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that (S%)' ¢ S because gxc g, Since x in the above argument was

an arbitrary point in g', we have shown the reverse inclusion,

namely s'c (S*)' . SO, S: = (S*); .

proof of (b). This follows jmmediately from (a) because

' = (s%)' implies S* = L) = CLIEM 1 = (8%

Take yés'(—ﬂ,ﬂ). Then y = h(x,t*) = xt*,

Proof 9£ ()
g' we can construct U and &

i |ex| < AL Because X €

where x€ S',
as in the proof of (a) with the added condition that & < 2 - e .

) is an open neighporhood of x, Vt* is an

we are guaranteed that vt* C

Since V = h(U,(—S:S)

open neighborhood of y. Moreover,

ce of § . Hence S'(-'/\,ﬁ) is open.

s'(=2, ) by our choi
clear from (c) that 5 =08

Proof of (d). First, it is
is a subset of ey MY 30 chow the opposite inclusion,

Soy = xt*,
t*\ % "\ . suppose tx = A . Since

let y € Int(s*[-A, A1~ where x € 5%, |l <A

Let us first show that ‘

Lim A+ 1/n= A, this means Lim x(t*x + 1/n) = Y- So every
points which are not elements of

neighborhood of ¥ contains
£ x(tx + 1/n) = x( A+ 1/n)

S*[-A, N, since it can pe shown tha

2,1 for large n.

is not in S*[- it can be shown
that t* $ - A-
g the fact that h is a haneomorphism as before,
and @ < 8 < ’)

an open set in S*[-2 ¢+ M)

Now, usin
- It*l such that

there exists U open in S*

h(u x (tx -8 ,t** §)) =V is
1t follows that v{(-t*) is an open set containing X

containing Y. :
% & (S*)' and we are done

and V(-t*) € Dy k| HERES
shown that (8%)

Vo s

because we haveé already
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proof of (e). It is clear that c1(s‘ (-2,7%)) is a subset

o we need to show the opposite inclusion. Let

of S¥[-Q,A)s S

y € 5*[-2,A) soy = xt* where x € s* and |t*x] <A. 1f x€ g

and |t*| < D there is nothing to prove. We will consider two

cases.

First, if x € g' and t* = 2, theny = 1im x[A (1 - 1/m)],
NnA200

that is, y is the 1imit point of a sequence of points in

s't-2,2). Therefore, ¥ € ci(s' -2,2)). The argument is

similar for t* = -A.

In the second case, Y = <t* but x € s'. Hence, there

ch that xn —7 X assume for convenience

exists (xa) in S; su

t* > g. As before gx(1 - 1/n) — t* and t*(1 - 1/n) € (-2 +2)

for large n. By the continuity of the flow we have
Lim xuft* (1 - /] = (Lim xn)( Lipt*(1 - 1/n) =

xt* = Y.

So y is the 1imit of a sequence of points ins' (-A,2), and

Yy € Cl(s; (=D s A)Y)» Again, similar proofs work for t* < @, and

We have shown in all cases s*[-A o § e o Cl(s"(-) ,2)) and

e el A

hence S*[- A, A
1lows immediately from (e) using the

proof 9__f_£f_)_ This fo

result in (). //

Given X e xand T 2 g, and S a local cross

Progosition 2.
section of length 22 .

1f T & 27 then x[-T,T] cap intersect the local cross

(a)

section S at most oneé time.
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(b) If T > 27 then x[-T,T] intersects S at most finitely

many times. The number of intersections is at most T/2°A.

(c)

An orbit xTR can intersect S at most a countable

nunber of times.

Proof. (a) Since S has length 22, this is clear.

(b) By (a), O(x) can intersect S at most once for every 2}

units of time.
o0

(0 MR = A n22,(n+1)2A ], and xt € S at most once for
te m2A,(m1)2A 1. //

The next result is that the topology of a local cross

section is unique. This idea is stated precisely in Proposition

3.

Proposition 3. Let S, and Sy be local cross sections and
let x, and x, lie in S,; and Sd_; , respectively. If x, and x, are
on the same orbit, then there exist neighborhoods U, and U, of x,
and x, in S, and S,, respectively, such that U, and U, are
homeomorphic.

Proof. Let 29; be the length of S}, i =1, 2. Without

loss of generality, assume Aa g A,. Since &(x,) = 0(){1) , We

must have x, = x,t* for some t*. Since x, € S,', there exists an €

> @ such that the € -ball at x;, Be (Xa) =

{x €X: P(xa,x) < £}, is a subset of Syl-4a/2, Aa/2]. By
continuity, choose & so that Bg(x,)t* C Bg(x,) and Bg(x,) ¢
S, [- i 2:1. Now, using the usual homeomorphism from

St x -2 +A 1 = S, [-2,,2 ], we can find U, an open subset

of S,, with x, € U,, and 7} > @, such that h(Cly, x [-7 g
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Bg (X). Let V be the open set h(U, x (-1,7M)) = V.
Now consider the map r: ClU, — S, given by
r(x) = p(£(x,t*)) =y,
where the map p was defined after Theorem 1 in Chapter 1 for S, .
Specifically, p(xt*) =y, provided xt* = yt for y€ Sa and

ltl < Aa.

Since r is the composition of two continuous functions, it
is continuous. We now show r is one-to-one on ClU,.

If r(x') = r(x''), x', x'' € ClU,, then p(x't*) = p(x''t¥) =
y, where y € S;. That is, yt' = x't* and yt'' = x''t*, where
| €1, \t"! < Aa . Solving for y gives x' = x'"(t' - t'"). If
x' $ x'', we have 22, > It'—t"\ > 2 A, but by construction

2% 22 Q2. This contradiction implies lt'—t"l = ¢ and hence

Since r is one-to-one, r is a homeomorphism on ClU, by
compactness. This implies that r restricted to U, is also a
homeomorphism.

In order to show that r(U,) = U, is open in S, and complete
the proof, consider again V = h(U,,(-™,M)) constructed above.
Since V is open, Vt* is open, and by construction Vt* C B (xp) C
Sal-%a/2, 2a/2). Since p is an open map by Lemma 4, Chapter 1,
p(Vt*) is open in Sz and x, € p(Vt*). Now U,C V, so
Ua = p(Uit*) € p(Vt*). Also, every point in Vt* can be expressed
as x(t+t*) for some x € U, and t with |[t]| <™ < Aa. 1In fact,
since xt* and x(t+t*) are both in B¢ (xa) € Sal-Aa/2, Aa/2], we

know yt' = xt* for some y € S and |t'| < Qa/2, and similarly
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Solving for y' we have y' = y(t'+t-t''), where

\( A/2 + Aa + %/2 = 2}a B0

x(t+t-k) = Y' £,

levretr ] < ler |+ et
implies lt'+t—t"| must be @. Therefore, y

Proposition 2 above

Ul

y' and p(x(t+t*)) p(xt*), and we see that p(Vt*) C p(Ut*).

p(U t*) = ya and Ua = p(U, t*) is open. L/

1}

Therefore, p(Vt¥*)

Proposition 3 is important pecause it guarantees that the

local topological properties of 2 local cross section are

essentially the same at any non-fixed point of a trajectory. We

use this fact in Chapter 4 when we give a local cross section at
a point in R , and this local Cross section turns out not to be
homeomorphic to R®. The local cross section is Bing's dog bone
space. Then we can use Proposition 3 to claim that there will
e local cross

not be any point on the trajectory at which th

section is a 3—dimensional manifold.
The fourth result of this chapter is that under certain

conditions, a local Cross section containing no periodic points

can be distorted by 2 continuous function to obtain another local

a local Ccross sectio

ome X € S and t # 0}, and set

cross section. If S is n of length 22, let

¥ = min{ lt\ . xt € S for s
¥ - oo if xt ¢ s for allt 4 0 and x €S-
2\ (pby Lemma 2, Chapter 1).

It is clear that Y > 2 we have the

following result.

Let S be @ local cross section of length 22

Progosition 4.
ot g: S TR e continuous.

containing no periodic points and 1
y - gl < ¥

- 27 whenever X and

Let ¥ be as above. 1f lg(x

xt, t £ 0, lie in S, then g' = {xg(x): X ¢ s} is also a local
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cross section of length 2.

Proof. S is a closed set and S' is the image of S under the
continuous map x — xg(x), so S' is compact and hence closed.

Now consider the map h*: S' x [-A ,2] — X where h*(y,t) =
yt = £(xg(x),t) = x(g(x)+t) when y = xg(x), x € S. h* is clearly
continuous, since the flow, f, is. Since S is compact, we will
have shown h* is a homeomorphism if we can show h* is one-to-one.

Now suppose h*(y,,t,) = h*(y,,t;). This implies

[xg(x)1t = [x,9(x,)]t, for some x,, x, € S, and SO

[xy9(%,)] (t,-ty) = [x,9(x,)], or equivalently,

X1(g9(xy) + t, -t3) = x,9(x,), and so

X [t -ta+ g(xy) - g(x,)] = x,, where |t,-t;] < 24.
This means x, and x, are on the same orbit.

If x, = xa, then g(x,) = g(x,), which means X, (ti=ty) = %z
and t, = t,,because there are no periodic points in S.

I1f x, # x5 , then lt, -ty + g(x,) - g(x,_)l must be greater
than ¥ . However,

ler - tat gtx) - gl < e - ol + laxy) - g(x)]

< 22+ ¥ -2A =YX .
This contradiction shows that in all cases (y,,t,) = (y,,t,) when
h*(y,,t,) = h*(y,,t;), so h* is one-to-one.

To finish the proof, we also have to show that
Int(S'[-A, 2] # ¢ Let Xo € S'. Choose § = A/2. Since h is
a homeomorphism, we can construct an open set U(-§ , §) in
S[-A, ] where U is open in S and X, € U and, by continuity, we

can also guarantee that lg(x) - g(x')‘ < - Afz for-aldk .zl in
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U. Then Xog(X) € [U(-§ ,8§)]1g(xe), which is open. 1t suffices
to show that [U(-§ ,8)]g(xs) € S'[-Q,D].

Now, for any y in [U(-§,8)]1g(x%e),

Yy = (xt)g(xe) (where x € 5, |t| < A/2)

X (t+g(xe)) .
Also, for this x, xg(x) € S'. Since xg(x) and (xt)g(xe) are on
the same orbit, there is a time t such that
Xg(X)t = X(t + g(Xo)).
So, since there are no periodic points, t = t + g(xe) - g(x), and
1T] < el + |g(xe) - g(m|
< A/2+ A/2 = ).

Therefore, y € [U(-§,8)1g(X) implies y € S'[-A,A]. Thus
[U(-§ ,8)1g(xe) CS'[-A, Al. Hence Int(S'[-A,A1) # ¢.
Therefore, S' is a local cross section of length 2A. //

The two obvious extreme cases to which this proposition
applies are given in the following corollaries.

Corollary 1. If S is a local cross section and g =
constant, then S' = {xg(x): x € S} is a local cross section.

Corollary 2. If S is a local cross section such that x € S
implies xt ¢ S for all t # @, and if g is any continuous function
from S= M , then S' = {xg(x): x € S} is a local cross section.

Proposition 5. If g is any non-fixed, non-periodic point of
the flow £ on X and S is a local cross section at q of length
2 A, then there exists a local cross section §'<C S at g of any
specified length.

proof. Without loss of generality, assume S = S*. Fix
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T > @#. Let k = min{ P(q,qt): 1 < ltl < 2T}. By Proposition 2
above, k is positive. By continuity in initial conditions, there
exists & > @ such that (.)(q,x) < 8 implies P(qt,xt) < k/2 for
-2T £t < 2T. Without loss of generality, choose & < k/2.

Now, the homeomorphism h defined by the flow on S x [-A , Al~
S[-A,7A] can be used to construct an open set V = h(U, (-1 ,™M))
where U is an open set in S containing q such that
h(Cl(U),[-M,M])C Bg(q). Let S' =Cl(U). Then S' is a local
cross section at q of length 2T.

S' is closed and, by construction, g is an interior point of
s'[-T,T]. The map h of §' x [-T,T] = S'[-T,T] taking (x,t) — xt
is continuous and onto.

It remains to show h is one-to-one. Suppose x,t, = X,ta,
lt), lt.l < T. Then x\ = x,(t,- t,), where |[t,- .| ¢ 2r. If
lti- £, < A, then [t~ t,| = 0. So assume A < |t,- t,| < 2T.
By construction, p(arxy) < § < k/2 implies
P (@(ty= ) ,x,a(t- ty)) < k/2. Using the triangle inequality,
it follows that

()(q'q(tl- tl)) S ()(Q:X.) + P(X,rQ(t;- t|))

Plarxy) + p(xalty- £),a(t= £)

A

k/2 + k/2 = k.

This contradiction implies \ta— t.\ = @. So h is one-to-one. //
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Chapter 4: CROSS SECTIONS OF FLOWS ON MANIFOLDS

In this chapter we consider flows on manifolds. We define
an n-dimensional manifold as a compact metric space, each point
of which has a neighborhood homeomorphic to an open ball in
Euclidean n-space. It has long been known that flows on 2- and
3-dimensional manifolds have local cross sections which are,
respectively, arcs and closed disks. We will present a new
elementary proof of this fact for the 2-dimensional case and
complete the discussion begun in Chapter 2 of a counterexample to
show that this result does not hold when n = 4.

Our first result shows that a local cross section of a flow
on a surface will be an arc.

Theorem 1. Let X be a 2-manifold on which a flow f is
defined. 1If xo ¢ C, then there exists a local cross section at Xo
homeomorphic to [@,1].

Before proving the theorem, we will prove the following
lemma.

Lemma 1. Let X be a manifold with a flow, f, and S a local

cross section. If x € s' and W is a neighborhood of x in S, then
there exists an arcwise connected neighborhood W' of x in S with
W' C W.

Proof of Lemma. Let 27 > # be the length of S. Without
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loss of generality, W is open in S. Hence, W(=} ,7) is open so

s s 0 B B 6 W= B ScSRE RS O

p: Cl(B~ (x)) = S, defined in Chapter 1, taking y —» x, where

y = xt, x € 8", [tl ¢ A. sincep is a closed, continuous map

and Cl (B (x)) is compact, connected, and locally connected, then

P(CL(Bm (x))) = W' is arcwise connected as in the proof of
Corollary 1 in Chapter 1. Finally, W' is a neighborhood of x

because the map p is open- {4

proof of Theorem. Construct the set cl(u) as in Theorem 1,
) is a closed disk and with the added

Chapter 1, such that Cl(U

condition that x(+ 22) ¢ U for all x in U. Let S be the local
eross seckion at ¥e of length 272 constructed as in Chapter 1.
By continuity of the floW and the fact that the homeomorphism h

ghborhood of Xo, we can find U' &

maps Xe into a rectangular nei
and U' (-8 ,8) € U. Then

Cl(u) and § > @ so that Xo e U' open,

W=0'ns is a neighborhood oF %g AN BuenBy the lemma above,

h that W' is an arcwise connected

there exists W' € W Suc
neighborhood of Xe. consider V = W' (-§ ,8), which is open. BY
v ¢ U, since W' cu'.

consider the trajectory of Xe

our choice of & we know Therefore, V is a

neighborhood of Xe contained in U.
in C1(U). There is 2 first negative time, say % « and a first

at which the trajectory of xo leaves

positive time, say g
Cl(Uu). The Jordan Curve Theorem implies that Cl(U) is divided
and Xo (¢ ' B) is on the boundary

into two pieces by KXol ,p )r
Let A be the piece of C1(U)

between these disjoint pieces.

B the region

"pelow" Xol(0f s F ). Since

"above" Xo(% /s f ) and
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V .
C U CCl() and V is also a neighborhood of Xor V na+od

T s . . . .
his implies w'N A # ¢, and, similarly, W'N B # ¢. So there

exists pe W'N Aand g € W N B.

By Lemma 1 above there exists an arc,¥, inw'C S from p to

g. This arc must intersect Xo (& ,p) since it stays inside U',

but xo(¢, @) intersects S at exactly one point: Xo. Hence the
arc ¥ goes through Xo. since § C Sy this arc will be the

desired local cross section at Xe if x, is in Int( o oy g B B

r a continuous function g: ¥ TR , where

¢ § < for x # p9q.

Conside
y = @, and @ < g (x)
Then the set ¥ g v XY(-g) =J

g(p) = 9(a

let Y¥g = {xt: x € ¥, t~ g(x)}-
will be a simple closed curve containing p and d. We know that
¥g and Y (-g) do not intersect except at p and q because 5,

S@,A), and S(-A,0) are disjoint.
to two open regions:

The Jordan Curve Theorem

implies that J divides U in a bounded

and an exterior, Je ¢ Clearly

interior, Jt
the proof is complete. //

%5 8 WJy 2. It PEa ,A1) and
Corollary 1. 1f X is a 2-manifold and S is a local cross

section, then st is a 1- 1 manifold.

dimensiona

proof. Through any point x in s' we can construct a local
(9,11, by the above

cross section which is homeomorphic to

theorem. Therefore, x has @ neighborhood in s which is

1-dimens ional ba

Hence, bY proposition 3,

homeomorphic to the open 11, (g,1). But s is a

local cross section at each x € S'.

Chapter 3, each X in g' must have 2@ neighborhood in §' which is
homeomorphic to (8,1) - This means s' is a 1-dimensional
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manifold. //

Corollary 2. If A is any space such that A xR is
homeomorphic to R*, then A is homeomorphic to R .

proof. Using the projection map of A x TR onto A it
follows that A is connected and separable since R* is connected
and separable. Define the usual flow on the space A x R . Then
S = A x {@} is a local cross section and st = A, since A x (-1,1)
is open in A x R . By Corollary 1, A is a l-dimensional
manifold. So either A =R or A =T. But T x MR is not
homeomorphic to ﬂ{l since T xR is not simply connected.
Therefore, A is homeomorphic to mn ./

Turning to the three dimensional case, we said in Chapter 2
that H. Whitney gave a proof in [10] that if a regular family of
curves fills a region of Euclidean 3-space, then any "cross-
section" contains a "cross-section" which is a 2-cell. For his
proof of this, Whitney used a characterization of the closed 2-
cell which he established in [9]. In his later paper, [10],
Whitney then showed that the cross-section through any non-fixed
point of a regular family in ﬁ{3 satisfies all the conditions of
this characterization. Therefore he concludes that the cross-
section must be a closed 2-cell.

1f we ask how far we can generalize these two results to
higher dimensions, we see right away that the analogous situation
does not hold when n = 4.

Theorem 2. There exists a flow on a 4-manifold with a point

Xo at which every local cross section is not homeomorphic to a 3-
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dimensional disk.

proof. Let Y be Bing's dog bone space, introduced in

Chapter 2. Define a flow on x=Y xR by

£((yrS) fE) & (Ye (s+t)) »

Bing's paper [3] proves that X is a 4-manifold, in fact RY .

Let yo be a point in Y at which ¥ fails to be a 3-manifold.

Such a point exists py Bing's paper , [2], which proves that Y is

n if U is an open set of Y

not homeomorphic to a 3-manifold. The

containing yo € ¥, U i8 not a 3-manifold either at y, and

Cl(U) x {0} is a local cross section at Xo = (Yo s0) € X of any
in fact, Y ¥ {g} is a local cross section at

specified length.

Xpe
Let S' be a local Cross section at Xo- By proposition 3 of

Chapter 3 there exists U' open in s' with Xo e u' such that U' is

homeomorphic to an open set V of ¥ x {0}. Clearly
0od of Yo in Y. Therefore, S!

V = U x {9} for some open neighporh

is not homeomorphic to @ 3-disk. //

In the particular case in which a flow on a differentiable

ions to gifferential equations,

n-manifold is determined by solut

s have a local cross section

then this flow will alway
-disk at any non-critical point. The

homeomorphic to an (n-1)
lution to the differential equation

reason for this is that the sO
respect to x to th
which we outlined in

is differentiable with e same degree that £ is,

So the construction of a transversals
complished at @ non-critical point.

Chapter 2, can always be ac
rentiability of the flow is

ed that the diffe

It should be emphasiz
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the key here. For a general flow, we used the function G(x)

defined in Chapter 1 to construct the local cross section,

S = {x : G(x) = G(Xo)} AN CL-2,A1-
able in x, we could not use the

Since we could not

assume that G was differenti

Implicit and Inverse Function Theorems to study S and we had to

use different methods to prove that S is analogous to the

transversal of ordinary differential equations and shares its

useful properties.
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