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ABSTRACT

The QR-decomposition (QRD)-based recursive least-squares (RLS) methods have
been shown to be useful and effective towards adaptive signal processing in modern
communications, radar, and sonar systems implementable with various modern paral-
lel and systolic array architectures. The planar (Givens) and hyperbolic rotations are
the most commonly used methods in performing the QRD up/downdating. But the
generic formula for these rotations require explicit square-root (sqrt) computations,
which constitute the computational bottleneck and are quite undesirable from the
practical VLSI circuit design point of view. There has been more than ten sqrt-free
algorithms known so far. In this paper, we provide a unified systematic approach for
the sqrt-free QRD-based RLS estimation problem. By properly choosing two param-
eters, p and v, all existing known sqrt-free methods fall in the category of our unified
approach. The proposed method not only can generalize all currently known sqrt-free
QRD algorithms, but also new sqrt-free algorithms as long as the parameters y and v
are properly chosen. The unified treatment is also extended to the QRD-based RLS
problems for optimal residual acquisition without sqrt operations, and the systolic
array implementation.






1 Introduction

The Givens rotation is a most versatile method in performing many signal process-
ing algorithms involving matrix computations such as the QR decomposition, the
singular value decomposition, and the eigen-decomposition [6]. Adaptive antenna ar-
rays, beamforming, superresolution frequency estimation, system identification, and
other real-time applications make immediate the quest for fast algorithms and par-
allel architectures. While many researchers have worked on reformulating algorithms
suitable for parallel computing and VLSI architectures, the current VLSI architec-
tures still disfavor, if not prohibit, sophiscated computations. A noticeable example
is the square root (sqrt) operation which not only occupies much area in a VLSI chip
but also requires longer time to accomplish such computation. Numerical analysis
also shows that the accuracy of a sqrt operation plays an important role under finite
precision computation, which discourages any shortcut in roughly performing the sqrt
operation. As a simulation study resented in [12], Proudler et al. showed that finite-
precision implementation of the sqrt-free algorithms did have better numerical results
than that of the conventional Givens rotation method.

With this in mind, many efforts have been spent on how to minimize, or even elim-
inate, the sqrt operations, from the algorithms. One famous example is the sqrt-free
Givens rotation first proposed by Gentleman [4]. Hammarling generalized his results
shortly [8]. Later on other versions of the sqrt-free Givens rotations were also proposed

[1, 2, 7T]. All of the above algorithms only focus on sqrt-free Givens itself and/or its



applications in solving a least squares (LS) problem. McWhirter [11] is the first one
who applied the sqrt-free Givens rotation to recursive least squares problems in com-
puting the desired optimum residual without solving for the least-squares coefficients.
Closely related to the Givens rotation method, the modified Gram-Schmidt (MGS)
orthogonation is another approach in performing the QR decomposition. Ling, et al.
[10] and Kalson and Yao [9] independenly developed the sqrt-free MGS methods for
the recursive LS (RLS) filtering problems. Recently, Chen and Yao [3] summarized
the works done on the sqrt-free RLS filtering and proposed another more efficient
sqrt-free method. In fact, there has been more than ten sqrt-free algorithms known
so far [4, 8, 1,9, 10,2, 3, 7]. All of the approaches are heuristic. There is no systematic
way of generating the sqrt-free algorithms. Motivated by these works, we try to ask
and answer the following question: what is the crux embedded in the sqrt-free prob-
lems? In another words, is there any fundamental relationships among these sqrt-free
algorithms? The answer is yes! One of the major contributions in this paper is that
we did find this fundamental relationship and are able to describe it by using only
two parameters.

In Section 2, planar (or Givens) rotation and its simili, hyperbolic rotation, are
introduced. The prototypes of generalized sqrt-free algorithms follow in Section 3,
where we found surprisingly all of those proposed sqrt-free algorithms can be found by
proper choice of two parameters. Another noticeable observation is the relationship
between Givens rotation and rank-1 MGS updating. We proceed in Section 4 with

seeking a sqrt-free optimum residual as required in RLS filtering problems. Section 5
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compares the systolic implementations and conclusions are given in Section 6.

2 Planar and Hyperbolic Rotations

There are two basic operations in the QR-based algorithms, namely updating and
downdating. The updating operation is to update current information when a new
data arrives, while the downdating is to remove old data if certain undesired infor-
mation needs to be dropped. A 2 x 2 planar (Givens) rotation matrix is the most
fundamental orthogonal matrix in performing the updating of the QR decomposition.

A planar (Givens) rotation is given by

-8 C

and is used to premultiply a two-row matrix

oy Qg v ap
Br B2 -0 By

to zero the element in the (2, 1) location such that it becomes
af oy o oa

0 g - B

where

c = ai/\/o? + B2, (1)
s = Pif\Jai+ B, (2)



oy = yJal+p7, (3)

a; = caj+sp;, (4)

BJ’ = —sa; +cf;, (5)

The information contained in #; has now been absorbed and updated in «f,i =
1,--+,p. This planar rotation scheme can be applied to zero the following ;¢ =
2,-++,p, so that the information contained in the row of 3; will eventuately be updated
into the row of «;.

Similarly, a 2 X 2 pyperbolic rotation matrix is the most fundamental orthogonal
matrix in performing the downdating of the QR decomposition. A hyperbolic rotation

matrix is given by

and the corresponding parameters satisfy:

¢ = a/yJai - 52, (6)
B/ et — B, (7)
op = \Jei—pB, (8)

Oé/- = éozj —_ .§ﬂj 5 (9)

&>
I

ﬂ; = —I:‘CYJ‘ + éﬂ] s 1{10)

Different from the updating, in the downdating, the information about the row of 8; is

removed from the row of «a; through the hyperbolic rotation. Both rotations provide



us the basic operations to add or delete information that is necessary or undesired.

3 The pv Family of Square-Root-Free Algorithms

In VLSI circuit design, square-root operation is expensive, because it takes up much
area or is slow (due to many iterations). Therefore, it is advantageous to avoid square-
root operations or minimize the required number of such operations. We will focus
on how to meet this goal for the 2 x 2 planar and hyperbolic rotations.

By taking out a scaling factor from each row, the two rows under consideration

before and after the orthogonal transformations are given by

o Qg oy Vkis 0 ay az -+ Qp
= (11)
Br B2 o By 0 ky by by --- b,
and
o) ay - o k0 ay ay - al
! : P = \/7 ! ? b N 1[12)
0 8 - 8 0 R0 8 b

where kg, ky, k], and kj are the scaling factors for sqrt-free operations, and o} and j3!
are the updated «; and 3; when the 3; is zeroed out.

Now, our task is to find the expressions for &/, &}, af, {(a;, %), 3 =2,---,p}, in
terms of k,, ks, {(a;,b;), 7 =1, -+, p}, such that NO square-root operation is actually
needed. The square-root expressions of Vk,, ks, \/E, and \/IT,’, in (11) and (12)
are used for representational purposes only and are not actually performed.

For simplicity, let us focus on planar rotations only, similar derivations for the

square-root-free hyperbolic rotation can also be obtained by replacing k, with —k;,



and kj with —k). Replacing a; = VEa;, 8; = Vhb;, o = Jkid}, B = VR,

J=1,...,p,in (1) - (5) leads to

¢ = \/Elh/ koa? + kyb? | (13)
s = kb [ \Jkaa? + kb2, (14)
Jial = Jkaa? + kbt (15)

’,‘a b ¢
JE ko 01 by (16)

a; +
Vhaa? + kb ka4 kb

k(I, bl- — Y ka kb bl a; + V ka kb 431

’ koa? + kb2 \Jkoa? + kyb?

After simplifications we have

|ka 2 4 kb
(1,11 = _alT_*;‘L—ls (18)

1
.= [kaara; + kpbibj) (19)
SR/ I

Vk.k
b = - [~bia; + a1b;] (20)

VE \Jkaa? + b2

To avoid square-roots computation, we need to determine k. and kj such that

i

b (17)

.
il
o

RN R
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ay, a; and b; will not require square-root operations. It is clear that if we choose k;

and k; as

kaa% + lx‘bb%

K= . (21)
, kok
ky = : (22)

v2(kea} + kb))’
where p and v are parameters that will be determined later to be any square-root-free

functions of kg, ky, a1, and by, then (18) - (20) can be computed without square-roots



operations. We thus have the following updating formulas without square-roots:

koa? + kyb?

k= —————N—Q——, (23)
k-/ . kakb _ kakb ‘24)
T V2(kgad 4 k02 T pk *
a = p, (25)
1
a;- = —kaa% T kbb% [kaalaj + kbblbj]
koaya; + kpbyb;
_ a1aju;: 010 ’ (26)
J = 21 ' D
V: = v[-ba;+ a1bj], (27)
c = 4 ’2_ (28)
KoV Ry
s = 1;_2 ;:—f (29)

Notice that the square-root operations disappear in our formulas of (23) - (27)
needed in the planar and hyperbolic rotations. Also, the ¢ and s in (28) and (29) are
not explicitly necessary in the computation of (23) - (27). The use of the rotation
parameter c in (28) (with a square-root operation) will be further considered in the
next section when the optimum residual e is desired. Next Section will show that it is
possible to obtain e without any square-root operation where the explicit computation
of the rotation parameter ¢ can be bypassed. To avoid repetitive computations and
take the advantage of previous computed results, (24), (26), (28) and (29) use the
newly updated &} of (23). As stated earlier, we are free to choose those two parameters
i and v. Different choices of u and v will affect the number of multiplications and

divisions, as well as the numerical stability and parallelism of computations.



It can be easily shown that this unified view can generate all of the previously
known researches on the square-root-free algorithms via an proper choice of p and
v. In fact, there has been more than ten sqrt-free algorithms known so far. Among
them are Gentleman [4], Hammarling (8], Bareiss [1], Kalson and Yao [9], Ling, etc.
[10], Barlow and Ispen [2], Chen and Yao [3], Gotze and Schwiegelshohn [7]. For
example, if we choose ¢ = 1 and v = 1, it becomes the sqrt-free algorithm proposed

by Gentleman in [4] and can be updated as follows,

k’; = kaaf—{—kbbf

ko ks
b=
a; = 1, (30)
' ka(Lla]‘—{-kbble‘
a; = L ’
J = 2, 5Py
by = —bia; + arb; . (31)
(32)
To check if this is correct, we find that
keaya; + kybib; ; ;
a; _ \/Ea; _ aya; + Kp01 7 (63483 +ﬂlﬂ] = 10 +31ﬁj’ \[33)
k! 2 2
\/Tz voi + 55
and
ﬂ, _ \/;{)bl _ V kakbb3 _ alﬁj - /Blaj _ (34)
J J

S Jarem et

which are consistent with the results in (4) and (5). For the systolic array imple-

mentation described in [11], specifically we choose ¢y = 1 and define the generalized

oo



rotation parameters

_ ]va = kbbl ¢
C = L’ s s = k'/ ) ‘\35)
we have
kKl = ky+hky bf, (36)
a; = &aj+ by, (37)
b; = b; — bia;. (38)

These results are consistent with the works by Gentleman [4] and McWhirter [11].
The details of the systolic implementation can be found in [11].

In Table 1, we list various square-root-free algorithms and the corresponding
choices of 1 and v. It is quite clear now that these sqrt-free algorithms are closely
related by the parameters p and v. Hence, this catagory of sqrt-free algorithms is
called the pv family of the sqrt-free algorithms.

Now, not only can we generate those known sqrt-free algorithms, but also are we
able to find new sqrt-free algorithms by choosing new pairs of (g, v) parameters. Of

course, they will all belong to the pv family. As an example, let us choose

= koa? + kb2, (39)

1

_ (40
YT kad? + Rb2 (40)

one can readily verify that this is a new sqrt-free algorithm. In principle, there are

unlimited choices of p and v for sqrt-free algorithms.



Table 1: Some known sqrt-free algorithms of the pv family

i I v l Authors(year) | Remark ]
1 Gentleman(’73) a; =1
kaaf+kpb? 1 )
kpbq by
kaaf+kybt € .
kqay ay
kaa?d+kyb?
__a_Clk]_b_l L Hammarling(’74)
al] ay
kaa]+kybi -1 .
kaa] bl
kqa? +kyb2 by .
kqay kqai
1 L Bareiss(’82)
ay
ay + kyb? 51—%-1—160,3% Ling(’86),Kalson/Yao(’85) | k,a; =1
kaad-+kyb? |
*a—ak]iﬁ“l 1 Chen/Yao (88) kyar =1
adl aj
kaat+kyb?
_%ﬁ—l 1 Gotze/Schwiegelshohn(’89)
27 (kyal + kpb?) 27 Barlow /Ispen(’87) scaled
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4 Sqrt-Free Triangular Array Updating and Op-

timum Residual Acquisition

Solving a lesat-squares problem ||Aw & b|| without the square root operation can be
easily achieved [4]. Let the QRD of A be A = QR, where R is an upper triangular

matrix, then

T B R u

0 v

and the optimal weight vector can be obtained by sovling
Rw = u.

Now, since a diagonal matrix D% has been factorized from A so that [A b] = D3[A b].

Let
o R
QT[Ab] = ,
0

]

<

The optimal residual can be obtained without the square root operation by solving

Rw = u.

In this section, we will apply the prototypes of sqrt-free rotations developed above
to the QRD-based recursive LS (RLS) estimation problems such as the sidelobe can-
celler adaptive beamforming [11] and adaptive filtering. In these applications, the
weight vector is not explicitly necessary, instead, we are interested in the optimal

residual. It has been well-known how to obtain the optimal residual by using the

11



systolic array [11]. To be specific, we are interested in updating from

R u
(41)
xT gy
to i
R
(42)
o7 v

It has been shown [11] that the p X p upper triangular matrix R’ can be obtained
through a sequence of p Givens rotations and the optimum residual e for the newly

appended data [xT iy]is given b
y g y

with ¢; representing the cosine value of the i-th rotation angle.

Factoring out the scaling constants into the pre-multiplying diagonal matrix leads

(41) to the form of

1 Tz - Tip Uy _
T2 -+ Tgp Uz
(44)
Tpp Up
i Ty Ty Ty ) ]




ky a1y Qyy 0 Qyp Qlptd

v kg Q2 "+ d2p  A2p41

- Dol (45)

\/E Gpp  App+1
Ve | b b o by b

Unlike the previously developed formula, where we are only interested in updating

!

AL .. ’l,
kiyaij, to ki, aj;

29

and zeroing out all the b;’s, this time we do also need to know the
cosine values explicitly as required in the optimum residual given in (43).

After the first rotation, b; will be zeroed-out and we have

kla?l + kqb%

k= —3 91 , (46)
' ui
kik
A0 B A (47
CT (47)
alll = Ht, (48)
) 1 ’
alj = 7 [klaualj + lx,ql)lb]] 5 ‘\4'9)
frky
j:2a"'ap+1a
b;;l) = I [-bla]]‘ + (lllb]'] R (50)
ayy |k -
‘ = — .= 51
o py VR G1)

with (g1, v1) being the parameter pair which are still free to be chosen later. Note the

close analogy of (46) - (51) to those of (23) - (28). Similarly, after the i-th rotation

13



(1 <17 < p), we have

Finally after p rotations are finished, (45) becomes

which has the form of

becomes

VH

kia? + kéi_l)bgi_lﬂ
I

kik‘gi_l)

LT

[ 2 7

b

Hiy

1 )i
W[kiaiiaij+kz(;l_l)bz(‘ DBl

Vi[-bﬁ—d)am'+-aﬁby_l)],

aii |k

i\ K

1

I 7
a1 Ay
f ) 1
],;2 o9
[/
]”p
ky 0 0
RI u/
i (42).

P .. .
e:-—(HELﬂ &) \/k-(gp)b

/

J:277P+17

/
alp

/

p+1

!
1,p+1

!
(L2,p+1

/
Uppt1

b,

(52)

(58)

The optimum residual e in (43) now

(59)

where ké”) is defined in (53). To further simplify the expression in (59), we notice

14



that k(gp) can be computed recursively as follows,

2
k(gp) _ (”kp/kp) k(gp—l) (60)

HpVp
2 2
o (VB (B R (61)
HpVp Hp—1Vp-1 !

HiVi

- ﬁ(vk"/k’{) ko (62)

i+1

where (53) is used in the recursion.

With (62) substituted into (59), we have

P a;; ]C.,' ‘
¢ = — (Hu?w?ﬁ> NN (63)

=1

Because \//;:;[bl, bay ...y by, bpy1] = (21, @2, ..., Tp, y] is the appended new data row, we
are certainly free to choose k, =1 to reduce the arithmetic complexity and simplify
the expression in (63). Therefore, a Lemma on obtaining the sqrt-free optimum

residual is given below.

Lemma 1 (Sgrt-free optimum residual)

The optimum residual ¢ can be computed with no square-root operations as follows:

Poai ki) ) .
if kg s chosen to be unity. O

McWhirter [11] successfully employed Gentleman’s proposition [4] in computing

the residual e without sqrt operations. By choosing

i = v, = a; = 1, 1 << p, (65)



the optimum residual can be reduced to
P L P
e = — (E ]?2) bg;)l =— (g Ei> b;,i)l (Gentleman/McWhirter),  (66)
where ¢; is defined in (35). This result is again consistent with the work by McWhirter
[11].
Another example can be taken from Hammarling’s suggestion [8] as follows,

. 2
kia2 4+ kG0 gD
u = a11+ q 13 ’ (67)
kia;;

v, = 1/aii 5 (68)

then it follows that k! = k;a;;/p; and the optimum residual is given by

i '
e = — (H . N_)bg;gl (69)

1=1 ﬂ'l Vi g
Lo (»)
- — 70
(g Nz‘Vi) G "
Poai\
- (H _;Z_> bp’_’,r)1 (Hammarling). (71)
i=1 G

5 Systolic Array Implementations

In implementating the above algorithms onto a VLSI structure, we need to take into
account several factors which will affect its performance. Hardware complexity and/or
speed consideration preempts square root opertions and even division operations are
unfavorable. The required number of multiplications should also be minimized pos-
sibly. Another key issue is the parameters to be passed among the processing cells.

This inter-cell transmitted data should be kept to its minimum.

16



An optimum mapping from any given algorithm to an architecture with concur-
rent processing cells is probably one of the solutions most sought after by many
researchers. We will adopt the systolic triarray initiated by Gentleman and Kung [5]
and McWhirter [11] as a framework and example for RLS filtering. Our approach pre-
sented here can be easily extended to other known or unknown sqrt-free algorithms
belong to the pv family. An optimum architecture can then be found from these
mappings.

Figure 1 is a systolic triarray proposed by Gentleman and Kung and modified by
McWhirter. By properly choosing the uv parameters as given in Table 1, we are able
to design the boundary and internal processing cells and also determine the required
quantities for inter-cell transmission. If we take Gentleman’s choice as an example

and let y; = v; =1 and a; = a}; = 1,7 = 1,2,...,p, then (52) - (56) can be reduced

to
v 1 (=) plE=1)? :
k= le(g Vg~ (72)
i ki i-1) '
kO = —]-czké , (73)
k; =npl=t
a;.]. = Eaij'i’—‘qT—“bg 1), (74)
b;i) _ _bgi—l)aij+b§i—l). (75)

By defining £ = 1, & = ki/k},5 = k(gi‘”bgi_l)/k{-, and o; = k{9, we can easily
see that the boundary cells are responsible for computing (72), (73), in addition to

generating & and &; for their right-hand-side regular cells. On the other hand, the

regular cells, after obtaining the ¢, 5;, and bz(-i—l) can update its content and vertically

17



inputted data according to (74) and (75). The complete operations of these processing

cells are given in Figure 1.

6 Conclusions

Planar (Givens) and hyperbolic rotations are the most commonly used methods in
performing QRD up/downdating. Most of these rotation-based methods require ex-
plicit square-root computations, which are undesirable from the practical VLSI circuit
design point of view. Since the square-root operation takes up much area and its com-
putational time is slow (due to many iterations), the associated area/time efficiency
is poor. Our work is the first effort to establish the basic understanding toward all
known square-root-free QRD algorithms, from which the basic criterion is seen to be
simple. We have shown that all the current known sqrt-free algorithms all belong to
the pv family. This unified approach also provides a fundamental framework for the

square-root-free RLS algorithms which are essential for fast algorithms and practical

VLSI implementations.
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Figure Captions:

Fig.1 McWhirter’s sqrt-free systolic triarray.

Table 1 Comparisons of the SBHT and Givens rotation methods.
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Figure 1: McWhirter’s sqrt-free systolic triarray
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