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Ultracold atoms emerge as a promising advanced platform for researching the principles

of quantum mechanics. Its development of scientific understanding and technology enriches

the toolbox for quantum simulations and quantum computations. In this dissertation work, we

describe the methods we applied to build our new high-resolution 87Rb Bose-Einstein condensate

(BEC) machine integrated with versatile quantum control and measurement tools. Then we

describe the applications of these tools to the research of novel superfluidity and non-Hermitian

physics.

Superfluids and normal fluids were often studied in the context of Landau’s two-fluid

model, where the normal fluid stemmed from thermally excited atoms in a superfluid background.

But can there be normal fluids in the ground state of a pure BEC, at near zero temperature? Our

work addressed the understanding of this scenario, and then measured the anisotropic superfluid

density in a density-modulated BEC, where the result matched the prediction of the Leggett



formula proposed for supersolids. We further considered and measured this BEC in rotation and

found a non-classocal moment of inertia that sometimes turns negative. We distinguished the

roles of superfluid and normal fluid flows, and linked some features to the dipolar and spin-orbit

coupled supersolids.

As a second direction, we describe our capability to create non-Hermiticity with Raman

lasers, digital-micromirror device (DMD), and microwave, and present our work in engineering

the real space non-Hermitian skin effect with a spin-orbit coupled BEC. By use of a spin-

dependent dissipative channel, we realized an imaginary gauge potential which led to nonreciprocal

transport in the flat box trap. We studied the system dynamics by quenching the dissipation, and

further prepared stationary edge states. We link our discoveries to a non-Hermitian topological

class characterized by a quantized winding number. Finally, we discuss the exciting promises of

using these tools to study many-body physics open quantum systems.
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Chapter 1: Introduction

1.1 Quantum simulations with quantum gases

In the pioneering lecture in 1982 [5], Richard Feynman proposed to “let the computer itself

be built of quantum mechanical elements which obey quantum mechanical laws”. Many would

not have expected that these words become the mainstream practice in the study of quantum

mechanics in the early 21st century. This was due to the amount of previous efforts to experimen-

tally harness the quantum dynamics using coherent approaches. Nowadays, people can already

make mesoscopic quantum many-body systems in their labs. Among them, the playground of

ultracold quantum gases has attracted broad attention and holds a large research community.

Thanks to the decades of milestone research that brings us the versatile tools for cooling and

controlling these atoms, making ultracold gases arguably the closest platform to Feynman's

“quantum simulators”. I would like to start my introduction by asking “why” we should still

follow and lead the path of quantum simulation.

1.1.1 Why do we like quantum simulations?

One of the goals of quantum simulations is to solve quantum problems that are intractable

via classical approaches [6]. A well-accepted instance is strongly correlated ultracold gases in
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optical lattices, could in principle, help understand and explore the phase diagram of the Fermi-

Hubbrad model [7], which is expected to show signatures of high-temperature superconductivity

in the extreme limit. Another direction of interest is building analogs of different quantum �eld

theories by clever design. The inter-particle interaction in ultracold gases can be enhanced

to allow for strong quantum �uctuations, such that the matter wave itself is described by a

quantum �eld [8]. Proposals exist that one can use this fact to build analog models of quantum

electrodynamics [8], dynamic gauge �elds [9], and even those in curved space-time [10]. The

ultimate goal of this line is to achieve the non-perturbative regime, where classical simulation

and analysis are rarely useful.

Another aspect of quantum simulations is that they help people discover new science in new

regimes. Often those regimes were less explored either because they are rare to �nd in nature,

or people were misled by some “no-go” theorems. But with the right tools in hand, theorists

and experimentalists could rethink together and sometimes have unexpected discoveries. The

most recognizable example is the development of the booming �eld of quantum information,

which would not attract so much attention without compatible experimental progress. Despite the

applications, these new considerations also produced fruitful results in understanding quantum

coding theory [11], topologically ordered matter [12] and open quantum systems [13], just to list

a few.

1.2 Light-matter interaction

The main messenger through which we talk to the atoms is the photons. The photon �eld

is aU(1) gauge �eld often detonated by the vector potentialA which couples to the electron in
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the atoms by Hamiltonian [14]

He =
1

2me
(p �

e
c
A )2 (1.1)

in the free space. And the gauge �eldA is expanded to plane wave basis

A (x; t) = A�̂ (ei (k �x � !t ) + H.c.) (1.2)

where�̂ is the polarization vector withk � �̂ = 0. One can make the so-called dipole approximation

that the wavelength of the light� = 2�=k is much longer than the atomic size (the length scale

of electron motion). This interaction is then modeled in the electromagnetic �eldsE = � @tA =c.

He =
p2

2me
� d̂ � E (1.3)

where

d̂ = ex (1.4)

is the electric dipole of the electron. Similarly, one can make the magnetic dipole approximation

which couples the magnetic �eldB = r � A with the magnetic moments of the electron and the

nucleus.

H � = � �̂ � B : (1.5)

Hence we usually write the total atomic Hamiltonian as

Ha =
p2

2m
� d̂ � E � �̂ � B : (1.6)
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In our experiments, we extensively used these couplings by EM �elds such as optical lasers,

magnetic coils, and radio frequency �elds. The dipole approximations always hold for these

scenarios.

For the coherent EM �elds we generated in our lab, the photon occupation is large enough

that one can ignore the �uctuations in the photon �elds, making the so-called semi-classical

approximation. This means we treatE andB as c-numbers instead of �eld operators, while in

the meanwhile, we study the quantum evolution of the atomic or electron motion.

1.2.1 Atomic two-level system

We want to make a toy model out of the real atom (and this is often justi�ed by energy scale

separation). The simplest quantum system one can make is a two-level system (or pseudo-spin),

with the Hamiltonian

H = ~! 0 jeihej � (~
( t) jei hgj + H.c.): (1.7)

This Hamiltonian is derived from the interaction term of (1.6) by de�ning
 = hej d̂ � E jgi =~

and note thathgj d̂ jgi = hej d̂ jei = 0 (or similarly forB ) with only one �eld present at a time.

This is in general time-dependent Hamiltonian because of the coupling
( t). Consider a

single tone coupling
( t) = 
 cos ( !t ) = 1
2(ei!t + e� i!t ). We usually apply the rotating wave

transformation by applying the unitaryU(t) = ei!t jeihej so thatH becomes

H = � ~� jeihej � [
~

2

(1 + e� i 2!t ) jei hgj + H.c.] (1.8)

where� = ! � ! 0. Because! � 
 ; � , we can use the rotating wave approximation (RWA) and
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Figure 1.1: (a) An abstraction of two-level system coupled by Rabi frequency
 . (b) Bloch sphere
picture of the two-level system [1].

ignore the “fast rotating” coupling, and up to an offset

H = �
~�
2

(jeihej � j gihgj) � (
~

2

jei hgj + H.c.): (1.9)

This is a time-independent Hamiltonian that can be directly diagonalized. We get two

energy eigenvalues

E � = ~! � = �
~
2

p

 2 + � 2 (1.10)

and as a function of� , this is the typical picture of “avoided crossing” in a two-level system.

Because the “real” eigenstates are superpositions of atom-photon dressed-states, the energy shifts

from the bare atomic energy are termed theAC Stark shifts. In the limit of � � 
 , we have a

better known expression

E � = �
~�
2

�
~
 2

4�
: (1.11)
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Another useful consideration is to ask about the dynamics starting from an arbitrary state.

This can be easily solved by projecting to the eigenstates, and the answer is population “�ip �op”

at the frequency of! + � ! � . For example, if att = 0 the state vector is injgi , then

hej i = � i



p

 2 + � 2

sin (

p

 2 + � 2

2
t): (1.12)

Dynamics like such are named after I. I. Rabi and called theRabi oscillations.

The Rabi oscillations can be visualized by the introduction of the “Bloch sphere” picture.

It is because we can use the isomorphism mapping from SU(2) to SO(3) by de�ning the vector

~r = (sin � cos�; sin� sin�; cos� ) (where� and� are Euler angles). This corresponds to the state

vector

j i = (cos (�=2); sin (�=2)ei� )T (1.13)

or if in a mixed state, the density matrix

� =
1
2

(I + ~r � ~� ): (1.14)

We �nd that the equation of motion for the vector~r

@~r
@t

= ~~
 � ~r (1.15)

is a classical rotation driven by the “torque”Rabi vector~~
 , which is de�ned as

~~
 = � (Re 
 ; Im 
 ; � ) (1.16)
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so that the rotation “frequency” is indeed
p


 2 + � 2 = j! + � ! � j – recovers the result (1.12).

In a multilevel system (like with the energy levels of a real atom), we still mostly work with

two of the many levels by deliberately isolating them in energy. This is often done in the ground

state manifold by utilizing the linear or quadratic Zeeman shifts such that the other states are

tuned far off resonance� � 
 . The magnetic dipole transitions like RF or microwave were used

to transfer atomic populations often in a two-level setting. In some optical transitions such as the

cycling transition used for laser cooling, the two-level picture approximately applies, because of

the well-designed photon polarization.

1.2.2 Optical Bloch equations

There are coherent processes and “incoherent” processes encountered in our typical experiments.

Often the “incoherence” is induced by pumping into a continuous spectrum (with a high density

of states), such as the degenerate photon statesjki across the4� spherical angle. This is encountered

in the so-called “spontaneous emission” in which the excited atom scatters a photon into one of

this degenerate sea of states.

To study such systems, people usually regard the whole physical system as an “open

quantum system” plus “reservoir” setting. By tracing out the reservoir, they can derive the

equations of motion for the system. We make two approximations [15]:

• The reservoir does not have a “memory” of its past evolution or its past interaction with the

system;

• The reservoir state is stationary in the process of study, and is not affected by the interaction

with the system.
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Figure 1.2: Illustration of an open quantum system. Typically there are coherent drives labeled
by 
 , incoherent dissipations labeled by
 , and measurements labeled by� .

It is realized that such processes can be effectively described by theMarkovian master equation

_� (t) = �
i
~

[H (t); � (t)] +
X

n

1
2

�
2Cn � (t)Cy

n � � (t)Cy
nCn � Cy

nCn � (t)
�

: (1.17)

Here all the operators are de�ned in the subsystem we are interested in.� is the density operator

after tracing out the reservoir states.Cn =
p


 nAn are the “collapse operators”, whereAn

describe the system-reservoir interaction, and
 n are the coupling strengths.

Let's look at the spontaneous emission in a two-level system, where on top of

H = �
~�
2

(jeihej � j gihgj) � (
~

2

jei hgj + H.c.): (1.18)

we also have the excited statejei coupled to the reservoir photon modes with rate
 such that

C =
p


 jgi hej 
 ay: (1.19)
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We write out the matrix elements

_� ee = � 
 (�n + 1) � ee + 
 �n� 11 + i 
 � � eg � i 
 � ge

_� gg = 
 (�n + 1) � gg � 
 �n� 11 � i 
 � � eg + i 
 � ge

_� ge = �


2

(2�n + 1) � ge � i�� ge � i 
 � (� ee � � gg)

_� eg = �


2

(2�n + 1) � eg + i�� eg + i 
 ( � ee � � gg) :

(1.20)

where�n is the mode occupation number, and�n = 0 for vacuum. This set of equations describes

the population and coherence evolution of the atom state and is named byOptical Bloch equations[14,

15].

There are steady-state solutions to the two-level system in a vacuum, namely_� = 0. We

have then

� eg =
i 
 ( � ee � � gg)


= 2 � i�
(1.21)

� ee =
Ropt


 + 2Ropt
(1.22)

and

Ropt =

 j
 j2

(
= 2)2 + � 2
: (1.23)

There is rich physics in this solution. First, the photon scattering rate is� ee
 ; secondly, it predicts

the nonlinear response of the two-level atom to the optical �eld – the single atom polarizability is

� (�; 
) / � ge=
 . It has real and imaginary parts as shown in Fig.??; thirdly, it predicts “power

broadening” as we ramp up the laser intensity – and in the extreme caseRopt � 
 , � ee = 1=2.

This is crucial in the consideration of probing atoms as well as laser cooling, as will be elaborated.
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Figure 1.3: A two-level system is known for its nonlinear response to external drive
 .

1.3 Atomic structure

The workforce is our lab is the rubidium 87 (87Rb) atoms, one of the simplest species in

the alkali family. These atoms are simple because they are in the same family as hydrogen, and

the eigenstates are labeled by the principal quantum numbern, the angular momentum number

l, and its projectionm. For 87Rb atoms, the ground state hasn = 5. Our lasers mainly address

angular momentuml transitions betweenl = 0 andl = 1. So we label our ground state as5S1=2.

But in general it is necessary to introduce the atomic structure for use of our experimental

control. Almost all the information can be found in the Steck datasheet [16].

1.3.1 Fine structure

Because the Coulomb potential that restrains the electron is only function ofjr j, the energy

levels depend onn, but not l; m. So the different angular momentum states are degenerate.

However, there are corrections to this which lift this degeneracy. These are:

1. The electron kinetic energy has relativistic correction (just by simply applying special
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relativity)

� Erel = �
E 2

n

2mc2

�
4n

l � 1=2
� 3

�
: (1.24)

Herem is the electron mass.

2. There exists spin-orbit coupling. To understand it, one can calculate it in the electron's

moving frame, where the nucleus orbits around it and generates a magnetic �eld. The

interaction energy becomes

HSO =
Ze2

4�� 0

gs

4me2c2

~̂L � ~̂S
r 3

(1.25)

whereZ is a correction factor. It follows that

Ŝ � L̂ =
1
2

�
J 2 � L2 � S2

�
: (1.26)

3. The Darwin term is another correction from the Dirac equation. It only affectsl = 0.

HDarwin =
~2

8m2c2
4�

�
Ze2

4�" 0

�
� 3(r ) (1.27)

Due to these corrections, the eigenstates are labeled byj through the angular momentum

coupling rules, which is~J = ~L + ~S. Meanwhile, the coef�cients of transformation are the

Clebsch–Gordan coef�cientsde�ned through

jJM i =
j 1X

m1= � j 1

j 2X

m2= � j 2

jj 1m1j 2m2i hj 1m1j 2m2 j JM i (1.28)
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where~J = ~J1 + ~J2.

The �ne structure lifts the degeneracy of our5P state, and splits it into two5P1=2 and5P3=2

(the corresponding transitions are calledD1 andD2). This splitting is� 7:3 THz and is vital

for our experiments. We generally address these two transitions in creating “spin”-dependent

potentials and inducing the Raman dressed states.

1.3.2 Hyper�ne structure

The nucleus also has a magnetic dipole moment� I = gI I and can experience the magnetic

�eld created by the orbiting valence electrons. In general this interaction is smaller than the �ne

strucutre by the factor ofgI =gs � me=mp, wheremp is the proton mass. On the other hand, there

is electric quadrupole interaction because of the structure of the nuclei. But by accounting for

that, we de�ne

~̂F = ~̂L + ~̂S + ~̂I (1.29)

and such hyper�ne interaction energy is

� Ehfs =
1
2

AhfsK + Bhfs

3
2K (K + 1) � 2I (I + 1) J (J + 1)

2I (2I � 1)2J (2J � 1)
(1.30)

whereK = F (F + 1) � I (I + 1) � J (J + 1) , Ahfs andBhfs are the magnetic dipole constant

and electric quadruple constant of the nuclei.
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Figure 1.4: The low-lying level diagrams of a87Rb atom. It includes both the D1 and D2 optical
transitions.

1.3.3 Level diagram

After we introduced the principles of level splittings, we summarized the most used transitions

in our experiment in the following chart (reproduced from [16]).

1.4 Multi-level simulation: internal states

The dynamics in a multi-level atom are complicated but are necessary to understand for

conducting a variety of real experiments. On the primary level, we should at least model the

13



Figure 1.5: The two simulated optical pumping schemes. They both share a� + polarized
optical pumping beam. But their repump beams are of different polarizations,� versus� + + � �

respectively.

internal dynamics with spontaneous emission. This can be done through the introduced master

equation but generalized to many levels. Because our system dimension is large and involves a

number of couplings either coherent or incoherent, it is preferable to lay a clear framework. For

this purpose, I selected an open-source integratorQuTiP2[17, 18]. This simulation runs on the

full 5S1=2 to 5P3=2 transitions.

1.4.1 E.g. optical pumping

Optical pumping is a widely used technique in cold atoms, as well as used daily in producing

BECs. This puts a high standard on the ef�ciency and rate of optical pumping. We simulated this

process to understand the parameters we should choose.

The optical pumping describes a population transfer, say, from an arbitrarymF state of

jF = 2i into a certain statej2; 2i . This requires a “dissipative process” to remove the “entropy”.

This is usually done by shining a resonant� + polarized light on theF = 2 to F 0 = 2 transition
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Figure 1.6: Real time evolution. (a) Optical pumping without the repumper; (b) Even when
turning on a� polarized repumper (on resonance), it takes nearly 1 ms to pump 100% of
population!

(D2). In Fig. 1.6(a) we initialized the atom in thej2; 1i , turned on the pumping light, and counted

the probability inj2; 2i as a function of timeP2;2(t). However, the spontaneous decay channel

from F 0 = 2 can also lead to residual population intoF = 1. This calls for introducing a

repumper laser, which brings the atoms back into theF 0 = 2 from F = 1.

It is “a reasonable guess” that this repumper detuning should be optimized to resonance for

best ef�ciency. However, our simulation says that it is not the case. As shown in Fig. 1.6(b), with

such a repumper on resonance, it takes almost “forever” to fully pump the atom (interestingly,

a fast pump is followed by a very slow pump). A similar time scale is observed for both� and

� + + � � polarized repump light.

Where does the atom probability go? With this question we examined the “meta-stable

state” population, and found that it stays in some certain superposition of theF = 1 andF = 2.

Ahh, this is simpleCoherent population trapping(CPT) physics! Reconsidering the two schemes
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in Fig. 1.5, there are three (two) independent� three-level systems in the scheme a (b) – of course

they support dark states. With spontaneous decay fromF 0 = 2, the atom is also pumped to these

states invisible to our lasers.

The resolution to this problem is also straightforward, and that is making these states

“bright” again by tweaking the detuning� . We scanned the detuning of the repumper beam

and observed theElectromagnetically induced transparency(EIT) “dip” at the zero detuning

(Fig. 1.7). We will need to park the repumper frequency a few MHz off the resonance to optimize

ef�ciency. Even though this simulation was run at zero magnetic �eld, a small background �eld

� 1G like applied in our usual experimental runs is not helpful since the Zeeman shift isn't large

enough.

Another “workaround” solution is to have stroboscopic lasers (which can be controlled by

the AOMs). In Fig. 1.7(b) we simulated the scenario where we turned on the optical pumping

light for 0.5 � s, and then switched to the repumper light for 0.5� s, and thus went on. This

sequence avoids dark states and allows for optical pumping on the 10� s time scale, slightly

slower than the dettuning method.

1.4.2 E.g. spinor condensate imaging

In spinor BEC experiments, the spin projection along the quantization axisSz is often

measured by calculating from two sequential measurementsSz = n" � n#. The observablesSx ,

Sy can in principle be rotated to theez axis through an RF or microwave pulse. However, this

approach is destructive because of the rotation. (One might consider applying a “reversed” pulse

after the measurements, but this makes an interferometer which depends on the phase noises in
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Figure 1.7: Two solutions to the CPT problem. (a) Scan the repumper detuning to locate the
optimal pumping ef�ciency. Pump time is 5� s. (b) Alternating the turning-on of the optical
pumping laser and the repump laser at 0.5� s time intervals.

the intermediate procedure.) We want to invent a “weak measurment” scheme for spin projection

along arbitrary axes.

We considermF = � 1states in theF = 1 as our psedo-spin spacej"i ; j#i . Then we couple

the two spinors simultaneously toj2; 0i by microwaves as shown in Fig. 1.8. This coupling is

off-resonant such that no real population is transferred to theF = 2. Meanwhile, we turn on a

probe laser that is detuned to thej2; 0i to j30; 10i transition, but compensate with the microwave

detuning such that the two-photon (microwave+probe) coupling is resonant. We hope to build a

scheme where we can simultaneously turn on a combined microwave plus probe pulse for several

� s, and then read out the absorption signal on the probe.

We ran the master equation simulations, and indeed we were able to observe the absorption

and diffraction of probe light as manifested by imaginary and real parts in the density matrix

element� eg. As we gave
 � 1 and
 � 2 the same phase, we found that� eg is only function ofhSx i

but a constant ofhSy i . However, if we letarg(
 � 1=
 � 2) = �= 2, we could measurehSy i instead
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Figure 1.8: Microwave-assisted probe scheme. Two microwave couplings make a� system, and
a probe laser is applied to read out the projected population.

of hSx i .

We have made such a nice tool, but how should we understand it? The intuition is that

we made a� system byj1; � 1i , j1; 1i and a “virtual state” detuned fromj2; 0i through the two

microwave couplings
 � 1 and
 � 2 (see Fig. 1.8). The probe addresses the “population” of the

virtual state, which is indeed Rabi coupled with the bright state of our� system. This bright state

is made ofjB i = (
 � 1 j1; 1i + 
 � 2 j1; � 1i )=
q

j
 � 1j2 + j
 � 2j2 and is clearly a function of the

phasearg(
 � 1=
 � 2).

1.5 Light forces: external states

We use lasers to apply forces to the atoms. To understand the origin of the forces [19], we

go back to the two-level system Hamiltonian (1.9). We write out the Heisenberg equation for the

atomic momentum̂p

F̂ =
d
dt

p̂ =
1
i~

[p̂;Ĥ ] (1.31)
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Figure 1.9: The optical depth and phase shift (arbitrary units) converted from� eg, where� eg =
h2; 0j � j30; 10i . Both signals measure the projection into thej!i = ( j"i + j#i )=

p
2. Simulations

are done with bias �eldB = Bez (B = 10G), detuning� = 2� (� = 2 � � 6:1MHz), pulse time
� = 2� s.

After plugging in (1.9) the expectation value of the force is

hF̂ i = ~r 
 � ge + ~r 
 � � eg

= ~
1
2

rj 
 j2
� � ge


 �
+

� eg




�
+ i~j
 j2r �

� � ge


 �
�

� eg




�
:

(1.32)

We can separate it by the “dissipative force” and the “reactive force”

hF̂ i = 2~j
 j2r � Im
� � eg




�
+ ~rj 
 j2 Re

� � eg




�
: (1.33)

Here� = arg 
 .

The dissipative force is related to the imaginary part of the coherence� eg, which corresponds

to the absorbed light. Consider a plane wave with~k that illuminates our atom with velocity~v. In
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the weak light limit (j
 j � 
 )

Im
� eg



=

2


4
 2 + ( � � ~k � ~v)2
(1.34)

which leads to

hF̂ i = ~k
4
 j
 j2

4
 2 + ( � � ~k � ~v)2
= ~kRopt: (1.35)

This expression has a clear explanation that the atom absorbs a photon from our laser and gets a

momentum kick~k from it, which multiplies the absorption rate is the force. The reason is that

the spontaneous emission following this absorption randomly ejects the photon to the4� solid

angle, and hence is averaged out. Thus, an atom can be decelerated if it moves against our laser

beam~k, or it can be accelerated if it moves away from the laser.

It is natural to ask if one can make something useful by counter-propagating two identical

laser beams. Repeating the calculations and “naively” adding up the forces (in the weak intensity

limit), we expand the expression to �rst-order inv (~k � ~v � �; 
 )

hF̂ i = ~k
4
 j
 j2

4
 2 + � 2

 

1 +
2� ~k � ~v

4
 2 + � 2

!

: (1.36)

This is such a great result that it allows us to laser-cool the atoms! When the detuning� <

0, the force always slows the atom down along the direction of the counter-propagated lasers.

The technology was termed “Doppler cooling” when it was �rst discovered in the 1980s [20].

However, this nonlinear expression predicts a “turn-over” at large~k � ~v, which means there is a

“capture range”jvj < v c of the frictional force. This parameter is vitally important when we

design the laser cooling apparatus.
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On the other side, the reactive force corresponds to the dispersive part of the atomic

polarizability. We would take the large detuning limitj
 j � � and have

hF̂ i = � ~r
�

j
 j2

�

�
: (1.37)

We �nd this is the gradient of the AC Stark shift and hence is conservative. This force exists

as the light-dressed state of the atoms can have ground state energies depending on the light

intensity. For red-detuned laser, atoms would be attracted to the strong intensity; while for blue,

the weak intensity. The force was termed theOptical dipole foce[21]. Thus, we can control

in our experiment the external potential seen by the atoms easily through “sculpturing” the light

intensities in space.
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Chapter 2: Making and understanding your own Bose-Einstein condensates

2.1 Overview

The heroic move to make atomic Bose-Einstein condensates (BEC) was awarded the Nobel

prize in 2001. 20 years passed and the task was completed and simpli�ed by many groups

around the world, and there have been standard techniques, although still challenging, to make

degenerate gases step by step. In this chapter, I will review the path we've taken. Hopefully, this

helps the readers build their apparatus as well.

Our approach to producing ultracold rubidium quantum gases borrows a lot of experience

from the precursor experimentsRbChipandRbLi. In summary, one needs an atom source to

produce the atomic gas, laser cool them to mK� � K temperature, trap them and then conduct

evaporative cooling to reach nK temperature and a unity phase space density. In our new apparatus,

we did these several steps with a “modular programming” spirit, in both space and time.

Our vacuum system has two glass cells connected by “differential pumping tubes” which

allows vastly different vacuum pressures at the two ends. The alkali metal sources sit in the

vacuum bellows that are joined via a tee and connected to one of the glass cells, named the “MOT

cell”. On the one hand, we need to quickly load the MOT from the alkali vapor at a relatively

high density. But this high density of the background hot gases limits the lifetime (e.g. in a

magnetic or dipole trap) at the “MOT cell” due to their collisions with the laser-cooled atoms; on
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the other hand, we want a low enough pressure at the “science cell”, in order to run the scienti�c

BEC experiments for at least a few seconds (including evaporation).

The structure of the �rst half of this chapter focuses on the scheme to make ultracold gases

in BEC. The outline of the procedure is, we load amagneto-optic trap(MOT) at the “MOT

cell”, compress the MOT and conduct sub-Doppler cooling. We then recapture these atoms to

a magnetic quadruple trap, and immediately transfer them to the “science cell” bymagnetic

transport. We run RF or microwave-forced evaporation there, and reload them to a hybrid trap

made by an optical dipole beam with the quadruple trap. Finally, we lower the overall trap depth

to allow dipole evaporation to reach quantum degeneracy.

2.2 Laser cooling and trapping

The �rst stage of laser cooling is done through the Doppler mechanism, as already described

in the last chapter. For our rubidium atoms, the room-temperature vacuum pressure already

provides too much background atomic density for loading a bright MOT. Thus, we put our

rubidium source on a thermoelectric cooler (TEC) to maintain the source temperature at around

0� C. The role of our regular three-dimensional MOT is to slow down and capture the fast-�ying

atoms at� 200m/s. It is made of six laser beams detuned slightly (by several natural line widths)

to the red side of thejF = 2; mF = 2i to jF 0 = 3; m0
F = 3i cycling transition, each of them is

collimated, circularly polarized, and has a waist of� 1 inch. Because it takes at least� 3 � 104

photon recoils to slow down an atom from its initial momentum, repump laser beams are added

to bring atoms back fromjF = 1i to jF 0 = 2i . (And to balance the radiation pressure, we added

two of them in counterpropagation.)
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The optical molasses provides a damping force~f = � k~v, which slows down the atoms

within tens of microseconds. But these atoms would still be able to escape because there is little

spatial trapping force. We then add a pair of anti-Helmholtz coils along theex , making a local

quadrupole magnetic �eld

B = Bxx ex + Byyey + Bzzez (2.1)

whereBxx = � 2Byy = � 2Bzz. The atoms are subjected to spatially varying linear Zeeman shift,

and as our lasers are red-detuned to the cooling transition, those who are farther from the trap

center experience a smaller detuning to the counter-propagating beam, which more likely pushes

them back to the trap center. In a MOT simulation, it typically takes tens of milliseconds to trap

atoms relatively close to the trap center.

To correctly address the cycling transition, we select our six cooling beams to be circularly

polarized� + with respect to the propagation axes. In our experiment, we typically turn on the

cooling, repump lasers, and magnetic quadruple �eld at the same time, which makes a bright

MOT that saturates in 3-5 seconds, limited by the background vapor pressure. Our typical

magnetic gradient (Bxx ) is 12 G/cm, and the cooling detunings are -20 MHz� � 3:3� .

According to people's experience, loading a MOT with ultraviolet light (UV) could potentially

help optimize the MOT loading rate and �nal atom number. This is because atoms tend to coat

the glass cell's inner surface, and the UV makes them go off (LIAD process) so that they can be

captured by the MOT. However, we were not able to observe such improvement, which needs

further investigation.

A MOT should in principle be able to lower the captured cloud temperature to below the
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Figure 2.1: The laser cooling scheme at the MOT cell. (a) The six red detuned laser beams are
delivered to intersect at the center of this glass cell. Together with the quadruple �eld generated
by the two anti-Helmholtz coils, it can make a bright MOT cloud of� 1mm diameter. Its
�uorescence makes it visible to the naked eye. (b) We load the MOT with 1.9 s 1/e saturation
time.

Doppler limit, which is de�ned as

TD =
~�
2kB

� 146� K for 87Rb D2: (2.2)

We applied therelease-and-recapturemethod [22] with �uorescence imaging to measure the

MOT temperature, and observed close to 1 mK. This can be due to the imperfect alignment and

beam balances, as well as laser cooling ef�ciency. We moved on from it since we could run

ef�cient sub-Doppler cooling.

Following the MOT stage, we make acompressed MOTby raising the quadrupole trap

gradient and increasing the cooling laser detunings to match the gradient. The step is hoped

to decrease brie�y the cloud size (and increase the spatial density), in preparation for the sub-
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Doppler cooling, where the atoms will not be spatially trapped. In our experiment, we ramped

up the gradient (Bxx ) from 12 up to 48 G/cm in 26 ms, and meanwhile, increased cooling laser

detunings from -20 to -40 MHz.

Now here comes the sub-Doppler cooling, as we simply turn off the magnetic gradients,

and ramp up the cooling detunings to -70 MHz in 15 ms. Because of the large detuning, there

is rarely Doppler cooling going on, but instead, a well-known mechanism calledpolarization

gradient cooling(PGC). This is explained by looking at the electric �eld made by say, our two

counterpropagatingcircularly polarized cooling lasers

~E(z; t) = E0eikz � i!t (êx + i êy) + E0e� ikz � i!t (êx � i êy)

= 2E0e� i!t [cos(kz)êx � sin(kz)êy] :

(2.3)

This is a “polarization helix” standing wave inez. It was often mistaken that such a �eld

could lead to theSisyphus coolingmechanism, where atoms undergo repetitive “climbing hill”!

optical pumped into dark state process. It is worth noticing that can indeed be done in the �eld

like

~E(z; t) = E0e� i!t
�
eikz êx + e� ikz êy

�
(2.4)

which is made by two counterpropagatinglinearly polarized beams. Instead, the cooling mechanism

in our case can be elaborated as the following.

Consider an atom moving along theez with velocity v. In the atom frame, the polarization

rotates at a frequency! = kv. So we further choose a rotating frame to keep the polarization
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vector constant, but this introduces an additional Hamiltonian

�H = kvFz: (2.5)

This Hamiltonian breaks the degeneracy (at zero magnetic �eld) between differentmF states

because it has the form of a Zeeman shift. Thus, the electric dipole couplingH � = � d � ~E indeed

creates an offset inFz

hFzi = A
~kv
� 0

(2.6)

where� 0 is the light shift for themF = 0 state, andA is a constant factor depending on the

F; F 0. In our molasses, the cooling lasers are red detuned to D2, such that� 0 is also negative,

meaning that there are more atoms inmF < 0 whenv > 0. These atoms turn out to be more

likely to absorb a� � photon rather than� + due to the asymmetry in Clebsch-Gordan coef�cients,

which carries a momentum opposite tov. Likewise, forv < 0, a � + photon kicks the atom to

backwards. This is a cooling force that theoretically could cool atoms to therecoil limit

Tr =
~2k2

r

mkB
� 362 nK for87Rb (2.7)

at zero �eld, but would be severely compromised at a �nite magnetic bias �eld.

2.3 Magnetic transport

Magnetic traps are a classic way to trap neutral atoms with non-zero magnetic dipole

moments. For87Rb this is the case with the ground state of 5S1=2 jF = 1i or jF = 2i . Due

to the sign of Laude g-factors, the trappable state inF = 2 aremF > 0, and forF = 1 are
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Figure 2.2: (a) In-situ �uorescence images of the atoms after the MOT stage and the molasses
stage respectively. The cloud reaches a higher phase space density. (b) The commanded magnetic
�eld gradients and the laser detunings throughout the three laser cooling stages.
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mF < 0. In order to achieve a deeper and tighter trap, we chosejF = 2; mF = 2i state.

Magnetic transport is an idea to adiabatically transfer atoms in real space along a long

distance. The atoms are always trapped in a magnetic quadrupole trap, but the trap center is

quickly moved by turning on and off a series of pairs of coils. We implemented this technique

in our apparatus, by using 11 pairs of transport coils, to transport atoms within 2 seconds over a

40 cm length between the two glass cells.

Before initializing the transport, we need to capture the atoms in a magnetic trap in the

MOT cell. But the atoms' internal states are quite random after the PGC, because of the minimized

bias �eld at that stage. To resolve this issue, we add an optical pumping stage to transfer all

populations to thejF = 2; mF = 2i state. This is done by addressing thejF = 2i to jF 0 = 20i

hyper�ne transition with an additional circularly polarized� + beam, in the presence of a small

bias �eld which de�nes the quantization axis, and a weak repump as well. The transfer typically

takes milliseconds.

Following this, we turn on the magnetic trap at 96 G/cm (Bxx ), and to correct bias of the

trap center, we ramp up a bias magnetic �eld at the same time. Due to the slow response time, the

trap actually ramps on within 5-10 ms. With time of �ight, we measured the magnetic trapped

atom temperature to be� 150� K.

The most naive way of thinking of transport is by sequentially ramping off the �rst pair of

coils and ramping on the second. Such a process will greatly change the magnetic trap aspect

ratio, and is likely to excite the radial modes in such a trap. In fact, there is a clever way of

designing a transporting quadruple trap whose aspect ratio is invariant over space. While the

idea was summarized in the paper [23], it requires knowing the exact geometry of the setup and

the coils. We tried out best to accommodate such prerequisites by designing two coil holders that
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hold the transport coils, which themselves are “anchored” via screws to the vacuum setup. For the

coils, we ordered �attened ribbon coil foils and wound them in an “assembly line” with explored

protocols. However, in practice, this is still not enough to match the pre-calculated geometric

model, as it can only transport a tiny portion of atoms to the destination. But that tiny signal

saved us, because we have then parameterized the transport geometry and dynamics, and used a

feedback optimization algorithm to achieve maximum ef�ciency. The typical transport ef�ciency

is 85% in terms of atom population, and the whole procedure takes 2 seconds.

2.4 Evaporative cooling

The laser cooling will get atoms down to typical phase space densities of� 10� 3, so all

current techniques require an evaporative cooling stage to obtain BECs of large atom numbers

(Tiny BECs were obtained, however, via Raman (sideband) cooling not long ago. And there are

newer ideas, which are by themselves exciting). In terms of our magnetic trapped cloud after

transport, the typical temperature of our Rb atoms is� 100� K, an order of magnitude hotter

than laser-cooled atoms in the MOT cell. This is the price we paid for the transport, and is

due to two reasons: 1. the “adiabatic heating” from the compressed trap, which is reversible if

one decompresses the trap; 2. the non-adiabaticity in the transport process – this happens mostly

during the acceleration/deceleration process at the beginning/end of the transport, where the cloud

shape (aspect ratio) is forced to change rather quickly.

We follow a two-step evaporation sequence: �rst RF/microwave forced evaporation, and

then dipole evaporation.
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2.4.1 RF evaporation stage

Following the transport, we have a tight magnetic trap of 96 G/cm (Bxx ) in the science

glass cell. We make use of the high atom density in this trap for fast thermal equilibrium (with

elastic collisions) while evaporating atoms out of the trap. We turn on our RF ampli�er, which

sends RF magnetic �elds to atoms through circuit board antennas near the glass cell, and we

chirp down the RF frequency slowly from 11 MHz to 3.5 MHz within 4-6 seconds. During

this process, the atoms' internal states Zeeman splittings are spatially dependent, and the RF

�eld resonantly �ips the state at a certain radius of the trap. Because only half of the states are

trappable, the �ipped state would experience a magnetic force that expels it from the trap, which

is called forced evaporation. Elastic collisions then help re-establishes a Boltzmann distribution

with a lower temperature. We can reach below 2� K in our experiment.

However, we soon found our RF antennas weren't powerful enough such that the RF Rabi

frequency (smaller than2� � 2 kHz) was slightly too small for ef�cient evaporation. This was

further con�rmed by switching to the microwave from RF. The working principle is the same,

only that the microwave addresses more states betweenF = 1 andF = 2 manifolds, which

complicates the picture. Fortunately, we didn't seem to hit unexpected resonances, and we can

shorten the forced evaporation stage to 3 seconds due to the 2x larger Rabi couplings. However,

the lowest achievable temperature is almost the same as using RF.

2.4.2 Dipole evaporation stage

The RF or microwave-forced evaporation can cool the atoms to around2 � K in our setup.

As we lowered the “knife edge” frequency, we experienced two obstacles – 1. the power delivered
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by our RF antenna dropped; 2. atoms in the magnetic trap are expected to �nd severe “Majorana

spin-�ip heating”. As such, we completed the �nal stage of evaporation in an optical dipole trap

or a hybrid trap.

The dipole force originates from the conservative part of the light-matter interaction. The

simplest two-level system atom would experience a potential when illuminated by a far from

resonant laser light with frequency! [24]

U(~r) = �
3�c 2

2! 3
0

�
�

! 0 � !
+

�
! 0 + !

�
I (~r) (2.8)

where! 0 is the energy splitting between levels,� is the natural linewidth, andI (~r) is the light

intensity at~r. Because! 0 � ! � ! 0 + ! , the second term is often ignored and the sign of the

potential is determined by the detuning� = ! � ! 0. For red-detuned light, we have a negative

potential (thus attractive), while for blue-detuned light we have a positive (repulsive).

For consideration of planned scienti�c experiments, we made an elongated dipole beam of

9 W 1064 nm laser incident from theex , and provided tight con�nement along the gravityez

direction. While the dipole beam waist is much smaller than the magnetic trap length, we placed

the dipole beam center just 30� m below the magnetic trap center so as to capture fallen atoms

upon evaporation and avoid Majorana losses. We �rst decompress the magnetic trap to just above

the level against gravity (around 15 G/cm forBzz) so that the cloud temperature is lower. The

transfer process happens as we turn on the dipole beam to full intensity and further lower the

magnetic trap depth. Although the magnetic trap cannot support atoms outside the dipole trap

region, it also provides con�nement in theex which increases the atom density. Finally, we ramp

down the hybrid trap depth by lowering both the magnetic trap and dipole beam intensity, and
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observe the onset of the BEC transition in the harmonic trap.

2.5 Theory of Bose-Einstein condensates

The statistical mechanics of �nite temperature systems made remarkable predictions regarding

the statistics of quantum particles. For bosons whose wavefunctions are symmetric upon particle

interchange, the condensation to a single quantum state is foreseeable at a �nite temperature.

This is made transparent by the onset of a singularity in the Bose-Einstein distribution.

2.5.1 Onset of condensation in trapped gas

For a realistic consideration, we look at the Bose gas trapped in a harmonic trap in 3D [25].

The potential is

V =
1
m

(! 2
xx2 + ! 2

yy2 + ! 2
zz2): (2.9)

The single-particle Hamiltonian is exactly solvable and has an energy spectrum

� = ( nx +
1
2

)! x + ( ny +
1
2

)! y + ( nz +
1
2

)! z (2.10)

wherenx ; ny; nz = 0; 1; 2; ::: The ground state is marked bynx = ny = nz = 0 with wavefunction

 0 = (
m! ho

� ~
)3=4 exp

n
�

m
2~

(! 2
xx2 + ! 2

yy2 + ! 2
zz2)

o
(2.11)

from which we de�ne

! ho = ( ! x ! y! z)1=3 (2.12)
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and the oscillator length

aho = (
~

m! ho
)1=2 (2.13)

With a grand canonical ensemble of atoms, at �nite temperatureT and chemical potential

� , the occupation number is

N = � nx ;ny ;nz

1
e� (� � � ) � 1

: (2.14)

Here� = 1=kB T is the inverse temperature. The chemical potential� is an increasing function

of N and a decreasing function ofT. Hence, upon increasing the atom number or lowering the

temperature, we raise the chemical potential until

� = � 000 =
~
2

(! x + ! y + ! z) (2.15)

At this point, one �nds that the occupation distribution becomes singular at the ground state.

It turns out that this is when the bosons begin to condense. There is a macroscopic number of

bosons in the ground state, as one further increases theN or lowers theT, but the� = � 000 does

not change.

We de�ne the occupation in the ground state asN0, and calculate the sum

N � N0 = � nx ;ny ;nz > 0
1

e� (� � � ) � 1
: (2.16)

Plug in the energies and replace the sum with an integral (in the thermodynamic limit):

N � N0 =
Z 1

0

dnxdnydnz

e� ~(nx ! x + ny ! y + nz ! z ) � 1
: (2.17)
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By changing of variable, we derive

N � N0 = � (3)(
kB T
~! ho

)3 (2.18)

where� (n) is the Riemann� -function. WhenN0 = 0,

kB Tc = 0:94~! hoN 1=3 (2.19)

is the critical temperature. ForT < T c, we have the condensate fraction

N0

N
= 1 � (

T
Tc

)3: (2.20)

This is the result for a non-interacting harmonically trapped Bose gas in the thermodynamic

limit in 3D. There will be �nite size correction, interaction correction, etc. otherwise [25]. With

other trap shapes or different dimensions, the result will also be different. For example, for a

homogeneous 3D gas (such as that trapped in a box potential), the exponent changes [26]

N0

N
= 1 � (

T
Tc

)3=2 (2.21)

as well as the critical temperature

kB Tc = 0:527n2=3 2� ~2

m
(2.22)

One can rewrite the condensation condition to another form. Let us de�ne the thermal de
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Broglie wavelength

� dB = ~

r
2�

mkB T
: (2.23)

Then we �nd that in the homogeneous case� dB (Tc) �
p

2n� 1=3 is slightly larger than the

average inter-particle spacing. This is when interference dominates over kinetics, and suggests

the coherent nature of the Bose-Einstein condensate.

2.5.2 Theory of a pure condensate

The real condensates created in the lab are interacting gases. Let us �rst consider the

description of a pure condensate (T � Tc). The full many-body Hamiltonian is

Ĥ =
Z

dr 	̂ y(r )
�
�

~2

2m
r 2 + V(r )

�
	̂( r ) +

1
2

Z
drdr 0	̂ y(r )	̂ y (r 0) U (r � r 0) 	̂ ( r 0) 	̂( r ):

(2.24)

where	̂ is the bosonic �eld. For a pure condensate, all the atoms are in the same quantum state,

and then they move collectively. Thus we replace the �eld operator with a collective c-number

wavefunction

	̂( r ) = �( r ): (2.25)

For weakly interacting alkali bosonic atoms at ultracold temperature, the magnetic dipole-

dipole interaction is weak, and the three-body recombination process is slow. In this scenario, the

collisions are mostly two-body and due to the symmetry, the interaction potentialU is summarized

in a pseudo-potential (according to the �nal phase shift) [26]

U (r 0 � r ) = g� (r 0 � r ) : (2.26)
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This potential is characterized by a single parameter – the interaction strength

g =
4� ~2a

m
(2.27)

or the scattering lengtha.

Finally, we arrive at the equation of motion for the state�

i~
@
@t

�( r ; t) =
�

�
~2r 2

2m
+ V(r ) + gj�( r ; t)j2

�
�( r ; t): (2.28)

This is named the Gross-Pitaevskii equation (GPE), �rst written down by Gross [27] and Pitaevskii [28].

This GPE also de�nes an energy functional

E[�] =
Z

dr
�

~2

2m
jr � j2 + Vext (r )j� j2 +

g
2

j� j4
�

(2.29)

which is connected by

i~
@
@t

� =
�E
� � �

: (2.30)

These equations very well approximate the low energy dynamics of the condensate [29]. They

and their variants were used extensively to describe the experimental works with the BEC.

There is also a stationary version of GPE, which is derived by naming

�( r ) =  (r )e� i�t= ~ (2.31)
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so that the GPE becomes

�
�

~2r 2

2m
+ V(r ) + gj (r )j2

�
 (r ) = � (r ): (2.32)

This GPE is often used to �nd the ground state of the trapped BEC with a chemical potential� .

An analytically simple formula arises when we simply ignore the kinetic energy, which is termed

the Thomas-Fermi approximation. On this we have

�
V(r ) + gj (r )j2

�
 (r ) = � (r ): (2.33)

and the condensate density

n(r ) = j (r )j2 =
� � V(r )

g
: (2.34)

2.5.3 Bogoliubov theory – excitations

The interacting BEC is an intrinsically many-body quantum system. But when the interaction

is weak, we can apply the well-developed Bogoliubov theory in superconductors, which allows

for analytical calculations of the elementary excitations. I'm going to explain the procedure in

the language of second quantization.

We consider linearizing the problem [30]

	̂ =  + �  ̂ (2.35)

and we use the contact interaction pseudo-potential in the original HamiltonianU (r � r 0) =
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g� (r � r 0)

Ĥ =
Z

dr 	̂ y(r )
�
�

~2

2m
r 2 + V(r )

�
	̂( r ) +

g
2

Z
dr 	̂ y(r )	̂ y (r ) 	̂ ( r ) 	̂( r ): (2.36)

We plug it in

Ĥ � � N̂ = E0 +
Z

dr (� �  ̂ (r )y ~2

2m
r 2�  ̂ (r )

+
�
V(r ) + 2 gj (r )j2 � �

�
�  ̂ y(r )�  ̂ (r )

+
g
2

�
 (r )2

h
�  ̂ y(r )

i 2
+  � (r )2[�  ̂ (r )]2

�
)

=
1
2

� 	̂ yM � 	̂

(2.37)

where we de�ne

� 	̂ =

0

B
B
@

�  ̂

�  ̂ y

1

C
C
A (2.38)

and

M =
0

B
B
@

� (~2=2m) r 2 + V + 2gj j2 � � g 2

g � 2 � (~2=2m) r 2 + V + 2gj j2 � �:

1

C
C
A

(2.39)

The eigenmodes can be found by diagonalizingM

M Wi = � i � zWi (2.40)
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and �nd eigenvectors

Wi =

0

B
B
@

ui

� vi

1

C
C
A : (2.41)

There are two obvious solutions to the linear problem

u1 = v1 =  andu2 = � v2 =
@ 
@N

: (2.42)

We de�ne operators related to these zero energy modes (� 1 = � 2 = 0)

Q̂ �
Z

dr  (r )
h
�  ̂ (r ) + �  ̂ y(r )

i
(2.43)

and

P̂ �
1
i

Z
dr

d (r )
dN

h
�  ̂ (r ) � �  ̂ y(r )

i
(2.44)

Besides those, for higher energies we write

�̂ i �
Z

dr
h
u�

i (r )�  ̂ (r ) + vi (r )�  ̂ y(r )
i

: (2.45)

Then the Hamiltonian is diagonalized

Ĥ � � N̂ =
1
2

d�
dN

Q̂2 +
X

� i > 0

� i

�
�̂ y

i �̂ i + 1=2
�

(2.46)

and these are calledBogoliubov modesof the condensate.
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2.6 Simulations of the condensates

Simulation (numeric experiment) is powerful when exploring the unknown territory of

physics, which visualizes physics ideas and points the direction of understanding. We have done

extensive simulations on BECs in our lab, both in use for directing new experiments and also for

validating collected data and understanding.

2.6.1 GPE simulations: principles

The essence of the GPE simulation is numerically solving the nonlinear differential equation

i~
@
@t

�( r ; t) =
�

�
~2r 2

2m
+ V(r ) + gj�( r ; t)j2

�
�( r ; t): (2.47)

It is indeed a well-studied �eld, and several methods are present differentiated by the way they

handle the time and space derivatives. We hereby have applied the “pseudo-spectral” method to

handle the spatial derivative, and used proper “time splitting” to handle the time derivative. This

can be summarized in the following points (I'll start with one dimension.)

• We �rst choose a proper time step and spatial grid which have intervals� t and� x, with

total grid pointsN t , Nx .

• We discretize and vectorize our wavefunction�( x; t ) on our spacetime grid.

• In each step� t of time evolution, we would like to apply the Hamiltonian

H = �
~2@2

x

2m
+ V(x) + gj�( x; t )j2 (2.48)
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• Instead of using “�nite difference” to approximate the spatial derivative@x f � � f= � x

(which needs� N 2
x matrix elements of memory), we apply the “pseudo-spectral” method.

That is

exp(� i � tT )�( x) = exp
�

� i � t
~@2

x

2m

�
�( x) = F � 1f exp

�
� i � t

~k2

2m

�
F [�]( k)g (2.49)

which again allows vectorizing the kinetic energy matrixT to � Nx elements. Here we

noteF as the Fourier transform fromx to k, vice versa forF � 1.

• However, because[x; p] = i~,

exp(� i � tT ) exp(� i � tV)�( x) 6= exp( � i � tH )�( x): (2.50)

HereV = V(x) + gj�( x; t )j2. We want to �nd proper “trotterization” of the time evolution

� t. There is a standard way to do this

exp(� i � tV=2) exp(� i � tT ) exp(� i � tV=2)�( x) = exp
�
� i � tH + O(� t2)

�
�( x):

(2.51)

We can also get toO(� t3) precision if time� t is split into 5 intervals.

In the said procedure, the space complexity isO(Nx ), and the step-wise time complexity is

O(Nx logNx ). Moreover, each evolution step that is matrix element-wise multiplication can

be parallelized on a GPU. There is also a GPU-accelerated Fast Fourier Transform algorithm.

We have implemented this with the Python framework CuPy on an NVIDIA GPU that supports

CUDA. On a typical �agship GPU (e.g. GTX 3080) this shortened regular simulation hours by
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tens of times when running a 2D GPE of interest.

2.6.2 Dimensionless GPE

It is often more convenient to write the GPE in the units that is natural to the problem. In

our simulations, we typically choose these:

• Reduced Planck constant~ ! 1. Atomic massm ! 1.

• Frequencies are rescaled to the harmonic trap frequency! ! !=! x ; time is rescaledt !

t! x . Energies are rescaled toE ! E=~=! x .

• Distances are rescaled to the harmonic trap characteristic lengthx ! x=a0, wherea0 =

p
~=m! x ; momentum is rescaled top ! pa0.

• Wavefunction is rescaled according to the dimension. In 1D, it is� ! � a1=2
0 ; in 2D,

� ! � a0.

• The contact interaction strengthg is rescaled according to the dimension. In a 2D trap, it

becomesg =
p

8�a 3D =az, whereaz =
p

~=m! z.

This makes our GPE simple

i
@
@t

� =
�

�
r 2

2
+

1
2

x2 + Vothers + gj� j2
�

� : (2.52)

In the case where there is only a box trap (or something else), we either set a �ctitious “! x ” or

can makea3D our length unit instead. More caution needs to be paid to match the time and length

scale of the problem.
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2.6.3 Spinor GPE

The spinor GPE is a couple of equations describing a BEC with multiple internal states.

Note that these states can be coupled via EM �elds, different from real multi-species BECs (such

as a Rb, K mixture). An important aspect of spinor BECs is the difference between interspin and

intraspin scattering lengths.

We write out the equations forF = 1 manifold of87Rb,

i~@t � 1 =
�

�
~2r 2

2m
+ V + ( c0 + c2)

�
j� 1j2 + j� 0j2

�
+ ( c0 � c2) j� � 1j2

�
� 1

+ c2� �
� 1� 2

0;

i~@t � � 1 =
�

�
~2r 2

2m
+ V + ( c0 + c2)

�
j� � 1j2 + j� 0j2

�
+ ( c0 � c2) j� 1j2

�
� � 1

+ c2� �
1� 2

0;

i~@t � 0 =
�

�
~2r 2

2m
+ V + ( c0 + c2)

�
j� 1j2 + j� � 1j2

�
+ c0 j� 0j2

�
� 0

+ 2c2� �
0� 1� � 1:

(2.53)

For mF = � 1 states the intraspin interaction strength is symmetric

g1;1 = g� 1;� 1 = c0 + c2; (2.54)

while the interspin

g1;� 1 = c0 � c2: (2.55)
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Those involvemF = 0 are

g0;0 = c0 and g0;1 = g0;� 1 = c0 + c2: (2.56)

In the absence of a magnetic �eld, this system is either in the ferromagnetic phase (c2 < 0) or

antiferromagnetic phase (c2 > 0). Our87Rb atom is the former case.

In many experiments, we can choose to make a “spin-1/2” system by only populating the

mF = � 1 states and ramping up a bias magnetic �eld to avoid spin-exchange collisions. We can

also couple the two states

i~@t � 1 =
�

�
~2r 2

2m
+ V + ( c0 + c2) j� 1j2 + ( c0 � c2) j� � 1j2

�
� 1

i~@t � � 1 =
�

�
~2r 2

2m
+ V + ( c0 + c2) j� � 1j2 + ( c0 � c2) j� 1j2

�
� � 1:

(2.57)

This pair of equations is symmetric, but depending on the sign ofc2, there are simply two phases:

immiscible and miscible phases at zero temperature. For87Rb condensate,c2 < 0 so the ground

state is a slightly immiscible phase, where the two spinors will spontaneously form a domain

wall.

In some other experiments, we keep adjacent statesmF = 1; 0 which makes it convenient

to coherently couple them,

i~@t � 1 =
�

�
~2r 2

2m
+ V + ( c0 + c2)

�
j� 1j2 + j� 0j2

�
�

� 1 �
~

2

� �
0

i~@t � 0 =
�

�
~2r 2

2m
+ V + ( c0 + c2) j� 1j2 + c0 j� 0j2

�
� 0 �

~
 �

2
� �

1:

(2.58)

These equations support plenty of interesting physics. If
 = 
 0 is induced by RF or microwave
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coupling and is hence homogeneous in space, it is called aRabi coupled condensate. Otherwise

if 
 = 
 0 exp(i2k r � r ) induced by a pair of Raman lasers, it is often termed aspin-orbit coupled

condensate.

2.6.4 Ground states

Ideally, the ground state of the condensate can be found by solving the stationary GPE

�
�

~2r 2

2m
+ V(r ) + gj (r )j2

�
 (r ) = � (r ): (2.59)

We developed theNewton's methodto directly solve this differential equation. But attention

needs to be paid as one can easily run into the “higher energy” stable or metastable states,

and hence the initial “guess” wavefunction needs to be wisely appointed. This method is more

appreciated and robust when applied to �nding the “metastable” states on purpose, e.g. the 1D

and 2D soliton states, as well as magnetic solitons in the spinor case.

However, the simpler and often more ef�cient numeric method is calledimaginary time

evolution. In this method, one solves

~
@
@�

�( r ; � ) =
�

�
~2r 2

2m
+ V(r ) + gj�( r ; � )j2

�
�( r ; � ) (2.60)

which just replacest ! i� . Upon evolution in the imaginary time, the amplitude of each

condensate modej is suppressed by a factor/ exp(� E j �=~), such that the ground state with

smallestE0 wins.

To accelerate the convergence, a small rotation is often usedt ! i� + t � to introduce some

46



real “dynamics” into the evolution. This is helpful to get out of “stubborn” steady states, such as

states with (spinor) vortices or any other phase windings.

2.6.5 E.g. Interface instability in a spinor mixture

We consider the two-component spinor gas of a87Rb BEC. As described in section 2.6.3,

the ground state of such a binary mixture without any external coherent coupling is determined

by the scattering lengths. More speci�cally, we look at thejF = 1; mF = � 1i states, making an

immiscible pair at zero temperature. This ground state is reached by the imaginary time evolution

of the spinor GPEs with a tiny gradient force@Bx=@x, effectively acting like a perturbation that

breaks the symmetry (Fig. 2.3a).

We are interested in the dynamics att > 0, following a sudden quench of the gradient

direction to the opposite. A famous hydrodynamics prediction is – theRayleigh-Taylor instability[31],

which says spontaneous patterns will form at the interface. This is reproduced in our dynamics si-

mulations in Fig. 2.3b, where we selected different quench gradients and observed vastly different

pattern sizes and growth rates. These scalings are summarized in Fig. 2.3c as a function of the

@Bx=@x. These exotic behaviors can be understood within the Bogoliubov picture, which derives

the “non-Hermitian” modes with imaginary energies. The length scale and growth rate of the

patterns are determined by the “dispersion” of these modes.

Although this RT instability phenomenon was discovered to be universal in many hydrodynamic

systems, especially with �uid mixtures of different densities subjected to gravity [31], our ultracold

atom system can serve as a unique platform to study it due to our highly controllable tools. For

example, we have controls over (effective) interactions, gradient forces, etc. We might even
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Figure 2.3: Illustration of the interface instability with spinor GPE simulations. (a) The ground
state density pro�les as are subjected to a tiny gradient of1mG=cm. Shown are population
densities ofjmF = � 1i states respectively. (b) The snapshots at different gradient forces where
dB=dx = 0:1; 0:4; 0:6; 0:7 G=cm. (c) The scaling of the pattern inverse lengths with gradients.
(d) The scaling of the pattern growth rates with gradients.
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consider an oscillating gradient force, which alters the “dispersion” of the “instability modes”.

2.6.6 Bogoliubov theory: sound waves

To understand the dynamics on top of the BEC ground state, the natural thing to do is

linearize the GPE to derive a perturbative description [30]

�( r ; t) = � g+ � � = exp ( � i� gt)

 

� g(r ) +
X

i

ui (r ) exp(� i! i t) + v�
i (r ) exp (i! i t)

!

: (2.61)

! i is the oscillation frequency of each mode, andui ; vi the wavefunctions. Plugging it into the

GPE and using the stationary GPE solution, we derive theBogoiubov-de Gennes equations

~! i ui (r ) =
�

Ĥ0 � � + 2gn(r )
�

ui (r ) + g(	 0(r ))2 vi (r )

� ~! i vi (r ) =
�

Ĥ0 � � + 2gn(r )
�

vi (r ) + g(	 �
0(r ))2 ui (r ):

(2.62)

where

Ĥ0 = �
~2r 2

2m
+ V(r ): (2.63)

For a homogeneous condensate

� 0 =
p

n and� = gn (2.64)

the solutions are

u(r ) = uei k �r andv(r ) = vei k �r (2.65)
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with u; v satisfying

~!u =
~2k2

2m
u + gn(u + v)

� ~!v =
~2k2

2m
v + gn(u + v)

(2.66)

such that the dispersion is

! (k) =

s �
k2

2m

� 2

+
k2

m
gn: (2.67)

It reduces to

! (k) =

r
gn
m

k = ck (2.68)

in the long wavelength limit.

2.6.7 E.g. Excitation spectrum of a spinor mixture

As an application, we consider the problem set up in a population-balanced miscible binary

mixture. Linking to the real laboratory setup, we consider an “interesting” scenario, we try to tune

the miscibility of the pairjF = 1; mF = � 1i . The proposed way to engineer a tunable interspin

interaction is by tuning the spatial overlap between the two wavepackets.

Suppose our trap geometry is tight inz but loose inxy, and we want to integrate out the

z direction to derive a 2D “GPE”. To build intuition, we consider the case where our trap inz is

quasi-2D, meaning! z � � . We can separate the wavefunction

 3D
a =  a

e
� z2

l 2z

p
�l z

(2.69)
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wherelz is the harmonic oscillator length and then

H int =
Z

d2rdz
g3d

2
j aj2 j bj

2 e
� 2z2

l 2z

�l 2
z

=
Z

d2r
1

p
2�l z

g3d

2
j aj2 j bj

2 :

(2.70)

We want

H int �
Z

d2r
g2d;+1 � 1

2
j +1 j2 j � 1j2 : (2.71)

Let us add a magnetic �eld gradientBzz = B 0, which pulls apart the two wavepackets inz such

that (Fig. 2.4)

g2d;+1 � 1 =
g3dp
2�l z

e
�

2z2
B

l 2z (2.72)

is tunable by controlling

zB =
gF B 0

m! 2
: (2.73)

How does the change of the interaction strength affect the Bogoliubov modes in the system?

The results are shown in Fig. 2.4c, d. In a miscible two-component BEC mixture, there exists

two “sound” modes – the density sound and the spin sound. While the former re�ects the ripples

in the overall density oscillations, the latter has a lower energy cost, because it is made of out-

of-phase oscillations of the two components (Fig. 2.4c). As we tune the interspecies interaction,

we expect the density sound to not change its speed, but the spin sound is the opposite. As we

almost fully minimize the spatial overlap (Fig. 2.4d), the spin sound speed becomes comparable

to the density sound speed. Thus we create a new ”knob” for tuning the propagation speed of the

spin ripples in our mixture.

This turns out to be useful for many of the experiments without introducing more complicated/nasty
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Figure 2.4: The proposed scheme to tune the interspecies interaction strengthg+1 ;� 1. (a) By
applying a magnetic �eld gradientBzz = B 0, the spatial distribution ofjmF = � 1i states
are separated. (b) If one tunes theg+1 ;� 1 in real-time, it effectively simulates the dynamics
of classical and quantum �elds during the expansion/collapse of the universe [2]. (c, d) The
numerically solved Bogoliubov modes when the gradientBzz = 0:5; 15G=cm. One can
read the “spin sound” speed changes by 20x. Simulations were run with parameters! z =
2� � 500Hz, N = 105; L x = L y = 50� m – a box trap inxy, and a harmonic trap inz.
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ingredients such as the Feshbach resonance, which often induces loss. In analogy to cosmology/gravitational

physics, the Bogoliubov modes (phonons) in the BEC see a effective metric locally

� �v (t; ~x) =
� n0

mc

� 2=(d� 1)

2

6
6
4

c2 � v2 ~v

~v � 1

3

7
7
5 (2.74)

determined by the local speed of sound and atom velocity. If one makes a rapidly changingc(t),

there is hope that he can emulate the dynamics when the universe is expanding (e.g. Fig. 2.4b) [32,

33]. As another proposed example, the tunable miscibility stabilizes the stripe phase in a spin-

orbit coupled BEC [34, 35].

2.7 Coherent manipulations

BECs are known for their simplicity in the ground state, but quantum simulations require

ingredients that are not intrinsic in the natural Hamiltonian. To enrich the physics one can study,

we often use laser light and RF �elds to manipulate the atoms. This section sets the principles of

these controls.

2.7.1 87Rb atoms subjected to lasers

For completeness of the introduction, we lay out the framework that the real87Rb atoms

interact with applied laser �elds. For our experimental consideration, we only address close to

the transitions in the D1 and D2 lines and ignore all other electronic states.
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The dipole approximated light atom interaction is [24]

Ĥ (! ) = � �̂ �� (! )E �
� E � (2.75)

where Einstein-summation notation is assumed, in which we have de�ned the atomic polarizability

tensor byd̂� = �̂ �� E � . Such a second-rank tensor has its irreducible decomposition

�̂ �� (! ) = �̂ (0) (! )� �� + �̂ (1) (! )i � ���
F�

F

+ �̂ (2) (! )
3

F (2F � 1)

�
1
2

(F� F� + F� F� ) �
1
3

F2� ��

�
:

(2.76)

The�̂ (0) (! ); �̂ (1) (! ); �̂ (2) (! ) are named the “scalar”, “vector”, and “tensor” polarizibilities because

their ways of coupling to the angular momentumF.

In 87Rb atoms related to our experiments, we mainly consider manipulating atoms in the

F = 1 ground hyper�ne state. And thus we apply second-order perturbation theory treatment,

for a “virtual process” that brings atoms to theJ 0 = 1=2 andJ 0 = 3=2 levels and returns to the

ground state inF = 1, namely the AC Stark shifts (or light shifts) for the ground states. This

simpli�es our calculation for the scalar polarizability

� (0) (! ) =
X

J 0

jhJkdkJ 0ij 2

3~

�
1

! + ! J 0J
�

1
! � ! J 0J

�

=

�
� 
 J = 1

2kdk
�
� J 0 = 1

2

� �
�2

3~� 1
+

�
�
 J = 1

2kdkJ 0 = 3
2

� �
�2

3~� 2

(2.77)

where the detunings� 1; � 2 are de�ned with respect to the D1 and D2 transitions. Then the scalar
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light shift due to the Hamiltonian 2.75 is

� E (0) (! ) = � � (0) (F; ! )jE j2

= �
�c 2I

2

�
2� D2

! 3
D2

�
1

! + ! D2
�

1
! � ! D2

�
+

� D1

! 3
D1

�
1

! + ! D1
�

1
! � ! D1

��
:

(2.78)

This predicts that if we park the laser frequency in between the D1 and D2 transitions, we can

“tune out” the scalar light shift. By noting that

�
J =

1
2

kdkJ 0 =
1
2

�
= 2:992ea0;

�
J =

1
2

kdkJ 0 =
3
2

�
= 4:227ea0 (2.79)

we derive the “tune out” wavelength to be� = 789:998nm. In our experiment, we frequently

used this property by tuning the wavelength of our Raman Ti: sapphire laser.

Likewise, the vector part

� (1) (! ) =
X

J 0

(� 1)� 2:J � J 0� F � I +1

r
6F (2F + 1)

F + 1
(2J + 1)

! jhJkdkJ 0ij 2

~(! 2
J 0J � ! 2)

8
>><

>>:

1 1 1

J J J 0

9
>>=

>>;

8
>><

>>:

J J 1

F F I

9
>>=

>>;

(2.80)

with theWigner-6jsymbols and

� E (1) (! ) = � � (1) (! ) ( iE � � E)z

mF

F
: (2.81)

This part is linear tomF , and can be used to create an “effective magnetic �eld” by lasers.
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Finally, there is also the tensor part

� (2) (! ) =
X

F 0

(� 1)F 0+ F

s
40F (2F + 1)(2 F � 1)

3(F + 1)(2 F + 3)
8
>><

>>:

1 1 2

F F F 0

9
>>=

>>;

! F 0F jhF kdkF 0ij 2

~(! 2
F 0F � ! 2)

(2.82)

with

� E (2) (! ) = � � (2) (! )
3 jEzj2 � j E j2

2
3m2

F � F (F + 1)
F (2F � 1)

: (2.83)

This energy shift is only important when the laser is near resonant to either D1 or D2 where it can

resolve the hyper�ne splittings amongF s andF 0s. In addition, due to the opposite contributions

of Wigner-6j's, the tensor polarizability exactly vanishes at the tune-out wavelength.

2.7.2 Potential engineering

The idea of “arbitrary” potential energyV(r ) engineering is one of the key motivations for

building this apparatus. Typically, we can utilize atom response to the static magnetic and optical

laser �elds to “sculpture” the locally varying potentials within the scale of a BEC (< � 100� m).

This introduces the “new” tool of the digital-micromirror device (DMD) that can, in real

time, change the optical potential engineering for our BEC experiments. Our DMDs have frame

refresh rates of 11 KHz and 30 kHz for theDLP 6500andDLP 9500models. In contrast, our

BEC has a chemical potential on the order ofh�1 kHz, which means the DMD patterns can change

much faster than the “hydrodynamic” time scale of the BECs. This allows pretty interesting

engineering ideas, including spectroscopy and even potential feed-forward. Spatial-wise, the
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DMD patterns are projected to the atom plane through a pair of high-resolution microscopes

(NA� 0.55). Depending on the wavelengths, it permits micron-scale �ne-tuning of the local

potentials. This already is only several times the healing length (and almost equal to the spin-

healing length of87Rb). In short, these devices allow us to “intervene” in the condensate's

evolution.

Besides DMDs, we also use other laser light to make and change traps. For all these

potential engineering, the lasers are detuned far from any transitions in the D1 and D2 lines, also

in the sense that the detuning is much larger than the hyper�ne splitting of any state.

2.7.2.1 Scalar potentials

The scalar potentials result from the AC Stark shift as discussed before. For the potential

to be spin-independent, the laser detuning has to be much larger than the �ne structure splitting

between D1 and D2. For the DMD potential engineering, we tried a few light sources: a 532 nm

�ber laser, a 670 nm lithium tapered amplifer (self-injected), and a 670 nm �ber-coupled diode

laser with nm linewidth. According to other groups' experience (e.g. Greiner group theses), we

also purchased an LED source but weren't able to collimate the beam due to poor beam quality

M 2. In the end, we found that a �nite nm scale linewidth helps minimize disorder due to coherent

scattering/re�ections.

We engineered potentials by uploading binary images to the DMD memory. Since the light

source is blue-detuned, we are able to make box traps of homogeneous gas; we can also imprint

lattice potentials, create local “dips” or make rotating harmonic traps.
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Figure 2.5: Examples of engineered experiments with our DMDs. (a) An optical lattice is directly
projected by the DMD that creates density modulation. The single-shot image is captured with
partial transfer absorption imaging (PTAI). The cross-section alongey allows one to calibrate
the lattice depth by reading out the density modulation. (b) A propagating and bouncing phonon
wavepacket is created in a box trap. A series of cross-section of density images shows our ability
to track the evolution in real-time. (c) An (overall) homogeneous spinor BEC mixture ofj1; � 1i
forms a single domain wall in a box trap. The false colors of red and green stand for the two
components' densities.
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2.7.2.2 Spin-dependent potentials

We consider two types of spin-dependent potentials – magnetic gradient and vector light

shift.

In our apparatus, we can demand full control of magnetic bias �elds and gradients, which

allows us to apply uniform forces in any direction. This force is described by the Zeeman

Hamiltonian

Hz = �
X

s

� Bs � (B 0 + r B � r ) (2.84)

which is Taylor expanded at the condensate center of mass,s being the pseudo-spin. This is

basically a spin-dependent linear tilt force for the BEC, and we used it to do several experiments.

• We used it to initialize and stabilize spinor BEC domains, such as for thejF = 1; mF = � 1i

mixture. A single domain wall is stabilized and perpendicular to the applied gradient force.

• We measured the lowest-order elementary excitation in both the homogeneous and harmonically

trapped gas. For the former, we can extract the speed of sound; and for the latter, we

measure the harmonic trap frequency along a certain direction.

• We used oscillatory linear potential to obtain spectroscopy of the low-lying modes.

We have also got a DMD which is illuminated by near-resonant light (with detuning comparable

to the �ne structure splitting), which can project to the atoms and create spin-dependent optical

potential via vector light shift. We experimentally created a spin-dependent optical lattice and

observed the periodic separation of the spinor wavepackets.

59



Figure 2.6: (a) RF Rabi oscillations betweenj1; 1i andj1; 0i at By = 10 G. (b) Microwave spin
Rabi �ops have a much longer coherence time, and eventually suffer from some phase noise after
3 ms. Transfer fromj1; 1i to j2; 0i .

2.7.3 Spinor population transfer

The 87Rb ground states have hyper�ne levelsF = 1 andF = 2, in a total of eight states,

which we can call the “pseudo-spins states”. The energy shifts between these states can be

controlled simply via the Zeeman effect. To drive each of the allowed transitions between these

states, there are typically three approaches: RF, microwave and Raman. For87Rb atoms, because

the spin exchange collision rates between and within the hyper�ne levels are usually much slower

compared to the driven coherent processes, we typically consider the latter in a single particle

picture (ignoring the interaction). This also means we are lucky to avoid hyper�ne relaxation

which leads to decoherence and heating.
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2.7.4 Raman and Bragg scattering

Raman process is another way of doing internal state transfer. This is made transparent by

noticing the vector contribution from the light atom coupling

H (1) (! ) = � � (1) (! ) ( iE � � E) �
F
F

: (2.85)

This is similar to a magnetic dipole coupling, and if there is more than one frequency of the laser,

it will act like an AC magnetic �eld. This “�eld” can be put non-parallel to the quantization

axis of F, and thus have an orthogonal contribution that drives internal state transfer just like

the RF or microwave �elds. In the experiment, this can be done by illuminating the atom with

two laser beams detuned against each other by the amount that approximately equals the internal

state splitting. But since the atom will pick up a recoil momentum~(k1 � k2), the two-photon

detuning needs to include a recoil energy that corresponds to

�( ! 1 � ! 2) = Er =
~(k1 � k2)2

2m
: (2.86)

However, one can also put two frequencies into a single beam with any polarization that is not

linear, by mixing two RF tones into what drives the AOM. In this way, there won't be any recoil

energy and the Raman laser acts exactly like an AC magnetic �eld depending on its local intensity.

Bragg scattering can be considered as a “simpler” Raman process that only couples external

momentum states but doesn't change the spin state. Due to this, the two Bragg beams have a much
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Figure 2.7: (a) Raman transition that simultaneously couples the spin and momentum states
betweenjF = 1; mF = 1; p = 0i and jF = 1; mF = 0; p = 2~kR i . (b) Bragg transition Rabi
�ops between momentum statesjF = 1; mF = 1; p = 0i and jF = 1; mF = 1; p = 2~kR i . (c)
We used the Bragg spectroscopy to measure the velocity of our BEC, and found a strong
correlation with the TOF-measured velocity.

smaller frequency difference

! 1 � ! 2 = Er (2.87)

that couples momentum statesjp = 0i and jp = ~k1 � ~k2i . Typically the detuning is on the

kHz level for Bragg instead of MHz for Raman.

We note that either the Bragg or Raman scattering picture mentioned above is in the single-

particle picture. When running such considerations over BECs, and when the momentum transfer

is comparable to the inverse healing length, interaction effects must be taken care of. This regime

is theoretically and experimentally revisited in Chapter 4.
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2.8 Optical lattices

The optical lattice acts as an external potential in the form

V(r ) = U0 sin2 (kLx) (2.88)

with

kL = �=a (2.89)

wherea is the lattice period. These are made by two overlapping laser beams of the same

frequency which form a stand-wave of light intensity, and thus dipole potential. First, they can

easily address smaller spatial scales compared to the healing length and thus allow engineering

single-particle band structures to �rst order. Second, they provide a platform for quantum si-

mulations of “condensed matter physics”, namely, introducing the Brillouin zones, different

geometry/symmetry of the lattice, and when deep enough, increasing the interplay of interaction

with the former ingredients.

2.8.1 Single particle picture

The energy band structure can be solved by plugging in the potential in the Schrodinger

equation

�
~2

2m
d2

dx2
	 n (x) + U0 sin2 (kLx) 	 n (x) = En 	 n (x): (2.90)
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This is a classic problem in solid-state physics, and one can prove the Bloch Theorem, which

states that any eigenstate of the Hamiltonian has wavefunction

	 n;k = eikx un;k (x) (2.91)

wheren labels the energy band index, and~k labels the quasi-momentum. It introduces the notion

of the “Brillouin zone” sincek 2 (� kL ; kL ) and the energies are periodic ink andk + 2kL . The

wavefunctionun is a periodic function ofx, i.e. un (x + a) = un (x). To solve such a problem,

one plugs it in and gets

�
~2

2m

�
� k2 + 2ik

d
dx

+
d2

dx2

�
un;k (x) + U0 sin2 (kLx) un;k (x) = Enun;k (x): (2.92)

This differential equation can be numerically solved via �nite difference methods. Analytically,

perturbative solutions can also be derived via the Fourier method. The energy solutions are

shown in Fig. 2.8. The lattice opens up an energy gap at the Brillouin zone boundary, called the

band gap. Quasimomentum states that are not in the �rst Brillouin zone are then “folded” back,

forming the higher energy bands. As for the eigenstates, the state labeled by quasimomentumk

has the decomposition to free particle states

jn; ki =
X

i

Ci (n; U0; kL ) jk + 2ik L i wherek 2 Z : (2.93)

We consider ramping on a lattice from zero depth while ignoring the atomic interaction.

This involves considering how the states and energies adiabatically evolve into the known free

particle case whereV = 0 andE = ~2k2=2m. By looking at (2.93), we know we can load
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Figure 2.8: Some optical lattice physics. (a) Illustration of the energy dispersion in the extended
Brillouin zone picture. (b) The simulated TOF image when one pulses the optical lattice for
variable time. One observes two oscillation periods: the shorter oscillation time corresponds to
energy scale of lattice depthU0, whereas the longer revival timeTrev corresponds to

p
U0ER . (c)

If the lattice depth is comparable to the chemical potential, the prediction of the interacting GPE
simulation gives vastly different results from the non-interacting prediction [3].
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the BEC state intojk = 0; n = 0i quasimomentum state from a static free particle statejp = 0i .

With p starting in the �rst BZ, we can reach a �nite quasimomentum state withjk = p; n = 0i in

the ground band. However, starting from higher BZ, we will likely load atoms to higher bands

with n > 0. Loading �nite momentum states can be easily done with changing the counter-

propagating laser beams' relative detuning, which makes a moving lattice respective to the atoms.

Another relevant experiment is by pulsing the lattice, we can also couple atoms to higher

momentum states. This is the same principle as introduced in the last section, but perhaps requires

a more speci�c calculation. Since the lattice is static, all the couplings in the “Bragg scattering”

sense are off-resonant, i.e.� (p = ~kL ) 6= � (p = 0) .

Near the ground band bottomk = 0; n = 0, one can always Taylor expand the dispersion

to be

E0 =
~2k2

2m�
(2.94)

which de�nes theeffective massm� . Or equivalently

1
m�

=
@2E0

@k2
: (2.95)

With this, the semi-classical dynamics is captured by

@k
@t

=
F
~

(2.96)

with the forceF . This force induces periodic motion of atoms in a lattice, namedBloch oscillations

with frequency

! B =
Fa
~

: (2.97)
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One also asks what the elementary excitations are like on top of the ground state of a lattice

trapped BEC. For a weakly interacting BEC, if the interaction energy is much smaller than the

lattice potential energy or the kinetic energy increase led by the lattice density modulation, we

regard the interaction as a perturbation. And thus, we run Bogoliubov formalism on the lowest

band of the lattice, which is neark = 0 free particle-like withH0 = ~2k2=2m� . Hence we simply

replacem with m� everywhere

! (k) =

s �
k2

2m�

� 2

+
k2

m�
gn: (2.98)

2.8.2 Long period lattice

The characteristic length scale of our BECs is the healing length� determined by the

mean-�eld interaction. We can imagine increasing the optical lattice perioda such thata � �

while keeping the lattice depth constant, the role of interaction would surpass that of the lattice

potential. In the ultimate limita � � , the system is similar to separately trapped condensates

which are “disconnected”, because the tunneling between wells is no longer fast enough to secure

long-range coherence.

While that limit is by itself interesting, we �rst look at the intermediate case wherea �

� . It is known that such a system might be described by a “tight-binding” model with on-site

interaction – the Josephson model. Here we consider GPE

i~@t � = �
~2

2m
r 2� +

�
Vext + g0j� j2

�
� (2.99)
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where

Vext = UL sin2 kL z: (2.100)

We expand

� =
p

N
X

n

 n (t)� (r � rn ) (2.101)

and assuming
Z

dr� n � �
m = � mn (2.102)

� ns are the orthonormal basis that is localized at each lattice site, the so-calledWannier functions.

Plug it in

i~
X

n

@t  n (t)� (r � rn ) = �
~2

2m

X

n

 n (t)r 2� (r � rn ) + + Vext � + g0j� j2� (2.103)

We make use of the orthonormal condition by multiplying both sides by� � (r � rm ) and

integrate overr

i~@t  m (t) = �
~2

2m

X

n

 n

Z
dr� �

m r 2� n +
Z

dr Vext

X

n

� �
m � n  n + Ng0 j m j2  m

Z
dr j� m j4 :

(2.104)

Sorting the terms out

i~@t  m =
~2

2m
 m� 1

Z
r � �

m � r � m� 1dr +
~2

2m
 m

Z
dr jr � m j2

+  m� 1

Z
drVext � �

m � m� 1 +  m

Z
drVext j� m j2

+ Ng0

Z
dr j� m j4 j m j2  m :

(2.105)
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We can �nally de�ne

K = �
~2

2m

Z
r � �

m � r � m+1 dr �
Z

� �
m � m+1 Vext dr

� m =
~2

2m

Z
jr � m j2 + Vext j� m j2 dr

� = Ng0

Z
j� m j4 dr

(2.106)

respectively the local tunneling energy, chemical potential, and self-interaction. Our Josephson

equation becomes

i~@t  m = � K ( m� 1 +  m+1 ) +
�
� m + � j m j2

�
 m : (2.107)

It turns out the on-site interaction term� can greatly affect the dynamics of such a system.

The most famous example is “self-trapping”, where an initially localized wavepacket cannot

fully spread in the lattice even in the absence of any disorder, as the interaction leads to density-

dependent “energy splittings” between the otherwise degenerate sites. Within our interest, the

term also has an impact when considering a non-Hermitian loss at the boundaries of the lattice.

It was found that the atom density would instead localize to the center lattice site as in analogy

to the “quantum Zeno effect”.

The super�uid transport in such a long wavelength lattice can still de�ne an effective mass

m� (e.g. using the sound mode dispersion), but it is noticeably different from what is found in

eq. (2.95). Instead, one has to resort to theLeggett formulato calculate them� , which is relabeled

by “super�uid density”, as is to be elaborated in Chapter 4.
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2.9 Spin-orbit coupling

The spin-orbit coupling (SOC) is ubiquitous in condensed matter physics, which is de�ned

as the interaction between the electron spin and the electron momentum. The origin of that

in solids is inversion symmetry breaking, e.g. the ionic electric �eld coupling to the moving

electron's spin (because in the electron moving frame, it is understood as magnetic dipole coupling).

Typically the Hamiltonian takes the form of

HSOC =
X

ij

� ij � i pj : (2.108)

The usual experimentally relevant cases in 2D are theRashbaandDresselhausSOCs

HRashba = � (� xpy � � ypx ) (2.109)

and

HDresselhaus = � (� xpx � � ypy): (2.110)

We should note that it is not to be confused with the atomic SOC which typically refers to

the coupling between the outer shell electron's orbital and spin angular momentaH 0 = L � S.

However, in an atomic system, there is no intrinsic coupling between an atom's linear momentum

p and its internal states. The approach to introducing this coupling is by laser �elds.

The technique that was invented in Ian's group isRaman dressed states. Two counter-

propagating Raman lasers inex of wavelengths� R illuminate the atoms, which leads to the
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interaction Hamiltonian in the rotating wave approximation

H lab =
p2

2m
+

~
2

�

 ei 2kr x j#i h"j + H.c.

�
+

~�
2

� z: (2.111)

These Raman �elds coherently couple two internal states of the atomj#i and j"i with Rabi

frequency
 R = 
 exp( i2kr x) with a detuning� = ! 1 � ! 2 � ! #" , where! #" is the energy

splitting between the states. We call the Hilbert subspace made by these internal states a pseudo-

spin half system.

To see how it relates to the spin-orbit coupling, we run a gauge transformation that is spin-

dependent

U = eik r x� z (2.112)

so that the rotated Hamiltonian (we callH ) becomes (up to a constant offset)

H = UyH U =
(p � ~kr � z)2

2m
+

~

2

� x +
~�
2

� z: (2.113)

This is a linear combination of the Rashba and Dresselhaus Hamiltonians (upon rotation), but

with a non-commutating� x term. This� x term is important because otherwise, the Hamiltonian

can be gauge transformed back to a trivialp2=2m Hamiltonian. It is interesting to point out that

the gauge transformation is not a physical observable, e.g. the real velocity �eld will be

v =
hpi
m

�
~kr

m
h� zi : (2.114)

However, the change of the quasi-momentump (over space and time) is observable. By loading
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the BEC to the lower band, this Hamiltonian can create arti�cial gauge �elds for nonzero detuning

� , or quantum phases that interplay with the spin-dependent interaction at near zero� . These will

be discussed in detail in Chapter 5.
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Chapter 3: High-Resolution Quantum Gas Apparatus

3.1 Introduction

Ultracold quantum gas experiments were great platforms for quantum simulations. But

quantum simulations require accurate control of the quantum state, with advancing complexity

of the problem of interest. In the context of quantum gases, it means local measurement and

manipulation of the quantum state. For Bose-Einstein condensates, the relevant length scale is

often de�ned by the healing length� , which is typically sub-micron depending on the interaction

strength. In the meanwhile, the relevant time scale is determined by the chemical potential,

often on the order of sub-millisecond. It would be preferable to be able to detect the physics

process that happens around these scales. Furthermore, it would introduce an interesting interplay

with physics if one can change the control parameter of the experiment on the time scale of the

dynamics.

This is the big picture why we were building the high-resolution capability into this apparatus.

It is the �rst high numeric aperture (high-NA) attempt in our lab. We used microscope objectives

to probe the atoms in situ at high resolution, and also manipulated atom density and spin locally

in real time with two digital micromirror devices (DMDs). Nearly all our physics experiments

were based on these capabilities, which we spent lots of effort setting up and debugging. In this

chapter, I will summarize the experience.
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But before that, we spent nearly two years getting our degenerate rubidium gases in the

glass cell. Because the two of us built every setup in the experiment, I reckon that I am the

suitable person to detail a description of our apparatus just for a memorial purpose and future

reference. The narrative would be in the chronological order of the building process.

3.2 Overview

The design of the new basement lab and our new apparatus began before we joined the

group. I should acknowledge all the people who contributed to the design. Here is an incomplete

list: Ian Spielman, Francisco Salces Carcoba, Ana Valdés Curiel and Chris Billington. Thank

you!

The design is shown in Fig. 3.1. We have a very compact vacuum system, which is

composed of three major parts – the MOT glass cell (left), the stainless-steel transport section, and

the science glass cell (right). The vacuum system is designed to have two stages of differential

pumping, with the two ion pumps, and each stage achieves an order of magnitude drop in the

vacuum pressure. Thus the vacuum-limited atomic lifetime in the science cell can be as long as a

few minutes.

Attached to the �rst vacuum tee is our source part, where the Rb and K ampules (Fig. 3.2)

are sitting and temperature controlled so that the MOT cell has a pressure below10� 9 torr. A

typical experiment starts with a vapor-fed MOT. The atoms are then further compressed and

laser-cooled to below the Doppler limit in a small volume, and transported via turning on and off

a series of quadrupole �elds in 2 seconds all the way down to the other vapor cell – the science

cell. The science glass cell is specially chosen to be anti-re�ective at wideband, so will allow
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Figure 3.1: The Solidworks sketch of our apparatus design. (Noticeably, I hide the coil holder
sketch closer to the reader, to let expose the vacuum design. Also, the microscope setups on the
science cell side are partially hidden here. We also made modi�cations to the mounting design.)
Credits to Paco and Ian.
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Figure 3.2: The Solidworks assembly of the dual-species sources parts. Credits to Paco, Chris
and Ian.

multiple optical trapping and controls, and this is where the real science experiment is taking

place.

The whole apparatus should sit on the optical table. But in our design, because we have

such a compact vacuum system, all the weight is supported by the stainless-steel holder plate

(brown plate in Fig. 3.4). The vacuum system is connected to this plate via the screws on the

conical expanders from 1.33in to 2.75in, which further connect to the two ion pumps. We slide

the stainless-steel plate in the C-slot on the second layer breadboard (Fig. 3.4 and 3.3)), and there

are designed screws to anchor it to the breadboard. We designed three layers for all the optics

needed in the future, and the top two layers are supported by the 80/20s. In our �nal setup, the

�rst (ground) layer is used for the high-NA imaging path and far-off-resonant beam shaping with

a DMD. The middle layer is for laser cooling optics, dipole trap, optical lattice, and Raman lasers.

The top layer is for sending in the resonant probe light and near-resonant laser beam shaping by

another DMD.
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