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ABSTRACT

This note is concerned with the accuracy of the solution of nearly
uncoupled Markov chains by a direct method based on the LU decom-
position. It is shown that plain Gaussian elimination may fail in the
presence of rounding errors. A modification of Gaussian elimination
with diagonal pivoting as well as corrections of small pivots by sums
of off-diagonal elements in the pivoting columns is proposed and an-
alyzed. It is shown that the accuracy of the solution is affected by
two condition numbers associate with the aggregate and the coupling
respectively.
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1. Introduction

In this note we will be concerned with the solution of a nearly uncoupled Markov
chain (NUMC) whose transition matrix has the form

Dll E12 te Elk
E. D, --- E

PT_D+E— ‘21 ‘22 ‘2k 7 (1.1)
Eyi Epe -+ Dy

where all the elements of the off-diagonal blocks E;; are small. We will suppose
that P is irreducible, so that PT has a unique positive eigenvector # corresponding
to the eigenvalue one; i.e.,

Plr =m. (1.2)
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We will normalize 7 so that the sum of its components is one; i.e.,

1tr =1,
where
1T =(1,1, -, 1).
Equivalently, if we set
A=1I-PT,
we have
Am =0. (1.3)

Moreover, since P is stochastic, we have
1"A =0. (1.4)

In principle, the solution & can be obtained from the LU decomposition of
A [3, 4]. Specifically, let A be transformed into an upper triangular matrix by

Gaussian elimination; i.e., let
U b
MA = ,
0 0

where U is a nonsingular upper triangular matrix and M is lower triangular. The
solution 7 can then be obtained by solving the equation

U b
T=0

subject to the normalization condition
117 = 1. (1.5)

Our chief concern is with the effect of rounding errors on this algorithm. We
note that A is a singular M-matrix [2] and diagonally dominant [cf. (1.4)]. The
results of the standard rounding-error analysis of Gaussian elimination show that
the growth is bounded by one (see, e.g., [7, p.151], for the definition of the growth).
Moreover, the backward errors have the same structure as A, only they are smaller
by a factor proportional to ey. At first glance this would seem to be an encour-
aging result. The perturbation theory for NUMCs shows that the solution & is
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insensitive to perturbations that are relatively small compared to E [10]. How-
ever, the theory assumes that the sums of the columns of the perturbation are
exactly equal to zero. When this condition is violated, even slightly, the solution
7 becomes quite sensitive to perturbations (see test problem 4 discuessed in [6]).

To see the failure of Gaussian elimination, we consider an example where the

transition matrix is
1 1
7 — € 2 ¢
P =

1
D) € €

€ 1 —2e¢

[ L

Suppose € is less than the machine precision. Then the matrix A is rounded to
—e
—e
— —c¢ 0

After the first column of A is annihilated by Gaussian elimination, the transformed
matrix is rounded to

e
0 0 —2¢
0 —2¢ —2¢

The process then breaks down owing to a zero pivot. Note also that the exact
number at the last diagonal position should be 2¢ — 2¢2. A relative error of order
unity is thus incurred in this diagonal element.

It should be stressed that the solution of the above problem is well determined
and can be obtained through other methods, e.g., aggregation methods [8]. The
failure is in Gaussian elimination itself.

Grassmann, Taksar and Heyman [5] have proposed a modification of Gaus-
sian elimination which is claimed to give accurate solutions for NUMCs. The
modification is based on the following observation. Let A be partitioned in the

form
A A
A= 11 12 7
Ay Ay

so that Aq; is a nonsingular M-matrix. Let AQQ be the Schur complement of Aqq;
i.e., the result of performing Gaussian elimination through the block Ay;. Then
A, is a singular M-matrix and satisfies

]_TAQQ - 0
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This property enables us to correct the diagonal elements at each step of the
elimination by replacing them with sums of the off-diagonal elements in the cor-
responding columns. It is easy to verify that this adjustment gives the correct
solution in the above example. Unfortunately, we are unable to show whether the
simple diagonal elements correction suggested in [5] will work for NUMCs with a
large number of states.

In this note we are going to show that a related algorithm with diagonal
pivoting will work for NUMCs with a large number of states. The norm || - ||
used in this note is the vector 2-norm and the subordinate matrix operator norm,
respectively.

In Section 2 of this paper an algorithm for the solution of equation (1.3) is
presented. A backward rounding-error analysis for the algorithm as well as a
perturbation analysis are given in Section 3. Section 4 analyses the accuracy of
the solution. Finally, some discussion appears in Section 5.

2. Gaussian Elimination with Diagonal Adjustment

In this section we present an algorithm for the solution & of a NUMC. Let A be
partitioned in the form

All _E12 _Elt
N R 21
_Etl _EtQ Att

where the diagonal block Ay is an my X mj matrix with mj being the number
of states in the kth aggregate. The total number of the states in the chain is

n=mi+my+ -+ ms.
The off-diagonal blocks are assumed to satisfy
1Bl < e,

where € is small. The following is an algorithm which combines Gaussian elimi-
nation with partial diagonal pivoting and diagonal correction.

Algorithm.
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1. For k=1, 2, ---, ¢,

1. Perform mj; — 1 steps of Gaussian elimination on A with diagonal
pivoting confined in the kth diagonal block;

2. Bring the last pivot of the kth diagonal block to the end of the current
matrix and move successive rows and columns one step forward.

2. Transform the ¢ Xt matrix at the right-bottom corner to the upper triangular
form by Gaussian elimination with each pivot being replaced by the sum of
the off-diagonal elements of the pivot column.

3. Solve the resulting upper triangular system subject to the normalization
condition (1.5).

4. Pre-multiply by the permutations of step 1 to bring the components of the
solution to the right order.

In a language of matrix algebra, step 1 of this algorithm can be written as

U, B
M, P, M, - -P,AP! ... P = L
t t k-1 1 1 n—t ( 0 N—I—Z)

where U; is an upper triangular matrix, N is a diagonal matrix and Z is an
off-diagonal matrix, P; is the permutation matrix which brings the last pivot of
the ¢th diagonal block to the end of the current matrix and M; is the Gaussian
transformation.

On the completion of step 2 is the upper triangular form

U b
ot 0/’
Step 3 and 4 amount to solving the equation
Uy =-b

and normalizing the solution 7 by

m=Po Py, DY/l +1)
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To analyse the accuracy of the solution computed by the algorithm, we set

A=P,, - -P,P,AP'P!... P!

n—t’
and for:=1,2,---.,n—1t
M, = Pn_t...PZ.HMZ.PZ,TH...Pg_t

The operations of step 1 of the algorithm can then be written as

That is, the process is equivalent to the elimination on A by transformations
Ml, = ,Mn ¢+ without diagonal pivoting. The matrix A can be partitioned into
the form

(2.2)

A_ K+W L+X
"\ M+Y N+7Z

where K, L and M are block diagonal matrices consisting of ¢ blocks (not nec-
essarily square) whose elements are of order unity, N is a ¢ x ¢ diagonal matrix
of order unity and W, X, Y and Z are small off-diagonal matrices with their
elements being of order e. The diagonal structures conform in the sense that all
matrices have the same number of diagonal blocks and if the ¢th block of K is
(m;—1) x (m;—1) then the ith blocks of L and M are (m; —1)x 1 and 1 x (m;—1)
respectively.

The Schur complement of K + W in A is
N+Z=N+Z-(M+Y)K+W) Y(L+X). (2.3)

In the above algorithm it is this Schur complement whose diagonal elements are
corrected by the sums of the off-diagonal elements in the corresponding columns.
In the next section we show that the off-diagonal part 7 can be accurately obtained
in the presence of rounding errors.

3. The Accuracy of y/

In this section we consider the accuracy of the off-diagonal part Z of the Schur
complement (2.3) obtained by executing step 1 of the algorithm in the presence of
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rounding errors. Since A is obtained from A only through digaonal permutations,
A is a singular M-matrix satistying

1TA = 0. (3.1)

The property (3.1) is preserved in the submatrices generated through Gaussian
elimination.

To look at th rounding errors involved in Step 1 of the algorithm, we rewrite
the matrix A in element-wise notation; i.e., let

A= (Oéi]‘).
Following the analysis in [7, p.410-411] and noticing that
(k)

k+1 k a; k
o™ = o)) - —al|
Qpp
k Oé': (k)
= o} + | =5l
Qpp

we have that the backward rounding errors introduced in the (¢, j)-elements for
¢ # j by the elimination are of the form

¢ - awrmax{laf}’},

where €y is the rounding unit for the computer, ¢ is a constant of at most order
n and ozgf) is the (7, j)-element on the completion of k£ — 1 steps of elimination.

Since the diagonal elements are bounded by one, the rounding errors at the
diagonal positions are of order ey. To bound the rounding errors involved at off-
diagonal positions, we only need to consider the growth of the upper off-diagonal
elements in the elimination process. Since the absolute value of ozgf) increases
monotonically with &, we have

m}gx{|a£;)|} =all, i<y

Theorem 3.1. The growth of upper off-diagonal elements are bounded by the
following inequality

. i—1
o) < Jaul+Vi=Tr Y lal, i<,
s=1

where k; is the 2-norm of the inverse of the (i — 1)th leading principal matrix of
A and k; =0.
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Proof. The :th row of the final upper triangular matrix is the result of eliminating

the row vector (ay1 aye -+ ay—1) by pre-multiplying A the block matrix
I 0O
m! 1 0
0 01
where
-1
a1 a2 MR 0 4 |
T a1 a2 MR 05, |
m;, = —(Oén Q2 Oém'—1)
;11 Q1,2 - QG_14-1
Therefore
Oélj
(&) _ T
Qg = Qi + 1
Q1,4

Since |ag| are less than one, the conclusion follows by taking the norm of the
second term of the right hand side of the above equality. m

Since the diagonal pivoting has been performed and the last pivot of each
block (which is of order €) has been permuted to the end of the current matrix
in the elimination process, it is reasonable to assume that the successive leading
principal submatrices are well-conditioned; i.e., k; are all of order unity. If «y;
is of order one, ay; through o;_;; are all of order one. If «; is of order €, ay;

through o;_; ; are all of order €. This follows that ozg) is of the same order as that
of (0798
From the above analysis, we know there is a matrix Ey; such that
A A A Ijl B
M;---M;(A+Ey) = -~ = -
oo M ) ( 0 N+Z )
Here we have used the upper bar to denote the computed values of matrices Ijl,
B, etc. The important feature of Ey; is that it has the same block structure as
that of matrix A; namely, the block of Ey; corresponding to the block of order
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unity in A is of order ey while the block of Ey corresponding to the block of
order ¢ in A is of order €eM.-

The next step is to bound the difference between Z and 7. For most transition
matrices of NUMUs, it is reasonable to expect that K, L, M and N are all
approximately the same size. Hence we assume that

K[ = [[L]] = [[M]| = [[N]| = e
The matrices W, X, Y and Z are small compared to «a; that is
W= [IX]] = IY] = [[Z]] < ac.
The matrix K is nonsingular, and we set
n=||K™"| and x = ay. (3.2)

Let K, W, L, etc. be perturbations of K, W, L, etc., then from the above
backward rounding-error analysis we can assume that

IK-K||=|L-L||=|M-M| = |N-N| <acy
and . . . .
W W/ =[X-X][ =Y =Y =Z - Z] < acem.

Since € and ey are far less than 1, we may ignore terms of order eci; and e?ey. In
the proof of the following theorem A(T) is a generic bound for the perturbation
of T that is accurate up to terms of order ee}; and €*eyy.

Theorem 3.2. )

A(Z)=(1+4k+ 5k2 4 2/4;3)@661\/[. (3.3)
Proof. We begin by writing (K + W)™ = K™' = K'WK™' + O(€?). It follows
that

N+T=T-(M+Y)K YL +X)+ MK 'WK'L + O(c).

Now terms like MK 'L are diagonal, while terms like MK ™'X are off-diagonal.
It follows that

Z=7-MK'X - YK'L + MK'WK™'L + O(¢?). (3.4)

The rest of the proof consists of a straightforward, if tedious evaluation of A for
each of the terms in (3.4). Here we make free use of the fact that

A(RST) = AR)[ISIIT] + IRJASIT]| + [IRIIISIA(T).
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1. A(Z) = acey
2. A(K™") = an?eym

3. A(YK™'L) = (aeme)(n)(@) + (ac)(an*em)(a) + (ae)(n)(aem)
= (26 + £%)aeey

1, A(MK_IX) = (26 + £ aeey

5. AMEK™) = (ac)(n) + (@) (@rPex)
= (k + £%)enm

6. A(K_IL) = (k + &*)em

7. AMK'"WK™'L) = 2[(k + &¥)em](ae)(k) + (k) (acen) (k)
= (3x% 4 2k%)aeenm

The bound (3.3) now follows on adding items 1, 3, 4, and 7 in the above list. m

The theorem (3.2) shows that off-diagonal elements of the Schur complement
are accurately obtained with relative error of order ey if & is not very large. The
diagonal correction in step 2 of the algorithm brings the accuracy back to the
pivots which may otherwise have high relative error due to cancellation.

4. The Accuracy of the Solution

Let

#=Pl P x=(x],7))T (4.1)

be the partition conforming with (2.2). Then

K+W L+X 1
PWER T =, (1.2)
0 N—|—Z T

i.e., the solution is obtained by solving
(N + Z)7, = 0. (4.3)

and

(K + W)i, = —(L + X) . (4.4)
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The matrix N + 7 is a singular M-matrix of order € and the sums of its columns
are zero; 1.e.,
1"(N+2)=0.

In the presence of rounding errors, the coefficient matrix of QZL.S) is replaced by
N + Z. The analysis of the last section shows that ||Z — Z|| is of order eey.
Notice in the step 2 of the algorithm that Gaussian elimination is performed with
each pivot being repalced by the sum of the column of Z. The rounding errors
thus introduced are at most of order eey;. Moreover, the final upper triangular
has positive diagonals (except the last one which is set to zero) and nonpositive
off-diagonals. The solution of such a system is computed to high accuracy [11,
p-249-251]. Therefore, we can assume that the computed vector 7, of 7y satisfies

(N + 6N) + (Z + 6Z))7, = 0,

where 6N and 67 are matrices of order €eM.-
[t has been proved in [1] that

l7es — Aol _ (L4 VT[N + 87|
[t Ti1
S CGGM
Ot—1

where 0,1 is the smallest positive singular value of N + 7 and C is a constant
independent with ¢. We will call o;-!; the condition number with respect to cou-
pling.

The accuracy of 7y relies on the accuracy of @, as well as the condition of K.
The analysis of last section shows that the computed vector w; of 7, satisfies

(K 4+ W)m, = —(L + X)7,.

Note that the rounding errors introduced in the back substitution have been ne-
glected in the above equality because the solution of the corresponding upper
triangular system is computed to high accuracy by the fact of the favorable signs
of elements in the upper triangular and the right hand side [11, p.249-251]. By
the standard first order bounds of (K + W)™, the error in 7 is bounded by the
following inequality

|71 — 7

@
< vl +C (145 lml oo, (09
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where r is defined by (3.2). We call x the condition number with respect to
aggregation. For UNMCs with two condition numbers being

o', =0( ") and & = O(1),
the solution obtained by the algorithm satisfies
A(m) = O(em)

no matter how small € is.

5. Discussion

It has been shown that the accuracy of the solution depends on two numbers o}
and k. The relation of these two numbers with the NUMC can be illustrated
by considering a NUMC with two aggregates. To this end, we write the block
structure of K, L, W and X explicitly as follows

K 0 l, O
K=" cL={ ]
0 K2 0 12
W — 0 W2 : X — 0 X9 :
Wl 0 X1 0

where K; and I; are of order unity, W; and x; are of order ¢. The solution & of
(4.1) is partitioned conformaly as

T = (ﬁ-lTlv ﬁ'gl)Ta Ty = (7%127 7%22)T-

A partition of the solution with respect to the aggregates is thus given by

9

. " the portion of the solution w.r.t. aggregate 1,
12

T . :

. the portion of the solution w.r.t. aggregate 2.
22
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By the first order expansion of the inverse of (K + W) and from equation (4.2),

we have
71\ _ [ K{' O L 0 iz |
o1 0 K;! 0 1, 22
Kl_l 0 0 Xa 7%12 2
O 5.1
(0 Kz_l)(xl 0)( +O(E) ()

The important fact can be read from equality (5.1) is that the approximate
solution accurate to the order of € corresponding to the aggregates is

. K1_111

T 2
12 ]

. K; 'l

7 )
22 ]

Except the scaling factors 715 and 79, these approximations are determined by

and

the matrices of order unity associate with their corresponding aggregates. When
all the matrices K; are well-conditioned; i.e., x is small, they are insensitive to
the variation of e. Therefore, it is legitimate to define x as the condition number
corresponding to aggregates.

The scaling factors 712 and 73 are the solution of the singular system (4.3).
As we have seen before, the coefficient matrix N + 7 is of order e. This indicates
that 712 and 722 will reflect the effect of coupling between aggregates. We will call
these scaling factors the coupling coefficients. When the condition number o,
is not too large compared to ¢!, these coupling coefficients are insensitive to the
perturbations which are relatively small compared to e.

It should be noted that these two condition numbers are related to the regu-
larity conditions in [9], [10]. A small £ means that there is only one eigenvalue of
D;; approaching one as € — 0 while the rest of the eigenvalues remain away from
the unity. This is implied in the second regularity condition in [9], [10]. The rela-
tion between the first regularity condition and o;_y can be seen from the following
observation. Suppose that o;_; is much smaller than e. By using the fact that
N +Zis a singular M-matrix, it is easy to verify that at least one components
of the solution 7, of equation (4.3) is of order o;,_1e~! when @5 is normalized to
have ||73]| = 1. In other words, at least one of the coupling coeifficients is very
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small. In this case the first regularity condition is violated. Therefore, the first
regularity condition requires that o;_; should not be too small compared to e.

The analysis of this paper leaves open the question about whether the simple

diagonal adjustment without diagonal pivoting works for NUMCs with large state
number.
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