from the proposed likelihood function. Similar
techniques can also be extended to multivariate cases. Under the multivariate model A, the
null distribution of W, (¢, x) for event type [ can also be approximated through Monte Carlo

simulations. We then obtain

T) = Z NiKi(l){f(Xi <) — g0)(B, x)}Gz’
- ZMU) 1) exp(XIB)E(e|0s, 0 I(X, < x>{xi - Xm} 4.19)

W—IBZNZK {xi-xale,

where
so(Ba) — S SPGB E(10:,60) (X, < 2
o S (X E(e[00p)
and
X(B) = 31 exP(XG0) B(e|0:, 0) X;

> exp(X]B)E(e]0:, 0)
Under the multivariate model B, the null distribution of W, (¢, z) for event type [ can also

be approximated through Monte Carlo simulations as
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Wou () = Nz‘&(l){[(Xz‘ < ) — g (B, SC)}GZ-
=1

- Z pay(Tix,) exp(X[B)E (50|05, 00) ) 1(X; < x){Xz - X(/@)} (4.20)
=1

X 9@1(5) Z NiKi(Z){Xi - X(B)}Gn
i—1
where
. " exp(X/B)E(e%0|0;, ) I(X; < x
j=1 J @ J
9u) (B, ) = = p —— ; >
> i1 exp(XB)E(e%0]0;, 0))
and

S0 exp(X)B)E (e |0y, 00) X;
> iy exp(XB) (e |0y, 0))

X(5) =

For the multivariate model C, the approximated null distribution of W, (¢, =) for event type

[ can be obtained by

Wow(z) =) NiKi(l){f(Xi <) = g0)(Bu. SC)}GZ-
=1
Y ny(Tix,) exp(X{Ba) E(e |0y, 00y 1(X; < x){Xi - X(B(”)} (4.21)
=1

=1

where
S exp(X)B)) E(e%]0:, 00) (X < x)
> i1 exp(X[Bw) E(e] 0, 0y)

9By, x) =

Y
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and

Z?:l eXp(X]/»ﬂA(l))E(ezj |OZ7 é(l)>Xj

X(B(l)) = n 5 A
221 &xP(XG80) E (€705, 0))

4.4  Supremum Test

To further evaluate the objectivity of the residual plot, the extremity of wy(.) can be
identified. Since Wy (.) should fluctuate randomly around zero under the null hypothesis, a natural

numerical measure is given by

So = Supy|wo(x)].

From the definition above, an unusually large value of s, suggests the inappropriateness of
the functional form for the covariates. The p-value of the test can be approximated by pr(SO >
So), where

S’O = Sup, |W0(x) |.

In addition, pr(Sy > so) can be estimated by generating a large number of normal samples {G;}
and the calculation of pr(S, > so) is conditional on {Njf,, X;}.

Under the multivariate setup, a similar supremum test can be conducted to evaluate the
objectivity of the residual plot for each event type [, and the extremity of wg()(.) can then
be identified. The p-value of the test can be approximated following similar set-up in the
univariate analysis. In Chapter 6, we will apply the model checking techniques discussed above
to both univariate and multivariate analyses of bivariate panel count data from the skin cancer

chemoprevention trial. Plots of cumulative martingale residuals will be used to evaluate the
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appropriateness of the functional forms of covariates, and the supremum tests will be conducted

to further assess the objectivity of the residual plots under each proposed model.
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Chapter 5:  Simulation Studies

5.1 Univariate Panel Count Data

5.1.1 Description of Simulation

Simulation studies were conducted to evaluate the performance of the proposed
methodology under various situations. In the simulation study, the distribution of C;, the follow-
up time for patient 7, does not depend on the covariates, and the covariates x}s were assumed
to follow two types of distributions, a normal distribution with mean 0 and variance 0.25, and
a Bernoulli distribution with success probability 0.5. The follow-up times, C;,7 = 1,...n, were
generated from a uniform distribution over (7/2,7), where 7 is set to 10. The subject-specific
frailties z; and u; were generated from a bivariate normal distribution with mean (0,0) and

variance-covariance matrix

where the initial values for the variance-covariance matrix were set to 02 = 0.25, 0., = 0.1,
and 030 = 0.2. For the event counting process, we assumed that /N; is a nonhomogeneous
Poisson process with po(t) = t/(57). For the observation process, we assumed that H; is a

nonhomogeneous Poisson process with \g(¢) = t/(207). Then given x; and w;, K, which is the
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number of observation times for subject ¢, followed a Poisson distribution with the mean function
A(Cilws,u;) = Ao(Cj)e?™+, and the observation times (1, tio, ..., tix+) are the order statistics
of the random sample of size K from the uniform distribution over (0, C;).

The second step was to generate panel count data V;(¢;;)'s by assuming that

Ni(tij) = Ni (tin) + N (tio — ta) + ... + Ni (tij — tij—1)

where j = 1,..., K andi = 1,...,n. Given z; and z;, N;(t) followed a Poisson distribution with
the mean function 1(t)e®*+# . The results presented below were based on two sample sizes, n
=100 and n = 200. The replications were set to be 1,000 for obtaining the coverage probabilities
for 8. For the size of the bootstrap samples, we considered multiple values in the simulation
studies and obtained similar results. Therefore, the results with the size 20 of bootstrap samples

are presented.

5.1.2 Simulation Results

Table 5.1 shows the simulation results when the zs follow a normal distribution and v = 1
for the observation process. The true value of 3 was set to be —1, 0, or 1. In the table, the average
of estimates of 3, the sample standard deviations of the estimates (SSD), the means of bootstrap
standard deviation estimates (BSD), and the 95% empirical coverage probabilities for 3 (CP) are
given.

The results for the case when the x}s follow a Bernoulli distribution are presented in Table

5.2. In the table, all of other setups are the same as in Table 5.1.
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Table 5.1: Univariate Model: Estimation of 3, x; ~ N(0, 0.25)

True
-1 0 1
Sample Size N=100 N=200 N=100 N=200 N=100 N=200
6] -0.9910 -0.9919 0.0099 -0.0060 0.9792 1.0158
SSD 0.1612  0.1179  0.1453  0.1005 0.1554 0.1190
BSD 0.1487  0.1119  0.1333  0.0989 0.1528 0.1128
CP 0.932 0.961 0.941 0.963 0.942 0.961

Table 5.2: Univariate Model: Estimation of 3, z; ~ Bernoulli(0.5)

True
-1 0 1
Sample Size N=100 N=200 N=100 N=200 N=100 N=200
6] -1.0108  -0.996 -0.0075 -0.0004 1.0226 1.0043
SSD 0.1427  0.1042  0.1405 0.0969 0.1308 0.1035
BSD 0.1450 0.1013  0.1352  0.1015 0.1431 0.1020
CP 0.963 0.955 0.942 0.956 0.965 0.959

5.2 Multivariate Panel Count Data

5.2.1 Description of Simulation

Following similar setup in the simulation studies for univariate panel count data, the
covariates z;s were assumed to follow a normal distribution with mean O and variance 0.25.
The follow-up times C; was generated from a uniform distribution over (7/2, 7) for each event of
interest. The subject-specific frailty z; and u; were assumed to be event-type specific, and were

generated from bivariate normal distributions with mean (0, 0) and variance-covariance matrix

Yoy = , (5.1)

where [ = 1,..., L, and L was set to 2 in the simulation study. The initial values for the first
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variance-covariance matrix was set to [0,(1)]> = 0.4, 0,4,1) = 0.1, and [o,,(1)]*> = 0.2; and the
second variance-covariance matrix was set to [0,,(2)]* = 0.2, 0.4,(2) = 0.05, and [0,(2)]* = 0.1.
For both types of events, the event count process, N;;) was assumed to follow a nonhomogeneous
Poisson process with 1) (t) = t/(57), and the observation process H;(y was assumed to follow
a nonhomogeneous Poisson process with Ao (¢) = ¢/(207). Then given z; and u;(;), K7, which
is the number of observation times for event type [ for subject ¢, followed a Poisson distribution
with the mean functions Ag)(Cp |z, wiqy) = Aoy (Ciy)e?™ i, and the observation times
(ti(m,ti(l),g, o L, K) are the order statistics of the random sample of size K i*(l) from the

uniform distribution over (0, Cj;)).

Then the panel count data N;(t;;)'s were generated by assuming that

Niw(ti) = Ny (L) + Nig i,z — tigy,1) + -+ Niy (G5 — tiay.j-1)

where j =1, ..., Kl.*(l) and 1 = 1,...,n. Given x; and z;(), Ni*(l) (t) followed a Poisson distribution
with the mean function fio() (t)e?* 720, The results presented below are based on n = 100 and n
= 200. The replications were set to be 1,000 for obtaining the coverage probabilities for 5. The
size of bootstrap samples was set to be 20, consistent with the setup in the simulation studies for

univariate panel count data.
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5.2.2 Simulation Results

5.2.2.1 Multivariate Model A

Table 5.3 shows the simulation results for model A when f3, 7, and X are all constant. In
this simulation setup, zs followed a normal distribution, and the true value of y was set to 1 for
the observation process. The true value of J was set to be —1, 0, or 1. In the table, the average
of estimates of /3, the sample standard deviations of the estimates (SSD), the means of bootstrap

standard deviation estimates (BSD), and the 95% empirical coverage probabilities for 5 (CP) are

presented.
Table 5.3: Multivariate Model A: Estimation of 3, z; ~ N(0,0.25)
True S
-1 0 1

Sample Size N=100 N=200 N=100 N=200 N=100 N=200
6] -1.0137  -1.0118 0.0102  0.0023 1.0203 1.0012
SSD 0.1135 0.0818 0.1115 0.0776 0.1190 0.0854
BSD 0.1032  0.0760 0.1022 0.0762 0.1081 0.0809
Cp 0.932 0.940 0934 0956 0942  0.948

5.2.2.2 Multivariate Model B

Table 5.4 shows the simulation results for model B when 3 and ~ are constant but X is
event-type-specific. In this simulation setup, x’s followed a normal distribution, and the true
value of v was set to 1 for the observation process. The true value of S was set to be —1, 0, or 1.
In the table, the average of estimates of 3, the sample standard deviations of the estimates (SSD),
the means of bootstrap standard deviation estimates (BSD), and the 95% empirical coverage

probabilities for 5 (CP) are reported.
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Table 5.4: Multivariate Model B: Estimation of 3, z; ~ N(0, 0.25)

True
-1 0 1
Sample Size N=100 N=200 N=100 N=200 N=100 N=200
15} -1.0111  -1.0025 0.0096 0.0026 0.9885 1.0041
SSD 0.1140  0.0833  0.0993 0.0777 0.1038 0.0767
BSD 0.1013  0.0718  0.1028 0.0699 0.0987 0.0730
CP 0.928 0.946 0.962 0.942 0.958 0.948

5.2.2.3 Multivariate Model C

Table 5.5 shows the simulation results for model C when /3 and y are event-type-specific but
¥ is constant. In this simulation setup, z;s followed a normal distribution, and the true value of ~y
was set to 1 for the observation process. The true value of 3’s was set to have three combinations
as listed on the second row of the table. In the table, the average of estimates for each [, the
sample standard deviations of the estimates (SSD), the means of bootstrap standard deviation

estimates (BSD), and the 95% empirical coverage probabilities for each  (CP) are presented.

Table 5.5: Multivariate Model C: Estimation of 3's, z; ~ N (0, 0.25)
Sample Size N=100 N=200 N=100 N=200 N=100 N=200
True (51, 52)  (-1,0) (-1,0) (1, 0) (1, 0) 1,-D 1,-1)

51 -1.0285  -1.0073  0.9892 1.0123 1.0436 1.0226

By 0.0147 -0.0064  0.0175  0.0043  -1.0100  -1.0398
SSD (Bl) 0.1930 0.1354 0.1960  0.1316 0.1967 0.1390
SSD (Bg) 0.1708 0.1280 0.1875  0.1308 0.1740 0.1471
BSD (5,) 0.1666 0.1193 0.1630  0.1155 0.1689 0.1185
BSD (52) 0.1590 0.1167 0.1601 0.1129 0.1622 0.1217
CP (B1) 0.916 0.924 0.920 0.918 0.918 0.928
Cp (Bg) 0.942 0.946 0.942 0.926 0.948 0.902
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5.3 Discussion

The results from Table 5.1 and Table 5.2 suggest that the proposed estimation procedure
yields a consistent performance for different distributions of zs. The point estimates seem to be
nearly unbiased. In addition, the bootstrap sample standard deviation estimates are quite close
to the sample standard deviation of the estimates, which indicates that the proposed variance
estimation procedure works well. The estimates of variances become smaller as the sample size
increases. It is also shown that the coverage probabilities are consistent with the nominal levels.

In addition to the coverage probabilities, we also constructed the quantile plots of the
standardized estimates of 3 to assess the performance of the normal approximation to the finite
distribution of the estimate of 3. The QQ plots for the univariate cases are presented in Figure
5.1 to 5.3, which indicate a good match between the quantiles of our estimators and the quantiles
for a standard normal distribution. The QQ plots for all of the three types of multivariate models
are also presented (Figure 5.4 to Figure 5.6 for the multivariate model A, Figure 5.7 to Figure 5.9
for the multivariate model B, and Figure A.1 to Figure A.6 in Appendix A for the multivariate

model C) to demonstrate appropriate normal approximations.
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Figure 5.1: Univariate Case: QQ plot for 5 = 0, N
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Figure 5.2: Univariate Case: QQ plot for 5 =1, N
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Figure 5.3: Univariate Case: QQ plot for 5 = —1, N = 100 (Left) and N = 200 (Right)
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Figure 5.4: Multivariate Model A: QQ plot for § = 0, N = 100 (Left) and N = 200 (Right)
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Figure 5.9: Multivariate Model B: QQ plot for 5 = 1, N = 100 (Left) and N = 200 (Right)
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Chapter 6: Application: The Skin Cancer Chemoprevention Trial

6.1 Study Background

In this chapter, our proposed methodology is applied to the bivariate panel count data on
the occurrences of the two types of related non-melanoma skin cancers, basal cell carcinoma and
squamous cell carcinoma, from the skin cancer chemoprevention trial, which was conducted by
the University of Wisconsin Comprehensive Cancer Center. It was a double-blinded and placebo-
controlled randomized phase III clinical trial. The primary objective of this trial was to evaluate
the effectiveness of 0.5 g/m?/day PO difluoromethylornithine (DFMO) in reducing new skin
cancers in a population of the patients with history of non-melanoma skin cancers (i.e., basal cell
carcinoma and squamous cell carcinoma).

For each patient, the numbers of occurrences of both basal cell carcinoma and squamous
cell carcinoma and their correpsonding observation times were recorded. The observation times
and follow-up times varied from patient to patient. In this dataset, there exist two types of
recurrent events defined by the two types of skin cancers. The bivariate panel count data for
the occurrences of these two types of skin cancers were possibly correlated.

This study involved 291 skin cancer patients in total with one removal, as one patient did
not give any observation. The remaining 290 patients were randomized into a treatment group

with 143 patients and a placebo group with 147 patients. Among these patients, the number
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of observations ranged from 1 to 17. With respect to the number of the recurrent events, the
number of new basal cell carcinomas ranged from 0 to 16, while the number of new squamous
cell carcinomas ranged from O to 23. For each patient, information was also available on three
baseline covariates, gender, age at diagnosis, and the number of prior skin cancers from the first
diagnosis to randomization. For the analysis, basal cell carcinoma and squamous cell carcinoma,
were treated as two types of recurrent events of interest. In addition to the treatment indicator,
the number of initial tumors was included in the analysis. Table 6.6 and Table 6.7 also presents
the results for multivariate model A and model B when including the number of initial tumors,

gender and age in the analysis.

6.2 Statistical Analysis

Following the joint modeling procedure discussed in Chapter 2 and Chapter 3, we first
set up the EM-algorithm by initializing the 3's and 7’s and the bivariate normal distribution of
the subject-specific frailty z; and u; with mean (0,0) and a pre-specified variance-covariance
matrix. The selection of the initial values of 3’s and +’s and the initial values of the parameters
of the variance-covariance matrix was shown to have no impact on the convergence by simulation
studies. The iterative process of the EM-algorithm was terminated if the following criteria were

met:

1Bty — Bn-1y| < €

and

1Y) — Yn-1)| <€
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where ¢ is set to 0.001 in this case for optimal convergence. After the point estimates of the
covariate effects have been obtained, the second step is to apply the bootstrap approach with a
size of 1000 bootstrap samples for the estimation of the variance of the point estimates. A 95%

confidence interval of each regression parameter can then be calculated.

6.3 Model Checking

All of the plots for model checking are presented in Appendix B. Figure B.1 and Figure
B.2 plot the cumulative martingale residuals against the initial number of tumors with both the
univariate model of basal cell carcinoma and the univariate model of squamous cell carcinoma,
respectively. The pattern of both plots suggests that the functional forms of the covariate are
satisfactory, and the p-value of the supremum test are both greater than 0.2.

Figure B.3 through Figure B.8 plot the cumulative martingale residuals for each skin cancer
cell against the initial number of tumors for all of the three types of multivariate models: Model
A, Model B, and Model C. All the plots indicate that the functional forms of the covariate are
very satisfactory in all the multivariate models, and the p-values of the supremum tests are all

close to 1.

6.4 Results and Discussion

The results for the univariate model are given in Table 6.1 for basal cell carcinoma and
Table 6.2 for squamous cell carcinoma. The results for each of the three multivariate models
are given in Table 6.3 through Table 6.5. Those tables include the point estimates of regression

parameters, the estimated standard errors of the estimates, and the estimated 95% confidence
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intervals (CI). The estimated standard errors of B’ s were obtained by the means of estimates
for the bootstrap samples of size 1000. Tables 6.1 and 6.2 give essentially the same conclusion
that the DFMO treatment reduced the recurrences of the skin cancer, but the treatment effect
was not significant. However, the initial number of prior skin cancers was significantly positively
associated with the recurrences of both basal and squamous cell carcinoma. It is worth noting that
the standard error of 3 from Model B (Table 6.4) is slightly smaller than that from Model A (Table
6.3), which suggests an small increase in efficiency when modeling the correlation separately by
event type. The results for Model C (Table 6.5) indicates that the DFMO treatment was more
effective in reducing the recurrences of new basal cell carcinoma in this study. In addition, the
number of initial tumors had a significantly positive effect on the recurrences of both types of

skin cancers. This results discussed above are generally consistent with those in Li et al. (2011).

Table 6.1: Estimation of regression parameters for the skin cancer chemoprevention trial under
univariate model for basal cell carcinoma

DFMO treatment Prior skin cancer number

B 1.1772 0.0287
SE(3) 0.2581 0.0053
95% CI  (-1.6830, -0.6714) (0.0183, 0.0391)
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Table 6.2: Estimation of regression parameters for the skin cancer chemoprevention trial under
univariate model for squamous cell carcinoma

DFMO treatment Prior skin cancer number

B -0.8671 0.0195
SE(3) 0.5490 0.0315
95% CI  (-1.9431, 0.2090) (-0.0423, 0.0814)

Table 6.3: Estimation of regression parameters for the skin cancer chemoprevention trial under
Model A (X is constant)

DFMO treatment Prior skin cancer number

3 -0.1196 0.0911
SE($) 0.1701 0.0148
95% CI  (-0.4530,0.2138) (0.0621, 0.1201)
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Table 6.4: Estimation of regression parameters for the skin cancer chemoprevention trial under
Model B (X is event-type-specific)

DFMO treatment Prior skin cancer number

B -0.1685 0.0807
SE(3) 0.1497 0.0118
95% CI  (-0.4619, 0.1249) (0.0576, 0.1038)

Table 6.5: Estimation of regression parameters for the skin cancer chemoprevention trial under
Model C (event-type-specific 3's with a constant X3)

DFMO treatment Prior skin cancer number

Basal Cell Squamous Cell Basal Cell Squamous Cell
B -0.4082 0.1221 0.0744 0.1018
SE(B) 0.1456 0.1522 0.0156 0.0110

95% CI  (-0.6936, -0.1228)  (-0.1762, 0.4205)  (0.0438,0.1051)  (0.0801, 0.1234)
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Table 6.6: Estimation of regression parameters for the skin cancer chemoprevention trial under
Model A with three covariates

DFMO Prior skin

treatment cancer number Gender Age
B -0.0454 0.1037 0.1767 -0.0160
SE(B) 0.1832 0.0150 0.1581 0.0069

95% CI  (-0.4044,0.3136)  (0.0743,0.1331)  (-0.1330, 0.4865)  (-0.0295, -0.0025)

Table 6.7: Estimation of regression parameters for the skin cancer chemoprevention trial under
Model B with three covariates

DFMO Prior skin

treatment cancer number Gender Age
B -0.0709 0.1240 0.1083 -0.0128
SE(B) 0.1446 0.0159 0.1485 0.0056

95% CI  (-0.3544,0.2126)  (0.0929, 0.1551)  (-0.1827,0.3993)  (-0.0237,-0.0019)
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Chapter 7: Conclusions and Future Research

In the preceding chapters, we have discussed semiparametric regression analysis of
univariate and multivariate panel count data for the underlying recurrent event processes of
interest by incorporating an informative observation time process on study subjects. Such
analyses can be applied to a wide variety of biomedical studies when data are collected with
several related types of recurrent events and the observation processes vary from subject
to subject. To deal with this problem, we presented multiple types of multivariate models
for the variance-covariance matrix between two processes and a joint modeling inference
procedure for the estimation of parameters. The finite sample and asymptotic properties of the
proposed estimates have been validated through simulation studies. The proposed methodology
was applied to the multivariate analysis of the skin cancer chemoprevention trial, and the
results were consistent with the findings from previous literature. Martingale-residual based
model checking techniques were developed, and the appropriateness of the functional forms
of covariates and the objectivity of the residual plots were evaluated and assessed for each
proposed model.

An advantage of our approach is that the variance-covariance matrix between the
observation time process and the underlying recurrent event process of interest can be modeled

as constant across different event types or event-type specific, depending on the research
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interest or prior knowledge of those related types of recurrent events. In addition, multivariate
model C allows event-type-specific covariate effects with the assumption of a constant variance-
covariance matrix between the two processes.

There exists several directions for future research. The first is that both processes in
the proposed methodology rely on the assumption of nonhomogeneous Poisson processes.

In practice, this may not be always true as it may be hard to justify that the variance of

N;(t) appears to be the same as the expectation of N;(¢), which are assumed to be identical
under a Poisson model. Though the incorporation of unobservable random effects in the
proposed model helps accounting for those interindividual variation in the event occurrence,
a generalization of the proposed methodology to the situations where the Poisson assumption
does not hold would be useful.

The second direction is that the follow-up time process has been assumed to be non-
informative in the proposed approach. A possible direction is to develop a new model that
allows the follow-up time to be related with the observation process as well as the underlying
recurrent event process of interest. This situation can occur if the disease is severe with possibly
high dropout rate during the follow-up period. However, the joint modeling of three processes
may result in multi-step inference procedures, which are usually quite time-consuming and may

reduce the overall efficiency of the estimators.
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Appendix A:  QQ Plot for Multivariate Case C

QQ plot of Estimates vs Standard Normal QQ plot of Estimates vs Standard Normal
© _| x
— © x
IS e
<
= ] < |
g o g °
© H ©
e o e N _]
7 o 7z ©
g2oa 2 o
S] S oS
$ 3 3 o
€ E S
g o | g !
o o 4 |
< x XK
S ©
o e
~ | |
© \ \ \ \ \ \ \ \ \ \ \ \ \ \
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
Quantiles of Standard Normal Quantiles of Standard Normal

Figure A.1: QQ Plot for 5; = 0, 8, = 1, N = 100: plot for 3, (Left) and 3 (Right)
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Figure A.2: QQ Plot for g; = 0, 5 = 1, N = 200: plot for 5, (Left) and S5 (Right)
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Figure A.3: QQ Plot for g; = 0, 5, = —1, N = 100: plot for 8, (Left) and 5 (Right)
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Figure A.4: QQ Plot for 8; = 0, 5, = —1, N = 200: plot for 5, (Left) and 5 (Right)
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Figure A.5: QQ Plot for g; = 1, 5, = —1, N = 100: plot for 8, (Left) and 5 (Right)
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Appendix B: Figures of Model Checking

Univariate Models
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Figure B.1: Plot of cumulative martingale residuals in the Univariate Model for basal cell

carcinoma.
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Figure B.2: Plot of cumulative martingale residuals in the Univariate Model for squamous cell

carcinoma.
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B.2 Multivariate Models
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Figure B.3: Plot of cumulative martingale residuals in Multivariate Model A for basal cell

carcinoma.
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Figure B.4: Plot of cumulative martingale residuals in Multivariate Model A for squamous cell

carcinoma.
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Figure B.5: Plot of cumulative martingale residuals in Multivariate Model B for basal cell

carcinoma.
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Figure B.7: Plot of cumulative martingale residuals in Multivariate Model C for basal cell

carcinoma.
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