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The focus of this thesis is twofold:

(1) We solve the Shapere—Vafa Problem: We construct embedded special Lagrangian spheres
in Milnor fibers. We give a necessary and sufficient condition for the existence of embedded spe-
cial Lagrangian spheres in Milnor fibers.

(2) We solve the Thomas—Yau Problem for Milnor fibers: We prove the Thomas—Yau con-
jecture for the almost Lagrangian mean curvature flow (ALMCEF) for Milnor fibers, under the
assumption that the initial Lagrangian is an embedded positive Lagrangian sphere satisfying a
natural stability condition proposed by Thomas—Yau but adapted to Milnor fibers by us.

In addition, we formulate a new approach to resolving the Thomas—Yau conjecture in arbi-
trary almost Calabi—Yau manifolds.

The Thomas—Yau conjecture proposes certain stability conditions on the initial Lagrangian

under which the Lagrangian mean curvature flow (LMCF) exists for all time and converges to the



unique special Lagrangian in the Hamiltonian isotopy class, and therefore also homology class
of the initial Lagranigan.

One of the reasons for studying LMCF in Calabi—Yau manifolds (or ALMCEF in almost
Calabi—Yau manifolds) is that the Lagrangian condition, as well as homotopy and homology
classes, are preserved. Therefore, if the flow converges, it converges to a special Lagrangian.

We develop a method for finding special Lagrangian spheres in Milnor fibers. We provide
examples which illustrate different situations which occur (the total number of special Lagrangian
spheres is at least deg f — 1 and at most 5 deg f(deg f — 1), where f is the polynomial defining
the Milnor fiber).

We show that the almost Lagrangian mean curvature flow of Lagrangian spheres in Milnor
fibers can be reduced to a generalized mean curvature flow of paths in C. This reduction is
different from the one found by Thomas—Yau. We show that the limit of the flow is either a
straight line segment or a polygonal line, corresponding to a special Lagrangian sphere or a chain
of such spheres. We prove that under certain conditions (more general than the ones achieved by
Thomas—Yau) the flow results in a special Lagrangian sphere.

Finally, we develop a method for associating a curve in C with a compact Lagrangian in
a more general setting of an almost Calabi—Yau manifold. We show that when the Lagrangian
flows by ALMCEF that the corresponding curve remains convex and shortens its length. The
limit is either a straight line segment corresponding to a special Lagrangian or a polygonal line

resulting in a decomposition of the original Lagrangian.
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Chapter 1: Introduction

1.1 Overview

1.1.1 Introduction

The study of special Lagrangian submanifolds (known as BPS states in the physics litera-
ture) in Milnor fibers goes back to Shapere—Vafa in 1999 [1]. An important problem since has
been to characterize the existence of special Lagrangians in a given homology class in a Mil-
nor fiber. Despite the large degree of symmetry the problem has remained open since. In 2002,
Thomas—Yau attempted to tackle this problem in some homology classes using a flow approach.
Their work, however, contained three key limitations. First, it was limited to a subset of homol-
ogy classes, phrased in terms of the existence of a certain representative for the class, a condition
that cannot be easily verified even in explicit examples. Second, it relied on a heuristic argu-
ment of Shapere—Vafa for a key barrier argument in order to obtain the long-time behavior of the
flow. Third, it contained a flaw in a key a priori estimate. A fix for the last point appeared in
Dellatorre’s thesis in 2019 [2], which required to further strengthen the condition required on the
representative for the class.

In this thesis we resolve the Shapere—Vafa problem, i.e., we give a complete characteriza-

tion of the existence of special Lagrangians in a given homology class in a Milnor fiber. Our



approach is constructive and ultimately rather elementary, using conical Riemann surfaces, com-
plex analysis, and calculus of variations. We also demonstrate the method with many examples
that give new explicit special Lagrangians.

In addition, we develop a different approach to studying the almost Lagrangian mean cur-
vature flow of Lagrangian spheres in Milnor fibers. We reduce the flow of the Lagrangian spheres
to a flow of curves as do Thomas—Yau [3] but the curves we use are not the ones used by Thomas—
Yau; this is one of our novelties. We reduce the flow of Lagrangian spheres to a flow of paths,
with fixed endpoints. We investigate this flow which we refer to as generalized curve shortening
flow and we use it to prove Thomas—Yau conjecture for almost Calabi—Yau manifolds (Conjec-
ture 1.2.5) in the setting of Milnor fibers. This solves the Thomas—Yau problem in this special
setting.

Finally, we initiate a new approach for the Thomas—Yau conjecture in arbitrary almost

Calabi—Yau manifolds.

1.1.2 History

The following sequence of results motivated this thesis.

1. In their 1982 seminal work Calibrated Geometries [4] Harvey and Lawson introduced
the concept of calibration by closed differential forms. One of the principal examples of

calibrated geometries is the special Lagrangian geometry.

A calibration on a Riemannian manifold X is a closed p-form ¢ satisfying

ple < dVolle (1.1)



for all points ¢ € X and all oriented tangent p-planes {§ C T'X,. A calibrated manifold is a

Riemannian manifold X together with a calibration.

Submanifolds of dimension p for which equality holds in (1.1) are the special objects of
the calibrated geometry. A special object in a calibrated geometry has minimal volume in

its homology class.

Special Lagrangian geometry in C" is given by the calibrating form dz; A --- A dz,. In a
Calabi—Yau manifold (X, J, w, 2) special Lagrangian geometry is given by the calibrating

form €.

2. Mean curvature flow was first investigated for closed curves in the Euclidean plane and
eventually on other surfaces by Gage—Hamilton [5], Grayson [6], [7] (curve shortening
flow). When a closed curve evolves by mean curvature it shrinks to a round point in a finite
amount of time, or, in case of surfaces possibly the flow exists for all time and converges

to a closed geodesic.

Significantly, Angenent investigated very general flows of closed curves which can be char-

acterized by parabolic equations [3], [9].

When generalizations to higher dimensions were made, first by Huisken [10], it was real-
ized that there are other possible singularities of the flow. One of the applications of the
mean curvature flow in higher dimensions is finding minimal submanifolds. As the volume
of the evolving object decreases under mean curvature flow, the flow, if it converges, can

be used to find objects of minimal volume.

3. Smoczyk proved that a unique short time solution exists for the mean curvature flow equa-



tion of a compact smooth Lagrangian in a Calabi—Yau manifold and that the solution re-

mains Lagrangian [| |, Theorem 1.9].

. Finding special Lagrangian submanifolds in a Calabi—Yau manifold is of interest also in
physics (string theory). In the physics literature related to our subject matter, compact
special Lagrangian submanifolds are BPS (Bogomol’nyi, Prasad, Sommerfield) states [ |, p.
8].The ideas behind calibrated geometries with their special objects and BPS bounds with
BPS states are analogous. For each calibrated geometry there is a fixed differential form
for which a certain inequality holds. Special objects are those for which the inequality is
in fact equality. Similarly, BPS bounds are inequalities and BPS states are solutions of
differential equations obtained from the BPS bounds when the bounds are "saturated", i.e.,

equality holds [12].

Shapere—Vafa discuss what mathematicians refer to as Milnor fibers of dimension n = 3
(the dimension which is relevant in physics). They claim [1, p. 9 lines 7-10] that in order
to find supersymmetric cycles one needs to find paths for which a certain complex integral
has constant phase. The reference for that claim is a physics paper by Greene—Vafa—Warner
[13] (reference 15 in Shapere—Vafa) but it appears to us that the reference should be [ 14,
Equation (3.5)] (reference 13 in Shapere—Vafa). Furthermore, they claim that for any given
phase, there exist three solutions emanating from a zero of the polynomial which is used in

the complex integral [ |, Section 5].

The physics approach of Shapere—Vafa substantially agrees with our approach in dimen-
sion three. Some problems exist in the preprint which, to our knowledge, has not been

published. They do not provide justification for how the integral which is minimized by



special Lagrangians is obtained. In the reference [ 14, Equation (3.5)] the derivation relies
on the low dimension and does not imply the formula [ |, Equation (4.2)]. This is expanded
upon in Remark 3.9.1. Another issue is the lack of rigorous proof for the solution of the
differential equation [ |, Equation (5.1)] They proceed to show that if a path between two
zeros of a polynomial such that the phase of the integral is constant exists, then the path is
unique. They also look at two examples: (i) polynomial with three zeros, (ii) polynomial

whose roots are the roots of unity [, pp 16-18 and pp 18-20].

. Thomas—Yau are inspired by Shapere—Vafa’s work on Milnor fibers of complex dimension
three [1, Sections 4 and 5]. They generalize it to Milnor fibers of complex dimension
n. This is the setting in which they attempt to prove a version of their conjecture about
the convergence of the almost mean curvature flow of Lagrangians (ALMCEF) to a special

Lagrangian.
Thomas—Yau claim two main results:

(i) Pick a connected graded Lagrangian L whose obstructions to the existence of its Floer
cohomology vanish, and whose second Stieffel-Whitney class ws is the restriction of a
class in H?(X;Z/2) on the whole manifold (for instance if L is spin). Then there can
be at most one smooth special Lagrangian in the Hamiltonian deformation class of L.
In particular, SL (special Lagrangian) homology spheres are unique in their Hamiltonian

deformation class in dimension 3 and above. [3, Theorem 4.3]

(i1) Suppose that v is a curve in C, with endpoints at zeros of f, and otherwise missing the

zeros of f, such that its pointwise phase 0 := arg(y) + (5 — 1) arg(f(v)) satisfies



[#(L1), ¢(L2)] & (inf 6, sup ), (1.2)

for all Lagrangians L; = ~;', © = 1, 2, fibred over curves ; in the base, and also

2
S—1:= sup@—inf9<—7r. (1.3)
~y v 3
Then the flow of v by the vector
1 . n. .
W("v + (1= 5)illog [F (1), (1.4)
)

where K is the curvature vector and 77 is the unit normal vector of -, exists for all time and

converges in C'*° to a smooth curve whose phase function is constant. [3, Theorem 7.6]

. Dellatorre [2, Theorem 5.5.11] corrects the assumption (1.3) to

supf —inf 0 < nr

. n —2<n_1>,n>1 (1.5)

in order to correct a part of the proof of [3, Lemma 7.8] which claims that, during the flow
(1.4), the curve over which the Lagrangian sphere is defined, does not start to spiral around
a zero of f. Specifically, the assumption (1.5) is used by Dellatorre to show [2, Lemma

5.6.2]:

limsup |arg(v'(s,t)) — arg(y/(s',t))| <,

|s—s'|—=0

for all time ¢ for which the flow exists and precludes spiraling [2, p. 147, line 4]. This is



the inequality which Thomas—Yau attempt to prove [3, Lemma 7.8].

Dellatorre also notes [2, Remark 5.5.10] that Thomas—Yau consider Shapere-Vafa’s physics
approach (1.1.2) for n = 3 to be mathematically correct, and, moreover, valid for all n. To

fix this Dellatorre assumes [2, Remark 5.5.10 equation (5.58)]:

There exist C'* solutions, ., to the one-dimensional initial value problem for the special

Lagrangian equation:

arg(v.) + (g —1arg(f(y.)) =¢, force {i{lf 6,sup 6}, (1.6)
¥ L,

where v.(0) is any of the two roots of f that are the endpoints of .
In sum, Dellatorre prove the following theorem

e Let L, C X} bean O(n)-invariant Lagrangian sphere. Suppose that the grading, 6, of

L., satisfies the condition (1.2), that (1.6) holds, and that

, if n=1,
supf —inf 0 < (1.7)
~ ¥
if n> 1.

ST
Then the almost Lagrangian mean curvature flow of L. exists for all time and converges in
C* to a smooth special Lagrangian [2, Theorem 5.5.11].
1.2 The Thomas—Yau conjecture

There are two different problems associated with the Thomas—Yau conjecture [3, |:



1. Find a special Lagrangian in a given homology class which contains Lagrangians. We will

refer to this problem as the Shapere—Vafa problem.

2. If it exists, can a special Lagrangian be obtained from a stable Lagrangian in its homology
class by means of Lagrangian mean curvature flow? We will refer to this problem as the

Thomas—Yau problem.

The two problems are related since one of the reasons for studying the mean curvature flow
of Lagrangians is to find special Lagrangians in the same homology class as a given Lagrangian.
e The key starting point for the investigation of ALMCF are two consequences of the

flow [3, Equations (7.4) and (7.5)]:

o (d6, d|9)))

=00 - (1.8)
d 2
2 (Q1dVy,) = —|db[*([2]dVy, ) (1.9)

From (1.8) it follows that € obeys the maximum principle for parabolic equations. As a conse-
quence, if the Lagrangian angle of the initial Lagrangian satisfies a condition on its range, such
as (1.3), then the condition holds during the flow.

From (1.9) it follows that ALMCEF decreases the volume measured by the weighted volume
form |Q|dV,

Thomas—Yau use methods and results of Angenent [8], [9] for the proof of a technical
estimate which deals with curvature blow-up of the curves defining Lagrangians in the flow [3,

Lemma 7.9].



Uniqueness: Thomas—Yau prove that (under technical assumptions which hold for La-
grangian homology spheres) if L is a connected graded Lagrangian then there is at most one
special Lagrangian in the Hamiltonian deformation class of L [3, Theorem 4.3].

Thomas—Yau explore the almost Lagrangian mean curvature flow of Lagrangian spheres in
almost Calabi—Yau Milnor fibers. They attempt to prove a theorem which implies a version of
their conjecture [3, Theorem 7.6] in that setting.

Our strategy is as follows:

e First we find the special Lagrangian spheres in Milnor fibers directly, in a constructive
way, thus not utilizing ALMCEF: Suppose that we would like to find a special Lagrangian sphere
over a path connecting w; and wj, zeros of f. We define a map () : C — C, where Q'(w) =
(f(w))"=". Then we find the images Q(w;) and Q(w;) and the straight line segment Q (w;)Q (w;).
If the path we are looking for exists, it is contained in Q‘l(m). (This constructive
method is presented in Chapter 3.)

e Second, we prove a version of the Thomas—Yau conjecture in the setting of Milnor fibers

using the flow of paths in Q(C):

Conjecture 1.2.1. Let L be a positive Lagrangian submanifold in an almost Calabi—Yau manifold

such that (L) = 0. If L satisfies:

[¢(L1>7 ¢(L2)] /CZ (inf 01, sup 0L)7

or

[ v, <| [ g,
L, Lo,

9

+ [ 9,
Lo,



for all graded connect sums L,# Ly in the same Hamiltonian deformation class as L, then al-
most mean curvature flow for L exists for all time and converges to a special Lagrangian in its
Hamiltonian deformation class. The special Lagrangian is unique in its Hamiltonian deformation

class.

If y is a path such that L., is an SL sphere then ()(o) is a straight line segment. Another
path, v having the same endpoints as v, gives rise to L., which could potentially flow to L., under
ALMCEF. Now, )(7y) is a path which has the same endpoints as (). ALMCF of L, induces a
flow of v [2, Equation (5.60)], which in turn induces a flow of Q(y) (Theorem 6.1.3).

The flow of () is simpler than the flow of -y (the flow used by Thomas—Yau).

We prove convergence of ()(y) assuming only that the variation of the phase € is less than
7. Thomas—Yau [3] assumed the variation of 6 to be less than %’r and Dellatorre noticed that it

needed to be changed to % [2]. (Chapter 6 is dedicated to studying the flow and proving the

convergence.)

1.2.1 The conjectures

The Thomas—Yau conjecture relates the convergence to a special Lagrangian of the La-
grangian mean curvature flow to a stability condition on the initial Lagrangian. Predating the
Thomas—Yau Conjecture in [3] is Thomas’s Conjecture in [!5]. Prior to stating the conjectures
we briefly explain some of the notation and notions involved:

e A connect sum of Lagrangians L, and L, intersecting at a point is a standard topological
construction obtained by removing a small ball around the intersection point in each of L; and

Lo, and gluing the two thus obtained boundaries. We will usually think of L,# L, as mostly

10



7
V2 w3
Wa

Figure 1.1: Connect sum (paths)

coinciding with L; U Lo except for a small neighborhood of L; N Ly which is transformed to
create a smooth submanifold. Another distinction from a purely topological construction is that
we will consider those connect sums for which L# L, is a graded Lagrangian. If ; and 6, are
gradings on L; and L respectively, then, if it exists, 6, #0> denotes a grading on L,# L, which
agrees with 6, on Li# Lo N Ly and with 65 on Ly# Ly N Lo. respectively.

We illustrate Lagrangian connect sums in the context of Lagrangian spheres in Milnor
fibers:

In Figure 1.1, wy, wsy, and ws are zeros of the polynomial f. Let ~; be a smooth path
between w, and w,, and let 5 be a smooth path between w, and w3, such that y; N, = &. Then
L., and L., are Lagrangian spheres which have one common point. L., is a connect sum of L.,
and L, and the Lagrangian angle 6, on L, is such that (L., 0. ) is a graded connect sum.

e The average phase of a Lagrangian is

o(L) = arg/Q|L. (1.10)
L

If two Lagrangians are in the same homology class then the value ‘ / Y L‘ is the same for each

of them.

11



e Given a differentiable function /' on a symplectic manifold, the Hamiltonian vector field

for the function H is Xy defined by:

w(XH, ) = dH.

e Lagrangian L’ is in the Hamiltonian deformation class of a Lagrangian L if there exists
an isotopy from L to L’ such that at any time ¢ the flow vector field is the Hamiltonian vector
field for some differentiable function on a neighborhood of L;.

Thomas defines a notion of stability for Lagrangians in [15, Definition 5.1]:

Definition 1.2.2. Take graded Lagrangians (Ly,0:) and (Ls, 05), Hamiltonian isotoped to inter-
sect cleanly, and such that the graded Lagrangian connect sums (L1# Lo, 61#0,) exist. Then
a Lagrangian L of Maslov class zero is said to be destabilised by the L; if it is Hamiltonian
isotopic to such an Ly# Lo, and the phases (real numbers, induced by the gradings) satisfy

¢(L1) > ¢(Ls). If L is not destabilised by any such L; then it is called stable.

In the same article, Thomas makes a conjecture [ 5, Conjecture 5.2] relating the existence
of a special Lagrangian in a Hamiltonian deformation class of a given Lagrangian to that La-

grangian being stable in the sense of Definition 1.2.2:

Conjecture 1.2.3. (Thomas) A Lagrangian of Maslov class zero has a special Lagrangian in its
Hamiltonian deformation class if and only if it is stable, and this special Lagrangian representa-

tive is unique.

The Thomas—Yau conjecture, although closely related to the Thomas conjecture, is quite
different in that both the existence of a special Lagrangian and the convergence of the Lagrangian
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mean curvature flow are expected [3, p. 1101, Conjecture 7.3], provided that the initial La-

grangian is stable in some sense:

Conjecture 1.2.4. (Thomas—Yau) Let L be a Lagrangian submanifold in a Calabi—Yau manifold

and ¢(L) = 0. If L satisfies:

[¢(L1)7¢(L2)] {q (infeLasupeL)7 (111)

or

VolL < / e b 4 / e eL2)Q) (1.12)
L1 L2

for all graded connect sums L,# Lo in the same Hamiltonian deformation class as L, then mean
curvature flow for L exists for all time and converges to a special Lagrangian in its Hamiltonian

deformation class, the unique special Lagrangian conjectured in Thomas [15].

1.2.2 Modifications of the Thomas—Yau conjecture

Thomas—Yau conjecture 1.2.4 is about Calabi—Yau manifolds. Lacking a proof of the con-
jecture in its generality, Thomas and Yau test the conjecture in almost Calabi—Yau Milnor fibers.
The version of the conjecture which they attempt to prove is [3, Theorem 7.6] which is quoted
above (1.1.2).

To reformulate the conjecture for almost Calabi—Yau manifolds the condition (1.12) needs

to be modified while the condition (1.11) remains the same. Instead of (1.12), we have:
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(1.13)

[1eiav, <| [ o, |+] [ o,

Thomas—Yau and Dellatorre use only the phase condition, (1.11), for the Milnor fiber proof

and thus the correct reformulation (1.13) of the condition (1.12) is not made either in [3] or in [2].

Thomas [15] and Thomas—Yau [3] conjectures inspired an active area of research. No-
tably, Joyce formulates his own conjecture based on Bridgeland stability [ 16, Conjecture 3.34].
Previously, Neves found counterexamples to Conjecture 1.2.4 in [17] but, as Joyce points out,
with the additional assumption that the Lagrangians are positive, the Neves examples are not
counterexamples to the Conjecture of Thomas—Yau [ 16, p. 3].

The following is the correct formulation of the Thomas—Yau conjecture for almost Calabi—

Yau manifolds:

Conjecture 1.2.5. Let L be a positive Lagrangian submanifold in an almost Calabi—Yau manifold

such that ¢(L) = 0. If L satisfies:

[¢(L1), d(Le)] & (inf O, supby),

or

[, <| [ o] +] [ ol
L Ly Lo

for all graded connect sums L1# Ly in the same Hamiltonian deformation class as L, then al-

most mean curvature flow for L exists for all time and converges to a special Lagrangian in its
Hamiltonian deformation class. The special Lagrangian is unique in its Hamiltonian deformation
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class.

1.3 Results

The first of our main results, set forth as Theorem 1.3.5 below, is in form similar to
Thomas’s Conjecture 1.2.3. Note that our definition of stability (Definition 1.3.3) is different
from Thomas’s (Definition 1.2.2) and our setting is a Milnor fiber.

Conditions (1.21) and (1.22) in Theorem 1.3.6 are in form similar to those present in the
Thomas—Yau Conjecture (Conjecture 1.2.4). We prove the equivalence of (iii) and (i) of Theorem
1.3.6 by showing that condition (1.21) implies stability of the Lagrangian sphere. Similarly, we
prove the equivalence of (i) and (iv) by showing that condition (1.22) implies stability of the
Lagrangian sphere for which it holds.

The first step towards proving the main results is Theorem 1.3.1. In Theorem 1.3.1 we
establish that for any given initial point, and any given phase, there exists a curve v which gives
rise to a special Lagrangian manifold. Those special Lagrangians are not necessarily compact.
Compact special Lagrangians are obtained only for finitely many values of the phase. Depending
on the positions of the deg f distinct zeros of the polynomial f which is used in the definition
of the Milnor fiber, there exist at least deg f — 1 and at most %deg f(deg f — 1) such special
Lagrangian spheres in the Milnor fiber X;. We briefly explain here the reason for these extrema:
The zeros of f can be viewed as vertices of a graph. Edges of the graph are paths connecting
the vertices having the property that their corresponding Lagrangians are special. We will see in
Section 2.2 that this graph must be connected. The values deg f — 1 and %k‘ deg f(deg f — 1)

are respectively the minimal and the maximal number of edges in a connected graph with deg f
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vertices - hence the extrema. For any n € N:

e If all the zeros of f are colinear then there are exactly (deg f — 1) edges in the described
graph.

e If the zeros of f form a regular polygon then there are %deg f(deg f — 1) edges in the

graph.

Theorem 1.3.1. For any zero w; of the polynomial f(w) and for any given 0 € [0,27), there

exist n integral curves vy of the equation

arg (7/(w)f(7() %) = 0 (1.14)

with the initial condition

Remark 1.3.2. Theorem 1.3.1 fills the gap which exists in the Thomas—Yau proof [3, Section 7].
They assume the validity of the theorem for all n based on the heuristic proof by Shapere-Vafa.

(see 1.1.2)
Proof. For proof see the proof of Theorem 2.3.3 in Section 2.3 which is more general. 0

There are finitely many values of # such that the Lagrangian submanifold corresponding to
the integral curve whose existence is claimed in Theorem 1.3.1 is non-compact. Since the initial
point of a path  (integral curve from Theorem 1.3.1) is a zero of the polynomial f over which the
S"~! fiber shrinks to a point, if the integral curve reaches another zero of f, the fiber degenerates
above it as well, and the Lagrangian compactifies.

Therefore, in order to find a special Lagrangian, we find values of ¢ for which respective
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integral curves of the initial value problem (1.14) extend to another zero of the polynomial f. All
possible candidates for such values of # can be found explicitly by Theorem 3.8.5.
To state Theorems 1.3.5 and 1.3.6, and Definition 1.3.3, we introduce some notation:

o For f € Pyimple (2.3) let

V(f)={weC: f(w)=0}. (1.15)

e For any w;, wy € V(f), j # ¢, let

Ajq (1.16)

be the set of simple C"! paths connecting w; and w, which contain no other zeros of f(w).

e For any w;, wy, € V(f), j # ¢, let H;, denote the set of Lagrangian spheres defined over
paths in A,.

e For (X, J,w, Q) almost Calabi—Yau let the modulus of €2 be the following function (2| :
X — Ryg:

’Q’(p> = |Q(€17"'76n>|7 (117)

for any orthonormal (with respect to g,) basis e, ..., e, of T,X as a complex n-dimensional
vector space.
It is shown in Lemma 2.1.7 that || is well-defined.

o For f € Pyimpie (2.3) and n € N let

q=(f(w)) =, (1.18)
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and let () be a primitive function of ¢:

Q) =gw), QO)=0 (1.19)

Our notion of stability of Lagrangian spheres in Milnor fibers is:

Definition 1.3.3. Let v € Aj,. We call the Lagrangian L., stable if the path Q)(), together with
the straight line segment (QQ(w;)Q)(wy) encloses a region in the C whose closure does not contain

the image under () of any other zero of f. A curve vy such that L., is stable is called admissible.

Remark 1.3.4. Our notion of stability is different from the one of Thomas—Yau. We will use
Figures 1.2 and 1.3 to explain the difference.
The following facts are proven in Chapter 3 (expressed here for the path + but valid for any

path):

+ length(Q(1)) = [, |0lav,,,

* 1QMw)QIl = | [y, 2,

* tan 6 = slope of the tangent line to Q(~)
© B(L,) = arg (Q(we) — Q(uy))

In Figure 1.2, the length of the path Q(y) is larger than the length of |Q(w;)Q(w,)|+|Q(w,) Q(wy)]

which translates into:

(1.20)

/ |Q|dv;7Lv > ’/ Q|L'v1
Ly Ly,

18
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for any v; € A, and v, € A,,. This means that the rephrasing of the Thomas—Yau condition
1.12 in the setting of almost Calabi—Yau manifolds is not satisfied (1.20).

Similarly, in Figure 1.2, the angle condition of Thomas—Yau 1.11 fails to be satisfied since
infr, 6 < &(Ly,), ¢(L,,) <supy, 0.

On the other hand, there exists a homotopy of paths in .A;, which maps to a homotopy of
paths starting from () and ending with W which does not pass through any other
Q(ws), wy a zero of f (Theorem 3.10.2). Such homotopy of paths induces a homotopy of corre-
sponding Lagrangian spheres which ends at a special Lagrangian sphere. Therefore, our notion
of stability guarantees the existence of a special Lagrangian sphere in a homotopy class when the
Thomas—Yau theorem fails.

In Figure 1.3, Q(v) together with Q(w;)Q(w,) encompasses Q(w,) so 7 is not admissible.
Both Thomas—Yau conditions fail to be satisfied:

e Any path between ()(w,) and Q)(w,) encompassing ()(w,) is longer than the polygonal
line Q(w;)Q(w,)Q(wy).

e It is not possible for 6 to be in [¢(L., ), #(L.,)] for all points of v and at the same time
for () to go around Q)(w,). Therefore, the following implication holds: if L., is not stable
according to our definition then it is not stable according to Thomas—Yau.

In conclusion, based on our notion of stability the set of stable Lagrangian spheres is strictly

larger.

The following theorem shows that stability of a Lagrangian sphere L., is the criterion for
the existence of a special Lagrangian sphere in the homotopy class [L,]. It also gives a new proof

of a result of Solomon—Yuval on the uniqueness [ &, Corollary 1.3].
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Q(wp)
=N

AN

Qw;) e v Q(we)

Figure 1.2: Admissible curve Q(vy) from Q(w;) to @Q(wy) with length greater than
|Q(w;)Q(wp)| + |Q(wy)Q(w)]

Qw;) » Q(wy)
Figure 1.3: Non-admissible curve Q)(7y) from Q(w;) to Q(wy)
Theorem 1.3.5. A special Lagrangian sphere exists in a homology class of Lagrangian spheres
in a Milnor fiber if the class contains a stable (Definition 1.3.3) Lagrangian sphere. If a special

Lagrangian sphere exists in a homology class then it is unique.

Proof. Sketch of Proof. The proof is in Section 3.10.1. In it we rephrase the statement of Theo-
rem 1.3.5 in terms of paths in C so that Theorem 3.10.2 is equivalent to Theorem 1.3.5. The idea
is that if there exists a special Lagrangian sphere over a path connecting two zeros of f then it is
contained in Q! (W) The stability condition makes it possible to find a homotopy of
paths which does not contain another zero of f, and which starts with the path defining the stable

Lagrangian sphere and ends with a path defining a special Lagrangian sphere. [

Theorem 1.3.6. Let wj, w, € V(f), j # (. The following are equivalent:
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(i) There exists a special Lagrangian sphere in H ;.

(ii) There exists a path v € A, such that for the Lagrangian sphere, L., € H;;:

Y

| [ opavi,
L,

/ ldy., < | / LV,
Ly Loy

forallw, € V(f), p ¢ {j, £}, and for all paths v, € H;, and 2 € Hp.

(iii) There exists a path v € Aj; such that for the Lagrangian sphere, L., € H;;:

[arg /L 0V, . arg /L Q}‘dVg%] ¢ (inf 1. 5up6),

71 2

forallw, € V(f), p ¢ {j, L}, and for all paths v, € H;, and 2 € Hpe.

When a special Lagrangian sphere exists in H, it is unique.

(1.21)

(1.22)

Proof. Sketch of Proof The proof of Theorem 1.3.6 is in Section 3.11. The idea is to interpret

the inequalities in (ii) and (iii) in Q(C) where fﬂ/ |©2] is the length of Q(y) and tan @ is the slope

of the tangent line to Q(7).

]

It is important to note that the value f I Q? does not depend on the choice of v, € H;,
Y1

and f L, Q}l does not depend on the choice of v, € H,,. Therefore, if L, € H is given, there are

only finitely many values of the expression on the right hand side of the inequality to which the

value of the left hand side should be compared.

Theorem 1.3.6 gives a necessary and sufficient condition for the existence of a special

Lagrangian sphere over a path connecting any selected pair of zeros of f. Special Lagrangian

spheres minimize the value of f I |Q}L| dV,, over a homology class because of the following:
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o [L1Q3dVy, > | [, (Q})|L| for any Lag L,
* [, (S¥})|L is constant over a homology class, and
o [L193dV,, =| [,(Q})|c| when L is special.

When a path giving rise to a special Lagrangian does not exist between w; and wy, the
minimizing path is in the closure of the set of all paths between w; and wy, i.e., it is a path from
w; to wy which contains one or more of the other zeros of f.

This situation is illustrated by an example in Figure 1.4. In Figure 1.4, wy, wo, and ws
are zeros of f(w). A special Lagrangian sphere exists over a path connecting w; and wy, and
also over a path connecting wy and ws, but not over a path connecting w; and ws. Lagrangian
spheres are illustrated in a way which shows that they are fibrations over paths in C. Each fiber,
represented by a vertical line segment, is a copy of S"~! c C".

In general, each segment bounded by two zeros and containing no other zero of f gives
rise to a special Lagrangian sphere and the path gives rise to a chain of spheres, consecutive ones
having one point in common. Such a chain, consisting of two spheres, is shown in Figure 1.4. It
is a singular Lagrangian since the point shared by the two spheres is singular. A connect sum of
the Lagrangians in the chain does belong to H .. This provides a decomposition of a Lagrangian
in Hj, as described by Thomas and Yau [3, Definition 5.3].

We reduce the almost Lagrangian mean curvature flow to the generalized mean curvature
flow in Theorem 6.1.3.

In Theorem 6.2.16 we show the existence of the generalized mean curvature flow.

The flow of a closed curve by its curvature vector was studied by Gage—Hamilton [5],
Grayson [0], [7], and others. Huisken [19] developed a different approach to the problem. Also,
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Cr z

> Im(w)

] s

Re(w) wo

Figure 1.4: SL spheres (Path between w; and w, gives rise to an SL, so does path between w,
and ws. No such path exists between w; and ws.)

Angenent [8], [9] studied a very general form of a curve shortening flow.
We use some of their methods to study the flow of paths which fixes endpoints and is in the

direction of the curvature vector. Theorem 6.4.6 proves the Thomas—Yau conjecture for Milnor

fibers.

1.4 Organization

Chapter 2 Special Lagrangians in Milnor Fibers

- Section 2.1 is background:

- In subsections 2.1.1 and 2.1.2 we provide background information on almost Calabi—Yau
manifolds (Definition 2.1.2) and their Lagrangian submanifolds. We include the proof (proof
of Lemma 2.1.7) of the facts that the existence of a nowhere vanishing holomorphic n-form

Q) implies the existence of a nowhere vanishing global function |€2|, and that on a Lagrangian
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submanifold, €2 induces a well-defined function, the phase of the Lagrangian (Definition 2.1.8).

- Subsection 2.1.3 is the background on Milnor fibers (Definition 2.1.13).

- In subsection 2.1.4 we describe the construction of Lagrangian submanifolds of Milnor
fibers defined as S™~! fibrations over paths in C which are central to this thesis. The construction
yields Lagrangian submanifolds diffeomorphic to S™ (Definition 2.1.19). We demonstrate how
the Lagrangian angle (phase) of such a submanifold is determined (Lemma 2.1.23).

- In Section 2.2 the existence of paths giving rise to special Lagrangian spheres is formu-
lated in terms of a functional ® (Definition 2.2.4) on the set of Lagrangian spheres. We show that
finding special Lagrangians is equivalent to finding minimizers of the functional ®.

- In Section 2.3 we consider the ODE (2.31) whose integral curves have the property that
the Lagrangian spheres over them have constant phase. We prove the existence of solutions and
we study the relationships between integral curves in subsection 2.3.2. The uniqueness of special

Lagrangian sphere over a path between two fixed zeros of f follows.

Chapter 3 The Underlining Riemann Surface, Pull-back Conical Metric

. We introduce the primitive function Q(w) for the function ¢(w) = (f(w))"z" (Definition
3.1). We construct an underlying Riemann surface associated with the Milnor fiber and use pull-
back by the covering map () to find curves which give rise to special Lagrangians.

In section 3.6 we introduce a singular metric on C, pull-back by () of the Euclidean metric,
having a cone singularity of angle n at each zero of f (Theorem 3.6.4).

- In Section 3.7 we show that the curves « such that the corresponding Lagrangians, L.

are special, are geodesics in the pull-back singular metric. In subsection 3.10.1 the key result is
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Theorem 3.10.2 which establishes a condition for existence of a special Lagrangian sphere in a
homology class of Lagrangian spheres.

- In Section 3.11 we prove Theorem 1.3.6, which provides three necessary and sufficient
conditions for the existence of a special Lagrangian sphere over a path between two fixed zeros

of f.

Chapter 4 Examples

- One example presented is for n odd 4.1, and one for n even 4.2, but both use the same
polynomial f(w) = w® — 1 for the definition of X7. In both cases all possible (i.e.,@ = 19)
paths giving rise to special Lagrangians exist. In general, for other choices of f, the number of

1 and % (inclusive).

special Lagrangian spheres is an integer between deg f —
- In example 4.3, deg f = 4, n = 4, and the minimal number (4 — 1 = 3) of paths giving
rise to special Lagrangians exist.

- In section 4.4 we show that the limiting curve as n — oo satisfies an equation. We

illustrate with an example the limit curves.

Chapter 5 Equivariant Lagrangians

- We describe a family of SO(n)-invariant Lagrangians in C" from Harvey—Lawson in [4]

and we demonstrate a close relationship between them and Lagrangian spheres in Milnor fibers.
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Chapter 6 Almost Lagrangian Mean Curvature Flow

- We shift the focus to the almost Lagrangian mean curvature flow in Milnor fibers. The-
orems 6.1.3 and 6.2.16 are the main theorems in the chapter. Proofs of statements related to the
generalized mean curvature flow are inspired by proofs of Gage—Hamilton [5], Grayson [6], [7],

and Huisken [19] and follow their exposition, which is for the mean curvature flow, closely.

Chapter 7 Thomas—Yau Conjecture

- In this Chapter the setting is an almost Calabi—Yau manifold (not necessarily a Milnor
fiber). We use a new approach to obtain partial results related to the Thomas—Yau conjecture.

This chapter represents work in progress.
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Chapter 2: Special Lagrangians in Milnor Fibers

2.1 Background

(X, J,w, Q) is an almost Calabi—Yau manifold if (X, J,w) is a Kihler manifold of com-
plex dimension n, with Kihler form w and complex structure .J, and 2 is a nowhere vanishing
holomorphic (n, 0)-form on X.

Since €2 is a holomorphic (7, 0)-form, it follows (Lemma 2.1.3) that there exists a simple

relationship between the forms

and

n . . . . . . .
where - is the volume form on X coming from the Riemannian metric associated with the

Kihler form w, ¢(+,-) := w(+, J-). That relationship is given by (Lemma 2.1.6):

(—1)“’"‘2‘”(3>HQA5=62U”—, 2.1)

where €% is some real, positive function on X .

If e = 1 we say that {2 is compatible with the metric and the manifold (X, J,w, Q) is
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Calabi-Yau.

A real orientable submanifold L C X of dimension dimr L = dimc X = n, with the
property w|rp = 0 is called a Lagrangian submanifold. As L is a real submanifold of X, the
restriction of the Riemannian metric g(-, ) := w(-, J-) to L, g, is a Riemannian metric on L.

Let dV,, denote the Riemannian volume form induced by the Riemannian metric g7. As-
suming that L is orientable, the restriction to L of the nowhere vanishing (n, 0)-form (2 is closely
related to the volume form on L, as is seen in Lemma 2.1.6:

Qlp = e e?ay,

gr»

(2.2)

wherev: X — R,ande? : L - {2 €C : 2| =1} = S%.

' is called the Lagrangian phase (Definition 2.1.8).

If €% lifts to a real-valued function 6 then (L, 6) is a graded Lagrangian. In that case,
0 : L — Ris referred to as a grading or as a Lagrangian angle (Definition 2.1.10).

A priori it may not be possible to lift £% to a real-valued 6. In this thesis we will be working
only with graded Lagrangians. Note that any choice of a real-valued function 6 satisfying (2.2)
is called a grading, i.e., a graded Lagrangian has infinitely many possible gradings.

The Lagrangian angle was introduced in the seminal work of Harvey—-Lawson [4, p. 96,
Equation (2.18)]. Special Lagrangian submanifolds, introduced by Harvey—Lawson [4, pp. 49,
89], are those Lagrangian submanifolds for which the Lagrangian phase is constant.

The setting in the major part of the thesis is a Milnor fiber X§. The two defining character-

istics of X}L are:
e n € N isthe dimension of X}}, and
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* f isapolynomial in the class Pgippic:

Psimpe :={f € Clw] : f(wg) =0 = f'(wy) # 0}. (2.3)

Given n € Nand f € Pippic, Milnor fiber X7 C C™* is given by:

Xy = {(w,zl, o Zy) ECT R = f(w)} (2.4)
X}“ has the structure of an almost Calabi—Yau manifold (Proposition 2.1.17):

e It is a complex hypersurface in C"*!, hence Kihler, and

* A nowhere vanishing holomorphic (n, 0)-form, (7%, exists on XF}. It is given by (equation

(2.20), Lemma 2.1.16):

dzy N+ Ndz, dzg N~ ANdzig Ndw ANdzigqg N - Ndzy, .
— = 1 <i<n.

K f(w) 22;

(2.5)
(The two expressions agree wherever they are both defined. The choice of f as a polyno-
mial in Py, €nsures that Q? is defined for all p € X}L: If at some p = (w?,2,...,2%) €

rn

X, f'(w®) = 0 then f(w") # 0, and so Ji such that 22 # 0.)

There exist compact Lagrangian submanifolds of X7} diffeomorphic to a sphere 5™ which
we can describe explicitly:

Given any simple C'! path v connecting two distinct zeros of f in C, such a Lagrangian is
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an S™~!-fibration over the given path :

= {(w,r1V/ f(w ray/ f(w)) s w € Imy, (rq,...,7m,) € S '(1) CR"}. (2.6)

(It is shown in Lemma 2.1.20 that L., is a Lagrangian submanifold of X7.)

Due to the O(n)-invariance (Lemma 2.1.21 and [2, Subsection 5.4.4]) of these Lagrangian
spheres, statements about thus obtained Lagrangian submanifolds are equivalent to statements
about paths over which they are defined.

Consequently, lemmas and propositions, as well as their proofs will generally be about
curves in the complex plane.

The S'-valued Lagrangian phase is defined on these Lagrangian spheres (Definition 2.1.8)

and is constant on the fiber over any point of the path . Let

m:L,— 1,

rV (@), f(r(w)) = y(u)

be the projection map sending all the points in the fiber over v(u) to y(u). If the path v is given
by 7 : [0,1] — C then

forloy:[0,1] > R

is a well defined function.
The Lagrangian angle can be explicitly determined as a function of the variable u parametriz-

ing the path . Thomas—Yau [3, Equation (6.4)] show that for a path v parametrized by u € R,
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the Lagrangian angle of the corresponding Lagrangian submanifold is (Lemma 2.1.23):

n—2

(0077 07)(u) = arg |5/ (u) f(v(w)) " |.

We will abuse the notation slightly and write @ for § o 7! o~ from now on. So,

6(u) = arg |7/ (u)f(v(w)) T | @.7)
Remark 2.1.1. Lagrangians which are diffeomorphic to S™ are orientable. In addition, we will
be assuming that the Lagrangian spheres are positive. Positive means that the range of the La-
grangian angle ¢ is contained in (-7, ), so that ReQ|., is a volume form on L (Solomon [20]).
The term positive is due to Solomon [20, p. 671]. Alternatively we could assume that Lagrangian
spheres are almost calibrated. Almost calibrated means that the range of the Lagrangian angle
0 is contained in (¢ — 7,¢ + 7), for some ¢, i.e., the total variation of 6 is less than 7. This
terminology is somewhat misleading, as almost calibrated Lagrangians are not close to being cal-
ibrated. There is no practical difference in assuming almost calibration instead of positivity. The
two notions are essentially the same as replacing the form () by e~**(), has the effect of changing

a Lagrangian from almost calibrated by () to a positive Lagrangian with respect to e~**().

2.1.1 Almost Calabi—Yau manifolds

In Lemma 2.1.7 we look closely at the restriction of the holomorphic (n,0)-form €2 to a
Lagrangian submanifold of the almost Calabi—Yau manifold. The existence of a well-defined

phase of a Lagrangian submanifold (Definition 2.1.8) follows from the proof of the theorem as
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does the existence of a well-defined nowhere vanishing function 2| : X — R. Recall the

definition:

Definition 2.1.2. An almost Calabi-Yau manifold, (X, J w, ) is a Kéihler manifold X of di-
mension n with Kdihler form w and complex structure J, equipped with a nowhere vanishing
holomorphic volume form ().

If, in addition, the form () is compatible with the metric, i.e.
n n(n—1) 2 n
= (=17 (5) enn, (2.8)

then (X, J,w, Q) is a Calabi—Yau manifold.

Lemma 2.1.3. Let (X, J,w, Q) be an almost Calabi-Yau manifold. Then there exists a function
v: X — R such that

. (—1)"("21)(3)719/\5. (2.9)

Remark 2.1.4. Equality (2.9) replaces the compatibility with the metric equality holding in

Calabi—Yau manifolds (2.8).

Proof. Let (X, J,w, ) be an almost Calabi—Yau manifold. Since {2 is an (n, 0)-form it follows
that using any local holomorphic coordinates, 21, ..., z,, in a neighborhood of a point p € X,

the form (2 can be expressed as

Q=0¢dz N - Ndz,, (2.10)
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where ¢ is a holomorphic function, ¢ # 0. Furthermore, in the same neighborhood,

QANQ=pPdsy A ANdzy NdZ A -+ Ndz,

= ]¢]2 (dzy +idyy) A -+ - A (dxy + idyy,) A (dzy —idyy) A -+ - A (dzy, — idyy,)

n(n+1)

=[]*(=1)" 2 (20)"dxy A+ Aday Adyy A Ady,.

Thus 2 A € is a nowhere vanishing top level form on X and

(—1)@(%)”{)/\5: !¢\2d9:1A---/\dxn/\dyﬂ\-“/\dyn

is R-¢-valued, thus a volume form. Then there exists a simple relationship between (—1) e <%> QAN

Q and %, the volume form on X for the Riemannian metric associated with the Kahler form w,

9(,) =w(-, J-):

nn=1) /1\" — w"
—17(-) OAQ =™
(=1) 2 ¢ n!

where v : X — R.
If e* = 1 then  is compatible with the metric and the manifold (X, J,w, ) is Calabi—

Yau. L]

Definition 2.1.5. The modulus of the holomorphic (n,0)-form Q is |Q] : X — R given by:
Ql(p) = e, peX, @.11)

with v as in Lemma 2.1.3.
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2.1.2 Lagrangian submanifolds

In this subsection we show some of the properties of Lagrangian submanifolds which fol-
low from the fact that there exists a holomorphic nowhere vanishing (n, 0)-form €2 on our man-
ifold (Lemma 2.1.7). Lemma 2.1.7 is an extension of a result of Harvey—Lawson [4, Theorem
1.10] to almost Calabi—Yau manifolds. Their result is for C" but holds in the case of X being a
Calabi—Yau manifold [4, Section V.3.].

However, in our setting of almost Calabi—Yau manifolds, the form () is not necessarily
compatible with the metric in the sense of equation (2.8). We show that the equation (2.9) holds
instead. A statement similar to the equation (2.9) is in Dellatorre [2, p. 134] where it is stated

without proof.

Any Kihler manifold is a symplectic manifold. In a symplectic manifold of dimension 2n,
a Lagrangian submanifold is an isotropic submanifold of maximal dimension, i.e., a submanifold
L of dimension n such that the symplectic form vanishes when restricted to 7'L. Lagrangian
submanifolds considered in this thesis will always be assumed to be orientable.

If (X, w, J, Q) is almost Calabi—Yau with Riemannian metric g = w(-, J-), and L,

t: L — X,

is an embedded orientable Lagrangian submanifold, we will simplify the notation by identifying

L with its image in X.

Lemma 2.1.6. Let L be an orientable Lagrangian submanifold of an almost Calabi—Yau manifold
X. Then there exists an S'-valued function on L, e such that
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Q| = Qe dV,,, (2.12)

where |Q| is as in Definition 2.1.5, and dV,, is the volume form on L induced by the restriction

of the Riemannian metric on X to L.

Proof. As L is areal submanifold of X, the restriction of the Riemannian metric ¢(, -) = w(+, J*)
to L, g1, is a Riemannian metric on L. The volume form associated with the metric gy, is dV, .
Now, as 2 is an n-form and dim L = n, |, is a top level form on L. We will show that it
is nowhere vanishing.
Suppose that ey, ..., e, € T,L is an orthonormal basis of 7,,L (with respect to the metric
gr.). Then, as L is Lagrangian,

€1,...,€n,Jer, ... Je,

is an orthonormal basis of 7, X as a real 2n-dimensional vector space and

€1,...,€En

is a basis of the tangent space 7,.X, viewed as an n-dimensional complex vector space. Now, as

(2 is nowhere vanishing on X, there exist v, ... v, € T, X such that

Qlp(v1, ..., v,) # 0.

Since ey, . .., e, is abasis of T),X, there exists a complex linear transformation A : (e, ..., e,) —
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(vi,...,v,). Evaluating Q on vy, ... v,, we get
0# Qug,...,v,) = QA(eq, ..., e,)) =det (A) Qey, ..., en),

as € is an alternating, multilinear map. Consequently, Q(eq, ...e,) # 0. Now, the point p € L
was arbitrary and therefore (2|, is a nowhere vanishing n-form on L. As the space of top level

forms is one-dimensional, there exists a function ¢ : L — C such that

Q‘L = ¢d‘/;2L = ‘¢’_d‘/9L (213)

¢
9]

]

Lemma 2.1.7. Suppose that (X, J,w, Q) is almost Calabi—Yau and L is an orientable Lagrangian

submanifold of X. Then there exists a well-defined function

Q] : X — Ry (2.14)
and there exists a well-defined function
ap:L—S'={z€C: |z| =1} (2.15)
such that
QL = |Q|ozLdV;,L.
Proof. Letpbe apointin L C X, and let zq, ..., 2, be local coordinates centered at p which give
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rise to orthonormal dual bases for the tangent space 7, X and the cotangent space 77X at p. In
these local coordinates, in a neighborhood U of p, the nowhere vanishing (7, 0)-form §2 can be
written as

Qlu = F(z1,...,20)dz1 A -+ Adzy,

where F' # 0 is some holomorphic function. Let

€1y...,€En

be the orthonormal basis of the tangent space 7, X dual to

dzlp, . dzpp.

Let

T1y...,Tn

be an orthonormal basis of 7T),L. T,L is a Lagrangian plane in 7, X viewed as a real 2n-
dimensional vector space. L being a Lagrangian submanifold in a Kihler manifold implies that
T1,...,Tn,J71,...,Jry is an orthonormal basis of 7, X over R. ey,...,e,, Jei, ..., Je, is also
an orthonormal basis for 7, X over R, and ry, ..., 7, is an orthonormal basis for 7, X over C.

There exists a unitary matrix A such that

A:(er, . en) = (11,0 T0), (2.16)
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1.e.

Now evaluate 2 on rq,...,7,:

Qlp(r1, ... rn) = F(p)dzr A--- Ndz,(Aey, ..., Aey,)
= F(p)det(A)dzy A --- Ndzy(eq, ..., en)

= F(p)det(A)dVL(r1, ..., ).

Define ¢ : L — C as

¢(p) = F(p) det(A).

We saw that |¢| is not affected if another orthonormal base of X is picked. So we can

define

1Q(p)| == |o(p)|- (2.17)

We need to show that ¢ is well defined on L. First we will show that it is independent of
the choice of an orthonormal basis of 7}, L, and second, we will show that it is independent of the
choice of coordinates at p.

Let

/

/
[T

be another orthonormal basis of 7}, L having the same orientation as ry, ..., 7.
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Then there exists an orthogonal matrix B with det(B) = 1 such that

. = B(r;).

It follows that

Ql,(rh, ..., r) = F(p)dz1 A -+ ANdz,(BAey, . .., BAe,)

’'n

= F(p)det(BA)

— F(p) det(B) det(A)dV, (... 1)

n

= F(p) det(A)dVL(ry, ..., r0).

r'n

det(A) is a complex number of modulus 1. Therefore, the function ¢ satisfies:

lo| = |F| and arg(¢) = arg(F') + arg(det(A)) mod 2.

We have shown that ¢ is independent of the choice of a basis of 7}, L. Let

o = iaE(®)

‘We can write

Qu(p) = 2p)|a(p)(dVy, ).

It remains to check that the function ¢ is independent of the choice of a coordinate chart
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around p in X.

Suppose that wy, . . ., w, are some other coordinates around p. Let

P = (%)
82’5 je

be the Jacobian matrix for the change of coordinates between 21, ..., z, and wy, . ..

In w coordinates the expression for 2 at p is

Q, = G(p)dwy A --- A dwy,

where G # 0 is some holomorphic function.

Qlp(re, ... 1) = G(p)dwy A -+ A dw,(re, ..., 1)
= G(p)det(P)dzy A -+~ Ndzp(r1,...,79)
— G(p) det(P) det(A)
— G(p) det(AP)

= G(p)det(AP)dVL(r1,...,Tn).

On the other hand,

Qlp(r1,...,7,) = F(p) det(A),

so it follows that

G(p)det(P) = F(p).
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We have

G(p) det(A') = F(p) det(A),

where A’ = AP is the change of basis matrix mapping the basis of 7, X dual to dwy, . .. dw,. It
follows that

¢ = G(p) det(A') = F(p) det(A)

is a well-defined function on L.

Definition 2.1.8. Let ¢ be as in Lemma 2.1.7. The function o : L — S*,

a(p) = e'aree®) (2.18)

is called the phase of the Lagrangian submanifold L.

Definition 2.1.9. A Lagrangian submanifold L. C X is called a special Lagrangian submanifold

if the phase function is constant on L.

Definition 2.1.10. If there exists a continuous function 0 : L — R, p — 0(p), such that

a(p) =e®, pel,

then the Lagrangian L is called a graded Lagrangian. The real-valued function 0 is called the

Lagrangian angle or grading of L.

Remark 2.1.11. Lagrangian angle / grading is not unique. Clearly, two gradings differ by a
constant.
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Remark 2.1.12 (Notation). We will abbreviate 'Lagrangian (submanifold)’ by Lag and ’special

Lagrangian (submanifold)’ by SL.

2.1.3 Milnor fibers

For the exposition in this subsection we follow Dellatorre [2] and Thomas—Yau [3]. We

define Milnor fibers X}‘ (Definition 2.1.13), as in Dellatorre [2, Chapter 5] and Thomas—Yau [3,

Section 6]. Then, in Lemma 2.1.16, we demonstrate that a Milnor fiber has the structure of an

almost Calabi—Yau manifold by producing a holomorphic (n, 0)-form 2} (Definition 2.1.15), and

showing that it does not vanish anywhere on X7.

Definition 2.1.13. Let f : C — C be a polynomial in Psjppie (2.3). Milnor fiber of dimension n

defined by the polynomial f is the set X} C C™*1 given by:

XPo={(w,z1,... z) 1 2+ + 22 = f(w)}

Proposition 2.1.14. X7 is a complex submanifold of C™*! of dimension n.

Proof. Let

F(w,zl,...,zn) :z%_f__}_zi_f(w)cn-i-l_)c

Then X} = F~*(0). The differential map is given by the matrix

—f(w) 2z ... 2z,

(2.19)

The rank of the matrix representing the differential map is never 0 and therefore always maximal

because of the assumption that any zero of f has order one. By the holomorphic implicit function
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theorem [21, p. 19], X} is a complex submanifold of C™*! of complex dimension 7. [

It remains to show that there exists a nowhere vanishing holomorphic (n, 0)-form on XF.
First we will give an ad hoc definition of an (n,0)-form. Immediately after we will proceed to

show that the chosen form indeed has the needed properties (and is well-defined!).

Definition 2.1.15. Let (2} be the holomorphic (n,0)-form on X7 given by

Cdxn AN Ndzy o dzy N Ndzjog Ndw Ndzjg N Ndzy
a f(w) a 2z ’

an (2.20)

forj=1,...n.

Lemma 2.1.16. Assume that | € Pgimpie (2.3), n € N, and that X} is a Milnor fiber (Definition

2.1.13). Then Q7, given in Definition 2.1.15, is
(i) well-defined.
(ii) a nowhere vanishing holomorphic (n,0)-form on X7.

Proof. (i) As f € Psimpie, V (f) and V(f’) are finite sets such that

VHnv(f)=e.

The first expression for Q? (2.20),

dzi A+ Ndzy,
frlw) 7

1s defined on

Xi\A{(w,21,...,2) - we V(f)}
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If at some point (w”, 27, ... 23) € X7, f'(w°) = 0, then f(w®) # 0 since otherwise w, would be

a zero of order higher than one. Since

0# f(w’) = () 4+ (2)%

at least one 2 # 0. Then there is an open set U C X7, (w”, 2},...2,) € U, such that z; # 0
for all (w, z1,...,2,) € U. On U, we use the second expression for 7. The expressions are

interchangeable on any set where z; f'(w) # 0, which can be seen as follows:

2z1dzy + -+ + 22,dz, = f(w)dw.

Wedge the equation with dz; A --- A dz;_; on the left and with dz; 1 A - - - A dz, on the right to
obtain:

2zidzy N+ - Ndzyp = f(w)dzy A -+ A dzj—1 Ndw Ndzjpn N+ Ndzy,

and therefore,

dzy N Ndz,  dzg N Ndzjg Ndw Ndzja N+ Ndzy,
f(w) a 2z;

, (2.21)

at any point (w, z1, ..., z,) € X} where z; f'(w) # 0.

We also need to see that at any point (w, 21, . . ., 2,) € X} where 2;z, # 0,

le/\"'/\de_l/\dw/\de+1/\"'/\dZn
2Zj
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and

dzy N+ Ndzg_y Ndw Ndzpeg N -+ Ndzy,
22[

are equal.

By (2.21), at those points where z;z, f'(w) # 0 both expressions equal to

dzy N\ - Ndz,
frlw)

and therefore they are equal to each other.

Suppose therefore that w € V (f’) and suppose that the point p is

(@, 71,...4,), with £ #0.

Now, let H C X7 be the hypersurface defined by the equation:

Then p € H. Furthermore, as V'(f’) is discrete, there exists a sequence of points

Py = (wy, (z1) 0, -, (Zn)v),

such that f'(w,) # 0 and (2;),(z;), # 0, and such that

lim by =D,
V—00
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and p, € X} \ H, for all v. Since f'(w,) # 0 we have the equality of the two forms on the
sequence {p,}. As both forms are smooth sections away from the hypersurfaces z; = 0 and
zy = 0 they agree on the limit point p as well.

(ii) From its defining expressions (2.20) it is immediately evident that 27 is a holomorphic

(n,0)-form and that it does not vanish anywhere. O
Proposition 2.1.17. (X7, J,w, Q}) is an almost Calabi—Yau manifold.

Proof. X inherits the Kihler structure from C"!. A nowhere vanishing holomorphic (n, 0)-form

is 27 from Definition 2.1.15 which is well-defined as shown in Lemma 2.1.16. [
Lemma 2.1.18. There is an action of the orthogonal group O(n) on X 7

Proof. Let A be ann x n matrix in O(n). The action is defined by

(w,2z) — (w,zA),

where z = (21, ..., 2,). By definition of X},

Then

Thus (w,zA) € X7. O
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2.1.4 Lagrangian spheres in Milnor fibers

Compact Lag submanifolds of X diffeomorphic to 5™ (Definition 2.1.19) exist due to the
existence of a discrete set of simple zeros of the function f.

The idea is, roughly, that such submanifolds are defined using paths between zeros of f(w)
in the copy of C corresponding to the variable w, with an S"~ fiber above any point on the path.

The S™! fiber is defined by restricting the equation 27 + - - - + z2 = f(w) to a real subspace of

C". The size of the S"~! fiber decreases when an endpoint is approached and at the endpoint the
fiber degenerates into a single point.
The presentation of the material follows the exposition in Dellatorre [2, Section 5.4.4]. The

proof of Lemma 2.1.20 is new. In it we show that the Lag spheres in Milnor Fibers are Lag

submanifolds diffeomorphic to spheres, and we explicitly calculate the phase (Definition 2.1.8).

Let v : [0,1] — C be a simple C" path, v € A;,. (We will abuse notation slightly and use

~ both for the function and for the image, [0, 1].)

Definition 2.1.19. L, C X7 is given by:

L, := {(w,rlm,...,rnm) cw €y, (r,...,m) € S"H1) C Rn}- (2.22)

Lemma 2.1.20. L., is a Lag submanifold of X7.

Proof. To show that L., is Lag we need to check that the Kéhler form w vanishes on L.,. In order
to do that we find a basis for the tangent space of L.,.

Let w € ~ be fixed. The cross section of L., at w is a copy of S" .
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Fix (r1,...,7,) € S*"1. Let 1/ f(w) denote a continuous choice of the square root along .

The following vectors form a basis of the tangent space of L., at the point (w, rin f(w), ... ran/ f (w)> :

* a basis of the tangent space of the fiber S™~! at (w, riy/ f(w), ..., rn\/f(w)>:

290, — 2104y, 2305, — 22044, ..., 2004, | — Zn—10., (2.23)

and

* vector

/ s, )

tangent to the curve 3, : [0, 1] — L, given by:

By u— <7(u),r1\/f(7(u)), e ,rn\/f(v(u))> , (2.25)

forr = (ry,...,m,) € S"! fixed.

Now, w(Vi, Vz) = 0 for any 2 vectors in the tangent space of the cross sectional copy of S™!

because it is contained in v/ f (y(u))R™ which is isotropic in C"*!, and also

w ('y' (aw + % > Zﬁzi) 20, — ziazj) = 0.

It remains to see that the symplectic form w vanishes when restricted to the tangent space
to L. at an endpoint of .

First we find the limit of the unit tangent vector to the curve 3, as w approaches an endpoint
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of the path v (where f(w) = 0). The unit tangent vector to /3 is:

Y(u
v (00 + 3 T w0
|y’ (8 + 4 f’ Z)) Sz Zl)y

(2.26)

To find the limit, we modify the expression ()2.26, using z; = 7;+/f, j = 1,...,n

f(v(w)
’y(@ + 3 Vu))z,zl Zz> :i 1 ( f! f,r>
o (ou s L0 )| P g \avE e

f mr f FiN
Vl Iy VAT VT VAN PRV

_7( 2y/1/] [/ I | ﬁr>'
VAT IR VAT PR VI VAT PR VI

\/: £ S L

modulus one, the limit of the unit vector to 3, is

As hrn = (5 exist and are complex numbers of

01 (0,027’1, .. .,OQTn) = 0102 (077“1, c ,Tn) . (227)

C; and C, depend on the curve 7 but are independent of 7y, ..., 7,. Asr = (r,...,r,) € S*!
varies we get different unit vectors in C;C5R"™. Thus C;C5R™ is the tangent space to the Lag
sphere L., at an endpoint of v where the fiber, S"~!, degenerates into one point. The symplectic
form w vanishes on C;C,R" since it is an isotropic plane in C"! equipped with the standard

symplectic form. [

Lemma 2.1.21. Each fiber of L., is O(n) invariant. L., is O(n) invariant with fixed points of the
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action (w;,0,...,0), w; € V(f).

Proof. Let (w,z) € L,. Then

for somer € S"7. Let A € O(n).

zA = \/flwrd = \/f(w)r,

where r' = tA € S"7!, as S"7! is O(n)-invariant. Therefore (w,zA) is in the same fiber as

(w, z). O

Solomon—Yuval [ 18, Proposition 3.7] prove the following fact which for us follows from

the proof of Lemma 2.1.20:
Corollary 2.1.22. Let y be smooth. Then L., is diffeomorphic to a sphere.

Proof. We explicitly evaluate the tangent vectors at points where the fiber degenerates (2.27).

L., is a trivial fibration over a simple path with fiber S*~*. A diffeomorphism between L.,
and S™ is established by a map between the path v and a diameter of S™. Lety : [-1,1] C R C
R"™*! — C. Then there is a map

r:s - L,

T (71, ) — (7(u>,m/f(7(u)),...,m/m(u))).

It is straightforward to see that I is a bijection. Smoothness is clear for v € (—1, 1), and is not a
priori clear only for u € {—1,1}. In the proof of Lemma 2.1.20 we show that the tangent space
to L., at (w;,0,...,0) (where w; is a zero of f and w; an endpoint of the path ) is well defined,
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i.e., L, has no singularity at (w;,0,...,0). It follows from the proof of Lemma 2.1.20 that the

differential map extends continuously to T(_1 o, 0)S T (w;,0,...,0) L L]

77777

Lemma 2.1.23. Let L, be a Lag sphere in a Milnor fiber X}. Then the Lagrangian angle 0.,

(Definition 2.1.10), defined on L., is given by

n—2

0y(u) = arg | (' () (f (v(w))) 7| , (2.28)

Proof. Fix a point on the curve -y and evaluate the form 27 on a basis of tangent vectors at a point

of L. which is in the fiber above the fixed point y(u). The coordinates of that point are:

(v VIG@)r, . VTG

for some (r1,...,7,) € S"'. A basis of the tangent space to L., at that point is:
: f'O) — f(y(w) f'(y(w) )
0 (1 S AT

QZ} evaluated on these vectors is:

1 S OW) o e =22\ _ L U)o 2
PO 27y AT AT =5 00
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2.2 Minimization Approach

In section 3.7 we will give an explicit way of finding paths -y between zeros of f such that
L., is special. That procedure does not always yield a solution simply because sometimes the
shortest path between two cone points in a surface with conical singular points with cone angles
larger than 27 is not along a geodesic connecting them.

To establish that a shortest path does exist, we use a functional on the set of paths. We will
later see that the value of the functional is the length of the path in the conical pull-back metric
(subsection 3.6).

In Lemma 2.2.1 we show that f L 7 and f7 q(~y) are directly proportional and consequently
we can work with line integrals instead of integrals over n-dimensional Lags. We introduce a
functional @, (Definition 2.2.4) on the set of paths connecting two zeros of f, A;,. We show that

the functional ®,, is minimized by paths which give rise to SLs/chains of SLs (Theorem 2.2.5).

2.2.1 Line integrals

In this section we show that evaluating | L Q0% can be reduced to evaluating a line integral
over 7 (Lemma 2.2.1). Shapere—Vafa [ ] use the integral n = 3. Their reference for it is [ 3]
A homotopy of paths in C gives rise to a homotopy of Lag spheres corresponding to them.

Let v € Aj, (1.3) for some j # ¢ and recall the definition of a Lag sphere over +:

L, ::{(w,\/f(w)rl,...,\/f(w)rn) € Xy 1 wen, r%+---+7“,21=177“1,---,7“n€R}
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Remark: Regardless of the choice of branch of the square root we take in the defining
equation, L., is the same set. In Lemma 2.1.20 we established that L., is an S™~1 fibration over

7, diffeomorphic to 5™ and is a Lag submanifold of the manifold X7.

Lemma 2.2.1. Let v € Aj; (1.3). Then

/ Q= g”— / (VIG@))" (wdu (2.29)

where the direction of integration along ~ and the value of +/ f(v(u)) are chosen in such a
way that exp (i arg[(\/ f(7(u))""2y/(u)]) is the phase of L., at (y(u), 21, ..., 2,) € L, (Lemma

2.1.23).

Proof. L. is a fibration over . The fiber over a point w € =y is the (n — 1)-sphere:

{ <\/Tw)7"17---,\/mrn> 2 (.., me) € S"—l}_

(For n odd, the orientation of the basis of / f(w)R", (v/f(w)ry,...,+/f(w)r,) changes if the

choice of the square root branch is changed. For n even, there is no change.)

We proceed with calculations needed to establish the validity of the claim,

)
2/ 7w)

w

AV fw), dzj =drj\/ f(w) +r;

Recall that
Cdx N Ndzy

f'(w)

2

Note that dry A --- Adr,, = 0since 72 + - - - + 72 = 1.

n
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dzy /\ -Ndz
Q?\ L, = -

(drl\/— \/idw) -( : )A (drn\/m+ Tnzi;%dw)
f'(w

n—2
( f(w)) <d7"1/\---/\drn_l/\rndw+---+rldw/\dr2/\---/\drn>

N — N =

( f(w))n2 dw N <7“1d7“2 Ao ANdry — -+ (=D rpdry A2 A drn_1>.

Now, evaluate [, Q
Yy

/Q?:/ dzl/\;--/\dzn
L, Ly f(w)

1 . —~
:/L§<\/ w> dw/\z V" rsdry Ao Adrj A+ Ndry,

1 n

:§A< f(w))n de /Sn—l (Z(—l)j_lrjdrl/\---/\cjfj/\---/\d?“n>

By Stokes’ Theorem

/ (rldrg Ao ANdrp + -4+ (=D)"Ydry Ao A drn_1> =
ri+-4r2=1

/ d(?“ldrg/\"'/\d?”n‘i‘"“i‘<—1)n71d7"1/\"'/\d7’n,1>
244r2<1

/ ndri A --- ANdr, = ————.
ri4e4r2<1 F(

|3
S
Ju
_I_
—_
~—
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Therefore,

n—1 n—1

| % =S / (VI)" = §ir s [ (VIGED) ™

Y 2

Lemma 2.2.2. Let L., and L., be the Lag submanifolds arising from the paths v, and . If
Y,%2 € Aji (1.3), for some j,l € {1, ... k}, and the closed curve formed by v, and 7y, does not
contain any zeros of f(w) in its interior, then L., and L.,, are in the same homology class in H

(Definition 1.3).

Proof. Suppose that the region of C enclosed by v; — 72, I, contains no zeros of f(w). I lifts to:
Y = {(w,zl,...zn) eC"Miwel, (2,...,20) = (r1, ., )V f(w), 7T+ 72 = 1}

a submanifold of X} of real dimension n + 1 with boundary L., — L.,. Then the homology class

[Ly, = Ly,] = 00 [Ly, ] = [L,]. U

Remark 2.2.3. If 71,2 € Aj; are two paths such that the closed curve 7; — 72 does not contain

any zeros of f(w) in its interior then

[ (V@) = [ (VEGD) i

71 Y2

and

/ Q;:/ On,
L L

71 72
By Lemma2.2.2, L., and L., are in the same homology class and L., — L., is the boundary
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of a real submanifold Y of Xp of dimension n + 1. Using Stokes’ theorem:

/Qy—/ Q}‘:/ Q?:/dQ”zO
Lo, Loy, oY Y

since Q? is closed. Therefore

which by Lemma 2.2.1 implies

2.2.2  Functional ¢

We define the functional ®;, (Definition 2.2.4). In Theorem 2.2.5 we show that the mini-

mizer for ®;, always exists.

Definition 2.2.4. Let © /() be a real functional on the closure of the set A;, given by:

2

o) = [ 1000’5 dul = [ (VFG@D)" i

Theorem 2.2.5. Let X}? be as in Definition 2.1.13, let A;; be as in (1.3) and L., as in Definition

2.1.19. Let wj,wy € V(f) and j # (. Then there exists a path v € A, for which the functional

@, (Definition 2.2.4) has a minimum.
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n—2

Proof. Using the notation ¢ = (f(w)) 2 , let

We can write

/7 0= / Ay () () = / l9(1) () e P du = / e ]g].

Triangle inequality,

[l = [
2l v

gives a lower bound for ® () = f,y |q| for +y in a fixed homology class. There are finitely many

homology classes of paths in Aj, since |V (f)| < co (Lemma 2.2.1, Remark 2.2.3).

inf
;QALIQI

is achieved on the closure of A;,. [

Remark 2.2.6. If for some v € A, 0, = const., then the lower bound of ’ f7 q|, is achieved for

[l =] [l =[e" [1a] = [ 1al
v ol 2l 0l

It is possible that the lower bound is achieved on an element of the closure of a class A € Aj

this v € A since

which is a concatenation of paths, 7; ... ~,,, connecting zeros of f, such that 6,, = const,, ...

6., = const.

Ym
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In Theorem 3.10.2 we gave a necessary and sufficient condition for the existence of a path

v € Ajg, such that L, has constant phase.

Remark 2.2.7. ®,,(7) is the length of the path  in the pullback metric |q|?|dw|* (Lemma 3.6.4)
and a minimizer of the functional @, is the pullback of a length minimizer, i.e.,the pullback of a
segment of a geodesic line, or is a concatenation of paths where each constituent is the pullback

of a segment of a geodesic line.

Corollary 2.2.8. Under the assumptions of Theorem 2.2.5, the Lag sphere corresponding to the
minimizer, L., is the unique compact SL submanifold of X in its homology class. If v € ng\Ajg
andy =y U---Ur, € ng, then there is no SL L, € Aj, but each L., , 1 < p < misacompact

SL submanifold of X}, unique in its homology class.

2.3 ODE Approach

In this section we show that the special Lagrangian ODE (2.31) can be solved for any value
of # and any initial point. This extends and also proves the claim of Shapere—Vafa [ 1, Section 5]

(for n = 3 and initial point in V'(f)).

arg | (V)" ()] = 0. (231)

The main results of the section is Theorem 2.3.3 in which we show that for a generic initial
point there is a unique solution and that for the initial point in the set V' (f), there are n solutions
of the equation (2.31).

In subsection 2.3.1 we solve the initial value problem, in 2.3.2 we analyse properties of
integral curves, and in 2.3.3 we solve the boundary value problem, specifically when the boundary
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condition requires the endpoints of the integral path to be distinct points in V' ( f).

2.3.1 Initial value problem and integral curves

Lemma 2.3.1. Let 0 € [0,27) be given. Let w; € V(f). Then there are n directions for the

tangent vector at w; for integral curves of the equation
(2.32)

Consecutive directions form an angle of 27”

Proof. The curve passing through Q)(w;) whose tangent vector has constant phase is the straight

line through Q(w,) with the slope tan ¢. Near w;,

n—2

q(w) = (w —w;) = (ap + a1 (w — w;) + ag(w —wy)* +...),

and

2 2 ( )+ 2
a1 (w — w;
n n+21 J n-+4

az(w —w;)? + .. ) + Q(w;).

We can parametrize the straight line through )(w,) by a parameter ¢ so that the points on the line

are given by Q(w;) + te”, t € R, § = const.
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Therefore,

i n . 2 2
te’ = (w — w;)? {—ao—l—(w—wj) (n+2 1+n+4a2(w—wj)+...>}
n2 n
= (w —w;)? —ag + O((w = w-)5+1).

From here,

0 = arg [(w - wj)ggag +O((w — wj)%“)}

Taking the limit w — wyj, along v, and using the mean value theorem, we get

6 = lim arg [(fy’)gao}.

w—rw;
Therefore, the direction of the tangent line to vy at w; is given by one of

.[2(0—arg(ag)) 27
R +mn], m=0,1,...,n—1.

]

Lemma 2.3.2. Given, 01,0, € [0,27), 6 # 0. Suppose that 7, is an integral curve of the

equation
222 dw
arg {(f(w)) ’ E} =0, (2.33)
and s is an integral curve of the equation
222 dw
arg {( f(w)> E] — 0, (2.34)



and vy Ny = {p}. Then

(i) If p & V(f) then v, and ~, form an angle measuring |0, — 05|.

(ii) If p € V(f) then the angle between ~, and s is %|€1 — 0y £ m%’r, for some m

0,1,2,...n— L

Proof. (i) 71 Nv2 = {p}, and f(p) # 0.

= et (2.35)

and similarly,

(VIO) 40 _ 0 e

From (2.35) and (2.36) we get:

n—2
|’Yﬂez’91 _ ( f(p)) _ Meiez

e |(viw) ]

Y

and finally,

2
=~

)
—

_ il01—02)

)
o~

)
(V]

at the point p, as claimed.

(ii)) 71 N2 = {p} and f(p) = 0. By Lemma 2.3.1 there are n integral curves through

p corresponding to ¢4, and n integral curves corresponding to #; and the integral curves have

tangents in the directions of
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.12(61 —arg(ag)) 27
el T +m T

, m=0,1,...,.n—1, (2.37)

and

;12(9g—arg(ag)) | 2m
el[ n +m"}

. m=0,1,...,n—1. (2.38)

Choosing one direction from (2.37) and one from (2.38) results in the following angles

between them:

2 2
S0 —0)+m", m=0,1,....,n— 1.
n n

]

Theorem 2.3.3. Given any 0 € [0, 27), through any point wy € C there exists a solution y = (t)

of the initial value problem

arg | (+/TO@)" " (1)

Il
S

(2.39)
7(0) = wo.

If wg & V(f) then the curve is unique. If wy € V (f) then there are exactly n curves, consecutive

ones at angles of 27” with respect to each other.

Proof. First we show that at any point w, such that f(wg) # 0 the direction of the tangent vector
is uniquely determined. Then we show that if f(wg) = 0 there are n possibilities for the direction

of the tangent vector. Finally, we show the existence.
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Assume that there exists a curve v satisfying

and wy € v ([0, 1]). Then

From this equation we can express the unit tangent vector to the curve:

/ n—2
Y _ o VIO 010

1l ( f(v))H.

If wyq is not a zero of f(w) then (2.40) is uniquely determined as

/

ne
1V

— ei@ ‘ f(w0>‘n2

= n— (2.41)
(Vi)

Claim: If wy € V/(f) then ,
. ’\/ f (wo)‘n_
lim —
w—wo ( f(wo))

exists.

Proof of Claim: Let v = ~(t),t € [0,1] be a path, wy = 7(0). Recall that f(w) =

(w — wy)(w — wy) ... (w — wy) and without loss of generality assume that wy = w;. When w
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approaches w, over any differentiable path the following limit exists and

wli_)rgl(w—wg)...(w—wk):(wl—wg)...(wl—wk)#o.

Let

By = eiMg[<\/(w1*w2)...(w1*wk))ni2} .

Then

. ‘v f(wﬂ)‘“ 1 s
lim-————

— — lime "7 arg(v()—7(0)) —

t=0 ( f(wg))n2 py t=0 B B

This ends the proof of the claim.

o—i"52 arg(+'(0))

Let

vy = ek WE( (),

If v in addition to containing x; satisfies (2.41), then substitute v; in (2.41) to get

SO

v1, B1, € are all unit complex numbers. e is given and 3, doesn’t depend on ~ but only on the
polynomial f so it is also fixed. There are therefore n different solutions for v; and they define

the n different possible directions (v?) for the tangent vector to v at wy.
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When wy is not a zero of f(w) then the first order ODE:

eig ‘ V f('LUO)‘n72

T =

t e (0,1]
(2.42)

7(0) = wo

has a unique solution in a neighborhood of w, by Picard-Lindelof.
If wy € V(f), say wy = w; choose one of the n possible directions for the tangent vector

at wq,

eze % 27
(ﬁ_) emT’, sz,l,...,n—l.
1

Choose a small angle 7 and consider a wedge W with central angle 27 of a small circle of radius
2

ﬂ) " bisects T and W is away from all of wo, . . . w.

¢ with center at w; so that the direction ( i

Then the initial value problem:

eem te (0,1, ~(0)= (?)

/ —
) = (v/7(wo)) (2.43)
7(0) = w

has a solution in W for t € [0, t), for some ¢, € (0, 1), by Peano’s existence theorem. It remains
to show that there cannot be two integral curves having the same tangent vector at w;.

Suppose that there are two such solutions, ; and ~,. Refer to Figure 2.1 for the following.

Take a point on 7, close to w;. Through that point there exists an integral curve for the equation

(2.31) with e replaced by e'®*t2), ;. ~5 intersects the curves v; and 7, at right angles (by

Lemma 2.3.2). We can claim that it intersects both v; and v, because they have the same tangent

at their common point and the function ¢ being close to a constant where 3 is constructed means
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that the tangent direction to 3 is close to a constant. The point on ~; can be chosen in such
a way that the curvilinear triangle formed by 1, 72, and 3 does not contain any other zero of
the polynomial f (w; is one of its vertices). Then choose another point on v, closer to w; than
the first one, and construct ,, the unique solution of (2.31) through that point with e replaced
by e®+2). ~;, v,, 73, and v, form a curvilinear quadrilateral containing no zeros of f. ¢ is

holomorphic in an open set containing the quadrilateral v,7y37174.

V3 2
V4

4!

Figure 2.1: 7; and », integral curves at w; for phase 6, 3 and 4, integral curves for phase 6 + 7.

Therefore

]{ q=0.
V2Y3Y1V4

Along each side of the quadrilateral the integrand has constant phase. Therefore

]{ qzew/ lq| —ei(9+g)/ lq| —ew/ |q|+ei(9+5)/ lql.
Y1-Y2:Y3Y4 Y2 Y3 Y1 Y4

The integrals over 73 and -y, don’t cancel since |g| along 7, is less than |¢| along 3 and the length
of the segment of v, is less than that of 3. (It is possible to choose the points on ~; in such a way
that this is satisfied because 7, and 7, intersect at wy at angle equal to 0 and |g(w)| — 0 when
w — wj. Thus the expression on the right hand side is not equal to 0. Contradiction.

Therefore there is a unique solution of the initial value problem (2.43).
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The same reasoning for the other possible values of +/(0) provides the existence and

uniqueness for other solutions emanating from w; .

2.3.2  Some properties of integral curves

In Proposition 2.3.4 we show that the intersection of one integral curve of equation (2.31)
for a value 6, and one integral curve for a value 65, with 6, # 6, contains at most one point.

In Proposition 2.3.5 we show that the intersection of two integral curves of (2.31) for the
same value of 6 contains at most one point, and if the intersection is non-empty, the point of
intersection is a zero of f.

These properties will be used in subsection 2.3.3.

Proposition 2.3.4. Suppose that ~, and ~y, are integral curves of the equation (2.31) for 6, and

0, respectively, and 01 # 0. Then |y, N Y| < 1.

Proof. Refer to Figure 2.2. Q(v;) and ()(72) are non-parallel straight lines. They have a unique
common point. If there exists a point p € v, N 7y, then {Q(p)} = Q(711) N Q(7Y2). Suppose
that there is another point of intersection, s. Then Q(s) = Q(p) since that is the only point of
intersection of two distinct straight lines. If there are more than two points in y; N 7, choose s
so that the arcs ps C 7; and ps C ~, only have the endpoints in common. Now, when a point,
w, traverses the arc ps C ~y; from p to s, its image moves from Q(p) to Q(s) = Q(p) along the
straight line containing Q(7;). At some point w of the arc ps C 7y, the distance d(Q(w), Q(p))
is maximal. At that point g(7(t))v;(¢) = 0 since the tangent to the path Q(1(t)) switches from

pointing to one direction of the straight line containing ()(y; ) to pointing in the opposite direction
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as the point then moves back closer to Q(s) = Q(p). Therefore, the arc ps C -, has to contain
a zero of f (w; in Figure 2.2) and so does the arc ﬁs C 72 (wy in Figure 2.2). Choose points a
and b in the interior of the closed curve consisting of the two arcs so that a is closer than b to 1,
and b is closer than a to 5. Through a there exists an integral curve for #; and through b for 6,.
These two integral curves intersect in two points. This is because two integral curves for the same
value of ¢ do not have common points so ; and the integral curve through a don’t intersect, and
neither do v, and the integral curve through b. Now the two new curves form the same picture as

the two initial curves, 7, and -9, and therefore each of them contains a zero of f. This process

can be repeated and we get an infinite number of zeros of f. Contradiction. [
Q(n)
w; Q(73)
D eS8 p e S Q(74)
o Q) = Q)
V2 ¢
wy Qp) = Q(s) Q72)
Integral curves for 6, and 65 Images under ()

Figure 2.2: for Proposition 2.3.4

Proposition 2.3.5. If v, and -, are two integral curves of the equation (2.31), for the same value
of 0, then

w €y Ny = f(w) =0,

and

NNy #T=|nNyl=1

Proof. By Theorem 2.3.3, through a point w, for which f(wg) # 0 there exists a unique integral
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curve for a given §. Therefore v; and ~, could only intersect at a point w; € V(f).

Refer to Figure 2.3 for the following. Suppose that w;, w, € v N 72, with j # ¢. Without
loss of generality assume that there are no other integral curves of the equation (2.31) connecting
w; with w, and contained in the compact region of C with boundary v; U 7, (otherwise replace
o with a curve with this property). Now, through any point in the interior there exists an integral
curve of the equation (2.31). Choose a point in the interior of the region bounded by ~; U 7».
An integral curve through such a point is closed, a loop. Wlog, the closed integral curve, vy, can
be chosen in such a way that there exists an open set containing the compact region bounded

by v which does not contain any zeros of f. In that open set the function ¢ is holomorphic and

therefore
7{ q=0.
”
But,
1 ) 1
Fa= [ a6 o= [ ooyl 2o

v 0 0

since the integrand is strictly positive. Contradiction. [

§a!

Y2

Figure 2.3: for Proposition 2.3.5 (Closed integral curve is not possible)
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2.3.3 Boundary value problem

In this subsection we prove results related to the existence of a path connecting w; € V'(f)
and w, € V(f) and satisfying the equation (2.31) for some value of 6, i.e.,giving rise to an SL.

In Proposition 2.3.6, we show that if the zeros of f are colinear then each straight line
segment connecting two consecutive zeros of f (consecutive on the line that contains them all) is
a solution of the boundary value problem 2.44 for the corresponding boundary value conditions.
There is a total of £ — 1 paths between zeros of f which give rise to SLs.

Proposition 2.3.7 represents the other extreme: we show that if the zeros of [ are vertices
of a regular k-gon, then for each of %k’(k — 1) pairs of vertices there is a path which connects
them and gives rise to an SL.

Shapere—Vafa [, Section 5.1 Examples] note that both the minimum, k£ — 1, and maximum
+k(k — 1) can be achieved, for n = 3.

In Theorem 2.3.8 we prove that for three zeros of f if two of the three possible paths exists
then if the third one exists then the angle between the first two is less than %’T In Theorem 2.3.9
a partial converse to Theorem 2.3.8 is given, 1.e., if the angle between the first two paths is less
than 27” then the union of the two paths can’t be a minimizer of the functional ® (Definition 2.2.4)

for the two endpoints.
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There are two steps in the solution of the boundary value problem:

(2.44)

The first is to find a value 6 € [0, 27) for which an integral curve of the equation (2.31) may
contain a path connecting two chosen zeros of f, and the second is to establish the existence or
non-existence of such a path.

Suppose that we are looking at two distinct zeros of f, w; and w,. We established in
Theorem 3.8.5 that tan @, where e is the phase of the potential SL sphere generated by a path
between w; and wy, is calculated from the values Q)(w;) and Q(w;). Also, an equation defining
a curve in C which contains the path sought, if it exists, is given in the same Theorem. It is the
inverse image under () of the straight line defined by Q(w;) and Q(wy).

The existence is dependent on the positions of the zeros of f and on n, the dimension of

the almost Calabi—Yau manifold X J’}

Proposition 2.3.6. If the zeros of f are colinear then the line containing the zeros is an integral

curve of the equation (2.31).

Proof. Suppose that the zeros of f, wy,...,w are on a line [ and let w be a point on [. Let ~y
be the segment w;w;,. Suppose that w moves from w; to w;; along the line segment w;w; 1.
Then, for every a = 1,...,k, w — w, is a vector contained in [ and has one of two opposite

fixed directions. Of course, 7' has constant argument as -y is a straight line segment. It follows
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n—2
that ( (f (w)) ~'(w) has constant argument and therefore satisfies the equation (2.31) with

a suitable choice of 6. O

Proposition 2.3.7. If the zeros of f are vertices of a regular polygon then for any two vertices

there exists a path connecting them which generates an SL sphere.

Proof. The proof is not presented here but in the Examples section the statement of the propo-
sition is shown for £ = 6 (hexagon) and values of n = 3 and n = 4. Proof in the general case
is similar. The key reason why this proposition holds is that the vertices of the regular polygon

(zeros of f) are mapped by the mapping () to vertices of a regular polygon. 0

Ws

Wy

Figure 2.4: Angle between wjz\uj and w/;ue larger than 27”

The following is a partial result about existence/non-existence of paths which solve the
boundary value problem. It is similar to the observation of Shapere—Vafa in the case n = 3 [, pp.

14-15 Jumping Phenomena ].

Theorem 2.3.8. Let w;, w,,ws € V(f) and |{j,(, s}| = 3. Assume that two of the three paths of
constant phase (not containing any other zeros of f) exist between these three points. If the third
one exists then the angle between the first two is less than 27” Consequently, if a cycle of length
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three exists in the graph with vertex set V (f) and edges the paths of constant phase between

them, then the measures of all three angles in such a curvilinear triangle are less than %’r

Proof. Let the path w;\uj be part of an integral curve of the equation (2.31) with 6; and let the
path w;—z\Ug be part of an integral curve of the equation (2.31) with 6. Suppose that there exists
also the third path, w;&)g and suppose that the angle between the first two at w, is more than %’T
By Lemma 2.3.1 there is another integral curve for 6y, starting at w, and having the angle 27” with
the path w;—ajj, and another integral curve for 65, starting at w, and having the angle 27” with the
path w;\ﬂg, so that these two curves are inside the angle formed by the paths w:;uj and U}/S?Ug, as
in Figure 2.4.

As two integral curves starting at the same zero of f are contained in the preimages of
the same straight line, it follows that )(p) = @Q(w,), as the images under () of w?uz and w;zuj
intersect at a single point, ()(w,). Similarly, Q(¢) = Q(w,). But then, when a point transverses
the path from w; to wy, its image under () transverses a segment of the straight line Q(w;)Q(wy),
starting from )(w; ), reaching ()(q) = Q(w,) and going back to Q)(p) = ()(w,) and then finally
reaching )(wy) again. This would require the tangent vector to switch directions discontinuously
which can happen only at points Q(w) for which Q' (w) = ¢(w) = 0, i.e.,p and ¢ themselves

would have to be zeros of f. Contradiction. [
The converse does not quite hold. Instead we have the following:

Py

Theorem 2.3.9. Let wj, w,, and wy be three zeros of f. If paths of constant phase wsw; and
N . . . 2

wswy exist, don’t contain any other zeros of f, and the angle between them is less than =" then the

VY /N
path wjws U wswy is not a minimizer for the functional ®j, (see Definition 2.2.4).

Proof. Refer to Figure 2.5 for the following. Suppose that that paths w,w; and wsw, of constant
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Ws

Pj 5 b
)
wj Wy Q(we)
Angle < 2777 Mapped by Q

VR VR
Figure 2.5: Angle between paths of constant phase, w,w; and wywy, less than 27”

phases 0, and 6, exist and that the angle between them is less than 27” Then, the angle between the

straight line segments Q) (w;)Q(w;) and Q(w,)Q(wy) is less than 7 by Lemma 2.3.2. Pick points

n—2

p; and p;, on paths wsw; and wsw, respectively, very close to w, where ¢(w) ~ C'(w — wy) 2

and Q(w) =~ D(w — w,)?, for appropriate constants C, D € C. We look at a smooth curve, 9,
which coincides with paths w,w; and w,w, except for an arc between p; and p; which replaces
p;—zz)s U wfgol. The goal is to show that for this variation of the path w/j—z\us Uw,wy, the point Q(w)
is in the exterior of the region bounded by the straight line segment Q(w;)Q(w,) together with

27 and

((6). When a point w traverses ¢ from p; to p;, arg(w — ws) changes by %|92 — 0, < ¢
arg(Q(w) — Q(ws)) changes by |05 — 01| < m. Therefore, Q(w) does not go around Q(wy)
because that would require a change in arg(Q(w) — Q(ws)) of more than .

Points p; and p;, as well as the arc between can be chosen in such a way that there is no
zero of f in the interior or the boundary of the "triangle" Q(p,)Q(w,)Q(p:), and the length of

VY

the arc Q(p;)Q(p) is strictly less than the sum of the lengths of Q(p;)Q(w;) and Q(w;)Q(p).
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It follows that ®,,(d) < <I>jg(w;-1:)3 U w?u,g). If there are no images under () of other zeros of
f in the triangle AQ(w;)Q(w¢)@Q(w,) then by Theorem 3.10.2 the preimage of the straight line
segment ()(w;)Q(w,) contains a path between w; and w, of constant phase which is then the
minimizer of ® ;.

O

Remark 2.3.10. The configuration described at the end of the proof of Theorem 2.3.8 could
occur if f and n are chosen in such a way that for four zeros of f, w;, wy, w,, wy, Q(w;) =
Q(w,) # Q(w;) = Q(w,). But then the path of constant phase between w; and wy gives rise
to a chain of three SL spheres, the neighboring ones touching at (w,, 0, ..., 0) and (w,,0, ..., 0)

respectively.
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Chapter 3: The underlying Riemann surface, pull-back conical metric

3.1 Introduction

In this chapter we apply the concepts of covering maps between Riemann surfaces to Mil-
nor fibers.

In sections 3.2 and 3.3 we include definitions and standard results on covering maps and
specifically ramified covering maps between Riemann surfaces. The references used for the
background material are [22] and [23].

In section 3.4 n is assumed to be even. We define a map () : C — C, and show that it is a
ramified covering map of degree %k(n —2) 4 1. The case of n being odd is discussed in 3.5. It is
less straightforward because ¢ is now a multi-valued function. We define a map () which is now
multi-valued.

In section 3.6 the n-even and n-odd cases are unified. The main result of the subsection is
Theorem 3.6.4 in which we show that the pull-back of the Euclidean metric by the map @) is a

metric with conical singularities given by the expression |q|?|dw|>.

3.2 Covering maps

All the topological spaces will be assumed to be locally compact Hausdorff (LCH).
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Definition 3.2.1 (Proper map). A map F' : X — Y of topological spaces is proper if, for K C Y,

K compact = F~'(K) compact.

Definition 3.2.2 (Local homeomorphism). A map F' : X — Y of topological spaces is a local

homeomorphism if for every p € X, there exists an open neighborhood U, such that

Fly, : U, = F(Up)

is a homeomorphism.

Definition 3.2.3 (Covering map). A map F' : X — Y of topological spaces is a covering map if

for every q € Y there exists an open neighborhood V, such that

F_l(%) = |_| U, (disjoint union)

acA
for some open sets U,, C X, o € A. and

F|Ua:Uoz%‘/(-1

is a homeomorphism for every o € A.

Proposition 3.2.4. Ifamap F' : X — Y of topological spaces is a proper local homeomorphism

then it is a covering map. Moreover, it is a finite covering map, i.e., |F~'(y)| < oo foranyy €'Y,

and |F~1(y)| is locally constant.
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Proof. Lety € F(X). The singleton {y} is compact and therefore, by the properness, of F, the
fiber F~1(y) is compact. As F is a local homeomorphism, for every x € F~1(y) there exists
an open neighborhood U, such that U, and F'(U,) are homeomorphic. {U,},cr-1(y) is an open
cover of the compact set /'~ !(y). It follows that there exists a finite subcover, {U,,,...,U,, }.
As each U, contains exactly one element of F'~'(y) since otherwise F'|y;, would not be one-to-
one, and the set F~!(y) is covered by finitely many of these open sets, the fiber F'~1(y) is a
finite set. Now, if the sets U,;; are not all pairwise disjoint, there exist open subsets of these sets
which are pairwise disjoint since X is Hausdorff. To avoid new notation we may then assume

that U,,, ..., U,, are pairwise disjoint. Let

V, =) F(Us,).

j=1
Then V,, is an open set as a finite intersection of open sets.

Fﬁl(%) = |_| (Fﬁl(vy) n UIBJ‘)'

J=1

The union is disjoint as the sets Uy, ..., U,, are pairwise disjoint. F'|;;, is a homeomorphism,
J

thus its restriction to a subset is a homeomorphism:
F|F’1(Vy)ﬂUx]- : F_I(V;J) NUz; — F(F_I(V;J) NU,) =V,

Now, to see that F'~!(y) is locally constant take any z € V,. Then z has one and only one
preimage in each of the sets F'~'(V})) N U,, and has no other preimages. Therefore |F'~'(z)| =
[F=H (w)l- 0
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Corollary 3.2.5. Ifamap F : X — Y of topological spaces is a proper local homeomorphism

and Y is connected, then |F~'(y)| is constant.

Definition 3.2.6. The degree of a covering F': X — Y, is |F~'(y)|foranyy € Y.

3.3 Maps between Riemann surfaces

A Riemann surface is a complex manifold X of dim¢c X = 1. The coordinate charts are

subsets of C and the transition functions are holomorphic.

Lemma 3.3.1. Let F' : X — Y be a non-constant holomorphic map between Riemann surfaces.
Let p € X and let (U, U'p, V) and (Up(p), ﬁp(p), VYrp)) be holomorphic charts centered at p
and F(p) respectively, Up,UF(p) C C. Let f : Up — ﬁp(p) represent the map F, i.e. f =

Vi) © F oy, and assume that f(U,) C Up,. Let z € U,. Let

f(z) = Z anz"
n=1

be the power series expansion of f is a neighborhood of 0. (f is holomorphic and f(0) = 0.)

Then

(i)
ep 1= g}g{l}(n)

is independent of the choice of coordinate charts U, and Ur ), and

(ii) There exists a neighborhood of p and a coordinate chart centered at p in which F' is repre-
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sented by:

wep.

Proof. (i) Consider another coordinate chart, with variable w, centered at p, (V),, f/p, ¢p). Re-
stricting to a smaller neighborhood of p contained in U, NV}, the holomorphic transition function

between a subset of VP and a subset of Up can be represented by a power series:

z(w) = i bw™,
m=1

with by # 0, since £|,,_y # 0.

o0

Fz(w)) =) an(z(w))"

n=ep

= Z an(z b w™)".

n=ep

In the last expression, the term of lowest degree (with a non-zero coefficient) is a., bf”weﬂ, as
claimed.

(i1) Start from

oo o0
n __ e n __ e
g a,z" = 2% E Qeyin?" = 27g(2),
n=ep n=0

where ¢(z) is a holomorphic function such that g(0) # 0. Then g(z) # 0 in a neighborhood of

zero and there exits a holomorphic function h(z) such that g(z) = (h(z))%. Let



Then

dw

E|z:0 = (h(z) + 2h/(2))]2=0 = h(0) # 0,

so that there exists a possibly smaller neighborhood of 0, U in which Z—"j # 0 so that H is

invertible and H o 1), is a homeomorphism. Let U := ¢, ' (U). Then

(U, H(U), H o ¢p)

is a chart such that F' is represented by w® since

]

Definition 3.3.2. Let F' : X — Y be a non-constant holomorphic map between Riemann sur-
faces. Let p € X and let z be a local coordinate centered at p. Let f represent the map F'. f
is a holomorphic function and in neighborhood of 0 it can be expressed as a convergent power

series. Let

f(2) = F0) + ) an2"

n=1
be the power series expansion of f at p. Then the index of p for the map F is

€p = min n.
neN,an#0

Proposition 3.3.3. Let F' : X — Y be a non-constant holomorphic map between connected
Riemann surfaces. Then:
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(i) R:={p € X : e, > 1} is discrete.
(iii) If F is proper B .= F({p € X : e, > 1}) is discrete.
(iii) If F is proper then F]X\F—l(F(R)) is a finite covering map.

Proof. Let F be represented by f in a chart centered at p.

(i) If e, > 1 then f'(0) = 0. As f is a holomorphic function, so is f’. The claim now
follows from the fact that the set of zeros of a holomorphic function is discrete.

(i1) This is true without the assumption that the map is between Riemann surfaces. The
image of a discrete set under a proper map is discrete. If the image were not discrete then it
would have an accumulation point. The accumulation point would have a compact neighborhood
containing infinitely many images of elements of the discrete set. The inverse image of that
compact neighborhood would be compact and therefore infinitely many elements of a discrete
would be contained in a compact set. Contradiction.

(iii) By Lemma 3.3.1, for any p ¢ F~'(F(R)), since e, = 1, there exists a coordinate chart
in which the map £’ is represented by the identity map. The identity map is clearly a homeomor-
phism onto its image. Therefore F'| x\ p-1(p(r)) is a local homeomorphism. By Proposition 3.2.4,

a proper local homeomorphism is a finite covering map.

Let

pEF~1(q)

Proposition 3.3.4. Let ' : X — Y be a proper non-constant holomorphic map of connected

Riemann surfaces. Then d : Y — N is a constant map.
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Proof. By Corollary 3.2.5, d is constant on Y \ F(R). Let ¢ € F(R). Letp € F~(¢q). By
Lemma 3.3.1 there is a chart centered at p such that F' is represented by w® in it. The map w*
maps C — C in such a way that any 0 # ¢ € C has exactly e, preimages. From the properness of
F' it follows that ¢ has finitely many preimages, p,,, 1 < m < n,. For each of these preimages,

Pm, there is a neighborhood U,,,, and a local representation, wm of the function F'. Let

1<m<nq

Then d(q) = d(y) for any y € V, so d is locally constant and therefore constant since Y is
connected.

]

Definition 3.3.5. Let ' : X — Y be a non-constant, proper, holomorphic map between con-

nected Riemann surfaces. Then
* R:={pe X :e,>1} C X is the set of ramification points of the map F.
* B:=F({pe X : e, >1}) is the set of branch points of the map F..

* deg(F) :=d(y), foranyy € Y is the degree of the map F.

3.4 neven

We can now proceed to use the results of subsections 3.2 and 3.3 to understand the under-
lining structure of Milnor fibers. First we discuss the more straightforward case of n being even
(and thus $(n — 2) being an integer). The results of this section are not new; they represent an
application of known results to the specific situation of Milnor fibers.
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We introduce the following notation:

* Let f € Psimpie (2.3) and let n € N. Let

g(w) = (f(w)) =" 3.1

* Fix one primitive function of ¢, ):

q(w) = Q'(w). (3.2)

Maps defined by polynomials are proper, holomorphic maps C — C.

Lemma 3.4.1. Let P € Clw]. Then:

(i) P : C — C is a ramified covering map of degree equal to the degree of the polynomial

P(w).
(ii) The set of ramification points of the map P is V (P'). The set of branch points is P(V (P")).
(iii) The ramification index of w; € V(P') is equal to the order of w; as a zero of P(w)— P(w;).

(iv) P extends to C = C U {Pso}, the one-point compactification of C by P(ps) = Poo- The

index of oo is €5, = deg(P).

Proof. (i) The degree of a ramified covering is the size of the fiber over a generic point. Let

C € C be generic, i.e., C € C\ P(V(P')). Then the equation

P(w)—C =0
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has deg(P) different solutions as

(P(w) = C)w=e = P'(c) # 0.

Therefore |[P~1(C)| = deg(P) forall C € C\ P(V(P")).

Now, to show that

P:C\ P Y (P(V(P)) — C\ P(V(P"))

is a covering map, let c € P~1(C), for some C € C\ P(V(P’)). Then, as P'(c) # 0, for every
c € P71(C) there exists an open neighborhood U, of ¢ such that P is invertible on U.. It can be
assumed, without loss of generality, that if ¢ € P~!(C) and ¢ # cthen U. N Uy = @.

Let

V= [\ P(U).

ceP~1(C)

Then P~*(V) is a union of disjoint open sets, each homeomorphic to V:

(ii) Let w; € V(P'). Then P’(w;) = 0 so there is no neighborhood of w; in which P is
invertible. Therefore, V' (P’) is the set of ramification points of the map P and P(V (P’)) is the
set of branch points.

(ii1) This is immediate from the definition of the index (Definition 3.3.2).

(iv) Given a covering map F' : £ — X of compact spaces the Riemann—Hurwitz formula
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relates the genera of the two spaces, g(F) and g(X), the degree of the covering deg(F’), and

indices of points in E (e,,p € E):

2 —29(E) = deg(F)(2 - 29(X)) = ) (e, — 1)

pelE

In our case both E and X are C, and so g(E) =g(X)=0.

2-0=deg(P)2-0)— > (e,—1)—(eo —1).

peV(P')

Now, e, — 1 is the order of p as a zero of P’ and therefore

> (e, —1) = deg(P') = deg(P) — 1.

peV(P')

Thus,

2 =2deg(P) —deg(P) + 1 — ex + 1,

and consequently, e, = deg(P).

Corollary 3.4.2. Let n be even. Let q and () be as in (3.1) and (3.2). Then:
(i) Both q(w) and Q(w) are polynomials.

(ii) Q : C — C is a ramified covering map and deg(Q)) = deg Q(w) (degree of the map is

equal to the degree of the polynomial).

(iii) The branch points of the map Q) are: Q(w;), w; € V(f).
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(iv) Each ramification point w; € V(q) = V(f) has index 5.

Proof. (i) Since n — 2 is even and f is a polynomial,

n—2 n—2

g=f"7 =(w—w) 2z ...(w—wg) 2
and hence also () are polynomials.

(i1) and (iii) are immediate.

(iv) Let w; € V(q). Then wj is a zero of multiplicity 7 of the polynomial Q(w) — Q(w;), since

(Qw) = Q) ) (wy) =0 (3.3)

and

n—2 n—2 n—2

(@)~ Q) = alw) = (w—w) T . (w—w))"T* . (w— )7,

so that the order of w; as a solution of the equation Q(w) = Q(w;) is 5(n—2)+1 = 2. Therefore

Cw; =

(ST

There are

n—2 n  (deg(f) —1)(n—2)
; tlm3= 2

deg(Q) — g = deg(f)

points in the fiber of P(w,) different from w;.

]

A covering map () as in Corollary 3.4.2 is illustrated schematically in Figure 3.1. In the
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chosen example, deg(f) = 3 and n = 6 so that the degree of the covering is

deg(Q) = %deg(f)(n o)1= %3(6 S 41=T.

Zeros of f have index $n = 3 and the size of the fiber above Q(wy) is

1
deg(Q)—§n+1:7—3+1:5.

w3

Q(wr) Q(ws) Q(ws)

Figure 3.1: Example of the sheets of the covering map () with k£ = 3,n = 6.

3.5 nodd

As n 1s odd, ”T_z is not an integer and ¢ is not a polynomial. But, as in the case n even, we
would like to have a primitive function for ¢, Q).

Instead of making a choice of a branch of ¢ (3.1), we will consider it as a two-valued
function (single-valued at finitely many points): for any w, w ¢ V(f), there are two choices for
the value f (w)%2 Changing the domain of ¢ to a Riemann surface results in ¢ being single-
valued. We proceed to show that the Riemann surface needed is X }
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From Definition 2.1.13 of Milnor Fibers with n = 1 we have (use z in place of z):

X;={(w,2) :weC, 22 = f(w)}.

We know that X } is a smooth manifold (Lemma 2.1.14). X} is a one-dimensional complex
manifold, a Riemann surface. Since it is defined by the polynomial equation z? = f(w), where
f € Psimpie the result is a hyperelliptic curve. The following Lemma states well-known properties

of hyperelliptic curves.
Lemma 3.5.1. (i) 7: X} — C, (w, z) = w is a ramified covering map of degree 2.

(i) I: X; = X}, (w,2) = (w, —2) is an automorphism of X ;. I is an involution with fixed

points V(f) x {0}.

(iii) X} can be compactified by the addition of one or two points at infinity: )?} = X} U{Poo}

if deg(f) is odd, )A(} = X} U{py,p_}, if deg(f) is even.

(iv) 7 can be extended to T : )?} — Cby T(Poo) = 00, if deg(f) is odd, and w(py) = w(p_) =

oo, if deg(f) is even.
(v) X } is an orientable compact surface of genus L%J.
(vi) I extends to )A(} I(px) = I(poo), L(p+) = p—.

Proof. (i) 7| XUV is a covering map: for any (wy, z9) with zy # 0 there exists a neighborhood
U such that

Uonu' =g,
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where U’ := {(w, —2) : (w, z) € U. Then

H(r(U)=UUU.

If w ¢ V(f) then 2% = f(w) # 0 has two different solutions for z so any w € C \ V(f) is
the image of exactly two different points of X }

Ifw e V(f)then 77! ({w}) = {(w,0)}. Then (w,0) is a ramification point of index two.

(iii) To form the Riemann Surface X } Form a simple path passing through the zeros of f:
wiws . . . wy. Cutslits along the path, the slits connecting wy; 1 and waj, j = 1,2, ... L%J If there
is an odd number of zeros the last slit should be along a ray with vertex wy, and not intersecting
with the path wyw, ... w;. The two sheets are connected in such a way that the points w; are
identified and the side of a slit in one of the sheets is glued to the opposite side of the slit in the
other sheet. After the gluing, a small neighborhood of each w; looks like the Riemann surface
for the square root function.

If deg(f) is even (see Figure 3.2), after the gluing, outside of a compact set no gluing has
occurred and the two sheets are disjoint. They can each be compactified by the addition of one
point. We denote these two points by p, and p_.

If deg(f) is odd (see Figure 3.3), one of the slits along which the two sheets are glued
together is a ray. Therefore the two sheets remain connected and the addition of one point, p.,

compactifies the Riemann surface.
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P+ P+

wq Wa Wk—1 Wi,
- P-
T
o0 w1 Wo W1 Wy o0
Figure 3.2: deg(f) even
P Poo
wy (0 o - Wr—1 Wy,
P Poo
T
o0 w1 Wa W1 Wy o0

Figure 3.3: deg(f) odd
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(iv) Riemann—Hurwitz formula holds:

2-29(X}) =2(2-29(C)) - Y (e, — 1),

epeX}

SO

29()?}) = Z (e, — 1) — 2 = # of ramification points — 2.

epeX}
It follows that the number of ramification points has to be even. If deg(f) is odd then the rami-
fication set of the extension of the map 7 is 71 (V (f)) U {poo }. If deg(f) is even, the set of the
ramification points is 71 (V(f)).
Finally, it follows from Riemann—Hurwitz formula that the genus of the compact Riemann
surface X ;s

9(X}) = {—deg‘; — 1J~

]

If deg(f) = 3 or 4 then g()?}) = 1 and )?} is an elliptic curve. If deg(f) > 4 then
q( A}) > land X 1 is a hyperelliptic curve. [24, Examples 1.7 and 1.8 Hyperelliptic Curves].

In the n even case, ¢ = f "7 s a polynomial. In the n odd case, changing the domain
of ¢ from C to X} results in a (single-valued) function. We will abuse the notation slightly by
continuing to use the same name, q:

q(w,z) == 2""2

Lemma 3.5.2. qdw is a holomorphic I-form on X}.
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Proof. We have shown in Lemma 2.1.16 that

is a nowhere vanishing holomorphic 1-form on X } By Lemma 2.1.16 and

dw n—1
n—2 n—1 =Nl
qdw =z dw = 2z —22 = 2(? (w)) 2 Qf?

the claim follows. [

As in the n even case, we want to choose a primitive function for ¢, @), such that dQ) = qdw.
(@ can be obtained by integrating the 1-form 2"~ 2dw along paths starting from some fixed point
in X } Since X } has non-zero genus, the value of the integral f7 qdw depends on the homology
class of the path ~.

To take this dependence into account, we have the following:

Definition 3.5.3. Let w;,w; € V(f). Let v be the straight path between w; and w; in C. Let

Y C C be a maximal open set such that
(i) Y contains the interior of -,
(i) V(f)nY =g,
(iii) Y is simply connected.
Lemma 3.5.4. There exist open sets Y1 and Ys, Y1,Ys C X}c such that
(i) 7 H(Y) =V1U Yy,
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(ii) YiNY, = o,
(i) 1(Y:) = Ya,
(iv) Y7 and Y, are simply connected.

Proof. Y does not contain a loop around any of the zeros of f. Then it is possible to make a
continuous choice for v/f on all of Y. Therefore there exist two holomorphic functions ¢; and
¢ on Y, such that (¢ (w))? = (¢2(w))? = f(w) and ¢1(w) = —¢o(w) for allw € C.

Let Y] := {(w,$1(w)) : we Y}and Yy := {(w, pa2(w)) : we Y}

(i) By definition of Y] and Y5, every w € Y has two distinct preimages in Y; U Y5. As 7 is
a ramified covering map od degree two there are no other preimages.

(ii)) As V(f) N Y = o it follows that for every w € Y, ¢1(w) # ¢o(w). Therefore
YinNnY,=0o.

(iii) Let (w, ¢1(w)) € Yi. Then I((w, p1(w))) = (w, —¢1(w)) = (w, p2(w)) € Y and
I((w, ga(w))) = (w, —=ga(w)) = (w, ¢1(w)). Thus I (Y1) = Y3 and I(Y3) = V1.

(iv) 7|y, and 7|y, are homeomorphisms and 7(Y7) = 7(Y) = Y As Y is simply connected

so are Y] and Y5.

Definition 3.5.5. Let ()1 : Y — Cand Q)5 : Y — C be given by

Qu(w) = / adw, Qx(w) = /ﬁ gdw, (3.4)

where o C Y is any path from (w;,0) to (w, z) in Yy and  C Y, is any path from (w;,0) to
(w,—2) in Y.
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Lemma 3.5.6.

Q1(w) = —Q2(w)
forallw eY.

Proof. Let a be a path in Y; such that Q1 (w) = [ gdw. Let 3 := I(«). For any point p € o,

(qdw)|, = —(qdw)|1¢)-

Therefore

Q1 (w) I/aqdw: —/ﬁqdw: —Qa(w).

Lemma 3.5.7. (i) Q1 and Q5 can be extended to cl(Y).

(i) Q1(wp) = —Q2(wy,), wm € V(f).
(iii) I(X}\ (Y1 UY2)) = X}\ (Y1 UYa).

Proof. (i) The integral defining (), does not depend on the path as long as the path is contained
inY1. Q1(p) = limgp gev; Q1(q)-

(ii) By Lemma 3.5.6, Q1(w) = —Qy(w), for all w € Y. This property extends to cl(Y")
and V(f) C cl(Y).

(iii) Since 1(Y;) = Y3 and I(Y3) = Y] it follows that I(Y; UY;) = Y; UY5. [ is a bijection

therefore also I((Y; U Y3)¢ = (Y1 U Yy)“.
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We can use the fact that (ﬁ) 2 is holomorphic in a neighborhood of w; in X}, and

thus has a convergent power series expansion, to find expressions for () and ()2 near w;.

+q(w) = ﬂ:(f(w)) t = i<m>n2<ag + a1 (w — wy) + ag(w — w;)* + .. )

We can integrate term by term to find a primitive function:

w 2 n 2 n+2 2 n+4
+ dw ==+ — —w;)2 —w;i) 2 —w;) 2 +...].
/wj qdw (nao(w w;)? + n+2a1(w w;) 2 + n+4a2(w w;) 2 + )

(3.5)

The last expression represents (1 (w, z) and Qo (w, —z).

Definition 3.5.8. Ler ) : Y1 UY; — Q(Y; UY5) C C be given by:

Ql(w)7 (’lU,Z) S lea
Qw,2) = (3.6)

Qa(w), (w,z) €Y.

Lemma 3.5.9. Q) is a covering map of degree deg(Q)) = (n — 2) deg(f) + 2.

Proof. First we need to add points at infinity to Y; and Y5. Recall that completing X } to X } re-
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quires two points when deg f is even and one point when deg f is odd (Lemma 3.5.1). Neverthe-
less, since Y1 NY; = &, we add one point at infinity to each whether deg f is even or odd. Let the
two added points be p7°® and p3°. Now take any compact subset K C (Y7 U {p$°})U (Y2 U {p}),
P, p3° € K. We can use the Riemann—Hurwitz formula for the map Q| x, with genus 0 for both

the domain and the codomain.

In Lemma 3.12.4 we find that the index of the points at infinity is (n — 2) deg f + 2. Then it
follows that the degree of the covering is N = (n —2) deg f +2. As (Y} U {p?°}) U (Yo U {p3°})

is exhausted by such compact sets K, we conclude that deg ) = (n — 2) deg f + 2. [

3.6 Pull-back metric with conical singularities

We begin with a discussion on Riemann surfaces with conical singularities. Then we show,
in Theorem 3.6.4, that the pull-back under the map () of the Euclidean metric is a singular metric

on C which has conical singularities.

3.6.1 Conical singularity

The following definition follows Troyanov [25, p. 796]:

Definition 3.6.1. (Conical singularity - first definition) Let > be a Riemann surface equipped
with a metric which has a discrete set of singularities. A point p € X is a conical singularity of

cone angle 273 (or, of order 3 — 1) for some B € (0,1) U (1, 00), if in a neighborhood of p the
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metric can be expressed as

p(w)]w]2E=V | dw)? (3.7)

where w is a holomorphic coordinate function such that the point p is defined by w = 0, and

p(w) is a positive continuous function.
An equivalent definition following Mazzeo, Rubinstein, Sesum [26, Section 2.2]:

Definition 3.6.2. (Conical singularity - second definition) Let 3. be a Riemann surface equipped
with a metric which has a discrete set of singularities. A point p € X is a conical singularity of
cone angle 2703 (or of order 5 — 1 ) for some 5 € (0,1) U (1, 00), if in a neighborhood of p the
metric can be expressed as

p(r,0)(dr? + r*3%d6?), (3.8)

where p(r,0) is a continuous positive function, d6? is a metric on S, and r > 0 is a radial

variable, (r = 0 defines p).

As discussed in [26, Section 2.2], it is not difficult to verify the equivalence of the two

definitions. Given the first definition, introduce polar coordinates:

w = Re".

Then,

dw = (dR + Ridf)e®,

and
|dw|* = dR* + R*d6?
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The expression for metric becomes

p(w)|w|?PV|dw|? = p(w(R, 8))R* P~V (dR? + R%d6?).

Now, let
1
r=—RP.
B
Then
dr = RFYR,
and

R*C-V(dR? + R*d0*) = dr® + B*r>dr®.

After substituting we obtain the expression for metric from the second definition (3.8):

p(r,0)(dr* + B°r*do?).

Reversing the procedure, we get the equivalence of the two definitions.

3.6.2 Singular metric

Lemma 3.6.3. Let f(w) € Psimple, let n € N, n > 2, and let q(w)? = (f(w))""2 Let |dw|?
be the Euclidean metric on C. Then |q(w)|?|dw|? is a singular metric on C whose singular set is
V (f). At each singular point, the metric |q(w)|?|dw|* has a conical singularity, with cone angle

of n. If n = 2 the metric |q(w)|*|dw|? is not singular.

Proof. On the set C \ V(f), the function |q(w)|? is positive. Thus |g(w)|*|dw|* is a metric on

99



C \ V(f), conformal with the Euclidean metric. Since |q(w)|? vanishes on V' (f), V(f) is the
singular set for the metric.

Near w; € V(f),

k
lq(w)]” = T lw = wa|"* = Dj(w)jw —w;["~?,
m=1

where

Dj(w) = H |w — w2,

m#j

is a continuous positive function and

wW—W;j

Therefore,
lq(w)*|dw]* = Dj(w)|w — w;|"~*|dw|* = Dj(w)w — w;[*=~V|dw|*.

Comparing the last expression with the equation (3.7) in Definition 3.6.1, we can see that

there is a conical singularity at w; with cone angle 273 = nr.

n—2

Ifn=2then 252 = 0sog = f 2 = 1. The metric |g(w)|?*|dw|? is the Buclidean metric

|dw|?. Note that the cone angle at w; € V(f) is 27 in this case and there is no singularity. O

Theorem 3.6.4. The singular metric of Lemma 3.6.3 is the pull-back by () (3.1) of the Euclidean
metric, ggue, on C, if n is even. If n is odd, it is the pull-back by ()1 or Q5 (3.5.5), for some choice

of Y C C\V(f) (3.5.3). (When n = 2, there is no singularity and () can be chosen to be the
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identity map.)

Proof. For any point w ¢ V(f), there exists a neighborhood U on which () is one-to-one. Con-

sequently, the pull back of the Euclidean metric on Q(U) to U is a metric. From

we have

dz = q(w)dw.

Since g, = |dz|?, the pull-back metric in a neighborhood of w with w ¢ V(f), is

Q*(9low)) = la(w)*|dw|?,

which is a metric on C \ V'(f) which is conformal to the Euclidean metric.

Similarly, for n odd,

z=Qi(w) or z=Qz(w)
dz = q(w)dw or dz= —q(w)dw.

And again

jdz]* = |q(w)[*|dw|*.

The domain of @); and Q)s, Y, is a proper subset of C \ V(f) so if only one choice of Y is
considered the pull-back metric is defined on Y only. But, for any point p in C\ V() there exists

a set Y, maximal simply connected subset of C \ V'(f), such thatp € Y.

101



3.7 Existence of geodesics between cone points

Recall that L., (Definition 2.1.19) is special if and only if
6, (u) = const.

The main results of this section are Theorem 3.8.3, in which we prove that a path ~ gives
rise to an SL if and only if 7 is contained in a geodesic of the pull-back metric, |q(w)|?*dw?, and

Theorem 3.8.5 where we give an explicit equation for such a curve.

The starting point is the result of Lemma 2.1.23, due to Thomas—Yau [3], where we estab-
lished that the Lagrangian angle of a Lag sphere L., as a function of the parameter u of the path
v, is

0, (u) = arg [7/(w) (F(2()) 7]

In the following lemma we prove the chain rule for the composition of a complex valued
function of a real variable and a holomorphic function. We include it because it is not usually

covered in complex analysis texts.

Lemma 3.7.1. Let Q) : C — C be a holomorphic function, and let ¢ = Q)'. Let 7y : (a,b) C R —

C, u > v(u), be a C' curve in the complex plane. Then
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Proof. Let @ = Q(w) and w = x +iy. Along the curve -y, x and y are functions of the parameter

u, x = x(u) and y = y(u). Let

. dx and i dy
T = — ==,
du y du

Then, using Cauchy—Riemann equations for the holomorphic function @),

L0 _1(00 10
1= 5w ~ Jor 1 0y
1

2
-1 (aRe(Q) N Z,8Im(Q) N 1

(3R6(Q) n Z.alm(Q)))

ox ox 1 Oy oy
1 /0Re(Q) .0OIm(Q) 1,6 0JIm(Q)  OJRe(Q)
_§< Ox T Ox +Z(_ Oz ! Ox ))
~ ORe(Q)  .0Im(Q)
Oz T or

The following calculation proves the claim:

( % +1 e ) (& +1y)
_ (8R6(Q)5E B aIrll(CZ)g)) w (8Im(Q) - 8R6(Q)y>
( )

ox o Ox

o (A, , An@),)

ORe(Q) ;| ORe(Q)
ox dy

o))
8
o5
<
<
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3.8 Paths giving rise to special Lagrangians

We now arrive to the characterization of paths v between zeros of the polynomial f with
the property that the corresponding Lag, L., is an SL.

Recall that () is a primitive function of ¢ = f =N (3.1), and f € Psimpie (2.3). To simplify
the notation, in this section we use () for both even and odd values of n, i.e., we use () in place of
(21 or ()5, for n odd. When n is odd there is a practical problem of establishing a suitable choice
of the domain Y (3.5.3). Everything else regarding the procedure is the same whether n is odd
or even. Having to make a choice for Y in the case of n odd really means that we may have to
make several different choices for Y in order to find all the paths v for which L., is special. In
our Example 4.1 we are able to use only one such set Y for all the paths.

In Lemma 3.8.1 we show that zeros of f are the only possible singular points of Q~!(7).
In Lemma 3.8.2 we prove a formula relating the rate of change along v of 0., and the curvature
of Q(7). In Theorem 3.8.3 we conclude that L, is special if and only if 7 is geodesic in the pull-
back metric. Finally, in Theorem 3.8.5 we give an explicit equation which defines a curve giving
rise to a Lag of constant phase. The explicit equation enables us to create figures for examples in

section 4.

Lemma 3.8.1. Let I' C C be a simple C* curve. Then

QH(I)

is a C* curve except possibly at one or more zeros of f.
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Proof. If v = y(u) is a preimage of I', as (Lemma 3.7.1)

%Q(y(u)) = q(y(w)'(w),

and as ¢ is smooth, the tangent vector to I'(u) on the left, and the tangent vector to v(u), 7' (u),
are of the same class (at least C'') as long as g(y(u)) # 0. Since the zeros of g are the same as

the zeros of f, the statement of the Lemma follows. O]

As observed before, the function 6., is constant on the fiber of L. above any point of the
path . Therefore we think of the function 6., as a function of one variable only, the variable
parametrizing the path 7, i.e., 6, = 6, (u). In the next Lemma we find the relationship between

the rate of change, -6, (u) (Definition 2.1.10) and the curvature of Q(7(u)).

Lemma 3.8.2. The rate of change along v of the phase 0., of L., can be expressed as:

2.02(w) = w(Q(y(w)))a(y ()Y (w)].

Proof. (Q(~y) can be parametrized by the same variable, u, as «y. It can also be parametrized by its

arclength, s. The curvature of the curve ()(~y), parametrized by its arclength, s, is:

K(Q(7)) = —-arg

d d
ds

From Lemma 2.1.23, we have

0. (u) = axg [7/(w)a(y(w)]
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Then

d ., d_,.ds d_rd_7ds
dut = qeare[ya] = Tarely'e] 5 = Tare| Q|

Using the fact that j—i is real and positive, we have,

d d ds d d ds. | ds d d ds ds
) =9

2| 7,0 g = g [%@)(@ du a5V | ds

Furthermore, note that the arc length of Q)(y) is given by:

- [ \/ (%(RG(Q(V)DY ¥ (%(Im(@w)))ﬂu

1.e.

and therefore,

For Q)(y) we have:

L001()) = TRe(@3 () + i m(Q((w)
Q (1)) = SR(Q(w) + -5 Im(Q((w)),
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Combining the last equality with (3.11) we obtain,

(=) = (Q' (Y(W))NQ (v(w)Y) = la(V)I*]V|* (3.12)

From (3.9), (3.10), and (3.12),

o, . ds

— = RQ) 7 = k(QUy(w))la(y(w)) [V (w),

as claimed.

O]

Theorem 3.8.3. Let f € Pimpie, let n € N, n > 2, and let |dw|? be the Euclidean metric on C.

Let ~ be a geodesic path in C with the pull-back metric |q(w)|*|dw|?, and 7 its closure. Then L~

is an SL.

Proof. By definition, L, is special iff -6, (u) = 0. We showed in Lemma 3.8.2 that

d

202(u) = w(Q(y(w))la(y ()17 (w)]-
Condition x(Q(y(u)) = 0 means that () is a straight line segment in the complex plane, i.e.,
Q(7) is contained in a geodesic line of the Euclidean metric and therefore v is contained in a

geodesic of the pull-back metric. [

In other words, if 7 is a simple C'-path in C connecting two distinct zeros of f then the
corresponding Lag L., is special if and only if 7y is contained in a geodesic of the pull-back metric

of Lemma 3.6.4.
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Corollary 3.8.4. If L., is an SL, i.e., 8, = const., then the slope of the straight line containing

Q) is

tand,.

Proof. By Lemma 3.7.1, the tangent vector to the curve Q((u)) is

and by Lemma 2.1.23

0, = arg[q(y(u))y' (u)].

When Q(7) is contained in a straight line, the slope of that straight line is the tangent of the

argument of the tangent vector to (), which of course has the same direction as the line.

]

The following theorem gives a constructive way of finding an SL corresponding to a path

between two given zeros of f.

Theorem 3.8.5. Let w;,w, € V(f) and j # (. Assume Q(w;) # Q(wy). Then

Q7 ({(1 = w)Q(wy) +uQ(w) : u € R}). (3.13)

is a curve passing through the points w; and wy. If there exists a branch of the curve passing

through both w; and w, then the path from w; to wy

ve U @ (- wQw) +uQw)).
]

u€(0,1
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defines an SL sphere L.,.

Proof. (3.13) is the preimage of the straight line through the points )(w;) and Q(wy). If there
exists a path  between w; and w, such that L., is an SL then graph of + is contained in the graph
of the curve defined by (3.13). Conversely, if a branch of the curve connects w; and w, then by
Theorem 3.8.3 the path defines an SL sphere.

O]

In Theorem 3.8.5 we assumed that Q(w;) # Q(w,) but that situation can occur. We will

now consider it.

Theorem 3.8.6. Let w;,w, € V(f) and j # (. Assume that Q(w;) = Q(wy). Then there does

not exist a path from w; to wy giving rise to an SL sphere.

Proof. Q(w;) = Q(wy). Let £ be any straight line through that point. Then Q~(¢) is a curve
consisting of several branches and w;, w, € Q'(¢). Suppose that 3 is a branch of Q~'(¢) such
that w;, w, € .

Claim: There is no path 7, contained in 3 connecting w; and wy, such that L., is an SL
sphere.

Proof of Claim: Suppose that there is such a path, v, connecting w; and wy, v C 3. Then

its image under () is a path along the straight line ¢ from ()(w;) to a point p € ¢ and back (to

Q(wy)). Let v be parametrized by arclength, u. By Lemma 3.7.1, a tangent to the line ¢ is

L Q) = aly () ().
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Since / is a straight line, the direction of the tangent vector is constant, i.e.,

w7001 (0) ) = const

from Q(w;) to p. At the point p there is a discontinuity of the tangent vector to () since
coming back from p to Q(wy) the direction is the opposite of the direction of the tangent vector
when moving along Q(v) from Q(w;) to p. By Lemma 3.8.1, if a point on Q'(¢) is singular
then it is a zero of f(w) so p = Q(w;) for some w, # wj, wy, f(ws) = 0 and w, € . Then
the path ~ from w; to w, contains a third zero of f(w), ws, in its interior. Therefore, L., the Lag

generated by 7, is a union of two or more SL spheres.

3.9 Connection to Physics

The practical approach to constructing paths which give rise to SLs in this chapter turns
out to be substantially the same in dimension n = 3 as the construction in the physics article of
Shapere—Vafa [ 1, Sections 4,5, 6].

The origin of the method of Shapere—Vafa is [ 14]. The derivation is specific for the physics
notions and corresponding dimension. The polynomial which is central in the physics construc-
tion is the characteristic polynomial of the Higgs field.

Shapere—Vafa provide a proof of uniqueness of paths [, pp 11-13]. They do not provide
a proof for solving the equation (3.27). The formulation is of the problem is also informal and
perhaps misleading as = is a complex variable. The solution which they give as x = (%atﬁ does

not explain integral curves shown in [ !, Figure 1].
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3.9.1 Summary of Shapere-Vafa

The purpose of the article is to provide an answer to the question: What is the number of
BPS states for slight deformations of conformal theories in dimensions greater than two away

from the conformal point.

e In section 2. they describe the kind of singular Calabi—Yau manifold with an isolated
singularity which is of interest in physics. It is a hypersurface of C?** defined by W (z;) = 0,

where W is a quasihomogeneous function of z;, meaning [ !, Equation (2.1)]:

W (A% z;) = AW (z;). (3.14)

By W (z;) they seem to mean W (x1,...,2z4.1) and by (3.14) they mean

W(X“xl, ceey )\qd+1l’d+1) = )\W(Il, e ,ZL’d+1).

e They define the isolated singularity by:

dw =0 iff x;=0.

We understand this as saying that the single isolated singularity is assumed to be the point
(0,0,...,0). Elsewhere, dW # 0.
e They say that the function I can be viewed as an LG (Landau-Ginzburg) superpotential

of an A/ = 2 theory in two dimensions. This theory would flow to a superconformal theory with
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central charge:

d+1 d+1

(1-2g)=d+1-2) g (3.15)

1 =1

o>
I
F

.
I

It is not explained here what the flow is but a reference is given [27].
e They claim that, according to [2&], for the singularity to be of physical interest [ |, Equa-
tion (2.3)]:

c<d-1 (3.16)

Clearly from (3.15) and (3.16) it follows that

d+1
dg>1 iff e<d-1.
=1

e The singularity ring of W is defined near the top of page 3 [, p. 3] as
R := Clz;]/dW. (3.17)

The meaning of the definition is that R is generated by monomials z* = z{*...z%" and that

the ring of polynomials with complex coefficients in n + 1 variables is taken modulo the ideal

ow ow
Ox17 """ Oxgqr”

generated by

e The charge of z“ is defined as

d+1

Qo =Y gi;. (3.18)

=1
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Now they go back and restrict the set of generators of the ring ‘R to those monomials z“ for which

0<Q. <
e Two equations follow for which the reference [29] is cited:

1. The degeneracy of the ring elements is given by the function:

dtly g
tQe =
=0

LL 1 —te
=1
2. The dimension of the ring R is

d+1

N:dimR:Hl_q"

im0

e Near the top of page 4 [, p. 4] a holomorphic d-form is defined:

0= Hz:1d+1

aw
This is taken to mean that for a choice of 1, j—‘ﬁj = oy
ox;
convenience of notation, then

. Say the chosen variable is 24, for the

O = H?:l d'rl

ow

0rqy1

(3.19)
e Expressed thus, (2 is very similar to the form 2} (Definition 2.1.15). Recall that in our
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setting, the manifold X7} is the hypersurface in C"*+! defined by

Or, in the notation od Shapere—Vafa (n = d, w = z441, 2; = 7;),

W = f(zg) — 23 —...25=0.

Clearly, % = f'(x441). So, in Shapere—Vafa notation, ch is

dry N---Ndx,  dry N--- Ndx,

f,(xd-i-l) ai:‘il

(3.20)

(3.20) and (3.19) differ only in the wedge product vs product. It may be that Shapere-Vafa intend
the product to mean wedge product as they refer to {2 as a holomorphic d-form.
e On the same page [, p. 4]) they say that a Dd-brane wrapped around a d-dimensional

supersymmetric cycle C' gives a particle with BPS mass

M= / Q. (3.21)
C

e Now, we already understand Shapere—Vafa’s form (2 to be analogous to our holomorphic
form Qjﬁ. The d-dimensional supersymmetric cycle C' is analogous to a Lagrangian sphere which
is the central topic of this thesis (Definition 2.1.19). This is not obvious at this point in the article
but it becomes clear in section 4.

e We have shown that there is a simple relationship between | L, QjﬁlL7 and fw qd~y (Lemma
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2.2.1). In the case of dimension three, it is

[ 9, =2r [ VTGO O (322)

where 7 : [0, 1] — C. Here, in the physics setting, the left hand side is mass (3.21).
e In subsection 2.2, examples of W in dimension 3 which may be of interest are given in
the form [ |, Equation (2.6)]:

W = F(z,y) + 2> + v’

According to [14], the function F' can be thought of as defining the Seiberg-Witten Riemann

surface, F'(x,y) = 0. They say that Since the Calabi—Yau is singular, so is the Riemann surface.
F(z,y) = a" + y*

(bottom of page 5, [1]) is a special case of this which corresponds to Argyres-Douglas points.

e Comment: Shapere—Vafa are referring to the manifolds which we call almost Calabi—Yau
as Calabi—Yau.

e In section 4. Solitons in dimension three, they study Calabi—Yau three-fold singularities
corresponding to Argyres—Douglas points. These points correspond to local singularities given
by [I, Equation (4.1)]:

W=P)+y" +2*+w =0, (3.23)

where P(x) is a polynomial of degree 7 in x.
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e Superconformal point occurs when

P(z) ="

When P(x) # z", it is considered as a small perturbation near the superconformal point. There
is a physical meaning attached to the coefficients of the polynomial P, half of them correspond

to the expectation values of fields and half to dual mass parameters:

P(z) = 2" + gn o™ ? + gn_32" > + -+ + go.

e In [14] it is explained that P(x) is the characteristic polynomial of a Higgs field.

e BPS states correspond to D3abranes wrapped around supersymmetric 3-cycles. To find
these supersymmetric 3-cycles they follow the procedure developed in [14]. Such a 3-cycle is a
copy of S® realized as an S? fibration over a path in C, the copy belonging to the variable x in

P(x). The fiber S? above = € C is defined by (bottom of page 8, [1]:

v’ + 22 +w? = —P(x)

by choosing a real subspace.
e Comment: This is completely analogous to the Lagrangian sphere L., (Definition 2.1.19).
e As a consequence of the polynomial P being the characteristic polynomial of a Higgs
field and the definition of a rank 2 Higgs bundle it is shown in [14] that the condition of having a

supersymmetric cycle becomes:
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There exists a path with endpoints at zeros of P such that the phase of:

/ Q=+/Px)dz (3.24)
S2

is constant [ |, Equation (4.2)].

e Comment: What they mean by integration over S? in this equation is that they integrate
the form €2 over the fiber above the point = € C, the fiber being a copy of S2. The right hand side
is a 1-form because €2 is a 3-form and integration is over a two-dimensional sphere. Clearly the
formula is not correct as it is written. We derive the precise formula (3.22) in Lemma 2.2.1. In

the notation of this section, our formula states:

[ ol =2 [ VPG@ G (3.25)

v :[0,1] — C.

Remark 3.9.1. It is not evident that (3.24) is justified by [14]. In that reference they claim that,
in dimension 2, fy ) = dA\ for a one-form A [14, p. 10, Equation (2.15)]. This seems to be
the idea behind the claim of Shapere—Vafa expressed by the formula (3.24). Still, there is no
justification for it in the reference [14]. It seems that (3.24) is an ad-hoc formula, which happens
to be correct up to a constant factor. In this thesis we provide the framework and the proof of the

correct formula 3.25.

e This condition guarantees saturation in the BPS inequality which is: [1, p. 9]

/S3|Q|2‘/SSQ).
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Comment: This is not explained but is simple to prove.
e Another way of looking at the condition yields that the path which is sought is x(t)

defined by:

z(t)
W((t)) = / VP =t (3.26)

where « is the constant phase from 3.24, and ¢ is a real parameter.

e The meaning is, in their words, that the image of the path under the Jacobian map with
respect to the reduced 1-form is a straight line in the flat 1//-plane.

e Now, this IV is not the same as the previously used W (3.23). On the other hand, this
is analogous to what we do with the map @) (3.2, 3.5.5)), i.e. we prove that the image under the
map () of the path, over which the Lagrangian is special, is contained in a straight line (Theorem
3.8.3).

e Another problem with (3.26) is that the right hand side, ot defines a line through the
origin, not an arbitrary line. If they fix a point through which they want to find solution curve and
map it to 0, then the map itself depends on the choice of a point which is mapped to 0.

e Continuing in [ 1], from here, to find the paths for a fixed value of o means to find integral
curves for the differential equation:

dx a

- = 3.27
by (327)

where = = x(t) is a complex function and « is a complex number such that |a| = 1.

e Removing the zeros of P from the complex plane, creates a space with non-trivial ho-
mology. The set of paths between two distinct zeros of P is thus divided into classes. Tho paths
are in the same class if the closed curve which they form contains no zero of P in its interior.

e Shapere—Vafa note that since fv \/ P(x)dx does not depend on « within a homology class
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(up to a sign), it is possible, again up to a sign, to determine o which would correspond to a path,
in the given homology class of paths between a chosen pair of zeros of P, which would give rise
to a BPS state [Equation (5.2) and below] [1].

e Comment: They do not discuss that V/P is not a single valued function and, in addition,
when a branch of the square root is chosen in order to have a single-valued function, it is not an
entire function and that some choices need to be made for the domain of definition. We do this in
Section 3.5.

e Next they show that there is at most one such path for a chosen pair of zeros of P. They
use the integral for the winding of the phase and work through the possibilities. This is done in a
detailed way and it constitutes a proof [ I, pp 10-13].

e They establish that locally, around any zero of P, the equation is approximately:

Thus there are three integral curves emanating from a zero of P, because the solutions of the

approximate equation are given by [ !, p. 10]:

e The conclusion that there are three integral curves at %” angles is correct. Using the
approximate equation one can anticipate this result. We prove it (for arbitrary dimension) in
Theorem 2.3.3.

e They also show that there cannot be more than one integral curve through a point which
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is not a root of P. Examples are discussed at length. They are based on a generic polynomial of
degree three and 2° — 1 [, pp 16-20].

e Shapere—Vafa are interested in jumping phenomena. We will explain what they mean
by that term: Recall that they think of the roots of P as close to 0, the polynomial P being
a perturbation of z". Think of the roots of P as n distinct points in the complex plane and
suppose that the paths which generate BPS states are known and also in this picture. Keep all
the points except one fixed and the one chosen point is free to move. When the point moves,
the paths also move and we see that there are positions when the paths seem to switch in the
sense that some points may cease to be connected while others, previously unconnected, become
connected. Looking at the picture as a graph, it is always a connected graph. Of course, more
than one point can be moving at the same time.

e We illustrate this with an example (Figure 3.4). Let

P(z) = (z—1)(z —€")(z —e™™),

where a € R is the parameter which we change to cause the two conjugate complex roots to
move. (For the graphs we chose the dimension to be four for ease of calculation and for the
greater precision of graphs.) The jumping phenomenon occurs when the images under () of the
three points become colinear.

e Shapere-Vafa [, Figure 5, p. 14] correctly note the following: Suppose that the config-

uration of three points py, po, p3 is such that paths p;ps and pops exist. Then if the angle at p,

2r

between these two paths is more than 2?” then path p;p3 does not exist, if the angle is less than =

the path p,p5 exists and if the angle is exactly 2?” the path p,p3 passes through p, but the phase is
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constant on the whole path. These three situations are ilustrated in Figure 3.4.

They use the winding number again to argue this. The underlining reason for this phe-
nomenon is understood best by looking at the Riemann surface picture we develop in Section
3.5. For arbitrary dimension d, since at each zero of the polynomial the conical metric has cone

angle dm, each section of angle 27” corresponds to a sheet of the covering Riemann surface.

3.10 Admissible paths

The main result of the section is Theorem 3.10.2 in which we show that an admissible
path v € Aj, (Definition 3.10.1) exists, if and only if the inverse image of the straight line
segment m contains a path between w; and w,. The map () is, as before, a primitive
function for ¢ = f = (3.1). In the case of n being odd, () stands for (), or ()5 (Definition 3.5.5).
In subsection 3.12 we show that the asymptotic behavior of geodesics of the pull-back metric,
outside of a compact set containing V'(f) depends on dim X} = n and deg f only.

Let Aj, be the set of paths between w; and w; for some w;, w;, € V(f).
Definition 3.10.1. We call a path v € A, admissible if the closure of the region in C enclosed
by Q(7y) and Q(w;)Q(wy) contains no image under () of a zero of f.
Theorem 3.10.2. If there exists an admissible path ~y € Ajy, then the inverse image of the straight
line segment QQ(w;)Q(wy), contains a path in Ajj.

Proof. Suppose that there exists an admissible path v : [0,1] = C, v € Aj;.
As + is admissible, the closure of the region in C enclosed by () and Q(w;)Q(wy)

contains no image under () of a zero of f. Therefore, there exists a homotopy I" between the path
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Q(7) and the path Q(w;)Q(wy):

F(tvu) : [07 1] X [07 1] - C, F(O X [07 1]) = Q(7>7 F<1 X [07 1]) = Q(wj)Q<w£)'

such that

Vt € [0,1],Vu € (0,1), (¢, u) # Q(w,y,), for any w,, € V(f),

and

Vt e [0,1], I'(t,0) =w;, I'(¢,1)=wy.

Let us use the following notation:

[y = {T(t,u) : uwe[0,1]}.

Claim : V¢ € [0, 1], there exists 7, C @~ *(T;), which is a path between w; and w.

Proof of Claim: The idea of the proof is to show that the set of times for which Q~*(T,)

contains a path in Aj, is open in [0, 1] and that the same is true for the set of times for which
Q'(T';) does not contain a path in .4,,. The union of the two sets of times is [0, 1]. But then the
connected set [0, 1] is the union of two open sets and therefore one of them has to be empty. The
set of times for which a path in .4;, exists as a subset of Q~!(T';) is non-empty as it contains 0
(To = Q(7), and v C Q71(Q(7))), therefore it follows that it equals all of [0, 1], which proves

the claim.

Now we proceed with the details of the proof. () is locally invertible around any point

which is not a zero of f since Q' = ¢ = f"2". Lete > 0 be small. Then for any u € [e,1 —¢],
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there exists a neighborhood of v(u), Uy(u), on which @) is invertible. Therefore we have an open

cover of y([e, 1 — ¢]):

Wel-che |J Ul

u€le,1—¢]

and an open cover of Q(v([e,1 —¢])):

Qulel-<h)c |J Q)

u€le,1—¢]

since () is holomorphic and non-constant and therefore open by the Open mapping theorem [30,
Theorem 6.2]. y([e, 1 — ¢]) and Q(~([e, 1 — €])) are compact as continuous images of a compact

set. Then there exist open sets U, . .. U, such that
{Uy,..., U}
is a finite cover of v([e, 1 — ¢]), and such that

{Q(h), ..., QU.)}

is an open cover of Q(y([e,1 — €])).

Since there are finitely many sets in the cover, there exists ¢y > 0 such that

{zeC:d(zQ((e1—¢) < e} C | JRU,). (3.28)
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Figure 3.5: +, the unique preimage of I';|. ;) contained in ngl U,

ey

U
o\

Figure 3.6: Neighborhood of w;. 7; extends continuously to w;.

I" is a continuous function of two variables, uniformly continuous on the compact set [0, 1]x [0, 1].

Therefore, for ey > 0, 30(cg) > 0 such that

d((t1, ur), (f2,u2)) < 0o — |T'(t1, ) = T2, u2)| < o (3.29)

Combining (3.29) with (3.28) we have that as long as t < 0o, I'(t,u) € (J;_, Q(U,) fore < u <
1—e.
As () is one-to-one on each of the sets U, it follows that Ft|[571,5], t < dp, has a unique and

continuous preimage under (), y; (Figure 3.5), such that

{nw) :uel1-c}c|JU,.

It remains to see that -, extends to w; and w, continuously.
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As ¢ > 0 can be arbitrarily small, points on the path  for © — ¢ are in a small neighbor-
hood of w; where ¢ ~ (w — wj)nT_Q. There, () is one-to-one on segments with angle 27” at w;
(Theorem 3.6.4). Since () is one-to-one on Uy, U; has to be contained in such a segment (Figure
3.6). Then, because () is one-to-one inside the segment, and I'; extends to Q(wj), it follows that
there is a unique preimage of I';, -, that extends from 7, () to 7,(0) = w; and, similarly, to w,.
Therefore, for ¢ < dp, Q*(I';) contains a continuous path 7, connecting w; and wy.

In the same manner, if we know that a continuous path v;, C Q~'(T',) exists for some time
to, we can find a 6 > 0 such that 7; exists for |t — to| < 6.

Therefore,

{t €]0,1] : path ; exists }

is open in [0, 1].

Now, if for some ¢, € (0, 1) there is no path between w; and wy contained in Q~*(T';,) then
any preimage through w; is disjoint from any preimage through w,. Such preimages are shown
in Figure 3.7.

A preimage of I';, through w; and a preimage through w, are compact and are contained in
disjoint open sets. Because of uniform continuity of I" there exists § > 0 such that if |t — ¢y| <
then

Therefore,

{t € ]0,1] : path~; does not exist }

is open in [0, 1], as well.

We have both {t € [0,1] : path~, exists} and {¢ € [0,1] : path 7, does not exist } are
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Figure 3.7: No path connecting w; and w, in Q~*(T',)

open and

[0,1] = {t € [0,1] : path v exists} U {t € [0,1] : path ~; does not exist }.

As [0, 1] is connected and

0€{tel0,1] : path~, exists} # &,

it follows that

{t €10,1] : path~; does not exist } = &.

This ends the proof of the Claim.
To finish the proof of the theorem, it remains to observe that by the Claim, Q' (T';) contains

a path between w; and wy, 71, and that L., is special by Theorem 3.8.3.
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3.11 Version of Thomas—Yau in Milnor fibers

In Theorem 3.10.2 we gave a qualitative condition for the existence of an SL sphere in a
given class. The reasoning there was roughly:

Suppose that we are interested in determining whether there exists a path -y between w; and
wy such that L., is SL. Then the procedure is as follows, first choose a primitive function () for
¢ = f"%", then construct the straight line segment connecting Q(w;) and Q(wy). If there exists a
path vy between w; and w, such that there exists a homotopy, which fixes the endpoints, between
Q () and Q(w,;)Q(wy), and which does not pass through any other Q) (wy,) for w,, € V(f), then
there exists a subset of the preimage of ()(w;)Q)(w,) which is a path v between w; and wy, such
that L., is SL.

The quantitative condition of Theorem 3.11.5 ensures that the qualitative one is satisfied.
The same is true for the quantitative condition of Theorem 3.11.6. These quantitative conditions
are almost the same as the ones in the Thomas—Yau conjecture. They give further support to
the validity of the conjecture in some form. There are counterexamples to the conjecture in its
original form and there have been attempts to reformulate it in order to prove its validity in some
form, especially since there is evidence that it should hold.

Lastly, in Theorem 3.11.7 we show that either there is a path beween w; and w, which gives
rise to an SL sphere or the path which minimizes ®;, (Definition 2.2.4) contains other zeros of
f but each of the segments between two zeros of f gives rise to an SL sphere so that we have a

chain of SL spheres.

Let V(f) = {wx, ..., w;} be the set of zeros of f. Recall that for a path v € A;, between
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two zeros of f there exists a Lag submanifold L., of X7 diffeomorphic to a sphere:

L, = {(w,riv/f(w),...,ro\/ f(w)) :w € Imry, (r1,...,m,) € S*'(1) CR"}.

Lemma 3.11.1. Ler w',w” € C be arbitrary. Let v : [0,1] — C be a piecewise C' path from v’

tow”. Then

/0 V(W)Y (w)du = Q) — Q(u).

Furthermore,

/1 |g(v(u))y'(u)|du = the length of the path Q (7).
0

Proof. q is a holomorphic function so its integral is independent of the path. () is a primitive
function for ¢ so the first statement follows. In the case of n being odd it is important that the
choice of () is such that the path -y is contained in the domain of holomorphicity of ().

To show that the second integral is the length of the path Q)(y) recall that we have shown

in Lemma 3.7.1 that the tangent vector to the curve () is given by

L) = alr () (w).

Then. the length of Q(7) is

"

/ }Q(V(U))WI(U)}dUZLIq]dV,

where y(u') = w’ and y(u") = w”.
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]

Remark 3.11.2. If n is even ¢ and () are uniquelly determined and holomorphic. If n is odd,
for ¢ and () to be holomorphic, a choice has to be made of rays to remove from the complex
plane. Effectively, that is also a choice of homology classes of paths. In practical terms, in order
to check all different homology classes of paths, we would have to repeat the procedure with a
different choice of cuts in the complex plane. But according to Lemma 3.12.4 the result is not

dependent on the choice of a primitive function, except for the phase ¢ which may differ by .

Lemma 3.11.3. For a Lag sphere L., € H, y : [0, 1] — C, we have the inequality:

1 1
[ atrtwr @il < [ e @)@l
L., € H has constant phase if and only if:
1 1
[ atrwyy = [ty
Proof. (—) If the phase of L., § = const., then

0 = arg |a(y(u))'(u)| = const,

and thus
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Consequently,

ez@

[ et = [t aa=e [

a(y () (u)|du,

SO

[ttt = [

(<) Suppose that L., is not constant. It follows then that the curve ()(7y) is not a straight line
segment: the tangent vector of ()(y) has the direction of the phase of L.; if the tangent vector of
Q(7) does not have constant argument then () is not contained in a straight line. Then, as the
length of the straight line segment between the endpoints of the path Q(+y) is ‘ f01 q(y(uw)y (u)du
by Lemma 3.11.1, it is strictly less than the length of the curve Q(7).

]

Recall that H;, (1.3) is the set of Lag spheres arising from paths in A, (1.3). We know

(Remark 2.2.3) that for each homology class of such Lag spheres, H,

/q(fy(u))du =const, L,e€ H.

Y

We introduce the following notation:

Definition 3.11.4. Let

Oy = arg/q(*y(u))fy’(u)du, L,eH, (3.30)
ol
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and let

ap = /q(y(u))v’(u)du, L,eH, (3.31)
v
ie.,
/q =aye”, L,€H. (3.32)
v

Theorem 3.11.5. Let w;,w, € V(f) and j # (. An SL sphere in H , exists if and only if there

exists a Lag sphere, L., € H;; such that

/ lq| < ay,, +ay,, Yp#jl (3.33)
Y

Proof. (—) If there exists an SL sphere L, € H;, then Q(v) is Q(w;)Q(w,) and f7 lq| =
}W| The smallest possible value of as, is the length of W, and, simi-
larly, the smallest possible value of as, is the length of m. These values are achieved
if there exist SLs in H;, and H .. Therefore, the condition (3.33) is satisfied for SL. L., due to
triangle inequality (see Figure 3.8), provided that the points Q(w;), Q(w;), and Q(w,) form a

triangle. Now, if those three points are colinear, there are two possible situations:
(1) Q(w,) is between Q(w;) and Q(wy), or
(2) Q(w,) is not between Q(w,) and Q(wy).
Next we check what happens in each of the two cases:

(1) As L, is an SL sphere, v does not pass through w, but it does pass through another point
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in Q71 (Q(wy)). Clearly,

|Q(w;)Q(we)| = [Qw;)Q(wp)] + |Q(wp)Q(we)].

Since ay;, > |Q(w;)Q(wy)| and ayy,, > |Q(w,)Q(wy)], the strict inequality is satisfied in

(3.33) unsless SLs exist in both #, and H ;, in which case equality holds.

(2) For this configuration,

|Q(w;)Q(we)| < [Q(w;)Q(wy)] + [Q(wy)Q(we)| < az;, + ay,-

Therefore the inequality (3.33) is strict.

<) Suppose that there exists a Lag sphere L., € H, satisfying (3.33). Then:
Y J

Claim: Q(vy) is admissible (Definition 3.10.1).

Proof of Claim: (Proof by contradiction.) Suppose that the path Q() together with the

straight line segment ()(w,;)Q(w,) forms a closed curve which includes another zero of
f in its interior or the boundary (see Figure 3.8), i.e.,the path () does not satisfy the
assumption of Theorem 3.10.2). Then )(y) has length which is greater than the sum of the

lengths of two sides of the triangle

AQ(w;)Q(wy)Q(wy), (3.34)

which is
mQ(w;)Q(wp) + mQ(w,)Q(we) = az,, + an,, (3.35)
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Qw;) e * Q(w)

Figure 3.8: Curve Q() from Q(w;) to Q(wy) with length greater than ay,, + ag,,

and consequently the inequality (3.33) fails to be satisfied. This is a contradiction which

ends the proof of the claim.

Now, since ((7) is admissible, by Theorem 3.10.2, Q' (Q(w;)Q(wy¢)) contains a path in

Aj. The Lag sphere over that path is the SL in H j,.

Theorem 3.11.6. Let w;,w, € V(f), j # (. An SL sphere in H;, exists if and only if there exists

a Lag sphere, L = L., € Hj, such that

(624,91 0,,] € (if br,5upbr),  Vp #j,1. (3.36)

Proof. (—) If there exists an SL sphere L, € #;, then the condition (3.36) is satisfied for
that SL since inf;, 6§, = sup; 6, for an SL and consequently (inf; 0;,sup; ;) = &, while
[97.[],?, erl:I 7é @ even if Hij = 97.[1)[.

(<) Suppose that there exists a Lag L., for which the condition (3.36) holds.
Claim: Q(vy) is admissible (Definition 3.10.1).

Proof of Claim: Suppose that 7 is not admissible, as in Figure 3.8. Then, in order for the

path Q(7) to go through or above the point ()(w,) the slope of the tangent line to y has to
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reach the value of the slope of the straight line Q)(w;)Q(w,). Similarly, it has to reach the
value of the slope of Q(w,)Q(w). But then (infy 0, sup;, 01) contains [0y, , 04, ], and
consequently the condition (3.36) fails to be satisfied. Contradiction. End of proof of the

claim.

As Q(v) is admissible by the Claim, by Theorem 3.10.2, Q™ (Q(w;)Q(w¢)) contains a

path in Aj,. The Lag sphere over that path is the SL in H ;. O

If for some w;, w, € V(f) there exists no SL sphere in H;, there still exists a path v €

A 9 dy

is minimized (Theorem 2.2.5). The image under () of such path is a polygonal path with end-

CI(A][) such that

points ()(w;) and ()(wy) and the rest of the vertices are of the form ()(w,), where w, # w;, wy,
and w, € V(f). Each side of the polygonal path gives rise to an SL sphere. The resulting Lag
L., is a singular submanifold: a chain of spheres where the consecutive ones have a single point

in common.

Theorem 3.11.7. Let w;, wy € V(f), j # (. Then there exists a union of SL spheres correspond-

ing to a path from w; to w, which may pass through other zeros of f.

Proof. Consider the set

P = {/|q\ v € cl(Ajg)} C (ag,,, ) . (3.37)

v
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Then inf(P) exists and inf(P) > ay,,. By Lemma 3.11.1,

P = {length(Q(fy)) Ly € cl(Ajg)}.

If inf(P) = ay;,, then the straight line segment Q(w;)Q(we) = Q(v) for a path y € cl (Aje).
If v does not contain any other zeros of f then the corresponding Lag sphere L, is special. If
~ contains other zeros of f then it gives rise to a chain of SL spheres since the fiber above each
zero of f degenerates into a point.

If inf(P) > ay,, then no path v € cl(Aj;) is admissible. inf(P) is achieved when Q(7)
is a polygonal line with endpoints Q)(w,) and @)(w,) and with other vertices ¢)(w,) for some (or
all) of the other zeros of f.

]

Remark 3.11.8. Lotay—Gongalo [3 1] develop an approach which is very similar to the one devel-

oped here. Ours was developed in 2019-2020 and is for Milnor fibers. Theirs is in the setting of

hyperKihler manifolds of complex dimension two (which are Calabi—Yau) with a circle action.
Note that n = 2 = ) = ¢, and in this case the straight line segment v;, = w;w; has the

property that L., is special, provided that wjw; NV (f) = {w;, w}.

3.12  Behavior of geodesics in the pull-back metric outside of a compact set

In addition to finding segments of geodesics in the metric |q(w)|*|dw|* connecting zeros
of f, which are of primary interest as they give rise to SL spheres, it is interesting to understand

the asymptotic behavior of geodesics. It turns out that the behavior is determined by the degree
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of f and the dimension, n, but is independent of the distribution of the k£ zeros of f. Shapere
and Vafa [|, Example pg. 19] note this asymptotic behavior for an example in dimension three.
Proposition 3.12.2 covers the case of n being even, and Proposition 3.12.4 the case of n being odd.
In each case we show that preimages by Q! of a straight line, are asymptotic to n equiangulary

distributed rays starting from 0.

3.12.1 neven

First we examine the asymptotic behavior of geodesics for n even. We find that the preim-

ages under () of a ray are asymptotic to rays, and we determine their directions.

Definition 3.12.1. Let w € C and let 0 € R.

Two = {w + re . re Ry} (3.38)

Proposition 3.12.2. Let 6 € [0, 27) be fixed, let wy € C be arbitrary. Then each preimage under
O of the ray rgu,),¢ (Definition 3.12.1) is asymptotic to a ray which has one of the following

directions:

0+ 251
th(n—2)+1

—9
) 0<j<kl—2 (3.39)

exp <2 5

Proof. Let y(u),0 < u < oo be one preimage of 7oy 9. As Q(w) — oo if and only if
|w| — oo, we know that lim,, . |y(u)| = co.

Now

FOrw) = (v(u) —wi) ... (y(u) —wi) = (y(w)* + ap-1(y(w)* "+ +ap,  (3.40)
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so that

Similarly,

(n—2

i.e., ¢(y(u)) is asymptotic to (y(u))k%) Consequently,

lim (arg(g(y(u)) — arg(y(u)*2) ) 0.

U—00

Now, since by assumption,

we have
d i0
@Q(V(U)) ~ du [Q(wo) +re }
d
a(v (W) (w) = S
From here,

arg q(7y(u)) + argy'(u) =0,
arg(q(v(u)) — arg(y(w) 2**=2) + arg(y(u) ) + arg+/(u) = 6,

and therefore

U— 00 U—00
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Figure 3.10: f(w) = w(w — 1)(w —i),n =6
Because of (3.41), it follows from (3.42) that
lim (‘arg(y(u)*~2) + arg/(u) ) =,
U—> 00
which means

lim (arg [(V(U)%k("”))v’(w}) =0,

U— 00
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Figure 3.12: f(w) = w(w — 1)(w —i),n =4
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Figure 3.13: Two views of the preimages of a straight line

and therefore,

lim (arg ((v(u)%k(”_m“))/) =4.

U— 00

If the tangent to the curve (y(u)2*"~2+1) has a fixed limiting direction then the curve itself has

an asymptote with the same direction e”’. Then ~(u) has an asymptote in the direction of one of

0+ 257 ) n—2

— 0< 1<k .
Tk(n—2)+1 =J=

exp (z 5

This Lemma is illustrated in Figures 3.9 and 3.10 with n = 6, and in Figures 3.11 and 3.12 with

n = 4. We use the same polynomial, f(w) = w(w — 1)(w — 1) (so k = 3), and we choose Q(w)

so as to satisfy Q(0) = 0. In both cases the ray shown has vertex ()(0) and it does not contain

Q(7) although the line which contains the ray does contain (7). Near 0 which is a zero of f,
n=2

g~w"z so@Q ~ w2. InFigures 3.10 and 3.12 the preimages of rays at an angle of 7 are curves

forming an angle of 27“ at 0 (and also at 7).
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Remark 3.12.3. We think of the zeros of f(w) as being close to 0, i.e.,we think of the polynomial
f(w) as a perturbation of w*. In the unperturbed case, the metric is given by |g(w)|?|dw|?> =
|w|¥"=2)|dw|? on C \ {0}. Any ray starting at 0 gives rise to an SL which is not compact. There
are no compact SL spheres. If we introduce a perturbation and move the zeros of f slightly away
from 0 (separating them into £ distinct zeros) we get compact SL spheres generated by geodesic
paths (geodesic in the metric |¢|?|dw|*) between zeros. Outside of a compact set the structure is

asymptotic to that of the unperturbed case. See Figure 3.13.

3.12.2 nodd

Lemma 3.12.4. Let 0 € [0,27) and (wy, z9) € Y1 be fixed, and let

T'Q1(wo,20),0 and T'Qz(wo,—20),0+m

be rays in C contained in the same line through the origin. Then

(70 @) (rauwno)

and

(7T © Qil) (er(wo)ﬁJﬂr)

coincide and are asymptotic to rays 1 4, where

20+ 2jm ,
——— . 0< < k(n—-2 1,.
¢€{Mn—m+2 0<jshkin=2+ }
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Proof. Lety(u) : [0,00) — C be such that v(0) = wy and

Q1(’}/(U)) = T Q1 (wo),0-

As in Lemma 3.12.2, from equation (3.40) it follows that for « large,

Similarly,

Consequently,

From the equation (3.44):

Tim (‘arg(ai(7(w))) - arg(y(u) 7)) =0,
and
Tim (‘arg(aa(1(u))) — (arg(y(w) =) +7)) =0

Now, since by assumption,

Q1(v(u)) = Qi (wo) + re”,
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and

Qa2(7(u)) = Qa(wo) + re'0tm),

we have

g (y(w)y (u) = ——e”. (3.47)

and

(3.48)

From equation (3.47)

arg 1 (y(u)) + argy'(u) = 0
arg(an (4(w)) — 3h(n — 2) axg(y(u)) + Sr(n — 2) arg((u)) + arg ' (u) = 6,

and therefore

lim (arg(ql (y(u)) — arg(v(u)%k(”ﬁ)» + lim (arg(’Y(u)%k(nﬁ)) + arg(y’(u))) =90.

U—00 U— 00

Consequently, because of (3.45),

lim (arg(fy(u))%k("’m + arg 7’(u)> = 4. (3.49)

U— 00
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Now, similarly, it follows from equation (3.48) that

arg ¢2(7(u)) + argy'(u) = 0+,

which means

arg(ax((u)) — Sh(n — 2) arg(y(u)) — 7+ Th(n — 2 axg(y(w)) + 7+ axgy/(w) = 0+,

and therefore,

Tim (‘arg(aa(y(w)) — (arg(v(w) ) + 1)) + lim (arg(y(u)?

U— 00

K0) - arg(y () = 0

Now, because of (3.46), the same conclusion (equation (3.49)) as in the first case follows:

U—r 00

lim (arg(fy(u))%k("%) + arg fy’(u)) = 4.

We modify the expression (3.49) to get

. %k(n72) / _
Jim ((arg ()27 (w)]) =0,
and therefore,
lim (arg ((v(u))%k(”_g)“y) =4.

If the tangent to the curve (y(u))2¥"~2+1 has a fixed limiting direction then the curve itself has

an asymptote with the same direction which is e?. Then ~(u) has an asymptote in the direction
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of one of

20 + 257

204 2jm < B
exp(@k(n_2)+2), 0<j<k(n—2)+1.
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Chapter 4: Examples

We discuss in detail three examples:

(1) In subsection 4.1, X} is defined by the polynomial f = w® — 1 and the chosen dimension

is odd, n = 3.

(ii) In subsection 4.2, X} is defined by the polynomial f = w® — 1 and the chosen dimension

is even, n = 4.

(iii) Insubsection 4.3, X7 is defined by the polynomial f = w(w—1)(w—(347i))(w—(5+351))

and the chosen dimension is n = 4.

Of course any choice of a polynomial f € Pgjypie, and any choice of dimension, n, provides an
example. Shapere and Vafa [1, pp. 19-20] present the same example in dimension 3. We prove
the claims that they make. In addition, we analyze the case n = 4. The two are representative of
what would happen for other values of n. Thus the conclusion (for any pair of zeros of f there
exists a path with those endpoints which gives rise to an SL) is valid for any value of n.

In general, for any dimension n and any k£ > 1, f = w* — 1 provides an example where for
all pairs of vertices paths giving rise to SL spheres exist.

In example 4.3 we have a special situation when the images of some of the elements of

V' (f) under ) coincide. The example illustrates Theorem 3.8.6.
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To find curves which give rise to SLs we first find the primitive function @ for ¢ = f(w) 7

(Definition 3.1). Next, for a pair of zeros of f, w;, w,, we find Q(w;) and @) (w,) and construct a
straight line through the two points. The inverse images by () of the straight line are curves in the
which give rise to SLs. If one of the preimages connects w; and w, then it gives rise to a compact
SL which is diffeomorphic to an n-sphere.

For n even, it is simple to find () since ¢ is a polynomial. For n odd, the procedure still
works but we just need to be a little more careful (since the square root function is not an entire

function).

4.1 Example 1

Let

flw)=w®—1

and let

X?:{<w7217"'72n> e(anrl : Z%+Z§+Z§:f(w)}

It is convenient that ¢ = (w% — 1)% 1s holomorphic in the disk of radius 1 around the origin
since it enables us to use the power series expansion of ¢ at 0 for all calculations. In Lemma 4.1.1
we show that () maps vertices of the regular hexagon wy . . . wg to vertices of a regular hexagon.
In Lemma 4.1.2 we prove that certain rays are mapped by () to rays.

Following that, we prove, in a series of propositions, the existence of paths (which give rise
to SLs) between any pair of zeros of f. Thanks to symmetries of a regular polygon, it suffices to

do this for each ’type’ of pair of zeros.

148



Zeros of f = w5 — 1 (labeled 1 - 6) Image under () (labeled 1 - 6)

Figure 4.1: Unit disc with the zeros of f(w) = w® — 1 and the image under Q.

il

il

N
i

Paths in 44, which give rise to SLs, exist Images under ) of the paths in .Ajg, on the

for any pair wj, we € V(f). left, are straight line segments.

Figure 4.2: Example 1. n = 3, f(w) = wb — 1
Note: Q(w) approximated by the first two terms of its expansion, i(w — ;w"), for this figure.

149



Lemma 4.1.1. Let wy, ..., ws be the roots of the polynomial f. Then Q(wy),...,Q(ws) are

vertices of a regular hexagon and |Q(w;)| <1, j =0,...,5.

Proof. Expand ¢ into a series at 0 (a choice is made for the branch of the square root but that is

fine, as we saw in subsection 3.5):

The radius of convergence is 1 and the series converges absolutely on the closed disk of radius 1.

Integrate ¢ term by term to get an expression for Q):

choosing the constant of integration so that Q(0) = 0.

Let w; be a zero of f. Then

o) =13 () vrmgi =3 (2) im0t~ wow.

We just need to find Q(1) to know Q(w;) for any zero w; of f. @ is a positive real number
smaller than 1. (Q(1) = fr((g%) 0.9107444. This calculation is by Wolfram Alpha.)

(Without calculating the value of Q(1) we can still conclude that |Q(1)| < 1. The graph
of (1 — xG)% is shown on the left in Figure 4.3. Its integral passing through the origin looks
approximately like the curve on the right in the same Figure. The slope is close to 1 over a large
part of the interval (—1, 1) and the slope decreases gradually to 0 when approaching 1 or —1.

Thus the value at 1 is (somewhat) smaller than 1.)
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(1

(1 — %) 3 Integral curve

Figure 4.3: for Lemma 4.1.1

Lemma 4.1.2. The rays re's’,r € R, are mapped by Q to the rays iRe's’, R € R,, | € Z.

Proof. * For [ even:

— 6m + 1
e 1 6m-+1
_ Zel%z (2)(_1)771 r
= \m 6m + 1

For [ even, |Q(re!%%)| < r, as observed at the end of the proof of Lemma 4.1.1.

e For [ odd:

iy o 1 m<rel%z‘)6m+1
Qlre >ZZ(%)<—1> Tom+1

Claim: |Q(re!5%)| > r for [ odd.
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Proof: See in Figure 4.4 on the left the graph of (1 + xG)%. The slope of the tangent line
to the integral curve is close to 1 and increases towards 1. The integral curve through the

origin stays above the line y = x for z > 0.

. /

|/

(1+ x6)% Integral curve

Figure 4.4: for Lemma 4.1.2
]

Proposition 4.1.3. There exist compact SLs for paths between pairs of zeros of f which are

. L 4 . 2 5
opposite of each other: 1 and —1,e3' andes",es "' andes".

Proof. The straight lines which are connecting the pairs of opposite zeros of f are mapped into
straight lines by () by Lemma 4.1.2. Therefore the line segments between them give rise to
compact SLs.

]

Lemma 4.1.4. For any two adjacent vertices in the regular hexagon formed by the roots of f

there exists a path joining them such that the corresponding compact Lag is special.

Proof. By Theorem 3.10.2 it suffices to show that there exists a path, -, between 0 and e3* such
that with the closed loop consisting of the path ()(+y) and the straight line segment between the
points (1) and Q(e3*) does not contain in its interior any of the images of the zeros of the
polynomial w% — 1.

Claim: We can take y to be the path along the unit circle.
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pafiln SR
-

< L/ N\«

. . 1 . 1 . . .
Figure 4.5: cosz — 1; cos (7x) and sin 2 — £ sin (7z) superimposed on cos = and sin z

Proof: Let e” be a point on the unit circle. Then

. . 1 . 1 .
Q(e"”) = i(e? — ﬁe"‘” — %613@ — ).

In Figure 4.5 we can see that the graphs of cosz — 7 cos (7z) and sinz — & sin (7z) stay near
cosx and sinz. () maps the points in the I, I, III, IV quadrant to points in the III, IV, I, IT

quadrant respectively. In Figure 4.1 , (1) is the point of intersection of the closed curve with

the positive imaginary axis and ()(e3?) is in the IT quadrant with argument %“

The last type of path exists for the same reason:

Lemma 4.1.5. For any two non-adjacent and not diametrically opposite vertices in the regular
hexagon formed by the roots of f there exists a path joining them such that the corresponding
compact Lag is special.

The existence of one of the paths of each type implies the existence of all the paths of the

given type due to symmetries. Therefore, in this example the maximal number of paths, @

exists:
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Theorem 4.1.6. For any two zeros of w® — 1 there exists a path joining them which gives rise to

an SL submanifold of { (21, zo, 23, w) € C* 1 22 4+ 22 + 22 = w® — 1} (see Figure 4.2).

4.2 Example 2

Let

flw) =uw’—1

and let

Xi={(w,21,...,2,) € C"" : 2 + 25 + 25 + 2} = f(w)}.

In this case, as always when n is even, primitive function () is a polynomial. In Lemma 4.2.1 we
show that () maps wy, ... ws € V(f) to vertices of a regular hexagon. In Lemma 4.2.2 we prove
that certain straight lines are mapped to straight lines by (). (This is analogous to Lemma 4.1.2
of the n = 3 example.)

Following that, as in the subsection 4.1, we prove in a series of lemmas that for each "type’
of pair of zeros of f, a path which connects them and gives rise to an SL exists.

Now,

qw) = f(w)=w®—1 and Qw)= %uﬁ —w.

Lemma 4.2.1. () maps the zeros of f to vertices of a regular hexagon.

Proof. Q(w) = tw” —w = w(3uw’® - 1).
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Lemma 4.2.2. () maps the straight lines arg w = [ to straight lines.

Proof.
27 2m; 1 270\ 6 jom; 1 7 .
Qre’s") = rea’(o(re”o")" — 1) = /o (ort 1), 1=2j,
and
Q(re@HFi) = re<2j+1)1gz‘(%(re<2j+1>1(;%‘)6 1) = e(2j+1)lgz‘(_%r7 —7), 1=2j+1.

Note that in both cases (I even or 0dd), points on the line arg = [% inside the unit circle are

mapped too the line arg = % + 7.

]

When [ = 27 the points on the unit circle are mapped to points of modulus g and those
with [ = 27 4 1 are mapped to points of modulus %. See in Figure 4.6 the image of the unit disc

under (. The root w; = ¢’ o s mapped to the point on the boundary nearest to —w;:

For an arbitrary angle ¢ € (0, %),

. 1 . .
arg (Q(re¢’)) = arg (?7"767‘“ — re‘m) Ao+,

and
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Zeros of f = w5 — 1 (labeled 1 - 6) Image under () (labeled 1 - 6)

Figure 4.6: Unit disc with the zeros of f(w) = w® — 1 and the image under Q.

0.
7 N
@ ] 1@. 0/5 05
N 7
0.
Paths in A4, which give rise to SLs, exist Images under () of the paths in A, on the
for any pair wj, we € V(f). left, are straight line segments.

Figure 4.7: Example 2. n = 4, f(w) = w® — 1.
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‘Q(Ted’i){ = ‘%ﬂewi — re?

E§T§7‘
TT

It follows that the interior of the unit disc maps into the interior of the flower shape in
Figure 4.6 and the boundary maps onto the boundary. Points with arg = /¢ map into points with
arg = 7 + [ %. Other points are mapped to points with argument which differs by a small amount

from the m+ the argument of the original.

Theorem 4.2.3. For any two zeros of w® — 1 there exists a path joining them which gives rise to

an SL submanifold of { (21, z2, 23, 24, w) € C° : 23 + 22 + 23 + 27 = w® — 1} (see Figure 4.7).

Proof. As in the previous example, n = 3, in order to show the existence of paths between
consecutive vertices we note that the image of the arc of the unit circle between two consecutive
vertices of the hexagon whose vertices are the zeros of w® — 1, is an arc of the flower shape and
that the area it encloses together with the straight line segment between the endpoints does not
contain the image under ) of any zero of w® — 1.

For a path connecting two vertices adjacent to the same third vertex, take the image under
@ of the straight line segment between them. Now, its image under () is not contained in a
straight line, and together with the straight line segment connecting the images under () of the
two vertices, contains no image of another zero of w® — 1. This is because we know that the
points on the same ray which are closer to the origin are mapped by () to points closer to the
origin.

For diametrically opposite vertices, the straight line segment between them is mapped to

the straight line segment between their images so the straight line segment is the desired path. [
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4.3 Example 3

In this example the polynomial f is chosen in such a way that its antiderivative () has two
double roots. (We are choosing n = 4 so that ¢ = f 5= fand Q" = ¢ = f.) This represents
the special situation in which for two roots w; and ws of f, Q(w;) = Q(ws) (See Theorem 3.8.6).

Let

21 . 5, 1 9. 1 1. 1 1

f(w) = w4—(2+2%2')w3+(g+4—02)w _(5+Ez)w = w(w—1)(w—(§+11))(7ﬂ—(§+5i))-
Then
QM) = 50® — (5 + it + (5 + i)’ — (5 + i = Zu?(w = 1P (w— (5 + o).

The polynomial f has four roots: w; = 0, wy = 1, w3 = % + ;111‘, and wy = % + %z.

Lemma 4.3.1. There are three SL spheres in Xﬁ defined by paths connecting roots of the poly-

nomial f. All three SLs have constant phase equal to .

Proof. First we evaluate () at each of the zeros of f:

1,1 1.1 1 .,1 1 1 9. 13i
Qws3) = g((§ + ZZ)(_E + ZW (5 t- (5 + —101)) = 1024’

11 1., 1 1 .,1 1. 1 9. 7-29%
Qlun) =55 #5005 #5076+ 57~ G369 = ~Sa0000°

Therefore, Q(w;), Q(wz), Q(ws), and Q(w,) are all contained in the line Re(Q(w)) = 0. For
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Figure 4.8: Preimage of the line Re(Q(w)) =0

a path y such that §, =const. and which connects w; and w,, Q(7y) is a loop which starts and
ends at the origin and is contained in Re(Q(w)) = 0. The extreme point of that loop satisfies
Q' (w) = 0. Since ' = f, the line segment passes through the image by () of another zero of
f. That is why the SL defined by a curve joining two such roots necessarily splits into a union of
two SL spheres with a common point.

There are three SLs, corresponding to the paths: from (0,0) to (3, ), from (3, 1) to (1,0),
and from (1,1) to (1, 1).

™

All three have the same phase ¢ = 7. There is no SL sphere corresponding to a path

between (0, 0) and (1, 0), but there is a constant phase union of two Lag spheres with a common

point. The same holds for the path between (0,0) and (3, 1), and for the path between (1,0) and

1
1

(3,1)- See Figure 4.8. O
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4.4 Limitasn — o0

If we fix a polynomial f € Pgjppe, We can construct XJ’} for any n. Even though n € N,

the equation

d d

0= =0, = —arg [(£(2() T 7/ (w)], (.1

which characterizes paths ~ such that Lag L., is special, can be considered when the parameter n
is allowed to take non-integer values, n € [1, c0).

Integral curves of the equation (4.1) change continuously with n because the dependence
on the parameter n is continuous.

In this section we find the equation which defines the limit of those paths as n — oo.

Lemma 4.4.1. The limit of the solution to the equation (4.1) when n — oo satisfies the following

equation:

arg [f('y)] = const.

Proof. Let F be a primitive function for f, I = f. Suppose that u is the arclength parameter for

~ and that s is the arclength parameter for F'(y). From:

0, = arg [7’(U)(f(7(U)))n772] = arg [(7’(U)f(v(u)))%2] +arg [(7’(u))4;n],

after differentiating by u we get:

i e a0 e ]
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ds d
du ds’

In the first term we replace % by and for the second term we use the fact that the curvature

of a curve is the rate of change with respect to the arclength of the argument of the tangent vector

do n—2ds d ds d 4 —n
g A | P+ (),

Now use the fact that % = | f(v)] (as in (3.12)),

=P 2R EOIO) +

SL has 6 = const., which implies

(n —4)s(7) = (n = 2)s(F))If ()]

Note that n = 4 < k(F'(y)) = 0 which is in accordance with the characterization of paths giving
rise to SLs by the equation x(Q()) = 0, since forn =4, Q = F.

Consider now the limit:

-2

Jim k(y) = lim ——m(F())If()]-
It follows that the limit curve is defined by:
K(7) = K(FEODIF ()] (4.2)

We can rewrite the last equation (4.2) in terms of derivatives by u, where we assume that « is the
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arclength of  and s is the arclength of F'(~):

d q o d d ds
—-arg Y] = 7 T8 [EF(W)} 70
d rd du
= -arg _@F(v)g}
d rd
— —arg [ F(y)]
d r )
= -arg _f(’y)'y }
Therefore,
d ! /
—(arg [£(1)7] —arg []) = 0.
So,

d% ( arg [(f(v)v’)(’v’)”}) = 0.

In conclusion, the limit curve satisfies:

arg [f(’y)} = const.

Lemma 4.4.2. The limit curves pass through points where f'(w) = 0.

Proof. The limiting path v is in A;,. Its image, f(7), starts and ends at the same point, 0, since
f(w;) = f(w;) = 0. It goes out on a straight line and comes back along the same straight line.
At the point where |f()| = max there is a singularity: the tangent vector changes its direction
by 7. Therefore, f' = 0 at that point, as - (f(v)) = f'(y)+ and v’ # 0. O
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4.4.1 Examples-n — oo

We will find the limiting positions of paths - such that L. is SL for the examples presented
earlier in this chapter. Since Examples 4.1 and 4.2 are based on the same polynomial f, they are,
naturally, treated together in the limit.

e Let f = w® — 1. For any value of n there exist paths between any two zeros of f which
give rise to SLs in X7, as we have seen in examples 4.1 and 4.2 for n = 3 and n = 4. We can
now find the limiting positions of the paths with that property.

By Lemma 4.4.1, f(+y) is a straight line through the origin, thus defined by an equation of

the form:

Im(f) = k(Re(f))

or

Re(f) = 0.

Writing in terms of the real variables z, y, where w = z + y:

62°y — 2023y® + 6xy° = k;(xG — 152%% + 152%y* — o5 — 1). 4.3)

We need to find & such that the point (1,0) is on the curve defined by (4.3). By Lemma

4.4.2, any such line passes through the image under f of a zero of f’. As

f(w) = 6w,

w = 0 is the only zero of f’. f(0) = —1. The slope of the line passing through (0, 0) and (—1, 0)
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w3 w2
w4 wl
w5 w6

Figure 4.9: n — oo

is 0, which implies k£ = 0. For £ = 0, the equation (4.3) becomes:

62°y — 202> + 62y° = 0,

which can be factored as:

ny(\/ga: - y)(\/ga: +y)(z - \/§y)(3: + \/gy) = 0.

The graph is a union of six lines, three of which contain roots of f.

In Figure 4.9 we illustrate that the path between ws and wg has the limit wsO U Owg (union
of two straight line segments), and the path between wg and w, has the limit wsO U Owy.

e- In Example 4.3 where n = 4 only 3(= deg f — 1) paths which give rise to SLs exist. In
the limit, there are three paths as well. They are constructed as paths v satisfying arg [ f (’y)} =

const., thus preimages under f of straight lines through the origin. To determine which lines, we
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—0:5

w3
p3
w4
pl p2
wil w2
\ ols | )

Figure 4.10: n — oo

find images of zeros of f’, {p1,p2,p3} = V(f’), since each limit curve contains a point from
V(f"). Then we construct straight line segments from the origin to each of f(p1), f(p2), f(ps)

and we find their preimages (pictured in Figure 4.10 ).
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Chapter 5: Equivariant Lagrangians

Harvey and Lawson [4, Section III.3.B.] present a family of examples of Lagrangians in
C™ =2 R" x R™ which are invariant under the diagonal action of SO(n). We describe the Harvey—
Lawson construction and we explain how their Lagrangians are related to Lagrangians in Milnor

fibers which we study in this thesis.

5.1 Harvey—Lawson construction

In this section we summarize [4, Section 111.3.B.].

Let p: Rug — Ry, a — p(a) be a C'! function. Let

Li={(xy) €R" xR" : [xly = [y[xand |y| = p(|x]) }. (5.1)

Proposition 5.1.1. L given by (5.1) is a Lag submanifold of C" with the standard symplectic

Structure.

Proof. Let ¢ be a primitive function for p. Then

Let F': R™ — R" be given by
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0

P = BB = (L, D D).

By definition, L is the graph of F' = V¢(|x]):

L= {(x, p(";’)x) : XER"} = {(X,F(X)) ; XER”}.

It follows that L is Lag which we can verify explicitly. T'L,, p € L is generated by vectors:

32 82
;= AU IR _— N .
,U] (Oa ) a0707 &’L’]@wl ¢(|X|)7 ) al']axngb(bd))

Evaluate the symplectic form on a pair of tangent vectors:

n 82 82
D dm A dym (v, 00) = 8xj8xk¢(|x‘>  Ony0;

¢(Ix[) =0,

m=1

as p is C'! by assumption and thus ¢ is C2.

Harvey—Lawson prove the following theorem [4, III.3.B, Theorem 3.5]. The way the theo-

rem is stated here corresponds to the definition of SLs which we use, namely that the Lagrangian

angle is a constant function. In Harvey—Lawson’s Calibrated Geometries SLs are defined by

Theorem 5.1.2. L C C" given by (5.1) is an SL if and only if

{(a+ip(a))” : a € R}
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is contained in a straight line in the complex plane.

Proof. Let F, be the differential of the map F'. The matrix F, has entries /;:

L is an SL if and only if the argument of the determinant of the matrix [ + ¢F is constant.
Harvey—Lawson find this determinant explicitly [4, p. 99] by finding the eigenvalues of F-.

Let a = |x|. It is straightforward to verify that F| has eigenvalue

pla) i(@)_@

a +ada a ~da

with eigenvector x and that the only other eigenvalue is

pla)

a

which has multiplicity n — 1 and eigenspace x (hyperplane perpendicular to x). Now,

det (I +iF,) = (1 +7;M>n_l (1 +7;dp—m)) .

a da

To find the phase of the Lag L, observe that

det (I +iF.,) = (1“@)”_1 (1+¢d’)(a>) _ L d (a—{—ip(a))n.

a da a"1lda
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Since a € R,

n

argdet (I +iF,) = arg dia <a + ip(a)) :

The argument is constant if and only if (a+ip(a)) " is contained in a straight line. This completes

the proof.

5.2 Relationship to Milnor fibers

Consider the Milnor Fiber X7 (Definition 2.1.13) for f = w?. We normally require the
polynomial f to have simple zeros only in order to obtain a smooth manifold. In this case X7 is
not smooth everywhere. It has a singular point at (0,0, ...0).

Let v be a curve in C. Then (Definition 2.1.19)
Ly={(w,z) e X} :wey,ze€C" re S C R z=rVf(7)}.
Let II be the projection map:

I1:C™! — C™,

II:(w,z) — z.
Theorem 5.2.1. (i) Given L, as defined in (5.1), there exists a curve vy such that

L=TI(L,).
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(ii) Conversely, given a path v, there is a subdivision of vy, v = vy1.72. . .
segment y;, 11(L,,) is a Lag in C".
Proof. (i) Letz € L. Let a and p(a) be as in 5.1. Let
w = a+ip(a)
define a curve v C C. Then
P(x[)
T+ @W% |—]|(|X’ +ip(|x])).

Therefore,

Z (|x\+w|x\) Z

and clearly w = |x| +ip(|x]) € v
(ii) Let (w, 21, . .., 2z,) € L, for some curve ~. Then

zj=rjw, j=1,...,n

From there,
SO

Let r = |u| and p(r) =
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|v|. The path v may not be the graph of a function p, but there exists a



concatenation of paths ;.. ... vp = 7y such that +; is the graph of a function p; for each [.

Since

XT; P
yj:?"jv:;]v: 7(4)1']

(L) ={(z1,...20) : 7y = p(r)zy, 5 =1,...n} = L.

The last expression defines a Lag in C™ as in the Harvey—Lawson construction (5.1).

5.3 Arbitrary f

Suppose now that X7 is given for some arbitrary f. Let y be a path in C. With a choice
of a branch of the complex square root function, / f(y) is a path in the complex plane. It is a

concatenation of paths which are graphs of functions p; = p;(a). (¢ = Re[ f (fy)}, pla) =

Im| /7).

For each p; we have a Lag in C" by the construction given in (5.1).

Lemma 5.3.1. Let X} be a Milnor fiber. Let L., C X} be a Lag submanifold. Then there exists
a concatenation of paths vy, - yg - - - - - Ym = 7y such that 11(L,) is a Lag submanifold in C" of the

type given in (5.1).

Proof. Without loss of generality and for ease of notation assume that f () satisfies the follow-

ing:
* There is a choice of a branch of / f(y) contained in the first quadrant of the complex plane.

* The imaginary part of this choice of / f () is a function of the real part.
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Let

a:=Rey/f(7), and p:= p(a) =Imy/f(7).

Now, construct a Lag in C" according to (5.1):

L={(xy) e R" xR : |xly = lyjxand y| = p(Ix]) }.

Identifying R" x R™ with C" we can write for (x,y) € L:

On the other hand

3

and, for (w, z) € L.,

Z=r f(’)/):I‘(Re< f(’y))+ilm< f(fy)))z(ajLip(a))r:(1—1—2'@)(11'.

a

Thus, for (w,z) € L.,

M(w,z) =z = <1+z’3) are L,
a

with x = ar, so II(L,) C L.
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But also L C II(L,) since for some fixed , p(r) is also fixed and by construction,

a+ip=+/f(v(u))

for some u which means that (ar, pr) € L for all r € R™ such that |[r| = 1. Then

I((w, (a + ip)r)) = (ar, pr),

Remark 5.3.2. (Special Lagrangians)

By Theorem 5.1.2, the condition for a Harvey—Lawson Lag in C” to be special, with a +

ip(a) = v/ f(v) and f arbitrary, becomes: the graph of

(f(7)2

is contained in a straight line.

On the other hand, the condition for L., to be an SL is: the graph of

Q(7)

is contained in a straight line.

Let v = 7(t). Then the slopes of (f(7))2 and Q(v) are different unless f(7y) is real, since



and

L0 = (F)7.

In conclusion, L., and L are special for the same choice of v if and only if f'(y) C Re'™,

for some fixed o € R.

5.4 Equivariant Lagrangian submanifolds

Equivariant Lag submanifolds in [32] are defined using a very similar construction as the
Harvey—Lawson Lags defined by (5.1). As the formulation is slightly different, we will give here

the definition according to [32, Section 2].

Definition 5.4.1. Let « be a regular curve in the complex plane: a(s) = u(s) + iv(s), (u,v) :

(=6,0) > C, 6 >0. Letr € S ' C R"™. Let the map F : (—4,0) x S"~1 — C" be given by

F(s,r) := (u(s)r,v(s)r).

Then F is an equivariant submanifold of C" and « is called the profile curve of F.

Set a = |u(s)r| = |u(s)| and p = |v(s)r| = |v(s)|. Then

x[y = [u(s)[v(s)r,
and
x|y = [v(s)[u(s)r.

The condition in (5.1) is satisfied up to a + sign, therefore the construction in [32, Section 2] is
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more general but it coincides with (5.1) when u(s)v(s) > 0.

5.5 [Equivariant Lagrangian spheres

There are no embedded Lag spheres in C". For a particular choice of the curve 7 in Defi-
nition 5.4.1 the resulting Lag is an immersed sphere.

Savas-Halilaj-Smoczyk [32, Lemma 2.3] characterize equivariant Lagrangian immersions
of the sphere S in C": If F' : S™ — C" is areal equivariant Lagrangian immersion then its profile
curve can be parametrized by w : [—m, 7] — C, with w real analytic, w™'(0) = {—7,0, 7}, and
w(—s) = —w(s), forall s € [—m,7].

Of particular interest is a special case of this construction known as the Whitney sphere:

Wit S" — R2

R

— rx%(.@l, e, T T, ,Qfo.flfn).

WR,n : (:1:0,3:1, e ,,I’n)

It is an immersed Lag sphere, embedded except for:

Remark 5.5.1. There are no embedded Lag spheres in C" with standard symplectic structure

(Gromov [33]).
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Chapter 6: Almost Lagrangian Mean Curvature Flow

6.1 Introduction

6.1.1 The flow of Q(7)

In this section we determine the equation governing the flow of the curve Q(y) induced by

the almost Lagrangian mean curvature flow of the Lagrangian sphere L. in the Milnor fiber X7.

Definition 6.1.1. Almost mean curvature vector for a Lag submanifold L of an almost Calabi-Yau

manifold (X, J,w, ), is the vector JV .0, where 0 is the Lagrangian angle function on L.
Thomas—Yau [3, Section 6, equation (6.5)] show:

Lemma 6.1.2. Let L., be a Lag sphere in X}‘. Then the almost mean curvature vector JV .0 €

N L, is the lift to TX} of the following vector in C:

40 20 )
T e (0 + g el )

where i is the unit normal vector, and k() is the (scalar) curvature of the curve ~.

Instead of studying the flow of the path v by this vector, as is done by Thomas—Yau [3],
we wish to study the corresponding flow of the curve Q(7), where @ is defined as a primitive
function of ¢(w) = (f(w)) “" . The first step is to determine the equation governing this flow.
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Theorem 6.1.3. The almost mean curvature flow of the Lag L., induces the flow of Q)(~) by the

vector

s

g+ @

Proof. Recall that a basis of tangent vectors to L., at a point (w, \/fr1,...,/fr,) consists of a
basis of tangent vectors of the cross-subsectional S™~! and a tangent vector which projects down

to the copy of C corresponding to w as 7':

(o o)

As

= arg <v’f nT_Q) = arg (7'q) = arg (Q')

is constant on the cross-subsection, the gradient of 6 is the lift to L of the vector:

JV0 is then the lift of
df

n
L 6.1)
/(2
du ”Y" (1 + ‘4{\||>

Recall that we have shown that -0 = £(Q)|q||7|. Combining with (6.1), the flow vector is:

The corresponding flow of the curve (Q(7) is then
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d d 1
%Q(v) = q(v)av = qn(Q)|qlﬁn-

Evaluate now the tangent and normal vectors to Q(7):

—

%Q(v) = a7 (w) = a(N @),

d

i-Q(v) = ig(N W) = ¢()1Y (w)|7.

So, denoting by T and N the unit tangent and normal vectors to the curve ()(~y) we have

—

T — eiarg(q)t7

and

N = eiame@),

And therefore,

d 1 S
EQ = R(Q)|Q|2WN-
L+

Substituting back ¢ = f"2~ and writing #(Q) for £(Q)N, the almost mean curvature flow

of L., causes Q(7y) to flow by

g
Qi+ @
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6.2 Generalized curve shortening flow

6.2.1 Introduction

The curve shortening flow is given by an initial curve ~y(u, 0) evolving over time according

to:

where £((u, t)) is the curvature vector (pointing in the direction of the center of curvature). The
curve shortening flow has been studied by many authors (Gage, Hamilton, Grayson, Huisken, and
others see [5], [7], [19]). Gage—Hamilton showed that a convex closed curve shrinks to a round
point in finite time. Grayson showed that a non-convex closed curve under the flow becomes
convex (and then shrinks to a round point). Huisken also considered a flow of a curve which is
not closed. We employ some of the techniques of these authors to study the generalized mean

curve shortening flow:

Definition 6.2.1. An initial curve vy(u,0) evolves by generalized curve shortening flow if

% (u, ) = d((u, t), y(u, )R (y(u, 1)),

where ¢ : R? — R is a non-negative smooth function with a discrete set of zeros.

The curve shortening flow is obtained as a special case of the generalized curve shortening
flow choosing ¢ = 1. We are primarily interested in a generalized curve shortening flow of an

open curve with endpoints at zeros of the function ¢.
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6.2.2 Evolution equations

We begin with several useful lemmas. The derivations are analogous to the ones in Gage-

Hamilton [5] where they studied the curve shortening flow (¢ = 1).

6.2.2.1 Notation

Two different parametrizations for the curve v are used: the parameter v which takes values
in a fixed interval, u € [0, 1] for every time ¢, and the parameter s (s;) which is the arc length of
v¢ and depends on the time parameter, ¢.

Let v := 4/(22)2 + (%)2 be the speed of the curve at time ¢ and let ¢ and 77 be the unit

tangent and normal vectors. Let 6 = arg(9Z, %).

6.2.2.2 Lemmas

Lemma 6.2.2.
O _ e
v VKT, T VK
Proof.
o _ofas
ou  Osdu o
o Oids o
ou  Osdu v
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Lemma 6.2.3.

Proof.

ox dy

2 _ (9T (OY\2
(5,0 +(35,)

2 2

20@: or 0°x 28y8y

ot Couoton | “oudtou

[

ov Or 0 0r Oy 0 Oy

ot Ouodu 0t  Ouou Ot

A(oK) on
ou i ou

:{.(

Let Ly, (t) be the length of the segment of the curve defined by u € [a,b] C

Lemma 6.2.4. The length of any segment of the curve decreases over time.

Proof.

b
Loy :/ vdu,

b g
oL _ —du = / oK vdu = / or2ds < 0.

ot J, 0
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The length is strictly decreasing unless the interval has length zero or the curvature is zero on the

whole interval [a, b]. O
Lemma 6.2.5.
90 00 5 0
9tos ~ osot T os
Proof.
0 0 0190 1 0v 0 1 9?2 1 5 O 10 0 5 0 0 0
Ootds Otvou v2 Ot Ou v Ootou v? ou vOouot Os 0sOt
O
Lemma 6.2.6.
ot 9(gr) o __0(¢k) -
ot 0s ot s
Proof.
a{_ 0 0 _,0 0 5 0
5% 5%(%9) = (%a + oK %)(%y)
0 . 2 O0(9K) on -
—g(gb/{n)—l—gb/{ t= P n+¢f@8$ + ¢t
d(ok)
- 0s i
on 00 00 5 0
5 &@(—yﬁ) = (85 5+ oK 83)( Y, )
0 5 O(¢K) - ot 5
—88(—q§/£f)—|—¢/<; = P t—¢ﬁas+q§
__0(¢w) >
0s
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S

Recall that 6 = arg(2Z, 9y,

Lemma 6.2.7.
00 _ 9(¢k) a0
o as = 9s
Proof.
t = (cosf,sinf).
‘We know that on one hand,
ot d(or)
ot 0s
On the other hand,
ot L 00 90
Frie (—sin QE,COS QE) = 5"
We conclude that
00 _ 9(¢k)
ot 0s
Similarly,
oF o
s 85n o
Lemma 6.2.8.
Ok _ 0%(¢K) 3
E == 882 + gfm .
Proof.
6/1_888_88 5 0 _82(@1) 3
G otas) " asarl TN gl T e TR
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]

For any fixed value of u € [0, 1], the trajectory of a point on the initial curve is parametrized

Q

by t. Denote by o the arc length along the trajectory. The speed along the trajectory is 4/ (%£)2 + ()2 =

¢lrl.

Lemma 6.2.9. The curvature of the trajectory is

1 0(¢r) 1 06

TGk 05 gl ot

Proof. The unit tangent vector of the trajectory is:

dr Oy, oxr Oy
o) = arg(55 )+ san()

o0+ Sgl’l(,‘i)g.

\V)

(0 +sgn(k)3) o6dt  0O(¢k) 1
do C Otdo  0s ¢|k|

6.2.3 Shrinking of area

We define a function, A(t), which is closely related to an area enclosed by the curve.
Assume that the variation of the direction of the tangent vector of the curve is less than 7. Start

with one of the endpoints of the curve v and connect it to the first inflection point of the curve.
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Proceed to construct a polygonal path by connecting the inflection points in order. Connect the
last inflection point to the other endpoint of the curve . Between two consecutive vertices of the
polygonal path, the curvature of the curve is either positive or negative and is zero at the vertices
except at the end points where the limit of the curvature is not necessarily zero. If there is a
segment of the curve which is contained in a straight line then take any point in the interior of the
segment for the construction of the polygonal path.

Given two consecutive vertices of the polygonal path, p and g, let

1
A(t) = 5§ Gady = yio),
:

Prq

where 7, is the closed curve formed by traversing the segment of the curve ~y from p to ¢ (which
we denote by ,,) and the straight line segment from ¢ to p.

A,,(t) is related to the area enclosed between the curve and the corresponding polygonal
path at time ¢. It equals the area if the segment of the curve between p and ¢ doesn’t intersect the
cord pq and if the curvature of ,, is non-negative. If the curvature of ,, is non-positive and the
segment of the curve between p and ¢ doesn’t intersect the cord pq then it equals the negative of
the area. If the segment of -y contained in -, intersects the cord pq then part(s) of the area are
added more than once so |A,,(t)| is greater than the area.

We can calculate the rate of change of A,,(t) using the results developed in the preceding

lemmas.

Lemma 6.2.10. In the generalized curve shortening flow of a path connecting two zeros of the
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function ¢,

OAp(t)
T = /’ypq QZSI{dS.

Proof. The integral defining A, splits into two parts, one along the cord and one along the curve.

The integral along the curve is from p to ¢ and the integral along the cord is from ¢ to p.

1 1 1
A,y = 57{ (xdy — ydz) = 5/ (xdy — ydz) + 5/ (xdy — ydz).
Vpq

Trq cordgp

Along the cord, we can parametrize the line as follows:

r =z, +u(x, —x,)

Y =Ygt u(yp - yq>~

And so, the integral along the cord can be calculated as:

3 | ot —vgmdu = [ 1o+ ute, = 20 = ) = -+ 0o~ 1)y = )l

1 /! 1
= B /0 (qup - yqxp>du = i(qup - quTp)-

Therefore A,, is:

N | —

pq —

Yaq Tq
[(qup — YgTp) + / xdy — / ydx] .
Yp Tp
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Differentiate by t:

0 10 Z *a
—Apg =57 (:L’,y)~(y,—x)+/ fcdy—/ ydzx
825 Pq 2at [ q q p p " .

1 —
=3 Garsafl - (=t 7p) + Syt - (4,9,

"o Oy Op| L /xqﬁ Ory _ Oty
To|) W T T | T | ) e T

1, oy Y9 P
—5 ) a[ﬂf’l}%]du— ) a[@jﬂg]dﬂ]

U

1
2

/uq[—dm%(% y) -+ vkgit - 7T — va(;?:) (z,y) -t ]du

P

ug Ugq S¢ 9 .
:—% [/up ¢m)du—/up ¢"€2($ay>'ﬁvd7~5—/s %(%y)'td‘g]

P

Integrate by parts the last integral:

Sq N . Sq oL
[ 2 = w1k [ ol T (o)

o

:‘/%wm+wMMaw-mm.

P

Therefore,

%qu = —/ ' prvdu = —/ ' prds.

]

For k > 0 the integration is in the counterclockwise direction and A, is the area enclosed

by the curve segment between p and ¢ and the cord pq. If k < 0 then the integration is in the
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clockwise direction so the area enclosed by the curve and the cord is equal to —A,,. Therefore

we can write the rate of change (in both cases) as:

0 Uq Sq
R L e

Let A(t) = > |Ap|- A(t) is a measure of how much 7; deviates from a straight line

segment, or a polygonal line. An immediate consequence of the Lemma is:

Corollary 6.2.11.

9 A _—/ <b|/<a|vdu——/ o|k|ds.
ot 0 0

Thus, as long as the flow exists, A(t) \..

6.2.4 Curvature decrease

In this section we continue to focus on the curve segments on which the curvature is only
non-negative or only non-positive. For a pair of consecutive inflection points, p, g, we look at
the ratio % of the distance of the points p and ¢ along the cord and along the curve. This is the
distance comparison principle of Huisken [19]. The idea is that if the curvature were to blow up

on a segment of the curve then
d

7\,

Let p and ¢ be two consecutive inflection points and consider the ratio

~|
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where

d=\/(2, — 1) + (4, — 4,)?

is the length of the cord connecting p and ¢, and

:/ vdu

P
is the length of the segment of the curve between p and q.

Lemma 6.2.12. Consider the generalized curve shortening flow of a path between two zeros
of the function ¢. Then (%)|pq increases with time for p and q two neighboring vertices of the

polygonal path.

Proof. Let p(to) and ¢(ty) be two consecutive vertices of the polygonal path at time t,, p(t) =

v(up, t) and q(t) = y(u,,t). Then, at time ¢y, ¢,K, = ¢,K, = 0. Differentiate by ¢ the function

() s

o (dy  _10d_do
ot\l),,. Lot PPot
11 B Oxg Oy B dyy  Oyp _d@/”q
1d . o d (v
=55 (PgRg — PpRp) — Z_Q/ (—opr*v)du

d [
:l—Q/S or2ds.
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Consequently we also have,

a(2(0),.) (), L o) =

]

Let I' be one of the segments of the curve with curvature non-negative or non-positive.

For pairs of points p,q € T, %l : I'x I' = (0,1], where for p = ¢ we define (%)(%p) =

lim,_,, (%) |(r.q) = 1. Note that for now, we are considering a curve for fixed ¢.

Lemma 6.2.13. If the function ¢ has a local minimum at (p,q) € T’ x T, then

Proof. Suppose that % has a local minimum at (p, ¢). Without loss of generality we may assume

that the curve is parametrized by arc length. Make a small variation of % at the point p.

(7)

(pe,q)»

where

d

o) = ) (@(50,1) = (s + €,6))2 + (y(50,1) — (5, + €,1))?

= \/(mq — 2 )2+ (Yg — Yp. )%
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and

l

Sq
(Pesq) — / ds.
Spte

Differentiate by e:

d(d _ld, dd,
de \ 1) '®D = 73" 7 12 e

11 d
= 5 (=2 (=) + (0 = ) () + 35
1d - d
DA

The derivative at € = 0 equals 0 if and only if:

ey

=~ d
szi

s,

is the unit vector of the cord pg and 12 is the unit tangent vector to the curve at p, both in the

direction from p to ¢, so

ala,
L
{
L

- T, = cos(t,, d).

Similar calculations using a small variation of the point ¢ yield:

T, = cos(ty,d) =

ey

o d) =
!

If (p, q) is a local minimum, the second derivative of a variation is non-negative at (p, ¢). For this

calculation, consider a small variation of both p and g:
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(p&qe)7

(7)

where

Alipeg) = \/(£(5q = e1) = 25y + €,0))2 + (u(5y — €.1) — y(s, + ,1))2

= \/(zqe - xpe)z + (yqe - yp5)27

and

Sq—€
l|(p€’q€) = / ds.
Spte

Differentiate by e twice (' is used here for the derivative by e for simplicity):

d\" 1 1 2 1 1 1 1
(7) - jd” - 2l—2l,d, + (l_2l/2 - l_2l”)d - 7d” + 4l—2d, + 8l—2d,
since I’ = —2 and !” = (. Now,
! 1 / ! / ! J o =
d = E((x(k - $pe>(_xq€ - xpe) + (y‘k - ype)(_yqe - ypg)) = _E : (qu + Tpe)’
and

N /
d 1, 1 D
<E> = —dd+ ~(—ay — 2~y —y,) = —dd— ~(T, +T,,),

and so,
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At e = 0, we have

d
d=-2-
l’
and
2d 1, = Ay (N ez
d" = (—73 E(Tq‘i‘Tp)) ( g T p)—i_(a) (K:q K:p)
d 1/2\° d
g+ (F) + G G-
J — —
23'(’@1_’%)
Finally,

d\" P | d
(7) |6:0 = (jd +4l—2d +8l—2d> |e:0 = 73 . (qu — Iip).

Therefore, if for p, ¢ € 7, (4)],4 has a local minimum then
73 (Rg — Rp) >0 (6.2)

which means that the angle between d and Kq — Kp is not greater than 7.

Lemma 6.2.14. If the function ¢ has a local minimum at (p,q) € I' x T, then

9 d

55 (Pl > 0.

Proof. From (6.2) if d- Kp > 0 then also d- Kp > 0. This configuration is not possible with x

not changing sign somewhere along the path from p to ¢. Similarly, if d- Kp < 0 then the curve
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cannot reach ¢ without x changing its sign somewhere. It remains possible that d- Kp = 0. In that

case, the calculation of Lemma 6.2.12 yields,

1 J . . d Uq d Sq
o (_> =5 (PgRq — DpRp) — l_2/ (—or*v)du > l_2/5 prds > 0.

Up

O]

Proposition 6.2.15. Given a simple smooth path 7y between two points in V (¢), the limit of the
generalized mean curvature flow,

%V(u,t) = o(a(u,t), y(u, t))E(7(u, 1)),

is a straight line segment or a union of straight line segments.

Proof. From Lemma 6.2.10 the area A,,, decreases and from Lemma 6.2.14 the curvature along
Ypq decreases. As long as the curvature does not blow up and is not 0 everywhere, the flow exists.
Therefore, we conclude that the limit of the flow is a straight line segment or a polygonal line -

union of straight line segments. [

6.2.5 Convergence of the flow

Theorem 6.2.16. Let ¢ : C — R have exactly two zeros. The generalized mean curvature
flow of a path between the zeros of ¢ exists for all time and converges to the straight line segment

between the zeros of ¢.

Proof. The total number of inflexion points can never increase during the flow and in fact it
decreases, just as it does in the usual curve shortening flow [7]. By Lemmas 6.2.12 and 6.2.14
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the curvature does not blow up so there is no singularity of the flow. As the area A(t) decreases
with time (Corollary 6.2.11), and A(¢) > 0 implies that the flow can be continued, the flow exists

for all time and converges to the straight line segment connecting the two fixed points. [

Remark 6.2.17. If ¢ has more than two zeros than it is possible that a zero of ¢ is in the region
enclosed by the initial path and the straight line segment between the endpoints. Clearly, in this
situation the path is prevented from flowing to the straight line segment. In the following section

we show that depending on n the path reaches the third zero in finite or infinite time.

6.3 Flow near the fixed points

As in the curve shortening flow (flow by curvature) the number of intersection points of
curves cannot increase during the flow (avoidance principle). In order to understand the flow
near a fixed point, we study a flow of a curve that remains self-similar. We can use curves whose

flow we understand as barriers for a more arbitrary curve and draw conclusions about its flow.

6.3.1 Flow by ¢K

We look more closely at the flow near one of the fixed points. WLOG we can assume that
the fixed point is the origin. Let 7 be the distance of a point (x,y) € R? to the origin.

We will gradually increase the generality of the function ¢. We start with the simplest case,
¢ = mr®, for m = const., then proceed with ¢ being radially symmetric, and finally, we drop the

requirement of radial symmetry.
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6.3.1.1 ¢ =mr®

Let m > 0 be a constant and let o > 0 be fixed. We study the flow by the vector mr“% of
a circle with the center at the origin.
Let o : 22 4+ y* = rZ be the initial curve and let ; : 22 + y* = r? be the result of the flow

of 7y at time ¢. Let A(¢) denote the area enclosed by ;. By Corollary 6.2.11,

dA
e _/ olk| = —/ mro~t = —2rmre.
dt " e

On the other hand,
dr
A=r? — = 2rr—.
e SO dt T dt
Therefore
d
d—: = 6.3)

We can solve the differential equation (6.3) distinguishing three different cases:

e =2

dr

— =—mdt so r=ree ™
,

The flow exists for all time and lim;_, ., » = 0, i.e. in the limit the circle shrinks to a point.

e o> 2
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therefore

rime — (v — 2)mt + r%’a > 7’8’“ >0, forall te€|0,00).

From here,
1
—.
((a — 2)mt + 7’870‘) a=2

r =

The flow exists for all time and lim;_,,, = 0, i.e. in the limit the circle gradually shrinks

to a point.

e <2

2—«
—a —a . r

The flow exists for ¢ € [0, Attt = the circle has shrunk to a point.

g ] ry
(2—a)m (2—a)m

6.3.1.2 ¢ =r%(r)

Here we assume that the flow is still radially symmetric and that ¢(r) > 0 and lim,_,o c¢(r) =
c¢ > 0. Due to the radial symmetry, a circle remains a circle under the flow. Let us start again
with the circle vo : 2% + y* = r2, and let y; : 22 + y* = r be the result of the flow at time t.

On the interval [0, r] the function ¢(r) has a minimum, m, and a maximum, ).

Denote by M the flow of 7y by Mr®& and by v™ the flow of v, by mr°R.

The curve 7, is sandwiched between the curves 7/ and v. Both of the latter curves have

the same dependence on « for their limit behavior. Therefore the same holds for v, i.e., if « > 2
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then the flow exists for all time and in the limit the circle shrinks to a point, and if o < 2 the flow

exists fort € [0,7") and at t = T there is a singularity: the circle has shrunk to a point

6.3.1.3 ¢ =r%(x,y)

Here we assume that c(x,y) > 0 is sufficiently well-behaved so that lim, , c(x,y) =
¢ > 0 and that m(r) := min,2 2,2 c(x,y) and M(r) := max,24,2_,2 ¢(z,y) are continuous,
r € [0,79].

Denote by v the flow of vy by M (r)r®< and by 7/ the flow of vy by m(r)r®s. These
two flows are radially symmetric.

The curve v, is sandwiched between the curves 7" and

. Again both of the latter curves
have the same dependence on « for their limit behavior. Therefore the same holds for v, i.e., if

a > 2 then the flow exists for all time and in the limit the circle shrinks to a point, and if o < 2

the flow exists for ¢ € [0,7') and at ¢t = T there is a singularity: the circle has shrunk to a point.

In conclusion, under the flow by r“c(z, y)&, a circle centered at the origin shrinks to a point

in finite time if o < 2 and in infinite time if o > 2.

Remark 6.3.1. Lotay-Gongalo [31] develop a very similar approach to the flow when proving
a version of the Thomas—Yau conjecture in their setting. The similarity comes from the fact,
which they prove, that SLs are inverse images of straight lines under a certain map. Their setting
is a hyperKihler manifold of dimension four (which is Calabi—Yau) with an action of the circle
group. There are several examples which they investigate. In general, there are finitely many
points over which the action is not free and the straight line segments between those points

determine SL spheres. The flow of curves which is related to the flow of Lagrangian spheres is,
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in our terminology, a generalized mean curvature flow.

6.3.2 Example: Orthogonal pencils of circles

Let {(z — a)* + y* = a®|a € R} and {2? + (y — b)? = b?|b € R} be a pair of orthogonal
parabolic pencils of circles passing through the origin. We will show that there exists a flow such
that first family of circles is the family of curves stemming from the flow and that the second
family consists of trajectories of individual points.

1. We will first parametrize the circles in the first pencil in such a way that the parameter
stays constant along any trajectory.

2. We can choose the speed of the flow freely and we will make a choice which will enable

us to compare the flow of circles to the flow by ¢«.

Lemma 6.3.2. Circles in the family a can be parametrized by u € [0,1) so that u = const.

defines a circle in the family b.

Proof. Let r = 2a cos ¢ and r = 2bsin ¢ be two circles, one from each of the two pencils. The

point of intersection (other than the origin) is given by the equation

2a cos ¢ = 2bsin ¢,

from which, for given a and b, ¢ can be determined.

Suppose we fix b and let @ > 0 vary. Then for any a

=acot ¢
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is constant along the circle b.

Define

< (arccot (acot¢) + %), b>0
L (arccot (acot¢) — %), b<0.

Note that b > 0 corresponds to a first quadrant intersection point and b < 0 to a fourth quadrant

intersection point, assuming that a > 0. [

Now we assume that a = a(t) is shrinking over time and look at the corresponding flow

vector.

Lemma 6.3.3. When a circle in the family a changes over time, a = a(t), then the flow vector is

given by
8( ) 2U%
—(z,y) = ——5——="n.
oY a4+ U?

Proof. We can work in the first quadrant so both a and b are assumed positive and

1 T
= — t t —=).
u 7T(arcco (acot @) + 2)

From here,

1
cot ¢ = — cot (mu — =).
a
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A point (x.y) on the circle a can be expressed in terms of @ and .

(x,y) = 2acos ¢(cos ¢, sin @)

= 2a(cos® ¢, cos ¢ sin ¢)

cot? ¢ cot ¢
1+cot?¢’ 1+ cot? o

= 2a(

).

Define U := cot (mu — %) so that cot ¢ = 1U. U is constant along b. Now

cot? ¢ cot ¢
1+cot?¢’ 1+ cot?o

1z Ly
1+ 50% 1+G%U2>

U? alU
a2+ U% a2—|—U2)
2aU

=z

(z,y) = 2a(

)

= 2a(

= 2a(

Differentiate by ¢ the last expression:

a(a® + U?) — 2a%a 2aU
(a? + U?)? (U,a) + (a2+U2)(
2Ua
— m(U(UQ — a2),a(U2 - a2) + a(U2 + a2))
2024,
— m(UQ —a2,2CLU).

O gy =20

ot 0,4)

The length of this vector is

2U2|a|

B 3 2U2|d’
a(ﬂ?,yﬂ = m\/([]

a? + U2’

—a?)? 4 (2aU)? =
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For a(t) — 0 this is ~ 2|a]. O

2

Lemma 6.3.4. The self similar flow of a circle with radius a = a(t) = age™*" is equivalent to the

flow by the vector K.

Proof. If a = age™' then @ = —2a. The point (2a,0) flows along the trajectory which is a
straight line, 2(2a,0) = (—4a,0). On the other hand, the vector r?% at that point has length
(2a)?% = 4a which is exactly the same.

At a point which is different from (2a,0) we can also calculate and compare the two vec-
tors. Substituting U = a cot ¢ we get that the length of the flow vector at the point 2a(t)(cos ¢, sin ¢)

is
0 ~2U%al  2a® cot? ¢lal
a2+ U2 a2+alcot’

= 2|a| cos® .

On the other hand, the vector r?# at that point has length (2a cos ¢)?2 = 4a cos? ¢ = —2a cos® ¢,

which is exactly the same.

6.4 Flow of the curve Q(~)

In 6.1.3 we have shown that the curve () flows by the vector

A

W+ e

when the Lag L., flows by almost Lagrangian mean curvature flow. The endpoints of ()(~) remain

fixed during the flow as they are images of points in V'( f). The flow of the curve Q(-y) is similar

. . TL71 . .
to mean curvature flow since the function mw is bounded on compact sets. That is why we
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concentrate next on studying the flow near the fixed points. We will use the results of Section 6.3.

6.4.1 Flow near the fixed points

Lemma 6.4.1. Suppose that L. is ALMCF, v* € Ajq, and let Q(v") be the corresponding general-

ized mean curvature flow. Then the flow vector of a point p on Q(~') near Q(w,) is asymptotically

7”272/“/23

)

where 1 is the distance of p from Q(w;) and K is the curvature vector of Q(~") at p.

Proof. Since Q' = f "3 and f vanishes to order 1 at 0, the order of vanishing of @)’ is “7*2 which
means that Q(w) — Q(0) vanishes to order 52 + 1 = 2 and |Q(w) — Q(0)| ~ |w — 0|2. Now,

near 0, | f| ~ Clw| ~ C|Q(w) — Q(0)|= so

alf

A+ 7 ~ €190~ QOF

]

This means that our flow is similar to the flow by »“< with @ < 2. We have shown that

circles centred at the origin shrink to a point in finite time under this flow.

Corollary 6.4.2. Let L. be ALMCF. Then it is possible for the flow to have a finite time singu-

larity.

Proof. Suppose that 7' € A;,. By Lemma 6.4.1 if Q(+") is near Q(w,,), for some w,, € V(f)

it is possible for Q(y7) for some T' > ¢ to reach the point Q(w,,) since circles around that point
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can shrink in finite time to Q(w;,). O

6.4.2

The setting in the following proposition can be thought of as Im(Q)).

Proposition 6.4.3. Suppose that a simple smooth path v = -y, connecting two zeros of ¢, z; and
2y, Is flowing under generalized mean curvature flow, %% = ¢R. Suppose further that the area
enclosed by vy and the straight line segment Z;z, contains exactly one other zero of ¢, z,, of order

Q.

(i) If z;, z¢ and z, are not colinear, or are colinear and z, is not between z; and z, then the

generalized mean curvature flow of v converges t0 Z;Zy, U Zp 2.

(ii) If zj, 2 and z,, are colinear and =z, is between z; and z,, then the generalized mean

curvature flow of vy converges to z;z.
In addition, if « > 2 and z,, ¢ , then z,, & v, fort < oc.

Proof. (i) Away from the points fixed by the flow (zeros of ¢) the flow is governed by a parabolic
equation. -~ remains smooth and the flow continues until x = 0. Since 7 can’t flow to z;z
without encountering z,,, the flow converges to the path from z; to z, consisting of straight line

segments z;z,, and z,, 2.

(i1) In this case Z;2,, U Zr, 20 = Z; 2.
If @ > 2 we saw in subsection 6.3.1 that circles take an infinite amount of time to shrink
to a point. Disjoint curves will remain disjoint by the avoidance principle. Therefore  cannot

reach z,, in a finite amount of time. (Figure 6.1)
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Zj z0

Figure 6.1: Circle shrinks to a point in infinite time if o > 2

]

Proposition 6.4.4. Suppose that a simple smooth path v = 7, connecting two zeros of ¢, z; and
2y, i flowing under generalized mean curvature flow, %% = ¢R. If the flow does not converge
to Z;z; then the area enclosed by +y and the straight line segment Z;z, contains at least one other

zero of ¢, Zp.

Proof. As curvature decreases during the flow (Lemmas 6.2.12 and 6.2.14), and the flow contin-
ues as long as the curvature is not identically zero, the limit of the flow is a straight line segment
or a polygonal line.

Claim: If the limit is a polygonal line, any vertex of the polygonal line different from z7, 2,
must be a zero of ¢.

Proof of the Claim: Suppose that z,, is a vertex of the polygonal line and that ¢(z,,) # 0.

Then there is a closed disc around z,, such that ¢ > M on it, for some M > 0. Also, as the limit
is a polygonal line, near z,,, |x| > C, for some C' > 0. Therefore the speed along the trajectory
leading to z,, is bounded from below in a small disc. It follows that the point z,, is reached in a
finite amount of time. In a finite amount of time the curve cannot reach a stage where it is not C"*
since away from the zeros of ¢ the flow is governed by a parabolic equation and regularity can

only increase. But then the flow continues past the point z; as (¢|x|)(z;) > 0. Contradiction. [

Now, to apply this to Milnor fibers, recall that (Theorem 6.1.3) the flow of (Q)(~) is given
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9oy = A
5" = Tre + o e

Lemma 6.4.5. Suppose that L., is ALMCF, vy, € Aj,. Then there exists a function ¢ : U — Ry,

where U is an open set containing | J, Q(7) \ {Q(w;), Q(wy)}), satisfying:

_aAfw)
A7) + [F )P

P(Q(w))

w € 7y for some t.

Proof. The only difficulty is that for each z € C \ Q(V(f)) there exist multiple w € C such
that Q(w) = z. But, away from the set Q(V(f)), @ is locally invertible and, consequently, the
function ¢ is well-defined.

]

Theorem 6.4.6. Let L., be a positive Lagrangian sphere in the Milnor fiber X§. Assume ¢(L,) =

0. If L satisfies:

[9(L1), d(L2)] SZ (inf 0L, ,sup 9L7)7

or

[1eiav, <| [ o, |+] [ o,

for all graded connect sums Li# Ly of Lagrangian spheres in the same Hamiltonian deformation

class as L., then almost mean curvature flow for L exists for all time and converges to a spe-
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cial Lagrangian in its Hamiltonian deformation class. The special Lagrangian is unique in its

Hamiltonian deformation class.

Proof. ltis sufficient to prove that the induced flow of ()(-y) converges to the straight line segment
between its endpoints. Each of the two conditions separately implies that ()(y) does not enclose
any other Q(w,), w, € V(f) and since these conditions continue to hold throughout the flow

Q(~") will flow towards the straight line segment without becoming singular. O

6.5 Advantage of our method

* We formulate the Thomas—Yau conjecture [3] for almost Calabi—Yau manifolds precisely.
The angle condition remains the same as in the original conjecture but the volume condition

looks different. (Conjecture 1.2.5)

* We add the condition to the conjecture that the phase variation of the original Lagrangian
is less than 7. This condition is assumed by all authors investigating (almost) Lagrangian
mean curvature flow. We do not need a stronger assumption for the phase variation which
was needed in the Thomas—Yau approach [3] to proving the conjecture in Milnor fibers.

n

The assumption needed a correction (phase variation less than m) for the argument in

the proof to succeed (Dellatorre [2]).

* Thomas—Yau use two flows of curves, one with fixed endpoints, the other a closed curve
with two points fixed throughout the flow [2, Equations (5.60), (5.61)]. One of the issues
that requires the extra assumption on the variation of the phase is to prove that the curve

does not make a kink of more than 7 [2, Lemma 5.6.2].
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* In contrast, the curve we study has 6 as the angle of its tangent with the real axis. Since the
range of # during the flow is contained in the initial range which is less than 7, there is no

possibility for our curve to have a kink of more than 7.

* Our flow is a a generalized curve shortening flow as a consequence of the differential
equations governing the flow (1.9) since the length of the curve is C [, ,19]aVy, . An-
genent (Angenent [3], [9]) studied a very general flow of closed curves which is uniformly

parabolic. Our flow differs from Angenent’s:

- It has a discrete set of points in the plane which remain fixed.

- We are primarily (but not solely) interested in the flow of paths with fixed endpoints.

Angenent investigates the flow of closed curves.
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Chapter 7: 'Thomas—Yau Conjecture

7.1 Thomas—Yau Conjecture

In this chapter we develop an approach for more general almost Calabi—Yau (AC-Y). A

variant of the Thomas—Yau conjecture is formulated as Conjecture 7.1.1.

Conjecture 7.1.1. Let (X, J,w, ) be almost Calabi-Yau. Let L C X be an orientable, graded,
compact Lag submanifold. Let 0 : L — [0pnin, Omaz| C (—m, 7| be a grading on L and assume
that 0,00 — Opmin < .

There exists an SL in the homotopy class of L if either one of the following two conditions

holds for all Lags Ly and Ly such that [L] = [Ly# Ls]:

/’Q’dv;]L < ‘/ Q’Ll + ‘/ Q|L2 ) (71)
L Lo
or
[a‘rg/ Q|L17 arg/ Q|L2] SZ (emma emax)' (72)
L Ly
First we will introduce some notation and then we will define a curve, 7y, associated with
the Lag L.

We will use the following notation for level, sublevel, and superlevel sets for the function
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0 L = [Bonin, Omas] C R:

L.:={pelL:0p) =r} (7.3)
My: =L, (7.4)
<6
Ny:UL. (7.5)
>0
Let
My

Using the function Ay, (#) we proceed to define a curve, 7y, in the following way:
Consider the image of Ay, : [0,in, Omaz] — C. Itis a path in C which is continuous unless

for some value 0y € [0nin, Omaz)s

/ Q| >0, ie. dim Ly, = n.
L

)

In that case there is a jump discontinuity since

L

0—0, 9 0—0,

We close the gap with a straight line segment which necessarily has direction ¢ and length

Jy, 1020V,

(7.7)
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Definition 7.1.2. Let ~y;, be the curve in the complex plane associated with a Lag L in an almost
Calabi—Yau manifold (X, J,w, Q) in the following way: -y, is given by the image of the map A
(7.6) and, in case of discontinuities of the graph, straight line segments closing the gaps. Fur-
thermore, let vy, be "free" in the sense that any translation of the above defined vy, is considered

the same as vy, (analogous to free vectors).

Remark 7.1.3. Sometimes we will be considering the translation of ~y;, by c, v, + ¢, for some
c € C. This will be needed when looking at the almost mean curvature flow of L and possible

singularities of the flow.

In Figure 7.1 we see an example of a curve associated with a Lag L. The first and the

third segments are straight, corresponding to dim Ly _, = n and dim Ly, = n for some ¢, €

(em'm ) ema:c)-

Lemma 7.14. Let (X, J,w, Q) be almost Calabi-Yau and let L be a Lag submanifold of X. Let

the path vy, be as in Definition 7.1.2. Then:
(i) The end points of the path vy, are (0,0) and fL Q.
(ii) The length of the path vy, is equal to |, |Q| dVj, .
(iii) The path vy, is convex.
(iv) If L is non-singular then ~y;, is C*.

Proof. For any level set Ly,

dim Ly < dim L = n.
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Im 4

YL

A(0o)

limg_,q, A(6)
0<6g

Figure 7.1: Curve 7y,

(1) If dim Ly _. < n then

min

My Ly

min min

If dim Ly, , = n then the initial segment of 7, is a straight line segment from (0, 0) to

[ o= [ o, £o
Ly Lg

min min

In any case -y, starts at (0, 0). The other endpoint of v, is [, Q| as

AL(emax>_/ Q|L_/Q’L
M, L

9maac

(ii) Suppose that p € Ly is a regular point for the function 6, i.e.,V0|, # 0. Then there
exists a neighborhood of p in L, U, where VO # 0. Let e; be the unit vector field in 7U which is
in the direction of V6|, at every point ¢ € U. By [34, Theorem 9.22], there exist local coordinates

such that V4 is the first coordinate vector field. Gram-Schmidt algorithm can be applied to the
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local coordinates to obtain an orthonormal frame of vector fields in 7'Ly;, for some U; C U:

{61, €a, ... 7€n}-

gler,e;) =0,Vj =2,3,...n. e = V0, where H = |V0| = |JV.

— H

e;j(0) = db(e;) = g(VO,e;) = g(Hey, ;) = 0

SO €3, . . . ey are tangent to Lo, [ Us.

Let f1,... f, be the basis of 1-forms dual to ey, . .. ¢e,.

(2 restricted to L is a top level form. dV}, denotes the volume form on L which comes

from the volume form associated with the metric on X with the property that when applied to

an orthonormal basis of tangent vectors it returns the value 1. €2, can be expressed in terms of

fi,-. ., fnas:

QL = e?|Q|dV,, = e®|Qfi A+ A fo.

Since V& = He, the covectors dual to V0 and ey, df and f;, satisfy:
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Therefore in U; we have

Qlp =eP|Qfy A A fa (7.9)
o1

= e’eﬁlmdﬁ/\fg/\---/\fn (7.10)
0l

:eGEIQIdH/\dVgLe. (7.11)

1. Assume first that the set {p € L : V6|, = 0} does not contain a submanifold of
dimension n of L. Then the value of the integral defining A(6) is unchanged if the set of points
where V6 = 0 is removed from L.

L is compact, therefore it can be covered by finitely many open sets in which, by (7.8) and

(7.11), the volume form can be expressed as:
1
av,, = Ed@ NdVy,,
and in which Fubini’s theorem applies. Using a partition of unity we obtain:

0
iT 1
AL(Q):/MQQ'L:/em(/,e =lolav,, ) dr.

The tangent vector to the curve vy, 7}, is

d d [*° 1
@A(Q):@/emm (/Le E\mdvm)dr (7.12)
1
o 0
—/Lee 101 dv,, (7.13)
o[ 1
0
.y /Leﬁm\dvﬂe. (7.14)
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The length of a segment of ~;, is

02
3:/ 78 (7.15)
01
/02</ 1| | >d
= — Q| dV, T (7.16)
o, L H gL,
:/ ’Q’d‘/:%. (7.17)
M92\M91

2. Now suppose that the set of singular points of the function # contains a submanifold of L of
dimension n. Then # = const. on any such submanifold. Let 6, be a value for which the level set

Ly, contains a set of dimension n. Then A(f) has a discontinuity at 6y. There is a jump in the

/ QL:ewO/ Q| dV,,
Lo, L

)

value of A(f#) which equals

and the length of a segment of the curve v, which is along a straight line corresponding to the

discontinuity of A(f) at 6, is the length of that vector:

[ 1slav,.
L

)

In both situations the resulting expression is the same. Therefore the total length of vy, is:

/ 9] dvj,.
L

(iii) The tangent vector at Ay () has the direction e by (7.12). When moving along vy,
from left to right, 6 is increasing (or staying the same along straight line segments). Therefore,

~7, is non-decreasing and hence -y, is convex.
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Figure 7.2: If dim Ly, < n — 1 then L is singular

(iv) From the expression for A’(6) (equation (7.12)), if for some value 6y, A’(6y) = 0, then
dim Ly, < n— 1. But then, since 6 is continuous, L would be singular contrary to the assumption
(see Figure 7.2).

]

Lemma 7.1.5. If an SL exists in the homology class of the Lag L then the curve corresponding

to the SL is the straight line segment connecting the endpoints of L.,.

Proof. Ap(0maz) = [ ; QL. This integral has the same value for any Lag in the same homology
class as L which means that the curve associated with any other Lag in the same class has the
same end points (Lemma 7.1.4). The function 6 is constant on an SL so the corresponding curve

is the straight line segment connecting the origin with the endpoint of the curve ;. 0

Lemma 7.1.6. Suppose that L =~ Ly# Lo where Ly and Ly are SLs in [ L] and [Ls|. Then v1,u1,

is the union of two sides of the triangle with vertices

0,/ Q\LU/Q!L,
L1 L
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Im fLQ|L

YL

~

0 Lo#L Re

le Q|L1

Figure 7.3: for Lemma 7.1.6

where the third side is 0 [, Q.

Proof. See Figure 7.3. As L and L,# L, are in the same homology class, the associated paths, 77,
and 7z, 41, begin at the same point and end at the same point. L;# L is not uniquelly determined.
It is a family of submanifolds which mostly coincide with L in one part and L, in another part
and there exists a smoothing part over which the connection is established between L; and L.

The smoothing part of L,# L, can be made arbitrarily small so the singular manifold L; U L,

/Q+/Q:/Q.
Ly Lo L

satisfies

]

Remark 7.1.7. Lagrangian angle is a function on L. Its gradient with respect to the metric

induced on L by the metric on X is a vector field on L:

Vo =V1,,0.
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JV @ is avector field in N L. If X is Calabi—Yau then JV 6 is the mean curvature vector field of L.
If X is almost Calabi—Yau but not Calabi—Yau then JV§ is the mean curvature vector field of L
in a metric which is conformal to the original metric with conformal factor |€2|. Such conformal
change of metric is not a holomorphic change so it is preferable to remain in the original metric

and be aware that the SLs are not volume minimizing.

7.1.1 Almost Lagrangian mean curvature flow

As defined in [2, p. 124] following [3, Section 6], JV,, 0 is called the almost mean curva-
ture vector of the Lag L. (When the manifold containing L, X, which is almost Calabi—Yau, is

actually Calabi—Yau, |Q2| = 1 and JV, 6 is the mean curvature vector of L.)

A

Im fLQ|L

YL

~

0 Lo#L Re
VLi#

le Q.

Figure 7.4: stable and unstable

We now examine the almost mean curvature flow of a compact graded Lag with phase
variation less than 7.

The main idea for the proof of the conjecture:

When L' flows by ALMCEF the corresponding curve 7% remains convex, has fixed end-
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points, and is contained in the region enclosed by the initial curve, 42 and the straight line seg-
ment connecting its endpoints. In the absence of singularities, the flow of 7% converges to the
straight line segment connecting its endpoints.

Now, if the flow has a singularity at ¢ = T', possibly with 7" = oo, then the singular set has
dimension smaller than n and it the curve corresponding to L’ is well-defined and is the limit of
curves % for ¢t — T. Clearly, 77 is contained in the region enclosed by 79 and the straight line
segment connecting its endpoints.

For simplicity assume that L” has two components which are non-singular (and therefore
Lagrangian), L., and L,. We will show that if there is a singularity in the flow then there exist
Lags L; and Lo, resulting from L' at the singular time ¢ = T, such that the conditions (7.1) and
(7.2) fail for them.

First we prove
Lemma 7.1.8. If L' is the flow of L by the vector JV ,, 0 (ALMCF) then:

(i) Ifty < to then [0, 0%, 1 C [0, 04 1.

min’ Y max min’ ’ max

(ii) The length of vyt decreases.
(iii) ~yrt remains convex and non-singular.
(iv) LA(0) = 2ie® fL5 H|Q| dVy,, .

Proof. Equations governing the Lagrangian almost mean curvature flow are [2, Proposition 5.5.7.,

equations (5.53)]:

A, .40

7.18
do Q)] (7.18)
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d
—(121aVy,) = —[doP(j2]dVy,) (7.19)

(i) The interval [0 . . 6% 1 decreases over time as the equation (7.18) is parabolic.

min’ ¥ maxr

(ii) The length of v+ is [}, [2]dV,, by Lemma 7.1.4. By equation (7.19), the volume
measured with respect to |2|dV,, decreases over time. Then the length of y;: which equals that

volume must decrease with time as well.

(iii) As long as the flow does not run into a singularity L' is a smooth Lag and by Lemma

7.1.4 the curve 7+ is convex and non-singular.

(iv) We have the following calculation:

A@:/Sm (7.20)
My
d d
La0=2 | 721
dt (9) dt Jy, o (7.21)
d
:/ L]vng’L—i-/ LJVQQ’L +/ EQ’L (7.22)
My 8M9 My
:/ mﬂm+/(wmmm (7.23)
8M9 M9
:21/ LV@Q’L (724)
Ly
0 0
-y / ng(e \Q\dVgL) (7.25)
Lg

=2ie" [ H|Q|dV,

Ly

(7.26)

Lo’

where we used in line (7.22) the Leibniz formula for the differentiation of the integral [35, (7.2)
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p.624] and in line (7.23) Cartan’s magic formula as well as the fact that 2 is closed [2, equation
(5.59)]:

d
£Q|L = ﬁJveQ\L = d(LJwQ|L) + LjvedQ|L = d(LJVQQ’L)-

Line (7.26) follows since the contraction of the volume form dV},, with the vector field V& (which

is normal to Ly and is equal to A x (normal vector to Ly)) results in H dVng.

]

To the flow L! we associate the corresponding curves ~yz:. In Lemma 7.1.11 we evaluate

the curvature vector of ;.

Corollary 7.1.9. If the ALMCF of L = L° L', does not have a singularity for t < oo or
t = oo then the corresponding flow of paths ~} exists for all time and converges to a straight line

segment.
Proof. The flow of curves % is a generalized mean curvature flow as in Chapter 6. U
Corollary 7.1.10. If there is no singularity then the limit of the ALMCF L' is an SL.

Proof. The curve corresponding to the limit of ALMCEF L' is a straight line segment by Corollary

7.1.9 therefore the corresponding Lagrangian has constant phase, i.e., it is special. [

Lemma 7.1.11. The curvature of 7% at 0 is

() Foiav,)”
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Proof. By Lemma 7.1.4, the tangent vector to -y« at A(6) is

< 1
10
e /Leﬁ|9‘d‘/gj“9.

The unit tangent vector is therefore ¢, By Lemma 7.1.4 the arclength is

s:/: (/Lréymdxz%) dr.

min

Therefore
ds 1
— = —1Q|d )
a6 /Le 71 Ve,

To calculate the curvature, differentiate the unit tangent vector with respect to s:

d 9 _ . 0d0 _ i 1 !
g6 Sl =te ( Leﬁ\mdvﬂe)

]

Remark 7.1.12. From Lemmas 7.1.11 and 7.1.8, we see that v, is not evolving under mean cur-
vature flow. v+ is evolving under generalized mean curvature flow of Chapter 6 as the direction
of the flow vector the same as the direction of the curvature vector, the flow vector vanishes at
the ends of the path ~y+, the modulus of the flow vector is a bounded function in any compact set

containing the flow.

Let L' be the almost Lagrangian mean curvature flow of a compact graded Lag with phase
variation less than 7, L = L°. If L is non-singular for all ¢ then the limit of the flow, L, is an
SL of phase arg fL |, or a singular union of SLs.
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Now, there may be a finite time singularity of the flow. Use the following notation:

o If the flow of L by the almost mean curvature flow has a finite time singularity let S denote

the singular set.
e Forp € L, let p' € L' denote the flow of p at time ¢.

Lemma 7.1.13. Suppose that the almost Lagrangian mean curvature flow has a singularity at
time t = T, possibly infinite. Suppose that Lt \ S, where S is the singular set, is not connected.

Let Ly, ..., Ly, be the closures of the connected components of Lt \ S. Then

(i) Ly, ... L,, are Lag submanifolds of X.

(ii) [p, Qo+ + [, Q= [, Q.

Proof. (i) The Lag condition is preserved by the flow.

(i) Since [, Q[ +=const. and the singular set S has dim S < dim L”.

Conjecture 7.1.14. L, ... L,, are non-singular.

Proposition 7.1.15. Let L' be ALMCF of the Lag L = L° C X, (X, J,w, Q) almost C-Y. Suppose
that there is a singularity of the flow att = T. Let S denote the singular set. Let LT\ S = LU Ls.

Then

(i)

)

/ym|dngz(/ Ql, +\/ s,
L L1 Lo

(ii)
[p(L1), (L2)] € (Omins Omaz)
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which means that (7.1) and (7.2) fail to be satisfied.

Proof. Let L' be ALMCF of the Lagrangian L = L° C X. By Lemma 7.1.8 the flow L induces

a flow of corresponding curves ~ such that:
* The endpoints of v, are fixed by the flow.

* ~4 is contained in the region enclosed by ~7 and the straight line segment connecting its

endpoints, for 7 < t.

(i) From LT\ S = L, U L, it follows that

[ 90, = [ 0ldv, + [ @i,
LT Ly Lo

In other words,

length(77 ) = length(vz, ) + length(vz,).

From Lemma 7.1.8 it follows that
length(vy}) < length(vy).

In addition, we use

[ ot [ i,
L; L;

for j = 1, 2. Therefore, we have

[1alav, > [ jalav,, = [ jelav,, + [ |alav,,
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and

)

/[: ‘Q‘d‘/thl—f—/L }Q‘dv;h:? > ‘/L Q|L1 +‘/L Q|L2

and consequently
/’Q|d‘/9L > ‘/ Q|L1 +‘/ Q|L2
L Ly Ly

which means that the condition (7.1) fails to be satisfied.

)

(i) Now we turn to showing that the condition (7.2) fails to be satisfied for L; and L.
Att = T the range of 07, [0T. 6T 1 C [Omin,Omaz)» Where the latter is the range of the

Lagrangian angle for the initial Lagrangian L. Therefore, ¢(L;) € [02, 01 1 C [Omin, Omaz)

and ¢(Ly) € [01, 0L 1 C [Omin, Omaz)- It follows that

min’ ¥ max

[p(L1), (L2)] € (Omins Omaz)-

This means that the condition (7.2) fails to be satisfied.

]

Remark 7.1.16. To continue the flow after the singular time, we start the flow again for each of
the submanifolds L, ... L,,.

Continuing the flow for each of the resulting Lags separately, we eventually get a set of
SLs.

Each of the SLs in this decomposition of the original Lag corresponds to a homology class
(generator of the homology group H,,(X)). Each of them is a sphere or a homology sphere.

The curve corresponding to this decomposition is a polygonal line having the same end-

points as vy,.
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The conditions from Conjecture 7.1.1 translate into: the region enclosed by ~; and the
straight line segment connecting its endpoints does not contain any of the vertices of such a
polygonal line, for any choice of SLs, provided that if the flow has a singularity then necessarily
L is a connect sum of the non-singular parts resulting from the singularity. Since the flow of
vy, stays in that region for all time. it can never reach any of the vertices of the polygonal line
and thus the flow will continue for all time and be a straight line segment in the limit, which

corresponds to an SL in the homology (and homotopy) class of L.

Remark 7.1.17. The missing part for the completeness of the proof is to either show that L
is in the same homotopy class as a connect sum of the non-singular parts or to show that this
need not be the case. In the latter situation it would be important to understand the nature of a
possible construction. Thomas—Yau [3, Introduction, last paragraph] thought that it is probably

too restrictive to use only Lagrangian connect sums as necessary degenerations.

7.1.2 Milnor fibers

In this subsection we show that the method of section 7.1 is related to the method we used
for Milnor fibers, especially if # is monotone on .

We showed in Lemma 2.2.1 that for Lag spheres in Milnor fibers

/LW ?:gﬁ [ (VIom)" i

We can also find the value of the integral over a part of the Lag L. corresponding to a

segment of the path v between y(u;) and 7(us):
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Lemma 7.1.18.

| %= (Qute) -6 w).

y(uy)y(ug)

Proof.

J

n dzi A -+ Ndz,
Qf: /
L f'(w)

v(ug)y(ug) y(u1)v(ug)

1 n—2 n ) -
:/ 2 <” f(w)) dU)/\Z(_l)J_ITjdﬁ/\'--/\drj/\~--/\d7“n
Ly(ui)v(ug) 1
1 n—2 n . e
= _/ < f(w)> dw / (Z(—l)J_lrjdrl Aveo Adr A A drn>
2 y(u1)y(uz) gn—1

=1

By Stokes’ Theorem

/ (TldTQA"'/\dTn+"'+(—1)n_1d7’1/\"’/\d7”n_1>:
rife4r2=1

/ d(rldrg/\---AdrnJr---Jr (—=1)" tdr /\---/\drn_1>
ri44r2<1

n

nmz

ndri A\ -+ Ndry, = =———.
/r§+~-~+r,%<1 (5 +1)

Therefore,

On = E 77-% n—2 d 5
/Lv(ul)v(uz) FarGg+1) /y(ul)y(uQ) ( f(w)> v (7.27)
n 77'% uz n—2 ,
T 2T+ 1) /u (VIOW))  +(u)du (7.28)
n 7'('%
= 51 (QUw) - QG tw) (7.29)
[
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Corollary 7.1.19. If 0 is increasing along v from 0,,;,, to 0,,.. then

B

™

=3 (Q(0) = QO (Onin))).

o3
|3
+

In conclusion, if  is monotone then there is a homothety between curves () and A;,_. If

6 is not monotone the total lengths of the two paths are related by the factor %F(’;—il) as in the ¢
2

monotone case.

In Milnor fibers it is beneficial to use the procedure which we have developed for them

since we can get explicitly the paths which give rise to SLs.
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