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L’ homme n’est rien, I’ceuvre tout.

- GustaveFlawbert Anonyme

A philosopher and a physicist are arguing at a Thanksgiving dinner about which
interpretation of quantum mechanics is correct. A topologist is asked to decide who is

right. She shrugs and says: “Potato, mashed potato.”
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Chapter 1: Introduction

Superfluidity is a quantum mechanical phenomenon that is not as well-understood
as it is well-known. Most substances upon isobaric cooling transition from a gas to liquid,
before eventually turning into a solid phase (or in some cases, a variety of them). Helium
is an exception (see Figure 1.1) — at pressures below 25 bars, liquid Helium-4 transforms
into a superfluid phase when cooled across the lambda line (approximately 2.17 Kelvin)'.
As the temperature drops, the amount of helium in the superfluid phase increases and that
in the normal fluid phase decreases, until eventually at OK, we get a pure superfluid phase
(see Figure 1.2) . Since its experimental discovery [ , ] over 80 years ago,
this phenomenon has evolved into an important sub-field of condensed matter physics
research. Despite serious and persistent efforts over several decades by some of the most
renowned theoretical physicists, we do not have a unique theory that explains reasonably

well all of the observed properties.

"Helium-3 also displays a superfluid phase, albeit at a significantly lower temperature (~2 milliKelvin)
due to its fermionic nature. Most experimental research has focused on Helium-4.
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Figure 1.1: Pressure-temperature diagram of He-4. “Liquid II” is the superfluid phase.

Adapted from [ ].
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Figure 1.2: Conversion between the normal and superfluid phases with changing
temperature. p = p, + ps is the sum of the normal and superfluid densities. Adapted

from [ ].

The most striking features of superfluid He-4 are the absence of viscosity and the
tendency to flow against a thermal gradient, which can be observed in quite dramatic
experiments of “anti-gravity film flows” and the “fountain effect” respectively [ ,

]. Andronikashvili’s experiment [ ] (attenuated damping of rotating discs as
the surrounding He-4 was cooled) showed evidence of the presence of two fluids, giving
credence to Landau’s two-fluid model [ ]. The success of the two-fluid model led
to a search for microscopic theories, based on quantum mechanics; these efforts were
spearheaded by Onsager, Feynman, Tisza and London, among others. Onsager [ ]
and Feynman [ ] proposed that the excitations described by Landau are manifested
as vortex lines (with quantized circulation) in the superfluid, and this was experimentally

confirmed by Bewley et. al. [ ] in 2006. As far as a theoretical explanation of



superfluidity goes, there are several pieces to the puzzle that work in limited ranges
of validity; however, a single universal theory that explains everything to reasonable
satisfaction continues to elude us. The most well-known models currently in use may
be classified in many ways [ ], the one on the basis of length scales being of interest

in this thesis.

One of the first theories was by Frohlich (in 1937), proposing a model of order-
disorder transition where a fraction of the helium atoms are trapped in a lattice that
denotes the ground state, while the remaining atoms are in an excited state. In 1938,
London [ ] modified this theory by suggesting that the ground state could actually
be a degenerate Bose gas. Shortly thereafter, Tisza [ ] worked on the details of
London’s model, suggesting modifications to match with experimental data. In 1941,
Landau [ ] presented his famous two-fluid model, which would later earn him the
Nobel Prize. This was a semi-classical model in which he considered the superfluid
to be described by a classical velocity field, and the normal fluid to be the excitations
(phonons and rotons) of this underlying superfluid field. The phonons were the excitations
corresponding to linear modes (quantized sound waves), while the rotons were those of
rotational modes that were identified with a local minimum in the energy-momentum
diagram. He emphasized that the two fluids cannot really be compared to a (classical)
multiphase flow where each point in spacetime can be uniquely identified with a given
phase. There are no phase boundaries and no interfaces, and it is not a mixture in the
conventional sense. It is simply the case that some of the atoms are in a different phase,

but both fluids occupy the entire domain. Landau’s model made experimentally testable



and qualitatively accurate predictions, particularly with regards to the critical velocity —
when the superfluid is moving below the critical velocity, it is dissipation-free; if it moves
faster, then it has enough energy to excite some phonons and rotons, which can dissipate
energy via interactions with the walls of the container.

These works, along with the identification of the superfluid phase with a BEC,
led to the increasing use of the Gross-Pitaevskii equation (GPE), a nonlinear dispersive
PDE. The wavefunction that solves this equation is an order parameter which vanishes at
superfluid vortices® (also known as “topological defects”) [ ]. The main limitations
[ ] of the GPE are that it is valid only for low-energy scattering of the condensate
particles, and also only at absolute zero. The low-energy limit leads to a local potential
(Dirac delta), and must therefore be replaced with more general, non-local potentials to
describe the bosonic interaction dynamics at higher energies. At 7" = 0K, the helium
is completely condensed into the ground state and is composed only of the inviscid
superfluid phase. As previously mentioned, this phase has no viscosity, and at sufficiently
low velocities, no excitations either. The nonlinear Schrodinger equation (NLS), as the
GPE is known in mathematics literature, has been studied extensively by mathematicians
for well-posedness [ ] and scattering (see [ , ] and references therein)
results over the last few decades. However, as the system is heated to non-zero temperatures,
the presence of (and interactions between) the two fluids must be accounted for. This
has led to the emergence of various models [ , ], each of which work well

at certain characteristic length scales (micro-, meso- and macro-scales). The basic idea

’The existence of these vortices was predicted by Onsager [ ] and Feynman [ ] in the mid-
50’s, and were directly observed in 2006 [ ] by pinning tracer particles to the vortices to visualise
them.



underlying all these models is that an interaction between the two fluids would cause
momentum and energy to flow between them, and the normal fluid would continuously

dissipate energy through viscosity. More on these models will be discussed in Chapter 2.

While these interaction models have been proposed and studied in the physics
literature (using numerical simulations and asymptotic/limiting cases), they have not been
put through rigorous mathematical investigation so far. This is what we accomplish in this
thesis (Chapters 2, 3 and 4), beginning with strong solutions for a macro-scale model and

subsequently analyzing weak solutions for a micro-scale model.

1.1 Outline of Thesis

In Chapter 2, we will present rigorous analysis to show global well-posedness
of strong solutions to the 2D HVBK system (a macro-scale model of superfluidity).
Following this, we will consider a micro-scale model derived by Pitaevskii, which couples
the nonlinear Schrédinger equation and the Navier-Stokes equations in 3D. We will construct
local-in-time solutions to this model in Chapter 3, and the issue of their uniqueness
is tackled in Chapter 4. Finally, in Chapter 5, we conclude with some future research

directions that arise from this work.



Chapter 2:  Global regularity of the 2D HVBK equations

The contents of this chapter have been published in [ ]

2.1 Introduction

In this chapter, we will explore the global well-posedness of a macro-scale model
of superfluidity known as the HVBK equations. We will consider the system in 2D and
ignore thermal and compressible effects. Continuing from Chapter 1, and following the
treatment in [ ], we will now classify models of superfluidity based on the length

scales (see Figure 2.1).

Micro-scale models: Micro-scale models describe the system at a quantum level (length
scales < inter-vortex distance), and are essentially modifications of the NLS. One way
is to simply ignore the normal fluid altogether and represent its dissipative effect on the
superfluid by imposing a high-frequency cutoff [ ], or adding nonlinear damping
terms [ ], or fractional diffusion operators [ , ]. Another approach is to
assume a given velocity fluid for the normal fluid and include its effect on the superfluid in
the form of a material transport term (material derivative) of the density of the superfluid

[ ]. Finally, in this hierarchy of models, the most sophisticated may be one by



Pitaevskii [ ] (and a modified version proposed by Khalatnikov [ ]), in which
a set of equations coupling (bi-directionally) the superfluid and the normal fluid were

derived from first principles.
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Figure 2.1: Classification of models of superfluidity according to length scales. Here, D
is the integral length scale, [ is the mean inter-vortex spacing and £(~ 1071%m) is the

radius of the vortex core.

Meso-scale models: At non-zero temperatures, the superfluid contains some excitations
(vortices) that can interact with the normal fluid. To describe the dynamics at length
scales comparable to the inter-vortex spacing, Schwarz [ , , ] utilized a
vortex model where he treated the superfluid to be incompressible and irrotational, except
at the vortices. Each vortex is subject to a drag force from the superfluid velocity field

(of the remaining vortices) and the normal fluid velocity field. Apart from this, numerical

simulations of the system are designed to include vortex reconnections, predicted to occur



in superfluids by Feynman [ ]. Vortex reconnection also plays an important role in
quantum turbulence [ , , ], since reconnection leads to the formation of
Kelvin waves along the vortices, which interact nonlinearly with each other resulting in

dissipation through phonon emission.

Macro-scale models: 'When the length scales of interest are much larger than the inter-
vortex spacing, the superfluid can be modeled like a classical inviscid fluid. This prompted
an effort to express the manifestation of quantum effects on large scales, discarding
the discreteness of the vortex filaments for a continuum viewpoint, thus giving way to
the Hall-Vinen-Bekharevich-Khalatnikov (HVBK) model [ ]. In this model, the
viscous normal fluid is described using the Navier-Stokes equations, while the inviscid
superfluid is represented by the Euler equations. This model is known to work well in
situations when the vortex filaments are more or less aligned with each other, and is thus
used to study superfluid Couette flow in rotationally symmetric domains [ , ,

]. In this chapter, we prove the global regularity of strong solutions to the HVBK

equations in two dimensions.

Although the original HVBK model treated the superfluid as inviscid, this leads to
significant difficulties during numerical simulations since there would not be small-scale
dissipation, forcing one to resolve extremely high frequencies. There have been multiple
ways reported in the literature to get around this: suppressing high-frequencies in the
superfluid velocity [ , ], using subgrid models [ ] similar to the ones

from Large Eddy Simulation (LES), and adding an artificial superfluid viscosity [ ].



In this work, we follow the last method, i.e., by treating the superfluid as viscous. We will

now state and describe the model in consideration.

2.1.1 Notation

We use the subscript = on a Banach space to denote the Banach space is defined over
R2. For instance, L stands for Lebesgue space LP(R?), and similarly for the Sobolev
spaces H!"'. In the same way, spaces over time are denoted with a subscript ¢, like in
L?. Here, the time interval is understood from context, and will be explicitly specified
otherwise. We also use subscripts on integrals to denote the variable being integrated; for

example, [ would stand for [, [, for fOT and so on.

Since we are in 2D, the curl operator (acting on a 2D field) is often replaced by the

perpendicular gradient operator, denoted by:

We also use the notation X < Y to imply that there exists a positive constant C'
such that X < CY. The dependence of the constant on various parameters (including the

initial data), will be denoted using a subscript as X Sy, 5, Y or X < Cy, Y.

Finally, the subscript ¢ accompanying velocity/vorticity fields (u;,w;), density (p;)

10



or vorticity (1;) can take the values {n, s}, and is used to represent the quantities corresponding

to the normal fluid and the superfluid respectively.

We will now present and discuss the mathematical model, along with statements of
the main results. Section 2.3 contains some apriori estimates, followed by the proof of
local well-posedness and pressure regularity in Section 2.4. The global well-posedness for
high-regularity data, including the analogue of the Beale-Kato-Majda condition, constitute
Section 2.5. Finally, we consider global regularity for smooth initial data in Section 2.6.
The appendix contains a simple lemma, showing weaker and sufficient conditions on the

vorticity in order to have a finite kinetic energy in 2D.

2.2  Mathematical model and main results

We first consider the general form of the incompressible HVBK equations as given
in section 3.3 of [ ]. The equations (HVBK) are repeated below for convenience

(with slightly altered notation).

11
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In the above equations, subscripts n and s are used to denote the normal and
superfluid components. u,, and u, are the fluid velocities, w; is the superfluid vorticity, w,
is the unit vector along the vortex filament, p,, and p, their (constant) densities, p = p,+ps
is the total density, p is the pressure, S is the entropy, O is the temperature, v, is the normal
fluid viscosity, 7" is the vortex tension term (force associated with bent vortex filaments),
F' is the “mutual friction” (the coupling between the two fluids), I' is the quantum of
circulation in a superfluid vortex filament, B and B’ are temperature-dependent positive

friction coefficients, and a is a positive constant that denotes the vortex core radius.

Now, we consider the isothermal case in 2D: the temperature gradient terms drop
out from both equations; and the direction of the vorticity is fixed, so vortex lines do not
bend, i.e., the vortex tension term is not relevant. As mentioned before, we will also be

including a superfluid viscosity. Finally, we absorb p in the definition of pressure and

12



arrive at the following form of the equations.

Veu,=0 , V-u,=0 2.1
Byt + (tn - V)t = —Vpn + vty + %F 2.2)
Ot + (s - Vg = —Vp, + vAuy — %” (2.3)
F= —§|w5|(un — ug) + %ws X (U, — ug) 2.4)

This is the system that will be dealt with in this paper, and is very similar to those
considered in [ , , ]. Note that the first term in the mutual friction
indeed acts like a (nonlinear) drag, and works to equalise the two velocity fields. The
second term is a transport in the direction perpendicular to the relative velocity of the two
fluids, so it is not a retarding force in itself. However, that is not concerning since it will
be shown that this second term vanishes in the energy estimates, and behaves the same
way as the first term as far as the contraction mapping argument goes. Furthermore, it is
also evident that multiplying the normal fluid equation by p,, and the superfluid equation
by ps, and adding the resulting equations leads to a cancellation of the mutual friction
term. This is not surprising, as the friction force is internal to the entire system (of normal

fluid and superfluid) and cannot alter the total momentum.

We seek mild solutions to (2.1)-(2.4), expressed formally as:
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t
un(t) = eVrthy — / ernt=TAD {un -Vu, — &F} dr (2.5)
0

t
u(t) = e” Byl — / e t=AD [u -V, + p—"F] dr (2.6)
0 P

Here, P is the Leray projector that gives as output the divergence-free part of a

vector field; it is used to eliminate the pressure term.

It is a classical result that the incompressible Navier-Stokes in 2D is globally well-
posed. Since the current model has some added retardation effect (with the mutual
friction), one can argue heuristically that this cannot hurt the extension of global regularity
to this nonlinearly coupled two-fluid system (see remarks following the main results).

This is the physical intuition behind the main results stated below.

Theorem 2.2.1 (Global well-posedness for high-regularity data). Let m > %l +1=2

and u,u’ € H™(R?) be a pair of divergence-free initial velocity fields. Then,

n» s

(i) there exist a unique pair of mild solutions u,,,u, € C(]0, oo[; H™(R?)) N
L2(]0, co[; H™1(R?)) to the incompressible, isothermal 2D HVBK equations described

by (2.1)-(2.4); and

(ii) the solution map is Lipschitz continuous from H™(R?) — C([0,00[; H™(R?)) N
L2([0, co[; H™(R?)).

14



(iii) In addition, if the Sobolev index is upgraded to m > 4, then there also exist a unique

pair of pressure fields p,, ps € C([0, oo[; H™(R?));

(iv) The fields are instantaneously smoothed (due to viscosity), so that wu,, us, p,,ps €

C(]0, oof; H>(RR?)).

The proof of Theorem 2.2.1 will utilise a contraction mapping argument for local
well-posedness. A Beale-Kato-Majda [ ] analogue will be used to show global
well-posedness, and elliptic regularity applied to the pressure-Poisson equation for the
pressure field estimates. Once global well-posedness is established for high-regularity

data, we can easily extend the result to the following corollary.

Corollary 2.2.2 (Global well-posedness for smooth, compactly supported data). Given

a pair of divergence-free velocity fields u®,u? € C>®(R?), there exist a unique pair

of smooth (classical) solutions u,,us € C>([0,00[; H*(R?)) to the incompressible,

isothermal 2D HVBK equations described by (2.1)-(2.4). Moreover, the pressure fields

are also smooth and unique, i.e., p,,,ps € C*([0, co[; H*(R?)).

At this stage, some remarks are in order, particularly about the mutual friction term

and the difficulties it poses:

1. Superfluid He-4 is completely inviscid (and dissipation-free) below its critical velocity.
As mentioned in Section 2.1, we consider a viscous fluid to help with the analysis.
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The inviscid-superfluid version of the HVBK equations have not been studied,

either numerically or analytically, to the best of the authors’ knowledge.

. The physical intuition that the addition of a dissipative mutual friction to the 2D
equations would not affect their global regularity need not be valid when the superfluid
is treated as inviscid. In fact, it is not known whether the system is even locally well-
posed in this case. Note that while the advective nonlinearity preserves the L2 norm
of the vorticity, the same is not true of the nonlinear mutual friction. This means
that the vorticity may not be bounded in L{° L2, possibly leading to a breakdown of

the system. This is still an open, and interesting, problem.

. The ability of the advective term to be written as the gradient of a symmetric tensor
[V - (u® u)], also known as the conservation form, enables easier manipulation of
the nonlinearity. For instance, one of the most useful properties of high-regularity
Sobolev spaces (H!,m > £) is that they form an algebra so that |[uv|/gm <
||| ||v]| . This fact when applied to the advective term in the conservation
form gives us the same contribution from each velocity in the nonlinearity, as
opposed to one being the norm of the velocity and the other a norm of the velocity
gradient. This is particularly useful when deriving the L7°L5° controlling norm
in the analysis of Navier-Stokes (used to show that the existence time for CY H™
solutions is independent of the index m). The same goes for heat kernel estimates

also, where the conservation form allows for the gradient to be accounted for by the

16



heat kernel instead of the velocity fields (albeit at the cost of temporally singular
terms). These steps/methods are no longer as effective when it comes to the mutual
friction, since it cannot be reduced to conservation form. There is a clear demarcation,
heuristically, of the velocity and the velocity gradient (or vorticity) factors in this
term. This asymmetry in the nonlinearity, along with the lopsided presence of only
the superfluid vorticity, induces difficulties in the treatment of the mutual friction
term. This would be especially true when considering the inviscid superfluid — the
lack of a conservation form of mutual friction means one cannot get around the
analysis of the gradient of the velocity (more precisely, vorticity), a luxury that is

not afforded when lacking viscous diffusion.

. Another problem associated with the mutual friction term is related to the estimates
of the pressure. When seeking mild solutions, we eliminate the pressure gradient
term from the Navier-Stokes using the Leray projector. This gives us an evolution
equation for the velocity field alone. Once a mild solution is established, we can get
some estimates on the pressure field by taking the divergence of the Navier-Stokes

and using incompressibility. This gives us the pressure-Poisson equation.

—Ap=V-((u-V)u)=V-V-(u®u) (2.7)

This means p = (—A)"'V - V - (u ® u). Note how the derivatives roughly
“cancel” out on the RHS. Thus, p is expected to have a regularity similar to u ® wu.
This is indeed true (at least in one direction) — since the kernel that maps u ® u

17



to p is rotationally symmetric and decays as |x|~¢, we can utilise the Calderon-

Zygmund inequality to conclude ||p||zs < [Ju @ ul|ps < [Jul|?s, for 1 < ¢ < oo.

This extension to almost all Lebesgue spaces would not be possible without the
conservation form of the advective term. With mutual friction added, there are
extra terms on the RHS of (2.7). Clearly, these terms do not have a conservation
form; as a result, they do not admit such a simple estimate for the pressure. There
is still some respite though: when we have smooth solutions (as in Corollary 2.2.2).
In this case, the pressure field is also smooth (see Section 2.6). Also, as stated in
Theorem 2.2.1, if the assumption on the Sobolev index m is upgraded to m > 4,
then we have unique p,,p, € CPH™. The reason for this upgrade is again due
to the non-conservation form of the mutual friction, which means the RHS in

the pressure-Poisson equation contains some terms involving the gradient of the

vorticity (equivalently, two derivatives of the velocity).

2.3 Apriori estimates

In this section, we will derive some apriori estimates for the kinetic energy and
enstrophy. Note that these derivations are formal and require u;, w; € LFOO’T* [LzﬁL[ZOVT* [H L
where i € {n, s} and T, is the maximal existence time defined in subsection 2.4.2. These

regularity conditions are indeed satisfied by the mild solutions.
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2.3.1 Energy estimate

Multiplying the normal fluid equation (2.2) by p,u,, the superfluid equation (2.3)
by psus, adding the resulting equations, and integrating over R?, we obtain (after integrating

by parts with vanishing fields at infinity, and using the incompressibility conditions (2.1)):

d (1 1
at <§pn”un”%g + 5%”“5”%3) + annHVUnH%g + Ps’/s”VUsH%g
nrs B
1 —/ [l [t — 115]?= 0 (2.8)
P2 Jre

Dropping the last (non-negative) term, and integrating over time, we get:

1 1
(§pnllun\lig X 5ps||us||%%> (t) + pnunIIVun||i[207ﬂLg + psVsHVUJsH%[QO’t]L%

1 1
<ol + 5ol =20 @9)

where 0 <t < T, and E° is the initial energy.
Thus, we see that the energy at any time (and dissipation upto any time) is bounded

above by the initial energy. Recall that we will choose initial data satisfying the assumptions

of Lemma A.0.1, so that the kinetic energy is finite at t = 0.
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2.3.2  Vorticity equations

Operating on (2.2) and (2.3) with the curl operator, we get the evolution equations

for the scalar vorticity fields (which are also incompressible).

By + (tn - V)wn = vnDwp + %7’ (2.10)
Ows + (s - Vwy = vsAw, — %" (2.11)
B B

T = _EV X [|ws|(wn — us)] + E(UH — us) - Vw (2.12)

2.3.3 Enstrophy estimate

Just as in section 2.8, we multiply (2.10) by p,wy, (2.11) by psws, add the resulting

equations, and integrate over R? to arrive at:

1
- (_anWnH%g + _PSHWSH%3> + annHVWnH%g + psVSHVMSH%EE

2

n SB

+ 2222 [ ol - P
P 2 R2

= £abls / (wn - (.US)(un - us) ’ (B/V(,L)s - BVJ_|CL)3’)
2p R2

(2.13)

Dropping the last term (non-negative) on the LHS, and using Holder’s inequality,
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d (1 1
It (ianwn”%g + 5/)3”003”%%) + annHVWnH%g + psVSHV"‘JSH%Q%

PnPs

< PP%(B 4 BY)lwn — willg ln — 1l | Va2

We use Cauchy’s inequality (ab <ea® + %) to extract the ||Vw,|| 2 term from
the RHS and absorb into the LHS. We also use the two-dimensional Ladyzhenskaya
inequality ( lullFa < fJullpz ]|Vl Lg) for handling the other terms on the RHS. This leaves

us with:

1%
P Vw2,

d (1 1
& (ol + 5oy ) + puvnll Vil + 25

dt

SoiiB.B [[tn = usl 22 [ Vun = V| gz lon = wsllzz [ Ven — V|2

Using the L$®° L2 bound on u,, and u, from (2.9), and Cauchy’s inequality again, the

RHS can be controlled as follows.

1%
Do | ||2,

TLVTL
RHS < G Blon = @il [V = Vil + 25 Vel + 2

The second and third terms on the RHS can be absorbed into the corresponding

terms on the LHS.
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PnVn
b+ Bl ) + 2 IVwnl3; +

14
P |V 72

vi B llwn — WS|’%§HVUH - VUSH%Q%

~Pis
Pn Ps
Spo (BlonliZz + Sllwslizz ) B [IVunly + 1902

(2.14)

We then drop non-negative terms on the LHS, and use Gronwall’s inequality to

arrive at:

CEO|[Vunl?y o +IVusl?y 5
Ps Lo, b2 Mo ] < Q0CED? (2.15)

Pn
2 el (1) + 2

AOE

where QY = b

wallzz + 5%

w,||72 is the initial enstrophy, and the constant C' in the
exponent depends only on the densities, the viscosities, and the coupling constants (B, B’).
The second inequality in (2.15) is a result of the bound in (2.9), and thus we observe
that w, and w, are bounded in L°L2. Substituting this upper bound on the vorticities
back into (2.14), we integrate over time to calculate upper bounds for ||Vw, || 120, L2 and

vas’|L[207T*[L§ as well. In summary, for i € {n, s},

[|ws || oo

ooz Vel

L% S CQ(),EO,pi,Vi,B,B/ (2'16)

el

The apriori bounds in (2.9) and (2.16) will be repeatedly used in the proof of global

well-posedness (section 2.5).
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2.4 Local well-posedness

In this section, we will establish the local well-posedness of the system (2.1)-
(2.4) for high-regularity data. We will use the properties of the heat kernel to set up a
contraction mapping that allows us to show the existence of a unique (mild) solution.
Since we have a two-fluid system, the contraction map will be “alternating”, in the sense
that for a given ug, we contract the normal fluid map, and for a given u,,, we contract the

superfluid map.

The appropriate space for the contraction is denoted by X;, and the corresponding

norm is defined as:

1
[willx, = luillcom + v |Vl L2 g (2.17)

where i € {n, s}. In what follows, the space-time subscripts denote the domains ¢ € [0, T

(where T is yet to be determined) and = € R2.

2.4.1 Mild solution and bound on the norm

Starting with divergence-free initial data (in accordance with Lemma A.0.1) u?, u® €
H™(R?) for m > %l + 1 = 2, we write the required contraction maps in the form of mild

solutions corresponding to (2.2) and (2.3).

23



t
@(t) — €VntAU?l - / el/n(th)A']) [un . Vun —+ /Bn|ws’<un _ us> _ ﬁ;ws X (un _ us)]
0

(2.18)
¢
U(t) = e”smug — / eVs(t=TAPp [us - Vg — Bs|lws| (un — us) + Biws X (uy — uy)]
0

(2.19)

Here, u,,us € H m(RQ) as well, and the (positive) constants 3’s are defined below

g =B g B
go=mB gl
S p27 S p2

From (2.18), we have almost everywhere (a.e.) in time:

0P
— =y, ADP+ F,
where F,, = —P [u,, - Vu, + Bplws|(u, — us) — Blws X (un, — us)].

For each multi-index o with 0 < |a|< m, we can derive a higher-order energy

inequality for the contraction maps in (2.18) and (2.19).

! As was pointed out by one of the reviewers of the published version, the subscripts in the definition of
the 5’s may seem counter-intuitive at first glance. This choice is dictated by the “swapping” of the densities
in the mutual friction term. This, in turn, is to ensure that the coupling conserves overall momentum of both
fluids.
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%DQCD = v,AD*® + D°F,

Multiplying the above equation by D*®, integrating over R?, using the Holder’s

inequality, and summing over all 0 < |«|< m leads to:

d
M@l + val YOIz < 1 s |l e

0.
n-

Integrating over time, from 0 to 7', and using the fact that $(0) = u

120y + vall VUL gy < Nl + [Nl cpmp | Fally e

Finally, we use the inequality ab < # to simplify the second term on the RHS

and obtain:

12]]x, < [l

1]

xo SNl + 1 Fll g 2.21)

Equation (2.21) is derived in the same way as (2.20).

2.4.2 The contraction

Since Sobolev spaces with m > ¢ form an algebra, i.e., |[uv||gm < [Jullgm 0] s
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From the Calderon-Zygmund inequality, we have ||w;|| g < ||Vus|| g . Integrating

over the time interval [0, T}, ],

1 1
HFnHL%H;ﬁ S ||un||CEH;n||vun”LfH;ﬁTn2 + (B + B;L)HVUSHLgH;”Hun - USHC,?H;?ITH2

1 1 1 1
S v T uallx, + (Ba + Bu)vs > Tid llusllx, (lunllx, + lusllx,)  (2.22)

From (2.22) and (2.20), and repeating the same procedure for W, we obtain:

1 _1 _1
I1@llx, < lunllsy + T2 [Vn lunllk, +vs > (8o + B)us]

[ x,, + s

x.

x|

] x|

1 _1 _1
x. S llugllay + T2 [Vs lusll, +vs * (Bs + B)llusl

|, 4[]

X, (

Let Bx (R) denote a ball (centred at the origin) of radius R in the space X. Consider

u, € Bx, (R,) and us € Bx, (R;). Thus, the above equations therefore simplify to:

1 _1 _1
1@l S bl + T [vi? B2+ 057 (B + B Ry (B + Ry)| (2.23)

]

1 _1 _1
o SOl + T2 [us *R2 4 1y 2 (By + )Ry (R + Rs)} (2.24)

Now, we will fix the superfluid velocity field u; € By, (Rs) and the initial normal
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fluid velocity u?, and consider two different normal fluid velocity fields v}, u? € Bx, (R,).

n -'n

Then the difference of the ® map for the two different velocities is:

Using the estimate from (2.20),

= @ (un) — @(un)llx, SIE, = Flloiag
S ||urlz -V, — Ui : Vui - Bn|w8|(u711 - u727,) + Bws X (u}z - u?z)”LtlH;ﬂ

1 _1 _1
ST |vn? (lunllx, + lugllx,) + (Ba + Br)vs ? us|

X ||U71L - UiHXn

A similar procedure can be repeated for the W map, starting with the initial data

u?, fixing the normal fluid velocity field u,, € By, (R,), and considering two different

s s

superfluid velocity? fields u!, u? € By, (R;). Thus,

1 (up) — @(ul)llx, ST |vn 2 R+ (Bn + 5;)1/!5135] Jul —u?||x, (2.25)

19 () — @ (u?)]

S

x, ST |V (14 B, + BOR, + (B + BOvi * R llud — u?x,

(2.26)

From (2.23), (2.24), (2.25) and (2.26), we see that if the following (sufficient)

conditions are satisfied, the maps ® and W will be contractions. (cy,cs,c3 and ¢4 are

ZNote that in this case, w, is dependent on which of the superfluid velocity fields ui or uf is in
consideration in that term.
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positive constants that were suppressed in all the inequalities so far.)

1 [Hug”ng VT (u;%Ri + VQ%(ﬁn + 6,)Rs (R, + Rs)): <R, (2.27)
e [Té (u; R+ (Bu + Bl)vs %RS>: <1 (2.28)

s [lulllis + T3 (v "R 4w (Bt BOR. (Ra+ R))| < R 229)
o [T (w3 (4 B+ BOR+ (B + BDws Ra) | <1 230)

_1
2

_1
Define 6 = 1+ 3, + 8/, + 55 + /3. and V"3 = vy 2 + v, 2. Then, the conditions
in (2.27)-(2.30) are automatically satisfied if the following more conservative inequalities

are obeyed (for some sufficiently large N,,, N, € N).

a8 [0z + Tév 4 (Ro + RWP] < R, 2.31)
20T2v 3 (R + Ry) < Ni 2.32)
) [Hugnw T2 3 (R, + RS)Q} < R, (2.33)
0T 3 (R, + R,) < Ni (2.34)

v

Upper bounds for 7,, and 7 from (2.32) and (2.34) are substituted in (2.31) and

(2.33) to give:
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C1 C3
+
NnCQ Nsc4

xS e+ sl s + ( ) (Ro+ R.) < (R + Ry)

This is easily satisfied by choosing R,, = 2¢;6]|ul || gm and Ry = 2¢36||u?]|| g, and

sufficiently large /V,, and N,. This choice also leads to the conclusion that:

v 1
T, < 2.35
= 2N, (el + ol )2 (233)

1
T <— (2.36)

(2¢402N,)? (erl[ug |l e + eslug] e )

From (2.32)-(2.34), we observe that the upper bounds on the existence times are
inversely proportional to R,, + R,. This allows us to use a bootstrapping argument to
establish that there exists a unique maximal time T, € (0, 00| such that ||u, || x, (t)||us|| x.(t) —
oo as t — T,. In other words, at least one of the two velocity fields blows up in the

respective X; norm as the maximal time is approached.

2.4.3 Lipschitz continuous dependence on initial data

So far, we have shown the local existence and uniqueness of (mild) solutions. We
will now establish Lipschitz continuous dependence of the solutions on initial data, to
complete the well-posedness proof. Consider two initial data u2, v? with corresponding

mild solutions u,,, v,, (for a fixed u,). Then,
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= vnllxs S Nl = vnlli + [l - Vit = vo - Voo = Bulws|(un — vn)

+ Brws X (up — Un)HL,}H;n

Just as done in section 2.4.2, we can show:

Hun - UnHXn 5 ”ug - Ug”H;"

17 1 _1
+ T2 v * (unllx, + [lonllx,) 4 vs * us] Xs] [P

XTL

From (2.25), (2.28) and (2.32), we can choose 7. sufficiently small so that the
second term on the RHS may be absorbed into the LHS. This gives the required result for

the normal fluid. The same procedure can be repeated for the superfluid as well.

2.4.4 Regularity of the pressure fields

We will now briefly comment on the regularity of the pressure fields. Applying the
divergence operator on (2.2) and (2.3), and using incompressibility, we get the Poisson

equations that govern the evolution of the pressure fields.

—Ap, =V V- (tup @uy) + Bulty — uy) - V|w| =BV - (ws X (U, — us))
(2.37)

—Ap, =V V- (us @ uy) — Bs(un — us) - V|ws|+B.V - (ws X (un — uy))
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The solutions p,,, ps of these equations must be unique. At first look, it appears that
an arbitrary harmonic function could be added to the pressure fields, breaking uniqueness.
But since we seek bounded pressures, Liouville’s theorem (see chapter 2 of [ D
guarantees that such a harmonic function is in fact a constant. This constant can be forced

to be zero, by demanding that the pressure vanishes at infinity.

Now, for unique solutions of the Poisson equation —Ap = f, with p = 0 on
the boundary, elliptic regularity theory estimates (see chapter 6 of [ ]) show that
19|l g+ < || f1| - The RHS of each equation in (2.37) consists of terms like (Vu)(Vu),
and (u)(Vw) ~ (u)(D%u). If we upgrade our Sobolev index to m > 4, then we have

m—2> g, allowing us to use the algebra property of H™~2. Thus,

IRHS| -2 < (V) (V) [ g2 + [[ () (D*w)| -2
SNV G2 + llull gz | Dl -

S Nl < o0

Therefore, this shows that the RHS of (2.37) € CPH™ 2 = p,,,ps € CPH™.

2.4.5 Instantaneous smoothing

Viscosity-driven momentum diffusion leads to the well-known instantaneous smoothing
of the solution. This standard result can be argued as follows, where u can mean either the

superfluid or the normal fluid velocity. Since we have established that u € C°([0, 7. [; H N
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L2([0, T.[; H+1), we can conclude that ||Vul| g (£) < oo for almost every ¢ € [0, T.].

In other words, ||ul| m+1(t) < oo for almost every ¢ € [0, T.,].

So, for an arbitrary 0 < § < 7T,, we can find a time 0 < ¢, < ¢ such that
[Jw|| g1 (to) < oco. Denoting this velocity field as v’ and considering it as an H}*™*
datum, we can evolve the system (as shown thus far) to find a local CY H™! solution in
some time interval [to, T.[, where T" — {, is the maximal existence time corresponding
to this H™*! datum. The choice of ¢, can be made so that § < 7. By the uniqueness
of solutions on the interval [to, 6], we may conclude that indeed u € C°([t,d]; H™1).
Since § is arbitrary, this implies v € C°(]0, T,[; H™'). Iterating this argument shows

that u € C°(]0, T..[; H).

The mild solutions given by (2.5) and (2.6) satisfy a.e. in time:

atun = VnAun - P(un : vun + Bnlws|<un - us) - ﬁéws X (un - us))

Oyus = vsAug — Pug - Vug — Bs|lws| (un — us) + Biws X (uy — us))

Since u,, us € C°(]0, 0o[; H*(IR?)), each term on the RHS of these equations is in
C°(]0, co[; H>*(R?)). This means the LHS (the time-derivative term) is in C°(]0, oo[; H>(R?)),
ie., up,us € C(]0,00[; H*(R?)). This argument can be iterated to show that indeed
Un,us € C(]0, 00[; H*(R?)). In other words, the solutions are smooth in time (for

t > 0), and H*°-smooth in space. Repeating the steps of Section 2.4.4 proves the
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uniqueness and space-time smoothness of pressure fields as well (for ¢t > 0).

2.5 Global well-posedness

2.5.1 Higher-order energy estimate

We will now establish global well-posedness for high-regularity data using the
method of Beale-Kato-Majda [ ]. We begin by deriving a higher-order energy
estimate like in section 2.4.1. Acting on (2.2) with a higher-order derivative operator D

(for 0 < |a|< m, multiplying by D%u,,, and summing over all «, we get:

d1 N N
&l + vl Vi B = — 37D, PD [y - Vit

«

+ 6| ws| (U, — us) — Blws X (u, —us)]) (2.38)

where (, ) denotes the L2 inner product. The Leray projector is self-adjoint and commutes
with derivatives, so it can be dropped. By incompressibility, (D%u,, u, - VD%u,) = 0.

So, we add this vanishing quantity to the RHS.
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RHS = =" (D", D [uy - Vity] =t - VD )

«
- Z una ﬁnlws|( Up — us) - /B;st X (Un - us)])
S nllmp [[IVunll oo llunll 4 [lws] (un — ws) || ripe]

S Nl [IVunllzg lnllmg: + llun — wsllzpllwsllay + sl lun — sl ]

where we used Holder’s inequality and calculus inequalities for Sobolev spaces (Eqns.

(3.31) and (3.32) from [ D.

Using the above estimate of the RHS in (2.38),

d1

dtQHUnHHm + Vn”vunHHm

SVl lunllig + llun = sl e llun | e lws L
(2.39)

Fllwsll zee llm = sl rrge e | e

A similar calculation for the superfluid equation (2.3) can be performed.
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d1
e lalg + vVt

S IVl sl + lun — sl lusllmp lws | g
(2.40)

+llws [z lun = wsll e s |

Once again, using Cauchy’s inequality, we can extract out a =

Wsl|%m from the
second terms on the RHS of (2.39) and (2.40). Since ||w;||gm < ||Vug| g, we may add
the equations and these extracted terms can be used to cancel out the v, || Vus||7,. on the

LHS. Finally, after dropping v, (| Vu, |3 on the LHS, the following inequality results.

d

IVuallze + Vuslze + llwsllze + llun — usllie] (2.41)

For any time interval [0, 7] where 7" < oo, if we can show that the L{°H!" norms
of u, and ug are bounded, we may substitute these bounds back into (2.39) and (2.40)
and derive upper bounds for v, || V|7, and vs||Vusl|7,., just as was done to arrive at
the bounds in (2.16). This will show that the X, and X norms of the respective velocity
fields are bounded over any time interval [0, T'] for every T < oo, allowing us to conclude

global solutions of high-regularity.

In this regard, we recall a crucial potential theory estimate from [ ].
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Lemma 2.5.1 (BKM potential theory estimate). For m > g +1=2,

IVl < llwllzz + llwllzee (1 +log (1 + [Jullay)) (2.42)

Thus, the quantity in the square brackets in (2.41) can be bounded above by:

[ ]S (lwnllzz + llwsllzz) + lun — sl 750

+ ([lwnllzge + llwslizee) (1 +1og(1+ l[unllay + llus]lmz))

From (2.16), we know that ||w||2 is bounded above for both fluids. So, we can
absorb these upper bounds into the implied multiplicative constant in the upper bound.
We can also adjust the argument of the logarithm to make the entire expression in (2.41)

more amenable to the Gronwall’s inequality. For this, we note that for x > 0,

log(1+ ) <log(1+2”+2z) <log (2(1+2%)) <1+ log(1+ 2?)

From the above arguments,
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-] Saomo (L4 flun — usllZge + llwnllzge + lwsllzze) (L +log (1 + [z + sz ))

(2.43)
Denoting X = 1+ [[u,[|3m + [|us||3m. We see that (2.41) simplifies to
X ,
— Saopo X(1+10g X) [1+ [Jun = ws]lZee + [leonllze + flwos | ze] (2.44)

At this stage, one can easily apply Gronwall’s inequality to draw the conclusion that
the C? H™ norm is bounded for any finite time 7', if the quantity in the square brackets in
(2.44) is integrable in time over [0, T'|. If that is the case, the required upper bound for X
is given by

)e.fOT[H.]dt

0<t<T

(2.45)

2.5.2 Analogue of the BKM condition

We will now prove the time-integrability condition required to proceed from (2.44)
to (2.45), which will lead us to global solutions from high-regularity data. The claim to

be verified is:
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Lemma 2.5.2 (BKM analogue). For every 0 < T < o0,
T
|1 =l + ol + oz de < oc .46
0

Proof:

1. The first term in the integral is obviously finite for every finite 7'.

2. For the second term, we use the Gagliardo-Nirenberg interpolation inequality, followed

by the Calderon-Zygmund inequality, and the energy boundedness from (2.9):

| tn — USH%gO S fJun — USHL%HDQUn - D2U8”L%
S (lunllze + llusllz2) (IVwnllzz 4+ Vsl 22)

S0 pi (IVwallzz + [Vl 2)

Thus, integrating over [0, 77,

12+ | Vel 2 L2) TS (Q47)

= sl 2 S (Vs o2

[0,7]

This is clearly finite, from the bounds in (2.16).

3. For the third term, consider the vorticity equation (2.10), reproduced here for convenience.
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Orwp, + Uy, - Vw, = vpAw, + &T
p

Along the characteristics of the flow (denoted by % (¢), where « is the initial point),

the Duhamel solution to this equation can be written as:

¢
wa(t, z%(t)) = 2wl () + &/ e AT () dt! (2.48)
P Jo

Now, we make use of an interesting result, the proof of which can be found in

Proposition 44 of [Tao].

Lemma 2.5.3. In two spatial dimensions, if a field evolves according to the forced
heat equation O,u = vAu + F (with initial condition u°), then its solution satisfies

forany 0 <T < o0

||U||L[20’T

e S ez + 1F g, e (2.49)

[0,7]7

Applying this lemma to (2.48), and absorbing the viscosity factor into the implied

constant,
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lwnllza oo Svn llwnllzz + Mwsl(wn — w)lly 22

+ (= us) - (BV-|ws|=B'Vews)lly s

[0,T7] LE

S 1812 + oal (n = )Ly 1 22

+ | tn — us]| 2

B T] oo ||VW5 ||L[20,T]Lg' (250)
In the above equation, the first term is finite by the high-regularity assumption on
the data, and the finiteness of the last term is inferred from the previous analysis
combined with the bound from (2.16). For the middle term, from Ho6lder’s and

Cauchy’s inequalities, it is easy to see that

llws[(wn = ws)llzy, .

2 S lwnllfe  ps 4 lwsli o @2.51)

Both the terms on the RHS of (2.51) are handled in the same way, as shown below
for the first of the two. From the Ladyzhenskaya inequality in 2D, followed by the

Calderon-Zygmund inequality,

lwnllZs S lwnllzz I Veanllzz S [Vtnllzz [ Vewnl 2

= HWnHL2 VZRN S [[Vu nHL2 L%H nHL2 .y <00

Once again, from (2.9) and (2.16), we have that the quantities in the RHS are
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bounded above. Since the third term in Lemma 2.5.2 can be bounded by ||w,,|| L3, 4 L T3,

we see that its contribution to the integral is finite.

4. That the fourth (and last) term in Lemma 2.5.2 is finite is proven exactly as the third

term above.

]
This completes the proof of the BKM analogue, showing global well-posedness for

high-regularity initial data.

2.6 Proof of Corollary 2.2.2

In the previous sections, we showed that the HVBK equations are globally well-
posed for high-regularity data. Now, we seek to show that starting from C2° data, the

solutions are globally well-posed and are smooth in space and time.

Since a C:*° function belongs to H" for every m, and data in H" implies global
well-posedness, it is easy to see that C>° data means there is a unique global solution in
every H™, which means it is spatially H°°-smooth, i.e., u,,us € C°([0, co[; H*(R?)).
Time regularity can be shown just as in Section 2.4.5. Thus, u,,, u, € C*°([0, oo[; H*(R?)),
implying smoothness of the pressure fields (from elliptic regularity). The uniqueness of

the pressure fields can be argued as done in section 2.4.4.
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Chapter 3: Local existence of solutions to a Navier-Stokes-nonlinear-Schrodinger

model of superfluidity

The work in this chapter is published in [ /.

3.1 Introduction

In this chapter, a micro-scale model of superfluidity is considered. Derived by
Pitaevskii in 1959 [ ], the original system of equations are a sophisticated potpourri
of quantum dynamics and classical fluid dynamics, bidirectionally coupled by a nonlinear
relaxation mechanism. We will investigate the system for the existence of suitably defined
weak solutions, by deriving appropriate a priori estimates. The superfluid dynamics
are governed by the nonlinear Schrodinger equation (NLS) and the normal fluid by the
incompressible inhomogeneous Navier-Stokes equations (NSE). We will begin with a
review of some history of NLS models in mathematical literature, followed by a brief

detour into pertinent results in the analysis of the NSE.

The transition from normal He-4 to superfluid He-4 is an example of order-disorder

transitions | ], and can be argued to be quantum mechanical in nature', given the

By this statement, we mean that this transition cannot be explained by the principles of classical
physics, unlike the usual solid-liquid-gas transitions for instance.
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extremely low temperatures and the absence of a solid phase even at absolute zero (for low
pressures). Moreover, taking into consideration the bosonic nature of He-4, a reasonable
approach to explaining this transition was to describe the superfluid phase using a weakly
interacting model of Bose-Einstein condensates’. Such an approach led to the Gross-
Pitaevskii equation (GPE), also known in the mathematics community as the nonlinear
Schroédinger equation or NLS, which soon became the most popular superfluid model. It
describes low-energy scattering of the condensate particles (at absolute zero), leading to

the well-known cubic nonlinearity.

i) = =AY + ply[*y (3.1)

where v is called the wavefunction and p is a constant. The equation is called the focusing

or defocusing NLS depending on whether p is negative or positive.

Remark 3.1.1. While the function v in the NLS (or GPE) is indeed the wavefunction,
this term is not quite accurate when used to describe the superfluid phase. In what
follows, the superfluid dynamics will be governed by a modified form of the NLS, but
the 1 there is truly an order parameter. The quantity |¢|2 denotes the fraction of the
Helium that is condensed into the ground state, and regions of vanishing 1) are topological
defects (vortices or rotational excitations). In the literature on superconductivity and

superfluidity, the terms “order parameter” and “wavefunction” are interchangeably used

ZParallels between superfluidity and superconductivity had been drawn for quite some time: the
quantized vortex filaments in the former were analogous to the quantized magnetic flux tubes in the latter,
and both phenomena were characterized as order-disorder transitions. Furthermore, following the success
of the BCS theory of superconductivity, it became clear that the same explanation (Cooper pairing) can be
extended to the superfluidity of the fermionic He-3.
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(particularly a macroscopic wavefunction, see [ , ]). We will not make this

distinction here, but it is important to keep this in mind.

Over the last few decades, the NLS has grown to become one of the most studied
PDE models in mathematics. It has been studied for well-posedness in a multitude of
scenarios [ ], while also being investigated for scattering solutions [ , ].
The NLS (including a non-local potential) has also been used to model dipolar quantum

gases [ , ].

By making a simple transformation of variables, the NLS can be recast as a system
of compressible Euler equations (referred to as quantum hydrodynamics or QHD?) with
an additional “quantum pressure” term [ ] of the form pV (%ﬁ). This system
is a member of the class of Korteweg models and has been extensively studied. Hattori
and Li [ ] established the local well-posedness of the 2D viscous QHD equations
for high-regularity data, and upgraded this result to global well-posedness in the case
of small data [ ]. After including an external potential which solves the Poisson
equation, the resulting QHD-Poisson system was shown to have local strong solutions
[ ]. Local unique classical solutions were shown to exist for the same model
starting from very regular data in 1D [ ]. Furthermore, this result was made global
in time for initial conditions that are sufficiently close to a stationary state, also ensuring
the solution’s exponential convergence to this stationary state. Wang and Guo [ ]

derived a blow-up criterion for strong solutions of the QHD equations, and improved it

3Interestingly, this formulation is used in David Bohm’s pilot wave theory, a deterministic yet
complicated interpretation of quantum mechanics. This posits that a pilot wave (whose dynamics are
governed by QHD) guides quantum particles in a classical manner, at odds with other descriptions, like
the inherently random Copenhagen interpretation or the fantastical multiverse theories.
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in [ ]. Meanwhile, there has been a lot of interest in weak solutions to QHD-type
models. Antonelli and Marcati [ , ] showed the existence of finite-energy
global weak solutions for the QHD-Poisson system, by reverting to the Schrédinger
formulation. In both these works (among others), a novel fractional step method was
used: the NLS was solved and the solution was then periodically updated to account for
a collision-induced momentum transfer between constituent particles (macroscopically, a
drag force). The irrotationality of the velocity field (except at regions of vacuum) was also
implemented to characterize the occurrence of quantum vortices. In [ ], the existence
of weak solutions to the viscous QHD system in 2D was proven by Jiingel (but with test
functions that vanish at vacuum). These solutions were global in time if the viscosity was
smaller than 7 (the reduced Planck’s constant). The proof involved the use of the Bresch-
Desjardin entropy functional [ ], and a redefined velocity to convert the continuity
equation into a parabolic type. Vasseur and Yu [ ] improved this result to include
more standard test functions, adding some physically-motivated drag terms to gain the
required compactness properties for /p. For the QHD-Poisson system (with linear drag)
in T3, non-uniqueness of the global weak solutions was dealt with in [ ] using
convex integration. The same paper also established weak-strong uniqueness when there

are no vacuum zones.

All of the above discussion on the NLS is valid only at absolute zero. At non-zero
(and small) temperatures, as mentioned before, the presence of the normal fluid prompts
the question of modeling the interactions between the two. There exist models at various

length scales: micro-, meso- and macroscopic (see Chapter 2 for a brief introduction, and
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references therein for more details). The basic idea in these models is to intertwine the
dynamics of both the fluids, keeping in mind that they can transfer mass and momentum
between themselves. Previously, [ ] established global well-posedness of strong
solutions in 2D for a macro-scale model of superfluidity known as the HVBK equations,
which are a modified version of the Navier-Stokes equations (NSE) [ ]. In this
chapter, we will consider weak solutions for a micro-scale model derived by Pitaevskii
[ ] which couples the NLS (for the superfluid) and the NSE (for the normal fluid)
via a nonlinear interaction that provides a kind of relaxation mechanism. This model
was formulated by minimizing the energy of the combined system of superfluid and
normal fluid, while being constrained to obey the fundamental conservation laws of mass,
momentum and energy. It is also worth remarking about some other micro-scale models
that are closely related. The approach of Pitaevskii was followed by Khalatnikov [ 1,
while trading the constraint of constant overall momentum for constant relative velocity
(us — uy,). This yields a very similar set of equations, with the exception of an additional
divergence-type term in the interaction. Khalatnikov’s assumption has been criticized
for violating conservation laws (see Section 4.1 in [ ]). Another such model was
proposed by Carlson [ ], but this was just a dynamical equation for the order parameter
1 when the normal velocity w, (¢, x) is a given field. It is well-known from experiments
that the two fluid phases in Helium are able to “feel” the presence of each other only at
topological defects of the order parameter, i.e., superfluid vortices. In macro-scale models
like the HVBK equations of Chapter 2, this was enforced by making the mutual friction
proportional to the superfluid vorticity. Stated differently, in regions of no vorticity,
the two fluids cannot interact. Is this property maintained in the micro-scale models
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discussed above? When the normal fluid velocity is assumed to be constant, a perturbative
expansion (about the steady vortex state) was employed to derive the expression for the
motion of a vortex filament. This result at the micro-scales is in agreement with that at the
macro-scales, i.e., the mutual friction between the two phases happens only at topological
defects. For the detailed derivations, we refer the reader to [ ]and [ , ]

for the cases of Carlson’s model and Pitaevskii’s model, respectively.

Returning to Pitaevskii’s model, to the best of our knowledge, this is the first
investigation of a model that bidirectionally (see Remark 3.1.2) couples the NLS and
the NSE. At this stage, it is obligatory to comment on the latter. On the one hand,
the study of the incompressible limit is arguably the most active area of research in
applied mathematics (see [ , , ] for classical results). At the other
end of the spectrum are compressible flows (a little more realistic in some scenarios),
which have also been subjected to intense scrutiny in mathematical literature [ ,

]. In this work, we will occupy a middle ground between the two extremes: an
inhomogeneous, incompressible flow, which consists of the compressible NSE appended

with the “divergence-free velocity” condition. In 3D, the existence of (local) weak solutions

when the initial density is bounded below was first established by Kazhikov [ 1,
and this was extended to allow for vacuum (regions of zero density) by Kim [ ].
Further improvements were made by Simon [ ], by analyzing the weak and strong

continuity at ¢ = 0, and also proving global weak solutions in a larger function space
(similar to Kazhikov) than the previous works. In the case of strong solutions, when

the density is bounded below, Ladyzhenskaya and Solonnikov [ ] investigated local
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(global, respectively) unique solvability in 3D (in 2D, respectively) and global uniqueness
for small data. Using a compatibility criterion on the initial data, Choe and Kim [ ]
showed local existence of a unique strong solution when the density is not bounded
below. More recently, Boldrini et al | ] proved the local existence of a unique
strong solution for a model of inhomogeneous, incompressible and asymmetric flow (with
density bounded below); this was also extended to a global solution for sufficiently small

data.

The results in this chapter are most closely related to that of [ ] in that we use
a similar approach while deriving the a priori estimates for the NSE. However, we work
with a density field that is bounded below (positively) and not governed by a simple,
homogeneous transport equation. The inhomogeneity is a relaxation mechanism that
allows for mass and momentum transfer between the two fluids, as will be seen later
on. The presence of a source term that is not non-negative almost-everywhere forces us to
account for the unphysical possibility of the density becoming negative in a set of positive
measure. To avoid this, we must accordingly limit our existence time. In a departure
from [ ], we also need a bound on ||0;ul| L2, obtained from the lower bound on
p and the estimate on ||\/58tuH L2, This problem was recognized and addressed using
higher order a priori estimates based on more regular data, and necessitates the stopping
of the evolution of the system before the density reaches zero somewhere in the domain.
Furthermore, as a consequence of the nature of the coupling between the two fluids, we
also begin from data that is more regular than in [ ] (but less regular than in [ D,

so that we may get an Lg, bound on the normal fluid velocity. The analysis also entails
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the use of higher-order boundary conditions on the velocity and the wavefunction. In turn,
these dictate the choice of basis functions used in constructing the approximations in the
semi-Galerkin scheme. We will now discuss the notation used in this chapter, before

describing the model and stating the results.

Remark 3.1.2. After the completion of the work in this chapter, it was pointed out to the
authors by Pierangelo Marcati that a coupled 2-fluid model was already used in [ ]
to analyze superfluidity. We would like to highlight some key differences in the models
which result in a significant departure in the approaches used and ultimately, the results.
In their work, the authors do not permit any mass transfer between the two fluids, which
allows for global-in-time solutions. Moreover, the momentum transfer is unidirectional
and linear, affecting only the superfluid phase (as opposed to the bidirectional and nonlinear
nature of the coupling in this work). Finally, we consider the problem on a smooth
bounded domain and require certain higher-order boundary conditions, while in [ Ji

the problem is set in R3.

3.1.1 Notation

Let ©(2) be the space of smooth, compactly-supported functions on 2. Then,
H§(2) is the completion of © under the Sobolev norm H®. The more general Sobolev
spaces are denoted by W*P(Q2), where s € R is the derivative index and 1 < p < o0 is
the integrability index. A dot on top, like H 5(€2) or WP, is used when referring to the

homogeneous Sobolev spaces.

Consider a 3D vector-valued function u = (uq,ug, uz), where u; € D(Q),i =
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1,2,3. The collection of all divergence-free functions u defines ©4(€2). Then, H3(£2) is
the completion of ©4(€2) under the H*® norm. In addition, to say that a complex-valued
wavefunction ¢ € H*()) means that its real and imaginary parts are the limits (in the H*

norm) of functions in ©(£2).

For s € R, s~ is defined to be the set {¢ € R | ¢ < s}. For instance, H* denotes

all Sobolev spaces H?® for s < 2. Also, the indices may also be specified as a range.

Example: L9 (Q) := {LP(Q) |1 < p < 6} and HOD(Q) := {H*(Q) |0 < s < 2}.

The L? inner product, denoted by (-, -), is sesquilinear (the first argument is complex
conjugated, indicated by an overbar) to accommodate the complex nature of the Schrédinger
equation. Thus, for example, (¢, By)) = fQ Y B dx. Needless to say, since the velocity
and density are real-valued functions, we will ignore the complex conjugation when they

constitute the first argument of the inner product.

We use the subscript = on a Banach space to denote the Banach space is defined over
(2. For instance, L? stands for the Lebesgue space LP(£2), and similarly for the Sobolev

spaces: Hj, := Hj(§2). For spaces/norms over time, the subscript ¢ will denote the time

p

0.7 where T stands for the local existence time

interval in consideration, such as LY := L
unless mentioned otherwise. The Bochner spaces L (0, T"; X') and C([0, T']; X) have their
usual meanings, as (L? and continuous, respectively) maps from [0, 7] to a Banach space
X. The notation C,, ([0, T]; X) is the space of weakly continuous functions over X, i.e.,

the set of all f € L>°(0,7"; X) such that the map ¢t — (g, f(¢)) x/xx is continuous for all

g € X' (the dual of X).
We also use the notation X < Y to imply that there exists a positive constant C
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such that X < C'Y. The dependence of the constant on various parameters (including the

initial data), will be denoted using a subscript as X <y, 1, Y or X < Cy, 1, Y.

3.1.2  Organization of the chapter

In Section 3.2, we present and discuss the mathematical model, along with statements
of the main results. Several a priori estimates are derived in Section 3.3. The proofs
of the local existence of solutions, and that of the energy equality, constitute Section
3.4. Finally, in Section 3.5, we establish the energy inequality for the weak solutions

constructed in [ ], which have lower regularity than the ones in this work.

3.2 Mathematical model and main results

The superfluid phase is described by a complex wavefunction, whose dynamics are
governed by the NLS, while the normal fluid is modeled using the compressible NSE.
The full set of equations, in all generality, can be found in Section 2 of [ ]. In what
follows, we use a slightly simplified version of the equations, arrived at by making the

following assumptions.

1. We consider the commonly used cubic nonlinearity for the NLS. This is done by
choosing the internal energy of the system to be £ |¢ . We also assume the internal

energy is independent of the density of the normal fluid.

2. We work in the limit of a divergence-free normal fluid velocity. This means that
the pressure is a Lagrange multiplier, and renders the equations of state and entropy
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unnecessary. However, due to the nature of the coupling between the two phases,

the density of the normal fluid is not constant.

3. Planck’s constant (%) and mass of the Helium atom (1) have both been set to unity

for simplicity.

4. For the boundary conditions of the velocity and the wavefunction, apart from the
fields being zero on the boundary of the domain, we also need vanishing derivatives
(up to a certain order). This requirement is purely mathematical in nature, and stems
from the nature of the higher-order a priori estimates. This will be more clear once

the estimates are derived.

We now state the equations used to model the system.

1
O+ ABY = - Av + L[y (NLS)
B= % (—iV —u)® + pl|y? = —%A +iu -V 4 %W + pll? (CPL)
Oip+ V - (pu) = 2A Re(¢) B) (CON)

Oi(pu) + V- (pu @ u) + Vp — vAu = — 2AIm(VepByp) + AV Im(yp Byp) + gV|@/}|4

(NSE)

V-u=0 (DIV)

These equations are supplemented with the required initial and boundary conditions*

“For a justification of the exclusion of ¢ = 0 in the boundary conditions for the wavefunction, see
Remark 3.2.5.
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on the wavefunction, velocity and density.

»(0,z) = o(x) u(0,z) = up(x) p(0,x) = po(x) a.e.x € (INT)

u:%:O a.e. (t,z) € 0,T] x 052
o (BC)
¢_8¢_8_¢_3w:0 a.e. (t,z) € (0,T] x 0N

T On on? ond
where n is the outward normal direction on the boundary, and 7" is the local existence

time.

Here, v is the wavefunction describing the superfluid phase, while p, « and p are
the density, velocity and pressure (respectively) of the normal fluid. The normal fluid
has viscosity v, and p (positive constant) is the strength of the dipole-dipole scattering
interactions within the superfluid®. Finally, A is a positive constant that indicates the
strength of the coupling between the two phases. The coupling is itself denoted by the

nonlinear operator 5.

According to the Schrodinger equation, the wavefunction’s evolution in time is
generated by the Hamiltonian (roughly, the energy) of the system. Indeed, the coupling
term B is seen to have the structure of relative kinetic energy® between the two phases.
This is perhaps made clear by recalling that the quantum mechanical momentum operator

(in the position basis) is —¢hV. Since the mass has been set to unity, this is also the

Sp > 0 (resp. pu < 0) is called the defocusing (resp. focusing) NLS.
®There is also the cubic nonlinearity term, which is to say that the relaxation to equilibrium also depends
on the potential energy of the superfluid.
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velocity of the superfluid phase. The purpose of this coupling is to allow for momentum/energy

transfer between the two phases as a means of relaxation or dissipation.

Having stated the model, the notion of weak solutions to (NLS), (NSE), (CON) and
(DIV) [with initial conditions (INI) and boundary conditions (BC)], henceforth referred

to as the “Pitaevskii model”, is as follows.

Definition 3.2.1 (Weak solutions’). Let Q) C R3 be a bounded set with a smooth boundary

0N). For a given time T > 0, consider the following test functions:
1. a complex-valued scalar field o € H'(0,T; L*(2)) N L*(0,T; Hy (2)),

2. areal-valued, divergence-free (3D) vector field ® € H'(0,T; LA(Q))NL*(0,T; H} (L)),

and
3. areal-valued scalar field o € H'(0,T; L*(Q)) N L*(0,T; H(Q)).

A triplet (¢, u, p) is called a weak solution to the Pitaevskii model if:

()

7
I+6

o€ L*0,T; Hy ()
we L30,T: H: ™ () (3.2)

p € L>=(0,T] x Q)

(ii) and they satisfy the governing equations in the sense of distributions for all test

functions, i.e.,

7See Remark 3.2.4.
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T
- {watso + ViV — ApBY - zw|w|2w} dr di
0o JQ ¢

_ / ot = 0) — (D)@ de (33)

T
- / / [pu- 0+ pu@u: VO — vVu: V& — 2AP - Im(Vy Bv)| dx dt
0o Jo

_ /Q poto®(t = 0) — p(TYu(T)(T)] dz (3.4)

—/ / [p8i0 + pu - Vo + 2Ac Re(¢B)] da dt = / [poo(t =0) — p(T)o(T)] dx
o Ja Q

(3.5)

5 3
where (the initial data) 1y € H()2+6(Q), Uy € Hd2+§(Q) and py € L>(Q).

Remark 3.2.2. We note that the last two terms in (NSE) are gradients, just like the
pressure term, and thus, vanish in the definition of the weak solution (since the test
function is divergence-free). Henceforth, we will absorb these two gradient terms into

a modified pressure, denoted by p wherever necessary.

The operator B is seen from (CPL) to be a second-order elliptic operator, with

time-dependent coefficients. This causes a few problems:
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1. Even though B is non-negative (shown in Lemma 3.2.7), and dissipative in nature,
the eigenfunctions of its linear part cannot be used as a basis for the semi-Galerkin
scheme employed here. This is because the eigenvalues and eigenfunctions depend
on time, requiring severe assumptions on their time-regularity. Moreover, the linear
part of B does not have a spectral gap at 0: its eigenvalues are not known to be

bounded away from zero.

2. We also do not expand B into its constituent terms (to transfer some derivatives
to the test functions, for instance), because as will be shown later on, the a priori
estimates contain dissipative terms like || Bt 12(0,r;1+())- Thus, separating B will

make it impossible to make use of the energy structure of the model.

We are now ready to state our main results.

5
Theorem 3.2.3 (Local existence). For any 6 € (0,3), let ¢ € H@M(Q) and uy €

3495 . . .
Hj; (). Suppose pg is bounded both above and below a.e. in Q, i.e., 0 < m < py <
M < oo. Then, there exists a local existence time T and at least one weak solution

(1, u, p) to the Pitaevskii model. In particular, the weak solutions have the following

regularity:

v e C(0,T): Hi (@) 0 L2(0, T: 1y P (@) (3.6)
we C0,7): H () 1 L2(0.T; H3(Q) 3.7)
p € L®([0,T] x Q)N C([0,T]; L*(Q)) (3.8)
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where T depends on € € (0, m), the allowed infimum of the density field (see Definition
3.2.9 below). In addition, the weak solutions (not necessarily unique) also satisfy the

following energy equality:

1 1 H 4
“IVpull7 + SIVelZ. + S10ll7a ) &) + vIVullze o +2A|BYl7. .
2 2 x 2 k2 (0,8 (0,6 (3.9)

1 1 0
= SIvmouols + 51Vl + Slwollyy ace.tefo,T)

Remark 3.2.4. The regularity of the solutions seem to suggest that the wavefunction and
velocity are strong solutions. Indeed this is true, as they are strongly continuous in their
topologies. On the other hand, the density is truly a weak solution and is the reason for

referring to the triplet as a weak solution.

The proof of Theorem 3.2.3 will utilize a semi-Galerkin scheme and the Aubin-
Lions-Simon lemma for the required compactness argument. The approach is motivated
by that of [ ], but we begin with more regular data. This is because the presence
of u in the nonlinear coupling means we are required to control it in L>°({2) to prevent
the formation of vacuum (and even regions of negative density), as opposed to H'()
in [ ]. The local existence time will be determined by fixing a positive lower bound
on the density. Several a priori estimates for the Schrodinger equation will be established
sequentially, starting from the standard mass and energy estimates to those of higher

orders.
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Remark 3.2.5. While the boundary conditions for the wavefunction include a vanishing
third derivative, one may observe that the initial condition only belongs to HO% ™ This
means that the regularity of the initial condition can only ensure a vanishing second
derivative on the boundary, and is the reason for not including t = 0 in the boundary
conditions. Of course, the boundary conditions are enforced for t > 0 by using an

appropriate eigenfunction expansion for the semi-Galerkin scheme.

As is the case with weak solutions in general, the energy estimate derived for the
smooth approximations holds as an inequality when we pass to the limit, due to lower
semi-continuity of the norms and weak convergences. Owing to the regularity of the
initial data, we can actually obtain an equality. In the case of the (less-regular) weak
solutions obtained in [ ], we will establish the energy inequality, something that

was not discussed in the original work.

Proposition 3.2.6 (Energy inequality for weak solutions of incompressible, inhomogeneous

fluids). Consider an incompressible, inhomogeneous fluid in a smooth and bounded domain

O c R
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O(pu) +V - (pu@u) +Vp —vAu =0

Op+ V- (pu) =0

V-ou=0
(3.10)
u(t,002) =0 ae.t>0
U(O, ZL’) = UO(x) ) p(07$) = p0($)
In/ ], local weak solutions were constructed starting from initial data uy €

HY(Q), po € L®(Q) and 0 < py(x) < M < oo a.e. in ). More precisely, it was shown
that uw € L>=(0,T; H}(Q)) N L*(0,T; H*(Q)) and p € L>(0,T x Q), for a time T that

depends only on the norm of the initial velocity and the size of the domain.

It also holds that these solutions satisfy an energy inequality, i.e., for a.e. t € [0,T],

1 1
SIVAUE ) + vIVall, 2 < SIVAwll, aete0T) G
The main achievement in [ ] is not requiring the density to be bounded below

by a positive value. Eventually, this manifests itself as a lack of compactness for the
velocity, and an inequality in the energy equation results due to lower-semicontinuity of

weakly-convergent norms.
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3.2.1 The strategy

The nonlinear coupling terms in (NLS) and (NSE) may be the most conspicuous
differences between this model and other standard fluid dynamics models, but the source
term in (CON) is the most pernicious. We will motivate and discuss the strategy towards
proving Theorem 3.2.3, beginning with a simple observation. Henceforth, we will refer

to the linear (in v) part of B as By. Thus,

1 1
BL:B—M\w]Q:—§A+§|u]2+iu-V (3.12)

Lemma 3.2.7 (B, is symmetric and B is non-negative). 1. (¢, Bpy) = (Bro, )V o, €

H{(2)
2. (), B) > 0V v € HY(Q)

Proof. 1. Starting from (CPL), we integrate by parts and use the fact that the wavefunction

vanishes on the boundary, and that the velocity is divergence-free.

(0.500) = [ 881w = [ 3] -5a0+ Sl iu- vy
= [ |-580+ ghupo - vi v

- / Bro)t = (Buo,v)
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2. Similarly,

) = [ 080 = [ 5]-5A0 4 GuPuiu- V6 o]
1 1 _
= 5IVuly + 5 [P + [ b Vo ol

> ulllldy > 0

In going from the second line to the third, we used Holder’s and Young’s inequalities

to cancel the third term with the first two terms:

1 1
< Nutllz Vel < Sllwllzz + 51V

/Qm/?-w;

- 1 1
= [ up oz =Sl - IV6lE
Q

]

Remark 3.2.8. Note that there is no positive lower bound on (1), Br), so the spectrum

of By, need not be strictly positive.

Thus, by integrating (CON) over the domain, the advective term vanishes and using

Lemma 3.2.7:

i/pdszARe/zDBwZO (3.13)
dt o) Q
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This implies that the overall mass of the normal fluid does not decrease with time.
In other words, the coupling causes superfluid to be converted into normal fluid. However,
the RHS of (CON) need not be non-negative pointwise, i.e., we are not guaranteed that
2ARe By > 0 a.e. z € €. This means that the density of the normal fluid may locally
decrease to zero, or even negative values. To prevent this physically unrealistic scenario,
we choose our existence time for the solution so as to ensure that the density is bounded

below.

Definition 3.2.9 (Local existence time). Start with an initial density field p, such that

0<m<py(zr) <M < 0.

Given 0 < & < m, we define the local existence time® for the solution as:

T:=inf{t >0] igf p(t,x) =€} (3.14)

A formal solution to the continuity equation can be written using the method of
characteristics. Let X, (¢) be the characteristic starting at a € 2. To wit, the characteristic

solves the following differential equation:

LXo(t) = ult, Xa(t))

dt (3.15)
Xo(0) = e

80f course, the local existence time depends on the choice of ¢ and should ideally be written as 7.
However, we will assume that the value of ¢ is fixed throughout this chapter, and for brevity, drop the
subscript.
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Here, u is the velocity of the normal fluid. So, along such characteristics,

p(t, Xa(t)) = po(a) + 2A Re /0 t DB(r, Xo(7)) dr (3.16)

From (3.14) and (3.16), it is clear that a sufficient condition to ensure the density is

bounded below by ¢ is:

T
2A/ [0BY|(r, Xo(7)) dr <m — ¢ (3.17)
0

This can be, in turn, be ensured through the following sufficiency:

2AT'E ||| 2o

[0,

]L;o||B¢||L2 L <m-—¢ (318)

[0,T]

So, T' is chosen small enough that (3.18) is satisfied. The boundedness in space of
B1) in the above condition is what leads to the requirement of rather high-regularity data.
The momentum equation (NSE) is itself handled in a manner similar to [ ]. The
(NLS), on the other hand, is used to derive increasingly higher-order a priori estimates, in

order to achieve the required bound on B1).
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3.2.2 Some useful results and properties

In the proofs of our main results, we will be using (repeatedly, in some cases) the

following lemmas.

~Y

Lemma 3.2.10 (Poincaré inequality). For k € N and f € H}(QY), we have ||f||r2) S
IV*£| r2(Q)- In particular, the homogeneous norm is equivalent to the standard Sobolev

norni.

1Lz S W i) S W llax@)

This follows from the standard Poincaré inequality (see Section 5.6.1 in [ D

and an induction argument.

Next, we will list an analogous result to the above lemma, except that the derivatives
are replaced by fractional powers of the negative Laplacian operator. On a torus (with
periodic boundary conditions), the action of (—A)® on functions with zero mean can
be described using Fourier series, to show that [[(—=A)* f|[zz = [|fll gz = || fllazs (see
Section 2.3 in [ ]). Similarly, on the whole space, one can use the Fourier transform.
The case of a (smooth) bounded domain is different — the equivalence between the

homogeneous and regular Sobolev norms doesn’t hold for all indices.

First, we define fractional powers of positive, self-adjoint operators with compact
inverses.
Definition 3.2.11 (Fractional operator spaces). As described in Section 2.1 of [ ],

for a positive, self-adjoint operator A (defined on a separable Hilbert space H) with
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a compact inverse, we will define spaces of its fractional powers using an eigenfunction
expansion. Such an operator A has (see Chapter 6 and Appendix D in [ ]) a discrete
set of positive and non-decreasing eigenvalues (say 0 < ey < ey < e3... — 00), and the
corresponding eigenfunctions ({w;} € C>(Q)) can be chosen to be orthonormal in the

H norm. For o« > 0:

D(A%) = {u = Zﬂjwj : Ze§a|ﬁj|2 < oo}
j=1

J=1

where 1; = (u,w;)y (the inner product on H). For o < 0, D(A®) is defined as the dual

space of D(A™%), via the inner product (u,v)p(ae) = Y -, €3U;0;.

Lemma 3.2.12 (Poincaré inequality for fractional derivatives). For s € R,s > 0 and

f € Hi (), we have:

1) S I(=2)% fllzi) S 1]

He#(2)

Proof. The statement is actually true for s > —% (see discussion in [ ]), but we are
only concerned with positive values of s. In Section 3 of [ ], Fefferman et al prove
both the inequalities for 0 < s < 1. For the case of s > 1, the authors use an induction
argument to establish only the first inequality. The argument can be easily used to prove

the second inequality, as shown below.

Let us denote the negative Dirichlet Laplacian by £. Consider £k € N, 0 < r < 1.
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We already have that || £"ul|,;» < |Jull ;2. Assume this holds for all powers of £ in the
range (0, k] for some k € N. Since k + r > 1, thus D(L¥") C D(L); this is because of
Definition 3.2.11 and the strictly positive spectrum of L (see [ ] for details). This

means any u € D(L*") also belongs to D(L), implying that Lu = —Au. Therefore,

£l = ([ L 1 S ILull s = I=Aull oo S Nlull oo

The first inequality is due to the inductive assumption, and the last inequality follows
from the Poincaré inequality in Lemma 3.2.10. The inductive step has thus been established,

and the proof is completed. 0

While deriving the highest-order a priori estimate for the wavefunction, we require

the following lemma as an abstract integration-by-parts.

Lemma 3.2.13. Let A be a positive, self-adjoint operator with a compact inverse, defined

on a separable Hilbert space H. For s1,$2 € R, s1,589 > 0, and u,v € D(A51152),

(A%, A20) g = (u, A" T%20) g

Proof. Using the notation in Definition 3.2.11,
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oo o0

s1 52 _ 51,825 o ) _ 1,825 A S
(A%tu, A?v) g = g et ep v (w;, W) g = g eitep’ 00,

jk=1 k=1
oo o0
_ s1+82.58 A _ S1+S82 8 A _ s1+s
= g ep! P U 0,0 = E ept U0 (wy, w) g = (u, Aoy g
Jk=1 Jk=1

The following well-known Sobolev embeddings (see Chapter 5 of [ 1) will

also be useful.

Lemma 3.2.14 (Sobolev embeddings). For Q a smooth, bounded subset of R?,
1. H(Q) C L5(Q2) ; HY(Q) € LP(2),p € [1,6)
2. HS(Q)CL®(Q)Vs>2 ; H(R)CL®(R)Vs>1
3. HS(Q) € H'(Q) Vs, €R, s> s
We will use the Aubin-Lions-Simon compactness argument to extract a strongly-
converging subsequence, after obtaining uniform a priori bounds on the approximating

sequence of solutions. The Lions-Magenes lemma will prove useful in the final a priori

estimate, to bound B in L>(€2).

Lemma 3.2.15 (Aubin-Lions-Simon lemma). Let X, X, X, be three Banach spaces such

that Xg € X C Xj. For 1 < p,q < oo, define

Vi={ue LP(0,T; Xy), Opu e LY0,T;X1)}
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Then, V- € L*(0,T; X) whenp < 0o, and V&€ C(0,T; X) when p = oo and q > 1.

Lemma 3.2.16 (Lions-Magenes lemma). Let X, Y, X' be three Hilbert spaces such that
X CY C X/, and X' is the dual of X (with the dual pairing denoted by (-,-)). If
uw € L*(0,T;X) and its time derivative v' € L*(0,T; X'), then u is a.e. equal to a

function in C([0,T];Y). Moreover, the following equality holds in the sense of scalar

distributions:
d
EH“H% = 2(u, u) x1xx
The first of the two lemmas can be found as Corollary 4 of [ ], while the
second one is proved in [ ] (see Lemma 1.2 in Chapter 3).

Finally, we will also make use of another compactness argument in the context of
weakly continuous (in time) maps to Banach spaces, the proof of which is in Appendix
Cof [ ]. This result will be especially useful while upgrading the regularity of the

density field, from that obtained by the application of the Aubin-Lions-Simon lemma.
Lemma 3.2.17 (Weak-continuity in time). Let X be a separable reflexive Banach space
such that X C 'Y, where Y' (the dual of Y') is separable and dense in X'. For a time
T € (0,00), consider a sequence of functions { f,,} such that:

(i) {fn} are bounded in L>(0,T; X),

(ii) fn € C([0,T];Y), and

(iii) (w, fn(t))y'xy is uniformly continuous in t € [0, T| uniformly in n, for allw € Y.
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Then, f, is relatively compact in C,,([0,T]; X).

3.3 A priori estimates

In this section, we will derive all the required a priori estimates, using formal
calculations. We will assume the wavefunction and velocity are smooth functions up
to the local existence time (with the first four derivatives of the wavefunction and the first
derivative of the velocity vanishing on the boundary), such that the density is bounded

below by € > 0.

Remark 3.3.1 (Madelung transformation). For completeness, and to make for easier
understanding of the labels of “mass” and “energy”, we would like to point out the

following:

1. By substituting 1 = Ae'® (polar form) in the Schridinger equation, we are led to a
pair of equations that closely resemble the compressible Navier-Stokes equations,
if we identify A = /% and v = %VS. Here, py is the density of the superfluid
density and v is the superfluid velocity, while m is the mass of the superfluid
atom. This is known as the Madelung transformation and the resulting system, the
equations of quantum hydrodynamics. This motivates the appearance of ||V¢||%g

in the energy estimate.

2. The absolute square of the wavefunction is the probability density of finding the
excitation of the quantum field (a “particle”) at a given point in space-time. This

is known as the Copenhagen interpretation of quantum mechanics. The physical
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density of the superfluid is thus proportional to the probability density (the constant

of proportionality being the mass of the superfluid atom, which we have set to be

unity).

3.3.1 Superfluid mass estimate

Multiplying (NLS) by 1, taking the real part, and integrating over €2 gives us:

dt2||¢||L2 +A/ Re $Bi — 0 (3.19)

The Laplacian term on the RHS of (NLS) vanishes due to the boundary conditions:
Im/mw Im/ w——Im/ IVy|* =0
oo O Q

Using Lemma 3.2.7, the second term in (3.19) is non-negative, so we conclude that
the mass of superfluid (using the quantum mechanical interpretation of the wavefunction)

is uniformly bounded in time:

[ll2 (@) < [0l ae t €[0,T] (3.20)
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3.3.2 Energy estimate

Acting the gradient operator on (NLS), multiplying by V), and taking the real part

gives:

0|V = —Im(Ve) - AVY) — 2A Re(V4 - V(BY)) — 2uV ¢ - Im(4 V) - (3.21)

Integrating over {2, we notice that the first term on the RHS vanishes upon integration
by parts due to the boundary conditions”.

Im/ﬂv@mw Im V¢V——Im/|vv¢| =0

o0N

The second term on the RHS of (3.21) is similarly integrated by parts to yield:

dtz”w’”ﬂ" ARQ/AWW MIm/V\w! VY (3.22)

10

Now, we rewrite the first term on the RHS by replacing” the Laplacian in terms of

the B operator, giving us a dissipative contribution to the energy estimate. Thus,

Both the normal and tangential derivatives of ¢ are zero on the boundary, the latter because 1) is zero
on a smooth boundary.
19This trick will be used again for deriving the higher-order a priori estimates.
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_ 1 -
A A = —2A ——A
Re/Q VB = —2 Re/g< 5 w)sz
—2nre [ (B0 g+ iu- i - ulof0) B
Q
= —2A||B@Z)||i%+A/Q|u|2Re(@/_}B¢)+2A/ﬂu-1m(V@EB@Z))

T 2uh / W2 Re(§By)

(3.23)

We have chosen the (NLS) to have a cubic nonlinearity, and this contributes a
quartic term to the (potential) energy. Multiply (NLS) by ¢ and take the real part to

obtain:

Ot + V - Im(PVep) = —2A Re(4 Byp)

Multiplying the above equation with uW\Q and integrating over {2 leads to:

] _ _
G5l = [ V0P (@) = 2 [ PRy G20

Combining (3.22), (3.23) and (3.24) gives the energy equation for the superfluid
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phase.

d (1 - N
o (G0l + 51t ) +20Bl; = & [ o Re(iBo) 420 [ win(vis)

(3.25)

Now, to cancel the terms on the RHS, we need to include the energy equation for
the normal fluid. To achieve this, we first rewrite (NSE) in the non-conservative form (see

Remark 3.2.2).

poyu + pu - Vu + Vp — vAu = —2A Im(VpBrp) — 2AuRe () Bi) (NSE’)

Taking the inner product of both (NSE) and (NSE’) with u, using incompressibility,

and adding them, we arrive at the energy equation for the normal fluid.

d1

5 IVPullLs +vIIVullp, = —2A / - Im(VyBy) — A /Q u? Re(¥BYy)  (3.26)
Q

Therefore, by adding (3.25) and (3.26), we obtain the energy equation for the

Pitaevskii model.
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d (1 1 1
& (VA + 3IV6L%: + Sl ) + vIvull + 2080l =0 G20
Integrating over [0, T,

1 9 1 2 H 4 2 :
(Gl + Vo + 510 ) @)+ ATuly iz + 201801

—Ey aetel0,T] (3.28)

where the F is the initial energy of the system, defined as

1 1 W
Eo = 5Vpotoll s + 5IV¥ollzs + 5 vl (329)

Since we have assumed that the density is bounded both above and below, the

energy equation implies:

we LypLi, N LynHy, . ¢ €LynHy, NLELy , By e Ly L2 (3.30)

74



3.3.2.1 What does “By € L[207T]L§” imply for 1)?

The coupling is a second order differential operator, so By being square-integrable
should intuitively mean that ¢» € H2. We will confirm this with a simple calculation.

From (CPL),

1 1
—5A¢ = BY —iu- Vi — 5!U|2¢ — nly*y

= 180 2 S 1Bz + - Vol + ([l o + ulll0 ], (3.31)

Now, using Lemma 3.2.10, the LHS is equivalent to |[¢}|| ;.. We will the last three

terms on the RHS, based on (3.30).

-Vl z < llull s IVl s (Holder)
S Null g vaéi ||V¢||%g (Lemma 3.2.14 + interpolation)
<l 10113 1911 (Lemma 3.2.14)
<l 190y + el (Young’s inequality)
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The constant c is chosen to be small enough that the second term in the final step
can be absorbed into the LHS of (3.31). Similarly, using Holder’s inequality and Sobolev

embedding,

2 2 2
[l ]| 1 < Nullzgllllze S Nl vl

Pl S Iell3e S el

Substituting these into (3.31), and integrating over [0, 7',

1 2 3
||1/J||L[107T]H% ST HB@DHL[QOYT]Lg + HUHL[QQT]H;HQ/]HLEET]H% + NT||77DHL‘[>&T]H% <00

Each of the terms on the RHS is finite, according to (3.30). Thus, given the a priori

estimates, BY € L, L3 = ¢ € Ly H.

A further consequence of this is that the time derivative of the wavefunction can be
bounded in a suitable space, permitting the use of the Aubin-Lions-Simon lemma. From

(NLS),
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||at¢“L1 L2~ S ATQHBwHH Hw”Ll T H2 +:LLT||7wbHL°° JH} <00

= Wllee o + 10Ny 2 10 g < 00

Thus, from Lemma 3.2.15, we can conclude that a sequence of wavefunctions that
satisfy the above finiteness condition contain a subsequence that converges strongly in

both L]

0,2) 0,1) 1,6)
[OT]H([J:E mL[OT]H([):E mL[OT]L[ .

3.3.3 Higher-order “energy” estimate

In this subsection, we will utilize the approach in [ ] to derive a higher-order

a priori estimate, involving all the three fields (¢, u, p).

3.3.3.1 The Schrodinger equation

Similar to the derivation of the energy equation, we act upon (NLS) with the Laplacian

A, multiply by A1), take the real part and integrate over the domain:

dtQHAwuLQ = —ARe/(AQw)BeruIm/ (A2)) Y|y (3.32)

The first term on the RHS of (NLS) vanishes as a result of the boundary conditions
on ¢ (namely, that all tangential derivatives vanish due to the smooth boundary, and that
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the first three normal derivatives are zero):

Im/AwAZw =Im AwAV— —Im/ ]Aw\ =0
Q

o0

As done before, we will express the Laplacian in (3.32) in terms of the B operator

to obtain a non-negative term and estimate the RHS.

—ARe/Q(A%)Bw = ARe/QV(AzZ) - V(B)
— —2aRe [ VB -+ Vi - GG - ulePd] - (B0
Q
~ —20[V(BY); + 20T | V(- V) V(BY)
+2ARe/ﬂV(%]u\2w)~V(Bw)

+ 24 Re /Q V(|[20) - V(By)

plm / (A2)¢f2p = —uIm / V(A - V()
“opm [ @ {Bwﬂu Vi — Ll — ol w] V(o)

_2u1m/v V(o +2uRe/VuV¢) V()

~ ot [ (Gul*0) - V(oo
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Thus, (3.32) becomes:

a1

I8l +2AIVBYE; = 20T [ V- Vi) V(B) (3.33)
Q

+2ARe/QV (%yuﬁw) -V(BY)
+2ApRe/QV(W1’21Z)‘V(B¢)
T 2uTm / v (BY) - V()
+2,uRe/QV(u-V¢) V(|4 [2)

Y A C e R

We can now repeatedly use Holder’s and Young’s inequalities to extract out |V (B1)) ”iz
from each of the first four terms on the RHS (with small enough constants in front to be
able to be absorbed into the dissipation term on the LHS). We use the same inequalities

with the last two terms. Combining all this, we end up with:

2
+ el
L2

(3.34)

d 1
FIAUIE + AV B, S AIV G- Vol + 4]V (Hufo)

where v := 42 (A + 1).
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Each of the three terms on the RHS has to be estimated.

IV (- V)72 S IV VY [7s + [lu- VY7,
SIVullsllVelzs + lullilAv]7, (Holder + Lemma 3.2.10)
1 3
S IVl | Aull 2 1A% 172 + (IVullF; [ AullZ | Av]7

(Lemma 3.2.14 + Interpolation + Lemma 3.2.10)

(The term |||, is bounded above by ||u|| 7 using Lemma 3.2.14, which is in

turn interpolated between H! and H?2.)

2. We will use the property of a 3D vector field, not necessarily divergence-free:

where w = V x u is the vorticity. We will also note that ||w|[;» < [[Vul|,» for all
1 < p < oo, thus rendering the second term of the RHS in the above inequality

equivalent to the first (insofar as L? norms are concerned).
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1 2 1 2 1 2
Hv (§\U|2¢) < Hv (W) o + H;Ww
L2 L2 L2
S Nl Vall sl + lullzeVel7s  (Holder)

3 2 4 2
S IVullpa 1Aul| g2 [ AN + IVullz2 [ AL,

(Lemma 3.2.14 + Interpolation)

2
VAP S 10l IVEITs S IVEIe AL

Combining all these into (3.34) results in:

d 1 3
EHAWE% +IV(BY)I72 S A IVull 2 | Aull 2 + 1 VullZ | AullZ,

Y
HIVullzg | Aully + [ Vullz; + LIV | [1A0]; (3.35)

Now, we will use Young’s inequality to extract out || Au| i% with a certain sufficiently
small coefficient (whose choice will be justified later in this subsection). We also recall
from (3.28) that |V ;. < 2Eq a.e. ¢ € [0,T]. In the following, recall that the density is
bounded below by ¢ and above by M 4 m — € (see discussion following Definition 3.2.9).
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Let us refer to this upper bound on the density as M’, for brevity.

AQM/ A4M/3
IVullZ2 1A%, + ——IVull7: 1A% [5,

d
AV + AIV(BY)IIL; <

2

M
7 ||VU||5S;,2||A1/JHA£2 +A||VU||4L3HA¢H%

+ VBl Al + HAuHL2 (3.36)

C’M’

(The C in the denominator of the last term is a large constant, and simply to ensure
the term is small enough to be absorbed into a similar dissipative expression on the LHS

that will appear from the normal fluid’s estimates.)

3.3.3.2 'The Navier-Stokes equation

We will now follow the approach in [ ] to derive a higher order estimate for
the velocity field, which will be combined with (3.36) to arrive at a Gronwall inequality

argument. Starting with (NSE’), we first multiply it by O,u and integrate over the domain:

/ pldwul® + ZiHVUHiQ = — / pu - Vu - O — 2A/ Opu - Im(Vih By)
Q ‘ Q Q

—2A / O - uRe(By) (3.37)
Q
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The three terms on the RHS are estimated as follows. Recall that ¢ is the lower

bound on the density, and M’ = M + m — ¢ is the upper bound.

1 3
—/pu-Vu-@tug —/p\@tu|2+—M// lul?|Vul”
0 6 Ja 2 0

The last term is bounded using Lemma 3.2.14 and Sobolev interpolation: ||[ul]; . <

1 3
lell 5 S Nl ul - Thus,

7<
HE ™

2 2 <« 5 3
w1 Vul’ S IVull, | aul, (3:38)
Q

- 1 6A?
24 [ - 1(V5Bw) < ¢ [ ploal® + 2 |Vulg ol
Q Q

The Bt term is handled via interpolation, while the V1 term is bounded using
Sobolev embedding. We finally use Young’s inequality to extract the dissipative

term, with a sufficiently small coefficient (C' is sufficiently large).

CA
IVeIigllBEILy S —1BYIL 1AL + S IV (BY)IL,

19
m”v
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. 1 6A2
—2A / O uRe($BY) < / plowul* + —llullzg [0 | Bz
0 0
Just as in the previous case,

CA
2 2 2 2 4 4
lullze 19z 1BV e S — IBY e lIVullLs [ A¥IL, +

€ 2
mHV(Bw)HLg

Substituting the above estimates into (3.37),

vd

1 5 3 A
sVl + 5 [ plol S 21Vl fyl dul, + ZI9 (B0

AS
+ S IBul: (1+1Vuliy) 1201 (3:39)

Having obtained equations for the rate of change of |[Vul|,, and [|Ad]|,,, what
remains is to consider the “higher-order dissipative” term ||Au||i% in these estimates.
Having this on the LHS will allow us to absorb such terms from the RHS, and set up
the required Gronwall inequality. (Note that the higer-order dissipative term for the

wavefunction is ||V (B1))||7,, which is present in (3.36).) To this end, we multiply (NSE’)
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by —AAw and integrate over the domain, where 6 is a positive constant whose value will

be fixed shortly.

Ov||Aull?, :9/p@tu-Au+9/pu-Vu-Au+2A6/Im(V@Bl/))-Au
’ Q Q Q

+ 2A0 / uRe(YBy) - Au  (3.40)
Q

Once again, we estimate each term on the RHS.

1.
Ov 20 M’
9/ pouu - Au < — || Aulf3, + /p\atuf
Q 8 ¢ v Ja
2.
0 20M"
0/ pu - Vu - Au < —V||Au||2LQ + / |u|?| Vul”
Q 8 ‘ v Q
The last term is manipulated just as in (3.38).
3.

8A20

- Ov
206 [ In(V554) - Au < Naally + = 2 IV0l 1B,
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- Ov 8A20
206 | uRe(@BY) - A < Llaully + =l Il 15Ul

Thus, (3.40) becomes (c is a positive constant that depends only on €2):

v 20M’ 29M'2
Flaulz, < 205 [ ol + ZE|val aul, + FI9 B,

A362

1BoI3, (1+1Vall,) 1a¢], 341

We now add (3.39) and (3.41). Choosing 0 = and extracting ||Aul|7, with

sufficiently small coefficients, we absorb into the corresponding term on the LHS. Finally,

what remains is:

V2 M/7
Vully + Syl + il < vl + vz,

2dt|
A3 2 4 4
+ SIBYI; (14 IVulliz) 12wl (42
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3.3.3.3 The Gronwall inequality step

Having derived the equations for the higher-order norms of u and v, and also

accounted for the relevant dissipative terms, we now add (3.36) and (3.42):

d 2
LT1avl, + vIVully] + AIV B + ool + 2o duly
A2\ A4M/3 A2\
S [ STl aul; + S IVul Al + S IVl vl
+ ANVl AV, + A
Ml7 A3
+ [ IVl + 1Bl (14 19ully) 1awil| 49
Denoting

X =14 |A¢|[5: + v Vull?,

2
14
Y = A[V(BY)Ilzz + Vel + 57 Aullz

we can rewrite (3.43) as follows:

87



dX A2M’ A3 A2M A
haniel < 3 5 5, D y3 4
7 +Y < 3 X+ 7 X° + e X +,/2X +7E0X}
M 5 A? 2 2 2 2
+ 11 X7+ €2V2||B¢||Lg (V +X )X} (3.44)
Since X > 1, we set:
AQM/ A4M/3 AQM, A M/7 A3
C:max{ T T s T Bt _52y2(”2+1)} (3.45)

and rewrite (3.44) in a much simpler form.

dX
Sy <o (1+ Byl X° (3.46)

We begin by dropping the non-negative Y. Since By € L[Qoﬂ (the T is from
Definition 3.2.9), we can easily integrate to arrive at:

X(t) < Xo - aetel0,T] (3.47)

- ex (0 ol

4

88



where Xy = X (0) = 1 + v|| V|72 + | Ato||7, < 00, due to the regularity of the initial
data. In addition, 7" is some time that is less than or equal to 7" from (3.14). Of course,
the RHS of (3.47) makes sense only if 7" is such that the denominator doesn’t become

non-positive.

Definition 3.3.2 (Updated local existence time). Consider T" such that

15

<2 3.48
= 16CX¢8 (3.48)

/ 2
T+ 1Yl

Define the local existence time = min {T" from (3.48) , T from (3.14)}. (Favoring
clarity in subscripts, we will abuse notation and denote this (updated) local existence time

asT).

With this choice of local existence time 1, we observe that

X(t) <2Xy ae. tel0,T] (3.49)

Returning to (3.46), for t € [0, T,

dX
Py <ox (14 1Bol2,) < 3203 (14 1Bu, )

Integrating from 0 to ¢ € [0, T,
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15

t
X(t) — X Y < 320X | ——
0 =X+ [ Yir)ar <320 0(160Xg

) = 30X

T
= / Y(r) dr < 31X, (3.50)
0

Thus, (3.49) and (3.50) imply the following a priori estimates:

(3.51)

V€ Ly H;, . BY € Ly H,

Remark 3.3.3. Note that the actual estimate was \/pOyu € L[QO’T] L2, but in the next (even
higher) a priori estimate, we will need to bound w in LS°, for which we require a bound
on Oy in L[20’T] L2. This is the reason for working with density that is bounded below, and

is one of the differences between this work and [ 1.

3.3.3.4 What does By € L[QO,T Hl imply for ¢?

]

Just as in Section 3.3.2.1, we can confirm our intuition that By € H ; is equivalent
toy € H if’ (not pointwise in time, but rather in L?), since B is a second-order differential

operator. However, this time, we use the updated a priori estimates from (3.51).
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From the definition of B, and using incompressibility,

—%vmp — V(By) —iVV - (u)) — V (%yu\%) — pV ([ ")

1
= [y 19z + ool + [V (G |+ ulvorol,

The Sobolev spaces H*(£2) form an algebra for s > %, so this allows us to easily
estimate the second term on the RHS. The third and fourth terms are managed the same

way as was done in going from (3.34) to (3.35). In all, we arrive at:

||¢||L2 H3 < ||V(B¢)HL2 L2 + HUHL2 H;%H¢||LFOOT]H%

[0,77]

1 2
+ HUHLfaT]H; HUHL[QO,T]H% HwHLﬁiT]H% + pI> WHLE;T]H; HwHLf&T]H_g

Given the a priori estimates in (3.51), we see that ¢ € L[o 7] ng if By € L[0 T}H
We can now (slightly) modify the estimate for the time-derivative at the end of Section

3.3.2.1, in particular, its time regularity can be increased to L?.

||3t¢||L2 L2~ S ||B¢||L2 L2 "‘TQH@Z}HLOO | H2 +NT2||¢||L°<> |H} < (3.52)
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Once again, using Lemma 3.2.15, we can infer the strong convergence of a subsequence

of wavefunctions in Lf 1, H([ff).

3.3.4 The highest-order a priori estimate for ¢

From the previous analysis, we have obtained By € L[207T] H!. However, as pointed
out in the discussion following Definition 3.2.9, we seek By € L[207T] L?°. Taking advantage
of the embedding H29(2) C L>(€2), we will now derive an even higher order a priori

estimate (only for ).

We act on (NLS) by (—A)*, for s € (2,2).

OU-A) 0+ A(—AP(BY) =~ ACAYY + EAP(uPy)  (5Y

As will be shown in Section 3.4, the semi-Galerkin scheme for the wavefunction
is set up using the eigenfunctions of the penta-Laplacian in Section 3.4.1.1, which have
vanishing derivatives up to the 4th order on the boundary. Since the eigenfunctions are
also smooth, we see that they belong to Hg(€2). Just as in Sections 3.3.2 and 3.3.3.1, we

multiply by (—A)*1), take the real part and integrate over (2.
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Here, we have used Lemma 3.2.13. But, this requires that By € D ((—A)*) =
. 5
D (((—A)E’)g) = HZ = H? . (The characterization in terms of Sobolev spaces

follows by a proof very similar to Propositions 3.4.2 and 3.4.4.)

. . .. . . 2+6
Since B has a second derivative term, this is equivalent to saying v € H; , thus
justifying our choice of boundary conditions (the extra vanishing derivative) for the

basis functions of the semi-Galerkin approximation.

ImL}—Aﬁw—Afﬂw=1m«—AV¢J—Afﬂ¢>

= Im ((—A) g, (~A) ) =0

9
. . . . S46 .. .
Just as in the previous term, this requires ¢ € H3*"? = H2 ", which is once again

satisfied given the choice of eigenfunctions in the semi-Galerkin scheme.
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Im [ (=A)D(=AP(J0[*) = ((—A)*), (=A) (J¢]*y))

Q

This calculation is also justified in a manner similar to the first two terms.

In the first and third terms above, we trade the negative Laplacian for the B operator

as done in the a priori estimates up to this point, and arrive at the following inequality''.

d 2 s 1
Z=A) 3, + Al|(—a)(By)

2
L3

SA|artw v, +a|ayigure)

ey

2 2
L L2

(3.54)

Note that choosing s = 0, %, 1 leads (respectively) to the mass, energy and higher-
order energy estimates from before. Now, we will estimate each of the terms in the RHS
of (3.54). Since s — % € (%, 1), we can use Lemma 3.2.12 to replace all the terms on the

RHS (and the second term on the LHS) by appropriate Sobolev space norms.

"Recall that v = p? (A + ).
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d
=265 + Al Bl S Allw- Vbl + Afl el gz + 170z

(3.55)

Weset2s—1 = ‘% +¢ forsome 0 < 9 < % Using the algebra property'? of Sobolev

norms, along with Lemma 3.2.12, we estimate the RHS of (3.55):

2 2 2 2 2
[ Vpllgzer S Nlullgze-s 11 zer S Hlllg2 [1(=A)*l L,

Since we already have u € L[20 7] H 3@, this term is amenable to Gronwall’s inequality.

2 112 4 2 4 2
[lul ||z S IIUIIH§+§||2/»|!H;S—1 N Ilu!\H§+5!\w|!H;s

We know that u € L}, H3 , and Qyu € L}, 1 L2 C Ly 1y (H3,)" C Ly 1y (H3,)

So, we can use Lemma 3.2.16 to conclude that:

209l e SNl llgll g for r > 4 in d dimensions.
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1 /M
2 2 2
Jal 3s(8) < ol s + 2l Ol s e S ol s+ 54/ =X

(3.56)

where X is defined immediately following (3.47). For brevity, define

2 2
By = HUOHHJ;%JNS + \WoHngH

Thus,

M/
ol (54 B2) =)ol

2 6 4 2 2
10|z S 10l S 1l a2 19l S XEI(=2)"¢ ]

From the above estimates, we have

!/

d S M S
I8Vl + MBI S (Al + (A5 +) X3 + A2 | N-A)wily
(3.57)
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Using Gronwall’s inequality, for all ¢ € [0, T:

M/
o+ (A 4+7) X3T+ABST

v2e

c[AnuniQ
I=A) 2, (0) S I-A)allze o

Using Lemma 3.2.12, we can simplify (3.58) to:

2 2 2
17+ (8) S M1ollgzee?™ = [Io]l” 556"

where

M’ M’
Qr = {A—2Xo + (AT + 7) X3T + AEfT]
14 vee
More importantly, we get the sought-after “dissipation bound”:

1

(3.58)

(3.59)

(3.60)

_1, 1 e _1,1 e
1BYIl s, gzes S AH@QE+ De @ oll 2 = AH(QF + e o] 5. (36D

Since 2s—1 = % + 0, the second embedding in Lemma 3.2.14 allows us to conclude
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that B is bounded in L[20 7) L2°. This is the required estimate to ensure that the density

remains bounded below.

Remark 3.3.4. The estimate in (3.56) was not needed in [ |. Indeed, in that work,
_4 3

it was sufficient to interpolate between L H! and L?H? to get a bound in L™ H}? .

In our preceding analysis, however, such an interpolation would not work due to the high

? and another factor of 2 from the square on the outside.

exponent of u: 2 from the |u
Now, in trying to use Lemma 3.2.16 (Lions-Magenes), it is necessary that the spaces that
u and Oyu live in be dual to each other. Therefore, this forces us to have u € H&x (as

opposed to simply H?), which adds the extra boundary condition of a vanishing gradient.

3.3.4.1 What does “Bi € L[2o T]Hgs_l” imply for 1?

Once again (and for the last time!), we repeat the procedure in sections 3.3.2.1 and
3.3.3.4 to deduce what regularity on the wavefunction is imparted by the above a priori

estimate.

1 1
_§A¢ = By —iu- Vi — §|U|2¢ — plyl*y

= 180l s £ (-0 2B, + e Tl [Pl s+ 070 e

Performing an L? integration over [0, T':
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1
||77Z)||L[20YT]H§5+1 5 ||B1/}||L[20’T]H£S*1 + 1 ||u||LF&T]H£S’1”1/}HLF&T H2s

]

1 2 1 3
+ 1> ||UHLE’§’T]H%S’1 ||77Z)‘|L‘[>(§”T]H,%S_l + 1 ||77Z)HL‘[>(§"T]H£S*1 (3.62)

Each of the terms on the RHS is finite (by the preceding a priori estimates). Thus,

T
we have ¢ € L[QO,T] Hg§ ; > By applying Lemma 3.2.15, we can once again conclude strong

. 0,46
convergence of a subsequence in L%QT] H(g’j )

In summary, we have the following bounds:

3
we LgpHi N L HE, , e LY L2,

00 F[%‘Hs 2 F[%‘HS 2 2
(3.63)

3
By € Ly Hi ™’

e<p<M=M+m—eV(t,z) €[0,T] x Q

3.4 Local existence of weak solutions (Proof of Theorem 3.2.3)

Having derived the required a priori estimates, we are now ready to establish weak
solutions to the Pitaevskii model. In this section, we will use a semi-Galerkin scheme to

prove local existence of solutions for a truncated form of the governing equations, before
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passing to the limit to arrive at the weak solutions.

3.4.1 Constructing the semi-Galerkin scheme

Due to the boundary conditions imposed in the Pitaevskii model, the wavefunction
is constructed using eigenfunctions of the fifth power of the negative Dirichlet Laplacian
operator as basis, while the velocity is built from eigenfunctions of the Leray-projected
Dirichlet bi-Laplacian operator. We will now describe both these operators and their

properties.

3.4.1.1 The truncated wavefunction

Consider the following boundary value problem (where n is the outward normal at

the boundary, and f € L?):

(~AYe=f  inQ

08 9 o'e o'
_%_8n2_8n3_8n4_0 on J¢

(3.64)

£

The operator L5 := (—A)?, henceforth called the (Dirichlet) penta-Laplacian, is
defined on the space D(L5) = H'°NH; (see Corollary 2.21 in [ 1). It has a discrete
set of strictly positive and non-decreasing eigenvalues (0 < 1 < 5 < f5... — 00),
and the corresponding eigenfunctions ({b;} € C*(£2)) can be chosen to be orthonormal
in the L2 norm and orthogonal in the H? norm. The imposed boundary conditions in

the Pitaevskii model indicate that this is the right basis to consider for constructing the
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wavefunction'’.

For N € N, we define the truncated wavefunction as:

Nt w) = A ()bk(@) (3.65)

where d¥ (t) € C.

3.4.1.2 The truncated velocity

We begin by considering the following vector-valued boundary value problem (where

n is the outward normal vector on the boundary, and F' € Lfl’x is vector-valued):

(-A)v+Vp=F in {2

V.-v=0 in 2 (3.66)
ov
v—%—() on 0f)

When the domain 2 is bounded and sufficiently smooth, this problem has (see
Theorem 2.1 in [ 1) a unique solution pair: v € H2 and p € L2\ R. These functions

also satisfy the following elliptic regularity estimate:

[vll gz + NPl 2 S E 2 (3.67)

13Compared to the Pitaevskii model, there is one extra vanishing derivative on the boundary for these
eigenfunctions. This is to ensure some that the a priori estimates work out. See the handling of the B
term in Section 3.3.4.
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implying that the map F' +— v is bounded. This map is the inverse of the bi-Stokes

operator, to be introduced next.

We will denote by P the Leray projector (see chapter 2 in [ ], for instance),
which maps any Hilbert space [ to a subspace H, consisting of only divergence-free
functions. Leray-projecting the first equation of (3.66) eliminates the gradient term,

giving (recall that F'is already assumed to be divergence-free):

P(-AYv=F in Q
(3.68)
ov

=—=0 of)
v=o on
We will refer to S, := P(—A)? as the (Dirichlet) bi-Stokes operator, defined on the
space D(S,) = H*NH3. Just as with the Dirichlet penta-Laplacian above, it can be easily
shown that the bi-Stokes operator has a discrete set of strictly positive and non-decreasing
eigenvalues (0 < a; < as < ag... — o). The corresponding divergence-free, vector-

valued eigenfunctions ({a;} € C°°(2)) can be chosen to be orthonormal in the L2 norm

and orthogonal in the HZ norm.
For N € N, we define the truncated velocity as:

uV(tx) = o (Hax(x) (3.69)

N
k=1

where ¢ (1) € R.
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3.4.2 The initial conditions

3.4.2.1 The initial wavefunction and initial velocity

In this section, we will discuss our choice of truncated initial conditions for each of
the fields (wavefunction, velocity and density). We begin by defining PV (respectively,
QM) to be the projections onto the space spanned by the first N eigenfunctions of &,
(respectively, L£5). Then, we truncate the initial conditions for the velocity and wavefunction

accordingly:

ud = PNug Yo = QN (3.70)

Since ug € H§+§(Q) and 1)y € HOg +6(Q), it is necessary to establish that the truncated
initial conditions converge to the actual ones in the relevant norms. This is indeed true,
and we will now rigorously prove it. For the wavefunction, the proof is rather straightforward
because of the equivalence of norms between Sobolev spaces and fractional powers of the

Dirichlet Laplacian (Lemma 3.2.12).

Lemma 3.4.1 (The projection @y is convergent). Let s € [0,5]. If+ € Hj,, then

QY —— 4 and | QN Y|

s S 0

Proof. Lety € Hg , be given by:

i
WE

=
Il
—
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Then, using Lemma 3.2.12:

4]

e = (=205 = D B2, b < o0
k=1

Since the sum is finite, the sequence constituting the series must tend to zero. Thus,

(o.9) 2 oo
Ve = vl = || 2o @wbbe| = D Bl b ——0
‘ k=N+1 Hy  k=N+1 >
Finally,
1@V s = (= 2)2Q Iy < [|(=2)2ull, = 10113,

For the case of the velocity, we first have to establish a relation analogous to Lemma
3.2.12 for the bi-Stokes operator. We will do this by following the approach in Section
3of [ ]. Since the bi-Stokes operator is the Leray projection of the Dirichlet bi-

Laplacian operator, we will begin with fractional powers of the latter.

Consider the following boundary value problem (with f € L?2). The operator of

interest is the Dirichlet bi-Laplacian, denoted by Lo = (—A)?.
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(-AP6=f  inQ

52%:0 on 0f2
on

(3.71)

Like the other operators discussed above, the bi-Laplacian (defined on L?) is also
positive and self-adjoint, with a compact inverse. Thus, it has a positive and non-decreasing
spectrum (0 < I} < Iy < I3 < ...0c0), and smooth eigenfunctions ({w;} € C>=(Q))
that are orthonormal in L? and orthogonal in H?. Based on elliptic regularity theory
(see Corollary 2.21 in [ ]), the domain of the biharmonic operator is given by
D(Ly) = H* N HE. Now, recalling Definition 3.2.11, we establish the domain of the

half-power of the bi-Laplacian.

Proposition 3.4.2 (Domain of half-power of the bi-Laplacian).

D(L3) = H?

Proof. Ifu € D(Ly),v € HE, then:

(Lou,v) = ((—=A)u,v) = (D*u, D*v)

1
Since I; *w; € D(L,),
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_1 _1 _1 _1 _1
Ok = {l; *wy, [ *w) ) = (Lal; 2wy, 1 2wi) = (D?(1; 2w;), D*(1, 2 wy))

1
Since D(L2) is defined via an eigenfunction expansion, the above equality implies
1 1
that convergence in D(L£Z2) guarantees convergence in H3. We conclude that D(L£3) is a
closed subspace of HZ.

Now, if v € Hg with (v,u)y2 = 0¥ u € D(L3), then for all j € N:

0= (v,w)) + (D%, D*wy) = (v, w;) + (v, Law;) = (1 +1;)(v,w))

=v=0= D(L])=H

1
We will now interpolate between D(L5) = L? and D(L3).

Definition 3.4.3 (Fractional bi-Laplacian). For 0 < 6 < % we define the fractional bi-
Laplacian as:

D(£8) = (D(ey). D)), (372)

where (X,Y)g is the interpolation space between Banach spaces X and Y that are

both embedded in a common vector space. For details on real interpolation (and the
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K-method), see [ | for a brief introduction and Chapter 7 of [ ] for a detailed

exposition.

Having defined the fractional bi-Laplacian, what remains is to interpolate, and the

final result is stated in the proposition below.

Proposition 3.4.4. For 0 < 0 < %, D(L}) = Hy’.

Proof.
D(£g) = (D(LY), D(£3))

20

= (L27 Hg)%

(3.73)
_ g(1-20)0+(26)2
- 0

__ 1740
= HO

The first equality is just Definition 3.4.3, with the observation that the interpolation
index is 26 on the RHS since # goes from 0 to % and the interpolation always goes from 0

to 1. The second equality follows from Definition 3.2.11 and Proposition 3.4.2.

The penultimate equality is from the result (see Corollaries 4.7 and 4.10 in [
that interpolation of Sobolev spaces (on a Lipschitz domain) is a closed operation, i.e.,

yields another Sobolev space.

At this stage, we have the domain of definition of the fractional bi-Laplacian.

We now return our attention to the bi-Stokes operator (S,), which involves the Leray
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projector acting on L,. Therefore, to begin with, we note that D(S,) = H* N HZ N L2,

where L2 is the completion of smooth, divergence-free functions in the L? norm.

Proposition 3.4.5. For 0 < 0 < 1,

D(&%) = D(L%) n L2 (3.74)

In particular, D(69) = H3? N L3 for 0 < 0 < 3.

Proof. Since the bi-Stokes operator is defined on L2, we have:

D(69) = (L3, D(L:) N LE), = (L* N L3, D(L2) N L), (3.75)

We would like to use the “intersection lemma” (Lemma 3.4) of | ] in order
to commute the interpolation and intersection operations. To this end, we must construct
an operator T : L> — L2 such that T'| 2= Id (the identity), and 7" must also be bounded

from D(Ly) to D(Ly) N L2

First, consider the operator T : D(L,) — D(S,) given by

T:=6,'PL,

From (3.67), &, : L3 — D(S,) is bounded, and so we have || &5 f| .. S [1f]] -

Thus, for any f € D(L,):
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171, 1770 = 185 Lol S UPLAle < 1o e S 1 e

This shows that T is bounded from D(L5) to D(&,). Now, for g € L2 and f €

D(L,), since Sq, L, are self-adjoint and P is symmetric,

= [(£265"9, )] < 16579 gull £l 2 < Nl 21 £ e

= [[7]

i S 1l

Since T is linear and D(L,) is dense in L?, we can therefore extend TtoT : L?
L?. This operator is also the identity on L2, since f € L? can be expanded in terms of the

eigenfunctions of G, and noting that f € D(&,), we have PLy = Gs.

Using (3.75), the map T' constructed above, and Lemma 3.4 of [ ], we arrive

at the required result. [
Finally, we are ready to prove that the truncated initial velocity is also convergent.
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Theorem 3.4.6 (The projection Py is convergent). Let v € [0,2]. Ifu € Hj,, then

HT
PNy —— u, and HPN
N—o0

Proof. Letu € H} , so that
o0
Z u, CLk
k=1

Then, using Proposition 3.4.5:

o
lulliy, = (&) iull}, = - agl(u, a)f* < oo

Since the sum is finite, the sequence constituting the series must tend to zero. Thus,

2

[e¢) o0 ”
| PN = Y waal| = Y af|(ua) prandl
k=N+1 Hy  k=N+1 o
Moreover,
1PYully, = [[(82)F PYulf;, < [[(&)iull}, = [[ull3,

Given the regularity of the initial conditions, we deduce the convergence of the

truncated initial conditions by applying Lemma 3.4.1 and Theorem 3.4.6.
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5
Corollary 3.4.7 (Truncated initial conditions are convergent). If vy € H; o and uy €

3 5+s 345

5+4 H2 H2
H?", then ) ——— 1y and u)Y —— .
d 0 0
N—o00 N—o00

3.4.2.2 The initial density

Given the initial density field py € L2 C L

xT °

we consider an approximating
sequence pY € C!, such that p{’ ﬁ p, and m < pl < M. (Recall that m <
po < M.) This approximating sequence may be constructed as follows (see Figure 3.1).
For each N € N, define 1 = QU {z ¢ Q : dist(z,09Q) < §}, so that Q. €Qy for

all N. Now, extend p, to py over (2.

Figure 3.1: Extending the domain to create room for the mollification of p,
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~ Po z €
Po 1= (3.76)

m e\

Define a mollifier ¢ : R* — RT. It is a smooth, compactly supported (on the
unit ball), non-negative function with unit mass, i.e., f B, ( = 1. Here, B, is a ball of
radius r (centered at the origin). We will now scale this mollifier in a mass-invariant way:
C1 () := N3( (Nz). This means that the support of ¢ 1 isin B . The approximating

sequence is obtained through convolution with the mollifier, and restriction to €2, i.e.,

( (3.77)

The pl’ are obviously smooth since convolution upgrades regularity. They are also
bounded as required, because gy € [m, M| and the mollifier has unit mass. Since 2 € €2,

we have gy € L?(Q) = LY

loc

(Q) for p € [1,00), which implies (from Theorem 6 in

P(©)

Appendix C of [ ]) that pév ]LV—> Po- But, by construction, py = py in (2; therefore,
—00
LP(Q)
p(])\[ —>N Po
—00
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3.4.3 Approximate equations

3.4.3.1 The continuity equation

Having described the (truncated) initial conditions and the semi-Galerkin scheme,
we will now establish the existence of solutions to the “approximate” equations, starting

with the continuity equation.

AN +uN - Vol = 2A Re(¥N BNy
(3.78)

PN (0,2) = py ()

where BN = —1A + %‘uN‘2 +iul -V + u‘wN‘Q.

Just as in (3.18), we see that the constraint that fixes the local existence time 7'y for

(3.78) is:

1
AT,

BYyN|| . . <m—c¢ (3.79)

0,Tn]™®

Recall that T is also updated based on Definition 3.3.2, to accommodate the
Gronwall inrequality calculation in the a priori bounds. Now, using Lemma 3.2.14, the a
priori estimate for ¢ in (3.51) and for B in (3.61), and Lemma 3.4.1, we can choose a

local existence time that is independent of N.
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[0,TN] 7=

S Lt vlfug |y + 110 ||

S 1+ viuoll gy + 1ol g2

Similarly,

18508, e S BT

3

546

2
[0,TN] O,TN]HI

AN

A% (@4, +1) e@nw]fud|

3
2+§

N

A

1
A3 Qb +1) @ ol g

where ()7, is defined in (3.60). Thus, substituting these estimates into (3.79) gives:

1,1 3 c
2eASTY (1 Vo lly + ol ) (@7 +1) @ ll gus Sm—e  (3:80)

It is sufficient to choose 7 small enough to satisfy (3.80). Since no mention of
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the index N is made in the constraint in any of the initial conditions, it is clear that Ty
can be chosen independent of N. Having arrived at the local existence time, we will
now establish the analogs of Lemmas 2.2 and 2.3 from [ ]. These constitute the

existence of solutions to (3.78) and a convergence result for the same, respectively.

Lemma 34.8. Let uN € Cfy ;yC4 and YNBNYN € Li, 0L (uniformly in N), with
uN(t,0Q) = 0 and V - uN(t,Q) for t € [0,T). Then, (3.78) has a unique solution

p" € Cly i Che

Proof. To avoid having to deal with problems of derivatives at the boundary, let us extend

uN to w € C’[% T C1, such that:

(i) wY =ulV (t,7) € ([0,T] x Q); in particular, w™ = 0 on the boundary

(ii) w?" is supported on an open set £V such that Q € EV

Consider the evolution equation for the characteristics of the flow.

w
dt (3.81)
2N (0) =9V € Q

Since w" € C}j yC;, there exists a unique solution z™(t,y") € C[loj]C}z for
some 0 < T < T. Because w™ = u¥ = 0 on 99, for any y¥ € 99, we have
2N (t,yN) = y» € 00Q. This implies that characteristics starting inside/on/outside the

boundary, remain inside/on/outside the boundary. Thus, by uniqueness of the solution,

T =T and zV(t,y") € CloCg for u™ € Cf 1y CF,.
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Owing to the incompressibility of the flow u”, it follows that det Ol — 1,
By].

allowing us to conclude that the characteristics are C! diffeomorphisms and therefore,

invertible:

We will now define the solution to (3.78) along characteristics:
t —
PNt z) = o (Y (t 7)) + 20 / Re (¢N3N¢N> (ryV(t—ra))dr  (3.82)
0

That (3.82) uniquely solves (3.78) can be easily checked using the following property

of the “inverse-characteristics” y(¢, ). For any 7 € R,

ylt — 74+ At,x) —y(t — 7, 2)

Hv(te) = lim, At
r(t+ Aty) —x(t,y) ylt —7+At,z) —yt —7,7)
= lim :
At—0 At r(t+ At,y) — x(t, y)
aty(t -7, .CE)
= ul(t,
( ) 8t:lj<t7 y)
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The last equality is due to Euler’s chain rule (also known as the triple product rule).
Furthermore, by choosing an appropriately small existence time 7' (as before), we can

ensure that for m < p) < M, we have m < p™(¢,Q) < M fort € [0, T].

Now, we will consider a convergent sequence of velocities and wavefunctions that
belong to the finite-dimensional subspaces spanned by the truncated Galerkin scheme.
Given such a convergent sequence, we show that the sequence of density fields satisfying
(3.78) is also convergent, and this will be used to complete a contraction mapping argument

later on.

Lemma 3.4.9. Forn € N, let u)) € CiorCe, and YNBNyYN ¢ Liy LS (uniformly in
n), with uy(t,09) = 0 and V - u}f (t,Q) for t € [0,T]. Denote by p, € Cj 1,C; the

unique solution to the system:

OpY +u -Vl = 2A Re(¥N BN )
(3.83)

P (0,2) = py (z) € Cy

0

co .C

0,7 [O,T] Q
YN, then p ——— pN, where pV solves

n—oo

o3
N and Y [—>
n—00

co . CL
N [0,71Q
lfun

n—o0

(3.78).

Proof. First, let us define UY := 2A Re(¢Y BY4Y). Since ul) € CPCJ, there exists
a sequence of characteristics 22 (t,y) € C} 1C’1 corresponding to the flow, i.e., solving

dzi"v = ul(t,2)) with )Y(0,y) = y. The assumed convergence of u” allows us to

cicy
conclude that 2 —2 2V,

n—oo
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Consider the map y — 2z (¢,y) and define its inverse y" (¢, x); this is just the

inverse of the characteristic, i.e., if the flow were reversed. Due to the flow being incompressible,

. N . . . . .
we know that the matrix 85—; is invertible. Also, as shown in the proof of the previous
lemma, 2y = —ulY - V,y!. This implies that the derivatives of ' with respect to both

space and time are bounded uniformly in n, ¢t and x. Thus, by the Arzela-Ascoli theorem,

OCQ
. t
we can extract a subsequence that converges uniformly: y —= y. Just as before, we
n—oo

can show that the solution to (3.83) is

t
pi (t,x) = pb (' (t,2)) + / U (ryn (6 —7,2)) dr (3.84)
0

Therefore,

N (1) — () = o) (4 (1)) + / O (ry ¥ (= 7, 2)) dr

—py (YN (t, ) _/o N (r,yN(t —7,2)) dr

which leads to
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P =P oo, < 1e6 () =0 (W) oo + T (6 wa) = W% (89 |y
S\ e
T (90 e 2 = 0¥+ 9N = 9] |

— 0

n—oo

Given the convergence of y derived above, and because p)) € C!, the first term
on the RHS vanishes. The second and third terms vanish on account of the following
argument. Note that U2 has its highest order term of the form 2 A (second derivative),
and so the assumed convergence of ¥ in the C?C? norm implies that ¥)Y converges in

CPC;. This also guarantees that || VW2 ||, _ is finite, uniformly in n.
t x

3.4.3.2 The Navier-Stokes equation

Suppose that the existence time has been chosen so that the density pV € C’tlw is
bounded below. We will now consider an “approximate momentum equation”, composed

of the truncated wavefunction and velocity fields defined by (3.65) and (3.69), respectively.
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PN o +pN N VN 4 VY —vAuY = —2A Tm <V¢_NBNwN> —2Au" Re <w_NBN1pN)

(3.85)

Recall that the incompressiblity condition is built-in, because the eigenfunction
basis used to construct the velocity fields are divergence-free. Now, taking the L? inner
product of (3.85) with aj(x) for 1 < j < N, we arrive at a system of equations for the

coefficients describing the time-dependence of the truncated velocity fields.

N d N N
DR el (1) = —v ) Diel (1) = > Nji(t)e (e (1) = 2A87[t, ] (3.86)
k=1

k=1 k=1

where

Ry(t) = /Q/)Naj -
Dy = [ (Vay): (Ve
0 = [ 7 D

SN, Ny = /Q a; - [Im (Vw_NBN(cNWN) + 4N (V) Re (w_NBN(cN)wN)]

J
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Since we have both lower and upper bounds on the density in the chosen interval
of time, we can use Lemma 2.5 in [ ] to show that the matrix R™(t) is invertible.

Therefore, we arrive at the desired evolution equation (written vectorially) for the coefficients

N =—v(RY)'D- N — (RV)TN NV N @ N = 20(RY) TSN (8, YY) (3.87)

3.4.3.3 The nonlinear Schrodinger equation

As in the previous section, we will derive an evolution equation for the coefficients

of the truncated wavefunction, by considering an “approximate NLS”.

0N = — o A — ABJY — (A i)y (5.85)

Recall that B, = B — ,u|¢]2, i.e., the linear (in ¢)) part of the coupling operator.

Performing an L? inner product with b;(z):

N
d N N N N gN
Y () = 5d AZL —(A+i)p Mzmﬂ Girtmdy dNdY (t) (3.89)
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where

Li(t) = /Bka /Vb - Vby, + = /\u\bbkﬂ/ - Vby, b;

ijlm = / bjbkblbm
Q
Written vectorially, the evolution equation for the coefficients d;v () becomes:

1 N
%dN = ?BdN—ALN-dN— A+ G (dY¥ @d¥ @dY) (3.90)
1

where Bij = Bigéij-

3.4.3.4 Fixed point argument for the coefficients

For a fixed N, we will now show that (3.87) and (3.90) have unique solutions that
are continuous in [0, 7]. For the remainder of this section, we will drop the superscript
N on the coefficients, for brevity. Furthermore, we will also use ¢ (and respectively d) to
refer to a vector in RY (and respectively in CV). We will not have any reason to call upon
the individual coefficients ¢y, ¢, ... cy (and respectively dy, ds, . ..dy). The subscripts
used in this section will refer to the iterates used in the fixed point argument to construct

solutions to (3.87) and (3.90).

Let us start with initial vectors ¢y € B,, C RY and dy € B, , C CY, where we
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recall that B, is a ball of radius r centered at the origin. Now, we will define the iterative

mild solutions to (3.87) and (3.90) as follows. Forn =1,2,3...,

t
Cni1(t) = co —|—/ RHS|c,)dr
0 (3.91)

t
o1 (t) = do + / RHS|d,)dr
0

where RH S|[c,] is the RHS of (3.87) for the iterate ¢,,, and similarly for RH S[d,]. For
the inductive argument of the contraction mapping, let us assume that |c,(¢)| < s, and

|d,(t)] < sq4, for some positive real numbers s, Sg.

1. The self-map: From the polynomial structure of the nonlinearities on the RHS of

(3.91), it is easy to see that:

lenit| <o+ kT, [sc + 82+ (1 + s.)s3 ((1 +5.)% + 33)}
(3.92)

|dny1] < ra+ kaTy [Sd + (824 8¢)8a + Siﬂ

where T, and T, are the existence times for the iterative scheme, and k., k; are
positive constants. We will first choose s; large enough that r; < %si, fori € {c,d}.
Then, we will choose 7., T, small enough so that the second terms on the RHS of
(3.92) satisfy k;T;[...] < ry, fori € {c, d}. These choices ensure that starting from
¢y € B, wewillend up at ¢,,11 € B, (and similarly for d,,).
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2. The contraction: Beginning from (cy, dy), let there be two pairs of maps (¢, d,,) —

(Cnt1, dpgr) and (c,, dy,) = (€41, d),41). This implies:

|cns1 — €| < kT.|RHS[c,) — RHS|C,]] 593)

|dni1 — dp | < kqTu| RHS[d,) — RHS|[d,,]]

Since the “RHS” terms are polynomials, one can easily make these contractions by
choosing 1., T} sufficiently small. At this stage, these times are functions of the
size of the initial data r.,74. Using a standard bootstrap argument, we can find a

maximal time'* and call it 7.

Using the Banach fixed point theorem, we conclude that the sequences {c¢,,(t), d,.(t)}

converge to {c(t),d(t)} € C[0,T], respectively.

Remark 3.4.10. Recall that we dropped the superscript on the coefficients at the beginning
of Section 3.4.3.4. Restoring this, we realize that the limits of the above iteration are
actually c™ (t) and d™ (t), and each of them are N —dimensional vectors. In what follows,
we will continue to use subscripts to refer to the different iterates, and not the components

of the vector of coefficients. For instance, cY will denote the n-th iterate of the vector c”.

For a pair (ul,4Y), equivalently (c,d”), using Lemma 3.4.8, we can find a

solution pY. Owing to the smoothness (in space) of the eigenfunctions used in the

14This is the same as the local existence time defined earlier, due to the a priori estimates. The latter
guarantee that as long as the density is bounded below, the energy of the system is bounded above, implying
that the coefficients of time dependence are bounded.
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truncated velocity and wavefunction, and the above fixed point argument, it is easy to

N

coc! o3
see that v ——= uv and Y —= V. Therefore, performing an iteration on the

n—oo n—oo

triplet (¢, dY, pY') and using Lemma 3.4.9, we conclude that the sequence p’Y converges

to pN € C’%T}C%.

Remark 3.4.11. Note that by taking p)) € CF, we can get a solution pV € CPCF
in Lemma 3.4.8. Similarly, in Lemma 3.4.9, with p) € C¥, we can easily show that
N GG N

—>p

n—oo

. The idea behind this is that u™ )" have C*° regularity in space, but

n

only C° regularity in time.

3.4.4 Weak and strong convergences

3.4.4.1 Compactness arguments

Let us now extract convergent subsequences from the a priori bounds in (3.63).

1. Density: We know that p¥ € C°([0,T]; C%) c L>(0,T; L?). Also, from (3.78),

00" 1y o SN - @)y s+ ||Re@T YY)

2 -1
L[o T]Hz

< HUNPNHL[?QT]L% + H(w_NBNwN)’

L2
om ™ (3.94)
1
S8 M R \
L5 L LES L&
[0,7] 0,11 L
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The second inequality is due to the (compact) embedding L2 C H_! for bounded
domains. All the terms in the last line are (uniformly) finite by virtue of the a priori
bounds in (3.63). Therefore, using Lemma 3.2.15, we conclude the following strong
convergence'” of a subsequence:

N CPHD

(3.95)

N—oo

Consider a (relabeled) subsequence p” that strongly converges to pin C([0, T]; H ).

Fora.e. s,t € [0,7] and any w € H,

t
(1) = 0 (5), @ sy = { / O™ A7, W) s

t
< [ 100" o Nl < = 920"y sl
S )

showing that (p™ (1), w) -1 w3 is uniformly continuous in [0, 77, uniformly in N.
This, along with Lemma 3.2.17, allows us to conclude that p* is relatively compact

in C,, ([0, T); L?).

Now, we will extend the strong convergence of the approximate density fields to

include the strong L? topology in space, i.e., we want to show that p"¥ (or an

I5SRefer to Section 3.1.1 for the notation used in the case of Sobolev spaces of the x-variable.
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appropriate subsequence) converges to p strongly in C'([0,T]; L?). For this, we
will adapt a classical argument (see, for instance, Theorem 2.4 in [ ]). First
of all, we will need to perform a mollification, so we will extend the density field
p, which is in L°°([0, T x €2), to all of R? by simply defining the density outside
() to be m. Observe that we can also extend the velocity u (and its first derivative)
and the wavefunction ¢/ (and its first three derivatives) to be identically zero outside
2. Combining this with the fact that characteristics starting inside/on/outside 02
remain inside/on/outside 0} (see proof of Lemma 3.4.8) tells us that the density
outside the domain remains m at all times. Now, just as in Section 3.4.2.2, we
will define a sequence of mollifiers (,(x) = %C (%), where h will eventually be
taken to 0. We are now ready to establish the well-known “renormalized solutions”
of the continuity equation. Consider a weak solution p of (CON), and mollify the

equation to obtain:

(9tph +u - Vph = \I’h + 7 (396)

where g, = g * (i, ¥ = 2ARe(¢By), and 1, = u - Vp,, — (u - Vp),,. We multiply

this by R'(py,), for a C! function R : R — R. This yields:

(()tiﬁ(ph) +u- V%(,Oh) = %,(,Oh)[\l/h + T’h] (3.97)
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From Lemma 2.3 in [ ] and the boundedness of R’ (uniform, since p only
takes values in a compact subset of R), we can see that JR’(py)r, vanishes in
L*([0,T); L) as h — 0. Similarly, using a test function o, we can take a distributional
limit of the terms on the LHS (use properties of mollifiers — see Theorem 6,
Appendix C in [ ]). Lastly, as we will demonstrate shortly, ¢ and Bt have
enough regularity so that we may pass to the limit in (3.97). Thus, we have shown
that if p is a weak solution of the continuity equation, then 2R(p) solves (in a weak

sense)

IR(p) +u - VR(p) = R (p)¥ (3.98)

Taking the difference of (3.96) for two different parameters hq, hy > 0, we then

multiply the resulting equation by (p, — pp,) and integrate over {2 to obtain:

d1

il = ol = [ (on, = ) (B0, = W) + (12, =72,
Q

< low, = prallzz [I190 = Wl g + N7y = il

which implies, by Gronwall’s inequality:
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1
S, lony = prall iz S 12(0) % Cuy = p(0) * Cua [l L2 +T2 | 1Wny = Wl 2 4 lrny = 7hallz,
e, : :

All of the terms on the RHS vanish as iy, ho — 0, thus giving us a Cauchy sequence
in C([0,T]; L?). Hence, p; converges to p in C([0,7T]; L?). We have, so far,
proved that our “original approximations” of the continuity equation p" converge in
C,([0,T); L?) to p, and that the latter also belong to C'([0, T']; L2). To achieve what
we set out to do, i.e., that p» converges strongly in C([0, T]; L?) to p, it remains to
show convergence of the norms. Explicitly, if there is a sequence of times ¢ — ¢,
then we need p™ (tV) to converge in L2 to p(t). Returning to (3.78), we look at its
renormalized version with R(z) = 22, and integrate over () (and then from 0 to V)

to get:

L@ = [z +2nme | ; [

Since we know that p € C([0, T]; L2), we can do the same calculation with (CON),

except the time integral goes from 0 to .

[ty = [@r+eare [ [ oo
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We now subtract the last two equations, and take the limit N — oo. Recall from
) L2 .
Section 3.4.2.2 that p)’ == py, to cancel the first terms on the RHS. What remains

1s:

dm | [ @7~ [@or] —2are im [ [ [w-pmse
/ / 5 ) BNy +/ /prN ~ BY)
T / /Q OB

Thanks to the uniform boundedness of N BN P in L[l0 T]H t , we can use the
strong convergence of p™¥ to p in C([0,T]; H?") to handle the first term on the
RHS. The second and third terms follow from simple Holder’s inequalities, once
we have established the strong convergence of the wavefunction and of B, both
of which will be done later in this section. Finally, the last term is integrable on

[0,7T7], so as t — ¢, it vanishes. In summary,

0r2
N CGile, (3.99)

N—oo

Remark 3.4.12. In [ |, the well-known renormalization procedure was used
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to show (for the continuity equation without the source term) that p" converges
to pin C([0,T]; L2) for 1 < p < oo. We have not pursued general L? norms
here; only the case p = 2 is considered. In addition, the absence of a source term
in [ ] meant it was sufficient to use R € C(R). In our case, we require

R € H'(R) C C(R).

: o 345
2. Velocity: According to the a priori estimates, u™ € L5 H jﬁ: N Lf Hj, and

O™ € Ly L3 C L 1y H; . Thus, Lemma 3.2.15 implies

N LiH,
U —— U (3.100)

3 —
072 t0
Ct Hri,m

with the convergence being strong (possibly of a subsequence). Moreover, since

u € Ly nHi, and du € Lf L7 C L, 4 (Hg;) C Ly <H§;> , We can use
3

Lemma 3.2.16 to deduce that u € C([0,7]; H, 57:5). Thus, the velocity attains its

initial condition in the strong sense.

3. Momentum: Based on the above results on the strong convergence of p" and u’v
(and in particular, the L°L° bound on the latter), it is easy to see that pVu® and

pNulN @ u¥ converge in C([0, T; L2) to pu and pu ® u, respectively.

Remark 3.4.13. This is a good time to point out some interesting aspects of the
calculations performed in [ |. Since they did not have a positive lower bound
on the density, there was no way to uniformly bound O,u”, i.e., a strongly convergent
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subsequence of u could not be identified to manipulate the nonlinear (advective)

term. The workaround this was to first show pNu™

converged to pu in distribution
(smooth test functions), and then use the uniform boundedness of p™ u™ in L*(0, T’; L)
to extract a subsequence that converged weakly to some g. From the uniqueness of
weak limits, it was argued that g = pu. After this, a uniform bound on u” d,p"™
was derived, and combining this with one on p™ 0yu”, the quantity 0;(p"u™) was
uniformly bounded above (in an appropriate negative-order Sobolev space). Thus,
compactness easily follows, to extract a strongly convergent subsequence p™u® —
pu. This allowed to show a weakly convergent subsequence for the nonlinear term
pNuN @ uN. The important takeaway from this brief detour is that the lack of a
uniform bound on O™ was the main issue in [ | the strong convergence

of the density in C([0,T]; L2) (even in the LF norms) could have very well been

established given the framework of their proof.

5 7
4. Wavefunction: We have ¢V € L%”T}H&;E N L[207T]H027:6 and 9N € L L2 C

L[207T] H?Y" . Thus, Lemma 3.2.15 implies

LfHO%f‘s_
PN — 22 ) (3.101)

5 —
+6
CVHZ

75—

Just as in the case of the velocity, combining ) € L[207T] H&: * and 9 € L[ZO,T] L% C
o5\ * 5

L[20,T] <H(i;r6 ) , we can use Lemma 3.2.16 to get ¢ € C([0,7T7; H&Za). Therefore,

the wavefunction also attains its initial condition in the strong sense. Finally, using
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(3.100) and (3.101), we can also conclude that BN@/JN B@/z

2
. Initial conditions: By construction (Section 3.4.2.2), we have p) La, po- Also,
N N . 3+6 2+6
Corollary 3.4.7 states that u;, and ;' converge to uy and ¢ in H7 ~ and H7

respectively. For the momentum, we have:

—uol,  (3.102)

+ lleoll s

<l - ol

Hpo uo

3
Using the embedding Hz; e L?° to handle the velocity norm in the first term of

the RHS, it is easy to see that the initial momentum converges in the L2 norm.

. Time derivatives: From (3.63) and (3.94), we know that 0,9, d,u’Y € L[o T]Lg

L2

0, T]H and 0,p" € L[0 7] —~1 (all uniformly in N). In other words, all the

fields are in H} 0, T]H and a weakly convergent subsequence can be extracted in
the same Hilbert space. Thus, the final convergent fields also belong to H! 0, T]H !
implying that they can be used as test functions, which is justified by interpreting
the integral over € as an inner product between functions from a Hilbert space and

its dual.

133



3.4.4.2 Passing to the limit

We finally return to the weak solution of the Pitaevskii model, as defined in (3.3),
(3.4) and (3.5). First, observe that (3.86) is obtained by taking the L2 inner product
of (3.85) with a; (eigenfunctions of the bi-Stokes operator), for each j € {1,2,... N}.
Therefore, we can multiply (3.86) by some n§ € C*°([0,7]) and sum over j from 1 to

some N’ < N. Combining this with (3.78), and integrating over [0, 7

T N’ N’
—/ /[pNuN-8t<E n;aj)—i-pNuN@uN:V(E 77;-‘%-)
0o Ja , :
Jj=1 j=1

N
—vVud Vv (Z n;aj) — (Z n; aj> (VpN BN N )] dz dt (3.103)

e (e mom ) s (S

A similar procedure with (3.88) and (3.78) yields

LA Ee) o (o)

"\ (Z 7Tb, ) BYyN —ip (Z T ) [ [

7=1

- | (e om) v (Siem )

dz dt (3.104)
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and

T N’ N’
[ a(Em) e ()
0 Ja j=1 j=1
N’ -
oA <Z n;lvj> Re (¢NBN¢N>] d dt (3.105)
j=1

Py (Z n?(())vj) — p™(T) (Z ni(T )vj)

dx

),

where 7 and 77 also belong to C*([0, T']), except that the former takes complex values
and the latter, real values. The functions b; are the eigenfunctions of the penta-Laplacian,

used earlier for setting up the semi-Galerkin truncated wavefunction. Finally, the sequence

’Uj € Coo(ﬁ)

The linear combinations just considered, like Zj\il n;*aj, fit the criteria of test
functions in Definition 3.2.1. Therefore, for a fixed N’, with all the weak and strong
convergences in Section 3.4.4.1, we can pass to the limit N — oo in (3.103), (3.104)
and (3.105). This leads us back to (3.4), (3.3) and (3.5) respectively, with the caveat
that the test functions are still smooth in space and time. The test functions appearing
in Definition 3.2.1 had space-time regularities that were in Sobolev spaces, and can thus
they can be approximated by smooth functions (with the appropriate boundary conditions,
which explains the choice of the bases used in the semi-Galerkin truncation). Hence, we
can now pass to the limit N’ — oo to obtain the required regularities of the test functions

and in turn, the weak solutions we seek.
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3.4.5 The energy equality

The smooth approximations to the weak solutions satisfy an energy equality, given

by (3.28) and (3.29).

2
L

1 1
GHW_N“N‘ , +ollve s+ 5l ié) R A P e P

[0,6)7%
N N
= — U,
2” Po Yo

1
+ 51V |Gy + Sl aete 1]
(3.106)

2
LE

From our choice of the initial conditions and their approximations (see Section
3.4.2), we can ensure that as N — oo, the RHS converges to the initial energy E, defined

in (3.29). Indeed,

“%/ﬂ§ug

2
2
L2

N N2 N N
S 108 = poll pallud e + N0l oo b+ woll s [l ug” = woll
x x x x x

— 0
N—oo

(3.107)

Moreover, based on the results of Section 3.4.4.1, we can conclude that all the terms
on the LHS converge strongly to the corresponding terms with the approximate solutions

replaced by the weak solution. (The first term on the LHS can be dealt with the same way

136



as the first term on the RHS in (3.107), by simply including a sup, outside the absolute

values.)
[

This completes the proof of Theorem 3.2.3 - local existence of weak solutions and

the energy equality. We will now give a quick proof of Proposition 3.2.6.

3.5 Proof of Proposition 3.2.6

Using the approximate solutions, it is easy to see that the corresponding energy

equation in this case is given by:

ae. te[0,T]  (3.108)

1 1
SV 0 Iy = g

2
L

2
12

The bounds (uniform in /V) on the approximations, and their convergence properties

are as follows.

v

1
N

) ju|| 100"
U U O L <C
Lor 1, 1z WP Al igs iz

19
Hz

)
12 L2 ]

1
<pV(t,z) <M+ v e (t,z) € (0,T x Q) (3.109)

2 2
N Lz N Lz
Po 7 Po ) Ug > Ug
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where the constant C' depends on the initial conditions, the time 7. As explained in
Remark 3.4.13, compactness arguments were used to extract some strongly convergent
subsequences (relabeled).
L2H;!
N t

p
(3.110)

LzH;!

Given these estimates, the RHS of (3.108) can be shown to converge to % || v/ Polo Hig
in exactly the same way as (3.107). Due to the weak convergence of u” in L2(0,T; H, C}x)

and the lower semicontinuity of the norm, we have || Vu||i[20 2 < liminfy_ o HVuN H;
]

o,nke

What remains is the first term on the LHS, and we will proceed as follows:

[ Lt =] = [ [ = [ e =

P
(3.111)

in N N
< T:||p"u _pu||L§H;1

The first term vanishes due to the strong convergence of p™u¥, while the second term goes

to zero due to the weak-* convergence of u”". Thus, we conclude that H V pNuN ‘

L[?(]?T]Lg.
converges to H\/ﬁuH ;2 o Letusnow define
0,77"z
Y@= [V @ ) = Ipul ) (3.112)
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We have shown that || /7| 12 = |Ifllz2. From a calculation mirroring that in
(3.111), it is easy to see that fV 2 f,ie., forall © € C[0,7], limy_o0 fOT(fN —
f)© = 0. Furthermore, since the RHS of (3.108) converges strongly, it is bounded;

therefore,

} N H ;2 18 also bounded'® uniformly in N. We can extract a subsequence
t

(relabeled) that is weakly convergent in L2(0,7), i.e., fV N g, where g € L*(0,T).

Combining this with the convergence in distribution (©;) and the uniqueness of weak
limits, one deduces that indeed, g = f a.e. In summary, we have shown that f"V converges
to f weakly in L?(0,T), while ||f|| 12 converges to If[lz2- This implies the strong
convergence of ¥ to f in L?(0,T'), which in turn means that we can select a subsequence

that converges a.e. Consequently, we have shown that the energy inequality'’ holds along

a subsequence, for a.e. t € [0, 7.

161t should be mentioned here that 7 is finite, depending only on the initial data and size of the domain.

171t is worth noting that the obstacle to an energy equality in the work by Kim was the lack of strong
convergence of the dissipative term; yet again, this boils down to the fact that there is no uniform bound on
Ju (since the density is not bounded below).
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Chapter 4: Uniqueness in a Navier-Stokes-nonlinear-Schrodinger model

of superfluidity

The work in this chapter has been accepted for publication in Nonlinearity. The

manuscript is available at [ ].

4.1 Introduction

We now deal with the problem of uniqueness of the local-in-time weak solutions
to the Pitaevskii model discussed in the previous chapter. Recall that the NLS is used to
describe the dynamics of the superfluid phase, while the NSE is employed to describe the

evolution of the normal Helium liquid.

We present a result that is analogous to weak-strong uniqueness, but for less regular
strong solutions (since our weak solutions are more regular than usual). Motivated by
the analytical results in Chapter 3, we investigate the issue of uniqueness in Section 4.4
presenting a new class of weak solutions with additional regularity properties. Weak
solutions usually lack the regularity that is needed to make them unique, a notable exception
being the incompressible NSE in 2D [ ]. Two different solutions to this impediment
have been established in the literature. One is the conditional regularity theorems, where
the weak solutions are shown to be smooth as soon as they belong to a critical regularity
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class. There are many results in this direction, mostly devoted to the incompressible NSE

— see Caffarelli et al. [ ], Escauriaza et al. [ ], Prodi [ 1, Serrin [ 1,
or more recently, Neustupa et al. [ , ]. In the case of the compressible NSE,
an analogous result was established in [ ].

The other approach, used in this work, is to show weak-strong uniqueness, i.e.,
that a strong solution is unique in the class of weak solutions (see [ ] for a survey,
including the case of the incompressible NSE). In the context of compressible fluids,
related results can be found in Feireisl, Novotny and collaborators [ , , 1,
and in Mellet and Vasseur [ ]. Intermediate on the spectrum of complexity associated
with compressibility are the incompressible inhomogeneous fluids, which is the model
considered in this paper. There has been work done for weak-strong uniqueness in this
regard too [ ]. Similar methods have been used to obtain conditional uniqueness for
related systems, like fluid-solid interactions [ , ], fluid-particle interactions

[ ], compressible magnetohydrodynamics [ ], and Euler-Korteweg-Poisson systems

[ I

Our analysis is motivated by the pioneering work of Dafermos [ ] and DiPerna
[ ], the results of Germain [ ], the analysis of Mellet and Vasseur [ ],
as well as the approach of Feireisl et al. [ ]. Usually, weak-strong uniqueness
theorems involve strong solutions that are very regular: bounded (in x) first-order space-
time derivatives. This is required so that the strong solution bears the brunt of the smoothness
requirements, allowing us to work with rather irregular weak solutions (for instance, those

satisfying a simple L? based energy estimate). A Gronwall’s argument is employed
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on the difference between the weak and strong solutions to conclude uniqueness (see
Conjecture 4.2.1 below), yielding that a weak solution agrees with a classical solution
starting from the same initial data when such a classical solution exists. We also refer the
reader to Section 2.5 in [ ] where a related result is presented for incompressible
inhomogeneous fluids. It must be noted that the scheme, originally developed for weak
solutions of the Navier-Stokes equations (with regularity only at the level of the energy
bound, i.e., u € Li), does not appear to work here because of added interactions with
the Schrodinger equation. We need to consider solutions with smoother velocity fields.
We will discuss this briefly in Section 4.3 below, after sketching the steps used in the

treatment of the momentum equation.

The weak solutions constructed in Chapter 3 to the Pitaevskii model required more
a priori estimates than just the energy, and this led to better-behaved solutions (albeit not
regular enough to prove uniqueness). We can, however, trade the increased regularity
of our weak solution for a less smooth strong solution. A weak-moderate uniqueness
theorem is presented in Section 4.4. Apart from the use of “moderate” solutions (which
belong to a lower regularity class), another feature is that the full regularity of the existence
result is not utilized. This means that this uniqueness result will continue to hold even if

weaker solutions (than in [ ]) are shown to exist for the model in question.

4.1.1 Notation

The notation used is the same in Chapter 3 — see Section 3.1.1.
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4.1.2 Organization of the chapter

In Section 4.2, we summarize the existence results from the previous chapter, followed
by the statement of the main theorem. Section 4.3 is devoted to an explanation of how
the standard weak-strong uniqueness is difficult to establish for this model unless the
weak solutions are sufficiently regular (at which point weak-moderate uniqueness itself
applies). Finally, the main result concerning the moderate solutions is proved in Section

4.4, using the energy structure of the system.

4.2 Recap and main results

4.2.1 Summary of existence results

The “Pitaevskii model” is the same as in Section 3.2. The kind of weak solutions
we work with are described in Definition 3.2.1 and their existence is proven in Theorem
3.2.3. These weak solutions also satisfy several bounds/estimates, some of which are

listed below for convenience.

1. Superfluid mass bound:

[0z () < ol ae t €[0,T] (4.1)

2. Normal fluid density bound: Given our choice of T', we know that
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O<e<plt,r) <M :=M+m—c,ae (t,z) €[0,T] xQ  (42)

3. Energy equation:

1 2 1 2 % 4 2 2
(ﬁux/ﬁuuﬁ + 51Vl + Sl ) 0+ v Vulfs oz +280BYlE, .

1 1 1
= SlvAuolly + 519wl + Ellvolly = By ac.tefo,T)

4.3)
4. Higher-order energy estimate:
T
X(t) <2Xy ae.tel0,T) , / Y(r)dr < 31X,
0
where X (t) = 1+ [|Ay[|7, + v Vul7, ,  Xo=X(0) (4.4)

2
14
Y = A|IV(BY)Ilzz + Vel + 57 Aullz
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5. Highest-order energy estimate:

2 2
612 gs (6) S ol 5ose ae.t € [0,7]

H;

IBYI,  ges S AT2(QF + 1)e ||y I,.3
[OT

| 2+a()<HuOII ges + \/ e

M’ M
where Qr = A > Xo + (AV—26 —1—7) XoT+AEIT |, E, = HUOHZZ%-&-& + ||¢0||2§+6
4.5)

6. Time-derivative bounds:

||8t7/’||L2 L2~ S ||B¢||L2 L2 +T2||¢||L°° H2+NT2||1/J||L°° |H

10l (4.6)

LQN\/_

||8tp||L2 o S (TEOM/) + (A_lEoXo)

[N

4.2.2 Uniqueness results

Given that weak solutions exist, it is instructive to ask whether they are unique
and under what additional assumptions, if any. The main result of this article is a “weak-
moderate” uniqueness theorem. But first, we will discuss the more standard (and desirable)
weak-strong uniqueness statement, i.e., starting from the same initial conditions, if we
have a weak solution and a strong solution (in the precise sense described below), then
they are both identical almost everywhere.
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Conjecture 4.2.1 (Weak-strong uniqueness). Let (1, u, p) be a weak solution to the Pitaevskii

model, whose regularity is governed by (4.1)-(4.3), i.e.,

€ O([0,T]; Hy () N L*(0, T; Hy () 4.7)
u € L([0, T); L3() N L*(0, T; Hy(9)) (4.8)
p € L>([0,T] x Q)N C([0,T]; L*()) (4.9)

Suppose there exists a strong solution (@/N), @, p) starting from the same initial conditions
in Hy x L2 x L™ (such that both these solutions exist up to some time T'). Specifically, it
is sufficient that the strong solution has the following additional regularity in addition to

(4.7)-(4.9):

peL20,T;WH(Q) ., ae L0, T, Wh=(Q))
(4.10)

oyt € L*(0,T; L™())

Then, the solutions are identical a.e. in [0,T] x €.

Remark 4.2.2. If we have weak solutions whose regularity is determined purely by the
energy equation, then it is tempting to assume that such solutions would be global in time.
Unfortunately, this is not the case, since we do not have a way of guaranteeing a positive
lower bound for the density, globally in time. At the moment, it is not clear at all how to

approach such a problem, due to the presence of the sign-indefinite term on the RHS of
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(CON). This was also mentioned in Chapter 3, and is an interesting open question worth

exploring in the future.

Based on the regularity in (4.7), one can easily see that ;1) is already in L (0, T'; L*(Q)),
which is why no improvement is needed for the smoothness of 7). In fact, the wavefunction
has enough regularity to be classified as a strong solution; it is the velocity and density that
make the solutions “weak”. While this conjecture works for the Navier-Stokes equations,
we run into a problem here: the coupling to the NLS. This gives rise to terms that cannot
be handled at the level of regularity of the weak solutions. To this end, we will outline
the main steps in the analysis of the momentum equation, to clarify exactly where the

difficulties arise.

Furthermore, in the above conjecture, we observe that % needs to have bounded (in
space) spatio-temporal derivatives. As much as this is not unusual to expect from strong
solutions, it is possible to trade this rather high regularity for slightly smoother weak
solutions. This is stated in the next theorem, and will be referred to as “weak-moderate

uniqueness” since the notion of strong solution is significantly relaxed.

Theorem 4.2.3 (Weak-moderate uniqueness). Let (¢, u, p) be a weak solution to the

Pitaevskii model, with regularity governed by (4.1)-(4.4), i.e.,
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¥ e C([0,T]; Hy (2)) N L*(0, T Hy(Q)) (4.11)
u € C([0,T]; H}(Q)) N L*(0,T; H7(2)) (4.12)

p € L®([0,T] x Q)N C([0,T]; L*(Q)) (4.13)

Suppose there exists a “moderate” solution (1;, @, p) starting from the same initial
data (in HZ x H} x L*>), such that p € L*(0,T;W'3(Q)), o € L*(0,T; L3(Q))
in addition to the regularity in (4.11)-(4.13). Then, the solutions are identical a.e. in

0,7 x €.

It is to be noted that in the proof of Theorem 3.2.3, we already established that for
a weak solution, dyu € L?*(0,T; L?) — evident from (4.2) and (4.4). So, as far as the
(time derivative of the) “moderate” velocity goes, we have only assumed a slight increase
in the spatial integrability, from L? to L3 (as opposed to L*> in weak-strong uniqueness).
Also noteworthy is the absence of any additional (over the weak solution) bound on the
spatial derivatives of @. The regularity of the “moderate” density remains unchanged from

Conjecture 4.2.1.

Remark 4.2.4. It is important to recognize that the regularity of the weak solutions in
Theorem 4.2.3 is lower than those in Theorem 3.2.3. As mentioned before, this allows

wiggle room for enhanced (less regular) existence results without compromising uniqueness.

Summarized below are some well-known properties of Sobolev and Lebesgue spaces
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(see [ ] and Chapter 5 of [ ]) that will be repeatedly utilized in the calculations

that follow. We will begin with a discussion on the difficulties of proving Conjecture 4.2.1

in the next section.

Lemma 4.2.5 (Sobolev embeddings). For Q a smooth, bounded subset of R?,
1. HY(Q) c L5(Q)
2. HS(Q)CL®()Vs>2 ; H(R)CL®(R)Vs>1

3. HS(Q) € H'(Q) Vs, €R s> s

Lemma 4.2.6 (Inequalities and interpolations). For () a smooth, bounded subset of R3,

1. Poincaré’s inequality: ||f||., S|IVfll,V1I<p<oo,fe Wol’p(Q) = 1 fllye =

IVl
1 3
2. Ladyzhenskaya’s inequality: || f|| .« S || fI11IV fll12 ¥ f € Hi(Q)
3. Agmon’s inequality: || f|| oo S I fIZlIf1172 V¥ f € Ho(2) N H*(Q)

1 1
4. Lebesgue interpolation: || f|| s S ||fI1Z1 /12 YV f € LN LE

4.3 Remark on weak-strong uniqueness (Conjecture 4.2.1)

In this section, we will investigate Conjecture 4.2.1, and our modus operandi is
motivated by the classical results of Section 2.5 in [ ]. Our goal is to demonstrate
that the regularity in (4.7)-(4.9) is not sufficient to show a weak-strong uniqueness result,

even if the strong solutions are smooth.
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Consider the momentum equation. In what follows, ¥ = —2AuRe(yBv) and
U = —2A Im(V4Bv). We begin from (3.4), setting ® = 7. This way, we can arrive at

an expression for [ pu - .

/pu-il—l—z// Vu:Vﬁ:/p0|u0|2+/ pw(@ﬂ%—ﬂ-Vﬂ)%—/ U a (4.14)
Q .9 Q £, £,

We write (NSE’) for the strong solution, and rearrange it to get:

PO+ pu-Vi4+Vi—vAi = U+ W'+ (p—p)oyi+ (p—p)i-Vi+plu—1)- Vi (4.15)

Multiplying (4.15) by u and integrating,

/pu@tﬂ+/ pu®u:V&—|—u/ Vu:VfL:/ ﬁ/u—i—/ -
e £,9 0 e £,9

+/ (p—ﬁ)u-(@tﬂJrﬂ-Vﬂ)Jr/ plu—0)®@u: Vi
t, t.Q

(4.16)

Adding (4.14) and (4.16),
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/pu'&+2u/ Vu:Vﬂ:/p0]u0|2+/ (p—pu-(Ou+u-Va)
0 1.9 Q £

(4.17)
+/ p(u—ﬂ)@u:me/ [\If’-a+\if-u+\17’-u
£, X

Next, we take the inner product of both (NSE) and (NSE’) with u, use incompressibility,

and add them, to arrive at the energy equation for the normal fluid alone.

d 1 _ _
Il + VIVl = —2A / u- Tn(VBY) — A / [’ Re(@BY)  (4.18)

This obviously holds as an a priori estimate, valid for the approximate fields (¥, u™¥, pV),
but given the regularity of the solution, we can easily pass to the limit to see that it is
accurate for the weak solutions too. From this equation, integrating on [0, ] for 0 < ¢ <

T', we can obtain an equation for fQ pU - U.

1 1 1
5 [l [ v =3 [ ool + [ [—\P-uw’-u} (4.19)
2 Jq £Q 2 Jg 1o L2

Finally, multiply (4.15) by @ and integrate over [0,¢] x . Since @ is a strong
solution, %|&|2 can work as a test function. Therefore, we use (3.5) to simplify, and the
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resulting equation is:

(4.20)

- N 1 - L -
/p|u|2+u/ |VU|2=—/P0|U0’2+/ (p— Pi- (i + - Vil
2 Jq e 2 Jq 0

+/ p(u—a)®azva+/ [\I/+\17I]-a+ARe/ Byl
t,Q t,2 t,Q2

Add (4.19) and (4.20), and subtract (4.17). Then, differentiate the result with

respect to t.

Z‘/Q<,o—,a><u—a>-<atﬂ+ﬂ'w‘>‘/g

-

(.

~ ARe / (TBY — DB (Juf* - [d?) — A Re / DB — f?

I3 -4
—2ATm / (V¢ BY — Vi BY) - (u— @)
Q
L5
4.21)

Of course, the next step in this process is to reduce the above equation to a form

that is amenable to the Gronwall’s inequality, and this is usually achieved by employing
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Holder’s and Young’s inequalities to extract quadratic terms of interest. Since the strong
solutions are sufficiently smooth, it is easy to see (see Section 2.5 in [ ] for details)
that and can be handled in a straightforward manner, by extracting terms like
lp— ﬁ”ig and ||\/p(u — a)Hig In the usual Navier-Stokes setting, these are the only
terms. However, here we have additional coupling terms. While can be handled in
the same way as the previous ones, the other integrals pose problems. For instance, during

the analysis of , one would encounter a term of the form:

/QBwu—a)V@

where p = ¢ — 1/; Recall that based on our assumptions in Conjecture 4.2.1, we only
have ¢ € L°H,y N L7H?, By € L, andu € L°L? N L7 H,. Itis clear that no splitting
of Lebesgue indices (using Holder’s inequality) will be satisfactory: Bt has to be in L2,
which means the other two factors can be in something like LS and L2, say. Then, the one
in LS is extracted as a dissipative factor, and leaves Bt and the other factor squared. We
can then use interpolation to replace the L3 factor by L2 and LS. Once again, we have
to extract out another dissipative factor, which results in ||Bz/)||i%. Other combinations of

Lebesgue indices also lead to these kinds of dead-ends.

We run into a very similar wall with the corresponding term in . Mirroring the
above argument, since B1y) € L2, the only option we are left with is to have each of the
remaining factors in LS. Extracting out a dissipative velocity contribution of the form
|V (u— ﬂ)Hig yields:

153



/QBdJ (u+a)-(u—u)p S IBYallu+all g lu = all gl g

2 ~112 2 ~N\ 12
S IBYI gz llu+ allg IVl + 1V (u =),

Evidently, this too is inadequate, since when the Gronwall inequality is applied, the
time integral has to distribute over || Bv||7, ||lu + |71, which is impossible due to the

regularity assumed.

In conclusion, we note that the standard weak-strong uniqueness proof will not
work here, even for strong solutions that are smooth. It appears that Conjecture 4.2.1 may
not hold true. This naturally leads us to consider slightly more regular weak solutions, as

is done in Theorem 4.2.3.

4.4  Weak-moderate uniqueness (Proof of Theorem 4.2.3)

We will use the difference between the weak and moderate solutions as the test
functions, so as to obtain a Gronwall-type estimate for the L L2 norm (Lf5yH, for
the wavefunction) of the difference of two solutions. This is possible in the case of the
velocity and wavefunction simply because of their regularities. In the case of the density,
it is possible to achieve it by working with smooth approximations and passing to the
limit (recall that p € CP?L2). Finally, observe that the increased spatial regularity of

results in an increased temporal regularity too.
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19022, 12 S N2 Vil sz + 659

Hon® (4.22)
<Nl rollzs 13+H¢\Lw 2.

.1 [0,T) [o,T]L?c

The basic idea of the proof is to subtract the governing equations for the weak
and moderate fields, and use the difference of the fields as the test functions itself, i.e.,
=19 - Y, ® =u—1i,and o = p — p. In what follows, « is a positive real number
used to extract out the dissipative terms HV@H% and HDQQOHi%, and it is small enough
that they may be absorbed into the dissipative terms on the LHS of the momentum and

Schrédinger equations, respectively.

4.4.1 The wavefunction equation

We will begin by acting with the gradient operator on (NLS) for each of the two
solutions 7 and 1/7 Then, we will subtract the equations and integrate against V(1 — Z)
The real part of the resulting equation is given below. The analysis is similar to the
calculations in Section 3.3, in that we will be looking at the energy (H! norm) difference

between the two wavefunctions.

de :—ARe/v V(By—B) +uIm/V (|¢| b — M )

(4.23)
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Integrating by parts on the RHS, we get a Laplacian term in each of the integrals.
In the first integral, we observe that B — Bi) = —%A(Q/J — 1)) + ..., so that this gives
us a “dissipation” term along with other terms. In the second term of the RHS, we extract

the Ay — @Z) in L2, and absorb it into the aforementioned dissipation term.

—ARe/Qvawa—B&):ARe/QA@ {—%A¢+%yu\2gp+%¢(u+@-<1>+7;<1>-w
~ ~12 -
HLV¢+MQW%+me+W¢w+¢@ﬂ

A 2
S -2

12+ A0

2
L3

+/€_1AH|U|2<,0+@E(U+2~L)-CI)—I-i(I)-Vi,/J—Fﬂ'VgO
2

i (1ol 4 Gl + [0 o+ %)

L3

The last term in (4.23) is also handled in a similar manner, and after absorbing the

“dissipation” term, we arrive at:
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d A
EHVSOHiﬁgHD?%"”i; ShA H|“’2‘P||ig T
———

~ 2
[bluta)-af  +lo- Vel +la- Vel

A-l A2

2
+*(1+ AT

‘W@ + el + |7 o + 9%

+rA| D22, (4.24)
L2 *

N

[A-5]4] A-6\T]A-7 [{[A-8]

Now, we will look at each of the terms in (4.24).

(1)
4 2 4 2
< Allulltg ol S Allullly IVl
(i)
< —1 ~||2 ~12 2
[A2) 5w A0 u+all o),
< —3 —14r2 ~4 ~||4 2 2
<o Wl |6 1ol + mivel?,
(iii)

S KAV 07

< RV | R)5s + mr || VO3

157



(iv)

v)

(vi)

[A-4] < kA 76 1Vl 7

< 50Aal Vel + sA| D2 f5,

where we have used L? interpolation. Note that the last term above, combined with
the last term on the RHS of (4.24), can be absorbed into the LHS of (4.24). This is

the “dissipation” term we seek to extract out whenever appropriate.

S &L+ NPl el 7

ST L+ M)Wl IV ellz

— =12 2 2
A6] S w 1(1+A)M2’ LGHsoHLgnsonLg

(wué;

T+ A)p

~112 9
IVl
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(vii)

(A7) +[A8] < nH (1 + M)

SR A0

~ |14 9
||, Il

4 2
Vel

Combining these estimates into (4.24) gives us:

2]

d 2 2 2 2 2 2
LIVl + S0l < m@) [IVelZ, + 1912,] + sl VI, + | D%,

(4.25)
where h, € L[lo,T}-

4.4.2 The momentum equation

The notion of the weak solution holds for all times 0 < ¢ < T, where T is
the chosen local existence time. Considering (3.4) and (3.5) up to a time ¢ < 7', and

differentiating with respect to ¢, we arrive at:

—/ [pu- 0@+ pu@u: VO —vVu: VO — 200 - Im(VYBY)| = —— [ p(t)u(t)-D(t)
Q

159



d

— / [p0,0 + pu - Vo + 2ho Re(vBy)| = —— [ p(t)o(t) (4.27)
0 dt Jq

Subtracting (4.26) written for u and @, we get:

_/pq»at@_/aa.atcp_/[pq>®u+pa®q>+aa®a];vq>+y\|vq>|yiz
Q Q Q ’

+2A/Qc1>-1m(vEB¢—vZBz;):_% FICaay ey

2
The first term on the LHS can be rewritten since we see that % satisfies the

requirements to be a test function for the density field in (4.27).

|<I>|2 / |<I>| / / |<I>|2
— -0, =— — = + ARe 1"y By — —
/Q” ’ /Qpat > MY ARy K

Further simplification using Holder’s and Young’s inequalities (to appropriately

absorb the dissipation ||V®||?, from the RHS into the LHS) yields,
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+ 5V,

(4.29)
_2A /Q o - Im (van + VBp + V(B — B)zz)

J/

[B-4 4] 1;5 M B-6]

/&t /pu V— /\Q)\ Rewa

-~ -~

B-8

Each of the terms on the RHS can be bounded from above as follows (using the

Holder and Young inequalities, and the results listed in Lemmas 4.2.5 and 4.2.6).

(1)
_ 2 2 2 _ 2 2 2
[B-1] S v pllree lull 7 12172 S vt ol el ol 217

(i)
_ 2 ~112 2 — 2 ~112 2
[B2] S v ol s I 21172 < v ol zee Nl | 117,
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(iii)) Using Agmon’s inequality to bound the L°° norm,

—1~114 2 —1y~12 ~112 2
[B-3] S v llalellollze S vt lalzllal: lollz,

(iv) We interpolate the L? norm (Lemma 4.2.6):

[B-4] < AVl o 1BY 31| @] 2
_ 2
S RTAIBY (L 1917, + sA|[ D[,

— 2
< 5 AIBY g | BY g @117z + mA[ D[,

v)

=/ 1 1
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[B-54] S Al | v
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4 2 2 4 2 2
o 1®lzg + AT eIVl + mr [ VO

(vi) First we expand B — B as:

B—B = (luf* = [al’) +i(u—i)-V+p (W B W)

N~ N

(u+a)-@+¢®-V+M(|¢|2+¢@E+¢Z) (4.30)

Then,
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(vii)

:— 8@-0@— (9t0(ﬂ<b)

S ol sllol g2 191l g

_ ~ 112 2 2
S (wv) Mol s ol + sV

* By subtracting the continuity equations for p and p, we obtain

8o+ ®-Vj+u-Vo=2ARe (EBL/J—ZBLE)

which allows us to rewrite as

:/

o) [_‘D'Vﬁ—u-VUHARe @Bw—%%ﬂ

. J

B72.11[B-7.22]./B7.23]

Each of these terms will now be estimated. For the first two terms, we will
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integrate by parts and interpolate the L? norm:

:/Qm-wé-a):/Qﬁ@-(V@)-a+/5@@@:%)

Q
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where we used Agmon’s inequality to bound the L°° terms. Finally,

:m/

(@ @)Re [@B@Z) + 9By + (B — B)q/;} 4.31)
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These are, in turn, estimated as follows.

B-7.2.3.1] 5 Allall g |91l g lell g

< (k) A2 a7,

Bzz\

LE

Bzﬁ‘

2 2 2
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The middle term requires to be broken down further, much like .

— 1 1 )
B-7.2.32|= ARe/(fL - D)ep [—§A¢ + §|1l|2g0 +it - Vi + u’@b‘ cp}
Q

J/

|B-7.2.3.2.1:{B-7.2.3.2.2 m B-7.2.3.2.3|B-7.2.3.2.4|

Just as in | B-5], we extract a dissipative factor, and make use of interpolation.
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The final term in (4.31) is dealt with in a manner mirroring that of .
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(viii) Using (4.22), and the vector identity V@ =0- VO —(Vxd)x o,
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Returning to (4.29), and using the ensuing estimates, we arrive at:

d v 2
€£|l®llig+§llv®llig < ha(t) [IVell7: + @17 + ||0||ig]+HV||V<I>||23+HA||D290HL3

(4.32)

where hy € L[lo’T]. Also, note that we have replaced the density in the first term of the

LHS by its minimum value.

4.4.3 The continuity equation

Finally, in the case of the continuity equation, we take the difference of (CON)

written for each of the solutions, multiply by p — p and integrate over ).

d1 T 0
aﬁl‘a”ii = / o® - Vo —2ARe/ opBY + o)(B — B)y (4.33)
9] Q

C-1 [C-2}{c-3]

Remark 4.4.1. The above calculations can be rigorously justified by considering the
difference between the equations for p" (the approximate densities in Section 3.4.3.1)
and p. Passing to the limit N — oo leaves us with the desired equation for o = p — p,

since we know that p € C(0,T; L2).
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(i) Once again, recalling that we have assumed in Theorem 4.2.3 that p € L[207T} wkh3,

Thus,

C-1]=- /Q V0o SVl @l slloll e < (s0) VAl Zsllol 7 +rr V|7,

Observe that o should always be considered in the L2 norm while using Holder’s,

since there is no dissipation term for the density.

(i) For the second term, apart from the above, we also interpolate the Li norm between

the L2 and LS norms.

2 2
S Aol el el Byl S A NBYI L IVBY 2ol + Vel

(iii) Similar analysis on the third term yields
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In going to the last step, we tackle the ||¢||%; term using interpolation and the

Poincaré inequality as follows:

2 2
lells S llellrzllellize < lellzllellm S 1Vell, <

Using the above estimates, we can simplify (4.33) to read:

d
Zllolz; < hs®llollz; + sl VOllz, (4.34)

where hs € L[loﬂ.
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We now proceed to add (4.25), (4.32) and (4.34). By choosing « sufficiently small,

we can ensure all the dissipation terms are absorbed by the LHS. What remains is:

d 2 2 2 2 2 2
7 lelze +11®lze +llollzy | S (o + e + ha) (&) |lpllzy + 1917z + llolize

(4.35)

Using Gronwall’s inequality, and the fact that |||, = [[®|;2 = [|o];2 = 0 at

t = 0 completes the proof of Theorem 4.2.3.
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Chapter 5: Future directions

In the work comprising this thesis, we have considered PDE models describing
the combined interactions of normal Helium and superfluid Helium. We have addressed
questions relating to the existence, regularity, continuation (in time), and uniqueness of
appropriately defined solutions to these PDEs. In some sense, we have quantified how
well-behaved these models are: how smooth are the solutions, how long they exist etc.
Such results naturally lead to further inquiries, some of which may improve existing
theorems and some others that explore totally different directions. We will conclude by

listing a few that are both interesting and important.

5.1 The HVBK system

1. Illl-posedness of the inviscid: In numerical simulations of the HVBK system (or
even Euler equations for that matter), it is of critical importance to handle the
high frequencies of the flow. Otherwise, without small-scale dissipation, cascading
energy (enstrophy in 2D) will have nowhere to go and singularities will appear.
In the system of equations considered here, it was necessary to add an artificial
viscosity to obtain well-posedness. At first glance, the mutual friction may appear

structurally similar to the advection term u - Vu (velocity multiplied by a derivative
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of velocity). But a crucial difference is that the latter can be written in a conservative
form, as V - (u ® u), making it more symmetric in some sense. The mutual friction
lacks this luxury, and this is why the arguments used for the global well-posedness
of inviscid 2D Euler equation are not applicable here. This is cause to suspect
that the inviscid (even for just the superfluid) version of the HVBK system may be
ill-posed, i.e., there exist data for which the solution exits the relevant regularity
class instantaneously for any time ¢ > 0. Ill-posedness for the conventional Euler
equation is a matter of very active interest, and some results already exist, in critical

Sobolev spaces [ ]Jand in L™ [ ].

. Bent vortices and 3D: The HVBK system has been put to good use in numerically
simulating superfluid Taylor-Couette flow, and other scenarios where vortex lines
are parallel to each other. The reason for this is the difficulties stemming from
bent vortex filaments and the associated forces (see [ ] for a description of
the HVBK system in its entirety). These bending forces are expressed through
gradients of vorticity, and including these higher-order terms (like in the study
of a genuinely three-dimensional flow) could also lead to a finite-time blowup.
Undertaking a rigorous mathematical analysis of the full HVBK model in 3D would

be a Herculean task.

. Stochastic HVBK: If one wishes to go beyond the deterministic, then another way
to study the nature of the interactions between the two fluids is to force one of
them (say, the normal fluid) by a stochastic force (perhaps smooth in space but
Brownian in time, to model random stirring), and seek invariant measures for the
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5.2

system. The (statistical) steady state that the system equilibrates to can be of
importance when comparing to experiments/numerical simulations and validating

models/parameters.

The Pitaevskii model

. Global solutions: 1s there any way to prove global existence of solutions? The

biggest hurdle here is the source term in the continuity equation, which we have
discussed in great detail in Chapter 3. What about special cases, like a radially

symmetric problem or small data?

Extra boundary conditions: Can we do away with the extra boundary conditions

imposed? This is also related to the previous question in some ways.

3. Allowing vacuum/extending to R3: The calculations were performed on a smooth

bounded domain in R?, and for a density that is bounded below by a positive limit.
It is worth looking into the case where vacuum (p = 0) is allowed, and this will

also allow us to consider the domain to be the whole space R3.

The full Pitaevskii model: Finally, is it worthwhile to study the Pitaevskii model in

full, without the incompressibility assumption used in the current work?
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Appendix A: Conditions on the vorticity field for finite kinetic energy in

2D incompressible fluids

It is well-known that an incompressible fluid in R? with compactly supported vorticity
has finite kinetic energy if and only if the integral of the vorticity vanishes (see Prop. 3.3

in [ 1). This is due to the slow decay of the Biot-Savart kernel in two dimensions.

VXxu=w= —-Au=V Xw

u(r) = = / Mw(y) dy (A1)

o g |z =yl

However, it turns out that a compactly supported vorticity is not the only way to
tackle this problem. In this appendix, we wish to replace this assumption with two weaker

conditions: finite enstrophy and finite L' norm of the first moment of the vorticity.

Lemma A.0.1. For an incompressible fluid in 2D, let there be a vorticity field w : R? — R
such that [, w dv = 0, and ||w||r2®2) and [z, |z||w| dz are both finite. The associated

velocity field u : R? — R? is defined by (A.1). Then the kinetic energy of the fluid is finite,

1 1
UHLQ(R?) < HWsz(Rz)HQ?WHil(R?)-

ie., ||ul|L2m2) < oo. In particular,
Proof: Writing (A.1) in Fourier space,
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ik

From Plancherel’s theorem, we have

2 5
lullzz < llillze ( (k)] dk)

We split the integral into one over low frequencies and another over high frequencies.

The (to-be-determined) cutoff is denoted K.

s (], 5 (., )

The high-frequency component is easily seen to be bounded by ||wl/z2. The
vanishing integral of the vorticity translates to w(0) = 0. Expanding in a Taylor series

about kK = 0, forsome 0 < § < 1:

S(k) = &(0) + D&(Ok) - k = |o(k)|< [Do(0k)] |&]

Also,

Das(ky) /ixw(x)eikoxda; = Do) < awlns

We can thus bound the low-frequency component by K ||zw||z:. This gives us:

1
lullzs < Kllawlley + 5= llwllzz
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_1 1
Selecting K = ||zw|| ;. ||w||;- gives the required result.
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