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This thesis deals with the rigorous analysis of two models of superfluidity. One of

them is a macro-scale description of the interacting dynamics of a mixture of superfluid

Helium and normal Helium. The equations used are modifications of the incompressible

Navier-Stokes equations in 2D, with a nonlinear mutual friction that couples the two

fluids. We show global well-posedness of strong solutions (with high-regularity data) to

this model, by proving a Beale-Kato-Majda-type condition. This work has been published

in the Journal of Nonlinear Science.
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fluid interactions, derived by Lev Pitaevskii in 1959. This involves the nonlinear Schrödinger

equation and incompressible inhomogeneous Navier-Stokes equations. Mass and momentum

exchange between the two fluids is mediated through a nonlinear and bidirectional coupling.
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L’homme n’est rien, l’œuvre tout.
- Gustave Flaubert Anonyme

A philosopher and a physicist are arguing at a Thanksgiving dinner about which

interpretation of quantum mechanics is correct. A topologist is asked to decide who is

right. She shrugs and says: “Potato, mashed potato.”
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Chapter 1: Introduction

Superfluidity is a quantum mechanical phenomenon that is not as well-understood

as it is well-known. Most substances upon isobaric cooling transition from a gas to liquid,

before eventually turning into a solid phase (or in some cases, a variety of them). Helium

is an exception (see Figure 1.1) − at pressures below 25 bars, liquid Helium-4 transforms

into a superfluid phase when cooled across the lambda line (approximately 2.17 Kelvin)1.

As the temperature drops, the amount of helium in the superfluid phase increases and that

in the normal fluid phase decreases, until eventually at 0K, we get a pure superfluid phase

(see Figure 1.2) . Since its experimental discovery [Kap38, AM38] over 80 years ago,

this phenomenon has evolved into an important sub-field of condensed matter physics

research. Despite serious and persistent efforts over several decades by some of the most

renowned theoretical physicists, we do not have a unique theory that explains reasonably

well all of the observed properties.

1Helium-3 also displays a superfluid phase, albeit at a significantly lower temperature (∼2 milliKelvin)
due to its fermionic nature. Most experimental research has focused on Helium-4.
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Figure 1.1: Pressure-temperature diagram of He-4. “Liquid II” is the superfluid phase.

Adapted from [You75].
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Figure 1.2: Conversion between the normal and superfluid phases with changing

temperature. ρ = ρn + ρs is the sum of the normal and superfluid densities. Adapted

from [Vin04].

The most striking features of superfluid He-4 are the absence of viscosity and the

tendency to flow against a thermal gradient, which can be observed in quite dramatic

experiments of “anti-gravity film flows” and the “fountain effect” respectively [Vin04,

AJ38]. Andronikashvili’s experiment [Vin04] (attenuated damping of rotating discs as

the surrounding He-4 was cooled) showed evidence of the presence of two fluids, giving

credence to Landau’s two-fluid model [Lan41]. The success of the two-fluid model led

to a search for microscopic theories, based on quantum mechanics; these efforts were

spearheaded by Onsager, Feynman, Tisza and London, among others. Onsager [Ons53]

and Feynman [Fey55] proposed that the excitations described by Landau are manifested

as vortex lines (with quantized circulation) in the superfluid, and this was experimentally

confirmed by Bewley et. al. [BLS06] in 2006. As far as a theoretical explanation of
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superfluidity goes, there are several pieces to the puzzle that work in limited ranges

of validity; however, a single universal theory that explains everything to reasonable

satisfaction continues to elude us. The most well-known models currently in use may

be classified in many ways [BSS14], the one on the basis of length scales being of interest

in this thesis.

One of the first theories was by Fröhlich (in 1937), proposing a model of order-

disorder transition where a fraction of the helium atoms are trapped in a lattice that

denotes the ground state, while the remaining atoms are in an excited state. In 1938,

London [Lon38] modified this theory by suggesting that the ground state could actually

be a degenerate Bose gas. Shortly thereafter, Tisza [Tis38] worked on the details of

London’s model, suggesting modifications to match with experimental data. In 1941,

Landau [Lan41] presented his famous two-fluid model, which would later earn him the

Nobel Prize. This was a semi-classical model in which he considered the superfluid

to be described by a classical velocity field, and the normal fluid to be the excitations

(phonons and rotons) of this underlying superfluid field. The phonons were the excitations

corresponding to linear modes (quantized sound waves), while the rotons were those of

rotational modes that were identified with a local minimum in the energy-momentum

diagram. He emphasized that the two fluids cannot really be compared to a (classical)

multiphase flow where each point in spacetime can be uniquely identified with a given

phase. There are no phase boundaries and no interfaces, and it is not a mixture in the

conventional sense. It is simply the case that some of the atoms are in a different phase,

but both fluids occupy the entire domain. Landau’s model made experimentally testable
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and qualitatively accurate predictions, particularly with regards to the critical velocity −

when the superfluid is moving below the critical velocity, it is dissipation-free; if it moves

faster, then it has enough energy to excite some phonons and rotons, which can dissipate

energy via interactions with the walls of the container.

These works, along with the identification of the superfluid phase with a BEC,

led to the increasing use of the Gross-Pitaevskii equation (GPE), a nonlinear dispersive

PDE. The wavefunction that solves this equation is an order parameter which vanishes at

superfluid vortices2 (also known as “topological defects”) [PL11]. The main limitations

[RB01] of the GPE are that it is valid only for low-energy scattering of the condensate

particles, and also only at absolute zero. The low-energy limit leads to a local potential

(Dirac delta), and must therefore be replaced with more general, non-local potentials to

describe the bosonic interaction dynamics at higher energies. At T = 0K, the helium

is completely condensed into the ground state and is composed only of the inviscid

superfluid phase. As previously mentioned, this phase has no viscosity, and at sufficiently

low velocities, no excitations either. The nonlinear Schrödinger equation (NLS), as the

GPE is known in mathematics literature, has been studied extensively by mathematicians

for well-posedness [CKS+] and scattering (see [Tao06, Dod16] and references therein)

results over the last few decades. However, as the system is heated to non-zero temperatures,

the presence of (and interactions between) the two fluids must be accounted for. This

has led to the emergence of various models [BBP14, BLR14], each of which work well

at certain characteristic length scales (micro-, meso- and macro-scales). The basic idea

2The existence of these vortices was predicted by Onsager [Ons53] and Feynman [Fey55] in the mid-
50’s, and were directly observed in 2006 [BLS06] by pinning tracer particles to the vortices to visualise
them.
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underlying all these models is that an interaction between the two fluids would cause

momentum and energy to flow between them, and the normal fluid would continuously

dissipate energy through viscosity. More on these models will be discussed in Chapter 2.

While these interaction models have been proposed and studied in the physics

literature (using numerical simulations and asymptotic/limiting cases), they have not been

put through rigorous mathematical investigation so far. This is what we accomplish in this

thesis (Chapters 2, 3 and 4), beginning with strong solutions for a macro-scale model and

subsequently analyzing weak solutions for a micro-scale model.

1.1 Outline of Thesis

In Chapter 2, we will present rigorous analysis to show global well-posedness

of strong solutions to the 2D HVBK system (a macro-scale model of superfluidity).

Following this, we will consider a micro-scale model derived by Pitaevskii, which couples

the nonlinear Schrödinger equation and the Navier-Stokes equations in 3D. We will construct

local-in-time solutions to this model in Chapter 3, and the issue of their uniqueness

is tackled in Chapter 4. Finally, in Chapter 5, we conclude with some future research

directions that arise from this work.
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Chapter 2: Global regularity of the 2D HVBK equations

The contents of this chapter have been published in [JT21a].

2.1 Introduction

In this chapter, we will explore the global well-posedness of a macro-scale model

of superfluidity known as the HVBK equations. We will consider the system in 2D and

ignore thermal and compressible effects. Continuing from Chapter 1, and following the

treatment in [BLR14], we will now classify models of superfluidity based on the length

scales (see Figure 2.1).

Micro-scale models: Micro-scale models describe the system at a quantum level (length

scales ≪ inter-vortex distance), and are essentially modifications of the NLS. One way

is to simply ignore the normal fluid altogether and represent its dissipative effect on the

superfluid by imposing a high-frequency cutoff [KT05], or adding nonlinear damping

terms [AS10], or fractional diffusion operators [DM16, Dar18]. Another approach is to

assume a given velocity fluid for the normal fluid and include its effect on the superfluid in

the form of a material transport term (material derivative) of the density of the superfluid

[Car96]. Finally, in this hierarchy of models, the most sophisticated may be one by
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Pitaevskii [Pit59] (and a modified version proposed by Khalatnikov [Kha69]), in which

a set of equations coupling (bi-directionally) the superfluid and the normal fluid were

derived from first principles.

Figure 2.1: Classification of models of superfluidity according to length scales. Here, D

is the integral length scale, l is the mean inter-vortex spacing and ξ(≈ 10−10m) is the

radius of the vortex core.

Meso-scale models: At non-zero temperatures, the superfluid contains some excitations

(vortices) that can interact with the normal fluid. To describe the dynamics at length

scales comparable to the inter-vortex spacing, Schwarz [Sch78, Sch85, Sch88] utilized a

vortex model where he treated the superfluid to be incompressible and irrotational, except

at the vortices. Each vortex is subject to a drag force from the superfluid velocity field

(of the remaining vortices) and the normal fluid velocity field. Apart from this, numerical

simulations of the system are designed to include vortex reconnections, predicted to occur
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in superfluids by Feynman [Fey55]. Vortex reconnection also plays an important role in

quantum turbulence [Vin06, PL11, BSS14], since reconnection leads to the formation of

Kelvin waves along the vortices, which interact nonlinearly with each other resulting in

dissipation through phonon emission.

Macro-scale models: When the length scales of interest are much larger than the inter-

vortex spacing, the superfluid can be modeled like a classical inviscid fluid. This prompted

an effort to express the manifestation of quantum effects on large scales, discarding

the discreteness of the vortex filaments for a continuum viewpoint, thus giving way to

the Hall-Vinen-Bekharevich-Khalatnikov (HVBK) model [BDV01]. In this model, the

viscous normal fluid is described using the Navier-Stokes equations, while the inviscid

superfluid is represented by the Euler equations. This model is known to work well in

situations when the vortex filaments are more or less aligned with each other, and is thus

used to study superfluid Couette flow in rotationally symmetric domains [BJ88, HB04,

PMGO09]. In this chapter, we prove the global regularity of strong solutions to the HVBK

equations in two dimensions.

Although the original HVBK model treated the superfluid as inviscid, this leads to

significant difficulties during numerical simulations since there would not be small-scale

dissipation, forcing one to resolve extremely high frequencies. There have been multiple

ways reported in the literature to get around this: suppressing high-frequencies in the

superfluid velocity [SRL11, BLR14], using subgrid models [TS10] similar to the ones

from Large Eddy Simulation (LES), and adding an artificial superfluid viscosity [RBL09].
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In this work, we follow the last method, i.e., by treating the superfluid as viscous. We will

now state and describe the model in consideration.

2.1.1 Notation

We use the subscript x on a Banach space to denote the Banach space is defined over

R2. For instance, Lp
x stands for Lebesgue space Lp(R2), and similarly for the Sobolev

spaces Hm
x . In the same way, spaces over time are denoted with a subscript t, like in

Lp
t . Here, the time interval is understood from context, and will be explicitly specified

otherwise. We also use subscripts on integrals to denote the variable being integrated; for

example,
∫
x

would stand for
∫
R2 ,
∫
t

for
∫ T

0
and so on.

Since we are in 2D, the curl operator (acting on a 2D field) is often replaced by the

perpendicular gradient operator, denoted by:

∇⊥ :=

 0 1

−1 0

 · ∇

We also use the notation X ≲ Y to imply that there exists a positive constant C

such that X ≤ CY . The dependence of the constant on various parameters (including the

initial data), will be denoted using a subscript as X ≲k1,k2 Y or X ≤ Ck1,k2Y .

Finally, the subscript i accompanying velocity/vorticity fields (ui, ωi), density (ρi)
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or vorticity (νi) can take the values {n, s}, and is used to represent the quantities corresponding

to the normal fluid and the superfluid respectively.

We will now present and discuss the mathematical model, along with statements of

the main results. Section 2.3 contains some apriori estimates, followed by the proof of

local well-posedness and pressure regularity in Section 2.4. The global well-posedness for

high-regularity data, including the analogue of the Beale-Kato-Majda condition, constitute

Section 2.5. Finally, we consider global regularity for smooth initial data in Section 2.6.

The appendix contains a simple lemma, showing weaker and sufficient conditions on the

vorticity in order to have a finite kinetic energy in 2D.

2.2 Mathematical model and main results

We first consider the general form of the incompressible HVBK equations as given

in section 3.3 of [Bar01]. The equations (HVBK) are repeated below for convenience

(with slightly altered notation).

11



∇ · un = 0 , ∇ · us = 0

∂tun + (un · ∇)un = −1

ρ
∇pn −

ρs
ρn
S∇Θ+ νn∆un +

ρs
ρ
F

∂tus + (us · ∇)us = −1

ρ
∇ps + S∇Θ+ T − ρn

ρ
F

ωs = ∇× us , T = −λsωs × (∇× ω̂s)

λs =
Γ

4π
ln

(
b0
a0

)
, b0 =

(
Γ

2|ωs|

) 1
2

F =
B

2
ω̂s × [ωs × (un − us) + T ] +

B′

2
[ωs × (un − us) + T ]

(HVBK)

In the above equations, subscripts n and s are used to denote the normal and

superfluid components. un and us are the fluid velocities, ωs is the superfluid vorticity, ω̂s

is the unit vector along the vortex filament, ρn and ρs their (constant) densities, ρ = ρn+ρs

is the total density, p is the pressure, S is the entropy, Θ is the temperature, νn is the normal

fluid viscosity, T is the vortex tension term (force associated with bent vortex filaments),

F is the “mutual friction” (the coupling between the two fluids), Γ is the quantum of

circulation in a superfluid vortex filament, B and B′ are temperature-dependent positive

friction coefficients, and a0 is a positive constant that denotes the vortex core radius.

Now, we consider the isothermal case in 2D: the temperature gradient terms drop

out from both equations; and the direction of the vorticity is fixed, so vortex lines do not

bend, i.e., the vortex tension term is not relevant. As mentioned before, we will also be

including a superfluid viscosity. Finally, we absorb ρ in the definition of pressure and
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arrive at the following form of the equations.

∇ · un = 0 , ∇ · us = 0 (2.1)

∂tun + (un · ∇)un = −∇pn + νn∆un +
ρs
ρ
F (2.2)

∂tus + (us · ∇)us = −∇ps + νs∆us −
ρn
ρ
F (2.3)

F = −B
2
|ωs|(un − us) +

B′

2
ωs × (un − us) (2.4)

This is the system that will be dealt with in this paper, and is very similar to those

considered in [RBL09, TS10, VSBP19]. Note that the first term in the mutual friction

indeed acts like a (nonlinear) drag, and works to equalise the two velocity fields. The

second term is a transport in the direction perpendicular to the relative velocity of the two

fluids, so it is not a retarding force in itself. However, that is not concerning since it will

be shown that this second term vanishes in the energy estimates, and behaves the same

way as the first term as far as the contraction mapping argument goes. Furthermore, it is

also evident that multiplying the normal fluid equation by ρn and the superfluid equation

by ρs, and adding the resulting equations leads to a cancellation of the mutual friction

term. This is not surprising, as the friction force is internal to the entire system (of normal

fluid and superfluid) and cannot alter the total momentum.

We seek mild solutions to (2.1)-(2.4), expressed formally as:
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un(t) = eνnt∆u0n −
∫ t

0

eνn(t−τ)∆P
[
un · ∇un −

ρs
ρ
F

]
dτ (2.5)

us(t) = eνst∆u0s −
∫ t

0

eνs(t−τ)∆P
[
us · ∇us +

ρn
ρ
F

]
dτ (2.6)

Here, P is the Leray projector that gives as output the divergence-free part of a

vector field; it is used to eliminate the pressure term.

It is a classical result that the incompressible Navier-Stokes in 2D is globally well-

posed. Since the current model has some added retardation effect (with the mutual

friction), one can argue heuristically that this cannot hurt the extension of global regularity

to this nonlinearly coupled two-fluid system (see remarks following the main results).

This is the physical intuition behind the main results stated below.

Theorem 2.2.1 (Global well-posedness for high-regularity data). Let m > d
2
+ 1 = 2,

and u0n, u
0
s ∈ Hm(R2) be a pair of divergence-free initial velocity fields. Then,

(i) there exist a unique pair of mild solutions un, us ∈ C([0,∞[;Hm(R2)) ∩

L2([0,∞[; Ḣm+1(R2)) to the incompressible, isothermal 2D HVBK equations described

by (2.1)-(2.4); and

(ii) the solution map is Lipschitz continuous from Hm(R2) 7→ C([0,∞[;Hm(R2)) ∩

L2([0,∞[; Ḣm+1(R2)).
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(iii) In addition, if the Sobolev index is upgraded tom ≥ 4, then there also exist a unique

pair of pressure fields pn, ps ∈ C([0,∞[;Hm(R2));

(iv) The fields are instantaneously smoothed (due to viscosity), so that un, us, pn, ps ∈

C∞(]0,∞[;H∞(R2)).

The proof of Theorem 2.2.1 will utilise a contraction mapping argument for local

well-posedness. A Beale-Kato-Majda [BKM84] analogue will be used to show global

well-posedness, and elliptic regularity applied to the pressure-Poisson equation for the

pressure field estimates. Once global well-posedness is established for high-regularity

data, we can easily extend the result to the following corollary.

Corollary 2.2.2 (Global well-posedness for smooth, compactly supported data). Given

a pair of divergence-free velocity fields u0n, u
0
s ∈ C∞

c (R2), there exist a unique pair

of smooth (classical) solutions un, us ∈ C∞([0,∞[;H∞(R2)) to the incompressible,

isothermal 2D HVBK equations described by (2.1)-(2.4). Moreover, the pressure fields

are also smooth and unique, i.e., pn, ps ∈ C∞([0,∞[;H∞(R2)).

At this stage, some remarks are in order, particularly about the mutual friction term

and the difficulties it poses:

1. Superfluid He-4 is completely inviscid (and dissipation-free) below its critical velocity.

As mentioned in Section 2.1, we consider a viscous fluid to help with the analysis.
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The inviscid-superfluid version of the HVBK equations have not been studied,

either numerically or analytically, to the best of the authors’ knowledge.

2. The physical intuition that the addition of a dissipative mutual friction to the 2D

equations would not affect their global regularity need not be valid when the superfluid

is treated as inviscid. In fact, it is not known whether the system is even locally well-

posed in this case. Note that while the advective nonlinearity preserves the L2
x norm

of the vorticity, the same is not true of the nonlinear mutual friction. This means

that the vorticity may not be bounded in L∞
t L

2
x, possibly leading to a breakdown of

the system. This is still an open, and interesting, problem.

3. The ability of the advective term to be written as the gradient of a symmetric tensor

[∇ · (u⊗ u)], also known as the conservation form, enables easier manipulation of

the nonlinearity. For instance, one of the most useful properties of high-regularity

Sobolev spaces
(
Hm

x ,m > d
2

)
is that they form an algebra so that ∥uv∥Hm

x
≲

∥u∥Hm
x
∥v∥Hm

x
. This fact when applied to the advective term in the conservation

form gives us the same contribution from each velocity in the nonlinearity, as

opposed to one being the norm of the velocity and the other a norm of the velocity

gradient. This is particularly useful when deriving the L∞
t L

∞
x controlling norm

in the analysis of Navier-Stokes (used to show that the existence time for C0
tH

m
x

solutions is independent of the index m). The same goes for heat kernel estimates

also, where the conservation form allows for the gradient to be accounted for by the
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heat kernel instead of the velocity fields (albeit at the cost of temporally singular

terms). These steps/methods are no longer as effective when it comes to the mutual

friction, since it cannot be reduced to conservation form. There is a clear demarcation,

heuristically, of the velocity and the velocity gradient (or vorticity) factors in this

term. This asymmetry in the nonlinearity, along with the lopsided presence of only

the superfluid vorticity, induces difficulties in the treatment of the mutual friction

term. This would be especially true when considering the inviscid superfluid − the

lack of a conservation form of mutual friction means one cannot get around the

analysis of the gradient of the velocity (more precisely, vorticity), a luxury that is

not afforded when lacking viscous diffusion.

4. Another problem associated with the mutual friction term is related to the estimates

of the pressure. When seeking mild solutions, we eliminate the pressure gradient

term from the Navier-Stokes using the Leray projector. This gives us an evolution

equation for the velocity field alone. Once a mild solution is established, we can get

some estimates on the pressure field by taking the divergence of the Navier-Stokes

and using incompressibility. This gives us the pressure-Poisson equation.

−∆p = ∇ · ((u · ∇)u) = ∇ · ∇ · (u⊗ u) (2.7)

This means p = (−∆)−1∇ · ∇ · (u ⊗ u). Note how the derivatives roughly

“cancel” out on the RHS. Thus, p is expected to have a regularity similar to u⊗ u.

This is indeed true (at least in one direction) − since the kernel that maps u ⊗ u
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to p is rotationally symmetric and decays as |x|−d, we can utilise the Calderon-

Zygmund inequality to conclude ∥p∥Lq
x
≲ ∥u ⊗ u∥Lq

x
≤ ∥u∥2

L2q
x

for 1 < q < ∞.

This extension to almost all Lebesgue spaces would not be possible without the

conservation form of the advective term. With mutual friction added, there are

extra terms on the RHS of (2.7). Clearly, these terms do not have a conservation

form; as a result, they do not admit such a simple estimate for the pressure. There

is still some respite though: when we have smooth solutions (as in Corollary 2.2.2).

In this case, the pressure field is also smooth (see Section 2.6). Also, as stated in

Theorem 2.2.1, if the assumption on the Sobolev index m is upgraded to m ≥ 4,

then we have unique pn, ps ∈ C0
tH

m
x . The reason for this upgrade is again due

to the non-conservation form of the mutual friction, which means the RHS in

the pressure-Poisson equation contains some terms involving the gradient of the

vorticity (equivalently, two derivatives of the velocity).

2.3 Apriori estimates

In this section, we will derive some apriori estimates for the kinetic energy and

enstrophy. Note that these derivations are formal and require ui, ωi ∈ L∞
[0,T∗[

L2
x∩L2

[0,T∗[
Ḣ1

x,

where i ∈ {n, s} and T∗ is the maximal existence time defined in subsection 2.4.2. These

regularity conditions are indeed satisfied by the mild solutions.
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2.3.1 Energy estimate

Multiplying the normal fluid equation (2.2) by ρnun, the superfluid equation (2.3)

by ρsus, adding the resulting equations, and integrating over R2, we obtain (after integrating

by parts with vanishing fields at infinity, and using the incompressibility conditions (2.1)):

d

dt

(
1

2
ρn∥un∥2L2

x
+

1

2
ρs∥us∥2L2

x

)
+ ρnνn∥∇un∥2L2

x
+ ρsνs∥∇us∥2L2

x

+
ρnρs
ρ

B

2

∫
R2

|ωs||un − us|2= 0 (2.8)

Dropping the last (non-negative) term, and integrating over time, we get:

(
1

2
ρn∥un∥2L2

x
+

1

2
ρs∥us∥2L2

x

)
(t) + ρnνn∥∇un∥2L2

[0,t]
L2
x
+ ρsνs∥∇us∥2L2

[0,t]
L2
x

≤ 1

2
ρn∥u0n∥2L2

x
+

1

2
ρs∥u0s∥2L2

x
≡ E0 (2.9)

where 0 ≤ t < T∗ and E0 is the initial energy.

Thus, we see that the energy at any time (and dissipation upto any time) is bounded

above by the initial energy. Recall that we will choose initial data satisfying the assumptions

of Lemma A.0.1, so that the kinetic energy is finite at t = 0.
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2.3.2 Vorticity equations

Operating on (2.2) and (2.3) with the curl operator, we get the evolution equations

for the scalar vorticity fields (which are also incompressible).

∂tωn + (un · ∇)ωn = νn∆ωn +
ρs
ρ
T (2.10)

∂tωs + (us · ∇)ωs = νs∆ωs −
ρn
ρ
T (2.11)

T = −B
2
∇× [|ωs|(un − us)] +

B′

2
(un − us) · ∇ωs (2.12)

2.3.3 Enstrophy estimate

Just as in section 2.8, we multiply (2.10) by ρnωn, (2.11) by ρsωs, add the resulting

equations, and integrate over R2 to arrive at:

d

dt

(
1

2
ρn∥ωn∥2L2

x
+

1

2
ρs∥ωs∥2L2

x

)
+ ρnνn∥∇ωn∥2L2

x
+ ρsνs∥∇ωs∥2L2

x

+
ρnρs
ρ

B

2

∫
R2

|ωs||ωn − ωs|2

=
ρnρs
2ρ

∫
R2

(ωn − ωs)(un − us) ·
(
B′∇ωs −B∇⊥|ωs|

)
(2.13)

Dropping the last term (non-negative) on the LHS, and using Hölder’s inequality,
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d

dt

(
1

2
ρn∥ωn∥2L2

x
+

1

2
ρs∥ωs∥2L2

x

)
+ ρnνn∥∇ωn∥2L2

x
+ ρsνs∥∇ωs∥2L2

x

≤ ρnρs
2ρ

(B +B′)∥ωn − ωs∥L4
x
∥un − us∥L4

x
∥∇ωs∥L2

x

We use Cauchy’s inequality
(
ab ≤ ϵa2 + b2

4ϵ

)
to extract the ∥∇ωs∥L2

x
term from

the RHS and absorb into the LHS. We also use the two-dimensional Ladyzhenskaya

inequality
(
∥u∥2L4

x
≲ ∥u∥L2

x
∥∇u∥L2

x

)
for handling the other terms on the RHS. This leaves

us with:

d

dt

(
1

2
ρn∥ωn∥2L2

x
+

1

2
ρs∥ωs∥2L2

x

)
+ ρnνn∥∇ωn∥2L2

x
+
ρsνs
2

∥∇ωs∥2L2
x

≲ρi,νi,B,B′ ∥un − us∥L2
x
∥∇un −∇us∥L2

x
∥ωn − ωs∥L2

x
∥∇ωn −∇ωs∥L2

x

Using the L∞
t L

2
x bound on un and us from (2.9), and Cauchy’s inequality again, the

RHS can be controlled as follows.

RHS ≤ Cρi,νiE
0∥ωn − ωs∥2L2

x
∥∇un −∇us∥2L2

x
+
ρnνn
2

∥∇ωn∥2L2
x
+
ρsνn
4

∥∇ωs∥2L2
x

The second and third terms on the RHS can be absorbed into the corresponding

terms on the LHS.
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d

dt

(ρn
2
∥ωn∥2L2

x
+
ρs
2
∥ωs∥2L2

x

)
+
ρnνn
2

∥∇ωn∥2L2
x
+
ρsνs
4

∥∇ωs∥2L2
x

≲ρi,νi E
0∥ωn − ωs∥2L2

x
∥∇un −∇us∥2L2

x

≲ρi,νi

(ρn
2
∥ωn∥2L2

x
+
ρs
2
∥ωs∥2L2

x

)
E0
[
∥∇un∥2L2

x
+ ∥∇us∥2L2

x

]
(2.14)

We then drop non-negative terms on the LHS, and use Grönwall’s inequality to

arrive at:

ρn
2
∥ωn∥2L2

x
(t) +

ρs
2
∥ωs∥2L2

x
(t) ≤ Ω0e

CE0

[
∥∇un∥2

L2
[0,t]

L2
x
+∥∇us∥2

L2
[0,t]

L2
x

]
≤ Ω0eC(E0)2 (2.15)

where Ω0 = ρn
2
∥ω0

n∥2L2
x
+ ρs

2
∥ω0

s∥2L2
x

is the initial enstrophy, and the constant C in the

exponent depends only on the densities, the viscosities, and the coupling constants (B,B′).

The second inequality in (2.15) is a result of the bound in (2.9), and thus we observe

that ωn and ωs are bounded in L∞
t L

2
x. Substituting this upper bound on the vorticities

back into (2.14), we integrate over time to calculate upper bounds for ∥∇ωn∥L2
[0,T∗[

L2
x

and

∥∇ωs∥L2
[0,T∗[

L2
x

as well. In summary, for i ∈ {n, s},

∥ωi∥L∞
[0,T∗[

L2
x
, ∥∇ωi∥L2

[0,T∗[
L2
x
≤ CΩ0,E0,ρi,νi,B,B′ (2.16)

The apriori bounds in (2.9) and (2.16) will be repeatedly used in the proof of global

well-posedness (section 2.5).
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2.4 Local well-posedness

In this section, we will establish the local well-posedness of the system (2.1)-

(2.4) for high-regularity data. We will use the properties of the heat kernel to set up a

contraction mapping that allows us to show the existence of a unique (mild) solution.

Since we have a two-fluid system, the contraction map will be “alternating”, in the sense

that for a given us, we contract the normal fluid map, and for a given un, we contract the

superfluid map.

The appropriate space for the contraction is denoted by Xi, and the corresponding

norm is defined as:

∥ui∥Xi
:= ∥ui∥C0

t H
m
x
+ ν

1
2
i ∥∇ui∥L2

tH
m
x

(2.17)

where i ∈ {n, s}. In what follows, the space-time subscripts denote the domains t ∈ [0, T [

(where T is yet to be determined) and x ∈ R2.

2.4.1 Mild solution and bound on the norm

Starting with divergence-free initial data (in accordance with Lemma A.0.1) u0n, u
0
s ∈

Hm(R2) for m > d
2
+ 1 = 2, we write the required contraction maps in the form of mild

solutions corresponding to (2.2) and (2.3).
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Φ(t) = eνnt∆u0n −
∫ t

0

eνn(t−τ)∆P [un · ∇un + βn|ωs|(un − us)− β′
nωs × (un − us)]

(2.18)

Ψ(t) = eνst∆u0s −
∫ t

0

eνs(t−τ)∆P [us · ∇us − βs|ωs|(un − us) + β′
sωs × (un − us)]

(2.19)

Here, un, us ∈ Hm(R2) as well, and the (positive) constants β’s are defined below

1.

βn =
ρs
ρ

B

2
, β′

n =
ρs
ρ

B′

2

βs =
ρn
ρ

B

2
, β′

s =
ρn
ρ

B′

2

From (2.18), we have almost everywhere (a.e.) in time:

∂Φ

∂t
= νn∆Φ+ Fn

where Fn = −P [un · ∇un + βn|ωs|(un − us)− β′
nωs × (un − us)].

For each multi-index α with 0 ≤ |α|≤ m, we can derive a higher-order energy

inequality for the contraction maps in (2.18) and (2.19).

1As was pointed out by one of the reviewers of the published version, the subscripts in the definition of
the β’s may seem counter-intuitive at first glance. This choice is dictated by the “swapping” of the densities
in the mutual friction term. This, in turn, is to ensure that the coupling conserves overall momentum of both
fluids.

24



∂

∂t
DαΦ = νn∆D

αΦ +DαFn

Multiplying the above equation by DαΦ, integrating over R2, using the Holder’s

inequality, and summing over all 0 ≤ |α|≤ m leads to:

d

dt
∥Φ∥2Hm

x
+ νn∥∇Φ∥2Hm

x
≤ ∥Φ∥Hm

x
∥Fn∥Hm

x

Integrating over time, from 0 to T , and using the fact that Φ(0) = u0n:

∥Φ∥2C0
t H

m
x
+ νn∥∇Φ∥2L2

tH
m
x
≤ ∥u0n∥2Hm

x
+ ∥Φ∥C0

t H
m
x
∥Fn∥L1

tH
m
x

Finally, we use the inequality ab ≤ a2+b2

2
to simplify the second term on the RHS

and obtain:

∥Φ∥Xn ≲ ∥u0n∥Hm
x
+ ∥Fn∥L1

tH
m
x

(2.20)

∥Ψ∥Xs ≲ ∥u0s∥Hm
x
+ ∥Fs∥L1

tH
m
x

(2.21)

Equation (2.21) is derived in the same way as (2.20).

2.4.2 The contraction

Since Sobolev spaces with m > d
2

form an algebra, i.e., ∥uv∥Hm
x
≲ ∥u∥Hm

x
∥v∥Hm

x
,
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∥Fn∥Hm
x
≲ ∥un∥Hm

x
∥∇un∥Hm

x
+ (βn + β′

n)∥ωs∥Hm
x
∥un − us∥Hm

x

From the Calderon-Zygmund inequality, we have ∥ωs∥Hm
x
≲ ∥∇us∥Hm

x
. Integrating

over the time interval [0, Tn[,

∥Fn∥L1
tH

m
x
≲ ∥un∥C0

t H
m
x
∥∇un∥L2

tH
m
x
T

1
2
n + (βn + β′

n)∥∇us∥L2
tH

m
x
∥un − us∥C0

t H
m
x
T

1
2
n

≲ ν
− 1

2
n T

1
2
n ∥un∥2Xn

+ (βn + β′
n)ν

− 1
2

s T
1
2
n ∥us∥Xs (∥un∥Xn + ∥us∥Xs) (2.22)

From (2.22) and (2.20), and repeating the same procedure for Ψ, we obtain:

∥Φ∥Xn ≲ ∥u0n∥Hm
x
+ T

1
2
n

[
ν
− 1

2
n ∥un∥2Xn

+ ν
− 1

2
s (βn + β′

n)∥us∥Xs (∥un∥Xn + ∥us∥Xs)
]

∥Ψ∥Xs ≲ ∥u0s∥Hm
x
+ T

1
2
s

[
ν
− 1

2
s ∥us∥2Xs

+ ν
− 1

2
s (βs + β′

s)∥us∥Xs (∥un∥Xn + ∥us∥Xs)
]

LetBX(R) denote a ball (centred at the origin) of radiusR in the spaceX . Consider

un ∈ BXn(Rn) and us ∈ BXs(Rs). Thus, the above equations therefore simplify to:

∥Φ∥Xn ≲ ∥u0n∥Hm
x
+ T

1
2
n

[
ν
− 1

2
n R2

n + ν
− 1

2
s (βn + β′

n)Rs (Rn +Rs)
]

(2.23)

∥Ψ∥Xs ≲ ∥u0s∥Hm
x
+ T

1
2
s

[
ν
− 1

2
s R2

s + ν
− 1

2
s (βs + β′

s)Rs (Rn +Rs)
]

(2.24)

Now, we will fix the superfluid velocity field us ∈ BXs(Rs) and the initial normal
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fluid velocity u0n, and consider two different normal fluid velocity fields u1n, u
2
n ∈ BXn(Rn).

Then the difference of the Φ map for the two different velocities is:

Φ(u1n)− Φ(u2n) =

∫ t

0

eνn(t−τ)∆
(
Fn(u

1
n)− Fn(u

2
n)
)
dτ

Using the estimate from (2.20),

⇒ ∥Φ(u1n)− Φ(u2n)∥Xn ≲ ∥F 1
n − F 2

n∥L1
tH

m
x

≲ ∥u1n · ∇u1n − u2n · ∇u2n − βn|ωs|(u1n − u2n) + β′
nωs × (u1n − u2n)∥L1

tH
m
x

≲ T
1
2
n

[
ν
− 1

2
n (∥u1n∥Xn + ∥u2n∥Xn) + (βn + β′

n)ν
− 1

2
s ∥us∥Xs

]
∥u1n − u2n∥Xn

A similar procedure can be repeated for the Ψ map, starting with the initial data

u0s, fixing the normal fluid velocity field un ∈ BXn(Rn), and considering two different

superfluid velocity2 fields u1s, u
2
s ∈ BXs(Rs). Thus,

∥Φ(u1n)− Φ(u2n)∥Xn ≲ T
1
2
n

[
ν
− 1

2
n Rn + (βn + β′

n)ν
− 1

2
s Rs

]
∥u1n − u2n∥Xn (2.25)

∥Ψ(u1s)−Ψ(u2s)∥Xs ≲ T
1
2
s

[
ν
− 1

2
s (1 + βs + β′

s)Rs + (βs + β′
s)ν

− 1
2

s Rn

]
∥u1s − u2s∥Xn

(2.26)

From (2.23), (2.24), (2.25) and (2.26), we see that if the following (sufficient)

conditions are satisfied, the maps Φ and Ψ will be contractions. (c1, c2, c3 and c4 are

2Note that in this case, ωs is dependent on which of the superfluid velocity fields u1s or u2s is in
consideration in that term.
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positive constants that were suppressed in all the inequalities so far.)

c1

[
∥u0n∥Hm

x
+ T

1
2
n

(
ν
− 1

2
n R2

n + ν
− 1

2
s (βn + β′

n)Rs (Rn +Rs)
)]

≤ Rn (2.27)

c2

[
T

1
2
n

(
ν
− 1

2
n Rn + (βn + β′

n)ν
− 1

2
s Rs

)]
< 1 (2.28)

c3

[
∥u0s∥Hm

x
+ T

1
2
s

(
ν
− 1

2
s R2

s + ν
− 1

2
s (βs + β′

s)Rs (Rn +Rs)
)]

≤ Rs (2.29)

c4

[
T

1
2
s

(
ν
− 1

2
s (1 + βs + β′

s)Rs + (βs + β′
s)ν

− 1
2

s Rn

)]
< 1 (2.30)

Define δ = 1 + βn + β′
n + βs + β′

s and ν−
1
2 = ν

− 1
2

n + ν
− 1

2
s . Then, the conditions

in (2.27)-(2.30) are automatically satisfied if the following more conservative inequalities

are obeyed (for some sufficiently large Nn, Ns ∈ N).

c1δ
[
∥u0n∥Hm

x
+ T

1
2
n ν

− 1
2 (Rn +Rs)

2
]
≤ Rn (2.31)

c2δT
1
2
n ν

− 1
2 (Rn +Rs) ≤

1

Nn

(2.32)

c3δ
[
∥u0s∥Hm

x
+ T

1
2
s ν

− 1
2 (Rn +Rs)

2
]
≤ Rs (2.33)

c4δT
1
2
s ν

− 1
2 (Rn +Rs) ≤

1

Ns

(2.34)

Upper bounds for Tn and Ts from (2.32) and (2.34) are substituted in (2.31) and

(2.33) to give:
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c1δ∥u0n∥Hm
x
+ c3δ∥u0s∥Hm

x
+

(
c1
Nnc2

+
c3
Nsc4

)
(Rn +Rs) ≤ (Rn +Rs)

This is easily satisfied by choosing Rn = 2c1δ∥u0n∥Hm
x

and Rs = 2c3δ∥u0s∥Hm
x

, and

sufficiently large Nn and Ns. This choice also leads to the conclusion that:

Tn ≤ ν

(2c2δ2Nn)2
1

(c1∥u0n∥Hm
x
+ c3∥u0s∥Hm

x
)2

(2.35)

Ts ≤
ν

(2c4δ2Ns)2
1

(c1∥u0n∥Hm
x
+ c3∥u0s∥Hm

x
)2

(2.36)

From (2.32)-(2.34), we observe that the upper bounds on the existence times are

inversely proportional to Rn + Rs. This allows us to use a bootstrapping argument to

establish that there exists a unique maximal time T∗ ∈ (0,∞] such that ∥un∥Xn(t)∥us∥Xs(t) →

∞ as t → T∗. In other words, at least one of the two velocity fields blows up in the

respective Xi norm as the maximal time is approached.

2.4.3 Lipschitz continuous dependence on initial data

So far, we have shown the local existence and uniqueness of (mild) solutions. We

will now establish Lipschitz continuous dependence of the solutions on initial data, to

complete the well-posedness proof. Consider two initial data u0n, v
0
n with corresponding

mild solutions un, vn (for a fixed us). Then,
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∥un − vn∥Xn ≲ ∥u0n − v0n∥Hm
x
+ ∥un · ∇un − vn · ∇vn − βn|ωs|(un − vn)

+ β′
nωs × (un − vn)∥L1

tH
m
x

Just as done in section 2.4.2, we can show:

∥un − vn∥Xn ≲ ∥u0n − v0n∥Hm
x

+ T
1
2
∗

[
ν
− 1

2
n (∥un∥Xn + ∥vn∥Xn) + ν

− 1
2

s ∥us∥Xs

]
∥un − vn∥Xn

From (2.25), (2.28) and (2.32), we can choose T∗ sufficiently small so that the

second term on the RHS may be absorbed into the LHS. This gives the required result for

the normal fluid. The same procedure can be repeated for the superfluid as well.

2.4.4 Regularity of the pressure fields

We will now briefly comment on the regularity of the pressure fields. Applying the

divergence operator on (2.2) and (2.3), and using incompressibility, we get the Poisson

equations that govern the evolution of the pressure fields.

−∆pn = ∇ · ∇ · (un ⊗ un) + βn(un − us) · ∇|ωs|−β′
n∇ · (ωs × (un − us))

−∆ps = ∇ · ∇ · (us ⊗ us)− βs(un − us) · ∇|ωs|+β′
s∇ · (ωs × (un − us))

(2.37)
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The solutions pn, ps of these equations must be unique. At first look, it appears that

an arbitrary harmonic function could be added to the pressure fields, breaking uniqueness.

But since we seek bounded pressures, Liouville’s theorem (see chapter 2 of [Eva10])

guarantees that such a harmonic function is in fact a constant. This constant can be forced

to be zero, by demanding that the pressure vanishes at infinity.

Now, for unique solutions of the Poisson equation −∆p = f , with p = 0 on

the boundary, elliptic regularity theory estimates (see chapter 6 of [Eva10]) show that

∥p∥Hm+2
x

≲ ∥f∥Hm
x

. The RHS of each equation in (2.37) consists of terms like (∇u)(∇u),

and (u)(∇ω) ∼ (u)(D2u). If we upgrade our Sobolev index to m ≥ 4, then we have

m− 2 > d
2
, allowing us to use the algebra property of Hm−2

x . Thus,

∥RHS∥Hm−2
x

≲ ∥(∇u)(∇u)∥Hm−2
x

+ ∥(u)(D2u)∥Hm−2
x

≲ ∥(∇u)∥2
Hm−2

x
+ ∥u∥Hm−2

x
∥D2u∥Hm−2

x

≲ ∥u∥2Hm
x
<∞

Therefore, this shows that the RHS of (2.37) ∈ C0
tH

m−2
x ⇒ pn, ps ∈ C0

tH
m
x .

2.4.5 Instantaneous smoothing

Viscosity-driven momentum diffusion leads to the well-known instantaneous smoothing

of the solution. This standard result can be argued as follows, where u can mean either the

superfluid or the normal fluid velocity. Since we have established that u ∈ C0([0, T∗[; Ḣ
m
x )∩
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L2([0, T∗[; Ḣ
m+1
x ), we can conclude that ∥∇u∥Hm

x
(t) < ∞ for almost every t ∈ [0, T∗[.

In other words, ∥u∥Hm+1
x

(t) <∞ for almost every t ∈ [0, T∗[.

So, for an arbitrary 0 < δ < T∗, we can find a time 0 < t0 < δ such that

∥u∥Hm+1
x

(t0) < ∞. Denoting this velocity field as ut0 and considering it as an Hm+1
x

datum, we can evolve the system (as shown thus far) to find a local C0
tH

m+1
x solution in

some time interval [t0, T ′
∗[, where T ′

∗ − t0 is the maximal existence time corresponding

to this Hm+1
x datum. The choice of t0 can be made so that δ < T ′

∗. By the uniqueness

of solutions on the interval [t0, δ], we may conclude that indeed u ∈ C0([t0, δ];H
m+1
x ).

Since δ is arbitrary, this implies u ∈ C0(]0, T∗[;H
m+1
x ). Iterating this argument shows

that u ∈ C0(]0, T∗[;H
∞
x ).

The mild solutions given by (2.5) and (2.6) satisfy a.e. in time:

∂tun = νn∆un − P(un · ∇un + βn|ωs|(un − us)− β′
nωs × (un − us))

∂tus = νs∆us − P(us · ∇us − βs|ωs|(un − us) + β′
sωs × (un − us))

Since un, us ∈ C0(]0,∞[;H∞(R2)), each term on the RHS of these equations is in

C0(]0,∞[;H∞(R2)). This means the LHS (the time-derivative term) is inC0(]0,∞[;H∞(R2)),

i.e., un, us ∈ C1(]0,∞[;H∞(R2)). This argument can be iterated to show that indeed

un, us ∈ C∞(]0,∞[;H∞(R2)). In other words, the solutions are smooth in time (for

t > 0), and H∞-smooth in space. Repeating the steps of Section 2.4.4 proves the
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uniqueness and space-time smoothness of pressure fields as well (for t > 0).

2.5 Global well-posedness

2.5.1 Higher-order energy estimate

We will now establish global well-posedness for high-regularity data using the

method of Beale-Kato-Majda [BKM84]. We begin by deriving a higher-order energy

estimate like in section 2.4.1. Acting on (2.2) with a higher-order derivative operator Dα

(for 0 ≤ |α|≤ m, multiplying by Dαun, and summing over all α, we get:

d

dt

1

2
∥un∥2Hm

x
+ νn∥∇un∥2Hm

x
= −

∑
α

⟨Dαun,PDα [un · ∇un

+βn|ωs|(un − us)− β′
nωs × (un − us)]⟩ (2.38)

where ⟨, ⟩ denotes the L2
x inner product. The Leray projector is self-adjoint and commutes

with derivatives, so it can be dropped. By incompressibility, ⟨Dαun, un · ∇Dαun⟩ = 0.

So, we add this vanishing quantity to the RHS.
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RHS = −
∑
α

⟨Dαun, D
α [un · ∇un]− un · ∇Dαun⟩

−
∑
α

⟨Dαun, D
α [βn|ωs|(un − us)− β′

nωs × (un − us)]⟩

≲ ∥un∥Hm
x

[
∥∇un∥L∞

x
∥un∥Hm

x
+ ∥|ωs|(un − us)∥Hm

x

]
≲ ∥un∥Hm

x

[
∥∇un∥L∞

x
∥un∥Hm

x
+ ∥un − us∥L∞

x
∥ωs∥Hm

x
+ ∥ωs∥L∞

x
∥un − us∥Hm

x

]

where we used Hölder’s inequality and calculus inequalities for Sobolev spaces (Eqns.

(3.31) and (3.32) from [MB02]).

Using the above estimate of the RHS in (2.38),

d

dt

1

2
∥un∥2Hm

x
+ νn∥∇un∥2Hm

x

≲ ∥∇un∥L∞
x
∥un∥2Hm

x
+ ∥un − us∥L∞

x
∥un∥Hm

x
∥ωs∥Hm

x

+ ∥ωs∥L∞
x
∥un − us∥Hm

x
∥un∥Hm

x

(2.39)

A similar calculation for the superfluid equation (2.3) can be performed.
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d

dt

1

2
∥us∥2Hm

x
+ νs∥∇us∥2Hm

x

≲ ∥∇us∥L∞
x
∥us∥2Hm

x
+ ∥un − us∥L∞

x
∥us∥Hm

x
∥ωs∥Hm

x

+ ∥ωs∥L∞
x
∥un − us∥Hm

x
∥us∥Hm

x

(2.40)

Once again, using Cauchy’s inequality, we can extract out a νs
2
∥ωs∥2Hm

x
from the

second terms on the RHS of (2.39) and (2.40). Since ∥ωs∥Hm
x
≤ ∥∇us∥Hm

x
, we may add

the equations and these extracted terms can be used to cancel out the νs∥∇us∥2Hm
x

on the

LHS. Finally, after dropping νn∥∇un∥2Hm
x

on the LHS, the following inequality results.

d

dt

(
∥un∥2Hm

x
+ ∥us∥2Hm

x

)
≲
(
∥un∥2Hm

x
+ ∥us∥2Hm

x

)
×[

∥∇un∥L∞
x
+ ∥∇us∥L∞

x
+ ∥ωs∥L∞

x
+ ∥un − us∥2L∞

x

]
(2.41)

For any time interval [0, T ] where T < ∞, if we can show that the L∞
t H

m
x norms

of un and us are bounded, we may substitute these bounds back into (2.39) and (2.40)

and derive upper bounds for νn∥∇un∥2Hm
x

and νs∥∇us∥2Hm
x

, just as was done to arrive at

the bounds in (2.16). This will show that the Xn and Xs norms of the respective velocity

fields are bounded over any time interval [0, T ] for every T <∞, allowing us to conclude

global solutions of high-regularity.

In this regard, we recall a crucial potential theory estimate from [BKM84].
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Lemma 2.5.1 (BKM potential theory estimate). For m > d
2
+ 1 = 2,

∥∇u∥L∞
x
≲ ∥ω∥L2

x
+ ∥ω∥L∞

x

(
1 + log

(
1 + ∥u∥Hm

x

))
(2.42)

Thus, the quantity in the square brackets in (2.41) can be bounded above by:

[. . . ] ≲ (∥ωn∥L2
x
+ ∥ωs∥L2

x
) + ∥un − us∥2L∞

x

+ (∥ωn∥L∞
x
+ ∥ωs∥L∞

x
)
(
1 + log

(
1 + ∥un∥Hm

x
+ ∥us∥Hm

x

))

From (2.16), we know that ∥ω∥L2
x

is bounded above for both fluids. So, we can

absorb these upper bounds into the implied multiplicative constant in the upper bound.

We can also adjust the argument of the logarithm to make the entire expression in (2.41)

more amenable to the Grönwall’s inequality. For this, we note that for x ≥ 0,

log(1 + x) ≤ log
(
1 + x2 + 2x

)
≤ log

(
2(1 + x2)

)
≲ 1 + log

(
1 + x2

)

From the above arguments,
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[. . . ] ≲Ω0,E0 (1 + ∥un − us∥2L∞
x
+ ∥ωn∥L∞

x
+ ∥ωs∥L∞

x
)
(
1 + log

(
1 + ∥un∥2Hm

x
+ ∥us∥2Hm

x

))
(2.43)

Denoting X = 1 + ∥un∥2Hm
x
+ ∥us∥2Hm

x
, we see that (2.41) simplifies to

dX

dt
≲Ω0,E0 X(1 + logX)

[
1 + ∥un − us∥2L∞

x
+ ∥ωn∥L∞

x
+ ∥ωs∥L∞

x

]
(2.44)

At this stage, one can easily apply Grönwall’s inequality to draw the conclusion that

the C0
tH

m
x norm is bounded for any finite time T , if the quantity in the square brackets in

(2.44) is integrable in time over [0, T ]. If that is the case, the required upper bound for X

is given by

sup
0≤t≤T

X(t) ≤ e(1+logX(0))e
∫T
0 [... ]dt

(2.45)

2.5.2 Analogue of the BKM condition

We will now prove the time-integrability condition required to proceed from (2.44)

to (2.45), which will lead us to global solutions from high-regularity data. The claim to

be verified is:
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Lemma 2.5.2 (BKM analogue). For every 0 < T <∞,

∫ T

0

[
1 + ∥un − us∥2L∞

x
+ ∥ωn∥L∞

x
+ ∥ωs∥L∞

x

]
dt <∞ (2.46)

Proof :

1. The first term in the integral is obviously finite for every finite T .

2. For the second term, we use the Gagliardo-Nirenberg interpolation inequality, followed

by the Calderon-Zygmund inequality, and the energy boundedness from (2.9):

∥un − us∥2L∞
x
≲ ∥un − us∥L2

x
∥D2un −D2us∥L2

x

≲
(
∥un∥L2

x
+ ∥us∥L2

x

) (
∥∇ωn∥L2

x
+ ∥∇ωs∥L2

x

)
≲E0,ρi,νi

(
∥∇ωn∥L2

x
+ ∥∇ωs∥L2

x

)

Thus, integrating over [0, T ],

∥un − us∥2L2
[0,T ]

L∞
x
≲E0,ρi,νi

(
∥∇ωn∥L2

[0,T ]
L2
x
+ ∥∇ωs∥L2

[0,T ]
L2
x

)
T

1
2 (2.47)

This is clearly finite, from the bounds in (2.16).

3. For the third term, consider the vorticity equation (2.10), reproduced here for convenience.
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∂tωn + un · ∇ωn = νn∆ωn +
ρs
ρ
T

Along the characteristics of the flow (denoted by xαn(t), where α is the initial point),

the Duhamel solution to this equation can be written as:

ωn(t, x
α
n(t)) = eνnt∆ω0

n(α) +
ρs
ρ

∫ t

0

eνn(t−t′)∆T (t′) dt′ (2.48)

Now, we make use of an interesting result, the proof of which can be found in

Proposition 44 of [Tao].

Lemma 2.5.3. In two spatial dimensions, if a field evolves according to the forced

heat equation ∂tu = ν∆u+ F (with initial condition u0), then its solution satisfies

for any 0 < T <∞

∥u∥L2
[0,T ]

L∞
x
≲ν ∥u0∥L2

x
+ ∥F∥L1

[0,T ]
L2
x

(2.49)

Applying this lemma to (2.48), and absorbing the viscosity factor into the implied

constant,
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∥ωn∥L2
[0,T ]

L∞
x
≲νn ∥ω0

n∥L2
x
+ ∥|ωs|(ωn − ωs)∥L1

[0,T ]
L2
x

+ ∥(un − us) · (B∇⊥|ωs|−B′∇ωs)∥L1
[0,T ]

L2
x

≲νn,B,B′ ∥ω0
n∥L2

x
+ ∥|ωs|(ωn − ωs)∥L1

[0,T ]
L2
x

+ ∥un − us∥L2
[0,T ]

L∞
x
∥∇ωs∥L2

[0,T ]
L2
x

(2.50)

In the above equation, the first term is finite by the high-regularity assumption on

the data, and the finiteness of the last term is inferred from the previous analysis

combined with the bound from (2.16). For the middle term, from Hölder’s and

Cauchy’s inequalities, it is easy to see that

∥|ωs|(ωn − ωs)∥L1
[0,T ]

L2
x
≲ ∥ωn∥2L2

[0,T ]
L4
x
+ ∥ωs∥2L2

[0,T ]
L4
x

(2.51)

Both the terms on the RHS of (2.51) are handled in the same way, as shown below

for the first of the two. From the Ladyzhenskaya inequality in 2D, followed by the

Calderon-Zygmund inequality,

∥ωn∥2L4
x
≲ ∥ωn∥L2

x
∥∇ωn∥L2

x
≲ ∥∇un∥L2

x
∥∇ωn∥L2

x

⇒ ∥ωn∥2L2
[0,T ]

L4
x
≲ ∥∇un∥L2

[0,T ]
L2
x
∥∇ωn∥L2

[0,T ]
L2
x
<∞

Once again, from (2.9) and (2.16), we have that the quantities in the RHS are

40



bounded above. Since the third term in Lemma 2.5.2 can be bounded by ∥ωn∥L2
[0,T ]

L∞
x
T

1
2 ,

we see that its contribution to the integral is finite.

4. That the fourth (and last) term in Lemma 2.5.2 is finite is proven exactly as the third

term above.

This completes the proof of the BKM analogue, showing global well-posedness for

high-regularity initial data.

2.6 Proof of Corollary 2.2.2

In the previous sections, we showed that the HVBK equations are globally well-

posed for high-regularity data. Now, we seek to show that starting from C∞
c data, the

solutions are globally well-posed and are smooth in space and time.

Since a C∞
c function belongs to Hm

x for every m, and data in Hm
x implies global

well-posedness, it is easy to see that C∞
c data means there is a unique global solution in

every Hm
x , which means it is spatially H∞-smooth, i.e., un, us ∈ C0([0,∞[;H∞(R2)).

Time regularity can be shown just as in Section 2.4.5. Thus, un, us ∈ C∞([0,∞[;H∞(R2)),

implying smoothness of the pressure fields (from elliptic regularity). The uniqueness of

the pressure fields can be argued as done in section 2.4.4.
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Chapter 3: Local existence of solutions to a Navier-Stokes-nonlinear-Schrödinger

model of superfluidity

The work in this chapter is published in [JT22].

3.1 Introduction

In this chapter, a micro-scale model of superfluidity is considered. Derived by

Pitaevskii in 1959 [Pit59], the original system of equations are a sophisticated potpourri

of quantum dynamics and classical fluid dynamics, bidirectionally coupled by a nonlinear

relaxation mechanism. We will investigate the system for the existence of suitably defined

weak solutions, by deriving appropriate a priori estimates. The superfluid dynamics

are governed by the nonlinear Schrödinger equation (NLS) and the normal fluid by the

incompressible inhomogeneous Navier-Stokes equations (NSE). We will begin with a

review of some history of NLS models in mathematical literature, followed by a brief

detour into pertinent results in the analysis of the NSE.

The transition from normal He-4 to superfluid He-4 is an example of order-disorder

transitions [Vin04], and can be argued to be quantum mechanical in nature1, given the

1By this statement, we mean that this transition cannot be explained by the principles of classical
physics, unlike the usual solid-liquid-gas transitions for instance.
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extremely low temperatures and the absence of a solid phase even at absolute zero (for low

pressures). Moreover, taking into consideration the bosonic nature of He-4, a reasonable

approach to explaining this transition was to describe the superfluid phase using a weakly

interacting model of Bose-Einstein condensates2. Such an approach led to the Gross-

Pitaevskii equation (GPE), also known in the mathematics community as the nonlinear

Schrödinger equation or NLS, which soon became the most popular superfluid model. It

describes low-energy scattering of the condensate particles (at absolute zero), leading to

the well-known cubic nonlinearity.

i∂tψ = −∆ψ + µ|ψ|2ψ (3.1)

where ψ is called the wavefunction and µ is a constant. The equation is called the focusing

or defocusing NLS depending on whether µ is negative or positive.

Remark 3.1.1. While the function ψ in the NLS (or GPE) is indeed the wavefunction,

this term is not quite accurate when used to describe the superfluid phase. In what

follows, the superfluid dynamics will be governed by a modified form of the NLS, but

the ψ there is truly an order parameter. The quantity |ψ|2 denotes the fraction of the

Helium that is condensed into the ground state, and regions of vanishing ψ are topological

defects (vortices or rotational excitations). In the literature on superconductivity and

superfluidity, the terms “order parameter” and “wavefunction” are interchangeably used

2Parallels between superfluidity and superconductivity had been drawn for quite some time: the
quantized vortex filaments in the former were analogous to the quantized magnetic flux tubes in the latter,
and both phenomena were characterized as order-disorder transitions. Furthermore, following the success
of the BCS theory of superconductivity, it became clear that the same explanation (Cooper pairing) can be
extended to the superfluidity of the fermionic He-3.
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(particularly a macroscopic wavefunction; see [Leg00, TK00]). We will not make this

distinction here, but it is important to keep this in mind.

Over the last few decades, the NLS has grown to become one of the most studied

PDE models in mathematics. It has been studied for well-posedness in a multitude of

scenarios [CKS+], while also being investigated for scattering solutions [Tao06, Dod16].

The NLS (including a non-local potential) has also been used to model dipolar quantum

gases [CMS08, Soh11].

By making a simple transformation of variables, the NLS can be recast as a system

of compressible Euler equations (referred to as quantum hydrodynamics or QHD3) with

an additional “quantum pressure” term [CDS12] of the form ρ∇
(

∆
√
ρ

√
ρ

)
. This system

is a member of the class of Korteweg models and has been extensively studied. Hattori

and Li [HL94] established the local well-posedness of the 2D viscous QHD equations

for high-regularity data, and upgraded this result to global well-posedness in the case

of small data [HL96]. After including an external potential which solves the Poisson

equation, the resulting QHD-Poisson system was shown to have local strong solutions

[JMR02]. Local unique classical solutions were shown to exist for the same model

starting from very regular data in 1D [JL04]. Furthermore, this result was made global

in time for initial conditions that are sufficiently close to a stationary state, also ensuring

the solution’s exponential convergence to this stationary state. Wang and Guo [WG20]

derived a blow-up criterion for strong solutions of the QHD equations, and improved it

3Interestingly, this formulation is used in David Bohm’s pilot wave theory, a deterministic yet
complicated interpretation of quantum mechanics. This posits that a pilot wave (whose dynamics are
governed by QHD) guides quantum particles in a classical manner, at odds with other descriptions, like
the inherently random Copenhagen interpretation or the fantastical multiverse theories.
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in [WG21]. Meanwhile, there has been a lot of interest in weak solutions to QHD-type

models. Antonelli and Marcati [AM09, AM12] showed the existence of finite-energy

global weak solutions for the QHD-Poisson system, by reverting to the Schrödinger

formulation. In both these works (among others), a novel fractional step method was

used: the NLS was solved and the solution was then periodically updated to account for

a collision-induced momentum transfer between constituent particles (macroscopically, a

drag force). The irrotationality of the velocity field (except at regions of vacuum) was also

implemented to characterize the occurrence of quantum vortices. In [Jün10], the existence

of weak solutions to the viscous QHD system in 2D was proven by Jüngel (but with test

functions that vanish at vacuum). These solutions were global in time if the viscosity was

smaller than h̄ (the reduced Planck’s constant). The proof involved the use of the Bresch-

Desjardin entropy functional [BD04], and a redefined velocity to convert the continuity

equation into a parabolic type. Vasseur and Yu [VY16] improved this result to include

more standard test functions, adding some physically-motivated drag terms to gain the

required compactness properties for
√
ρ. For the QHD-Poisson system (with linear drag)

in T3, non-uniqueness of the global weak solutions was dealt with in [DFM15] using

convex integration. The same paper also established weak-strong uniqueness when there

are no vacuum zones.

All of the above discussion on the NLS is valid only at absolute zero. At non-zero

(and small) temperatures, as mentioned before, the presence of the normal fluid prompts

the question of modeling the interactions between the two. There exist models at various

length scales: micro-, meso- and macroscopic (see Chapter 2 for a brief introduction, and
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references therein for more details). The basic idea in these models is to intertwine the

dynamics of both the fluids, keeping in mind that they can transfer mass and momentum

between themselves. Previously, [JT21a] established global well-posedness of strong

solutions in 2D for a macro-scale model of superfluidity known as the HVBK equations,

which are a modified version of the Navier-Stokes equations (NSE) [JT21a]. In this

chapter, we will consider weak solutions for a micro-scale model derived by Pitaevskii

[Pit59] which couples the NLS (for the superfluid) and the NSE (for the normal fluid)

via a nonlinear interaction that provides a kind of relaxation mechanism. This model

was formulated by minimizing the energy of the combined system of superfluid and

normal fluid, while being constrained to obey the fundamental conservation laws of mass,

momentum and energy. It is also worth remarking about some other micro-scale models

that are closely related. The approach of Pitaevskii was followed by Khalatnikov [Kha69],

while trading the constraint of constant overall momentum for constant relative velocity

(us − un). This yields a very similar set of equations, with the exception of an additional

divergence-type term in the interaction. Khalatnikov’s assumption has been criticized

for violating conservation laws (see Section 4.1 in [GS76]). Another such model was

proposed by Carlson [Car96], but this was just a dynamical equation for the order parameter

ψ when the normal velocity un(t, x) is a given field. It is well-known from experiments

that the two fluid phases in Helium are able to “feel” the presence of each other only at

topological defects of the order parameter, i.e., superfluid vortices. In macro-scale models

like the HVBK equations of Chapter 2, this was enforced by making the mutual friction

proportional to the superfluid vorticity. Stated differently, in regions of no vorticity,

the two fluids cannot interact. Is this property maintained in the micro-scale models
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discussed above? When the normal fluid velocity is assumed to be constant, a perturbative

expansion (about the steady vortex state) was employed to derive the expression for the

motion of a vortex filament. This result at the micro-scales is in agreement with that at the

macro-scales, i.e., the mutual friction between the two phases happens only at topological

defects. For the detailed derivations, we refer the reader to [Car96] and [Onu82, Onu83]

for the cases of Carlson’s model and Pitaevskii’s model, respectively.

Returning to Pitaevskii’s model, to the best of our knowledge, this is the first

investigation of a model that bidirectionally (see Remark 3.1.2) couples the NLS and

the NSE. At this stage, it is obligatory to comment on the latter. On the one hand,

the study of the incompressible limit is arguably the most active area of research in

applied mathematics (see [Tem77, MB02, RRS16] for classical results). At the other

end of the spectrum are compressible flows (a little more realistic in some scenarios),

which have also been subjected to intense scrutiny in mathematical literature [Fei04,

Lio96a]. In this work, we will occupy a middle ground between the two extremes: an

inhomogeneous, incompressible flow, which consists of the compressible NSE appended

with the “divergence-free velocity” condition. In 3D, the existence of (local) weak solutions

when the initial density is bounded below was first established by Kazhikov [Kaz74],

and this was extended to allow for vacuum (regions of zero density) by Kim [Kim87].

Further improvements were made by Simon [Sim90], by analyzing the weak and strong

continuity at t = 0, and also proving global weak solutions in a larger function space

(similar to Kazhikov) than the previous works. In the case of strong solutions, when

the density is bounded below, Ladyzhenskaya and Solonnikov [LS78] investigated local
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(global, respectively) unique solvability in 3D (in 2D, respectively) and global uniqueness

for small data. Using a compatibility criterion on the initial data, Choe and Kim [CK03]

showed local existence of a unique strong solution when the density is not bounded

below. More recently, Boldrini et al [BRMFC03] proved the local existence of a unique

strong solution for a model of inhomogeneous, incompressible and asymmetric flow (with

density bounded below); this was also extended to a global solution for sufficiently small

data.

The results in this chapter are most closely related to that of [Kim87] in that we use

a similar approach while deriving the a priori estimates for the NSE. However, we work

with a density field that is bounded below (positively) and not governed by a simple,

homogeneous transport equation. The inhomogeneity is a relaxation mechanism that

allows for mass and momentum transfer between the two fluids, as will be seen later

on. The presence of a source term that is not non-negative almost-everywhere forces us to

account for the unphysical possibility of the density becoming negative in a set of positive

measure. To avoid this, we must accordingly limit our existence time. In a departure

from [Kim87], we also need a bound on ∥∂tu∥L2
t,x

, obtained from the lower bound on

ρ and the estimate on
∥∥√ρ∂tu∥∥L2

t,x
. This problem was recognized and addressed using

higher order a priori estimates based on more regular data, and necessitates the stopping

of the evolution of the system before the density reaches zero somewhere in the domain.

Furthermore, as a consequence of the nature of the coupling between the two fluids, we

also begin from data that is more regular than in [Kim87] (but less regular than in [CK03]),

so that we may get an L∞
t,x bound on the normal fluid velocity. The analysis also entails
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the use of higher-order boundary conditions on the velocity and the wavefunction. In turn,

these dictate the choice of basis functions used in constructing the approximations in the

semi-Galerkin scheme. We will now discuss the notation used in this chapter, before

describing the model and stating the results.

Remark 3.1.2. After the completion of the work in this chapter, it was pointed out to the

authors by Pierangelo Marcati that a coupled 2-fluid model was already used in [AM15]

to analyze superfluidity. We would like to highlight some key differences in the models

which result in a significant departure in the approaches used and ultimately, the results.

In their work, the authors do not permit any mass transfer between the two fluids, which

allows for global-in-time solutions. Moreover, the momentum transfer is unidirectional

and linear, affecting only the superfluid phase (as opposed to the bidirectional and nonlinear

nature of the coupling in this work). Finally, we consider the problem on a smooth

bounded domain and require certain higher-order boundary conditions, while in [AM15]

the problem is set in R3.

3.1.1 Notation

Let D(Ω) be the space of smooth, compactly-supported functions on Ω. Then,

Hs
0(Ω) is the completion of D under the Sobolev norm Hs. The more general Sobolev

spaces are denoted by W s,p(Ω), where s ∈ R is the derivative index and 1 ≤ p ≤ ∞ is

the integrability index. A dot on top, like Ḣs(Ω) or Ẇ s,p, is used when referring to the

homogeneous Sobolev spaces.

Consider a 3D vector-valued function u ≡ (u1, u2, u3), where ui ∈ D(Ω), i =
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1, 2, 3. The collection of all divergence-free functions u defines Dd(Ω). Then, Hs
d(Ω) is

the completion of Dd(Ω) under the Hs norm. In addition, to say that a complex-valued

wavefunction ψ ∈ Hs(Ω) means that its real and imaginary parts are the limits (in the Hs

norm) of functions in D(Ω).

For s ∈ R, s− is defined to be the set {q ∈ R | q < s}. For instance, H2− denotes

all Sobolev spaces Hs for s < 2. Also, the indices may also be specified as a range.

Example: L[1,6)(Ω) := {Lp(Ω) | 1 ≤ p < 6} and H [0,2)(Ω) := {Hs(Ω) | 0 ≤ s < 2}.

TheL2 inner product, denoted by ⟨·, ·⟩, is sesquilinear (the first argument is complex

conjugated, indicated by an overbar) to accommodate the complex nature of the Schrödinger

equation. Thus, for example, ⟨ψ,Bψ⟩ =
∫
Ω
ψ̄Bψ dx. Needless to say, since the velocity

and density are real-valued functions, we will ignore the complex conjugation when they

constitute the first argument of the inner product.

We use the subscript x on a Banach space to denote the Banach space is defined over

Ω. For instance, Lp
x stands for the Lebesgue space Lp(Ω), and similarly for the Sobolev

spaces: Hs
d,x := Hs

d(Ω). For spaces/norms over time, the subscript t will denote the time

interval in consideration, such as Lp
t := Lp

[0,T ], where T stands for the local existence time

unless mentioned otherwise. The Bochner spaces Lp(0, T ;X) andC([0, T ];X) have their

usual meanings, as (Lp and continuous, respectively) maps from [0, T ] to a Banach space

X . The notation Cw([0, T ];X) is the space of weakly continuous functions over X , i.e.,

the set of all f ∈ L∞(0, T ;X) such that the map t 7→ ⟨g, f(t)⟩X′×X is continuous for all

g ∈ X ′ (the dual of X).

We also use the notation X ≲ Y to imply that there exists a positive constant C
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such that X ≤ CY . The dependence of the constant on various parameters (including the

initial data), will be denoted using a subscript as X ≲k1,k2 Y or X ≤ Ck1,k2Y .

3.1.2 Organization of the chapter

In Section 3.2, we present and discuss the mathematical model, along with statements

of the main results. Several a priori estimates are derived in Section 3.3. The proofs

of the local existence of solutions, and that of the energy equality, constitute Section

3.4. Finally, in Section 3.5, we establish the energy inequality for the weak solutions

constructed in [Kim87], which have lower regularity than the ones in this work.

3.2 Mathematical model and main results

The superfluid phase is described by a complex wavefunction, whose dynamics are

governed by the NLS, while the normal fluid is modeled using the compressible NSE.

The full set of equations, in all generality, can be found in Section 2 of [Pit59]. In what

follows, we use a slightly simplified version of the equations, arrived at by making the

following assumptions.

1. We consider the commonly used cubic nonlinearity for the NLS. This is done by

choosing the internal energy of the system to be µ
2
|ψ|4. We also assume the internal

energy is independent of the density of the normal fluid.

2. We work in the limit of a divergence-free normal fluid velocity. This means that

the pressure is a Lagrange multiplier, and renders the equations of state and entropy

51



unnecessary. However, due to the nature of the coupling between the two phases,

the density of the normal fluid is not constant.

3. Planck’s constant (h̄) and mass of the Helium atom (m) have both been set to unity

for simplicity.

4. For the boundary conditions of the velocity and the wavefunction, apart from the

fields being zero on the boundary of the domain, we also need vanishing derivatives

(up to a certain order). This requirement is purely mathematical in nature, and stems

from the nature of the higher-order a priori estimates. This will be more clear once

the estimates are derived.

We now state the equations used to model the system.

∂tψ + ΛBψ = − 1

2i
∆ψ +

µ

i
|ψ|2ψ (NLS)

B =
1

2
(−i∇− u)2 + µ|ψ|2 = −1

2
∆ + iu · ∇+

1

2
|u|2 + µ|ψ|2 (CPL)

∂tρ+∇ · (ρu) = 2ΛRe(ψ̄Bψ) (CON)

∂t(ρu) +∇ · (ρu⊗ u) +∇p− ν∆u = − 2Λ Im(∇ψ̄Bψ) + Λ∇ Im(ψ̄Bψ) +
µ

2
∇|ψ|4

(NSE)

∇ · u = 0 (DIV)

These equations are supplemented with the required initial and boundary conditions4

4For a justification of the exclusion of t = 0 in the boundary conditions for the wavefunction, see
Remark 3.2.5.
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on the wavefunction, velocity and density.

ψ(0, x) = ψ0(x) u(0, x) = u0(x) ρ(0, x) = ρ0(x) a.e. x ∈ Ω (INI)

u =
∂u

∂n
= 0 a.e. (t, x) ∈ [0, T ]× ∂Ω

ψ =
∂ψ

∂n
=
∂2ψ

∂n2
=
∂3ψ

∂n3
= 0 a.e. (t, x) ∈ (0, T ]× ∂Ω

(BC)

where n is the outward normal direction on the boundary, and T is the local existence

time.

Here, ψ is the wavefunction describing the superfluid phase, while ρ, u and p are

the density, velocity and pressure (respectively) of the normal fluid. The normal fluid

has viscosity ν, and µ (positive constant) is the strength of the dipole-dipole scattering

interactions within the superfluid5. Finally, Λ is a positive constant that indicates the

strength of the coupling between the two phases. The coupling is itself denoted by the

nonlinear operator B.

According to the Schrödinger equation, the wavefunction’s evolution in time is

generated by the Hamiltonian (roughly, the energy) of the system. Indeed, the coupling

term B is seen to have the structure of relative kinetic energy6 between the two phases.

This is perhaps made clear by recalling that the quantum mechanical momentum operator

(in the position basis) is −ih̄∇. Since the mass has been set to unity, this is also the

5µ > 0 (resp. µ < 0) is called the defocusing (resp. focusing) NLS.
6There is also the cubic nonlinearity term, which is to say that the relaxation to equilibrium also depends

on the potential energy of the superfluid.

53



velocity of the superfluid phase. The purpose of this coupling is to allow for momentum/energy

transfer between the two phases as a means of relaxation or dissipation.

Having stated the model, the notion of weak solutions to (NLS), (NSE), (CON) and

(DIV) [with initial conditions (INI) and boundary conditions (BC)], henceforth referred

to as the “Pitaevskii model”, is as follows.

Definition 3.2.1 (Weak solutions7). Let Ω ⊂ R3 be a bounded set with a smooth boundary

∂Ω. For a given time T > 0, consider the following test functions:

1. a complex-valued scalar field φ ∈ H1(0, T ;L2(Ω)) ∩ L2(0, T ;H1
0 (Ω)),

2. a real-valued, divergence-free (3D) vector field Φ ∈ H1(0, T ;L2
d(Ω))∩L2(0, T ;H1

d(Ω)),

and

3. a real-valued scalar field σ ∈ H1(0, T ;L2(Ω)) ∩ L2(0, T ;H1(Ω)).

A triplet (ψ, u, ρ) is called a weak solution to the Pitaevskii model if:

(i)

ψ ∈ L2(0, T ;H
7
2
+δ

0 (Ω))

u ∈ L2(0, T ;H
3
2
+δ

d (Ω))

ρ ∈ L∞([0, T ]× Ω)

(3.2)

(ii) and they satisfy the governing equations in the sense of distributions for all test

functions, i.e.,

7See Remark 3.2.4.

54



−
∫ T

0

∫
Ω

[
ψ∂tφ̄+

1

2i
∇ψ · ∇φ̄− Λφ̄Bψ − iµφ̄|ψ|2ψ

]
dx dt

=

∫
Ω

[ψ0φ̄(t = 0)− ψ(T )φ̄(T )] dx (3.3)

−
∫ T

0

∫
Ω

[
ρu · ∂tΦ + ρu⊗ u : ∇Φ− ν∇u : ∇Φ− 2ΛΦ · Im(∇ψ̄Bψ)

]
dx dt

=

∫
Ω

[ρ0u0Φ(t = 0)− ρ(T )u(T )Φ(T )] dx (3.4)

−
∫ T

0

∫
Ω

[
ρ∂tσ + ρu · ∇σ + 2ΛσRe(ψ̄Bψ)

]
dx dt =

∫
Ω

[ρ0σ(t = 0)− ρ(T )σ(T )] dx

(3.5)

where (the initial data) ψ0 ∈ H
5
2
+δ

0 (Ω), u0 ∈ H
3
2
+δ

d (Ω) and ρ0 ∈ L∞(Ω).

Remark 3.2.2. We note that the last two terms in (NSE) are gradients, just like the

pressure term, and thus, vanish in the definition of the weak solution (since the test

function is divergence-free). Henceforth, we will absorb these two gradient terms into

a modified pressure, denoted by p̃ wherever necessary.

The operator B is seen from (CPL) to be a second-order elliptic operator, with

time-dependent coefficients. This causes a few problems:
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1. Even though B is non-negative (shown in Lemma 3.2.7), and dissipative in nature,

the eigenfunctions of its linear part cannot be used as a basis for the semi-Galerkin

scheme employed here. This is because the eigenvalues and eigenfunctions depend

on time, requiring severe assumptions on their time-regularity. Moreover, the linear

part of B does not have a spectral gap at 0: its eigenvalues are not known to be

bounded away from zero.

2. We also do not expand B into its constituent terms (to transfer some derivatives

to the test functions, for instance), because as will be shown later on, the a priori

estimates contain dissipative terms like ∥Bψ∥L2(0,T ;Hs(Ω)). Thus, separating B will

make it impossible to make use of the energy structure of the model.

We are now ready to state our main results.

Theorem 3.2.3 (Local existence). For any δ ∈ (0, 1
2
), let ψ0 ∈ H

5
2
+δ

0 (Ω) and u0 ∈

H
3
2
+δ

d (Ω). Suppose ρ0 is bounded both above and below a.e. in Ω, i.e., 0 < m ≤ ρ0 ≤

M < ∞. Then, there exists a local existence time T and at least one weak solution

(ψ, u, ρ) to the Pitaevskii model. In particular, the weak solutions have the following

regularity:

ψ ∈ C([0, T ];H
5
2
+δ

0 (Ω)) ∩ L2(0, T ;H
7
2
+δ

0 (Ω)) (3.6)

u ∈ C([0, T ];H
3
2
+δ

d (Ω)) ∩ L2(0, T ;H2
d(Ω)) (3.7)

ρ ∈ L∞([0, T ]× Ω) ∩ C([0, T ];L2(Ω)) (3.8)

56



where T depends on ε ∈ (0,m), the allowed infimum of the density field (see Definition

3.2.9 below). In addition, the weak solutions (not necessarily unique) also satisfy the

following energy equality:

(
1

2
∥√ρu∥2L2

x
+

1

2
∥∇ψ∥2L2

x
+
µ

2
∥ψ∥4L4

x

)
(t) + ν∥∇u∥2L2

[0,t]
L2
x
+ 2Λ∥Bψ∥2L2

[0,t]
L2
x

=
1

2
∥√ρ0u0∥2L2

x
+

1

2
∥∇ψ0∥2L2

x
+
µ

2
∥ψ0∥4L4

x
a.e. t ∈ [0, T ]

(3.9)

Remark 3.2.4. The regularity of the solutions seem to suggest that the wavefunction and

velocity are strong solutions. Indeed this is true, as they are strongly continuous in their

topologies. On the other hand, the density is truly a weak solution and is the reason for

referring to the triplet as a weak solution.

The proof of Theorem 3.2.3 will utilize a semi-Galerkin scheme and the Aubin-

Lions-Simon lemma for the required compactness argument. The approach is motivated

by that of [Kim87], but we begin with more regular data. This is because the presence

of u in the nonlinear coupling means we are required to control it in L∞(Ω) to prevent

the formation of vacuum (and even regions of negative density), as opposed to H1(Ω)

in [Kim87]. The local existence time will be determined by fixing a positive lower bound

on the density. Several a priori estimates for the Schrödinger equation will be established

sequentially, starting from the standard mass and energy estimates to those of higher

orders.
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Remark 3.2.5. While the boundary conditions for the wavefunction include a vanishing

third derivative, one may observe that the initial condition only belongs to H
5
2
+δ

0 . This

means that the regularity of the initial condition can only ensure a vanishing second

derivative on the boundary, and is the reason for not including t = 0 in the boundary

conditions. Of course, the boundary conditions are enforced for t > 0 by using an

appropriate eigenfunction expansion for the semi-Galerkin scheme.

As is the case with weak solutions in general, the energy estimate derived for the

smooth approximations holds as an inequality when we pass to the limit, due to lower

semi-continuity of the norms and weak convergences. Owing to the regularity of the

initial data, we can actually obtain an equality. In the case of the (less-regular) weak

solutions obtained in [Kim87], we will establish the energy inequality, something that

was not discussed in the original work.

Proposition 3.2.6 (Energy inequality for weak solutions of incompressible, inhomogeneous

fluids). Consider an incompressible, inhomogeneous fluid in a smooth and bounded domain

Ω ⊂ R3.
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∂t(ρu) +∇ · (ρu⊗ u) +∇p− ν∆u = 0

∂tρ+∇ · (ρu) = 0

∇ · u = 0

u(t, ∂Ω) = 0 a.e. t > 0

u(0, x) = u0(x) , ρ(0, x) = ρ0(x)

(3.10)

In [Kim87], local weak solutions were constructed starting from initial data u0 ∈

H1
d(Ω), ρ0 ∈ L∞(Ω) and 0 ≤ ρ0(x) ≤ M < ∞ a.e. in Ω. More precisely, it was shown

that u ∈ L∞(0, T ;H1
d(Ω)) ∩ L2(0, T ;H2(Ω)) and ρ ∈ L∞(0, T × Ω), for a time T that

depends only on the norm of the initial velocity and the size of the domain.

It also holds that these solutions satisfy an energy inequality, i.e., for a.e. t ∈ [0, T ],

1

2
∥√ρu∥2L2

x
(t) + ν∥∇u∥2L2

[0,t]
L2
x
≤ 1

2
∥√ρ0u0∥2L2

x
a.e. t ∈ [0, T ] (3.11)

The main achievement in [Kim87] is not requiring the density to be bounded below

by a positive value. Eventually, this manifests itself as a lack of compactness for the

velocity, and an inequality in the energy equation results due to lower-semicontinuity of

weakly-convergent norms.
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3.2.1 The strategy

The nonlinear coupling terms in (NLS) and (NSE) may be the most conspicuous

differences between this model and other standard fluid dynamics models, but the source

term in (CON) is the most pernicious. We will motivate and discuss the strategy towards

proving Theorem 3.2.3, beginning with a simple observation. Henceforth, we will refer

to the linear (in ψ) part of B as BL. Thus,

BL = B − µ|ψ|2 = −1

2
∆ +

1

2
|u|2 + iu · ∇ (3.12)

Lemma 3.2.7 (BL is symmetric and B is non-negative). 1. ⟨ϕ,BLψ⟩ = ⟨BLϕ, ψ⟩ ∀ ϕ, ψ ∈

H1
0 (Ω)

2. ⟨ψ,Bψ⟩ ≥ 0 ∀ ψ ∈ H1
0 (Ω)

Proof. 1. Starting from (CPL), we integrate by parts and use the fact that the wavefunction

vanishes on the boundary, and that the velocity is divergence-free.

⟨ϕ,BLψ⟩ =
∫
Ω

ϕ̄BLψ =

∫
Ω

ϕ̄

[
−1

2
∆ψ +

1

2
|u|2ψ + iu · ∇ψ

]
=

∫
Ω

[
−1

2
∆ϕ̄+

1

2
|u|2ϕ̄− iu · ∇ϕ̄

]
ψ

=

∫
Ω

(BLϕ)ψ = ⟨BLϕ, ψ⟩

60



2. Similarly,

⟨ψ,Bψ⟩ =
∫
Ω

ψ̄Bψ =

∫
Ω

ψ̄

[
−1

2
∆ψ +

1

2
|u|2ψ + iu · ∇ψ + µ|ψ|2ψ

]
=

1

2
∥∇ψ∥2L2

x
+

1

2

∫
Ω

|u|2|ψ|2 +
∫
Ω

iuψ̄ · ∇ψ + µ∥ψ∥4L4
x

≥ µ∥ψ∥4L4
x
≥ 0

In going from the second line to the third, we used Hölder’s and Young’s inequalities

to cancel the third term with the first two terms:

∣∣∣∣∣
∫
Ω

iuψ̄ · ∇ψ

∣∣∣∣∣ ≤ ∥uψ∥L2
x
∥∇ψ∥L2

x
≤ 1

2
∥uψ∥2L2

x
+

1

2
∥∇ψ∥2L2

x

⇒
∫
Ω

iuψ̄ · ∇ψ ≥ −1

2
∥uψ∥2L2

x
− 1

2
∥∇ψ∥2L2

x

Remark 3.2.8. Note that there is no positive lower bound on ⟨ψ,BLψ⟩, so the spectrum

of BL need not be strictly positive.

Thus, by integrating (CON) over the domain, the advective term vanishes and using

Lemma 3.2.7:

d

dt

∫
Ω

ρ dx = 2ΛRe

∫
Ω

ψ̄Bψ ≥ 0 (3.13)
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This implies that the overall mass of the normal fluid does not decrease with time.

In other words, the coupling causes superfluid to be converted into normal fluid. However,

the RHS of (CON) need not be non-negative pointwise, i.e., we are not guaranteed that

2ΛRe ψ̄Bψ ≥ 0 a.e. x ∈ Ω. This means that the density of the normal fluid may locally

decrease to zero, or even negative values. To prevent this physically unrealistic scenario,

we choose our existence time for the solution so as to ensure that the density is bounded

below.

Definition 3.2.9 (Local existence time). Start with an initial density field ρ0 such that

0 < m ≤ ρ0(x) ≤M <∞.

Given 0 < ε < m, we define the local existence time8 for the solution as:

T := inf{t > 0 | inf
Ω
ρ(t, x) = ε} (3.14)

A formal solution to the continuity equation can be written using the method of

characteristics. LetXα(t) be the characteristic starting at α ∈ Ω. To wit, the characteristic

solves the following differential equation:

d

dt
Xα(t) = u(t,Xα(t))

Xα(0) = α ∈ Ω

(3.15)

8Of course, the local existence time depends on the choice of ε and should ideally be written as Tε.
However, we will assume that the value of ε is fixed throughout this chapter, and for brevity, drop the
subscript.
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Here, u is the velocity of the normal fluid. So, along such characteristics,

ρ(t,Xα(t)) = ρ0(α) + 2ΛRe

∫ t

0

ψ̄Bψ(τ,Xα(τ)) dτ (3.16)

From (3.14) and (3.16), it is clear that a sufficient condition to ensure the density is

bounded below by ε is:

2Λ

∫ T

0

|ψ̄Bψ|(τ,Xα(τ)) dτ < m− ε (3.17)

This can be, in turn, be ensured through the following sufficiency:

2ΛT
1
2∥ψ∥L∞

[0,T ]
L∞
x
∥Bψ∥L2

[0,T ]
L∞
x
< m− ε (3.18)

So, T is chosen small enough that (3.18) is satisfied. The boundedness in space of

Bψ in the above condition is what leads to the requirement of rather high-regularity data.

The momentum equation (NSE) is itself handled in a manner similar to [Kim87]. The

(NLS), on the other hand, is used to derive increasingly higher-order a priori estimates, in

order to achieve the required bound on Bψ.
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3.2.2 Some useful results and properties

In the proofs of our main results, we will be using (repeatedly, in some cases) the

following lemmas.

Lemma 3.2.10 (Poincaré inequality). For k ∈ N and f ∈ Hk
0 (Ω), we have ∥f∥L2(Ω) ≲

∥∇kf∥L2(Ω). In particular, the homogeneous norm is equivalent to the standard Sobolev

norm:

∥f∥Hk(Ω) ≲ ∥f∥Ḣk(Ω) ≲ ∥f∥Hk(Ω)

This follows from the standard Poincaré inequality (see Section 5.6.1 in [Eva10])

and an induction argument.

Next, we will list an analogous result to the above lemma, except that the derivatives

are replaced by fractional powers of the negative Laplacian operator. On a torus (with

periodic boundary conditions), the action of (−∆)s on functions with zero mean can

be described using Fourier series, to show that ∥(−∆)sf∥L2
x
≡ ∥f∥Ḣ2s

x
≡ ∥f∥H2s

x
(see

Section 2.3 in [RRS16]). Similarly, on the whole space, one can use the Fourier transform.

The case of a (smooth) bounded domain is different − the equivalence between the

homogeneous and regular Sobolev norms doesn’t hold for all indices.

First, we define fractional powers of positive, self-adjoint operators with compact

inverses.

Definition 3.2.11 (Fractional operator spaces). As described in Section 2.1 of [FHR19],

for a positive, self-adjoint operator A (defined on a separable Hilbert space H) with
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a compact inverse, we will define spaces of its fractional powers using an eigenfunction

expansion. Such an operatorA has (see Chapter 6 and Appendix D in [Eva10]) a discrete

set of positive and non-decreasing eigenvalues (say 0 < e1 ≤ e2 ≤ e3 . . .→ ∞), and the

corresponding eigenfunctions ({wj} ∈ C∞(Ω̄)) can be chosen to be orthonormal in the

H norm. For α ≥ 0:

D(Aα) =

{
u =

∞∑
j=1

ûjwj :
∞∑
j=1

e2αj |ûj|2 <∞

}

where ûj = ⟨u,wj⟩H (the inner product on H). For α < 0, D(Aα) is defined as the dual

space of D(A−α), via the inner product ⟨u, v⟩D(Aα) =
∑∞

j=1 e
2α
j ûj v̂j .

Lemma 3.2.12 (Poincaré inequality for fractional derivatives). For s ∈ R, s > 0 and

f ∈ Hs
0(Ω), we have:

∥f∥Hs(Ω) ≲ ∥(−∆)
s
2f∥L2(Ω) ≲ ∥f∥Hs(Ω)

Proof. The statement is actually true for s > −1
2

(see discussion in [GS11]), but we are

only concerned with positive values of s. In Section 3 of [FHR19], Fefferman et al prove

both the inequalities for 0 < s ≤ 1. For the case of s > 1, the authors use an induction

argument to establish only the first inequality. The argument can be easily used to prove

the second inequality, as shown below.

Let us denote the negative Dirichlet Laplacian by L. Consider k ∈ N, 0 < r ≤ 1.
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We already have that ∥Lru∥L2
x
≲ ∥u∥H2r

x
. Assume this holds for all powers of L in the

range (0, k] for some k ∈ N. Since k + r > 1, thus D(Lk+r) ⊂ D(L); this is because of

Definition 3.2.11 and the strictly positive spectrum of L (see [FHR19] for details). This

means any u ∈ D(Lk+r) also belongs to D(L), implying that Lu = −∆u. Therefore,

∥∥Lk+ru
∥∥
L2
x
=
∥∥Lk−1+rLu

∥∥
L2
x
≲ ∥Lu∥

H
2(k−1+r)
x

= ∥−∆u∥
H

2(k−1+r)
x

≲ ∥u∥
H

2(k+r)
x

The first inequality is due to the inductive assumption, and the last inequality follows

from the Poincaré inequality in Lemma 3.2.10. The inductive step has thus been established,

and the proof is completed.

While deriving the highest-order a priori estimate for the wavefunction, we require

the following lemma as an abstract integration-by-parts.

Lemma 3.2.13. Let A be a positive, self-adjoint operator with a compact inverse, defined

on a separable Hilbert space H . For s1, s2 ∈ R, s1, s2 ≥ 0, and u, v ∈ D(As1+s2),

⟨As1u,As2v⟩H = ⟨u,As1+s2v⟩H

Proof. Using the notation in Definition 3.2.11,
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⟨As1u,As2v⟩H =
∞∑

j,k=1

es1j e
s2
k ûj v̂j⟨wj, wk⟩H =

∞∑
j,k=1

es1j e
s2
k ûj v̂jδjk

=
∞∑

j,k=1

es1+s2
k ûj v̂kδjk =

∞∑
j,k=1

es1+s2
k ûj v̂k⟨wj, wk⟩H = ⟨u,As1+s2v⟩H

The following well-known Sobolev embeddings (see Chapter 5 of [Eva10]) will

also be useful.

Lemma 3.2.14 (Sobolev embeddings). For Ω a smooth, bounded subset of R3,

1. H1(Ω) ⊂ L6(Ω) ; H1(Ω) ⋐ Lp(Ω), p ∈ [1, 6)

2. Hs(Ω) ⊂ L∞(Ω) ∀ s > 3
2

; Hs(R) ⊂ L∞(R) ∀ s > 1
2

3. Hs(Ω) ⋐ Hs′(Ω) ∀ s, s′ ∈ R, s > s′

We will use the Aubin-Lions-Simon compactness argument to extract a strongly-

converging subsequence, after obtaining uniform a priori bounds on the approximating

sequence of solutions. The Lions-Magenes lemma will prove useful in the final a priori

estimate, to bound Bψ in L∞(Ω).

Lemma 3.2.15 (Aubin-Lions-Simon lemma). LetX0, X,X1 be three Banach spaces such

that X0 ⋐ X ⊂ X1. For 1 ≤ p, q ≤ ∞, define

V := {u ∈ Lp(0, T ;X0), ∂tu ∈ Lq(0, T ;X1)}
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Then, V ⋐ Lp(0, T ;X) when p <∞, and V ⋐ C(0, T ;X) when p = ∞ and q > 1.

Lemma 3.2.16 (Lions-Magenes lemma). Let X, Y,X ′ be three Hilbert spaces such that

X ⊂ Y ⊂ X ′, and X ′ is the dual of X (with the dual pairing denoted by ⟨·, ·⟩). If

u ∈ L2(0, T ;X) and its time derivative u′ ∈ L2(0, T ;X ′), then u is a.e. equal to a

function in C([0, T ];Y ). Moreover, the following equality holds in the sense of scalar

distributions:

d

dt
∥u∥2Y = 2⟨u′, u⟩X′×X

The first of the two lemmas can be found as Corollary 4 of [Sim86], while the

second one is proved in [Tem77] (see Lemma 1.2 in Chapter 3).

Finally, we will also make use of another compactness argument in the context of

weakly continuous (in time) maps to Banach spaces, the proof of which is in Appendix

C of [Lio96b]. This result will be especially useful while upgrading the regularity of the

density field, from that obtained by the application of the Aubin-Lions-Simon lemma.

Lemma 3.2.17 (Weak-continuity in time). Let X be a separable reflexive Banach space

such that X ⊂ Y , where Y ′ (the dual of Y ) is separable and dense in X ′. For a time

T ∈ (0,∞), consider a sequence of functions {fn} such that:

(i) {fn} are bounded in L∞(0, T ;X),

(ii) fn ∈ C([0, T ];Y ), and

(iii) ⟨ω, fn(t)⟩Y ′×Y is uniformly continuous in t ∈ [0, T ] uniformly in n, for all ω ∈ Y ′.
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Then, fn is relatively compact in Cw([0, T ];X).

3.3 A priori estimates

In this section, we will derive all the required a priori estimates, using formal

calculations. We will assume the wavefunction and velocity are smooth functions up

to the local existence time (with the first four derivatives of the wavefunction and the first

derivative of the velocity vanishing on the boundary), such that the density is bounded

below by ε > 0.

Remark 3.3.1 (Madelung transformation). For completeness, and to make for easier

understanding of the labels of “mass” and “energy”, we would like to point out the

following:

1. By substituting ψ = AeiS (polar form) in the Schrödinger equation, we are led to a

pair of equations that closely resemble the compressible Navier-Stokes equations,

if we identify A =
√

ρs
m

and v = 1
m
∇S. Here, ρs is the density of the superfluid

density and v is the superfluid velocity, while m is the mass of the superfluid

atom. This is known as the Madelung transformation and the resulting system, the

equations of quantum hydrodynamics. This motivates the appearance of ∥∇ψ∥2L2
x

in the energy estimate.

2. The absolute square of the wavefunction is the probability density of finding the

excitation of the quantum field (a “particle”) at a given point in space-time. This

is known as the Copenhagen interpretation of quantum mechanics. The physical
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density of the superfluid is thus proportional to the probability density (the constant

of proportionality being the mass of the superfluid atom, which we have set to be

unity).

3.3.1 Superfluid mass estimate

Multiplying (NLS) by ψ̄, taking the real part, and integrating over Ω gives us:

d

dt

1

2
∥ψ∥2L2

x
+ Λ

∫
Ω

Re ψ̄Bψ = 0 (3.19)

The Laplacian term on the RHS of (NLS) vanishes due to the boundary conditions:

Im

∫
Ω

ψ̄∆ψ = Im

∫
∂Ω

ψ̄
∂ψ

∂n
− Im

∫
Ω

|∇ψ|2 = 0

Using Lemma 3.2.7, the second term in (3.19) is non-negative, so we conclude that

the mass of superfluid (using the quantum mechanical interpretation of the wavefunction)

is uniformly bounded in time:

∥ψ∥L2
x
(t) ≤ ∥ψ0∥L2

x
a.e. t ∈ [0, T ] (3.20)
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3.3.2 Energy estimate

Acting the gradient operator on (NLS), multiplying by ∇ψ̄, and taking the real part

gives:

∂t|∇ψ|2 = − Im(∇ψ̄ ·∆∇ψ)− 2ΛRe(∇ψ̄ · ∇(Bψ))− 2µ∇|ψ|2 · Im(ψ̄∇ψ) (3.21)

Integrating over Ω, we notice that the first term on the RHS vanishes upon integration

by parts due to the boundary conditions9.

Im

∫
Ω

∇ψ̄∆∇ψ = Im

∫
∂Ω

∇ψ̄∇∂ψ

∂n
− Im

∫
Ω

|∇∇ψ|2 = 0

The second term on the RHS of (3.21) is similarly integrated by parts to yield:

d

dt

1

2
∥∇ψ∥2L2

x
= ΛRe

∫
Ω

∆ψ̄Bψ − µ Im

∫
Ω

∇|ψ|2 · ψ̄∇ψ (3.22)

Now, we rewrite the first term on the RHS by replacing10 the Laplacian in terms of

the B operator, giving us a dissipative contribution to the energy estimate. Thus,

9Both the normal and tangential derivatives of ψ are zero on the boundary, the latter because ψ is zero
on a smooth boundary.

10This trick will be used again for deriving the higher-order a priori estimates.
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ΛRe

∫
Ω

∆ψ̄Bψ = −2ΛRe

∫
Ω

(
−1

2
∆ψ̄

)
Bψ

= −2ΛRe

∫
Ω

(
Bψ − 1

2
|u|2ψ̄ + iu · ∇ψ̄ − µ|ψ|2ψ̄

)
Bψ

= − 2Λ∥Bψ∥2L2
x
+ Λ

∫
Ω

|u|2Re(ψ̄Bψ) + 2Λ

∫
Ω

u · Im(∇ψ̄Bψ)

+ 2µΛ

∫
Ω

|ψ|2Re(ψ̄Bψ)

(3.23)

We have chosen the (NLS) to have a cubic nonlinearity, and this contributes a

quartic term to the (potential) energy. Multiply (NLS) by ψ̄ and take the real part to

obtain:

∂t|ψ|2 +∇ · Im(ψ̄∇ψ) = −2ΛRe(ψ̄Bψ)

Multiplying the above equation with µ|ψ|2 and integrating over Ω leads to:

d

dt

µ

2
∥ψ∥4L4

x
− µ

∫
Ω

∇|ψ|2 · Im(ψ̄∇ψ) = −2µΛ

∫
Ω

|ψ|2Re(ψ̄Bψ) (3.24)

Combining (3.22), (3.23) and (3.24) gives the energy equation for the superfluid
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phase.

d

dt

(
1

2
∥∇ψ∥2L2

x
+
µ

2
∥ψ∥4L4

x

)
+2Λ∥Bψ∥2L2

x
= Λ

∫
Ω

|u|2Re(ψ̄Bψ)+2Λ

∫
Ω

u ·Im(∇ψ̄Bψ)

(3.25)

Now, to cancel the terms on the RHS, we need to include the energy equation for

the normal fluid. To achieve this, we first rewrite (NSE) in the non-conservative form (see

Remark 3.2.2).

ρ∂tu+ ρu · ∇u+∇p̃− ν∆u = −2Λ Im(∇ψ̄Bψ)− 2ΛuRe(ψ̄Bψ) (NSE’)

Taking the inner product of both (NSE) and (NSE’) with u, using incompressibility,

and adding them, we arrive at the energy equation for the normal fluid.

d

dt

1

2
∥√ρu∥2L2

x
+ ν∥∇u∥2L2

x
= −2Λ

∫
Ω

u · Im(∇ψ̄Bψ)− Λ

∫
Ω

|u|2Re(ψ̄Bψ) (3.26)

Therefore, by adding (3.25) and (3.26), we obtain the energy equation for the

Pitaevskii model.
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d

dt

(
1

2
∥√ρu∥2L2

x
+

1

2
∥∇ψ∥2L2

x
+
µ

2
∥ψ∥4L4

x

)
+ ν∥∇u∥2L2

x
+ 2Λ∥Bψ∥2L2

x
= 0 (3.27)

Integrating over [0, T ],

(
1

2
∥√ρu∥2L2

x
+

1

2
∥∇ψ∥2L2

x
+
µ

2
∥ψ∥4L4

x

)
(t) + ν∥∇u∥2L2

[0,t]
L2
x
+ 2Λ∥Bψ∥2L2

[0,t]
L2
x

= E0 a.e. t ∈ [0, T ] (3.28)

where the E0 is the initial energy of the system, defined as

E0 :=
1

2
∥√ρ0u0∥2L2

x
+

1

2
∥∇ψ0∥2L2

x
+
µ

2
∥ψ0∥4L4

x
(3.29)

Since we have assumed that the density is bounded both above and below, the

energy equation implies:

u ∈ L∞
[0,T ]L

2
d,x ∩ L2

[0,T ]Ḣ
1
d,x , ψ ∈ L∞

[0,T ]Ḣ
1
0,x ∩ L∞

[0,T ]L
4
x , Bψ ∈ L2

[0,T ]L
2
x (3.30)
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3.3.2.1 What does “Bψ ∈ L2
[0,T ]L

2
x” imply for ψ?

The coupling is a second order differential operator, so Bψ being square-integrable

should intuitively mean that ψ ∈ H2
x. We will confirm this with a simple calculation.

From (CPL),

−1

2
∆ψ = Bψ − iu · ∇ψ − 1

2
|u|2ψ − µ|ψ|2ψ

⇒ ∥∆ψ∥L2
x
≲ ∥Bψ∥L2

x
+ ∥u · ∇ψ∥L2

x
+
∥∥|u|2ψ∥∥

L2
x
+ µ
∥∥|ψ|2ψ∥∥

L2
x

(3.31)

Now, using Lemma 3.2.10, the LHS is equivalent to ∥ψ∥H2
x
. We will the last three

terms on the RHS, based on (3.30).

∥u · ∇ψ∥L2
x
≲ ∥u∥L6

x
∥∇ψ∥L3

x
(Hölder)

≲ ∥u∥H1
x
∥∇ψ∥

1
2

L2
x
∥∇ψ∥

1
2

L6
x

(Lemma 3.2.14 + interpolation)

≲ ∥u∥H1
x
∥ψ∥

1
2

H1
x
∥ψ∥

1
2

H2
x

(Lemma 3.2.14)

≲
1

c
∥u∥2H1

x
∥ψ∥H1

x
+ c∥ψ∥H2

x
(Young’s inequality)
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The constant c is chosen to be small enough that the second term in the final step

can be absorbed into the LHS of (3.31). Similarly, using Hölder’s inequality and Sobolev

embedding,

∥∥|u|2ψ∥∥
L2
x
≲ ∥u∥2L6

x
∥ψ∥L6

x
≲ ∥u∥2H1

x
∥ψ∥H1

x∥∥|ψ|2ψ∥∥
L2
x
≲ ∥ψ∥3L6

x
≲ ∥ψ∥3H1

x

Substituting these into (3.31), and integrating over [0, T ],

∥ψ∥L1
[0,T ]

H2
x
≲ T

1
2∥Bψ∥L2

[0,T ]
L2
x
+ ∥u∥2L2

[0,T ]
H1

x
∥ψ∥L∞

[0,T ]
H1

x
+ µT∥ψ∥3L∞

[0,T ]
H1

x
<∞

Each of the terms on the RHS is finite, according to (3.30). Thus, given the a priori

estimates, Bψ ∈ L2
[0,T ]L

2
x ⇒ ψ ∈ L1

[0,T ]H
2
x.

A further consequence of this is that the time derivative of the wavefunction can be

bounded in a suitable space, permitting the use of the Aubin-Lions-Simon lemma. From

(NLS),
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∥∂tψ∥L1
[0,T ]

L2
x
≲ ΛT

1
2∥Bψ∥L2

[0,T ]
L2
x
+ ∥ψ∥L1

[0,T ]
H2

x
+ µT∥ψ∥3L∞

[0,T ]
H1

x
<∞

⇒ ∥ψ∥L2
[0,T ]

H1
x
+ ∥ψ∥L1

[0,T ]
H2

x
+ ∥∂tψ∥L1

[0,T ]
L2
x
<∞

Thus, from Lemma 3.2.15, we can conclude that a sequence of wavefunctions that

satisfy the above finiteness condition contain a subsequence that converges strongly in

both L1
[0,T ]H

[0,2)
0,x ∩ L2

[0,T ]H
[0,1)
0,x ∩ L2

[0,T ]L
[1,6)
x .

3.3.3 Higher-order “energy” estimate

In this subsection, we will utilize the approach in [Kim87] to derive a higher-order

a priori estimate, involving all the three fields (ψ, u, ρ).

3.3.3.1 The Schrödinger equation

Similar to the derivation of the energy equation, we act upon (NLS) with the Laplacian

∆, multiply by ∆ψ̄, take the real part and integrate over the domain:

d

dt

1

2
∥∆ψ∥2L2

x
= −ΛRe

∫
Ω

(∆2ψ̄)Bψ + µ Im

∫
Ω

(∆2ψ̄)|ψ|2ψ (3.32)

The first term on the RHS of (NLS) vanishes as a result of the boundary conditions

on ψ (namely, that all tangential derivatives vanish due to the smooth boundary, and that
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the first three normal derivatives are zero):

Im

∫
Ω

∆ψ̄∆2ψ = Im

∫
∂Ω

∆ψ̄∆∇∂ψ

∂n
− Im

∫
Ω

∣∣∆∇ψ̄
∣∣2 = 0

As done before, we will express the Laplacian in (3.32) in terms of the B operator

to obtain a non-negative term and estimate the RHS.

1.

−ΛRe

∫
Ω

(∆2ψ̄)Bψ = ΛRe

∫
Ω

∇(∆ψ̄) · ∇(Bψ)

= −2ΛRe

∫
Ω

∇
[
Bψ + iu · ∇ψ̄ − 1

2
|u|2ψ̄ − µ|ψ|2ψ̄

]
· ∇(Bψ)

= − 2Λ∥∇(Bψ)∥2L2
x
+ 2Λ Im

∫
Ω

∇(u · ∇ψ̄) · ∇(Bψ)

+ 2ΛRe

∫
Ω

∇(
1

2
|u|2ψ̄) · ∇(Bψ)

+ 2ΛµRe

∫
Ω

∇(|ψ|2ψ̄) · ∇(Bψ)

2.

µ Im

∫
Ω

(∆2ψ̄)|ψ|2ψ = −µ Im
∫
Ω

∇(∆ψ̄) · ∇(|ψ|2ψ)

= 2µ Im

∫
Ω

∇
[
Bψ + iu · ∇ψ̄ − 1

2
|u|2ψ̄ − µ|ψ|2ψ̄

]
· ∇(|ψ|2ψ)

= 2µ Im

∫
Ω

∇
(
Bψ
)
· ∇(|ψ|2ψ) + 2µRe

∫
Ω

∇
(
u · ∇ψ̄

)
· ∇(|ψ|2ψ)

− 2µ Im

∫
Ω

∇
(
1

2
|u|2ψ̄

)
· ∇(|ψ|2ψ)
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Thus, (3.32) becomes:

d

dt

1

2
∥∆ψ∥2L2

x
+ 2Λ∥∇(Bψ)∥2L2

x
= 2Λ Im

∫
Ω

∇(u · ∇ψ̄) · ∇(Bψ)

+ 2ΛRe

∫
Ω

∇
(
1

2
|u|2ψ̄

)
· ∇(Bψ)

+ 2ΛµRe

∫
Ω

∇(|ψ|2ψ̄) · ∇(Bψ)

+ 2µ Im

∫
Ω

∇
(
Bψ
)
· ∇(|ψ|2ψ)

+ 2µRe

∫
Ω

∇
(
u · ∇ψ̄

)
· ∇(|ψ|2ψ)

− 2µ Im

∫
Ω

∇
(
1

2
|u|2ψ̄

)
· ∇(|ψ|2ψ)

(3.33)

We can now repeatedly use Hölder’s and Young’s inequalities to extract out ∥∇(Bψ)∥2L2
x

from each of the first four terms on the RHS (with small enough constants in front to be

able to be absorbed into the dissipation term on the LHS). We use the same inequalities

with the last two terms. Combining all this, we end up with:

d

dt
∥∆ψ∥2L2

x
+ Λ∥∇(Bψ)∥2L2

x
≲ Λ∥∇(u · ∇ψ)∥2L2

x
+ Λ

∥∥∥∥∇(1

2
|u|2ψ

)∥∥∥∥2
L2
x

+ γ
∥∥|ψ|2ψ∥∥2

L2
x

(3.34)

where γ := µ2
(
Λ + 1

Λ

)
.
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Each of the three terms on the RHS has to be estimated.

1.

∥∇(u · ∇ψ)∥2L2
x
≲ ∥∇u · ∇ψ∥2L2

x
+ ∥u · ∇∇ψ∥2L2

x

≲ ∥∇u∥2L3
x
∥∇ψ∥2L6

x
+ ∥u∥2L∞

x
∥∆ψ∥2L2

x
(Hölder + Lemma 3.2.10)

≲ ∥∇u∥L2
x
∥∆u∥L2

x
∥∆ψ∥2L2

x
+ ∥∇u∥

1
2

L2
x
∥∆u∥

3
2

L2
x
∥∆ψ∥2L2

x

(Lemma 3.2.14 + Interpolation + Lemma 3.2.10)

(The term ∥u∥L∞
x

is bounded above by ∥u∥
H

7
4
x

using Lemma 3.2.14, which is in

turn interpolated between H1
x and H2

x.)

2. We will use the property of a 3D vector field, not necessarily divergence-free:

∇
(
1

2
|u|2
)

= u · ∇u− ω × u

where ω = ∇× u is the vorticity. We will also note that ∥ω∥Lp
x
≤ ∥∇u∥Lp

x
for all

1 ≤ p ≤ ∞, thus rendering the second term of the RHS in the above inequality

equivalent to the first (insofar as Lp
x norms are concerned).
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∥∥∥∥∇(1

2
|u|2ψ

)∥∥∥∥2
L2
x

≲

∥∥∥∥∇(1

2
|u|2
)
ψ

∥∥∥∥2
L2
x

+

∥∥∥∥12 |u|2∇ψ
∥∥∥∥2
L2
x

≲ ∥u∥2L6
x
∥∇u∥2L3

x
∥ψ∥2L∞

x
+ ∥u∥4L6

x
∥∇ψ∥2L6

x
(Hölder)

≲ ∥∇u∥3L2
x
∥∆u∥L2

x
∥∆ψ∥2L2

x
+ ∥∇u∥4L2

x
∥∆ψ∥2L2

x

(Lemma 3.2.14 + Interpolation)

3.

∥∥∇(|ψ|2ψ)
∥∥2
L2
x
≲ ∥ψ∥4L6

x
∥∇ψ∥2L6

x
≲ ∥∇ψ∥4L2

x
∥∆ψ∥2L2

x

Combining all these into (3.34) results in:

d

dt
∥∆ψ∥2L2

x
+ ∥∇(Bψ)∥2L2

x
≲ Λ

[
∥∇u∥L2

x
∥∆u∥L2

x
+ ∥∇u∥

1
2

L2
x
∥∆u∥

3
2

L2
x

+∥∇u∥3L2
x
∥∆u∥L2

x
+ ∥∇u∥4L2

x
+
γ

Λ
∥∇ψ∥4L2

x

]
∥∆ψ∥2L2

x
(3.35)

Now, we will use Young’s inequality to extract out ∥∆u∥2L2
x

with a certain sufficiently

small coefficient (whose choice will be justified later in this subsection). We also recall

from (3.28) that ∥∇ψ∥L2
x
≤ 2E0 a.e. t ∈ [0, T ]. In the following, recall that the density is

bounded below by ε and above by M +m−ε (see discussion following Definition 3.2.9).
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Let us refer to this upper bound on the density as M ′, for brevity.

d

dt
∥∆ψ∥2L2

x
+ Λ∥∇(Bψ)∥2L2

x
≲
Λ2M ′

ν2
∥∇u∥2L2

x
∥∆ψ∥4L2

x
+

Λ4M ′3

ν6
∥∇u∥2L2

x
∥∆ψ∥8L2

x

+
Λ2M ′

ν2
∥∇u∥6L2

x
∥∆ψ∥4L2

x
+ Λ∥∇u∥4L2

x
∥∆ψ∥2L2

x

+ γE4
0∥∆ψ∥

2
L2
x
+

ν2

CM ′∥∆u∥
2
L2
x

(3.36)

(The C in the denominator of the last term is a large constant, and simply to ensure

the term is small enough to be absorbed into a similar dissipative expression on the LHS

that will appear from the normal fluid’s estimates.)

3.3.3.2 The Navier-Stokes equation

We will now follow the approach in [Kim87] to derive a higher order estimate for

the velocity field, which will be combined with (3.36) to arrive at a Grönwall inequality

argument. Starting with (NSE’), we first multiply it by ∂tu and integrate over the domain:

∫
Ω

ρ|∂tu|2 +
ν

2

d

dt
∥∇u∥2L2

x
= −

∫
Ω

ρu · ∇u · ∂tu− 2Λ

∫
Ω

∂tu · Im(∇ψ̄Bψ)

− 2Λ

∫
Ω

∂tu · uRe(ψ̄Bψ) (3.37)
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The three terms on the RHS are estimated as follows. Recall that ε is the lower

bound on the density, and M ′ =M +m− ε is the upper bound.

1.

−
∫
Ω

ρu · ∇u · ∂tu ≤ 1

6

∫
Ω

ρ|∂tu|2 +
3

2
M ′
∫
Ω

|u|2|∇u|2

The last term is bounded using Lemma 3.2.14 and Sobolev interpolation: ∥u∥L∞
x
≲

∥u∥
H

7
4
x

≲ ∥u∥
1
4

H1
x
∥u∥

3
4

H2
x
. Thus,

∫
Ω

|u|2|∇u|2 ≲ ∥∇u∥
5
2

L2
x
∥∆u∥

3
2

L2
x

(3.38)

2.

−2Λ

∫
Ω

∂tu · Im(∇ψ̄Bψ) ≤ 1

6

∫
Ω

ρ|∂tu|2 +
6Λ2

ε
∥∇ψ∥2L6

x
∥Bψ∥2L3

x

The Bψ term is handled via interpolation, while the ∇ψ term is bounded using

Sobolev embedding. We finally use Young’s inequality to extract the dissipative

term, with a sufficiently small coefficient (C is sufficiently large).

∥∇ψ∥2L6
x
∥Bψ∥2L3

x
≲
CΛ

ε
∥Bψ∥2L2

x
∥∆ψ∥4L2

x
+

ε

CΛ
∥∇(Bψ)∥2L2

x
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3.

−2Λ

∫
Ω

∂tu · uRe(ψ̄Bψ) ≤
1

6

∫
Ω

ρ|∂tu|2 +
6Λ2

ε
∥u∥2L6

x
∥ψ∥2L∞

x
∥Bψ∥2L3

x

Just as in the previous case,

∥u∥2L6
x
∥ψ∥2L∞

x
∥Bψ∥2L3

x
≲
CΛ

ε
∥Bψ∥2L2

x
∥∇u∥4L2

x
∥∆ψ∥4L2

x
+

ε

CΛ
∥∇(Bψ)∥2L2

x

Substituting the above estimates into (3.37),

ν

2

d

dt
∥∇u∥2L2

x
+

1

2

∫
Ω

ρ|∂tu|2 ≲M ′∥∇u∥
5
2

L2
x
∥∆u∥

3
2

L2
x
+

Λ

C
∥∇(Bψ)∥2L2

x

+
Λ3

ε2
∥Bψ∥2L2

x

(
1 + ∥∇u∥4L2

x

)
∥∆ψ∥4L2

x
(3.39)

Having obtained equations for the rate of change of ∥∇u∥L2
x

and ∥∆ψ∥L2
x
, what

remains is to consider the “higher-order dissipative” term ∥∆u∥2L2
x

in these estimates.

Having this on the LHS will allow us to absorb such terms from the RHS, and set up

the required Grönwall inequality. (Note that the higer-order dissipative term for the

wavefunction is ∥∇(Bψ)∥2L2
x
, which is present in (3.36).) To this end, we multiply (NSE’)
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by −θ∆u and integrate over the domain, where θ is a positive constant whose value will

be fixed shortly.

θν∥∆u∥2L2
x
= θ

∫
Ω

ρ∂tu ·∆u+ θ

∫
Ω

ρu · ∇u ·∆u+ 2Λθ

∫
Ω

Im(∇ψ̄Bψ) ·∆u

+ 2Λθ

∫
Ω

uRe(ψ̄Bψ) ·∆u (3.40)

Once again, we estimate each term on the RHS.

1.

θ

∫
Ω

ρ∂tu ·∆u ≤ θν

8
∥∆u∥2L2

x
+

2θM ′

ν

∫
Ω

ρ|∂tu|2

2.

θ

∫
Ω

ρu · ∇u ·∆u ≤ θν

8
∥∆u∥2L2

x
+

2θM ′2

ν

∫
Ω

|u|2|∇u|2

The last term is manipulated just as in (3.38).

3.

2Λθ

∫
Ω

Im(∇ψ̄Bψ) ·∆u ≤ θν

8
∥∆u∥2L2

x
+

8Λ2θ

ν
∥∇ψ∥2L2

x
∥Bψ∥2L2

x

85



4.

2Λθ

∫
Ω

uRe(ψ̄Bψ) ·∆u ≤ θν

8
∥∆u∥2L2

x
+

8Λ2θ

ν
∥u∥2L6

x
∥ψ∥2L∞

x
∥Bψ∥2L2

x

Thus, (3.40) becomes (c is a positive constant that depends only on Ω):

θν

2
∥∆u∥2L2

x
≤ 2θM ′

ν

∫
Ω

ρ|∂tu|2 +
2θM ′2c

ν
∥∇u∥

5
2

L2
x
∥∆u∥

3
2

L2
x
+

Λ

2
∥∇(Bψ)∥2L2

x

+
Λ3θ2c

ν2
∥Bψ∥2L2

x

(
1 + ∥∇u∥4L2

x

)
∥∆ψ∥4L2

x
(3.41)

We now add (3.39) and (3.41). Choosing θ = ν
8M ′ , and extracting ∥∆u∥2L2

x
with

sufficiently small coefficients, we absorb into the corresponding term on the LHS. Finally,

what remains is:

ν

2

d

dt
∥∇u∥2L2

x
+

1

4
∥√ρ∂tu∥2L2

x
+
ν2

M ′∥∆u∥
2
L2
x
≲
M ′7

ν6
∥∇u∥10L2

x
+

Λ

2
∥∇(Bψ)∥2L2

x

+
Λ3

ε2
∥Bψ∥2L2

x

(
1 + ∥∇u∥4L2

x

)
∥∆ψ∥4L2

x
(3.42)
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3.3.3.3 The Grönwall inequality step

Having derived the equations for the higher-order norms of u and ψ, and also

accounted for the relevant dissipative terms, we now add (3.36) and (3.42):

d

dt

[
∥∆ψ∥2L2

x
+ ν∥∇u∥2L2

x

]
+ Λ∥∇(Bψ)∥2L2

x
+ ∥√ρ∂tu∥2L2

x
+
ν2

M ′∥∆u∥
2
L2
x

≲

[
Λ2M ′

ν2
∥∇u∥2L2

x
∥∆ψ∥4L2

x
+

Λ4M ′3

ν6
∥∇u∥2L2

x
∥∆ψ∥8L2

x
+

Λ2M ′

ν2
∥∇u∥6L2

x
∥∆ψ∥4L2

x

+ Λ∥∇u∥4L2
x
∥∆ψ∥2L2

x
+ γE4

0∥∆ψ∥
2
L2
x

]

+

[
M ′7

ν6
∥∇u∥10L2

x
+

Λ3

ε2
∥Bψ∥2L2

x

(
1 + ∥∇u∥4L2

x

)
∥∆ψ∥4L2

x

]
(3.43)

Denoting

X = 1 + ∥∆ψ∥2L2
x
+ ν∥∇u∥2L2

x

Y = Λ∥∇(Bψ)∥2L2
x
+ ∥√ρ∂tu∥2L2

x
+
ν2

M ′∥∆u∥
2
L2
x

we can rewrite (3.43) as follows:
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dX

dt
+ Y ≲

[
Λ2M ′

ν3
X3 +

Λ4M ′3

ν7
X5 +

Λ2M ′

ν5
X5 +

Λ

ν2
X3 + γE4

0X

]
+

[
M ′7

ν11
X5 +

Λ3

ε2ν2
∥Bψ∥2L2

x

(
ν2 +X2

)
X2

]
(3.44)

Since X ≥ 1, we set:

C = max

{
Λ2M ′

ν3
+

Λ4M ′3

ν7
+

Λ2M ′

ν5
+

Λ

ν2
+ γE4

0 +
M ′7

ν11
,

Λ3

ε2ν2
(ν2 + 1)

}
(3.45)

and rewrite (3.44) in a much simpler form.

dX

dt
+ Y ≤ C

(
1 + ∥Bψ∥2L2

x

)
X5 (3.46)

We begin by dropping the non-negative Y . Since Bψ ∈ L2
[0,T ] (the T is from

Definition 3.2.9), we can easily integrate to arrive at:

X(t) ≤ X0[
1− CX4

0

(
T ′ + ∥Bψ∥2L2

[0,T ′]L
2
x

)] 1
4

a.e. t ∈ [0, T ′] (3.47)
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where X0 = X(0) = 1 + ν∥∇u0∥2L2
x
+ ∥∆ψ0∥2L2

x
<∞, due to the regularity of the initial

data. In addition, T ′ is some time that is less than or equal to T from (3.14). Of course,

the RHS of (3.47) makes sense only if T ′ is such that the denominator doesn’t become

non-positive.

Definition 3.3.2 (Updated local existence time). Consider T ′ such that

T ′ + ∥Bψ∥2L2
[0,T ′]L

2
x
≤ 15

16CX4
0

(3.48)

Define the local existence time = min {T ′ from (3.48) , T from (3.14)}. (Favoring

clarity in subscripts, we will abuse notation and denote this (updated) local existence time

as T ).

With this choice of local existence time T , we observe that

X(t) ≤ 2X0 a.e. t ∈ [0, T ] (3.49)

Returning to (3.46), for t ∈ [0, T ],

dX

dt
+ Y ≤ CX5

(
1 + ∥Bψ∥2L2

x

)
≤ 32CX5

0

(
1 + ∥Bψ∥2L2

x

)

Integrating from 0 to t ∈ [0, T ],
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X(t)−X0 +

∫ t

0

Y (τ) dτ ≤ 32CX5
0

(
15

16CX4
0

)
= 30X0

⇒
∫ T

0

Y (τ) dτ ≤ 31X0 (3.50)

Thus, (3.49) and (3.50) imply the following a priori estimates:

u ∈ L∞
[0,T ]H

1
d,x ∩ L2

[0,T ]H
2
d,x , ∂tu ∈ L2

[0,T ]L
2
d,x

ψ ∈ L∞
[0,T ]H

2
0,x , Bψ ∈ L2

[0,T ]H
1
x

(3.51)

Remark 3.3.3. Note that the actual estimate was
√
ρ∂tu ∈ L2

[0,T ]L
2
x, but in the next (even

higher) a priori estimate, we will need to bound u in L∞
x , for which we require a bound

on ∂tu in L2
[0,T ]L

2
x. This is the reason for working with density that is bounded below, and

is one of the differences between this work and [Kim87].

3.3.3.4 What does Bψ ∈ L2
[0,T ]H

1
x imply for ψ?

Just as in Section 3.3.2.1, we can confirm our intuition that Bψ ∈ H1
x is equivalent

to ψ ∈ H3
x (not pointwise in time, but rather in L2), since B is a second-order differential

operator. However, this time, we use the updated a priori estimates from (3.51).
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From the definition of B, and using incompressibility,

−1

2
∇∆ψ = ∇(Bψ)− i∇∇ · (uψ)−∇

(
1

2
|u|2ψ

)
− µ∇(|ψ|2ψ)

⇒ ∥ψ∥H3
x
≲ ∥∇(Bψ)∥L2

x
+ ∥uψ∥H2

x
+

∥∥∥∥∇(1

2
|u|2ψ

)∥∥∥∥
L2
x

+ µ
∥∥∇(|ψ|2ψ)

∥∥
L2
x

The Sobolev spaces Hs(Ω) form an algebra for s > 3
2
, so this allows us to easily

estimate the second term on the RHS. The third and fourth terms are managed the same

way as was done in going from (3.34) to (3.35). In all, we arrive at:

∥ψ∥L2
[0,T ]

H3
x
≲ ∥∇(Bψ)∥L2

[0,T ]
L2
x
+ ∥u∥L2

[0,T ]
H2

x
∥ψ∥L∞

[0,T ]
H2

x

+ ∥u∥L∞
[0,T ]

H1
x
∥u∥L2

[0,T ]
H2

x
∥ψ∥L∞

[0,T ]
H2

x
+ µT

1
2∥ψ∥2L∞

[0,T ]
H1

x
∥ψ∥L∞

[0,T ]
H2

x

Given the a priori estimates in (3.51), we see that ψ ∈ L2
[0,T ]H

3
0,x if Bψ ∈ L2

[0,T ]H
1
x.

We can now (slightly) modify the estimate for the time-derivative at the end of Section

3.3.2.1, in particular, its time regularity can be increased to L2.

∥∂tψ∥L2
[0,T ]

L2
x
≲ ∥Bψ∥L2

[0,T ]
L2
x
+ T

1
2∥ψ∥L∞

[0,T ]
H2

x
+ µT

1
2∥ψ∥3L∞

[0,T ]
H1

x
<∞ (3.52)
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Once again, using Lemma 3.2.15, we can infer the strong convergence of a subsequence

of wavefunctions in L2
[0,T ]H

[0,3)
0,x .

3.3.4 The highest-order a priori estimate for ψ

From the previous analysis, we have obtained Bψ ∈ L2
[0,T ]H

1
x. However, as pointed

out in the discussion following Definition 3.2.9, we seekBψ ∈ L2
[0,T ]L

∞
x . Taking advantage

of the embedding H
3
2
+δ(Ω) ⊂ L∞(Ω), we will now derive an even higher order a priori

estimate (only for ψ).

We act on (NLS) by (−∆)s, for s ∈
(
5
4
, 3
2

)
.

∂t(−∆)sψ + Λ(−∆)s(Bψ) = − 1

2i
∆(−∆)sψ +

µ

i
(−∆)s(|ψ|2ψ) (3.53)

As will be shown in Section 3.4, the semi-Galerkin scheme for the wavefunction

is set up using the eigenfunctions of the penta-Laplacian in Section 3.4.1.1, which have

vanishing derivatives up to the 4th order on the boundary. Since the eigenfunctions are

also smooth, we see that they belong to H5
0 (Ω). Just as in Sections 3.3.2 and 3.3.3.1, we

multiply by (−∆)sψ̄, take the real part and integrate over Ω.
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1.

Re

∫
Ω

(−∆)sψ̄(−∆)s(Bψ) = Re ⟨(−∆)sψ, (−∆)s(Bψ)⟩

= Re
〈
(−∆)s+

1
2ψ, (−∆)s−

1
2 (Bψ)

〉
= Re

〈
(−∆)s−

1
2 (−∆)ψ, (−∆)s−

1
2 (Bψ)

〉

Here, we have used Lemma 3.2.13. But, this requires that Bψ ∈ D ((−∆)s) =

D
(
((−∆)5)

s
5

)
= H2s

0 = H
5
2
+δ

0 . (The characterization in terms of Sobolev spaces

follows by a proof very similar to Propositions 3.4.2 and 3.4.4.)

Since B has a second derivative term, this is equivalent to saying ψ ∈ H
9
2
+δ

0 , thus

justifying our choice of boundary conditions (the extra vanishing derivative) for the

basis functions of the semi-Galerkin approximation.

2.

Im

∫
Ω

(−∆)sψ̄(−∆)s+1ψ = Im
〈
(−∆)sψ, (−∆)s+1ψ

〉
= Im

〈
(−∆)s+

1
2ψ, (−∆)s+

1
2ψ
〉
= 0

Just as in the previous term, this requires ψ ∈ H2s+2
0 = H

9
2
+δ

0 , which is once again

satisfied given the choice of eigenfunctions in the semi-Galerkin scheme.
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3.

Im

∫
Ω

(−∆)sψ̄(−∆)s(|ψ|2ψ) =
〈
(−∆)sψ, (−∆)s(|ψ|2ψ)

〉
=
〈
(−∆)s+

1
2ψ, (−∆)s−

1
2 (|ψ|2ψ)

〉
=
〈
(−∆)s−

1
2 (−∆)ψ, (−∆)s−

1
2 (|ψ|2ψ)

〉

This calculation is also justified in a manner similar to the first two terms.

In the first and third terms above, we trade the negative Laplacian for theB operator

as done in the a priori estimates up to this point, and arrive at the following inequality11.

d

dt
∥(−∆)sψ∥2L2

x
+ Λ

∥∥∥(−∆)s−
1
2 (Bψ)

∥∥∥2
L2
x

≲ Λ
∥∥∥(−∆)s−

1
2 (u · ∇ψ)

∥∥∥2
L2
x

+ Λ
∥∥∥(−∆)s−

1
2 (|u|2ψ)

∥∥∥2
L2
x

+ γ
∥∥∥(−∆)s−

1
2 (|ψ|2ψ)

∥∥∥2
L2
x

(3.54)

Note that choosing s = 0, 1
2
, 1 leads (respectively) to the mass, energy and higher-

order energy estimates from before. Now, we will estimate each of the terms in the RHS

of (3.54). Since s− 1
2
∈
(
3
4
, 1
)
, we can use Lemma 3.2.12 to replace all the terms on the

RHS (and the second term on the LHS) by appropriate Sobolev space norms.

11Recall that γ = µ2
(
Λ + 1

Λ

)
.
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d

dt
∥(−∆)sψ∥2L2

x
+ Λ∥Bψ∥2H2s−1

x
≲ Λ∥u · ∇ψ∥2H2s−1

x
+ Λ

∥∥|u|2ψ∥∥2
H2s−1

x
+ γ
∥∥|ψ|2ψ∥∥2

H2s−1
x

(3.55)

We set 2s−1 = 3
2
+δ for some 0 < δ < 1

2
. Using the algebra property12 of Sobolev

norms, along with Lemma 3.2.12, we estimate the RHS of (3.55):

1.

∥u · ∇ψ∥2H2s−1
x

≲ ∥u∥2H2s−1
x

∥ψ∥2H2s−1
x

≲ ∥u∥2H2
x
∥(−∆)sψ∥2L2

x

Since we already have u ∈ L2
[0,T ]H

2
d,x, this term is amenable to Grönwall’s inequality.

2. ∥∥|u|2ψ∥∥2
H2s−1

x
≲ ∥u∥4

H
3
2+δ
x

∥ψ∥2H2s−1
x

≲ ∥u∥4
H

3
2+δ
x

∥ψ∥2H2s
x

We know that u ∈ L2
[0,T ]H

2
d,x and ∂tu ∈ L2

[0,T ]L
2
x ⊂ L2

[0,T ]

(
H2

0,x

)∗ ⊂ L2
[0,T ]

(
H2

d,x

)∗.
So, we can use Lemma 3.2.16 to conclude that:

12∥fg∥Hr ≲ ∥f∥Hr∥g∥Hr for r > d
2 in d dimensions.
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∥u∥2
H

3
2+δ
x

(t) ≤ ∥u0∥2
H

3
2+δ
x

+ 2∥u∥L2
[0,T ]

H2
x
∥∂tu∥L2

[0,T ]
H−2

x
≲ ∥u0∥2

H
3
2+δ
x

+
1

ν

√
M ′

ε
X0

(3.56)

where X0 is defined immediately following (3.47). For brevity, define

E1 = ∥u0∥2
H

3
2+δ
x

+ ∥ψ0∥2
H

5
2+δ
x

Thus,

∥∥|u|2ψ∥∥2
H2s−1

x
≲

(
M ′

ν2ε
X2

0 + E2
1

)
∥(−∆)sψ∥2L2

x

3. ∥∥|ψ|2ψ∥∥
H2s−1

x
≲ ∥ψ∥6H2

x
≲ ∥ψ∥4H2

x
∥ψ∥2H2s

x
≲ X2

0∥(−∆)sψ∥2L2
x

From the above estimates, we have

d

dt
∥(−∆)sψ∥2L2

x
+ Λ∥Bψ∥2H2s−1

x
≲

[
Λ∥u∥2H2

x
+

(
Λ
M ′

ν2ε
+ γ

)
X2

0 + ΛE2
1

]
∥(−∆)sψ∥2L2

x

(3.57)
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Using Grönwall’s inequality, for all t ∈ [0, T ]:

∥(−∆)sψ∥2L2
x
(t) ≲ ∥(−∆)sψ0∥2L2

x
e
c

[
Λ∥u∥2

L2
[0,T ]

H2
x
+
(
Λ M′

ν2ε
+γ

)
X2

0T+ΛE2
1T

]
(3.58)

Using Lemma 3.2.12, we can simplify (3.58) to:

∥ψ∥2H2s
x
(t) ≲ ∥ψ0∥2H2s

x
ecQT = ∥ψ0∥2

H
5
2+δ
x

ecQT (3.59)

where

QT =

[
Λ
M ′

ν2
X0 +

(
Λ
M ′

ν2ε
+ γ

)
X2

0T + ΛE2
1T

]
(3.60)

More importantly, we get the sought-after “dissipation bound”:

∥Bψ∥L2
[0,T ]

H2s−1
x

≲ Λ− 1
2 (Q

1
2
T + 1)ecQT ∥ψ0∥H2s

x
= Λ− 1

2 (Q
1
2
T + 1)ecQT ∥ψ0∥

H
5
2+δ
x

(3.61)

Since 2s−1 = 3
2
+δ, the second embedding in Lemma 3.2.14 allows us to conclude
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that Bψ is bounded in L2
[0,T ]L

∞
x . This is the required estimate to ensure that the density

remains bounded below.

Remark 3.3.4. The estimate in (3.56) was not needed in [Kim87]. Indeed, in that work,

it was sufficient to interpolate between L∞
t H

1
x and L2

tH
2
x to get a bound in L

4
1+2δ

t H
3
2
+δ

x .

In our preceding analysis, however, such an interpolation would not work due to the high

exponent of u: 2 from the |u|2, and another factor of 2 from the square on the outside.

Now, in trying to use Lemma 3.2.16 (Lions-Magenes), it is necessary that the spaces that

u and ∂tu live in be dual to each other. Therefore, this forces us to have u ∈ H2
0,x (as

opposed to simply H2
x), which adds the extra boundary condition of a vanishing gradient.

3.3.4.1 What does “Bψ ∈ L2
[0,T ]H

2s−1
x ” imply for ψ?

Once again (and for the last time!), we repeat the procedure in sections 3.3.2.1 and

3.3.3.4 to deduce what regularity on the wavefunction is imparted by the above a priori

estimate.

−1

2
∆ψ = Bψ − iu · ∇ψ − 1

2
|u|2ψ − µ|ψ|2ψ

⇒ ∥∆ψ∥H2s−1
x

≲
∥∥∥(−∆)s−

1
2Bψ

∥∥∥
L2
x

+ ∥u · ∇ψ∥H2s−1
x

+
∥∥|u|2ψ∥∥

H2s−1
x

+
∥∥|ψ|2ψ∥∥

H2s−1
x

Performing an L2 integration over [0, T ]:
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∥ψ∥L2
[0,T ]

H2s+1
x

≲ ∥Bψ∥L2
[0,T ]

H2s−1
x

+ T
1
2∥u∥L∞

[0,T ]
H2s−1

x
∥ψ∥L∞

[0,T ]
H2s

x

+ T
1
2∥u∥2L∞

[0,T ]
H2s−1

x
∥ψ∥L∞

[0,T ]
H2s−1

x
+ T

1
2∥ψ∥3L∞

[0,T ]
H2s−1

x
(3.62)

Each of the terms on the RHS is finite (by the preceding a priori estimates). Thus,

we have ψ ∈ L2
[0,T ]H

7
2
+δ

0,x . By applying Lemma 3.2.15, we can once again conclude strong

convergence of a subsequence in L2
[0,T ]H

[0, 7
2
+δ)

0,x .

In summary, we have the following bounds:

u ∈ L∞
[0,T ]H

3
2
+δ

d,x ∩ L2
[0,T ]H

2
d,x , ∂tu ∈ L2

[0,T ]L
2
d,x

ψ ∈ L∞
[0,T ]H

5
2
+δ

0,x ∩ L2
[0,T ]H

7
2
+δ

0,x , ∂tψ ∈ L2
[0,T ]L

2
x

Bψ ∈ L2
[0,T ]H

3
2
+δ

x

ε ≤ ρ ≤M ′ =M +m− ε ∀ (t, x) ∈ [0, T ]× Ω

(3.63)

3.4 Local existence of weak solutions (Proof of Theorem 3.2.3)

Having derived the required a priori estimates, we are now ready to establish weak

solutions to the Pitaevskii model. In this section, we will use a semi-Galerkin scheme to

prove local existence of solutions for a truncated form of the governing equations, before
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passing to the limit to arrive at the weak solutions.

3.4.1 Constructing the semi-Galerkin scheme

Due to the boundary conditions imposed in the Pitaevskii model, the wavefunction

is constructed using eigenfunctions of the fifth power of the negative Dirichlet Laplacian

operator as basis, while the velocity is built from eigenfunctions of the Leray-projected

Dirichlet bi-Laplacian operator. We will now describe both these operators and their

properties.

3.4.1.1 The truncated wavefunction

Consider the following boundary value problem (where n is the outward normal at

the boundary, and f ∈ L2
x):

(−∆)5ξ = f in Ω

ξ =
∂ξ

∂n
=
∂2ξ

∂n2
=
∂3ξ

∂n3
=
∂4ξ

∂n4
= 0 on ∂Ω

(3.64)

The operator L5 := (−∆)5, henceforth called the (Dirichlet) penta-Laplacian, is

defined on the spaceD(L5) = H10∩H5
0 (see Corollary 2.21 in [GGS10]). It has a discrete

set of strictly positive and non-decreasing eigenvalues (0 < β1 ≤ β2 ≤ β3 . . . → ∞),

and the corresponding eigenfunctions ({bj} ∈ C∞(Ω̄)) can be chosen to be orthonormal

in the L2
x norm and orthogonal in the H5

x norm. The imposed boundary conditions in

the Pitaevskii model indicate that this is the right basis to consider for constructing the
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wavefunction13.

For N ∈ N, we define the truncated wavefunction as:

ψN(t, x) =
N∑
k=1

dNk (t)bk(x) (3.65)

where dNk (t) ∈ C.

3.4.1.2 The truncated velocity

We begin by considering the following vector-valued boundary value problem (where

n is the outward normal vector on the boundary, and F ∈ L2
d,x is vector-valued):

(−∆)2v +∇p = F in Ω

∇ · v = 0 in Ω

v =
∂v

∂n
= 0 on ∂Ω

(3.66)

When the domain Ω is bounded and sufficiently smooth, this problem has (see

Theorem 2.1 in [Man05]) a unique solution pair: v ∈ H4
x and p ∈ L2

x\R. These functions

also satisfy the following elliptic regularity estimate:

∥v∥H4 + ∥p∥L2 ≲ ∥F∥L2 (3.67)

13Compared to the Pitaevskii model, there is one extra vanishing derivative on the boundary for these
eigenfunctions. This is to ensure some that the a priori estimates work out. See the handling of the Bψ
term in Section 3.3.4.
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implying that the map F 7→ v is bounded. This map is the inverse of the bi-Stokes

operator, to be introduced next.

We will denote by P the Leray projector (see chapter 2 in [RRS16], for instance),

which maps any Hilbert space H to a subspace Hd consisting of only divergence-free

functions. Leray-projecting the first equation of (3.66) eliminates the gradient term,

giving (recall that F is already assumed to be divergence-free):

P(−∆)2v = F in Ω

v =
∂v

∂n
= 0 on ∂Ω

(3.68)

We will refer to S2 := P(−∆)2 as the (Dirichlet) bi-Stokes operator, defined on the

spaceD(S2) = H4∩H2
d . Just as with the Dirichlet penta-Laplacian above, it can be easily

shown that the bi-Stokes operator has a discrete set of strictly positive and non-decreasing

eigenvalues (0 < α1 ≤ α2 ≤ α3 . . . → ∞). The corresponding divergence-free, vector-

valued eigenfunctions ({aj} ∈ C∞(Ω̄)) can be chosen to be orthonormal in the L2
x norm

and orthogonal in the H2
x norm.

For N ∈ N, we define the truncated velocity as:

uN(t, x) =
N∑
k=1

cNk (t)ak(x) (3.69)

where cNk (t) ∈ R.
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3.4.2 The initial conditions

3.4.2.1 The initial wavefunction and initial velocity

In this section, we will discuss our choice of truncated initial conditions for each of

the fields (wavefunction, velocity and density). We begin by defining PN (respectively,

QN ) to be the projections onto the space spanned by the first N eigenfunctions of S2

(respectively, L5). Then, we truncate the initial conditions for the velocity and wavefunction

accordingly:

uN0 := PNu0 ψN
0 := QNψ0 (3.70)

Since u0 ∈ H
3
2
+δ

d (Ω) and ψ0 ∈ H
5
2
+δ

0 (Ω), it is necessary to establish that the truncated

initial conditions converge to the actual ones in the relevant norms. This is indeed true,

and we will now rigorously prove it. For the wavefunction, the proof is rather straightforward

because of the equivalence of norms between Sobolev spaces and fractional powers of the

Dirichlet Laplacian (Lemma 3.2.12).

Lemma 3.4.1 (The projection QN is convergent). Let s ∈ [0, 5]. If ψ ∈ Hs
0,x, then

QNψ
Hs

−−−→
N→∞

ψ, and
∥∥QNψ

∥∥
Hs

x
≲ ∥ψ∥Hs

x
.

Proof. Let ψ ∈ Hs
0,x be given by:

ψ =
∞∑
k=1

⟨ψ, bk⟩bk
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Then, using Lemma 3.2.12:

∥ψ∥2Hs
x
≡
∥∥(−∆)

s
2ψ
∥∥2
L2
x
=

∞∑
k=1

β
s
5
k |⟨ψ, bk⟩|

2 <∞

Since the sum is finite, the sequence constituting the series must tend to zero. Thus,

∥∥QNψ − ψ
∥∥2
Hs

x
=

∥∥∥∥∥
∞∑

k=N+1

⟨ψ, bk⟩bk

∥∥∥∥∥
2

Hs
x

≡
∞∑

k=N+1

β
s
5
k |⟨ψ, bk⟩|

2 −−−→
N→∞

0

Finally,

∥∥QNψ
∥∥2
Hs

x
≡
∥∥(−∆)

s
2QNψ

∥∥2
L2
x
≤
∥∥(−∆)

s
2ψ
∥∥2
L2
x
≡ ∥ψ∥2Hs

x

For the case of the velocity, we first have to establish a relation analogous to Lemma

3.2.12 for the bi-Stokes operator. We will do this by following the approach in Section

3 of [FHR19]. Since the bi-Stokes operator is the Leray projection of the Dirichlet bi-

Laplacian operator, we will begin with fractional powers of the latter.

Consider the following boundary value problem (with f ∈ L2
x). The operator of

interest is the Dirichlet bi-Laplacian, denoted by L2 = (−∆)2.
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(−∆)2ξ = f in Ω

ξ =
∂ξ

∂n
= 0 on ∂Ω

(3.71)

Like the other operators discussed above, the bi-Laplacian (defined on L2) is also

positive and self-adjoint, with a compact inverse. Thus, it has a positive and non-decreasing

spectrum (0 < l1 ≤ l2 ≤ l3 ≤ . . .∞), and smooth eigenfunctions ({wj} ∈ C∞(Ω̄))

that are orthonormal in L2 and orthogonal in H2. Based on elliptic regularity theory

(see Corollary 2.21 in [GGS10]), the domain of the biharmonic operator is given by

D(L2) = H4 ∩ H2
0 . Now, recalling Definition 3.2.11, we establish the domain of the

half-power of the bi-Laplacian.

Proposition 3.4.2 (Domain of half-power of the bi-Laplacian).

D(L
1
2
2 ) = H2

0

Proof. If u ∈ D(L2), v ∈ H2
0 , then:

⟨L2u, v⟩ = ⟨(−∆)2u, v⟩ = ⟨D2u,D2v⟩

Since l
− 1

2
j wj ∈ D(L2),
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δjk = ⟨l−
1
2

j wj, l
− 1

2
k wk⟩

D(L
1
2
2 )

= ⟨L2l
− 1

2
j wj, l

− 1
2

k wk⟩ = ⟨D2(l
− 1

2
j wj), D

2(l
− 1

2
k wk)⟩

Since D(L
1
2
2 ) is defined via an eigenfunction expansion, the above equality implies

that convergence in D(L
1
2
2 ) guarantees convergence in H2

0 . We conclude that D(L
1
2
2 ) is a

closed subspace of H2
0 .

Now, if v ∈ H2
0 with ⟨v, u⟩H2

0
= 0 ∀ u ∈ D(L

1
2
2 ), then for all j ∈ N:

0 = ⟨v, wj⟩+ ⟨D2v,D2wj⟩ = ⟨v, wj⟩+ ⟨v,L2wj⟩ = (1 + lj)⟨v, wj⟩

⇒ v = 0 ⇒ D(L
1
2
2 ) = H2

0

We will now interpolate between D(L0
2) = L2 and D(L

1
2
2 ).

Definition 3.4.3 (Fractional bi-Laplacian). For 0 < θ < 1
2
, we define the fractional bi-

Laplacian as:

D(Lθ
2) =

(
D(L0

2), D(L
1
2
2 )
)
θ

(3.72)

where (X, Y )θ is the interpolation space between Banach spaces X and Y that are

both embedded in a common vector space. For details on real interpolation (and the
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K-method), see [FHR19] for a brief introduction and Chapter 7 of [AF03] for a detailed

exposition.

Having defined the fractional bi-Laplacian, what remains is to interpolate, and the

final result is stated in the proposition below.

Proposition 3.4.4. For 0 < θ < 1
2
, D(Lθ

2) = H4θ
0 .

Proof.

D(Lθ
2) =

(
D(L0

2), D(L
1
2
2 )
)
2θ

= (L2, H2
0 )2θ

= H
(1−2θ)0+(2θ)2
0

= H4θ
0

(3.73)

The first equality is just Definition 3.4.3, with the observation that the interpolation

index is 2θ on the RHS since θ goes from 0 to 1
2

and the interpolation always goes from 0

to 1. The second equality follows from Definition 3.2.11 and Proposition 3.4.2.

The penultimate equality is from the result (see Corollaries 4.7 and 4.10 in [CWHM15])

that interpolation of Sobolev spaces (on a Lipschitz domain) is a closed operation, i.e.,

yields another Sobolev space.

At this stage, we have the domain of definition of the fractional bi-Laplacian.

We now return our attention to the bi-Stokes operator (S2), which involves the Leray
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projector acting on L2. Therefore, to begin with, we note that D(S2) = H4 ∩H2
0 ∩ L2

d,

where L2
d is the completion of smooth, divergence-free functions in the L2 norm.

Proposition 3.4.5. For 0 < θ < 1,

D(Sθ
2) = D(Lθ

2) ∩ L2
d (3.74)

In particular, D(Sθ
2) = H4θ

0 ∩ L2
d for 0 < θ < 1

2
.

Proof. Since the bi-Stokes operator is defined on L2
d, we have:

D(Sθ
2) =

(
L2
d, D(L2) ∩ L2

d

)
θ
=
(
L2 ∩ L2

d, D(L2) ∩ L2
d

)
θ

(3.75)

We would like to use the “intersection lemma” (Lemma 3.4) of [FHR19] in order

to commute the interpolation and intersection operations. To this end, we must construct

an operator T : L2 → L2
d such that T |L2

d
= Id (the identity), and T must also be bounded

from D(L2) to D(L2) ∩ L2
d.

First, consider the operator T̃ : D(L2) → D(S2) given by

T̃ := S−1
2 PL2

From (3.67), S−1
2 : L2

d 7→ D(S2) is bounded, and so we have
∥∥S−1

2 f
∥∥
H4 ≲ ∥f∥L2 .

Thus, for any f ∈ D(L2):
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∥∥∥T̃ f∥∥∥
D(S2)

≲
∥∥∥T̃ f∥∥∥

H4
=
∥∥S−1

2 PL2f
∥∥
H4 ≲ ∥PL2f∥L2 ≤ ∥L2f∥L2 ≲ ∥f∥D(L2)

This shows that T̃ is bounded from D(L2) to D(S2). Now, for g ∈ L2
d and f ∈

D(L2), since S2,L2 are self-adjoint and P is symmetric,

∣∣∣⟨g, T̃ f⟩∣∣∣ = ∣∣⟨g,S−1
2 PL2f⟩

∣∣ = ∣∣⟨S−1
2 g,PL2f⟩

∣∣ = ∣∣⟨S−1
2 g,L2f⟩

∣∣
=
∣∣⟨L2S

−1
2 g, f⟩

∣∣ ≤ ∥∥S−1
2 g
∥∥
H4∥f∥L2 ≲ ∥g∥L2∥f∥L2

⇒
∥∥∥T̃ f∥∥∥

L2
d

≲ ∥f∥L2

Since T̃ is linear and D(L2) is dense in L2, we can therefore extend T̃ to T : L2 7→

L2
d. This operator is also the identity on L2

d, since f ∈ L2
d can be expanded in terms of the

eigenfunctions of S2, and noting that f ∈ D(S2), we have PL2 = S2.

Using (3.75), the map T constructed above, and Lemma 3.4 of [FHR19], we arrive

at the required result.

Finally, we are ready to prove that the truncated initial velocity is also convergent.
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Theorem 3.4.6 (The projection PN is convergent). Let r ∈ [0, 2]. If u ∈ Hr
d,x, then

PNu
Hr

−−−→
N→∞

u, and
∥∥PNu

∥∥
Hr

d,x

≲ ∥u∥Hr
d,x

.

Proof. Let u ∈ Hr
d,x so that

u =
∞∑
k=1

⟨u, ak⟩ak

Then, using Proposition 3.4.5:

∥u∥2Hr
x
≡
∥∥(S2)

r
4u
∥∥2
L2
x
=

∞∑
k=1

α
r
2
k |⟨u, ak⟩|

2 <∞

Since the sum is finite, the sequence constituting the series must tend to zero. Thus,

∥∥PNu− u
∥∥2
Hr

x
=

∥∥∥∥∥
∞∑

k=N+1

⟨u, ak⟩ak

∥∥∥∥∥
2

Hr
x

≡
∞∑

k=N+1

α
r
2
k |⟨u, ak⟩|

2 −−−→
N→∞

0

Moreover,

∥∥PNu
∥∥2
Hr

x
≡
∥∥(S2)

r
4PNu

∥∥2
L2
x
≤
∥∥(S2)

r
4u
∥∥2
L2
x
≡ ∥u∥2Hr

x

Given the regularity of the initial conditions, we deduce the convergence of the

truncated initial conditions by applying Lemma 3.4.1 and Theorem 3.4.6.
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Corollary 3.4.7 (Truncated initial conditions are convergent). If ψ0 ∈ H
5
2
+δ

0 and u0 ∈

H
3
2
+δ

d , then ψN
0

H
5
2+δ

−−−→
N→∞

ψ0 and uN0
H

3
2+δ

−−−→
N→∞

u0.

3.4.2.2 The initial density

Given the initial density field ρ0 ∈ L2
x ⊂ L∞

x , we consider an approximating

sequence ρN0 ∈ C1
x, such that ρN0

L2

−−−→
N→∞

ρ, and m ≤ ρN0 ≤ M . (Recall that m ≤

ρ0 ≤ M .) This approximating sequence may be constructed as follows (see Figure 3.1).

For each N ∈ N, define Ω 1
N
= Ω ∪ {x /∈ Ω : dist(x, ∂Ω) < 1

N
}, so that Ω 1

N+1
⋐ Ω 1

N
for

all N . Now, extend ρ0 to ρ̃0 over Ω1.

Figure 3.1: Extending the domain to create room for the mollification of ρ0
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ρ̃0 :=


ρ0 x ∈ Ω

m x ∈ Ω1 \ Ω

(3.76)

Define a mollifier ζ : R3 7→ R+. It is a smooth, compactly supported (on the

unit ball), non-negative function with unit mass, i.e.,
∫
B1
ζ = 1. Here, Br is a ball of

radius r (centered at the origin). We will now scale this mollifier in a mass-invariant way:

ζ 1
N
(x) := N3ζ (Nx). This means that the support of ζ 1

N
is in B 1

N
. The approximating

sequence is obtained through convolution with the mollifier, and restriction to Ω, i.e.,

ρN0 =
(
ζ 1

N
∗ ρ̃0

)∣∣∣
Ω

(3.77)

The ρN0 are obviously smooth since convolution upgrades regularity. They are also

bounded as required, because ρ̃0 ∈ [m,M ] and the mollifier has unit mass. Since Ω ⋐ Ω1,

we have ρ̃0 ∈ Lp(Ω) = Lp
loc(Ω1) for p ∈ [1,∞), which implies (from Theorem 6 in

Appendix C of [Eva10]) that ρN0
Lp(Ω)−−−→
N→∞

ρ̃0. But, by construction, ρ̃0 = ρ0 in Ω; therefore,

ρN0
Lp(Ω)−−−→
N→∞

ρ0.
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3.4.3 Approximate equations

3.4.3.1 The continuity equation

Having described the (truncated) initial conditions and the semi-Galerkin scheme,

we will now establish the existence of solutions to the “approximate” equations, starting

with the continuity equation.

∂tρ
N + uN · ∇ρN = 2ΛRe(ψNBNψN)

ρN(0, x) = ρN0 (x)

(3.78)

where BN = −1
2
∆+ 1

2

∣∣uN ∣∣2 + iuN · ∇+ µ
∣∣ψN

∣∣2.

Just as in (3.18), we see that the constraint that fixes the local existence time TN for

(3.78) is:

2ΛT
1
2
N

∥∥ψN
∥∥
L∞
[0,TN ]

L∞
x

∥∥BNψN
∥∥
L2
[0,TN ]

L∞
x
≤ m− ε (3.79)

Recall that TN is also updated based on Definition 3.3.2, to accommodate the

Grönwall inrequality calculation in the a priori bounds. Now, using Lemma 3.2.14, the a

priori estimate for ψ in (3.51) and for Bψ in (3.61), and Lemma 3.4.1, we can choose a

local existence time that is independent of N .
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∥∥ψN
∥∥
L∞
[0,TN ]

L∞
x
≲
∥∥ψN

∥∥
L∞
[0,TN ]

H2
x

≲ 1 + ν
∥∥uN0 ∥∥H1

x
+
∥∥ψN

0

∥∥
H2

x

≲ 1 + ν∥u0∥H1
x
+ ∥ψ0∥H2

x

Similarly,

∥∥BNψN
∥∥
L2
[0,TN ]

L∞
x
≲
∥∥BNψN

∥∥
L2
[0,TN ]

H
3
2+δ
x

≲ Λ− 1
2

(
Q

1
2
TN

+ 1
)
ecQTN

∥∥ψN
0

∥∥
H

3
2+δ
x

≲ Λ− 1
2

(
Q

1
2
TN

+ 1
)
ecQTN ∥ψ0∥

H
3
2+δ
x

where QTN
is defined in (3.60). Thus, substituting these estimates into (3.79) gives:

2cΛ
1
2T

1
2
N

(
1 + ν∥u0∥H1

x
+ ∥ψ0∥H2

x

)(
Q

1
2
TN

+ 1
)
ecQTN ∥ψ0∥

H
3
2+δ
x

≤ m− ε (3.80)

It is sufficient to choose TN small enough to satisfy (3.80). Since no mention of
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the index N is made in the constraint in any of the initial conditions, it is clear that TN

can be chosen independent of N . Having arrived at the local existence time, we will

now establish the analogs of Lemmas 2.2 and 2.3 from [Kim87]. These constitute the

existence of solutions to (3.78) and a convergence result for the same, respectively.

Lemma 3.4.8. Let uN ∈ C0
[0,T ]C

1
Ω̄

and ψNBNψN ∈ L1
[0,T ]L

∞
x (uniformly in N ), with

uN(t, ∂Ω) = 0 and ∇ · uN(t, Ω̄) for t ∈ [0, T ]. Then, (3.78) has a unique solution

ρN ∈ C1
[0,T ]C

1
x.

Proof. To avoid having to deal with problems of derivatives at the boundary, let us extend

uN to wN ∈ C0
[0,T ]C

1
x, such that:

(i) wN = uN ∀ (t, x) ∈ ([0, T ]× Ω̄); in particular, wN = 0 on the boundary

(ii) wN is supported on an open set EN such that Ω ⋐ EN

Consider the evolution equation for the characteristics of the flow.

dxN

dt
= wN(t, xN(t))

xN(0) = yN ∈ Ω̄

(3.81)

Since wN ∈ C0
[0,T ]C

1
x, there exists a unique solution xN(t, yN) ∈ C1

[0,T̃ ]
C1

Ω̄
for

some 0 < T̃ ≤ T . Because wN = uN = 0 on ∂Ω, for any yN ∈ ∂Ω, we have

xN(t, yN) = yN ∈ ∂Ω. This implies that characteristics starting inside/on/outside the

boundary, remain inside/on/outside the boundary. Thus, by uniqueness of the solution,

T̃ = T and xN(t, yN) ∈ C1
[0,T ]C

1
Ω̄

for uN ∈ C0
[0,T ]C

1
Ω̄

.
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Owing to the incompressibility of the flow uN , it follows that det
(

∂xN
i

∂yNj

)
= 1,

allowing us to conclude that the characteristics are C1 diffeomorphisms and therefore,

invertible:

yN = S−1
t xN := yN(t, xN)

We will now define the solution to (3.78) along characteristics:

ρN(t, x) = ρN0
(
yN(t, x)

)
+ 2Λ

∫ t

0

Re
(
ψNBNψN

) (
τ, yN(t− τ, x)

)
dτ (3.82)

That (3.82) uniquely solves (3.78) can be easily checked using the following property

of the “inverse-characteristics” y(t, x). For any τ ∈ R,

∂

∂t
y(t, x) = lim

∆t→0

y(t− τ +∆t, x)− y(t− τ, x)

∆t

= lim
∆t→0

x(t+∆t, y)− x(t, y)

∆t
· y(t− τ +∆t, x)− y(t− τ, x)

x(t+∆t, y)− x(t, y)

= u(t, x) · ∂ty(t− τ, x)

∂tx(t, y)

= −u(t, x) · ∇xy(t− τ, x)
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The last equality is due to Euler’s chain rule (also known as the triple product rule).

Furthermore, by choosing an appropriately small existence time T (as before), we can

ensure that for m ≤ ρN0 ≤M , we have m ≤ ρN(t, Ω̄) ≤M for t ∈ [0, T ].

Now, we will consider a convergent sequence of velocities and wavefunctions that

belong to the finite-dimensional subspaces spanned by the truncated Galerkin scheme.

Given such a convergent sequence, we show that the sequence of density fields satisfying

(3.78) is also convergent, and this will be used to complete a contraction mapping argument

later on.

Lemma 3.4.9. For n ∈ N, let uNn ∈ C0
[0,T ]C

1
Ω̄

and ψN
n B

N
n ψ

N
n ∈ L1

[0,T ]L
∞
x (uniformly in

n), with uNn (t, ∂Ω) = 0 and ∇ · uNn (t, Ω̄) for t ∈ [0, T ]. Denote by ρNn ∈ C1
[0,T ]C

1
x the

unique solution to the system:

∂tρ
N
n + uNn · ∇ρNn = 2ΛRe(ψN

n B
N
n ψ

N
n )

ρNn (0, x) = ρN0 (x) ∈ C1
x

(3.83)

If uNn
C0

[0,T ]
C1

Ω̄−−−−−→
n→∞

uN and ψN
n

C0
[0,T ]

C3
Ω̄−−−−−→

n→∞
ψN , then ρNn

C0
[0,T ]

C0
Ω̄−−−−−→

n→∞
ρN , where ρN solves

(3.78).

Proof. First, let us define ΨN
n := 2ΛRe(ψ̄N

n B
N
n ψ

N
n ). Since uNn ∈ C0

t C
1
Ω̄

, there exists

a sequence of characteristics xNn (t, y) ∈ C1
t C

1
Ω̄

corresponding to the flow, i.e., solving

dxN
n

dt
= uNn (t, x

N
n ) with xNn (0, y) = y. The assumed convergence of uNn allows us to

conclude that xNn
C1

t C
1
Ω̄−−−→

n→∞
xN .
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Consider the map y 7→ xNn (t, y) and define its inverse yNn (t, x); this is just the

inverse of the characteristic, i.e., if the flow were reversed. Due to the flow being incompressible,

we know that the matrix ∂yNn
∂x

is invertible. Also, as shown in the proof of the previous

lemma, ∂
∂t
yNn = −uNn · ∇xy

N
n . This implies that the derivatives of yNn with respect to both

space and time are bounded uniformly in n, t and x. Thus, by the Arzela-Ascoli theorem,

we can extract a subsequence that converges uniformly: yNn
C0

t C
0
Ω̄−−−→

n→∞
yN . Just as before, we

can show that the solution to (3.83) is

ρNn (t, x) = ρN0
(
yNn (t, x)

)
+

∫ t

0

ΨN
n

(
τ, yNn (t− τ, x)

)
dτ (3.84)

Therefore,

ρNn (t, x)− ρN(t, x) = ρN0
(
yNn (t, x)

)
+

∫ t

0

ΨN
n

(
τ, yNn (t− τ, x)

)
dτ

− ρN0
(
yN(t, x)

)
−
∫ t

0

ΨN
(
τ, yN(t− τ, x)

)
dτ

which leads to
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∣∣ρNn − ρN
∣∣
C0

t,x
≤
∣∣ρN0 (yNn )− ρN0

(
yN
)∣∣

C0
t,x

+ T
∣∣ΨN

n

(
t, yNn

)
−ΨN

(
t, yN

)∣∣
C0

t,x

≤
∥∥∇ρN0 ∥∥L∞

x

∣∣yNn − yN
∣∣
C0

t,x

+ T
[∥∥∇ΨN

n

∥∥
L∞
t L∞

x

∣∣yNn − yN
∣∣
C0

t,x
+
∣∣ΨN

n −ΨN
∣∣
C0

t,x

]
−−−→
n→∞

0

Given the convergence of yNn derived above, and because ρN0 ∈ C1
x, the first term

on the RHS vanishes. The second and third terms vanish on account of the following

argument. Note that ΨN
n has its highest order term of the formψN

n ∆ψN
n (second derivative),

and so the assumed convergence of ψN
n in the C0

t C
3
x norm implies that ΨN

n converges in

C0
t C

1
x. This also guarantees that

∥∥∇ΨN
n

∥∥
L∞
t L∞

x
is finite, uniformly in n.

3.4.3.2 The Navier-Stokes equation

Suppose that the existence time has been chosen so that the density ρN ∈ C1
t,x is

bounded below. We will now consider an “approximate momentum equation”, composed

of the truncated wavefunction and velocity fields defined by (3.65) and (3.69), respectively.
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ρN∂tu
N+ρNuN ·∇uN+∇p̃N−ν∆uN = −2Λ Im

(
∇ψNBNψN

)
−2ΛuN Re

(
ψNBNψN

)
(3.85)

Recall that the incompressiblity condition is built-in, because the eigenfunction

basis used to construct the velocity fields are divergence-free. Now, taking the L2 inner

product of (3.85) with aj(x) for 1 ≤ j ≤ N , we arrive at a system of equations for the

coefficients describing the time-dependence of the truncated velocity fields.

N∑
k=1

RN
jk(t)

d

dt
cNk (t) = −ν

N∑
k=1

Djkc
N
k (t)−

N∑
k,l=1

NN
jkl(t)c

N
k (t)c

N
l (t)−2ΛSN

j [t, cN ] (3.86)

where

RN
jk(t) =

∫
Ω

ρNaj · ak

Djk =

∫
Ω

(∇aj) : (∇ak)

NN
jkl(t) =

∫
Ω

ρN (ak · ∇) al · aj

SN
j (t, cN) =

∫
Ω

aj ·
[
Im
(
∇ψNBN(cN)ψN

)
+ uN(cN) Re

(
ψNBN(cN)ψN

)]
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Since we have both lower and upper bounds on the density in the chosen interval

of time, we can use Lemma 2.5 in [Kim87] to show that the matrix RN(t) is invertible.

Therefore, we arrive at the desired evolution equation (written vectorially) for the coefficients

cNj (t).

d

dt
cN = −ν(RN)−1D · cN − (RN)−1

[
NN : cN ⊗ cN

]
− 2Λ(RN)−1SN(t, cN) (3.87)

3.4.3.3 The nonlinear Schrödinger equation

As in the previous section, we will derive an evolution equation for the coefficients

of the truncated wavefunction, by considering an “approximate NLS”.

∂tψ
N = − 1

2i
∆ψN − ΛBN

L ψ
N − (Λ + i)µ

∣∣ψN
∣∣2ψN (3.88)

Recall that BL = B − µ|ψ|2, i.e., the linear (in ψ) part of the coupling operator.

Performing an L2 inner product with bj(x):

d

dt
dNj (t) =

1

2i
β

1
5
j d

N
j (t)−Λ

N∑
k=1

LN
jk(t)d

N
k (t)− (Λ+ i)µ

N∑
k,l,m=1

Gjklkmd
N
k d

N
l d

N
m(t) (3.89)
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where

LN
jk(t) =

∫
Ω

bjB
N
L bk =

1

2

∫
Ω

∇bj · ∇bk +
1

2

∫
Ω

∣∣uN ∣∣2bjbk + i

∫
Ω

uN · ∇bk bj

Gjklm =

∫
Ω

bjbkblbm

Written vectorially, the evolution equation for the coefficients dNj (t) becomes:

d

dt
dN =

1

2i
BdN − Λ LN · dN − (Λ + i)µ G :: (dN ⊗ dN ⊗ dN) (3.90)

where Bij = β
1
5
i δij .

3.4.3.4 Fixed point argument for the coefficients

For a fixed N , we will now show that (3.87) and (3.90) have unique solutions that

are continuous in [0, T ]. For the remainder of this section, we will drop the superscript

N on the coefficients, for brevity. Furthermore, we will also use c (and respectively d) to

refer to a vector in RN (and respectively in CN ). We will not have any reason to call upon

the individual coefficients c1, c2, . . . cN (and respectively d1, d2, . . . dN ). The subscripts

used in this section will refer to the iterates used in the fixed point argument to construct

solutions to (3.87) and (3.90).

Let us start with initial vectors c0 ∈ Brc ⊂ RN and d0 ∈ Brd ⊂ CN , where we
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recall that Br is a ball of radius r centered at the origin. Now, we will define the iterative

mild solutions to (3.87) and (3.90) as follows. For n = 1, 2, 3 . . . ,

cn+1(t) = c0 +

∫ t

0

RHS[cn]dτ

dn+1(t) = d0 +

∫ t

0

RHS[dn]dτ

(3.91)

where RHS[cn] is the RHS of (3.87) for the iterate cn, and similarly for RHS[dn]. For

the inductive argument of the contraction mapping, let us assume that |cn(t)| ≤ sc and

|dn(t)| ≤ sd, for some positive real numbers sc, sd.

1. The self-map: From the polynomial structure of the nonlinearities on the RHS of

(3.91), it is easy to see that:

|cn+1| ≤ rc + kcTc
[
sc + s2c + (1 + sc)s

2
d

(
(1 + sc)

2 + s2d
)]

|dn+1| ≤ rd + kdTd
[
sd + (s2c + sc)sd + s3d

] (3.92)

where Tc and Td are the existence times for the iterative scheme, and kc, kd are

positive constants. We will first choose si large enough that ri ≤ 1
2
si, for i ∈ {c, d}.

Then, we will choose Tc, Td small enough so that the second terms on the RHS of

(3.92) satisfy kiTi[. . . ] ≤ ri, for i ∈ {c, d}. These choices ensure that starting from

cn ∈ Brc , we will end up at cn+1 ∈ Brc (and similarly for dn).
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2. The contraction: Beginning from (c0, d0), let there be two pairs of maps (cn, dn) 7→

(cn+1, dn+1) and (c′n, d
′
n) 7→ (c′n+1, d

′
n+1). This implies:

∣∣cn+1 − c′n+1

∣∣ ≤ kcTc|RHS[cn]−RHS[c′n]|∣∣dn+1 − d′n+1

∣∣ ≤ kdTd|RHS[dn]−RHS[d′n]|
(3.93)

Since the “RHS” terms are polynomials, one can easily make these contractions by

choosing Tc, Td sufficiently small. At this stage, these times are functions of the

size of the initial data rc, rd. Using a standard bootstrap argument, we can find a

maximal time14 and call it T .

Using the Banach fixed point theorem, we conclude that the sequences {cn(t), dn(t)}

converge to {c(t), d(t)} ∈ C[0, T ], respectively.

Remark 3.4.10. Recall that we dropped the superscript on the coefficients at the beginning

of Section 3.4.3.4. Restoring this, we realize that the limits of the above iteration are

actually cN(t) and dN(t), and each of them are N−dimensional vectors. In what follows,

we will continue to use subscripts to refer to the different iterates, and not the components

of the vector of coefficients. For instance, cNn will denote the n-th iterate of the vector cN .

For a pair (uNn , ψ
N
n ), equivalently (cNn , d

N
n ), using Lemma 3.4.8, we can find a

solution ρNn . Owing to the smoothness (in space) of the eigenfunctions used in the
14This is the same as the local existence time defined earlier, due to the a priori estimates. The latter

guarantee that as long as the density is bounded below, the energy of the system is bounded above, implying
that the coefficients of time dependence are bounded.
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truncated velocity and wavefunction, and the above fixed point argument, it is easy to

see that uNn
C0

t C
1
x−−−→

n→∞
uN and ψN

n

C0
t C

3
x−−−→

n→∞
ψN . Therefore, performing an iteration on the

triplet (cNn , d
N
n , ρ

N
n ) and using Lemma 3.4.9, we conclude that the sequence ρNn converges

to ρN ∈ C0
[0,T ]C

0
Ω̄

.

Remark 3.4.11. Note that by taking ρN0 ∈ Ck
x , we can get a solution ρN ∈ C0

t C
k
x

in Lemma 3.4.8. Similarly, in Lemma 3.4.9, with ρN0 ∈ Ck
x , we can easily show that

ρNn
C0

t C
k−1
x−−−−→

n→∞
ρN . The idea behind this is that uN , ψN have C∞ regularity in space, but

only C0 regularity in time.

3.4.4 Weak and strong convergences

3.4.4.1 Compactness arguments

Let us now extract convergent subsequences from the a priori bounds in (3.63).

1. Density: We know that ρN ∈ C0([0, T ];C0
x) ⊂ L∞(0, T ;L2

x). Also, from (3.78),

∥∥∂tρN∥∥L2
[0,T ]

H−1
x

≲
∥∥∇ · (uNρN)

∥∥
L2
[0,T ]

H−1
x

+
∥∥∥Re(ψNBNψN)

∥∥∥
L2
[0,T ]

H−1
x

≲
∥∥uNρN∥∥

L2
[0,T ]

L2
x
+
∥∥∥(ψNBNψN)

∥∥∥
L2
[0,T ]

L2
x

≤ T
1
2

∥∥∥√ρNuN
∥∥∥
L∞
[0,T ]

L2
x

∥∥∥√ρN
∥∥∥
L∞
[0,T ]

L∞
x

+
∥∥ψN

∥∥
L∞
[0,T ]

L∞
x

∥∥BNψN
∥∥
L2
[0,T ]

L2
x

(3.94)
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The second inequality is due to the (compact) embedding L2
x ⊂ H−1

x for bounded

domains. All the terms in the last line are (uniformly) finite by virtue of the a priori

bounds in (3.63). Therefore, using Lemma 3.2.15, we conclude the following strong

convergence15 of a subsequence:

ρN
C0

t H
0−
x−−−−→

N→∞
ρ (3.95)

Consider a (relabeled) subsequence ρN that strongly converges to ρ inC([0, T ];H−1
x ).

For a.e. s, t ∈ [0, T ] and any ω ∈ H1
0,x,

⟨ρN(t)− ρN(s), ω⟩H−1×H1
0
= ⟨
∫ t

s

∂tρ
Ndτ, ω⟩H−1×H1

0

≤
∫ t

s

∥∥∂tρN∥∥H−1
x
∥ω∥H1

x
≤ (t− s)

1
2

∥∥∂tρN∥∥L2
[0,T ]

H−1
x
∥ω∥H1

x

showing that ⟨ρN(t), ω⟩H−1×H1
0

is uniformly continuous in [0, T ], uniformly in N .

This, along with Lemma 3.2.17, allows us to conclude that ρN is relatively compact

in Cw([0, T ];L
2
x).

Now, we will extend the strong convergence of the approximate density fields to

include the strong L2 topology in space, i.e., we want to show that ρN (or an

15Refer to Section 3.1.1 for the notation used in the case of Sobolev spaces of the x-variable.
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appropriate subsequence) converges to ρ strongly in C([0, T ];L2
x). For this, we

will adapt a classical argument (see, for instance, Theorem 2.4 in [Lio96b]). First

of all, we will need to perform a mollification, so we will extend the density field

ρ, which is in L∞([0, T ] × Ω), to all of R3 by simply defining the density outside

Ω to be m. Observe that we can also extend the velocity u (and its first derivative)

and the wavefunction ψ (and its first three derivatives) to be identically zero outside

Ω. Combining this with the fact that characteristics starting inside/on/outside ∂Ω

remain inside/on/outside ∂Ω (see proof of Lemma 3.4.8) tells us that the density

outside the domain remains m at all times. Now, just as in Section 3.4.2.2, we

will define a sequence of mollifiers ζh(x) = 1
h3 ζ
(
x
h

)
, where h will eventually be

taken to 0. We are now ready to establish the well-known “renormalized solutions”

of the continuity equation. Consider a weak solution ρ of (CON), and mollify the

equation to obtain:

∂tρh + u · ∇ρh = Ψh + rh (3.96)

where gh = g ∗ ζh, Ψ = 2ΛRe(ψBψ), and rh = u · ∇ρh − (u · ∇ρ)h. We multiply

this by R′(ρh), for a C1 function R : R 7→ R. This yields:

∂tR(ρh) + u · ∇R(ρh) = R′(ρh)[Ψh + rh] (3.97)
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From Lemma 2.3 in [Lio96b] and the boundedness of R′ (uniform, since ρ only

takes values in a compact subset of R), we can see that R′(ρh)rh vanishes in

L2([0, T ];L2
x) as h→ 0. Similarly, using a test function σ, we can take a distributional

limit of the terms on the LHS (use properties of mollifiers − see Theorem 6,

Appendix C in [Eva10]). Lastly, as we will demonstrate shortly, ψ and Bψ have

enough regularity so that we may pass to the limit in (3.97). Thus, we have shown

that if ρ is a weak solution of the continuity equation, then R(ρ) solves (in a weak

sense)

∂tR(ρ) + u · ∇R(ρ) = R′(ρ)Ψ (3.98)

Taking the difference of (3.96) for two different parameters h1, h2 > 0, we then

multiply the resulting equation by (ρh1 − ρh2) and integrate over Ω to obtain:

d

dt

1

2
∥ρh1 − ρh2∥

2
L2
x
=

∫
Ω

(ρh1 − ρh2) [(Ψh1 −Ψh2) + (rh1 − rh2)]

≤ ∥ρh1 − ρh2∥L2
x

[
∥Ψh1 −Ψh2∥L2

x
+ ∥rh1 − rh2∥L2

x

]

which implies, by Grönwall’s inequality:
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sup
t∈[0,T ]

∥ρh1 − ρh2∥L2
x
≲ ∥ρ(0) ∗ ζh1 − ρ(0) ∗ ζh2∥L2

x
+T

1
2

[
∥Ψh1 −Ψh2∥L2

t,x
+ ∥rh1 − rh2∥L2

t,x

]

All of the terms on the RHS vanish as h1, h2 → 0, thus giving us a Cauchy sequence

in C([0, T ];L2
x). Hence, ρh converges to ρ in C([0, T ];L2

x). We have, so far,

proved that our “original approximations” of the continuity equation ρN converge in

Cw([0, T ];L
2
x) to ρ, and that the latter also belong to C([0, T ];L2

x). To achieve what

we set out to do, i.e., that ρN converges strongly in C([0, T ];L2
x) to ρ, it remains to

show convergence of the norms. Explicitly, if there is a sequence of times tN → t,

then we need ρN(tN) to converge in L2
x to ρ(t). Returning to (3.78), we look at its

renormalized version with R(x) = x2, and integrate over Ω (and then from 0 to tN )

to get:

∫
Ω

(ρN(tN))2 =

∫
Ω

(ρN0 )
2 + 2ΛRe

∫ tN

0

∫
Ω

ρNψNBNψN

Since we know that ρ ∈ C([0, T ];L2
x), we can do the same calculation with (CON),

except the time integral goes from 0 to t.

∫
Ω

(ρ(t))2 =

∫
Ω

(ρ0)
2 + 2ΛRe

∫ t

0

∫
Ω

ρψBψ
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We now subtract the last two equations, and take the limit N → ∞. Recall from

Section 3.4.2.2 that ρN0
L2
x−→ ρ0, to cancel the first terms on the RHS. What remains

is:

lim
N→∞

[∫
Ω

(ρN(tN))2 −
∫
Ω

(ρ(t))2
]
= 2ΛRe lim

N→∞

[∫ tN

0

∫
Ω

(ρN − ρ)ψNBNψN

+

∫ tN

0

∫
Ω

ρ
(
ψN − ψ

)
BNψN +

∫ tN

0

∫
Ω

ρψ
(
BNψN −Bψ

)
+

∫ tN

t

∫
Ω

ρψBψ

]

Thanks to the uniform boundedness of ψNBNψN in L1
[0,T ]H

3
2
+δ

x , we can use the

strong convergence of ρN to ρ in C([0, T ];H0−
x ) to handle the first term on the

RHS. The second and third terms follow from simple Hölder’s inequalities, once

we have established the strong convergence of the wavefunction and of Bψ, both

of which will be done later in this section. Finally, the last term is integrable on

[0, T ], so as tN → t, it vanishes. In summary,

ρN
C0

t L
2
x−−−→

N→∞
ρ (3.99)

Remark 3.4.12. In [Lio96b], the well-known renormalization procedure was used
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to show (for the continuity equation without the source term) that ρN converges

to ρ in C([0, T ];Lp
x) for 1 ≤ p < ∞. We have not pursued general Lp

x norms

here; only the case p = 2 is considered. In addition, the absence of a source term

in [Lio96b] meant it was sufficient to use R ∈ C(R). In our case, we require

R ∈ H1(R) ⊂ C(R).

2. Velocity: According to the a priori estimates, uN ∈ L∞
[0,T ]H

3
2
+δ

d,x ∩ L2
[0,T ]H

2
d,x and

∂tu
N ∈ L2

[0,T ]L
2
x ⊂ L2

[0,T ]H
0−
x . Thus, Lemma 3.2.15 implies

uN
L2
tH

2−
d,x−−−−−−→

C0
t H

3
2+δ−
d,x

u (3.100)

with the convergence being strong (possibly of a subsequence). Moreover, since

u ∈ L2
[0,T ]H

2−

d,x and ∂tu ∈ L2
[0,T ]L

2
x ⊂ L2

[0,T ]

(
H2−

0,x

)∗
⊂ L2

[0,T ]

(
H2−

d,x

)∗
, we can use

Lemma 3.2.16 to deduce that u ∈ C([0, T ];H
3
2
+δ

d,x ). Thus, the velocity attains its

initial condition in the strong sense.

3. Momentum: Based on the above results on the strong convergence of ρN and uN

(and in particular, the L∞
t L

∞
x bound on the latter), it is easy to see that ρNuN and

ρNuN ⊗ uN converge in C([0, T ];L2
x) to ρu and ρu⊗ u, respectively.

Remark 3.4.13. This is a good time to point out some interesting aspects of the

calculations performed in [Kim87]. Since they did not have a positive lower bound

on the density, there was no way to uniformly bound ∂tuN , i.e., a strongly convergent
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subsequence of uN could not be identified to manipulate the nonlinear (advective)

term. The workaround this was to first show ρNuN converged to ρu in distribution

(smooth test functions), and then use the uniform boundedness of ρNuN inL2(0, T ;L2
x)

to extract a subsequence that converged weakly to some g. From the uniqueness of

weak limits, it was argued that g = ρu. After this, a uniform bound on uN∂tρN

was derived, and combining this with one on ρN∂tuN , the quantity ∂t(ρNuN) was

uniformly bounded above (in an appropriate negative-order Sobolev space). Thus,

compactness easily follows, to extract a strongly convergent subsequence ρNuN →

ρu. This allowed to show a weakly convergent subsequence for the nonlinear term

ρNuN ⊗ uN . The important takeaway from this brief detour is that the lack of a

uniform bound on ∂tuN was the main issue in [Kim87]; the strong convergence

of the density in C([0, T ];L2
x) (even in the Lp

x norms) could have very well been

established given the framework of their proof.

4. Wavefunction: We have ψN ∈ L∞
[0,T ]H

5
2
+δ

0,x ∩ L2
[0,T ]H

7
2
+δ

0,x and ∂tψN ∈ L2
[0,T ]L

2
x ⊂

L2
[0,T ]H

0−
x . Thus, Lemma 3.2.15 implies

ψN
L2
tH

7
2+δ−

0,x−−−−−−→
C0

t H
5
2+δ−
x

ψ (3.101)

Just as in the case of the velocity, combiningψ ∈ L2
[0,T ]H

7
2
+δ−

0,x and ∂tψ ∈ L2
[0,T ]L

2
x ⊂

L2
[0,T ]

(
H

7
2
+δ−

0,x

)∗
, we can use Lemma 3.2.16 to getψ ∈ C([0, T ];H

5
2
+δ

0,x ). Therefore,

the wavefunction also attains its initial condition in the strong sense. Finally, using
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(3.100) and (3.101), we can also conclude that BNψN C0
t L

2
x−−−→ Bψ.

5. Initial conditions: By construction (Section 3.4.2.2), we have ρN0
L2
x−→ ρ0. Also,

Corollary 3.4.7 states that uN0 and ψN
0 converge to u0 and ψ0 in H

3
2
+δ

x and H
5
2
+δ

x ,

respectively. For the momentum, we have:

∥∥ρN0 uN0 − ρ0u0
∥∥
L2
x
≤
∥∥ρN0 − ρ0

∥∥
L2
x

∥∥uN0 ∥∥L∞
x
+ ∥ρ0∥L∞

x

∥∥uN0 − u0
∥∥
L2
x

(3.102)

Using the embedding H
3
2
+δ

x ⊂ L∞
x to handle the velocity norm in the first term of

the RHS, it is easy to see that the initial momentum converges in the L2
x norm.

6. Time derivatives: From (3.63) and (3.94), we know that ∂tψN , ∂tu
N ∈ L2

[0,T ]L
2
x ⊂

L2
[0,T ]H

−1
x , and ∂tρ

N ∈ L2
[0,T ]H

−1
x (all uniformly in N ). In other words, all the

fields are in H1
[0,T ]H

−1
x , and a weakly convergent subsequence can be extracted in

the same Hilbert space. Thus, the final convergent fields also belong to H1
[0,T ]H

−1
x ,

implying that they can be used as test functions, which is justified by interpreting

the integral over Ω as an inner product between functions from a Hilbert space and

its dual.
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3.4.4.2 Passing to the limit

We finally return to the weak solution of the Pitaevskii model, as defined in (3.3),

(3.4) and (3.5). First, observe that (3.86) is obtained by taking the L2
x inner product

of (3.85) with aj (eigenfunctions of the bi-Stokes operator), for each j ∈ {1, 2, . . . N}.

Therefore, we can multiply (3.86) by some ηuj ∈ C∞([0, T ]) and sum over j from 1 to

some N ′ ≤ N . Combining this with (3.78), and integrating over [0, T ]:

−
∫ T

0

∫
Ω

[
ρNuN · ∂t

(
N ′∑
j=1

ηuj aj

)
+ ρNuN ⊗ uN : ∇

(
N ′∑
j=1

ηuj aj

)

−ν∇uN : ∇

(
N ′∑
j=1

ηuj aj

)
− 2Λ

(
N ′∑
j=1

ηuj aj

)
· Im(∇ψNBNψN)

]
dx dt

=

∫
Ω

[
ρN0 u

N
0

(
N ′∑
j=1

ηuj (t = 0)aj

)
− ρN(T )uN(T )

(
N ′∑
j=1

ηuj (T )aj

)]
dx

(3.103)

A similar procedure with (3.88) and (3.78) yields

−
∫ T

0

∫
Ω

[
ψN∂t

(
N ′∑
j=1

ηwj bj

)
+

1

2i
∇ψN · ∇

(
N ′∑
j=1

ηwj bj

)

−Λ

(
N ′∑
j=1

ηwj bj

)
BNψN − iµ

(
N ′∑
j=1

ηwj bj

)∣∣ψN
∣∣2ψN

]
dx dt

=

∫
Ω

[
ψN
0

(
N ′∑
j=1

ηwj (t = 0)bj

)
− ψN(T )

(
N ′∑
j=1

ηwj (T )bj

)]
dx

(3.104)
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and

−
∫ T

0

∫
Ω

[
ρN∂t

(
N ′∑
j=1

ηdj vj

)
+ ρNuN · ∇

(
N ′∑
j=1

ηdj vj

)

+2Λ

(
N ′∑
j=1

ηdj vj

)
Re
(
ψNBNψN

)]
dx dt

=

∫
Ω

[
ρN0

(
N ′∑
j=1

ηdj (0)vj

)
− ρN(T )

(
N ′∑
j=1

ηdj (T )vj

)]
dx

(3.105)

where ηwj and ηdj also belong to C∞([0, T ]), except that the former takes complex values

and the latter, real values. The functions bj are the eigenfunctions of the penta-Laplacian,

used earlier for setting up the semi-Galerkin truncated wavefunction. Finally, the sequence

vj ∈ C∞(Ω).

The linear combinations just considered, like
∑N ′

j=1 η
u
j aj , fit the criteria of test

functions in Definition 3.2.1. Therefore, for a fixed N ′, with all the weak and strong

convergences in Section 3.4.4.1, we can pass to the limit N → ∞ in (3.103), (3.104)

and (3.105). This leads us back to (3.4), (3.3) and (3.5) respectively, with the caveat

that the test functions are still smooth in space and time. The test functions appearing

in Definition 3.2.1 had space-time regularities that were in Sobolev spaces, and can thus

they can be approximated by smooth functions (with the appropriate boundary conditions,

which explains the choice of the bases used in the semi-Galerkin truncation). Hence, we

can now pass to the limit N ′ → ∞ to obtain the required regularities of the test functions

and in turn, the weak solutions we seek.
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3.4.5 The energy equality

The smooth approximations to the weak solutions satisfy an energy equality, given

by (3.28) and (3.29).

(
1

2

∥∥∥√ρNuN
∥∥∥2
L2
x

+
1

2

∥∥∇ψN
∥∥2
L2
x
+
µ

2

∥∥ψN
∥∥4
L4
x

)
(t) + ν

∥∥∇uN∥∥2
L2
[0,t]

L2
x
+ 2Λ

∥∥BNψN
∥∥2
L2
[0,t]

L2
x

=
1

2

∥∥∥∥√ρN0 u
N
0

∥∥∥∥2
L2
x

+
1

2

∥∥∇ψN
0

∥∥2
L2
x
+
µ

2

∥∥ψN
0

∥∥4
L4
x

a.e. t ∈ [0, T ]

(3.106)

From our choice of the initial conditions and their approximations (see Section

3.4.2), we can ensure that as N → ∞, the RHS converges to the initial energy E0 defined

in (3.29). Indeed,

∣∣∣∣∣
∥∥∥∥√ρN0 u

N
0

∥∥∥∥2
L2
x

− ∥√ρ0u0∥2L2
x

∣∣∣∣∣ =
∣∣∣∣∫

Ω

ρN0
∣∣uN0 ∣∣2 − ρ0|u0|2

∣∣∣∣
≲
∥∥ρN0 − ρ0

∥∥
L2
x

∥∥uN0 ∥∥2L6
x
+ ∥ρ0∥L∞

x

∥∥uN0 + u0
∥∥
L2
x

∥∥uN0 − u0
∥∥
L2
x

−−−→
N→∞

0

(3.107)

Moreover, based on the results of Section 3.4.4.1, we can conclude that all the terms

on the LHS converge strongly to the corresponding terms with the approximate solutions

replaced by the weak solution. (The first term on the LHS can be dealt with the same way
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as the first term on the RHS in (3.107), by simply including a supt outside the absolute

values.)

This completes the proof of Theorem 3.2.3 - local existence of weak solutions and

the energy equality. We will now give a quick proof of Proposition 3.2.6.

3.5 Proof of Proposition 3.2.6

Using the approximate solutions, it is easy to see that the corresponding energy

equation in this case is given by:

1

2

∥∥∥√ρNuN
∥∥∥2
L2
x

(t) + ν
∥∥∇uN∥∥2

L2
[0,t]

L2
x
=

1

2

∥∥∥∥√ρN0 u
N
0

∥∥∥∥2
L2
x

a.e. t ∈ [0, T ] (3.108)

The bounds (uniform inN ) on the approximations, and their convergence properties

are as follows.

∥∥∥√ρN∂tu
N
∥∥∥
L2
[0,T ]

L2
x

,
∥∥uN∥∥

L∞
[0,T ]

H1
x
,
∥∥uN∥∥

L2
[0,T ]

H2
x
,
∥∥∂tρN∥∥L∞

[0,T ]
H−1

x
≤ C

1

N
≤ ρN(t, x) ≤M +

1

N
a.e. (t, x) ∈ (0, T × Ω)

ρN0
L2
x−→ ρ0 , uN0

L2
x−→ u0

(3.109)
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where the constant C depends on the initial conditions, the time T . As explained in

Remark 3.4.13, compactness arguments were used to extract some strongly convergent

subsequences (relabeled).

ρN
L2
tH

−1
x−−−−→ ρ

ρNuN
L2
tH

−1
x−−−−→ ρu

(3.110)

Given these estimates, the RHS of (3.108) can be shown to converge to 1
2

∥∥√ρ0u0∥∥2L2
x

in exactly the same way as (3.107). Due to the weak convergence of uN in L2(0, T ;H1
d,x),

and the lower semicontinuity of the norm, we have ∥∇u∥2L2
[0,t]

L2
x
≤ lim infN→∞

∥∥∇uN∥∥2
L2
[0,t]

L2
x
.

What remains is the first term on the LHS, and we will proceed as follows:

∫ T

0

∫
Ω

[
ρN
∣∣uN ∣∣2 − ρ|u|2

]
=

∫ T

0

∫
Ω

(ρNuN − ρu) · uN +

∫ T

0

∫
Ω

ρu · (uN − u)

≤ T
1
2

∥∥ρNuN − ρu
∥∥
L2
tH

−1
x

∥∥uN∥∥
L∞
t H1

x
+

∫ T

0

⟨uN − u, ρu⟩H1
0×H−1

(3.111)

The first term vanishes due to the strong convergence of ρNuN , while the second term goes

to zero due to the weak-* convergence of uN . Thus, we conclude that
∥∥∥√ρNuN

∥∥∥
L2
[0,T ]

L2
x

converges to
∥∥√ρu∥∥

L2
[0,T ]

L2
x
. Let us now define

fN(t) :=
∥∥∥√ρNuN

∥∥∥
L2
x

(t) , fN(t) := ∥√ρu∥L2
x
(t) (3.112)
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We have shown that
∥∥fN

∥∥
L2
t
→ ∥f∥L2

t
. From a calculation mirroring that in

(3.111), it is easy to see that fN D∗
t−⇀ f , i.e., for all Θ ∈ C∞

c [0, T ], limN→∞
∫ T

0
(fN −

f)Θ = 0. Furthermore, since the RHS of (3.108) converges strongly, it is bounded;

therefore,
∥∥fN

∥∥
L2
t

is also bounded16 uniformly in N . We can extract a subsequence

(relabeled) that is weakly convergent in L2(0, T ), i.e., fN L2
t−⇀ g, where g ∈ L2(0, T ).

Combining this with the convergence in distribution (D∗
t ) and the uniqueness of weak

limits, one deduces that indeed, g = f a.e. In summary, we have shown that fN converges

to f weakly in L2(0, T ), while
∥∥fN

∥∥
L2
t

converges to ∥f∥L2
t
. This implies the strong

convergence of fN to f in L2(0, T ), which in turn means that we can select a subsequence

that converges a.e. Consequently, we have shown that the energy inequality17 holds along

a subsequence, for a.e. t ∈ [0, T ].

16It should be mentioned here that T is finite, depending only on the initial data and size of the domain.
17It is worth noting that the obstacle to an energy equality in the work by Kim was the lack of strong

convergence of the dissipative term; yet again, this boils down to the fact that there is no uniform bound on
∂tu (since the density is not bounded below).
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Chapter 4: Uniqueness in a Navier-Stokes-nonlinear-Schrödinger model

of superfluidity

The work in this chapter has been accepted for publication in Nonlinearity. The

manuscript is available at [JT21b].

4.1 Introduction

We now deal with the problem of uniqueness of the local-in-time weak solutions

to the Pitaevskii model discussed in the previous chapter. Recall that the NLS is used to

describe the dynamics of the superfluid phase, while the NSE is employed to describe the

evolution of the normal Helium liquid.

We present a result that is analogous to weak-strong uniqueness, but for less regular

strong solutions (since our weak solutions are more regular than usual). Motivated by

the analytical results in Chapter 3, we investigate the issue of uniqueness in Section 4.4

presenting a new class of weak solutions with additional regularity properties. Weak

solutions usually lack the regularity that is needed to make them unique, a notable exception

being the incompressible NSE in 2D [LP59]. Two different solutions to this impediment

have been established in the literature. One is the conditional regularity theorems, where

the weak solutions are shown to be smooth as soon as they belong to a critical regularity
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class. There are many results in this direction, mostly devoted to the incompressible NSE

− see Caffarelli et al. [CKN82], Escauriaza et al. [ESŠ03], Prodi [Pro59], Serrin [Ser63],

or more recently, Neustupa et al. [NNP02, NP00]. In the case of the compressible NSE,

an analogous result was established in [FNS11].

The other approach, used in this work, is to show weak-strong uniqueness, i.e.,

that a strong solution is unique in the class of weak solutions (see [Wie17] for a survey,

including the case of the incompressible NSE). In the context of compressible fluids,

related results can be found in Feireisl, Novotný and collaborators [FNS11,FJN12,FN12],

and in Mellet and Vasseur [MV08]. Intermediate on the spectrum of complexity associated

with compressibility are the incompressible inhomogeneous fluids, which is the model

considered in this paper. There has been work done for weak-strong uniqueness in this

regard too [Ger08]. Similar methods have been used to obtain conditional uniqueness for

related systems, like fluid-solid interactions [CNM19,KNP20], fluid-particle interactions

[BT13], compressible magnetohydrodynamics [Yan13], and Euler-Korteweg-Poisson systems

[DFM15].

Our analysis is motivated by the pioneering work of Dafermos [Daf79] and DiPerna

[DiP79], the results of Germain [Ger11], the analysis of Mellet and Vasseur [MV08],

as well as the approach of Feireisl et al. [FNS11]. Usually, weak-strong uniqueness

theorems involve strong solutions that are very regular: bounded (in x) first-order space-

time derivatives. This is required so that the strong solution bears the brunt of the smoothness

requirements, allowing us to work with rather irregular weak solutions (for instance, those

satisfying a simple L2
x based energy estimate). A Gronwall’s argument is employed
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on the difference between the weak and strong solutions to conclude uniqueness (see

Conjecture 4.2.1 below), yielding that a weak solution agrees with a classical solution

starting from the same initial data when such a classical solution exists. We also refer the

reader to Section 2.5 in [Lio96b] where a related result is presented for incompressible

inhomogeneous fluids. It must be noted that the scheme, originally developed for weak

solutions of the Navier-Stokes equations (with regularity only at the level of the energy

bound, i.e., u ∈ L2
x), does not appear to work here because of added interactions with

the Schrödinger equation. We need to consider solutions with smoother velocity fields.

We will discuss this briefly in Section 4.3 below, after sketching the steps used in the

treatment of the momentum equation.

The weak solutions constructed in Chapter 3 to the Pitaevskii model required more

a priori estimates than just the energy, and this led to better-behaved solutions (albeit not

regular enough to prove uniqueness). We can, however, trade the increased regularity

of our weak solution for a less smooth strong solution. A weak-moderate uniqueness

theorem is presented in Section 4.4. Apart from the use of “moderate” solutions (which

belong to a lower regularity class), another feature is that the full regularity of the existence

result is not utilized. This means that this uniqueness result will continue to hold even if

weaker solutions (than in [JT22]) are shown to exist for the model in question.

4.1.1 Notation

The notation used is the same in Chapter 3 − see Section 3.1.1.
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4.1.2 Organization of the chapter

In Section 4.2, we summarize the existence results from the previous chapter, followed

by the statement of the main theorem. Section 4.3 is devoted to an explanation of how

the standard weak-strong uniqueness is difficult to establish for this model unless the

weak solutions are sufficiently regular (at which point weak-moderate uniqueness itself

applies). Finally, the main result concerning the moderate solutions is proved in Section

4.4, using the energy structure of the system.

4.2 Recap and main results

4.2.1 Summary of existence results

The “Pitaevskii model” is the same as in Section 3.2. The kind of weak solutions

we work with are described in Definition 3.2.1 and their existence is proven in Theorem

3.2.3. These weak solutions also satisfy several bounds/estimates, some of which are

listed below for convenience.

1. Superfluid mass bound:

∥ψ∥L2
x
(t) ≤ ∥ψ0∥L2

x
a.e. t ∈ [0, T ] (4.1)

2. Normal fluid density bound: Given our choice of T , we know that
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0 < ε < ρ(t, x) < M ′ :=M +m− ε , a.e. (t, x) ∈ [0, T ]× Ω (4.2)

3. Energy equation:

(
1

2
∥√ρu∥2L2

x
+

1

2
∥∇ψ∥2L2

x
+
µ

2
∥ψ∥4L4

x

)
(t) + ν∥∇u∥2L2

[0,t]
L2
x
+ 2Λ∥Bψ∥2L2

[0,t]
L2
x

=
1

2
∥√ρ0u0∥2L2

x
+

1

2
∥∇ψ0∥2L2

x
+
µ

2
∥ψ0∥4L4

x
=: E0 a.e. t ∈ [0, T ]

(4.3)

4. Higher-order energy estimate:

X(t) ≤ 2X0 a.e. t ∈ [0, T ] ,

∫ T

0

Y (τ)dτ ≤ 31X0

where X(t) = 1 + ∥∆ψ∥2L2
x
+ ν∥∇u∥2L2

x
, X0 = X(0)

Y = Λ∥∇(Bψ)∥2L2
x
+ ∥√ρ∂tu∥2L2

x
+
ν2

M ′∥∆u∥
2
L2
x

(4.4)
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5. Highest-order energy estimate:

∥ψ∥2
H

5
2+δ
x

(t) ≲ ∥ψ0∥2
H

5
2+δ
x

ecQT a.e. t ∈ [0, T ]

∥Bψ∥
L2
[0,T ]

H
3
2+δ
x

≲ Λ− 1
2 (Q

1
2
T + 1)ecQT ∥ψ0∥

H
5
2+δ
x

∥u∥2
H

3
2+δ
x

(t) ≲ ∥u0∥2
H

3
2+δ
x

+
1

ν

√
M ′

ε
X0

where QT = Λ
M ′

ν2
X0 +

(
Λ
M ′

ν2ε
+ γ

)
X2

0T + ΛE2
1T , E1 = ∥u0∥2

H
3
2+δ
x

+ ∥ψ0∥2
H

5
2+δ
x

(4.5)

6. Time-derivative bounds:

∥∂tψ∥L2
[0,T ]

L2
x
≲ ∥Bψ∥L2

[0,T ]
L2
x
+ T

1
2∥ψ∥L∞

[0,T ]
H2

x
+ µT

1
2∥ψ∥3L∞

[0,T ]
H1

x

∥∂tu∥L2
[0,T ]

L2
x
≲

1√
ε
X0

∥∂tρ∥L2
[0,T ]

H−1
x

≲ (TE0M
′)

1
2 +

(
Λ−1E0X0

) 1
2

(4.6)

4.2.2 Uniqueness results

Given that weak solutions exist, it is instructive to ask whether they are unique

and under what additional assumptions, if any. The main result of this article is a “weak-

moderate” uniqueness theorem. But first, we will discuss the more standard (and desirable)

weak-strong uniqueness statement, i.e., starting from the same initial conditions, if we

have a weak solution and a strong solution (in the precise sense described below), then

they are both identical almost everywhere.
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Conjecture 4.2.1 (Weak-strong uniqueness). Let (ψ, u, ρ) be a weak solution to the Pitaevskii

model, whose regularity is governed by (4.1)-(4.3), i.e.,

ψ ∈ C([0, T ];H1
0 (Ω)) ∩ L2(0, T ;H2

0 (Ω)) (4.7)

u ∈ L∞([0, T ];L2
d(Ω)) ∩ L2(0, T ;H1

d(Ω)) (4.8)

ρ ∈ L∞([0, T ]× Ω) ∩ C([0, T ];L2(Ω)) (4.9)

Suppose there exists a strong solution (ψ̃, ũ, ρ̃) starting from the same initial conditions

in H1
0 ×L2

d ×L∞ (such that both these solutions exist up to some time T ). Specifically, it

is sufficient that the strong solution has the following additional regularity in addition to

(4.7)-(4.9):

ρ̃ ∈ L2(0, T ;W 1,3(Ω)) , ũ ∈ L2(0, T ;W 1,∞(Ω))

∂tũ ∈ L2(0, T ;L∞(Ω))

(4.10)

Then, the solutions are identical a.e. in [0, T ]× Ω.

Remark 4.2.2. If we have weak solutions whose regularity is determined purely by the

energy equation, then it is tempting to assume that such solutions would be global in time.

Unfortunately, this is not the case, since we do not have a way of guaranteeing a positive

lower bound for the density, globally in time. At the moment, it is not clear at all how to

approach such a problem, due to the presence of the sign-indefinite term on the RHS of

146



(CON). This was also mentioned in Chapter 3, and is an interesting open question worth

exploring in the future.

Based on the regularity in (4.7), one can easily see that ∂tψ is already inL2(0, T ;L2(Ω)),

which is why no improvement is needed for the smoothness of ψ̃. In fact, the wavefunction

has enough regularity to be classified as a strong solution; it is the velocity and density that

make the solutions “weak”. While this conjecture works for the Navier-Stokes equations,

we run into a problem here: the coupling to the NLS. This gives rise to terms that cannot

be handled at the level of regularity of the weak solutions. To this end, we will outline

the main steps in the analysis of the momentum equation, to clarify exactly where the

difficulties arise.

Furthermore, in the above conjecture, we observe that ũ needs to have bounded (in

space) spatio-temporal derivatives. As much as this is not unusual to expect from strong

solutions, it is possible to trade this rather high regularity for slightly smoother weak

solutions. This is stated in the next theorem, and will be referred to as “weak-moderate

uniqueness” since the notion of strong solution is significantly relaxed.

Theorem 4.2.3 (Weak-moderate uniqueness). Let (ψ, u, ρ) be a weak solution to the

Pitaevskii model, with regularity governed by (4.1)-(4.4), i.e.,
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ψ ∈ C([0, T ];H2
0 (Ω)) ∩ L2(0, T ;H3

0 (Ω)) (4.11)

u ∈ C([0, T ];H1
d(Ω)) ∩ L2(0, T ;H2

d(Ω)) (4.12)

ρ ∈ L∞([0, T ]× Ω) ∩ C([0, T ];L2(Ω)) (4.13)

Suppose there exists a “moderate” solution (ψ̃, ũ, ρ̃) starting from the same initial

data (in H2
0 × H1

d × L∞), such that ρ̃ ∈ L2(0, T ;W 1,3(Ω)), ∂tũ ∈ L2(0, T ;L3(Ω))

in addition to the regularity in (4.11)-(4.13). Then, the solutions are identical a.e. in

[0, T ]× Ω.

It is to be noted that in the proof of Theorem 3.2.3, we already established that for

a weak solution, ∂tu ∈ L2(0, T ;L2) − evident from (4.2) and (4.4). So, as far as the

(time derivative of the) “moderate” velocity goes, we have only assumed a slight increase

in the spatial integrability, from L2 to L3 (as opposed to L∞ in weak-strong uniqueness).

Also noteworthy is the absence of any additional (over the weak solution) bound on the

spatial derivatives of ũ. The regularity of the “moderate” density remains unchanged from

Conjecture 4.2.1.

Remark 4.2.4. It is important to recognize that the regularity of the weak solutions in

Theorem 4.2.3 is lower than those in Theorem 3.2.3. As mentioned before, this allows

wiggle room for enhanced (less regular) existence results without compromising uniqueness.

Summarized below are some well-known properties of Sobolev and Lebesgue spaces
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(see [Tem77] and Chapter 5 of [Eva10]) that will be repeatedly utilized in the calculations

that follow. We will begin with a discussion on the difficulties of proving Conjecture 4.2.1

in the next section.

Lemma 4.2.5 (Sobolev embeddings). For Ω a smooth, bounded subset of R3,

1. H1(Ω) ⊂ L6(Ω)

2. Hs(Ω) ⊂ L∞(Ω) ∀ s > 3
2

; Hs(R) ⊂ L∞(R) ∀ s > 1
2

3. Hs(Ω) ⋐ Hs′(Ω) ∀ s, s′ ∈ R, s > s′

Lemma 4.2.6 (Inequalities and interpolations). For Ω a smooth, bounded subset of R3,

1. Poincaré’s inequality: ∥f∥Lp ≲ ∥∇f∥Lp ∀ 1 < p <∞, f ∈ W 1,p
0 (Ω) ⇒ ∥f∥W 1,p ≡

∥∇f∥Lp

2. Ladyzhenskaya’s inequality: ∥f∥L4 ≲ ∥f∥
1
4

L2∥∇f∥
3
4

L2 ∀ f ∈ H1
0 (Ω)

3. Agmon’s inequality: ∥f∥L∞ ≲ ∥f∥
1
2

H1∥f∥
1
2

H2 ∀ f ∈ H1
0 (Ω) ∩H2(Ω)

4. Lebesgue interpolation: ∥f∥L3 ≲ ∥f∥
1
2

L2∥f∥
1
2

L6 ∀ f ∈ L2 ∩ L6

4.3 Remark on weak-strong uniqueness (Conjecture 4.2.1)

In this section, we will investigate Conjecture 4.2.1, and our modus operandi is

motivated by the classical results of Section 2.5 in [Lio96b]. Our goal is to demonstrate

that the regularity in (4.7)-(4.9) is not sufficient to show a weak-strong uniqueness result,

even if the strong solutions are smooth.
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Consider the momentum equation. In what follows, Ψ = −2ΛuRe(ψBψ) and

Ψ′ = −2Λ Im(∇ψBψ). We begin from (3.4), setting Φ = ũ. This way, we can arrive at

an expression for
∫
x
ρu · ũ.

∫
Ω

ρu · ũ+ ν

∫
t,Ω

∇u : ∇ũ =

∫
Ω

ρ0|u0|2 +
∫
t,Ω

ρu · (∂tũ+ ũ · ∇ũ) +
∫
t,Ω

Ψ′ · ũ (4.14)

We write (NSE’) for the strong solution, and rearrange it to get:

ρ∂tũ+ρu ·∇ũ+∇p̃−ν∆ũ = Ψ̃+Ψ̃′+(ρ− ρ̃)∂tũ+(ρ− ρ̃)ũ ·∇ũ+ρ(u− ũ) ·∇ũ (4.15)

Multiplying (4.15) by u and integrating,

∫
t,Ω

ρu∂tũ+

∫
t,Ω

ρu⊗ u : ∇ũ+ ν

∫
t,Ω

∇u : ∇ũ =

∫
t,Ω

Ψ̃ · u+
∫
t,Ω

Ψ̃′ · u

+

∫
t,Ω

(ρ− ρ̃)u · (∂tũ+ ũ · ∇ũ) +
∫
t,Ω

ρ(u− ũ)⊗ u : ∇ũ
(4.16)

Adding (4.14) and (4.16),
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∫
Ω

ρu · ũ+ 2ν

∫
t,Ω

∇u : ∇ũ =

∫
Ω

ρ0|u0|2 +
∫
t,Ω

(ρ− ρ̃)u · (∂tũ+ ũ · ∇ũ)

+

∫
t,Ω

ρ(u− ũ)⊗ u : ∇ũ+
∫
t,Ω

[
Ψ′ · ũ+ Ψ̃ · u+ Ψ̃′ · u

] (4.17)

Next, we take the inner product of both (NSE) and (NSE’) with u, use incompressibility,

and add them, to arrive at the energy equation for the normal fluid alone.

d

dt

1

2
∥√ρu∥2L2

x
+ ν∥∇u∥2L2

x
= −2Λ

∫
Ω

u · Im(∇ψ̄Bψ)− Λ

∫
Ω

|u|2Re(ψ̄Bψ) (4.18)

This obviously holds as an a priori estimate, valid for the approximate fields (ψN , uN , ρN),

but given the regularity of the solution, we can easily pass to the limit to see that it is

accurate for the weak solutions too. From this equation, integrating on [0, t] for 0 ≤ t ≤

T , we can obtain an equation for
∫
Ω
ρu · u.

1

2

∫
Ω

ρ|u|2 + ν

∫
t,Ω

|∇u|2 = 1

2

∫
Ω

ρ0|u0|2 +
∫
t,Ω

[
1

2
Ψ · u+Ψ′ · u

]
(4.19)

Finally, multiply (4.15) by ũ and integrate over [0, t] × Ω. Since ũ is a strong

solution, 1
2
|ũ|2 can work as a test function. Therefore, we use (3.5) to simplify, and the
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resulting equation is:

1

2

∫
Ω

ρ|ũ|2 + ν

∫
t,Ω

|∇ũ|2 = 1

2

∫
Ω

ρ0|u0|2 +
∫
t,Ω

(ρ− ρ̃)ũ · (∂tũ+ ũ · ∇ũ)

+

∫
t,Ω

ρ(u− ũ)⊗ ũ : ∇ũ+
∫
t,Ω

[
Ψ̃ + Ψ̃′

]
· ũ+ ΛRe

∫
t,Ω

ψBψ|ũ|2
(4.20)

Add (4.19) and (4.20), and subtract (4.17). Then, differentiate the result with

respect to t.

d
dt

1
2

∥∥√ρ(u− ũ)
∥∥2
L2
x

+ ν∥∇(u− ũ)∥2L2
x


=−

∫
Ω

(ρ− ρ̃)(u− ũ) · (∂tũ+ ũ · ∇ũ)︸ ︷︷ ︸
I-1

−
∫
Ω

ρ(u− ũ)⊗ (u− ũ) : ∇ũ︸ ︷︷ ︸
I-2

− ΛRe

∫
Ω

(ψBψ − ψ̃B̃ψ̃)(|u|2 − |ũ|2)︸ ︷︷ ︸
I-3

−ΛRe

∫
Ω

ψ̃B̃ψ̃|u− ũ|2︸ ︷︷ ︸
I-4

− 2Λ Im

∫
Ω

(∇ψBψ −∇ψ̃B̃ψ̃) · (u− ũ)︸ ︷︷ ︸
I-5

(4.21)

Of course, the next step in this process is to reduce the above equation to a form

that is amenable to the Grönwall’s inequality, and this is usually achieved by employing
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Hölder’s and Young’s inequalities to extract quadratic terms of interest. Since the strong

solutions are sufficiently smooth, it is easy to see (see Section 2.5 in [Lio96b] for details)

that I-1 and I-2 can be handled in a straightforward manner, by extracting terms like

∥ρ− ρ̃∥2L2
x

and
∥∥√ρ(u− ũ)

∥∥2
L2
x
. In the usual Navier-Stokes setting, these are the only

terms. However, here we have additional coupling terms. While I-4 can be handled in

the same way as the previous ones, the other integrals pose problems. For instance, during

the analysis of I-5 , one would encounter a term of the form:

∫
Ω

Bψ (u− ũ) · ∇φ

where φ = ψ − ψ̃. Recall that based on our assumptions in Conjecture 4.2.1, we only

have ψ ∈ L∞
t H

1
x ∩ L2

tH
2
x, Bψ ∈ L2

t,x and u ∈ L∞
t L

2
x ∩ L2

tH
1
x. It is clear that no splitting

of Lebesgue indices (using Hölder’s inequality) will be satisfactory: Bψ has to be in L2
x,

which means the other two factors can be in something like L6
x and L3

x, say. Then, the one

in L6
x is extracted as a dissipative factor, and leaves Bψ and the other factor squared. We

can then use interpolation to replace the L3
x factor by L2

x and L6
x. Once again, we have

to extract out another dissipative factor, which results in ∥Bψ∥4L2
x
. Other combinations of

Lebesgue indices also lead to these kinds of dead-ends.

We run into a very similar wall with the corresponding term in I-3 . Mirroring the

above argument, since Bψ ∈ L2
x, the only option we are left with is to have each of the

remaining factors in L6
x. Extracting out a dissipative velocity contribution of the form

∥∇(u− ũ)∥2L2
x

yields:
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∫
Ω

Bψ (u+ ũ) · (u− ũ)φ ≲ ∥Bψ∥L2
x
∥u+ ũ∥L6

x
∥u− ũ∥L6

x
∥φ∥L6

x

≲ ∥Bψ∥2L2
x
∥u+ ũ∥2H1

x
∥∇φ∥2L2

x
+ ∥∇(u− ũ)∥2L2

x

Evidently, this too is inadequate, since when the Grönwall inequality is applied, the

time integral has to distribute over ∥Bψ∥2L2
x
∥u+ ũ∥2H1

x
, which is impossible due to the

regularity assumed.

In conclusion, we note that the standard weak-strong uniqueness proof will not

work here, even for strong solutions that are smooth. It appears that Conjecture 4.2.1 may

not hold true. This naturally leads us to consider slightly more regular weak solutions, as

is done in Theorem 4.2.3.

4.4 Weak-moderate uniqueness (Proof of Theorem 4.2.3)

We will use the difference between the weak and moderate solutions as the test

functions, so as to obtain a Grönwall-type estimate for the L∞
[0,T ]L

2
x norm (L∞

[0,T ]H
1
x for

the wavefunction) of the difference of two solutions. This is possible in the case of the

velocity and wavefunction simply because of their regularities. In the case of the density,

it is possible to achieve it by working with smooth approximations and passing to the

limit (recall that ρ ∈ C0
t L

2
x). Finally, observe that the increased spatial regularity of ρ̃

results in an increased temporal regularity too.
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∥∂tρ̃∥L2
[0,T ]

L2
x
≲ ∥ũ · ∇ρ̃∥L2

[0,T ]
L2
x
+
∥∥∥ψ̃B̃ψ̃∥∥∥

L2
[0,T ]

L2
x

≲ ∥ũ∥L∞
[0,T ]

L6
x
∥ρ̃∥L2

[0,T ]
W 1,3

x
+
∥∥∥ψ̃∥∥∥

L∞
[0,T ]

L∞
x

∥∥∥B̃ψ̃∥∥∥
L2
[0,T ]

L2
x

<∞
(4.22)

The basic idea of the proof is to subtract the governing equations for the weak

and moderate fields, and use the difference of the fields as the test functions itself, i.e.,

φ = ψ − ψ̃, Φ = u − ũ, and σ = ρ − ρ̃. In what follows, κ is a positive real number

used to extract out the dissipative terms ∥∇Φ∥2L2
x

and ∥D2φ∥2L2
x
, and it is small enough

that they may be absorbed into the dissipative terms on the LHS of the momentum and

Schrödinger equations, respectively.

4.4.1 The wavefunction equation

We will begin by acting with the gradient operator on (NLS) for each of the two

solutions ψ and ψ̃. Then, we will subtract the equations and integrate against ∇(ψ − ψ̃).

The real part of the resulting equation is given below. The analysis is similar to the

calculations in Section 3.3, in that we will be looking at the energy (H1
x norm) difference

between the two wavefunctions.

d

dt

1

2

∥∥∥∇(ψ − ψ̃)
∥∥∥2
L2
x

= −ΛRe

∫
Ω

∇(ψ−ψ̃)·∇(Bψ−B̃ψ̃)+µ Im
∫
Ω

∇(ψ−ψ̃)·∇
(
|ψ|2ψ −

∣∣∣ψ̃∣∣∣2ψ̃)
(4.23)
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Integrating by parts on the RHS, we get a Laplacian term in each of the integrals.

In the first integral, we observe that Bψ − B̃ψ̃ = −1
2
∆(ψ − ψ̃) + . . . , so that this gives

us a “dissipation” term along with other terms. In the second term of the RHS, we extract

the ∆(ψ − ψ̃) in L2
x, and absorb it into the aforementioned dissipation term.

−ΛRe

∫
Ω

∇φ · ∇(Bψ − B̃ψ̃) = ΛRe

∫
Ω

∆φ

[
−1

2
∆φ+

1

2
|u|2φ+

1

2
ψ̃(u+ ũ) · Φ + iΦ · ∇ψ

+ũ · ∇φ+ µ

(
|ψ|2φ+ ψ̃|φ|2 +

∣∣∣ψ̃∣∣∣2φ+ ψ̃2φ

)]
≲ −Λ

2

∥∥D2φ
∥∥2
L2
x
+
κ

2
Λ
∥∥D2φ

∥∥2
L2
x

+ κ−1Λ
∥∥∥|u|2φ+ ψ̃(u+ ũ) · Φ + iΦ · ∇ψ + ũ · ∇φ

+µ

(
|ψ|2φ+ ψ̃|φ|2 +

∣∣∣ψ̃∣∣∣2φ+ ψ̃2φ

)∥∥∥∥2
L2
x

The last term in (4.23) is also handled in a similar manner, and after absorbing the

“dissipation” term, we arrive at:
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d

dt
∥∇φ∥2L2

x
+
Λ

2

∥∥D2φ
∥∥2
L2
x
≲ κ−1Λ


∥∥|u|2φ∥∥2

L2
x︸ ︷︷ ︸

A-1

+
∥∥∥ψ̃(u+ ũ) · Φ

∥∥∥2
L2
x︸ ︷︷ ︸

A-2

+ ∥Φ · ∇ψ∥2L2
x︸ ︷︷ ︸

A-3

+ ∥ũ · ∇φ∥2L2
x︸ ︷︷ ︸

A-4

+µ2(1 + Λ−1)

∥∥∥∥|ψ|2φ+ ψ̃|φ|2 +
∣∣∣ψ̃∣∣∣2φ+ ψ̃2φ

∥∥∥∥2
L2
x︸ ︷︷ ︸

A-5 + A-6 + A-7 + A-8

+ κΛ
∥∥D2φ

∥∥2
L2
x

(4.24)

Now, we will look at each of the terms in (4.24).

(i)

A-1 ≲ Λ∥u∥4L6
x
∥φ∥2L6

x
≲ Λ∥u∥4H1

x
∥∇φ∥2L2

x

(ii)

A-2 ≲ κ−1Λ
∥∥∥ψ̃∥∥∥2

L∞
x

∥u+ ũ∥2L6
x
∥Φ∥2L3

x

≲ κ−3ν−1Λ2∥u+ ũ∥4H1
x

∥∥∥ψ̃∥∥∥4
H2

x

∥Φ∥2L2
x
+ κν∥∇Φ∥2L2

x

(iii)

A-3 ≲ κ−1Λ∥∇ψ∥2L6
x
∥Φ∥2L3

x

≲ κ−3ν−1Λ2∥ψ∥4H2
x
∥Φ∥2L2

x
+ κν∥∇Φ∥2L2

x
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(iv)

A-4 ≲ κ−1Λ∥ũ∥2L6
x
∥∇φ∥2L3

x

≲ κ−3Λ∥ũ∥4H1
x
∥∇φ∥2L2

x
+ κΛ

∥∥D2φ
∥∥2
L2
x

where we have used L3 interpolation. Note that the last term above, combined with

the last term on the RHS of (4.24), can be absorbed into the LHS of (4.24). This is

the “dissipation” term we seek to extract out whenever appropriate.

(v)

A-5 ≲ κ−1(1 + Λ)µ2∥ψ∥4L6
x
∥φ∥2L6

x

≲ κ−1(1 + Λ)µ2∥ψ∥4H1
x
∥∇φ∥2L2

x

(vi)

A-6 ≲ κ−1(1 + Λ)µ2
∥∥∥ψ̃∥∥∥2

L6
x

∥φ∥2L6
x
∥φ∥2L6

x

≲ κ−1(1 + Λ)µ2
∥∥∥ψ̃∥∥∥2

H1
x

(
∥ψ∥2H1

x
+
∥∥∥ψ̃∥∥∥2

H1
x

)
∥∇φ∥2L2

x
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(vii)

A-7 + A-8 ≲ κ−1(1 + Λ)µ2
∥∥∥ψ̃∥∥∥4

L6
x

∥φ∥2L6
x

≲ κ−1(1 + Λ)µ2
∥∥∥ψ̃∥∥∥4

H1
x

∥∇φ∥2L2
x

Combining these estimates into (4.24) gives us:

d

dt
∥∇φ∥2L2

x
+

Λ

2

∥∥D2φ
∥∥2
L2
x
≤ h1(t)

[
∥∇φ∥2L2

x
+ ∥Φ∥2L2

x

]
+ κν∥∇Φ∥2L2

x
+ κΛ

∥∥D2φ
∥∥2
L2
x

(4.25)

where h1 ∈ L1
[0,T ].

4.4.2 The momentum equation

The notion of the weak solution holds for all times 0 ≤ t ≤ T , where T is

the chosen local existence time. Considering (3.4) and (3.5) up to a time t ≤ T , and

differentiating with respect to t, we arrive at:

−
∫
Ω

[
ρu · ∂tΦ + ρu⊗ u : ∇Φ− ν∇u : ∇Φ− 2ΛΦ · Im(∇ψ̄Bψ)

]
= − d

dt

∫
Ω

ρ(t)u(t)·Φ(t)

(4.26)
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−
∫
Ω

[
ρ∂tσ + ρu · ∇σ + 2ΛσRe(ψ̄Bψ)

]
= − d

dt

∫
Ω

ρ(t)σ(t) (4.27)

Subtracting (4.26) written for u and ũ, we get:

−
∫
Ω

ρΦ · ∂tΦ−
∫
Ω

σũ · ∂tΦ−
∫
Ω

[ρΦ⊗ u+ ρũ⊗ Φ + σũ⊗ ũ] : ∇Φ + ν∥∇Φ∥2L2
x

+ 2Λ

∫
Ω

Φ · Im
(
∇ψBψ −∇ψ̃B̃ψ̃

)
= − d

dt

∫
Ω

ρ|Φ|2 − d

dt

∫
Ω

σũ · Φ
(4.28)

The first term on the LHS can be rewritten since we see that |Φ|2
2

satisfies the

requirements to be a test function for the density field in (4.27).

−
∫
Ω

ρΦ · ∂tΦ = −
∫
Ω

ρ∂t
|Φ|2

2
=

∫
Ω

ρu · ∇|Φ|2

2
+ ΛRe

∫
Ω

|Φ|2ψBψ − d

dt

∫
Ω

ρ
|Φ|2

2

Further simplification using Hölder’s and Young’s inequalities (to appropriately

absorb the dissipation ∥∇Φ∥2L2
x

from the RHS into the LHS) yields,
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d
dt

1
2

∥∥√ρΦ∥∥2
L2
x

+ ν
2
∥∇Φ∥2L2

x


≤1

ν

[
∥ρΦ⊗ u∥2L2

x
+ ∥ρũ⊗ Φ∥2L2

x
+ ∥σũ⊗ ũ∥2L2

x

]
︸ ︷︷ ︸

B-1 + B-2 + B-3

− 2Λ

∫
Ω

Φ · Im
(
∇φBψ +∇ψ̃Bφ+∇ψ̃(B − B̃)ψ̃

)
︸ ︷︷ ︸

B-4 + B-5 + B-6

−
∫
Ω

∂t(σũ) · Φ︸ ︷︷ ︸
B-7

−
∫
Ω

ρu · ∇|Φ|2

2︸ ︷︷ ︸
B-8

−Λ

∫
Ω

|Φ|2ReψBψ︸ ︷︷ ︸
B-9

(4.29)

Each of the terms on the RHS can be bounded from above as follows (using the

Hölder and Young inequalities, and the results listed in Lemmas 4.2.5 and 4.2.6).

(i)

B-1 ≲ ν−1∥ρ∥2L∞
x
∥u∥2L∞

x
∥Φ∥2L2

x
≲ ν−1∥ρ∥2L∞

x
∥u∥2H2

x
∥Φ∥2L2

x

(ii)

B-2 ≲ ν−1∥ρ∥2L∞
x
∥ũ∥2L∞

x
∥Φ∥2L2

x
≲ ν−1∥ρ∥2L∞

x
∥ũ∥2H2

x
∥Φ∥2L2

x
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(iii) Using Agmon’s inequality to bound the L∞ norm,

B-3 ≲ ν−1∥ũ∥4L∞
x
∥σ∥2L2

x
≲ ν−1∥ũ∥2H1

x
∥ũ∥2H2

x
∥σ∥2L2

x

(iv) We interpolate the L3 norm (Lemma 4.2.6):

B-4 ≲ Λ∥∇φ∥L6
x
∥Bψ∥L3

x
∥Φ∥L2

x

≲ κ−1Λ∥Bψ∥2L3
x
∥Φ∥2L2

x
+ κΛ

∥∥D2φ
∥∥2
L2
x

≲ κ−1Λ∥Bψ∥L2
x
∥Bψ∥H1

x
∥Φ∥2L2

x
+ κΛ

∥∥D2φ
∥∥2
L2
x

(v)

B-5 = Λ Im

∫
Ω

Φ · ∇ψ̃
(
−1

2
∆φ+

1

2
|u|2φ+ iu · ∇φ+ µ|ψ|2φ

)
= B-5.1 + B-5.2 + B-5.3 + B-5.4
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•

B-5.1 ≲ Λ∥Φ∥L3
x

∥∥∥∇ψ̃∥∥∥
L6
x

∥∆φ∥L2
x

≲ κ−1Λ
∥∥∥ψ̃∥∥∥2

H2
x

∥Φ∥2L3
x
+ κΛ∥∆φ∥2L2

x

≲ κ−3ν−1Λ
∥∥∥ψ̃∥∥∥4

H2
x

∥Φ∥2L2
x
+ κν∥∇Φ∥2L2

x
+ κΛ

∥∥D2φ
∥∥2
L2
x

•

B-5.2 ≲ Λ∥u∥2L6
x

∥∥∥∇ψ̃∥∥∥
L6
x

∥Φ∥L3
x
∥φ∥L6

x

≲ (κν)−1∥u∥4H1
x
∥Φ∥2L2

x
+ Λ2

∥∥∥ψ̃∥∥∥2
H2

x

∥φ∥2L2
x
+ κν∥∇Φ∥2L2

x

•

B-5.3 ≲ Λ∥u∥L6
x

∥∥∥∇ψ̃∥∥∥
L6
x

∥Φ∥L6
x
∥∇φ∥L2

x

≲ (κν)−1Λ2∥u∥2H1
x

∥∥∥ψ̃∥∥∥2
H2

x

∥∇φ∥2L2
x
+ κν∥∇Φ∥2L2

x
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•

B-5.4 ≲ Λ∥ψ∥2L∞
x

∥∥∥∇ψ̃∥∥∥
L6
x

∥Φ∥L3
x
∥φ∥L6

x

≲ (κν)−1
∥∥∥ψ̃∥∥∥4

H2
x

∥Φ∥2L2
x
+ Λ2∥ψ∥4H2

x
∥∇φ∥2L2

x
+ κν∥∇Φ∥2L2

x

(vi) First we expand B − B̃ as:

B − B̃ =
1

2

(
|u|2 − |ũ|2

)
+ i(u− ũ) · ∇+ µ

(
|ψ|2 −

∣∣∣ψ̃∣∣∣2)
=

1

2
(u+ ũ) · Φ + iΦ · ∇+ µ

(
|φ|2 + φψ̃ + φψ̃

)
(4.30)

Then,

B-6 =

∫
Ω

Φ · Im
[
∇ψ̃

{
1

2
(u+ ũ) · Φ + iΦ · ∇+ µ(|φ|2 + φψ̃ + φψ̃)ψ̃

}
ψ̃

]
≲
∥∥∥ψ̃∥∥∥

L∞
x

∥∥∥∇ψ̃∥∥∥
L6
x

∥u+ ũ∥L6
x
∥Φ∥2L3

x
+
∥∥∥∇ψ̃∥∥∥2

L6
x

∥Φ∥2L3
x
+
∥∥∥ψ̃∥∥∥3

L∞
x

∥∥∥∇ψ̃∥∥∥
L3
x

∥Φ∥L2
x
∥φ∥L6

x

+
∥∥∥ψ̃∥∥∥2

L∞
x

∥∥∥∇ψ̃∥∥∥
L6
x

∥Φ∥L2
x

(
∥ψ∥L6

x
+
∥∥∥ψ̃∥∥∥

L6
x

)
∥φ∥L6

x

≲ (κν)−1
∥∥∥ψ̃∥∥∥4

H2
x

(
1 + ∥u+ ũ∥2H1

x

)
∥Φ∥2L2

x
+
∥∥∥ψ̃∥∥∥2

H2
x

(
∥∇ψ∥2L2

x
+
∥∥∥∇ψ̃∥∥∥2

L2
x

)
∥∇φ∥2L2

x

+ κν∥∇Φ∥2L2
x
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(vii)

B-7 = −
∫
Ω

∂tũ · σΦ︸ ︷︷ ︸
B-7.1

−
∫
Ω

∂tσ(ũ · Φ)︸ ︷︷ ︸
B-7.2

•

B-7.1 ≲ ∥∂tũ∥L3
x
∥σ∥L2

x
∥Φ∥L6

x

≲ (κν)−1∥∂tũ∥2L3
x
∥σ∥2L2

x
+ κν∥∇Φ∥2L2

x

• By subtracting the continuity equations for ρ and ρ̃, we obtain

∂tσ + Φ · ∇ρ̃+ u · ∇σ = 2ΛRe
(
ψBψ − ψ̃B̃ψ̃

)

which allows us to rewrite B-7.2 as

B-7.2 =

∫
Ω

(ũ · Φ)
[
−Φ · ∇ρ̃− u · ∇σ + 2ΛRe

(
ψBψ − ψ̃B̃ψ̃

)]
︸ ︷︷ ︸

B-7.2.1 + B-7.2.2 + B-7.2.3

Each of these terms will now be estimated. For the first two terms, we will
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integrate by parts and interpolate the L3 norm:

B-7.2.1 =

∫
Ω

ρ̃Φ · ∇(Φ · ũ) =
∫
Ω

ρ̃Φ · (∇Φ) · ũ+
∫
Ω

ρ̃Φ⊗ Φ : ∇ũ)

≲ ∥ρ̃∥L∞
x
∥Φ∥L3

x
∥∇Φ∥L2

x
∥ũ∥L6

x
+ ∥ρ̃∥L∞

x
∥Φ∥L3

x
∥Φ∥L6

x
∥∇ũ∥L2

x

≲ (κν)−1∥ρ̃∥2L∞
x
∥ũ∥2H1

x
∥Φ∥2L3

x
+ κν∥∇Φ∥2L2

x

≲ (κν)−3∥ρ̃∥4L∞
x
∥ũ∥4H1

x
∥Φ∥2L2

x
+ κν∥∇Φ∥2L2

x

B-7.2.2 =

∫
Ω

σu · ∇(Φ · ũ) =
∫
Ω

σu · (∇Φ) · ũ+
∫
Ω

σu · (∇ũ) · Φ

≲ ∥u∥L∞
x
∥ũ∥L∞

x
∥σ∥L2

x
∥∇Φ∥L2

x
+ ∥u∥L6

x
∥∇ũ∥L6

x
∥σ∥L2

x
∥Φ∥L6

x

≲ (κν)−1
(
∥u∥2L∞

x
∥ũ∥2L∞

x
+ ∥u∥2H1

x
∥ũ∥2H2

x

)
∥σ∥2L2

x
+ κν∥∇Φ∥2L2

x

≲ (κν)−1
(
∥u∥H1

x
∥u∥H2

x
∥ũ∥H1

x
∥ũ∥H2

x
+ ∥u∥2H1

x
∥ũ∥2H2

x

)
∥σ∥2L2

x
+ κν∥∇Φ∥2L2

x

where we used Agmon’s inequality to bound the L∞ terms. Finally,

B-7.2.3 = 2Λ

∫
Ω

(ũ · Φ)Re
[
φB̃ψ̃ + ψB̃φ+ ψ(B − B̃)ψ

]
︸ ︷︷ ︸

B-7.2.3.1 + B-7.2.3.2 + B-7.2.3.3

(4.31)
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These are, in turn, estimated as follows.

B-7.2.3.1 ≲ Λ∥ũ∥L6
x
∥Φ∥L6

x
∥φ∥L6

x

∥∥∥B̃ψ̃∥∥∥
L2
x

≲ (κν)−1Λ2∥ũ∥2H1
x

∥∥∥B̃ψ̃∥∥∥2
L2
x

∥∇φ∥2L2
x
+ κν∥∇Φ∥2L2

x

The middle term requires to be broken down further, much like B-5 .

B-7.2.3.2 = ΛRe

∫
Ω

(ũ · Φ)ψ
[
−1

2
∆φ+

1

2
|ũ|2φ+ iũ · ∇φ+ µ

∣∣∣ψ̃∣∣∣2φ]︸ ︷︷ ︸
B-7.2.3.2.1 + B-7.2.3.2.2 + B-7.2.3.2.3 + B-7.2.3.2.4

Just as in B-5 , we extract a dissipative factor, and make use of interpolation.

B-7.2.3.2.1 ≲ Λ∥ũ∥L6
x
∥Φ∥L3

x
∥ψ∥L∞

x
∥∆φ∥L2

x

≲ κ−1Λ∥ũ∥2H1
x
∥ψ∥2H2

x
∥Φ∥L2

x
∥Φ∥L6

x
+ κΛ

∥∥D2φ
∥∥2
L2
x

≲ κ−3ν−1Λ2∥ũ∥4H1
x
∥ψ∥4H2

x
∥Φ∥2L2

x
+ κν∥∇Φ∥2L2

x
+ κΛ

∥∥D2φ
∥∥2
L2
x
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B-7.2.3.2.2 ≲ Λ∥ũ∥3L6
x
∥ψ∥L∞

x
∥φ∥L6

x
∥Φ∥L6

x

≲ (κν)−1Λ2∥ũ∥6H1
x
∥ψ∥2H2

x
∥∇φ∥2L2

x
+ κν∥∇Φ∥2L2

x

B-7.2.3.2.3 ≲ Λ∥ũ∥2L6
x
∥ψ∥L∞

x
∥∇φ∥L6

x
∥Φ∥L2

x

≲ κ−1Λ∥ũ∥4H1
x
∥ψ∥2H2

x
∥Φ∥2L2

x
+ κΛ

∥∥D2φ
∥∥2
L2
x

B-7.2.3.2.4 ≲ Λ∥ũ∥L6
x
∥ψ∥L6

x

∥∥∥ψ̃∥∥∥2
L∞
x

∥Φ∥L2
x
∥φ∥L6

x

≲ Λ∥ũ∥2H1
x
∥ψ∥2H1

x
∥Φ∥2L2

x
+ Λ

∥∥∥ψ̃∥∥∥4
H2

x

∥∇φ∥2L2
x

The final term in (4.31) is dealt with in a manner mirroring that of B-6 .
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B-7.2.3.3 = 2ΛRe

∫
Ω

ũ · Φψ
[
1

2
Φ · (u+ ũ)ψ + iΦ · ∇ψ + µ

(
2Re(ψ̃φ) + |φ|2

)
ψ

]
≲ Λ∥ũ∥L6

x

[
∥u+ ũ∥L6

x
∥ψ∥2L∞

x
+ ∥ψ∥L∞

x
∥∇ψ∥L6

x

]
∥Φ∥2L3

x

+ Λ∥ũ∥L6
x
∥ψ∥2L∞

x

[
µ
∥∥∥ψ̃∥∥∥

L6
x

+ µ∥φ∥L6
x

]
∥φ∥L6

x
∥Φ∥L2

x

≲ (κν)−1Λ2∥ũ∥2H1
x
∥ψ∥4H2

x

[
1 + ∥u+ ũ∥2H1

x
+ κν

]
∥Φ∥2L2

x

+ µ2

[∥∥∥ψ̃∥∥∥2
H1

x

+ ∥ψ∥2H1
x

]
∥∇φ∥2L2

x
+ κν∥∇Φ∥2L2

x

(viii) Using (4.22), and the vector identity ∇ |Φ|2
2

= Φ · ∇Φ− (∇× Φ)× Φ,

B-8 ≲ ∥ρ∥L∞
x
∥u∥L6

x
∥Φ∥L3

x
∥∇Φ∥L2

x

≲ (κν)−1∥ρ∥2L∞
x
∥u∥2H1

x
∥Φ∥2L3

x
+ κν∥∇Φ∥2L2

x

≲ (κν)−3∥ρ∥4L∞
x
∥u∥4H1

x
∥Φ∥2L2

x
+ κν∥∇Φ∥2L2

x

(ix)

B-9 ≲ ∥ψ∥L∞
x
∥Bψ∥L3

x
∥Φ∥L2

x
∥Φ∥L6

x

≲ (κν)−1∥ψ∥2H2
x
∥Bψ∥L2

x
∥Bψ∥H1

x
∥Φ∥2L2

x
+ κν∥∇Φ∥2L2

x
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Returning to (4.29), and using the ensuing estimates, we arrive at:

ε
d

dt
∥Φ∥2L2

x
+
ν

2
∥∇Φ∥2L2

x
≤ h2(t)

[
∥∇φ∥2L2

x
+ ∥Φ∥2L2

x
+ ∥σ∥2L2

x

]
+κν∥∇Φ∥2L2

x
+κΛ

∥∥D2φ
∥∥2
L2
x

(4.32)

where h2 ∈ L1
[0,T ]. Also, note that we have replaced the density in the first term of the

LHS by its minimum value.

4.4.3 The continuity equation

Finally, in the case of the continuity equation, we take the difference of (CON)

written for each of the solutions, multiply by ρ− ρ̃ and integrate over Ω.

d

dt

1

2
∥σ∥2L2

x
=

∫
Ω

ρ̃Φ · ∇σ︸ ︷︷ ︸
C-1

−2ΛRe

∫
Ω

σφBψ + σψ̃(B − B̃)ψ̃︸ ︷︷ ︸
C-2 + C-3

(4.33)

Remark 4.4.1. The above calculations can be rigorously justified by considering the

difference between the equations for ρN (the approximate densities in Section 3.4.3.1)

and ρ̃. Passing to the limit N → ∞ leaves us with the desired equation for σ = ρ − ρ̃,

since we know that ρ ∈ C(0, T ;L2
x).
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(i) Once again, recalling that we have assumed in Theorem 4.2.3 that ρ̃ ∈ L2
[0,T ]W

1,3
x .

Thus,

C-1 = −
∫
Ω

∇ρ̃·Φσ ≲ ∥∇ρ̃∥L3
x
∥Φ∥L6

x
∥σ∥L2

x
≲ (κν)−1∥∇ρ̃∥2L3

x
∥σ∥2L2

x
+κν∥∇Φ∥2L2

x

Observe that σ should always be considered in the L2
x norm while using Hölder’s,

since there is no dissipation term for the density.

(ii) For the second term, apart from the above, we also interpolate the L3
x norm between

the L2
x and L6

x norms.

C-2 ≲ Λ∥σ∥L2
x
∥φ∥L6

x
∥Bψ∥L3

x
≲ Λ2∥Bψ∥L2

x
∥∇Bψ∥L2

x
∥σ∥2L2

x
+ ∥∇φ∥2L2

x

(iii) Similar analysis on the third term yields
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C-3 ≲ Λ∥σ∥L2
x

∥∥∥ψ̃∥∥∥
L∞
x

∥∥∥(B − B̃)ψ̃
∥∥∥
L2
x

≲ Λ∥σ∥L2
x

∥∥∥ψ̃∥∥∥
H2

x

[∥∥∥ψ̃∥∥∥
L∞
x

∥u+ ũ∥L6
x
∥Φ∥L3

x
+
∥∥∥∇ψ̃∥∥∥

L6
x

∥Φ∥L3
x

+
∥∥∥ψ̃∥∥∥2

L6
x

∥φ∥L6
x
+
∥∥∥ψ̃∥∥∥

L∞
x

∥φ∥L3
x
∥φ∥L6

x

]
≲ Λ

[∥∥∥ψ̃∥∥∥4
H2

x

+
∥∥∥ψ̃∥∥∥2

H1
x

∥∥∥ψ̃∥∥∥2
H2

x

]
∥σ∥2L2

x
+ (κν)−1Λ

[
1 + ∥u+ ũ∥4H1

x

]
∥Φ∥2L2

x

+ Λ

[∥∥∥ψ̃∥∥∥2
H1

x

+ ∥ψ∥2H1
x

]
∥∇φ∥2L2

x
+ κν∥∇Φ∥2L2

x

In going to the last step, we tackle the ∥φ∥2L3
x

term using interpolation and the

Poincaré inequality as follows:

∥φ∥2L3
x
≲ ∥φ∥L2

x
∥φ∥L6

x
≲ ∥φ∥L2

x
∥φ∥H1

x
≲ ∥∇φ∥2L2

x
≲ ∥∇ψ∥2L2

x
+
∥∥∥∇ψ̃∥∥∥2

L2
x

Using the above estimates, we can simplify (4.33) to read:

d

dt
∥σ∥2L2

x
≤ h3(t)∥σ∥2L2

x
+ κν∥∇Φ∥2L2

x
(4.34)

where h3 ∈ L1
[0,T ].
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We now proceed to add (4.25), (4.32) and (4.34). By choosing κ sufficiently small,

we can ensure all the dissipation terms are absorbed by the LHS. What remains is:

d

dt

[
∥φ∥2L2

x
+ ∥Φ∥2L2

x
+ ∥σ∥2L2

x

]
≲ (h1 + h2 + h3) (t)

[
∥φ∥2L2

x
+ ∥Φ∥2L2

x
+ ∥σ∥2L2

x

]
(4.35)

Using Grönwall’s inequality, and the fact that ∥φ∥L2
x
= ∥Φ∥L2

x
= ∥σ∥L2

x
= 0 at

t = 0 completes the proof of Theorem 4.2.3.
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Chapter 5: Future directions

In the work comprising this thesis, we have considered PDE models describing

the combined interactions of normal Helium and superfluid Helium. We have addressed

questions relating to the existence, regularity, continuation (in time), and uniqueness of

appropriately defined solutions to these PDEs. In some sense, we have quantified how

well-behaved these models are: how smooth are the solutions, how long they exist etc.

Such results naturally lead to further inquiries, some of which may improve existing

theorems and some others that explore totally different directions. We will conclude by

listing a few that are both interesting and important.

5.1 The HVBK system

1. Ill-posedness of the inviscid: In numerical simulations of the HVBK system (or

even Euler equations for that matter), it is of critical importance to handle the

high frequencies of the flow. Otherwise, without small-scale dissipation, cascading

energy (enstrophy in 2D) will have nowhere to go and singularities will appear.

In the system of equations considered here, it was necessary to add an artificial

viscosity to obtain well-posedness. At first glance, the mutual friction may appear

structurally similar to the advection term u ·∇u (velocity multiplied by a derivative
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of velocity). But a crucial difference is that the latter can be written in a conservative

form, as ∇ · (u⊗ u), making it more symmetric in some sense. The mutual friction

lacks this luxury, and this is why the arguments used for the global well-posedness

of inviscid 2D Euler equation are not applicable here. This is cause to suspect

that the inviscid (even for just the superfluid) version of the HVBK system may be

ill-posed, i.e., there exist data for which the solution exits the relevant regularity

class instantaneously for any time t > 0. Ill-posedness for the conventional Euler

equation is a matter of very active interest, and some results already exist, in critical

Sobolev spaces [EJ17] and in L∞ [KŠ14].

2. Bent vortices and 3D: The HVBK system has been put to good use in numerically

simulating superfluid Taylor-Couette flow, and other scenarios where vortex lines

are parallel to each other. The reason for this is the difficulties stemming from

bent vortex filaments and the associated forces (see [Hol01] for a description of

the HVBK system in its entirety). These bending forces are expressed through

gradients of vorticity, and including these higher-order terms (like in the study

of a genuinely three-dimensional flow) could also lead to a finite-time blowup.

Undertaking a rigorous mathematical analysis of the full HVBK model in 3D would

be a Herculean task.

3. Stochastic HVBK: If one wishes to go beyond the deterministic, then another way

to study the nature of the interactions between the two fluids is to force one of

them (say, the normal fluid) by a stochastic force (perhaps smooth in space but

Brownian in time, to model random stirring), and seek invariant measures for the
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system. The (statistical) steady state that the system equilibrates to can be of

importance when comparing to experiments/numerical simulations and validating

models/parameters.

5.2 The Pitaevskii model

1. Global solutions: Is there any way to prove global existence of solutions? The

biggest hurdle here is the source term in the continuity equation, which we have

discussed in great detail in Chapter 3. What about special cases, like a radially

symmetric problem or small data?

2. Extra boundary conditions: Can we do away with the extra boundary conditions

imposed? This is also related to the previous question in some ways.

3. Allowing vacuum/extending to R3: The calculations were performed on a smooth

bounded domain in R3, and for a density that is bounded below by a positive limit.

It is worth looking into the case where vacuum (ρ = 0) is allowed, and this will

also allow us to consider the domain to be the whole space R3.

4. The full Pitaevskii model: Finally, is it worthwhile to study the Pitaevskii model in

full, without the incompressibility assumption used in the current work?
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Appendix A: Conditions on the vorticity field for finite kinetic energy in

2D incompressible fluids

It is well-known that an incompressible fluid in R2 with compactly supported vorticity

has finite kinetic energy if and only if the integral of the vorticity vanishes (see Prop. 3.3

in [MB02]). This is due to the slow decay of the Biot-Savart kernel in two dimensions.

∇× u = ω ⇒ −∆u = ∇× ω

∴ u(x) =
1

2π

∫
R2

(x− y)⊥

|x− y|2
ω(y) dy (A.1)

However, it turns out that a compactly supported vorticity is not the only way to

tackle this problem. In this appendix, we wish to replace this assumption with two weaker

conditions: finite enstrophy and finite L1 norm of the first moment of the vorticity.

Lemma A.0.1. For an incompressible fluid in 2D, let there be a vorticity field ω : R2 7→ R

such that
∫
R2 ω dx = 0, and ∥ω∥L2(R2) and

∫
R2|x||ω| dx are both finite. The associated

velocity field u : R2 7→ R2 is defined by (A.1). Then the kinetic energy of the fluid is finite,

i.e., ∥u∥L2(R2) <∞. In particular, ∥u∥L2(R2) < ∥ω∥
1
2

L2(R2)∥xω∥
1
2

L1(R2).

Proof : Writing (A.1) in Fourier space,
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û(k) =
ik⊥

|k|2
ω̂(k)

From Plancherel’s theorem, we have

∥u∥L2
x
≲ ∥û∥L2

k
≲

(∫
|ω̂(k)|2

|k|2
dk

) 1
2

We split the integral into one over low frequencies and another over high frequencies.

The (to-be-determined) cutoff is denoted K.

∥u∥L2
x
≲

(∫
|k|<K

|ω̂(k)|2

|k|2
dk

) 1
2

+

(∫
|k|≥K

|ω̂(k)|2

|k|2
dk

) 1
2

The high-frequency component is easily seen to be bounded by 1
K
∥ω∥L2

x
. The

vanishing integral of the vorticity translates to ω̂(0) = 0. Expanding in a Taylor series

about k = 0, for some 0 ≤ θ ≤ 1:

ω̂(k) = ω̂(0) +Dω̂(θk) · k ⇒ |ω̂(k)|≤ |Dω̂(θk)| |k|

Also,

Dω̂(k0) =

∫
ixω(x)eik0xdx⇒ ∥Dω̂∥L∞

k
≤ ∥xω∥L1

x

We can thus bound the low-frequency component by K∥xω∥L1 . This gives us:

∥u∥L2
x
≲ K∥xω∥L1

x
+

1

K
∥ω∥L2

x
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Selecting K = ∥xω∥−
1
2

L1
x
∥ω∥

1
2

L2
x

gives the required result.
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2004.

[BDV01] C. F. Barenghi, R. J. Donnelly, and W. F. Vinen. Quantized Vortex
Dynamics and Superfluid Turbulence. Springer-Verlag, Berlin Heidelberg,
first edition, 2001.

[BJ88] C F Barenghi and C A Jones. The stability of the Couette flow of helium
II. J. Fluid Mech, 197:551–569, 1988.

[BKM84] J T Beale, T Kato, and A * Majda. Remarks on the Breakdown of Smooth
Solutions for the 3-D Euler Equations. Commun. Math. Phys., 94:61–66,
1984.

[BLR14] Carlo F Barenghi, Victor S L’vov, and Philippe-E. Roche. Experimental,
numerical, and analytical velocity spectra in turbulent quantum fluid.
Proceedings of the National Academy of Sciences, 111(Supplement
1):4683, 3 2014.

[BLS06] Gregory P Bewley, Daniel P Lathrop, and Katepalli R. Sreenivasan.
Visualisation of quantised vortices. Nature, 441(7093):588, 2006.
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[CMS08] Rémi Carles, Peter A. Markowich, and Christof Sparber. On the Gross-
Pitaevskii equation for trapped dipolar quantum gases. Nonlinearity,
21(11):2569–2590, 11 2008.
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solutions to the Navier-Stokes equations of compressible viscous fluids.
Indiana University Mathematics Journal, 60(2):611–632, 2011.

[Ger08] Pierre Germain. Strong solutions and weak-strong uniqueness for the
nonhomogeneous Navier-Stokes system. Journal d’Analyse Mathematique,
105(1):169–196, 1 2008.

[Ger11] Pierre Germain. Weak–strong uniqueness for the isentropic compressible
Navier–Stokes system. Journal of Mathematical Fluid Mechanics, 13:137–
146, 2011.

[GGS10] Filippo Gazzola, Hans-Christoph Grunau, and Guido Sweers.
Polyharmonic Boundary Value Problems: A monograph on positivity
preserving and nonlinear higher order elliptic equations in bounded
domains. Springer Berlin Heidelberg, 2010.

[GS76] V L Ginzburg and A A Sobaynin. Superfluidity of helium II near the lambda
point. Sov. Phys. Usp., 19(10), 1976.

[GS11] Jean-Luc Guermond and Abner Salgado. A note on the Stokes operator and
its powers. Journal of Applied Mathematics and Computing, 36:241–250,
2011.

[HB04] Karen L. Henderson and Carlo F. Barenghi. Superfluid Couette flow in
an enclosed annulus. Theoretical and Computational Fluid Dynamics,
18:183–196, 11 2004.

[HL94] Harumi Hattori and Dening Li. Solutions for two-dimensional system for
materials of Korteweg type. SIAM J. Math. Anal., 25(1):85–98, 1994.

183



[HL96] Hattori, Harumi and Li, Dening. Global solutions of a high-dimensional
system for Korteweg materials. Journal of Mathematical Analysis and
Applications, 198:84–97, 1996.

[Hol01] Darryl D Holm. Introduction to HVBK Dynamics. In C F Barenghi,
R J Donnelly, and W F Vinen, editors, Quantized Vortex Dynamics and
Superfluid Turbulence, pages 114–130. Springer Berlin Heidelberg, Berlin,
Heidelberg, 2001.
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[NNP02] Jiřı́ Neustupa, Antonı́n Novotný, and Patrick Penel. An interior regularity
of a weak solution to the Navier-Stokes equations in dependence on one
component of velocity. In Topics in mathematical fluid mechanics (in:
Quad. Mat.), volume 10, pages 163–183. Dept. Math., Seconda Univ.
Napoli, Caserta, 2002.
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