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In a magnetic confinement fusion reactor, like a Tokamak, hydrogen isotopes are injected
into the chamber and heated to form a plasma. The hot plasma tends to expand, so it’s
crucial to confine it within the center of the reactor to prevent contact with the reactor walls.
This confinement is achieved through magnetic fields generated by currents running through
external coils surrounding the reactor. However, these currents may suffer from uncertain-
ties, which could arise from factors like temperature fluctuations and material impurities.
These variables introduce a level of unpredictability in the plasma’s behavior and the overall
stability of the fusion process.

This thesis aims to investigate the impact that stochasticity in the current intensities
has on the confinement properties of the plasma and to estimate the expected behavior of
the magnetic field. While the focus is on the variability in current intensities, the tools
developed can be applied to other sources of uncertainty, such as the positioning of coils and
the source term parameters. To quantify the variability in model predictions and to evaluate
the statistical properties of solutions over a range of parameter values, traditional sampling
methods like Monte Carlo, often require intensive and expensive nonlinear computations. To
tackle this challenge, we propose three approaches.

Firstly, we focus on the development and application of a surrogate function, constructed
via a stochastic collocation approach on a sparse grid in the parameter space. This surrogate
function is employed to replace the nonlinear solution in Monte Carlo sampling processes. For
our numerical experiments, we evaluate the efficiency and accuracy of the outcomes produced

by the surrogate, in comparison with those obtained through direct nonlinear solutions. Our



findings indicate that a carefully selected surrogate function reduces the sampling cost —
achieving acceleration factors ranging from 7 to over 30 — while preserving the accuracy of
the results.

The second part of the thesis explores the multilevel Monte Carlo approach, investigat-
ing its potential for cost savings compared to simple Monte Carlo. This method involves
conducting the majority of computations on a sequence of coarser spatial grids compared
to what a simple Monte Carlo simulation would typically use. We examine this approach
with non-linear computation, using both uniformly refined meshes and adaptively refined
grids guided by a discrete error estimator. Numerical experiments reveal substantial cost
reductions achieved through multilevel methods, typically ranging from a factor of 60 to ex-
ceeding 200. Adaptive gridding results in more accurate computation of relevant geometric
parameters.

In the last part of this work, we explore hybrid methods that integrate surrogates with
multilevel Monte Carlo to further reduce the sampling cost. We establish the optimal con-
struction and sampling costs for the surrogate-based multilevel Monte Carlo. Numerical
results demonstrate that surrogate-based multilevel Monte Carlo remarkably reduces the
computational burden, requiring only 0.1 to 14 seconds for a target relative mean square
error ranging from 8 x 1072 to 2 x 10™*, reducing the cost of direct computation by factors of
50 to 300. In terms of accuracy, the surrogate-based sampling results exhibit close congru-
ence with those obtained via direct computation, both in plasma boundary and geometric

descriptors.



The primary contributions of our work entail the application of stochastic collocation
techniques and multilevel Monte Carlo methods to analyze plasma behavior under uncer-
tainties in current within fusion reactors. Furthermore, we establish the universal sampling
cost for the surrogate-enhanced multilevel Monte Carlo approach. Our methodology presents

a paradigm in how we approach and manage computational challenges in this field.
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Chapter 1: Introduction

This thesis incorporates the findings and methodologies outlined in the following papers,

adhering to the permissions provided by Elsevier’s policies:

1. Surrogate approximation of the Grad-Shafranov free boundary problem via stochastic
collocation on sparse grids. (Journal of Computational Physics, 448 (2022), paper No.
110699. doi: 10.1016/j.jcp.2021.110699)

2. Multilevel Monte Carlo methods for the Grad-Shafranov free boundary problem. (Com-
puter Physics Communications, 298 (2024), paper No. 109099. doi: 10.1016/j.cpc.2024.
109099)

The goal is the advancement of computational algorithms aimed at quantifying uncer-
tainty in the magnetic equilibrium of fusion reactors, particularly in the context of the Grad-
Shafranov free boundary problem. We will focus on equilibrium computations on Tokamaks,
a family of axially symmetric reactors whose design dates back to the work of Soviet scientists
in the late 1960’s [3, 72]. In the introductory chapter, we provide a background on the model
problem and introduce the intricacies of uncertainty quantification. Then we discuss three
distinct computational approaches employed to assess the impact of uncertainty on magnetic
equilibrium. The chapter concludes with a summary of contributions and an outline for the

subsequent chapters.

1.1 Background

A fusion reaction takes place when two light atomic nuclei overcome the Coulomb force
barrier, merging into a single nucleus bonded by the strong nuclear force. The mass of the
initial two nuclei is heavier than that of the newly formed nucleus, with the mass discrepancy

being converted into a substantial amount of energy. In a fusion reactor, hydrogen isotopes


https://www.elsevier.com/about/policies-and-standards/copyright/permissions

such as deuterium and tritium are utilized as fuel gas, and injected into a vacuum vessel.
This gas is then heated to high temperatures, causing the removal of electrons from atoms
and turned into a plasma — a state of matter comprising charged particles like ions and
electrons. The high temperature empowers ions with sufficient kinetic energy for collisions,
enabling them to approach closely enough to overcome the repulsive force barrier, leading
to fusion into heavier nuclei and the release of energy.

To maintain the requisite conditions for continuous fusion reactions and prevent direct
contact between the high-temperature plasma and the chamber wall, effective plasma con-
finement is imperative. Plasmas, being conductive and magnetically tractable, can be con-
fined using devices that generate magnetic fields. Devices such as Tokamaks utilize magnetic
fields generated by coils surrounding the vessel to achieve plasma confinement. Throughout
the confinement, charged particles undergo the interplay of hydrostatic force and magnetic
forces generated by external coils and the internal plasma current, ultimately reaching an
equilibrium state.

The partial differential equation describing the magnetic equilibrium depends on several
physical parameters, including the spatial arrangement of coils, the intensity of electric cur-
rents running through them, magnetic permeability, etc. The uncertainty and variability
inherent in these parameters prompts an exploration of their impact on plasma confinement
attributes. Our project investigates the effects of uncertainty arising from the currents in the
coils, which we treat as stochastic parameters, on the properties of confined plasma [18]. This
research aims to quantify variability in predictions, especially in determining the expected
solution for magnetic equilibrium. Additionally, our objective extends to the computation of
derived quantities from this expectation, such as the plasma boundary and other geometric
features. However, the dimensionality of the parameter space (twelve in the particular model
of our studies) presents significant computational challenges in approximating the stochas-
tic integral for the expectation. To address this, sampling methods, particularly Monte
Carlo simulations, are commonly employed despite their inherent computational drawbacks

stemming from their square root convergence rate.



1.2 Contributions of the thesis

To mitigate the cost associated with directly computing the parametrized solutions, surro-
gate approximations to the solution are commonly employed as an alternative. Constructing
a surrogate may involve creating an interpolating function based on solving the discrete
system with a designated set of parameter values. However, exploring the multidimensional
parameter space can quickly become computationally intractable, posing computational chal-
lenges in both surrogate construction and sampling. In response to this challenge, the sparse
grid stochastic collocation (SC) approach [5, 67] is considered for our work. This method
establishes a quadrature on a smaller subset of full tensor grid nodes, referred to as sparse
grids, using Smolyak’s scheme [67]. The resulting surrogates generated from this approach
demonstrate reliability comparable to that obtained with full tensor product grids [5, 67, 74]
and will be utilized for sampling across various methods. Additionally, we explore an al-
ternative sampling strategy — multilevel Monte Carlo [12, 28, 61, 69] — aimed at enhancing
the efficiency of Monte Carlo through the adoption of a multilevel strategy in the physical
space. This method effectively reduces sampling costs by concentrating the majority of com-
putations on a sequence of coarser spatial grids compared to what a standard Monte Carlo
simulation typically employs. In this thesis, we will investigate three sampling approaches to
efficiently approximate the expectation of the magnetic equilibrium: implementing a surro-
gate function, utilizing multilevel sampling methods, and a hybrid approach that integrates
both techniques.

The thesis is structured as follows. In Chapter 2, we provide an introduction to the model
problem, incorporating uncertainty, and outline the objectives of this thesis. Chapter 3 is
dedicated to presenting the sparse grid stochastic collocation approach. The construction
of surrogates for the function model based on sparse grid stochastic collocation is detailed
in Chapter 4. Moving on to Chapter 5.1, we delve into the discussion of the Monte Carlo
Finite-Element approach, considering samplings with both direct non-linear computation and
surrogate function. In Chapter 5.2, we explore the multilevel Monte Carlo Finite-Element ap-
proach, including samplings with direct computation on both uniform and adaptive meshes.
Additionally, we investigate both single-level and multilevel surrogate-based samplings on
the uniform mesh set. Chapter 6 is devoted to presenting numerical experiments compar-

ing the efficiency and accuracy of these sampling strategies. Finally, concluding remarks are



provided in Chapter 7. For comprehensive coverage, technical mathematical and algorithmic

aspects pertaining to the problem and the methods discussed are included as an Appendix.



Chapter 2: Model problem

In this chapter, we present the deterministic partial differential equation that governs static
magnetic equilibrium within an axially symmetric context. We explore fundamental equa-
tions and discuss plasma confinement configurations, geometric parameters, and the varia-
tional formulation for our model. Extending this deterministic framework, we introduce a
version that incorporates uncertainty, acknowledging the stochastic nature of key parameters.

The chapter concludes by outlining the thesis goal.

2.1 The deterministic problem

2.1.1 The Grad-Shafranov free boundary problem

In our model problem, the axially symmetric geometry is conveniently described using cylin-
drical coordinates (7, z, ¢), where the “poloidal” component lies in the meridian plane and
the “toroidal” component aligns with the toroidal direction ¢. By exploiting the axial-
symmetry property and assuming independence in the toroidal direction, we simplify the
three-dimensional problem to a two-dimensional representation in the poloidal plane. In
this work, instead of using (r, z) to denote positions on the plane at any fixed angle ¢, we
adopt the notation (x,y) to represent the distance from the axis of symmetry and the height,
respectively.

We will elucidate the dynamics of a plasma system, considering parameters such as mass
density p, mean velocity of ion particles v, total current density J, hydrodynamic pressure
p, and total magnetic field B. The momentum equation governing the plasma motion is
formulated as an equilibrium between the acceleration of fluid elements (dv/dt), arising

from the Lorentz force (J x B), and the gradient of the scalar pressure, described by

dv

—~ =—JxB-
P X Vp,



If we assume a time-independent static equilibrium, the inertial term pdwv/dt can be neglected
2, 33]. Consequently, a magnetic equilibrium is established at each temporal instance, where
the magnetic forces from external coils and internal plasma current balance the hydrostatic

pressure, as expressed by
J x B =Vp. (2.1)

Let H be the magnetic field and i be the magnetic permeability, then B = pH. Addition-

ally, the plasma must satisfy two fundamental equations:

curl H=J (Ampere’s Law), (2.2)
div B=0 (Gauss’s law). (2.3)

These, along with the magnetic equilibrium condition, give rise to the Grad-Shafranov equa-
tion [32, 55, 65] — a second-order nonlinear elliptic equation that relates the poloidal flux
function ¥ (z,y) to the toroidal current density J,. In an axially symmetric setting, our
model is reduced to a two-dimensional space, and the magnetic field B can be expressed in

terms of two scalar functions ¥ (z,y) and g(x,y) as

grad 1)
r

B =6 x +$§, (2.4)

where $ is the unit vector in the direction of increasing angle ¢. The equation can be

1

where V and V- denote the Cartesian gradient and divergence operators in two dimensions

expressed as

respectively; the magnetic permeability © = po in vacuum, and is a function of the magnetic
field p = p(|Ve|*/2?) within any ferromagnetic structure. The toroidal current density can
be represented using source term functions, hydrostatic pressure p(¢) and toroidal field g(v),

as
d 1 d
= @p(@/}) + m@f@’)-

The function g is associated with the total current flowing in the poloidal direction, I,

Jo

through the relation I, = —27g. Both g and the pressure p are functions of the poloidal flux
1 alone. The formulation can be extended in free space, where the toroidal current density

J, includes contributions from currents [, passing through external coils. This results in the



non-linear equation

1 Lp(0) + 7L (W) in Q1)
0 elsewhere,

where (2, is the region where the plasma is present and €)¢, represents the regions of external
coils with cross-sectional areas Sj. The delineation of €2, is dependent on the last closed level
set, either passing through a saddle point or running tangentially to the limiter — an installed
plate to prevent the plasma from contacting the reactor wall. This level set determines the
plasma boundary 0f2,, which is dependent on ¢ and must be determined simultaneously
along with the magnetic field. It is not known a priori, resulting in a free boundary problem.
In addition, the physical properties of anti-symmetry of the solution and finite energy result
in the following conditions on

»(0,y) = 0; lim  ¢(x,y) =0, (2.5b)

[[(@,y)[| =00

which guarantees the well-posedness of the model problem.

The form of the source term in the plasma that we will use is

d B 1d
il — 2 (1 — ) A0 = 1— 1— )7, 2.5
o) = SR W) (1= B - UR) . (250)
These forms were proposed by Luxon and Brown [56] as the simplest model that was sta-
tistically adequate to describe experimental results and has been widely used for theoretical

studies ever since. The term

by e b=t
N YA — Y

is a normalization of the unknown with respect to the value of ¢ at the plasma boundary,
Ypp, and the maximum value of ¢ within the plasma, 1;4, which determines the location
of the point known as the magnetic axis. The value xy corresponds to the outer radius of
the vacuum chamber, the parameters a and ~ control how sharply the current peaks near
the magnetic axis; 8 is known as poloidal beta, a parameter measuring the ratio between
the hydrostatic pressure in the plasma due to temperature (usually called plasma pressure)
and the pressure due to the external magnetic field (or magnetic pressure). Since the aim of
magnetic confinement is to balance the effects of the internal hydrostatic pressure with those

of the external magnetic field, the value of  effectively measures the strength of confinement
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Figure 2.1: The plasma confinement region (2, is enclosed by the violet line. The rectangles
represent the external coils CY; the grey curved line represents the exterior wall of the vacuum

chamber.

of a reactor; in practice this value is much smaller than one. All these parameters are
determined by the user, depending on the design of the reactor or the particularities of an
experiment, mainly the desired current and pressure profiles in the plasma.

A schematic of a cross-section, for > 0, of a tokamak is depicted in Figure 2.1. The
confinement region (2, is characterized as the largest region that contains the magnetic axis
(defined as the point where 1 has a global maximum) and that is bounded by a closed
level set 1) = constant. The solution to this free boundary problem is ubiquitous in nuclear
fusion and several computational codes have been developed over the years (see for instance
21, 31, 35, 36, 39, 45] and references therein).

2.1.2 Limited and diverted configurations

Several scenarios can occur for plasma contained in a tokamak. Cross-sections of typical
plasma configurations are shown in Figure 2.2. Depending on the configuration, in the
interior of the vacuum vessel either divertor or limiter plates (solid black) are installed to
protect the walls. In the generic top left image, the plasma is contained in a hollow toroidal
vacuum vessel (violet line) and the confinement field is generated by an external array of
coils (purple blocks).

Depending on the location of the coils and the intensity of the current passing through

them, there are three possible configurations of the magnetic field that are relevant for
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Figure 2.2: Schematics of a cross section of a tokamak and possible plasma configurations.
Top left: simplified cross-section of a tokamak depicting some of the essential components
for magnetic confinement. Top right: a limited configuration. Bottom left: a diverted con-

figuration. Bottom right: the separatrix intersects the limiter plate.

confinement. The top right image in Figure 2.2 shows a limited configuration, where the
contour lines of 1 contained in the vacuum vessel are all closed and nested, interrupted
only by the walls of the chamber. In this situation, common in older reactors, the plasma
could come in contact with the walls and therefore a physical barrier—typically a tungsten
plate depicted as a solid black line in the schematic—has to be positioned to prevent the
plasma from reaching the walls [72]. The level set of ¢ tangential to the limiter determines
the boundary of the confinement region €2,. While this solution succeeds at shielding the
walls of the reactor, the fact that the plasma is in direct contact with the limiter has some
undesirable effects including a reduced range of temperatures attainable and the introduction
of pollution due to the ablation of the limiter plate.

Alternatively, as in the bottom left image of Figure 2.2, the magnetic field can give rise to
a situation where the interior of the vessel is divided into a sector where the contour lines are
closed and one in which they are open. In this diverted configuration, the stream function
has a separatrix that divides the interior of the vessel into these two regions. As confinement
is possible only in regions where the field lines are closed, if this line is not obstructed by any

structure, then the plasma remains confined within the separatrix without the need for a



limiter. The point where the separatrix intersects itself is called an z-point. Since heavy ions
or impurities leaving the plasma do so by moving along magnetic stream lines, the vicinity of
the x-point, where the separatrix intersects itself, is an ideal location for placing a filtering
device known as divertor that removes such ions and absorbs the excess heat, protecting
the walls without coming directly in contact with the bulk of the plasma [15, 43]. The
area surrounding the points where the separatrix intersects the divertor plates—the strike
points—is also of interest, since it is the most likely to get in contact with fast particles and
impurities leaving the plasma.

Owing to these and other advantages, reactors with magnetic x-points and diverted
configurations are favored nowadays; designs with two or more divertors have been proposed
and studied [7, 46, 64]. It is clear that accurate determination of the magnetic equilibrium
configuration and in particular the location of a magnetic x-point on a given reactor is of
great relevance for theoretical, experimental and design purposes.

A third possibility, shown in the bottom right schematic of Figure 2.2, is that the stream
function gives rise to a separatrix that intersects the walls of the vacuum chamber or some
other structure contained in it, such as the divertor or a limiter. In this case, although
confinement is still possible, the separatrix no longer determines the plasma boundary, as the
disrupting structure acts effectively as a limiter. Instead, the plasma boundary is determined
by the first closed contour inside the separatrix that is tangential to said structure at a contact
point. This scenario is undesirable, for the plasma walls or structures inside of the vacuum
chamber, other than the limiter and divertor plates, are not designed to be in direct contact
with the plasma and can be severely damaged by such interactions. As will be seen later, even
if reactors are designed to avoid this scenario, unexpected variations in current intensity can
give rise to such disruptions. Being able to quantify the probability of this happening (and

the most likely location of contact with any structure) is therefore of paramount importance.

2.1.3 Plasma shaping

Some geometric properties of the plasma boundary have been found to have a significant
influence on important physical processes such as stability and transport. Substantial theo-
retical and experimental efforts have been devoted to the design and realization of particular
confinement geometries in what has come to be known as plasma shaping [6, 24, 40, 48, 73].

The geometric features that have been found to be most relevant are referred to as elonga-
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Figure 2.3: Left: Locations of the high, low, inner and outer points in a typical plasma
boundary. These points are used to define the shaping parameters in (2.6): major and
minor radii, aspect ratio, elongation and triangularity. Right: An artificial boundary I’
enclosing the reactor on all the relevant geometric structures is introduced. The region
contained within I' is meshed with a geometry-fitting triangulation, where the equation

(2.5a) is discretized.

tion and triangularity. We define these terms by introducing a few auxiliary quantities—the

notation and terminology are standard in the fusion literature, see for instance [11, 54]:

Ryeo = (Tmaz + Timin)/2 Major radius, (2.6a)
a = (Tmaz — Tmin)/2 Minor radius, (2.6Db)
€:=a/Rgeo Inverse aspect ratio, (2.6¢)
K := (Ymaz — Ymin)/2a Elongation, (2.6d)

Ou = (Ryeo — Typp0n)/a Upper triangularity, (2.6¢)
0 = (Ryeo — Ty,,.,)/ @ Lower triangularity. (2.6f)

The left panel of Figure 2.3 depicts the points that determine the height and major and minor
radii on a typical plasma boundary with an x-point. Note that in general the locations of
the Inner/Outer and High/Low points need not be aligned, nor does the shape of the plasma

need to be symmetric.

2.1.4 Variational formulation

The mathematical and numerical exploration of the free boundary problem (2.5) holds pro-

found significance in the realm of fusion science. Among the noteworthy recent endeavors
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in this domain are the contributions made by Heumann and collaborators [21, 34, 35, 36];
here we rely on their contributions for the numerical computation of the equilibrium config-
uration, in particular, the Matlab implementation of the free boundary solver described in
[35].

The main challenges posed by (2.5) are: (1) the unboundedness of the domain where
the problem is posed, (2) the nonlinearity of the partial differential equation stemming from
the source term and—in the presence of iron components—the permeability coefficient, and
(3) the nonlinearity of the problem owing to the unknown nature of the plasma region €2,.
Points (2) and (3) are addressed through an iterative Newton approach by linearizing around
an appropriately chosen initial guess. Perhaps point (1) is the one that requires the most
elaborate treatment, and we will describe it in some more detail in what follows.

We will make use of some results and terminology from the theory of boundary integral
equations. We refer to [41] for a concise overview of the subject.

An artificial boundary I' enclosing the entire reactor and remaining structures is intro-
duced, as shown in the right panel of Figure 2.3. T" must be such that the support of the
right hand side of (2.5a) is compactly contained inside. This curve divides the half plane
into the region enclosed by it, which we will denote by 27, and its unbounded complement
O = R? \F For simplicity we will leave I as general as possible, but its precise form will
be made explicit in due time.

The solution to the free boundary problem can then be considered to be of the form
1 =1~ + 1T, where the two parts ¢~ and 9" are supported inside 2~ and QT respectively.
The continuity of v is preserved by requiring both interior and exterior solutions ¢~ and 1™
(and their normal derivatives) to match on the interface I'. More precisely, problem (2.5)

can be reformulated as a system consisting of the interior problem

2i=p(7) + a9t (7)) in Q(¥7)

1
0 Elsewhere.
(2.7a)
Y= (0,y) =0,
(2.7b)
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and the exterior problem

-V - (iwﬁ) =0 in QF (2.7¢)
nx
¥*(0,y) =0, o v (z,y) =0,
x,Y)||—o0

connected through the continuity conditions

=yt onT (2.7d)
o~ =0, on I, (2.7¢)

Testing with a function ¢ satisfying the boundary condition (2.7b) but otherwise arbitrary,

one arrives at

1 1 )
/_ EVQ& ~chdA—/Fﬁ L) gpdf—/Q_F(w L, 8,) pdA. (2.8a)

We now turn our attention to the exterior problem. In order to deal with the unbounded

domain we will use an integral representation of the exterior solution of the form
vt = [Goutar— [aGurar
r r

where G = G(x1, ) is the Green’s function for (2.5) vanishing on I'. To avoid cumbersome
notation, the explicit expression of the Green’s function will not be given in this discussion.
The terms in the right hand side are known respectively as single layer potential and double
layer potential. Note that the values of the restrictions to the boundary and the normal
derivatives appearing in the right hand side are not known a priori and have to be determined
as part of the solution process.

Using the expression above to take the restriction of ¢)* to the boundary I" enables the
use of the jump properties of the single and double layer potentials [41], which yield the
following integral equation on I'

1
“— g+ [ 0,Gudr + [ GO dr
v=gv+ [acu s [Gow

where (2.7d) and (2.7e) were used to connect the exterior and interior problems by writing

the integral equation in terms of the restrictions of the interior solution only. This equation
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can be posed weakly by testing with an arbitrary function A defined on I'; yielding

1
—~ Adl' — O G(T1, 22) Y™ (1) M@2) dI'(21) dT'(22)
/F 2 /F/F ! (2.8D)

_ / / G (1, 2) Dy )™ (1) Ms) d (1) dT(2) = 0.

Equations (2.8a)-(2.8b) involve only the unknowns ¢~ and d,%~ so, if they can be solved
simultaneously, the solution v to the original problem can be recovered.

So far, we have followed the general strategy introduced by Johnson and Nédélec in their
celebrated article [44]. However, as shown by Hsiao and collaborators [25, 42], if I' is taken
to be a semi-circle, equation (2.8b) can be solved exactly for 0,1 in terms of the tangential
derivative of 1)~ along T'. Substitution of this expression for 9,1 back into (2.8a) gives
the following uncoupled equation for ¢)~, which must hold for all sufficiently regular test
functions ¢ vanishing on the y axis:

1 1
/ Ly vpda -2 / / L G1, 22) 0oy (1) Doy o) dT (1) dT ()
Q- KT rJr K1

:/ F(y~,x,Q,) pdA.

The symbol 0, denotes (weak) tangential differentiation along the curve I'. In this equation,
the unknowns are the stream function inside of the fictitious boundary, 1)~ and the support
of the plasma, 2,,, which appears through the source term of the equation F(¢~, z,{2,)—see
(2.7). The boundary of the plasma region is the closed level set of 1)~ that either: a) passes
through a saddle point of )~ located inside of the reactor, or b) is tangential to the inner wall
of the reactor—if the curve defined by a) intersects any structure inside the reactor or if no
curve satisfies the condition a). See Figure 2.2 for graphical depictions of these conditions.

Once ¢~ is found, the continuity conditions (2.7d) and (2.7e) along with the integral
representation for ¢ can be used to evaluate 1) in the unbounded component Q7 if needed.
Note that even if it is supported on the entire component QF, the function " appears
in these equations only through the integrals over I', which avoids the discretization of an
unbounded domain.

The explicit expression for the equation above, derived tersely in [1], is obtained by
substituting the appropriate Green’s function and integrating by parts the term involving

the tangential derivatives. We can now state the variational problem that must be solved.
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Variational Formulation. Consider a semi-circle centered at the origin, boundary I" and
with radius p such that it fully contains all the relevant reactor components depicted in
Figure 2.1. If Q~ denotes the region surrounded by I" then, by construction, for any in (7)¢
the right-hand side of (2.5a) will vanish identically. We will then, following [33], consider

the space of real-valued functions

2
Z = {wzQ_—HR |V;b|

/_¢2xdxdy<oo; dmdy<oo;w(0,y):0}ﬂC0(F).

" (2.9)

This space arises naturally when testing equation (2.5a) using the weighted Lo inner product

defined by
(V,0) = [ oz drdy,
o-
which leads to the finite energy requirement appearing in the second inequality in the def-
inition (2.9). The third requirement (¢(0,y) = 0) is a result of the anti-symmetry of the

problem with respect to reflections across the axis of symmetry of the reactor and has the

effect of ensuring that the quantity

vl A\
91l = ( | dedy) (210)

does indeed define a norm in the space Z. We will refer to this norm as the energy norm. The
space Z defined in (2.9) endowed with the energy norm (2.10) is the natural function space to
look for variational solutions to the deterministic linearized Grad-Shafranov equation (2.5).
The variational formulation of the problem, as derived in [1, 25, 42], is that of finding ¢ € Z
such that for every test ¢ € Z it holds that:

/ —w VgodAJr/ngde

/ [ @) = (o) M@, ) (pl@) = pl@) dU@) dT (@) = [ P2, A
(2.11)
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where x; = (z;,y;) and

61 :=+/2%+ (pr £y)?,

k(x1, o) 2 — k*(xy, o)
271'(1’1{[’2)3/2 2 — 2/@2(331,2122)

M(wl,mg) = E(I{(mlaa’?)) _K(I{(ml’mQ))> ’

(w - ) 4$1£L‘2
K s = )
b (1 + x2)% + (Y1 — y2)?

and E(k(x1,x2)) and K(k(x1,x2)) are, respectively, complete elliptic integrals of first and

second kind.

2.2 Incorporating uncertainty

The most obvious sources of uncertainty are the values of the currents {I;} flowing through
the coils. These currents are subject to variations due to factors such as small oscillations
in the power supply or temperature variations, and material impurities in the conducting
wire that affect the conductivity. Even if the reactor has been built to very high engineering
standards, the precise location of the coils within the reactor with respect to its projected
location in the theoretical design will also be subject to a certain amount of uncertainty. Yet
one more source of uncertainty is the value of the magnetic permeability, which can only
be determined approximately through measurements, and under experimental conditions its

value will most certainly differ from the one considered in theoretical computations.

2.2.1 Parameter space

In this work, we will consider that the uncertainty in the model (2.5a) is concentrated in
the values of the currents I; going through the external coils. As a result, the function
(and all quantities derived from it) are random variables. Obtaining a full description of
their probability density functions might not be possible, but an approximate picture can
be obtained by exploring the parameter space and computing sample approximations of its
expectation and variance. We will model the array of currents as a d-dimensional random
variable w := (wy, .. .,wy), where d is the number of confinement coils in the reactor, and the

k-th component of w is the current going through the k-th coil. We will consider that w is
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uniformly distributed around a baseline vector I = (I3, ..., 1;) corresponding to the desired
current values in a deterministic model. We will often refer to I as either the reference
or unperturbed currents. Letting 7 > 0 denote the size of the possible perturbation in the
current values (relative to the components of I), the vector w is then uniformly distributed

over the d-dimensional parameter space

d
W= T [Ze = 7Tl I + 7|1l (2.12)
k=1

Since coils are independent of each other, the stochastic random currents {wk}izl are uncor-
related and the joint density function of w is given by 7 (w) = [[{, m (wi) = []i_, ﬁ
The equilibrium configuration determined by the solution to (2.5a) is then the random vari-
able ¥(z,y, w).

2.2.2 Bochner space

We now consider the stochasticity in the currents and allow the vector of currents to be a
d-dimensional random variable w uniformly distributed over the parameter space W defined
in (2.12). It is clear that in this case for any particular realization of the currents w we
will obtain a different equilibrium configuration ¢(w) that belongs to the Banach space Z
defined in (2.9). Moreover, since for every w € W the resulting equilibrium configuration

has finite energy, it then holds for the expected value of the equilibrium that

E ([l]%) < oo

In mathematical terms, we say that the stochasticity of the currents transforms the solution
¥ to (2.5) into a Banach space-valued random variable with finite expected energy. If w
belongs to a complete and separable probability space (W, X, P), the class of such random
variables forms what is known as a Bochner space [13]. In our particular case, solutions to
(2.5) are mappings from the parameter space W to the Banach space Z that, as functions

of w, belong to the Bochner space
L*(W,,P; Z) == {u: W — Z | u strongly measurable, |lul|z2q,z < oo},

where the norm || - || 2w z) is precisely defined in terms of the expected energy

1/2 1/9
lull sy = ( /| ||u<-,w>||édw><w>) — (E (Jut- ) 2))". (2.13)
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2.3 Objectives

Our objective is to quantify the impact of variations in current intensity by efficiently con-

structing an approximation to the expected value of the equilibrium configuration
B[00 2w) = | 0l zw)n(w)d (24)
w

and to compute some derived quantities from (2.14), such as the plasma boundary, the
location of the x-points, etc.

Since the location and shape of the plasma boundary depend on the values of the coil
currents, variations of these values could lead to contacts between the plasma and the wall or
even loss of confinement. This fact translates into a possible non-smoothness of the mapping
between coil currents and the solutions of (2.5) which may then cause techniques such as
stochastic collocation to underperform. Moreover, the computational effort associated with
cubature methods scales exponentially with the dimension of the parameter space, seriously
limiting their feasibility for estimating (2.14). This leads to the use of Monte Carlo methods
(Chapter 5.1), which are agnostic to both the smoothness of the mapping and the dimen-
sionality of the problem [57], although they have a slow convergence rate (1/2) that tends to
make them costly. This will be addressed through the use of a multi-level approach in Chap-
ter 5.2. Both methods require solving the system for a large number of realizations of the
parameter set, and sample statistics such as means, variances, and probability estimates are
computed using these sample solutions. Given that computing each such solution involves
solving a discrete version of the system (2.7), simulations using this approach become com-
putationally expensive. As an alternative, we investigate the use of the stochastic collocation
method [5, 67] to construct a surrogate approximation Uy for the discrete solution 1. This
surrogate is constructed based on a collection of sparse grids in the parameter space. We
then perform sampling using this surrogate, demonstrating its ability to significantly reduce

the computational burden without compromising the accuracy of the results.
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Chapter 3: Sparse grid stochastic collocation

To reduce the costs associated with direct computation of the parametrized solution, surro-
gate evaluations are frequently utilized as a more efficient alternative. The construction of a
surrogate typically entails developing an interpolating function, which is realized by solving
the discrete system at specific parameter values and then interpolating between these solu-
tions. In multidimensional settings, the set of parameter nodes can be chosen as a full tensor
grid, constituted by taking the Cartesian product of one-dimensional grids. However, as the
dimensionality increases, the consequent exponential growth in the number of grid points
leads to the so-called “curse of dimensionality”, rendering full tensor grids computation-
ally unwieldy. In response to this challenge, the sparse grid stochastic collocation approach
[5, 67, 74] offers a practical solution. It introduces sparse grids, a substantially more manage-
able subset of full tensor grid nodes, constructed via Smolyak’s algorithm [67]. Surrogates
built upon sparse grids facilitate efficient sampling and mitigate the trade-off between com-
putational efficiency and the curse of dimensionality, making them a robust framework for
surrogate model construction. This chapter presents an overview of the sparse grid stochastic

collocation approach, following [50].

3.1 Stochastic collocation

We will describe the method in terms of a generic solution, u, to a PDE involving stochastic
parameters w. We need to develop a method that provides an accurate approximation
of u that maps from a parameter space [0,1] to a physical space contained in R. Let
X ={z; €0,1],1 <j < p} be a set of p prescribed nodes in the parameter space. The SC
method constructs an approximation of u by evaluating deterministic realizations u(X,-) at

these fixed grids and employs a collection of interpolation functions {¢;}7_; satisfying
¢1(‘r]):5137 for 1 SZ?] §p7
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where
1, if i =7,
0ij = :
0, otherwise.
By introducing the one-dimensional interpolation operator Ix associated with the node set

X of size p, we express the interpolation formula for u as

p
Ix[u] = Zu(wjv ) @5
j=1
We then generalize this concept to construct a d-dimensional multivariate interpolant defined
on the hypercube [0,1]?. Using a tensor product construction, we define the interpolation

operator Z for u as

I = (L @ - @) [l == D_ - Yu(af) ool ) (o) @@ 0f)).

= Zu(xj7 ‘) ®;,

Jj=1

where X, represents the set of nodes with cardinality p, along the k-th component, and
the subscript k£ indicates the corresponding component in the d-dimensional space. The
interpolatory functions {®;}'_, exhibit a tensor product structure. The set of support
nodes is referred to as the full grid, and its size is given by P = II¢_,p;. As the dimension
of the parameter space d increases, the size of the full grid grows exponentially, leading to

the phenomenon known as the curse of dimensionality.

3.2 Smolyak operator and sparse grids

The sparse grid stochastic collocation method offers an antidote to mitigate the challenges of
the curse of dimensionality in the full tensor product while maintaining accuracy comparable
to the full grid. Consider a d-dimensional multivariate index ¢ = (i1,...,1q) € N% with
|t = i1 +-- - +1i4. At the core of this approach is the Smolyak operator S, 4, which is defined

for an integer ¢ > 0 as

Spai= Y (A"®-- @A), (3.1)

li|<q+d
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where A =Ty, — Iy, , and Z° = 0. An alternative expression for S, 4 is given by

Sy = Z (—1)a+dldl (q fd__lm) (Ix, @ ®1Ix,). (3.2)
q+1<[i|<g+d
Equation (3.2) reveals that the sparse grid operator retains the tensor product construction
but it utilizes a sparse version of the interpolation formula, where the function of interest is
evaluated only at a selected set of nodes instead of the complete tensor grid. Let £(ix) be an
increasing function of the index i, that determines the number of support nodes in the k-th
component of 4. To compute S, 4(u), the sparse grid interpolant reproduces the function u
at all nodes in the sparse grid. The associated collection of points in [0,1]? is denoted by
X = (X" x -+ x X') C [0,1]¢, where X represents a collection of nodes in the interval

0, 1] with a size £(ix) for 1 < k < d. The sparse grid, denoted as H, 4, is defined as
[ 1 g q,

Hga= |J X'= |J &% xX"), (3.3)
[i|<q+d q+1<|i|<gq+d

Insight into the structure of H,, can be obtained from Figure 3.1, which shows on the left
are examples of the individual contributions U|i|: gt Xt to H, 4 for d = 2, and ¢ = 0 through
3. In this image, the individual indices come from the values i, = 1 through 4 and (1) = 1,
£(ip) = 271 + 1 for i, > 1. We observe that when the value of ¢ is small or d is large, the
sparse grid H, 4 exhibits a significant reduction in size compared to the full grid [5, 50, 67].
For instance, in our problem where d = 12, representing the number of coils in the reactor
model, the sparse grids at level 3 and level 4 have sizes of 2,649 and 17,265 respectively.
In contrast, the corresponding full grids have much larger sizes of 2.8 x 10! and 5.8 x 10,
The grids comprising H, ; can take either a nested or non-nested form. In the nested case,
q represents the level of the sparse grids, while for non-nested grids, the level is denoted by
q + d. To minimize the cost of surrogate construction, it is preferable to use nested one-
dimensional nodal sets in (3.1) and nested sparse grids in (3.3). For nested sparse grids, we

have the inclusion and decomposition relationships as

X'c X" Hpa= |J (X"x- xX")=H,_1,UAH,,. (3.4)

li|=q+d

where AH, 4 := H, 4\ H, 1 4 represents the nodes X* with || = ¢+d. In our experiments, we

use the nested Clenshaw-Curtis nodes as the interpolation points. These nodes are nested and
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Figure 3.1: Left: multi-index values (i1,42) and contributions to H,, from U|i|:q X¢, for

d =2 and q = i1 + i3 = 2 through 5. Right: Highest grid level associated with each node.

defined by xf = —cos ((;;—Pf) for 1 < 75 < pi and are chosen as the extrema of Chebyshev
polynomials of degree pr = £(i) in the k—th component. The basis functions are then built
using these p; interpolation points and have a polynomial degree of p,, — 1. In addition, the
Clenshaw-Curtis abscissa requires 2% = 0 if £(i,) = 1 and £(1) = 1,£(i) = 2%~ + 1 for
i > 1.

To construct the interpolant on H, 4 using the relation (3.4), we decompose the Smolyak
interpolation operator for u as a sum of the interpolant on H, ;4 and a correction term

defined on nodes in AH, 4. This can be expressed as

Spal) = Y (A"@- @A) ()t Y (AT @ @A) (u) = Syo1a(u)+AS,4(w).
li|<g+d—1 lil=q+d
This Smolyak construction uses the relation (3.4) by building the interpolant on H, 4 as the
sum of the interpolant on H, 1 4 (i.e., S;—14(u)) and a correction AS, 4(u) that interpolates
u(x) — Sy—1,4(u)(x) at the nodes in AH, 4 and is 0 on H, ;4. We elaborate on this using
the left image of Figure 3.1, where ¢ = 5 and d = 2. In the figure, the square represents
the unit square and the numbers indicate the location of interpolation nodes. The Smolyak
interpolant Syo(u) consists of polynomials that interpolate u at all the nodes in the image
with labels 4 or smaller (Hy ), and ASs2(u) is a polynomial that has the value 0 at all these
nodes and value u(x) — Syo(u)(x) at all nodes with label 5 (AHj5). Evaluation of S52(u) at
any other point x in the domain is done recursively as S5 2(u)(x) = Sy2(u)(x) + AS5 2(u)(x).
There are 16 terms in the sum contributing to ASs 2(u)(x), one for each of the nodes labeled
5. Consider for example the bottom left of these nodes situated on the left boundary of
the domain, which we refer to here as x, = (x,,y,). The summand associated with x,
contributing to ASs2(u) has the form of a product (u(x.) — Ss2(x.))d1(x)p2(y), where ¢4

is a Lagrange polynomial of degree 2 with value 1 at x, and 0 at the two other nodes for
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which y = y,, and similarly ¢, is a degree 4 polynomial with value 1 at y, and 0 at the other
nodes along the vertical line. Use of this hierarchical structure allows the interpolant to be
implemented using relatively simple data structures and bookkeeping while also enabling the
re-use of all the information present in H, 4 if a higher order interpolant H; 41 ; is needed

at a later time, thus speeding up the off-line component of the process; see [50] for details.

3.3 Error analysis

In sparse grid stochastic collocation, when p, = £(ix) interpolation points are used in a
component, the basis functions are built from interpolating polynomials of degree p;, and

interpolation points consist of the extrema of the Chebyshev polynomials of degree py, x; =

o8l . o
P denote the mixed derivatives, where § =
...l

1 Zd
(Bi,...,Bq) with 5; € N, and |B| = > ;. With this strategy, the interpolation error is
bounded as [50, Theorem §]

cos(%?—ﬂ”),lgjgpk. Let DP =

Hu — Sqd(u)”oo =0 (P_p| log P|(p+2)(d_1)+1) (3.5)

where P is the number of nodes in the sparse grid and p, a measure of smoothness of w, is
the largest integer such that D%u is continuous if 3, < p for all k = 1,...,d. This bound
shows that accuracy is good for large P but there is a logarithmic factor that may limit its
utility, as the number of nodes must be at least P ~ el(P+2(d=D+1)/p hefore the logarithmic
growth is controlled. This makes for a long pre-asymptotic regime that becomes more acute
as the number of parameter dimensions d grows—an example of this can be seen in the right
panel of Figure 6.1. Notably, the error of the piecewise multilinear approximation on a full
tensor grid with P grid nodes follows O(P~2/4) [49], demonstrating a considerably slower
decay compared to the sparse grid method as d increases.

Furthermore, drawing upon insights from [60, 68], consider v € C°(W, Z), where W and
Z are defined in (2.12) and (2.9) respectively. Let the single-dimensional interval along the
k-th dimension be

Wi = [T, — 7| L], Iy + 7 |Ii]]

with its corresponding complementary multi-dimensional parameter space being

d
wie= [ W
i=1,i#k
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Given an arbitrary element wj in W(, and for each wjy in Wy, we assume the function

u(wy, w§, ) : Wi, = C°(WE; Z) admits an analytic extension u(z,w§, ) in the region
Wi ={z e C:dist(z, Wy) < for some ¢, > 0}
of the complex plane, then the interpolation error exhibits an algebraic convergence rate
|u = Sga(u)|,, =CP™™, (3.6)

where P denotes the sparse grid node count, C' is a constant dependent on dimension d and
analytic extension proximity to the interval Wy, and u; = o/(1 + log(2d)), with o relating
to the function’s analytic extension in the complex plane.

Compared to the regularity assumption in (3.5), the assumption for (3.6) is stronger in the
sense that the solution u with respect to the random variable w can be analytically extended
into the complex plane region by varying with one dimension of the random variable while
keeping the other dimensions fixed. This enhancement allows for a tighter interpolation error

bound compared to the regularity assumption in (3.5).
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Chapter 4: Surrogate construction

4.1 Introduction

Surrogate computations consist of two processes: offline and online. The offline phase focuses
on developing an accurate and reliable surrogate model prior to its application in sampling
or predictive tasks. Upon completion of this phase, the algorithm transitions to the online
phase, where the surrogate is employed for efficient evaluations. The online phase enables
rapid computations or simulations by leveraging the surrogate model instead of directly solv-
ing the computationally intensive original problem. This separation into offline preparation
and online application ensures that surrogate models can serve as efficient tools in various
sampling methods and predictive analyses, despite the initial offline costs. Conversely, di-
rect approaches may seem cost-effective at the outset but typically demand greater resources
during the online application.

This chapter addresses the construction of surrogate models offline, examining two main
strategies: single-level sparse grid stochastic collocation, with both single and multi-spatial
level options, and multilevel sparse grid stochastic collocation, featuring a multilevel approach
in both parameter and physical spaces. We will assess the costs involved in building these
three surrogate models.

Let wuy, represent a discretization of u using a spatial mesh size h and M be the number
of spatial grid nodes. Note that M = M (h). Consider a set of sparse grid nodes {wgi)}lgig P,
which give rise to a sample of P realizations u(" = u(wgi)), and discrete realizations ugf) =

uh(wgi)). The functions discussed in this Chapter belong to the space defined in (2.9) as

Ve|?

O- x

Z::{w:Q—HR

/ V2rdrdy < oo dxdy<oo;1/1(0,y):0}ﬂco(§).
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with norm || - ||z defined in (2.10) as

ol "
91l = (/Q L dxdy)

We begin by assuming that the sample-wise discretization error satisfies

[u® —u?||; < O M, (4.1)

where oy is the order of the sample-wise discretization error and the constant C’l(i) depends

only on the problem geometry.

4.2 Single-level sparse grid stochastic collocation and single-level spatial dis-

cretization surrogate

In this section, we explore the surrogate constructed via the single-level sparse grid stochastic
collocation and single-level spatial discretization. Let %,; denote the surrogate obtained
from the Smolyak interpolant S, 4(us) as outlined in (3.2). Denote P the number of sparse
grid nodes, which is dependent on q. The process of constructing the surrogate entails the
evaluation of the function at a pre-defined set of sparse grid nodes {wé“}lg,-gp, with the
evaluations represented as ﬂfﬂl = ﬁ%h(wéi)). We assume that the sample-wise interpolation
error satisfies

luy) —agillz < €57 P, (4.2)

where gy is the order of the sample-wise interpolation error in (3.6) and the constant C’éi)
relies on the particular values of w,

For this approach, consider the sparse grid level ¢ = g5 in (3.4), where ‘s’ denotes the
use of a single-level sparse grid. Let d represent the dimension of the parameter space W in
(2.12). Its surrogate function uj is defined by applying the Smolyak interpolation formula
(3.2) to uy, as

uy, = Sy, alun)-
To evaluate the convergence of u; to the exact solution u, we quantify the difference between
the two functions using the Bochner norm in (2.13). The total error is decomposed into two

components — discretization error and interpolation error — via the triangle inequality, as

Ju— ai”m(wz) < flu— Uh||L2(W,Zl+l|Uh - aZHL?(W,Z)/- (4.3)
TV TV
discretization error interpolation error
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Drawing upon the sample-wise error estimates presented in (4.1) and (4.2), along with the
total error in (4.3), we can determine the requisite numbers of spatial and sparse grid nodes
in terms of a user-specified tolerance €. Let us introduce 61,65 € (0, 1) as parameters to guide
the allocation of this tolerance between discretization and interpolation errors respectively.
These parameters, known as the splitting ratios, dictate the maximum allowable contribution
of each type of error to the total error budget, aiming to achieve an overall model estimation
accuracy of (01 + 0)e for the function u using the surrogate model. For the discussion of
this chapter, we assume that 6; + 0y < 1. The strategy for selecting suitable values for 6,
and 6y will be discussed in Chapter 5.1.2 and Chapter 5.2.3. The splitting of the total error

involves ensuring that
|l —unl[L2w,z) < Cou M~ < bre, and  |lup — Up || 2owz) < CpP7H < bge, (4.4)

where (), is a positive constant dependent only on the geometry of the problem, while C,,
as elaborated in (3.6), depends on the parameter space, with both being independent of
random variables. From (4.4), we determine the numbers of spatial and sparse grid node M
and P as

M>| = P> (= . 4.
e) " = (E) 9

The estimates in (4.5) suggest that the number of sparse grid nodes P is a function of the

—1/p
number of spatial grid nodes M, specifically through P = P(M) = (%) Mo

With this optimal P, the total error, as described in (4.3), should follow (1 + %) CrnM =1,
However, achieving the optimal number of spatial and sparse grid nodes M and P as specified
in (4.5) presents challenges in practical implementations, as these optimal numbers are often
rational instead of integers. Even when rounding them up using the ceiling function to
the smallest integers larger than the optimal values, practical implementations still fail to
achieve these precise numbers. This discrepancy stems from several factors: the actual count
of spatial grid nodes depends on the available mesh set; while the count of sparse grid nodes,
as indicated by (3.4), is influenced by the chosen sparse grid level and the dimension of
the parameter space. Consequently, the practical count of sparse grid nodes often deviates,
typically exceeding, from the ideal number P specified in (4.5). Such discrepancies between
practical and theoretical values of both M and P can lead to a misalignment, potentially

affecting the total error in the estimation process.
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To estimate the computational effort in building the single-level sparse grid stochastic
collocation and single-level spatial discretization surrogate, considering that the computa-
tional cost, C (ug)), of obtaining a sample may vary with the specific realization w® for our
nonlinear problem, we assume the average sample cost is independent of the realizations and
follows C' = O(M?) for some v > 0 depending on the solver. Since the sparse grid nodes are
special sample points in the parameter space, the overall cost associated with constructing

this surrogate, measured in terms of ¢, is given by
F _ 1 _2 _1 v
Wifla, < (PH1C<O(cw)-0(e7) =0 (), (46)

where the subscript ‘SL-SL’ denotes the surrogate built with a single-level sparse grid and
a single-level spatial grid, the superscript ‘off’ represents an offline process, € represents
the desired accuracy level, u; is the convergence rate of the interpolation error, v is the
growth rate characterizing the average cost per sample and «; is the convergence rate of the

discretization error.

4.3 Single-level sparse grid stochastic collocation and multilevel spatial dis-

cretization surrogate

The surrogate built with single-level sparse grid stochastic collocation and multilevel spatial
discretization comprises a sequence of surrogates built with single-level sparse grid stochastic
collocation and single-level spatial discretization on a set of uniformly refined spatial meshes.
We describe this set of multilevel spatial meshes by {7 }o<k<¢ with level k up to level ¢ and
increasing grid node counts { My }o<k<¢ that satisfies My = sMy_, for s > 1. Let uy be the
discrete approximation of u on 7T, ¢s and P, denote the level and the number of sparse grid
nodes. The single-level sparse grid stochastic collocation and multilevel spatial discretization
surrogate (denoted as uj, where the subscript s denote the single-level sparse grid) can be
represented as a telescoping sum of surrogate corrections between consecutive spatial mesh
levels, written as

4

Spoa[th — ur—1] =Y Sg.a [Vil,
k

Uy = Sy, alu] =

M-

~
=)

(/dQSyk - aQSylffl) = qs,k» (47>

il
o
i
o
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where Y, := up — ugp_q1 for £ > 1 and Y, := ug represent the correction of the discretized
approximation uy on two consecutive spatial mesh levels; )A{JS,;C i= g, )y — Ug, k1 for k > 1 and
}//\;15,0 := U, o denote the surrogate correction with the same sparse grid nodes {wgi)}lgig P,
on spatial meshes T;_; and Ti. As discussed in [19], we can obtain the realization of sur-
rogate U, x—1 on the coarser grid from u,, , on the finer grid using interpolation, namely
Ug, k-1 = L(S,, aluk]), where Z denotes a simple Lagrangian interpolation operator. Note
that we do not consider Uy, -1 = S,..a[Z(ux)], as the commutativity between the Lagrangian
interpolation operator (which constructs the approximation function on the fine spatial grid
in physical space) and the Smolyak S,, 4 operator (which constructs a surrogate based on
sparse grids in parameter space) cannot be generally guaranteed.

As described in [68], an assumption regarding the sample-wise error of the surrogate

correction with a general sparse grid level ¢ and the number of sparse grid nodes P, is

proposed as follows

-7

< CYM72P7m for k>0, (4.8)
Z

In particular, we will demonstrate that for the single-level sparse grid surrogate, ¢ = q(¢),
and for the multilevel sparse grid surrogate, ¢ = ¢(k). Based on this assumption, we will
establish the convergence of spatial multilevel surrogate functions with both single-level and
multilevel in the sparse grids.

The convergence of this single-level sparse grid stochastic collocation and multilevel spa-
tial discretization surrogate follows a similar error splitting as single-level sparse grid stochas-
tic collocation and single-level spatial discretization. Particularly, for the interpolation error
of this surrogate, we apply assumption (4.8) to the correction terms resulting from the tele-

scoping sum of the multilevel representation. This yields the following upper bound for the
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total error

lw =3l 2 ,z) < llu = well 2w,z + llue — Wpll 2 w2y,

> (- 5,)

< Ju — || L2ow,z) +

)

=0 L2(W,Z)
¢
< lu = wellz2qw,z) + kz HY’“ You ‘L%WZ)’
S CmMe_al 4 Cqu:Hl Z Mk—OéQ’ (49)

where C), and (), are positive constants independent of the random variables. To ensure
that the discretization error falls below the tolerance 6,¢, we estimate M, and the required
spatial grid level /¢ as

016 _"%1 1 ;) 1
> (22 = | = :
M, > <C’ ) , {Oq log, (C'e )—‘ , (4.10)

where C" = C,, /(61 Mg") and [-] denotes the ceiling function, which returns the smallest
integer greater than or equal to its argument. Notably, the inequality for ¢ due to the ceiling
function and the complexity for ¢ 4+ 1 will be extensively used in subsequent analysis and

proofs in the Appendix
1
(< —log,(C'e)+1, and (+1=0O(|loge]). (4.11)
aq

To estimate the sparse grid node count P, , we use assumption (4.8) to estimate an upper
bound for the interpolation error, ensuring it remains below the tolerance fye. This is

expressed as

L —
~ _ _ Cp M, *?
||Ug — U'ZHLQ(W,Z) S C’qu:Nl E Mk 2 = Cqu_sulMO *2 S—ozgk S Pq:’ull— < 926

— S «
k=0 k=0
This inequality leads to the optimal number of sparse grid nodes

noe (M) (12
P10

—a _l/ﬂ
Estimates in (4.10) and (4.12) indicate that P, = P, (M) > (%) Bt
1&p Mg

and the total error [|u — Ul 2y, 4 behaves as (1 + %) Crn M, .
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The cost associated with constructing the single-level sparse grid stochastic collocation
and multilevel spatial discretization surrogate hinges upon several factors: the number of
sparse grid nodes on each spatial mesh, the count of spatial grid levels, and the average cost
per sample using direct computation. Assuming Cy, = O(M))) is the average cost per sample,
using (4.11), the sum of the cost per sample across ¢ spatial levels is

o
¢ L log, (C'e )+ COm ) 1 &7
e gan logs ( )+ <91 ) T ,
E M’Y E vk LY — MY — oy — < _DT>
i Ck S < 0 1 _ < 0 1 _ 8_"/ 1 _ 8_’\/ € 1 O € 1 ;

k=0

together with (4.12), we derive the total cost of building this surrogate as

Pt < (P, +1 ZCk (E_H_“ll>, (4.13)

where the subscript ‘SL-ML’ denotes the surrogate built with a single-level sparse grid and

a multilevel spatial discretization.

4.4 Multilevel in both parameter and spatial grids surrogate

Unlike the surrogate built with single-level sparse grids depending on the finest spatial grids
q = q(¢), the multilevel (in both parameter and spatial grids) surrogate [68], comprises a
series of single-level stochastic collocation and single-level spatial discretization surrogates
built with varying levels of sparse grids ¢ determined by the respective spatial mesh levels
k, ie. ¢ = q(k). Let the surrogate for multilevel in both parameter and spatial grids be
denoted as u}’, where the superscript ‘m’ indicates the multilevel approach in the parameter
space and subscript ‘¢’ represents the multilevel strategy in the physical space, this surrogate

is defined as ,

L L
uy' = qu,d [ur — up—1] = Z (tge — Ugp—1) = Z a.k> (4.14)

k=0 k=0 k=0
where Y, ;. := Uy — g1 for k > 1 and Y, o := 1, is the surrogate correction. Notably, the
same sparse grids are used for %,y and u, ;1 within the correction term. The level ¢ depends
on the fine spatial level k, resulting in ?%k = Ug(k) b — Uq(k)k—1, DUL NOL Ug(ry & — Ug(h—1),k—1-
This consistency in the sparse grid nodes for two consecutive spatial grids is pivotal in

upholding the convergence assurance outlined in assumption (4.8).
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To evaluate the accuracy of this surrogate relative to the exact solution, we establish an

upper bound for the total error using assumptions (4.1) and (4.8) as

lu =47 | p2qw,z) < 1w = wellr2ow,z) + [lwe — U || 20,2, (4.15)
¢
< CuMy ™ +C > M P
k=0
With the same tolerance and error decomposition ratios, the number of spatial grid node
M, and the level ¢ for this surrogate are identical to those for the single-level stochastic
collocation and multilevel spatial discretization surrogate in (4.10). However, since ¢ = q(k)
for the multilevel approach in both parameter and spatial grids, the optimal number of sparse
grid nodes P, cannot be explicitly determined as in the single-level sparse grid scenario. To
estimate P, we formulate an optimization problem that minimizes the surrogate construction
cost while ensuring the interpolation error remains within the tolerance s¢, which is written

as

4 l
P, =argmin» P,Cy such that  [luy — G|l 2y < Cp ¥ My ** P < bse.
k=0 k=0

The Lagrangian for this optimization problem is
¢ ¢
L= PCr+A (cp D M P — by + t2> : (4.16)
k=0 k=0
where A and t? are the Lagrange multiplier and slack variable [29, 62|, respectively. By

treating P, as a continuous variable and applying the Karush-Kuhn-Tucker (KKT) conditions

8, 62], we obtain the optimal P, as
C TGV M (G e\
e () T (G ()
)\,uleMk 926 CF =0
The estimates in (4.10) and (4.17) imply that

0C, \m M (L e \ W
P, = P,(My) > ( - pal) g > M e : (4.18)
GQCmMZ C’:1+1 k=0

and the total error [[u — ||,z ) in (4.15) follows (1 + Z—f) Cm M, ", converging at the

same rate as both the discretization error.
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Notice that the solutions P, in (4.17) and (4.18) are not numbers of sparse grid points,
but are solutions to the optimization problem (4.16). We use the ceiling function [P, ], giving
the smallest integer greater than or equal to F,, to specify the number of sparse grid points.
This procedure facilitates the estimation of the construction cost for the multilevel surrogate

across both sparse and spatial grids, resulting in

1

aptl ’
i -E e (G) (L) ta
k=0

where the subscript ‘ML-ML’ indicates the use of a multilevel surrogate in both parameter

and spatial grids. In general, there is no explicit formula directly relating the number of
sparse grid nodes P to the corresponding sparse grid level g;. As indicated in [60, Lemma 4.8],
the relationship between the total sparse grid node count P, and the sparse grid level ¢ of

Clenshaw-Curtis abscissas should satisfy the condition

log(Fy) -
— 1+ log(2d)

Using this relation, and the fact that C, = M, and M, = Mys®, P, and ¢ can be rewritten

and estimated as

C m (12+'Yk: rl
P, > (9261\2‘;‘2) s mitl (Z&) 5

(—zfﬂ log3> k~|— log (0 Ma2 Zk 031) X
- 1+ log(2d) ’

_ag—yp
where s1 = s it . The observed inverse coupling between the sparse grid level ¢ and

spatial grid level k indicates less accurate interpolations on fine spatial approximations and
more accurate interpolations on coarse grids.

The following theorem, derived from [68], presents a detailed analysis of the overall
construction cost as defined in (4.19) for constructing the multilevel surrogate u}* using the
optimal P, obtained from (4.17).

Theorem 1. Suppose there exist positive constants aq, ag, i1,y such that c; > min(as, p117),
(1) [lu = urll 2w, z) = O(M™),
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(i) ||Vy = Yorll2gw.z) = O (M 2P ),

(iii) Cy = O (M]).

1

Then for any € < e~ small enough, there exists spatial grid level ¢ and sparse grid level

q = q(k) for 0 <k < { such that
lu — UNZnHL?(Wz) <€
and the total surrogate construction cost with bound

1
O €7H> ) Qg > H17,
_1 1
Wil =3 O (¢ 7 loge 7). az = v,

1 o]

1 b @2
O (e m aﬁam), 0 < ay < py7y.

This theorem sheds light on the distribution of construction effort in the multilevel in both
stochastic collocation and spatial discretization surrogate. When the ratio as /g, indicating
the convergence of surrogate corrections, exceeds the growth rate v of the cost per sample,
the primary construction effort is concentrated on coarse grids. Conversely, most work is
directed towards fine grids. When «s /1 equals 7, the workload is evenly distributed across
all levels.

Notably, when utilizing single-level sparse grid nodes, both single-level and multilevel
spatial discretization surrogates exhibit the same construction cost complexity, differing only
by a constant factor. However, the complexity of these two approaches is larger than that

of the multilevel surrogate built across both sparse and spatial grids.
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Chapter 5:  Sampling methods

In this chapter, our primary focus will be on two online sampling methods aimed at approx-
imating the expectation in (2.14) of interest: Monte Carlo Finite-Element and multilevel

Monte Carlo Finite-Element sampling methods.

5.1 Monte Carlo finite element method

In this section, we embark on an exploration of the Monte Carlo Finite-Element sampling
method, examining its application with both the direct solver and the utilization of surrogate

approximations.

5.1.1 Sampling with the direct solver

To begin, we examine the Monte Carlo Finite-Element sampling method using the direct
solver. We will describe the method in terms of a generic solution, u, to a PDE involving
stochastic parameters and its finite element (FEM) approximation uy, where h is the mesh
parameter of the discretization. Let {w®},<;cy be a set of N realizations of the random
variable w giving rise to a sample of N realizations u® = u(w®) and u\” = uy,(w®) of the
exact solution and its finite element discretization. We will assume that all these functions
belong to a functional space Z endowed with a norm ||- ||z (see Chapter 2.1.4 for details), and
we will consider the standard FEM error estimate [|u® —u"||; < C@WhP, where p is the order
of the FEM discretization and the constant C® depends only on the problem geometry and
the particular values of w. The Monte Carlo Finite-Element (MC-FE) estimator Ayc(up,)

for E(u) is defined as the sample mean

N
1 i
Anic(un) = > uy). (5.1)

i=1
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This estimator is easily shown to be unbiased and to satisfy E(Anc) = E(up).
A quantity that serves as a foundation for examining the spatial and statistical accuracy
of the MC-FE estimator is the mean squared error (MSE) defined as

Erve = E[IE(u) — Auc(un)llz] = IIE(u) = Anc(un) |72w.2)

It can be shown (see, for instance [4, Theorem 4.3]) that, for linear problems, the Monte

Carlo estimator accurately approximates the expected value in the sense that
Ehe < KNV 4 o2,

where the constant K > 0 depends on the problem geometry and the expected values of the
problem data, and integers N and M represent the sample size and number of spatial grid
nodes respectively. The MSE can be decomposed into terms related to the bias and variance
[4, Lemma 4.1] as

Erne = IIE(w) — E(up)| + E [IE(un) — Anc(un)l7]
V(up)

= IE(w) — E(un) [ + —

_ o2 2
- gBias + 5Stat7

where V(u) := E[|ju — E(u)||7] and V(Ayc(u)) = V(u)/N. The last two terms at the end
of the expression above implicitly define the discretization error Eg;,s and the sampling (or
statistical) error Egyay respectively.

To assess the disparity between datasets of models at various scales, we will consider a
non-dimensional statistic — the normalized mean square error EZM - This metric normalizes
the MSE by a factor of ||E(u)||iQ(W7Z) when the expectation of w is non-zero. The scaling
factor becomes ||E(u)||% since E(u) is independent of the random variables in the parameter

space, rendering ||E(u)||, a scalar, i.e.

2
dw,
z

1B 220 = E [IE@)]3] = /W

= H/ u(z,y,w)dw
W

Since the exact random variable u is not available, we will approximate the relative mean

‘/ u(z,y, w)dw
w

2
= [E(u)]Z-
Z

squared error (nMSE) by
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— E(u) —E 2 _ _
gilMc ~ H (U) (UQh)HZ V(Uh) 2 — 82Bias + g;tam (52)
1E(un)ll N E(un)|l7

where Epins and Egat are relative analogues to the discretization and statistical errors defined
above. If the number of grid points for the FEM discretization is M then, in two dimensions,
it is standard to assume that Epjas = O(R*1).

Given a target tolerance €, the contribution of the statistical and discretization errors

towards the total nMSE can be controlled by requiring that

= — 1%

Eons = CLMT < (1= 0)&, i = v <06, (53)
where (), is a positive constant related only to the problem geometry and remains inde-
pendent of random variables, § € (0,1) is known as the splitting parameter, and V}, =
V (up) / |E(us)||5. This in turn allows us to estimate the sample size N and the number of

grid points M required to achieve the desired tolerance as

e (YR e [ o

If we assume that the average cost to obtain one sample (i.e. to solve (2.5) for one partic-
ular value of the coil-currents) is C' = O(M?) for some « > 0, then the total computational

cost of the MC-FE estimator can be estimated as

et = O(NM7) = 0 (72771 (5.5)
where the superscript ‘on’ denotes the online sampling and the subscript ‘Direct’ represents

the sampling conducted with the direct solver.

5.1.2 Sampling with the surrogate

To mitigate the sampling cost associated with direct computation in Monte Carlo sampling,
we propose integrating the surrogate function constructed using the sparse grid stochastic
collocation method introduced in Chapter 4.2 with the MC-FE sampling. As Monte Carlo
simulations require a single level of the spatial grid, we employ a surrogate of the single-
level stochastic collocation and single-level spatial discretization type (u} ), resulting in the

surrogate-enhanced Monte Carlo Finite-Element approach.
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Let 4 := @ (w®) denote the realization of the i-th sample w® for the single-level
stochastic collocation and single-level spatial discretization surrogate u;. The surrogate-
based Monte Carlo Finite-Element estimator Ayc(uy) for E(u) is defined as the sample

mean
L0
AMC (’U,h) = N ;uh . (56)
The mean square error for the surrogate-enhanced Monte Carlo is defined as
Eive = E[IIE(w) — Awic (@n)|7] -

It can be decomposed into two terms: bias Egj.s and variance Egiae. The bias term Egias can
be further split into a sum of discretization error Epispy and interpolation error Emterprrs

which is given by

Eirve = E[IE(u) —E @n)lI7] +E [IIE (@) — Auc (@)lI7] ,
V ()

= |E(w) — E (@))% + —

_ o2 2
- gBias + gStat?

2 ~
R V (u
< (1) ~ ECun)lz + 1B(0) ~ E@I )+ = (Gt + Enaptn)® + E

If the expectation of u is nonzero, the nMSE can be approximated as

=2 IE(u) — E (@)% V (up) = = 2 | 22
gA ~ 2 S (gDisErr + gInterpErr) + gst t9

e IE(un)|l7 N [|E(un)7 ’
where & pisr, ElnterpErr and Egia are the relative errors for discretization, interpolation and
statistics respectively. Given a target tolerance e for the nMSE, the contribution of these

three errors can be controlled by requiring that

lu—unll oz CpM—

gDisErr S = S 6167
[E(un)]l, 1B (un)]l,
— ||Uh — ai”lﬂ(wz) C P_M1
gInter Err > : = P S 6267
' [E(un)ll 7 [E(un)ll 7
— Vi
gétat = _h S 9627 (57)

where 6 € (0, 1) is the splitting parameter between the relative bias and statistical errors,

and #; and 6, are the splitting parameters between Epiggy and EImemErr, such that 6, =
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V1—160 -0, ensuring that the total nMSE remains below the desired tolerance € and the
discretization error does not exceed 6ye. Here, Vi, := V(@,)/ |[E(up)||%. The number of grid
points M and sparse grids P are determined by (4.5). The required sample size N to achieve
the desired tolerance follows the same form as that of the direct solver in (5.4), with the
only difference being the value of Vj,.

To estimate the computational cost associated with using the surrogate function in Monte
Carlo sampling, we introduce C¢ as the average cost to compute a single realization of the
surrogate function. We assume this cost is independent of individual samples but depends
on the number of spatial grid points M and sparse nodes P. Its computational complexity is
characterized by O(M" P?), where y; = 1 since each sample realization involves a weighted
sum of function evaluations at collocation points, with each evaluation being linear in M;
the positive value of v, depends on the specific interpolation method and collocation points
used in constructing the surrogate. With this average realization cost C¢, the total expense

of conducting surrogate-based Monte Carlo samplings is captured by
WSy < (N +1)C =0 (52—%—%) , (5.8)

where the subscript ‘SL-SL’ represents the use of single-level stochastic collocation and single-
level spatial discretization surrogate for the online Monte Carlo sampling. It is observed
that under the condition all > Z—ll + Z—?, the computational complexity of the surrogate-based
Monte Carlo sampling cost is always smaller than that in (5.5) of the direct solver-based
counterpart. However, if this condition does not hold, the sampling cost of the surrogate
model will surpass that of the direct solver, particularly as the tolerance € becomes sufficiently
small. However, even though sampling with the surrogate incurs a slightly larger complexity
(differing by O(e_%)), the relatively small constant (as opposed to complexity) in the cost
per sample C° for surrogate evaluations ensures the viability of surrogate-based sampling
as a cost-effective strategy. We will show in Chapter 6.3 that for our problem scenario,
v &~ 1 = v = 1. This aspect, alongside a detailed discussion on the comparative analysis
of computational costs and the implications for modeling efficiency, is further elaborated in
Chapter 6.3.
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5.2  Multilevel Monte Carlo finite element

To enhance the computational efficiency of the Monte Carlo Finite-Element approach, we
introduce an alternative sampling technique known as the multilevel Monte Carlo Finite-
Element (MLMC-FE) method [12, 28, 61, 69]. Both MC-FE and MLMC-FE approaches
exhibit convergence rates that remain independent of dimensionality due to the central limit
theorem. Unlike Monte Carlo, which employs a single spatial grid level for sampling, the
multilevel Monte Carlo reduces the computational cost associated with sampling—which
in our case involves the numerical solution of a non-linear PDE in a target computational
mesh—Dby approximating the expectation of the quantity of interest on the finest mesh using a
sequence of approximations on a set of coarse physical grids that are cheaper to compute [20].
Using the linearity of expectation, the MLMC estimator expresses the quantity of interest on
the finest spatial grid, E (uy,), by a telescoping sum involving the numerical approximations
of u on coarser grids. Consequently, the workload of MLMC-FE is shifted from the fine
grid to coarser grids, making it more efficient than MC-FE [12]. In this chapter, we will
explore MLMC-FE samplings with both direct computation and the surrogate. Particularly,
for direct computation, we will consider sampling on both uniform and adaptive grids. For
surrogate-based samplings, we will consider three combinations: MLMC-FE with a direct
solver on a sequence of uniform spatial grids, MLMC-FE with a direct solver on an adaptively
refined spatial grid set, and the surrogate-based MLMC-FE.

To construct meshes that are easy to describe for both uniform and adaptive mesh re-
finement, we will characterize them using the number of grid points rather than the mesh
size. We will refer to £ = 0,..., L as the level of a mesh 7, containing {M,} grid points.
We will then consider a sequence of meshes Ty, ..., 7, with increasing resolution so that
{M,}o<i<r, defines an increasing sequence and 77, is the finest mesh, and we will denote by

uy the approximation of u on the mesh 7.

5.2.1 MLMC sampling with direct solver on the uniformly refined mesh

The expectation of the function u can be approximated by the expectation of the finest

approximation uy. Since uy = ug + (ug — ug) + (u2 —uy) + -+ + (up — ug—1), E (u) can be
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approximated as the telescoping sum

E(u) ~ E(ur) = E(ug) + Y E(ug —up_y) = Y E(Yp), (5.9)
(=1 =0
where each of the terms
Yoi=up and Y;:=wu;—u,q (forl>1) (5.10)

can be regarded as a correction of the coarsest approximation ug. If each of the terms E(Y})

is estimated by gathering N, samples at level ¢ and computing the sample expectations

No N,
= 1 i S 1 [ %
]E(Yb)%YO::FOE u(()), E(}Q)%}Q::EE (ug)—ué_)) (for ¢ >1),
i=1 i=1

then the MLMC-FE estimator at level L will be unbiased and can be written as

L | Moo Lo N ' ‘
Annc(ur) = Z Y, = No Zu(()l) + Z N, Z (ugl) — uézzl) . (5.11)
=0 i=1 =1t =1

Recalling that E(Y;) = E(Y;) and V(Y;) = V(Y;)/N, we conclude that, for the MLMC-FE
estimator, it follows that E (Aypmc) = Zf:o ]E(i}g) =E(uy) and V (Aypve) = Zf:o V(}AQ) =
> o V(Y2)/Ne.

Note that each of the terms Yé(i) = uéi) — ugi)l appearing in (5.11) requires the approx-
imation of ¥ on adjacent refinement levels using the same value of the parameter w®.
However, when using a FEM discretization, the numerical implementation of this term does
not require the solution of the PDE on the two grids 7, and 7, ;. The realization on the
coarse grid can be obtained from the one on the fine grid by either Galerkin projection or
interpolation. Projection is the more accurate of the two, but requires the solution of a
system involving the mass matrix for each realization. Thus we prefer interpolation, for
which costs are minimal and which is of second-order accuracy in our application. To avoid
introducing correlation across discretization levels, none of the samples involved in the com-
putation of Y} is reused for the finer level £ + 1. In other words, sampling is done such that,
for n # m, the estimates Y,, and Y,, are uncorrelated. However, for any particular Y, the
strong correlation between ugi) and uél_)l makes the variance of the correction terms much

smaller than the variance of the approximation u, in the finest mesh, further improving the

statistical approximation.
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Just like for MC-FE, the mean squared error £5  associated with MLMC-FE can be

split into contributions due to bias and variance as

giMLMC =E |:H]E(U) - AMLMC(UL)”ZZ} = ||E(U) ||Z + Z N Blas + SStat

Similarly, approximating E(u) by E(uy), the normalized mean squared error 5 Ayrae Can be

approximated by

gBlas + SStat ’

2 . IEQ —E(us)|y +Z Vi

Ae R (ug) |12 Ny
where
Vi =V (Yy) / [[E(u)|)% . (5.12)

Just as before, the parameter 6 € (0,1) can be used to split the contributions of the

relative discretization error Epias by requlrlng that & Bias < (1 —0)e* and ?gtat < fe? where €
is a predetermined tolerance such that 5 Aviinge = 2.

To quantify the computational effort of the MLMC-FE estimator, let M;; be the number
of grid points for the i-th sample on mesh level /. We will assume that the computational
cost to obtain one sample of ugi) is Cp; = C’(ug)) = O(M/;), where the exponent 7y > 0
depends on the solver, and will denote the cost of computing the correction term Ye(i) by
Cpi = C’(Ye(i)) = O(M};) for £ > 0 and M_,; = 0. For a nonlinear problem like the one
at hand, the particular realization w® will influence the cost, hence for the forthcoming

analysis, we will consider the average cost to be of the form

Cy = O(M)), (5.13)
and will use this to estimate the total cost as
L N, L L
C(Amrvic) Z Y Cui=) NCy=)Y N;-0(M)
—0 =1 =0 £=0

We will use the expression above to estimate the sample size N, through an optimization
procedure that minimizes the work of the MLMC-FE estimator utilizing the method of
Lagrange multipliers subject to the inequality constraint gém < 0¢? [28]. The Lagrangian

for this problem is written as

L Ny 1 L v
EzZZCMA—E(ZFK—HGQ—HQ) ZNgCng (Z 962+t2>,
=0 i=1 =0 't
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where )\ is the Lagrange multiplier and the auxiliary variable ¢2, known as a slack variable in
optimization [29, 62], was introduced to transform the inequality constraint into an equality
constraint. Treating N, as a continuous variable and under a set of suitable assumptions,
known as the Karush-Kuhn-Tucker optimality conditions (or simply KKT conditions) [8, 62],

the optimal sample size can be shown [28] to be

1 Vi
Ne= | —1/ = . 14
¢ {962 c, ; V Vil (5.14)

With this expression for Ny, the optimal total cost for the MLMC-FE estimator is

2
1 L L
]Zgjirl:ect < @ (Z V ‘/EC€> + ZCZ’ (515)
£=0 =0

where the subscript ‘Direct’ indicates the usage of a direct solver for conducting the online
multilevel Monte Carlo sampling.

The formula (5.14) suggests an iterative procedure for the approximation of E(u). Start-
ing from a computational mesh 7y, gather an initial number ]\7,0 of samples u[()i) and estimate
Ebins, Estat, and V. If Egy is larger than the prescribed tolerance, use (5.14) to update
]\A/fg and gather additional samples; if Epias is above the prescribed tolerance, then add an
additional level of spatial refinement. The process continues adding discretization levels and
collecting additional samples until both Enias and Egiar fall below the required tolerance, at
which point E(u) is approximated using equation (5.9). This simple algorithm, however,

presents one challenge: the term V; in equation (5.14) requires the computation of the term

Ny
Z Ye(i)
=1

However, the estimated sample sizes {N,} are available only for pre-existing discretization

1

2
Z Ng

(5.16)

2
Z

1 e
_ (i)
Vi) = Ny —1 ; HY"

levels, hence whenever an additional mesh refinement is needed, Ny, cannot be approx-
imated by (5.14) as this formula uses V741 to compute Np,q. This inconvenience can be

overcome by noting that
V(u— ) = B [Ju— uel3]  I|E (u — )|} < B [Ju — li2] (5.17)

Hence, the variance V(u —uy) can be estimated by the expectation of the squared discretiza-

. 2 . . . .
tion error |lu — uyl|;. For a uniformly refined grid, we can resort to a standard a priori
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error estimate and assume that E[||u — ug||2Z] = (’)(M[Bl) for some B; > 0. It then follows
that V, = O(M,; ") and following [59] we can then approximate V;; in terms of the known
variance Vj, by

Vi = (M1 /M) V. (5.18)

A summary of the preceding analysis on the computational cost to compute the MLMC-
FE estimator in terms of the desired relative accuracy € was established in full generality in
[28, Theorem 1].

Theorem 2. Suppose there exist positive constants oy, 51,7 such that ay > %min(ﬁl,”y),
(i) 1B (u—ue)ll, = O (M),
(ii) Vo= 0 (M),

(iii) Cp = O (M)).

Then for any positive € < e~ small enough, there exists level L and sample size Ny for which
the multilevel estimator Ayryc has an nMSE with
~ (12

IE(w) — Amrmc(@r)|| 22wz e

||E(U)||i2(w,2)

b

and the total sampling cost with bound

O (672) ) 61 > e
[;)i?“ect = o (672 |10g€|2) ’ 61 =7,

=81

(9(6727 A >, 0< By <.

See [12] for a detailed proof of this theorem. The theorem states that if the decay rate of
the variance (; surpasses the growth rate of cost per sample ~, then V(Y;) diminishes more
rapidly than the increase of C as ¢ grows, leading to the primary computational effort being
concentrated on the coarsest grid level. Conversely, if £ is lower than v, the predominant
computational load shifts to the finest grid. When 3 equals 7, the computational workload

is evenly distributed across all grid levels [28].
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5.2.2 MLMC sampling with direct solver on the adaptively refined mesh

In view of the benefits of approximating the quantity of interest across a sequence of increas-
ingly finer meshes, and with the goal of further reducing the computational cost associated
with reducing the bias associated with the numerical discretization, it is natural to focus
the refinement only on those parts of the mesh where the error is concentrated. Our goal
is then to, starting from a computational mesh 7,, generate a family of adaptively refined
meshes {7/}, that will produce better approximations of E(u) than the ones resulting
from consecutive uniform refinements of the initial grid. With this goal in mind, the use of
an a posteriori error estimator to guide the construction of the family of meshes has been
proposed in the context of multilevel Monte Carlo methods [17, 37, 38, 47].

A key ingredient in an adaptive solver is a local error estimator. In our case, for each

element K on the mesh 7,, we will use the simple residual-based a posteriori error indicator

vt n]

where 0K is the boundary of the element K, hi is the diameter of K, n is the outward unit

Nico(w) = h3 H V- (%Vw(w)) — flue(w)) HK + h?}{/z

5.19
HaK\aﬂ’ (5.19)

normal to the element K, [-] denotes the jump across the edge of an interior element, and f
is the source term defined piecewise on the right-hand side of (2.5a). Following [17, 47], we

will further define the mean local and mean global error estimator respectively as
e = Eie(w)  and 0= ) i (5.20)
KeT,

For linear deterministic problems, estimators of this form can be shown to be such that
there are constants C1, Cy > 0 such that Ciny < ||u — ||z < Conp [70]. Therefore, the error
estimator will accurately locate the regions of high error density and will decay at the same
rate as the true error [52]. The global error can then be approximated by adding the local
estimators over the entire triangulation. Using these error estimators, the adaptive analogue

of (5.17) can be written as
V(u—ug) <E[[lu—udlly] ~ n, (5.21)
which then leads to the following adaptive analogue of the extrapolation formula (5.18)
Vigr = (77L+1/77L)2 VL. (5.22)
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This estimate can then be used in combination with (5.14) to obtain an update for the sam-

ple size required at each adaptive level.

With these definitions in place, we can then describe our strategy, which follows the
“SOLVE — ESTIMATE — MARK — REFINE” paradigm familiar from deterministic adap-

tive solvers [10], as:

1. Solve: Starting from a fixed number of samples, the problem (2.5a) is solved on the

initial mesh 7.
2. Estimate: The local mean error estimator is approximated from the sample gathered.

3. Mark: The set M, containing the smallest possible number of elements in 7 satisfying

D e > (s (5.23)

KeMy

for some predetermined value ¢ € [0, 1] is marked for refinement—this marking strategy

is known as Ddrfler marking in the adaptive finite element community [16].

4. Refine: The elements marked are refined in such a way that the resulting triangu-
lation 7y, is shape-regular and conforming. Efforts should be made to make sure
that the growth of the number of elements is kept at bay. In our case, we used the

implementation given in [23] of the algorithms described in [9, 22, 58].

The steps above are repeated until the error estimator 7 falls below a certain predetermined

value.

For uniformly refined grids, the notion of mesh level is natural: starting from a mesh 7y,
one step of uniform refinement decreases the mesh parameter h across the grid by a factor
of 1/2; the resulting mesh is said to have level £+ 1 and is denoted by T,1. For adaptively
refined grids, where the mesh parameter is not constant through the grid, the notion of the
level does not come so naturally. We will use the fact that, for a uniform refinement, the
numerical error decays by a factor of (1/2)?, (where p is the order of the FEM solver) with
each successive level to extend the notion of mesh level to adaptively refined grids.

Consider a numerical approximation u, obtained on a mesh 7, with an associated error

estimation given by 7,. We will say that a mesh has level ¢ + 1 and will denote it by 7y,
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if it was obtained from 7, by cycling over the adaptive loop using the value (1/2)”n, as the
stopping tolerance. In other words, we will say that an adaptively refined mesh has level
¢+ 1 if it produces a numerical solution with an error (1/2)? times smaller than one with
level ¢, just like in the uniform case. We will refer to g := (1/2)? as the decay factor. In
terms of discretization accuracy, after ¢ steps of adaptive refinement, an adaptively refined
mesh with level ¢ will have an associated error estimation 7, = ¢‘ny, where 1, corresponds to
the error estimation at the initial mesh. In our numerical experiments, since the convergence
rate of the piecewise linear solver is 2 (when measured in the L? norm), we shall use a decay

factor ¢ = 1/4 to define our adaptively refined meshes.

Ideally, in the stochastic setting, all the error estimations collected from the totality of
samples would be used to drive the adaptive refinement forward and build an optimal set
of meshes at every level. However, due to the iterative nature of the algorithm arising from
(5.14), the optimal mesh at every level would have to be corrected with every new batch
of samples and the solutions corresponding to all previous realizations w® would have to
be recomputed. The computational cost of re-sampling in this manner quickly becomes
impractical.

Instead, following [37, 38, 51|, we will construct a sequence of deterministic adaptive grids
with partial knowledge about E(u) as follows. Starting from a sample {w®},<,<n (where
N is small and arbitrarily chosen) and a mesh 7y, the PDE is solved and the local error
is estimated for every solution u(()i), resulting in N local error estimators {nx o(w®)}i<icn.
The mean local and global error estimators 7y ¢ and 7y are then approximated by the sample
means of the individual estimators. Using this approximation of 7 o, the mesh 7 is refined.
This process is continued until the approximated mean error estimator satisfies n < qng; the
resulting mesh is stored and labeled as 7; (mesh level 1). The previous steps are repeated
until a target number of meshes {7;}o</<; have been generated. The process is described in
Algorithm 1. Since the family of meshes produced is constructed using random samples of
w, they approximately reduce the error for the approximate expectation E(uy) by a factor of

q with every increasing level. This family of meshes is then kept fixed during the MLMC run.
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Algorithm 1: Generate adaptive deterministic mesh set

Input: Initial mesh 7y, maximum mesh level L, element marking percentage
¢ € (0,1), sample size N, error decay factor g € (0,1).
Output: Adaptive mesh set {7} .

for/=1,---,L do
Refine = TRUE.

Set j =1 and TU) = T,_;.

while Refine do

fori=1,---,N do

(i) Draw a random sample w® from W.

(ii) Obtain u” by solving the free boundary problem on on 7 ) using
(@)
w',

(iii) Calculate and accumulate the local and global error estimators

M, (w?) and n;(w).

Compute the mean estimators 7y ; and 7; from the accumulated samples.
Mark & refine the mesh 7U) according to 7y ; to obtain TU+D.

if n; <gm then

L Store TV as Ty.

Refine = FALSE.
L j=j+1

5.2.3 MLMC sampling with surrogates on the uniformly refined mesh

Despite the improvement of MLMC over the MC methods, both approaches conventionally
rely on “direct solve” strategies, which entail the computationally intensive task of numeri-
cally solving discretized partial differential equations for each sample realization. This section
proposes the utilization of the surrogate introduced in Chapter 4 as a strategic substitute
for the direct solve process during MLMC sampling aimed at significantly boosting its effi-
ciency. We will consider the two types of multilevel surrogates (with either single-level sparse
grid (4.7) or multilevel sparse grid(4.14)) for MLMC samplings. Note that both surrogates
can be characterized similarly, with the key distinction lying in whether the sparse level ¢
varies with the spatial mesh level k. We denote the generic representation as “u,”, with

a variable level “q” representing either the single-level stochastic collocation and multilevel
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Algorithm 2: Multilevel Monte Carlo Finite Element method
Input: Initial mesh level L = 0, sequence of mesh available {7;}>0, root nMSE e,

¢ € (0,1), initial sample size Nyq = {NE}eL:oa counter j = 1, sample size
corrections dN} = {N,},.
Output: {N;},_, {Vi}iy, Avrmc:
while >7,(dN}) > 0 do
for 0 </ < L do
fori=1,---,dN] do
L L Solve the free boundary problem on 7, to get ug) for the ¢-th sample.

Approximate {V,}, by (5.16).

Update the sample size estimation {N;},_, by (5.14).
Jj=7+1L

dN] = {Ne}¢_y — Nowa.

Now = {Ne}iq.

if 3,(dN7) = 0 then

if The a posteriori error estimator falls below v/1 — ¢ ||[E(u)||,, then
| Compute Ayavce by (5.11) and terminate the loop.

else
L=L+1.
Approximate Vi, by (5.18) and compute {N;},_, and go to Step 1.

spatial discretization surrogate uj or the multilevel in both stochastic collocation and spatial
discretization surrogate uj*, specifying the relevant one as needed.

The expectation of u can be approximated by the expectation of the surrogate function
on the finest spatial level L, denote this surrogate as uy (either the single-level stochas-
tic collocation and multilevel spatial discretization surrogate uj or the multilevel in both
parameter and spatial grids surrogate u}'). By exploiting the linearity of the expectation
operator, we express the surrogate on the fine grid E (uy) as a telescoping sum of surrogate

corrections on coarser grids as
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where the surrogate corrections Y; are given by
Y, =ty — @y for £>1, and Yy:= do. (5.24)

Let N, represent the number of samples required on spatial mesh level /. The unbiased
MLMC-FE multilevel surrogate estimator Ayypmc(ur) for E(u) is defined as

Anvc (Ur) Ne Z Z ( — ué 1) =N, Z ZY (5.25)

i=1 ¢=0 i=1 ¢=0

For this surrogate estimator, it holds that

v o)
E (Avive) = E(uy), V (Amwnvc) = Z T'
=0

Notably, within the correction, aﬁ“ and ﬁéi)l use the same sample on two consecutive spatial
meshes, considering the telescoping sum in (4.7) and (4.14), the evaluation of the surrogate

correction in (5.24) can be simplified as

¢

v =370 N0 =% fore>0, (5.26)
which implies that MLMC-FE sampling with the multilevel surrogates for the correction term
is equivalent to multilevel sampling with a single-level stochastic collocation and single-level

spatial discretization surrogate. Thus, the surrogate estimator in (5.25) is reduced to

R 1 Ny, L i n L 1 R
A B) = 5 3380 = NOZ ZIRDY NZZ( SR G

where ¢ = ¢s = q(L) for the single-level stochastic collocation and multilevel spatial dis-
cretization surrogate and ¢ = ¢(¢) for the multilevel in both stochastic collocation and spatial
discretization surrogate, rather than maintaining the multilevel structure in the surrogate
such that ¢ = ¢(¢) and ¢ = q(k) respectively. Moreover, samples for surrogate corrections
at different levels are independently drawn. As € grows, the strong correlation between ﬂfﬂ
and u u , leads to a reduction in variance V(Y ) contributing to a decreased sample size
as the mesh gets finer and thereby improving the efficiency of the MC approach.

Similar to the accuracy analysis of the MC-FE surrogate estimator, let SEXMLMC denote

the mean square error for the MLMC-FE multilevel surrogate estimator. The decomposition

20



of the MSE error is expressed as

Ervine = E[IE(w) —E (@r)ll7] +E [IIE (@) — Asene (@z)ll7]

Ue U121)
= |E(u) — E (i, HZ+Z Pt = Efas + Ears

s(HE(u)—E(uL)|rZ+HE<uL> (i HZ) +ZVW fl 1)

/=0
= 5 + 5 2 + 52
( DisErr InterpErr) Stat*

Using ||E(uz)||% as the normalization factor, the nMSE for the MLMC-FE surrogate estima-

tor can be approximated as

)

L
2 B - E(u )iz +Z Vi
l

=

Aviate ||E<uL ) N,

where V; = V (t, ¢ — Uge1) / |E(ur)||%. To achieve an nMSE tolerance of € for the MLMC-
FE multilevel surrogate estimator (?ZMLMC < €?), the relative discretization, interpolation,

and statistical errors should satisfy conditions with splitting parameters @, 8, 6, such that

lu—urll 2wz CpM;™

EpisErr < < < b,
[E(ur)l, [E(ur)|l,
—= lur — Ul L2(w,2) C,p~™
gIn erpErr : = 2 S 9267
e 1E(ur)ll, 1E(uL)ll,
L
=2 Vi
gStat Z _e (5-28)
/=0

where 6 € (0, 1) is the splitting parameter between the relative bias and statistical errors, 6,
and 0, (equals v/1 — @ — @) are the splitting parameters between Episgre and Emerpkrr, and
Ve i= V(Yoo / [ECun)ll7

To quantify the sampling cost associated with the multilevel surrogate estimator, we as-
sume the average cost of evaluating a sample for the multilevel surrogate is Cy = O (M ) PJZ) ,
with 73 = 1 and 7, > 0 relies on the method and type of sparse grids for the multilevel sur-

rogate. The total cost is estimated as

L
Surrog ZN@CZ ZNE -0 (MZIPJ2) ) (529)
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where the subscript ‘Surrog’ denotes the usage of either the single-level sparse grid and
multilevel spatial grid surrogate (‘SL-ML’) or the multilevel in both parameter and spatial
grids surrogate (‘ML-ML’) during online sampling for multilevel Monte Carlo.

An optimization problem is formulated by minimizing this cost subject to a bounded

statistical error (Eétat < f€*), which yields the sample size estimation Ny [19, 27] given by

1 Vi & _
N, = {@ =Y Vi | (5.30)

¢ k=0

With the optimal sample size Ny, the sampling cost for the MLMC-FE surrogate estimator

is expressed as
1 (& P
Wsumos < 53 (; \/VzCZ> + ; Cs. (5.31)

The term V; involves the computation of V(}A{M) [19] defined as

(D)
Yoi

(5.32)

1 Ny Ny
% _ 920)
V() = 5 (2] 7

Algorithm 2 outlines the surrogate-based MLMC-FE method. In the theorem, estimating

2 1
z N

the required sample size for a new spatial mesh level involves approximating V7., based on
the known V7. For this variance extrapolation, we consider seeking an upper bound for the

quantity V(u — ) as
V(u =) = E [llu — ael7] — IE (u — i)l <E[[lu— ],

where the right-hand side is the expectation of the squared total error |ju — 1|5, or the so-
called squared strong error. By selecting the number of sparse grid nodes according to (4.12)
and (4.17) for the single-level stochastic collocation and multilevel spatial discretization and
multilevel in both stochastic collocation and spatial discretization surrogates and using the
fact that P, is a function of M,, we have shown that the total errors in (4.9) and (4.15)
decay at the same rate as the discretization error. For a uniformly refined grid, we can
resort to a standard a priori error estimate for the discretization error and assume that
El|lu — 5] = O(M; ") for some By > 0. It then follows that V, = O(M, ") for both

single-level stochastic collocation and multilevel spatial discretization and multilevel in both
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stochastic collocation and spatial discretization surrogates, allowing us to approximate V74

in terms of the known variance V;, as
Vig1 = (ML-H/ML)?Bl Vi, (5.33)

Given the assumption on Vj, the sampling cost in (5.31) for MLMC-FE with both single-level
stochastic collocation and multilevel spatial discretization and multilevel in both stochastic
collocation and spatial discretization surrogates can be further expressed in terms of the

desired relative accuracy € as in Theorem 3 and Theorem 4 respectively.

Theorem 3. Suppose there exist positive constants oy, B1,71 such that 2c; > min(B1, 71),

(i) B (u—wuf)ll, = O (M),

(1) |Ye = Yoellzanz) = © (M2 P, ),
(iii) V, = O (M;ﬂl),
(iv) Cf = O (M P}?).

1

Then for any positive ¢ < e™ small enough, there exists spatial grid level L, sparse grid level

q(L) and sample size N, for which the multilevel estimator Apypyc has an nMSE with

IE(w) — Anzarc@r)| 2.z
[E(u) Hi?(W,Z)

and the total sampling cost with bound

2

O 6727H> ) /31 > M,
_Q_ﬁ 2
Wi = O # [log €l ) , Br=m,
_2_“/72_"/1—51
o H Y b

Proof. To estimate the sampling cost of MLMC-FE with the Single-level sparse grid

stochastic collocation and multilevel spatial discretization surrogate, we examine the two

terms in the upper bound of the sampling cost in (5.31) as

2
1 - S tn—p1)
H13:@<ZZ:;\/V604> 92 By (ZS ) )
L

L
H, — Z CS ~ Pvz Z M’Yl pquz Z SMI,
=0 =0

=0
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derived based on the assumptions on the cost per sample for surrogate evaluation Cf ~
M P2 and the variance Vy ~ M, g ', where “~” indicates the omission of constants. The
term Sy 5 can be estimated using (A.1) with n = Lfl, and 7 s =0 <€_%)
with 7 = v,. With P, estimated in (4.12), the two components in the cost can be found as

2(v1=81)

_02

O 6_ #1) s /81 > ,71’
Hy =4 O 6727‘% (log 5)2> . Bi=m, and Hy =0 Gi%i%) )
o (6_2_%_W1°‘_1ﬁ1> . B <,

In the following, we assert that under the assumption of the parameter condition 2a; >
min(/y,7;) in Theorem 3, H; dominates Hs, resulting in the combined cost H; + Hy behaving
similarly to H;. Consequently, the cost of #Q,,; is governed by the behavior of H;.

When #; > 7, the assumption implies 2 > g—ll and 2 + % > % + Z—i, leading to

2 71

O (e_ _H> >0 (e Iz 71). When (; < 71, the condition ensures 2 > % and 2 + % +

-3 . _g9_d2_m—B 7 .
n-—/Ao> 2oy 71 , leading to O (e w1 e > >0 <e H1 al). When p; = 74, it follows

a - M1

since O (e i (log 6)2> >0 (6_2_’%>. O

The theorem states that if the variance decay rate 3, exceeds 7;, which reflects the cost
per sample of surrogate evaluation, then the primary sampling occurs on the coarsest grid. If
the decay rate is less than ~;, the majority of the computational effort will be concentrated
on the finest grid. Finally, when these two rates equal, the computational workload is evenly

spread among all grid levels.

Theorem 4. Suppose there exist positive constants aq, oo, B1,7V1, Ve, Y, 1 with & = v —

+ .
(ailﬁﬂ’z, = “”Jr'i‘z, such that 2cq > min (81,&),

(i) |lu— W||L2(W,Z) =O0(M, ™),
(i) Ve = Yoellzowzy = O (M2 ),
(iii) Vi = O (M;ﬁl),

(iv) Cp = O (M), Cf = O (M]"P}?).

o4



1

Then for any positive € < e~ small enough, there exists spatial grid level L, sparse grid level

q(€) and sample size Ny for which the multilevel estimator Apypyc has an nMSE with

|E(u) — Anrac (ur) “i?(W,Z) 2
. :
IEC) 2 w,2)

Let &5 = max(0,&s), & = %X(&:O); and the total sampling cost with bound

( 3
O 6_2_%<1+(’%) ‘10g6|§4) ) 61 > gla
2 £3
O Y Gy |1og€|€4+2), b=,
o (2 (i) -* ) B < &
\

Proof. To estimate the sampling cost for MLMC-FE with the multilevel in both parameter
and spatial grids surrogate, we substitute the corresponding number of sparse grid nodes

(4.17) into C§ and V; within the general cost formula (5.31), resulting in the expressions

o
2 2

O\ m1 71_(a2+v)'v2 piv—ag \ M1
e Y1 pY2 p p1+1 p1+1
C¢ ~ M)"P)2 = (—926 M, § M, :

72

C,\ L "
M=
- (Epe) o (Z 8%2) ’

=0

Vi~ M7= My P s

where & = vy — O‘Zjilw, § = 1252, Following the procedure to analyze cost in Theorem
1 and Theorem 3, the sampling cost of MLMC-FE with the multilevel in both parameter
and spatial grids surrogate can also be decomposed into two components reflecting the main

(H,) and minor (Hy) costs such that H; < #38 < Hy + Hy, with

C % 31—2772 " L 1-B1 ’
Hy = 25 (Z\/Vg ) oz (926) (ZS%) (Zse<52ﬂ>>

~ e 2 [By)# (B,

2

% — 2272 L 2 72 2
Zce <926) My (Z eﬁl) (Z Se&) ~e m (B [Ba]i,
l

(=0
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where By = Zf:o st By = ZeL:o s By = Zz%:o s"&=B/2 Using (A.1), these terms can

be further represented as

o(1), £ <0 o(1), §2<0 O(1), & < By

By =4¢ Oflloge|), & =0, By = (9(|10g€|) §o=0, By=1q O(llogel), & =5 .
o(a%), €50 o<e 4, &>0 O(e*%@fl), &> B
(5.34)

The upper bound of the total cost is then expressed as
Hi+ Hy ~ e [By)m (€2 [By)* + [Bi]) - (5.35)

To derive the assumption stated in Theorem 4, we rely on the observation that the com-
plexity of the minor cost H, is smaller than the primary cost Hl, which implies that the
term Ze o C7¢ 1s negligible when compared to 4 L <Ze 0 W) attributed to the ceiling
function. Consequently, both lower and upper bounds of H; reflect the behavior of the total

sampling cost #4598 | 1. Define By 1= 2 [Bg]g, which is written explicitly as

0(6_2)7 51 < Bl
B,=3 O (5_2 ‘10g5‘2) , =01
o (). 6

In (5.35), the complexities of H; and Hs are reflected through By and B;. As per (5.34),

&

B, attains a maximum complexity of O <e_ a11> when & > 0. In this context, we need
_&

all three scenarios of B, to dominate O <<—: a11> If & < B, we require By = 0(6_2) to

_&
dominate the complexity of O (e o ), which indicates that 2 > i—ll and 2aq > min (&, £y).
_9_81=P &

If & > (1, dominance of By = O <e o > over O <e al) requires 2 + % > L oand

a1

20y > min (&, B1). If & = S, considering that O (¢72) < O (6_2 llog e|2), the assumption is
satisfied since the complexity & < (8 of By hold. Thus, we yield the assumption for Theorem

4 as

20c; > min (&, £1) -

Under this condition, the dominant cost of Hy + Hs is H;. Ignoring the contribution of
Hs, the total sampling cost using H; is derived based on various scenarios of By and Bs as

summarized in Table 5.1.
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§ <0 £ =0 €& >0

a<p| o(H) | o Hpsdd) | o)
b - . = -

& =5 | O o) | O( T oge) 0 (() |1oge|2>

_o_2_&1-B _o_ Y2 _&1-hH 2 _9_D2 &) _&i-h
§&1> O<6 T ) (’)(e ST |10g6|“1) (’)(e 2= (142 ) - 95 >

Table 5.1: The value of H; generated from different scenarios of By and Bs.

In summary, let 5 = max(0,&s), &4 = %X(@:o)- The total cost is then

( Y2 (14 €3
o €‘3WQ>MyF), & < B
_o9_D2 &
H, = O|e i (Hai) llog (—:|£4+2) , & = B,
2 £\ _&-8
) 6_2_75 (1+a§> a1 ‘loge|£4> , &> P

The theorem states that when the decay rate of the variance 3; exceeds &, which serves
as a proxy for the cost per sample in multilevel surrogate evaluation, the primary sampling
cost is incurred on the coarsest grid. Conversely, the majority of the computational effort is
concentrated on the finest grid. When [, equals &;, the computational workload is evenly
distributed across all grid levels.

When comparing the two sampling costs across three scenarios, it’s evident that the
proxy &; consistently remains less than 7. Specifically, when the decay rate of variance S,
surpasses 71, the complexity of the multilevel strategy deviates from that of the single-level
strategy by a factor of O(e_%\ log e|*). In cases where the product p;7y equals the rate
a, reflecting the convergence of the correction term }/;;z,l with respect to My, resulting in
& = 0, the positive part of & is zero ({5 = 0), and & = v9/p; — which shows the ratio
between the convergence of correction }A/q,l and the cost per sample with respect to P,. A
ratio of &/ay below 1/e signifies an efficiency improvement with the multilevel strategy due
to reduced complexity. Both strategies exhibit comparable complexities when the growth
rate of cost per sample for direct solver v is less than the ratio as/p; that reflects the
convergence rate of surrogate correction. However, for pyy greater than as (& > 0), the

282
complexity of the multilevel strategy escalates by a factor of O(e_“fffl ). Notably, for e values

57



not extremely small, the multilevel surrogate outperforms the single-level surrogate owing to
a small constant (1—s%2)~72/ in the sampling cost. However, as tolerance ¢ diminishes, the
complexity of the multilevel strategy eventually surpasses that of the single-level strategy.
The total sampling cost is contingent on both the sample size estimation and the cost per
sample for surrogate evaluation, with the latter reliant on the number of sparse grid nodes
used to construct the surrogate. Consequently, the sampling cost is intricately linked to the
surrogate employed. The optimization of the sampling cost is manifested through the sample
size estimation in equation (5.14), whereby the same sample size formula (5.30) implies that
the sampling cost is optimized for both single-level and multilevel surrogates. Although the
multilevel strategy is tailored to minimize both sampling expenses and construction costs,
it’s important to note that the surrogate with the optimized construction cost may not
necessarily yield the minimum sampling costs across all potential surrogate choices. For
instance, as discussed previously, in scenarios where the variance decay rate [3; surpasses
v and v < ag/p, the cost of the single-level strategy outperforms that of the multilevel
approach. This indicates that the cost of the multilevel strategy may not always be the

minimum among the sampling costs of different surrogates, such as the single-level strategy.
Theorem 5. Suppose there exist positive constants oy, B1,71 such that 2c;; > min(B1, 71),
(i) IIE (u—ue)ll, = O (M),
(ii) Ve =0 (M%),
(iii) Cs = O (M,]").

Then for any positive € < e~ small enough, there exists level L and sample size Ny for which
the multilevel estimator Ayryc has an nMSE with
~ 12
IE(w) — Avemc@e)lzewzy

2
IE() 220, 2)

and the total sampling cost with bound

O(e?), B>,
W v = O (6*2 |10gig|2) , B= 7,
O (6727 1 > , 0< 61 <.
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Algorithm 3: MLMC-FE

Input: Initial mesh level L = 0, sequence of mesh available {7;}¢>0, root n-MSE ¢,
¢ € (0,1), initial sample size Noq = {Ng}fzo, counter j = 1, sample size
corrections dN}] = {N,}}_,, surrogates.

Output: {N;}7_, {Vi}ry, Avimc:

while Y, (dN]) > 0 do

for 0 </ < L do

fori=1,--- ,dNZ do
L EVALUATE the surrogate on 7, using the corresponding sparse grid level

q to obtain ﬂg% for the ¢-th sample.

Approximate {V;}%, by (5.32).

Update the sample size estimation {NK}gL:o by (5.30).
Jj=Jj+1L

AN} = (N} — N,

Now = {Ne}ip-

if > ,(dN]) =0 then

if The discretizaton error ||u — up|| 24 7 falls below 61€ ||E(u)||,, then
| Compute Anpme by (5.27) and terminate the loop.

else
L=L+1.
Approximate V, by (5.33) and compute {N;}+_, and go to Step 1.
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Chapter 6: Numerical experiments

In this chapter, we will numerically test three sampling methodologies introduced in Chapter

1 to efficiently approximate the expectation in (2.14) as

]E[w(r,z,w)]:/Wlp('r,z,w)ﬂ(w)dw,

Following [21], we consider an ITER geometry with 12 coils and a “baseline” vector of target

current intensities I given by

I = —1.4 x 1094, I, = —9.5 x 1094, I; = —2.0388 x 107 A,
Iy = —2.0388 x 107A, Iy = —9 x 10°A4, Is = 3.564 x 10°A, (6.1)
I; = 5.469 x 1054, Is = —2.266 x 104, Iy = —6.426 x 10°A4, .
Ip = —4.82 x 1054, I, = —7.504 x 10°A, I}, =1.724 x 107 A.

Figure 6.1 shows the numbering of the coils; each component of the vector I = [I1, ..., I}5]

corresponds to the current value going through the coil with the same number. We will refer
to these values as the reference currents. The profiles for p and g on the right hand side of
(2.5a) follow the form given in (2.5¢) with the specific values rq = 6.2m, 5 = 0.5978, a; = 2,
and as = 1.395. In our experiments, we will take the vector of current intensities to be
subject to uncertainty modeled as a uniformly distributed perturbation of relative magnitude
7 centered around the reference values above.

For the solution of (2.5), we used the finite element-based solver FEEQS.m [34] developed
by Holger Heumann and collaborators as a lightweight Matlab implementation of the code
CEDRES++ [21, 35]. The code implements a piecewise linear finite element discretization of a
weak formulation of (2.5) and employs a globalized variation of Newton’s method to resolve
the nonlinearity. Surrogate functions for the parameter-dependent discrete stream function
1, were built using increasing levels of sparse grids as described in Chapter 3 and Chapter
4.
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Blanket

. Vacuum vessel
Divertor

Figure 6.1: Reactor geometry used for the numerical simulations. The divertor, inner wall
(black line), and outer wall of the vacuum vessel (red line) are shown along with the numbered

coils.

Before describing the experiments, we comment on one aspect of our particular appli-
cation that is affected by the use of the surrogate-based collocation. A key step in the
computations is the determination of the location of the x-point. This is the point where
the streamline of the magnetic field crosses itself, and therefore determines the separatrix
between the region of the plane where the lines are closed (allowing for confinement) and the
region where they are open. As such, in the absence of disrupting structures, the segment of
the separatrix describing a closed curve determines the plasma boundary I'. Geometrically,
the x-point corresponds to a saddle point on the graph of the scalar field 1; this characteristic
is used to determine its location on the discrete approximations v, coming from the direct
solver FEEQS.m and zzh coming from the evaluation of the surrogate.

By definition, a saddle point must be a local maximum in one direction, and a local
minimum in another one. A discrete version of this fact is implemented in FEEQS.m and used
as the criterion to identify candidates for the location of the x-point. An approximation to
the directional derivative of the piecewise linear approximation v, in the direction of each of
the element edges originating at an element vertex v is given by the difference ¢y, (v) — 1, (v;),
where the subindex 7 on v; runs over all the mesh nodes connected to v by an edge. At
a saddle point of a piecewise linear approximation, the directional derivative must change
sign at least four times—this situation is depicted in Figure 6.2. The code computes the
number of sign changes of the directional derivative for every node within the reactor and

identifies those vertices where the sign changes at least four times as candidates for the saddle

61



sxz
=3

Figure 6.2: In a piecewise linear approximation of ¢, the saddle points are located at those
element vertices v for which the difference ¢y, (v) — ¢, (v;) for all its neighboring vertices v;
changes sign at least four times. The sign of this difference indicates whether the discrete
function v, along the element vertices is increasing or decreasing. The point surrounded by
the arrows in the figure corresponds to a saddle, as it is a local maximum in one direction
and a local minimum in another one. This is reflected by the number of times the arrows

change direction.

point. For numerical solutions coming out of the direct solver this criterion is typically
enough to identify the discrete x-point correctly. However, due to the oscillatory nature
of polynomial interpolation, evaluations of the surrogate require some additional work. In
our computations the following heuristic was implemented to choose between several possible
candidates. Using a classical gradient recovery technique introduced by Zienkiewicz and Zhu
[75, 76], it is possible to build a second-order approximation to Vi from the nodal values of
@h at each vertex and its neighbors. If more than one node satisfies the “alternating sign”
criterion, then the magnitude of the recovered gradient is evaluated at each candidate node
and all of its neighbors. The candidate node with the smallest local average magnitude is
then identified as the saddle point. The logic behind this strengthened criterion is that the
spurious oscillations originating from the surrogate evaluations are highly localized in nature,
and therefore must present larger gradients than the ones associated with the underlying

function .

6.1 Monte Carlo sampling with both direct computation and surrogate

For the initial experiment, we will examine a single Monte Carlo sampling method using

both the direct solver and the surrogate function.
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6.1.1 Experiment description

Our investigation is structured around three main aspects. First, we aim to determine the
probability that the magnetic field will be conducent to confinement, i.e., whether the level
sets of 1 produce closed lines completely contained in the vacuum chamber. If confinement
is achieved, we explore the nature of the plasma boundary, exploring whether it’s defined by
an uninterrupted separatrix (in which case the locations of the x-point and strike points are
of relevance) or by contact with any structure within the reactor (in which case the location
of the contact point is also of interest). Finally, for all cases where confinement is achievable
(regardless of the presence of an x-point or a contact point), we examine the geometric
properties of the plasma boundary such as aspect ratio, elongation, and triangularity, as
defined in Chapter 2.1.3.

6.1.2 Adaptive solver

In this experiment, to enhance the resolution and accuracy of the solution provided by
FEEQS.M, we focus on an adaptive solver that employs a local refinement strategy. Consid-
ering that each realization of the solution requires several steps of a Newton iteration and
that a large number of realizations is necessary for parameter sampling, the additional cost
associated with uniform refinement can quickly become unmanageable.

Given that in our application the most relevant quantities are related to the location of
the plasma boundary, we resort instead to the following local refinement strategy. The free
boundary problem is solved on a coarse grid and the approximate location of the plasma
boundary is determined by first finding the location of either the x-point, in the case where
the plasma is not in contact with the reactor, or of the point where the streamlines are
tangential to a disrupting structure. Let us denote the coordinates of either of these points
by (z*,y*). Since the plasma boundary corresponds to the level set of 1y, (z*, y*), the elements
in the neighborhood of the separatrix are estimated by fixing o* € (0,1) and identifying all

the nodes (z,y) where

[on(@,y) = Pn(a®,y") | < | Pnla,y7) |-

All the elements having a vertex that satisfies the above condition are then marked and

refined—in our experiments we set a* = 0.05. The new mesh has a band of finer elements
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in the vicinity of the separatrix. The problem is then solved again on the finer mesh and
the process can be repeated. In our experiments, the adaptive cycle is stopped after two
iterations of local refinement. Given that, whenever they are present, the x-point, the strike
points or the contact points are located in the vicinity of the separatrix, the local refinement
leads to a better estimation of their positions. This is especially true for the location of the
x-points, which are bound to element vertices: by enriching the mesh with additional vertices
more possible locations become accessible to the x-points. Figure 6.3 shows a refinement cycle
consisting of an initial coarse grid and two levels of adaptive refinement. With refinement
limited to a neighborhood of the separatrix, the growth in system unknowns is curtailed
while resolution is improved. If needed, the growth of the number of degrees of freedom can
be limited even more by decreasing the value of the marking parameter a* as the mesh gets
finer—in our experiments, the value of a* = 0.05 was kept fixed across refinement levels.

Since the free boundary problem must be solved at every level of the adaptive algorithm,
the solution obtained on a coarser level is interpolated to the new grid and used as an
initial guess for the Newton iteration. Moreover, the stopping tolerance for the Newton
iterations at coarse refinement levels can be set to be relatively large on the initial coarse
grid and reduced dynamically as the mesh is refined. As stopping criterion for the Newton
process, the code FEEQS.M measures the magnitude of the nonlinear updates to the solution
operator relative to the norm of the matrix arising from the discretization of (2.11). In our
experiments, the tolerance for the adaptive solver with R refinements was determined by the
formula TOL = 10~ 1H@+D/(B+1) Tp the sequel, we will refer to FEEQS.M as the direct solver
and to the numerical solutions provided by this code as direct solutions.

Our ultimate goal is to build a surrogate model based on interpolation between numer-
ical solutions associated with a small number of carefully selected current values (specific
details are given in Chapter 3). However, since the values of the currents passing through
the coils determine the location of the plasma boundary, different realizations will result in
different adaptively refined meshes. Therefore, the corresponding numerical approximations
will belong to different discrete spaces and the different solutions must be projected into
a common space (a common mesh) prior to the construction of the surrogate. In our ex-
periments, all the numerical solutions start from a common coarse grid that is adaptively
refined around the boundary of the plasma in each realization. The numerical solutions are

then L?-projected into a finer common mesh built by uniformly refining the interior of the
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Figure 6.3: Top row: The free boundary problem is solved in a sequence of refined meshes,
starting from an initial coarse mesh (left). The location of the separatrix drives the refine-
ment strategy and at every level a banded region around it is marked for refinement. Bottom
row: Close-up of the neighborhood of the magnetic x-point for the three refinement levels

shown at the top.

reactor from the initial, common, coarse mesh. The surrogate obtained in this way is then,
by construction, defined on the finer common mesh.

This step introduces an additional projection error that is initially negligible compared
to the surrogate error but can eventually become dominant as the surrogate gets refined. To
curtail the projection error, in our experiments the common mesh is refined as many times
as the prescribed depth of the adaptive algorithm. It is important to note that no numerical
solutions are ever computed on the finer common grid; instead only surrogate evaluations are
needed. As we shall show later, the time required for such evaluations is often considerably
shorter than the time required for the solution of the free boundary problem, even on the

coarsest grid.

6.1.3 Accuracy study

We now present the results of numerical experiments that illustrate the accuracy and cost
savings obtained using the surrogate in place of the direct solution of the discrete version

of (2.5). We will first assess the approximation properties of the surrogate function by
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comparing the point-wise difference between direct solutions and evaluations of surrogates
built with increasing levels of refinement in the sparse grid. We will then test the surrogate’s
accuracy of reproducing physically relevant quantities such as locations of x-points or plasma
shaping parameters, as well as its ability to predict unwanted interactions between the plasma
and components of the reactor. These comparisons are done for identical sets of randomly
chosen current values. After establishing the approximation capabilities of the surrogate
function, we will explore its efficiency by comparing the timings associated with surrogate
evaluations and direct solutions. We will introduce a dynamic sampling strategy designed
to avoid unnecessarily large sample sizes, thus testing each of the two methods under ideal
circumstances. Finally, we conclude with experiments that showcase the information that
can be extracted from fast simulations made using the surrogate function.

We start with several tests to assess the accuracy of the surrogate approximation to .
To begin, we evaluated the surrogates at ny = 100 random sample values of the currents
{L;}1,, solved the free boundary problem at the same sample currents, and then we assess

the error using the average of the relative error in the L., norm

(L) — (L)
Z ||¢h (6.2)

)|loo

For this test, we considered perturbed versions of all twelve currents, as well as perturbations
of subsets of them of sizes 2 through 6. The smaller subsets comprise parameter sets of
smaller dimensions and enable the use of higher sparse-grid levels. The results of these tests
for 1% variability are shown in Figure 6.4 and Table 6.1. They indicate some benefit of
increasing the sparse grid level although these improvements are not monotone and they
are not dramatic for levels greater than four. They also show that accuracy tends to be
higher for smaller numbers of parameters; we attribute this to the logarithmic factor in the
error bound (3.5). To single out the approximation properties of the surrogate and separate
them from the projection error mentioned in Chapter 6.1.2, these convergence studies were
performed using only a common grid without any adaptive refinement around the plasma
boundary.

Next, we will explore how effective the surrogate model is for extracting information about
the confinement properties of the magnetic field. To assess the effect that the stochasticity
may have on physically relevant quantities, such as the location of x-points and the incidence

of contacts between the plasma and the walls of the reactor, we will make use of a “reference
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Figure 6.4: Mean relative difference between surrogate evaluations and numerical solutions
to the free boundary problem of 100 randomly chosen current values, with 1% variability in
currents. Results of the experiment for different numbers of currents perturbed are displayed

in different colors.

Coils 7-8 Coils 7-9 Coils 7-10 Coils 7-11 Coils 7-12 Coils 1-12

Level | # Nodes | Ly error | # Nodes | Lo, error | # Nodes | L, error | # Nodes | Ly, error | # Nodes | Ly error | # Nodes | Ly, error

0 1 1.28e-03 1 3.42¢-03 1 5.76e-03 1 6.22¢-03 1 6.82¢-03 1 6.44e-03

1 5 4.28e-06 7 2.69e-05 9 9.43e-05 11 1.37e-04 13 1.60e-04 25 1.73e-04

2 13 1.82e-06 25 1.08e-05 41 3.69e-05 61 4.25e-05 85 7.46e-05 313 8.13e-05

3 29 1.46e-06 69 6.04e-06 137 2.11e-05 241 4.07e-05 389 7.36e-05 2649 8.79e-05

4 65 6.42e-07 177 3.70e-06 401 1.40e-05 801 4.69e-05 1457 8.36e-05 17265 1.18e-04

5 145 4.08e-07 441 3.50e-06 1105 1.37e-05 2433 3.72e-05 4865 6.41e-05 93489 -

6 321 1.97e-07 1073 2.60e-06 2929 1.32e-05 6993 3.20e-05 15121 6.35e-05 | 442001 -

7 705 1.01e-07 2561 2.10e-06 7537 9.48e-06 19313 2.77e-05 44689 6.09e-05 | 1887377 -

8 1537 5.99e-08 6017 1.62e-06 18945 8.99¢-06 51713 2.60e-05 | 127105 | 2.62e-05 | 7451393 -

9 3329 2.73e-08 13953 1.22¢-06 46721 6.99e-06 | 135073 | 2.03e-05 | 350657 - 27649409 -

10 7169 8.35e-09 32001 1.31e-06 | 113409 | 1.31e-06 | 345665 - 943553 - 97566977 -

Table 6.1: Mean relative Ly, errors (6.2) of surrogate solutions for 100 random sample cur-
rents, various sparse-grid levels and numbers of perturbed currents, with 1% noise level;
entries in the table marked with a hyphen indicate no estimate due to computational limi-

tations.

equilibrium configuration” corresponding to the ideal case where no variability is present in
the coil currents. In the experiments used for this discussion, the surrogate was built using
two levels of local spatial adaptivity in the free boundary solver, and surrogate solutions
were obtained on a common grid constructed from two levels of uniform refinement. This
ensures that the size of the smallest elements in the mesh where the surrogate is built is

comparable to that of the adaptive grids where the samples at collocation nodes are taken.
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Figure 6.5 depicts the distributions of x-points and strike points found by surrogate
approximations determined from 2000 perturbed current values, with 1%, for three levels of
sparse grids, together with the analogous results obtained from the direct solution. Visually,
the results obtained from all instances of the surrogate computations are indistinguishable
from those obtained from direct simulation. These results are quantified in Table 6.2, which
counts the numbers of x-points that are found at various distances from a reference x-point,

defined to be the point obtained from unperturbed input. The data, displayed in the bottom

5 5.1 Y X e ! ! Y ’ 51 52 53 . 5 5.1

Figure 6.5: Distributions of x-points (green) and strike points (orange), for 2000 samples
of perturbed current values with 1% noise. In all figures, the reference plasma boundary is
displayed in purple, the inner wall of the reactor is displayed in black, and the outer walls
of the reactor are displayed in dark red. From left to right, images correspond to surrogates
obtained from sparse grid levels 2, 3 and 4 and direct solves. The top row shows (in purple)
the separatrix obtained from the unperturbed problem. The second row shows the x-points
and strike points in more detail. The third row shows further magnified neighborhoods of the
x-points including the regions and perturbed x-points referenced in Table 6.2, and frequency

of x-points corresponds to intensity of their displays.
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Number of x-points between r;_; and r; (ro = 0)

Surrogate level 2

Surrogate level 3

Surrogate level 4

Direct solver

Ty = 0.032 = .57"3
re = 0.048 = .75r3
r3 = 0.064

1455 (72.75%)
522 (26.10%)
23 (1.15%)

1457 (72.85%)
521 (26.05%)
22 (1.10%)

1459( 72.95%)
518 (25.90%)
23 (1.15%)

1457 (72.85%)
520 (26.00%)
23 (1.15%)

Table 6.2: Number (frequencies) of x-points found within various distances from the reference
x-point, for 2000 perturbations with 1% noise in 12 coils. Counts correspond to number of

points of distance at most r; or within annuli of width 79 — ry or r3 — 79.

Level | # Nodes | Esoo Inverse Aspect | Elongation Upper Lower Strike Strike X-point
Ratio Triangularity | Triangularity | Point 1 | Point 2

0 1 6.39¢-03 2.76e-03 2.61e-03 1.65e-02 1.19¢-02 3.96e-03 | 3.36e-03 | 3.34e-03

1 25 1.58e-04 2.81e-05 9.70e-05 8.92e-04 4.24e-04 4.77e-05 | 8.94e-06 | 6.32e-05

2 313 1.94e-04 2.59e-05 4.86e-05 4.52e-04 3.37e-04 3.19e-05 | 4.48e-06 | 5.01e-05

3 2649 2.54¢-04 2.77e-05 5.11e-05 6.75e-04 2.97e-04 3.72e-05 | 8.67e-06 | 4.22e-05

4 17265 | 3.96e-04 3.49e-05 6.15e-05 1.31e-03 3.76e-04 4.69e-05 | 9.97e-06 | 5.47e-05

Table 6.3: Mean relative errors of various geometric features. The relative approximation
error F,  is defined in (6.2). The plasma shaping parameters are defined in (2.6). The
experiment used 2000 random samples with 1% perturbation of all 12 currents, for increasing

collocation levels.

row of Figure 6.5, indicates that the trends for the surrogates and direct solutions are in fact
quantitatively similar and give additional credence to the accuracy of the surrogates. Table
6.3 continues this exercise by showing the errors for a collection of geometric features of the
plasma boundary defined in (2.6). The results indicate that reasonable accuracy is obtained
from surrogates constructed using sparse grid levels 2 or 3.

Figure 6.6, and Table 6.4 and Table 6.5 show the results of similar experiments in which
the size of the perturbations is increased to 2%. We highlight several trends that are some-
what different than those observed for smaller perturbations. First, the images of the re-
sulting x-points found by the surrogate, while still very close to those obtained by direct
solution, are no longer identical. This is confirmed by Table 6.4, which shows qualitative
agreement in the locations of the perturbed x-points produced by surrogates and direct so-
lutions but also reveals more x-points computed by surrogates that are somewhat further
from the reference solution than those found by direct solution. Similar trends are evident

for both strike points and contact points. In particular, Figure 6.6 shows that the surrogate
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computations yield a small number (9 for sparse grid level 3, 12 for level 4) of false positives
for strike points. The third row of images in Figure 6.6 shows examples of contact points
found by each of the simulations. The direct solver and surrogates for sparse grid levels 3
and 4 all find the majority of contact points near y = 1; the surrogates for these levels also

find a small number (on the order of 10 out of 2000) in other places in the domain.

Number of x-points between r;_; and r; (rg = 0)

Direct solver

Surrogate level 2

Surrogate level 3

Surrogate level 4

r1 = 0.064 = .5r3
r9 = 0.096 = .7573

1819 (90.95%)
168 (8.40%)

1773 (88.92%)
179 (8.98%)

1723 (87.24%)
209 (10.58%)

1814 (91.39%)
157 (7.91%)

ry =0.128 13 (0.65%) 42 (2.11%) 43 (2.18%) 14 (0.71%)
Number of plasma / reactor contacts
0 | 6 | 25 | 15
Table 6.4: Incidence of contacts between the plasma and the reactor, along with number

(frequencies) of x-points found within various distances from the reference x-point, for 2000
perturbations with 2% noise in 12 coils. Counts of x-points correspond to number of points

of distance at most r; or within annuli of width ro — r; or r3 — rs.

Level | # Nodes | Fao | Inverse Aspect | Elongation Upper Lower
Ratio Triangularity | Triangularity
0 1 1.26e-02 5.46¢-03 4.95e-03 2.93e-02 1.65e-02
1 25 2.69¢-04 8.49¢-05 3.02¢-04 3.05e-03 1.11e-03
2 313 2.37e-04 4.19e-05 6.91e-05 3.56e-03 4.49e-04
3 2649 1.69¢-03 7.98¢-04 9.30e-04 6.44e-03 3.21e-03
4 17265 | 4.80e-03 2.41e-03 2.66¢e-03 9.10e-03 6.10e-03

Table 6.5: Mean relative errors of various geometric features. The relative approximation
error E,_ is defined in (6.2). The plasma shaping parameters are defined in (2.6). The
experiment used 2000 random samples with 2% perturbation of all 12 currents, for increasing

collocation levels.
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Figure 6.6: Distributions of x-points (green), strike points (orange) and contact points (blue),
for 2000 samples of perturbed current values with 2% noise. In all figures, the reference
plasma boundary is displayed in purple, the inner wall of the reactor is displayed in black, and
the outer walls of the reactor are displayed in dark red. From left to right, images correspond
to surrogates obtained from sparse grid levels 2, 3 and 4 and direct solves. The top row
shows (in purple) the separatrix obtained from the unperturbed problem. The second row
shows the x-points and strike points in more detail. The third row shows further magnified
neighborhoods of the x-points including the regions and perturbed x-points referenced in
Table 6.4, and the fourth row shows contact points. In the two bottom rows, frequency of

x-points and contact points corresponds to intensity of their displays.
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Note that all these results identify some effects that variability has on the properties of the
solution such as the location of the x-point and strike points. Not surprisingly, increased noise
in the currents leads to wider distributions of such quantities, and, for 2% noise, increased
likelihood of the occurrence of contact points. The surrogate computations largely reproduce
the results of the direct solution albeit with some loss of accuracy occurring with increased
perturbation size. None of the examples lead to conclusions that would be dramatically
misleading; for example, a false-positive strike point would lead to a slightly over-cautious
approach when shielding the reactor.

The variability of the currents also has an effect on the spread of locations for the plasma
boundary. To show how the surrogate function captures this behavior accurately, 2000
equilibria were calculated using both a direct solver and a surrogate built with 3 levels of

the sparse grid. These computations were done using random perturbations of sizes 1% and

1% current variability 2% current variability
4 4 4 4
2 2 2 2
0 0 0 0
2 2 2 2
4L 4L~ 4L~ 4L~
| 4 6 8 4 6 8 | 4 6 8 4 6 8
Surrogate level 3 Direct solver Surrogate level 3 Direct solver

Figure 6.7: Each panel shows plasma boundaries from 2000 random coil current realizations.
The solid violet line represents the boundary for reference current values, while light pink
lines depict boundaries from random realizations. The inner reactor wall is in solid black,
and the outer wall in dark red. Left: Level 3 surrogate function evaluations with 1% current
variability. Center left: Direct solver solutions with 1% current variability. Center right:
Level 3 surrogate function evaluations with 2% current variability. Right: Direct solver with

2% current variability.
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2% about the reference currents. The results of the experiment are shown in Figure 6.7,
where the plasma boundary from the reference current is plotted in dark violet, and the
ones corresponding to the random perturbations are plotted in light pink and overlayed.
In the figure it is evident that the qualitative behavior predicted by the surrogate function
coincides with the one from the direct solution. The spread of the boundary focuses on
the outer radius of the plasma (on the right side of the plot), increasing the likelihood for
contacts on the outer side of the inner wall. This spread is more accentuated for surrogate
evaluations, but located in the same regions as the direct solution, resulting in accurate—if
slightly too cautious—predictions. This becomes even more evident for 2% noise, where it
is also possible to observe isolated boundary curves resulting from plasma/wall contacts for
both computational methods.

As the previous experiments have shown, the qualitative and quantitative agreement
between direct computations and surrogate evaluations is significant. The key advantage
of the use of these surrogate computations lies in their significantly smaller computational
cost. These time savings come mostly from the fact that the surrogate bypasses the solution
of the nonlinear system, but an additional source of savings comes from the fact that the
surrogate can be designed to focus on smaller regions of interest. For the problem at hand,
the direct solver is bound to provide an approximate solution over the entire computational
domain, whereas for most applications, only the interior of the reactor is of interest. We
will take advantage of this fact by constructing a surrogate that is defined only inside the

reactor. This will give rise to smaller vectors and shorter computation times.

6.1.4 Efficiency study

We will demonstrate the time efficiency of the surrogate by comparing the performance of
simulations done using the surrogate computations, for sparse grid levels 2 through 4, and
the direct solver. In these tests, we used a dynamic approach for sampling based on the
following ideas. The margin of error for the estimation of the mean value of a distribution
based on a sample of size n is given by € = z*\/iﬁ, where o is the standard deviation of
the distribution and z*, known as the confidence coefficient, is a constant depending on the
desired confidence level for the estimate [63]. For a confidence level of 95%, a commonly

accepted standard, the value of the confidence coefficient is z* = 1.96. It follows that, with
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95% confidence, the margin of error of a sample of size n can be estimated by
S
vn'

n

where the sample standard deviation S, = (n—1)"' > | (u; — W)

€n = 1.96 (6.3)

2 was used as an unbiased

estimator for the unknown population standard deviation . The sample standard deviation
can be computed dynamically using Welford’s algorithm [53, 71] as new samples are added
to the data set. The process is as follows: the sample mean m and the auxiliary variable
s are initialized as m) = 0, s =o. Then, as the i-th sample is drawn, these values are
updated according to the formulas

N o S el L N ) B 0D 4 (u® — D D — @) (6.4)

w w N ? w w w

Finally, for a sample of size 7, the sample standard deviation is given by S; = \/m )
Combining this strategy with the approximation (6.3) a stopping criterion for sampling is
obtained. As new samples are drawn, the standard deviation is updated, ¢, is estimated,
and the process is halted when ¢, falls below a prescribed threshold. In all our experiments,

we will set € = 0.01, thus requiring an estimate with a margin of error that, 95% of the time,
will be below 1%.

Surrogate Surrogate Surrogate Direct

Level 2 Level 3 Level 4 Solver

# Samples 5100 5000 5000 5200

1% Noise | Time per Sample (s.) 0.16 0.59 3.03 5.22
Total Time (s.) 831 2944 15141 27166

# Samples 20000 25300 31100 19100

2% Noise | Time per Sample (s.) 0.16 0.59 3.04 5.69
Total Time (s.) 3264 14911 94602 108620

Table 6.6: Average CPU times, in seconds, for evaluation of the surrogate function and

direct solution of the free boundary problem.

We applied this strategy using the maximum entry-wise variance updated with (6.4) of
both the solution v, obtained from the direct solver and the surrogate approximation @h.
The results are shown in Table 6.6, which gives CPU times for current perturbations with
1% and 2% noise. We give several variants of these results. In particular, the number

of adaptively chosen samples varied somewhat with the choice of function used, v or {b\h_
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For 1% noise, the direct solver required more samples than the level 2 and 3 surrogates
(see Table 6.8); for 2% noise, it required fewer (see Table 6.7). It can be seen from these
results that in all cases for level 2 and level 3 sparse grids, the cost of using the surrogate
is significantly smaller than that of using the direct solver. In simulations with 1% noise,
the direct solver was approximately 33 times more expensive than the level 2 surrogate,
and approximately 9 times more than the level 3 surrogate. With 2% noise, the analogous
factors were approximately 33 and 7. Here, we are considering the total time of the simulation
with dynamic sampling which tends to benefit the direct solver—as it usually requires less
samples to achieve a target RMS. As noted above, from the point of view of accuracy, there
is essentially no difference between the surrogate and the direct solutions for 1% noise; for
2% noise, the significant cost reduction comes with some compromise in accuracy but little
difference in conclusions concerning features of the plasma.

As mentioned above, the number of samples required to fall within a predetermined
Monte Carlo tolerance varies depending on whether the direct solver or the surrogate is
used to obtain an approximation of the stream function ¢. This points to a difference in the
spread of the distributions generated by each of the methods. The means of the distributions,
however, coincide with the prescribed tolerance by construction, regardless of whether the
samples used are identical or not. For the experiment showcased in Table 6.7, two different

sets of coil currents were generated considering a variability of 2%. A surrogate of level

Evaluation of surrogate Direct solver
Sample A (25300 realizations) Sample B (19100 realizations)
Quantity of interest Mean Variance Mean Variance
X point (5.14,-3.29) | (2.89e-04,1.48e-03) | (5.14,-3.29) | (2.56e-04,1.31e-03)
magnetic axis (6.41,0.61) | (1.53e-03,1.14¢-03) | (6.41,0.61) | (1.19¢-03,6.42¢-04)
strike (4.16,-3.71) | (2.42e-03,2.38¢-03) | (4.16,-3.71) | (8.59e-04,2.09e-03)
points (5.56,-4.22) | (5.18¢-08,3.20e-03) | (5.56,-4.21) | (5.06¢-08,3.13¢-03)
inverse aspect ratio 0.32 5.53e-06 0.32 4.85e-06
elongation 1.86 3.00e-04 1.86 3.12e-04
upper triangularity 0.43 2.87e-04 0.43 2.65e-04
lower triangularity 0.53 2.37e-04 0.53 2.15e-04

Table 6.7: Comparison of sample means and variances for relevant physical quantities ex-
tracted from two samples by the surrogate function and the direct solver. The number of
realizations for each of the samples was determined dynamically to achieve a Monte Carlo
estimation accurate to at least 1% with 95% confidence. The noise level in the current values

was of 2% and the surrogate was built with a sparse grid of level 3.
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3 required 25300 randomly chosen current values for its Monte Carlo error to fall below
1%, as given by (6.3). These current values constitute sample A. When a direct solver was
used instead, the dynamically estimated error needed only 19100 realizations to fall below
the 1% threshold. These currents constitute Sample B. As can be seen in Table 6.7, the
variances associated with the quantities extracted from the surrogate are uniformly larger
than those stemming from the direct solver. The mean values are nonetheless equal to within
the prescribed tolerance. Despite the difference in required sample size, the level 3 surrogate
was still faster than the direct solver by a factor of more than 7, as reported in Table 6.6.
In a similar vein, Table 6.8 displays analogous results for an experiment where the coil
currents were perturbed by 1%. Samples for 12 and 1, were taken using either surrogates of
levels 2 and 3 or the direct solver. The number of realizations was determined dynamically

by setting the Monte Carlo tolerance to 1% and using the estimator (6.3). The mean values

Evaluation of surrogate (Level 2) | Evaluation of surrogate (Level 3) Direct solver
5100 realizations 5000 realizations 5200 realizations

Quantity of interest Mean Variance Mean Variance Mean Variance
X point (5.14,-3.29) | (1.07e-04,3.58¢-04) | (5.14,-3.29) | (1.06e-04,3.55¢-04) | (5.14,-3.29) | (1.09e-04,3.57¢-04)
magnetic axis (6.41,0.61) | (2.92e-04,2.84e-04) | (6.41,0.61) | (2.84e-04,4.85e-04) | (6.41,0.61) | (2.98e-04,2.79e-04)
strike (4.16,-3.71) | (1.98e-04,5.43e-04) | (4.16,-3.71) | (1.97e-04,5.40e-04) | (4.16,-3.71) | (2.02e-04,5.54e-04)
points (5.56,-4.22) | (1.28e-08,7.93e-04) | (5.56,-4.22) | (1.32e-08,8.14e-04) | (5.56,-4.22) | (1.27e-08,7.89e-04)

inverse aspect ratio 0.32 1.19e-06 0.32 1.17e-06 0.32 1.19e-06

elongation 1.86 3.39%-05 1.86 3.44e-05 1.86 3.47e-05

upper triangularity 0.43 6.41e-05 0.43 6.60e-05 0.43 6.58e-05

lower triangularity 0.53 3.71e-05 0.53 3.73e-05 0.53 3.73e-05

Table 6.8: Sample means and variances for relevant physical parameters extracted using
levels 2 and 3 of the surrogate and the direct solver. The quantities of interest are the
coordinates of the x-point, magnetic axis and strike points, as well as the values for plasma
shaping parameters. The experiment was carried over with 1% noise in the coil currents.
The sample size was increased dynamically using batches of 100 samples until the estimated

Monte Carlo estimation error fell below 0.01.

Level 2 | Level 3 | Level 4
1% Total Time (s.) | 2289 19375 | 126276
2% Total Time (b) 2378 20129 | 131194

Table 6.9: Processing time, in seconds, required for the construction of surrogate functions

of different levels.
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of all quantities coincide to within the prescribed tolerance, but the time required to generate
the data using the surrogates is substantially shorter (see Table 6.6).

Note that a pre-processing step is required to build the surrogates; the required times
are shown in Table 6.9. This “offline” step, while not negligible, is done only once and need
not be repeated if multiple simulations are done or if the number of samples needs to be
increased. Even if these one-time costs are factored in, the speedup for the level 3 surrogate

is still a factor of 3 for 2% perturbations.
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6.2 Multilevel Monte Carlo sampling with direct computation

In this experiment, we explore the savings that can be obtained using multilevel Monte Carlo
methods to estimate the stochastic integral (2.14), which reduces costs by performing the
bulk of the computations on a sequence of spatial grids that are coarser than the one that
would typically be used for a simple Monte Carlo simulation. We examine this approach
using both a set of uniformly refined grids and a set of adaptively refined grids guided by a

discrete error estimator.

6.2.1 Experiment description

For the solution of the perturbed problems, the initial iterate of Newton’s method was taken
to be the solution corresponding to the reference currents I in (6.1). All tests used the
splitting parameter § = 0.5 in (5.3). The stopping threshold for the relative residual was
set to 5 x 107!, The user-specified tolerances for the normalized mean squared error range
from € = 2x 107* to 8 x 1073. To produce an estimate of the number of samples required on
each discretization level, equation (5.14) requires the knowledge of two problem-dependent
parameters: the power v appearing in the estimate for the computational cost (5.13), and
the normalized variance of the correction terms V; as defined in (5.12). The normalization
factor ||E(ur)||z in (5.12) was estimated by averaging 100 sample realizations on the finest
uniform mesh level (¢ = 5) to be approximately 8.57 x 107!. To estimate the value of v, 100
random currents are sampled for different mesh sizes My, the processing times required to
obtain the solutions are averaged for each mesh size, and 7 is estimated through a regression.
Figure 6.8 shows the behavior of the average cost as a function of the mesh size M;; from
the data displayed, the power law is estimated to be v &~ 1.09. Note that this cost estimate
is based on Matlab timings and not on the complexity analysis of standard linear solution
algorithms. The same samples are also used to estimate the sample means, E(Y;) or E(uy),
and variances, V(Y;) or V(uy) dynamically using Welford’s algorithm in (6.4).

To perform MLMC-FE simulations, the user typically defines and generates a sequence
of spatial grids, where, given a tolerance €, the fineness of the grid is determined by the
requirement that the discretization error (EQBias in (5.3)) or an estimate of it be small enough.
In this study, we generated two types of grids, a set of geometry-conforming uniformly

refined grids, and a set of adaptively refined grids constructed using the strategy presented
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Figure 6.8: Mean CPU time to compute 100 realizations of u,, as a function of the number
of grid points M,, plotted on a logarithmic scale. The fitted curve indicates that the com-

putational cost Cy behaves approximately like M;-%%.

Level ¢ 0 1 2 3 4 5
Uniform | 2685 | 8019 | 30449 | 120697 | 484080 | 1934365
Adaptive | 2685 | 6090 | 25099 | 103968 | 411913 | 1552282

Table 6.10: The number of grid points M, for both geometry-conforming uniform and adap-

tive (¢ = 1/4) meshes as the mesh levels increase from 0 to 5.

in Chapter 5.2.2. For the uniformly refined grid, we generated a total of six levels of grids.
The domain components contain curved boundaries, which we handled by treating them as
polygonal structures. The mesh generation entails identifying the curved boundaries using
piecewise splines and interpolating along these splines with grids of varying fineness. We note
that, due to the increasing accuracy of the spline approximation of the curved boundaries,
these meshes are not a direct refinement of each other. Instead, each level is characterized by
a mesh parameter h, being roughly half of the preceding mesh as determined by the Triangle
mesh generator [66]. The adaptive refinement strategy began with the coarsest mesh from
the uniform family and applied the weighted L, a posteriori error estimator specified in
(5.19) and ¢ = 1/4 to reflect an error decay similar to that of uniform refinement. Triangle
was used to generate the desired adaptively refined meshes. The number of grid points for
each of these methods on different grid levels is shown in Table 6.10. Note that the smallest

element sizes for the adaptive meshes are not dramatically smaller than those of uniform
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meshes, which suggests that the solution, as a function of the spatial variables, is fairly

smooth.

6.2.2 Efficiency study

Figure 6.9 shows a variety of computational results, including the error estimator, V,, and
CPU time for the two versions of MLMC (and times for full MC). To investigate the con-
vergence behavior of the discretization error, we calculate the a posteriori error estimator
for both uniform and adaptive meshes in the same experiment to obtain an estimate of ~
for Cy before conducting the simulations. The results are displayed in the top left plot in
Figure 6.9, with a dashed line showing a least square fit, indicating that the discretization
error of both methods exhibits an asymptotic rate of O(M~') (or ; ~ 1). The similar
convergence rate further indicates that the solution to the problem is smooth and the error
is equidistributed, rendering the adaptive strategy comparable to uniform mesh refinement.
Note that the estimated error is used for variance extrapolation in (5.22) during the MLMC
simulations.

The top right plot of Figure 6.9 shows the behavior of V; of (5.12) for both uniform and
adaptive MLMC-FE methods with tolerance ¢ = 2x 1074, using six levels of mesh refinement.
It can be seen that both methods demonstrate a decreasing trend in the values of V; as the
mesh resolution increases, with a power law decay characterized by 8; =~ 2 in the least square
fit. But there is a regime for a small number of grid points where the asymptotic behavior
of the adaptive method is not evident, in contrast to the behavior of the uniform method.
As the meshes get finer, the plots of V, for the two methods are close to being parallel.

The computational effort for uniform MLMC-FE and MC-FE scales as O(e~?) and O(e ™)
respectively, as indicated by the slopes of the least square fitting lines for the red and yellow
curves. This observation is consistent with the theoretical cost predictions in Theorem 2
(with 51 > ) and (5.5). Theorem 2 also indicates that the majority of computational work
is performed on coarse grids. Table 6.11 shows the sample sizes obtained from (5.4) for MC-
FE and (5.14) for MLMC-FE, further demonstrating a decrease in N,C; as ¢ increases for the
multilevel methods. We also found that the computational cost associated with the smallest
tolerance € = 2 x 107 is so large that we were unable to generate MC-FE results on a fine
mesh (¢ = 5) with a large sample size. However, we could estimate the costs. In particular,

we found that the variance V}, is close to constant across mesh levels. Consequently, we used

30



=@~ Uniform MLMC =@— Uniform MLMC
=@— Adaptive MLMC 10 4 [ =@~ Adaptive MLMC |
—-—-slope = -0.97775 —-—-slope = -1.9156

Err estimator
[N
o
w

104F
107° ‘ ‘ ‘ ] | ‘ |
10° 10* 10° 10° 10° 10* 10° 10°
Number of grid points M, Number of grid points M,
2 ‘
—@- Uniform MIAMC 10 =@~ MC convergence rate
10%¢ . —@- Adaptive MLMC | 3 —-=-slope = -0.51117
"~ MC
. —-—-slope = -3.2384
T — — slope = -1.9111
— N w
n
o 104 ¢
£ s
5 <L
2 =
O 102 L
100 L

10t 102 10
Sample size N

Tolerance e

Figure 6.9: Top left: weighted Ly error (with weight pz) of estimator Cn, vs. number of
grid points M, plot. Top right: normalized variance V; vs. number of grid points M, plot.
Bottom left: CPU time in seconds vs. tolerance €. Bottom right: Monte Carlo convergence

rate estimate with tolerance e vs. sample size N. This plot is generated from Table 6.11.

(5.4) to estimate the number of required samples as 8000 in Table 6.11, approximately four
times the number required for € = 4 x 10~*. This number was multiplied by the mean CPU
time observed for the computations for Figure 6.8 (120.3 seconds, the largest entry appearing
in the figure) to give the estimated total CPU time in Table 6.12, which gives quantitative
data on the costs in CPU time for the three methods, as well as the speedups achieved by
the two multilevel methods. It can be seen that for small tolerance e, both these methods

reduce the CPU times dramatically, with many examples of speedups greater than a factor
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of 60 and a best-case speedup approximately 200. In contrast to MC-FE, both versions of
MLMC-FE successfully generated results with this tolerance.

As seen in the bottom left plot of Figure 6.9, the uniform and adaptive versions of MLMC-
FE have similar computational costs of O(e~?), as evidenced by the similar decay rate of the
error estimator and (5.21). According to (5.15), the slightly smaller magnitude of the error
estimator for the adaptive MLMC-FE suggests a smaller (or comparable) computational cost
in the asymptotic regime. However, when € = 4 x 107%, the adaptive MLMC-FE method
requires approximately twice as much CPU time (1.79x 10? seconds) compared to the uniform
MLMC-FE approach (9.29 x 10? seconds) due to a notable increase in V; around a grid of
size M, = 10*. This also causes the speedups achieved using adaptive refinement to be
somewhat smaller than for uniform refinement. Thus, the traditional advantage of adaptive
mesh refinement is not clearly present. We also attribute this to the apparent smoothness
of the solution. We will demonstrate some advantages of the adaptive strategy in Chapter
6.2.3.

The bottom right plot of Figure 6.9 shows that the nMSE tolerance € of MC-FE approach
declines as O(N 1)) which is consistent with the well-known square root convergence rate.

This rate holds since V(uy,) remains nearly constant among all levels.

Level ¢ Level ¢ Level ¢
€ 01112 3 4 5 € 0 1 2 131415 € 0 1 2 3 1415

8x 1073 5 8x 1073 10 2 2 8x 1073 10 2 2
6x 1073 7 6x1073 12 3 2 6x 1073 19 3 3
4 %1073 22 4x1073 | 32 5 2 |2 4x107% | 38 5 4
2x 1073 83 2x 1073 152 26 4 2 2x 1073 121 18 6 2

1073 322 1073 691 109 | 18 | 4 | 2 1073 697 82 49 8
8x 1074 527 8x 107 | 841 129 | 23 | 3| 2 8 x 107* | 1446 118 91 27 | 6
6x107* 869 6x107* | 1610 | 231 | 40 | 8 | 2 6x 10| 2070 | 218 | 133 | 21 | 3
4x107 1980 4x107%| 3791 | 589 | 104 | 15| 3 4x107%| 5075 | 484 | 315 | 61 |14
2x 107 8000* 2 x 107* | 15859 | 2344 | 375 | 62 | 13 | 2 2 x 107* | 25871 | 1961 | 1668 | 430 | 85 | 14

Table 6.11: The optimal sample size estimation for MC-FE (left), uniform MLMC-FE (mid-
dle), and adaptive MLMC-FE (right). The simulations were conducted for a variety of
choices of e. The computational cost associated with a tolerance of e = 2 x 10~* for Monte
Carlo was prohibitive; the entry in the table for this tolerance (with an asterisk) is an esti-

mate.
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MC-FE | Uniform MLMC-FE | Adaptive MLMC-FE
€ Time Time  Speedup Time  Speedup

8 x 1073 | 5.67e+00 4.52e4+00 1.3 3.50e+00 1.6
6 x 1073 | 7.69e+00 5.25e+00 1.5 5.51e+00 1.4
4 x 1073 | 1.30e+02 2.32e+01 5.6 9.0le+00 14.4
2 x 1073 | 4.83e+02 4.62e4+01  10.5 3.16e+01 15.3

1073 9.22e+03 2.47e4+02 373 1.84e402 50.1
8 x 107 | 1.50e+04 2.48e+02  60.5 5.73e+02 26.2
6 x 1074 | 2.48e+04 4.13e4+02  60.0 6.30e+02 39.4
4 x107* | 5.68e+04 9.29¢+02  61.1 1.79e+03 31.7
2x 107% | 9.62e+05%  4.21e+03 228.5 1.21e4+04 79.6

Table 6.12: The CPU time in seconds for MC-FE (left), uniform MLMC-FE (middle), and
adaptive MLMC-FE (right), together with speedups for the multilevel methods, for a variety
of choices of e. The computational cost associated with a tolerance of € = 2 x 10~* for Monte
Carlo was prohibitive; the entry in the table for this tolerance (with an asterisk) is an

estimate.

6.2.3 Accuracy study

Next, we will explore the plasma boundaries and geometric descriptors of the expected
poloidal flux ¢ resulting from the three methods. To ensure a fair comparison, we will use

the results obtained from the MC-FE on the finest uniform mesh as a reference benchmark.

Plasma boundary. To ascertain the expected location of the plasma boundary, we first
determine the expected solution to the free boundary problem, E[¢], and determine the
boundary of this deterministic function. This boundary is depicted, in dark violet, in Figure
6.10 along with the plasma boundaries obtained from 50 random currents, which are shown
in light violet curves. In Figure 6.11 we present plots depicting the x-points and plasma
boundaries of the expected solution 1) computed using only samples and corrections from
increasingly finer grids for both uniform and adaptive MLMC-FE approaches. The data
was obtained with tolerance € = 4 x 107%. As can be seen when moving from left to right
in Figure 6.11, the result obtained using the information from the coarsest level (leftmost
column) is progressively corrected with information from increasingly finer grids, leading to
the desired result depicted in the rightmost column.

Among the three methods, MC-FE yields the smoothest plasma boundaries in the vicinity
of the x-point, followed by adaptive MLMC-FE, while the MLMC-FE approach on geometry-
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conforming uniform meshes manifests the most pronounced irregularity in the boundary of
the expectation of ). The boundary of the expected solution generated with the uniform
grid MLMC-FE method exhibits irregularities as can be seen in Figure 6.10. These large
deformations can be primarily attributed to the challenges arising from the curved bound-
aries. We will address this point in more detail at the end of this experiment. The top
row of Figure 6.11 demonstrates that using a geometry-conforming mesh provides a more

accurate approximation of the curved structure (in black) of the configuration than that in

4 4 4 4
2 2 2 2
0 0 0 0
-2 -2 -2 2}
-4 A -4~ -4~ -4 |
4 6 8 4 6 8 4 6 8 4 6 8
-2.5 2.5 25 -25
-3 -3 -3 -3
-3.5 ( -3.5 ( -3.5 / -3.5 (
) /—\ | ) /—\ | ) /\ | ) /‘\
4.5 5 5.5 4.5 5 5.5 4.5 5 5.5 4.5 5 5.5
MC simulation Uniform MLMC Adaptive MLMC Uniform MLMC
Geometry-conforming Geometry-conforming Common mesh
mesh mesh

Figure 6.10: The overlayed plasma boundaries of 50 random realizations are displayed in
the top row as violet curves. The solid violet line is the plasma boundary of the expected
poloidal flux generated with tolerance € = 4 x 10~%. The inner and outer walls of the reactor
are displayed in solid black and dark red respectively. The bottom row shows the regions
close to the x-points in more detail. The dark green dots are the x-points of the expected
solution. Each column from left to right corresponds to: simulation with the Monte Carlo
approach, MLMC simulation on geometry-conforming uniform meshes, and adaptive MLMC

simulation. All simulations were performed using the discretization level ¢ = 5.
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Figure 6.11: The violet curves represent the expected plasma boundaries for simulations
using increasingly finer grids when € = 4 x 10~* using the sample sizes specified in Table
6.11. Each sub-plot focuses on a region near the x-point, maintaining the same zoom-in
ratio as the second row of Figure 6.10. The dark green dots denote the locations of the x-
point. The top row shows the results of MLMC-FE on a set of geometry-conforming uniform

meshes, while the bottom row displays the results for adaptive MLMC.

the bottom row. These observations underscore the challenge of striking a balance between
preserving geometric fidelity when dealing with curved boundaries and the desired statistical
accuracy of the solution.

Geometric descriptors. Table 6.13 reports some geometric parameters of the expected
poloidal flux E[¢)] in (2.14). It is observed that these parameters are consistent across
different simulation techniques, with agreement typically up to two or, in some cases, one
significant digit. Having been derived from E[¢] all these values are deterministic. There
is, however, uncertainty associated with the corresponding quantities derived from 1, as
they are themselves random variables. Uncertainty on these quantities can be assessed
by computing Monte Carlo estimates of their expectations and variances. The multi-level
methodology can be used for this purpose without any modification by simply regarding them
as quantities of interest in their own right. All the relevant descriptors are computed for each

of the samples gathered during the computational loop at the various discretization levels
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and their expectations and variances are estimated following the same process described on
Algorithm 2. The expectations and variances obtained in this fashion are shown in Table
6.14.

MC-FE Uniform MLMC-FE | Adaptive MLMC-FE

X point (5.14,-3.29) (5.14,-3.29) (5.14,-3.28)

magnetic axis (6.41,0.61) (6.44,0.56) (6.46,0.54)

strike (4.16,-3.71) (4.16,-3.71) (4.16,-3.71)

points (5.56,-4.22) (5.56,-4.22) (5.56,-4.21)
inverse aspect ratio 0.32 0.32 0.32
elongation 1.86 1.87 1.86
upper triangularity 0.43 0.43 0.43
lower triangularity 0.53 0.53 0.53

Table 6.13: Geometric parameters of the expected poloidal flux ¢ from MC-FE, MLMC-
FE with geometry-conforming uniform mesh set, and adaptive MLMC-FE. The results are
generated with an nMSE 4 x 1074

MC MLMC
- Uniform Adaptive

Geometric parameters Mean Variance Mean Variance Mean Variance
X point (5.14,-3.29) | (2.37e-04,1.44e-03) | (5.14,-3.28) | (2.44e-04,6.33e-04) | (5.14,-3.29) | (4.03e-04,2.91e-03)
magnetic axis (6.41,0.61) | (1.01e-03,6.11e-04) | (6.41,0.60) | (2.65¢-02,6.28e-03) | (6.42,0.60) | (3.15¢-02,5.81e-03)
strike (4.17,-3.71) | (4.46e-03,2.23e-03) | (4.16,-3.71) | (1.23e-04,4.30e-05) | (4.17,-3.71) | (4.18e-04,2.00e-04)
points (5.56,-4.22) | (2.88¢-08,3.28¢-03) | (5.56,-4.22) | (4.05e-09,5.54e-05) | (5.56,-4.21) | (2.02e-08,2.98e-04)

inverse aspect ratio 0.32 4.76e-06 0.32 4.23e-06 0.32 4.31e-06

elongation 1.86 1.50e-04 1.86 1.83e-03 1.86 2.29e-03

upper triangularity 0.43 2.49e-04 0.43 1.45e-03 0.43 2.08e-03

lower triangularity 0.53 1.08e-04 0.53 1.52e-03 0.53 1.31e-03

Table 6.14: Sample mean of the geometric parameters extracted from each realization during
three simulations MC-FE, uniform MLMC-FE, and adaptive MLMC-FE. The results are
generated with an nMSE 4 x 1074

Despite the advantages of low computational cost, the MLMC-FE-based methods may
encounter difficulties in accurately determining the locations of x-points and magnetic axis.
Note that the discrete x-points, correspond to saddle points of the piecewise linear ap-
proximation of 1, and thus can only be located at the nodes of the mesh. The numerical
identification of their exact locations, which often relies on changes in the sign of the discrete
gradient, can be challenging; see [18, 39] for discussions of the computational difficulties.

In summary, simulations using the uniform MLMC-FE on non-nested geometry-conforming

uniform meshes may encounter a substantial challenge in accurately identifying the x-point
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and achieving less accurate quantities, especially for the plasma boundary, when compared
to the results obtained from MC-FE. On the other hand, the adaptive MLMC-FE approach
on a nested adaptively refined mesh set produces results that closely align with the MC-FE
at a much lower computational cost.

Meshing curved domains and their effect on MLMC estimations. In the deter-
ministic setting the geometric error stemming from inaccurately representing the curved
boundaries of the spatial domain introduces the undesired consequence of hindering the de-
cay of the discretization error since, as the mesh is refined, the discretized computational
domain does not converge to the semicircle bounded by I'. Moreover, this error adversely
affects the accuracy of estimating the variance of correction terms V;, resulting in inaccurate
sample size estimation and impacting the convergence of statistical error. In the stochastic
setting the geometric error manifests itself in rendering the Monte Carlo estimator biased
and inconsistent. The inconsistency stems from the fact that, as both the sample size and the
mesh level increase, the Monte Carlo estimator does not converge to the expectation of the
random variable u satisfying the free boundary problem. Instead, the estimator converges
to the expectation of the random variable that satisfies a perturbation of (2.11) where the
curve I' is not a semicircle, but the initial polygonal approximation. If the initial mesh is
fine enough, this geometric bias will likely be too small to affect the estimation.

On the other hand, if an exact descriptor of the curved boundaries is available, the afore-
mentioned difficulty can be overcome by re-sampling the curved boundaries when building
the sequence of finer grids, thus allowing for a resolution of the curved structures consistent
with the respective mesh parameter. If an exact descriptor is not available it is possible to
approximate it with, for instance, a cubic spline representation that interpolates the original
polygonal representation. This spline surrogate is then used to re-sample the boundary as the
mesh is refined. This strategy, which gives rise to what we refer to as geometry conforming
meshes, was implemented for the numerical experiments with uniformly refined meshes and
can be seen in use in the top row of Figure 6.11, where the curved boundary is represented
more accurately as the mesh is refined.

Nevertheless, even if the approximation to the problem geometry is now consistent with
the discretization error, this approach creates additional challenges. Since the approxima-
tions to the curved boundaries are not fixed across mesh levels, the sequence of meshes is no

longer nested—mnot even in the case of uniform refinements. Moreover, due to the fact that
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the sequence of discrete domains no longer coincides across levels, the domains of definition
of the respective discrete solutions will not overlap, and an extrapolation step may be needed
to compute the multilevel Monte Carlo estimator on a common computational domain. This
strategy, used in our numerical experiments, introduces an additional extrapolation error.
In our case this is evident, for instance, in the fact that the plasma boundary of the expected
solution E[¢y] is considerably less regular in the geometry-conforming case than it is in the
non-geometry-conforming one. This can be seen in Figure 6.11. The extrapolation error can
be taken care of through careful post-processing. One option is to project or interpolate the
numerical solutions into a subdomain common to all grids so that no extrapolation is needed
for evaluation. This strategy was employed to produce Figure 6.12 successfully eliminating
the spurious oscillations in the plasma boundary. However, doing this requires considerable
computational work and reduces the time savings obtained from MLMC.

One further difficulty is that the re-sampling of the boundaries is impossible to perform
in a straightforward fashion in the case of adaptively refined meshes. Thus, the geometric
approximation remains fixed at the initial level of refinement. This can be seen in the bottom
row of Figure 6.11, where the solid black line represents the polygonal approximation to the
curved boundary of the divertor. The approximation improves as the mesh is refined for the

uniformly refined mesh, but stays fixed for the adaptive strategy.

%/ﬁ/w”\’\

t=3 =4

Figure 6.12: The violet curves represent the expected plasma boundaries for post-processed
simulations using increasingly finer grids when € = 4 x 10~* and sample size specified in Table
6.11. Each sub-plot focuses on a region near the x-point, maintaining the same zoom-in ratio

as the second row of Figure 6.10. The dark green dots denote the locations of the x-point.
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6.3 Multilevel Monte Carlo sampling with surrogate function

In our concluding experiment, we embark on an exploration of a surrogate-enhanced multi-
level Monte Carlo sampling technique, within the framework of uniformly refined grids. Our
investigation entails a comprehensive analysis of the efficiency, focusing on both offline and
online costs, alongside an assessment of accuracy concerning plasma boundary and geomet-
ric descriptors within the context of online costs. Through this study, we aim to provide
insights into the performance and efficacy of the surrogate-enhanced multilevel Monte Carlo

approach, shedding light on its potential applications and benefits in practical scenarios.

6.3.1 Experiment description

The implementation of MLMC-FE sampling requires a hierarchical spatial mesh set. The
number of grid points M, of the mesh set is shown in Table 6.15, with the reference mesh
comprising 30,449 grid points. These meshes are subsequently used in MC-FE and MLMC-

FE samplings with both direct solvers and surrogates.

Level 0 1 2 3 4 5
M, | 2685 | 8019 | 30449 | 120697 | 484080 | 1934365
P, 1 25 313 2649 17265 -

Table 6.15: The number of spatial grid points M, at increasing level ¢ = 0 to 5, and the

number of parameter grid points P, from level ¢ = 0 to 4.

In constructing surrogates, we employ stochastic collocation on Clenshaw-Curtis sparse
grids within a 12-dimensional parameter space. The corresponding counts of sparse grid
nodes P, at increasing levels are provided in Table 6.15. For all samplings conducted in this
study, the stopping threshold for the relative residual was set to 5 x 107!, and the user-
specified tolerances for the normalized mean squared error fall within the range of € = 2x 1074
to 8 x 1073, The sample mean and V; are dynamically updated using Welford’s algorithm in
(6.4). The resulting normalization factor ||E(uz)||z on the finest spatial mesh level (¢ = 5)
is approximately 0.86. Particularly for surrogate-based samplings, the splitting parameters
in (5.7) and (5.28) are selected as 6 = 0.5,6, = 6, = 1/0.5/2. In the case of direct solve,
the stopping threshold for the relative residual of Newton’s method is set to 5 x 1071, A

half-and-half splitting is applied between discretization and sampling errors. All experiments
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use MATLAB R2023a on a System 76 Thelio Major with 256GB RAM and a 64-Core @Q4.6
GHz AMD Threadripper 3 Processor.

6.3.2 Surrogate construction

The surrogate construction requires an understanding of discretization and interpolation er-
rors. The plots of Figure 6.13 demonstrate the discretization error, and interpolation error
resulting from perturbing currents in varying numbers of coils within our model problem.
The decay rate «; of the discretization error is around 1, as shown in [19]. Notably, per-
turbing currents in three coils results in a discernible reduction in the interpolation error,
manifesting at a rate of approximately p; ~ 0.47. In contrast, when all twelve coils undergo
perturbations, the interpolation error decays at a slower rate of p; ~ 0.04. This near-zero
decay rate implies a rapid escalation in the required sparse grid nodes in (4.5), (4.12), and
(4.17) for the single-level sparse grid stochastic collocation and single-level spatial discretiza-
tion, single-level sparse grid stochastic collocation and multilevel spatial discretization, and
multilevel in both parameter and spatial grids surrogates as tolerance ¢ decreases. The
rapid growth of sparse nodes and limited computational capabilities for finer spatial meshes
introduce computational complexities in both surrogate construction and evaluation. Nev-
ertheless, to enable sampling for our problem, we acknowledge and accommodate a nearly

constant interpolation error. To this end, we use level ¢ = 1 sparse grid points in construct-
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Figure 6.13: Top left: Discretization error vs. number of spatial grid nodes M, plot. Top

right: Interpolation error vs. number of sparse grid points P, plot.
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ing the single-level sparse grid stochastic collocation and single-level spatial discretization
surrogate for MC-FE samplings, and single-level sparse grid stochastic collocation and mul-
tilevel spatial discretization surrogate for MLMC-FE samplings. In such scenarios where the
same sparse grid nodes (same P) are used, the number of sparse grid points P,, is inde-

pendent of €, the parameters related to P,,, including p; and ~, in the conditions (i7) and

(1v) of the MLMC-FE with the single-level sparse grid stochastic collocation and multilevel
spatial discretization surrogate in Theorem 3 become zero, rendering the degeneration of the
sampling cost into the basic MLMC cost, as established by Giles [12] in Theorem 2.

To evaluate the cost of constructing surrogates, we first estimate the average sample cost
Cy = O(M,) through direct computation. This is done by conducting computations with 100
random currents and calculating the mean CPU time, rather than relying on the complexity
analysis of standard solution algorithms. The left plot of Figure 6.14 illustrates the results,
with regression analysis providing v = 1.09, as reported in [19]. Using this estimated cost Cy,
we then assess the costs associated with building a series of single-level sparse grid stochastic
collocation and single-level spatial discretization surrogates, where the spatial grid level /¢

increases from 0 to 5 and the sparse grid level ¢ remains fixed at 1. The detailed results

are presented in Table 6.17. To determine the required spatial grid level for estimating
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Figure 6.14: Left: The mean CPU time of 100 realizations for direct computations vs. an
increasing number of spatial grid points M,. Middle: The mean CPU time of 100 realizations
for surrogate evaluations with a fixed sparse grid level ¢ = 1 vs. an increasing number
of spatial grid points M,. Right: The mean CPU time of 100 realizations for surrogate
evaluations with a fixed spatial grid level £ = 0 vs. an increasing number of sparse grid points
P,. The fitted curves indicate that C, and C§ behave approximately like 1.63 x 1075 x M}-%

and 3.08 x 1078 x M% PO92,
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the cost of constructing a multi-spatial level surrogate (single-level sparse grid stochastic
collocation and multilevel spatial discretization surrogate), we observe that for tolerances e
ranging from 2 x 10™* to 8 x 1073, the corresponding required finest spatial levels satisfying
the discretization error condition in (4.11) are in Table 6.16. We then use these required
finest spatial grid levels along with the single spatial level surrogate cost from Table 6.17 to
estimate the offline cost. The top right plot of Figure 6.15 shows the construction costs for
both single-level sparse grid stochastic collocation and single-level spatial discretization, and
single-level sparse grid stochastic collocation and multilevel spatial discretization surrogates

as a function of €. This plot suggests that both surrogates exhibit a similar complexity of

approximately O(e~!), aligning closely with the theoretical cost O(e=7/21) & O(¢~1%).
Tolerance 2x 1074 | 4x 107 | 6x1074 [ 8x 1074|1072 | 2x1073 [4x103|6x107*|8x 1073
Finest spatial grid level L 6 [§ 6 5 5 5 4 4 4

Table 6.16: Finest spatial grid level required to perform surrogate-based samplings for various

tolerances.

Spatial grid level ¢ 0 1 2 3 4 5
CPU time 2.02e400 | 5.95e+00 | 2.30e+01 | 1.21e+02 | 6.60e+02 | 2.75¢+03

Table 6.17: CPU time to construct the single-level sparse grid stochastic collocation and
single-level spatial discretization surrogate for sparse grid level ¢ = 1 against increasing

spatial grid levels.

6.3.3 Efficiency study

We now use the constructed single-level sparse grid stochastic collocation and single-level
spatial discretization surrogate for MC-FE samplings, and single-level sparse grid stochastic
collocation and multilevel spatial discretization surrogate for MLMC-FE samplings.

To estimate the online sampling cost, we approximate the average cost per sample Cj =
oM P)?) for surrogate evaluation by measuring the CPU time of 100 random samples.
The results are shown in the middle and right plots of Figure 6.14. Regression analysis
reveals rates of 73 = 0.95 and ~» = 0.92, consistent with the anticipated linear behavior in
both M, and P, [49, Section 3.3.5.4] for surrogate evaluation. The sampling costs associated

with various sampling techniques are illustrated in the bottom left plot of Figure 6.15. To
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Figure 6.15: Top left: Offline cost for both single-level sparse grid stochastic collocation and
single-level spatial discretization surrogate and single-level sparse grid stochastic collocation
and multilevel spatial discretization surrogate. Top right: value of V; vs. number of spatial
grid points M, plot. Bottom left: Estimated sampling CPU time v.s. tolerance € plot, where
the yellow curves represent the result of interpolating the MLMC-FE estimator to a common

fine mesh of spatial level ¢ = 5.

compare the results of both MLMC-FE and MC-FE samplings, the same spatial mesh with
level defined in (4.11) is used to ensure consistency in discretization errors meeting the nMSE
error splitting threshold.

For MC-FE samplings, least-square fittings of the online costs from the bottom left plot
of Figure 6.15 indicate that the direct solver and surrogate exhibit computational costs of
O(e3%1) and O(e 2%) respectively. These observed costs closely align with the theoreti-
cal values of O(e277/21) = O(e3%) for the direct solver and O(e~2-7/%) = O(¢3) for
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the surrogate, where ;11=0 in (5.8) as P, is independent of e. Given the proximity of the
magnitudes of 7; (= 1.09) in the direct solver and 7;;(= 1) in the surrogate evaluation,
the slopes of both solid and dotted blue lines in the cost plot (bottom left plot of Figure
6.15) run almost parallel to each other. Notably, in our model, the direct solver relies on
Newton’s method to handle nonlinear algebraic systems. This choice of methodology for
solving these systems affects the parameter ~, influenced by factors such as the mean cost
associated with solving a linearized system due to the nonlinearity of magnetic permeability
and the source term, the number of iterations required by Newton’s method, complexities
arising from the nonlinearity of the free plasma boundary, and the need for reassembling
the nonlinear system. These factors, together with the Matlab implementation of sparse
matrices using sparse direct methods [14, 30], collectively contribute to shaping the value
of v. We anticipate 7 to take values such as 1.5 when considering the nested dissection as
ordering for sparse matrices [26] and between 1 to 2 when using a band solver [30, Section
4.3]. Our estimation of v is based on Matlab timings and not on the complexity analysis of
standard linear solution algorithms; hence it may be overly optimistic. In general, when the
sample-wise cost of the direct solver has an order v much larger than 1, the advantages of
using the surrogate become more pronounced as tolerance e decreases.

In the same sampling cost plot for MLMC-FE related approaches, the solid and dashed
green curves indicate that both the direct solver and surrogate exhibit complexities of ap-
proximately O(e~2), consistent with the theoretical predictions in Theorem 2. Notably, the
surrogate approach, represented by the dotted green line, incurs a significantly lower sam-
pling cost in CPU time compared to the nearly parallel solid green line associated with the
direct solver. This disparity can be attributed to a smaller constant factor in the asymptotic
estimate for the sample-wise cost for surrogate evaluation, as estimated in the caption of
Figure 6.14. The decay rates of V, are approximately 1.83 for direct computation and 1.47
for the surrogate, exceeding the increase in cost, which are v ~ 1.09 and v, ~ 1 respec-
tively, as shown in the top right plot of Figure 6.15 and left plot of Figure 6.14. As per
Theorem 2, the majority of the work is concentrated on the coarse spatial grids for both
the surrogate-enhanced MLMC-FE and the direct solver counterpart, effectively shifting the
workload from the fine spatial mesh to the coarse grids.

Notably, in the plot for V;, the surrogate exhibits a slightly larger V, than the direct solver

when M, exceeds 10°. This discrepancy arises due to the insufficient number of sparse grid
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nodes used for constructing the surrogate as the tolerance € decreases. To ensure accuracy,
the number of sparse grid nodes P needs to satisfy (5.28). However, in our case, to address
a nearly constant interpolation error, we only use a fixed sparse grid level ¢ = 1, which
violates the accuracy requirement. Consequently, the large interpolation error (around 1073
in the top right plot of Figure 6.15) becomes more pronounced over the discretization error
as the tolerance falls below 1073 (when M, exceeds 10°). This leads to an increase in the
total error ||u — 1,|| of the surrogate approach, resulting in V; being slightly larger than that
of the direct solver.

Similar to the discussion in [19], the estimation of the MLMC-FE estimator for (2.14)
involves accumulating sample corrections 17;’12 across spatial levels. These corrections in-
corporate ﬂff;)@_l, computed on the coarse spatial grid using ﬂfﬂ on the fine grid, through
interpolation as a more efficient yet less accurate alternative to Galerkin projection. How-
ever, the use of non-nested geometry-conforming uniform spatial meshes introduces extrapo-
lation errors during interpolation. To address this challenge, we propose a remedy involving
the adoption of a sufficiently fine common grid (e.g., ¢ = 5) that encompasses all coarser
meshes, intending to minimize or eliminate extrapolation errors during the interpolation of
surrogate corrections from all multi-level spatial coarser grids. In the cost plot displayed
at the bottom left of Figure 6.15, considering a common fine grid to mitigate extrapolation
error, the MLMC-FE sampling costs with both direct solve (solid) and surrogate (dotted)
are highlighted in yellow, with cost estimates for both approaches approximating O(¢~2).
We observe a significant increase in cost attributed to the interpolation on a common grid
for these two methods, albeit at the expense of heightened accuracy. Particularly notewor-
thy is that when ¢ is relatively large (above 107%), the MLMC-FE sampling cost of the two
methods with this remedy exceeds the MC-FE cost. However, as ¢ decreases, the cost of
MC-FE samplings escalates significantly, eventually surpassing the cost of MLMC-FE when
considering the adoption of a common grid for interpolation.

Table 6.18 presents quantitative CPU time-based sampling costs and speedups when
employing different strategies against the standard benchmark of MC-FE with direct com-
putation. The last two columns detail the outcomes of mitigating extrapolation error through
common fine grid usage for both direct solve and surrogate MLMC-FE. This table reveals
that, for tolerances ranging from 2 x 107* to 8 x 1073, the surrogate-based MLMC method

drastically reduces sampling times to between 0.1 and 14 seconds, in contrast to the 0.5 to
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1.8 x 10* seconds required for direct computations. This reduction translates to cost savings
by factors of 50 to 300. When these findings are juxtaposed with those from MC using
direct computation—requiring 5.7 to 10° seconds—the enhanced MLMC strategy reveals a
more dramatic speedup, at least 60 and often exceeding 10* as the tolerance decreases. It
is noteworthy, however, that the interpolation process, while reducing extrapolation errors
for MLMC-FE with both direct computation and surrogate methods, does not yield the
expected efficiency gains. The process of interpolating each sample onto a very fine common
grid incurs costs higher than those of obtaining a single realization using either method.
Consequently, the total computational effort for both strategies aligns closely, with nearly
identical speedups. This observation underscores that the efficiency benefit of interpolating
to a common grid is less pronounced than anticipated, particularly in comparison to scenarios
without such interpolation.

Table 6.19 shows the sample size estimations for both direct solver-based and surrogate-
based MC-FE and MLMC-FE samplings, as quantified by (5.4), (5.14) and (5.30). The
surrogate-based approaches (both MC-FE and MLMC-FE) demand a more stringent dis-
cretization error, indicated by a smaller splitting ratio (v/0.5/2) within the nMSE error split-
ting, compared to the larger ratio v/0.5 required by direct solver-based samplings. This im-
plies that surrogate-based samplings might demand higher levels of the finest spatial grid. For

MC-FE Direct solver MC-FE Surrogate MLMC-FE Direct solver | MLMC-FE Surrogate | MLMC-FE DS Interp | MLMC-FE Surrogate Interp
€ Time Time  Speedup Time  Speedup Time  Speedup Time  Speedup Time  Speedup

8x 1073 5.67e+00 5.16e-01 11.0 4.52e+00 1.3 9.78¢-02  5.8e+01 6.49¢+01  0.08 7.17e4+01  0.08
6x 1072 7.69e+00 1.33e+00 5.8 5.25e+00 1.5 9.81e-02  7.8e+01 9.49e+01 0.08 8.84e+01 0.09
4%x107° 1.30e+-02 1.67e+00 78.1 2.32e+01 5.6 1.23e-01 1.1e+03 2.16e+02 0.6 1.14e+02 1.1
2x 1078 4.83e+02 4.07e+01 119 4.62e+01  10.5 2.91e-01  1.7e+03 6.56e+02 0.7 6.16e+02 0.8

1072 9.22e+03 1.80e+02 51.3 2.47e+02 373 6.77e-01  1.4e+04 2.92e+03 3.2 2.46e+03 3.8
8x 107 1.50e+04 2.60e+02 57.8 2.48e+02  60.5 8.36e-01 1.8e+04 4.63e4+03 3.3 3.53e4+03 4.3
6x 1071 2.48e+04 1.93e+03 12.9 4.13e+02  60.0 1.97e4+00 1.3e+04 8.26e4+03 3.0 6.63e4+03 3.8
4% 107" 5.68e+04 4.12e+03 138 9.29e+02  61.1 3.33e+00 1.7e+04 1.69e+04 3.4 1.62e+04 3.5
2 x 107 9.62e+05" 1.76e+04 54.6 4.21e+03 228.5 1.43e4+01  6.7e+04 7.13e+04 13.5 6.38e+04 15.1

Table 6.18: The CPU time in seconds together with speedups for the multilevel methods,
for a variety of choices of e. For MC-FE with direct solver and surrogate, MLMC-FE with
direct solver and surrogate, and MLMC-FE with direct solver and surrogate with solution
interpolating to a common fine grid of level £ = 5. The computational cost associated with
a tolerance of € = 2 x 10~* for Monte Carlo was prohibitive; the entry in the table for this

tolerance (with an asterisk) is an estimate.
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instance, in MC-FE sampling with tolerances e = 8x1073,6x1072,2x1073,6x 107, 4x 1074,
the direct solver approach operates with one less spatial refinement level than its surrogate
counterpart. This requirement holds constant for MLMC-FE samplings, requiring identical
finest spatial levels to those in MC-FE to maintain consistent discretization error across
methods. Furthermore, both direct solver-based and surrogate-based samplings exhibit a
similar trend in sample size estimation for both MC-FE and MLMC-FE. As the tolerance ¢
diminishes, the need for more samples escalates irrespective of the computational strategy.
In MLMC-FE samplings, sample sizes demonstrate a decrease moving from coarser to finer
grids. It is observed that surrogate-based MLMC-FE sampling incurs a marginally higher
sample size requirement, this is due to the fact the V; in the bottom right plot of Figure 6.15
indicates a slower reduction for the surrogate compared to the direct solver as well as given

both Cy and Cf have roughly similar rates at around 1.

6.3.4 Accuracy study

Plasma boundary. The plasma boundary of the expected poloidal flux in (2.14) is displayed
in Figure 6.16. As discussed in [19], direct solver-based MC-FE sampling on a single spatial
mesh yields a smooth plasma boundary, while direct solver-based MLMC-FE sampling on
non-nested geometry-conforming meshes results in significant deformation near the x-point
region due to extrapolation errors introduced during the accumulation of sample corrections
(first and third columns in Figure 6.16). Surrogate-based sampling methods, both for MC-
FE and MLMC-FE, exhibit similar plasma boundary behavior around the x-point region

as their direct solver-based counterparts (second and fourth columns in the picture). To

Level ¢ Level ¢ Level ¢ Level ¢
€ 0]1(2] 3 4 5 € 0123 4 5 € 0 1 2 31415 € 0 1 2 3 415
8x 1073 5 8x 1073 4 8x 1073 10 2 2 8x 1073 10 2 2 2
6x 1073 7 6x 1073 11 6x 1073 12 3 2 6x 1073 10 3 2 2
4x1073 22 4x1073 14 4x107° 32 5 2 2 4% 1073 37 8 2 2
2% 1073 83 2x 1073 83 2x 1073 | 152 26 4 2 2x 1073 | 151 22 4 2 2
1073 322 1073 347 1073 691 109 | 18 | 4| 2 1073 673 134 | 22 5 2
8x 1071 527 8x 1074 501 8x 1071 | 841 129 | 23 | 3| 2 8x 107*| 1017 | 173 | 29 8 2
6x 1074 869 6x 1074 901 6x107* | 1610 | 231 | 40 | 8 | 2 6x107%| 1867 | 315 | 51 | 15 | 4 |2
4x107* 1980 4% 1074 1995 4x107* | 3791 | 589 | 104 [ 15| 3 4x107*| 4160 | 686 | 108 | 27 | 6 |2
2x 1074 8000* 2x 1074 8326 2x 107* | 15859 | 2344 | 375 | 62 | 13 | 2 2 x 107* | 17646 | 2919 | 435 | 102 | 20 | 7

Table 6.19: The optimal sample size estimation. Left: MC-FE sampling with the direct
solver. Middle left: MC-FE with the surrogate. Middle right: MLMC-FE with the direct
solver. Right: MLMC-FE with the surrogate.
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mitigate the impact of extrapolation errors in surrogate-based MLMC-FE, we interpolate
the surrogate evaluation corrections onto a very fine spatial common grid with a boundary
containing all the coarse meshes. The resulting plasma boundary of the expected poloidal

flux is presented in Figure 6.17, where the large deformations disappear.
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MC-FE + Direct Solve MC-FE + Surrogate MLMC-FE + Direct Solve MLMC-FE + Surrogate

Figure 6.16: The overlayed plasma boundaries of 50 random realizations are displayed in the
top row as violet curves (interpolate to the neighbor finer mesh). The solid violet line is the
plasma boundary of the expected poloidal flux generated with tolerance € = 4 x 10~*. The
inner and outer walls of the reactor are displayed in solid black and dark red respectively.
The bottom row shows the regions close to the x-points in more detail. The dark green dots
are the x-points of the expected solution. Each column from left to right corresponds to
simulations of the MC-FE approach with the direct solver and surrogate, MLMC-FE with
direct solver and surrogate. All simulations were performed using the discretization level

¢ =5 on geometry-conforming uniform meshes.

Geometric descriptors. Table 6.20 provides the geometric parameters that are derived
from the plasma boundaries of the expected plasma field associated with various hybrid
methods. In the table, we set the MC-FE sampling with a direct solver as the benchmark for

comparison, we observe that the geometric descriptors match up to two decimal places for the
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Figure 6.17: The overlayed plasma boundaries of 50 random realizations are displayed in
the top row as violet curves. The solid violet line is the plasma boundary of the expected
poloidal flux generated with tolerance € = 4 x 10~*. The inner and outer walls of the reactor
are displayed in solid black and dark red respectively. The bottom row shows the regions
close to the x-points in more detail. The dark green dots are the x-points of the expected
solution. Each column from left to right corresponds to: the simulation with the MLMC-FE
approach with a direct solver and surrogate, with solutions interpolated to a common fine
mesh of level £ = 5. All simulations were performed using the discretization level £ = 5 on

geometry-conforming uniform meshes.

surrogate-based MC-FE and MLMC-FE samplings with interpolation on the common grid.
However, for MLMC-FE samplings without interpolation on a common grid, the geometric
descriptors align only up to one decimal digit. This discrepancy is attributed to plasma
boundary distortion arising from the extrapolation error on a geometry-conforming uniform

mesh set.
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MC-FE DS

MC-FE Surrogate

MLMC-FE DS

MLMC-FE Surrogate

MLMC-FE DS (Interp)

MLMC-FE Surrogate (Interp)

X point (5.14,-3.29) (5.14,-3.29) (5.14,-3.29) (5.14, -3.30) (5.14,-3.29) (5.14,-3.29)
magnetic axis (6.41,0.61) (6.41,0.61) (6.44,0.56) (6.44, 0.56) (6.41,0.61) (6.41,0.61)
strike (4.16,-3.71) (4.16,-3.71) (4.16,-3.71) (4.16, -3.71) (4.16,-3.71) (4.16,-3.71)
points (5.56,-4.22) (5.56,-4.22) (5.56,-4.22) (5.56, -4.22) (5.56,-4.22) (5.56,-4.22)
inverse aspect ratio 0.32 0.32 0.32 0.32 0.32 0.32
elongation 1.86 1.86 1.87 1.87 1.86 1.86
upper triangularity 0.43 0.43 0.43 0.46 0.43 0.43
lower triangularity 0.53 0.53 0.53 0.53 0.53 0.53

Table 6.20: Geometric parameters of the expected poloidal flux ¢ from MC-FE with direct
solver, MC-FE with the surrogate, MLMC-FE with direct solver, MLMC-FE with the sur-

rogate, MLMC-FE with direct solver with interpolating solution to a common fine grid of

level ¢ =5, MLMC-FE with surrogate with interpolating solution to a common fine grid of

level ¢ = 5. The results are generated with an nMSE 4 x 10~ on the geometry-conforming

uniform mesh set.
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Chapter 7:  Concluding remarks

The work comprised in this thesis focuses on advancing computational algorithms for quan-
tifying uncertainty in the Grad-Shafranov free boundary problem. Employing methodologies
such as sparse grid stochastic collocation, Monte Carlo finite element methods, multilevel
Monte Carlo finite element methods, and hybrid techniques, the research aims to develop
efficient approaches for assessing uncertainty impact on the model problem.

The initial approach focuses on assessing the accuracy and efficiency of the surrogate-
based Monte Carlo sampling strategy using sparse grid stochastic collocation to define the
surrogate. Regarding accuracy, we investigate the influence of stochasticity in the param-
eters on key features of the plasma boundary, including the location of the z-point, strike
points, and shaping attributes like triangularity and elongation. Numerical findings indicate
that surrogate functions closely emulate the direct solver concerning the plasma boundary.
While the surrogate computations generally align with the results of the direct solution, a
slight loss of accuracy is observed with increasing perturbation size. Our efficiency study
primarily concentrates on sampling costs. Surrogate-based approaches incur non-negligible
costs associated with surrogate construction. However, surrogates can be stored and reused
once constructed, rendering the cost to be a one-time investment amortized over subsequent
sampling sessions. Numerical results demonstrate that the use of surrogates reduces the CPU
time required for direct Monte Carlo sampling by factors ranging from 7 to over 30. These
outcomes underscore the efficiency and accuracy advantages of surrogate-based sampling
over direct computation sampling.

The second part of the thesis explores potential cost savings in sampling through the
multilevel Monte Carlo method, leveraging a hierarchical spatial mesh set for cost redis-
tribution. In the absence of a predefined hierarchical mesh set for our model problem, we
construct a sequence of uniformly refined grids tailored to the intricate mesh geometry,

featuring curved boundaries that require careful handling. Our exploration of multilevel
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approaches involves sampling on both geometry-conforming uniform grids and adaptively
refined grids guided by a discrete a posteriori error estimator [17, 37, 38, 47, 52, 66]. Nu-
merical results reveal substantial efficiency improvement for the multilevel method when
sampled on geometry-conforming meshes, ranging from 60 to over 200. However, in terms of
accuracy, this method introduces notable distortions in the plasma boundary due to the ex-
trapolation error arising during the accumulation of interpolated sample corrections between
non-nested physical meshes. This difficulty is resolved by adaptive gridding, which yields
comparable sampling costs but provides more accurate computations of geometric quantities
such as x-points associated with the model. Moreover, as a remedy for the extrapolation
error observed in uniform MLMC sampling, we mitigate or eliminate it by implementing a
post-processing procedure involving interpolation on a very fine common mesh encompassing
all coarse meshes. Numerical results demonstrate that this strategy effectively eliminates in-
accurate representations of the plasma boundary but it incurs computational costs associated
with interpolation, thus reducing time savings for MLMC. Therefore further explorations on
the handling geometric with curved boundaries should be considered.

In the last part of the thesis, we dive into hybrid methods that integrate surrogates with
multilevel Monte Carlo, aiming to achieve further reductions in sampling costs compared
to direct computation within the multilevel Monte Carlo framework. We propose distinct
surrogate types designed to replace direct computations in online sampling processes for MC
and MLMC to estimate the expectation. For each strategy, we establish the optimal con-
struction and sampling costs through a comprehensive analysis of normalized mean square
error. Given the slow decay of large interpolation errors inherent in our model problem,
arising from the high dimensionality of the parameter space, our focus is exclusively on
exploring MLMC with single-level sparse grid stochastic collocation and multilevel spatial
discretization. Our numerical experiments reveal that, for a tolerance range of 2 x 10~ to
8 x 1073, the surrogate-based MLMC method can perform samplings within a remarkably
short span of 0.1 to 14 seconds, thus slashing direct computation costs by factors of 50 to 300.
When contrasted with MC using direct computation, the enhanced MLMC strategy show-
cases a substantial speedup, with a minimum of 60 and potentially reaching up to 6 x 10*
as the tolerance level is lowered. Accuracy assessments indicate that the plasma bound-
ary and geometric descriptors resulting from surrogate-based sampling closely emulate those

obtained through direct computations. Moreover, adopting a common fine grid for interpola-
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tion yields smooth plasma boundaries in both surrogate-based and direct computation-based

approaches, though this comes at the cost of diminished sampling efficiency.
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Appendix A: Appendix

For completeness, we present a detailed proof for the theorems outlined in Chapter 5.2.3.

A.0.1 Proof of Theorem 1

The proof of this theorem follows the methodology outlined in [68]. Recall that the sample-
wise cost for the direct solver to compute one realization is given by C, = M)/, with M, =
Mys* and s > 1. To estimate the cost for building the multilevel in both parameter and
spatial grids surrogate in (4.19) in terms of tolerance €, let H; and Hs represent the two

terms within the upper bound of the cost #{3] \., given by

1 1
“=+1 s
C ﬁ ¢ api—ag \ H1 C ﬁ yui—ay ¢ m1
H, = p M n1+1 _ p pn1+1 k
1-= k - 0 81 )
926 926
k=0 k=0

L

V4
Hy:=> M =M]» 5™

k=0 k=0

where 57 = s M and Hy < W3 < Hi+ Hy. Let n € R. The behavior of Zizo s is
described by

14 1—1577:(9(1)’ 77<O’
Y s =< £+1=0(|loge]), n=0, (A1)
k=0 O <€_ail> ) n > 07

which can be proved using the geometric summation and the optimal spatial mesh level in

(4.11). The scenario when n > 0 can be shown as

Y/ i 577(44‘1) . 1 877( 8%10g3(0/6*1)+77 (C/Sal)all o o
Z 577 — < < — € o1 = O (6 al)
— sm—1 1—s77 1—sm 1—sn

Using (A.1) and the assumption on parameters in Theorem 1, an upper bound for the
1

geometric sum in Hs is determined as Zi:o sk <O (6757) <O (efﬁ). Consequently,
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H,=0 (e_ﬁ). To estimate Hy, let n = 22=32 in (A.1). The behavior of Zi:o st and H,

are characterized by

_1
¢ 17151 =0(1), Y1 < Qa, O (e “1)7 Y < Qa,
_1 1
Sost=9 (+1=0(logel), yu=az  H=4 O flogel ), = as,
k=0 L 1 _aui—ag
. O (E al(ml)) : T > @2, o <€_H_W> . Y > s

Notice that the second term Hs is dominated by the first term H; in all three scenarios,
under the assumption in Theorem 1. This indicates that both the lower bound H; and the

upper bound H; + Hj exhibit the same behavior as H; and so does #} .- U
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