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In many settings in physics, chemistry, biology, and sociology, when individuals (particles)

interact in large collectives, they begin to behave in emergent ways. This is to say that their

collective behavior is altogether different from their individual behavior.

In physics and chemistry, particles interact through the various forces, and this results in

the rich behavior of the phases of matter. A particularly interesting case arises in the dynamics

of gaseous star formation. In models of star formation, the gases are subject to the attractive

gravitational force, and perhaps viscosity, electromagnetism, or thermal fluctuations. Depending

on initial conditions, and inclusion of additional forces in the models, a variety of interesting

configurations can arise, from dense nodules of gas to swirling vortices.

In biology and sociology, these interactions (forces) can be explicitly tied to chemical or

physical phenomena, as in the case of microbial chemotaxis, or they can be more abstract or

virtual, as in the case of bird flocking or human pedestrian traffic. We focus on the latter cases in



this work.

In collective animal or human traffic, we do not say that animals or humans are explicity

subject to physical forces that causes them to move in alignment with each other, or whatever

else. Rather, they behave as if there were such forces. In short, we use the language and notation

of physics and forces as a convenient tool to build our understanding.

We do so since natural phenomena are rich with sophisticated and adaptive behavior. Bird

flocks rapidly adapt to avoid collisions, to fly around obstacles, and to confuse predators. Engi-

neers today can only dream of building drone swarms with such plasticity.

An important question to answer is how one takes a model of interacting individuals and

builds a model of a collective. Once one answers this question, another immediately follows:

how do we take these models of collectives and use them to discover representations of natural

phenomena? Then, can we use these models to build methods to control such phenomena, as-

suming suitable actuation? Once these questions are answered, our understanding of collective

dynamics will improve, broadening the applications we can tackle.

In this thesis, we study collective dynamics via mean-field theory. In mean-field theory,

an individual is totally anonymous, and so can be removed or permuted from a large collective

without changing the collective dynamics significantly. More specifically, when any individual

is excluded from the definition of the empirical measure of all the individuals, those empirical

measures converge to the same measure, termed the mean-field measure. The mean-field mea-

sure is governed by the forward Kolmogorov equation. In certain scenarios where an analogy can

be drawn to particle dynamics, these forward Kolmogorov equations can be converted to com-

pressible Euler equations. When optimal control problems are posed on the particle dynamics, in

the mean-field limit we obtain a forward Kolmogorov equation coupled to a backward Hamilton-



Jacobi-Bellman (-Isaacs) equation (or a stationary analogue of these). This system of equations

describes the solution to the mean-field game.

The first two problems we explore in this thesis are focused on the system identification

(inverse) problem: discover a model of collective dynamics from data. In these problems, we

study a generalized hydrodynamic Cucker-Smale-type model of flocking in a bounded region

of 3D space. We first prove existence of weak bounded energy solutions and a weak-strong

uniqueness principle for our model. Then, we use the model to learn a representation of the

dynamics of data associated to a synthetic bird flock.

The second two problems we study focus on the control (forward) problem: learn an ap-

proximately optimal control for collective dynamics online. We study this first in a relatively

simple state-and-control-constrained mean-field game on traffic. In this case, the mean-field term

is contained only in the mean-field game’s cost. We first numerically study a finite horizon ver-

sion of this problem. The approach for the first problem is not online. Then, we take an infinite

horizon version, and we form a system of approximate dynamic programming ODE-PDEs from

the exact dynamic programming PDEs. This approach results in online learning and adapting of

the control to the dynamics. We prove this ODE-PDE system has a unique weak solution via

semigroup and successive approximation methods. We present a numerical example, and discuss

the tradeoffs in this approach.

We conclude the thesis by summarizing our results, and discussing future directions and

applications in theoretical and practical settings.
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Chapter 1: Introduction

Large systems of interacting agents exhibit varied and rich behavior. The agents can aggre-

gate and behave in coordinated and orderly ways [22]. Alternatively, they can interact wildly and

chaotically, or something in-between [75]. In any case, identifying and controlling the dynamics

of these systems is useful and can be challenging, and this becomes more of an issue as systems

become larger and larger [83].

Objective.

Our goal in this thesis is to develop methods of system identification and control for large

systems of interacting agents.

1.1 Background and Approach

1.1.1 System Identification

By system identification for a dynamical system, we mean the description of features of

that dynamical system by states, either finite or infinite dimensional, construction of a class of

governing equations that evolves these states forward in time, which is generally some variety of

differential equation or difference equation, and selection of a particular member of the class of

governing equations which best captures how a dataset collected from an instance of the system

1



dynamics evolves [11, 68]. In some contexts, selecting the best model is as simple as calculating

parameters from data or taking some measurement. When the dynamics are linear (or very nearly

linear), one can measure responses to impulses, steps, sinusoids, or white noise to calculate the

transfer function (matrix) [11]. For systems that are known to be nonlinear, one can observe the

dynamics, gather data, parametrize a model, and perform a procedure of numerical optimization

to obtain the model that best captures features of the data in some sense. This short list of methods

is not intended to be exhaustive. More can be found in Åström’s survey of the subject [11].

For system identification problems of large systems of interacting agents, it is often diffi-

cult to gather data from every state without interruption [22, 75]. As a result, it is often easier to

gather data related to (empirical) densities or moments of the states and perform system identifi-

cation using those quantities as the states instead. Obviously, this approach will only result in an

accurate model if all the individuals are similar in their statistics.

When we deal with densities or moments as functions of time and space as opposed to the

trajectories of individual agents, we are performing a tradeoff: while we make practical matters

of data acquisition simpler and less important, we increase mathematical difficulties. The theory

of existence and uniqueness for the model equations is more complicated and is less general since

we often deal with PDEs rather than ODEs. The optimization theory is also greatly complicated.

1.1.2 Control

Once we have models, similar issues appear in control. In finite-horizon multi-agent control

problems involving individual decisions for a large number of agents (i.e. in a large dynamical

game), the conventional method of solutions results in either a large system of coupled PDEs
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or a large system of coupled forward-backward ODEs (or SDEs) [18]. Computation in such

cases, especially when PDEs are involved, quickly becomes intractable as the number of agents

increases. Again, some benefit is gained when we try to approach the control problem in terms

of densities [21], assuming each agent is identical in dynamics and cost.

We assume in the large-population (mean-field) limit that the dynamics of the empirical

distribution of the population when an arbitrary individual is excluded converges to the same

dynamics regardless of which individual is excluded. This allows us to formulate an optimal

control problem for a single agent whose cost and dynamics are coupled to the dynamics of the

mean-field density. We find that in this limiting case, assuming we are searching for a feedback

control, that the same feedback controller is optimal for any agent [21]. But, we trade these things

for some different costs: what arises (in the finite horizon case, at least) is a forward-backward

system of PDEs. However, there are fairly general and readily-available results for existence and

uniqueness of solutions [21]. The problem here lies in obtaining suboptimality bounds when we

apply controls from the mean-field problem to the finite-population problem, and showing that

the control becomes more and more optimal as the number of agents increase. Another interesting

problem is in finding ways to avoid solving a forward-backward system altogether, perhaps even

in an online and adaptive fashion.

1.2 Applications and Contributions

In this section, we go into some more details of the application areas we focus on in this

thesis. These are:

1. Mean-field System Identification for Flocking, Schooling, and Swarming; and

3



2. Mean-field Control for Vehicular Traffic.

1.2.1 Mean-field System Identification for Flocking, Schooling, and Swarming

1.2.1.1 Motivation

Flocking, schooling, and swarming are rich behaviors which arise in the collective motion

of a variety of animal species [22]. These include starlings, herrings, and locusts, which are

representatives of the respective types of animal collective behaviors described earlier. These

collective motions emerge almost spontaneously from interactions between individuals. Studying

such systems from a statistical mechanics perspective is totally natural as a result, and has a long

history [82, 85].

Animals form collectives for a variety of reasons. These include confusing predators,

claiming resources, and finding mates. These collective behaviors are influenced by an indi-

vidual’s impulses: the individual wants to avoid being eaten, wants to have food and space, and

wants to reproduce. Animals such as the species listed have developed social strategies improve

outcomes on these objectives at the individual level. As a result, the fitness of their collectives

and species improves.

Since collectives in nature are capable of completing a wide variety of tasks, many engi-

neers and scientists are inspired to map swarming behavior onto engineered systems [37,73, 74].

Ideally, assembling many individual robots into a single, large team will help expand their ca-

pabilities. As such, robot swarms are hotly studied in academia, governments, and corporations.

They are valuable in defense, in commerce, and in entertainment.

The first step of that mapping of natural behaviors onto engineered systems is developing

4



models [11]. These models should have structures similar to those that we know are present in

nature. For example, we know well that animals align their velocities, are repelled from each

other in close ranges, and are attracted to each other in long ranges [31]. We also know they

can propel themselves, and are drawn or repelled from certain features of the environment, such

as food or obstacles, respectively. When these types of interactions are combined properly, we

should observe that realistic flocking appears in the models as it does in nature.

The second step is to study these models in detail and ensure they behave sensibly. At the

very least, the equations they involve should produce a solution in some sense. The solutions

should be regular-enough to do practical things with. Establishing these theoretical guarantees

is important to attaining the final goal, which is to pose a system-identification problem on the

model where we have some data gathered from a natural system of collective motion.

Finally, we should be able to solve the system identification problem. To that end, algo-

rithms and numerical methods for finding an approximate or local solution need to be developed.

Eventually, the goal should be to prove that such methods converge to suitable solutions. Once

the autonomous dynamics of a system are discovered, the process of developing controls can

begin [11].

1.2.1.2 Contributions

This sequence of problems is the focus of the first two parts of this thesis. We combine

many features of existing models and expand on them in the first chapter. We analyze that model

and show that the equations which arise from it have a suitable notion of ‘weak’ solution, and

that they satisfy some bounds on their energy. We show that ‘strong’ solutions are unique in the

5



class of ‘weak’ solutions. We also develop numerical methods to simulate the model dynamics,

and solve a system-identification problem using these methods. The data for that system identifi-

cation problem are obtained via Reynolds’ [84] boid framework, which has been used to produce

realistic flocking dynamics, and has been used to generate graphics in film and video games.

What precisely we mean by ‘weak’ and ‘strong’ solution we purposely do not define con-

cretely at this point, but we do so later on. Please refer to the relevant sections of Chapter 2 for

details of this. For the numerical study of the system identification problem, refer to Chapter 3.

1.2.2 Mean-field Control for Vehicular Traffic

1.2.2.1 Motivation

Statistical mechanics can also be applied to traffic [82]. Human pedestrian traffic is not

that fundamentally different from animal collective motion, so one can view this as a case of the

previous problem. One can also study vehicular traffic from this perspective. Instead of focusing

on individuals, we again pass to distributions and work with those as we do on animal collective

motion.

Numerous factors are at play in vehicular traffic. A driver responds to the density of traffic

in its vicinity, the speed of vehicles in its vicinity, and the spacing of other nearby vehicles.

There is certainly some range where the driver is very attuned to surrounding drivers, and this

range drops off quickly with distance. As with the interactions in swarming and flocking, the

interactions here are not strictly nearest-neighbor, and are thus nonlocal.

As with animal collective motion, the traffic density is fundamental in capturing the traffic

flow. There have been many efforts in modeling and control for traffic flows in the past seventy
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years, beginning with the work of Paul Richards [85] in the 1950s. Further work by Ilya Prigogine

[82] in the 1970s diversified the traffic flow models. Many models come out from these.

Prigogine’s work is particularly interesting to us since he applied Boltzmann-like PDEs to

traffic flow. Typical traffic flow models are first order, and control appears as a term similar to the

bulk velocity. Modern vehicle controllers don’t work at this level, however. They apply throttle

or braking to maintain a particular velocity or following distance. In second-order models of

particles, the control is applied at the level of forces, which is what we need. When we take

large-particle limits of such systems, we arrive at Boltzmann-like equations for the density, and

so interesting analogies can be drawn to statistical mechanics in this way.

1.2.2.2 Contributions

In this thesis, we first study a finite-horizon mean-field game motivated by traffic flow.

We pass formally (as in relating to form) to the mean-field limit of the particle dynamics, and

construct the mean-field dynamic programming equations. These are a forward-backward PDE

system. We solve these equations numerically in an iterative fashion to obtain a solution.

We then study an infinite-horizon version of the original problem, and form a modified

system of dynamic programming equations. We then form approximate dynamic programming

(ADP) equations from these. This results in an ODE-PDE system consisting of ODEs for the

weights of a neural network approximating the value function, and a degenerate parabolic equa-

tion for the traffic density. Together, they are coupled in a way which results in a semi-linear

degenerate parabolic system. We prove that the ODE-PDE system has unique solutions in a suit-

able Hilbert-Sobolev space. We do this by constructing a sequence of approximating equations.
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We show these equations have solutions via semigroup [79] methods. The solutions to these

equations converge to a fixed point, and this fixed point solves the original system uniquely. We

give a numerical simulation.

For the numerical solution of the finite-horizon problem, refer to Chapter 4. For the ADP

for the infinite-horizon problem and the associated theory, refer to Chapter 5.

1.2.3 Summary and Thesis Organization

We briefly condense the previous sections and their subsections now.

In this thesis, we focus on applications of mean-field theory to system identification and

control. We do so to address issues in system identification and control of large systems of agents.

The particular application areas are flocking and traffic, respectively.

Chapters 2,3, 4, and 5 form the body of this work.

In the first pair, Chapters 2 and 3, we focus on system identification for flocking. In Chapter

2, we formulate the flocking hydrodynamic model and develop its theory. Then in Chapter 3, we

apply this model numerically to a system identification problem for simulated data from Boids, a

type of realistic flocking model.

In the second pair, Chapters 4 ad 5, we focus on control for vehicular traffic. In Chap-

ter 4, we formulate a finite-horizon robust mean-field game and solve it numerically by solving

the forward equation and backward equation successively until they attain an equilibrium pair

of numerical solutions. Then, in Chapter 5, we replace the finite-horizon formulation with a

discounted-cost infinite horizon problem, and form from the mean-field game system an approx-

imate dynamic programming system of PDEs. We prove this system has suitable solutions, and
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give a numerical example.

Finally, we conclude the work of this thesis in Chapter 6.

1.3 Notation and Commonly Used Definitions

In this section, we give an overview of the notation common to this thesis. There is also a

notation section given for specialized notations in each chapter.

By Rn, we refer to a space of n−dimensional real vectors enumerated as column arrays

indexed by 1 ≤ i ≤ n. For some vector x ∈ Rn, the vector x−i ∈ Rn−1 denotes the original vector

with the i-th entry removed. If the vector x ∈ RnN is superscripted similarly to x−i ∈ R(N−1)n,

we indicate the removal of the i−th block which is xi ∈ Rn. For a set X , B(X) is the Borel

σ−algebra on X . Given some Hilbert space H , for two vectors x, y ∈ H , their inner product is:

⟨x, y⟩H ,

which induces the norm:

⟨x, x⟩1/2H = ||x||H .

In particular, for H = Rn, ⟨x, y⟩Rn := x⊤y, which induces the norm ||x||Rn := (x⊤x)1/2. For

scalars, ⟨x, y⟩R = xy. Obviously, ||x||R = abs(x) ≡ |x|. The outer product for two vectors

x, y ∈ Rn is x⊗ y ≡ xy⊤. We prefer the second of these notations throughout this thesis.

We will use C > 0 in many places to denote generic positive constants. If this constant

is to depend on some parameters (other constants, functions, or sets) α1, ..., αn, we may show

this dependence by C(α1, ..., αn). Throughout this thesis, we use the notation “...” to denote
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continuation of some pattern, such as entries of a vector, or of continuation of a line of an equation

or expression to the next line. We use the notation cl S to denote the closure of some set S ∈ Rn.

If S is bounded and smooth(-enough), ν : ∂S → ∂B(0, 1) is the outward pointing normal

on the boundary ∂S. We use IA : Rn → {0, 1} to denote the characteristic (indicator) function

of a set A ⊂ L(Rn).

1.3.1 Random Processes

For definitions of measure, probability space and random variables, please see [77]. We

use {Ω,B(Ω),P} as a generic probability space. Many of the definitions below are indeed based

on [77]. In some places, we may abuse notation by using interchangeably a random variable and

the value taken by that random variable for a particular sample.

Definition 1.3.1. For 1 ≤ p <∞, the space of random variables

Lp(Ω;Rn) ≡ Lp({Ω,B(Ω),P}; {Rn,B(Rn), µ})

are those random variables s.t. E[||x||pRn ]1/p <∞ for . If p =∞, then it is those random variables

s.t. ess supω∈Ω ||x(ω)||Rn <∞.

Additionally, for 1 ≤ p <∞, ||x||Lp(Ω;Rn) := E[||x||pRn ]1/p, and for p =∞, we accordingly

define ||x||L∞(Ω;Rn) := ess supω∈Ω ||x(ω)||Rn .

Note that if p = 2, this space is a Hilbert space with inner product:

⟨x, y⟩L2(Ω;Rn) := E
[
⟨x, y⟩Rn

]
.
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Definition 1.3.2. The σ-algebra generated by a random variable x : Ω→ X is:

σ(x) := {x−1(A) : A ∈ B(X)},

which induces the usual norm.

Definition 1.3.3. A random process is an ordered sequence of random variables, i.e.:

x(·) : I × Ω→ X.

where I is some index set, either an interval of the real numbers, or a set of consecutive integers,

or the entirety of the reals or integers.

Definition 1.3.4. A filtration F : I → B(Ω), I some index set, is a set-valued function (equiva-

lently an indexed family of sets) s.t.:

F(t) ⊆ F(s) for every t ≤ s.

Proposition 1. For some random process x(·), defining

F(t) := σ(xs : s ≤ t),

F(·) is a filtration. We call it the natural filtration.

Proof. All F(t) are σ-algebras by construction, and for t ≤ s:

σ(xτ : τ ≤ s) = σ(xτ : {τ ≤ t} ∪ {t < τ ≤ s})
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so F(t) = σ(xτ : τ ≤ t) ⊆ σ(xτ : τ ≤ s) = F(s), completing the proof.

Definition 1.3.5. A random process x(·) : I × Ω → X is adapted w.r.t. a filtration F(·) : I →

B(Ω) if xt is {F(t),B(X)}-measurable.

Proposition 2. A random process is adapted w.r.t. its natural filtration.

Proof. The claim follows by construction of the natural filtration.

Definition 1.3.6. For integers 1 ≤ p < ∞, 1 ≤ q < ∞, the space of random processes

Lp
F(0, T ; L

q(Ω;Rn)) are those random processes which are adapted to F(·) and which are ad-

ditionally s.t.:

||x||Lp
F (0,T ;Lq(Ω;Rn)) :=

(∫ T

0

||xt||pLq(Ω;Rn) dt
)1/p

<∞,

or for when p =∞:

||x||Lp
F (0,T ;Lq(Ω;Rn)) := ess sup t∈[0,T ]||xt||Lq(Ω;Rn) <∞.

Note that if p = q = 2, this space is a Hilbert space with the inner product:

⟨x, y⟩L2
F (0,T ;L2(Ω;Rn)) :=

∫ T

0

E
[
⟨xt, yt⟩Rn

]
dt

and the usual norm is induced via this product.

Definition 1.3.7. For integers 1 ≤ p ≤ ∞, the space of random processes Lp
F(Ω;C

0([0, T ];Rn))

are those random processes which are adapted to F(·) which are continuous as functions of time

t for each ω ∈ Ω (i.e. pathwise-continuous), and at each time, for x ∈ Lp
F(Ω;C

0([0, T ];Rn)),

12



xt ∈ Lp(Ω;Rn). For integers 1 ≤ p <∞, the space is equipped with norm:

||x||Lp
F (Ω;C0([0,T ];Rn)) := E

[
sup

t∈[0,T ]

||xt||pRn

]1/p
.

In the case of p =∞, this becomes:

||x||L∞
F (Ω;C0([0,T ];Rn)) := sup

t∈[0,T ]

[
ess sup

ω∈Ω
||xt(ω)||Rn

]
.

In this thesis, given two random processes x, y ∈ L2
F(0, T ; L

2(Ω;R)), F the natural filtra-

tion generated by y (additionally assumed to be a semi-martingale [87], which we don’t define

here, see ), the integral:

zs :=

∫ s

0

xtdyt, s ∈ [0, T ]

is to be interpreted in the Itô sense. See [77] for details on the construction of this stochastic

integral. We do not reproduce this here as it requires a fair amount of machinery. This concludes

the definition of various notations used for random processes in this thesis.

1.3.2 Partial Differential Equations

Let D ⊆ Rm. Assume in all cases that the measure defining the integral in this section is

the Lebesgue integral, which we simply denote with “dx”. We are using the usual multi-index

notation in the definitions here:

Dαf :=
∂|α|

∂α1x1 · · · ∂αmxm
f.

13



In actual PDEs, we denote the gradient by ∇x(·), the divergence by ∇x · (·), the Laplacian by

∇2
x(·), and the Hessian by ∇x∇⊤

x (·). For the partial derivative w.r.t. a specific variable, we write

∂xi
(·). For details of these definitions, see [45, 53, 92]. The definitions we have here are adapted

from these sources.

Definition 1.3.8. The spaces Lp(D;Rn) are the sets of functions of type f : D → Rn s.t.

||f ||Lp(D;Rn) :=
(∫

D

||f ||pRn dx
)1/p

<∞.

Note that because we are using measure here, each ‘function’ f ∈ Lp(D;Rn) is really an

equivalence class of functions whose members are equal almost everywhere w.r.t. the Lebesgue

measure. Also note that if p = 2, we obtain a Hilbert space whose inner product is:

⟨f, g⟩L2(D;Rn) :=

∫
D

⟨f, g⟩Rn dx,

which obviously induces the standard norm.

Definition 1.3.9. The spaces Ck(D;Rn) are those functions which are continuous and have k

classical derivatives which are also continuous. These spaces have norm:

||f ||Ck(D;Rn) := max
|α|≤k

sup
x∈D
||Dαf(x)||Rn .

In particular, the space C∞
c (D;R) is the space of infinitely-differentiable functions which

are s.t. they and also their derivatives are 0 on ∂D, and are non-zero only in D. This space is also

denoted by D(D;R).
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Definition 1.3.10. The Lipschitz-continuous functions Lip(D;Rn) are those functions s.t.:

||f(x)− f(y)||Rn ≤ C||x− y||Rm ∀ x, y ∈ D

for some C > 0.

Definition 1.3.11. The spaces Ck,α(D;Rn), 0 < α ≤ 1, 0 ≤ k <∞, are the spaces of functions

which are Ck(D;Rn) and are additionally s.t.:

||f ||Ck,α(D;Rn) := ||f ||Ck(D;Rn) +max
|β|=k

sup
x,y∈D,x ̸=y

||Dβf(x)−Dβf(y)||Rn

||x− y||αRm

.

These are termed Hölder spaces.

In particular for the Lipschitz functions on D, Lip(D;Rn) ≡ C0,1(D;Rn).

Definition 1.3.12. For a function f ∈ Lp(D;R), another function g ∈ Lp(D;R) is termed the

weak derivative of f with multi-index α if for all ϕ ∈ C∞
c (D;R):

∫
D

Dαf ϕ dx = (−1)|α|
∫
D

g Dαϕ dx.

For simplicity, although we abuse notation slightly, we denote g by Dαf , even though this object

is not a classical derivative.

Definition 1.3.13. For integer 1 ≤ p ≤ ∞, the spaces of functions f ∈ Lp(D;R) with all k−th

order weak derivatives in Lp(D;R) are the Sobolev spaces Wk,p(D;R), with norm:

||f ||Wk,p(D;R) :=
( ∑

|α|≤k

||Dαf ||pLp(D;R)

)1/p

if p <∞,
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||f ||Wk,∞(D;R) := max
|α|≤k
||Dαf ||L∞(D;R) if p =∞.

Note that if p = 2, these spaces become the Sobolev-Hilbert spaces Hk(D;R) with inner

product:

⟨f, g⟩Hk(D;R) :=
∑
|α|≤k

⟨Dαf,Dαg⟩L2(D;R),

which obviously induces the Sobolev norm as given above.

This concludes the notations common to the thesis.
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Chapter 2: The Euler Alignment System

This chapter is taken from the preprint posted to ArXiv as [95]. It has been submitted to

the journal Discrete and Continuous Dynamics Systems.

2.1 Introduction

In the last two decades, considerable interest has been shown in models of collective be-

havior across a variety of scientific fields, including pedestrian traffic, ecology, and robotics. A

particular area of this interest is in using insights gained from biological flocking and swarming

to construct controls for large teams of UAVs [14, 40, 69, 72–74, 86, 98].

There are a number of well-studied models of collective motion, including the Boids model,

the Cucker-Smale model, and the Vicsek model. These three models can be seen as representa-

tives of efforts by computer scientists, mathematicians/ control theorists, and physicists, respec-

tively, to describe the same phenomenon [38, 84, 99].

Analysis of large systems of agents presents many difficulties, and passage to continuum

limits alleviates some of them while introducing others. There is substantial interest in kinetic

and hydrodynamic (continuum) limits of interacting particle systems [6, 20, 29, 31, 51].

We are interested in formal (as opposed to rigorous) hydrodynamic limits of particle dy-

namics subject to velocity alignment, attraction, repulsion, self-propulsion, and containment
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forces in bounded, smooth regions. Similar particle systems arise in design of controls for au-

tonomous vehicles or UAVs using virtual forces [61, 72].

Alignment and cohesion provide useful team-like properties to the dynamics. It is desir-

able to construct virtual forces between UAVs which prevent collision between them, hence the

repulsion is included. Collision between a UAV and obstacles or confinement to a desired region

is enforced by a boundary on their dynamics and encouraged by a confinement potential. The

boundary need not be physical for the UAVs: it can be a virtual boundary designed to enforce

safety constraints. The self-propulsion is added to counteract the dissipation introduced by the

velocity alignment term.

We first study a problem on bounded region D ⊂ R3 with the Yukawa potential providing

alignment, attraction, and repulsion. Then, we incorporate leaders into our model, converting

these PDEs into a coupled ODE-PDE system. Finally, we discuss Bessel potentials of fractional

order s > 2.

2.1.1 Related Work

There is existing work on such hydrodynamic limits with fairly regular nonlocal alignment

and attraction-repulsion kernels over the torus [30]. We relax some of the assumptions of this

work. In particular, we work with singular alignment, attraction, and repulsion kernels and a

bounded domain possibly containing obstacles. Most work on Euler alignment systems with

singular interactions focus on the Riesz potential [81, 89] or a similar mildly singular kernel [9].

[9,89] focus on the 1D model in the whole space R with singular alignment force only, and obtain

global existence of classical solutions.
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We modify the work of [30, 48] using some additions from [35, 43], and, of course, some

of our own contributions to develop our approach to show weak solutions exist to our problem.

We describe these now.

2.1.2 Approach

It is rather well-known that the compressible Euler equations admit very irregular and

“wild” solutions [39] which are constructed via convex integration. Convex integration methods

are extremely general, and so many problems can be embedded into this framework with some

careful modification where necessary [35,43,48]. In particular, and somewhat counter-intuitively,

one is able to embed compressible systems which might include nonlocal interactions [30] or tem-

perature [43, 48] into abstract incompressible systems [48] in a completely justified and rigorous

way. For intuition, see some of the examples in [48].

In this work, we show existence of infinitely many weak solutions of our Euler alignment

system on a bounded, smooth domain. We then show that these solutions satisfy an energy

inequality. We use this energy inequality to show weak-strong uniqueness of solutions.

2.1.3 Novelty

To the best of our knowledge, ours is one of the first works on the 3D Euler alignment

system in bounded domains with obstacles. Most other works focus on free space or the torus. In

addition, we include a wide variety of interactions in our Euler alignment system, local and non-

local, including alignment, attraction, repulsion, obstacles, and self-propulsion. Most work on

the Euler alignment system and similar systems focus on a subset of these. The (non-fractional)
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Bessel-type interaction which we select for our alignment, attraction, and repulsion terms has not

been studied before. The problem with leaders also has not been studied before. Our expansion

of interactions to a wide class of fractional Bessel-type potentials is also completely novel.

2.1.4 Chapter Organization

Immediately following this section, we describe some notation we use throughout the chap-

ter.

Then in Section 2., we give a formal (as in relating to the written form of the equations,

as opposed to relating to rigor) description of the process one follows to go from a Cucker-

Smale-type particle/agent model to an Euler alignment system. This section is only meant to

give a conceptual connection between agent models and mean-field models, and should not be

understood as a rigorous argument that states the dynamics of the agent models converges to the

dynamics of the mean-field model in any way. Such claims are actually quite bold, and are a

hotly studied area.

In Section 3., we sequentially state and prove each of our results. Each results builds

in some way upon the previous. First in Theorem 3.1, we show via convex integration that

distributional solutions to the Euler alignment system exist. Then, we show that these solutions

satisfy some energy bounds, and are as such bounded-energy weak solutions. Finally, we use the

energy inequality to show that the solutions satisfy a weak-strong uniqueness principle, i.e. that

a Lipschitz solution, should it exist, is unique in the class of bounded-energy weak solutions to

the Euler alignment system.

In Section 4, we first expand the results we have to include leader-agents which interact
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with the agent-fluid described by the Euler alignment system, and show that the conclusions of

Section 3. hold for this system, as well. We separately describe an Euler alignment system subject

to a broader class of non-local fractional Bessel-type interactions, and show the conclusions of

our previous results in Section 3. hold for this broad class of models.

In Section 5., we briefly conclude the chapter.

2.1.5 Notation

Refer to Section 1.3.1, 1.3.2 for a number of notations that are used in this chapter.

We use the notation Cw([t0, tf ];X) to mean functions f : [t0, tf ] → X , X a reflexive

Banach space, s.t. ∀{tn}∞n=1 ⊂ [t0, tf ] : tn → t in [t0, tf ] f is s.t.:

(f(tn)− f(t), ψ)X,X∗ → 0 for all ψ ∈ X∗.

A similar notation is used in [30, 43, 48], and a slightly different one in [35, 39].

We use l : L(S)→ R+
0 to denote the standard Lebesgue measure, L(S) being the σ−algebra

of Lebesgue-measurable sets contained in S.

2.2 Hydrodynamic Alignment Systems

In this section, we introduce a particle model of a multi-agent system and its formal kinetic

and hydrodynamic limits. We pass from particles to hydrodynamics only formally.

For certain very regular interactions, it can be shown fairly readily that the kinetic and hy-

drodynamic (under a suitable closure assumption) behaviors indeed correspond to limits related

to the empirical measure of the particle dynamics. Singular kernels present significant obstacles
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to demonstrating such a correspondence [28, 81].

Consider a sequence of particles (boids) {(xi, vi)}Ni=1(t) ⊂
(
cl D × R3

)
, t ∈ [t0, tf ], D ⊂

R3 a bounded, open, connected, smooth region. The particles are associated to probability space

{Ω,B(Ω),P} and state space {(cl D)N ×R3N ,B((cl D)N ×R3N)}. The equations of motion for

the particles are for each ω ∈ Ω:



d
dt
xi(t) = vi(t);

d
dt
vi(t) =

∑
α∈A Φα(xi(t), vi(t), {(xi, vi)}Ni=1(t));

xi(t) ∈ cl D ∀t ∈ [t0, tf ];

(2.1)

with i.i.d. initial conditions (xi, vi)(t0) ∼ Mxv ∈ P(D × R3). A := {a, c, r, p, o} are char-

acter subscripts corresponding to alignment, cohesion, repulsion, self-propulsion, and obstacle

avoidance forces. These forces Φα(· · · ) are:

Φa(xi, vi, {(xi, vi)}Ni=1) :=
1

N − 1

N∑
j=1,j ̸=i

G(xi, xj; ka, λa)(vj − vi),

Φc(xi, vi, {(xi, vi)}Ni=1) :=
−1

N − 1

N∑
j=1,j ̸=i

∇1G(xi, xj; kc, λc),

Φr(xi, vi, {(xi, vi)}Ni=1) :=
−1

N − 1

N∑
j=1,j ̸=i

∇1G(xi, xj; kr, λr),

Φp(xi, vi, {(xi, vi)}Ni=1) = Φp(vi) := κpvi(1− P (||vi||R3))

Φo(xi, vi, {(xi, vi)}Ni=1) = Φo(xi) := −∇1U(xi),

(2.2)

where ∇1(·) is the gradient with respect to the first (or only) argument, and kα, λα, κp > 0 are
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real constants. We postpone specification of the class of G for now. We take:

P ∈ C2
b (R;R), P ′(x) ≥ 0 s.t. Φp ∈ Lip(R3;R3), and U ∈ C2

b (D;R). (2.3)

To satisfy the spatial constraint, we impose specular reflections on ∂D:

lim
t∗+i,j ↓ t∗i,j

vj(t
∗+
i,j ) = (I3 − 2ν(xj(t

∗
i,j))ν

⊤(xj(t
∗
i,j)))vj(t

∗
i,j), (2.4)

where t∗i,j is the time of the i-th collision of the j-th agent with the boundary ∂D.

Let µ(t) ∈ P(D × R3), µ(t0) = Mxv be the single-particle position-velocity probability

distribution [12] of the generalized Cucker-Smale ensemble at time t. Assume it has density ρxv

w.r.t. the Lebesgue measure. Similarly to [12], the formal kinetic (Vlasov) limit of the given

particle dynamics is:



∂tρxv +∇x · [vρxv] +∇v · [F [ρxv](t, ·)ρxv] = 0

F [ρxv](t, x, v) :=
∫
D×R3 G(x, y; ka, λa)(w − v)ρxv(t, y, w)dydw − ...

∫
D
∇xG(x, y; kr, λr)ρxv(t, y, v)dy − ...

∫
D
∇xG(x, y; kc, λc)ρxv(t, y, v)dy − ...

∇xU(x) + κpv(1− P (||v||R3))

(2.5)
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with boundary conditions on [t0, tf ]× ∂D [12, 41]:

ρxv(t, x, v) = ρxv(t, x, (I3 − 2ν(x)ν⊤(x))v),

and initial condition ρxv(t0, ·) = ρxv0 , which is the density associated to Mxv. Now, we define the

spatial probability density and momentum density:

ρ : [t0, tf ]×D → R, j : [t0, tf ]×D → R3,

respectively, as:

ρ(t, ·) :=
∫
R3

ρxv(t, ·) dv

j(t, ·) :=
∫
R3

vρxv(t, ·) dv =: ρ(t, ·)u(t, ·).
(2.6)

Assume ρ > 0 in D, and consider (ρ(t, ·), j(t, ·))⊤ to be extended by zero outside D when we

use them as functions over the whole R3. It can be shown after repeated formal application of

integration by parts and assumption of the mono-kinetic closure ansatz [14]:

ρxv(t, x, v) = ρ(t, x)δ(v − u(t, x)) (2.7)
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that we obtain the compressible Euler equations over (t, x) ∈ [t0, tf ]×D :



∂tρ+∇x · j = 0 in (t0, tf ]×D

∂tj+∇x · [ρ−1jj⊤] = S[ρ, j] in (t0, tf ]×D

S[ρ, j] = ρLaj− jLaρ− ρ∇x[Lcρ+ Lrρ+ U ] + κpj(1− P (ρ−1||j||R3)),

(2.8)

subject to the non-penetrative boundary conditions [41] on ∂D and initial conditions:

j⊤ν = 0 ∀ (t, x) ∈ [t0, tf ]× ∂D; (ρ(t0, ·), j(t0, ·))⊤ = (ρ0, j0)
⊤ in D. (2.9)

This is the Euler alignment system. Lα : L2(D;R) → L2(D;R) denotes a linear operator of

form

Lαϕ(t, ·) :=
∫
R3

G(·, y; kα;λα)ID(y)ϕ(t, y) dy.

If we take

G(·; ka, λa), G(·; kc, λc), G(·; kr, λr)

to be fundamental solutions for elliptic partial differential operators Λa,Λc,Λr, respectively, we

can construct an augmented system of PDEs for state vector field (ρ, j) with alignment potentials

25



πρ[ρ], πj[j] and cohesion-repulsion potentials V[ρ] := (vc[ρ], vr[ρ])
⊤:



∂tρ+∇x · j = 0 in (t0, tf ]×D;

∂tj+∇x · [ρ−1jj⊤] = S[ρ, j] in (t0, tf ]×D;

Λaπρ[ρ](t, ·) = IDρ(t, ·) in R3;

Λaπj[j](t, ·) = IDj(t, ·) in R3;

Λcvc[ρ](t, ·) = IDρ(t, ·) in R3;

Λrvr[ρ](t, ·) = IDρ(t, ·) in R3;

S[ρ, j] := ρπj[j]− jπρ[ρ]− ρ∇x[1
⊤
2 V[ρ] + U ] + κpj(1− P (ρ−1||j||R3));

j⊤ν = 0 in [t0, tf ]× ∂D;

(ρ(t0, ·), j(t0, ·))⊤ = (ρ0, j0)
⊤ in D,

(2.10)

where 1n is the n-vector with ones as its entries. We pick the parametrized family of linear elliptic

operators with constant coefficients:

L−1
α = Λα =

1

4πkα
(λ2αI −∇2

x), (2.11)

with ka, kr > 0, kc < 0, λa, λr, λc ̸= 0. We present a very simple lemma which will aid us in

showing existence of weak solutions to this augmented system later on.
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Lemma 2.2.1. Consider the elliptic problem:

Λαw[ϕ] = IDϕ in R3

with kα, λα ̸= 0. If ϕ ∈ L∞(D;R), then w ∈ C1
b (D;R). If: ϕ ∈ C0,α(D;R), α ∈ (0, 1] then

ϕ ∈ C2,α(D;R).

Proof. (Sketch.) Notice the fundamental solution is the Yukawa potential:

G(||x− y||R3 ; kα, λα) = kα
e−λa||x−y||R3

||x− y||R3

= 4πkαe
−λa||x−y||R3GN(||x− y||R3)

where GN is the Newtonian potential. The Newtonian potential clearly is also an upper bound to

the Yukawa potential. A solution to the PDE above is:

w[ϕ](·) := (G(·; kα, λα) ∗ IDv)(·) =
∫
R3

G(· − y; kα, λα)ID(y)ϕ(y) dy. (2.12)

We can use the same approaches to obtain regularity for the Newtonian potential [53] on the

Yukawa potential and the results of Lemma 2.2.1 follow.

Remark 1. We can prove this Lemma via results on Bessel potential spaces and conclude w[v] ∈

C2,α(D;R) assuming v ∈ H2(D;R) and then using a Sobolev embedding to obtain Hölder

regularity. See Theorem 2.4.2 for details.

Hereafter, assume the potentials πρ, πj, vr, vc are computed via the given convolution inte-

gral representation (2.12) for each time t ∈ [t0, tf ].
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2.3 Existence and Weak-Strong Uniqueness

In this section, we describe weak solutions to (2.10). The solutions (ρ, j) are of type:

ρ ∈ C3([t0, tf ];H
2(D;R)) ∩ Lip([t0, tf ]× cl D;R), ρ > 0,

j ∈ Cw([t0, tf ];L
2(D;R3)) ∩ L∞((t0, tf )×D;R3)

(2.13)

which satisfy (2.10) in the following sense:

∫
D

ρ(t, ·)ϕ(t, ·) dx
∣∣∣tf
t0
=

∫ tf

t0

∫
D

ρ∂tϕ+ j⊤∇xϕ dx dt; (2.14)

∫
D

j⊤(t, ·)ψ(t, ·) dx
∣∣∣tf
t0
= ...∫ tf

t0

∫
D

j⊤∂tψ + ⟨ρ−1jj⊤,∇xψ⟩R3×3 + ψ⊤S[ρ, j] dx dt;

(2.15)

ρ(t0, ·) = ρ0, j(t0, ·) = j0 (2.16)

for arbitrary (ϕ, ψ) ∈ D([t0, tf ]×D;R× R3). Throughout, assume:

ρ0 ∈ H2(D;R) ∩ Lip(cl D;R), ρ0 > 0,

j0 ∈ Lip(cl D;R3),

and consider (ρ(t, ·), j(t, ·))⊤ to be extended by zero outside D if we must use them as functions

over the whole R3.
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2.3.1 Existence of “Wild” Weak Solutions

Theorem 2.3.1. Consider the problem (2.10). Suppose ρ0, j0, U , P are (as assumed earlier):

P ∈ C2
b (R;R), P ′(x) ≥ 0 s.t. Φp ∈ Lip(R3;R3), and U ∈ C2

b (D;R),

ρ0 ∈ H2(D;R) ∩ Lip(cl D;R), ρ0 > 0,

j0 ∈ Lip(cl D;R3).

Then, (2.10) admits infinitely many weak solutions of the type:

ρ ∈ C3([t0, tf ];H
2(D;R)) ∩ Lip([t0, tf ]× cl D;R), ρ > 0,

j ∈ Cw([t0, tf ];L
2(D;R3)) ∩ L∞((t0, tf )×D;R3).

(2.17)

Proof. To prove this result, we embed the problem into an abstract functional incompressible

Euler system [35, 43, 48] and apply results therefrom. First, define the binary operation (· ⊙ ·) :

R3 × R3 → S3
0, the zero-trace symmetric matrices:

v ⊙ w := vw⊤ − 1

3
v⊤wI3.

We seek to transform our problem into: Find

v ∈
(
Cw([t0, tf ];L

2(D;R3)) ∩ L∞((t0, tf )×D;R3)
)
=: X
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s.t. (for some h, r,M of a class soon-to-be-specified):

∂tv+∇x ·
[(v + h[v])⊙ (v + h[v])

r[v]
+M[v]

]
= 0 (2.18)

in the sense of D′([t0, tf ]×D;R3);

∇x · v(t, ·) = 0 (2.19)

(after an extension by zero to R3) in the sense of D′([t0, tf ]× R3;R3);

v⊤(t, ·)ν = 0 on ∂D ∀ t ∈ [t0, tf ]; (2.20)

v(t0, ·) = v0; (2.21)

subject to the constraint:

1

2

||v + h[v]||2R3

r[v]
(·) = e[v](·) a.e. in [t0, tf ]×D (2.22)

for some e whose class is likewise soon-to-be-specified. It is assumed for open set Q ⊆ (t0, tf )×

D s.t. l(Q) = l((t0, tf )×D) that:

h : X → Cb(Q;R3),

r : X → Cb(Q;R), r > 0,
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e : X → Cb(Q;R), e ≥ 0, and

M : X → Cb(Q;S3
0)

are Q-continuous, which is to say:

Definition 2.3.2. An operator

b : X → Cb(Q;V),

V a finite dimensional vector space, is Q-continuous, if b is s.t.:

1. b maps sets bounded in L∞((t0, tf )×D;R3) to sets bounded in Cb(Q;V);

2. For {wm}∞m=1, wm ∈ X , and wm → w ∈ X weakly in Cw([t0, tf ];L
2(D;R3)) and

weakly-* in L∞((t0, tf )×D;R3) implies

b[wm]→ b[w] uniformly in Cb(Q;V);

3. If v(t, ·) = w(t, ·) for t0 ≤ t ≤ τ ≤ tf , then:

b[v] = b[w] in
(
(0, τ ]×D

)
∩Q.

We introduce a set of subsolutions to the abstract system (2.18- 2.21), X0 ⊂ X, where for

F ∈ L∞((t0, tf )×D;S3
0),v ∈ X , h,F, r, e,M are Q-continuous and s.t for t0 < t < tf :

3

2
λmax

[(v + h[v])⊙ (v + h[v])

r[v]
+M[v]− F

]
(t, ·)− e[v](t, ·) < 0, (2.23)
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X0 :=
{
v : (2.20− 2.23) satisfied, ∂tv +∇x · F = 0 in D′([t0, tf ]×D;R3)

}
.

A pair (v,F) which satisfy these constraints is termed an admissible subsolution-flux pair.

Similarly to [30, 48], we have the following theorem:

Theorem 2.3.3. Suppose operators h, r, e, and M are Q-continuous and subject to the condi-

tions (2.23). Suppose that (r[v])−1 is Q-continuous. Further, suppose X0 is non-empty and

bounded in L∞((t0, tf )×D;R3). Then, the abstract problems (2.18- 2.22) admit infinitely many

weak solutions.

Proof. Define

e[v](t, ·) := σ(t)− 3

2
Σ[v](t, ·)

for some Q- continuous operator Σ, and some σ : [t0, tf ] → R to be determined s.t. e[v] ≥ 0,

and

η[v,F](t, ·) := 3

2
λmax

[(v + h[v])(v + h[v])⊤

r[v]
+M[v]− F

]
(t, ·).

To begin the proof, we present a lemma, given very similarly to Lemma 3.2 in [35]:

Lemma 2.3.4. Suppose {(vm,Fm)}∞m=1 are a sequence of admissible subsolution-flux pairs.

Then, ∃ a unique (v∗,F∗) s.t.

vm → v∗ in Cw([t0, tf ];L
2(D;R3)), and weakly-* in L∞((t0, tf )×D;R3);

Fm → F∗ weakly-* in L∞((t0, tf )×D;S3
0),

(2.24)

which is an admissible subsolution-flux pair to the abstract Euler problem up to the relaxation
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on t0 < t < tf :

3

2
λmax

[(v∗ + h[v∗])⊙ (v∗ + h[v∗])

r[v∗]
+M[v∗]− F∗

]
(t, ·)− e[v∗](t, ·) ≤ 0. (2.25)

Further, if for the functional I : L2([t0, tf ]×D;R3)× (0, (tf − t0)/2)→ R−
0 :

I[v](t) := inf
τ∈[t0+t,tf−t]

∫
D

1

2

||v + h[v]||2R3

r[v]
(τ, ·)− e[v](τ, ·) dx (2.26)

I[v∗](t) ≡ 0, then v∗ solves the abstract Euler system (2.18- 2.22).

Proof. (sketch) The claim follows with minor modification to the argument for Lemma 3.2. in

[35]. Simply replace the construction of the operator e[·] and the functional I[·] therein with the

ones defined here and the claim follows.

Next, we give the oscillatory lemma of [35, 48].

Lemma 2.3.5. (Oscillatory Lemma) Let v ∈ X0 and (v,F) be an admissible subsolution-flux

pair, and suppose t ∈ (t0, tf ). Then, ∃{wm}∞m=1 ⊂ D((t, tf )×D;R3), {Ψm}∞m=1 ⊂ D((t, tf )×

D;S3
0) s.t.

(v +wm,F+Ψm) are an admissible subsolution-flux pair

wm → 0 in Cw([t0, tf ];L
2(D;R3))

there exists C(E) > 0 s.t. e[v](t) ≤ E and

lim inf
m→∞

I[v +wm](t) ≥ I[v](t) + C(E)I2[v](t).
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Proof. Let X̃ := Cw([t0, tf ];L
2(D;R3)) ∩ C((t0, tf )×D;R3), and:

f ∈ Cb((t0, tf )×D;R); Γ ∈ Cb((t0, tf )×D;S3
0),

Ξ(Γ, f) :=
{
v ∈ X̃ : there exists Υ ∈ Cb((t0, tf )×D; S3

0) s.t. ...

∂tv +∇x ·Υ = 0 in D′([t0, tf ]×D;R3), ...

v⊤ν = 0 on ∂D ∀ t ∈ [t0, tf ], ...

∀τ > t0 inf
(t,x)∈(τ,tf )×D

f(t, x)− ϵ[v,Υ,Γ](t, x) > 0, ...

v(t0, ·) = v0

}
,

(2.27)

where ϵ : X̃ × Cb((t0, tf )×D;S3
0)× Cb((t0, tf )×D;S3

0)→ Cb(Q;R) is

ϵ[v,Υ,Γ] :=
3

2
λmax(

1

r[v]
vv⊤ + Γ−Υ). (2.28)

To continue the proof of the oscillatory lemma, we present a lemma similar to how it is

presented in [35], which was originally proven in [43]:

Lemma 2.3.6. Let A := (t1, t2)×D ⊆ Q be an open subset, and Γ, f of the classes previously

specified, f > 0 in (t0, tf ) × D. Suppose v ∈ Ξ(Γ, f) with flux Υ. Then, there exists Λ > 0
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depending only on f and sequences {wm}∞m=1 ⊂ D(A;R3), {Ψm}∞m=1 ⊂ D(A;S3
0) s.t.

v +wm ∈ Ξ(Γ, f) with flux Υ+Ψm

wm → 0 in Cw([t0, tf ];L
2(D;R3))

lim inf
m→∞

inf
t∈(t1,t2)

∫
D

1

2

1

r[v]
||v +wm||2R3 dx ≥ ...

inf
t∈(t1,t2)

[ ∫
D

1

2

1

r[v]
||v||2R3 dx+ Λ

(∫
D

f − 1

2

1

r[v]
||v||2R3 dx

)2]
(2.29)

The rest of the proof of Lemma 2.3.5 follows directly from the arguments given in [35].

Finally, we use the results on Baire categories first used by [39] and applied in [35,48], and

others:

Lemma 2.3.7. Let (X, d) be a complete metric space and suppose function I : X → R−
0 is a

Baire class-1 function. Suppose X0 ⊆ X is dense in X and non-empty, s.t. ∀β < 0∃α(β) > 0,

∀x ∈ X0 with:

I(x) < β < 0 ∃{xm}∞m=1 ∈ X0, xm → x in (X, d)

and

lim inf
m→∞

I(xm) ≥ I(x) + α(β)

then ∃S ⊆ X0 s.t. I(x) = 0 on S.

We now follow the rest of the result of [35] and the proof of Theorem 2.3.3 is concluded.

Now, it remains to construct the operators r,h, e,M as they pertain to our problem. Take
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Q := (t0, tf )×D. We take the Helmholtz decomposition for j:

j = v +∇xΦ[v]

similarly to the procedure of [63]. To satisfy the BCs on j as well as the continuity equation for

ρ, we take Φ[v] to solve the Neumann problem:

∇2
xΦ[v] = −∂tρ[v] in D

(∇⊤
xΦ[v])ν = 0 on ∂D.

(2.30)

Using the Helmholtz decomposition, we have expressed the momentum in such a way that we

can select ρ[v] as we need it. Select arbitrary

ρ ∈ C3([t0, tf ];H
2(D;R)) ∩ Lip([t0, tf ]× cl D;R), ρ > 0, ρ(t0, ·) = ρ0

s.t.
∫
D
ρ(t, ·) dx = 1. Now, rather obviously using the dominated convergence theorem on one

hand:

d

dt

∫
D

ρ(t, ·) dx =

∫
D

∂tρ(t, ·) dx,

and on the other hand we know
∫
D
ρ(t, ·)dx = 1. So, we conclude

∫
D

∂tρ(t, ·) dx = 0.

Since the R.H.S. of (2.30) and the associated boundary condition have the same integral over their

respective domains for each t ∈ [t0, tf ], the Neumann problem (2.30) has a unique H1(D;R)
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solution up to an additive constant for each t ∈ [t0, tf ] via Lax-Milgram [53]. It is sufficient to

select any one of these solutions. Additionally, we have that:

Φ[v](t, ·) ∈ H4(D;R) ⊂ C2,1/2(D;R)

using elliptic regularity and Sobolev embedding [46, 92]. ∇xΦ[v] is thus unique. From thrice

time-differentiability of ρ[v]:

Φ[v] ∈ C2([t0, tf ];C
2,1/2(D;R)).

The Helmholtz decomposition of j0 is then:

j0 = v0 +∇xΦ[v](t0, ·)

so we can obtain v0 from ρ0, j0. The assumption on ρ[v] guarantees that via the integral repre-

sentation outlined in Lemma 2.2.1, the repulsion and attraction potentials are s.t. (via a Sobolev

embedding):

vr[ρ[v]](t, ·), vc[ρ[v]](t, ·) ∈ C2,1/2(D;R) for each t ∈ [t0, tf ], (2.31)

so the gradients of these potentials exist in the classical sense. Note that also:

πρ[ρ[v]](t, ·) ∈ C2,1/2(D;R), πj[v +∇xΦ[v]] ∈ C2,1/2(D;R3) for each t ∈ [t0, tf ]
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via Lemma 2.2.1 by the assumptions on ρ[v](t, ·) and v ∈ X . We re-write the momentum

equation using the Helmholtz decomposition:

∂tv+∇x ·
[(v +∇xΦ[v])(v +∇xΦ[v])

⊤

ρ[v]
+ I∂tΦ[v]

]
= S[· · · ]

S[ρ[v],v +∇xΦ[v]] = ρ[v]πj

[
v +∇xΦ[v]

]
− ...

(v +∇xΦ[v])πρ[ρ[v]]− ρ[v]∇x[1
⊤
2 V[ρ[v]] + U ] + ...

κp(v +∇xΦ[v])(1− P (ρ−1[v]||v +∇xΦ[v]||R3)).

(2.32)

Let:

h[v] = ∇xΦ[v],

which is clearly Q-continuous (it is constant in v). From Theorem 2.3.3, we want v over Q to be

subject to the constraint:

1

2

||v + h[v]||2R3

ρ[v]
= e[v](t, ·) ≡ σ[v](t)− 3

2
Σ[v](t, ·) a.e. on Q.

Take Σ[v] = ∂tΦ[v], and assume σ(·) is continuous and bounded. We will specify σ further later

on. From the R.H.S., e[v] is clearly Q-continuous. We modify the momentum equation again

using this “kinetic energy” :

∂tv +∇x ·
[(v + h[v])⊙ (v + h[v])

ρ[v]

]
= S[· · · ]

S[ρ[v],v + h[v]] = ρ[v]πj

[
v + h[v]

]
− ...

(v + h[v])πρ[ρ[v]]− ρ[v]∇x[1
⊤
2 V[ρ[v]] + U ] + ...

κp(v + h[v])(1− P (
√
2ρ−1/2[v]e1/2[v])).

(2.33)
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Consider now the second-order elliptic homogeneous Dirichlet problem :

−∇x ·
[
∇xw[v] +∇⊤

xw[v]− 2

3
I tr ∇xw[v]

]
= S[ρ[v], j[v]] in D;

w[v] = 0 on ∂D

(2.34)

which is linear in w. Let

M[v] = ∇xw[v] +∇⊤
xw[v]− 2

3
Itr∇xw[v], (2.35)

which is trace-free symmetric. Define bilinear form B : H1
0 (D;R3)×H1

0 (D;R3)→ R:

B[χ, ϕ] :=
〈
∇xχ+∇⊤

x χ−
2

3
I tr ∇xχ,∇xϕ

〉
L2(D;R3×3)

.

Over matrices of form ξη⊤, ξ, η ∈ R3, we can show using the elementary symmetric polynomials

of the matrix characteristic polynomial:

⟨ξη⊤ + ηξ⊤ − 2

3
tr ξη⊤I, ξη⊤⟩R3×3 = 2||ξη⊤||2R3×3 − 2

3
[tr ξη⊤]2 =

4

3
||ξη⊤||2R3×3

since these matrices are rank-1. Hence, the (constant-coefficient) elliptic operator in the given

problem satisfies the Legendre-Hadamard condition, so by G
◦
arding’s theorem [7], the associated

bilinear form is coercive. Now, we apply the Lax-Milgram theorem to conclude that the problem:

B[χ, ϕ] =
(
S[ρ[v],v + h[v]], ϕ

)
H−1(D;R3),H1

0 (D;R3)

with S[ρ[v](t, ·), j[v](t, ·)] ∈ L2(D;R3) has a unique H1
0 (D;R3) solution χ for each t ∈ [t0, tf ].
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Now, we apply this result to w[v], and conclude that w[v] ∈ H1
0 (D;R3) exists and is unique.

By boundary regularity [7] of the constant-coefficient problem, w[v](t, ·) ∈ H2
0 (D;R3). w is

also a continuous linear map from Lp(D;R3) into W 2,p(D;R3). See Lemma 7.1., Corr. 7.2.

of [35] for details. Since S[ρ[v],v + h[v]] is also L∞((t0, tf ) × D;R3), we conclude w[v] ∈

L∞(t0, tf ;W
2,p(D;R3)) for p ∈ (1,∞). It can be verified that the operator S reformulated

as we have done using Φ, e preserves weak continuity in L2(D;R3) and weak∗ continuity in

L∞(D;R3) for each t ∈ [t0, tf ]. Since v ∈ Cw([t0, tf ];L
2(D;R3)), w ∈ Cw([t0, tf ];L

2(D;R3))

by continuity, so w is s.t. ∀ψ ∈ L2(D;R3):

∞ > ⟨w(t, ·)
∣∣∣tf
t0
, ψ⟩L2(D;R3) =

∫
D

∫ tf

t0

∂t(w
⊤(t, ·)ψ) dt dx = ...

∫ tf

t0

∫
D

∂tw
⊤(t, ·)ψ dx dt,

so ∂tw ∈ L2(t0, tf ;L
2(D̃;R3)). We have the embeddings [4]:

W 2,4(D;R3) ⊂⊂ C1
b (D;R3) ⊂ L2(D;R3).

By the Aubin-Lions-Simon theorem (Cor. 4 of [90]),

w[X] ⊂⊂ C([t0, tf ];C
1
b (D;R3)),

so M ∈ Cb(Q;S3
0) ∀v ∈ X . The last property for Q-continuity of this operator is easily verified.
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Hence, we finally have:

∂tv +∇x ·
[(v + h[v])⊙ (v + h[v])

ρ[v]
+M[v]

]
= 0. (2.36)

r[v] := ρ[v] is obviously Q-continuous, as is (r[v])−1, and, as we have noted, so are e, h, and

M. Let F ≡ 0, i.e. v(t, ·) = v0 a.e.. So, the set X0 is non-empty by our choices. We can select a

function σ ∈ Cb([t0, tf ];R) s.t.:

sup
(t,x)∈Q,t>τ

3

2

[
λmax

[(v + h[v])⊙ (v + h[v])

r[v]
+M[v]

]
+ ∂tΦ[v]

]
< σ[v](t) (2.37)

since the L.H.S. is bounded. Now, since we have selected σ, we employ the inequality similar to

the one given in Lemma 3.2 of [39]:

1

2

||v + h[v]||2R3

r
≤ 3

2
λmax

((v + h[v])(v + h[v])⊤

r
−U

)
if U ∈ S3

0

to conclude X0 is bounded in L∞((t0, tf ) ×D;R3). We invoke Theorem 2.3.3 and the claim of

Theorem 2.3.1 is proven.

2.3.2 Bounded-Energy Weak Solutions

We now consider a more specific variety of weak solution to this problem: the bounded-

energy weak solution. We construct a quantity which we show is bounded along solutions to

the the system (2.10). First, we show some formal computations to motivate construction of the
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energy inequality similarly to [30, 48]. Recall u = ρ−1j. We begin:

∂t[ρu
⊤u] = [∂t(ρu)]

⊤u+ (ρu)⊤∂tu.

Multiplying the momentum equation in (2.10) by u gives:

u⊤∂t(ρu) + u⊤∇x · [ρuu⊤] = ρu⊤πj[ρu]− ρu⊤uπρ[ρ]− ...

ρu⊤∇x[1
⊤
2 V[ρ] + U ] + κpρu

⊤u[1− P (||u||R3)].

Substituting using the relation for ∂t[ρu⊤u] yields:

∂t[ρu
⊤u]− (ρu)⊤∂tu+ u⊤∇x · [ρuu⊤] = ...

ρu⊤πj[ρu]− ρu⊤uπρ[ρ]− ρu⊤∇x[1
⊤
2 V[ρ] + U ] + κpρu

⊤u[1− P (||u||R3)].

From the continuity and momentum equations, with ρ > 0, formally:

∂tu+ (∇⊤
x u)u = πj[ρu]− uπρ[ρ]−∇x[1

⊤
2 V[ρ] + U ] + κpu(1− P (||u||R3)).

Substituting these terms into the previous computation and applying integration by parts formally,

we obtain:

1

2

d

dt

∫
D

ρu⊤u dx =

∫
D

ρu⊤πj[ρu]− ρu⊤uπρ[ρ] dx+ ...∫
D

−ρu⊤∇x[1
⊤
2 V[ρ] + U ] + κpρu

⊤u[1− P (||u||R3)] dx.
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Notice that formally:

∫
D

ρu⊤∇xvr[ρ] dx = −
∫
D

∇x · [ρu]vr[ρ] dx =
1

2

d

dt

∫
D

ρvr[ρ] dx

and similarly for vc. So, we now obtain the (strict) energy balance after re-expressing the equa-

tions in (ρ, j):

1

2

d

dt

∫
D

ρ−1j⊤j+ ρvr[ρ] + ρvc[ρ] dx = ...∫
D

j⊤πj[j]− ρ−1j⊤jπρ[ρ] + j⊤∇xU + κpρ
−1j⊤j[1− P (||ρ−1j||R3)] dx.

(2.38)

We have now constructed a suitable energy quantity to study. We now relax the strictness of what

we obtained to accommodate weak solutions to the system (2.10). Similarly to [30, 48, 49], we

say:

Definition 2.3.8. A pair (ρ, j) is a bounded-energy weak solution to (2.10) iff:

1. (ρ, j) are of type:

ρ ∈ C3([t0, tf ];H
2(D;R)) ∩ Lip([t0, tf ]× cl D;R), ρ > 0;

j ∈ X;

2. The solutions satisfy (2.14-2.16);
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3. The solution additionally satisfies the relaxed energy balance:

1

2

∫
D

ρ−1j⊤j(t, ·) + ρvr[ρ](t, ·) + ρvc[ρ](t, ·) dx
∣∣∣τ
t0
≤ ...∫ τ

t0

∫
D

j⊤πj[j]− ρ−1j⊤jπρ[ρ] dx dt+ ...∫ τ

t0

∫
D

j⊤∇xU + κpρ
−1j⊤j

(
1− P (||ρ−1j||R3)

)
dx dt

a.e. on [t0, tf ].

Theorem 2.3.9. Consider the problem (2.10) . Suppose ρ0, j0, U , P are (as assumed earlier):

P ∈ C2
b (R;R), P ′(x) ≥ 0 s.t. Φp ∈ Lip(R3;R3), and U ∈ C2

b (D;R),

ρ0 ∈ H2(D;R) ∩ Lip(cl D;R), ρ0 > 0,

j0 ∈ Lip(cl D;R3).

Then, (2.10) admits infinitely many bounded-energy weak solutions.

Proof. As in Theorem 2.3.1, we can select densities ρ to be as regular as we desire. So, as before,

select ρ ∈ C3([t0, tf ];H
2(D;R)) ∩ Lip([t0, tf ] × cl D;R). Then, construct potential Φ[v], and

we conclude that there are infinitely many fields v which satisfy the abstract Euler problem in the

weak sense. From the construction of the energy operator e[v], we know that a.e. on [t0, tf ]×D:

1

2

||j||2R3

ρ
(t, x) = e[v](t, x) ≡ σ[v](t)− 3

2
∂tΦ[v](t, x). (2.39)
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So, we know that:

1

2

d

dt

∫
D

ρ−1j⊤j+ ρvr[ρ] + ρvc[ρ] dx = ...

1

2

d

dt

∫
D

2(σ(t)− 3

2
∂tΦ[v]) + ρvr[ρ] + ρvc[ρ] dx.

Considering the R.H.S. of the strict energy balance (2.38), the last term can be bounded easily as:

κp

∫
D

ρ−1j⊤j
(
1− P (||ρ−1j||R3)

)
dx ≤ C(κp, P )

∫
D

ρ−1j⊤j dx = ...

2C(κp, P )

∫
D

(σ[v](t)− 3

2
∂tΦ[v]) dx,

as (1− P ) is uniformly bounded. For the second-to-last term, we note that there exist ρ̃, ρ̄ s.t.

0 < ρ̃ < ρ < ρ̄ <∞ everywhere in [t0, tf ]×D,

and so:

(ρ̄)−1/2||f ||L2(D;R3) ≤ ||ρ−1/2(t, ·)f ||L2(D;R3) ≤ (ρ̃)−1/2||f ||L2(D;R3)

for f ∈ L2(D;R3). ||ρ−1/2(t, ∗)(·)||L2(D;R3) additionally satisfies the properties of norms - it is

obviously non-negative, ||ρ1/2(t, ·)f ||L2(D;R3) = 0 iff f ≡L2(D;R3) 0, and satisfies:

||ρ−1/2(t, ·)(f + g)||L2(D;R3) ≤ ||ρ−1/2(t, ·)f ||L2(D;R3) + ||ρ−1/2(t, ·)g||L2(D;R3)

||Cρ−1/2(t, ·)f ||L2(D;R3) ≤ |C|||ρ−1/2(t, ·)f ||L2(D;R3).

So, ||ρ−1/2(t, ∗)(·)||L2(D;R3) is equivalent to the standard norm on L2(D;R3). Accordingly, using
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the Cauchy-Schwarz inequality, the equivalence we obtained, and Young’s inequality:

∫
D

j⊤∇xU dx ≤ C(U)||j||L2(D;R3) ≤ C(U)ρ̄1/2||ρ−1/2(t, ·)j(t, ·)||L2(D;R3) ≤ ...

1

2
C(U, ρ̄)2 +

1

2

∫
D

ρ−1j⊤j dx =
1

2
C(U, ρ̃)2 +

∫
D

(σ[v](t)− 3

2
∂tΦ[v]) dx.

On the alignment terms, we can apply the triangle inequality, Young’s convolution inequality, our

equivalence of norms, and the boundedness of πρ[ρ] to obtain:

∫
D

j⊤πj[j]− ρ−1j⊤jπρ[ρ] dx ≤ C(ka, λa, ρ̃, ρ̄)||ρ−1/2(t, ·)j(t, ·)||2L2(D;R3) = ...

2C(ka, λa, ρ̃, ρ̄)

∫
D

(σ[v](t)− 3

2
∂tΦ[v]) dx

so we arrive at:

1

2

d

dt

∫
D

2(σ[v](t)−3

2
∂tΦ[v]) + ρvr[ρ] + ρvc[ρ] dx ≤ ...

C1(κp, P, U, ρ̃, ρ̄, ka, λa)(1 +

∫
D

(σ[v](t)− 3

2
∂tΦ[v]) dx).

We move the potential terms to the R.H.S., which gives:

d

dt

∫
D

σ[v](t) dx = l(D)
d

dt
σ[v](t) ≤ ...

C1(· · · )
(
1 +

∫
D

σ[v](t) + |3
2
∂tΦ[v]| dx

)
+ ...∣∣∣1

2

d

dt

∫
D

ρvr[ρ] + ρvc[ρ]− 3∂tΦ[v] dx
∣∣∣ ≤ C2(D,C1(· · · ))(1 + σ[v](t))

by time-differentiability and spatial boundedness in D of the relevant functions. These spatial
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bounds depend only on the choice of ρ̃, ρ̄ which the relevant bounds on ρ. Thus, selection of σ

which does not increase ‘too quickly’ to satisfy a bound on the energy is feasible. It remains to

choose such a σ. We do so similarly to [30] Let σ0, b be positive, real constants sufficiently large

so that the differential inequality we obtained is satisfied by σ of form:

σ[v](t) = σ0 + exp(−b(t− t0)) >
3

2
||∂tΦ[v]||Cb([t0,tf ]×D;R),

so e[v](t) > 0, and that

1

2

d

dt

∫
D

ρ−1j⊤j+ ρvr[ρ] + ρvc[ρ] dx ≤ ...∫
D

j⊤πj[j]− ρ−1j⊤jπρ[ρ] + j⊤∇xU + κpρ
−1j⊤j[1− P (||ρ−1j||R3)] dx.

(2.40)

It remains to examine if the L.H.S. is discontinuous at t0. To conclude it is not, we use a slightly

modified version of Theorem 6.1 of [48] given as Lemma 6.2 in [35]. The proof is identical to

the one given in [48].

Theorem 2.3.10. Let M as defined in (2.35) satisfy the hypotheses of Theorem 2.3.3, and suppose

l({x ∈ D : (t, x) ∈ Q}) = l(D).

Then, ∃ a dense subsetR ⊂ (t0, tf ) s.t. ∀t ∈ R ∃ v ∈ X s.t.:

v ∈ C(((t0, t) ∪ (t, tf ))×D;R3) ∩ Cw([t0, tf ];L
2(D;R3));

v(t0, ·) = v0;
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∃F ∈ C(((t0, t) ∪ (t, tf ))×D; S3
0) s.t. (v,F)

is an admissible subsolution-flux pair;

(e[v]− η[v,F])(t, x) > 0 in ((t0, t) ∪ (t, tf ))×D;

1

2

||v + h[v]||2R3

ρ[v]
= e[v] a.e. in ((t0, t) ∪ (t, tf ))×D.

Thus, the claim of Theorem 2.3.9 follows with Q = (t0, tf )×D.

2.3.3 Weak-Strong Uniqueness

We have established that there are solutions which satisfy energy bounds. Now, we show

that if there exists a strong solution within the larger class of bounded-energy weak solutions, it

is unique.

Our approach is slightly different than the usual ones taken for weak-strong uniqueness [].

Generally, for compressible Euler systems similar to 2.10 with (infinitely many) distributional

solutions (ρ, j), we would show that any strong solution (r, i) would be unique in the class of

weak solutions, assuming it exists.

However, we are not even interested in the case where ρ is distributional - our definition of

weak solution in (2.13 - 2.16) is already restricted to only admit strong solutions for ρ. So, our

weak-strong uniqueness principle is only for j, reflected in our choice of relative energy.

Theorem 2.3.11. Consider the problem (2.10), and suppose ρ0, j0, U , P are (as assumed earlier):

P ∈ C2
b (R;R), P ′(x) ≥ 0 s.t. Φp ∈ Lip(R3;R3), and U ∈ C2

b (D;R),
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ρ0 ∈ H2(D;R) ∩ Lip(cl D;R), ρ0 > 0,

j0 ∈ Lip(cl D;R3).

Select a density of type:

ρ ∈ C3([t0, tf ];H
2(D;R)) ∩ Lip([t0, tf ]× cl D;R), ρ > 0, ρ(t0, ·) = ρ0,

and apply the results of Theorem 2.3.9 to obtain infinitely many bounded-energy weak solutions

(ρ, j). Then, assuming there exists a momentum field

(r, i) ∈ Lip([t0, tf ]× cl D;R× R3), (r, i)(t0, ·) = (ρ0, j0)

which is a strong solution to (2.10), every (ρ, j) corresponding to a bounded-energy weak solution

is s.t.

(ρ, j) = (r, i) a.e. in [t0, tf ]×D.

Proof. To prove this result, we define a relative energy quantity. Let u = ρ−1j, ũ := r−1i. Note

that ũ ∈ Lip([t0, tf ]× cl D;R3). Let

E :
(

Lip([t0, tf ]× cl D;R)×X
)
×
(

Lip([t0, tf ]× cl D;R× R3)
)
× [t0, tf ]→ R

be:

E[(ρ, j), (r, i)](t) :=
1

2

∫
D

ρ(t, ·)||u(t, ·)− ũ(t, ·)||2R3 dx+
1

2
||ρ(t, ·)− r(t, ·)||2L2(D;R).
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||ρ1/2(t, ·)f ||L2(D;R3) with f ∈ L2(D;R3) is in fact a norm - it is obviously non-negative, and it

is true that ||ρ1/2(t, ·)f ||L2(D;R3) = 0 iff f ≡L2(D;R3) 0, and satisfies:

||ρ1/2(t, ·)(f + g)||L2(D;R3) ≤ ||ρ1/2(t, ·)f ||L2(D;R3) + ||ρ1/2(t, ·)g||L2(D;R3)

||Cρ1/2(t, ·)f ||L2(D;R3) ≤ |C|||ρ1/2(t, ·)f ||L2(D;R3),

so it is a norm over L2(D;R3), and indeed, using the constants ρ̃, ρ̄ which we defined earlier in

the proof of Theorem 2.3.9:

(ρ̃)1/2||f ||L2(D;R3) ≤ ||ρ1/2(t, ·)f ||L2(D;R3) ≤ (ρ̄)1/2||f ||L2(D;R3),

hence it is equivalent to the standard norm over L2(D;R3). Now, as in [30], we need to determine

suitable remainder terms to construct estimates of E[· · · ](t)|τt0 , τ ∈ [t0, tf ]. To that end, first

assume that (r, i) are also a bounded-energy weak solution to the Euler alignment system, i.e.

they satisfy Definition 2.3.8 in addition to being a strong solution s.t.:

∂tr +∇x · i = 0 a.e. in [t0, tf ]×D.

We copy the energy inequality now expressed in (ρ,u) (suppressing arguments):

1

2

∫
D

ρu⊤u+ ρvr[ρ] + ρvc[ρ] dx
∣∣∣τ
t0
≤ ...∫ τ

t0

∫
D

ρu⊤πj[ρu]− ρu⊤uπρ[ρ] + ρu⊤∇xU dx dt+ ...∫ τ

t0

∫
D

κpρu
⊤u

(
1− P (||u||R3)

)
dx dt.
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We have:

1

2

∫
D

ρvr[ρ] dx
∣∣∣τ
t0
=

∫ τ

t0

∫
D

∂tρvr[ρ] dx dt = −
∫ τ

t0

∫
D

ρu⊤∇xvr[ρ] dx dt,

and similarly for the term containing vc, so the energy inequality becomes:

1

2

∫
D

ρu⊤u dx
∣∣∣τ
t0
≤

∫ τ

t0

∫
D

ρu⊤πj[ρu]− ρu⊤uπρ[ρ] + ρu⊤∇xU dx dt+ ...∫ τ

t0

∫
D

κpρu
⊤u

(
1− P (||u||R3)

)
dx dt+ ...∫ τ

t0

∫
D

ρu⊤∇xvr[ρ] dx dt+

∫ τ

t0

∫
D

ρu⊤∇xvc[ρ] dx dt.

These computations were rather formal, but can be justified rigorously by testing on one hand the

standard-mollified potentials vϵr := vr[ρ] ∗ η(·; ϵ) against the continuity equation and passing to

the limit ϵ → 0, and on the other hand applying the fundamental theorem of calculus and radial

symmetry of the convolution kernel.

To begin estimating E[· · · ](t)|τt0 , τ ∈ [t0, tf ], similarly to [48], first multiply the momentum

equation by ũ and integrate:

∫
D

ρu⊤ũ dx
∣∣∣τ
t0
=

∫ τ

t0

∫
D

ρu⊤∂tũ+ ⟨ρuu⊤,∇xũ⟩R3×3 dx dt− ...∫ τ

t0

∫
D

ρ∇⊤
x (vr[ρ] + vc[ρ] + U)ũ dx dt+ ...∫ τ

t0

∫
D

ρũ⊤πj[ρu]− ρu⊤ũπρ[ρ] dx dt+ ...∫ τ

t0

∫
D

κpρu
⊤ũ

(
1− P (||u||R3)

)
dx dt.
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Then, multiply the continuity equation by 1
2
ũ⊤ũ and integrate:

1

2

∫
D

ρũ⊤ũ dx
∣∣∣τ
t0
=

∫ τ

t0

∫
D

ρũ⊤∂tũ+ ρu⊤(∇⊤
x ũ)ũ dx dt.

Again, these computations were a bit formal, but we can justify them as before using a molli-

fication procedure on ũ, and 1
2
ũ⊤ũ. The evolution of the ρu⊤u term is provided by the energy

inequality. Then, combining these computations with the energy inequality, we obtain:

E[(ρ, j), (r, i)](t)
∣∣∣τ
t0
≤

∫ τ

t0

R[(ρ, j), (r, i)](t) dt

where R :
(

Lip([t0, tf ]×cl D;R)×X
)
×Lip([t0, tf ]×cl D;R×R3)× [t0, tf ]→ R is similarly

to [30, 48]:

R[(ρ, j), (r, i)](·) :=
∫
D

ρ[∂tũ+ (∇⊤
x ũ)u]

⊤(ũ− u) dx+ ...∫
D

ρ(u− ũ)⊤∇xvr[ρ] + ρ(u− ũ)⊤∇xvc[ρ] dx+ ...∫
D

(π⊤
j [ρu]− u⊤πρ[ρ])ρ(u− ũ) dx+ ...∫

D

ρ(u− ũ)⊤∇xU dx+ ...∫
D

κp(1− P (||u||R3)ρu⊤(u− ũ)) dx.
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We use the Lipschitz solution to write:

ρ[∂tũ+ (∇⊤
x ũ)u]

⊤(ũ− u) = ...

ρ(ũ− u)⊤(∇⊤
x ũ)(ũ− u) + ρ(∂tũ

⊤ + ũ⊤∇xũ)(ũ− u).

For the first term, since ũ ∈ Lip([t0, tf ] × cl D;R3), it follows we can select some constant s.t.

||ũ||Lip([t0,tf ]×cl D;R3) < v.

∫
D

ρ(u− ũ)⊤∇⊤
x ũ(u− ũ) dx ≤ 2v

∫
D

1

2
ρ||u− ũ||2R3 dx ≤ C(v)E[· · · ](t) dt.

For the second term, we insert:

∂tũ+ (∇⊤
x ũ)ũ = πj[rũ]− ũπρ[r]−∇x(vr[r] + vc[r] + U) + κpũ(1− P (||ũ||R3)).

The relative energy inequality becomes:

E[(ρ, j), (r, i)](t)
∣∣∣τ
t0
≤

∫ τ

t0

R̃[(ρ, j), (r, i)](t) + CE[(ρ, j), (r, i)](t) dt

with:

R̃[(ρ, j), (r, i)](·) :=
∫
D

ρ(u− ũ)⊤∇xvr[ρ− r] + ρ(u− ũ)⊤∇xvc[ρ− r] dx+ ...∫
D

(πj[ρu− rũ]− uπρ[ρ] + ũπρ[r])
⊤ρ(u− ũ) dx+ ...∫

D

κp[(1− P (||u||R3)u− (1− P (||ũ||R3)ũ)⊤ρ(u− ũ))] dx.
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The function Φp(v) = v(1 − P (||v||R3)) is globally Lipschitz. Denote the Lipschitz constant by

L(Φp). So, we obtain a bound on the final integral using this Lipschitz constant:

∫
D

κp[(1− P (||u||R3)u⊤ − (1− P (||ũ||R3)ũ⊤]ρ(u− ũ) dx ≤ ...

2κpL(Φp)

∫
D

1

2
ρ||u− ũ||2R3dx = C(κp, P )E[· · · ](t) dt.

Define B : L2(t0, tf ;L
2(cl D;R× R3))→ L2(t0, tf ;L

2(cl D;R3)) as:

B[ρ,u] := πj[ρu]− uπρ[ρ].

By construction of πj and via Fourier multipliers, for (ρ, j) which also satisfy the definition of a

bounded-energy weak solution in (2.14) - (2.16), and for u = ρ−1j:

πj[ρu] ≤
ka
λa
||ρu||L2(t0,tf ;L2(D;R3)) = C(ρ̄, ka, λa)||u||L2(t0,tf ;L2(D;R3))

and:

uπρ[ρ] ≤ C(ρ̄, ka, λa)||u||L2(t0,tf ;L2(D;R3)).

Let Y be the set of functions which satisfy Definition 2.3.8. B Since B is bilinear over

L2(t0, tf ;L
2(D;R×R3)) and bounded over Y ⊂ dom B ⊂ L2(t0, tf ;L

2(D;R×R3)), it is rather

trivial to show that in any ball B(0, ϵ) ⊂ Y , the functional B
∣∣∣
Y

(the restriction of B to Y ) is s.t.:

||B
∣∣∣
Y
[ρ− r,u− ũ]||L2(t0,tf ;L2(cl D;R3)) ≤ ...

L(ϵ; ρ̃, ρ̄, ka, λa)
(
||ρ− r||L2(t0,tf ;L2(cl D;R)) + ||u− ũ||L2(t0,tf ;L2(cl D;R3))

)
.
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Now, for the alignment terms:

∫
D

(πj[ρu− rũ]− uπρ[ρ] + ũπρ[r])
⊤ρ(u− ũ) dx = ...∫

D

B[ρ− r,u− ũ]⊤ρ(u− ũ) dx.

We can conclude using the previous result and the earlier equivalence of norms we showed earlier

that:

∫
D

(πj[ρu− rũ]−uπρ[ρ] + ũπρ[r])
⊤ρ(u− ũ) dx ≤ ...

L(ϵ; ρ̃, ρ̄, ka, λa)
(
||ρ− r||2L2(t0,tf ;L2(D;R)) + ||u− ũ||2L2(t0,tf ;L2(D;R3))

)
≤ ...

C(· · · )E[(ρ, j), (r, i)](t)

where ϵ := max{||(ρ,u)||L2(t0,tf ;L2(cl D;R×R3)), ||(r, ũ)||L2(t0,tf ;L2(cl D;R×R3))}. Finally, for the first

term, via Young’s convolution inequality and equivalence of norms:

∫
D

ρ(u− ũ)⊤∇xvr[ρ− r] dx ≤ ...

ρ̄||u− ũ||L2(D;R3)||∇xG(·, kr, λr)||L1(D;R3)||ρ− r||L2(D;R) ≤ ...

C(ρ̄, kr, λr)

2

(
||u− ũ||2L2(D;R3) + ||ρ− r||2L2(D;R)

)
≤ ...

C(ρ̃, ρ̄, kr, λr)E[(ρ, j), (r, i)](t).

We perform a virtually identical procedure on the terms containing ∇xvc[ρ − r]. We have suc-

cessfully bounded all terms of the remainder by the relative energy. Finally, we have arrived

at:

E[(ρ, j), (r, i)](t)
∣∣∣τ
t0
≤ C(· · · )

∫ τ

t0

E[(ρ, j), (r, i)](t) dt,
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with positive constant C independent of E. The relative energy is obviously non-negative and

initially zero. Since the inequality we have obtained holds for a.e. t ∈ [t0, tf ], by the Grönwall-

Bellman inequality, we conclude that E[· · · ](t) = 0 a.e. on [t0, tf ]. Since E is comprised of

norms, the claims of Theorem 2.3.11 follow. This completes the proof.

2.4 Generalizations and Corollaries

In this section, we present two extensions to our model. First, we give a model of a

swarm subject to an Euler alignment system which follows some controlled leader-agents whose

position-velocity dynamics satisfy controlled ODEs. This gives a sparsely controlled system. We

use our previous results to sketch a proof of existence of bounded-energy weak solutions and

weak-strong uniqueness for this new model. Then, we present some results where the Yukawa

potential of our original model has been replaced with Bessel potentials of fractional order s > 2,

and similarly use our previous results and Bessel potential spaces to sketch proofs for existence

of bounded-energy weak solutions and weak-strong uniqueness.

2.4.1 Sparse Control of the Density by Leaders

Consider ODEs for positions and velocities of leaders (ξi, υi) : [t0, tf ] → R3 × R3, i =

1, 2, ..., k: 
ξ̇i(t) = υi(t)

υ̇i(t) = F(ξi(t), υi(t), fi(t); ρ(t, ·))
(2.41)

where fi ∈ PWC([t0, tf ];R3) is a control for the i-th leader, and ρ ∈ C([t0, tf ] × D;R) a

probability density in space at each time t ∈ [t0, tf ].
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Suppose that (υ,F) leaves invariant the set (D̃ ⊂ D) × B(0, s), s > 0 sufficiently large,

with D̃ a nonempty, closed, connected, smooth subset, i.e.

υ⊤νξ + F⊤(ξ, υ, f(t), ρ(t, ·))νυ ≤ 0 on ∂(D̃ ×B(0, s)) ∀t ∈ [t0, tf ]

for f, ρ arbitrary. Then, if each (ξi(t0), υi(t0))
⊤ = (ξ0i , υ

0
i )

⊤ ∈ D̃ × B(0, s), there is a unique

classical solution to the ODEs bound to D̃ × B(0, s) for each i. Now, couple the given ODEs to

the Euler alignment system through the potential U :



∂tρ+∇x · j = 0 in (t0, tf ]×D

∂tj+∇x · [ρ−1jj⊤] = S[ρ, j] in (t0, tf ]×D

Λaπρ[ρ] = IDρ in R3

Λaπj[j] = IDj in R3

Λcvc[ρ] = IDρ in R3

Λrvr[ρ] = IDρ in R3

S[ρ, j] := ρπj[j]− jπρ[ρ]− ρ∇x[1
⊤
2 V[ρ] + U(·; {ξi(·)}ki=1)] + ...

κpj(1− P (ρ−1||j||R3))

j⊤ν = 0 on ∂D × [t0, tf ]

(ρ(t0, ·), j(t0, ·)) = (ρ0, j0) in D.

(2.42)

We have the following result:

Theorem 2.4.1. Consider the coupled ODE-PDE system (2.41, 2.42) and suppose thatU(·; {ξi}ki=1)
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is additionally smooth and bounded w.r.t. {ξi}ki=1, and that:

sup
x∈D,{ξi}∈Dk

||∇xU(x; {ξi}ki=1)||R3 < Ūg,

Ūg a positive constant. Then, taking the other hypotheses of Theorems 2.3.1, 2.3.9, 2.3.11, their

conclusions hold for this coupled ODE-PDE system.

Proof. (Sketch.) Let xi[v] = ξi(·). xi is constant w.r.t. v, and is obviously Q-continuous, as

is U(·; {xi[v]}ki=1). Now, construct using the new structure of U the operator M[·] using the

Dirichlet problem for the given elliptic system (5.37). The operator M is still Q-continuous.

So, the result of Theorem 2.3.1 follows. The proof of Theorem 2.3.9 need not be modified

significantly, nor does the proof of Theorem 2.3.11.

Another result of the flexibility we have in these methods w.r.t. constructing momentum

fields for densities of our choosing is the following result on reachability for the density:

Corollary 1. Under the assumptions of the previous result, there are for every r ∈ H2(D;R) ∩

Lip(cl D;R) s.t. r > 0 in D controls fi ∈ PWC([t0, tf ];R3) s.t. ρ(tf , ·) = r.

Proof. (Sketch.) Pick some controls fi. When we select the densities

ρ ∈ C3([t0, tf ];H
2(D;R)) ∩ Lip([t0, tf ]× cl D;R), ρ > 0, ρ(t0, ·) = ρ0

in Theorem 2.3.1, simply include the additional constraint ρ(tf , ·) = r. Then, perform the

Helmholtz decomposition on j, and apply the previous results.
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2.4.2 Bessel Potentials

We also have the following generalization to Bessel potentials:

Theorem 2.4.2. Suppose Λα is of form:

Λα =
1

kα
(I −∇2

x)
λα/2 ⇔ Lα = kα(I −∇2

x)
−λα/2

with λα ≥ 2. If the other assumptions of Theorems 2.3.1, 2.3.9, 2.3.11 hold, then their conclu-

sions hold for this choice of operator.

Proof. (Sketch.) The sketch of the proof describes how to modify the arguments of Theorems

2.3.1, 2.3.9, and 2.3.11 to suit the new choice of non-local terms.

For λα = 2, the non-local operator given above is the same type as the original choice, so

we focus on λα > 2. To start the arguments, as we’ve done before, pick arbitrary

ρ ∈ C3([t0, tf ];H
2(D;R)) ∩ Lip([t0, tf ]× cl D;R), ρ > 0, ρ(t0, ·) = ρ0.

Define the Bessel potential spaces [3] for s > 0, 1 < p <∞:

Bs,p(R3;R) := {f ∈ S ′(R3;R) : F−1
[
(1 + ξ⊤ξ)s/2F[f ]

]
∈ Lp(R3;R)}

with norm:

||f ||Bs,p(R3;R) := ||F−1
[
(1 + ξ⊤ξ)s/2F[f ]

]
||Lp(R3;R).

We have used F[f ] to be the Fourier transform of f , and F−1[f ] to be the inverse Fourier trans-
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form of f . See [46] to review their properties. These spaces Bs,p(R3;R) can be seen as inter-

polation spaces between the standard Sobolev spaces W ceil(s),p(R3;R) and W floor(s),p(R3;R) for

non-integer s, and if s is an integer, Bs,p(R3;R) coincides with a standard Sobolev space under

an equivalent norm [3, 32]. Consider this definition to extend in the usual way to vector fields.

For bounded, open, smooth sets D ⊂ R3, we define using restrictions [32]:

Bs,p(D;R) := {f ∈ S ′(D;R) : ∃ g ∈ Bs,p(R3;R) s.t. f = g
∣∣
D
},

with norm

||f ||Bs,p(D;R) := inf
g∈Bs,p(R3;R),g|D=f

||g||Bs,p(R3;R).

In particular, if v ∈ L∞(D;R),

LαIDv = kαGλα(·) ∗ IDv ∈ Bλα,p(D;R) for each 1 < p <∞,

where Gλα is the Bessel kernel [10]:

Gλα(x) :=
1

2
3+λα−2

2 π3/2Γ(λα

2
)
K 3−λα

2
(||x||R3)||x||

λα−3
2

R3

of order λα > 0, and Kν is the modified Bessel function of second kind. We have already

selected ρ, so consider j ∈ X , j(t0, ·) = j0, not necessarily a weak solution to (2.10) with the

new interactions. (ρ, j)⊤ is regular enough so that for λa, λc, λr there are embeddings (after first
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embedding into W floor(λα),p(· · · )):

πj[j](t, ·) ∈ Bλa,p(D;R3) ⊂ C1,a(D;R3) if j ∈ X, t ∈ (t0, tf )

and

πρ[ρ](t, ·), vr[ρ](t, ·), vc[ρ](t, ·) ∈ ...

Bmin{λa,λc,λr}+2,2(D;R2) ⊂ C2,1/2(D;R2), t ∈ (t0, tf )

for some 2 < p < ∞, 0 ≤ a < 1. Simply apply the arguments of Theorems 2.3.1, 2.3.9, 2.3.11

modified slightly for the new potentials and their conclusions follow.

2.5 Conclusion

In this work, we studied a (formal) hydrodynamic limit of a generalized Cucker-Smale

model. The novelties of these problems compared to [30], for example, are:

1. A bounded domain as opposed to the torus;

2. Singular alignment, repulsion, and cohesive potentials, in particular the Yukawa potential,

a type of Bessel potential;

3. Addition of a confinement potential;

4. Incorporation of leaders and sparse control; and

5. A generalization to Bessel potentials of arbitrary order.
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In particular, unique Lipschitz densities are admitted by the Euler alignment system, and solutions

with Lipschitz momenta are unique in the class of bounded-energy weak solutions. Assuming

Lipschitz solutions exist for arbitrarily long times, we may use these conclusions a priori in sys-

tem identification problems and sparse (optimal) control problems for biological and engineered

swarms, respectively.
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Chapter 3: Mean-field System Identification

This chapter is taken from the ArXiv preprint [96]. It was submitted as a manuscript to the

IEEE CDC 2023.

3.1 Introduction

In multi-agent (MA) systems, decisions depend critically on the interactions between agents

(both local and global), the information each agent has on the dynamics and actions of other

agents, and the topologies of various networks (or multigraphs) used to abstractly model the MA

system (collaboration, information, and communication network) [16]. Learning emerges natu-

rally when addressing inference problems in MA systems associated with learning the dynamics

of other agents [71, 74], learning the interactions or coordination laws [71–73], and learning to

collaborate in decision making, inference or attention [55].

A still-open problem in MA systems is how one can discover or characterize the interaction

(or coordination) schemes that govern agent dynamics from data [54, 70, 73, 74, 101]. This prob-

lem is especially interesting in discovering how animals interact in flocks, swarms, and herds.

Animals which move in these large collectives behave in emergent ways that are far more com-

plex and useful than any behaviors achieved thus far by robots. They are also able to perform

these maneuvers in very dense formations and within regions cluttered with obstacles. Beyond
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the interesting conclusions related to the basic science which one gains by discovering the inter-

action rules of such animals, one can also try to map these behaviors onto robots, especially when

structured models are used. There are even more challenging and important problems where such

inspiration and knowledge can be used, including social networks over the Internet, collaborating

human-machine MA systems, and defense mechanisms against aerial UAV swarm attacks [72].

There are generally two broad classes of model-based approaches used to solve this prob-

lem: microscopic agent models, which have dynamics given by (typically nonlinear) ordinary

or stochastic differential equations, and macroscopic models, which are described with partial

differential equations [23, 74, 83]. However, one of the main problems in studying natural flock-

ing lies in extracting information from data. Extracting useful and accurate trajectories of the

agents has been shown to be very difficult [13, 74]. On the other hand, extracting the empirical

distribution of the dynamics (or more precisely, functionals of the empirical distributions, such

as histograms) can be less prone to noise, as one extracts this information using operators which

exhibit averaging properties. Hence, we focus on the macroscopic approach. The macroscopic

models are generally understood as mean-field limits (which can be in either a rigorous or formal

sense) of microscopic model dynamics. The area of study which describes passage from micro-

scopic to mesoscopic and then macroscopic models is described in kinetic and hydrodynamic

theory, and is a thoroughly studied area of research in applied mathematics [31, 70].

3.1.1 Contribution.

Our objective in this work is to discover the interaction (or coordination) dynamics of a

large swarm of agents interacting within a workspace cluttered with obstacles, via observations
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of their density, i.e., their probability distribution in three spatial dimensions, plus time.

We generate 3D particle trajectories using a version of the Boids model [84]. Such models

have been used extensively to generate very realistic scenes and system trajectories and associ-

ated data. We bound the Boids to a cubical region of space with obstacles formed from cubes,

and subject them to specular reflections. From these trajectories, we extract the histograms of

the density and momentum profiles. We represent the initial mean-field distribution and momen-

tum profile as a deep neural network for the initialization of the PDE describing the mean-field

spatial probability distribution. The time-evolving spatial probability distribution estimates are

then used as continuous observations of the density of the swarm. To discover the interaction (or

coordination) laws, which we parametrize with a real vector, we pose a PDE-constrained opti-

mization problem to minimize the squared Hellinger distance between the Boid histogram and

the hydrodynamic mean-field distribution. We solve this problem numerically and approximately

using the Newton-conjugate gradient method. To the authors’ knowledge, this is the first instance

of a macroscopic MA system identification problem for flocking being solved in three spatial

dimensions in the presence of obstacles.

3.1.2 Related Work

In our previous work, we discussed the tradeoffs associated to particle and density-based

approaches to discovering swarm interaction laws [73], and explored this problem in two spatial

dimensions, plus time [74]. Accurate and efficient solvers for the hydrodynamic Cucker-Smale

model were developed which employed the Kurganov-Tadmor finite volume method to compute

the hyperbolic part of the PDEs, and spectral solvers which computed the nonlocal part. In [95],
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we rigorously studied the hydrodynamic model that will be adopted and modified slightly in this

work. We established existence and weak-strong uniqueness for this model in smooth regions.

Our work was influenced by [70], where the authors followed a similar approach modeling the

interactions with respect to a fractional differential system of equations . More recently, the same

problem is studied from the perspective of physics-informed neural networks [101].

3.1.3 Notation

Please refer to the section on notation in 2.1.5 for the notation used in this section.

Given a vector of N position-velocities (x,v) ∈ R6N , the neighborhood of a point xi ∈ R3

is:

N i(ϵ) := {xj : ||xi − xj||R3 ≤ ϵ}.

For some countable set S, |S| is the cardinality of that set.

3.2 Model Formulation

In this section, we describe the physical area where we assume agents are free to move,

the model we use to generate synthetic data, and the model which we use to perform system

identification.
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3.2.1 Workspace

We assume that all agents are contained in a bounded polyhedral region D ⊂ R3. We

assume that we have:

Dm := {x ∈ R3 : ||x− ξm||∞ ≤ Rm}, ξ1 = 0

and Dm ∩Dn = ∅, 2 ≤ m,n ≤M, R1 > Rm, 2 ≤ m ≤M ,
⋃M

m=2Dm ⊂ D1. Then, we define:

D := D1\
M⋃

m=2

Dm.

3.2.2 Boids

We generate flocking data according to a version of the Boids model [84]. Consider agent

position-velocity pairs

(x,v) : [0, T ]× Ω→ DN × R3N , (xi, vi) : [0, T ]× Ω→ D × R3,

subject to dynamics:

d

dt
xi(t) = vi(t);

d

dt
vi(t) =

5∑
j=1

Fi
j(x(t),v(t));

(xi0, v
i
0) ∼ P(0),

(3.1)
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where P(0) ∈ P(D ×R3), is a probability measure on D ×R3 a.c. w.r.t. the Lebesgue measure.

The forces are:

Fi
1(x,v) :=

1

|N i(1)|

|N i(1)|∑
k=1

(vk − vi);

Fi
2(x,v) :=

1

|N i(2)|

|N i(2)|∑
k=1

(xk − xi);

Fi
3(x,v) :=

1

|N i(1
2
)|

|N i( 1
2
)|∑

k=1

xi − xi
||xi − xk||2R3

;

Fi
4(x,v) := −(

1

16
||vi||2R3 − 1)vi;

Fi
5(x,v) := −4

M∑
k=1

Ir<1(d(x
i, ∂Dm))

d(xi, ∂Dm)

xi − ξk
||xi − ξk||R3

.

It is also assumed that each particle is subject to specular reflections:

lim
t∗+i,j ↓t∗i,j

vj(t∗+i,j ) = (I3 − 2n(xj(t∗i,j))n
⊤(xj(t∗i,j)))v

j(t∗i,j),

where t∗i,j ∈ (0, T ] is the time of the i-th collision of the j-th agent with the boundary ∂D.

3.2.3 Hydrodynamic Model

In the interest of saving space, we direct the reader to our previous work on the Euler

Alignment System for a description of the process one takes to obtain, at least in form, a hy-

drodynamic model with non-penetrative boundary conditions from a particle-based model with

specular reflections [95]. This is included in Chapter 2.
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3.3 Problem Formulation

In this section, we frame the optimization problems used for system identification. First,

let us clearly define some quantities. For two probability measures P,Q ∈ P(D) which are a.c.

w.r.t. the Lebesgue measure on D, the squared Hellinger distance is:

H2(P,Q) :=
1

2

∫
D

(
√
p(x)−

√
q(s))2dl(x),

where p, q are the densities (Radon-Nikodym derivatives) of P,Q w.r.t. the Lebesgue mea-

sure, respectively. Let vmax := max(t,i)∈[0,T ]×{1,...,N} ||vi(t)||∞, , and define a sequence of re-

gions: {Ωijk×Υlmn}Ni,j,k,l,m,n=1 which cover [−R1, R1]
3× [−vmax, vmax]

3 where Ωijk has volume

Ω := (2R1\N)3, and Υlmn has volume Υ := (2vmax\N)3. Now, we define the position-velocity

histogram over these cells as:

µN(t,Ωijk,Υlmn) :=
1

N

N∑
ν=1

I(x,v)∈Ωijk×Υlmn
(xν(t), vν(t)).

Via the histogram, we define a position-velocity density as:

mN(t, x, v) := ...

1

ΩΥ

N∑
i,j,k,l,m,n=1

I(ξ,υ)∈Ωijk×Υlmn
(x, v)µN(t,Ωijk,Υlmn),

associated to measure for A ∈ B([−R1, R1]
3 × [−vmax, vmax]

3):

MN(t, A) :=

∫
A

mN(t, x, v)dl(x, v).
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The position histogram is:

q(t, x) :=

∫
v∈R3

dMN(t, x, v)

and the associated measure is:

Q(t, A) :=

∫
A

q(t, x)dl(x),

with A ∈ B([−R1, R1]
3). For a solution to the PDE (2.10) at a particular time t ∈ [0, T ], define

a measure (assuming ρ(t, ·) is extended by 0 from D to D1):

P (t, A) :=

∫
A

ρ(t, x)dl(x) (3.2)

for A ∈ B([−R1, R1]
3).

3.3.1 Initial Conditions

For the initial conditions, we assume that they are of the form:

(ρ0, j0)
⊤ = (ρ0(·; θ), j0(·; θ))⊤

where θ ∈ Rd is a vector of neural network weights, i.e. the initial conditions are members of

a family of neural network-parametrized functions. The neural network structure selected is that

of [5] called the “Deep Galerkin Method” (DGM), which is similar to the LSTM structure [97].

The input is 3D, there are 2 DGM hidden layers with 50 DGM neurons each, and an output layer

with 4 outputs, 1 for the density, and 3 for the momentum. This results in d = 20350 weights. The
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hidden layer neurons were tanh neurons, and the outputs were a softplus neuron for the density,

and tanh neurons for the momentum. Let P0(·; θ) be the probability measure with ρ0(·, θ) as its

density. The learning problem we solve for the initial conditions is:

min
θ∈Rd

L1(θ) := H2(P0(·; θ), Q(0, ·)) + ||j0(·; θ)− ĵ0||2L2(D;R3)

s.t.
∫
D

dP0(x; θ) = 1, ρ0(·; θ) ≥ 0

(3.3)

where

ĵ0 :=

∫
v∈R3

vdMN(0, x, v).

This deep learning problem is solved in the typical way using the stochastic gradient method

ADAM [57]. We scheduled the learning rate inversely w.r.t. the iteration number. The DGM

network was structured so as to satisfy the constraints specified.

3.3.2 System Identification

In the model (2.10), there are d̂ = 10 parameters, which we denote by

θ := (ka, kc, kr, kp, ko, λa, λc, λr, λp, λo).

We pose the following PDE-constrained optimization problem:

min
θ∈Rd̂

L2(θ) :=
1

tf − t0

∫ tf

t0

H2(P (t, ·; θ), Q(t, ·))dt

s.t. (2.10), (3.2).

(3.4)

We solve this problem numerically using a Newton-conjugate gradient method as we did
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in [72].

3.4 Numerical Methods

3.4.1 Numerical Integration

All integrals in this work are approximated simply using Riemann sums. Take the dis-

cretization of D to be given by {Ωijk}Ni,j,k=1, with centroids {si,j,k}Nijk=1. In (2.10), notice the

sequence of elliptic problems. Via the fundamental solution, for example, the first problem is

solved as:

πρ[ρ](t, ·) =
∫
R3

G(·, s; ka, λa)ρ(t, s)ds,

which, due to the structure of G(·; ka, λa), is a singular convolution integral. With a slight abuse

of notation, denote:

G(x, s; ka, λa) = G(x− s; ka, λa).

In discretization, the convolution integral becomes the Riemann (convolution) sum:

πρ[ρ](t, ·) =
N∑

i,j,k=1

G̃(· − si,j,k; ka, λa)ρ(t, si,j,k)Ω

where (assuming λa ̸= 0):

G̃(x− s; ka, λa) = ...
3ka

1−exp(−λa
R1
2N

)(λa
R1
2N

+1)

λ2
a(

R1
2N

)2
if ||x− s||R3 < R1

2N
,

G(x− s; ka, λa) else .
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so as to deal with the singularity when x = s. The first branch is constructed by averaging the

value of G(·; ka, λa) over [−R1, R1]. To calculate the convolution sum efficiently, we take the

very typical FFT-based approach.

3.4.2 Numerical ODEs and Collision Event Handling

To simulate the ODE system (3.1), we employ the velocity-Verlet [70] method, commonly

used in particle dynamics. To deal with the collisions of agents with the boundary of the region

D, we employ a typical approach taken in gas particle dynamics and molecular dynamics. The

regions we deal with are cuboidal, so identifying if a particle has penetrated them in a timestep

is rather simple. Between timesteps, particles are assumed to travel along a ray. To correct a

boundary penetration, we trace this ray back to when it intersects the boundary of the region

D. Again, as D is constructed from cubes, this is rather trivial. The time when this occurs

is also calculated, and the particle is marched in time up to the collision. Then, the particle’s

velocity is reflected about the surface normal, easily determined as the boundaries of the region

D are entirely flat, and then the particle’s position is marched up to the next timestep. Thus, the

specular reflection condition specified is satisfied. Inter-agent collisions are not considered.

3.4.3 Numerical PDEs

In short, we employ a three-dimensional analogue of the second-order finite volume method

we describe in our work in [74]. The 3D version of this method can be obtained by simply

adding an extra index to the arrays described there. We do modify the fluxes in this model

slightly. This is the Kurganov-Tadmor [59] flux with the minmod flux-limiter modified with
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the positivity-preserving flux-limiter of [104]. The positivity preserving flux employed is the

classical Rusanov-Local Lax-Friedrichs flux. In addition, we employ adaptive time-stepping so

that the CFL number of the simulation is kept below .05. Time-marching is done via the strong

stability-preserving second-order Runge-Kutta method [59].

There is also a small difference in the “dissipation” term S[·] in this model. In our previous

work, we only applied an alignment term. In this work, we deal with several more terms in the

functional S[·]. The arrays which contain the discretizations of the terms of S[·] are simply added

together.

3.4.4 Choice of Parameters

For the workspace, we take 4 cubic obstacles, each of size R2 = ... = R5 = 1. For the

outer boundary, we let R1 = 5. The centers of the obstacles were the columns of:


2.5 2.5 −2.5 −2.5

2.5 −2.5 2.5 −2.5

−4 −4 −4 −4

 .

so each obstacle rests on the bottom of the arena. As stated earlier, timestepping is adap-

tive. The spatial mesh was taken to be 11 × 11 × 11. We simulated 2000 Boids. Their

initial positions were sampled from a Gaussian, and re-sampled if they lay outside D. Obvi-

ously, the resulting position distribution is not Gaussian. Then, the velocities were computed as

vi(0) = .25(⃗0,−x̂3, , x̂2)xi(0), where x̂k are the standard unit directions of R3 enumerated as

columns.
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3.5 Results

The initial condition of the distribution of the agents simulated with the Boids model are

represented with a deep neural network. The training error in the optimization process is depicted

in Fig. 3.1. In Fig. 3.2, the loss in our system identification problem is plotted against the

iteration index. The Newton-conjugate gradient method brought quickly the PDE-constrained

optimization problem we posed to a suboptimal solution. The Newton iterations terminated after

11 iterations. The final loss was L2(θ11) = 0.20008555429515784.

The approximately optimal mean-field distribution does not become nearly as spread as the

Boid distribution did. In the beginning, the squared Hellinger distance is very low, as we learned

a representation of the initial conditions directly from Boid data. Then, as evolution starts, the

squared Hellinger distance attains a peak, as in Fig. 3.3. This seems to be due to the spread of

the Boid flock as opposed to the mean-field. The most concentrated regions of the Boid flock and

the mean-field seem to coincide, as in Fig. 3.4. After this initial peak in divergence from each

other, the Boid distribution and the mean-field become much more similar as time progresses.

It is typical for the two flocks to appear as in Fig. 3.5, of course subject to some fluctuations

in distance as shown in the plot of the Hellinger distance in Fig. 3.3. The times corresponding

to Fig. 3.4 and Fig. 3.5 are highlighted with the blue and green dots, respectively, in Fig. 3.3.

As mentioned in the previous section, the spatial mesh was taken to be (11 × 11 × 11), which

was sufficient to recover the dynamics in sufficient detail - flocks with finer features or subflocks

obviously require finer grids to capture.
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Figure 3.1: Training loss L1 of the deep learning approximation problem (3.3) representing the
initial conditions of the distribution of the agents simulated with the Boids model.
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Figure 3.2: The loss functional in the PDE-constrained optimization problem (3.4). The initial
descent steps of the Newton method are quite steep, in accordance to our observations in our
previous work [73].
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Figure 3.3: The squared Hellinger distance between the Boid distribution and the mean-field
distribution at each simulation time. The mean-field distribution is interpolated linearly in time
to match those of the Boid simulation as it is timestepped according to its own stability criteria.
We have highlighted two points. In blue, we highlight the time (time instant t ≃ 2) at which
the boid and mean-field distributions are the most different. In green, we highlight a time (time
instant t ≃ 4) when they are more similar. We plot these distributions in Fig. 3.4 and Fig. 3.5,
respectively.
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Figure 3.4: (left) The Boid distribution at the time (time instant t ≃ 2) of maximal Hellinger
distance from the mean-field distribution. (right) The mean-field distribution at the same time.
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Figure 3.5: (left) The Boid distribution at a time (time instant t ≃ 4) of lower Hellinger distance
from the mean-field distribution. (right) The mean-field distribution at the same time.

3.6 Conclusion

In this work, we study the inverse problem of identifying complex flocking dynamics in

a domain cluttered with obstacles using PDE-constrained optimization methods. Our analysis

and simulated experiments show that the behavior of cohesive flocks can be recovered accurately

with approximate PDE solutions with a relatively coarse mesh in our finite volume method. In

addition to this result, we developed a simulator for Boids in a bounded region composed of a

cube with obstacles formed from cubes, and developed a solver for a variety of Euler alignment

system in the same regions. We performed the optimization in our PDE-constrained optimization

problem with a Newton-conjugate gradient method.

In current and near future work we aim to prove that the cost functionals we employed

in our learning are differentiable with respect to the parameters providing theoretical guarantees

for the convergence of our methods. We will be addressing the identification and learning prob-

lems of interaction (or coordination) laws in MA systems from observed data, albeit from local

observations (i.e. with only partial information of the swarm density), and also from a few col-
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laborating observers (sensors). In addition we are pursuing similar work for social networks over

the Internet and collaborating human-machine swarms.
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Chapter 4: A Robust Finite-Horizon Mean-field Game of Traffic Flow
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4.1 Introduction

Models of traffic flow were developed first in the 1950s with the LWR model [64, 85],

which is a non-linear hyperbolic PDE for the spatial vehicle density. Similarly to the canonical

Burgers’ equation of fluid dynamics, the LWR model exhibits shock waves. In the LWR model,

this corresponds to traffic jams.

Similar models are constructed from macroscopic conservation laws. While these methods

are convenient and capture many of the fundamental qualities of the traffic flow, starting and

ending with macroscopic models of traffic flow makes it rather difficult to map controls back to

the vehicles.

To solve this problem, we begin with microscopic agent dynamics. The specific model

chosen is that of a particle bound to a closed loop of single-lane ‘road’ subject to fluid drag, con-

trol, disturbance, and random excitations. A speed limit, actuation constraints, and disturbance

constraints are also imposed.

A robust stochastic differential game is formulated on these particle dynamics. The cost for

this game accounts for passenger comfort, and dissipation of congestion at the highest velocity

possible. In particular, the congestion term depends on the empirical measure of the N -driver

system. Some inspiration is taken from [34], but we have expanded the problem therein to include

noise and robustness, as well as higher-order dynamics.

We (formally as opposed to rigorously) pass to an infinite-driver limit of this problem, and

obtain a mean-field game. Via stochastic dynamic programming, the robust mean-field game

is solved by a forward Kolmogorov equation and a backward Hamilton-Jacobi-Bellman-Isaacs

equation. In fact, the forward Kolmogorov equation we obtain corresponds to a Boltzmann-
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Vlasov-like equation. Similar equations were developed for traffic flow modeling in the 1960s

[82]. For the rest of the chapter, we present numerical methods to solve this backward-forward

system of PDEs, and a numerical example.

4.2 Notation

In this chapter, we define T := R/200πZ, which is the standard circle stretched from

[−π, π) to [−100π, 100π). For the rest of the notation, see the definitions of common notations

in Section 1.3.1, 1.3.2.

4.2.1 Finite-size Game

Take a sequence of i.i.d. random variables {(xi,N0 , vi,N0 )}Ni=1, where (xi,N0 , vi,N0 ) : Ω → Y .

Consider a sequence of agents’ position-velocity pairs: {(xi,Nt , vi,Nt )}Ni=1 ⊂ Y , with:

(xi,N(·) , v
i,N
(·) ) : [0, T ]× Ω→ Y.

Suppose that these follow the Itô SDEs with reflection:

dxi,Nt = vi,Nt dt;

dvi,Nt = (ui,Nt + wi,N
t )dt+ ν(vi,Nt )dli,Nt +

√
2ϵ dW i,N

t ;

(xi,Nt , vi,Nt )
∣∣∣
t=0

(ω) = (xi,N0 , vi,N0 )(ω) ∈ Y ∀ ω ∈ Ω.

(4.1)
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Here, ϵ > 0 is the noise strength. W i,N
(·) is a standard scalar Wiener process [77], and we have

N independent copies of these. We assume that these are independent of the initial conditions

{(xi,N0 , vi,N0 )}Ni=1. Define:

F i,N(t) := σ((xi,N0 , vi,N0 ,W i,N
s )|s ≤ t).

ν(0) = 1, ν(smax) = −1, ν(v) = 0 otherwise on (0, smax), i.e. it is the inward pointing direction.

li,Nt ∈ L4
F i,N (Ω;C

0([0, T ];R))

is a surely non-decreasing process (see [67, 80, 91] for details) with li,Nt=0 = 0, and for each

t ∈ [0, T ]: ∫ t

0

I(0,smax)(v
i,N
τ )dli,Nτ = 0,

∫ t

0

|ν(vi,Nτ )|dli,Nτ <∞.

So, the process li,N(·) increases only when vi,N(·) is on the boundary of [0, smax], i.e. it increases

so that the speed limit and direction of travel are enforced on the vehicle dynamics. Define the

admissible control and disturbance sets as:

U := [−umax, umax],W := [−wmax, wmax].

ui,N ∈ U i,N := BoundedFi,N ([0, T ]×Ω;U) is the surely bounded acceleration or braking speci-

fied by the vehicle’s controller, and wi,N ∈ W i,N := BoundedFi,N ([0, T ]× Ω;W) is an external

disturbance, which is also surely bounded. Suppose 0 < wmax < umax <∞.

If we assume (abusing notation slightly) that we have feedback control and state-dependent
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disturbances:

ui,Nt = ui,N(t, xi,Nt , vi,Nt ), wi,N
t = wi,N(t, xi,Nt , vi,Nt )

and that (ui,N , wi,N) ∈ PWC([0, T ];Lip(Y ;U ×W)), there is a unique L4
F i,N (Ω;C

0([0, T ];Y ))

solution to the given SDEs called (xi,N(·) , v
i,N
(·) ) [67, 80].

We define the empirical measure of {(xj,Nt , vj,Nt )}Nj=1̸=i by µi,N
(·) : [0, T ]× Ω→ P(Y ) :

µi,N
t (Σ) :=

1

N − 1

N∑
j=1̸=i

δ(xj
t ,v

j
t )
(Σ) for Σ ∈ B(Y ),

where we have suppressed the dependence on ω ∈ Ω, and where δ(·) is the standard Dirac measure

on Y . Let xN
t = (x1t , ..., x

N
t )

⊤,vN
t = (v1t , ..., v

N
t )⊤, and denote the vectors which exclude the i-th

entries of these vectors by (x−i,N
t ,v−i,N

t ). Similarly, let u(t) := (u1(t), ..., uN(t)) and w(t) :=

(w1(t), ..., wN(t)), and let the exclusion of the i−th entries be u−i,N ,w−i,N . Note that actually:

µi,N
t = µi,N

t [u−i,N ,w−i,N ],

i.e. the empirical measure of the exogenous agents is a functional of their controls and distur-

bances. Suppose that the ‘optimal’ control taken by the ‘−i’ agents exists and is û−i,N , and that

the ‘worst-case’ disturbance for the ‘−i’ agents exists and is ŵ−i,N .

For each agent, we define the following optimal control problems:

inf
ui,N∈U i,N

sup
wi,N∈Wi,N

E
[
J i,N [ui,N , wi,N , û−i,N , ŵ−i,N ; (xi,Nt=0, v

i,N
t=0), t = 0, T ]

]
.

s.t. (4.1)

(4.2)
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So, the agent attempts to make the best decision while accounting for the worst disturbance it can

face, assuming that the other agents already make the best decisions they can subject to the worst

disturbances they face (see [17, 18] for similar formulation descriptions).

Here, the cost functional is:

J i,N [ui,N , wi,N , û−i,N , ŵ−i,N ; (xi,Nτ , vi,Nτ ), τ, T ] := ...∫ T

τ

Li,N(xi,Ns , vi,Ns , ui,Ns , wi,N
s , µi,N

s [û−i,N , ŵ−i,N ]) ds,

where

Li,N(xi,N , vi,N , ui,N , wi,N , µi,N) := ...

1

2
(ui,N)2 − 1

2γ2
(wi,N)2 + (

∫
Y

ϕ(xi,N , η1)dµ
i,N(η1, η2)−

1

β
)vi,N .

In this cost, the first term accounts for ride comfort, i.e. the vehicle is penalized for accelerating

too quickly. The second term rewards the controller for causing the disturber to apply its best

opposition. In the third term, the integral term causes the controller to slow down or speed up

vehicles where there is high congestion. The multiplication of β−1vi,N enforces a preference for

the vehicle to move as quickly as possible. So, there are a number of competing objectives the

controller attempts to balance.

We could apply dynamic programming to each agent’s optimal control problem, but this

would lead to a large system of coupled dynamic programming PDEs, and, assuming that the

solution to such a system exists, this would lead to a fully centralized optimal control [18, 52].

Instead, we use mean field games.
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4.2.2 Mean-field Game

Suppose N → ∞, so we have an infinite sequence of agents’ position-velocity pairs:

{(xit, vit)}∞i=1 ⊂ Y , with (xi(·), v
i
(·)) : [0, T ] × Ω → Y . From this sequence of agents, we exclude

one anonymous representative agent i, and drop its indexing. This agent is subject to the reflected

Itô SDEs:

dxt = vtdt;

dvt = (ut + wt)dt+ ν(vt)dlt +
√
2ϵ dWt;

(xt, vt)
∣∣∣
t=0

(ω) = (x0, v0)(ω) ∈ Y ∀ ω ∈ Ω.

(4.3)

Assume that

u ∈ U := BoundedF([0, T ]× Ω;U), w ∈ W := BoundedF([0, T ]× Ω;W),

where each of the quantities here are anonymized analogues of what appear in (4.1). Define:

F(t) := σ((x0, v0,Ws)|s ≤ t).

Again, assume x0, v0 are independent ofW(·). Similarly to before, assume (again abusing notation

slightly) that we have feedback control and state-dependent disturbances:

ut = u(t, xt, vt), wt = w(t, xt, vt).
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Assume that on ∂Y, u(t, ·) = w(t, ·) = 0. We do this so that when we later apply approximate

dynamic programming, time does not enter the boundary conditions of the PDE in the ADP

equations. If (u,w) ∈ PWC([0, T ];Lip(Y ;U ×W)), we have a L4
F(Ω;C

0([0, T ];Y )) solution

(x(·), v(·)) [67]. Suppose the optimal control taken by all of the exogenous ‘−i’ agents exists and

is u∗ : R+
0 ×Y → U and the worst-case disturbance they encounter exists and is w∗ : R+

0 ×Y →

W. We will specify for what problems these are optimal shortly in (4.7). These anonymized

exogenous agents each follow independent copies of:

dΞt = Υtdt;

dΥt = (u∗(t,Ξt,Υt) + w∗(t,Ξt,Υt))dt+ ν(Υt) dLt +
√
2ϵ dBt;

(Ξt,Υt)
∣∣∣
t=0

(ω) = (x0, v0)(ω) ∈ Y ∀ ω ∈ Ω,

(4.4)

where B(·) is another anonymized scalar Wiener process independent of W(·) and x0, v0. Define:

F∗(t) := σ((x0, v0, Bs)|s ≤ t).

If (u∗, w∗) ∈ PWC([0, T ];Lip(Y ;U ×W)), then (Ξ(·),Υ(·)) ∈ L4
F∗(Ω;C0([0, T ];Y )). For con-

venience, let y(·) := (Ξ(·),Υ(·)). Again, suppose that on ∂Y, u∗ = w∗ = 0.

We let m(t) ≡ m[u∗, w∗](t) be the distribution of yt (and therefore a functional of the

optimal control and worst-case disturbance), and assume that µi,N
t → m(t) weakly-* in P(Y )

for each i ∈ N1, t ∈ [0, T ]. Recall that y1 ≡T y1 + L. We can show that the density of m called
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ρ : [0, T ]× Y → R satisfies the forward Kolmogorov (FK) equation over [0, T ]× Y :

∂tρ(t, ·) + A(u∗, w∗)ρ(t, ·) = 0 in (0, T ]× int Y ;

ρ(0, ·) = ρ0 in int Y ;

ρ(t, y1, y2) = ρ(t, y1 + L, y2) in [0, T ]× Y ;

∂y2ρ(t, y1, 0) = ∂y2ρ(t, y1, smax) = 0 in [0, T ]× T,

(4.5)

where we have assumed that everywhere on ∂Y , u∗(t, ·) = w∗(t, ·) = 0, and:

A(u,w)f(·) := −ϵ∂2y2f(·) +∇y · [(y2, u(·) + w(·))⊤f(·)]. (4.6)

This evolution equation closely resembles a Boltzmann-Vlasov equation of gas dynamics subject

to diffusion and some accelerations u∗, w∗ [76]. The boundary conditions for this case would

usually be of Robin type:

n⊤((y2, u
∗(t, y) + w∗(t, y))⊤ρ(t, y)−

0 0

0 ϵ

∇xf(t, y)) = 0 on ∂Y,

where n is the outward pointing direction, but due to the assumption we made (and what we

see later in the solution of our optimal control problem) the first term involving the drift drops

out, leaving only the normal derivative, which, due to the structure of ∂Y , becomes the simple

homogeneous Neumann condition we expressed earlier.
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Define:

Λ(y1, y2, u, w,m) :=
1

2
u2 − 1

2γ2
w2 + (

∫
Y

ϕ(y1, η1)dm(η1, η2)− β−1)y2,

which is s.t. Li,N(y1, y2, u, w, µ
i,N
t ) → Λ(y1, y2, u, w,m(t)) for fixed y1, y2, u, w under the con-

vergence assumption for µi,N
(·) and m(·) we made earlier in this section. The mean-field game cost

accounts for the same features that the one for the finite-size game does.

We formulate the mean-field game:

inf
u∈U

sup
w∈W

E
[
J [u,w, u∗, w∗; (xt=0, vt=0), t = 0, T ]

]
,

s.t. (4.3)

(4.7)

where

J [u,w, u∗, w∗; (xτ , vτ ), τ, T ] :=

∫ T

t

Λ(xs, vs, us, ws,m[u∗, w∗](s))ds, (4.8)

As noted in the introduction, the constraint that v∗t ∈ [0, smax] for t ∈ [0, T ] is automatically

satisfied by an optimal state trajectory (x∗(·), v
∗
(·)) due to the structure of the dynamics (4.3).

Note that although this optimal control problem is formulated for a single agent, calling

this a game is correct for these reasons:

1. This is a min-max problem, which can be interpreted as a game between a player and the

environment;

2. The exogenous agents’ dynamics are included through the mean field measure m(·) ≡
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m[u∗, w∗](·), which is the probability distribution of the agents who are observing the opti-

mal control and worst environmental disturbance. So, the representative is playing against

the mean-field;

3. The representative is itself anonymous, so the same problem can be posed for any agent

indexed by i ∈ N1. We have dropped the indexing since it does not actually matter.

In particular, the assumption that the representative agent is playing against the best decisions

taken by the rest of the players (here, the other players are the other vehicles and the environment)

is a standard assumption of game theory. See [17, 18, 21] for details. We now give the dynamic

programming system which solves the mean-field game if a suitable solution exists.

One should also note that as a part of dynamic programming for the mean-field game, we

realize that the distribution of the representative agent (x(·), v(·)) when subject to the optimal

control is the same as the mean-field distribution m(·) [21]. So, we refer to either one inter-

changeably.

Let DV
T := [0, T )× Y . Define the pre-Hamiltonian:

H(y1, y2, u, w,m, p) := Λ(y1, y2, u, w,m) + p⊤g(y1, y2, u, w),

where g(y1, y2, u, w) := (y2, u+ w)⊤.

Proposition 3. The value function and optimal density (V , ρ), ρ the density of m, corresponding
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to the solution of the given robust mean-field game (4.7) satisfy the system of PDEs:

∂tV +H(· · · ,m,∇yV) + ϵ∂2y2V = 0 in DV
T ;

H(y1, y2,m, p) := min
u∈U

max
w∈W

H(y1, y2, u, w,m, p);

∂tρ+∇y ·
[
(y2, u

∗ + w∗)⊤ρ
]
= ϵ∂2y2ρ in Dρ

T ;

w∗ = argmax
w∈W

H(y1, y2, u∗, w,m,∇ξ,υV);

u∗ = argmin
u∈U
H(y1, y2, u, w∗,m,∇ξ,υV);

V(t, y1, y2) = V(t, y1 + 200π, y2) in [0, T ]× Y ;

∂y2V(t, y1, 0) = ∂y2V(t, y1, smax) = 0 in [0, T ]× T;

ρ(t, y1, y2) = ρ(t, y1 + 200π, y2) in [0, T ]× Y ;

∂y2ρ(t, y1, 0) = ∂y2ρ(t, y1, smax) = 0 in [0, T ]× T;

V(T, ·) = 0 and ρ(0, ·) = ρ0 in Y,

(4.9)

assuming a solution exists and is regular-enough. Note that we have replaced the inf sup with a

minmax.

Proof. (sketch) As we have employed a time-consistent formulation [21] of the mean-field game

(4.9), we apply the standard procedure of stochastic dynamic programming (with a slightly dif-

ferent version of Itô’s lemma [100]) to obtain (in addition to (4.5)) the Hamilton-Jacobi-Bellman-

Isaacs (HJB-I) equation:

∂tV +H(·,m,∇yV) + ϵ∂2y2V = 0 in DV
T ; (4.10)
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H(y1, y2,m, p) :=min
u∈U

max
w∈W

H(y1, y2, u, w,m, p), (4.11)

subject to the given boundary conditions in (4.9). See [100] for justification of the Neumann

conditions in the y2 co-ordinate.

The optimal control and worst-case disturbance are the cutoff ramp functions:

u∗(p2) :=



umax if p2 < −umax

−p2 if − umax ≤ p2 ≤ −umin

umin if − umin < p2

w∗(p2) :=



−wmax if γ2p2 < −wmax

γ2p2 if − wmax ≤ γ2p2 ≤ wmax

wmax if wmax < γ2p2.

These can be found by realizing that if the unconstrained (global) optimizers are feasible, then

they also solve the constrained (local) problems we have here. If the unconstrained optimizers are

not feasible, then the constrained optimizers lie on the boundary of the respective feasible sets.

As these are two points for both the minimization and maximization, one can simply check the

values of the objective at these points, and then construct the optimizers in terms of the co-state

in the case-by-case manner we have given here.

There are results on existence and uniqueness for the mean-field game system in the deter-

ministic state-constrained and periodic cases separately [27], and in the stochastic state-constrained

non-degenerate case [21]. To the knowledge of the authors, there are no results for the (robust)
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mean-field game system with mixed boundary conditions and degenerate diffusion. For now, we

proceed assuming a suitable solution exists, and intend to explore this problem further.

4.3 Numerical Solution of the HJB-I-FK System

Algorithm 1 Backward-Forward Iteration
Input: ρ0,VT , niters

Output: V̂∗, ρ̂∗, converged
for θ = 1, NT do

ρ̂−1(tθ, ·)← ρ0
end for
V̂0 ← solveHJB-I(ρ̂−1,VT )
ρ̂0 ← solveFK(V̂0, ρ0)
D ← 0
for n = 1, niters do
V̂n ← solveHJB-I(ρ̂n−1,VT )
ρ̂n ← solveFK(V̂n, ρ0)
δ2n ← computeDelta2(V̂n, ρ̂n, V̂n−1, ρ̂n−1)
if D + δ2n = D (up to double precision) then

return V̂∗ ← V̂n, ρ̂∗ ← ρ̂n, converged← True
else

D ← D + δ2n
end if

end for
return V̂∗ ← V̂niters , ρ̂∗ ← ρ̂niters , converged← False

Define a grid of points {(yi1, yj2)}Nx,Nx

i,j=1 , where

yi+1
1 − yi1 = h, yj+1

2 − yj2 = k,

y11 = −100π, yNx
1 = 100π − h,

y12 = k/2, yNx
2 = smax − k/2

(4.12)

Define sequence of cells of area hk centered on (yi1, y
j
2) called {Ii,j}Nx,Nx

i,j=1 . Before we

proceed, let us also define the following difference operators for a function fi,j := f(yi1, y
j
2)
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defined on the given grid of points:

(D+
1 f)i,j :=

fi+1,j − fi,j
h

, (D+
2 f)i,j :=

fi,j+1 − fi,j
k

which is the upwind difference operator, and similarly:

(D−
1 f)i,j :=

fi,j − fi−1,j

h
, (D−

2 f)i,j :=
fi,j − fi,j−1

k

which is the downwind operator. We also define:

(D2
2f)i,j :=

(D+
2 f)i,j − (D−

2 f)i,j
k

(4.13)

which is the centered second-order difference operator. Let the approximate value function be

V̂i,j(t) := V̂(t, yi1, yj2), and the approximate density be ρ̂i,j(t) = ρ̂(t, yi1, y
j
2). We first discretize

space to obtain a semi-discrete system, and then briefly describe the time-discretization and fixed-

point procedure to solve the backward-forward PDE system.

4.3.1 Finite Difference Approximation of HJB-I

To approximate the solution of the HJB-I equation, we must discretize the Hamiltonian H

in a way that is consistent with its continuous properties. Let H be the numerical Hamiltonian.

The choice of H should satisfy the monotonicity, consistency, and regularity assumptions as

in [2, 78]. The first-order upwind Hamiltonian satisfies the desired properties [1, 24], and is

used in a similar problem to our own [34]. Suppose m̂(·) has density ρ̂. The upwind numerical
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Hamiltonian is:

Hi,j(t) := H(yi1, y
j
2, m̂(t), (D+

1 V̂ , D+
2 V̂)i,j(t)).

Combining this with the second-order difference formula, we obtain the semi-discrete scheme

for the HJB-I equation:

d

dt
V̂i,j(t) = −Hi,j(t)− ϵ(D2

2V̂)i,j(t) (4.14)

subject to the terminal condition V̂i,j(T ) = 0. The periodic and homogeneous Neumann con-

ditions are implemented in the usual way using ghost nodes [2, 62]. This is solved backward in

time.

4.3.2 Finite Volume Approximation of FK

As with the HJB-I equation, there are many ways to discretize the forward Kolmogorov

equation. We desire a method which preserves monotonicity and non-negativity of the discretized

probability density. The second requirement we consider to be particularly important. We employ

the first-order Rusanov method on the hyperbolic part, which satisfies the desired properties

[103]. On the parabolic part, we use (4.13). We integrate the forward Kolmogorov equation over

Ii,j:

∫
Ii,j

∂tρ dy =

∫
Ii,j

−∇y · [(y2, u∗ + w∗)ρ] + ϵ∂2vρ dy. (4.15)
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Now, we will approximate the function ρ by ρ̂ which is assumed to be piecewise constant in each

Ii,j . The equation now becomes:

d

dt
ρ̂i,j(t) = −

1

h
[g1i+1/2,j(ρ̂(t))− g1i−1/2,j(ρ̂(t))]− ...

1

k
[g2i,j+1/2(ρ̂(t))− g2i,j−1/2(ρ̂(t))] + ϵ(D2

2ρ̂(t))i,j.

(4.16)

subject to the initial condition: ρ̂i,j(0) = ρ0(y
i
1, y

j
2). This is solved forward in time. The Rusanov

(local Lax-Friedrichs) fluxes [62] are:

g1i±1/2,j(ρ̂) :=
1

2
(yj2ρ̂i,j + yj2ρ̂i±1,j − |yj2|(D±

1 (ρ))i,j)

g2i,j±1/2(ρ̂) :=
1

2
(ψi,j ρ̂i,j + ψi,j±1ρ̂i,j±1 −max

±
{|ψi,j±1|}(D±

1 (ρ̂))i,j),

where

ψi,j = ψ(yi1, y
j
2, u

∗
i,j, w

∗
i,j) := u∗i,j + w∗

i,j.

We have the following result:

Proposition 4. Consider the grid of points previously defined {(yi1, yj2)}Nx,Nx

i,j=1 , and append the

ghost points {y01, yj2)}Nx
j=1, {(yNx+1

1 , yj2)}Nx
j=1, {(yi1, y02)}Nx

i=1, {(yi1, yN+1
2 )}Nx

i=1 to the grid, where

y01 = −100π − h, yNx+1
1 = 100π, y02 = −k/2, yNx+1

2 = smax + k/2. If ρ̂ is extended to the ghost

nodes in i as:

ρ̂0,j(t) = ρ̂Nx,j(t), ρ̂Nx+1,j(t) = ρ̂1,j(t),

which is the extension corresponding to the assumption: ρ̂i+Nx,j(t) = ρ̂i,j(t), and extended to the
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ghost nodes in j as:

ρ̂i,0(t) = ρ̂i,1(t), ρ̂i,Nx+1(t) = ρ̂i,Nx(t),

which correspond to even extensions about y1/22 = 0, and yNx+1/2
2 = smax, and if:

ψi,0 = −ψi,1, ψi,Nx+1 = −ψi,Nx ,

then, the total discrete mass is conserved:

d

dt

Nx,Nx∑
i,j=1

ρ̂i,j(t)hk = 0.

Proof. The Rusanov flux is well-known to be conservative [62]. Applying the given sum to the

RHS of (4.16) yields:

d

dt

Nx,Nx∑
i,j=1

ρ̂i,j(t) =
Nx∑
j=1

−1

h
[g11/2,j + g1Nx+1/2,j] + ...

Nx∑
i=1

−1

k
[g2i,1/2 + g2i,Nx+1/2] + ...

1

k

[ ρ̂i,0 − ρ̂i,1
k

− ρ̂i,Nx+1 − ρ̂i,Nx

k

]
.

Immediately, from the selection of the values of ρ̂ on the ghost nodes, the last term drops out, and

if we inspect the structure of g1(·),j , we see clearly that the terms containing it also drop out from

the selection of the ghost values of ρ̂. With respect to the terms containing g2i,(·), we inspect its

definition and conclude that the final term drops out for both of the grid points due to the ghost
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values of ρ̂. So, we are left with:

d

dt

Nx,Nx∑
i,j=1

ρ̂i,j(t) =
Nx∑
i=1

(
− 1

k
[g2i,1/2 + g2i,Nx+1/2]

)
=

Nx∑
i=1

− 1

2k
[(ψi,0ρ̂i,0 + ψi,1ρ̂i,1) + ...

(ψi,Nx ρ̂i,Nx + ψi,Nx+1ρ̂i,Nx+1)]

=
Nx∑
i=1

− 1

2k
[(−ψi,1ρ̂i,1 + ψi,1ρ̂i,1) + ...

(ψi,Nx ρ̂i,Nx − ψi,Nx ρ̂i,Nx)] = 0.

Thus, the claim is proven.

4.3.3 Iterative Solution of Backward-Forward System

In addition to the spatial grid, define a sequence of time points {tθ}NT
θ=1, taken such that

tθ+1 − tθ = τ . We time-discretize the semi-discrete systems we obtained using the stability

preserving second-order Runge-Kutta method [88]. The fixed temporal spacing was taken to be:

τ << .01(hsmax + k(max{|umin|, umax}+ wmax))

so as to satisfy the CFL condition [62] robustly on both the HJB-I and FK equations, albeit at the

cost of some efficiency. Similarly to [34], we define:

δ2n :=

NT∑
θ=1

Nx,Nx∑
i,j=1

||(V̂ , ρ̂)ni,j(tθ)− (V̂ , ρ̂)n−1
i,j (tθ)||22 hkτ, (4.17)
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Figure 4.1: The values of log10(δ2n) for the given numerical example. The larger orange point
denotes the iteration at which the summed error ceases to change, up to double precision. For
reference, we continue the iteration up to thirty backward-forward iterations.

where (V̂ , ρ̂)n is the solution of the discretized PDE system after the n−th backward-forward

iteration described in Algorithm 1., which is subject to the following convergence criterion [34]:

Theorem 4.3.1. If
∞∑
n=1

δ2n <∞,

then there is a pair (V̂ , ρ̂)∗ s.t. (V̂ , ρ̂)n → (V̂ , ρ̂)∗.

Proof. The proof follows using the triangle inequality and invoking the completeness of finite

dimensional real vector spaces.
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4.3.4 Model Parameters

umax, umin are based on parameters for high-performance electric vehicles available in the

US. wmax, ϵ were taken numerically to be twenty percent and half a percent, respectively, of

|umin| > umax. ϵ = .05m2s−1, umax = 8 m s−2, umin = −10 m s−2, wmax = 2 m s−2, smax =

30 m s−1. γ = .25 and is unitless. We took β = 2 s3 m−1, and T = 30 s.

The congestion kernel ϕ is taken to be:

ϕ(ξ, σ) :=
1

100
sin(

ξ − σ
100

) m s−3,

and the initial position-velocity probability density:

ρ0(ξ, υ) :=
1

C
ecos((ξ−100π)/100)I 1

5
|υ−20|<1(υ)e

1
1
5 |υ−20|2−1

where C is a normalizing constant. The initial density can be seen to be a product of a von Mises

distribution and bump function. As noted previously, V(T, ·) = 0. For the numerical example we

solve, the convergence of the backward-forward iterative method is displayed in Fig. 1.

4.3.5 Simulation Parameters

We take Nx = 100 for a 100x100 grid staggered as described in y2 and unstaggered in y1.

The time-spacing was taken to be τ = .001 s, the spatial increment was h := 200π/Nx m, and the

velocity increment was k := smax/Nx m s−1. The simulation was performed using a parallelized

Fortran program called from Python.
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4.4 Results

We have approximated the density and associated value function of the agents as they

follow the optimal control and worst-case disturbance. To interpret the results, we will motivate

them by partially passing to an hydrodynamic limit of the kinetic equation. Define the spatial

marginal probability density κ : [0, T ]×T→ R+, and the momentum density j : [0, T ]×T→ R:

κ(t, ·) :=
∫
R
ρ(t, ·) dy2,

j(t, ·) :=
∫
R
y2ρ(t, ·) dy2 =: κ(t, ·)v(t, ·),

assuming that ρ(t, ·) is extended by 0 for y2 /∈ [0, smax]. Integrating the forward Kolmogorov

equation over y2 ∈ R, we obtain:

∂tκ+ ∂y1(κv) = 0 in (0, T ]× T

subject to κ(t, y1) = κ(t, y1 + 200π), and initial conditions obtained by integrating ρ0. j appears

as the first moment of the velocity from the forward Kolmogorov equation. We compute approx-

imate bulk velocity v̂(t, ·) numerically (as a Riemann sum) from ρ̂(t, ·), and plot it in Fig. 2

(bottom). We also plot the spatial marginal probability density κ̂ in Fig. 2 (top) also computed as

a Riemann sum. v̂ is evolved in time so that the vehicles slow down before the congested region.

This allows the vehicles sufficiently ahead of the congested region to speed up and spread into the

rarefied regions of the road. As this process continues, the bulk velocity becomes more regular.

Although the vehicles display a strong tendency to speed up, the drag and disturbances they are
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Figure 4.2: (top) The spatial marginal probability distribution of the traffic. (bottom) The bulk
velocity of the traffic flow. As the optimal control is applied, the congestion is dissipated. A
slowdown region is created as the traffic approaches the congested region to rapidly dissipate
congestion. Then, the slowdown region is itself dissipated.
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subject to prevents the bulk velocity from exactly matching the speed limit.

The smoothing of the bulk velocity is desirable as it indicates that there is not excessive

acceleration nor braking. This translates to fuel efficient and comfortable travel.

The downside to this process is that it is performed as a fixed point procedure, meaning

that the dynamic programming equations are solved repeatedly until they cease changing up to

numerical precision. This makes online implementation problematic. Thus, an adaptive control

method based on the dynamic programming equations is desirable, and we are working on such

approaches.

4.5 Conclusion

We have developed and solved numerically a robust mean-field game on traffic flow. There

are a number of avenues originating from this idea to explore. First, we intend to explore the

N -player game and show that the optimal control obtained herein is ϵ(N)-optimal for the finite

size game, with ϵ(N) monotonically decreasing with the number of players.

There is also the ergodic problem for this mean-field game. Apart from the mathematical

aspects, the ergodic problem lends itself well to adaptive approximate dynamic programming.

Then, one could obtain a congestion-dissipating adaptive control for the forward Kolmogorov

equation online.
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Chapter 5: Mean-field Approximate Dynamic Programming for Traffic

This chapter is largely taken from the ArXiv manuscript [94]. A version of this manuscript

was submitted to the journal ESAIM: Control and Calculus of Variations.

5.1 Introduction

Highway vehicular traffic control is an inherently multi-agent control problem. Optimal

control methods for such systems fall victim to the curse of dimensionality as the number of

agents grows.

Beginning in the 1950s, models of traffic flow were developed based on macroscopic con-

servation laws [64, 85]. These models are generally non-linear hyperbolic PDEs for the spatial

vehicle density. Solutions to these PDEs often exhibit shockwave [45] phenomena, which corre-

spond to formation of traffic jams.

These models are convenient in some ways. For example, boundary control of PDEs is

a rich field which has its basis in control of abstract infinite dimensional systems [15, 47], and

has been successfully applied to traffic using reinforcement learning [19, 102]. These are not

control methods for individual vehicles, however. Rather, they specify throughput at on-ramps to

a stretch of highway such that the highway does not become congested. This does not fulfill our

objective which is:
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Objective: Obtain a robust control for individual vehicles on a stretch of road which dissi-

pates congestion on the entire road while preserving ride comfort and increasing vehicle speed.

To attempt to reach our objective, we apply mean-field game theory [21, 60]. Via a large

population limit, mean-field games are a way to approximate a finite-size differential game with

a single-agent optimal control problem involving PDEs. Mean-field games have been applied

successfully to obtain individual-level controls for traffic in pedestrian and vehicular traffic [34,

42, 50, 93].

We do not address the issue of safety and collision avoidance between individual vehicles.

An assured safety approach which combines a macroscopic perspective of control with the mi-

croscopic can be obtained by first calculating the mean-field control, and then correcting it at the

individual vehicle level via control barrier function quadratic-programming [8], for example. To

our knowledge, such a problem is open. We leave this to subsequent work of ours and others.

Summary of problem. We begin our formulation of the mean-field game with the agent

dynamics. In the initial problem description, we have finitely many agents. The agents are bound

to a closed track of length L. The agents are subject to control input, disturbance, and Gaussian

noise. A speed limit and travel direction are imposed as state constraints. Control and disturbance

constraints are imposed in addition.

To deal with the state constraints, instead of imposing them as algebraic constraints to our

dynamics or on the optimal control problem itself, or considering the dynamics until an exit time,

we explicitly include them in the dynamics using the theory of reflected diffusions [67,80,91,100]

and employ the associated optimal control theory [65, 66]. The inclusion of reflecting boundary

conditions in mean-field games is briefly mentioned in [60]. Reflecting boundaries are studied in

McKean-Vlasov-type mean-field SDEs in [36].
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We first formulate a finite-size robust stochastic differential game with discounted infinite

horizon cost on the constrained-state vehicle dynamics. Then, we formally (as opposed to rig-

orously) pass to the analogous constrained-state robust infinite-horizon mean-field game. The

infinite horizon is chosen so that the time-derivatives of the value function do not enter into the

dynamic programming (DP) PDEs. This makes the approximate dynamic programming (ADP)

procedure somewhat simpler.

The cost functional we choose in our game accounts for ride comfort, congestion dissipa-

tion, and a preference for the highest speed of travel. The problem is an extension of our work

in [93].

We use this mean-field game system to formulate an ADP ODE-PDE system, which con-

sists of a gradient system for the weights of the approximate value function, and a forward Kol-

mogorov equation. This ODE-PDE system gives an adaptive control for the traffic density.

The particular forward Kolmogorov equation we obtain is similar to the Boltzmann-Vlasov

equation, which has inspired previous traffic models [82].

In the remainder of the chapter, we prove weak solutions of the ADP ODE-PDE system

exist and are unique.

Method of proof. We prove our main result by constructing a sequence of approximating

ODE-PDE systems where the PDE involved is linear. We initialize the sequence of solutions

by fixing the solution to the PDE at the initial condition as a ‘zeroth’ stage. Then, we take this

‘approximate’ solution and show the ODEs involved have a unique global classical solution. We

take the solution to the ODE system, and apply it as input to the linear approximating PDEs.

We show that as a result, the approximating parabolic operator we construct are generators of

ω-contractive semigroups. This process of fixing solutions and solving equations is iterated. To
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show that the iteration converges strongly in a suitable sense, the classical Aubin-Lions-Simon

[90] compactness theorem is invoked. We show the limit obtained solves the ADP ODE-PDE

system we constructed uniquely in a weak sense.

We also present some numerical results.

Briefly, the numerical method we use is a first order finite volume method, similar to the one

we used in [93]. We use this method as it is simple and, importantly, it preserves non-negativity of

the density. There are numerous other methods which one can use to simulate evolution systems

such as the one we have posed, including the finite element method, and finite difference method.

The finite element method is particularly attractive as it is closely tied to the Galerkin method,

which can be used to prove existence and uniqueness of solutions to evolution PDEs. So, one

could use the same approximating procedure which one uses in theory to compute numerical

solutions in practice.

In our final sections, we interpret the results, and in our conclusion describe possible ex-

tensions to this problem.

Novelty and Contributions. We make some extensions to the most closely related work

in [34], [56], and our own work in [93]. As opposed to [34], we consider second-order dynamics,

state constraints, as well as robustness. Both [34] and [56] use a finite-horizon formulation, which

we also do in our previous work in [93].

[56] gives a similar mean-field game on first-order dynamics to [34] for pure AV traffic

on a ring of road. Both our previous work in [93] and the work in [34] use a forward-backward

iterative method to compute numerical solutions to the dynamic programming equations, but [56]

uses a numerical optimization approach constructed using Newton’s method. These are all offline

methods.
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As opposed to our own previous work, this work replaces the finite horizon problem with

the infinite horizon problem, and employs approximate dynamic programming to obtain a control

online as the density evolves.

Summary. What we do is as follows:

1. Formulate dynamics and robust differential game for finitely many agents;

2. Formulate the corresponding robust mean-field game;

3. Obtain DP equations for the robust mean-field game;

4. Define an approximate value function using weighted basis functions;

5. Use the DP equations to form dynamics for the weights and traffic density;

6. Show these dynamics give unique weights and controlled traffic densities;

7. Demonstrate our ADP using a numerical example, and interpret results.

Notation. See 2.1.5 for a list of notations used throughout this chapter and thesis.

We define the quotient space T := R/LZ, where L > 0 is a real constant. So, the equiva-

lence on T is:

θ ≡T θ + Lm, with m an arbitrary integer.

PWC(R+
0 ;R) is the set of piecewise-continuous functions over the non-negative reals tak-

ing values over the reals with the supremum norm topology.

For some normed spaces U, V , C0(U ;V ) are continuous functions with the supremum

norm topology: ||f ||C0(U ;V ) := supu∈U ||f(u)||V . C0
b(U ;V ) are the uniformly bounded functions
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in C0(U ;V ). The space

BoundedF(Ω× [0, T ];R)

are the surely-bounded random processes adapted to F(·). This space has norm:

||X||BoundedF (Ω×[0,T ];R) := sup
(ω,t)∈Ω×[0,T ]

|Xt(ω)|.

In this chapter, let Y := T× [0, smax]. For a product space U × V ,

∂(U × V ) = (U × ∂V ) ∪ (∂U × V ).

Since ∂T = ∅, ∂Y = T× {0, smax}. In physical terms, smax is the speed limit for the vehicles.

5.2 Problem Formulation

In the original version of this work, we gave many details of the model which we study.

For this thesis, we shifted much of that to the previous chapter. So as not to repeat it here, we

direct the reader to refer to Section 4.2.1 and Section 4.2.2 subject to some modifications which

we detail now. In the definition of the finite-size game, the cost functional is instead of what is

given in (4.2.1):

J i,N [ui,N , wi,N , û−i,N , ŵ−i,N ; (xi,Nτ , vi,Nτ ), τ ] := ...∫ ∞

τ

e−αsLi,N(xi,Ns , vi,Ns , ui,Ns , wi,N
s , µi,N

s [û−i,N , ŵ−i,N ]) ds,
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and instead of the cost in the mean-field game 4.8, we have:

J [u,w, u∗, w∗; (xτ , vτ ), τ ] :=

∫ ∞

τ

e−αsΛ(xs, vs, us, ws,m[u∗, w∗](s))ds. (5.1)

Other than this, the spaces of admissible controls are:

ui,N ∈ U i,N := BoundedFi,N
(Ω× [0,∞);U), wi,N ∈ W i,N := BoundedFi,N

(Ω× [0,∞);W),

as defined in the previous chapter. The rest of the system description continues, and

we now write the mean-field game system of PDEs which gives the solution of the new

mean-field game.

Proposition 5. The stationary value function and and density (V , P ), P the density of m, corre-
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sponding to the solution of the given robust mean-field game satisfy the system of PDEs:

αV +H(y,m,∇yV) + ϵ∂2y2V = 0 in int Y ;

α(P − ρ0) + A(u∗, w∗)P = 0 in int Y ;

H(y,m, p) := min
u∈U

max
w∈W

H(y, u, w,m, p);

w∗(u) = arg max
w∈W

H(y, u, w,m,∇yV);

u∗ = argmin
u∈U
H(y, u, w∗(u),m,∇yV);

V(y1, y2) = V(y1 + L, y2) in Y ;

∂y2V(y1, 0) = ∂y2V(y1, smax) = 0 in T;

P (y1, y2) = P (y1 + L, y2) in Y ;

∂y2P (y1, 0) = ∂y2P (y1, smax) = 0 in T,

(5.2)

assuming a solution exists and is regular-enough.

Proof. (sketch) For details, see [21]. In short, one assumes that a solution to a finite-horizon

version of the given mean-field game can be extended to arbitrarily long times, and P is defined

by:

P (·) := α

∫ ∞

0

e−αtρ(t, ·)dt

as in Chapter 7 of [21]. Then, standard dynamic programming approaches to the discounted

infinite-horizon optimal control problem are used.

As we obtained in [93] by solving the optimization problem on the pre-Hamiltonian, the
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optimal control and worst-case disturbance are the ramp functions with cutoff:

u∗(p2) :=



umax if p2 < −umax

−p2 if − umax ≤ p2 ≤ umax

−umax if umax < p2

(5.3)

w∗(p2) :=



−wmax if γ2p2 < −wmax

γ2p2 if − wmax ≤ γ2p2 ≤ wmax

wmax if wmax < γ2p2.

(5.4)

These constrained solutions are found by checking if the unconstrained solution is in the interior

of the feasible sets, and if not, one then compares the values at the boundary points. The solutions

are unique as the respective problems are concave and convex.

Note that in this system, the initial condition ρ0 enters into the equation for the density.

So, different controls are required for different initial traffic distributions. Conventionally, this

system of PDEs is computed offline. Depending on the desired fine detail on the control and

access to computing hardware on a specific autonomous vehicle, controls obtained offline might

not be useful as the road conditions change, and might not be updated quickly enough. However,

the robustness accounts for some of these issues.

So, we employ an approximate dynamic programming approach that can be computed

online as the traffic density evolves.
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5.3 Approximate Dynamic Programming

In this section, we introduce a method of approximating the solution to the mean-field game

system (5.2). Let the approximate value function ṼA,B : [0, T ]× Y → R be the Fourier series:

ṼA,B(t, y) :=
K−1∑
i,j=0

(
aij(t) sin(

2πiy1
L

) + bij(t) cos(
2πiy1
L

)
)
cos(

2πjy2
smax

). (5.5)

This choice for an approximate value function satisfies the periodic and Neumann boundary

conditions we desire for the value function, and hence also the state constraints. This is the main

reason for choosing this approximate value function. In addition, it is linear in the weights, which

makes computing gradients w.r.t. the weights much simpler.

For problems where state constraints do not enter, one could pick sigmoid functions or other

common basis or activation functions used in machine learning. However, for state constrained

problems, these might lead to violation of boundary conditions for the value function. One could

penalize violation of boundary conditions instead, but since basis functions which exactly satisfy

the boundary conditions (state constraints) were so readily available, we simply picked them.

A,B : [0, T ]→ RK×K will be subject to dynamics which we will specify shortly.

Unfortunately, due to the control and disturbance constraints, the optimal control (5.3)

and worst-case disturbance (5.4) are not differentiable w.r.t. the co-state p. This leads to issues

with uniqueness when we form gradient-based update rules for the approximate value function

weights. So, for the optimization problem on the pre-Hamiltonian, we select the following feasi-

ble, smooth sub-solutions:

ũ(p2) := −umaxtanh(p2) (5.6)
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w̃(p2) := wmaxtanh(γ2p2). (5.7)

These are sigmoidal approximations to the optimal cutoff ramp function solutions.

Now, we define the approximate Hamilton-Jacobi-Bellman-Isaacs (HJB-I) cost (or residual

error):

E(A,B, ρ) := ||αṼA,B + H̃(·,m,∇yṼA,B) + ϵ∂2y2ṼA,B||2L2(Y ;R), (5.8)

where the approximate Hamiltonian H̃ is:

H̃(y,m, p) := H(y, ũ(p2), w̃(p2),m, p). (5.9)

Using these quantities, we define the following ADP ODE-PDE system (suppressing some argu-

ments):

d

dt
A(t) = −θ−1∇AE(A(t), B(t), ρ(t, ·)), A(0) = A0;

d

dt
B(t) = −θ−1∇BE(A(t), B(t), ρ(t, ·)), B(0) = B0;

∂tρ(t, ·) = −A(t; ũ(∂y2ṼA,B), w̃(∂y2ṼA,B))ρ(t, ·) in int Y × (0, T ];

ρ(0, ·) = ρ0 in Y ;

ρ(t, y1, y2) = ρ(t, y1 + L, y2) in [0, T ]× Y ;

∂y2ρ(t, y1, 0) = ∂y2ρ(t, y1, smax) = 0 in [0, T ]× T,

(5.10)
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where 0 < θ−1 << 1 is the learning rate, and:

−A(t;u,w)f(t, y) := ϵ∂2y2f(t, y)−∇y · [(y2, u(t, y) + w(t, y))⊤f(t, y)]. (5.11)

We define the domain and range of linear operator −A(t;u,w) shortly. Note that the PDE and

ODEs together form a semi-linear degenerate parabolic system.

5.4 Theoretical Results

Define the Hilbert space for integer p ≥ 0:

Hp := RK×K × RK×K × Hp(Y ;R), (5.12)

with norm (|| · ||F is the Frobenius norm):

||(A,B, ρ)||2Hp := ||A||2F + ||B||2F + ||ρ||2Hp(Y ;R), (5.13)

which are induced by the usual inner products in the respective spaces. H0(Y ;R) is just L2(Y ;R).

Let:

L :=

0 0

0 ϵ

 . (5.14)

Define:

D(A) := {f ∈ H2(Y ;R) : (∇⊤
y f)Ln|∂Y = 0 almost everywhere}, (5.15)
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which is the (vector) space of H2(Y ;R) functions satisfying the Neumann BCs in the trace sense.

Recall the earlier definition in (5.11) of the form of linear time-varying operator −A(t;u,w) and

consider it to be of type:

−A(t;u,w) : D(A)→ L2(Y ;R), (5.16)

with u,w assumed to satisfy the control-disturbance constraints, and act as parameters for the

(unbounded) time-varying linear operator −A(·). Also, define G,H : H2 → RK×K as

G(A,B, ρ) := −θ−1∇AE(A,B, ρ), (5.17)

H(A,B, ρ) := −θ−1∇BE(A,B, ρ). (5.18)

Definition 5.4.1. A weak solution to (5.10) is a triplet (A,B, ρ) ∈ C0([0, T ];H1) which is s.t.

∀ ψ ∈ D(Y ;R):

A(t) = A0 +

∫ t

0

G(A(s), B(s), ρ(s)) ds; (5.19)

B(t) = B0 +

∫ t

0

H(A(s), B(s), ρ(s)) ds; (5.20)

(ρ(t), ψ)D∗(Y ;R),D(Y ;R) = (ρ0, ψ)D∗(Y ;R),D(Y ;R) + ...∫ t

0

(ρ(s),−A∗(s; ũ(∂y2Ṽ), w̃(∂y2Ṽ))ψ)D∗(Y ;R),D(Y ;R) ds;

(5.21)

(∇⊤
y ρ)Ln = 0 almost everywhere on [0, T ]× ∂Y. (5.22)

Here,

(ρ,−A∗(t;u,w)ψ)D∗(Y ;R),D(Y ;R) :=

∫
Y

ρϵ∂2y2ψ + ρy2∂y1ψ + ρ(u+ w)∂y2ψ dy.
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We now state precisely the main theoretical result of this chapter.

Theorem 5.4.2. If ρ0 ∈ H2(Y ;R) is s.t. (∇⊤
y ρ0)Ln = 0 a.e. on ∂Y , A0, B0 ∈ RK×K , then the

ADP ODE-PDE system (5.10) has a unique weak solution:

(A,B, ρ)(·) ∈ C0([0, T ];H1) for arbitrary but finite T > 0. (5.23)

Proof. Outline of proof. First, we establish some preliminary results on Lipschitzianity of a

number of relevant quantities, and that a sequence of approximating operators to −A(·) generate

ω-contractive semigroups. Then, we construct sequences of approximate solutions to the ADP

ODE-PDE system where we first fix the solution of the FK equation and show the weight equa-

tions have a classical solution, and then fix the weights and show the FK equation has a classical

solution (in a suitable Sobolev space). This is done via semigroup methods. This procedure

results in bounds for the solutions, which we use along with the Aubin-Lions-Simon compact-

ness theorem to conclude that a limit point exists. Finally, we show this limit solves the ADP

ODE-PDE system weakly, which is done by taking advantage of the preliminary results on Lip-

schitzianity. Some of the preliminary results include rather elementary steps, but we include any

steps we consider substantive for completeness.

Step 0. Preliminary Results.

Lemma 5.4.3. For every h1 := (A1, B1, ρ1), h2 := (A2, B2, ρ2) ∈ B ⊂ H2, an arbitrary

bounded set in H2, there is a constant L s.t.

||G(h1)−G(h2)||F ≤ θ−1L||h1 − h2||H2 ; (5.24)
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||H(h1)− H(h2)||F ≤ θ−1L||h1 − h2||H2 . (5.25)

Proof. We will focus on G, and note that the same results follow analogously for H, as the

structures are virtually the same. First, recall that for functions defined on Banach spacesU, V,W ,

f : U → V, g : V → W , if f, g are Fréchet differentiable, then their composition g(f(·)) : U →

W is also Fréchet differentiable, and its Fréchet derivative is:

Du[g(f(u))]h = Dv[g(f(u))]Du[f(u)]h (5.26)

for arbitrary direction h ∈ U at a particular point u ∈ U . This is the chain rule for Fréchet

derivatives [33]. This is simply composition of the Fréchet derivatives for the different functions.

We can show that:

Df [||f ||2L2(Y ;R)]h = 2⟨f, h⟩L2(Y ;R), (5.27)

and letting:

f(A,B, ρ) := αṼA,B +H(·, ũ(∂y2ṼA,B), w̃(∂y2ṼA,B),m,∇yṼA,B) + ϵ∂2y2ṼA,B, (5.28)

we can inspect H and conclude that each term in f is actually smooth in A. ṼA,B and ∂2y2ṼA,B

are linear in A, and the terms ofH which depend on A are compositions of ∂y2ṼA,B with smooth

functions, and are hence smooth in A.

So, we differentiate normally and obtain:
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∂aijf(A,B, ρ) = α∂aij ṼA,B +
(
∂uH(·, ũ(∂y2ṼA,B), w̃(∂y2ṼA,B),m,∇yṼA,B)∂p2ũ(∂y2ṼA,B) + ...

∂wH(·, ũ(∂y2ṼA,B), w̃(∂y2ṼA,B),m,∇yṼA,B)∂p2w̃(∂y2ṼA,B)
)
∂2aij ,y2ṼA,B + ...

∇⊤
pH(·, ũ(∂y2ṼA,B), w̃(∂y2ṼA,B),m,∇yṼA,B)∂aij∇yṼA,B + ϵ∂aij∂

2
y2
ṼA,B,

which are the elements (∇Af(A,B, ρ))ij = ∂aijf(A,B, ρ). In the above,

∂aij ṼA,B = sin(
2πy1i

L
) cos(

2πy2j

smax

);

∂y2ṼA,B = −
K−1∑
i=0

K−1∑
j=0

(
aij sin(

2πy1i

L
) + bij cos(

2πy1i

L
)
)
sin(

2πy2j

smax

)
2πj

smax

;

∂2aij ,y2ṼA,B = − sin(
2πy1i

L
) sin(

2πy2j

smax

)
2πj

smax

;

∂uH(· · · ,∇yṼA,B) = ũ(∂y2ṼA,B) + ∂y2ṼA,B;

∂wH(· · · ,∇yṼA,B) = − 1

γ2
w̃(∂y2ṼA,B) + ∂y2ṼA,B;

∂p2ũ(∂y2ṼA,B) = −umaxsech2(∂y2ṼA,B);
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∂p2w̃(∂y2ṼA,B) = γ2wmaxsech2(γ2∂y2ṼA,B);

∂aij∇⊤
y ṼA,B =

(
cos(

2πy1i

L
) cos(

2πy2j

smax

)
2πi

L
,− sin(

2πy1i

L
) sin(

2πy2j

smax

)
2πj

smax

)
;

∂2y2ṼA,B = −
K−1∑
i=0

K−1∑
j=0

(
aij sin(

2πy1i

L
) + bij cos(

2πy1i

L
)
)
cos(

2πy2j

smax

)(
2πj

smax

)2;

∇⊤
pH(· · · ) = (y2, ũ(∂y2ṼA,B) + w̃(∂y2ṼA,B));

∂aij∂
2
y2
ṼA,B = − sin(

2πy1i

L
) cos(

2πy2j

smax

)(
2πj

smax

)2.

For h ∈ RK×K , the Fréchet (directional) derivative of f(·, B, ρ) in A is:

DA[f(A,B, ρ)]h = ⟨∇Af(A,B, ρ), h⟩F .
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Now, using the chain rule, we obtain by composing the Fréchet derivatives:

DA[E(A,B, ρ)]h = 2⟨f(A,B, ρ), ⟨∇Af(A,B, ρ), h⟩F ⟩L2(Y ;R)

= ⟨2
∫
Y

f(A,B, ρ)∇Af(A,B, ρ) dy, h⟩F

=: ⟨∇AE(A,B, ρ), h⟩F

(5.29)

for arbitrary direction h ∈ RK×K at point A ∈ RK×K . Let

M := max
p2∈R
|p2sech2(p2)|.

Using a simple bounding procedure, we know 0 < M < 1. Using the derivatives we computed

for the terms of ∂aijf(A,B, ρ), we can show by crudely bounding term-by-term, component-by-

component:

|DA[f(A,B, ρ)]h| ≤ K2
[
α + [(umax +M)umax + (wmax +M)wmax]

2πK

smax

+ ...

(smax
2πK

L
+ (umax + wmax)

2πK

smax

) + ϵ(
2πK

smax

)2
]
||h||F =: C1||h||F .

(5.30)

Also, we can perform a similar procedure on f to obtain:

||f ||C0
b(Y ;R) ≤ (α + ϵ(

2πK

smax

)2 +
2πK

L
smax +

2πK

smax

(umax + wmax))(||A||F + ||B||F )K2 + ...

1

2
u2max +

1

2γ2
w2

max + (||ϕ||C0
b(Y ;R) + β−1)smax =: C2(A,B).

(5.31)

To show that G is Lipschitz, we show that DA[DAE(A,B, ρ)], DB[DAE(A,B, ρ)], and

Dρ[DAE(A,B, ρ)] are bounded bilinear operators. Before we compute these derivatives, we give
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some more results for Fréchet derivatives. For a bilinear functional F : (U × V =: W ) → Z, Z

a Banach space, the joint Fréchet derivative of F is:

Dw[F(u, v)]h = F(h1, v) + F(u, h2)

for direction h = (h1, h2) ∈ U × V = W . If u : X → U, v : X → V , X a Banach space, then

from our earlier chain rule:

Dx[F(u(x), v(x))]h = F(Dx[u(x)]h, v(x)) + F(u(x), Dx[v(x)]h)

for direction h ∈ X . The bilinear functional we are interested in is

⟨·, ·⟩L2(Y ;R) : L
2(Y ;R)× L2(Y ;R)→ R.

Let X := H2, U = V := L2(Y ;R), W := R, x = (x1, x2, x3) = (A,B, ρ). Note that for

x = (x1, ..., xn) ∈ X1 × ...×Xn:

Dx[f(x)]h =
n∑

i=1

Dxi
f(x)hi (5.32)

with Dxi
f(x)hi being the Fréchet derivatives on the individual spaces Xi. These derivatives are

termed partial Fréchet derivatives. So, if a function has each partial Fréchet derivative defined,

then the total Fréchet derivative is defined. Applying the differentiation rule for bilinear func-
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tionals and the chain rule,

DA[DA[E(A,B, ρ)h1]h2] = ⟨DA[f(A,B, ρ)]h1, ⟨∇Af(A,B, ρ), h2⟩F ⟩L2(Y ;R) + ...

⟨f(A,B, ρ), DA[⟨∇Af(A,B, ρ), h1⟩F ]h2⟩L2(Y ;R).

(5.33)

The form of the first term is already known from our previous computations. We can also show

using our previous computations that:

∂akl∂aijf(A,B, ρ) = ∂aij∂aklf(A,B, ρ) = ...(
− [∂p2ũ(∂y2ṼA,B)∂akl∂y2ṼA,B + ∂akl∂y2ṼA,B]∂p2ũ(∂y2ṼA,B)− ...

[ũ(∂y2ṼA,B) + ∂y2ṼA,B]∂2p2ũ(∂y2ṼA,B)∂akj∂y2ṼA,B + ...

[− 1

γ2
∂p2w̃(∂y2ṼA,B)∂akl∂y2ṼA,B + ∂akl∂y2ṼA,B]∂p2w̃(∂y2ṼA,B) + ...

[− 1

γ2
w̃(∂y2ṼA,B) + ∂y2ṼA,B]∂2p2w̃(∂y2ṼA,B)∂akj∂y2ṼA,B

)
∂aij∂y2ṼA,B + ...

(∂p2ũ(∂y2ṼA,B) + ∂p2w̃(∂y2ṼA,B))∂akl∂y2ũ(∂y2ṼA,B)∂aij∂y2ũ(∂y2ṼA,B).

This function can be uniformly bounded as:

∂akl∂aijf(A,B, ρ) ≤
[
(umax

2πK

smax

+
2πK

smax

+ umax
4

3
√
3
+ M̃)umax

2πK

smax

+ ...

(wmax
2πK

smax

+
2πK

smax

+ umax
4

3
√
3
+ M̃)γ2wmax

2πK

smax

+ (umax + wmaxγ
2)(

2πK

smax

)2
]

=: C3,

where M̃ := maxp2 |2p2sech2(p2)tanh(p2)|. This is obtained by determining upper bounds

124



term-by-term. Let

[(∇A ⊗∇A)f(A,B, ρ)]ijkl = ∂aij∂aklf(A,B, ρ),

which is the Hessian tensor, which for fixed (A,B, ρ) is RK×K×K×K-valued. For M ∈ RK×K×K×K

and V ∈ RK×K , let:

MV =
K−1∑

i,j,k,l=0

mijklvkleij

where eij ∈ RK×K are the standard basis for RK×K , i.e. matrices with 1 in the ij-th entry. Now,

entrywise:

Dakl [DaijE(A,B, ρ)h1,ij]h2,kl = ∂akl∂aijf(A,B, ρ)h1,ijh2,kl,

which we sum up to conclude:

DA[⟨∇Af(A,B, ρ), h1⟩F ]h2 = ⟨(∇A ⊗∇A)f(A,B, ρ)h1, h2⟩F .

From the form of ∂akl∂aijf(ρ,A,B) have:

|DA[DAf(A,B, ρ)h1]h2| ≤ K4C3||h1||F ||h2||F

thus:

|DA[DA[E(A,B, ρ)h1]h2]| ≤ Lsmax(C
2
1 + C2(A,B)C3K

4)||h1||F ||h2||F .

Now, since B is bounded, define R := supb∈B⊂H2 ||b||H2 . Then, B ⊂ B(0,R), an open ball

centered on the origin. So, for every (A,B, ρ) ∈ B,

C2(A,B) ≤ C2(RI,RI) =: C4.
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Thus, in any bounded set B ⊂ H2, G is boundedly differentiable in A. We cam employ a similar

procedure on DB[DA[E(A,B, ρ)]h1]h2. Similarly to what we computed earlier:

∂bkl∂aijf(A,B, ρ) =
(
− [∂p2ũ(∂y2ṼA,B)∂bkl∂y2ṼA,B + ∂bkl∂y2ṼA,B]∂p2ũ(∂y2ṼA,B)− ...

[ũ(∂y2ṼA,B) + ∂y2ṼA,B]∂2p2ũ(∂y2ṼA,B)∂bkl∂y2ṼA,B + ...

[− 1

γ2
∂p2w̃(∂y2ṼA,B)∂bkl∂y2ṼA,B + ∂bkl∂y2ṼA,B]∂p2w̃(∂y2ṼA,B) + ...

[− 1

γ2
w̃(∂y2ṼA,B) + ∂y2ṼA,B]∂2p2w̃(∂y2ṼA,B)∂bkl∂y2ṼA,B

)
∂aij∂y2ṼA,B + ...

(∂p2ũ(∂y2ṼA,B) + ∂p2w̃(∂y2ṼA,B))∂bkl∂y2ũ(∂y2ṼA,B)∂aij∂y2ũ(∂y2ṼA,B),

and indeed as before, bounding this term-by-term yields:

|∂bkl∂aijf(A,B, ρ)| ≤ C3.

Let

[(∇B ⊗∇A)f(A,B, ρ)]ijkl = ∂bkl∂aijf(A,B, ρ),

and similarly to before:

DB[DA[E(A,B, ρ)h1]h2] = ⟨⟨∇Bf(A,B, ρ), h1⟩F , ⟨∇Af(A,B, ρ), h2⟩F ⟩L2(Y ;R) + ...

⟨f(A,B, ρ), ⟨(∇B ⊗∇A)f(A,B, ρ)h1, h2⟩F ⟩L2(Y ;R),

(5.34)

and:

|DB[DA[E(A,B, ρ)h1]h2]| ≤ Lsmax(C
2
1 + C2(A,B)C3K

4)||h1||F ||h2||F .
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So, G is boundedly differentiable in B. Finally, we turn to the differential in ρ.

Dρ[DAf(A,B, ρ)h]hρ = ⟨Dρf(A,B, ρ)hρ, DAf(A,B, ρ)h⟩L2(Y ;R)

for arbitrary directions h ∈ RK×K , hρ ∈ L2(Y ;R). The second term present in the other gradient

drops out as ∂aijf(ρ,A,B) is constant in ρ, and:

Dρ[f(A,B, ρ)]hρ =

∫
Y

ϕ(·, η1)hρ(η1, η2)dη.

We can bound this with:

|Dρ[f(A,B, ρ)]hρ| ≤ ||ϕ||C0
b(Y ;R)|⟨IY (·), hρ⟩L2(Y ;R)| ≤ Lsmax||ϕ||C0

b(Y ;R)||hρ||L2(Y ;R),

so:

|Dρ[DAf(A,B, ρ)h]hρ| ≤ Lsmax||ϕ||C0
b(Y ;R)C1||h||F ||hρ||L2(Y ;R).

Combining the bounds for these three derivatives, it follows:

|Dx[DA[E(A,B, ρ)]h1]h2| ≤ (2C5 + Lsmax||ϕ||C0
b(Y ;R)C1)||h1||F ||h2||H2

where C5 := Lsmax(C
2
1 + C4C3K

4). Now, consider any two points h1 := (A1, B1, ρ1), h2 :=

(A2, B2, ρ2) with h1, h2 ∈ B. Take convex combinations:

η(t) := th1 + (1− t)h2
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with t ∈ [0, 1]. From the mean-value theorem,

|DA[E(h1)− E(h2)]h| = |⟨∇AE(h1)−∇AE(h2), h⟩F | ≤ L(h)||h1 − h2||H2 ,

where

L(h) := sup
t∈[0,1]

||Dx[DAE(η(t))h]||L(H2;H2) ≤ (2C5 + ||ϕ||C0
b(Y ;R)C1)||h||F ),

which implies that:

||∇AE(h1)−∇AE(h2)||F ∗ ≤ L||h1 − h2||H2

where

L := sup
h∈B(0,1)⊂RK×K

L(h) = (2C5 + ||ϕ||C0
b(Y ;R)C1),

and || · ||F ∗ is the dual norm of the Frobenius norm, defined as:

||X||F ∗ := sup
Y∈B(0,1)⊂RK×K

|⟨X,Y⟩F |.

Indeed, the space {RK×K , || · ||F} is self-dual, so:

||∇AE(h1)−∇AE(h2)||F ≤ L1||h1 − h2||H2

which proves the claim for G. Virtually the same argument can be applied to H, replacing ∂aij

with ∂bij as needed. This concludes the proof of Lemma 1.
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Lemma 5.4.4. Let Ln(t;u,w) : D(Ln) ⊂ L2(Y ;R)→ L2(Y ;R) be:

Ln(t;u,w)(·) := −A(t;u,w)(·) +
1

n
∇2

y(·), (5.35)

D(Ln) := {f ∈ H2(Y ;R) : (∇⊤
y f)Lnn|∂Y = 0 almost everywhere}. (5.36)

where

Ln :=

 1
n

0

0 1
n
+ ϵ

 .
If

(u,w) ∈ C1([0, T ]× Y ;U×W)),

then for each f ∈ D(Ln), n ≥ 1:

Ln(t;u,w)f ∈ C1([0, T ]; L2(Y ;R)).

Proof. Take {fm}∞m=1 ⊂ C∞(Y ;R) s.t. fm → f in D(Ln) under || · ||H2(Y ;R). Then,

[Ln(t+ h;u,w)− Ln(t;u,w)]fm = −[A(t+ h;u,w)−A(t;u,w)]fm

= −∂y2 [(u(t+ h, ·)− u(t, ·) + w(t+ h, ·)− w(t, ·))fm].

So, using smoothness several times,

lim
h→0

1

h
[Ln(t+ h;u,w)− Ln(t;u,w)]fm
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= − lim
h→0

1

h
∂y2 [(u(t+ h, ·)− u(t, ·) + w(t+ h, ·)− w(t, ·))fm]

= −∂y2 [(∂tu(t, ·) + ∂tw(t, ·))fm]→ −∂y2 [(∂tu(t, ·) + ∂tw(t, ·))f ]

in L2(Y ;R) from the earlier convergence of fm → f inD(Ln) under ||·||H2(Y ;R), which completes

the proof.

Remark 2. Note that from the structure of Ln and of ∂Y , D(A) = D(Ln).

Lemma 5.4.5. The family of operators {Ln(t;u,w)}t∈[0,T ] defined in (5.35) with domain D(Ln)

is a stable family of generators of ω−contractive semigroups on L2(Y ;R) for some ω > 0 at

every n ∈ N1 for every

(u,w) ∈ C1([0, T ]× cl Y ;U ×W)

s.t. u(t, ·) = w(t, ·) = 0 on ∂Y for every t ∈ [0, T ].

Proof. The proof largely follows the proof of Theorem 7.4.5. of [45], modified to treat the

Neumann conditions we have in our problem.

Step 1. Density of D(Ln) in L2(Y ;R).

Recall our Remark 2. Note that D(Y ;R) ≡ C∞
0 (Y ;R) is dense in L2(Y ;R), and that

C∞
0 (Y ;R) ⊂ D(Ln) ⊂ L2(Y ;R). So, D(Ln) is dense in L2(Y ;R).

Step 2. Closure of Ln(t;u,w).

The operator Ln(t;u,w) is closed iff its dense domain D(Ln) is a Banach space under:

||f ||D(Ln) := ||f ||L2(Y ;R) + ||Ln(t;u,w)f ||L2(Y ;R),
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which is termed the graph norm.

Clearly, D(Ln) is a linear space. || · ||L2(Y ;R) is obviously a norm over D(Ln), as D(Ln) ⊂

L2(Y ;R). If ||Ln(t;u,w)(·)||L2(Y ;R) is a seminorm over D(Ln), then the graph norm shall be a

true norm, as the inclusion of || · ||L2(Y ;R) will take care of the positive-definite/point-separating

property we require. From the triangle inequality for the L2(Y ;R) norm,

||Ln(t;u,w)[f1 + f2]||L2(Y ;R) ≤ ||Ln(t;u,w)f1||L2(Y ;R) + ||Ln(t;u,w)f2||L2(Y ;R),

and from the linearity of Ln(t;u,w)f , and absolute homogeneity of L2(Y ;R):

||Ln(t;u,w)[cf ]||L2(Y ;R) = |c|||Ln(t;u,w)f ||L2(Y ;R).

Thus, ||Ln(t;u,w)(·)||L2(Y ;R) is a seminorm, and the graph norm is a norm over D(Ln). So,

{D(Ln), || · ||D(Ln)} is a normed space.

Now we show D(Ln) is complete under the topology of || · ||D(Ln). The following compu-

tations are somewhat routine, but we include them for the purpose of rigor and completeness.

Take a sequence {fn}∞n=1 ⊂ D(Ln) s.t. for some l,m > M :

||fl − fm||D(Ln) < ϵ̃

i.e. {fm}∞m=1 is Cauchy in the space {D(Ln), || · ||D(Ln)}. Then, we can take some 0 < ϵ1, ϵ2 < ϵ̃

s.t. ϵ1 + ϵ2 = ϵ̃, so:

||fl − fm||D(Ln) = ||fl − fm||L2(Y ;R) + ||Ln(t;u,w)[fl − fm]||L2(Y ;R) < ϵ1 + ϵ2,
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so let:

||fl − fm||L2(Y ;R) < ϵ1, ||Ln(t;u,w)[fl − fm]||L2(Y ;R) < ϵ2.

Then, there is a re-ordering {fmj
}∞j=1 s.t.

||fmj+1
− fmj

||L2(Y ;R) < 2−j, ||Ln(t;u,w)[fmj+1
− fmj

]||L2(Y ;R) < 2−j.

Define:

gq := |fm1|+
q∑

j=1

|fmj+1
− fmj

|.

Then,

||gq||L2(Y ;R) ≤ ||fm1 ||L2(Y ;R) +

q∑
j=1

||fmj+1
− fmj

||L2(Y ;R).

≤ ||fm1||L2(Y ;R) +
∞∑
j=1

||fmj+1
− fmj

||L2(Y ;R)

= ||fm1||L2(Y ;R) + 1 =: C.

gq is thus measurable, and 0 ≤ g1 ≤ g2 ≤ ... and so on. Thus, 0 ≤ g21 ≤ g22 ≤ ..., and so on. So,

||gq||2L2(Y ;R) ≤ C2. Let g := limq→∞ gq. g is also measurable, and by the monotone convergence

theorem,

||g||2L2(Y ;R) = lim
q→∞
||gq||2L2(Y ;R) ≤ C2,

and g(x) <∞ almost everywhere. So, fm1(x) +
∑l

j=1 fmj+1
(x)− fmj

(x) converges absolutely
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almost everywhere, and limj→∞ fmj
(x) exists almost everywhere. Let:

f(x) :=


limj→∞ fmj

(x) if g(x) <∞

0 else

.

So, f is measurable, and fmj
(x) → f(x) almost everywhere, and |f | ≤ g. Thus, ||f ||L2(Y ;R) ≤

||g||L2(Y ;R) ≤ C2, so f ∈ L2(Y ;R). Now,

|fmj
− f | ≤ (|fmj

|+ |f |)2 ≤ 4|g|2

and |fmj
(x)− f(x)| → 0 almost everywhere, so by the dominated convergence theorem,

||fmj
− f ||2L2(Y ;R) → 0.

Now, to show that if ||Ln(t;u,w)[fm − fl]||L2(Y ;R) < ϵ2, then

||Ln(t;u,w)[fm − f ]||L2(Y ;R) → 0,

define:

ϕm := Ln(t;u,w)fm,

and

γq := |ϕm1|+
q∑

j=1

|ϕmj+1
− ϕmj

|.

Then, in the computations we performed earlier involving fmj
, gq, replace fmj

by ϕmj
, gq by γq,
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and so on, and the conclusion of the previous argument follows for ||Ln(· · · )[·]||L2(Y ;R).

Now, since Ln(t;u,w)f ∈ L2(Y ;R), from the construction of the operator Ln(t;u,w), we

also have that ∂2yif are in L2(Y ;R). Y is already circular in y1, and in the other, we can consider

periodic extensions about y2 = 0 and y2 = smax. So, for each function ψ ∈ L2(Y ;R), we can

represent ψ as a Fourier series (now using i as the imaginary unit):

ψ(·) =
∑
l,m∈Z

cl,me
(λl,1(·)1+λm,2(·)2)i

where λl,1 := 2πl/L, λm,2 := 2πm/smax, and:

cl,m :=
1

Lsmax

⟨ψ, e(λl,1(·)1+λm,2(·)2)i⟩L2(Y ;R).

The Fourier series of course only converges in the sense of L2(Y ;R) to ψ rather than other

stronger senses. From Parseval-Plancharel, we have for ψ ∈ L2(Y ;R):

||ψ||2L2(Y ;R) =
∑
l,m∈Z

|cl,m|2.

If ∂αy1ψ ∈ L2(Y ;R), then:

∂αy1ψ =
∑
l,m∈Z

cl,m(iλl,1)
αe(λl,1y1+λm,2y2)i

and analogously for ∂αy2 . Also:

||∂αy1ψ||2L2(Y ;R) =
∑
l,m∈Z

|cl,m|2|λl,1|2α,
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and again analogously for ∂y2 .

Note that for functions ψ ∈ Hp(Y ;R), p ∈ N1, using periodic extensions, we have that:

∑
l,m∈Z

|cl,m|2(1 + |λm,⊤
l λml |p) <∞

where λml = (λl,1, λm,2)
⊤ [92].

So, let f = ψ. We know f, ∂2y1f, ∂
2
y2
f ∈ L2(Y ;R). It follows:

∑
l,m∈Z

|cl,m|2(1 + λ4l,1 + λ4m,2) <∞.

Now, since 2λ2l,1λ
2
m,2 < 1 + λ4l,1 + λ4m,2:

∑
l,m∈Z

|cl,m|22(λ2l,1λ2m,2) <∞,

Thus, ∑
l,m∈Z

|cl,m|2(1 + |λm,⊤
l λml |2) <∞.

So, f ∈ H2(Y ;R). Now, to check that f satisfies the boundary conditions, let:

bm := (∇⊤
y fm)Lnn|∂Y , b := (∇⊤

y f)Lnn|∂Y

Since fm ∈ D(Ln), bm = 0 almost everywhere. Thus,

−e−m < ||bm||2L2(∂Y ;R) < e−m.
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By the squeeze theorem, it follows that:

lim
m→∞

||bm||2L2(∂Y ;R) = 0,

and by the dominated convergence theorem (using g(y) = 1 to dominate b2m on ∂Y ), it follows

that:

lim
m→∞

||bm||2L2(∂Y ;R) = ||b||2L2(∂Y ;R),

so

||b||L2(∂Y ;R) = 0,

hence b = (∇⊤
y f)Lnn|∂Y = 0 almost everywhere, thus f ∈ D(Ln), and the normed linear space

{D(Ln), || · ||D(Ln)}

is a Banach space, so Ln(t;u,w) is closed.

Step 3. Invertibility of the resolventR(λ;Ln(t;u,w)).

The resolvent operator is:

R(λ;Ln(t;u,w))f := (λI − Ln(t;u,w))
−1f for f ∈ L2(Y ;R),

for λ ∈ ρ(Ln(t;u,w)), the resolvent set of Ln(t;u,w), which is the set of λ ∈ R s.t.

λI − Ln(t;u,w) : D(Ln)→ L2(Y ;R)
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is invertible, i.e. every λ ∈ R where the elliptic problem:

(λI − Ln(t;u,w))ϕ = f in int Y ;

(∇⊤
y ϕ)Lnn = 0 on ∂Y

(5.37)

has a unique solution ϕ ∈ D(Ln) for any given f ∈ L2(Y ;R). It is a simple matter to verify that

λI − Ln(t;u,w) is strongly uniformly elliptic. Select (based on the conditions in [44]):

λ ≥ ω > |ess inf
y∈Y

∂y2(u(t, y) + w(t, y))|+ 1

2
(smax + ess sup

y∈Y
[u(t, y) + w(t, y)]).

From the conditions on u,w and from periodicity, we have that for ϕ ∈ C∞(cl Y ;R):

∫
Y

ϕ(y)[(y2, u(t, y) + w(t, y)∇yϕ(y))] dy = −1

2

∫
Y

∇y · (y2, u(t, y) + w(t, y))ϕ2(y) dy,

(5.38)

which also holds for ϕ ∈ H1(Y ;R) by density. Define the bilinear form

B[·, ·;λ] : H1(Y ;R)× H1(Y ;R)→ R :

B[ϕ, ψ;λ] :=

∫
Y

(
∇⊤

y ϕLn∇yψ +∇⊤
y ϕ g(t, y)ψ + ϕ(∂y2(u(t, y) + w(t, y)) + λ)ψ dy. (5.39)

where g(t, y) := (y2, u(t, y) + w(t, y))⊤. We have that:
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|B[ϕ, ψ;λ]| ≤λmax(Ln)||∇yϕ||L2(Y ;R2)||∇yψ||L2(Y ;R2) + ...

(smax + umax + wmax)||∇yϕ||L2(Y ;R2)||ψ||L2(Y ;R) + ...

(λ+ ||∂y2(u(t, ·) + w(t, ·))||C0
b(cl Y ;R))||ϕ||L2(Y ;R)||ψ||L2(Y ;R)

≤ C||ϕ||H1(Y ;R)||ψ||H1(Y ;R).

(5.40)

Also using (5.38) (noting that λmin(Ln) =
1
n

)

B[ϕ, ϕ;λ] ≥ λmin(Ln)||∇yϕ||2L2(Y ;R2) + µ||ϕ||2L2(Y ;R) =
1

n
||∇yϕ||2L2(Y ;R2) + µ||ϕ||2L2(Y ;R)

where µ := essinfy∈Y [λ + ∂y2(u(t, y) + u(t, y)) − 1
2
∇y · g(t, y)]. By our choice of λ, µ > 0.

Thus, let C := min{ 1
n
, µ}, then:

B[ϕ, ϕ;λ] ≥ C||ϕ||2H1(Y ;R).

So, the bilinear formB[·, ·] is coercive over H1(Y ;R)×H1(Y ;R). By the Lax-Milgram theorem,

the variational problem:

B[ϕ, ψ;λ] = ⟨f, ψ⟩L2(Y ;R), ψ ∈ H1(Y ;R)

has a unique solution ϕ ∈ H1(Y ;R) for every f ∈ L2(Y ;R). By elliptic regularity (Theorem

31.27 of [44]), it follows that ϕ ∈ H2(Y ;R). So, it follows that for λ ≥ ω as chosen, the operator

λI − Ln(t;u,w) is invertible. Thus, the resolvent R(λ;Ln(t;u,w)) is also invertible for these
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λ ≥ ω.

Step 4. Energy Estimates for ϕ.

Following the proof of Theorem 6.2.2. of [45], we have that:

||∇yϕ||2L2(Y ;R) ≤ B[ϕ, ϕ;λ] + C||ϕ||2L2(Y ;R).

for some constant C > 0. If from before ω > C, then:

||∇yϕ||2L2(Y ;R) ≤ B[ϕ, ϕ;λ] + ω||ϕ||2L2(Y ;R).

If not, simply re-select ω = C, and R(λ;Ln(t;u,w)) will be invertible for λ ≥ ω, and the same

conclusion as above follows.

Step 5. Bounding the Resolvent.

Take the weak formulation of the previous elliptic problem (5.37):

B[ϕ, ψ;λ] = ⟨f, ψ⟩L2(Y ;R)

which is solved by ϕ ∈ D(Ln) for every ψ ∈ H1(Y ;R) by Lax-Milgram and and elliptic regu-

larity with λ > ω. From the energy estimate and letting ψ = ϕ,

||∇yϕ||2L2(Y ;R) + (λ− ω)⟨ϕ, ϕ⟩L2(Y ;R) ≤ ⟨f, ϕ⟩L2(Y ;R).

So,

(λ− ω)⟨ϕ, ϕ⟩L2(Y ;R) ≤ ⟨f, ϕ⟩L2(Y ;R) ≤ ||f ||L2(Y ;R)||ϕ||L2(Y ;R)
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Now, since ϕ is a weak solution to the elliptic problem (5.37):

ϕ = R(λ;Ln(t;u,w))f

with λ > ω. Thus:

(λ− ω)||R(λ;Ln(t;u,w))f ||2L2(Y ;R) ≤ ||f ||L2(Y ;R)||R(λ;Ln(t;u,w))f ||L2(Y ;R),

so:

||R(λ;Ln(t;u,w))||L(L2(Y ;R);L2(Y ;R)) ≤
1

λ− ω .

So, by Corollary 3.8. of [79], a version of the Hille-Yosida theorem, Ln(t;u,w) generates

an ω-contractive semigroup over L2(Y ;R). Since this holds for every t ∈ [0, T ], this completes

the proof of the original claim.

Lemma 5.4.6. Define:

(ϕ, (u,w)) ∈ B(0,R) ⊂
(
L2(Y ;R)× C0([0, T ]× Y ;U×W)

)
=: X,

R > 0 with the norm:

||(ϕ, (u,w))||X := ||ϕ||L2(Y ;R) + sup
(t,y)∈[0,T ]×Y

||(u(t, y), w(t, y))||R2 .
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The mapping: (·,−A∗(t; ·, ·)ψ)D∗(Y ;R),D(Y ;R) : X → R

(ϕ,−A∗(t;u,w)ψ)D∗(Y ;R),D(Y ;R) :=

∫
Y

ϵϕ∂2y2ψ + y2ϕ∂y1ψ + (u+ w)ϕ∂y2ψ dy

for fixed ψ ∈ D(Y ;R) is locally Lipschitz in X .

Proof. First, recall that the finite sum of Lipschitz functions is also Lipschitz. Note that the

pairing given is a sum of three terms, the first two of which are bounded and linear in ϕ and

constant w.r.t. (u,w), and the final term is bilinear in (ϕ, (u,w)). The first two terms are trivially

Lipschitz in {X, || · ||X}. As for the last term, let

B[ϕ, (u,w)] :=

∫
Y

(u+ w)ϕ∂y2ψ dy. (5.41)

Then, we have

|B[ϕ1, (u1, w1)]−B[ϕ2, (u2, w2)]| ≤ |B[ϕ1, (u1, w1)]−B[ϕ1, (u2, w2)]|+ ...

|B[ϕ1, (u2, w2)]−B[ϕ2, (u2, w2)]| = |B[ϕ1, (u1 − u2, w1 − w2)]|+ |B[ϕ1 − ϕ2, (u2, w2)]| ≤ ...(
||ϕ1||L2(Y ;R)||(u1 − u2, w1 − w2)||C0([0,T ]×Y ;U×W) + ...

||ϕ1 − ϕ2||L2(Y ;R)||(u2, w2)||C0([0,T ]×Y ;U×W)

)
||ψ||C1(Y ;R).

Now, let

L := max{ϵ||ψ||C2(Y ;R), smax||ψ||C1(Y ;R), ||ψ||C1(Y ;R) max{R, umax + wmax}}.
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Then,

|B[ϕ1, (u1, w2)]−B[ϕ2, (u2, w2)]| ≤ L||(ϕ1, u1, w1)− (ϕ2, u2, w2)||X

so B[·, ·] is Lipschitz in {X, || · ||X}.

With these preliminary results completed, we now return to the task of proving Theorem 1.

We define sequences of approximate solutions {(A,B)n(·)}∞n=1, (A,B)n(·) : [0, T ] → RK×K ×

RK×K , and {ρn(·)}∞n=0, ρ
n : [0, T ]× Y → R. Let:

ρ0(t, ·) = ρ0 ∀ t ∈ [0, T ].

Step 1. First Pass for the Weights.

Let (A,B)1(·) be subject to the ODEs:

d

dt
A1(t) = G(A1(t), B1(t), ρ0(t)), A1(0) = A0,

d

dt
B1(t) = H(A1(t), B1(t), ρ0(t)), B1(0) = B0.

(5.42)

Lemma 1 gives local Lipschitzianity of the vector fields G(·, ρ0(t)),H(·, ρ0(t)) in A,B.

So, by Picard-Lindelöf, there is a unique local classical solution to this ODE system of type

C1([0, t∗(A0, B0));RK×K × RK×K). Note from (5.31), we have that (using real constant C

generically):

G(A,B, ρ) ≤ C(1 +
1

C
(||A||F + ||B||F ))

for C > 0, and similarly for H. So, from the Grönwall-Bellman inequality, for fixed s, t ∈

R+
0 , 0 ≤ s ≤ t:
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||A1(t)||F + ||B1(t)||F ≤||A1(s)||F + ||B1(s)||+ ...∫ t

s

||G(A1(τ), B1(τ), ρ0(t))||F + ||H(A1(τ), B1(τ), ρ0(t))||Fdτ

≤ ||A1(s)||F + ||B1(s)||+ 2

∫ t

s

C(1 +
1

C
(||A1(τ)||F + ||B1(τ)||F )) dτ,

so (using constant C generically):

||A1(t)||F + ||B1(t)||F ≤ (||A1(s)||F + ||B1(s)||F + C(t− s)) exp(t− s).

This rules out finite-time blowup, so there is a unique global classical solution to the ODE

system of type (A,B)1 ∈ C1([0, T ];RK×K × RK×K). Define for n ≥ 1:

ṼAn,Bn

(t, y) :=
K−1∑
i=0

K−1∑
j=0

(
anij(t) sin(

2πiy1
L

) + bnij(t) cos(
2πiy1
L

)
)
cos(

2πjy2
smax

),

ũn(·) := ũ(∂y2ṼAn,Bn

(·)), w̃n(·) := w̃(∂y2ṼAn,Bn

(·)).

Note that our choice of ũn, w̃n satisfy the assumptions we needed for u,w in Lemma 3.

Step 2. First Pass for the Density.
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We seek a classical solution to abstract problem:

d

dt
ρ1(t) = L1(t; ũ

1(·), w̃1(·))ρ1(t) in (0, T ]× int Y ;

ρ1(0) = ρ0 ∈ D(L1).

(5.43)

We present Theorem 5.5.3. from [79] to aid us now:

Theorem 5.4.7. (Pazy) Let U be a Banach space, and {A(t)}t∈[0,T ] be a stable family of gen-

erators of C0-semigroups on U s.t. A(t) : D ⊂ U → U for each t ∈ [0, T ], and for each

f ∈ D, A(t)f ∈ C1([0, T ];U). If g ∈ C1([0, T ];U), then for every x0 ∈ D, the abstract Cauchy

problem:

d

dt
x(t) = A(t)x(t) + g(t), x(0) = x0

has a unique classical solution in the sense of U :

x ∈ C0([0, T ];D) ∩ C1([0, T ];U)

where for each t ∈ [0, T ]:

x(t) = ΦA(t, 0)x0 +

∫ t

0

ΦA(t, s)g(s)ds,

where ΦA(·, ·) : [0, T ]×[0, T ]→ L(D;D) is the evolution system [79] associated to {A(t)}t∈[0,T ].

If A(t) each generate ω-contractive C0 semigroups, then:

||ΦA(t, s)||L(D;D) ≤ eω(t−s).
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This result is the infinite-dimensional analogue of the usual finite-dimensional LTV systems

theory [26].

Let D := D(L1), U := L2(Y ;R). We have from Lemma 2 for n ≥ 1 that Ln(t;u,w)f ∈

C1([0, T ];U) for each f ∈ D. Now, we invoke Lemma 3 and Theorem 2, and conclude that:

ρ1(·) ∈ C0([0, T ];D(L1)) ∩ C1([0, T ]; L2(Y ;R))

uniquely solves the previously given PDE in the sense of L2(Y ;R). Note that D(Ln) = D(A) =

D for every n ≥ 1 due to the structure of ∂Y as in Remark 2.

Step 3. Iteration of Solutions.

Now, for n ≥ 2, let:

d

dt
An(t) = G(An(t), Bn(t), ρn−1(t)), An(0) = A0;

d

dt
Bn(t) = H(An(t), Bn(t), ρn−1(t)), Bn(0) = B0;

d

dt
ρn(t) = Ln(t; ũ

n(·), w̃n(·))ρn(t) in (0, T ]× Y ;

ρn(0, ·) = ρ0 ∈ D(Ln).

(5.44)

First, the ODEs are solved and then PDE, as the coupling between the equations is only

one-directional. For the ODE, we note that by continuous differentiability in time of ρn−1,

G(A(·), B(·), ρn−1(·)) will also be continuously differentiable in time. By Picard-Lindelöf there

is a local classical solution on [0, t∗,n(A0, B0)), and then we apply our approach to rule out finite-

time blowup via Grönwall-Bellman from Section 1 to conclude that there is a classical solution
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(A,B)n(t) ∈ C1([0, T ];RK×K×RK×K). Then, we employ the argument of Section 2 to conclude

that for each n ≥ 2, there is a classical solution to the PDE in this iterated system of type:

(A,B, ρ(·))n(·) ∈ C0([0, T ];D(Ln)× RK×K × RK×K) ∩ C1([0, T ];H0).

Step 4. Boundedness of Approximate Solutions.

Now, we must show that there is a limit point of this sequence. We will briefly comment

on boundedness of the approximate solutions now. From the bounds given by Pazy in [79], and

from a ω−contractivity ofLn(t; ũ
n(·), w̃n(·)), we know that (usingC as an arbitrary non-negative

constant):

||ρn(t)||D(Ln) ≤ eωt||ρ0||D(Ln) ≤ eωT ||ρ0||D(Ln) ≤ C||ρ0||H2(Y ;R) =: R, (5.45)

since D(Ln) ⊂ H2(Y ;R). As for An, Bn, we have from the proof of Lemma 1:

||An(t)||F + ||Bn(t)||F ≤ ||A0||F + ||B0||F +

∫ t

0

||G(An(s), Bn(s), ρn−1(s))||Fds+ ...∫ t

0

||H(An(s), Bn(s), ρn−1(s))||F ds ≤ ||A0||F + ||B0||F + Ct+

∫ t

0

||An(s)||F + ||Bn(s)||F ds

again using our result from (5.31). Now, by the Grönwall-Bellman [45] inequality:

||An(t)||F + ||Bn(t)||F ≤ (||A0||F + ||B0||F + CT )eT =: D,

hence (A,B, ρ)n(·) is uniformly bounded in the usual supremum-norm topology onC([0, T ];H2).
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We also know that our classical solution ρn(·) is s.t.:

d

dt
ρn(t) = Ln(t;u

n(t), wn(t))ρn(t), (5.46)

in L2(Y ;R) and from (5.45):

|| d
dt
ρn(t)||L2(Y ;R) = ||Ln(t;u

n(t), wn(t))ρn(t)||L2(Y ;R) ≤ ||ρn(t)||D(Ln) ≤ R.

Similarly:

d

dt
An(t) = G(An(t), Bn(t), ρn−1(t)); (5.47)

d

dt
Bn(t) = H(An(t), Bn(t), ρn−1(t)); (5.48)

and from earlier:

|| d
dt
An(t)||F ≤ C(1 +

1

C
(||An(t)||F + ||Bn(t)||F )) ≤ D; (5.49)

|| d
dt
Bn(t)||F ≤ C(1 +

1

C
(||An(t)||F + ||Bn(t)||F )) ≤ D. (5.50)

So, d
dt
(An, Bn, ρn) is uniformly bounded in L∞(0, T ;H0).

Step 5. Compact Embeddings and Strong Compactness.

From [90], we have:

Theorem 5.4.8. (Aubin-Lions-Simon) Let X0, X1, X2 be Banach spaces with X0 ⊆ X1 ⊆ X2,
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and X0 compactly embedded in X1, X1 continuously embedded in X2. For 1 ≤ q, p ≤ ∞ define:

S := {f ∈ Lq(0, T ;X0) :
d

dt
f ∈ Lp(0, T ;X2)}.

1. If q <∞, then the embedding of S into Lp(0, T ;X1) is compact; and

2. if q =∞, and p > 1, then the embedding of S into C0([0, T ];X1) is compact.

Now, Hp+1 is compactly embedded in Hp by Rellich-Kondrachov [25, 45, 53], and Hp is

likewise compactly, hence continuously, embedded into Hp−1. For the embeddings of the fi-

nite dimensional parts of H(·), recall the Heine-Borel theorem [58]. Let X0 := H2, X1 :=

H1, X2 := H0. We have from earlier that {(A,B, ρ)n(·)}∞n=1 is bounded in C0([0, T ];H2), hence

in L∞(0, T ;H2), and that { d
dt
(A,B, ρ)n}∞n=1 is bounded in L∞(0, T ;H0). Thus, {(A,B, ρ)n(·)}∞n=1

is bounded in S under the previous definitions of X0, X1, X2. So, by Theorem 3, there is some

(A,B, ρ)∗(·) ∈ C0([0, T ];H1) s.t.:

(A,B, ρ)n(·)→ (A,B, ρ)∗(·) strongly in C0([0, T ];H1).

Step 6. Existence of Weak Solutions to ADP ODE-PDE System. Finally, it remains to show

that (A,B, ρ)∗(·) solve the ADP system (5.10) in the sense of (5.19 - 5.22). From the local

Lipschitzianity of G from Lemma 1:
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||
∫ t

0

G(An(s), Bn(s), ρn−1(s))−G(A∗(s), B∗(s), ρ∗(s)) ds||RK×K ≤ ...

θ−1L

∫ t

0

||(An, Bn, ρn−1)(s)− (ρ,A,B)∗(s)||H0 ds→ 0

(5.51)

where L := max{L1, L2}. and similarly for H using the convergence we showed in Step 5. So,

(5.19, 5.20) are satisfied. Let for ϕ ∈ L2(Y ;R), ψ ∈ D(Y ;R):

(ϕ,L∗
n(t;u,w)ψ)D∗(Y ;R),D(Y ;R) := (ϕ,−A∗(t;u,w)ψ)D∗(Y ;R),D(Y ;R) +

∫
Y

ϕ∇y · [Ln∇yψ] dy

withL∗
n(t;u,w) the formal adjoint ofLn(t;u,w). Since ρn(·) is a classical solution to the abstract

Cauchy problems we formulated in (5.43) and (5.44) for each n ≥ 1, it follows that it is also a

weak solution:

(ρn(t), ψ)D∗(Y ;R),D(Y ;R) = (ρ0, ψ)D∗(Y ;R),D(Y ;R) + ...∫ t

0

(ρ(s),L∗
n(s; ũ

n(∂y2Ṽn), w̃n(∂y2Ṽn))ψ)D∗(Y ;R),D(Y ;R) ds

for arbitraryψ ∈ D(Y ;R). It also follows from Lemma 4, and the smoothness of ũ(∂y2ṼA,B), w̃(∂y2ṼA,B)

w.r.t. A,B that:
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|
∫ t

0

(ρn(s),L∗
n(s; ũ(∂y2Ṽn), w̃(∂y2Ṽn))ψ)D∗(Y ;R),D(Y ;R) − ...

(ρ∗(s),−A∗(s; ũ(∂y2Ṽ∗), w̃(∂y2Ṽ∗))ψ)D∗(Y ;R),D(Y ;R) ds|+ ...∫ t

0

1

n
|(ρn(s),∇2

yψ)D∗(Y ;R),D(Y ;R)| ≤ ...∫ t

0

(
C||(ρ,A,B)n(s)− (ρ,A,B)∗(s)||H0

)
ds+

∫ t

0

1

n
|(ρn(s),∇2

yψ)D∗(Y ;R),D(Y ;R)| ds.

Due to the compactness we showed earlier, and since ||f ||H1(Y ;R) = (||∇yf ||2L2(Y ;R2)+||f ||2L2(Y ;R))
1/2,

the first term in the last line goes to 0 as n→∞. As for the second:

1

n
|(ρn(s),∇2

yψ)D∗(Y ;R),D(Y ;R)| ≤
1

n
R||ψ||H2(Y ;R) ≤ R||ψ||H2(Y ;R), n ≥ 1.

Now, use R||ψ||H2(Y ;R) to dominate | 1
n
(ρn(s),∇2

yψ)D∗(Y ;R),D(Y ;R)|, and by the dominated conver-

gence theorem:

lim
n→∞

∫ t

0

| 1
n
(ρn(s),∇2

yψ)D∗(Y ;R),D(Y ;R)| ds =
∫ t

0

lim
n→∞

1

n
|(ρn(s),∇2

yψ)D∗(Y ;R),D(Y ;R)| ds.

Also:

0 ≤ 1

n
|(ρn(s),∇2

yψ)D∗(Y ;R),D(Y ;R)| ≤
1

n
R||ψ||H2(Y ;R),

so by the squeeze theorem,

lim
n→∞

1

n
|(ρn(s),∇2

yψ)D∗(Y ;R),D(Y ;R)| = 0.
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So, (5.21) is satisfied. Finally, we move onto the boundary condition. Define:

bn := (∇⊤
y ρn)Lnn|∂Y , b∗ := lim

n→∞
(∇⊤

y ρ
n)Lnn|∂Y = (∇⊤

y ρ
∗)Ln|∂Y .

From each solution ρn, we know that bn(t, y) = 0 almost everywhere on [0, T ]× ∂Y . So:

−e−n < ||bn||2L2([0,T ]×∂Y ;R) < e−n,

and by the squeeze theorem, limn→∞ ||bn||2L2([0,T ]×∂Y ;R) = 0. Now, we can also dominate bn by

g(x) = 1, so it follows:

lim
n→∞

||bn||2L2([0,T ]×∂Y ;R) = ||b∗||2L2([0,T ]×∂Y ;R) = 0,

hence b∗ = 0 a.e. on [0, T ]× ∂Y . So, (5.22) is satisfied.

Thus, the limit point (A,B, ρ)∗ is a weak solution to the ADP system.

Step 7. Uniqueness.

As to verify uniqueness, suppose there exists another weak solution (Ā, B̄, ρ̄) ∈ C0([0, T ];H1)

to the ADP system which satisfies the previous definition in equations (5.19) - (5.22), Ā(0) =

A0, B̄(0) = B0, ρ̄(0, ·) = ρ0. Then:

||(A,B, ρ)∗(0)− (Ā, B̄, ρ̄)(0)||H1 = 0.

We have from the definition of the weak solution (5.19 - 5.22) that:
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||(A,B, ρ)∗(t)− (Ā, B̄, ρ̄)(t)||H1 ≤ ...∫ t

0

||G(A∗(s), B∗(s), ρ∗(s))−G(Ā(s), B̄(s), ρ̄(s))||RK×Kds+ ...∫ t

0

||H(A∗(s), B∗(s), ρ∗(s))− H(Ā(s), B̄(s), ρ̄(s))||RK×Kds+ ...∫ t

0

|(ρ∗(s),−A∗(s; ũ(∂y2Ṽ∗), w̃(∂y2Ṽ∗))ψ)D∗(Y ;R),D(Y ;R) − ...

(ρ̄(s),−A∗(s; ũ(∂y2Ṽ Ā,B̄), w̃(∂y2Ṽ Ā,B̄))ψ)D∗(Y ;R),D(Y ;R)|ds

Again, from the local Lipschitzianity of G in Lemma 1:

∫ t

0

||G(A∗(s), B∗(s), ρ∗(s))−G(ρ̄(s), Ã(s), B̃(s))||RK×Kds

≤ θ−1L

∫ t

0

||(A,B, ρ)∗(s)− (Ā, B̄, ρ̄)(s)||H0ds ≤ ...

θ−1L

∫ t

0

||(A,B, ρ)∗(s)− (Ā, B̄, ρ̄)(s)||H1ds

and similarly for H. From Lemma 4,

∫ t

0

|(ρ∗(s),A∗(s; ũ(∂y2Ṽ∗), w̃(∂y2Ṽ∗))ψ)D∗(Y ;R),D(Y ;R) − ...

(ρ̄(s),A∗(s; ũ(∂y2Ṽ Ā,B̄), w̃(∂y2Ṽ Ā,B̄))ψ)D∗(Y ;R),D(Y ;R)|ds ≤ ...

C

∫ t

0

||(A,B, ρ)∗(s)− (Ā, B̄, ρ̄)(s)||H0ds ≤ ...

C

∫ t

0

||(A,B, ρ)∗(s)− (Ā, B̄, ρ̄)(s)||H1ds.

Thus:
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||(A,B, ρ)∗(t)− (Ā, B̄, ρ̄)(t)||H1 ≤ (2θ−1L+ C)

∫ t

0

||(A,B, ρ)∗(s)− (Ā, B̄, ρ̄)(s)||H1ds.

Let ℶ := (2θ−1L+ C). By the Grönwall-Bellman inequality:

||(A,B, ρ)∗(t)− (Ā, B̄, ρ̄)(t)||H1 ≤ eℶt||(A,B, ρ)∗(0)− (Ā, B̄, ρ̄)(0)||H1 = 0.

So, (A,B, ρ)∗ is the unique weak solution to the ADP system. Letting (A,B, ρ) = (A,B, ρ)∗

completes the proof of Theorem 1.

5.5 Numerical Results

5.5.1 Model Parameters

We made the following selections for model parameters. The length of the road was taken

to be L = 2π. ϵ = .0005, smax = L/20, umax = smax/6, wmax = umax/10. γ = 10. We took

β = 2, and T = 300. We took K = 2, so there are 6 (nonzero) basis functions for the value

function approximation. α = 1. ϕ is taken to be:

ϕ(y1, η1) := sin(2π
y1 − η1

L
)

and the initial (smooth) probability density is:

ρ0(y) :=
1

C
e10 cos(2π

y1−
L
2

L
)I|y2− 3

10
smax|< 1

11
(y2)e

1

|11(y2−
3
10 smax)|2−1
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Figure 5.1: (top) The numerical spatial probability distribution of the traffic flow at different
times as a function of space. The road is a closed loop, so the flow on the RHS comes back to the
LHS. (bottom) The numerical bulk velocity of the traffic flow at different times as a function of
space. (top) and (bottom) share a horizontal axis. At first, a there is a significant slowdown in the
traffic flow, but congestion is rapidly dissipated. This slowdown region is later dissipated itself.

154



0 100 200 300 400 500 600
t (seconds)

−0.05

0.00

0.05

0.10

0.15

0.20
a
k
l(
·),
b k
l(
·)

akl(·)
bkl(·)

0.05 0.10 0.15 0.20 0.25 0.30
y2

0

5

10

15

20

25

r̂ 2
(t
,·)

t = 0s

t = 10s

t = 300s

t = 600s

Figure 5.2: (top) The evolution of the weights of the approximate value function. As time pro-
gresses, the weights appear to approach an equilibrium. Note, however, we have not proven
stability in this work, only existence and uniqueness. (bottom) The marginal distribution for the
speed. The speeds are initially distributed according to a bump function, but later evolve into a
much more concentrated distribution at a higher speed.
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Figure 5.3: The evolution of the HJB-I error as time progresses. The error oscillates as the
vehicles move around the track, and generally decreases over time, indicating that ADP process
begins to learn the optimal control and disturbance.
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where C is a normalizing constant. We took θ−1 = 10−2, and A0 = B0 = .1 · 13×3, where 13×3

is the matrix of all ones.

5.5.2 Numerical Methods

Let the numerical solution of the FK equation be piecewise constant, denoted by ρ̂ : [0, T ]×

Y → R, and the numerical solution of the weights of the value function be piecewise constant

Â, B̂ : [0, T ]→ RK×K . For a detailed description of our numerical methods for the FK equation,

please refer to our work in [93]. In short, we discretize the FK equation in space using the finite

volume method. We use the Rusanov numerical fluxes to approximate the hyperbolic part, and

the second-order central difference method on the parabolic part. Both the numerical solution

of the FK equation and the numerical solution of the value function weights were time-marched

using the stability preserving second-order Runge-Kutta scheme [88]. We took our timestep to

be ∆t = .0025, and took 812 grid points in position-speed.

5.5.3 Discussion of Numerical Results

To begin this discussion, we first describe some macroscopic quantities related to the ve-

hicle dynamics. Define the spatial density r1 : [0, T ] × T → R, and the momentum density

j : [0, T ]× T→ R:

r1(t, ·) :=
∫
R
ρ(t, ·) dy2,

j(t, ·) :=
∫
R
y2ρ(t, ·) dy2 =: r1(t, ·)v(t, ·),
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under the assumption that ρ(t, ·) is extended by 0 for y2 /∈ [0, smax]. We integrate the FK equation

over y2 ∈ R, and we obtain:

∂tr1 + ∂y1(r1v) = 0 in (0, T ]× T

with r1(t, y1) = r1(t, y1 + L), and initial conditions obtained from ρ0. We obtain spatial density

r̂1(t, ·) and bulk velocity v̂(·, t) numerically from ρ̂(·, t) via Riemann sums. These are plotted in

Fig. 1. We also plot the numerical version of:

r2(t, ·) :=
∫
R
ρ(t, ·) dy1,

in (bottom) of Figure 2. Similarly to our result in [93], initially, the bulk velocity v̂ forms a

slowdown region. The vehicles ahead of the congestion spread into the sparsely occupied regions

of the road, and as the slowdown region is then gradually evolved so that it dissipates. The speed

distribution concentrates at a higher speed than the system was initialized at. As expected, the

performance is not as good as the exact dynamic programming approach we took in our previous

work [93], and the vehicles move more slowly. However, the computation of the control in our

previous work was completely offline. Here, we obtained a control adaptively and on-line. The

smoothing of the bulk velocity profile in the bottom of Fig. 1 is indicative of comfortable, fuel-

efficient travel. This result indicates some applicability of this control method to more practical

scenarios, such as agent-based traffic simulations with observation and estimation of the mean-

field distribution.

The dynamics of the HJB-I loss as depicted in Fig. 5 are particularly interesting. At least
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in simulation, it does not strictly decrease as the system dynamics progresses. The simulation

identifies a question which needs answering: where can we initialize the ADP for this system so

that the HJB-I loss is strictly decreasing? And, is this even possible? Other initializations which

we do not reproduce here seem to lead to divergence, so this is an important question to answer.

5.6 Conclusion

In this chapter, we posed a robust discounted horizon mean-field game and obtained the

stationary system which provides its solution. We used the HJB-I equation of this system to

develop an ADP system, which consists of ODEs for the value function weights, and a forward

Kolmogorov equation for the traffic density. We proved weak solutions to this system exist

and are unique. Moreover, these controls are feasible for the mean-field game we pose. We

implemented a numerical simulation, and obtained an adaptive control for the traffic density

which dissipates traffic and increases and smooths the bulk velocity.

Of course, the question of whether this approach results in solutions that converge to the

solution of the stationary mean-field game as the number of basis functionsK →∞ is also open.

There are several more avenues which we intend to explore. These are:

1. ϵ(N) suboptimality of the optimal control from the mean-field game for the finite-size

game;

2. Suboptimality bounds for the control from the ADP system for the mean-field game; and

3. Addition of multiple lanes and collision avoidance.

We leave these questions to be answered in our future work.
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Chapter 6: Conclusion and Future Directions

In this thesis, we studied and applied mean-field theory in the context of system-identification

and optimal control. In addition to the specific conclusions of each chapter, we offer some more

general ones here.

6.1 Mean-field System Identification for Flocking, Schooling, and Swarming

6.1.1 Conclusion

For the system identification problem, we studied a model of flocking agents in 3D space-

plus-time. We passed formally from the particle dynamics to the hydrodynamics. We studied the

hydrodynamics in-depth. Briefly, due to the structure of the interactions chosen, we obtained a

hydrodynamic model which has singular interactions on the attraction, repulsion, and alignment

forces. The model is posed in a bounded region of 3D space. Again, to the best of our knowledge,

this problem has not been posed or well-studied, and, indeed, there are many unresolved questions

related to this model. We will return to these questions once we finish discussing what was done

in this thesis. We proved existence of weak-solutions, and showed they are of bounded-energy.

Then, we showed these solutions are subject to a weak-strong uniqueness principle.

After we proved several new results on hydrodynamic flocking models, we applied our
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model numerically in a system identification problem. Although we did not describe the numer-

ical methods in depth within this thesis, they are also rather novel, and a paper could be written

about this topic additionally.

Regarding this system identification problem, we have not proven the existence of optimal

models for given data. We also have not proven that the cost of the system identification problem

is differentiable w.r.t. the decision variables. So, we do not know rigorously if the problem we

posed has a solution, nor do we know if the method we applied will converge to a solution of that

problem.

There is a somewhat cryptic result of our work is contained in Corollary 1 of Chapter

2. This corollary states that for any arbitrary terminal density ρ(tf , ·) = r, there are (indeed,

infinitely many and totally arbitrary) controls which take the initial density into the terminal

one. Indeed, the entire trajectory of the densities can be specified (which is what we do in the

uncontrolled cases), and via the Helmholtz decomposition, a momentum field which produces

that trajectory of densities can be constructed. In effect, the divergence of the momentum field

can be specified as we want it to be, and then the divergence-free part is what really is varying

between different parameters of our model.

The other result we proved brings (to the best of our knowledge) a totally unstudied type

of potential into the field of flocking hydrodynamics. We studied a large class of Bessel-type

potentials of fractional order s > 2, and showed that hydrodynamics subject to such potentials

gives similar existence of bounded-energy weak-solutions and weak-strong uniqueness.
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6.1.2 Future Directions

As promised, we now return to discuss directions for answering some of the directions

we might take in subsequent work. While we proved weak-strong uniqueness, we do not know

if there are or are not strong solutions to the Euler alignment system we posed. It would be

interesting to see if we could answer this question.

A paper regarding feasibility of the system identification problem we pose in Chapter 3

is another obvious next step. We have explored some approaches using methods from weather

forecasting and parameter estimation for systems governed by the Navier-Stokes equations. This

is an area we will pursue.

There is also an optimal control problem we can pose on the Euler alignment system subject

to leaders. This problem is totally unsolved. We conjecture that this problem will be solved by

either a forward-backward system of PDEs, or an infinite dimensional HJB equation. As such,

this problem may be interesting mathematically.

From a more practical point of view, it would be very interesting if we could get our hands

on real flocking data. That would be a real test of our methods, and will certainly lead to inter-

esting discoveries, both theoretical and practical in nature.

6.2 Mean-field Control for Vehicular Traffic

6.2.1 Conclusion

For the optimal control problem, we posed a robust mean-field game on idealized traffic

flow. First, we posed the finite-horizon problem. We explored it numerically and obtained a
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problem which is, at least numerically, a fixed point of the forward-backward system of mean-

field game PDEs. This was done by solving the forward Kolmogorov equation forward in time,

fixing its solution, and then solving the backward HJB equation backward in time, and iterating.

The solutions converged to a value within machine precision.

The controls obtained very quickly cause the traffic distribution to approach a flat profile,

and causes the traffic to move much more quickly, as we see in the figures given.

Then, recognizing that the procedure of solving a system many times forward and backward

until convergence doesn’t make much sense in the context of an on-line controller, we formed a

system of approximate dynamic programming ODE-PDEs. This is equivalently a form of value

function approximation, i.e. reinforcement learning. This system of ODE-PDEs can be used to

develop an algorithm for on-line adaptive control of traffic. This approach also flattens the traffic

profile, although, as expected, it takes much longer to attain this result, and the vehicles do not

move as quickly in the end.

In addition, we proved that the ODE-PDE system obtained has weak solutions in a suitable

Hilbert-Sobolev space. Since all the coefficients are actually smooth in the spatial co-ordinate, we

conjecture that we can upgrade the regularity of the solutions from a weak solution to a classical

solution which is additionally smooth in the spatial co-ordinate.

6.2.2 Future Directions

Interesting questions remain regarding convergence and stability of this approach in time to

a locally optimal approximation of the value function for a fixed number of basis functions, and

whether increasing the number of basis functions results in convergence of the approximations
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to the true value function. For the first question, it seems less straightforward than we assumed

- the function whose gradient we take to update the value function weights does not strictly

decrease with time, and in some initializations, the solutions grow quickly, and sometimes blow-

up numerically. This question naturally merits study.

Additionally, in this thesis we studied a very specialized problem with simple dynamics

and boundary conditions. Expanding this theory to general approximate dynamic programming

for mean-field games is useful and mathematically interesting, especially in the context of stock

pricing, which is very-well suited to mean-field approaches.

This concludes the thesis.
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