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Topological responses rooted in the Berry phase play an important role in modern con-

densed matter physics. However, in interacting quantum systems, the robustness and observ-

ability of such responses require careful analysis and examination. This dissertation comprises

two studies on how topological phenomena, namely the chiral anomaly and the anomalous Hall

effect, emerge and are (un)renormalized in interacting quantum systems.

The first part investigates the robustness of the chiral anomaly in interacting systems thr-

ough a mixed anomaly framework. The chiral anomaly is one of the robust quantum effects

in relativistic field theories with chiral symmetry, where charges in the chiral sectors appear to

be separately conserved. The chiral anomaly, which is often associated with a renormalization-

invariant topological term, is a violation of this conservation law because of quantum effects. In

condensed matter systems like Weyl semimetals, analogous phenomena emerge as charge pump-

ing between Fermi pockets under electromagnetic fields. However, because the chiral charge is



defined in terms of low energy quasiparticles, most studies of the chiral anomaly in condensed

matter apply to effectively non-interacting systems. We apply an approach in which the chi-

ral symmetry in solid materials is viewed as a so-called emanant symmetry of the underlying

space translation symmetry, a mixed anomaly between the charge U(1) and space translation.

In this framework, the chiral charge is associated with total momentum, and we show that the

corresponding chiral anomaly remains unrenormalized by interactions in contrast to other chiral

charges in (1+ 1)D whose renormalization is dependent on regularization. In (3+ 1)D, is equiv-

alent to the charge transferred between Fermi surfaces which can be measured through changes

in Fermi-surface-enclosed volume. To measure this effect, we propose a pump-probe technique.

The second part turns to another Berry-phase-related response, the anomalous Hall effect in

the phase-disordered regime of chiral superconductors. Motivated by recent experiments show-

ing evidence for chiral superconductivity in an anomalous Hall phase of tetralayer graphene,

we study the relationship between the normal state anomalous Hall conductivity and that in the

phase-disordered state slightly above the critical temperature of the superconductor. Numerical

simulations show that the Berry phase on the Fermi surface determines the charge asymme-

try between vortices and antivortices, resulting in a nonzero Hall response that is close to the

normal-state anomalous Hall response. However, using a gauge-invariant superconducting re-

sponse framework, we find that while the vortex charge is screened by interactions, the screening

charge, after a time delay, reappears in the longitudinal current. Thus, in this phase, the dc

Hall conductivity aligns with the ac Hall conductance of the superconducting and normal phases,

rather than with the screened vortex charge.
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Chapter 1: Introduction

Over the past two decades, the discovery of topological phases of matter has significantly

deepened our understanding of condensed matter physics. One of the key insights in the study

of topological phases is that certain physical responses, such as the quantized Hall conductance,

are not governed by local order parameters, but rather by topological invariants: robust quanti-

ties that remain invariant under perturbations and disorder.[3, 4]. Among the earliest yet most

profound examples is the Integer Quantum Hall Effect (IQHE), in which the transverse electrical

conductance is quantized in units of e2/h due to the presence of a bulk Chern number and chiral

edge modes on the boundary [5, 6].

One of the key theoretical concepts that emerged from these studies is the Berry phase,

an adiabatic geometric phase acquired by a quantum state upon cyclic evolution in parameter

space. Berry curvature, its field strength, plays a crucial role in determining many observable

topological effects, such as anomalous velocity, Hall conductivity, and orbital magnetization [7].

Significantly, the Berry curvature establishes a crucial connection between topology and phys-

ical response functions, particularly through the topological properties of energy bands, often

captured in topological field theories such as Chern-Simons theory.

A particularly rich platform for exploring such topological responses is provided by Weyl

semimetals. These materials have band-touching points (Weyl nodes) that serve as monopoles of
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Berry curvature in momentum space [8]. The low-energy quasiparticles near these nodes obey

the Weyl equation, giving rise to relativistic phenomena similar to the high-energy physics such

as the chiral anomaly, the nonconservation of chiral current in the presence of parallel electric

and magnetic fields. The chiral anomaly manifests itself as a non-trivial and rich topological

response: a charge current proportional to E · B, which has been interpreted semiclassically

through the Berry curvature [9] and microscopically through quantum field approaches [10, 11].

Despite the success of non- or weakly interacting models in describing such topologi-

cal effects, many realistic materials are subject to strong electron-electron interactions. This

raises fundamental questions: How do interactions modify the topological responses predicted

by single-particle theories? Do the topological invariants and associated response coefficients

remain quantized and unchanged in the presence of interactions, or do new emergent features

arise? These questions are far from trivial, particularly when anomalies - usually thought of as

exact and robust[12] - interplay with interactions, even preserving the chiral symmetry.

In addition to Weyl semimetals, another prominent class of systems in which the Berry

phase plays an essential role is in materials exhibiting the anomalous Hall effect (AHE). In these

systems, a transverse Hall response arises in the absence of an external magnetic field, typically

as a result of broken time-reversal symmetry[13]. The AHE has been widely observed in ferro-

magnets and topological materials, where it is often interpreted as a momentum-space analog of

the quantum Hall effect, but without the presence of Landau levels. The toy model for AHE is

the well-known Chern insulator, which is inherently connected to the Berry curvature.

Recently, multilayer graphene has shown evidence of a number of novel topological phases

that can be tuned by gate voltage, magnetic field, temperature, and displacement field. These

phases include several superconducting phases in twisted systems [14–24] and also in non-twisted
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systems [25–27], some of which are spin triplet. More interestingly, a recent experiment [28]

has provided evidence of chiral superconductivity in an anomalous Hall metal phase, which is

quite close to systems that have shown an AHE as well as fractional quantum anomalous Hall

phases [29].

The occurrence of superconductivity in close proximity to correlated phases has led to

many theoretical proposals for the mechanism of superconductivity, some based on strong corre-

lation [30, 31] and others based on the proximity to correlated topological states [32–34]. While

this is an interesting question and has been speculated on, we will avoid delving into the mecha-

nism itself and instead focus on the phenomenology of the chiral superconducting phase.

Given the close connection between Berry curvature and anomalous Hall conductance in

the normal state [35–37], a natural question arises: how would such an anomalous Hall conduc-

tance manifest in a chiral superconducting phase? Furthermore, it prompts the question whether

interactions, which induce screening effects, would influence the anomalous Hall conductance or

not. As an aside, quantum geometry, a generalization of the Berry curvature, instead of gener-

ating AHE, has also been shown to significantly modify superfluid stiffness and other effects in

superconducting states [31, 38–45], which we do not address in this work.

In this dissertation, we focus on the effects of interactions on Berry-phase-governed topo-

logical responses in three distinct systems: the chiral anomaly in Luttinger liquid (LL), in Weyl

semimetals, and the anomalous Hall effect in the phase-disordered regime of chiral superconduc-

tors. Specifically, the chiral anomaly in Weyl semimetals and Luttinger liquids is studied in our

paper [1], while the theory of the anomalous Hall effect in phase-disordered superconductors is

explored in our paper [2]. Before presenting detailed analysis and results, we first review the basic

concepts and theoretical framework in the non-interacting case, which provide the background
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for understanding how interactions modify these phenomena.

1.1 Berry Phase and Topological Phenomena

1.1.1 Geometric Phase and Curvature

Berry phase is a geometric phase acquired by a quantum state when the system’s parameters

(e.g., position, coefficients) are varied adiabatically and cyclically [46]. These parameters are

fixed and their values are determined by some external apparatus. Consider a Hamiltonian H(λ)

that depends on a set of parameters λ = (λ1, λ2, . . . ), with eigenstates |n(λ)⟩ satisfying

H(λ)|n(λ)⟩ = En(λ)|n(λ)⟩. (1.1)

If the parameters λ(t) are slowly changed along a closed loop L in parameter space, the instan-

taneous eigenstate |n(λ(t))⟩ acquires a phase composed of two parts: a dynamical phase and a

geometric (Berry) phase,

γn =

∮
L

An(λ) · dλ, (1.2)

where the Berry connection An(λ) is defined as

An(λ) = i⟨n(λ)|∇λ|n(λ)⟩. (1.3)

This geometric phase is an extra phase that does not depend on the time taken to change the

parameters. However, it depends on the path taken through the parameter space.

Berry curvature, which can be viewed as the "field strength" associated with the Berry
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connection, is defined as

Ωn(λ) = ∇λ ×An(λ). (1.4)

Unlike electromagnetism, where magnetic monopoles are forbidden by Maxwell’s equations, an

analogue of a magnetic monopole can appear in the Berry curvature. However, this is not a

real magnetic monopole as in electromagnetism, but rather an abstract concept in the parameter

space. This topological property is what connects the Berry phase to topological observables in

such systems.

1.1.2 Chern Number and Quantized Response

Building on the previous subsection, when the parameter space forms a closed two-dimensional

manifold (such as the Brillouin zone torus in a 2D crystal), the integral of the Berry curvature

over this manifold defines a topological invariant known as the first Chern number [6]:

Cn =
1

2π

∫
BZ
d2kΩn(k), (1.5)

where Ωn(k) is the component of the Berry curvature perpendicular to the 2D Brillouin zone.

Chern number is quantized to integer values and characterizes the topology of the underly-

ing quantum states. Remarkably, it manifests physically as a quantized Hall conductance in units

of e2/h via the TKNN formula [6], which can be derived from the Kubo formula through linear

response theory:

σxy =
e2

h

∑
n

Cnfn, (1.6)

where fn is the occupation number of band n. This quantization is topologically protected and
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robust against disorder or perturbations that do not close the energy gap.

Such topological invariants form the foundation of IQHE and, more generally, the clas-

sification of topological insulators and superconductors [3, 4]. Beyond two dimensions, higher-

dimensional generalizations exist, such as the second Chern number in four-dimensional quantum

Hall systems, which also give rise to quantized topological responses [47].

1.2 Chiral Anomaly

The discovery of Weyl and Dirac materials [8, 48, 49] with low energy quasiparticles that

are described as a (3 + 1)D Dirac equation has motivated the study of condensed matter analogs

of the chiral anomaly of relativistic fermions in high energy physics. Fundamentally, the chiral

anomaly in high energy physics [10, 11] arises from the fact that the electromagnetic response of

the regularized charge of QED2n with a single Weyl Fermion breaks gauge invariance (i.e. charge

conservation) despite the apparent gauge invariance of the action of the Weyl fermion. The gauge

invariance can be restored by introducing a second Weyl fermion, which then leads to a chiral

symmetry. The chiral symmetry is a U(1) gauge symmetry similar to the one associated with

charge conservation except that it assigns opposite so-called chiral charges to the different Weyl

fermions referred to as chiral sectors. In the case of a single Weyl fermion, the chiral current

is identical to the total current. The response of such a pair of Weyl fermions can be gauge

invariant in addition to being Lorentz invariant though it necessarily breaks conservation of the

chiral charge current j5µ [10, 11]. The equation for violation of chiral charge current conservation
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is the so-called chiral anomaly equation [50]:

∂µj
5µ = (−1)n+1 2en

n!(4π)n
ϵµ1µ2···µ2nFµ1µ2 · · ·Fµ2n−1µ2n . (1.7)

The chiral symmetry discussed above, which corresponds to conservation of electron den-

sity at each Fermi pocket, is not a microscopic symmetry of the Weyl and/or Dirac systems and

instead is an emergent IR symmetry [51] that appears after projecting excitations to the low-

energy limit. The essential dynamics underlying the chiral anomaly for n = 2 is the one in

parallel electric and magnetic fields [52] and can be seen to arise as a consequence of the Berry

curvature near the Weyl point. We can quantify the chiral anomaly by projecting the quasipar-

ticles to a shell around the Fermi surface, which is analogous to the regularization discussed

in the previous paragraph. This procedure when applied to non-interacting systems predicts a

counter-intuitive transfer of charge between the difference Fermi surfaces [8, 53] in response to

an electromagnetic field.

1.2.1 Chiral Anomaly in 1D Electron Systems

Anomalies can also emerge in 1D condensed matter systems, even in non-interacting mod-

els, which is both exciting and intriguing, especially given that Lorentz symmetry is absent in the

underlying microscopic models. Moreover, the study of 1D anomalies provides valuable insights

that help bridge the understanding to the 3D Weyl case.

A simple but instructive case is the non-interacting one-dimensional electron gas (1DEG),

which serves as the foundation for understanding interacting Luttinger liquids (LLs).

Consider the low-energy approximation of non-interacting 1DEG. The Hamiltonian is ex-
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pressed in terms of decoupled right- and left-moving fermions:

H1DEG,approx = −ivF
∫
dx
(
ψ†
R∂xψR − ψ†

L∂xψL

)
, (1.8)

where vF is the Fermi velocity. Obviously, this model possesses aU(1)charge×U(1)chiral symmetry.

Introducing a slowly varying background gauge fieldAµ coupled to the charge current leads

to a non-trivial response of the chiral current:

∂µj
5µ =

e

π
F01, (1.9)

, where F01(= E) is the external electric field. This is the chiral anomaly equation in 1+1D[54].

In order to understand the connection between the Berry phase, the Fermi surface, and the

chiral anomaly, we begin with the semiclassical Boltzmann equation. Although the Berry curva-

ture in 1D is trivial, performing this calculation is still valuable, as it serves as a simple version

for the more interesting and non-trivial Berry curvature in 3D, which is particularly relevant and

meaningful in the study of Weyl semimetals.

The Boltzmann equation for the distribution function f(k) is given by:

∂f

∂t
+ ẋ · ∇xf + k̇ · ∇kf = 0 (1.10)
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, where x is the position and k is the momentum. The equations of motion are given by:

k̇ = eE (1.11)

ẋ = vk + k̇ ×Ωk (1.12)

, where vk = ∇kϵ(k) is the velocity and Ωk = ∇k × Ak is the Berry curvature, with Ak =

i ⟨uk|∇uk⟩ being the Berry connection.

Since the Berry curvature is zero in 1D, the momentum and position equations are reduced

to simpler forms. In the case of a non-interacting system, we assume that the right- and left-

moving states are decoupled. This allows us to write the distribution function as: f = f+ + f−

, where f+ is the distribution function for particles moving to the right and f− is for particles

moving to the left.

For each of these states, we write the corresponding Boltzmann equations:

∂f±
∂t

± vF
∂f±
∂x

+ eE
∂f±
∂k

= 0 (1.13)

, where vF is the Fermi velocity.

We simply define the chiral charge ρc as the difference between the densities of the particles

moving to the right and to the left. Then, the chiral charge and the regular charge are

ρc =

∫
(f+ − f−)

dk

2π
(1.14)

ρ =

∫
(f+ + f−)

dk

2π
(1.15)
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Using the property ∂f±/∂k = ∓δ(k) and substituting it into the Boltzmann equations, we

obtain:

∂ρc
∂t

+ vF
∂ρ

∂x
=
eE

π
(1.16)

, which is equivalent to Eq.1.9. The derivation process demonstrates the connection between the

Fermi surface (including the Berry phase, although it is trivial in 1D) and the chiral anomaly.

When interactions are included, the situation becomes particularly intriguing. In the (1 +

1)D Thirring model, a contact interaction λjµjµ leads to a renormalization of the anomaly coef-

ficient [54–56]:

∂µj
5µ =

(
1

1 + λ/π

)
e

π
F01, (1.17)

showing that interactions can modify the anomaly, which is often thought to be a topological

response. In contrast, the chiral anomaly equation for the 1D edge states of the IQHE remains

topological and unrenormalized, even when right- and left-moving particles interact with them-

selves. This motivates our central question: How to understand this renormalized 1D anomaly?

Is the chiral anomaly robust against interactions in more realistic higher-dimensional systems?

1.2.2 Chiral Anomaly in Weyl Semimetals

Building on the previous subsection where we discussed the 1D case, we now shift our

focus to the 3D Weyl semimetals, which are of particular interest for both theoretical study and

experimental comparison. In (3 + 1)D Weyl semimetals, the low-energy electronic structure

consists of pairs of Weyl nodes with opposite chirality, where the conduction and valence bands

touch at isolated points in the momentum space. The effective Hamiltonian near a Weyl node
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takes the form:

HWeyl = ±vFσ · k, (1.18)

where the sign corresponds to the chirality. Applying parallel electric and magnetic fields results

in a spectral flow of states between nodes of opposite chirality, leading to the chiral anomaly:

∂tρc +∇ · jc =
e2

2π2
E ·B. (1.19)

This anomaly can also be derived semiclassically from the Berry curvature near the Weyl nodes

using the same methods as in the previous section [9, 57] or from Landau’s Fermi-liquid the-

ory[58].

The above formulation of the 3D chiral anomaly in solid state systems applies only to non-

interacting systems, which leads to the question of whether the chiral anomaly is affected by

interactions. In fact, the chiral anomaly in (3 + 1)D relativistic quantum field theory(i.e. QED4)

written in Eq. 1.7 is found not to be affected by the addition of interactions in the sense that it

receives no radiative corrections [59]. This robustness can be understood in situations where the

anomaly can be constrained by a topological term in an action on a higher dimensional space [47,

50, 60]. On the other hand, the chiral anomaly in the (1 + 1)D Thirring model as introduced in

the previous subsection, another relativistic quantum field theory, is found to be renormalized by

interactions in Eq.1.17

Given that solid-state systems can support a variety of interaction terms, it is natural to dis-

cuss modifications to the chiral anomaly due to interactions [61–63]. For instance, the inclusion

of Umklapp scattering explicitly breaks the chiral symmetry even in the IR limit, thus invalidating
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the notion of a chiral anomaly. In contrast, the disorder robustness of the chiral anomaly for intra-

valley scattering has been established both semiclassically [9] and fully quantum mechanically

using the non-linear sigma model [64].

Complicating these discussions is the fact that the chiral charge is only defined in the IR

and non-interacting limit, making it difficult to measure as a microscopic variable in solid-state

systems. As a result, much of the experimental focus on the chiral anomaly has been focused

on secondary manifestations, such as the chiral magnetic effect [8] and the negative magnetore-

sistance [9]. Although these are relatively convenient to measure, they are known to contain

contributions from other mechanisms [65]. Studies of the effect of interactions on anomaly cur-

rent response signatures, such as the chiral photocurrent [61] and the chiral current [62], have

shown a renormalization of these response functions due to interactions.

Interestingly, the detection of the chiral anomaly via non-local transport [66] provides a

way to detect spatial variations of the chiral anomaly coefficient without being directly sensitive

to the coefficient itself. Moreover, it is possible to find an interaction-robust chiral anomaly in a

slab of a four-dimensional second Chern insulator [47, 67] viewed as a three-dimensional lattice

system. The difference in charge between the surface states of such a Chern insulator defines a

chiral charge, while the second Chern-Simons form of the four-dimensional quantum Hall effect

defines the quantized chiral anomaly.

These solid-state examples suggest that the magnitude of the chiral anomaly, in the ab-

sence of Lorentz invariance, can depend on both the details of the interaction Hamiltonian and

the definition of a chiral charge. To illustrate the latter, an interacting Weyl semimetal can be

described as a topological Fermi liquid [37] of non-interacting quasiparticles. In this limit, the

chiral anomaly, with the chiral charge defined in terms of quasiparticles, becomes topological
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and is not renormalized.

1.3 Anomalous Hall Effect

The anomalous Hall effect (AHE) refers to a transverse voltage or current generated in

response to an applied longitudinal electric field in the absence of an external magnetic field.

Originally observed in ferromagnetic materials, the AHE is now understood to arise from a com-

bination of intrinsic band structure effects and extrinsic scattering mechanisms [13].

Among these, the intrinsic contribution is of particular interest because it is directly related

to the Berry curvature of the electronic bands. In semiclassical dynamics, the velocity of a Bloch

electron acquires an anomalous correction due to the Berry curvature Ωk as [7]:

ṙ = ∇kϵ(k) + k̇ ×Ωk, (1.20)

where k̇ = eE. The second term describes a transverse motion leading to an intrinsic Hall

current:

j = −e
∫
k

fk ṙ ∝
∫
k

fk Ωk ×E. (1.21)

As we mentioned in Sec.1.1.2, if the material is an insulator, the integral of the Berry curva-

ture over the Brillouin zone gives the Chern number C, which determines the quantized Hall

conductance. Such a material is called a Chern insulator.

To illustrate the connection between Berry phase and anomalous Hall response even in a

(semi)metal or semiconductor, we consider the Qi-Wu-Zhang (QWZ) model [68]. The model
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Hamiltonian takes the form:

HQWZ(k) = −µσ0 + sin kxσx + sin kyσy + [2 +m0 + cos kx + cos ky]σz, (1.22)

where σi are Pauli matrices, µ is the chemical potential, and m0 is a tunable mass parameter.

The band structure of this model hosts a topologically nontrivial phase for certain values of m0,

characterized by a non-zero Berry curvature.

The intrinsic anomalous Hall conductivity in this model is given by:

σxy = −e
2

h

1

4π

∫
BZ
d2k d̂ ·

(
∂d̂

∂kx
× ∂d̂

∂ky

)
fk, (1.23)

where d(k) = (sin kx, sin ky, 2 + m0 + cos kx + cos ky), d̂ = d/|d|. The Chern number now

has a particularly nice interpretation: it counts the number of times BZ wraps around the sphere

defined by d̂, and thus an integer. The Chern number is

C =


−1 if − 2 < m0 < 0,

1 if 0 < m0 < 2,

0 if |m0| > 2,

(1.24)

which depends on m0 as expected.

To our interest, when the Fermi level lies within the band, assuming m0 > 0 and µ > m0,

and both much smaller than the band width 4, we can approximate the Berry curvature, Berry

14



phase, and conductivity as follows:

Ωq ≈ − m0

2 (m2
0 + q2)

3/2
, (1.25)

γ ≈ π

(
1− m0

µ

)
(1.26)

σxy ≈
e2

2h

(
1− m0

µ

)
(1.27)

, where q is the momentum vector starting from the point (π, π). The Berry phase and Hall

conductivity are the same, apart from a constant factor.

This model quantitatively demonstrates the Berry curvature, governed by the band geom-

etry, and the relationship between the Berry phase and the anomalous Hall response when the

Fermi level within the band.

As mentioned earlier, our focus is on understanding the Hall response in a phase-disordered

chiral superconductor, particularly just above the Berezinskii-Kosterlitz-Thouless (BKT) tran-

sition. In this regime, vortex dynamics and screening effects play crucial roles, and Berry

curvature-induced responses may persist or even be modified. This offers an opportunity to

explore how topological signatures, stemming from Berry phase phenomena, are encoded in

collective degrees of freedom and whether they can be renormalized by interactions.

In fact, chiral superconductivity has been suggested by itself to support an ac Hall re-

sponse [69, 70]. This chiral response has been conjectured to have several interesting conse-

quences, such as the fractional charge and the angular momentum of vortices [71]. However, a

gauge-invariant treatment of screening effects by the background condensate leads to an effective

Chern-Simons theory where the chiral conductivity from purely chiral superconductivity at low
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wave vectors is suppressed [72, 73]. The evidence for chiral superconductivity in a purely two-

dimensional anomalous Hall metal phase [33], where screening effects are reduced and phase-

ordered superconductivity is seen motivates us to revisit the question of the chiral response and

vortex properties of such phases.

1.4 Outline

The following parts of the dissertation is assigned as follows. In Chapter 2, we investi-

gate the chiral anomaly in a one-dimensional interacting fermion system using a mixed anomaly

framework. Focusing on a (1+1)D model with emergent Lorentz symmetry, we demonstrate that

the chiral anomaly remains robust and unrenormalized by electron-electron interactions when the

chiral charge is identified with total momentum. This result contrasts with other definitions of

chiral charge in 1D, which can exhibit regularization dependence.

Chapter 3 extends this analysis to three-dimensional Weyl semimetals. By defining a

momentum-space chiral charge via the Luttinger volume of each Weyl Fermi pocket, we show

that the chiral anomaly in 3D also persists without renormalization in the presence of interactions.

We derive an anomaly equation that equates the chiral charge pumping between Fermi surfaces to

changes in Fermi-surface volume, establishing an interaction-robust topological response. Fur-

thermore, we propose a pump–probe experiment to measure this effect, providing a practical way

to observe the interaction-protected chiral charge transfer between Weyl nodes.

Chapter 4 turns to the anomalous Hall effect (AHE) in a two-dimensional chiral super-

conductor slightly above its critical temperature, where global phase coherence is lost (a phase-

disordered regime). We find that even without long-range superconducting order, a Hall response
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endures due to a charge asymmetry between vortices and anti-vortices induced by the Berry phase

of the normal-state bands. Using a gauge-invariant effective action formalism and numerical si-

mulations, we show that this vortex-charge-induced Hall current closely matches the Hall con-

ductivity of the normal state. Importantly, we demonstrate that although many-body interactions

screen the static charge of each vortex, the time-dependent screening currents restore the Hall

response. As a result, the observed dc Hall conductivity in the phase-disordered superconductor

aligns with the intrinsic ac Hall conductance of both the superconducting and normal phases,

rather than being solely determined by the screened vortex charge itself.

Finally, the Appendices provide technical details and supplementary calculations support-

ing the main chapters. These include the bosonization derivations for 1D anomalies, clarifica-

tions on the relation between physical current and chiral charge, proofs of gauge-invariance in

stress–energy tensors, extended analysis of the chiral magnetic effect in kinetic theory, and a

second-order Hall response calculation for a Chern insulator. Together, these appendices fur-

nish the theoretical groundwork and additional evidence underpinning the conclusions drawn in

Chapters 2-4.
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Chapter 2: Interaction Robustness of Chiral Anomaly in 1D

2.1 Regularization Dependence of the Chiral Anomaly

The Tomonaga-Luttinger model [74], which describes low-energy excitations in (1 + 1)D

systems with fermionic excitations, has an emergent Lorentz symmetry. This emergent Lorentz

symmetry motivates the study of the chiral anomaly using methods of high-energy physics such

as Fujikawa’s method, Pauli-Villars regularization, and Feynman diagrams[59, 75, 76].

The action of the Luttinger model, SLL, is written as SLL = SLL,0 +SLL,int with the Fermi

velocity (vF = 1), where

SLL,0 =

∫
d2x iΨ̄(/∂ + ie /A)Ψ, (2.1)

is the action associated with the non-interacting fermionic field Ψ := (ψR, ψL)
T composed of

left and right movers with no spins, and A is the electromagnetic vector potential. Furthermore,

Ψ̄ = Ψ†γ0, and the Feynman slash notation /a := aµγ
µ is used. γµ in this 1D case has the form:

γ0 =

 0 −i

i 0

 , γ1 =

 0 i

i 0

 (2.2)
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The action SLL can also include a general local current-current interaction of the form [62]

SLL,int = −1

2

∫
d2xλ(2)µν j

µjν , (2.3)

where

jν = Ψ̄γµΨ = (ρR + ρL, ρR − ρL) (2.4)

is the current 2−vector, and λ(2)µν are interaction couplings.

The action SLL has a chiral symmetry UA(1) with a parameter β defined by


ψR(x) → ψR(x)

′ = eiβ(x)ψR(x)

ψL(x) → ψL(x)
′ = e−iβ(x)ψL(x),

(2.5)

when the argument β(x) is independent of the space and time coordinates x. In the case of

a local transformation, where β(x) varies non-trivially with coordinate x, the variation of the

action δSLL = S ′
LL,0 − SLL,0 must be proportional to the derivative ∂µβ, thus written as

δSLL = −
∫
d2x j5µ∂µβ, (2.6)

which is used to define the chiral current,

j5µ = Ψ̄γµγ5Ψ (2.7)

generated by the transformation where γ5 = γ0γ1. The variation of the action (following an inte-

gration by parts) considered above suggests the conservation of the chiral current (i.e. ∂µj5µ = 0)

19



along the lines of Noether’s theorem in classical mechanics.

The time component of the current j5,0 is a chiral charge density, which can be shown from

Eq.2.7,

ρc,cb = ψ†
RψR − ψ†

LψL = ρR − ρL = j, (2.8)

where the subscript indicates that this quantity is current-based, with a particularly simple form

in the so-called chiral basis for fermions ψL,R. However, as we will discuss below, a quantum-

mechanical treatment of this action leads to a violation of the conservation law for the chiral

current, which is called the chiral anomaly.

The Tomonaga-Luttinger model SLL can be solved by representing the fermionic fields Ψ

in terms of a bosonic field Φ, which is related to the current operator as

jµ =
1√
π
ϵµν∂νΦ, (2.9)

through a process known as bosonization [74, 77]. However, the process of bosonization for

such gapless models requires regularization to resolve the fate of the chiral current [78]. In the

Lorentz-invariant case where λ(2)µν = ληµν , which is also referred to as the Thirring model [54],

normal ordering can be used to regularize divergences provided the bosonization is performed

after transforming the action to Euclidean (i.e. Wick rotated) [77]. Since the Lorentz invariance

is preserved and essentially becomes rotation in Euclidean space, the chiral current operator based

on Eq. 2.7 continues to be a "rotated" version of the conventional current operator, i.e.

j5µ = −ϵµνjν =
1√
π
∂µΦ, (2.10)
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where ϵµν is the completely anti-symmetric unit tensor. While the charge current jµ in Eq. 2.9

is manifestly divergence-free, as detailed in the Appendix A, the divergence of the chiral current

can be written in terms of the classical equation of motion for Φ as

〈
∂µj

5µ
〉
=

1√
π
∂µ∂

µΦ =
1

1 + λ/π

e

π
E. (2.11)

where E = ∂0A1 − ∂1A0 is the electric field. This is called the chiral anomaly equation in

1+1D [54]. Furthermore, since the RHS depends on the interaction strength λ, the chiral anomaly

is renormalized by interaction [54] in a way that is identical to that obtained directly from the

Thirring model using either the Pauli-Villars regularization or the Fujikawa method [62].

Condensed matter systems without microscopic Lorentz invariance allow a more general

type of interaction λ(2)µν = (g4+g2)η0µη0ν+(g4−g2)η1µη1ν , while still preserving chiral symmetry.

In the absence of Lorentz invariance, one can use a simple "point-splitting" regularization [77]

to regulate divergences in SLL. The point-splitting approach involves replacing the products of

operators at the same space-time point ρR/L(x, t)ρR/L(x, t) → ρR/L(x− ϵ, t)ρR/L(x+ ϵ, t) with

slightly separated points in space at the same time. The correlators of the system can now be

computed using a more conventional Hamiltonian operator-based approach [74, 78], which leads

to a wave equation for Φ

u−1∂2tΦ− u∂2xΦ =
eK√
π
E, (2.12)

where

uK = 1 +
g4
2π

− g2
2π
, u/K = 1 +

g4
2π

+
g2
2π

(2.13)
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(see Appendix A for a review of the derivation) [74].

As reviewed in Appendix A, the bosonization identities [74] can now be applied to the

operator definition of the chiral charge density, i.e., ψ†
RψR − ψ†

LψL, to show that

ρc,mb(:= ρR − ρL) = j/uK, (2.14)

where the subscript indicates that this quantity is momentum-based, which will be explained

latter. Note that this result for the current differs from Eq. 2.4 and Eq. 2.8 due to the point-

splitting regularization, which modifies the definition of currents in order to preserve the charge

continuity equation.

Applying this equation of chiral charge to the equation of motion leads to the following

chiral anomaly equation:

〈
∂µj

5µ
mb

〉
=

1√
π
∂tΠ+ ∂xjc,mb =

e

π
E (2.15)

where jc,mb = uρ/K is the chiral current, and Π =
√
π(ρR − ρL) is the canonical conjugate

field to Φ(x). We can easily find that the chiral charge in this case directly related to the ki-

netic momentum. Note that in contrast to the chiral anomaly equation (Eq. 2.11) resulting from

a Lorentz-invariant regularization of the TL model, the above chiral anomaly equation has no

interaction-based renormalization.

Incidentally, the chiral anomaly equations of the 1D edge for topological integer quantum

Hall systems, based on either Eq. 2.11 or Eq. 2.15, are both unrenormalized. This is because in

the latter formalism the two edges (R and L) cannot be scattered to each other in the IQHE, the
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g2 term, ρRρL, is missing; thus, the Luttinger parameter K is always 1 and the two chiral charges

in Eq. 2.14 and Eq. 2.8 are equivalent.

The above chiral anomaly equation (Eq. 2.15) is clearly different from the relativistic chiral

anomaly Eq. 2.11 even in the formally Lorentz-invariant case g4 = 0 (and g2 = λ). Thus,

both the chiral anomaly in (1 + 1) D and the equation of motion for the current j, even in the

presence of formal Lorentz invariance, depend on regularization. This means that one cannot

use this formalism to calculate the chiral anomaly for an interacting electron gas because neither

regularization can be reliably applied.

2.1.1 Application to Interacting Spin-orbit Coupled Fermions

The simplest systems that one may hope to apply these ideas to would be an electron gas

with parabolic dispersion and density-density interactions. The density-density interactions lead

to the constraints g2 = g4 and uK = vF = 1 in Eq. 2.13 for the bosonized description of the

system [74]. Indeed, one can check that this produces the correct equation of motion for the cur-

rent j (i.e. Eq. 2.12) based on Galilean-invariance. Thus, the point-splitting regularization rather

than the Lorentz-invariant one produces the correct conductivity. However, the chiral charge (i.e.,

Eq. 2.14) is simply the current density.

The chiral charge ρc can be distinct from the current in a Rashba spin-orbit coupled gas

with density-density and spin-spin interactions. A more general way to derive the coefficients

u,K is to directly analyze the equation of motion Eq. 2.12, which can be written as (uK)−1∂tj+

(u/K)∂xρ = (e/π)E. Taking into account the limits ω ≪ q and ω ≫ q, we can interpret (u/K)

as compressibility and (uK)−1 as inertia.
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To compute these for the spin-orbit coupled model, consider the Hamiltonian

Hsoc(k) = (k − ασz)
2 − α2 + Γσx. (2.16)

For small Γ, the states near the Fermi energy have k = ±2α and are polarized along σz = ±1. In

addition, let us consider a short-ranged interacting term,

Hsoc,int = g2

∫
dxρ(x)2 ≃ g2

∫
dxρ+(x)ρ−(x), (2.17)

Note that in the small Γ limit, ρ± ≡ ρL,R in the TL model. Therefore, we can apply the results

Eq. 2.13 with g4 = 0 to this model and derive a non-trivial chiral charge ρc,mb, which is different

from the current j, using Eq. 2.14 for this model.

2.1.2 Relativistic Anomaly in Condensed Matter Systems

Since many of the low-energy degrees of freedom in condensed matter systems, such as the

1DEG, appear to have Lorentz-invariance based on the bosonized equation of motion Eq. 2.12,

one may ask if the Lorentz-invariant anomaly (i.e. Eq. 2.11) applies to such systems in any

sense. The results discussed earlier in this section show that different regularizations will generate

different results of the chiral anomaly (i.e. Eqs. 2.11, 2.15), some of which are renormalized by

interactions and others are not.

This issue can be resolved by refermionization [79], where fermions can be constructed
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from a model of bosons. This construction can be shown for the Sine-Gordon model [78, 80]:

Ssg =

∫
dtdx

1

2

[
1

uK
(∂tΦ)

2 − u

K
(∂xΦ)

2 − ug cos
(
2
√
πΦ
)]
. (2.18)

The Sine-Gordon model can be obtained as a low-energy description of a 1DEG using bosoniza-

tion [74] by adding a back-scattering term to the Luttinger-model SLL, which is written as:

SLL,bs =

∫
dtdx V0 cos(2kFx)ψ

†ψ. (2.19)

The Luttinger model SLL is discussed in Eq. 2.1. While the parameters u,K, and g depend on the

regularization scheme used (similar to the anomaly), the form of the model Ssg is independent of

regularization.

Interestingly, the term SLL,bs explicitly breaks the chiral symmetry (Eq. 2.5) and the spec-

trum associated with Ssg is gapped for 1 < K < 2. The gap allows one to describe the excited

states of the system in terms of solitons and antisolitons over a gapped vacuum [78, 80]. The

solitons and antisolitons are fermionic and are described by a massive Thirring model [78].

Furthermore, in the range of parameters 1 < K < 2, the solitons and antisolitons are

conserved excitations and can be used to define a soliton-based chiral charge:

ρc,sb = Ns +Ns̄ (2.20)

, whereNs(s̄) are the number operator of (anti)solitons. The chiral symmetry of Eq. 2.5 is replaced

by the integrability of Ssg which leads to the conservation of the current density despite the

absence of an explicit chiral symmetry or momentum conservation.
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Figure 2.1: Illustration of the chiral anomaly in the Sine-Gordon model. The energy spectrum is
sketched as two curves with an energy gap of 2m, where m is the soliton mass. In the presence
of an E, solitons and antisoliton are generated and are shown by black dots in the top band
and white dots in the bottom band, respectively. The range between two dashed lines in the
middle corresponds to low-speed moving (anti)solitons. The minimum highest-level momentum
of soliton pairs is labeled by ζ .
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To understand the role of the explicit chiral symmetry breaking term, V0, we consider the

equation of motion,

∂tj + u2∂xρ+ u2gK sin
(
2
√
πΦ
)
= uK

eE

π
(2.21)

, where j is given by Eq. 2.9 and the gap parameter g ∝ V0. This equation becomes equivalent to

the gapless equation of motion in Eq. 2.11 in the limit V0 → 0.

Furthermore, considering the excitations of the Sine-Gordon model shown in Fig. 2.1,

where the gap is proportional to m ∼ g, we see that the limit m ∼ g → 0 implies that al-

most all solitons and antisolitons move at speed u. In this limit, the chiral charge is proportional

to the current ρc,sb ≃ j/u (see detailed discussion in the Appendix B). The chiral current is re-

lated to the chiral charge by the velocity of the modes, we have jc,sb ≃ u[Ns−Ns̄] ≃ uρ(the final

step is a result of the opposite charges of the solitons and antisolitons). Applying this to Eq. 2.21

(taking the limit g → 0) leads to an anomaly equation,

∂tρc,sb + ∂xjc,sb = K
eE

π
. (2.22)

This equation is essentially equivalent to the relativistic anomaly equation in Eq. 2.11.

Note that the role of the mass is rather subtle, since we are using the limit g → 0, which is the

same limit considered in Eq. 2.11. However, the finite but vanishingly small g is needed for the

identification of ρc,sb as a conserved chiral charge of solitons/antisolitons. This is because, as

established earlier in the section, one cannot identify this charge with left/right moving micro-

scopic fermions. The latter identification is dependent on regularization. From an experimental

standpoint, the validity of the above equation assumes an electric field that is applied over a rel-
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atively short time (i.e. relatively high frequency) relative to the mass m ∼ g. The integrability

of the Sine-Gordon model, which leads to the conservation of the chiral charge ρc,sb and also

remarkably the corresponding physical charge current j, allows one to measure the chiral charge

at a later point to check the validity of the anomaly. In practice, one could simply measure the

rescaled current j/u as the chiral charge. This does not require an actual back-scattering poten-

tial. However, to check that this corresponds to a physical density, one would measure the soliton

density at long times when the finite mass disperses the wave-packet so that individual solitons

and antisolitons are separated. This check requires back-scattering V0 to create the dispersion of

the wave pack and identify the individual charges.

2.2 Momentum-based Chiral Anomaly from a Mixed Anomaly Approach

The regularization issues described above can be resolved by defining a chiral charge den-

sity in terms of momentum density. The basic idea is to treat the chiral symmetry as an emanant

symmetry[81] rather than an emergent symmetry, meaning it emanates from the microscopic

translation symmetry. To understand this, let us first review how the mixed anomaly of transla-

tion symmetry and U(1) symmetry is closely analogous to the chiral anomaly U(1) [82–84].

In the low-energy regime, we can expand the fermionic field operator ψ(x, t) in a neigh-

borhood of ±kF according to the relation:

ψ(x, t) ≃ eikF xψR(x, t) + e−ikF xψL(x, t), (2.23)

where kF is the Fermi momentum and the right and left fermionic fields ψR and ψL that slowly

vary in space and time.
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With the help of this preliminary step, the effect of a space translation transformation can

be written as 
ψR(x, t) → ψR(x, t)

′ = eikF a(x,t)ψR(x, t)

ψL(x, t) → ψL(x, t)
′ = e−ikF a(x,t)ψL(x, t).

(2.24)

Note that we ignore the shift of ψR/L(x+a, t) by a since these fields vary slowly compared to kF .

These transformations become equivalent to the chiral U(1) transformation defined in Eq.(2.5)

for β(x) = kFa(x).

While the total momentum displays properties of a chiral anomaly in systems with discrete

translation symmetry [83], systems with continuous translation symmetry allow us to study a

local momentum density field, which is analogous to a chiral charge density. The chiral charge

density is the Noether current associated with the chiral U(1) symmetry in the systems described

in Sec. 2.1. Similarly, one can identify the low-energy limit of the canonical momentum density

T 01, which is the Noether current associated with translation, as the analog chiral charge density

for systems with finite bandwidth.

However, unlike anomalous chiral U(1) symmetry, translation symmetry is preserved un-

der quantization. Thus, the momentum current density T µ1 is conserved without any anomaly.

Therefore, the anomaly in this case is replaced by a mixed anomaly [83] that arises from the

gauge dependence of T µ1 under the U(1) symmetry associated with charge conservation. In the

case of continuous translation symmetry, this mixed anomaly can be transformed into a chiral

anomaly equation for a locally gauge-invariant analog of the momentum density, as described

below.

As a first example, we will start by computing the locally gauge-invariant momentum den-

sity, which we will call the kinetic momentum density, in the 1DEG model. The action for the
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1DEG model in the presence of an external gauge field in 1+1 is S1DEG = S1DEG,0 + S1DEG,int

with

S1DEG,0 =

∫
dxdt iψ†D0ψ − 1

2m
D̄1ψ

†D1ψ + µψ†ψ, (2.25)

where Dµ = ∂µ + ieAµ and µ is the chemical potential. For simplicity, we take the interacting

part of the action as the density-density interaction with the form

S1DEG,int =

∫
dtdxdx′V (x− x′)ρ(x)ρ(x′), (2.26)

where ρ(x) = ψ†(x)ψ(x) is the fermion number density with V (x − x′) being an interaction

potential.

As detailed in Appendix C, the stress-energy tensor, which is the Noether current associ-

ated with translation, can be calculated considering the variation of the action under translation

following Eq. C.2. The spatial dependence of the vector potential Aµ(x, t) breaks translation-

invariance and leads to a non-zero divergence of the stress-energy tensor

∂µT
µν = eρ∂νA0 − ej∂νA1 (2.27)

, where ρ and j are the charge density and current, respectively. The gauge dependence of T µν

becomes apparent from the lack of gauge-invariance of the RHS of the divergence of T µν .

The gauge-invariance of the RHS can be restored by rewriting Eq. 2.27 as

∂µ(T
µν − ejµAν) = ejµF

νµ (2.28)
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, where the notation F νµ represents the electromagnetic field tensor.

The above equation motivates the definition of a kinetic stress-energy tensor Kµν as

Kµν = T µν − ejµAν , (2.29)

which has a gauge-invariant divergence,

∂µK
µν = ejµF

νµ. (2.30)

Using the calculated T µν in Appendix C, the kinetic momentum densityK01 and the kinetic

stress K11 are given by the manifestly gauge-invariant form.

K01 = −iψ†D1ψ (2.31)

K11 = iψ†D0ψ +
1

2m
D̄1ψ

†D1ψ +

[∫
dx′V (x− x′)ρ(x′) + µ

]
ρ(x). (2.32)

The electron gas model described by S1DEG is Galilean-invariant, which corresponds to

the uK = 1 case discussed in Sec. 2.1.1, where the chiral charge is exactly equal to the current.

Similarly, the chiral charge resulting from K01 which will be discussed in the following is also

equal to the current. At the same time, the spin-orbit coupled system discussed in Sec. 2.1.1

requires higher derivative terms to describe. Therefore, we generalize the formalism to include

higher spatial derivatives of the fermions with an action that is written as:

S1DEG,h = S1DEG −
∫
dxdt Vh(ψ

†, ψ,Dxψ,D
2
xψ, · · · ). (2.33)
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Such an action can describe the spin-orbit coupled dispersion discussed in Sec. 2.1.1 when only

the lower-band fermions are considered. The potential Vh does not contain the time derivative

term, since Hamilton is assumed to be time-independent.

The continuity equation of Kµν is still Eq. 2.30, but Kµν is modified to

Kµν → Kµν + Cµν , (2.34)

where

Cµν =
∂Vh

∂(∂µAρ)
∂νAρ +

[
∂Vh

∂(∂µ∂ρAρ)
∂ν∂ρA

ρ − ∂ρ

(
∂Vh

∂(∂µ∂ρAρ)

)
∂νAρ

]
+ · · · . (2.35)

(See details in Appendix C)

As shown in Appendix C the kinetic momentum K01 written Eq. 2.32 receives no correc-

tions from the higher derivative corrections Vh, although the expression forK11 is now more com-

plicated. In addition, as detailed in Appendix C, the kinetic stress-energy tensor Kµν (Eq. C.5)

is gauge invariant when the Lagrangian density is gauge-invariant and therefore can be used to

define a gauge-invariant chiral charge.

Since K01 has dimensions of momentum, one can convert the kinetic stress-energy tensor

to a chiral current using the relation,

j5µmb := Kµ1/kF . (2.36)

This is consistent with the definition in Eq. 2.14 when applied to the LL case.
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The corresponding momentum-based definition of the chiral charge density is

ρc,mb := K01/kF (2.37)

This definition resolves the issue of identifying a nearly conserved chiral charge in a system

without having to depend on regularization. The above result shows that in the systems of interest,

the momentum density, which we know to be conserved in a system with continuous translation-

invariance, can serve as a conserved chiral charge. This is in contrast to the traditional chiral

charge in Eq. 2.8, which is only conserved in a TL approximation model, which requires a choice

of regularization. Additionally, this definition is roughly consistent with Eq. 2.8 since for a

weakly interacting system, we expect the change in momentum δT 01 ∼ kFρc,cb.

Finally, the conservation law for j5µmb, defined according to Eq. 2.36, and derived from

Eq. 2.30, gives an anomaly equation, which is written as:

〈
∂µj

5µ
mb

〉
= e

n

kF
F 10 =

e

π
E, (2.38)

where we have simplified the RHS of Eq. 2.30 ⟨ejµF 1µ⟩ = enE. For the last equality, we have

used the Luttinger relation [85, 86] n = kF/π is the average number density, and E = F 10 is

the external electric field, which is the only non-zero component of the electromagnetic tensor in

1 + 1D. This result is consistent with the non-Lorentz-invariant bosonization result in Eq. 2.15.

In contrast to the Lorentz-invariant renormalized anomaly in Eq. 2.11, this anomaly is not

renormalized by interaction. Note that the anomalous non-vanishing of the RHS of Eq. 2.38 in

this case arises from the fact that K1µ differs from T 1µ, the conserved canonical stress-energy
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tensor, which is not gauge-invariant. Therefore, this represents a mixed anomaly [83] rather than

the conventional chiral anomaly arising from regularization."

2.2.1 Application: Chiral Charge Conservation between LLs with Different K

The momentum-based chiral anomaly has a compelling and practical application in the

context of a junction between two LLs with different Luttinger parameters K. The Hamiltonian

can be expressed as

HK =

∫
dx
u(x)

2

[
K(x)Π2 +K(x)−1(∂xΦ)

2
]
, (2.39)

where the boson field Φ is defined in terms of the charge density ρ = ∂xΦ/
√
π as in Eq.A.8. K(x)

describes a junction that smoothly varies from K− to K+. The rest of the bosonization process

including the resulting current operator j remains the same (j = −∂tΦ/
√
π = u(x)K(x)Π/

√
π)

and its conservation law remains the same as in Appendix.A.

Using canonical commutation relations, as before, leads to a slightly more general equation

of motion for the field Φ:

∂2tΦ

u(x)K(x)
− ∂x

(
u(x)

K(x)
∂xΦ

)
= 0. (2.40)

Integrating over x on both sides, the chiral charge conservation law around this junction is ob-

tained:

∂tQc = ∂t

(∫
dx j/u(x)K(x)

)
= 0, (2.41)

where Qc =
∫
dxΠ/

√
π represents the momentum-based chiral charge (i.e. Eq. 2.14), as op-

posed to the Lorentz-based definition in Eq. 2.8.
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As a notable application, consider a recent experiment [87] that observed a quantized e2/2h

conductance from a ν− = 1/3 fractional quantum Hall edge (K− = 1/3) tunneling into a ν+ = 1

integer quantum Hall edge (K+ = 1) in the strong coupling limit. This quantum point contact

can be modeled as a quantum wire with a spatially varying Luttinger parameter K(x) just as

discussed above[88]. The scattering pattern at the junction can be determined by using normal

and chiral charge conservation. Suppose that the incoming charge packet from the FQH edge

carries qν−,in units of the basic charge e and moves to the right, the reflected charge packet carries

qν−,rf units and moves to the left, and the transmitted particle carries qν+,out(integer) units and

moves to the IQH edge. Based on conventional charge conservation, we obtain

qν−,in = qν−,rf + qν+,out. (2.42)

Next, consider the chiral charge, Qc, of these three charge packets. The corresponding cur-

rent operators for each of the packets are j̃ν−,in(0) = u−eqν−,in, j̃ν−,rf (0) = −u−eqν−,rf , and

j̃ν+,out(0) = u+eqν+,out, respectively. Using the chiral charge definition in Eq. 2.41, we find the

corresponding chiral charges of each of the packets to be: Qc,ν−,in = K−1
− eqν−,in, Qc,ν−,rf =

−K−1
− eqν−,rf , and Qc,ν+,out = K−1

+ eqν+,out, respectively.

The conservation of chiral charge then leads to the equation:

K−1
− qν−,in = −K−1

− qν−,rf +K−1
+ qν+,out (2.43)
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Solving the equations for the conservation of charge and chiral charge yields:

qν−,in =
K−1

+ +K−1
−

2K−1
−

qν+,out (2.44)

qν−,rf =
K−1

+ −K−1
−

2K−1
−

qν+,out. (2.45)

This indicates that the scattering patterns are restricted to this specific configuration. Conse-

quently, the corresponding dc conductance G of this Andreev reflection-like process is[89]

G =
e2

h
TK−,K+ =

e2

h
K−

qν+,out

qν−,in

=
2e2

h
(K−1

− +K−1
+ )−1, (2.46)

where TK−,K+ is the transmission coefficient.

Referring back to the experimental settings, with the givenK, we obtain q1/3,in = (2/3) q1,out,

q1/3,rf = (−1/3) q1,out, and the dc conductanceG is e2/2h. This result is consistent with the mea-

sured conductance in experiment [87] and provides an explanation of the predicted quantum Hall

transformer conductance [90] using a chiral charge-conserving Andreev reflection-like process.

This chiral charge conservation law (i.e., Eq. 2.41) directly results from the canonical mo-

mentum Π conservation. Although we did not initially define the chiral charge in this subsection

using microscopic translation symmetry, the bosonization process depends on microscopic de-

tails through regularization. Consequently, the effective conservation of canonical momentum in

bosonization still originates from the effective microscopic translation symmetry resulting from

a smooth potential in the UV description of the QPC, rendering the chiral charge conservation to

be an emanant symmetry [81]. Thus, the chiral charge in this case remains "momentum"-based,

corresponding to the microscopic translation symmetry. Adding back-scattering terms that break
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the effective translation symmetry in the UV could invalidate the chiral charge conservation law.

2.3 Discussion and Summary

In 1D case, we begin by addressing the challenges of applying chiral anomaly calculations

from relativistic field theories and comparing them with results from bosonization, as presented

in Sec. 2.1. These ambiguities in the chiral anomaly equation are resolved by replacing the chiral

anomaly with the mixed anomaly between translation and U(1) charge symmetry [83]. This new

equation is qualitatively consistent with the effective action term derived previously through the

correspondence between the t’Hooft anomalies and mixed anomalies [84, 91]. We find that the

mixed anomaly approach in (1 + 1)D leads to a chiral charge defined as the kinetic momentum

divided by the Fermi wave vector k0. This kind of chiral charge has been surprisingly used

and measured in 3He systems[92]. The electromagnetic force term in the kinetic stress-energy

continuity equation corresponds to the anomalous, i.e., chiral symmetry-breaking term.

As a compelling application, we examine the Andreev reflection-like process at the junc-

tion between a ν = 1 IQH edge and a ν = 1/3 FQH edge. By considering both conventional and

chiral charge conservation, we determined the unique scattering pattern, consistent with experi-

mental observations.

Notably, the chiral anomaly equation in this case remains unrenormalized by interactions.

However, we also find that an interaction-renormalized Lorentz-invariant anomaly can still be

realized in LLs with weak backscattering. Such systems can be approximated by Sine-Gordon

models, and the chiral charge in this scenario must be treated as a fermionic representation based

on solitons and antisolitons.
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Chapter 3: Interaction Robustness of Chiral anomaly in 3D

The chiral anomaly for non-interacting 3D systems can be understood [8, 52] by focusing

on the LL spectra in a magnetic field and applying the 1D results already discussed. However,

this decoupling into 1D systems is not preserved in the presence of interactions. Additionally,

as discussed in previous sections, the definition of a chiral charge in 1D is ambiguous unless a

momentum-based approach to chiral charge is used. On the other hand, 3D Weyl systems away

from the Weyl point can be viewed as a topological Fermi liquid [93] where the low energy

response is described by free quasiparticles. The chiral charge associated with each Weyl point

can be defined in terms of the Luttinger volume of each Fermi pocket without any reference to the

regularization required in the 1D case. In Sec. 3.1, we generalize the momentum-based anomaly

equation discussed in Sec. 2.2 to the 3D case. In Sec. 3.2, we show that this anomaly equation

is equivalent to the anomaly equation based on the Luttinger-volume-based chiral charge. We

contrast this in Sec. 3.3 with the direct computation of the change in Luttinger volume using

chiral kinetic theory [9]. In Sec. 3.4, we describe how the momentum-based approach continues

to apply in the low-temperature Landau level limit beyond the application of chiral kinetic theory.

Finally, in Sec. 3.5 we propose a pump-probe measurement of the Luttinger-volume-based chiral

anomaly.
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3.1 Momentum-based Anomaly

In this section, we will assume that the separation between the Weyl points is small com-

pared to the lattice constant so that the dispersion can be approximated by a continuum model [8]

with conserved momentum. As will become clear in Sec. 3.4, while the lattice momentum in the

z−direction is important to define the total momentum Pz in the system, it does not play a role

in the chiral anomaly. Additionally, the role of this lattice momentum can be eliminated (regu-

larized) by defining the momentum relative to a trivial insulator that can be defined for the same

model.

The momentum-based chiral charge in 1 + 1D i.e., Eq. 2.36 can be generalized to 3 + 1D

in a straightforward way as

j5µ,3Dmb := Kµz
0 /k0 (3.1)

, where 2k0 is the separation between the Weyl nodes and Kµz
0 is the kinetic stress-energy tensor

associated with the electrons below the Weyl points. We choose the axes z to be along the

direction that joins the two Weyl points.

For the purposes of the validity of Fermi-liquid theory, we will assume that the Fermi

level is away from the Weyl point. This means that Kµz
0 generically differs from Kµz, which is

the kinetic stress tensor of the topological Fermi liquid [93]. Following the kinetic momentum

density approach to the chiral anomaly discussed in Sec. 2.2 for the 1D case, we start with the

momentum conservation equation for a charged fluid (as in the 1 + 1D case) in an electric field
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assuming the magnetic field along the z-direction, i.e.

∂0⟨K0z⟩+ ∂i⟨Kiz⟩ = ⟨ρ⟩Ez. (3.2)

Note that the charge density ρ, unlike in the 1D case, is not related to k0. In fact, the relevant part

of the charge density ρ, here, is the contribution that is linear in B due to the Streda relation:

lim
B→0

∂ρ

∂B

∣∣∣∣
µ

=
e2

4π2
QH

z . (3.3)

, where QH
z is related to the intrinsic Hall conductivity σab

H = (e2/4π2)ϵabcQH
c . As was shown by

Haldane [93], the vector QH
c can be written as an integral over the Berry curvature over the Fermi

surface:

QH
c =

1

2π

∫
dsµ ∧ dsνFµν(k(s))kc(s), (3.4)

where ∧ is the wedge product, representing the oriented area, Fµν(k(s)) is the Berry curvature

tensor, with the Berry curvature Ω(k(s)) = Fµν(k(s))ŝ
µ × ŝν representing the Berry curvature

on the Fermi surface, and s parameterizes the Fermi surface. The anomalous Hall conductance

is thus a well-defined property of a strongly interacting Fermi liquid.

The above relation also implies that for Weyl points with a net Berry flux, the vector QH
z

approaches QH
z → 2k0 in the limit of the Fermi energy approaching the Weyl point. When

the Fermi energy is away from the Weyl point, one can apply the Streda relation in Eq. 3.3 to

the states between the Weyl point and the Fermi surface to calculate the magnetic field-induced
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correction to the charge density as

δρW =
e2

4π2
δQH

z B =
e2

4π2
(QH

z − 2k0)B. (3.5)

Here, δρW is the B-dependent correction to the extra density of electrons associated with the

Fermi level being away from the Weyl point.

This allows us to identify the electric field-induced change in momentum of the electrons

between the Fermi surface and the Weyl point Kµz
0 :

∂µ(⟨Kµz −Kµz
0 ⟩) = δρWEz =

e2

4π2
EzBδQ

H
z . (3.6)

Subtracting this change from the total change in momentum (i.e. Eq. 3.2) and applying Eq. 3.3,

we get

∂0⟨K0z
0 ⟩+ ∂i⟨Kiz

0 ⟩ = e2

2π2
k0EzB. (3.7)

Combining this observation with the definition of a chiral charge in Eq. 3.1 leads to the chiral

anomaly equation:

∂0⟨ρ3Dc,mb⟩+ ∂i⟨ji,3Dc,mb⟩ =
e2

2π2
(E ·B) (3.8)

We note that we have not explicitly written an expression for the chiral current Kiz
0 since it is

not necessary to define the chiral anomaly coefficient. However, this is expected to be a direct

generalization of Eq. 3.7. We also note that this momentum-based chiral anomaly is unrenor-

malized as expected, although the momentum K0z
0 and k0 individually might be renormalized by

interactions.
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The inclusion of Coulomb interactions between the electrons, in the absence of other trivial

Fermi surfaces, constrains the total electron density of the bulk 3D system to be constant instead

of the constant chemical potential assumed so far. This results in a correction of the chemical

potential in response to the magnetic field B because of the Streda relation,

δµB = − e2

4π2
QH

z B/N(0), (3.9)

since the spectral flow induced change in charge density at constant chemical potential (i.e.

Eq. 3.3) is compensated by δµB. This magnetic field-induced change in chemical potential is

by itself an interesting variant of the chiral anomaly, since this is another way in which the elec-

tromagnetic field can affect the total charge of the Weyl point.

As a result of this change, Eq. 3.5 for the charge density around the Weyl point is modified

to

δρ
(Coul.)
W =

e2

4π2
δQH

z B +N(0)δµB = − e2

2π2
k0B (3.10)

Interestingly, the charge neutrality constraint implies that ρ in Eq. 3.2 must vanish. Despite this,

the application of Eq. 3.6 leads to the conclusion that the chiral anomaly equation Eq. 3.8 is

preserved even when the charge-neutral limit is enforced by Coulomb interactions. This is a

rather stringent test of the robustness of the anomaly to interactions.

3.2 Luttinger Volume-based Chiral Charge

The electric field E typically changes the momentum of the quasiparticles on the Fermi

surface by shifting the Fermi surface, resulting in a momentum contribution δρWEz. But, as
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seen in Eq. 3.6, the change in the Weyl part of the momentum K0z
0 explicitly excludes this piece.

Therefore, the change over time, δK0z
0 , must arise from an electric field induced transfer of

charge between the two Weyl points that are separated by the wave vector 2k0 so that k−1
0 δK0z

0 =

δρ3Dc,mb = δρ3Dc is the number of electrons transferred between the Weyl points.

This transfer of charge between the Weyl points has also been derived using chiral kinetic

theory [9, 57, 93] and is explicitly written as

∂ρ3Dc
∂t

+∇ · j3Dc =
e2

2π2
(E ·B) (3.11)

in the low-temperature limit, in which scatterings between two Weyl nodes can be suppressed

and neglected.

In fact, this non-conservation of the Weyl point charge ρ3Dc is the original definition of the

chiral anomaly in 3 + 1D [59], which requires regularization. However, in the finite electron

density limit discussed here, this chiral charge at the Weyl points ρ3Dc , which is equivalent to the

momentum-based chiral charge ρ3Dc,mb, can naturally be defined and connected to a Fermi-surface

property through the Luttinger volume as

ρ3Dc,FS :=
∑
α=±

γα

∫
FSα

1 (3.12)

, where FSα represents the separate Fermi surfaces around two Weyl nodes, and γα = ± indicates

the chirality of the Weyl nodes. Eq. 3.12 represents a form of chiral charge, that is well-defined

even for interacting systems where Fermi surfaces are described by G−1(k, ω = 0, µ) = 0, where

G is the single-particle Green’s function. The Luttinger volume provides an interaction robust
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definition of a chiral charge that does not rely on any form of regularization that is not available

in 1 + 1D or in the strong magnetic field limit with only the chiral Landau level being occupied

where the chiral anomaly is often discussed [52].

It should be noted that the equivalence of the momentum-based chiral anomaly ρ3Dc,mb and

the Fermi-surface-based chiral charge ρ3Dc,FS breaks down when the Fermi surface is at finite tem-

perature and sufficiently far from the Weyl point. This is because at finite temperature T , the

scattering of quasiparticles around the Fermi surface which conserve momentum but not chiral

charge as shown in Fig.3.1 will contribute to relaxation of the Fermi-surface-based chiral charge

ρ3Dc,FS at rate ∼ T 2. However, such scatterings have no influence on the total momentum; the

momentum-based chiral anomaly provides immunity against scattering. The rates of such re-

laxation processes will be highly suppressed at any finite temperature, as they involve highly

correlated multiparticle interactions.

−

+

FS-

FS+

Figure 3.1: Schematic of a scattering pattern around the Fermi surface at finite T .

On the other hand, momentum can still be affected by intra-Weyl node disorder scatter-

44



ing, which does not influence ρ3Dc,FS . In the presence of discrete translation symmetry, Umklapp

scattering from the lattice will eliminate the momentum-based chiral anomaly. Furthermore, the

rates of these relaxation processes are expected to be suppressed in the low-density limit, where

the Weyl points are close to each other relative to the Brillouin zone.

3.3 Chiral Kinetic Theory

The results of the arguments in Secs. 3.1 and 3.2 can be checked explicitly using the chiral

kinetic theory of the quasiparticles [58] of the topological Fermi liquid [93]. This is valid in the

limit that the magnetic field is small enough so that the associated cyclotron frequency is much

lower than the thermal energy, i.e., ωB ≪ kBT .

In the Fermi liquid limit, this chiral kinetic theory has been successfully used to understand

the properties of topological Fermi liquids [9, 57, 94, 95]. In the following, we will use it to

validate the properties of the momentum-based chiral charge as well as the measured chiral charge

discussed in Secs. 3.1 and 3.2.

The central equation of kinetic theory is the Boltzmann equation:

∂f

∂t
+
∂f

∂r
· ṙ +

∂f

∂k
· k̇ = Icoll = −δf

τ
(3.13)

, where f = f(r,k, t) is the quasiparticle distribution function. The quasiparticles can only

change their state and be equilibrated through collisions, which are approximated by the relax-

ation time approximation with a constant collision frequency 1/τ .

The equations of motion for quasiparticles in the presence of an anomalous velocity [35]
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are written as

k̇ = eE + eṙ ×B (3.14)

ṙ = vk + k̇ ×Ωk (3.15)

, whereAk = i ⟨uk|∇uk⟩, Ωk = ∇×Ak is the Berry curvature, and the group velocity vk = ∇kε.

Due to the Berry curvature term in the above equations, a violation of Liouville’s theorem

by the RHS of Eq. 3.13 [95] This can be rectified by introducing a phase space density factor

Gk = (1 + eB ·Ωk)
2, which satisfies an equation of motion[57]

∂

∂t

√
Gk +

∂

∂r
· (
√
Gkṙ) +

∂

∂k
· (
√
Gkk̇) = e2(E ·B)∇ ·Ωk. (3.16)

We can define a conserved phase-space density f̃ =
√
Gkf that obeys Liouville’s theorem by

combining the phase-space density
√
Gk with the distribution function f , which now obeys the

conservation law:

∂

∂t
f̃ +

∂

∂r
· (f̃ ṙ) + ∂

∂k
· (f̃ k̇) = e2(E ·B)∇ ·Ωkf + Ĩcoll (3.17)

, where Ĩcoll =
√
GkIcoll.

Using the above equation of motion for the phase space density f̃ , we can find the continuity

equation for the Luttinger volume-based chiral charge in Sec.3.2 and the kinetic momentum,

P =

∫
k

kf̃ , (3.18)
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in Sec.3.1. The result of the first one (Eq.3.11) has been already discussed in many references

and Sec.3.2. The second one, with respect to the kinetic momentum, is written as

∂

∂t
P +∇ · K⃗ =

e2

4π2
(E ·B)QH +

∫
k

(eE + evk ×B) f. (3.19)

, where

K⃗ =

∫
k

(vk + eE ×Ωk + e (vk ·Ωk)B)kf (3.20)

, a dyadic tensor, is the stress tensor, and

QH = 4π2

∫
k

Ωkf =
∑
α

QH
α =

1

2π

∑
α

∫
Sα

d2F k (3.21)

, which is just the vector associated with the anomalous Hall conductivity in the Streda formula

Eq.3.3. The collision term will not contribute if we assume that collisions are elastic. Incidentally,

this equation is general for any condensed matter system, and interactions will not be affected.

To obtain the momentum-based chiral anomaly equation from Sec.3.1, we still consider

the z-direction component of the kinetic stress-energy tensor and assume the magnetic field also

along z. Eq.3.19 will be simplified:

∂

∂t
P z +∇ · K⃗z =

e2

2π2
(E ·B)QH

z . (3.22)

Restricting the integrals in Eqs. 3.18 and 3.21 above the Weyl point leads to a variation of the

above equation:

∂

∂t
(P z − P z

0 ) +∇ · (K⃗z − K⃗z
0 ) =

e2

2π2
(E ·B)δQH

z , (3.23)
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where P z and QH
z are replaced by (P z − P z

0 ) and δQH
z = QH

z − 2k0, which are the momentum

and anomalous Hall contributions of electrons above the Weyl point, respectively. Not that P z
0

and 2k0 are intrinsic momenta and the anomalous Hall contributions of the Weyl point.

This provides a more quantitative understanding of Eq. 3.6 from Sec. 3.1. Combining

Eq. 3.22 with Eq. 3.23 leads us back to the chiral anomaly equation:

∂

∂t
P z
0 /k0 +∇ · K⃗z

0/k0 =
e2

2π2
(E ·B), (3.24)

Thus, the analysis of the contribution of the Weyl point to the momenta P z
0 provides a more

microscopic derivation (i.e. in terms of FL quasiparticles) of the anomaly equation Eq. 3.8.

As an side, the chiral kinetic theory can also compute the chiral magnetic effect(CME).

The current along the B-direction can be written as[57]

jCME = e2B

∫
k

f (vk ·Ωk) =
e2B

4π2
∆µ, (3.25)

where

∆µ =
1

2π

∑
α

∫
Sα

d2F ε(k) (3.26)

(See details in Appendix D) is the deviation of the chemical potential from an equilibrium state.

Note that since states far away from the Weyl point can contribute to the current, it is impor-

tant to consider the chiral magnetic current jCME relative to an equilibrium state with vanishing

current [96]. If we assume that the electron distribution functions have equilibrium forms in the

individual valleys, ∆µ is exactly the chemical potential difference at the Fermi level, and Eq.3.25
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is consistent with references[8, 9]. Eq.3.25 is robust since it depends only on Fermi surfaces.

Hence, the conductivity along the magnetic field direction, σzz, is modified as[8, 9]

σzz(B) = σzz(0) +
e4B2τa
4π4g(ϵF )

(3.27)

, where g(ϵF ) is the density of state and τa is the inter-nodes scattering time. The above conduc-

tance depends on the parameters τa and g(ϵF ).

On the other hand, the chiral magnetic current jCME in terms of ∆µ as given by Eq. 3.25 is

universal for a topological Fermi liquid and is not renormalized by interactions. While the above

equation for dc conductivity depends on inter-valley scattering at rate τ−1
a , one could consider the

response to an ac electric field E(ω) at frequency ω ≫ τ−1
a . In this case, the ac current response

should satisfy Eq. 3.25 and lead to a corresponding fluctuation of ∆µ at frequency ω provided

ω is slower than the intra-valley equilibration rate. The chemical potential difference ∆µ can,

in principle, be measured by the dissipative optical response at frequency ω1 ∼ ∆µ + vsk0,

where vsk0 is the minimum phonon frequency of inter-valley scattering from acoustic phonons

with sound velocity vs and wave vector k0, which is the separation of Weyl points. The phonon

frequency is a bit difficult to estimate. However, one can consider the change in ∆µ with varying

electric field amplitudes to verify the chiral magnetic effect.
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3.4 Chiral Anomaly in the Landau Level Regime

3.4.1 Non-interacting Weyl Model Under a Magnetic Field

The discussion so far has assumed a temperature that is high relative to the small applied

magnetic field. However, all the conclusions are carried out equally well at nearly zero tempera-

ture.

The low temperature for a non-interacting Weyl system in a magnetic field is described by

the chiral Landau level [52]. To illustrate this, we will compute the non-interacting Landau levels

for the continuum Weyl toy model [8], which is written as

HWeyl,R = (k2 − k20)σz + v(kyσx − kxσy) (3.28)

, where k2 = k2x + k2y + k2z and v is the Rashba coupling constant. The energy spectrum is indeed

the Weyl type in the low-energy regime, which has two touching Weyl points at k = (0, 0,±k0)

when v ̸= 0.

To study the chiral anomaly, when applying the magnetic field B along the z-direction,

we calculate the LL spectrum of the Hamiltonian HWeyl,R in the presence of a magnetic field,

as shown in Fig. 3.2. While the magnetic field preserves the angular momentum, the spin-orbit

coupling mixes the (σz = 1, n) and (σz = −1, n + 1) (where n labels the conventional Landau

levels without spin-orbit) and opens a gap in the spectrum. However, one of the Landau levels

(σz = −1, n = 0) does not have a partner to hybridize and remains gapless. This Landau level,

which is referred to as the chiral Landau level, is responsible for the chiral anomaly in an applied
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Figure 3.2: Band structure of Weyl model (k0 = 1) in the Sec.3.4 with a small spin-obit coupling
v = 1.5 under the magnetic field B = 0.1. The chemical potentials are set away from the Weyl
nodes, and the low energy states are basically multiply LLs.

electric field within the non-interacting limit [52]. Note that the gap in the non-chiral LLs in

Fig. 3.2 actually occurs at negative energies as opposed to the previous calculation of LL spectra

of individual Weyl cones [8, 12, 52]. This difference is a manifestation of the Streda formula i.e.

Eq. 3.3, which, as discussed in Sec. 3.1 is critical for understanding the chiral anomaly from a

momentum conservation perspective.

3.4.2 Momentum-based Chiral Charge

The chiral anomaly is conventionally defined, using the argument of Nielsen and Ni-

nomiya [52], as non-conservation of chiral charge can be determined from the LL spectrum in

Fig. 3.2 for the non-interacting case where the chemical potential is in the gap of the non-chiral

LLs. This argument also leads to a current that appears to be renormalized by interactions [62],

which, similar to the 1 + 1D results discussed in Sec. 2.1, depends on the regularization scheme
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used for the calculation.

However, the subtleties of defining a chiral charge discussed in Sec. 2.1 arise when only

the Fermi level intersects just the chiral LL, and therefore the other LLs are important in defining

chiral charge. Therefore, it is beneficial to consider the chiral anomaly away from the Weyl

points, where several non-chiral LLs are also occupied. These non-chiral LLs do not contribute

to the change in chiral charge in response to an electric field and therefore do not modify the

chiral anomaly [8].

These non-chiral LLs do, however, affect the momentum-based definition of chiral charge,

since they contribute to momentum change under an electric field. This turns out to be not a

problem because, similar to the case discussed in Sect. 3.1, the contribution of non-chiral LLs as

well as the electrons in the chiral LL above the Weyl point to the change in momentum can be

calculated directly from the density of electrons in the respective LLs. For small magnetic fields

corresponding to ωB ≪ EF , this density is given by the FS volume.

Subtracting the momentum contribution of electrons above the gap of the non-chiral LLs

leaves only the momentum contribution associated with a transfer of electrons from one Weyl

point to the other. This can be estimated to be 2k0(B/2π)(Ezδt) where Ezδt is the change in

momentum of the electrons and B/2π is the degeneracy per unit area of the chiral Landau level.

The factor 2k0 arises from the length of the unoccupied segment (or occupied by holes) of the

chiral Landau level in Fig. 3.2. Since 2k0 is the distance between the Fermi points on the chiral

LL when the chiral LL crosses the gap of the non-chiral LL, the momentum density can be

interpreted as a chiral charge that is consistent with the result of Eq. 3.8. The chiral LL in Fig. 3.2

leaves an ambiguity in the value of 2k0 to be in the range where the chiral LL crosses the gap.

This ambiguity drops out in the limit of small B since the gap also vanishes in this limit.
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Fully filled LLs (including a fully filled chiral Landau level) will not contribute to the

continuity equation Eq. 3.2. This is because the total crystalline momentum along kz generated by

a slowly time-varying external electric field Ez that increases a vector potential δAz = EzδT =

Φ0/Lz, changes the momentum on the RHS of Eq.3.2 by a primitive reciprocal lattice vector.

Note that the lattice does play an essential role in regularizing the otherwise divergent momentum.

However, one would obtain the same result from other regularizations such as by considering the

difference in momentum between this chiral system and a variant of Eq. 3.28 with a trivial gap

generated by a σx term instead of the spin-orbit term.

3.4.3 Interaction Effects

The effect of interactions can be included in a Fermi liquid theory in this framework if one

goes away from the Weyl point (relative to the cyclotron frequency), i.e. EF ≫ ωB. In this limit

and in the presence of a small magnetic field, B = Bn̂, the quasiparticles near the FS follow

semiclassical orbits (given by Eq. 3.15 with E = 0) which are confined to planes with constant

parallel momentum n̂ · k = k, with a long scattering lifetime.

The Fermi-surface orbit in k-space on the FS labeled by α, has a cross-sectional areaAα(k)

that is set by a quantization condition [97]

Aα(k
n
Fα)l

2
B − ϕα(k

n
Fα) = 2π(n+

1

2
), (3.29)

where l2B = 1/eB, and n is an integer that labels the Landau orbits (i.e. bands in Fig. 3.2) and

ϕα(k) is the Berry phase of the quasiparticle on the phase-space orbit at k on FSα. The Landau

band in Fig. 3.2 with an extremum closest to the Fermi level represents the pair of Landau orbits

53



on the FS that is closest to the maximum area orbit at k = kmax of the FS. These are the orbits that

contribute to quantum oscillations and are used to determine the size of the Fermi surface [97].

The solution with maximum |k| is the chiral Landau level, which is a result of the difference

in Berry phase 2πCα = ϕα(k1)−ϕα(k2), where k1 > kmax > k2 represents the range of k of FSα

and Cα = ±1 is the Chern number of Fermi surface around the Weyl point α. The resulting LL

spectrum near the FS is essentially identical to the non-interacting one seen in Fig. 3.2, except that

the energy spectrum away from the Fermi energy is ill-defined because of the imaginary part of

the self-energy. The response to an external electric field E in the time period δt is determined by

the states near the Fermi energy, which is therefore identical to the non-interacting case discussed

in the previous paragraph and is described by Eq. 3.8.

3.5 Measuring the Luttinger-volume-based Chiral Anomaly

The quantum oscillations that arise from the extremal Landau bands at k = kmax discussed

in the previous subsection can, in principle, be used to detect the Luttinger-volume-based chiral

anomaly discussed in Sect. 3.2 by measuring the chiral charge transfer in a pump-probe measure-

ment.

The central idea is to use quantum oscillations to measure the anomaly-induced change in

the Fermi wave vector, as is done in magnetotransport (i.e. the Shubnikov-de Hass effect) [97].

This effect relies on the fact that low-frequency longitudinal conductivity would show dips asso-

ciated with peaks in the density of states (DOS) when the Fermi level crosses a band extremum

in Fig. 3.2. This corresponds to an extremal LL being allowed on the FS. For simplicity we will

assume that the Fermi surface is nearly spherical near the Weyl point, so that the electron number
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density in the Weyl point α, Nα = Aα(kmax)
3/2/6π7/2, can be written in terms of the extremal

area Aα(kmax).

Our protocol for measuring the Luttinger volume-based chiral anomaly discussed in Sec. 3.2

consists of three steps.

Step 1: Choose a magnetic field B such that the Fermi surface (FS) quasiparticle density

of states (DOS) is at a local maximum, as indicated by a minimum in the measured longitudinal

conductance. In our model, this corresponds to kmax satisfying Eq. 3.29 for an integer n.

Step 2: Apply a "pump" electric field Ez for a short time δt, then allow the system to relax

for a time τ .

Step 3: Measure the longitudinal conductance using a "probe" field to check if the con-

ductance is near the minimum value. Repeat step (2) with a different δt until the conductance

reaches near the minimum value.

The result of the measurement is Λ = eEzδt, which transfers the system from one conduc-

tance minimum to another. For a small magnetic field B, the change δk in kmax is insignificant,

so that we can ignore the Berry phase term and simplify Eq. 3.29 to δAα = 2παeB. The corre-

sponding change in number density is δNα = 4αAα(kmax)δk/(2π)
3 = eBα

√
Aα(kmax)/2π

5/2.

Assuming an unrenormalized chiral anomaly and using Eq.3.11, the predicted Λ would be

Λpredict = eEzδT =
2π2

e

δ(N+ −N−)

B
= 2

√
Aα(kmax)

π
. (3.30)

The measured value of Λ determines the Luttinger-volume-based chiral charge transfer between

the two Fermi surfaces, which based on results in this section should not be renormalized by

interactions or other complexities of the system.
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3.6 Discussion and Summary

Turning to the 3+1D case, we apply the mixed anomaly technique [83] to Weyl systems,

drawing parallels to previous work that maps the t’Hooft anomaly to an effective action term in a

mixed anomaly representation [84]. Using the Streda formula, we demonstrate that the anomaly

based on the difference in charge density around Weyl pockets is robust and unrenormalized. This

is a key distinction from the CME [8], whose manifestations come with various non-universal

prefactors that are renormalized by interactions. While some prefactors, like density of states

or Fermi velocity, can be determined experimentally, it remains unclear whether the CME is the

only contributor to these currents.

For instance, a numerical calculation of the ac Hall conductivity in a non-interacting model

of a Weyl material shows a non-zero and non-universal second-order term, even in the absence

of interactions (see Appendix E). Additionally, a direct interpretation of the CME in terms of the

axion term in effective action [65, 98] suggests a magnetic-field induced current at finite magnetic

fields. While such response terms are observed for finite frequency magnetic fields with open

boundary conditions [99], and in the form of the gyrotropic magnetic effect [100, 101], they are

not observable under physical equilibration [96].

As discussed at the end of Sec. 3.3, an unrenormalized CME relation (i.e., Eq. 3.25) could,

in principle, be measured via a pump-probe experiment. However, it is crucial to note that this

CME is separate from the anomaly itself, which refers to the violation of charge conservation in

an individual Weyl pocket. The anomaly in 3+1D does not suffer from the ambiguities seen in

1+1D and can be defined in terms of the Luttinger volume of the topological Fermi surface [93].

While this measurement is experimentally intricate, we propose a pump-probe measurement that
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directly measures the changes in Luttinger volume in response to an electromagnetic field.

It is important to contrast this approach with previous work [83, 84], where the chiral

anomaly equations were derived using a mixed anomaly between U(1) charge and continuous

space translation. This requires using a regularization for the kinetic momentum, which is dis-

cussed in Sec. 3.4.2, and subtracting off the contribution of the closest gapped insulator. This only

makes sense when the Weyl points are close in momentum space relative to the total Brillouin

zone, as described in Sec. 3.4. This approach differs from the Chern insulator stack model of a

Weyl semimetal [8], and the methodology used here may not apply to that model. On the other

hand, the chiral kinetic theory [58] for the charge density in each pocket still predicts a robust

quantized change in chiral charge. However, this relies on the full Fermi liquid emergent IR sym-

metry, which would be broken by finite temperature scattering or Umklapp scattering at the edge

of the Brillouin zone. While disorder scattering [8] complicates this entire discussion, the realis-

tic definition of the chiral anomaly must account for the appropriate scaling with disorder [8, 9,

53].

57



Chapter 4: Anomalous Hall Effect from Screened Vortex Charge

in Phase-Disordered Superconductors

Figure 4.1: Schematic for the origin of anomalous Hall in a 2D superconductor above the
BKT transition i.e. so-called phase disordered state. The local supercurrent applies a Magnus
force [102] on the vortex-antivortex pair (red and blue discs) in opposite directions. This leads
to diffusive motion of the vortices along ±x̂ [103]. The motion of the vortices corresponds to
an electric field along y, which is the origin of dissipative transport in the phase disordered state.
The difference in vortex-anti-vortex charge ∆Qv = Q− − Q+ that we will numerically show
to be related to the normal state anomalous Hall coefficient lead to a Hall current (green arrow)
orthogonal to the electric field. We find that many-body screening as well as the far-field phase
winding of vortices (shown as the crescents of moving charge) conspire to match the measured
dc Hall conductance from vortices to the bulk ac Hall conductance.

As introduced in Chapter 1, recent experiments on tetralayer and pentalayer rhombohe-

dral graphene revealed an robust unconventional superconducting phase characterized by sponta-

neously broken time-reversal symmetry, of which several observations indicate the chiral nature

58



[28]. Notably, the normal state of this system exhibits a non-zero anomalous Hall effect at zero

applied magnetic field, accompanied by clear magnetic hysteresis. These striking findings natu-

rally raise the question of what mechanism could give rise to such anomalous Hall conductivity,

particularly in the absence of long-range phase coherence above the superconducting transition

temperature.

In this chapter, we investigate the mechansim behind this anomalous Hall effect [102]. As

shown in Fig. 4.1, the difference in charge densities in the cores of vortices and antivortices can

lead to an anomalous Hall contribution to the current. We argue that such a contribution can arise

from a gauge-invariant effective action of a superconductor [104] that includes a Hall response

and numerically check that such a contribution indeed appears in a simple model. We then

show using the gauge-invariant response that while the vortex charge is screened by many-body

interactions, the dynamical screening cloud (crescents in Fig. 4.1) combine so that the vortex-

generated dc Hall conductivity is the same as the ac Hall response.

4.1 Effective Action of a Hall Superconductor

To describe a superconductor, we introduce a fluctuating field ϕ(r, t), which will represent

the phase of the symmetry breaking order parameter. The gauge transformation properties of ϕ

are such that the shifted gauge potentials bα = Aα−∂αϕ are gauge-invariant degrees of freedom,

which is the essence of gauge fields acquiring mass [104]. For an electronic system similar to

tetra-layer graphene assuming screened Coulomb interactions, the field ϕ can be microscopically

defined as the phase of a Hubbard-Stratonovich field associated with the pairing interaction and

appears as fields bα in the effective action following the Hubbard-Stratonovich decomposition.
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Expanding this effective action to the lowest order in the fields bα in Fourier space (q, ω)

components ei(q·r−ωt), leads to the expression:

Ssc,eff =
∑
q,ω

bα(q, ω)b
∗
β(q, ω)K

(α,β)(q, ω) (4.1)

where K(α,β)(q, ω) is a Hermitian matrix, that is, K(α,β)∗(q, ω) = K(β,α)(q, ω) for a gapped

superconductor. This together with the reality of bα, i.e. bα(q, ω)∗ = bα(−q,−ω) implies that

Ssc,eff is non-dissipative.

The ac current (and charge) in the superconductor can be obtained as functional derivatives

of the action, i.e.

jα(q, ω) =
δSsc,eff

δA∗
α(q, ω)

= K(α,β)(q, ω)bβ(q, ω), (4.2)

so that K(α,β)(q, ω) can be viewed as part of the electromagnetic response coefficients of the su-

perconductor [105]. The reality of the current further requires K(α,β)∗(q, ω) = K(α,β)(−q,−ω).

Expanding K(α,β)(q, ω) to lowest non-zero order in q, ω consistent with these constraints,

substituting it into Eq. 4.1 and Fourier transforming to space and time, the effective action Ssc,eff

can be written as a gradient expansion:

Ssc,eff =

∫
[−C1b

2
0 + C2b

2 − {C3b− C4(ẑ × b)} · ∇b0 + C5(ẑ × b) · ḃ]. (4.3)

The first two coefficients C1 and C2 are superfluid compressibility and stiffness, respec-

tively. In the case C4 = C5, the last two terms Fourier transform to b∗α(q, ω)ϵzαβ(iqβb0 −

iωbβ) = iϵαβγb
∗
α(q, ω)qβbγ(q, ω) is exactly the Chern-Simons term in the superconductor [69,
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73]. Here, we have identified q0 = −ω. Using the definition of an electric field Eβ(q, ω) =

iωbβ(q, ω)− iqβb0(q, ω), this term leads to a Hall contribution to the current of Eq. 4.2 given by

jH,α = −C5ϵzαβEβ = C5(E × ẑ)α.

The role of the difference (C4 − C5) for a superconductor will be a central topic in this

work. The term proportional to C3 produces a term in the action ∇θ · ∇∂tθ = (1/2)∂t[(∇θ)2]

that vanishes from being a total derivative. Therefore, we can set C3 = 0.

4.2 Electromagnetic Response

To understand the physical implication of the coefficients Cj , let us calculate the ac elec-

tromagnetic response as a function of frequency ω and wave vector q. To simplify our analysis,

we consider rotationally symmetric systems and assume that the wave vector q is oriented along

the x direction, which we will refer to as L (longitudinal or curl-free). The other spatial direction,

y, is perpendicular to x and will be denoted as T (transverse or divergence-free), since we are

working within a two-dimensional system. Thus, L, T together with 0 for time will be the values

of the indices α and β in the above equations.

In this notation, the gauge-invariant electric fields that are derived from the generalized

vector potential bα are written as ET (q, ω) = iωbT (q, ω) and EL(q, ω) = iωbL(q, ω)− iqb0(q, ω).

Due to gauge invariance, the phase fluctuation drops out of the vector Eα and is restricted to b0.

Choosing (for this calculation) a gauge where A0 = 0 (i.e., radiation gauge), b0 = iωϕ represents

the phase fluctuations.

Applying charge conservation ωj0 − qjL = 0 to the linear response relation Eq. 4.2 deter-

mines the phase fluctuation b0 = q
C2q2−C1ω2 [iC2EL +(C4 −C5)ωET ]. Substituting b0 in the linear
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response equation Eq. 4.2 leads to the ac conductivity tensor σαβ(q, ω) for the superconductor.

The longitudinal conductivity tensor produces the well-known result [105] σLL = iC1C2ω
C2q2−C1ω2 ,

which has a pole associated with the Goldstone phase mode. Similarly, the transverse response

to lowest order in q, ω, takes the standard form σTT = −iC2/ω, which leads to the Meissner

screening response jT = −C2AT [104]. In the weak pairing limit ∆ ≪ EF , these conductivities

are unchanged from the normal state in the extreme limits q ≪ ω and q ≫ ω.

In the former case, σLL = σTT = −iC2/ω is simply the inertial response of the electron gas

that leads to the plasmons. The latter case is the static Thomas-Fermi response, which matches

the normal response only in the longitudinal case where σLL ∼ iC1ω/q
2. Although this may

seem unfamiliar at first, the corresponding charge compressibility χ = (q2/iω)σLL = C1 allows

us to associate C1 with the charge compressibility for the normal state.

Let us now consider the ac Hall response of such a superconductor [72, 73] arising from

C4,5 ̸= 0, which turns out to be

σLT = −σTL =
C2C4q

2 − C1C5ω
2

C1ω2 − C2q2
. (4.4)

Although the applied electric field in the dc limit is expected to be screened, a central indicator of

chirality of a superconductor is the q ≪ ω ac Hall response [72, 73], which in our case determines

the coefficient C5:

σH = σLT (ω ≫ q) = C5. (4.5)

In addition, it was realized that the chiral nature of the superconductor does not contribute toC5 in
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the translationally invariant case [72], although it reappears in multiband superconductors [106].

Explicit computation of the effective action in Eq. 4.1, similar to the case of the normal state,

shows that the dominant contribution to C5 arises from high-energy inter-band matrix elements

that are relatively unaffected by correlation and superconductivity. Therefore, we expect C5 and

the ac Hall conductivity for q ≪ ω to retain the anomalous Hall value in the normal state, which

is determined by the Berry curvature of the bands [37].

Let us now consider the other limit, i.e. q ≫ ω, which is the finite q static limit. This limit

can be understood by combining the conservation relation j0 = −qjL/ω = −qσLTET/ω with

Faraday’s law ωBT = −qET , as the charge response to a flux lattice

j0 = σLT (q ≫ ω)BT = C4BT (4.6)

, where BT is the amplitude of the magnetic field variation in the flux lattice with period q.

Physically, modulation of charge density j0 can be viewed as the accumulation of charge in

response to the application of a magnetic field. Thus, C4 is the Streda response coefficient [107],

which is proportional to the Hall conductivity σH in non-interacting systems [37]. Since σLT

arises from interband transitions that have a smooth frequency dependence near ω ∼ 0, the

coefficient C4 should match the normal state value. For noninteracting systems, one expects

C5 = C4, with both being related to Berry curvature [37]. However, for a flux lattice applied to

a normal metal, a large N or RPA calculation would lead to a screening of charge j0 by a factor

related to C1. This would lead to a difference between C4 and C5.
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4.3 Vortex Charge in an Anomalous Hall Superconductor

The flux lattice discussed in the previous paragraph leads to a supercurrent pattern from the

Meissner effect, which resembles a lattice of vortex-antivortex pairs. This motivates the question

of whether a vortex, even in the absence of an external magnetic field, would carry a vortex

charge.

To understand the vortex charge on a lattice, let us note that a phase vortex can be converted

into an anti-vortex by a large gauge transformation:

ϕ(r) → ϕ(r) + Λ(r)

A(r) · δr → A(r) · δr + Λ(r + δr/2)− Λ(r − δr/2), (4.7)

where Λ(r) is a smooth function that winds by 4π around the center of the vortex. Note that the

4π transformation corresponds to a full electron flux quantum (as opposed to a superconducting

flux quantum). On a lattice, the magnetic field associated with this vector potential vanishes

everywhere except for a flux quantum in one plaquette of the lattice.

Ignoring, for the moment, the limitations of applying Ssc,eff to a point flux, the charge

difference between a vortex and anti-vortex can be obtained from the Streda formula Eq. 4.6 to

be:

∆Qv = C4

∫
drBz = 2C4Φ0, (4.8)

where Φ0 is the superconducting flux quantum. This suggests a charge difference between vor-
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tices and anti-vortices related to the Hall response C4, as previously conjectured [71].
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Figure 4.2: The charge difference between the vortex and anti-vortex, defined as ∆Qv = Q− −
Q+, and the Hall conductivity σH related to the Berry Phase are shown as functions of µ over
the range µ = 0.15 to 0.5. The ∆Qv data is presented with error bars indicating computational
uncertainty. The lattice model features a size ofN = 200, with parametersm0 = 0.1, ∆0 = 0.05,
and coherence length ξ = 12.0.

The subtlety of applying Eq. 4.1 to a point flux motivates us to numerically study the sug-

gestive relationship between the vortex charge and the Berry phase. For this purpose, we employ

a model based on a bilayer gapped Dirac model on a square lattice that generates the Chern

number in a way similar to multilayer graphene and combine this with px + ipy superconducting

pairing. Specifically, we consider a variation of the QWZ model [68]. The Hamiltonian of each
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layer is simply given by Eq. 1.22, as stated here:

Hcsc,0(k) = −µσ0 sin(kx)σx + sin(ky)σy

+ (2 +m0 + cos(kx) + cos(ky))σz, (4.9)

where the operators σi represent the layer degree of freedom instead of spin. To account for the

superconducting pairing, we construct the Bogoliubov-de Gennes (BdG) Hamiltonian:

Hcsc,BdG = Hcsc,0τz + (∆σz=1τ+ + h.c.), (4.10)

where τi denotes the Nambu space, σz=1 indicates that the superconducting pairing is applied

exclusively to the top layer (σz = 1), and ∆ = ∆0(kx + iky) signifies that the pairing is of the

px + ipy type.

We introduce an (anti-)vortex into the system, we can replace ∆ with its anti-commutator

with the (anti-)vortex operator:

∆ →
{
∆, V̂ (r)

}
= ∆0

{
k̂x + ik̂y, e

±iθrh(r)
}
, (4.11)

where θr and h(r) represent the phase and amplitude of the superconducting order parameter,

respectively. The + sign corresponds to a vortex, while the − sign corresponds to an anti-vortex.

Within the (anti-)vortex core, we have h(r) ∼ (1 − e−r/ξ), with ξ being the coherence length,

and θr possesses a winding number of ±1 around the core.

For the numerical computation of the vortex charge in Hcsc,BdG, we utilize a lattice model
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with a size of N = 200 under periodic boundary conditions, constructing a phase profile θr

that features a vortex at the center and an anti-vortex at the corner. To isolate the vortex, we

tweak the phase profile, ensuring that the phase around the center closely resembles an ideal

isotropic vortex. We then determine the eigenstates and calculate the total charge around the

vortex, denoted Q+. A similar procedure is applied to the anti-vortex to obtain its charge, Q−.

The charge difference between the vortex and the anti-vortex is then defined as ∆Qv = Q−−Q+.

This analysis is performed at various chemical potentials µ and compared with the normal state

Hall conductivity,

σH =
1

2

(
1− m0

µ

)
(4.12)

, where m0 is the Dirac mass of Eq. 4.9. The result of the vortex charge versus chemical potential

µ shown in Fig. 4.2 1 confirm the expectation that an anomalous Hall superconductor shows

that the difference in vortex and antivortex charge ∆Qv creates a charge density response that

is essentially unchanged from the Streda-type formula applied to the anomalous Hall metal [37,

107]. The Streda-type response from vortex charges was discussed for chiral p−wave supercon-

ductors [108].

4.4 Hall Response of the BKT Phase

The vortex charge ∆Qv plays a crucial role in describing the Hall effect in the non-superconducting

phase at temperatures above the BKT transition. Specifically, let us consider a situation where

1To verify the convergence of the numerical results, I increased the energy cutoff for each value of µ to ensure
that the results converge at N = 200. I also expanded the system size to approximately 300, observing minimal
changes (around 0.01). Consequently, the error bars used are based on this observation. Furthermore, I varied the
coherence length ξ to approximately 1.0 and 30.0, finding that the results remained largely unchanged.
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TBKT , which is controlled by the superfluid stiffness C1, is smaller than the pairing amplitude ∆

so that for a temperature TBKT ≪ T ≪ ∆ the system will be a resistive metal that is described

by the action Eq. 4.3. This phase can be described as being in the plasma phase of a Coulomb

gas of pairs of vortex-antivortex [102].

The response properties of the Coulomb gas, such as resistivity and the Nernst effect, can

be understood in terms of a duality transformation [102] where the supercurrent in the supercon-

ductor j = ρ0(ẑ × Ẽv) maps to an electric field Ẽv seen by the vortices and the electric field

E = Φ0(ẑ×jv) is given by the vortex current jv [109]. Here, ρ0 and Φ0 are the superfluid density

and flux quantum, respectively.

As shown in Fig. 4.1, the vortex electric field Ẽv encodes the effective Lorentz force or the

Magnus force imparted to vortices by a supercurrent [102]. The vortex current jv is equivalent to

the rate of phase slip generation that leads to a voltage gradient. Both the normal state conduc-

tivity and the Nernst effect can be understood by applying these duality relations to the diffusive

motion of vortices [70, 109].

In the case of a difference ∆Qv between vortices and anti-vortices, the vortex current jv

also contributes to the total current, so we must modify the current relation as

j = ρ0(ẑ × Ẽv) + jv∆Qv/2. (4.13)

Assuming a diffusive vortex conductivity Ẽv = σ−1
v jv = Φ−1

0 σ−1
v (ẑ × E) leads to the

relation

j = ρ0Φ
−1
0 σ−1

v E +∆Qv(ẑ × E)/2Φ0. (4.14)
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The first term is the usual Ohmic conductance in a mixed phase superconductor from flux

flow [103], while the latter term is the Hall conductivity σH that is clearly universally related

to the vortex charge difference ∆Qv. Combining with Eq. 4.8, this predicts a dc Hall response

σH = C4 that appears to differ from the ac Hall response C5.

4.5 Vortex Charge Screening

The coefficients C4 and C5 that appear in the Streda-type response (i.e., Eq. 4.8) and the

Hall response Eq. 4.5 are, in principle, different. In fact, these coefficients are different even

in the normal state, which serves to determine the value of C4,5 at weak pairing. However, for

the weakly interacting limit that we use in our numerical simulations, these coefficients are both

given by the Berry curvature according to Eq. 4.12. Including interactions renormalizes C4,5

differently, as can be checked by straightforward calculation in the large N limit or using the

random phase approximation [104].

This can be easily understood from Eq. 4.8, since the coefficient C4 of the Streda-type

charge response should be subject to screening from interactions. The ac Hall response coeffi-

cient C5 is not associated with any charge build-up and should not be screened. In fact, since the

coefficient C5 is related to interband transitions, it can be attributed to the occupation function

of fermions, which would be unaffected by weak interactions. However, Eq. 4.14 for Hall con-

ductivity in the BKT phase appeared to strongly depend on the vortex charge C4. This leads to

an apparent paradox for whether the Hall conductivity in the BKT phase is closer to the normal

state value (as was suggested for superconductors in magnetic fields [103]) or is renormalized.

To answer this question, we need to consider carefully the screening process of the vortex
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charge when a vortex-antivortex pair is formed. Studying vortex formation systematically is

beyond the validity of the formalism in this work. On the other hand, the numerical results

in Fig. 4.2 suggest that the vortex charge difference is quite similar to a magnetic flux, whose

dynamics can be studied using the effective action in Eq. 4.3. Therefore, we consider the charge

response of a flux-antiflux pair, which is represented by an external magnetic field with a Fourier

transform B(q, t) = 2ie−q2R2
sin (vqxt)Θ(t), where Θ(t) is the Heavisider step function. This

external magnetic field corresponds to a pair of fluxes with radiusRmoving in opposite directions

with velocity v along x.

The corresponding electric field from Faraday’s law is transverse and written in momentum

and frequency space as

ET =
2vqxe

−q2R2

iωq[ω2 − (vqx)2]
. (4.15)

Using σLT from Eq. 4.4 we find that the longitudinal current density jL, in addition to the usual

ac Hall (i.e. ω ≫ q) part jL,0 = C5ET contains an additional "screening" contribution, which is

proportional to C4 − C5:

δjL =
(C4 − C5)c

2q

ω2 − c2q2
2iωqxve

−q2R2

[ω2 − (vqx)2]
, (4.16)

where c =
√
C2/C1 is the velocity of the plasmon.

Fourier transforming this component to the time-domain yields:

δjL = 2i(C4 − C5)vc
2qxqe

−q2R2 [cos (cqt)− cos (vqxt)]

c2q2 − v2q2x
. (4.17)
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The contribution to the above proportional to cos vqxt combined with the near-field part (i.e.

proportional to 1− e−q2R2) of ET corresponds to the flow of vortex core charge density shown in

Fig. 4.1 proportional to C4. On the other hand, the contribution to δjL from cos (cqt) contributes

to the crescent-shaped charge waves in Fig. 4.1.

The combined result δjL in the above equation clearly vanishes as q, qx → 0 establishing

that the longitudinal current response is determined by jL,0, which is proportional to the high-

frequency ac Hall conductivity C5, despite screening reducing the charge at the vortex core to

C4.

The longitudinal current response in vector form is

jL,0 = C5(ẑ ×ET ) =
2vqxe

−q2R2

q2
C5 cos (vqxt)q. (4.18)

Note that while the x component of the current approaches a constant jL,0,x ∼ 2vC5 as qx = q →

0, the current has a non-trivial dependence on qy/qx, which reflects the angular dependence of

the far field that can lead to logarithmic in system size corrections to jL,0. However, this does

not affect the conclusion that the vortex Hall conductivity is determined by the high frequency ac

Hall conductivity C5.

4.6 Discussion and Conclusion

We studied the dc anomalous Hall response of a superconductor slightly above the BKT

transition but below the mean-field superconducting gap, where a vortex plasma phase is respon-

sible for dissipative transport. Based on the effective action 4.1, we conjecture, based on an

analogy between fluxes and vortices, that the core charge of a vortex and anti-vortex might differ
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by an amount proportional to the Streda response coefficient C4, which in noninteracting metals

is expected to be determined by the Fermi surface Berry phase [37].

In Fig. 4.2, we numerically verify this for a superconducting version of the QWZ model.

The coefficient C4, however, differs in interacting fermion systems from the ac Hall conductiv-

ity C5. Using the analogy between fluxes and vortices together with a flux flow model [103] for

superconducting transport shown in Fig. 4.1 we showed that the dc Hall conductivity should actu-

ally match the ac value C5. We expect the effective action Eq. 4.1 with coefficients Cj=1,2,4,5 to be

a good description of any chiral superconductor including tetra-layer graphene with coefficients

that are measurable in the linear response. It would be interesting to compare these coefficients

with vortex charge and dc Hall conductivity measurements.
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Appendix A: Details of Bosonization

A.1 Lorentz-invariance-constrained Chiral Anomaly

Let us now review the chiral anomaly in the relativistic case where we have chosen λ(2)µν =

ληµν so that SLL is then the Lorentz-invariant Thirring model [54]. In this case, the collective

mode velocity u continues to match the Fermi velocity u = vF = 1, and current and density have

the same units. The chiral anomaly equation for this so-called Thirring model[54], which was de-

rived using perturbation theory together with a Lorentz-invariant regulator, shows a renormaliza-

tion. Here we use bosonization to derive the anomaly equation in a way where Lorentz-invariant

and non-Lorentz-invariant results can be directly compared.

We consider the Euclidean (i.e. Wick rotated) space-time [77] so that the point-splitting

expansion is manifestly rotation (i.e. Lorentz)-invariant in the Wick rotated (1 + 1)D plane.

Using this scheme of normal ordering, the chiral fermionic operators ψR,L(x, t) can be written as

vertex operators of chiral bosonic operators ΦR,L(x, t), which in turn can be used to define the

bosonic field Φ(x, t) [77].

Applying the standard bosonization identities in Euclidean space [77] to replace the Fermions

in the kinetic term S1,0, we obtain

S1,0 =
1

2K

∫
(∂µΦ)

2 (A.1)
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, where x0 = t andK = 1. Similar use of bosonization identities [77] leads to related expressions

for the chiral current and the U(1) charge current, which can be written as

jµ =
1√
π
ϵµν∂νΦ j5µ =

1√
π
∂µΦ, (A.2)

where ϵµν is the completely anti-symmetric unit tensor.

Applying these identities to S1,int leads to an additional contribution to Eq. A.1, so that the

K factor depends on the interaction strength in the fermionic model as

K−1 = 1 + λ/π, (A.3)

where λ = g2 and g4 = 0 due to Lorentz invariance.

The coupling to an external vector potential Aµ is included through a term

Lem = −ejµAµ = − e√
π
Aµϵ

µν∂νΦ. (A.4)

Although the charge current jµ in Eq. A.2 is manifestly conserved, the divergence of the

chiral current can be written in terms of the classical equation of motion for Φ as

〈
∂µj

5µ
〉
= ∂µ∂

µΦ/
√
π =

1

1 + λ/π

e

π
E. (A.5)

where E = ∂0A1 − ∂1A0 is the electric field. This result is obtained by using the expression for

the chiral current Eq. A.2 and then combining with Eq. A.1 with Eq. A.4. This shows that the

chiral charge, in contrast to the classical result, is not conserved since the right-hand side is non-
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zero and is proportional to the electric field E. This is referred to as the chiral anomaly equation.

Furthermore, since the right-hand side depends on the interaction strength λ, the chiral anomaly

is renormalized by interactions[54]. This result is identical to that obtained directly from the

Thirring model using either the Pauli-Villars regularization or the Fujikawa method [62].

A.2 Chiral Anomaly with Non-Lorentz-invariant Point-splitting Regularization

Bosonization of the Luttinger model SLL (from Eq. 2.1 and 2.3) can also be approached

from a Hamiltonian perspective that is more appropriate for condensed matter systems that break

Lorentz invariance [77]. Historically, this was developed in parallel with the Euclidean formu-

lation in the last subsection. This formalism is simpler because it directly uses operators in a

Hamiltonian formalism. The point-splitting in space-time is now replaced by point-splitting in

real space. This allows us to use the definition of the chiral charge density in Eq. 2.8 as well as the

corresponding equation for the total density as operator equations. In fact, the chiral charge den-

sity operators ρR,L in SLL are promoted to operators, which, with the appropriate point-splitting

obey the algebra [77]

[ρa(x), ρb(x
′)] = − i

2π
aδab∂xδ(x− x′). (A.6)

Using the above commutation relation, the TL Hamiltonian can be written entirely in terms
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of chiral density operators:

H =

∫
dx iΨ̄(γ1∂x − iγ0φ)Ψ + 2g2ρRρL + g4(ρ

2
R + ρ2L)

=

∫
dx (1 + g4)(ρ

2
R + ρ2L) + 2g2ρRρL + φρ, (A.7)

where φ is the electric potential.

We can bosonize the above model using the operator version of Eq. 2.4 for the density

operator written as

ρ = ρR + ρL =
1√
π
∂xΦ, (A.8)

where Φ is the bosonic field. Defining Π = (ρR − ρL)
√
π as the canonically conjugate field

to Φ(x), which is based on the commutation relation in Eq.A.6, the above Hamiltonian can be

written in bosonized form [74]

H1DEG =

∫
dx

1

2

(
uKΠ2 +

u

K
(∂xΦ)

2
)
+ EΦ (A.9)

, where

uK = 1 +
g4
2π

− g2
2π

(A.10)

u/K = 1 +
g4
2π

+
g2
2π

(A.11)
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and E = −∂xφ is the electric field. The current operator j is now defined as

j = − 1√
π
∂tΦ =

1√
π
uKΠ (A.12)

so that it satisfies the continuity equation for the charge.

Note that the two equations Eq. A.8 and Eq. A.12 are direct operator analogs of Eq. 2.4

except that j is no longer related to ρR,L in the same way as an operator. This relation can be

used to define the chiral charge in terms of the current operator

ρc,mb = (ρR − ρL) =
1√
π
Π = j/uK = − 1√

π
∂tΦ/uK. (A.13)

Applying this definition to the equation of motion for Φ (Eq. 2.11) we obtain the chiral

anomaly equation:

∂tρc,mb + ∂xjc,mb =
1√
π
∂tΠ+ ∂xjc,mb =

e

π
E (A.14)

where jc,mb = uρ/K is the chiral current. Note that in contrast to the chiral anomaly equation

(Eq. A.5) resulting from a Lorentz-invariant regularization of the TL model, the above chiral

anomaly equation does not have interaction-based renormalization.

As a side note, we note that in the Galilean-invariant case, the Hamiltonian H1DEG can be

written in terms of the current as H1DEG =
∫
dxπj2/2uK =

∫
dxmj2/2n, where m is the mass

and n = kF/π is the average density. Then, we get uK = kF/m = vF = 1. Interestingly, the

resulting current j = (ρR − ρL) is consistent with the chiral charge, Eq.A.13.
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Appendix B: Current j v.s. Chiral Charge ρc,sb

The relationship between current j and chiral charge ρc,sb naively seems simple, at least

when current j is large enough so that the number of low-speed solitons only is a small portion

of the total. However, an extra soliton-antisoliton pair may be produced with zero total momen-

tum, i.e., a soliton appears in the upper right and an antisoliton in the lower left of the energy

spectrum (see FIG.2.1). This procedure will not change the total momentum and current, but the

number of soliton pairs will increase. Fortunately, it is prohibited due to energy conservation. In

this appendix, we demonstrate that the current j is approximately equal to the chiral charge by

considering the charge density profile under a large and instant position-dependent electric field

E(x).

After applying a large and instant electric field E, the system will contain high-density

solitons and antisolitons. In this high-density gas, the cos-term can be neglected to describe the

behavior of the solitons. The Hamiltonian can be written as

H =
1

2

∫
dx

[
uK

(
Π+

1√
π
eA(x)

)2

+
u

K
(∂xΦ)

2

]
(B.1)

, where the vector potential is

A1(x) = −ETe−x2/2σ2 L√
2πσ

(B.2)
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, E is the electric field strength, T is the action time, σ is the characteristic length of the vector

potential, and L/
√
2πσ is a normalization factor. The soliton mass effect can be neglected when

σ ≪ h/mu2. Then, we can use the Heisenberg equation to figure out the charge density profile

over time t. The time derivative of the field is

∂tΦ = i[H,Φ] = uK

(
Π+

1√
π
eA(x)

)
(B.3)

. Then, at the initial time, we have the following conditions:

⟨Φ(x, t = 0)⟩ = 0; ∂ ⟨Φ(x, t = 0)⟩ = uK√
π
eA(x) (B.4)

. On the other hand, we can expand the field Φ into left and right moving parts, namely,

Φ(x, t) = f(x− ut) + f(x+ ut) (B.5)

. The function f(x) can be determined by initial conditions and can be expressed as

f(x) =
σ

2
√
2
KeET erf

(
x√
2σ

)
L√
2πσ

(B.6)

, where erf(x) is the error function. Hence, the charge density ρ(x, t) and the current density

j(x, t) are given by
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⟨ρ(x, t)⟩ =
1√
π
⟨∂xΦ⟩ =

K

2π
eET

[
e−(x−ut)2/2σ2 − e−(x+ut)2/2σ2

] L√
2πσ

(B.7)

⟨j(x, t)⟩ = − 1√
π
⟨∂tΦ⟩ =

uK

2π
eET

[
e−(x−ut)2/2σ2

+ e−(x+ut)2/2σ2
] L√

2πσ
(B.8)

. From the above expressions, it is clear that the number Ns(s̄) of the right(left) moving charge

wave packets ((anti)solitons) is KeETL/2π. After a long time, the solitons and antisolitons will

separate in real space and can be easily distinguished by local measurements.

The average current is

⟨j̄⟩ = uKeET/π = u(Ns +Ns̄)/L = uρc,sb (B.9)

as we expected. Hence, we confirm that the average current j̄ and the chiral charge density ρc,sb

are the same, apart from the characteristic speed u.
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Appendix C: Kinetic Stress-energy Tensor Kµν and Its Gauge-invariance

In this appendix, we discuss the stress-energy tensor of a general system with a gauge-

invariant and minimal-coupled Lagrangian density L = L(ψ,Dµψ,DµDνψ, · · · ), where Dµ =

∂µ+ieAµ. Simply, the continuity equation can be derived by applying an infinitesimal translation:

∂µT
µ1 = F1 (C.1)

, where

T µν =− Lηµν + ∂L
∂(∂µψ)

∂νψ

+

[
∂L

∂(∂ρ∂µψ)
∂ρ∂

νψ +
∂L

∂(∂µ∂ρψ)
∂ρ∂

νψ − ∂ρ

(
∂L

∂(∂ρ∂µψ)
∂νψ

)]
+ · · · , (C.2)

Fν =− ∂L
∂Aµ

∂νAµ − ∂L
∂(∂ρAµ)

∂ρ∂νAµ + · · · . (C.3)

This equation can be modified to the gauge-invariant form, which will be proved in the following,

as

∂µK
µν = ejµF

νµ, (C.4)
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(i.e., Eq.2.30), where the kinetic stress-energy tensor Kµν is written as:

Kµν = T µν − ejµAν + Cµν (C.5)

, where

Cµν =
∂L

∂(∂µAρ)
∂νAρ +

[
∂L

∂(∂µ∂ρAρ)
∂ν∂ρA

ρ − ∂ρ

(
∂L

∂(∂µ∂ρAρ)

)
∂νAρ

]
+ · · · . (C.6)

In the following, we will show that the kinetic stress-energy tensor Kµν is naturally gauge-

invariant. The basic technique is still the variation method, but in a gauge-invariant approach.

Consider the functional expansion of the Lagrangian density L, which is

L = L(ψ(x− a), Dµψ(x− a), DµDρψ(x− a), · · · ) (C.7)

, around 0. The variation of it can be written in three parts:

δL =− aν∂
νL

− aν

[
− ∂L
∂Aσ

∂νAσ − ∂L
∂(∂ρAσ)

∂ν∂ρAσ + · · ·
]

+

[
− ∂L
∂(Dµψ)

Dµ(a
σ∂σψ) + · · · − liner terms of aν

]
(C.8)

The first term is the change of the Lagrangian density with the change of the space-time position

x. The second part is the compensation to the change of the vector potential Aµ since there

is no direct variation of Aµ in the functional derivative Eq.C.7. The third part is the first and

higher derivative terms. The functional derivative of the first and the third term gives us the
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stress-energy tensor ∂µT µν . The second one is just the Fν (Eq.C.3). Hence, we can write the

stress-energy tensor as

T µν = −Lηµν − δ

δ(∂µaν)

∫
ddx [L(ψ(x− a), Dµψ(x− a), · · · )− linear terms of aν ] . (C.9)

In particular, the expression of the stress-energy tensor of 1DEG (Eq.(2.25),(2.26)) is

T 00
1DEG =

1

2m
D̄1ψ

†D1ψ

+

[
eA0 −

∫
dx′V (x− x′)ρ(x′)− µ

]
ρ(x)

T 10
1DEG = − 1

2m

(
D̄1ψ

†∂tψ + ∂tψ
†D1ψ

)
T 01
1DEG = −iψ†∂xψ

T 11
1DEG = iψ†D0ψ +

1

2m

(
D̄1ψ

†∂xψ + ∂xψ
†D1ψ − D̄1ψ

†D1ψ
)

+

[∫
dx′V (x− x′)ρ(x′) + µ

]
ρ(x)

(C.10)

, regardless of whether the Lagrangian density is non-local.

To compare the expression of the tensor Cµν (Eq.C.6) with the one of the stress-energy

tensor T µν (Eq.C.9), we also can view the tensor Cµν as a functional derivative:

Cµν = − δ

δ(∂µaν)

∫
ddx

[
L(ψ(x), D−

µ ψ(x), · · · )− linear terms of aν
]
. (C.11)

, where D−
µ = Dµ − ieaν∂

νAµ.

The functional derivative form of the operator −jµAν can be derived from the definition of
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the current operator, i.e., jµ = −δL/δAµ. It is

−jµAν = − δ

δ(∂µaν)

∫
ddx

[
L(ψ(x), Dc

µψ(x), · · · )− liner terms of aν
]
. (C.12)

, where Dc
µ = Dµ − ieAν∂µaν . It is easy to check by using the chain rule of the functional

derivative, i.e.,

δ

δ(∂µaν)
=

∫
ddx′

δ

δ(Aρ∂σaρ)

δ(Aρ∂σaρ)

δ(∂µaν)

=
δ

δ(Aρ∂µaρ)
Aν . (C.13)

Then, the kinetic stress-energy tensor is finally written as

Kµν = −Lηµν − δ

δ(∂µaν)

∫
ddx

[
L(ψ′, D′

µψ
′, · · · )− liner terms of aν

]
. (C.14)

, where ψ′ = ψ− aν∂
νψ and D′

µ = Dµ − ie(aν∂
νAµ +Aν∂µaν). The high-order terms of aν are

neglected in the above expression since they do not contribute.

Since the Lagrangian density is gauge-invariant, we can perform a gauge transformation

with the argument −ieaνAν . Therefore, the Kµν is also equal to

Kµν = −Lηµν − δ

δ(∂µaν)

∫
ddx

[
L(ψ′′, D′′

µψ
′′, · · · )− liner terms of aν

]
(C.15)

, where ψ′′ = ψ − aνD
νψ and D′′

µ = Dµ − ieaνFνµ. The linear term here is just aν∂νL since

it all comes from the change of the position x. We notice that the Lagrangian density above in

the expression of Kµν is gauge-invariant under any gauge transformations since the covariant
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derivative Dµ and the field strength tensor Fµν have been used in the variation of the field ψ

and the vector potential Aµ instead of partial derivatives. Together with the linear terms’ gauge

invariance, we can conclude that the kinetic stress-energy tensor is naturally gauge-invariant. The

concrete expression for the Kµν up to the second order is

Kµν =− Lηµν + ∂L
∂(Dµψ)

Dνψ

+

{
−ie ∂L

∂(DρDµψ)
F νρψ

+

[
∂L

∂(DρDµψ)
DρD

νψ +
∂L

∂(DµDρψ)
DρD

νψ − ∂ρ

(
∂L

∂(DρDµψ)
Dνψ

)]}
+ · · · .

(C.16)

Incidentally, the expression for the K01 term in the generalized 1DEGs can be simplified

due to the presence of only one first t-derivative term in the Lagrangian. Consequently, only the

second term on the left side of Eq.C.16 remains non-zero, leading to the simplified form:

K01 = −iψ†D1ψ. (C.17)
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Appendix D: Chiral Magnetic Effect Current in Chiral Kinetic Theory

In this appendix, we will document the procedures for deriving the chiral magnetic ef-

fect(CME), i.e. Eq.3.25, in the chiral kinetic theory.

First, the total current in the chiral kinetic theory is obvious to find by definition[57]:

j =

∫
k

√
Gkf ṙ

=

∫
k

fvk + eE ×
∫
k

fΩk + eB

∫
k

f (vk ·Ωk) . (D.1)

Here the first term in Eq.D.1 is the regular current; the second term is the anomalous Hall cur-

rent; the third term which is along the magnetic field direction is the chiral magnetic current.

Therefore, we obtain a comprehensive equation for the chiral magnetic effect (CME) current as

follows:

jCME = e2B

∫
k

f (∂kε(k) ·Ωk) . (D.2)

Then, we use the integral by parts and determine that

∫
k

f (∂kε(k) ·Ωk) =

∫
k

∇k · (εfΩk)− ε∇k · (fΩk) . (D.3)
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The first term is a boundary term and thus vanishes. The second term can be written as

−
∫
k

ε∇k · (fΩk) = −
∫
k

ε (∇kf) ·Ωk − εf (∇k ·Ωk) . (D.4)

At zero temperature, the first term can be expressed as a Fermi-surface integral given that ∇kf is

only non-zero on Fermi surfaces:

−
∫
k

ε (∇kf) ·Ωk =
1

(2π)3

∑
α

∫
Sα

d2F ε. (D.5)

The second term in Eq.D.4 is non-zero due to the term ∇k ·Ωk at two Weyl points. However, it

will not contribute to the CME current. The reason is that the CME current(Eq.D.1) is the sum of

all bands. When we consider the fully occupied lower Weyl band, since ∇kf is always zero, the

first term in Eq.D.4 vanishes. The second term for the lower Weyl band is identical to the upper

Weyl band except for the opposite sign. Therefore, when accounting for the contributions of all

bands to the CME current, the second term in Eq. D.4 will cancel out, leaving only the first term

from the upper Weyl band.

Finally, we can express the CME current as

jCME =
e2B

4π2
∆µ, (D.6)

where

∆µ =
1

2π

∑
α

∫
Sα

d2F ε(k). (D.7)
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Here Eq.D.6 is a general expression in the zero-temperature limit. If we assume that the electron

distribution functions are in equilibrium around each Weyl node, i.e. ε(k) = const. for k ∈ Sα,

we can define the chiral chemical potential, i.e. µα, and find that ∆µ is exactly the chiral chemical

potential difference, µR − µL. Then, Eq.D.6 is consistent with references[8, 9].

As an illustration, it is straightforward to derive the expression for a simple Weyl semi-

material using the energy dispersion εα(k) = γαvk and the Berry curvature Ωkα = γαk̂/2k2

around the Weyl nodes γα [57]. The obtained result evidently corresponds to Eq. D.6.

D.0.0.1 Berry Curvature in Fermi liquids

While the topological Fermi liquid [93] as well as the chiral kinetic theory discussed above

is defined in terms of Berry curvature on the Fermi surface, Berry curvatures are typically cal-

culated from non-interacting band structures of Fermions. This leads to a question of how to

precisely define Berry curvature on a strongly interacting Fermi surface.

Basically, the Berry curvature is defined for non-interacting systems. Shou-cheng Zhang

defined invariants for interacting systems with Green functions.[110] The density matrix for

quasi-particles at the momentum k is defined by ρk = Nk

∫
ω∼ϵk

dωAk(ω), where Ak(ω) =

Im[Gk(ω)] is the spectral function matrix. Nk is a normalization that ensures that ρ2k = ρk and

Tr[ρk] = 1 for k on the Fermi surface. The density matrix near a non-degenerate Fermi surface

can be expanded in terms of a wave-function ρk(r, r′) = uk(r)u
∗
k(r

′) due to the Landau liquid

property. This shows that the product

Tr[ρkρk1ρk2 ] = ⟨uk|uk1⟩⟨uk1|uk2⟩⟨uk2|uk⟩ = eiΩkA, (D.8)
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where A is the area of the triangle. Expanding ρkj
≃ ρk + (kj − k) · ∂kρk, and we can find the

Berry curvature to be Ωk = Tr[∂kρ× (ρ∂kρ)]. It means the berry curvature on the Fermi surface

can be exactly defined by using Green’s functions.
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Appendix E: Second-order Term of the ac Hall Conductivity in the Chern In-

sulator

In this part, rather than directly using the Kubo formula to calculate the ac hall conductivity

in Weyl, we will estimate it in the Chern Insulator(CI). Since the Weyl systems can be described

as a stack of the Chern insulator, the integral of ac Hall conductivity in CI over one parameter

kz is just the one in Weyl. However, if we only need to prove that the ac Hall conductivity in

Weyl is non-zero and non-universal, the result of the ac Hall conductivity in CI will be sufficient.

Indeed, several references have derived a general formula for the ac Hall conductivity σxy(ω) of

a two-band system in terms of the Berry curvature, using different methods [111–113].

The general Kubo formula for the ac conductivity is

σxy(ω) =
1

iω

∑
n̸=0

[
⟨0|Jy|n⟩ ⟨n|Jx|0⟩
ω + (En − E0)

− ⟨0|Jx|n⟩ ⟨n|Jy|0⟩
ω − (En − E0)

]
(E.1)

, where Ji is the current operator, the state 0 and n represents the many-body ground state and
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the n-th excited state. To expand the above expression in series of ω, we have

σxy(ω) =− i

ω

∑
n̸=0

⟨0|Jy|n⟩ ⟨n|Jx|0⟩+ ⟨0|Jx|n⟩ ⟨n|Jy|0⟩
En − E0

+ i
∑
n̸=0

⟨0|Jy|n⟩ ⟨n|Jx|0⟩ − ⟨0|Jx|n⟩ ⟨n|Jy|0⟩
(En − E0)2

− iω
∑
n̸=0

⟨0|Jy|n⟩ ⟨n|Jx|0⟩+ ⟨0|Jx|n⟩ ⟨n|Jy|0⟩
(En − E0)3

+ iω2
∑
n̸=0

⟨0|Jy|n⟩ ⟨n|Jx|0⟩ − ⟨0|Jx|n⟩ ⟨n|Jy|0⟩
(En − E0)4

+ · · ·

(E.2)

The first term and all odd order terms vanish, because of the gauge-invariance. Alterna-

tively, it can quickly seen by rotation-invariance which ensures that the expression should be

invariant under x→ y and y → −x.

For a simple Chern insulator, the single particle Hamiltonian in the momentum space as

H(k) = d⃗(k) · σ⃗ (E.3)

with

d1(k) = sin(kx);

d2(k) = sin(ky);

d3(k) = 2−m− cos(kx)− cos(ky)

(E.4)

, where the σ⃗ is the Pauli matrices. After simplifying, we can write the DC conductivity as

σxy =
e2

(2π)2

∫
T2

d2kFxy (E.5)
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and the second-order conductivity as

σ(2)
xy (ω) = ω2 e2

(2π)2

∫
T2

d2k
Fxy

(E+ − E−)2
(E.6)

with the Berry curvature

Fxy =
∂Ax

∂ky
− ∂Ay

∂kx
(E.7)

and the Berry connection

Ai = i ⟨−, k| ∂

∂ki
|−, k⟩ . (E.8)

, where the state |−, k⟩ is the lower energy eigenstate. Actually, the integral in the DC conduc-

tivity is related to the Chern number, which is an integer universally. This is just the famous

quantized Hall conductivity of the Chern insulator. However, the second-order conductivity can-

not be related to the Chern number. In the following, we will show the numerical result of this

second-order conductivity. Based on the Hamiltonian of the simple Chern insulator, the Berry

curvature can be analytically computed and be written as

Fµν = −1

2
ϵαβγ d̂α∂kµ d̂β∂kν d̂γ (E.9)

with d̂α(k) = dα(k)/d(k). Hence, we have the expression for Fxy,

Fxy =
cos ky + cos kx [1 + (−2 +m) cos ky]

2
[
(−2 +m+ cos kx + cos ky)2 + sin2 kx + sin2 ky

]3/2 . (E.10)

The numerical results of the second-order conductivity are shown in Fig.E.1. The second-

order conductivity is not zero or quantized. It is non-universal.
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Figure E.1: The second order conductivity σ(2)
xy v.s. the parameter m. It is not quantized and

non-universal
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