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Chapter 1

Introduction

1.1 Wireless ad-hoc networks: benefits and limitations

Traditional wireless communication networks, namelyual and satellite networks, require an in-

frastructure over which communication takes place. Acowlgl, considerable effort and resources

are required for such networks to be set up, before they daalacbe used. In cases where setting

up an infrastructure is a difficult or even impossible taskchsas in emergency/rescue operations,
military applications or disaster relief, other altermati need to be devised.

Wireless ad-hoc networks are infrastructureless autongragstems that have emerged to serve
this need by allowing a quick network development with lowiggnent cost (Figure 1.1). The net-
work is formed as soon as a collection of wireless devicagippgd with wireless communication
and networking capabilities, express a wish to exchangenmdtion. They are peer-to-peer net-
works, i.e all the network nodes have the same capabiliidsn@ base stations or central access
points need to be involved for data exchange.

In wireless ad-hoc networks, each node is supplied with &naa, that allows it to transmit
and receive information from the other nodes. There exisertitan twenty types of antennas [7].

Omni-directional antennas, also known as isotropic, haenlwidely used. They can radiate and



Figure 1.1: An ad-hoc wireless network

receive equally well in all directions, within a certain nasl called the range of transmission. The
radius is determined by the transmission power. It shoukttessed that, when a node transmits to
another node, its transmission can be heardlbyodes that lie within transmission range. In the
case of unicast, one-to-one, communication only one notdeinterested in this transmission,
while the rest of them will receive it as interference. Thghar the transmission power, the larger
the number of nodes that can be reached in a single tranemi$sit also the the higher the amount
of interference that will be experienced by other nodes. [@tier explains the need to control the
transmission power and proceed in a multi-hop fashion tevdiod the information to its receiver.
To overcome this shortcoming of isotropic antennas andedakther challenging problems, direc-
tional and smart antennas are often used, that aim to diesx@rhission within a narrow cone. This
technique eliminates the energy waste and the interferiemeesed on other nodes in the vicinity
of the transmitter node ([18], [6]).

Wireless ad-hoc networks can be divided into two main categostatic and mobile. While
in static wireless networks the topology is fixed and nodations cannot be updated during the

course of time, in mobile networks, some or all of the nodeg&hmovement capabilities. Mobile



ad-hoc networks can be further characterized accordinigetio tnobility pattern, i.e. those where
nodes move independently and those where they follow a graiglity pattern. Independent node
mobility is frequently modeled by one of two widely used mabipatterns, namely the Random
Way Point mobility pattern and the Random Walk mobility patt In this thesis, we focus on
mobile ad-hoc networks, where each node is moving indepelydef the others, in a i.i.d or
Random Walk fashion.

While ad-hoc wireless networks have the advantage of fleyilsind easy deployment, their
“ad-hoc” nature is the source of many limitations and chegks as well.

First of all, wireless ad-hoc networks commonly span a |la@ygegraphic area. This, in con-
junction with the limited transmission range through thealgss interfaces, prevents a transmitting
node from reaching its intended destination in one hop. d¢ty Easender and a receiver are seldom
located within transmission range in this type of wirelesgimnments. When a node chooses
to transmit to an intended receiver which is not within trarssion range, a multiple hop path
needs to be found, so that the information gets routed thr@ugumber of intermediate “relay”
nodes, until the destination is reached. Hence, routintppods have a significant importance in
wireless ad-hoc networks. However, routing decisions ard to obtain, especially in mobile and
highly dynamic networks. Node mobility might cause a path tiestination to “break”, rendering
obsolete the network routing information. In this casejdient updates of the routing tables are re-
quired, which is a resource consuming procedure. In additiolike wireline networks, where the
routing criterion is based on the shortest path, in ad-howaré&s, shortest path is not always the
best selection; factors such as node mobility, power litiites of the individual nodes or interfer-
ence from the transmissions of the nodes come into play artthgpbecomes a more challenging
task.

As a second limitation, the shared wireless medium posesti@nts on simultaneous trans-

missions. Indeed, simultaneously transmitted signalsdaghioring nodes are likely to collide.



This would hinder correct reconstruction of the signals.

Thirdly, the nodes have limited battery power. Once thedpatpower at a node gets depleted,
the node can no longer participate in either transmittingeoeiving packets. As more and more
nodes run out of battery, the network becomes partially en@ompletely disconnected, at which
point communication becomes impossible.

Lastly, in dedicated link networks, the Open Systems latenection (OSI} layer separation
simplifies the implementation of different network opevas by letting them occur independently
of each other at different layers. For example, link schiedutan be done in the Medium Access
Control (MAC) layer and is independent of finding routes, ethis performed in the network layer.
In wireless networks, the wireless medium is shared amoegswand hence some functions are

better performed jointly by the different layers than indiegently. This has been widely studied
(51, [17]).

1.2 Link scheduling in wireless ad-hoc networks

As mentioned earlier, one of the main differences betweenlegs and wireline networks is the
nature of the communication medium. While in wireline netkgonodes are connected by dedi-
cated channels, in wireless networks the same medium isdlgrmultiple users. Suppose that
in a wireless network, two nodes attempt to transmit to a comnetwork node, which is within
communication range from both of them. If they transmit diameously, the receiver will hear
the sum of the two signals and hence will not be able to cdyrelgtcode the information being

transmitted. Hence, it is crucial to come up with protocbksttappropriately coordinate access to

1A model of network architecture and a suite of protocols tplement it, developed by the International Organiza-
tion for Standardization (ISO) in 1978 as a framework foeinational standards in heterogeneous computer network

architecture.



the wireless medium to avoid collisions. One approach istosg scheduling rules that, at every
time instant, allow only a set of non-interfering nodes smgmit. These rules will attempt to opti-
mize different performance criteria ([2], [3], [12]). Twabic approaches have been widely used:

centralized and decentralized scheduling.

e Centralized scheduling. A centralized controller is responsible to decide whichs st
network nodes are to transmit simultaneously. A simplstiteme is to preselect a collection
of sets of non-interfering links that can be activated stam#ously and then rotate among
them in some predetermined fashion, i.e. Round-Robin.ryleane can devise a scheduler
at least as good as the simplistic one, by giving it accedsgtaétwork information, such as
the distribution of traffic in the network and how the queusesiat the network nodes evolve,

the network topology and link availability, the remainingttery power at the nodes, etc.

e Decentralized schedulingEach network node that wishes to transmit a packet is regdens
for making transmission decisions that prevent the ocogg®f collisions. A few examples
of decentralized scheduling protocols are Carrier SenskipNiAccess (CSMA) [13], its
improvement that considers collision detection (CSMA-CLB] and their successor, that is

widely used nowadays, IEEE802.11 [4].

In this thesis, we discuss centralized scheduling in wasesal-hoc networks with randomly varying
topologies. The centralized policy that we propose is acstaty policy that purports to stabilize

the network for all stabilizable arrival rates.

1.3 Previous Work

Much recent research has focused on studying the “capaaniiy™throughput” of wireless ad-hoc

networks. In [9] the limiting capacity of stationary wirekead-hoc networks where the number of



nodes tends to infinity, has been studied extensively. Ttieoasifirst consider arbitrary networks,
where node locations, destinations and traffic demanddlaselected optimally, and then look at
random networks, where nodes and their intended destirsadiee randomly chosen, i.e. indepen-
dently and uniformly distributed. They consider a perfattesiuling algorithm that has complete
knowledge of all nodes and traffic demands in the network,uemes this information to avoid col-
lisions. They use such ideal scheduling scheme, where kesinde attempts to communicate in a
single overhearing area, to compute the optimal upper bourttle limiting capacity. In addition,
they define the notion of “transport capacity” and obtain ad@on its lower bound. Their results
are rather pessimistic, since they conclude that each sitlii@ughput goes to zero as the number
of nodes increases to infinity. This should be expectedessiach node’s throughput is limited by
the amount of traffic needed to forward packets for other apeeen in the case of optimal node
placement on a disk, and optimal scheduling. What the asitbb[9] also suggest is that since
the network performance degrades significantly with ite,sizmight be beneficial to design small
networks or networks where nodes may only “talk” to theirgidiors. They justify the latter by
showing that in a large network where nodes are restrictenomunicate with their neighbors
only, the data rate can be constant, independently of theonksize.

The rather pessimistic result of [9] was further studied8 Which investigates the case of a
network with an infinite number of nodes moving accordingaiedom walk mobility. It is shown
there that, provided the network can sustain long delayisampacket delivery to their destinations,
capacity no longer converges to zero but rather to a positimstant. The authors of [8] also argue
that since nodes move in a random fashion, the source or &samaber of nodes through which
the source relays its traffic, will eventually come closehe tlestination. So each packet will
actually be delivered either directly or in a very small nianbf hops.

While in [8] and [9] the authors obtain asymptotic resultxetwork capacity, a lot of research

has been performed for networks with finite number of nod&8]([[14], [16]). Papers [14] and



[16] focus on finite networks. In [14], the authors exhibitemtralized, optimal stable throughput
scheduling policy for a finite node multi-hop constraineagging system, with scheduling con-
straints, and they characterize its stability region. Thastraints prevent all links from being
scheduled simultaneously. In [16], the author considersitefnode network with time varying
topology and no relaying and describes a centralized sdingdaolicy that makes use of the topol-
ogy state information to stabilize all rate vectors, for @ha stabilizing stationary policy exists.
Our work builds on the results of [14] and [16] to obtain a calized maximum throughput

scheduling policy under various random network configoreti We focus on stationary policies.

Our work also differs significantly from [16], in that we alaelaying of the packets.

1.4 Contribution of this thesis

In this thesis, we study centralized stationary schedutihgvireless ad-hoc networks with fi-
nite number of nodes, under time-varying-topology proess$§Ve identify an optimal, maximum
throughput scheduling policy and characterize its stgfxiégion. In particular, we show that the
obtained stability region is contained in a certain convelyiope while containing its interior. Fi-
nally, we verify the theoretical results by means of simolad, which we run using a C-code we
developed.

The balance of this thesis is organized as follows. In Chidhteve introduce our model under
two stationary and ergodic topology processes. Initiallg, consider an i.i.d varying topology
process, then a more general hidden Markov Chain. We alsofgseheduling policyr,. In
Chapter 3, we show that, achieves an optimal stable throughput. An introductiohéssimulation
tool we developed, along with our simulation results, falia Chapter 4. The thesis concludes with
three appendices on fundamentals of Markov Chains, MarkairCStability and basic definitions

from set theory.



Chapter 2

Preliminaries

2.1 Introduction

In this chapter, we first introduce the network model to belis@ur study and state the underlying
assumptions that will be made throughout. Our model is nespirom that described in [14]. In
particular we consider a time-varying-topology networkder two types of topology processes:
an i.i.d topology process and the more general case of asséayi and ergodic Markov and Hidden
Markov process. The varying topology processes will be tis@apture the mobility of the nodes
of the network and how this may affect the various configoratithe network may evolve into.
Next, we define the notion of network stability and provideiition for how mobility may increase
the maximum stable throughput a network can sustain. Finaé introduce the stationary policy
o, Which purports to achieve a maximum throughput perforrean®ptimality of =y, will be

established later in Chapter 3.



2.2 Wireless network model

2.2.1 Notation and terminology

We consider a slotted time, time-varying-topology wirslegl-hoc network, operating under a
TDMA based medium access scheme. The network is comprisadinite number ofV nodes,
each equipped with one transceiver (transmitter/recgpa@) and an omni-directional antenna.
Nodes share a common medium, hence it is essential to pyapestdinate their transmissions to
avoid signal interference and collisions. Towards this engkt ofprimary constraints is imposed

on the set of simultaneously transmitting nodes. Theseti@nts dictate that:
1. A node cannot transmit and receive simultaneously.
2. At any time instant, a node cannot transmit simultangaasiultiple nodes.
3. At any time instant, a node cannot receive simultanedushy multiple nodes.

Nodes exchange datagram packets of constant packet letiggh€an be transmitted in one
time slot, in a unicast fashion. We considedistinct customer classes, each intended for a set of
exit nodesV;,j = 1,...,J. The set of exit nodes is such that whenever a packet of scass cl
reaches an exit node for this class, the packet leaves theretThe different set§’; are allowed
to overlap.

Each node is modeled as a set/oinfinite buffer queues, each holding separately the packets
corresponding to different customer classes. We denot¥;hy) the non-negative integer queue
size for clasg at nodei at the end of time slat In addition,X(¢) is a queue length matrix defined
asX(t) = {X;;(t),i=1,2,...N,5=1,2,...J} and foreacly € {1,2,...J} X(¢t)isaN x 1
vector of all queue sizes of clagat timet, that is, X7 () = {X;;(¢),i = 1,2,... N}. We denote

by X the space of all queue size vectors.



A link /s said to exist between nodasandi,, if nodesi; andi, are within transmission range.
We model each link as a server. In particular, a lirtkat originates from node¢) and terminates
at noded(?) is a server that serves a customer from qu€deand upon service completion, sends
the served customer (packet) to the destination qdéd)e All the servers are synchronized to start
serving a customer at the beginning of a time slot. The pyroanstraints on medium access make
the servers interdependent, in the sense that not all oktivers can be active at any time slot.

Node mobility causes some already established links tokbres participating nodes move
far away from each other, and results in establishing newmections between nodes that move
closer to each other. Hence, the mobility pattern of the a@dects the set of possibtetwork
topologies as well as their respective probability distribution. iE@ness of the number of nodes
implies finiteness of the s@t of topologies the network may evolve into, iE.= {T1,... ,Tn,}.

We denote the topology at time sloby 7'(t) € 7. We assume that the topology process is a
stationary and ergodic stochastic process and pay spéeatian to the i.i.d case. Each topology
Ty is characterized by its set of linkg k). Let L be the set of all links that appear in at least one
topology, i.e.L = UileL(k). A uniform numbering of the links is used across all topobagii.e.
links are numbered fronh to | L|. In other words, if link¢ € {1,... ,|L|} connects nodes and

i under topologyk, then in every topology where nodgis connected ta,, the link connecting
them is numbered.

Customers of each class may enter the network at any nodeptefar the exit nodes of the
corresponding class, and at each time instant. For eacbmasiclassj, the vector of arrivals
Ai(t) = (Ay(t) @ = 1,2,...,N,i ¢ V,)is a non-negative component-wise vector. ifts
element,A;;(¢), represents the number of customers of classriving at queue, during time
slott. For all queues : ¢ = 1,..., N and all customer classgs: j = 1,...,J, we define
a;; = E[A;;(t)], that is assumed to be time-invariant, and we temaiti-class arrival vector the

non-negative component-wise matsix= (a;; : i =1,... ,N,j=1,...,J).

10



To capture the dependence among link activations, due to#tkum access constraints, fol-
lowing [14] and [16], we define a validctivation setfor topologyT), to be a set of servers (a subset
of L(k)), that comply with the primary constraints and are alloneete activated simultaneously.
We also define the valicctivation vector associated to an activation set as Ahelement vector
with its /" component] < ¢ < |L|, set tol if the /** server, belongs to the activation set and set
to 0, otherwise. If link? is not present irf}, € 7 or medium access constraints prevent it from
being activated, then th&" element of all the valid activation vectors for topoldfjy must be set
to 0. Theconstraint setS;, for topologyT}, € 7 is the set of all valid activation vectors associated
with network topologyT;.. Since the sef; is determined by the primary constraints, it should be
clear that for eaclk, if c € S;, all the vectors obtained by setting some of the active loflksto
inactive, belong irS;, as well.

Next, we define the binary variablg,;(t), that takes values if0, 1} and indicates whether
server/ is active during slot, serving a customer of clags The random variabl&(t) = { Ey;(t) :
¢=1,...,|L,j=1,...,J}is called a validnulti-class activation vectorfor topologyT'(¢), if

the corresponding vectols' (t) = {E,;(t),¢{ = 1,... ,|L|} are such that:
1. Eyj(t) = 0,if Xyp;(t—1)=0
2. Egj(t) =0,V ¢ T(t)
3. 7| Ei(t) € Sy, wherek is such thafl (t) = T

We denote by¢ the collection of all valid multi-class activation vectdisat correspond to all
possible network configurations.

Finally, we consider a centralized scheduler that at thénpégg of each time slot has a com-
plete knowledge of the current network topology and knowvestiheue sizes at each network node

as well. At the beginning of each time slot, a schedulingsleniis taken in a centralized fashion

11



and packet transmissions are scheduled to take place. Tehe/hich determines what this deci-
sion will be is called golicy . Thus, a (deterministic, stationary) scheduling policyis a map
X x T — & such that, for any topolog¥ € 7, =(x,T') is a valid multi-class activation vector for
topologyT’, as this vector is defined previously. The class of all statig policies is denoted by
IT.

During the course of this thesis, we mark all the quantitied tiepend on topolody. by the

subscript:.

2.2.2 Queue size dynamics

The queue size process(t), represents how the queues develop during the course ofdimeach
customer clasg at each network node. Hence, the queue size at nader class; at the end of
the next time slot equals the queue size at nofie this class at the end of the current time slot,
plus the external arrivals for this class at this node dutiregnext time slot, modified by internal
arrivals or departures for clagsthat involve node, as decided by the scheduling rule operating
on the system at the end of the current time slot. By the lateemean customers of clagghat
arrive internally at nodé or leave the node upon service completion, during the nend slot. We

describe the queue length dynamics process for glasgsector form through the Equation 2.1:

XI(t+1)=X/(t) + RIM(t+ DE/ (t + 1) + A (t + 1) (2.1)

In Equation 2.1R/ is a N x |L| matrix that we name the “combined routing matrix for clgsdt
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has one column for each linke L and its element at th&" row and/* column is:

;

1 ifd(e) =i, withi ¢ V,

Tie =4 —1 ifs(l)=1i (2.2)

0 otherwise

\

Matrix M(t) is a diagonal matrix, of dimensiong| x |L|. Its ¢* diagonal elemen{M (t)),
represents the binary random variable that correspondsetsuccessful service completion of a
customer served by servéduring time slott. If a customer completes service and moves from
queues(¢) to queued(¢) (or exits the system if the node where quelié) resides belongs to the
class of the exit nodes for the particular customer clalseh(t\/ (¢)), = 1, otherwisg M (t)), = 0.
The latter case may occur if tifé link is not present in the current topology at time slor when
although itis present, a customer did not receive full @ereind hence, remains in the source queue
s(¢) and its service is being deferred.

When link ¢ is present inl'(t), the random variablé)M (t)), may capture the link “quality”.
More specifically, when it takes the valwe it may model channel errors through that link or
non-interference dependent channel fading. Since we assiah elements of matriNi(¢) are
independent of each other, they cannot track interfereelsged fading, since it would require
correlations in the neighboring links quality.

In addition, as mentioned earlié(t) is a valid multi-class activation vector. TIi& element
of E’(t), is never set td when the queue for clagsat the source node of the link is empty. This

guarantees that the elementsXaft) are non-negative at all times.

2.2.3 Assumptions
We make a number of important assumptions about our modsighiout this study.

Assumption 1 The topology process is a stationary and ergodic process.
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In particularp, = P[T(t) = 1}|,Yk € 1,..., Nr does not depend oh Accordingly, the dis-
tribution with which the various topologies occur may noacbe with time. One implication of
Assumption 1 is that the the number of nod&sis fixed, once the network is established. There-
fore, new nodes cannot dynamically join the network and eflwork nodes have infinite battery

power supply.

Assumption 2 The unionL of the links of different topologies that the network caretéksuch
that if a customer of clasg reaches a queug), then this customer can be forwarded to some exit

node of clasg, by passing through a sequencerinks (servers) /. }i—,, C L for somen > 0.

What assumption 2 implies,is that the network is allowedrtee into “bad’(disconnected) topolo-
gies, as long as the union of these topologies provides a @ragaich customer in the network to

reach its destination class node.

Assumption 3 Given the current topolog¥'(t), the binary service completion processes for dif-
ferent time slotg and different linksM,(t),¢ = 1,...,|L| are all independent. Furthermore,

E[M(t)|T(t) = Tg] is independent of, Vk € {1,... , Nr}. We will call this expected valuel.

Assumption 4 The arrival process4;;(t) is independent of the current topolo@yt) and of the
service rates of the different network link&(¢). Also, for a given node and a given class of
customergj, the arrival process4;;(¢) is an i.i.d process. For a given node, arrivals for different
classes of customejsare independent but not necessarily identically distrdgltThe same holds
for arrivals at different nodes for the same class of custofnéinally, the arrival process should

satisfyE[A7;(t)] < oo.
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2.3 Stability considerations

In this section, initially we give a definition of stabilityof irreducible and reducible Markov
Chains. We then discuss whether the regions of stable hrates achieved by stationary poli-
cies can always be compared to determine which policy peddretter in terms of maximizing
the stable network throughput. In addition, we reason tleamay increase the stability region of
the network, by considering a time-varying-topology. Ttaesof our system is the stochastic pro-
cess{X(t), T(t+ 1)}, comprised by the current queue size prodés§t) }i°, and the topology
process of the next time sI¢t’(t + 1) }5°,. We examine two types of topology processes, namely
an i.i.d process and a more general stationary and ergqatatgy process. We show how we can

relate the state space of our system to a Markov Chain, aitaipgove network stability.

2.3.1 Network stability and regions of stable arrival rates

Consider the system state be described by the Markov GHt#i) }3°,. For the reader’s ease of
reference, a brief overview on Markov Chains is given in Apgiig A. If this Markov chain is an
irreducible Markov Chain, then stability is equivalent rgedicity of { S(¢) }:°, and the existence
of a unique stationary distribution. Therefore, Fostdnsarem, as discussed in Appendix B, can
be applied to show a sufficient condition for stability. Imgeal, however, it may not be possible
to guarantee irreducibility and a more generalized dediniof stability ([14], [15]) is required, as
restated also in Appendix B.

Let the state space be partitioned into the cla3ses, 7,5, 75, ..., whereZ;,i = 1,2,3, ...
are sets of communicating states that are recurrentaistthe set of all transient states. Further,

let the system be in a stat0) = s € Y, attimet = 0. Then, theHitting Time is defined as:

00, if S(t) e Y,Vt >0
Ty = (2.3)

min{t > 0:5(t) ¢ Y}, otherwise
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Definition 1 (System stability) The system istableif for the state proces§S(t) }i2, we have:
Plr,<oo]=1, VyeY (2.4)
and all states: € U3, Z; are positive recurrent.

In other words, to establish stability of the Markov Chaimemeeds to show presence of two
properties, namely to ensure that the Markov Chain leaveg@nsient states in finite time and that
it enters one of the recurrent classes, each of which isipesécurrent. In particular, it follows
that the system is unstablelif, Z; = 0.

The stability regionC,, of a scheduling policyr is the collection of all arrival rate vectoes
that can be supported by in such a way that the system is stable. The stability regiothe
network is the union of stability regions of all schedulingjipies. In this thesis, we will focus on
stationary policies only. We denote Iy the set of arrival rate vectors that can be stabilized by

somestationarypolicy. We use the notation as used in [14].

c=Jc.

mell
wherell is the class of all stationary policies

Simply stated, a scheduling policy is better than anoth&s dtability region is larger. However,
it is not always possible to compare the stability regiongwad policies. Comparison is only
possible if one can say that one policy dominates the otlwreXample, we could say that policy
7o dominatesr,, and hence it is better, if and only@,, C C,, (Figure 2.1). Ifr, dominatesr,
the system will be stable undey whenever it is stable under,. On the contrary, we cannot say
whetherr; or 7y is better (Figure 2.2). Every point in the regién can be achieved only by policy

71, iN R3 only by my, while points in the regio®k, can be achieved by selecting either one of them.

If there is a policy which dominates all other policies, theis an optimal policy or else a

maximum throughput policy. Then, every point in the capa®@gion may be achieved by applying
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Figure 2.1: 3 Policiesy andw; can be compared. We can say thatis better thanr; sincer,

dominatesr;.

Figure 2.2: Policies; andw, cannot be compared. There exist a set of arrival rates \ittat are
stable underr; but not underr; (region R;) and a set of arrival rate vectors that are stable under

7o and not underr; (regionR3). Rates inside regioR, are stable under both policies.
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a single policy, namely the optimal one. In this thesis, w# imtroduce a policy of “nearly”

maximum throughput. In the next chapter, it will be clearénwe use the term “nearly”.

2.3.2 Motivating structure of stability regions under randomly varying topolo-
gies

For fixed multi-hop radio networks, under constraints, aedlciting policy introduced in [14] is
shown to have a stability region very close to the stabiktyion,C, corresponding to the set of all
stationary policies. Specifically, since almost all pointthe stability region, except perhaps some
boundary points, can be stabilized by this single scheduwlicy, it is dubbed to be an optimal
throughput policy.

We now consider the relationship between the stabilityaegif a varying topology network,
with the stability regions of the individual topologies. @wamine this, consider the mobile network
case with two topologie$, and7;. There is a simple way to obtain some poimsidethe overall
stability region. These points are obtained by considetimggmobile network as being a time
sharing of two fixed networks. Consider a scheduling poli@t splits the queues at every node
into two. One queue corresponds to arrivals and transnmissibien the network is in staig and
the other corresponds to the case when the network is inStagdl arrivals which take place when
the network is iff go to its corresponding queue and the same holds;fofhe scheduling policy
when applied undef; schedules according to the optimal policy fGy applied to appropriate
queues and similarly faf;. Then clearly, the stability region achieved by this paiac policy is
obtained by dixedconvex combination of stability regions @§ and7}, weighed by the stationary
probabilities of the two network topologies respectivalye claim that the stability region of the
mobile network can bestrictly larger than the one obtained by the above linear combinalibis

claim is discussed further below.
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Figure 2.3:3 node network with two network configurations. Arrivalg at nodel are destined

for node3 andas; at node3 exit the system at nodie

2.3.3 Mohbility increases the stability region of the netwok

Consider the network df nodes, depicted in Figure 2.3, where notlesd3 are so far apart from
each other, that no matter what the location of nd@e node2 can at most communicate with one
of the two noded or 3. Arrivals at nodel are to be delivered at nodeand arrivals at noda exit
the network at nodé. Consider two configurations of the network, {iftommunicates witR and
node3 cannot transmit or receive (i) communicates witB and nodd cannot transmit or receive.
Suppose that the network has a fixed topol@gy Then since nodé is completely disconnected
from its exit node3 no non-zero arrival rate vector can be supported. Simjl#nky same holds
when the network has a fixed topolo@y. Therefore, any convex combination of the two stability
regions will give that the only stable arrival rate vectottie one with zero elements.

However, consider a partially connected network, thatdves between the two configurations
according to a stationary process. Clearly it is possiblebi@ain a non-zero stable arrival rate at
least in one component by allowing nazio be used as a “relay” between nodeshd3. Hence the
stability region of the mobile network is strictly betteatihthat obtained by the linear combination.

We will come back to this claim in chapter 3, where the stgbiegions of both policies will be
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looked into more detail.

2.4 Topologies that vary in an i.i.d fashion

In this section, we will show that in the case of an i.i.d tampl process the proce$X(t), T'(t +
1)}y2, that defines the state of our system is a Markov Chain. We \sitl elaborate why Foster’s
theorem cannot be applied on this Markov Chain as is and pdboimeestablish an extension for the

present situation, that involves a Lyapunov function{&&(t) } 2, only.

Lemma 1 The pair{X(t),7(t + 1)}, with state spac¢ X x 7), where{T'(t)}°, is an i.i.d

process, is a Markov Chain.

Proof: To establish thafX(¢), T'(t+1) } 2, is a Markov Chain, we need to prove that the definition

of Markovity holds (see Appendix A):

P[(X(t), T(t+1)|X(t—1),T(t),X(t—=2)T(t—1),...] = P[(X(t), T(t+ 1)) [(X(t — 1),T(t))]

So, we proceed as follows:

PIX(t), T(t+ 1)[X(t — 1), T(t), X(t — 2)T(t — 1),...]

= PIX(O)|T(t+1),X(t — 1), T(t), X(t — 2)T(t — 1),...]
PIT(t+1)[X(t — 1), T(t),X(t — 2)T(t — 1),...]

= PIX(O)|T(t+1),X(t — 1), T PIT(t + D)|(X(t — 1), T(¢))]

= PIX(@),T(t+1))[(X(t—1),T(t))] (2.5)

Equation 2.5 follows from the dynamics of the queue lengtitpssX(¢) (Equation 2.1) and the

i.i.d nature of the topology process. Specifically, to coteXi(t), it suffices to know the queue
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lengths at time instarit— 1, X(¢ — 1) and the topology at time instant7’(¢) and does not depend
on other topologies and queue lengths at previous time. dietaddition, the fact thal’(¢) is an

I.i.d process allows us to write:
PIT(t+ 1)|X(t —1),T(t),X(t —2)T(t—1),...] = P[T(t+ 1)] = P[T(t + 1)|X(t — 1), T(t)]

o

However, although X(¢),T'(t + 1)}, is a Markov Chain, we cannot guarantee that it is
irreducible. The following theorem, stated in [14], givesfieient conditions for stability of the

system according to Definition 1. It comes as a generalizatid-oster’s Theorem [1].

Theorem 1 Consider a Markov Chaif S(¢)} with state spaces, a real valued, bounded from

below, function/ : S — R, ane > 0 and a finite subsef, of S such that:

E[V(S(t+1) = V(S@)[S(t) = s] < —e, ifs¢S
and
E[V(S(t+1)|S{t) =s] <00, ¥V se&
Then{S(t)}:2, is stable, in the sense of Definition 1.

We can also note that the above test provides only sufficemditions. If its conditions fail to
hold, we can only derive that the candidate Lyapunov fumnctias not chosen appropriately and
not that the system is unstable.

Consider the following candidate Lyapunov functioh: X x 7 — R, such that/ (x,T) =
S Y {xy ). Although it is a valid candidate, defined on the state spdceup system
and bounded from below by, we cannot establish stability by applying it on the Markdvaih

{X(t), T(t+ 1)}. This problem arises from the fact that Theorem 1 requiraswle must be able
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to find afinite subset of the state space outside which the drift of the Lyapéunction is strictly
negative and inside which it can be positive. Now, as soméetdpologies may be completely
disconnected, it appears that the candidate Lyapunoviumtitat we have used, i.e the sum of
the squares of the queue sizes, does not have a strictlyiveedatft for all but a finite number of
states(X(¢),T(t + 1)). This is so because, 1, is a very bad topology, for example completely
disconnected, then the queue sizes under this topologyrdgnnzrease ( nothing gets delivered
to the destination and external arrivals make the queus tzacrease). Hence the expected value
of the candidate Lyapunov function has a positive drift fog state( X (¢), 77) and for all values
that X(¢) can take, which are infinitely many. Hence, since the sulfsgtiates where the drift is
positive is not finite, we cannot apply Theorem 1 to the Mar€bnain{X(¢), 7'(t + 1) } the way it
is stated above.

Hence, we shall derive a different Markov Chain, relatech state space of our system, on

which Theorem 1 is applicable. Towards this end we prove Larim

Lemma 2 Consider the Markov ChaifiX(¢), T'(t 4+ 1) }°, with state spacéX x 7), such that
{T(t)}2,is afinite valued i.i.d process afX () }{°,, follows the dynamics of Equation 2.1, then

the procesg X (¢)}°, is also a Markov Chain.
Proof:Indeed,

PX(t + 1)[X(t), X(t — 1), X(t — 2),... ,X(0)]

= S PX( 1T+ 1) = TX (), Xt~ 1).X(t — 2).... . X(0)

h=1
= S PX(t+ )IT(t+1) = T X(8), X(t—1),...,X(O)] P[T(t + 1) = TL|X(1), ..., X(0)]
= D PX(t+DIT(t+1) = Tp, X ()]s (2.6)

= PX(t+1)X(t)]
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Equation (2.6) follows from Equation 2.1 and the i.i.d nataf the topology process. Also, a useful
observation is that the candidate Lyapunov funcfigras defined above, does not depend on the
topology process. We therefore define a different candidgpunov function)”” : X — R, such
thatV’(x) = Z;'Izl Zﬁil{xij}2'

Next, we connect stability of the Markov proceSX(t)} to the stability of{ X (¢), T'(t + 1)}.

Theorem 2 Consider the Markov ChaifX(¢), T'(t + 1)} with state spacet’ x 7, where the
topology proces§’(¢) is i.i.d. Let a real valued, bounded from below, functioh: X — R, an

e > 0 and a finite subset), of X’ be such that:
EV'(X(t+1)) = V'(X()X(t) =x] < —¢, ifxé¢ A,
and
EV'(X(t+1)X(t)=x] <00, V x€X
Then, the procesgX(t), T'(t + 1) }i2, is stable in the sense of Definition 1.

Proof: From Lemma 2, we know that the procegX(t)}:°, is a Markov Chain. In view of
Theorem 1 this Markov Chain is stable. In other words itsdi@mt states are exited in finite time
with probability 1 and all of its recurrent classes are positive recurrent. Vge $how that the
recurrent classes of the Markov Chain formed by the @&iit), 7'(¢t + 1)), are positive recurrent as
follows. Since the next topology is chosen in a i.i.d fashib(t + 1) is independent oK (¢). Also,
since all the recurrent classes X (t)}:°, are positive recurrent and since it exits its transient
states in finite time with probability, the proces$X(t)}¢°, must have a stationary distribution in
each recurrent class. Hence, gi&l¥) € Z;,i = 1,2, ..., X(¢) has a stationary distribution, say,
pz,(x). ThereforeP(X(t) = x,T(t + 1) = T}) = pz,(Xx)px. Since, it has a stationary distribution

the Markov Chain formed by the paiK(¢), 7'(t + 1)) is positive recurrent. To conclude the proof
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we show that the Markov ChaifiX(¢),T'(t + 1)}, exits its transient states in finite time with
probability 1. First, since{ X(¢)}:2, exits its transient classes in finite time with probabilitythe
Markov Chain formed by the paiX(¢), 7'(t + 1)) also leaves all the states whose first component
X (t) belongs to the transient states of the Markov Ci&in) in finite time as well. Also we have
seen that all the states @K (¢),7'(t + 1)), such that their first component belongs4phave a
stationary distribution and hence belong to positive nemirclasses. ThereforéX(t), 7'(t + 1))

will also leave all its transient states in finite time witlopability 1. This concludes the proof.

2.4.1 Stationary and ergodic Markov or Hidden Markov topology processes

In the previous sections, we discussed how a modified veasiBaster’s theorem can be applied to

a network whose topology process changes in an i.i.d fashibeare the probability of topology,

was given byp,, k € {1,..., Np}. However, in the general case where the topology process is a
Markov or Hidden Markov stationary and ergodic process, araot follow the same analysis as in
the i.i.d case, and apply Theorem 2, since we cannot guartmaethe processX (), T'(t+1)}:°,

is a Markov Chain.

In this section, we involve an interleaving technique taarelca stationary and ergodic topology
process as a collection of time interleaved, nearly i.ipbtogy processes and show that the stability
region achieved by a stationary and ergodic Markov or Hiddarkov process, is very close to the
one achieved by an i.i.d topology process with the sameosiaty and marginal distributions.
Consider a topology process that is Markov, stationary agddic. Letp, denote the stationary

distribution of state: for this process, i.e.
P[T(t) = Ti] = px

Let {©(¢)} be a finite state irreducible and aperiodic Markov Chaintisiguin its stationary
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distributionr (), then for an integet;,
PO(t)=0,0(t+ty) =0) — 7(0)7(#") asty — oo

That is, ag, increases, the random variablégy) andO(t + ) tend to become independent.
Hence if a topology procedd’(¢) }:°, is Markov or hidden Markov derived from a finite state

Markov Chain{©(t)}¢2,, it will also exhibit the same behavior. That is:
P(T(t + to) = Tk, T(t) = Tk/) — PrPr &Sty — 00

Let the topology proces§l'(t) }i2, be Markov and X (¢) }£°, be the queue size process. Then

consider:
PIT(t +to) = Tp|X(t)] = Z PIT(t+to) = Ty, T(t + 1) = Tj| X (2)]
= Z P[T(t +tg) = Tp|T(t + 1) = Tpr, X ()| P[T(t + 1) = Tj| X (t)]
= Z P[T(t +to) = Tp|T(t + 1) = T|P[T(t + 1) = Tj| X (t)]
The above follows since ds increases? (¢t + t,) and X (¢) become approximately independent.

In addition, P[T'(t + to) = T|T'(t + 1) = T}/] tends topy, irrespective ofl;,,. Hence, for large,,

the above is approximately,

P[T(t +to) = Ti|X (1) kaP (t+1) =T |X(1)] = pr

The same equations can be written when the topology proeess Markov but hidden Markov
( e.g. when each of the nodes does a random walk). If topologgess{7'(¢) }°,, is derived from

a Markov proces$O(t)}:2,. Then, we write

P[T(t+to) = Ti|X(t)] = > P[T(t+to) = Tp,, Ot + 1) = 0]X(t)]
0
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By carrying out the exact same analysis as above, we contlate|T'(t+ty) = 1| X (t)] = px
for larget,.

Now consider the following scheduling scheme. Let timessh# partitioned inte, classes of
the form[’,,, = (m, m+1ty, m+2tg,m+3ty,...,)form =0,1,...  to—1. Accordingly, view the
original network as a time interleaved (TDM) collectiontgfidentical networksNg, ... , Ny, 1,
where network\,, is active only for time slot € I',,,. Hence, we have managed split the network
intot, interleaved networks, all operating without interferinghneach other. The topology process
seen by any particular network, (of indey is the proces$7(m), T(m + to), ..., T(m + ttg)}
which has the same marginal and stationary distributioh@stiginal proces$7'(¢) }, and which
approximates an i.i.d process for large Consider an arrival rate that is stable under an i.i.d
topology process. Then, for somg the individual time interleaved networks will see approxi
mately the same topology process, and hence will be stabteiforate. Since all thg, networks
are stable, the initial network operating under the statipand ergodic Markov or Hidden Markov
process is stable as well. Thus we proved that the stabddion achieved by the i.i.d topology
is a subset of the corresponding stability region when tgpis Markov or Hidden Markov. In
addition, we need to show that both these regions are sqiibeageen two sets that are essentially
the same. This will follow later by Lemma 6, in chapter 3, tapplies for any topology process.
Therefore, for all the practical reasons, the stabilityor@f the stationary and ergodic Markov or
Hidden Markov process, and the that of the i.i.d topologyhwiite same stationary distribution are

identical.

2.5 Maximum throughput stationary scheduling policy m

In this thesis, we restrict our attention to a stationaryqyahat maximizes the stable throughput a

network can support. Before formally presenting the prepascheduling policy we define a few
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useful quantities. Initially, we defingD,(x)),; for each link¢ € L(k) that computes weighted
differences among all queue sizes that are connected thieiigk(server) under topologs, and

for all customer classes:

s — Tay)(mu)e, 1 d(l) & V;
(De(x))y; = (Ts0j = Tawe);) (ma)e, i d(() ¢ -
(03 (M) e if d(¢) € V,

where(my,), is the/" (diagonal) entry oMM, defined in Assumption 3.
In addition, let the weight of servér (Dy(x)), be the maximum weighted difference in queue

sizes, that is achieved for some customer cjas¢ence:
(Di(x))e = max (Di(x))e- (2.8)
We also define the weight vector of each lifthat is present at the current topoldfyt) = 7). as
Di(x) ={(Dr(x))e: £=1,...,|L[}
Note that Equation 2.7 can be also represented in matrix &srfollows:
(DL(x)T = —(x)TRIM,, Yk € {1,...,Np, } (2.9)

where(DJ (x))” is anl x |L| vector.

We are now ready to define our poliey. We do so in the next two stages.

e Stagel Let ¢, (x) be the solution to the following maximization:
Cr(x) = arg m%x{Dk(X)Tc} (2.10)
cedg

The activation vectoé,(x) will be the maximum weighted activation vector. Ties are re-

solved by selecting any one of the maximum weighted actwatectors.
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e Stage?2 Let (j.(x)), be a class foj € {1,...,.J} for which (Dy(x)); = (Dy(x));. Then,

we define the policyr, as follows:

1, j= (3k(X))g, (ék(X))g =1land Ts(0)j > 1fork
(my(x,T)); = such thafl” = Ty, (2.11)

0, else

Equation 2.11 is the activation rule for poliey. The multi-class activation vectd’ () is

defined through policyt, asE? (t) = m(X(t — 1), T(t)).

The significant properties of this policy are that it is a sieqgtationary policy that, as it will
be shown in the next chapter, performs nearly optimally imgeof maximizing the set of stable
arrival rates that the network can support. The only infdramethat is needed in order to come to
a scheduling decision is the queue sizes at each networkaratlehe characteristics of the links
available at each time slot. In addition, the schedulinguigrgnteed to be collision free since it is
centralized.

In the next chapter, we will characterize how the stabild@gion of this policy looks like. We
will also show that the stability regions,, of the proposed scheduling poliay and the stability
region C of the network both lie between two convex sets, namely a @opolytope and its

interior.
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Chapter 3

Optimality of scheduling policy

The main contribution of this Chapter is to characterizestiadility region of the introduced policy
and show that it is arbitrarily close to the stability regiachieved by the set of all stationary
policies. Initially, a few notions of flow conservation arisclissed. Then, the stability region of

the introduced policy is described and the policy’s optityas reasoned and proved.

3.1 Flow Conservation

In order for a network to be stable, each network nodeust be able to forward all its incoming
traffic in such a way that traffic reaches one of its exit nodektherefore no traffic accumulates
ati. One way to view the notion of stability is through the cortcepflow conservation By
observing the queue dynamics equation 2.1, we see that raxaept for the source and the exit
node of any customer clasg,can create new packets or destroy packets. To motivateuassdgor
the stability region, consider a link,in the network. Letf]), denote the flow of clasg packets
that have been successfully transmitted across/liakL. Thenszjl(f,g)gpk is the average flow of
customer clasg through the/” link. As a node cannot destroy or create packets in a stabtersy

where there is no packet accumulation, the sum of departmg fat a node for any class, must be
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equal to the sum of arriving flows for this class. By flow conséion, for node ¢ V;,

Y Some Y S® gpk—(—%f(wfgm)i-

teLs(t)=i k=1 teL:d(0)=i k=1 k=1

Now let us consider the constraints that the flow vecfdrshould satisfy. Sincé’ are flows
of traffic in the network they must be positive component wiseother wordsf,{ € R‘f‘,Vj =
,J,Vk =1,..., Nyp. In addition, as at each time slot the set of links activategtbelong
to a valid activation vector for the current topology. THere the vector of average transmission

attempts across all links in topologymust be of the forn) ~__. A(c)c where)(c) is the fraction

cESy
of time slots the activation vectaeris used while the network is in topologyand} .. A(c) = 1.
The flow vectorf,g is the flow of successfully transmitted packets for clas$he sumz;.]:1 f,g is
the flow vector over all links, irrespective of the customass. This total flow vector is obtained by
multiplying the vector of transmission attempts by the @tabty of successful transmission across

each link. Hence we can argue thEy B~ My Y s, Alc)e. With this intuitive justification,

we define the following sets. We define a region of arrivalg#té as:

A" = {a=(a',...,a))eRY 3 eR vj=1,... JVk=1,...,Nrands > 1

J Nr
such tha » " f] € co(M,S;)Vk, anda’ = - " R/fip,, Vj} (3.1)
j=1 k=1

Let us also define another set of arrival rates, namely themey that is:

A = {a=(@',...,a)eRY I eRM vj=1,...  JVk=1,... N;

J Nr
such that) "] € co(MyS;)Vk, anda’ = — > Riflp;, Vj} (3.2)
j=1 k=1

In the following section we shall argue that the satsand A represent the stability region of the
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network, under a randomly varying topology. We also defirestt of arrival ratedy as:

A —
Nt
{a, such that = Zakpk, and
k=1
and foreactk = 1,... , Ny, a, = (a},...,a}) e RY .3/ e R wj=1,...

J
.36 > 1suchthat > £/ € co(M;S;) andaj, = —R7f], Vj}

j=1

The setA, is obtained by a weighted average of the stability regionsdif’idual topologiesl.
To obtain the stability region of each individual topologjye scheduling policy described in [14]
is applied to each one of them, as if the network was a statyamae, taking this topology at all

times.

3.2 Stating and Proving Optimality of 7

In this section we are going exploit some set properties éetthe setd*, A, the setC of all
stable arrival rates under all stationary policies, th&sgtof stable arrival rates under the proposed
policy 7y, and the set4, of arrival rates obtained by a convex combination of stablival rate

regions in each network configuration.

Theorem 3 The following properties hold:
1. The sefA* is a convex set that is not closed.
2. The set of arrival rated\ is a convex polytope.

3. The two setd* and A are related throughA = A~*.
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4. The regions of arrival rated*, A, A,, C and C,, are related through the following set

inequality:

(3.3)

Theorem 3 forms one of the core results of this thesis. lestitat the capacity region achieved
by any stationary policy lies between the sats and A. The setA is argued to be a convex
polytope. Hence, it will be a convex and bounded region. Iditazh, A* C A, where A* is
a convex, but not closed, set and the two sets are relatedgihtd = A*. Since a set and its
closure don't necessarily have the same volume, one coaiith ¢hatA* is much smaller fromA
and that we can find a policy that does at least as well as oumalthroughput scheduling policy.
However, since these two sets are convex, and thd sef convex polytope, they can differ only
at the points that belong at the phasesAgfand hence we can conclude that they are essentially
the same sets. In addition, the fact that b@ttand C,, lie betweenA* and A, optimality of m
follows.

We also prove the following Lemma, that will be useful thrbagt our analysis.

Lemma 3 Let the vectok, be such that € co(Si). Then, any vectoa, that is component wise

0 < a < ¢, must also belong teo(Sy).

Proof: If the vectorc hasn non-zero elements, thencan have at most non-zero elements.
Without loss of generality, we sort the elementsado that the firsk: elements are the non-zero
ones. Letk” = c andx™ = a, wherel < n < |L|.

Claim thatx* € co(S;),Vk = 1,... ,n — 1, wherex” is defined by:

x" = (a1, ag, ... , Qg Chyt, - - - ,cjr)) € co(Sy)
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Let us also defing; = % fori =1,... ,n. Note that\; < 1 becauser; < ¢;,Vi=1,...,|L|.

We will show the above statement by using induction.
e (Basic Step) We know that” = ¢ = (¢, ¢a, ..., 1)) € co(Sk) (itis given).

e Assume that the claim holds fér= m and hencex™ = (a1, as, ... , am, Cps1,- .- ,CL)) €

co(Sy).
e We will show that the claim holds for = m + 1, in other words that vector

X" = (a1, a9, ..., G, G 1, Cg - - - ,cir)) € co(Sk)

By the induction hypothesis™ € co(Si). Therefore, it can be written as a convex combina-
tion of vectorss; € S. By the properties of constraint set, all vectey®btained by setting
the (m + 1) component of; to 0, also belong in the,.. Therefore, it is straightforward to
see that the vectot” defined ax” = (a1, a2, ... ,am,0, Cmia2- .. , ) € co(Sy). Hence,

= (a1, a9, ..y Gy Gty Gtz -5 Cnp) = A1 8™ 4 (1= Apg1)2” € co(S).

X

e Whenm = n, thenx™ = a and hence € co(Sk).

This completes the proof of Lemma 3. &

3.2.1 RegionA* is convex

First, we are going to show that the* is convex and then give a counter example for not being a
closed set.
We need to show that for any arrival rate vectarsindal, such that?, aj, € A*, all the points

that lie on the segmenta] + (1 — \)aj, belong inA* as well.
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Sincea), aj € A*, we know that there exist flow vectof$] > 0 andf2] > 0 such that for

somed, 6, > 1 they satisfy

J
01 Z fl;C € CO(MkSk)

j=1

and

J
(52 Z f2;C S CO(Mksk)

Jj=1

Thena] andaj, can be expressed through the equatighs S°»", R7f1]p, anda), =

Let us now take the convex combinationadf a} for some\,0 < X < 1:

a’

= Xal +(1—\)a)

= —AZRﬂflfpk— 1—A ZRJprk
k=1

T
= =) R/, + (1 - NF2)px

Letf/ 2 Af1/ + (1 — A)f2/. We must show that conditions
o f/ > 0and

¢ 30>1:67 ] € coMSy)
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/ Destination
1 2

Figure 3.1: A2 node network with a single network configuration (degereecase of a multiple
configurations network). Arrivals at nodeneed to exit the network at nodeThe set of achievable

arrival rates is not a closed set.

are met. Sincé17, £2] > 0, it trivially follows that f] > 0 Also,

= 0> (M1, + (1 - NF2)

7j=1

J
= A6 flI+(1—A 5Zf2f
j=1

Let us selecty = min(d;,d2), then by Lemma 3 we can see théttz;.’:1 f17 € co(MSy),
5327 £2] € co(MySy) andd Y-, £] € co(M.Sy,). Therefore A* is a convex set.

Now, we are going to present a simple example wh&teis not a closed set. Consider the
network depicted in Figure 3.1. It i2anode network with one customer class and a single network
configuration. Arrivals at nodé exit the system at exit node The service rate through the single
link is . = 1. The possible activation vectors ase= {{0}, {1}} and the convex hull of will be
the closed line segment(S) = [0, 1]. Let the total flow through the link b& Then, there should
exist ad > 1 such thavf € co(MS) or of € [0, 1]. Hencef € [0,1), which is not a closed set.
Hence the arrival rata = Rf that is obtained through a linear mappingfokill not be a closed

set either. This concludes the proof of Theorem 3: Part 1. %
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3.2.2 RegionA is a convex polytope

In this subsection, we are going to show that the’sé&rms a convex polytope and that it is related
with A* throughA = A~

We are now going to prove that is a convex polytope. The idea behind this proof is to show
that the correspondingj form a convex polytope and that is related through a linear map with
them is a polytope as well.

A convex polytope is a set of convex combinations of finitelgny points/vectors. The con-

straint setS;, is a set of finitely many constraint vectors,In addition, the set:
A
MkSk = {Mks N Sk}

is finite as well. Hence the set 66(M,.S;,) is a convex polytope.

However, the set of that satisfy>~7 | f/ € co(M,S},) can be rewritten in matrix form as

1
J ; 1
D=l R
j=1
1
where the vectof 1 1 ... 1 ]is a linear map. Hence, by making use of Theorem 6 (See

Appendix C ) we obtain that the set fgf,j =1,...,Jis aconvex polyhedron.

To complete our proof we need to show that the sdf dhat satisfyz;.]:1 f/ € co(M;Sy) is a
bounded set, and hence a convex polytope.

We know thatf] > 0 and their sum is bounded, sin@j:1 f/ € co(M;S;). Hence, each
one of them must be bounded as well, which proves the ClaimceMer, sinceR’, p, and the
sum over allk’s are linear operations, we conclude that the sehof >0", R/f/p; is a convex

polytope. This completes the proof of Theorem 3: Part 2. &
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3.2.3 A isthe closure ofA*

We will proceed to show thah* = A. Towards this end, we two properties need to be proved:

1

N

1.

A CA*

*QA

a

We need to show that for every poine A = a € A*. Leta € A. Consider the sequence

a,, defined bya,, = 0,,a, whered,, € (0,1) andlim,, ., 0,, = 1. Clearly:

lim a, = lim f,ba=a € A

n—~o0 n—oo

We show that,, € A* and hence prove the statement.

Sincea € A, there must exist some flow‘§ that satisfy the following:

| f] >0
1 Z;']:1 fg € CO(MkSk)
and for each commodity, a can be written ag’ = — > 1" R/f/p,. Let us define the
sequencéf?), 2 6,f. To conclude the proof we show th@ ), satisfy the conditions in
the definition ofA* (Equation 3.1) witha = a,,. We observe thatf;),,n = 1,2, ... satisfy
the following properties:
| (£), >0

M-

(flg)n = Zenflg =

J=1

<
Il
-
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1 J J _
o > (f)n =D f € co(MySy)

noi=1 j=1

J:
Hence there exists®, = 9i> 1, such that:

n € CO MkSk)

IIMM

Thereforea,, € A* and for each customer claggan be written as:

Nt - Nr -
aiz = Z R’ (flg)npk = - Z Rjenf]gpk: = ena%
= k=1

Hencea € A~.

2. In order to show that € A* = a € A, we will follow two steps. First we will show that
that A* C A and then thaA* C A. Let an arrival rate vectas € A*. There must exist
f/ > 0 and aj > 1 such that Z‘] f/ ¢ co(M;S;) and for each customer clags’ =
> Riflp,. Sinced 37, £ € co(M;.S;,) ands > 1, by Lemma 337 £/ € co(MySy)

follows. Hence:
ac A*=acA.

In addition, A has been proven to be a convex polytope, and therefore besedctmt. By
the definition of the closure of the set, it is the smallessetbset that contains the set, which

impliesA* C A*. Hence, A* C A.

The above steps completes the proof of Theorem 3: Part 3. &

We proceed to establish the set relationships among thdsets, A, C andC,, of Theorem
3 (Equation 3.3). Inequalityd) follows trivially, sincer, is one policy from the set of all stationary
policiesw € II and therefore its throughp(,, cannot be better than the throughput achieved by
all members i1, namely the regiorC. In addition, equality(5) trivially follows once we prove
that A* (QQ) Cr %) A, by taking the closure of this expression. In the sequelr¢iseof the set

inequalities will be shown.
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3.2.4 The region of stable arrival rates underr, contains A*

In this section, we show inequality (2) in Theorem 3 (Par).3\8e argue that tha* C C,, and
hence, under, every arrival rate vectas € A* is stable. To this respect, we are going to use a
Lyapunov analysis approach. We will try to show that the d¢tiois of Theorem 2 also hold for
our model when the proposed scheduling policy is applied.

Towards thid end, we are going to use the candidate Lyapummtibnl’ as defined in chapter
2. In addition, we will attempt to find sufficient conditions the arrival rates so as to ensure
that the expected value of the Lyapunov function has a negditift whenever the queue sizes
are large. If we are able to find necessary and sufficient tiondj we will have characterized an
optimal throughput stable scheduling policy.

We will apply this candidate Lyapunov function to the Markoain of the queue sizdX (¢) }:2,,.
In the sequence, we will show that whenever the queue siedarge, the expected drift of the can-

didate Lyapunov function is negative.

Lemma 4 For a stationary policyr, anarbitraryarrival rate vectora and a network following the

queue length dynamics given by Equation 2.1, the followoidsh

EV/(X(t+1)) = VI(X(1)X(t) = x]

<> (Z ~2(D}(x)) ' (x, m) P
+ Z 2XjTaj + Z by, (3-4)

whereb,, are constants that do not depend on the queue sizes.
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Proof:

E[V/(X(t+1)) = V'(X()|X(t) = x] (3.5)

&

[E[V'(X(t+1)) = VI(X(#)IX(t) = x,T(t + 1) = Tp]|X(t) = x]

_l’_

M~
.MZ

E| (ij(t +1)— Xlzj(t))|X(t) =x,T(t+1)=TP[T(t+ 1) =T X(t) = x])

<
Il
i
.
Il
—

I
—_

i

(X5t+1) = X50)X(t) =x,T(t+1) = Tk]) Pk

<.
Il
-

.F'_'ﬂk

(X3t +1D)TXI(t+1) = XIOTXI)X(t) =%, T(t+1) = Tk]) D

<
Il
-

I
1Mz 1M 1M

o

M“

WE

-

= E[

ES
Il

,_.
<
Il

—

(XI(t+1) = XI () (X7 (¢ + 1) + XI () X(8) = x, T(t +1) = Tk]) pe  (3.6)
By substituting equation 2.1 into 3.6 we get:

E[V'(X(t+ 1)) = V'(X(#))|X(t) = x]

(t+
— Z(ZE [(RIM(t + 1)E7 (¢t + 1) + AJ (¢ + 1))T
k=1 \j=1

(2Xﬂ(t) +RIM(t+ DE/ (t+1) + Al (t + 1)) |X(t) =x,T(t + 1) = T};]) px

I
NNgh

J
(ZE [(RIM(t + D)E (t +1) + Ad (¢t + 1))
7=1

—

RIM(t+ DE/(t+1) + A7 (t+1)) | X(t) = x, T(t + 1) = Ty

+

'M~

<
Il
i

ERMRM(t +DE/(t4+1) + Al(t + 1)TXI@)X(t) =x, Tt +1) = Tk]> e (3.7)

For each of theN, terms of Equation 3.7 correspond two inner summations. Tise ifiner
summation of 3.7 can be bounded by a constantpgajnce it only contains entries frolR’ and
A(+), which are fixed given the topology and don't vary with the ggisizes, and(-), which

depends on the queue sizes but is bounded for all topologiesbmponent wise.

Now let us look at the second inner summation of equationv@ich corresponds to topology,
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T, €T:

J
(ZE [2(RIM(t + DE/ (t + 1) + Ad (¢t + 1) XI(8)| X (t) = x, T(t + 1) = T,J) Dr

I
MKA

E2RIM(t+ 1)E/ (t + 1)"XI ()| X(t) =x, T(t + 1) = Tk]) D
1

<.
Il

+
Mu

E[2(A7(t +1))TXI ()X (2), T(t +1) = Tk]) Pk
1

<.
Il

I
M~

2(Xj)TRij7Tj (X, Tk)) Pk
1

<.
Il

+

R

1

2(xj)Taj> Dks

<.
Il

where we have used that (x,T;) = E[E/(t + 1)|X(¢t) = x,T(t + 1) = T} and in view of
Assumption 3 and the fact thAd(¢) is independent of the queue siz&8;, = E[M(t+ 1)|X(t) =
x,T(t+ 1) = Tx]. The elements of matridl,, are the probabilitie$m,), that represent the

probability that a transmission goes through linkSo, equation 3.7 becomes:

k=1 \j=1
J Nr
+ Z 2(x?)Tal (Zpk>
=1 k=1
+ by, (3.8)
k=1

Equation 3.8 can be rewritten by substituting Equation®the equivalent entries f¢x’/)" R/ My,
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as:

EV'(X(t+1)) — V'(X(t)|X(t) = x]

= Z ' —Q(Di(x))Tﬁj(X,Tk)> Pk
Z 2x a3+zbk (3-9)

%

Now we impose the condition that the arrival rates belongt@and examine the system under

the policyr,. Then we can derive the following result.

Lemma 5 Consider some stationary poliey, then for all arrival rate vectorsa € A* and a

network following the queue length dynamics given by Equail, the following holds:

EV/(X(t+1)) = V'(X(0)X(t) = x]

Nt J | Skl
< z_: (Z Dk )) W]( Tk)) (Dr(x )) Z(M)z(%%) Pk

j=1 =1
+ ) b (3.10)
Proof: By the flow conservation constraints described earlier amtea € A*, we have that

J
36 >1:6 ] € co(MySy)

j=1
and by Equation 3.1
NT )
al = - (Riflp) Vj=1,...J
k=1

In the sequel, we prove that this arrival rate veetds stable.

From Equation 3.1, we know that we may fiig,,); > 0,Vi = 1,...,|Sk/,

El‘gi' (vx); = 1 and are such that

|Sk|

5Zf” My, > " (w)i(ck)i where(e,); € S,

=1
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In the Equation abovéc); € S are valid activation vectors under topology.

Sinced 2;:1 f/ € co(M,Sy), it follows from Lemma 3 that any vector smaller than that eom
ponent wise will also be in this Convex Hull. Hence, so \@5.’:1 f].

As § > 1, we can obtain coefficients\;); = % >0, Vied{l,...,|Sk|}such that:

|Sk| |Sk|

Zfﬂ = M, Z Ark)i(cr); where(cy); € Sy and > ()i < 1

i=1
Moreover, from Equation 3.1, we can write

J Nt J
D o) Tal = > (Z 2(xﬂ')Tij,g> Dr (3.11)

k=1 \j=1

and by substituting Equation 2.9 into 3.11 we get that:

J
> 2(x)Tal = QZ (Z D,/ (x MTP) (3.12)
Jj=1 J

In the equation abové«[l is thepseudoinversef the diagonal matridl,. SinceM,, is a diagonal

matrix, its pseudo-inverse is a diagonal matrix as wellhwliagonal entries:

(mi e if (ma)e # 0

(m})e =

Therefore we can argue as follows:

-
]
e

7j=1
Nt
< 22 max <ij(X)T) M f,g) Dk
j=1,..
k=1 j=1
Nt |Sk|

= 22 (Dk<x>>TZ()‘k)z(ck)z Dk (3.13)
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The equality in Equation 3.13 is justified as follows. Therye@'sk'( Ak)i(ck); is the sum over
all possible valid activation vectors. They must hage for each link that is not available under
topology7y. In addition,MLMk is a diagonal matrix. Its diagonal elements are(my), # 0 and

0 if (my), = 0, in which case thé” entry ofc will be 0 as well. Hence:

ISkl |kl

MM > (diler) = Y (Awi(er);

i=1 i=1

and Equation 3.13 follows. From equations 3.13 and 3.4, wencée:

EVI(X(t+1)) = VI(X(8)[X(t) = x]

Next we proceed to show the remaining part of inequdltyin Theorem 3. Examining the

definition of g in Equation 2.7, we can see that, forak=1,2,... ,J,
Dy’ (x)" m(x, Tr) = Dy ()" mp(x, Tk).-

This equivalence results from the fact that any element/¢k, 7;) is non-zero only when the
corresponding element &, (x) equalsD,(x), in other words achieves the maximum of Equation

2.8). Hence we have,

Z D, (x)" 7 (x,T},) = Z DI (x)Trl(x, T},) = %f{nk(x)%}. (3.15)
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and Equation 3.10 becomes:
EV/(X(t+ 1)) = VI(X(1)1X(t) = x]

Ny [ [Sk|
< Z (2 max (Dy(x)"c) 4 2(Dy(x))” Z()\k)z(ck>z) Pk + bk]

k=1 o<k i=1

Nt [ |Sk
< — T T ‘
< ; 2 max (Di(x) c)—l—QICré%f((Dk(x)) c);()\k)l Dr
+ by

Ny [ |Sk|
=2 (2 (1 - ZW)@) max ((Dk(X)>Tc)> pi+ bk] (3.16)

k=1 =1
We need to show that whenever the queue sizes increase atoeetlreshold, the right hand
side of Equation 3.16 becomes strictly negative. This wgularantee that the drift of the expected
value of the Lyapunov function becomes strictly negative laounded away frora for large queue
sizes. Hence, we proceed to prove that wheng&Vet) > v, then it must hold that for at least one

topologyk the

max (D} (x)"c) > h(v),

cESk

whereh(v) is a positive, increasing and unbounded function.of

Let the queue sizes be large enough so ¥Hék) > v. Then,

v< V'(x)

= ZZ{%‘}Q

j=1 i=1

J
< 3N s o)
< Ni:r{l,?f}fjv{x”}
j=1
< NJ max  max {z;}?
i=1,...,N j=1,...

(3.17)
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Therefore,

v
> :
(e max {ry} >[5 (3.18)

Let us suppose now that the queue that achieves this maxiralua s the* and this happens for

customers of clasg®. In other words:

.y )
(@) =arg_ max — {zy}

=1,...,

The queue size that corresponds to ngdend clasg™* is x;- j«. By making use of the assumption
on the topology process (Assumption 2), we know that if we tide union of all possible topolo-
gies there will exist links ¢; € U]kV:T1 L(k), for somen > 0, such that for some nodés iy, ... ,i,
s(ly) = 1%, 5(lms1) = iy @NAd(ly1) = ippy1,m, € {1,... ,n — 1} andi,, € V;+, wheren < N.

Hence.;- j« can be rewritten to the equivalent:

Lijxjx = (xi*j* - %j*) + (%j* - %j*) +...+ (zinflj* - xinj*) + T, 4

Therefore we have,

v

v

1 v

> [ — :
= NVIN (3.19)

Let the above maximum be achieved for some lipk < L(k') for topology7;,. Now let
us look at topologyl;,» and look at linkl.y. Leti; = s({)) andi, = d({)). Let alsoA =

x;, j+ — T+, fOr the customer clasg described above. Then we get:

A= Zijr — Tigje

< fflla%J{ﬂfz’lj — Tiyj}
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Therefore for topology}.,, we must have:

max (Dy (x)"c)

CESk/
> 7 (x)T .
> max (D} (x))"e) (3.20)
Z Amk/gk, (321)
Mg, v
> k S .
- N JN (322)

Inequality 3.20 follows from the fact thd®,,(x) > Dy« (x). Inequality 3.21 follows from the
fact that any active single link (in this cagg,) is a valid activation set in itself. The inequality
3.22 come from equation 3.19.

Hence we obtain that:

Vix) >v= — max (Dr(x)7c) < —mf\/f’“' JLN

And therefore we have:

EVI(X(t+1)) = VI(X(8))[X(t) = x]

Nrp ISk
< Z ( 2 ( Z()\k)) gé%f((Dk )pk‘l‘zbk

k=1 =1

ISy |
< =2 ( i(h«) ) max (Dw(x))"c) pr +Zbk
1Sl e, [T Nr
< -2 ( ;()\k’) ) N \/J:Npk’ + ;bk
. o M (k") v all
< -2, _min {1 - ;()‘k)i} N \/J:Npk/ + ;; b
il 1 v
s 2 k:{l,l..i.r,lNT {1 a ;(Ak)’} N J—N(kzgnmNT pk)(kzl,...,IJI\};gkeL(k){ka})
Np
+ ) b (3.23)
k=1
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Each of the above minimizations are achieved at strictlytpesvalues. Hence, we observe that
if we selectv sufficiently large, we can make the right hand side of Equedi@3 strictly negative
and bounded away from zero. The variablsust be selected in such a way so that the first term
(negative) must overcome the summation of the 2 positivegehen, we have proved that

For the mobile network with i.i.d topology processes, scihed by policyr,, and for arrival

rates satisfying Equation 3.1, there exist 2 0 ande > 0 such that, ift”’(x) > v then
E[V/(X(t+1)) = VI(X(1)IX() = x] < —¢ (3.24)
Also, for any finite arrival rate vectay, it is straightforward to see that,
EV(X(t+1))X(t) =x] < 00, Vx € X.

Hence the time varying network, in which topologies changa i.i.d fashion is stable for these
arrival rates. &
An interesting fact that emerges from the above analysisasthe above holds under relaxed
conditions on the network connectivity. It is not necesghaat all the individual topologies have
to be connected for stability. Assumption 2 concerning eatimity of the union of the topologies
is sufficient. With a non-zero probability the network carctm®e completely disconnected and

remain stable, provided the arrival rate vectors satiséyctbnstraints of equation 3.1.

3.2.5 The region of stable arrival rates under any policy is ontained in A

In this section we are going to prove that inequality (4) Boice that any arrival rate that is stable
under some stationary policy must belong in the AetTowards this end we state and prove the

following lemma.

Lemma 6 If the system is stable under some stationary paticye. a € C, thena € A.
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Proof: Consider an arrival rate vectarc C, i.e the system be stable under some stationary policy
7. If the Markov Chain{X(¢), T'(t + 1)}:°, that represents the state of our system, can either
be in a positive recurrent state of some recurrent class artmnsient state. Suppose that the
system starts in some positive recurrent class, then itresmfiain there forever. Suppose, on the
other hand, that the system starts in one of the transietesst@ahen, by Definition 1, the system
will have to leave the set of transient states in finite timéwgrobability 1 and land itself into
one of the positive recurrent classes fram= U2, Z,. Hence, without loss of generality we may
assume that the Markov ChajiX(¢), T'(t + 1) }3°, will be restricted to one of the recurrent classes
Z;,1=1,2,..., thatis positive recurrent and hence ergodic.

By Assumption 3, the service completion matrix of the ses\®f(¢), given the current topol-

ogy7'(t) is independent oK (0), ... , X (¢ — 1) because they only depend on the current topology.

Hence we can show the following simple claim.
Claim 1 The triplet{X(¢), T'(t + 1), M(t + 1) }{2, is a Markov Chain.

Proof:

PX(t), M(t + 1), T(t + 1)|X(t — 1), M(t), T(£), X(t — 2), M(t — 1), T(t —1)...] =
= P[M(t+ 1)[X(t), T(t + 1), X(t — 1), M(£), T(t), X (t — 2), M(t — 1), T(t — 1)...]
= PIM(t + 1)|T(t + D]P[X(t), T(t + 1)[X(t — 1), M(t), T(t)]
= P[M(t+ 1)[X(8), T(t + 1), X(t — 1), M(t), T()] P[X(t), T(t + 1)|X(t — 1), M(t), T(t)]

= PIX(),M(t + 1), T(t + 1)[X(t — 1), M(t), T(¢)]

Therefore{X(¢), T'(t+1), M(t+1)}:°, is a Markov Chain, which is ergodic{X (), T'(t+1) } 2,

is ergodic. Now consider the quanti®y/ (1) = M(¢)7/ (X (¢t — 1),T'(¢)). Let us also define

£/ £ B[F(t)|T(t) = T]
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We are going to show tha‘;j satisfy the conditions in the definition of and thus prove that
a € A. Consider some nodeand some customer clags Since the system is stable, packets do
not accumulate at any node. Therefore, the limiting averageber of external arrivals at node
of classj, in addition with the internal arrivals of clagslue to scheduling, are equal to the average

number of internal departures of customers of cladset: be such that ¢ V;. Then:

a.s . 1 a ] . . .
= lim{- E A’(t)}By stationarity of arrival process
T—00 T
t=1

_ nmli S Em- Y F
T | eso=i t:d(f)=i
- i3 S e S R
t=1 L lL:s(0)=

> RLF(t

lel

- m -2y

t=1

In vector notation we will have,

T

&% lim > [RIF(1)] (3.25)

T—00 T
t=1

: ] « :
= —R/lim =) [F/(1)]
T—00 T =1
The quantity}_;_, F/(¢) indicates how many customers of clgdsave crossed each server during
time[1,¢]. Since{X(t—1), M(¢),T(t)}:°, is an ergodic Markov Chain, any function of an ergodic

Markov Chain is ergodic well, we know th&Y (¢) will be ergodic. Hence:

~SEI) S B ()
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We have that:
E[Fi(t)] = E[E[F(t)|T(t)]]
— ZE[Fj(t)|T(t) = Tilpr

Nr '
= ngpk
k=1
and Equation 3.25 becomes:
al®3 —R/E[F’(t)] by ergodicity
Nt '
= - ) Rifip
k=1
Now we need to check whether all the conditionstpin the definition ofA are satisfied.
o f] = EM(t)7(X(t — 1), T(t))|T(t) = T] > 0, as an expectation of a non-negative
guantity.

e Consider

D = ZE X(t=1),T#)[T(t) = Til

J=1

= ZMkEWX(t—l),Tk)\T(t) =T (3.26)

Zwﬂ (t— 1), TW)|T(t) = Ty

Equation 3.26 follows from Assumptlon 3. In addition, sirces a valid scheduling policy,
Z 7Tj t — 1 Tk) €S,

and therefore
J

Z (X(t — 1), T)|T(t) = Ty

MkE € CO(MRSk)

Hence:}" | f] € co(M;Sy).
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Therefore, we showed that there exist flofjs> 0, that satisfyz;.’:1 f/ € co(M,S},), and such
thata’ = — 31", R/f/p;, V4. This implies that € A, which completes the proof. O
So, we proved that the arrival rate vectomust belong ira € A. We can conclude therefore,
that the regiomA contains indeed the network stability region obtained tysét of all stationary

scheduling policies.

3.2.6 Time sharing based policy

In this section we are going to show that a policy that perfotime sharing between network
configurations is suboptimal with respect to maximizing tieéwork’s stable throughput and that
the proposed scheduling policy performs at least as wetithar words, we will show that equality
(1) of Equation 3.3 holds.

Clearly, A, are the arrival rates obtained by time sharing of individuetworks. Now we
proceed to show that the capacity region is larger than tieaticombination of stability regions of

individual topologies.
Claim2 ClaimA, C A*

Itis easy to see that i € A, thena = Eff:ﬂ arpr, ax € CapacityRegion(T},). Therefore

ai _ _ij]z7 (3.27)
which follows from [14], and hence:
Nt _
al =) R/fp, (3.28)
k=1

and conditions of belonging tA* are satisfied. Therefore:

acAy=acA”
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and hence:
Ay C A~

We will show later, through the example of section 3.3, thatregion of arrival rated, can be a

strict subset of the regioA*

3.3 Example of Mobile network with two configurations

Consider & node network with two configuratiorfy and7; as shown in Figure 3.2. The network
exists in one of the two configurations at any time and swidbetween the two according to a
two state homogeneous Markov Chain with equiprobablecstaty distributionf, = p; = 0.5).
Let us consider perfect links that allow perfect commundsgtin other words links for which the
service rate of the corresponding servet.idn network configuratiorTy the network is such that
a perfect communication is possible only from node® 2 and no communication is possible
between node® and3. In network configuratiorf}, perfect communication is only possible from
node2 to 3. Assume that there is a single class of customers that wiilltk& system as soon
as they reach node Let aq,a, denote the arrival rates at nodesnd?2 for node3 . As there
is only one destination class, we shall drop the supersgiipdicating the destination class from
the discussion in this section. As there is only one possitiiwe link in both configurations, the
activations sets, andsS; contain singleton elements, thatds, = {[1, 0]} andS; = {0, 1]}

Then the matriXR is a3 x 2 matrix indicating the routing matrix under the union of tégmes.

Each row of the matrix corresponds to a node. Each colummesponds to a link{ € L. Then
-1 0

we haveR = 1 —1 | . Consider the stability region of configuratidiy. Clearly the only

0 0
flow vectorf, such that-Rf, > 0 and(fy). = 0 is the vector0, 0]. Hence the stability region for
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/ 1 / 2 Destination
oO—oO O T,
1 2 3

Figure 3.2: A3 node network with two network configuratior&, and77. Arrivals occur at nodes

1 and2 and will exit the network at nod&

configuration’; contains only the poinitu;, as]” = [0, 0]7. This is also obvious by looking at the
network configuration, as no positive arrival rates to aedion3 are stable.

Similarly, consider the stability region of configurati@h. Any valid flow vector for config-
urationT}, f; which gives—Rf; > 0 must be of the forn0, o]” where0 < a < 1. Hence the
capacity region for networl{; contains points of the formR|[0,a]” = [0,«a]?. Therefore, the
stability region or configuratiof; contains only a linéa,, a»)” € {[0,a]” : 0 < a < 1}.

So, we deduce that the regidxy, obtained by time sharing of the two networks is given by
[a, as]” € {0.5[0,0]" 4+ 0.5[0, a]” : 0 < o < 1}, which is a vertical line of length.5 through the
origin.

Now consider the achievable regié for this network.

It is given as:

A = {[al, GQ]T : [al, &Q]T = — 1 -1 (05f0 + 05f1) > 0} (329)

0 0

where each element df;),: = 0,1 lies in [0,1). Also, by constraints on the activation sé,

must be of the fornie, 0]7 andf; must be of the fornj0, 5]7. It is straightforward to see that the
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St.Reg. of TO St. Reg. of T

AO A*

Figure 3.3: Stability regions of each configuration, skgsand A* for the3 node network.

elements ofA* are of the form[0.5«, —0.5« + 0.5, 0] where0 < «, 5 < 1. The necessary and
sufficient additional condition for these entries to be remative iS5 > «, we can ensure that each
of the elements is nonnegative. Figure 3.3 shaws Clearly this region is a strict superset of the
regionA, and positive arrival rates on nodean be delivered to nodeby using node as a relay.
As an evidence of what we argued earlier, note that, for@any 0, the term—Rf, has a
negative element, which indicates a nonzero “departueg etnode2, for destination node, in

configurationy.

3.4 Conclusions

In this chapter we found an optimal stable scheduling polarya network which changes its
topology according to an i.i.d topology process and obthithe achievable rate region. By the
discussion of stationary and ergordic topology procesissyssed in chapter 2, if follows that this

region is achievable in this more general case as well. Treeshowed that any rate outside the
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specified region is unstable, which implies that indeed ithihe stability region of the network.
Moreover, we elaborated that the capacity region of the laat@twork is strictly better than the

one resulting from a linear combination of stationary netso
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Chapter 4

Simulations Results

In this chapter, we introduce our simulation tool and présanulation results for networks whose
topology varies in a random fashion. Our ultimate aim is tafyehat mobility increases the
maximum stable throughput that the network can sustaintHaravords, even when nodes move
and the network evolves exclusively within disconnectqubtogies, we exhibit that the proposed
scheduling policy achieves a throughput that is strictlgifpee, provided that Assumption 2 is

satisfied.

4.1 Simulation Tool

The simulating tool has been developed in C language. Itlatiesithe scheduling policy of section
2.5, operating on a mobile environment. It is able to modebifitg that results in2 types of

topology processes: Topologies that change in a i.i.d ntaemmet a hidden Markov stationary and
ergodic topology process, i.e. when nodes move based ondamawalk mobility pattern. We

focus our attention in i.i.d varying topologies. In additjalthough our tool can model servers
(links) that fail to serve the customer under service, weigour attention to perfect servers. This
assumption makes it more intuitive to understand and exple simulation results. Finally, the

arrival process is Bernoulli.
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4.2 Simulation Algorithm

We are using a “Monte Carld” based simulation procedure in order to characterize avehrete
vector as stable or unstable. The basic idea of our algoighmstart from large valued arrival rate
vectors, that we expect to be unstable, and decrease orndirzater by a step, at each simulation
run. So, as long as the arrival rate vector is unstable, onts @bordinates is decreased again,
and the procedure is repeated until a stable arrival rateovés found. Each simulation run is
bounded by a maximum time slot, at which point the correspandrrival rate vector is accounted
for stability. In our simulations, stability is estimatdddugh a threshold criterion. In other words,
if one or more of the network queues exceeds a threshold vhlele the corresponding arrival rate
vector is characterized as “unstable”.

We ran our simulations, for a simulation run of si#0 time slots, a step of valu@05 and
a threshold for stability check set & packets/queue. Moreover, in the figures that follow, the
obtained arrival rates are characterized and separatebbtiyng the stable arrival rates in red™

and the unstable ones, by blue dots.

4.3 Network Scenarios

In the sequel, we will show through a set of examples whatesntfaximum stable throughput
a network can sustain, when the scheduling is performedrdicgpto the proposed scheduling

policy. We are using small networks that will help us explaimd understand the obtained results

Monte Carlo is a stochastic technique, which solves a madkieat problem, usually too complicated to be solved
analytically. It is called stochastic since it generatatable random numbers and uses probability statistics toeco
up with an answer. The random selection process is repeatay times and each time a new scenario and a solution
to the problem are created. The collection of all scenagive, a range of possible solutions that can be characterized

by the properties they satisfy and that have different podibes of occurrence.
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Figure 4.1: A3 node network that switches among 3 topologies. Traffic & ¢af at nodel and

of rateay; at node2 are both to be delivered to exit node

by using intuitive arguments.

4.3.1 A3 node network that switches among 3 topologies

In this section, we examine what the stability region of tleénork depicted in Figure 4.1 looks
like. In this network, we consider two customer classes.t@usr clas$), of ratea,(, enters the
network at nodd and exits the network at node Similarly, customer class, of ratea,;, enters
the network at nod2 and exits at nodg. Both noded and2 compete to send their traffic to node
but due to the medium access primary constraints, not bdtieai can transmit simultaneously to
their intended exit nodes. The network switches antotapologies [, T andTs;, with stationary
probabilitiespy = 0.5, p; = 0.25 andp, = 0.25.

Let us first examine the network throughput of a fixed netwakKirtg one of topologies;, i =
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Stability region for a 3 node network
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Figure 4.2: Maximum stable throughput of a stationary nekwthat has topolog¥;. Arrivals of

ratesa;o anday; occur at node$ and2 respectively and are intended for exit naxde

0,1,2. The maximum stable throughput, obtained by our proposkddiding policy, for a sta-
tionary network of topologyfy,, 77 and7T; is depicted in Figures 4.2, 4.3 and 4.4 respectively. In
Figure 4.2 the set of stable arrival rates are the ones #at the positive quadrant and are upper
bounded by the line,, + a2, = 1. Else, the arrival rate region is obtained by the interseabf
half spacesi;p > 0, ag; > 0, a19 < 1, a1 < 1 andayg + az; = 1. The boundary pointl, 0) is
obtained by setting the ratg; = 0 at node2, which would allow nodd to send packets at node
3 with a rate ofl. Similarly, the point(0, 1) is obtained by setting;, = 0 and allowing node to
transmit at a maximum rate é¢f When the network topology i%;, node2 is not connected to its
exit node at any time instant, hence the maximum stablezhmate that it can deliver i§ (Figure
4.3). The same observation holds for nddender topologyl; (Figure 4.4). When the network
switches among topologies, the corresponding maximumestaboughput region is depicted in

Figure 4.5. Now, both nodelsand2 can reach their exit node for a maximum(®T5 fraction of
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Stability region for a 3 node network
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Figure 4.3: Maximum stable throughput of a stationary nekwthat has topolog¥{;. Arrivals of

ratesa;o anday; occur at node$ and2 respectively and are intended for exit naxde

time. Therefore, the stability region is obtained as anrggetion of the half spaces, < 0.75,

ao1 < 0.75,a190+ a2 <1,a10 >0 anda21 > 0.

4.3.2 3 nodes in tandem

In this network scenario, we revisit the example discuseesection 3.3 (Figure 4.6). Traffic for
customer clas$, of ratea,g, enters the network at nodeand traffic for customer clask of

rate ap; enters the network at node both having3 as their exit node. The network switches
between topolog¥, and7;, that have stationary probabilitipsand1 — p respectively. We look at

the throughput region of this network, for different valuggshe stationary distributiop, namely

p =0.5,p > 0.5 andp < 0.5. We observe that when the network takes topoldgyhe maximum
stable throughput it can sustain(issince the exit node can never be reached (Figure 4.7). When

the network operates under topology, traffic that enters the network at notle€an never reach
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Stability region for a 3 node network
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Figure 4.4: Maximum stable throughput of a stationary nekwthat remains in topologys at all
times. Arrivals of rates;o anday; occur at nodesd and?2 respectively and are intended for exit

nodes.
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Stability region for a 3 node network
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Figure 4.5: Maximum stable throughput region for the i.ogdlogy varying network of Figure

4.1.

1 2 3 T p
0
a
\ 10 \ 21 VO Vl
1 2 |— 3 T 1-p

Figure 4.6: A3 node network in tandem. Traffic is at both nodesnd?2 is intended for exit node

3.
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Stability region for a 3 node in tandem network
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Figure 4.7: Network operates in topolo@y. The exit node3 is isolated at all times and hence the

maximum stable throughput @sfor both types of traffic.

exit node3, hence the maximum stable throughput for this rate;4gs= 0. However, this allows

node2 to transmit at the maximum rate of (Figure 4.8)

e p=20.5

The maximum throughput region when the network alternajgslogies, staying at each one
of them equal amount of time is depicted in Figure 4.9. Thkistyregion will be bounded
by the intersection of half spaces, > 0, as; > 0, a;90 < 1, az; < 1 andayg + a; < 0.5.
The plot of Figure 4.9 is fairly intuitive. Since the link taienode 3 is available only0.5
fraction of time,0.5 will be the upper bound on stable arrival rates for each typgeaffic. A
rate ofay; = 0.5 can be achieved when, = 0. In addition, since nodg is 2 hops away
from the exit node of its traffic, the maximum throughput ih@eliver can bé.5, which is

achievable when there are no arrivals at ndde
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Stability region for a 3 node in tandem network
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Figure 4.8: Network is in topology;. Only packets of of traffic that enters the network at nbde

can reach exit noda

e p>0.5

When topologyl}, occurs more often than topolody, e.g. wherp = 0.75, the stability
region of the network is as pictured in Figure 4.10. Sincelitiieto the exit nodes is only
available for0.25 fraction of time, the maximum stable arrival rate for eittraffic type will

be upper bounded hy.25.

e p<0.5

TopologyT; occurs less often than topolody, e.g. with stationary probability.25. The
stability region for this case is depicted in Figure 4.1Inc8itopologyl; occurs with prob-
ability 0.75, the link to exit node3 is available for0.75 fraction of time. Hence, nod2can
deliver a maximum stable rate @f; = 0.75, when nodd is silent. On the contrary, a stable

ratea;y cannot increase more thares, since only for this fraction of time nodeis allowed
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Stability region for a 3 node in tandem network
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Figure 4.9: Stability region of th nodes in tandem network, when topologigsand7; occur

equally likely.

to relay its traffic and hence no more th2i¥; of packets can reach noddrom nodel.

A similar topology of3 nodes in tandem, with different traffic characteristicstigdged next
(Figure 4.12). It is easy to see, that if the network takedusieely either topologyl; or T},
the network throughput would be(Figures 4.13 and 4.14). On the other hand, by allowing the
network to switch between thetopologies a throughput strictly greater thams achieved. We
will again examine the throughput region of this network diafferent values that the stationary

distribution the topology process can take, namety 0.5, p > 0.5 andp < 0.5.

e p=20.5

The maximum stable throughput region of a network that $weiscbetween topologi€k,
and7i, while staying at each one of them equal amount of time, isctieghin Figure 4.15.

The stability region of Figure 4.15 is bounded by the intetisa of half spaces,, > 0,
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Stability region for a 3 node in tandem network
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Figure 4.10: Stability region of th& nodes in tandem network, when topolo@y occurs with

probability0.75 and7} with probability0.25.

az; > 0, a9 < 1, a3 < 1andaj + az; < 0.5. Although, the mobile network has the
same stability region as the one of Figure 4.9, when topekifji and7; occur equally
likely, we observe that mobility has benefited the stabityhis network even more, since

the individual topologie§;, andT; have throughput strictly zero.

e p > 0.5 Now, we look at the case where topoldfjyoccurs more often than topology, e.g.
with probability 0.75. The stability region of this network is presented in Figdr&6. For
this mobile network, the maximum stable arrival ratgis 0.25, since although node may
relay its packets to nodefor 0.75 fraction of time, the link to the exit node is only available
for 0.25 fraction of time. Furthermore, the maximum arrival rate is also0.25 since node
3 can only relay its traffic to nodefor 0.25 fraction of time. From the above, we obtain that

the stability region must be obtained by the intersectiothefhalf spaces,, > 0, az; > 0,
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Stability region for a 3 node in tandem network
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Figure 4.11: Stability region of thg nodes in tandem network, when topolo@y occurs with

probability0.25 andT} with probability0.75.

Figure 4.12: A3 node network in tandem. Traffic, of customer clasat nodel is intended for

node3 and traffic, of customer cladsat node3 is to be delivered at node
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Stability region for a 3 node in tandem network
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Figure 4.13: The maximum stable throughput of a stationatwark that operates under topology

T, at all time slots is zero. This is because the exit nodes alatexd from all the traffic sources.

ayp < 0.25, az; < 0.25 andaqg + az; < 0.25, as is also verified by Figure 4.16.

e p < 0.5 In case that topolog¥, occurs with less frequently than topolo@y, the stability
region will be exactly the same as the previous case of Figuté. This is because of

symmetry and is shown in Figure 4.17.

4.3.3 4 node network

In this section we will look at a network @f nodes that switches betwegriopologies, as can be
seen in Figure 4.18. There existustomer classes, one of ratg arriving at nodel and exit node

3 and one at nodé, with ratea,; and exit node. We observe that in both topologies, the nodes
where traffic enters the network are disconnected from thieneres. Therefore, the total network

throughput, as depicted in Figures 4.19 and 4.20 is

69



Stability region for a 3 node in tandem network
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Figure 4.14: The maximum stable throughput of a stationatwark that operates under topology

T, at all time slots is zero. This is because the exit nodes atatex] from all the traffic sources.

We will show that although the individual networks are “batisconnected networks, the
switched network, that alternates between topolo@iesndT}, achieves a throughput region that
has positive area. In the sequel, we obtain the throughgide of the switched network, that
alternates between topologi&sandT, for different values of the stationary probability dibtrt
tion under which these topologies occur. Specifically, wi labk into three cases, namely when

p=20.5.p>0.5andp < 0.5

e p=20.5

The throughput region of the network of Figure 4.18, wherhgapology7, andT; occur
equally probably, is depicted in Figure 4.21.

e p>0.5

When topologyl, occurs more often thai;, then the stability region of the network, as
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Stability region for a 3 node in tandem network
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Figure 4.15: Stability region of th& nodes in tandem network, when topologigsandT; occur

equally likely.

obtained by our simulations, is depicted in Figure 4.22 ¢htaorresponds tp = 0.75).

e p < 0.5 When topologyl; occurs less often thdfi, then the stability region of the network

is shown in Figure 4.23(which correspondgte: 0.25).

4.3.4 4 nodesonaring

In this section, we are going to analyze the throughput regfaa network comprised, by nodes
that reside on a ring of radius There exist customer classes. Customer clas®f ratea,
arriving at nodel, with exit node3 and customer clask of rateay;, arriving at nodet, with exit
node2. The positions of all the nodes, at each time instant, caretegmhined as long as one node’s
position is completely known. To illustrate this, let a ndm#elocated at anglé(t) € [0, 7 /2], Vt >

0. The rest of the nodes will be placed at positians 6(t), = + 6(t) and2r — 6(t). Hence, each
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Stability region for a 3 node in tandem network
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Figure 4.16: Stability region of thg nodes in tandem network, when topolo@y occurs more

frequently tharil}; (with stationary probability).75).

guadrant is allocated to exactly one node. Let these nodasiéered from to 4, as shown in
Figure 4.24. Consider also that the power at the nodes is #uatha pair of nodes communicates
if their distance is at mosk. We assume that the radius of the ring is large enough to preve
node from communicating with all others at all time slots.thAs value of(¢) varies, the different
topologies that the network evolves into, vary as well.

We are going to look at the case where> %. If 6(¢) is small enough, then the network
nodes that may communicate with each other will be the pamodesl and2, as well as node3
and4. This would put a constraint on the distance between thedestw be less than the range
of communication, namelgrsin(6(t)) < R or elsed(t) < sin~'(£). To this respect, we define
the quantityd, = sin~'(Z). Hence, as soon #t) increases and becomes larggrthe distance

between communicating nodésand2 and3 and4 becomes larger thaR, and hence they may

not communicate any more. More specifically, the network kel completely disconnected for
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Stability region for a 3 node in tandem network
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Figure 4.17: Stability region of the nodes in tandem network, when topolo@y occurs less

frequently tharil}; (with stationary probability).25).

values off(t), such that, < 0(t) < w/2 — 6,. Further increase ifi(t), i.e. /2 — 0y < 6 < 7/2
results in a different set of communicating nodes, nameygmmunicates witd and2 with 3. By
considering a uniform distribution af(¢), we observe that topologids and7; occur each with
equal probabilityp = % andT;, occurs with probabilityi — 2p. So we have the following set of

possible network topologies:
e 0 <0(t) <6y TopologyTy is present (Figure 4.25).
e 0y < 0O(t) < m — by: TopologyTs is present (Figure 4.26).
e 0y < 0(t) < m/2: TopologyT; is present.(Figure 4.27).

Let us now consider that = 1/4. Then, the maximum throughput scheduling policy for this

network achieves the stability region of Figure 4.28.
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Figure 4.18: A node network that takes two topologi€g,and7; with probabilitiesp and1 — p

respectively. Traffic of rate,, arrives at nodé with exit node3 and traffic of with ratew,; arrives

at nodet with exit node2.
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Stability regions for a 4 node network
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Figure 4.19: Under topologyy, the nodes at which arrivals occur are disconnected fronexite

nodes at all times. Hence, the maximum throughput that caleleered .
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Figure 4.20: Under topology;, the nodes at which arrivals occur are disconnected fronexite

nodes at all times. Hence, the maximum throughput that cateleered i50).
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Figure 4.21: Stability region of &node network, when the two topologids,and7; occur equally

likely (p = 0.5).

Figure 4.22: Stability region of & node network, when topolodij
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with probability0.75, andT; with probability0.25.
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Stability regions for a 4 node network
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Figure 4.23: Stability region of 4node network, when topolodh}, occurs less often, namely with

probability0.25, and7; with probability0.75.
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Figure 4.24: A network of nodes, residing on a ring of radius
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Figure 4.27: Topology is present. Nodezand3 communicate and nodésand4 communicate.
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Stability region for a network of 4 nodes on a ring
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Figure 4.28: Stability region of the network consistingiafodes on a ring, when the occurrence

probability of topologied; andT; isp = 1/4.

4.4 Conclusions

In this chapter we introduced our simulation tool and présgisimulation results on what is the
maximum stable throughput achieved by the scheduling ypolie introduced, when operating
on a set of networks. The networks we simulated are not caatelil. However, they are selected

carefully to depict in a clear way, how mobility may incre#éise stable traffic a network can handle.
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Chapter 5

Appendix A: Markov Chains

In this Chapter, we are going to give a brief overview on Markhains ([11], [1]). First of all,

we need to introduce the notion of a stochastic processtoghastic procesq X (¢),t € 7} is a
family of random variables, indexed by a variable 7, i.e X (t) is a random variable. Wheh

is a countable set, then the stochastic process is saiddisdrete-time processand wher7 is an
interval of the real line, the stochastic process is saicetcamtinuous-time process

In this Thesis, we will restrict ourselves in discrete-tidigcrete state space stochastic processes

{X,,n = 0,1,...}. Without loss of generality the state space takes valueseémbn-negative
integers{0, 1, ... }. For exampleX,, = y, means that the stochastic process is in stateinstant

n.

5.1 Markov Chains

A Markov Chain is a stochastic procedsX,,n = 0,1,...} for which given the present, the

evolution of the process becomes conditionally indepenoiethe past. In other words:
P[Xn+1 = Z‘Xn = y;Xn—l = Tp—1y--- ,X(] = .I'()] = P[Xn+1 = Z‘Xn = y] = Pyz(n) (51)

forall xg,x1,... ,2,_1,y,z and for alln > 0, where
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P,.(n)>0,Vy,z€ X,Yn>0and> > P,.(n)=1, fory=0,1,...,¥n > 0.

It is due to these properties that, is called the state of the process at timeThe set of all
possible values fok,, is thestate spaceX’, of the Markov Chain.

If, furthermore, the Markov Chain is time homogeneous, imeotwords the transition proba-

bility does not vary with the time index, we get:
PXp1 =2 X, = y] = P[X1 = 2[Xo = y] = P (5.2)
Then:
P X1 =21X, =y, X1 =20-1,... . Xo=20) = Py (5.3)

Thetransition probability matrix ,P, is a matrix with elements the transition probabilitiés.
Hence in the,** row andz* column, the element will represent the probability thatrlest state
will be z when the current state is

We will focus our attention on time homogeneous stochasticgsses.

5.2 Classification of States

Lety, 2 € X be two states of the Markov ChainX,,,n = 0,1, ...} with transition probability
matrix P. Statez is said to beaccessiblérom statey if for somen > 0, (P"),. > 0. We say that
stategy, z communicateif they are accessible to each other, in other words thesdseaipositive
probability to go from statg to statez and fromz to y. Two communicating states are said to
belong to the samelass A Markov Chain is said to b&reducible if it has a single class of
communicating states. Any state of a Markov Chain can bé&durtlassified into being transient
or recurrent. Let?, denote the probability that starting at stgtéhe process will ever re-entgr
Statey is said to berecurrent if P, = 1 andtransient if P, < 1. Recurrency of statg implies

that it will be visited infinitely often. This results frometfact that starting from, v will be visited
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again with probabilityl and by the definition of the Markov Chain the process will b&taging
each time statg is visited, meaning that will be revisited in the future as well. On the other hand,
if a state is transient, there is a positive probability thatill never be visited in the future. Let

1 — P, be this probability. Then the probability that startingtattey, the Markov Chain will spend
at y exactlyn > 1 time periods (or revisiy, exactlyn — 1 time periods) will be geometrically
distributed according t&;'~'(1 — P,), with meanl/(1 — P,) (finite). Hence, we can also say that
statey is recurrent if and only if starting at stagethe expected number of time periods that the
Markov Chain will spend at statgwill be infinite. This, implies ([11]) that statg is recurrent if

> nei Py, = oo andtransient if Y °° | Py < oo. A recurrent state ipositive recurrent if given
that the process starts at stgiehe expected time to return gois finite. If a recurrent state is not

positive recurrent, it iswll recurrent .

5.3 Stopping Time

Let the stochastic procegsY,,n = 0,1,...}, we will say that the random variablte will be
a stopping time with respect to the sequen&,,,n = 0,1, ...} if the occurrence of the event
{rs = n} can be determined completely by looking only at the redtradf the process up to time

n,i.e. {7, = n}isafunction of{ X,,,n =0,1,...}.

5.3.1 Hitting Time

Let us divide the state space of our Markov Process in a jpartf sets X; such thatu;°, X; = X.
Consider also, without loss of generality, that at time- 0, the system is in stat¥ € A}, then

theHitting Time is given as a function of the stopping time defined below:

0, if X, € X;,Vn>0
Ty = (5.4)
min{n > 0: X, ¢ X}, otherwise
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Chapter 6

Appendix B: Markov Chain Stability

In this Chapter, we will discuss stability issues in (timertageneous) Markov Chains as presented

in [1].

6.1 Stability of irreducible Markov Chains

In the case of an aperiodic, irreducible Markov Chain if #dites are positive recurrent then the
Markov Chain is ergodic. Also, consider a Markov Chain ttstrreducible and aperiodic. If

this Markov Chain is ergodic as well, this implies positieeurrence. Hence, for the irreducible
Markov Chain case, stability is equivalent to ergodicithe®drem 4 gives sufficient conditions for

positive recurrence, and hence stability, for irreducNbrkov Chains.

Theorem 4 (Foster's Theorem)Consider an irreducible Markov Chaix’,,,n = 0,1,... with
state spacet, a real valued, bounded from below, functibh: X — R, ane > 0 and a finite

subsett,, of X’ such that:

E[V(Xps1) — VX)) Xy = 2] < —, ifa ¢ X
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and
ElV(X)|X,=12] <00, V z€A
Then, the corresponding time-homogeneous Markov Chaiosiipe recurrent.

Note that if the Markov Chain is finite and irreducible, therie will exist a single class of states,

namely all states will be positive recurrent. In this cake,Markov Chain will be stable.

6.2 Stability of reducible Markov Chains

Consider the reducible Markov Cha{X,,,n = 0,1,...} and partition its state space into the
classey’, 7., 7>, Z3,...,WhereZ;,i = 1,2, 3, ... are sets of communicating states that are recur-
rent andY” is the set of all transient states. While in the case of ircddla Markov Chains stability
is equivalent to positive recurrence, in the case of rededitarkov Chains we can define a system
stability as follows([14]).

Let the Markov Chain attime = 0 be in a stat& (0) = x € Y, whereY is the set of transient

states. Then the system will be stable if Definition 2 ([14j)ds:

Definition 2 (System stability) The system istableif for the state procesX,, we have:
Plry<ool=1, VyeVY (6.1)

and all states: € U2, Z; are positive recurrent,

wherer, is a Hitting Time as presented in Appendix A(Equation 5.4).eXtension to Theorem 4,
that gives sufficient conditions, about stability of a releeMarkov Chain is defined also in [14]

and [15]:
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Theorem 5 Consider a Markov Chaid X,,,n = 0,1,...} with state spaceY, a real valued,

bounded from below, function : X — R, ane > 0 and a finite subset, of X such that:

EV(Xp1) = V(X)X =2] < —e, ifzd¢ X
and
EV(Xp)| X, =1] <00, V z€d
Then, the Hitting Time,,, defined in Appendix A satisfies:
Plr, <ol =1, Vzev, (6.2)

and all the recurrent classes of this Markov Chain are pwsitecurrent, i.e{ X, } is stable.
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Chapter 7

Appendix C: Definitions on sets

A set, S, is said to beconvexif As; + (1 — A)sy € S, forall s1,s5 € S,0 < A < 1. AsetSis
said to beopen if for any given points € .S and for some > 0 arbitrarily small, the ball, centered
at s, with radiuse, is contained inS. The set is said to belosedif for any converging sequence
defined inS, the limit of the sequence will be ifi as well. Equivalently, a set is closed if and only
if it's complement is an open set. A poinibelongs to thelosureof a setS if for some converging
sequence,, in S the limitislim,_.., s, = s. Equivalently, the closure of a s8tis defined as the
intersection of all closed sets containifgand is necessarily a closed set. Let theset R”.
The convex combination of elemenis€ S is the element = >, \;s; , where)\; > 0,Vi and

> ;A = 1. The convex hull of5, denoted aso(5), is the set of all points that can be expressed as
a convex combination of elementss$h Note that the convex hull of a sgtis convex. The convex
hull of S is the smallest convex set that contafhsA setS C R™ is called aconvex polyhedronif
there exists am x n matrix T and a vector € R™, such thatS = {z : Tz < r}. In other words,

a convex polyhedron is the intersection of finitely mdmalf spaces A setP C R is called a
convex polytopeif 35 C R", whereS is finite, such thaP = co(S). A convex polyhedron that is

also bounded, is a convex polytope.

Theorem 6 Let P be a convex polytope andbe a linear map. Then thenear pre-image of P,
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whereL P(P) is defined as:
LP(P)={x: Lx € P},
is a convex polyhedron.
Theorem 7 Let a convex polytop® and L be a linear map. Then tHenear image of P
{Lzx :xz € P}

IS a convex polytope.
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