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Understanding the thermodynamic state of the hot intracluster medium (ICM)
in a galaxy cluster requires a knowledge of the plasma transport processes, especially
thermal conduction. The basic physics of thermal conduction in plasmas with ICM-
like conditions has yet to be elucidated, however. We use particle-in-cell simulations
and analytic models to explore the dynamics of an ICM-like plasma (with small
gyroradius, large mean-free-path, and strongly sub-dominant magnetic pressure)
induced by the diffusive heat flux associated with thermal conduction. Linear theory
reveals that whistler waves are driven unstable by electron heat flux, even when the
heat flux is weak. The resonant interaction of electrons with these waves then plays
a critical role in scattering electrons and suppressing the heat flux. In a 1D model
where only whistler modes that propagate parallel to the magnetic field are captured,
the only resonant electrons are moving in the opposite direction to the heat flux and

the electron heat flux suppression is small. In 2D or more, oblique whistler modes



also resonate with electrons moving in the direction of the heat flux. The overlap
of resonances leads to effective symmetrization of the electron distribution function
and a strong suppression of heat flux. The results suggest that thermal conduction
in the ICM might be strongly suppressed.

In a numerical model with continually supplied heat flux in the system, two
thermal reservoirs at different temperatures drive an electron heat flux that destabi-
lizes off-angle whistler-type modes. The whistlers grow to large amplitude, 0 B/By ~
1, and resonantly scatter the electrons. A surprise is that the resulting steady state
heat flux is largely independent of the thermal gradient. The rate of thermal con-
duction is instead controlled by the finite propagation speed of the whistlers, which
act as mobile scattering centers that convect the thermal energy of the hot reservoir.
The results are relevant to thermal transport in high £ astrophysical plasmas such
as hot accretion flows and the intracluster medium of galaxy clusters.

When the plasma f is reduced in the numerical model, we find that a transition
takes place between whistler-dominated (high-/3) and double-layer-dominated (low-
) heat flux suppression. Whistlers saturate at small amplitude in the low § limit
and are unable to effectively suppress the heat flux. Electrostatic double layers
suppress the heat flux to a mostly constant factor of the free streaming value once
this transition happens. The double layer physics is an example of ion-electron
coupling and occurs on a scale of roughly the electron Debye length. The scaling of
ion heating associated with the various heat flux driven instabilities is explored over
the full range of g explored. The range of plasma-fs studied in this work makes

it relevant to the dynamics of a large variety of astrophysical plasmas, including



not just the intracluster medium but hot accretion flows, stellar and accretion disk

coronae, and the solar wind.
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Chapter 1: Introduction

1.1 The Intracluster medium of galaxy clusters

1.1.1 Properties

A galaxy cluster is a collection of galaxies whose total mass is roughly*40
10'° solar masses, with a spatial extent of 2 10Mpc  10°* m. Over 80% of the
baryonic matter in a galaxy cluster resides in an atmosphere of hot plasma, the
intracluster medium (ICM), which is in a state of approximate hydrostatic equi-
librium within the gravitational potential of the cluster's dark matter halo. The
ICM can be observed through x-rays produced via bremsstrahlung and sometimes
houses bright radio sources known as AGN (Active Galactic Nuclei). Much of the
plasma is in the form of hydrogen and helium [1]. The ICM plasma is rare ed

(ne 103 10 'cm 3), very hot (T 10° 10°K), and fully ionized.

1.1.2 ICM stability

Hydrodynamic stability in the ICM has been extensively studied. This is partly
because many ICM cores (inner 100 kpc) have short cooling times,§ < 10 yr)

and depressed temperatures [2]. If unchecked, the radiative losses in these cool-core



clusters would lead to signi cant accumulations of cold gas within the central galaxy,
resulting in star formation rates of 100 1000M yr !, and central galaxies with
stellar masses of X8M or more [3]. Observed star formation rates and total stellar
masses in these systems are an order of magnitude smaller, demonstrating that the
radiative losses of the ICM must be largely o set. Early studies referred to this as
the \cooling ow problem” since it was thought that large-scale in ows of thermal

energy could maintain stability [2].

1.1.3 Roles of thermal conduction

Researchers in the 1970's speculated that thermal conduction from hot gas in
the outer radii of clusters could provide the aforementioned o set, spurring them to
add thermal uxes to uid models of the ICM. Some studies concluded, however,
that thermal conduction would not strongly a ect the equilibrium state of the cluster
[4]. To this day it seems unclear whether thermal conduction signi cantly impacts
hydrostatic equilibrium and it is unlikely that conduction will solve the problem
by itself [5]. To match the observed pro les of clusters, ne-tuning of the relative
strength of thermal conduction is required [6]. Given the high variability of the
plasma conditions which set thermal conduction (both known and unknown), such
ne-tuning seems unlikely to be at play in the ICM.

One proposed mechanism to combat radiative collapse of the ICM in cool-core
clusters is AGN feedback, whereby a central galaxy/black hole system launches cool,

accreted plasma back into the medium and then through some dissipative process



converts the kinetic energy of the out ow or jet into thermal energy [7]. Thermal
conduction would be integral to many processes linked to AGN feedback. These
processes are also of general importance to the dynamics of the plasma. Some
examples include sound wave and shock dissipation [8, 9], the evaporation of cold
clouds [10], and the behavior of uid-like instabilities such as the heat ux driven
buoyancy instability (HBI) [11] and magnetothermal instability (MTI) [12] which
result in large-scale re-orientations of magnetic eld in the presence of gravity and
temperature gradients. Thermal conduction (or at least severe reduction of it) must
also gure into the existence of so-called cold fronts (see a review by [13]) as well
as optically radiating laments in the outskirts of clusters [14]. As a result, thermal
conduction should be well-understood in order to properly model galaxy clusters.

Fortunately for us, this is not yet the case.

1.1.4 Transport in the magnetized ICM

The ICM is in an exotic regime of plasma physics. The rst reason is that
a relatively weak, tangled magnetic eld pervades the ICM. The presence of the
magnetic eld is inferred through a variety of techniques such as Faraday rotation
and synchrotron radiation measurements ( [15] and references therein). The mag-
netic eld is weak in the sense that the ratio of the thermal pressure of the plasma
to the magnetic eld energy density is very large, 8nT=B2 100. The sec-
ond reason is that Coulomb collisions are infrequent. The electron mean free path

is 0:1 1kpc while the gyroradius, . 1 npc, is many orders of magnitude



Table 1.1: Length scales in the ICM

Length scale Symbol | Size in meters
Cluster radius I cluster 1073
Cool core radius [ 107
Spatial res. of Perseus Clus+ X res 10%°

ter (0.4 arcsec)

Mean free path (Coulomb) 106
Electron gyroradius e 10/
Electron Debye length De 104

smaller (see table 1.1). In this sense the ICM is strongly magnetized since individual
particles can complete many gyrations about the magnetic eld before they feel the
e ect of a collision on their orbit. As we shall see the "weak-strong" duality of the
magnetic eld has signi cant consequences for heat transport in the ICM.

When modeling thermal conduction in the ICM, most current treatments
adopt a uid description, taking the thermal conductivity to have the canonical
Spitzer value [16] along the local magnetic eld and complete suppression in the or-
thogonal direction. However, the Spitzer prescription assumes the plasma is strongly
collisional on the spatial and time scales under consideration. This assumption can
easily be violated in the ICM. Furthermore, the 1 ICM is likely susceptible
to small-scale plasma instabilities driven by pressure anisotropies and heat uxes

which may impede thermal conduction [17]. In this thesis we explore an example



of such an instability and how it a ects thermal conduction. Before describing the
relevant physics we de ne what is meant by thermal conduction in a plasma and

describe when the Spitzer assumptions break down.

1.2 Thermal conduction in plasmas

Thermal conduction refers to the transfer of heat energy resulting from the
random (thermal) motions of constituent particles in a uid or plasma. In this sec-
tion we outline the basic assumptions used to model the process. We start with the
Boltzmann equation and uid closure of the moment equations (the historical treat-
ment) and motivate study of the collisionless Boltzmann (Vlasov) equation. The
goal is to discuss the heat ux vectorg [see (1.9)], which is the primary component

in thermal conduction.

1.2.1 Particle distribution functions

A plasma, consisting of many charged particles (electrons and ions) can be
described by a phase-space distribution functiof(x;v;t) which takes the form
of a probability distribution, where the spatial and velocity coordinates X;v) are
assumed to be independent of one another. When multiplied by the volume elements
dxdv, the distribution function represents the probability that a particle can be

found within dxdv.



1.2.2 The Boltzmann and Vlasov equations

The time evolution of the distribution function can be modeled by the Boltz-
mann equation,

@f F _ ef

= = : 11
@t m @t coll , ( )

wherer , = @=@andr , = @=@ F is the force that a particle of massn located
at (x;v) would experience, ignoring small-scale uctuating elds that might occur

within a Debye sphere. We assume thdt is the Lorentz force,

Fze E+ ~
C

B ; (1.2)
whereeis the particle chargeE is the electric eld, and B is the magnetic eld. The
particle charge density and current density fronf feed into Maxwell's equations to
evolve the elds.

The term on the right hand side of (1.1) represents the time evolution of the
distribution function resulting from the small-scale elds (\collisions"). Note that a
Boltzmann equation can be de ned for each species in a plasma, including electrons
and ions. The collision term is a summation over collisions between like and di erent
species.

Taking the approximation that the system is completely free of collisions

[(@f=@¢, = 0], (1.1) yields the Vlasov equation,



of F e
@t+v rf +m r f =0; (1.3)

which is the model that guides most of the work in this thesis. Assuming that the
plasma is collisionless is to say that the collision frequency is much slower than any
dynamical frequency of interest or that the collisional mean free path is much larger

than the length scale of interest.

1.2.3 Moments of the Vlasov Equation: Heat Flux

It is often sensible to track the evolution of statistical quantities that vary
in space by integrating out the velocity dependence of the distribution function.
Multiplying (1.3) by various powers ofv and integrating overdv produces equations
governing the time evolution of the so-called moments of the distribution function.

Some important moments are the density
n=  dvf (1.4)

and the mean ow

u=hvi= rll dvvf: (1.5)

Three moment equations involving these quantities are

@n

@t+ r (nu)=0 (1.6)
£@(mnu)+ mr (nuu)+r P en E+ 4 B =0; (2.7)
@t c S '
and
@ 1 , 3 1 5 3 B _
ot Enmu + ép +r énmu + ép u+r (P u)=r g+ nekE u: (1.8)
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Here we have de ned the quantities
D E
p= %m(v u)? = nT (Scalarpressure)

P=hm(v u)(v u)i (Pressuretensor) and the desired heat ux vector,

q= ;m(v u)(v  u)? (1.9)

Reinserting (1.6) and (1.7), (1.8) becomes

é)@t 2 +r :Zapu +Pru=r q (2.10)
We see that the heat ux is an input to the energy equation (1.10). It is
the ux of randomly directed kinetic energy, subtracting out any convection of this
energy as a result of mean ows. Note that there is a time evolution equation for
g that depends on the next moment of . This dependence continues in an in nite

hierarchy of moment equations. Rather than trying to tackle an in nite number of

equations we can simply try to giveq a speci ¢ form.

1.2.4 Thermal conduction from uid closure

Here we brie y describe uid models of thermal conduction for historical per-
spective and intuition. One can keep the collision term in (1.1) and make some

headway in prescribing the heat ux and other moments.

1.2.4.1 Lowest order uid closure

If the collisional mean free path is in nitely small compared to any relevant dy-
namical length scale (instead of in nitely large in the case of (1.3)), the distribution

8



becomes Maxwellian,

2
n exp (v u)

f=fg= : (1.11)

3:2V_:|3_
where we have de ned the thermal speed: = (2 T=m)'™2. Since only the rst three
moments of the distribution function, (1.6) - (1.8), are nonzero, this truncates the

moment hierarchy by settingq = 0.

1.2.4.2 Closure to rst order

Alternatively, one can pin the collisionality at a nite level by taking the ratio

=— 1 1.12
] (1.12)
where is the collisional mean free path and. is the dynamical length scale.

Assuming (1.12) one can make an asymptotic closure of the moment equations.

This is accomplished by writing
f=fo+ fq; (1.13)

the so-called Chapman-Enskog expansion [18]. The deviatibnis a response of the
plasma to perturbations of the system, e.g. weak temperature gradients or electric

elds. Integrating f; yields moments of the distribution function such ag (1.9).

1.2.4.3 Thermal conductivity coe cients

A consequence of (1.13) is that the heat ux is governed by a Fick's Law of
di usion,

g= r; (1.14)



where is the coe cient of thermal conductivity and depends on the properties of
the plasma and interparticle collisions. The Spitzer coe cient of thermal conduction
[16] scales like

, T

i 1.15
sp ei Ne ( )

where the electron-ion collision frequency is roughly

Z2n;In()

a7

and is the number of particles in a cube with Debye-length sides. In() is known
as the Coulomb logarithm and is 40 for the ICM.

Hot plasma with Spitzer thermal conductivity conducts heat very well, while
cool plasma does so poorly. 1.15 was derived assuming an unmagnetized plasma.
In the context of a magnetized plasma such as the ICM, it turns out that thermal
conduction in the direction of the local magnetic eld is unchanged from 1.15 since
B does not a ect the parallel motion of particles. This allows one to useg, by
projecting the temperature gradient in theb= B =jBj direction to obtain the parallel
heat ux, qx= B r TB

An expression for thermal conduction perpendicular t®, -, was provided

by Braginskii [19]. Using the Chapman-Enskog scheme Braginskii found that
. % (1.17)

where . = vy= ¢ is the electron Larmor radius and is the collision frequency (to
which both ion-electron and electron-electron collisions contribute). Since electron-
ion and electron-electron collision times are comparable, the relative sizes of parallel

10



and perpendicular diusion are ,= g, 2= 2 |t is common in astrophysical
contexts to assume that there is no di usive heat ux perpendicular taB ( , =0)
because generally L. Another prediction from Braginskii is that thermal
uxes tend to be dominated by the electron contribution, since it exceeds the ion
heat ux by a factor of (m;=me)'*2. The combination of parallel thermal conduction
using the Spitzer coe cient and negligible perpendicular di usion is the standard
approach for incorporating thermal uxes into a uid model. Our goal, however, is

to treat the ICM plasma as collisionless and develop a new approach to solving the

conduction problem.

1.2.5 Theories of collisionless thermal conduction

Previous work has recognized the possibility of collisionless e ects playing an
important role in thermal conduction in space and astrophysical plasmas. Examples
include studies from the 1970s of collisionless plasma instabilities in the solar corona
and solar wind (e.g. [20, 21]), in which it was recognized that skewed electron dis-
tribution functions carrying heat uxes contained free energy for exciting collective
motions (instabilities) of the plasma. In the nonlinear phase of their development,
such instabilities could scatter particles in velocity space and constrain heat uxes
to marginally stable values as predicted by linear stability theory. Study of these
instabilities was motivated by a growing number of in-situ space plasma measure-
ments that did not match the predicted heat uxes from the Spitzer prescription

(e.g. [22]). This was an unsurprising trend since the collisional mean free path of

11



the solar wind is 1AU, essentially the size of the entire earth-to-sun system.

In the context of clusters, Cowie & McKee added collisionless physics to their
models in 1977 [10]. They imagined a half-Maxwellian plasma emitted from a hot
boundary, which was in contact with a cold absorbing wall with no oppositely moving
particles emitted or re ected from the boundary. Such a system requires a self-
consistent electric eld to be set up through Ampere's Law (notethat B =0ina
1D system). When this electric eld is generated, it re ects some of the hot particles
(to cancel the current) and reduces the overall heat ux. The result is assumed
to be ¢  0:4vynT. Cowie & Mckee called this the saturated heat ux. If the
Spitzer prescription yields more heat ux than this (from a very strong temperature
gradient), then something is wrong andy must be capped to a fraction of the free-
streaming value. A main result of this thesis is that the cap on heat ux is probably
even more stringent in a high- plasma (Chapter 3). Other, more recent papers
have considered the in uence of relevant collisionless e ects on thermal conduction
in high- astrophysical plasmas such as the mirror and rehose instabilities [5,23,24],
tangled magnetic eld geometry [25], and magnetic eld-line wandering [26]. Here

we instead focus on how whistler waves can control thermal conduction.

1.2.6 Role of whistlers in limiting heat ux

Research in the 1990s began to suggest that the whistler wave (sec. 1.3)
was a key player in astrophysical plasmas carrying thermal uxes. For example,

Levinson & Eichler [27] explored how the whistler instability can inhibit thermal

12



conduction along magnetic eld lines and discussed their work within the context
of the interstellar medium, although extensions to the ICM can be made. Pistinner
& Eichler [28] also made some headway in the problem by discussing quasilinear
e ects and the necessity of including obliquely propagating whistlers to limit heat
ux. Roughly simultaneous work by Gary et al. [29] suggested whistlers as a means
of inhibiting thermal uxes of electrons in the solar wind with extension to high-
plasmas [30]. We also note here that recent shearing-box kinetic simulations imply
that whistlers are commonplace in sheared accretion ows and can cause suppression
of thermal conduction [31].

Levinson & Eichler's starting point was a form of the Chapman-Enskog scheme
(1.13) previously employed by Ramani & Laval [32]. Ramani & Laval found that
the resulting equilibrium (with a nite heat ux) from the Chapman-Enskog ap-
proach was in fact unstable and would produce ne-scale electromagnetic structures
associated with the so-called Weibel instability [33,34]. Levinson & Eichler arrived
at a similar conclusion when they added a background magnetic eld to the calcu-
lation, which did not change the equilibrium distribution function but did change
the unstable modes generated by the heat ux to whistler waves. The works of
Ramani & Laval and Levinson & Eichler showed what could happen if small-scale
kinetic physics were introduced to uid models of the system. These results set the
stage for the approach taken in this thesis. In the next section we describe the basic

physics of whistler waves.
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1.3 Whistlers

1.3.1 Basic Description

Whistler waves were rst observed as radio waves hitting antennae on earth.
They are typically generated during lightning storms and can travel along the
Earth's magnetic eld, reaching the northern and southern poles. They are dis-
persive waves whose higher frequency constituents tend to travel faster. As a result,
when converted to an audio signal they produce a descending-frequency sound that
resembles a whistle. The basic whistler wave (a high-frequency extension of the
fast mode from magnetohydrodynamics) propagates parallel to the local magnetic
eld B and is right-hand circularly polarized. The cold-plasma whistler dispersion
relation for a parallel-propagating kx = k) whistler, neglecting the displacement

current in Maxwell's equations, reads

K2R

T+ i@ © (1.18)

I (k) =

where d. = c=!, is the electron skin depth,! ,c = (4 n er:me)% is the plasma
frequency and . = eB=mcC) is the electron cyclotron frequency. Here, is the
local electron density, m. is the electron mass,c is the speed of light, ande is
the magnitude of the electron charge. The asymptotic value of the frequency (for
kde'1 )is .so! . The whistler has a broad range of phase speeds but the
characteristic speed assumingde 1 isvp, = ! (K)=k de ¢ = Vae, WhereVje is

the electron Alf\en speed.
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1.3.2 Resonance of electrons with whistler waves

Whistler dynamics are intimately connected to the behavior of electrons in
magnetic elds. Since the parallel-propagating whistler is right-hand circularly po-
larized, the wave electric and magnetic elds rotate in the same sense as the lowest-
order gyromotion of electrons around, allowing for resonant energy transfer be-
tween electrons and the wave. This resonant behavior drives linear wave growth
and damping and underpins nonlinear phenomena such as trapping and scattering
of electrons. In the 2D PIC simulations and theory presented in this thesis, it is
the scattering by particles in resonance with whistlers which leads to suppression of

heat ux in ICM-like plasmas.

1.3.2.1 Resonance condition for parallel-propagating whistlers

If a whistler propagates parallel toB, the condition for an electron to be in

cyclotron resonance with the wave is

kv, e=0; (1.19)

wherev, is the parallel resonant velocity. We show this by considering the equation
of motion for an electron in the presence of a whistler. The total magnetic eld in
Cartesian coordinates i8 = B + B, where the background eld isB, = Bo® and

B = B[coskx !'t)y+sin(kx !t )2]is the whistler magnetic eld. The whistler
has electric eld components perpendicular tdB, that are important but do not
factor directly into this analysis. The equation of motion in thex direction is

15



_a
x-mc[v? Bl,

(1.20)

We now assume thaB® By and insert the unperturbed orbit of an electron
rotating in the magnetic eld Bg, Vo = VooSin( t)§ Vo0COS( et)2 and freely
streaming along thex direction, x = vyot. Here ¢ = eBg=(meC). (1.20) becomes

X = e()Bi';v?o[sin(kvxot It )sin( eot) + cos(kvyot !t )cos( eot)]
= wpV20C0S[kvyo ! +) 1

If one choosesso = Vv, (equation 1.19) then the argument of the cosine in
(1.3.2.1) is zero and the acceleration that the particle feels is maximized and constant
in time. This is the resonance between the whistler and electron. The resonance
condition reveals the Doppler shift of the whistler rotation frequency by motion of
the electron alongB. Substituting (1.19) into (1.3.2.1) yields

v = (1.21)

and so the electron must travel opposite the direction of wave propagation to be
resonant since the whistler frequency is less than the cyclotron frequency. Note that
a whistler traveling anti-parallel to B (k < 0) can be resonant with an electron with

positive parallel velocity.

1.3.2.2 Trajectories of resonant particles

An electron in resonance will oscillate within the wave elds of the whistler

and become trapped. A purely parallel-propagating whistler has no electric eld
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component parallel toB and its perpendicular electric eld can be eliminated by
transforming to a reference frame moving with the phase speed of the whistler along
B. In this frame the remaining (magnetic) components of the whistler do no work
on the electron and the electron kinetic energy is a conserved quantity. In the
Vk V-, phase space the electron orbit must therefore lie on a circle centered around
vk = Vp = I=k . The electron executes trapped oscillations along this circle that are
centered about the velocityv, [35]. The trapping process is described in detail in

2.4,

1.3.2.3 Energy transfer with a parallel whistler

While no energy transfer occurs in the whistler wave frame, some energy trans-
fer will occur between the whistler and the electron in the laboratory frame since
the two frames are shifted with respect to one another by,. In the limit of in-
nitesimally small wave amplitude, linear damping or growth of the wave occurs
when the whistler interacts with a phase space distribution of electrons. The net
contribution of energy to the wave (positive or negative) is found by integrating the
distribution function over all resonant particles, taking into account the derivative

of the distribution function along constant-energy contours [36, 37].

1.3.2.4 Obliquely propagating whistlers

Trapping of electrons can be greatly enhanced when whistlers propagate obliquely

(at a nite angle) to the local magnetic eld Bg. In the oblique case, the whistler
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becomes elliptically polarized. Since the wave phase that a particle sees now de-
pends on the particle position perpendicular td o, there are special cases in which
the particle will see the whistler electric eld rotating at integer multiples of its
cyclotron motion about By. The resonance condition for an obliquely propagating

whistler becomes

' ke n o =0; (1.22)

where n is the aforementioned integer multiple. Oblique propagation thus intro-
duces resonances that can span a large region of phase space. The dynamics of
the associated trapping motion around each resonance is mostly the same as in the
parallel case. However, the crucial piece of physics introduced is that the regions of
phase space associated with resonant trapped motion can overlap with one another
given a su ciently large wave amplitude [35,38]. This is commonly referred to as
resonance overlap or, in the language of nonlinear dynamics, the overlap of stochas-
tic layers. As we shall see in the following chapters, resonance overlap is critical to

the suppression of heat ux by whistlers.

1.4 Numerical method: Particle-In-Cell simulations

To probe the kinetic nonlinear physics of high- plasmas we model the con-
stituent particles numerically. We carry out two-dimensional (2D) simulations using
the particle-in-cell (PIC) code p3d [39] to model thermal conduction along an im-

posed temperature gradient in a magnetized, collisionless plasma. g&d there are
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macroparticles (each representing many actual particles) and electromagnetic elds
(E;B). The macroparticles move through continuous space while the elds are
evolved on a discrete grid. The macroparticles have their trajectories evolved using

the relativistic Lorentz force equation

d mv) _ v
at =q E+ c B (1.23)
and the spatial step
dx
vV = TS (1.24)

The elds are updated using the two Maxwell equations involving time deriva-
tives (Faraday's Law and the Ampere-Maxwell Law), with the current densityJ
calculated by interpolating particle velocities to the grid. The elds €;B) are
then interpolated back to the particle position to calculate the Lorentz force on the

particle. This cycle then repeats.

1.5 Outline of Thesis

In Chap. 2, we study the stability of a plasma in which collisions and a large-
scale temperature gradient have balanced each other out. We nd that the system
is whistler-unstable, consistent with earlier work [27,28]. In 1D PIC simulations a
modest suppression of heat ux occurs as the initial distribution function relaxes,
while in 2D the suppression is markedly stronger. We link this behavior to cyclotron
resonances occurring between electrons and whistlers. In a 1D system only a small

region of phase space can interact with the parallel-propagating whistler. When
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a large-amplitude oblique whistler develops in the 2D system, resonance overlap
occurs and the entire phase space is subject to strong scattering, quenching heat
ux. These simulations reveal the basic physics of heat ux suppression by whistlers.

In Chap. 3, we develop a new boundary condition to study a system with a
continuous input of particles, driving a heat ux in a 2D system. In this case the
same physics is at play as in Chap. 2, but the long-term evolution of the system
comes to depend on the nite propagation speed of the whistlers. Electrons are also
shown to di use in the presence of turbulent whistlers. Using analytic theory and
looking at the spectrum of unstable waves we nd a simple expression for the heat
ux that suggests the maximum thermal conduction scales like=1 , the main result
of the thesis.

In Chap. 4, we extend the theory to lower- systems to bring it into contact
with observed plasmas in the solar wind. Through 2D PIC simulations with mo-
bile ions we nd that the dominant heat ux suppression at 1 is caused by
electrostatic double layers. Since high-plasma is sometimes measured in the solar
wind, the physics of whistler heat ux suppression could be important to the solar
wind, which we continue to see in our simulations. We also nd that a variety of
mechanisms can lead to heating of ions in the full range ofexplored. These are
examples of ion-electron coupling that are independent of Coulomb collisions.

In Chap. 5 we conclude the thesis.
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Chapter 2: Suppression of electron thermal conduction in the high-

intracluster medium of galaxy clusters

In this chapter we explore the extension of uid models of ICM-like plasma to
the kinetic regime. In agreement with [27], we nd that the uid-type Chapman-
Enskog equilibrium (derived from expression 1.13) breaks down and the system is
unstable to whistler growth. We describe this process with linear analytic theory,
nding that a low-frequency form of the whistler wave emerges in high systems.
Most critical is the nonlinear physics of the interaction between the whistler and
heat-carrying electrons, which leads to strong suppression of heat ux through over-
lap of resonances. We conclude that heat ux in the ICM may be signi cantly

suppressed (1.15).

2.1 1D Instability Model

We solve the linearized Vlasov-Maxwell equations to obtain a dispersion re-
lation for whistler-like modes propagating along the local magnetic el = BgR.

The temperature T is taken to be uniform but we include a heat ux as a source

q
of free energy. We neglect ion terms, which scale likeme=m; and are small in

simulations (not shown). Making the standard whistler assumptions, we obtain the
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dispersion relation for the frequency of modes with wave vectok alongB, [36]:

h

|
e 15T e L et e 21
12 Ino 2 I kg e '

where! ;e = (4 n 0€2=me) ¥ is the plasma frequency, . = eBy=mcC is the cyclotron
frequency,fo(v) is the initial electron phase space distributionyre = (2 Te=me)1™2
is the thermal speed, ¢ = vre= ¢ is the Larmor radius, d. = c=!. the skin depth
and =8 n (T.=B2.

In the standard whistler ordering with ! (kde)? candkde 1, waves
in high beta plasmas resonate with bulk electrons =k ol vTe:p e
1, and are therefore heavily damped. Thus whistlers with conventional ordering do
not exist in high beta plasmas. To obtain wave growth we consider longer wavelength
modes with! (kde)? e. Resonant particles havevy =K  vre=(K o).
Requiring vy Ve Yieldsk (1 with ! e= e e

To model heat ux instability we use a distribution function from [27]

vZ 5y

— = — 2.2
v, 2 Vre (2.2)

fo(v)=fn 1+
wheref ,, = noe:(p_VTe)anp[ v2=\2 ] and the term proportionalto = vre=( ¢L7)
1 yields a heat ux (see also [32]). Equation 2.2 was obtained by balancing a large-
scale temperature gradient (alond3o) @T=@x T=L; with a Krook collision op-
erator. fo has no net drift (wvi = 0) because a current-cancelling electric eld was

assumed to develop in steady state. The plasma pressure is also isotropic. The sole

driver for instability is the heat ux, o = mnghvv?i=2 = (5=8) mnov,. Using
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Figure 2.1: Analytic dispersion relation of the heat- ux-driven whistler-like wave in
a plasma with ¢ = 32(solid); 100(dashed and = 0:133. (a) Real frequency (blue)
and growth rate (red) of the instability calculated from Eq. (2.3). Red diamonds
show growth rates at discrete values d&f taken from a 1D simulation with the same

and = 32. (b) Growth rate of the maximally growing mode for a range of .
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this distribution function and taking ! e in Eg. 2.1 the frequency becomes

I = f k? 2+ ok chy hll; (2.3)
where
hi(k o )= kneoz d3va +f°e: (2.4)
and
ik 9= (L1 lot (F2810y 25)

e Vet e7K
h, is only non-zero because of the heat ux and the integral oveg must go under the
singularity at vy = =k v, the parallel resonant velocity. The real frequency
I, and growth rate versusk for .= 32;100 and = 0:133 are presented in Fig.
2.1(a). The growth rate is peaked aroundk 1 and goes to zero for small and
large k .. The waves have whistler-like dispersion for smak but the frequency
rolls over atk ' 0:6 and has a characteristic phase speeg, = !=k e e= e=
VTe= e Vre. The resonant interaction is with particles with vy \A Vie.
In Fig. 2.1b the maximum growth rate (with respect tok) is plotted against
Instability exists for any non-zero value of so there is no threshold for the instability.
This is highly relevant to the ICM, for which 1 [27]. We now present numerical

simulations to verify (2.3) and to probe the impact on the heat ux.

2.2 PIC simulations

We simulate the instability using the particle-in-cell (PIC) codep3d. We

present the results of quasi-1D, collisionless simulations (3600 particles per cell) with
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Figure 2.2: 1D PIC Simulation Results. (a) Average heat ux and mean squared
value of the perturbed magnetic eld. (b) Whistler-like phase relation betweeiB,

and B,.

dimensionsL, L, =28:96 . 180 (a nite Ly increases the number of particles
and reduces particle noise) and a 2D simulation with, Ly =28:96 . 2896 .
(800 particles per cell). Periodic boundary conditions are used in bothand y with

c0 = 32. With these values ofL, and Ly many unstable modes of scale, can t
in the box. lons form a stationary, charge-neutralizing background.

There is no ambient temperature gradient but we initialize electrons with the
distribution given in Eq. 2.2. Sincefg is not strictly positive we adjust our initial
distribution to ensure that fo 0 and that it has no net drift or pressure anisotropy.
Sinceqyo is also a ected, we calculate an e ective initial for comparison with the
stability theory. Our 1D simulations are run tot = 24:4 = ¢ and a single 2D

simulation isruntot =30:6 = 0.
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2.3 1D Simulation Results

The 1D simulation, which has an e ective = 0:246, reveals that the heat ux
drives waves unstable as predicted by Eg. 2.3. Magnetic uctuations perpendicular
to By grow in time (Fig. 2.2a) and saturate withBg; ' 0:1Bg . The waves are
right-hand circularly polarized with B, and B, 90 out of phase (Fig. 2.2b). The
linear growth rates from the simulation are in good agreement with those obtained
from the linear theory (Fig. 2.1a).

The instability's nonlinear evolution coincides with a surprisingly weak reduc-
tion of the total heat ux (Fig. 2.2a). The reason for this behavior is linked to the
mechanism by which whistlers gain energy from particles and are then scattered to
reduce the heat ux. In the frame moving with the wave, particles move along con-
centric circles of constant energy (see Fig. 2.3d). Resonant electrons moving from
high v, to low v, along the constant energy contour in the wave frame lose energy in
the simulation frame. If more particles move in this direction than toward highey ,
the waves grow. The portion of the distribution function proportional to in Eq. 2.2
and the associated heat ux are shown in Figs. 2.3a,b. Resonant particles that drive
instability have v, > 1:5vr.. This picture is con rmed in Fig. 2.3c, which shows
the change in the electron distribution function as a result of the instability. Note
the depletion of electrons with highv, and negativev,. Saturation occurs when
this relatively small region is depleted of excess particles. Figure 2.3b indicates that
the bulk heat ux in phase space is carried by, > 0 particles with high energy,

where the distribution function in Fig. 2.3c is essentially unchanged. Since positive
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Figure 2.3: Phase space plots and particle trapping in 1D. (& { fm)=max(fq
fm) from the PIC simulation. (b) The local heat ux, (fo fu)vive=max|(f,
fm)Viv]. (c) f=f o = (f fo)=fy from the PIC simulation at late time, t =
9:34 = . (d) Trajectories of trapped test particles in the wave frame of the 1D
whistler for small (red) and large (blue)B (lab frame marked with dashed lines).
The initial parallel velocity is the resonant velocity  =k. In (e) temporal evolution

of the angle = arctan(v, =v) for the test particles in (d).
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velocity electrons cannot resonate with the 1D whistler instability, signi cant heat

ux suppression cannot occur.

2.4 1D Trapping Model

Modest heat ux reduction in 1D is linked to constraints on how electrons
are scattered in a collisionless system. In 1D it is only electrons with velocity
Vy = =k that resonantly drive the instability (Fig. 2.3c) and we will show that
it is only particles close to this resonance that scatter. The substantial number of
particles with v, > 0, which carry the bulk of the heat ux (Fig. 2.3b,c), do not
participate in heat ux suppression. The importance of resonant interactions and
particle trapping in the scattering of particles by waves in magnetized plasma has
been discussed by Karimabadt al, 1992 based on a formal Hamiltonian theory [35].

We demonstrate this here by considering electrons in a whistler propagating
in the positive x direction, B = B(¢sin(kx !t )+ 2coskx !t)). In the frame
moving with the whistler, the electric eld is zero and the energy; + vi + V2 = V§,

is conserved [35]. The equation of motion in the wave frame is

v _ v R v B,
a ¢ ® Bo

(2.6)

The fast time variation of the cyclotron motion can be eliminated by de ning the

new variablesv = (v, iv,)e ' ¢,

dv e i(kx 1)

e = Vy (2.7)

where ¢ = eB=m¢C. Shifting to a moving frame with velocity  ¢=k, we de ne
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X=X+ ot=k with vy = vy + =k so that Eqg. 2.7 becomes

R (2.8)
with energy conservation now given by.v +(vy  ¢=k)? = v3. The time variation
of the patrticles in this frame is completely controlled by™.. The phase variation of
the whistler, however, limits the excursion ofv . As v increases or decreases,
changes due to energy conservation and the wave ph&sechanges even if, were
initially zero. Consequently, the change irv eventually reverses and the electrons

are trapped (Fig. 2.3d). To show this, we take the time derivative of the energy

relation and use Eq. 2.8 to obtain an equation foy, = X,
X+ v, coskx+ )=0; (2.9)

where we have writtenv = v, e ' . Because trapping limits the excursion of we
can approximatev, and by their initial values v, and . The equation for the
phase angle = kx+ o+ =2is

*+1Zsin =0; (2.10)

q
where! , = kv, o7 is the bounce frequency associated with deeply trapped parti-

cles. Integrating once yields

1
~2 121 cos)=

5 2 (2.11)

NI =

where 4 is the value of —_at = 0. The maximum excursion of _corresponds to the
separatrix in the phase space of _which is dened by o =0. Thus, =21,

is the trapping width. This corresponds to excursions
4
u

Vx {’l V20 B

=2 — 1 2.12
Vr Vr BO ( )
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in v, and

\
u
Vo vi B
: :29 — — 1 (2.13)
v Vo0 Bo
in v, wherev, = =k. The same excursion was calculated for ions moving in

circularly polarized Alf\en waves [40,41]. These bounds de ne the region in velocity
space where electrons are scattered. Electrons outside of these ranges, which includes
all of the positive velocity particles that carry the bulk of the heat ux, are not
scattered [28].

To con rm the predictions of the trapping theory, we initialize a particle in the
frame of a whistler-like wave in 1D with a resonant parallel velocity, = o=k.
The particle trajectory in azimuthal angle = arctan(v,=\%) in Fig. 2.3e reveals
the trapped bounce motion. The corresponding excursion is shown in Fig. 2.3d.
As predicted, both the frequency and amplitude of oscillations depend d3=B,.

Particles outside of resonance (not shown) exhibit only small amplitude oscillations.

2.5 2D Simulations and Analytic Theory

In contrast with the 1D simulations, the suppression of heat ux in 2D is sub-
stantial: for an initial = 0:246 the heat ux decreases to 25% of its starting
value (Fig. 2.4a). Perturbations grow at a rate similar to those in the 1D case, have
k ¢ 1, and propagate [=k ' vre= ¢) along and perpendicular to the magnetic
eld (Fig. 2.4b) with a characteristic k, = kyks. The saturation time in 2D is
only slightly longer than that in 1D. At t = "' 125 the amplitude of magnetic

perturbations reaches G1By. A time sequence off=f ¢ (Fig. 2.4d-g) shows the de-
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velopment of resonances that were not present in the 1D system. Measured resonant
velocities vy.es are a consequence d¢f, 6 0 (section 1.3.2.4) and are given by the
condition! kyvy, n =0where nisany integer [35,36]. In particular, we observe
thatthe n=1(vw < 0),n=0(v"' 0O andn= 1 (v > 0) resonances all play
crucial roles. At the point of saturation f is signi cantly more isotropic in phase
space thanf 3 (not shown). Furthermore, the region of concentrated heat ux in Fig-
ure 2.4b (i Vvre) has been drained of excess particles. Whereas in 1D the trapping
mechanism was unable to signi cantly reduce the heat ux, in 2D the availability
of then =0 and n = 1 resonances and resonant overlap allow trapping to drive
strong pitch-angle scattering over a broad range of velocities [28]. This scattering
isotropizes the distribution function by connecting thev, < 0 andvy > 0 regions of
phase space.

Trapping equations in the 2D case were derived in [42] and the results are
similar in form to (2.10) and (2.11). The results for then =0 (Landau) andn= 1
(Cyclotron) resonances are nearly identical to the 1D case and have the form of

q
Equation 2.10, where! , kv,o~e. To demonstrate the importance of these

resonances, we evaluate test particle orbits in the reference frame of a 2D o -angle

whistler wave. In this frame the wave takes the form

! #
B=BR+HB ::yk + ¢ sin(kgx + kyy) + :2 coskyX + Kyy) (2.14)
X X

where By 6 0 and the wave is elliptically, rather than circularly, polarized. In
evaluating the particle orbits we takek, = ky and consider two di erent values for

B=B,: 0:05 and 04. Particles are initialized with parallel velocities at then =0; 1
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Figure 2.4: 2D simulation results and trapping theory. (a) Averages of the heat
ux and mean-squared values of the perturbed perpendicular and parallel magnetic
elds versus time. (b) The 2-dimensional structure of the magnetic eldB,. (c) In
the wave frame of a 2D whistler, the orbits of trapped test particles for two values
of B. The vy Vv, phase space off=f o = (f fg)=fgatt = ¢ =5:31 (d), 812

(e), 1094 (f), and 306 ().
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resonances. In the case &=B, = 0:05 we nd that trapping widths are small, as
predicted by the nonlinear theory (Figure 2.4c). However, wheB=B, = 0:4, a
particle starting at v, = <=k experiences strong trapping and is scattered into the
domains of the other two resonances, reversing its original parallel velocity. This
is consistent with the results of [35], in which it was found that resonant overlap
occurs whenB=B ' 0:3. It is not a coincidence that saturation takes place once
perturbed amplitudes of this size are reached, for it is by this mechanism, in which
particles are \nanded o " between di erent resonances, that the particles driving

instability are scattered in phase space and wave growth ceases.

2.6 Conclusions

We have shown using both PIC simulations and linear theory that low-frequency
(! = ¢) Whistler-like modes in a high- collisionless plasma are driven unstable
by thermal heat ux, even when the pressure is isotropic. The non-linear suppression
of the heat ux is negligible in 1D, but becomes substantial in 2D owing to overlap-
ping Landau and cyclotron resonances that lead to e ective scattering of electrons.
This strong suppression of thermal heat uxes may be important for understanding
the thermodynamics of the ICM in galaxy clusters.

In order to quantify the astrophysical importance of these e ects, we attempt
to calculate an e ective thermal conductivity for the ICM. The electron distribu-
tion function was earlier calculated by balancing the background temperature gra-

dient with a Krook collision operator, producing the distribution function given in
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Eq. (2.2), where the term proportional to = vr.= L1 describes the heat ux [27].
Although we have not carried out a scaling study of the rate of wave-driven elec-
tron scattering ,, with parameters, a reasonable hypothesis is that, is given by

the peak linear growth rate , = = .. Repeating the heat ux calculation by

q
replacing ¢ with , yields = =Lt and a heat ux g given by

S

G/ VieNTe ﬁ: (2.15)

This is reduced from the collisionless, free-streaming value by the fact?)r =L7,
which can be as small as 16 for the ICM. However, we caution that (2.15) has
been supplanted by expression (3.3) which we nd in the next chapter and which
makes a qualitatively di erent prediction about thermal conduction.

A caveat is that our numerical models are run with large heat uxes ( 0:25)
whereas typical heat uxes in the ICM can be much smaller. While linear theory
shows that the whistler instability exists for any non-zero heat ux, it is possible
that there exists a threshold heat ux below which whistler-mediated scattering of
electrons is ine ective. On the other hand, our present simulations are initial value
problems that relax to an equilibrium system in a periodic box, while a more realistic
con guration would continually drive a heat ux down a temperature gradient,
explicitly linking heat ux and temperature gradient. The unlimited supply of
free energy into the system would likely drive the large-amplitude perturbations
that satisfy the resonance overlap conditionB=B (0:3, regardless of how small the
driving heat ux is. This will likely lead to a saturated state in which injection and

disruption of heat ux balance and so dier signi cantly from that of the initial
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value problem in which heat ux relaxes to a low level. In the next chapter we

explore such a model.
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Chapter 3: Suppression of electron thermal conduction by whistler

turbulence in a sustained thermal gradient

3.1 Heat ux boundary conditions

In the previous chapter we studied the relaxation of heat ux in an ICM-
like plasma. Our next step is to look at the long-term nonlinear evolution of the
instability with a driving heat ux. Here we model thermal conduction with open
boundaries in a magnetized, collisionless plasma by mimicking contact with hot and
cold thermal reservoirs. The reservoirs have temperaturd$ > T, separated by a
distanceL,, forming a temperature gradientT® (T, T.)=L, and driving a heat
ux. An initially uniform magnetic eld By = BgR threads the plasma along the
gradient and is free to evolve in time. The initial particle distribution function is
chosen to model the free-streaming of particles from each thermal reservoir and has

the form

(v) (BI

no e v e v+ va)?+ V3 1=2,

't = = + = +
Fvit=00= fa+fe= =5 =5 — (M * o 0 arf (vemwra)

q
where ng is the initial density, is the Heaviside step functionyr = 2T=m s
the thermal speed, and the parallel and perpendicular directions are with respect
to Bo. The cold particles are given a parallel drift speedy to ensure zero net
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Figure 3.1: Two dimensional plots from the largest simulationl(y = 2L,) in a
saturated state att = 800 4. (a) Fluctuations in out-of-plane B, (b) Temperature

Texx With four self-consistent particle trajectories overlaid. (¢) Heat uXQgy.

current (hvii = 0) in the initial state while the error function erf (v4=w.) makes

the density of hot and cold particles equalfy also has nonzero pressure anisotropy
hvZi & hva=2i and a heat ux g = hwv? = . fo is not unstable in a 1D

system since only o -angle modes resonate with particles near the large phase space

discontinuity in fq at v, = 0.

When patrticles exit the open boundaries they are re-injected with velocities
pulled fromf, (at x =0) or f. (x = Ly). The drift velocity vy is then recalculated at
each time step to ensure that the current of re-injected particles cancels the current
of outgoing particles at the cold reservoir. The electromagnetic eld components
at the thermal reservoir boundaries areFy = 0; @k=@x= @EF=@x= 0 where
F = (E;B). Periodic boundary conditions are used for both particles and elds in

the y direction. In the simulations presented in this chapter, ions in the simulation
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Table 3.1: Simulation parameters and steady state heat uxes

Lx €0h Tec=Teh | Cexit :(nOVpTeh)

Lo = 82 e0h 64 1=2 344

Lo=2 64 1=2 3:30
2L 64 1=2 3:26
Lo 32 1=2 3:46
Lo 128 | 1=2 3:19
Lo 64 1-4 2:56

are not evolved in time and act as a charge-neutralizing background.

3.2 Simulation Parameters

We have performed six simulations in which.,, Bo and Te.=Te, are varied in-
dependently so as to chang&®and o, = 4 n o Ten=(B3=2). The baseline simulation
hasLy = Lo =82 eon, eon = 64, Tec = Ten=2, ! pe= e = 40, and Tep=(Mcc?) = :02,
where ¢n = Vren= eo IS the gyroradius, o = eBo=(m¢C) is the cyclotron frequency,
and ! pe = (4 n oe?=me)** is the plasma frequency. The parameters for each sim-
ulation are listed in Table 1. Each simulation uses 560 particles per cell, has a
transverse lengthLy of 20 ¢p, and is run to t = 800 .. The largest simulation

(Lx =2Ly) has a spatial domain of 32768 by 4096 grid cells.
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Figure 3.2: Evidence for isotropization of the distribution function by whistler scat-
tering by late time in the center of the simulation domain. (a)f (t = 0) as a function

of vy and vy. (b) f(t =800 )

3.3 Whistler Turbulence

Initializing the simulations with f, leads to an impulse of transient uctua-
tions in the out-of-plane magnetic eldB, that propagate towards the hot thermal
reservoir (evidence for this is shown later). These uctuations are driven by the
initial pressure anisotropy and quickly lead to a sharp drop in the anisotropy to
the marginally stable level for rehose-type modes (not shown). The uctuations
rapidly damp, become dynamically unimportant in the simulations, and are not
discussed further.

The reinjection and mixing of hot and cold particles results in a continuous
source of heat ux in the simulation domain. The heat ux drives o -angle Ky, ' Ky),

slowly propagating (=k Vren), €lliptically polarized whistler modes that reach
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large amplitude, B=B o' 1 (g. 3.1a), and strongly scatter electrons, isotropizing
the electron distribution function (Figures 3.2a and b). The heat uxgy drops
well below its initial value gxo. Some re ection of waves occurs at the cold plate
boundary but the heat ux is insensitive to the length of the simulation domain,
con rming that such re ection does not impact the integrated results.

Strong scattering by the whistlers causes inherently 2D structures to develop
in quantities such as the temperaturele = mehvZi (gure 3.1b) and heat ux O
(gure 3.1c). In gure 3.1b the trajectories of four electron macro-particles from
the simulation, tracked starting from an initial position x = L,=2 for a period of
875 . in steady state, are overlaid ovefTe, Which does not vary appreciably
during the time of the orbits. Some patrticles reverse their parallel velocity several
times as a result of scattering in the strong magnetic uctuations. Because the
system is 2D the particle out-of-plane canonical momentunps, = mev, €A, isa
conserved quantity. SinceA, yBy and kinetic energy is mostly conserved in the

magnetic uctuations, the electrons are con ned to relatively narrow channels ix.

3.4 Suppression of Thermal Conduction

Suppression of the heat ux develops over a time of hundreds ofg resulting
in a steady state in which a continuous temperature pro le has formed between
the hot and cold reservoirs (g. 3.3a) and the heat ux has leveled o to a nearly
constant value (g. 3.3b). Fig. 3.3c shows the time pro les of average heat ux

Moexixy for six simulations.
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Figure 3.3: Temperature and heat ux pro les. (a) Line plots ofy-averagedTey for
the run with Ly = 2L attimest ¢ = 0 (black), 80 (blue), 200 (green), 400 (cyan),
and 800 (red). (b) Line plots ofy-averaged heat ux at timest .3 = 0 (black), 30
(blue), 100 (green), 150 (cyan), 300 (purple), 450 (grey-blue), 600 (grey), and 800
(red). (c) Box-averagedho,(t)ix,y for the six simulations in Table 1.Inset: Linear

t to the steady state heat ux Gy as a function of E .
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The expectation for a system subject to Coulomb scattering (or another scat-
tering process) is that the heat ux is diusive,qe/ r T.. We nd instead that
the nal heat ux is insensitive to the ambient gradient. The black lines in g. 3.3c
correspond to simulations with a xed o, = 64 but di ering box lengths or hot
to cold temperature jumps. For all of these runs the heat ux settles at around
0:03ngTenVren- Thus, the heat ux rather than the gradient controls the dynamics.
As long asTyy, is signi cantly greater than Te., the hot plate controls the nal heat
ux. However, the three simulations with diering ¢ have noticeably di erent
asymptotic heat uxes that follow the scalinghteyiyy / 1= eon (g 3.6C inset). To
explain this result we turn to the physics of scattering by large-amplitude whistler

waves.

3.5 Scattering by whistlers

The physics of resonant interactions of particles with elliptically polarized
whistlers, which we again invoke here, was discussed in chapters 1 and 2. In the
frame of a single o -angle whistler wave, total kinetic energy is conserved and par-
ticles which satisfy the various resonance criterige = n o=k;n=0; 1; 2;::, are
trapped [35]. For B=B 1, resonant particles experience small oscillations in
the vy=w, plane. For large-amplitude whistlers B=B (0:3) resonances can overlap,
leading to irreversible di usive behavior along circular, constant energy curves in
the whistler wave frame [35]. In the presence of multiple whistlers with di ering par-

allel phase speeds some di usion may also occur perpendicular to circles of constant
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energy [35]. Resonance overlap is an e ective mechanism for heat ux suppres-
sion since it causes large de ections in the particle pitch angle = tan (v, =),
guenching the parallel heat ux (as discussed in 2).

To demonstrate that this is the physics at play in our simulations, in g. 2.3a
we show a resonance diagram i, Vv, for four trapped particles with di ering
energy in the simulation withL = 2L, at steady state. Particle energy is mostly
conserved and the primary di usion is in pitch angle [35]. All the particles display
signi cant de ection so the bulk of particles undergo trapping by the whistlers. Also
of note is that the nearly-circular contours in velocity space are e ectively centered
about v, = 0, indicating that the whistler phase speed is small compared to the
thermal speedvyep.

To quantify the rate of scattering by the whistlers we calculate the quantity
h(x(t) X(to))? by averaging over individual trajectories of roughly 8000 particles for
the L, = 2L, simulation (g. 3.4b). The diusion rate D = h/? is half the linear
slope of & X)? at late time, where is the scattering time. We nd ' 6:80 ..
We plot x versus time for 150 particles in g. 3.5 to illustrate the particle motion.
Some particles are diverted back towards the initial particle location ay = Lg
once scattering becomes signi cant while others maintain their initial direction of
propagation. The linear trend of mean-squared displacement in 3.4b is evidence for
di usive behavior. Pitch angle scattering in a spectrum of whistler turbulence was

also reported by [43].
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Figure 3.4: Evidence for scattering of electrons by whistlers. (a) Trajectories of par-
ticles in vi,v» space showing signi cant de ection of pitch angle =tan (v, =w).
(b) Plot of h(x(t) x(to))? with linear t to the slope representing di usion coe -

cient D.

Figure 3.5: Line plots ofx(t) for 150 particles in theL, = 2L, simulation indicating
di usive behavior.
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3.6 Steady state heat ux

The results of g. 3.3a have demonstrated that the asymptotic rate of thermal
conduction in the presence of large-amplitude whistler waves is largely independent
of the temperature gradient and instead follows a scaling=leo,. A simple expla-
nation for this result, consistent with a comment in [27], is that whistlers act as
particle scattering centers that propagate at their phase speeg = !=k and control
the net ow of high-energy patrticles carrying the bulk of the heat ux. The resulting
heat ux is simply the product of the phase speed and the thermal energy of the
hot plasma, ey~ NgVpTen.

The whistler wave phase speed is determined via the cold plasma dispersion

relation,! = k? 2 .= .. Takingk 1 (as in section 2.5) for whistlers at high e,
we nd
! V1e
- — 2
C (3:2)

In gure 3.6a we show a spacetime diagramt (versusx) of the out-of-plane
B, at a single value ofL,=2. After a transient associated with the anisotropy-
driven waves of the initial distribution f, that was discussed earlier, the whistlers
propagate at a nearly uniform speed in the direction of T°(+%). To con rm that
the unstable modes havéx . 1, we show the power spectruriBy j? for the runs
with Ly = Lo at ¢pn =32;64 and 128 in g. 3.6b. The spectra are nearly isotropic
in the 2D Fourier spacek, k, (not shown) so in the spectra shown the energy
has been summed ovek,. We nd a spectral index of 13=3 for the modes near
Ky eon = 1 although we note that the more important point is to establish that the
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Figure 3.6: (a) Spacetime plot { versusx) of whistler uctuations propagating
through the simulation with Ly = Lo; <n = 64 at Ly=2. At early times the initial
condition fo produces uctuations that reverse direction and are overtaken by the
whistlers, which then move to the right. The uctuations move slowly compared to
the thermal speed and most do not reach the cold reservoir at= L, by the end of
the simulation att =800 5. (b) Fourier spectra, summed ovek, and plotted as

a function of k, for the simulations with Ly = Lo and ¢, = 32, 64, and 128.
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spectrum peaks neak o, = 1 even as o, varies. A more complete exploration
of the spectrum requires simulations with a third spatial dimension. In addition we
nd that for each of the six simulations in Table 1,0y ' 3NV, Ten, Wherev, was
measured in the middle of the simulation domain. These results strongly support
the scaling

! @ B2

= No-Ten NoMe— = vyep2; (3.3)
K o0 8

where is a coe cient of order unity. Equation (3.3) reveals the crucial role of
the background magnetic eld in facilitating thermal transport since it controls the
propagation of whistlers. In the case of a very small magnetic eld the whistlers
barely propagate and the thermal conduction is virtually shut o. However, no
whistler growth was found in a simulation withBy = 0 (not shown), indicating
that heat ux suppression by whistlers requires a nite ambient magnetic eld.
Recent PIC simulations with an imposed thermal gradient suggest that pressure
anisotropy driven modes are at play when there is no initial ambient magnetic
eld [44]. Those results are consistent with the transient growth of uctuations seen
in our simulations in the case oBy = 0. These reach nite amplitude but then
rapidly decay on time scales short compared with the development of the heat- ux

instability.

3.7 Discussion

A caveat of our model is that the imposed thermal gradient is much larger

than that measured in environments such as the ICM [27]. However, the present
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simulations suggest that the transport is insensitive to the imposed temperature
gradient (although the sign of the parallel heat ux is determined by the sign of
r Te through the whistler phase speed). The point is that heat ux instability is
directly driven by the collisionless heat ux, which depends only on the temperature
di erence across a domain, rather than the ambient gradient. It seems likely, there-
fore, that the current results apply to cases in which the temperature gradient is far
weaker. A full treatment of the ICM also requires the inclusion of weak collisions
not present in our kinetic model.

A question is how the microphysics of whistler scattering will a ect heating
and thermal conduction in the intracluster medium. The scaling of heat ux in
(3.3) with 1=  implies a suppression factor of roughly 100 below the free-streaming
thermal conduction. The functional dependence, / T is a noticeable departure
from the Spitzer conductivity [16] proportional to T "= often used in hydrodynamic
or MHD models of the ICM (e.qg. [45], [46]). Our results may therefore signi cantly
alter the equilibria associated with clusters of galaxies, which result from a balance
between thermal conduction and radiative cooling.

Our results show promising similarities with the observations of thermal con-
duction in the solar wind by Bale et al. [47] in which the heat ux takes on a
constant value, independent of collisionality and the ambient temperature gradient,
in the weak collisionality regime where the collisional mean-free-path exceeds the
temperature scale length. However, much of their data is in a regime of much lower

than in the present simulations. In the next chapter we explore the transition
from high to low to bring our model in closer alignment with observations.
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Chapter 4: Wave generation and heat ux suppression in astrophys-

ical plasma systems

The simulations and theory of the previous chapter suggest that the maximum
electron thermal conduction parallel toB scales like £ for 1. However, if we
had a prescription for lower systems we could try to match results to observations
of the solar wind at 1 au, for which we have in-situ measurements of the plasma
and electromagnetic elds. This is necessary for our theory to hold any water in the
long term. Our result (3.3) is consistent with earlier theoretical models [27{30] and
some observations of electron heat ux in the solar wind [48,49]. As it turns out,
the 1= limit has recently been con rmed by observations of solar wind heat ux
measured by the WIND Spacecraft at 1AU [50] for 1 6. However, it is clear
from the data shown in [50] that a transition to a di erent limiting heat ux is at
play when 2. In the following section we describe a means by which heat ux can

be limited at low

4.1 Double Layer Heat Flux Suppression

Recent PIC simulation results presented in a series of papers by Li, Drake

& Swisdak (hereafter LDS) [51{53] identi ed a transport suppression mechanism
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mediated by electrostatic double layers (DLs) in the 1 regime. LDS modeled
the outward propagation of a localized source of hot electrons produced at a coronal
looptop during a solar are. In their scheme an initial gradient in the electron
temperature drove a parallel electron heat ux. The resulting hot electron current
drove a return current carried by the cold background electrons that penetrated into
the hot source region. The return current then coupled to the ions via the Buneman
instability [54, 55], which in its nonlinear stage of evolution produced a localized
electrostatic potential identi ed as a DL [56{58]. Finite mass (i.e. non-stationary)
ions were required in the LDS simulations to capture the interaction between the
return current electrons and the ambient ions that led to the formation of the DL.

A DL functions e ectively as a mobile parallel-plate capacitor in a plasma,
maintaining a potential drop across two layers of opposite charge whose separation
is of the order of the Debye length p [56]. Inthe LDS simulations the self-sustaining
and long-lived DL (and in some cases multiple DLs, [53]) propagated in the direction
of the return current. Heat ux was inhibited as the DLs re ected hot electrons
propagating from the source region and continued to accelerate a cold return current
opposing the motion of hot electrons. However, suppression of heat ux was modest
since only particles with energy less than the DL electrostatic potential were re ected
and con ned within the source region, while higher-energy hot electrons were allowed
to pass through the potential with minimal reduction in energy [51].

LDS's results suggest that DL physics may play a role in magnetized plasmas
with sustained temperature gradients but in a more modest 1 regime relevant to

systems such as the solar wind and coronal looptops, where it has been speculated
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that turbulent magnetic uctuations may be responsible for con ning hot electrons
during ares [59]. Other systems of interest might include low-luminosity accretion
ows and their coronae, since results from GRMHD simulations (e.g. [60]) imply
that may be of order unity at high latitudes near the coronae of black holes [61].
We nd that DLs indeed play a central role in the 1 regime and in the following
sections present a series of PIC simulations that reveal the transition from whistler

heat ux suppression to suppression by double layers.

4.2 Simulation Parameters

We carry out two-dimensional (2D) PIC simulations using the same numerical
setup as in chap. 3. In the simulations presented here ion positions and velocities
are evolved in time, allowing double layers to form. lons, with mass ratim;=m, =
1600, are initialized with a Maxwellian distribution of temperatureT;o = Ten=2 and
are re-injected into the domain using the above scheme with equal temperatures
Tin = Tic = Tio.

The simulations scan a range ofeon = 8 n oTen=B3 from 32 to 1=4 in factors of
2 (32,16,8,...,%4) using an electron temperature ratiol¢,=Tec = 10. The simulation
domain lengths areLy, = Lo = 164d. and Ly = Lo=2, whered. = c=!p is the
electron skin depth and! ,e = (4 n ¢€?=me)'™? is the electron plasma frequency.
The characteristic velocity of whistlers depends on the wavelength but has an upper
limit that scales with the electron Alf\ven speedVae = de . HOwever, we normalize

electron heat uxes to the free-streaming valuep = nevr,, Ten @s in 3.
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Since DLs are generated near the cold reservoir and propagate towards the hot
thermal reservoir atx = 0, we stop the simulation before the DL conduction front
reaches the hot boundary and signi cantly impacts plasma injection. Foregg, = 1
this corresponds to a time oft o  7200. Other parameters in the simulations
are! pe= o = SpE, and Ten=(m<c?) = 0:02, which setsvr,=c = 1=5 such that
electrons are mostly non-relativistic. Each simulation uses 560 particles per species

per cell and has a grid of 4096 by 2048 cells.

4.3 Simulation Results

4.4 Whistler regime

Figure 4.1 contrasts the dynamics of the ¢on = 1 [(@)-(€)] and 16 [(f)-(j)]
simulations. Inthe case of ¢, = 16 the results are similar to the large . (32; 64; and
128) runs of chap. 3. Strong heat ux suppression below the free-streaming value
takes place throughout the simulation domain [Fig. 4.1(f)] and is associated with
scattering of electrons by large-amplitude oblique whistler uctuationsB=B, 1
in the out-of-plane B, in 4.1(g).

Figure 4.1(j) shows substantial heating of ions, correlated with the turbulent
whistler elds near the cold reservoir atx = Ly. In some locations the peak ion
temperature is 40% larger tharT;o. The ions are scattered by the spatially localized,

con(= P ~ conde) scale whistler electric elds and have an unmagnetized response to
the turbulence ( o eoh)- The electric eld uctuations E, associated with these

whistlers are shown in Fig. 4.1(h). To estimate the rate of ion heating we calculate
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Figure 4.1: 2D plots from the «n = 1 [(a)-(e)] and 16 [(f)-(j)] simulations at

t & = 3640 and 910, respecively. (a) Suppression qf, by DLs located between
x=d. 85 115 that propagate towards the hot reservoir ax = 0. (b) Out-of-plane
B, showing elongated magnetic structures mostly to the left of the DLs and oblique
whistlers mostly to the right of the DLs. (c) Parallel electric eld E; showing a
DL conduction front (bright red spots). (d) One third of the trace of the electron
temperature tensorT.. (e) Same as (d) but for ions showing substantial heating to
the right of the DLs. (f) Strong suppression oty by whistlers. (g) Large-amplitude
whistler uctuations in B,. (h) Parallel whistler electric elds in E, (near the cold
reservoir atx = L,) and turbulence associated with a small DL conduction front
near x = L,=2. (i) 2D structure of T, in whistler elds. (j) Heating of ions by
whistlers.
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an energy di usion coe cient for homogeneous whistler turbulence

h v2i
DW: tl

¢ 21
= d hE «(0) E «( )i: (4.1)

Similar expressions for electron di usion in whistler turbulence are given in [43].
The dynamics of (4.1) can also be framed as a resonant di usive process which is
essentially Landau damping [see e.g. [62] and [63]]. Assuming isotropic turbulence
and dropping factors of order unity we geDyw  (=m?) ¢hE 2i, where . is the
correlation time of the electric eld, which we take to be ¢ = n=V c0h= €0-

The electric eld uctuations E, [Fig. 4.1(h)] are of the order of Ya.e=0) By,
a factor ofp ~oh = 4 larger than the electric eld of a parallel propagating whistler

with phase speed/, = Vren= eon,

VTeh
E=—"8B Bo: 4.2
c 20 (4.2)

However, we still measure phase speeds of the ordggn= eon in the ¢on = 16
simulation (not shown). The crux is that these whistlers are oblique, witlk nearly
parallel to E. To be consistent with Faraday's Lawk E = (!=c) B, the electric
eld is enhanced by a factor of £sin( ) relative to (4.2), where is the angle
betweenk and E. We nonetheless take expression (4.2) to be correct and use it as
a reasonable lower bound folE in the large-amplitude and high- regime.

Using (4.2) leads toDyw  B2=(4 n om;) 0. Multiplying by (1 =2)nom; we
arrive at an ion heating rate

@w_ 1 B2
@lt = 5MomiDw 870 io:

(4.3)

Inserting numbers from the ¢y = 16 simulation (4.3) yields a net heating of roughly
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10% ofTip by t ¢ = 910. Spatially averaging (E3)Tr[T;] over ally and the region

X =0:7Ly to x = 0:9L4 (where large-amplitude whistlers are most prevalent) yields
ion heating of around 5% ofl;o, which is within a factor of 2 of the analytic estimate.
Equation (4.3) suggests local ion heating can occur on the very rapid time scale of
ion cyclotron motion in the high- ICM when strong whistler turbulence is present.
Over long time scales in the ICM the damping of the whistlers associated with ion
heating can be o set by a net positive growth rate from the heat ux instability. In
the regime of large collisionless heat ux the damping from ions does not signi cantly
impact whistler stability (see Fig. 4.4 and section 4.9 as well as [37]). The regime of
smaller heat uxes and marginal heat ux instability will be investigated in future

work.

4.5 DL regime

In the ¢on =1 simulation a thermal conduction front, containing several DLs
(as in [53]) in g. 4.1(c), divides the simulation domain into \hot" (x=d,100) and
\ cold" ( x=de100) regions. The conduction front originates near the cold thermal
reservoir and propagates into the hot region (evidence for this is shown in gure 2).
The DLs are the dark-red, mostly vertical structures in g. 4.1(c) aroundk=d, = 100
and have parallel wavelengths of roughly 1Qyen [51], where pen = VTeh:(p 2! pe) IS
the hot electron Debye length. These wavelengths are consistent with the unstable
modes of the Buneman instability [54]. Two DLs are present at the bottom of gure
4.1(c) aroundy=d, = 5 and x=d. 87 andx=d. 110 [53]. The potential jump

across the DL front ise p_ 0:4 Teon, consistent with the results and analytic
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predictions of [52].

The DLs are dynamical structures that tend to break up and reform over time,
developing nontrivial structure in the perpendicular §) direction. The perpendicu-
lar length scale for the DLs is roughly 30pen, Cconsistent with results from previous
2D PIC simulations of double layers (e.g. [64, 65]), although the mechanism that
sets the angle between the DL electric eld and, (and hencek, =k) remains an
open question [66], which we do not address in this paper.

Heat ux suppression for ¢, =1 [g. 4.1(a)] is moderate, with a minimum
heat ux of roughly 0:24q, in the hot region. Mostly rightward-propagating oblique
whistlers (kde 1) with small saturation amplitude (B=B, 0:04) are present
in the cold region, while the hot region contains no whistlers and instead develops
elongated magnetic structure®, with ko d. 1 andkcd. 0:07 [g. 4.1(b)]. Note
the reversals in the sign oB, along they direction. These structures seem to merge
with the whistler uctuations at the approximate location of the conduction front
at x=d. 100 and are discussed in more detail in section 4.10.

The elongated magnetic structures do not appear to signi cantly impact the
heat ux [g. 4.1(a)], which is nonetheless modulated by thin streams with even
smaller perpendicular wavelength in the hot region. Rather, it is the DLs, which
re ect hot electrons and accelerate the return current, that reduce the overall heat
ux in the hot region. Evidence for re ected hot particles and the return current are
shown in gure 3. The small-amplitude whistlers in the cold region have a negligible
impact on the heat ux (4.1a) unlike in the high ¢ regime.

Figure 4.1(d) shows the trace of the electron temperature tensor irx;fy),
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indicating a sharp discontinuity in T, around the conduction front atx=d,. 100
with temperatures somewhat less thaiigp, at the hot reservoir andTeg,=3 at the cold
reservoir (Teon = 0:5McV2,0). The ion temperature [ g. 4.1(e)] reveals local heating
to be roughly 12% above the injection temperatur@o (note that Tjo = 0:25meV2, ).

A simple estimate for ion heating by the DL front can be obtained by calcu-
lating the change in kinetic energy of ions accelerated by the DL. We assume ions
are initially cold and that they gain a velocityv = | m as they cross the
DL in the +’ direction (the velocity of the DL is small compared withv ). The
result is a distribution with two beam-like populations (one withvy, = 0 and the
other with v, = v ) in the cold region. The e ective thermal energy of the ions is
(3=2) T, =(1=2)m;v?=4. With e p.  (2=5)Ten, we nd

1
T ETeh; (4.4)

which predicts a heating of about 12% above&;q, close to the observed heating in

g. 4.1(e).

4.6 Generation and propagation of the DLs

Figure 4.2 shows a spacetime diagram of the electric eHy, at a cut along
y = Ly=2 for the o=1=4[4.2(a)], 1 [4.2(b)], and 16 [4.2(c)] simulations. At early
times the initial electron distribution function fq (3.1) relaxes, generating short-
wavelength K pen 1), large-amplitude electron acoustic waves resulting from
two-stream instability between the hot and cold electron populations [67], visible for
all x neart = 0. These waves damp out early on in the simulation and do not impact
the subsequent dynamics. Also present at early times are plasma waves (purple lines
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Figure 4.2: Spacetime diagrams d&, at y = 3:2d, for three values of ¢y, showing
DL formation at the cold reservoirx = Lg. () eon = 1=4: several strong DLs form
and travel towards the hot reservoir, emitting slow-moving ion-acoustic shocks to
the right. (b) eon = 1: Similar to (a) but with two primary DLs forming at later
stages of the simulation. (C) «n = 16: E4 is dominated by rightward-traveling
whistler uctuations that overtake the weak DL.

merging with the electron acoustic modes) which propagate from the cold region to
the hot region and havekd. 3. While these waves are fully resolved in time in the
simulation, data outputs are less frequent and show a strongly alternating pattern.
These waves tend to damp out by the middle of each simulation while con ned to
the region to the left of the DL.

In 4.2(a-c) a DL forms at early times near the cold reservoir ak = Ly

and then propagates toward the hot reservoir at roughly the acoustic spe&d

! (Teon + Tio)=m; [52]. A single DL can be distinguished in the electric eld, by a
large positive amplitude on its leading edge to the left, followed by a small negative
leg on the right [51{53]. Each DL grows in amplitude as it is continually fed by re-
turn currents but stabilizes itself by emitting an ion acoustic shock towards the cold
reservoir, which can be identi ed by the nearly vertical straight lines with positive
amplitude (red) to the right of the DLs in g. 4.2 [52,53]. The shocks quench DL

growth by re ecting cold return current electrons before they reach the DLs [52,53].
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However, the shocks damp over time [see equation (4.4)], leading to subsequent DL
growth and shock re-emission.

Increasing ¢on reduces the number and robustness of the DLs [several are
visible in g. 4.2(a), two in 4.2(b) and one only at early time in 4.2(c)]. Increasing

coh also increases the strength of whistlers. Foren = 16 [4.2(c)] the DL front

is essentially overwhelmed by whistler electric elds (seen as rightward propagating
lines in the whole domain fort ¢100)) as the waves propagate toward the hot
reservoir. The weakness of the DLs in the high. regime is a result of strong
scattering of return current electrons by whistlers (not shown), which removes the
drive mechanism for Buneman instability and hence suppresses DL formation and

propagation.

4.7 Electron dynamics in the hot and cold regions

The electron distribution function for lower g, is similar to f, in Eq. (3.1)
but has been altered by the DL potential. Figures 4.3(a) and (b) show color plots
of fe(Vx;vy) inthe ¢on = 1 simulation at t ¢ = 3640, averaged over spatial regions
to the left (hot region) and right (cold region) of the DL indicated by vertical white
lines in g. 4.3(c). The contours of Inf.) are overlaid in green. In g. 4.3(a) an
accelerated return current beam (the bright spot to the left of, = 0) is present while
the contours indicate that the distribution function is smooth and roughly circular
for vy > 0. The discontinuity (i.e. hot/cold interface) in the distribution of injected
electronsfy at vy, = 0 has been lled in by hot particles with | mvxo

re ected by the DL potential. In gure 4.3(b) the hot/cold interface is shifted
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Figure 4.3: Plots from the ¢, = 1 simulation taken at t .4 = 3640. (a) Electron
distribution function f. (background color) and In€¢) (green contours) invy, vy
space averaged over the spatial region=0:1L, to x = 0:3Ly (the "hot" region)
and ally. (b) Same as (a) but averaged ovex = 0:7 to 0:9L, (\cold" region). (c)
fe in the phase spacex vy averaged over a thin strip iny neary = L,=2. The
sections inx over which fe was averaged to produce (a) and (b) are indicated by
vertical white stripes.

slightly to the right but remains near v, = 0. Figure 4.3(c) shows the phase space
pro le f¢(X; vx) of electrons averaged over a thin vertical extent iy neary = L,=2.
The presence of return currents is evident for ak, which focus into a narrow beam
for x=d:100. The narrowing of the overall width inv, from hot to cold regions

reveals the gradient in the electron temperature shown in gure 4.1(d).
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Figure 4.4: (a) Plot of the nal measured heat ux from simulations as a function
of eon, NOrmalized to the free-streaming valuagy, = nNovrenTen. Data from g.

3.4 is shown as plus signs while new simulation data is shown in asterisks. A
line proportional to 1= p (as in g. 3.3c) is overlaid. (b) Late-time perturbed
magnetic eld amplitudes hB ?=BZ2i ™2 as a function of «y, obtained by averaging
overx =0:7L, to x =0:9L, and all ofy. The extent in x was chosen to always be
to the right of the DL conduction front for the new simulations with mobile ions.

4.8 Electron thermal conduction

Figure 4.4(a) shows the late time electron heat ux as a function of ¢,
including the new simulations withTep=T. = 10 and mobile ions as well as the inset
data from g. 3.4 (with Ten=Tec = 2 and stationary ions). The 1= ¢, scaling (shown
as a solid line overlaid) matches the data foreg, 16. Since the data at ¢ = 32 with
and without mobile essentially overlaps, we con rm that the ions have little impact
on the heat ux at high . A rollover to a roughly constant valueq=g :29 in
the nal heat ux occurs for o 4 and is set by the DL potential as shown by
the following calculation. Assuminge p_ =Ten = 0:4, that return current electrons

are aT =0 beam with velocity vp=V4en, =  0:8 [from g. 4.3(a)], that hot electrons
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q
with jvyj 2e =me contribute no current or heat ux owing to re ection by the
DL, and imposing zero net current we calculate the heat ux in the hot region to

be Gx=NgVrenTen  0:33, which is close to the measured value of29.

4.9 Saturated whistler amplitudes

We document the strength of the whistler heat ux instability over the range
of our high ¢ simulations, by showing in gure 4.4(b) the spatial average of the
perturbed magnetic eld, hB 2=B3i*2. The data from each simulation is from late
time such that the turbulence has saturated. In simulations with DLs, the DL front
has propagated into the center of the simulation domain. The spatial region for
averaging isx = 0:7Ly to x = 0:9L, and all ofy. For the high ¢, runs this is
where the whistler turbulence is strongest and for the loweg, runs with DLs it is the
\cold" region. The general trend in gure 4.4(b) is increasing magnetic uctuation
amplitude as ¢on is increased. Two distinct regimes are evident in this gure 4.4(b):
the region of strong heat ux instability ( en4), where the characteristic saturated
whistler amplitude approachesBg as g, IS increased; and the region of weak (or
nonexistent) heat ux instability for ¢on1, where the magnetic uctuations mostly
consist of the elongated structures mentioned in section 4.5. We now review the

basic physics of heat ux instability and describe these two regimes.

4.9.1 Strong heat ux instability

In the high- o, regime the oblique whistler goes to long wavelengths,, 1,

and the Landau resonance a¥y = V,  Vte= eon Vren aligns with the hot/cold
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interface in f. (3.1). Once amplitudes (and hence nonlinear trapping widths) are
large enough, the Landau and cyclotron resonances can simultaneously overlap (see
g. 2.4), allowing whistler turbulence to isotropize the hot electron distribution
function about the characteristic whistler phase speed. As the hot electrons are
scattered aboutv, they continue to release free energy and drive whistler growth.
To estimate the whistler saturation amplitude in this regime, we calculate the free
energy dierence W = Whtina  Whiniiar » D€tween the nal, isotropized distribu-

tion and an initial half-Maxwellian distribution of hot electrons moving with v, > 0.

The details of the calculation are shown in Appendix A.

To maintain zero net current in the nal state, cold return current electrons
must also be displaced in thev, v, plane to cancel the current v, of the
isotropized hot particles. In these simulations the return current drift is reduced
by re-injection at the cold thermal reservoir as the current of hot particles is sup-
pressed by whistler scattering. We therefore neglect the energetics of cold return
current electrons in this calculation, noting that in general an induced electric eld
could also maintain current neutrality [27, 32, 37].

We nd that, to lowest order in v,=vr¢p, the energy lost by the hot electron half-
Maxwellian as it scattered is proportional tov,=Vren (?7). For a linear whistler wave
at high , the energy content is mostly in magnetic eld uctuations and particle
kinetic energy and electric elds can be neglected. This should hold true for large-

amplitude whistlers as well. Taking W NoTeonVp=Vren With Vy = Vyen= eon and
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Figure 4.5: 2D plots showing the presence of whistlers and elongated magnetic
structures att o = 3640 in the o = 1 simulation. The schematic for current
closure, producing the elongated magnetic structures seen #6rd. 100, is described

in the text. Each plot has contours of out-of-pland3,, representing in-plane current,
overlaid. (a) Average parallel electron velocityey. (b) Average perpendicular ion
velocity viy. (c) B,. (d) Ex.

eoh =8 N oTen=(B3), we obtain

hB 2 B2

Wahistler 3 Wh g (4.5)

i.e., B Bg. This explains why there seems to be an order unityB() limit on the
size of magnetic uctuations in the simulations in g. 4.4(b). The limit comes from
free energy constraints on the hot electron distribution function as it is scattered
by the large-amplitude whistlers. Coincidentally theB By at high result was

also predicted in [37] through a resonance broadening estimate.
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