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Topological responses rooted in the Berry phase play an important role in modern con-
densed matter physics. However, in interacting quantum systems, the robustness and observ-
ability of such responses require careful analysis and examination. This dissertation comprises
two studies on how topological phenomena, namely the chiral anomaly and the anomalous Hall
effect, emerge and are (un)renormalized in interacting quantum systems.

The first part investigates the robustness of the chiral anomaly in interacting systems thr-
ough a mixed anomaly framework. The chiral anomaly is one of the robust quantum effects
in relativistic field theories with chiral symmetry, where charges in the chiral sectors appear to
be separately conserved. The chiral anomaly, which is often associated with a renormalization-
invariant topological term, is a violation of this conservation law because of quantum effects. In
condensed matter systems like Weyl semimetals, analogous phenomena emerge as charge pump-

ing between Fermi pockets under electromagnetic fields. However, because the chiral charge is



defined in terms of low energy quasiparticles, most studies of the chiral anomaly in condensed
matter apply to effectively non-interacting systems. We apply an approach in which the chi-
ral symmetry in solid materials is viewed as a so-called emanant symmetry of the underlying
space translation symmetry, a mixed anomaly between the charge U(1) and space translation.
In this framework, the chiral charge is associated with total momentum, and we show that the
corresponding chiral anomaly remains unrenormalized by interactions in contrast to other chiral
charges in (1 + 1)D whose renormalization is dependent on regularization. In (3 4 1)D, is equiv-
alent to the charge transferred between Fermi surfaces which can be measured through changes
in Fermi-surface-enclosed volume. To measure this effect, we propose a pump-probe technique.

The second part turns to another Berry-phase-related response, the anomalous Hall effect in
the phase-disordered regime of chiral superconductors. Motivated by recent experiments show-
ing evidence for chiral superconductivity in an anomalous Hall phase of tetralayer graphene,
we study the relationship between the normal state anomalous Hall conductivity and that in the
phase-disordered state slightly above the critical temperature of the superconductor. Numerical
simulations show that the Berry phase on the Fermi surface determines the charge asymme-
try between vortices and antivortices, resulting in a nonzero Hall response that is close to the
normal-state anomalous Hall response. However, using a gauge-invariant superconducting re-
sponse framework, we find that while the vortex charge is screened by interactions, the screening
charge, after a time delay, reappears in the longitudinal current. Thus, in this phase, the dc
Hall conductivity aligns with the ac Hall conductance of the superconducting and normal phases,

rather than with the screened vortex charge.
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Chapter 1: Introduction

Over the past two decades, the discovery of topological phases of matter has significantly
deepened our understanding of condensed matter physics. One of the key insights in the study
of topological phases is that certain physical responses, such as the quantized Hall conductance,
are not governed by local order parameters, but rather by topological invariants: robust quanti-
ties that remain invariant under perturbations and disorder.[3, 4]. Among the earliest yet most
profound examples is the Integer Quantum Hall Effect (IQHE), in which the transverse electrical
conductance is quantized in units of ¢? /h due to the presence of a bulk Chern number and chiral
edge modes on the boundary [5, 6].

One of the key theoretical concepts that emerged from these studies is the Berry phase,
an adiabatic geometric phase acquired by a quantum state upon cyclic evolution in parameter
space. Berry curvature, its field strength, plays a crucial role in determining many observable
topological effects, such as anomalous velocity, Hall conductivity, and orbital magnetization [7].
Significantly, the Berry curvature establishes a crucial connection between topology and phys-
ical response functions, particularly through the topological properties of energy bands, often
captured in topological field theories such as Chern-Simons theory.

A particularly rich platform for exploring such topological responses is provided by Weyl

semimetals. These materials have band-touching points (Weyl nodes) that serve as monopoles of



Berry curvature in momentum space [8]. The low-energy quasiparticles near these nodes obey
the Weyl equation, giving rise to relativistic phenomena similar to the high-energy physics such
as the chiral anomaly, the nonconservation of chiral current in the presence of parallel electric
and magnetic fields. The chiral anomaly manifests itself as a non-trivial and rich topological
response: a charge current proportional to E - B, which has been interpreted semiclassically
through the Berry curvature [9] and microscopically through quantum field approaches [10, 11].

Despite the success of non- or weakly interacting models in describing such topologi-
cal effects, many realistic materials are subject to strong electron-electron interactions. This
raises fundamental questions: How do interactions modify the topological responses predicted
by single-particle theories? Do the topological invariants and associated response coefficients
remain quantized and unchanged in the presence of interactions, or do new emergent features
arise? These questions are far from trivial, particularly when anomalies - usually thought of as
exact and robust[12] - interplay with interactions, even preserving the chiral symmetry.

In addition to Weyl semimetals, another prominent class of systems in which the Berry
phase plays an essential role is in materials exhibiting the anomalous Hall effect (AHE). In these
systems, a transverse Hall response arises in the absence of an external magnetic field, typically
as a result of broken time-reversal symmetry[13]. The AHE has been widely observed in ferro-
magnets and topological materials, where it is often interpreted as a momentum-space analog of
the quantum Hall effect, but without the presence of Landau levels. The toy model for AHE is
the well-known Chern insulator, which is inherently connected to the Berry curvature.

Recently, multilayer graphene has shown evidence of a number of novel topological phases
that can be tuned by gate voltage, magnetic field, temperature, and displacement field. These

phases include several superconducting phases in twisted systems [14—24] and also in non-twisted
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systems [25-27], some of which are spin triplet. More interestingly, a recent experiment [28]
has provided evidence of chiral superconductivity in an anomalous Hall metal phase, which is
quite close to systems that have shown an AHE as well as fractional quantum anomalous Hall
phases [29].

The occurrence of superconductivity in close proximity to correlated phases has led to
many theoretical proposals for the mechanism of superconductivity, some based on strong corre-
lation [30, 31] and others based on the proximity to correlated topological states [32—34]. While
this is an interesting question and has been speculated on, we will avoid delving into the mecha-
nism itself and instead focus on the phenomenology of the chiral superconducting phase.

Given the close connection between Berry curvature and anomalous Hall conductance in
the normal state [35-37], a natural question arises: how would such an anomalous Hall conduc-
tance manifest in a chiral superconducting phase? Furthermore, it prompts the question whether
interactions, which induce screening effects, would influence the anomalous Hall conductance or
not. As an aside, quantum geometry, a generalization of the Berry curvature, instead of gener-
ating AHE, has also been shown to significantly modify superfluid stiffness and other effects in
superconducting states [31, 38—45], which we do not address in this work.

In this dissertation, we focus on the effects of interactions on Berry-phase-governed topo-
logical responses in three distinct systems: the chiral anomaly in Luttinger liquid (LL), in Weyl
semimetals, and the anomalous Hall effect in the phase-disordered regime of chiral superconduc-
tors. Specifically, the chiral anomaly in Weyl semimetals and Luttinger liquids is studied in our
paper [1], while the theory of the anomalous Hall effect in phase-disordered superconductors is
explored in our paper [2]. Before presenting detailed analysis and results, we first review the basic

concepts and theoretical framework in the non-interacting case, which provide the background



for understanding how interactions modify these phenomena.

1.1 Berry Phase and Topological Phenomena

1.1.1 Geometric Phase and Curvature

Berry phase is a geometric phase acquired by a quantum state when the system’s parameters
(e.g., position, coefficients) are varied adiabatically and cyclically [46]. These parameters are
fixed and their values are determined by some external apparatus. Consider a Hamiltonian H ()

that depends on a set of parameters A = (A1, Ao, . .. ), with eigenstates |n(\)) satisfying
H(A)[n(N)) = En(A)[n(X)). (1.1)

If the parameters A(¢) are slowly changed along a closed loop L in parameter space, the instan-
taneous eigenstate |n(A(t))) acquires a phase composed of two parts: a dynamical phase and a

geometric (Berry) phase,

Y = j{Aﬂ(A) CdA, (1.2)

where the Berry connection .4,,(A) is defined as
An(A) = i(n(A)|Valn(X). (1.3)

This geometric phase is an extra phase that does not depend on the time taken to change the
parameters. However, it depends on the path taken through the parameter space.

Berry curvature, which can be viewed as the "field strength" associated with the Berry



connection, is defined as

Q2,(A) = Va X A, (A). (1.4)

Unlike electromagnetism, where magnetic monopoles are forbidden by Maxwell’s equations, an
analogue of a magnetic monopole can appear in the Berry curvature. However, this is not a
real magnetic monopole as in electromagnetism, but rather an abstract concept in the parameter
space. This topological property is what connects the Berry phase to topological observables in

such systems.

1.1.2 Chern Number and Quantized Response

Building on the previous subsection, when the parameter space forms a closed two-dimensional
manifold (such as the Brillouin zone torus in a 2D crystal), the integral of the Berry curvature

over this manifold defines a topological invariant known as the first Chern number [6]:

1
Cp=— [ dkQ,(k), (1.5)

21 Jpz

where (2,,(k) is the component of the Berry curvature perpendicular to the 2D Brillouin zone.
Chern number is quantized to integer values and characterizes the topology of the underly-

ing quantum states. Remarkably, it manifests physically as a quantized Hall conductance in units

of €2 /h via the TKNN formula [6], which can be derived from the Kubo formula through linear

response theory:

2
e
Ogy = Ezcnfna (16)

where f,, is the occupation number of band n. This quantization is topologically protected and



robust against disorder or perturbations that do not close the energy gap.

Such topological invariants form the foundation of IQHE and, more generally, the clas-
sification of topological insulators and superconductors [3, 4]. Beyond two dimensions, higher-
dimensional generalizations exist, such as the second Chern number in four-dimensional quantum

Hall systems, which also give rise to quantized topological responses [47].

1.2 Chiral Anomaly

The discovery of Weyl and Dirac materials [8, 48, 49] with low energy quasiparticles that
are described as a (3 + 1)D Dirac equation has motivated the study of condensed matter analogs
of the chiral anomaly of relativistic fermions in high energy physics. Fundamentally, the chiral
anomaly in high energy physics [10, 11] arises from the fact that the electromagnetic response of
the regularized charge of QED,,, with a single Weyl Fermion breaks gauge invariance (i.e. charge
conservation) despite the apparent gauge invariance of the action of the Weyl fermion. The gauge
invariance can be restored by introducing a second Weyl fermion, which then leads to a chiral
symmetry. The chiral symmetry is a U(1) gauge symmetry similar to the one associated with
charge conservation except that it assigns opposite so-called chiral charges to the different Weyl
fermions referred to as chiral sectors. In the case of a single Weyl fermion, the chiral current
is identical to the total current. The response of such a pair of Weyl fermions can be gauge
invariant in addition to being Lorentz invariant though it necessarily breaks conservation of the

chiral charge current j°* [10, 11]. The equation for violation of chiral charge current conservation



is the so-called chiral anomaly equation [50]:

2 n
B = (— 1) T maren |,

n!(47r)” pipe " F,

H2n—1M42n "

(1.7)

The chiral symmetry discussed above, which corresponds to conservation of electron den-
sity at each Fermi pocket, is not a microscopic symmetry of the Weyl and/or Dirac systems and
instead is an emergent IR symmetry [51] that appears after projecting excitations to the low-
energy limit. The essential dynamics underlying the chiral anomaly for n = 2 is the one in
parallel electric and magnetic fields [52] and can be seen to arise as a consequence of the Berry
curvature near the Weyl point. We can quantify the chiral anomaly by projecting the quasipar-
ticles to a shell around the Fermi surface, which is analogous to the regularization discussed
in the previous paragraph. This procedure when applied to non-interacting systems predicts a
counter-intuitive transfer of charge between the difference Fermi surfaces [8, 53] in response to

an electromagnetic field.

1.2.1 Chiral Anomaly in 1D Electron Systems

Anomalies can also emerge in 1D condensed matter systems, even in non-interacting mod-
els, which is both exciting and intriguing, especially given that Lorentz symmetry is absent in the
underlying microscopic models. Moreover, the study of 1D anomalies provides valuable insights
that help bridge the understanding to the 3D Weyl case.

A simple but instructive case is the non-interacting one-dimensional electron gas (1IDEQG),
which serves as the foundation for understanding interacting Luttinger liquids (LLs).

Consider the low-energy approximation of non-interacting 1DEG. The Hamiltonian is ex-



pressed in terms of decoupled right- and left-moving fermions:

HlDE'G,appro:p = _ZUF/dx (i/ﬁzaxwﬂ’ - wzaﬂh) ) (18)

where v is the Fermi velocity. Obviously, this model possesses a U (1)charge X U (1)chiral Symmetry.
Introducing a slowly varying background gauge field A, coupled to the charge current leads

to a non-trivial response of the chiral current:
. €
auJSM = ;Fm, (1.9)

, where Fy; (= E) is the external electric field. This is the chiral anomaly equation in 1 4 1D[54].

In order to understand the connection between the Berry phase, the Fermi surface, and the
chiral anomaly, we begin with the semiclassical Boltzmann equation. Although the Berry curva-
ture in 1D is trivial, performing this calculation is still valuable, as it serves as a simple version
for the more interesting and non-trivial Berry curvature in 3D, which is particularly relevant and
meaningful in the study of Weyl semimetals.

The Boltzmann equation for the distribution function f(k) is given by:

%+w‘-vmf+k-ka:0 (1.10)



, where « is the position and k is the momentum. The equations of motion are given by:

k =cE (1.11)

T =vp+kxQ (1.12)

, Where v, = Vye(k) is the velocity and Qf = Vj, x Ay is the Berry curvature, with A, =
i (ug|Vug) being the Berry connection.

Since the Berry curvature is zero in 1D, the momentum and position equations are reduced
to simpler forms. In the case of a non-interacting system, we assume that the right- and left-
moving states are decoupled. This allows us to write the distribution function as: f = f, + f_
, where f, is the distribution function for particles moving to the right and f_ is for particles
moving to the left.

For each of these states, we write the corresponding Boltzmann equations:

E 2t L eptlE 20 (1.13)
X

, where vy is the Fermi velocity.
We simply define the chiral charge p. as the difference between the densities of the particles

moving to the right and to the left. Then, the chiral charge and the regular charge are

d

po= [ =15 (1.14)
dk

=[Gt 15 (1.15)



Using the property 0f1/0k = F(k) and substituting it into the Boltzmann equations, we

obtain:

0pe dp eE
5 +UF%— - (1.16)

, which is equivalent to Eq.1.9. The derivation process demonstrates the connection between the

Fermi surface (including the Berry phase, although it is trivial in 1D) and the chiral anomaly.
When interactions are included, the situation becomes particularly intriguing. In the (1 4

1)D Thirring model, a contact interaction \j*j, leads to a renormalization of the anomaly coef-

ficient [54-56]:

. 1 e
g™ = (m) ;Fm, (1.17)

showing that interactions can modify the anomaly, which is often thought to be a topological
response. In contrast, the chiral anomaly equation for the 1D edge states of the IQHE remains
topological and unrenormalized, even when right- and left-moving particles interact with them-
selves. This motivates our central question: How to understand this renormalized 1D anomaly?

Is the chiral anomaly robust against interactions in more realistic higher-dimensional systems?

1.2.2 Chiral Anomaly in Weyl Semimetals

Building on the previous subsection where we discussed the 1D case, we now shift our
focus to the 3D Weyl semimetals, which are of particular interest for both theoretical study and
experimental comparison. In (3 + 1)D Weyl semimetals, the low-energy electronic structure
consists of pairs of Weyl nodes with opposite chirality, where the conduction and valence bands

touch at isolated points in the momentum space. The effective Hamiltonian near a Weyl node

10



takes the form:

HWeyl = :|:UFO' . k, (118)

where the sign corresponds to the chirality. Applying parallel electric and magnetic fields results

in a spectral flow of states between nodes of opposite chirality, leading to the chiral anomaly:

2

atpc+v.jC:2€—E~B. (1.19)

T2

This anomaly can also be derived semiclassically from the Berry curvature near the Weyl nodes
using the same methods as in the previous section [9, 57] or from Landau’s Fermi-liquid the-
ory[58].

The above formulation of the 3D chiral anomaly in solid state systems applies only to non-
interacting systems, which leads to the question of whether the chiral anomaly is affected by
interactions. In fact, the chiral anomaly in (3 + 1) D relativistic quantum field theory(i.e. QED,)
written in Eq. 1.7 is found not to be affected by the addition of interactions in the sense that it
receives no radiative corrections [59]. This robustness can be understood in situations where the
anomaly can be constrained by a topological term in an action on a higher dimensional space [47,
50, 60]. On the other hand, the chiral anomaly in the (1 + 1)D Thirring model as introduced in
the previous subsection, another relativistic quantum field theory, is found to be renormalized by
interactions in Eq.1.17

Given that solid-state systems can support a variety of interaction terms, it is natural to dis-
cuss modifications to the chiral anomaly due to interactions [61-63]. For instance, the inclusion

of Umklapp scattering explicitly breaks the chiral symmetry even in the IR limit, thus invalidating
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the notion of a chiral anomaly. In contrast, the disorder robustness of the chiral anomaly for intra-
valley scattering has been established both semiclassically [9] and fully quantum mechanically
using the non-linear sigma model [64].

Complicating these discussions is the fact that the chiral charge is only defined in the IR
and non-interacting limit, making it difficult to measure as a microscopic variable in solid-state
systems. As a result, much of the experimental focus on the chiral anomaly has been focused
on secondary manifestations, such as the chiral magnetic effect [8] and the negative magnetore-
sistance [9]. Although these are relatively convenient to measure, they are known to contain
contributions from other mechanisms [65]. Studies of the effect of interactions on anomaly cur-
rent response signatures, such as the chiral photocurrent [61] and the chiral current [62], have
shown a renormalization of these response functions due to interactions.

Interestingly, the detection of the chiral anomaly via non-local transport [66] provides a
way to detect spatial variations of the chiral anomaly coefficient without being directly sensitive
to the coefficient itself. Moreover, it is possible to find an interaction-robust chiral anomaly in a
slab of a four-dimensional second Chern insulator [47, 67] viewed as a three-dimensional lattice
system. The difference in charge between the surface states of such a Chern insulator defines a
chiral charge, while the second Chern-Simons form of the four-dimensional quantum Hall effect
defines the quantized chiral anomaly.

These solid-state examples suggest that the magnitude of the chiral anomaly, in the ab-
sence of Lorentz invariance, can depend on both the details of the interaction Hamiltonian and
the definition of a chiral charge. To illustrate the latter, an interacting Weyl semimetal can be
described as a topological Fermi liquid [37] of non-interacting quasiparticles. In this limit, the
chiral anomaly, with the chiral charge defined in terms of quasiparticles, becomes topological
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and is not renormalized.

1.3 Anomalous Hall Effect

The anomalous Hall effect (AHE) refers to a transverse voltage or current generated in
response to an applied longitudinal electric field in the absence of an external magnetic field.
Originally observed in ferromagnetic materials, the AHE is now understood to arise from a com-
bination of intrinsic band structure effects and extrinsic scattering mechanisms [13].

Among these, the intrinsic contribution is of particular interest because it is directly related
to the Berry curvature of the electronic bands. In semiclassical dynamics, the velocity of a Bloch

electron acquires an anomalous correction due to the Berry curvature €2, as [7]:
7 = Vie(k) + k x Q, (1.20)

where k = eE. The second term describes a transverse motion leading to an intrinsic Hall

current:

jz—e/fk'ﬁoc/fkﬂkxE. (1.21)
k k

As we mentioned in Sec.1.1.2, if the material is an insulator, the integral of the Berry curva-
ture over the Brillouin zone gives the Chern number C', which determines the quantized Hall
conductance. Such a material is called a Chern insulator.

To illustrate the connection between Berry phase and anomalous Hall response even in a

(semi)metal or semiconductor, we consider the Qi-Wu-Zhang (QWZ) model [68]. The model
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Hamiltonian takes the form:

Howz(k) = —pog + sin kyo, + sin ko, + [2 + mg + cos k, + cos k] 0, (1.22)

where o; are Pauli matrices, p is the chemical potential, and m, is a tunable mass parameter.
The band structure of this model hosts a topologically nontrivial phase for certain values of my,
characterized by a non-zero Berry curvature.

The intrinsic anomalous Hall conductivity in this model is given by:

e? 1 .. s (od od
Opy=—7-—[ dkd: (81@ X a—ky> s (1.23)

where d(k) = (sin k,,sin k,, 2 + mg + cos k, + cosk,), d = d/|d|. The Chern number now
has a particularly nice interpretation: it counts the number of times BZ wraps around the sphere

defined by d, and thus an integer. The Chern number is

-1 if —2<mg<0,

C=41 if0<mg<2, (1.24)

0 1f|m0| > 2,
\

which depends on my as expected.
To our interest, when the Fermi level lies within the band, assuming my > 0 and @ > my,

and both much smaller than the band width 4, we can approximate the Berry curvature, Berry
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phase, and conductivity as follows:

mo
Q- (1.25)
To2m )’
fyzﬂ( —@) (1.26)
1
e? mo
(1 1.27
Ty ( M) (127

, where ¢ is the momentum vector starting from the point (7, 7). The Berry phase and Hall
conductivity are the same, apart from a constant factor.

This model quantitatively demonstrates the Berry curvature, governed by the band geom-
etry, and the relationship between the Berry phase and the anomalous Hall response when the
Fermi level within the band.

As mentioned earlier, our focus is on understanding the Hall response in a phase-disordered
chiral superconductor, particularly just above the Berezinskii-Kosterlitz-Thouless (BKT) tran-
sition. In this regime, vortex dynamics and screening effects play crucial roles, and Berry
curvature-induced responses may persist or even be modified. This offers an opportunity to
explore how topological signatures, stemming from Berry phase phenomena, are encoded in
collective degrees of freedom and whether they can be renormalized by interactions.

In fact, chiral superconductivity has been suggested by itself to support an ac Hall re-
sponse [69, 70]. This chiral response has been conjectured to have several interesting conse-
quences, such as the fractional charge and the angular momentum of vortices [71]. However, a
gauge-invariant treatment of screening effects by the background condensate leads to an effective

Chern-Simons theory where the chiral conductivity from purely chiral superconductivity at low
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wave vectors is suppressed [72, 73]. The evidence for chiral superconductivity in a purely two-
dimensional anomalous Hall metal phase [33], where screening effects are reduced and phase-
ordered superconductivity is seen motivates us to revisit the question of the chiral response and

vortex properties of such phases.

1.4 Outline

The following parts of the dissertation is assigned as follows. In Chapter 2, we investi-
gate the chiral anomaly in a one-dimensional interacting fermion system using a mixed anomaly
framework. Focusing on a (1+1)D model with emergent Lorentz symmetry, we demonstrate that
the chiral anomaly remains robust and unrenormalized by electron-electron interactions when the
chiral charge is identified with total momentum. This result contrasts with other definitions of
chiral charge in 1D, which can exhibit regularization dependence.

Chapter 3 extends this analysis to three-dimensional Weyl semimetals. By defining a
momentum-space chiral charge via the Luttinger volume of each Weyl Fermi pocket, we show
that the chiral anomaly in 3D also persists without renormalization in the presence of interactions.
We derive an anomaly equation that equates the chiral charge pumping between Fermi surfaces to
changes in Fermi-surface volume, establishing an interaction-robust topological response. Fur-
thermore, we propose a pump—probe experiment to measure this effect, providing a practical way
to observe the interaction-protected chiral charge transfer between Weyl nodes.

Chapter 4 turns to the anomalous Hall effect (AHE) in a two-dimensional chiral super-
conductor slightly above its critical temperature, where global phase coherence is lost (a phase-

disordered regime). We find that even without long-range superconducting order, a Hall response
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endures due to a charge asymmetry between vortices and anti-vortices induced by the Berry phase
of the normal-state bands. Using a gauge-invariant effective action formalism and numerical si-
mulations, we show that this vortex-charge-induced Hall current closely matches the Hall con-
ductivity of the normal state. Importantly, we demonstrate that although many-body interactions
screen the static charge of each vortex, the time-dependent screening currents restore the Hall
response. As a result, the observed dc Hall conductivity in the phase-disordered superconductor
aligns with the intrinsic ac Hall conductance of both the superconducting and normal phases,
rather than being solely determined by the screened vortex charge itself.

Finally, the Appendices provide technical details and supplementary calculations support-
ing the main chapters. These include the bosonization derivations for 1D anomalies, clarifica-
tions on the relation between physical current and chiral charge, proofs of gauge-invariance in
stress—energy tensors, extended analysis of the chiral magnetic effect in kinetic theory, and a
second-order Hall response calculation for a Chern insulator. Together, these appendices fur-
nish the theoretical groundwork and additional evidence underpinning the conclusions drawn in

Chapters 2-4.
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Chapter 2: Interaction Robustness of Chiral Anomaly in 1D

2.1 Regularization Dependence of the Chiral Anomaly

The Tomonaga-Luttinger model [74], which describes low-energy excitations in (1 + 1)D
systems with fermionic excitations, has an emergent Lorentz symmetry. This emergent Lorentz
symmetry motivates the study of the chiral anomaly using methods of high-energy physics such
as Fujikawa’s method, Pauli-Villars regularization, and Feynman diagrams[59, 75, 76].

The action of the Luttinger model, S, is written as Sr.;, = Srr.0 + SLL,int With the Fermi

velocity (vgp = 1), where

Srro = / d?2 iV (P + ied)V, .1

is the action associated with the non-interacting fermionic field U := (v, vr)? composed of
left and right movers with no spins, and A is the electromagnetic vector potential. Furthermore,

¥ = ¥f4°, and the Feynman slash notation ¢ := a,y* is used. v in this 1D case has the form:

- . oA = (2.2)
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The action Sy, can also include a general local current-current interaction of the form [62]
S — L[ paaeee 2.3
LLint — _5 z y,l/j J ( . )

where

j" = UM = (pr + pr, pr — PL) (2.4)

is the current 2—vector, and )\,(fy) are interaction couplings.

The action Sy, has a chiral symmetry U,4(1) with a parameter [ defined by

Vr(z) = Yr(x) = P@p(x)
(2.5)

Yr(z) = Yp(z) = e POy (2),

when the argument (3(z) is independent of the space and time coordinates z. In the case of
a local transformation, where [(z) varies non-trivially with coordinate x, the variation of the

action 05y, = S71 o — Spr,0 must be proportional to the derivative d,,3, thus written as
8Sr = — / d*x j°"0,, (2.6)
which is used to define the chiral current,
JH = Ul 2.7)

generated by the transformation where 5 = 4°y!. The variation of the action (following an inte-

gration by parts) considered above suggests the conservation of the chiral current (i.e. 9,,j°* = 0)
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along the lines of Noether’s theorem in classical mechanics.
The time component of the current > is a chiral charge density, which can be shown from
Eq.2.7,

Pech = Vbr — i = pr — pr = 7, (2.8)

where the subscript indicates that this quantity is current-based, with a particularly simple form
in the so-called chiral basis for fermions 1)1, r. However, as we will discuss below, a quantum-
mechanical treatment of this action leads to a violation of the conservation law for the chiral
current, which is called the chiral anomaly.

The Tomonaga-Luttinger model Sy ;, can be solved by representing the fermionic fields ¥

in terms of a bosonic field ®, which is related to the current operator as

1
gt = —fe“”é’yfl% (2.9)
T

through a process known as bosonization [74, 77]. However, the process of bosonization for
such gapless models requires regularization to resolve the fate of the chiral current [78]. In the
Lorentz-invariant case where )\,(3,) = A7), Which is also referred to as the Thirring model [54],
normal ordering can be used to regularize divergences provided the bosonization is performed
after transforming the action to Euclidean (i.e. Wick rotated) [77]. Since the Lorentz invariance
is preserved and essentially becomes rotation in Euclidean space, the chiral current operator based
on Eq. 2.7 continues to be a "rotated" version of the conventional current operator, i.e.

1

ﬁaf@, (2.10)

By v
]M__euju_
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where € is the completely anti-symmetric unit tensor. While the charge current j* in Eq. 2.9
is manifestly divergence-free, as detailed in the Appendix A, the divergence of the chiral current

can be written in terms of the classical equation of motion for @ as

<(9Mj5“> = %(%(’)“@ = ! °

where £ = 0ypA; — 01 Ay is the electric field. This is called the chiral anomaly equation in
141D [54]. Furthermore, since the RHS depends on the interaction strength ), the chiral anomaly
is renormalized by interaction [54] in a way that is identical to that obtained directly from the
Thirring model using either the Pauli-Villars regularization or the Fujikawa method [62].

Condensed matter systems without microscopic Lorentz invariance allow a more general
type of interaction )\,(?l,) = (94+92)n0uM0v + (94— 9g2) M1 1, While still preserving chiral symmetry.
In the absence of Lorentz invariance, one can use a simple "point-splitting" regularization [77]
to regulate divergences in S1;. The point-splitting approach involves replacing the products of
operators at the same space-time point pg/r(z,t)pr/r(2,t) = pr/r(x — €,t)pr/L(x + €, t) with
slightly separated points in space at the same time. The correlators of the system can now be
computed using a more conventional Hamiltonian operator-based approach [74, 78], which leads
to a wave equation for ¢

eK

u tOFD — udr® = ﬁE, (2.12)

where

94 g2 94 g2
K=14>— - "% K=1+4+=—7+4 =% 2.1
U + ox o’ u/ + . + o (2.13)
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(see Appendix A for a review of the derivation) [74].
As reviewed in Appendix A, the bosonization identities [74] can now be applied to the

operator definition of the chiral charge density, i.e., @W R — lbhb L, to show that

pc,mb<:: PR — pL) = ]/UKv (214)

where the subscript indicates that this quantity is momentum-based, which will be explained
latter. Note that this result for the current differs from Eq. 2.4 and Eq. 2.8 due to the point-
splitting regularization, which modifies the definition of currents in order to preserve the charge
continuity equation.

Applying this equation of chiral charge to the equation of motion leads to the following
chiral anomaly equation:

1

. . e

where j..., = up/K is the chiral current, and II = /7(pr — pr) is the canonical conjugate
field to ®(z). We can easily find that the chiral charge in this case directly related to the ki-
netic momentum. Note that in contrast to the chiral anomaly equation (Eq. 2.11) resulting from
a Lorentz-invariant regularization of the TL model, the above chiral anomaly equation has no
interaction-based renormalization.

Incidentally, the chiral anomaly equations of the 1D edge for topological integer quantum
Hall systems, based on either Eq. 2.11 or Eq. 2.15, are both unrenormalized. This is because in

the latter formalism the two edges (R and L) cannot be scattered to each other in the IQHE, the
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go term, prpy, is missing; thus, the Luttinger parameter K is always 1 and the two chiral charges
in Eq. 2.14 and Eq. 2.8 are equivalent.

The above chiral anomaly equation (Eq. 2.15) is clearly different from the relativistic chiral
anomaly Eq. 2.11 even in the formally Lorentz-invariant case g, = 0 (and go = ). Thus,
both the chiral anomaly in (1 + 1) D and the equation of motion for the current j, even in the
presence of formal Lorentz invariance, depend on regularization. This means that one cannot
use this formalism to calculate the chiral anomaly for an interacting electron gas because neither

regularization can be reliably applied.

2.1.1 Application to Interacting Spin-orbit Coupled Fermions

The simplest systems that one may hope to apply these ideas to would be an electron gas
with parabolic dispersion and density-density interactions. The density-density interactions lead
to the constraints g = g4 and uK = vp = 1 in Eq. 2.13 for the bosonized description of the
system [74]. Indeed, one can check that this produces the correct equation of motion for the cur-
rent j (i.e. Eq. 2.12) based on Galilean-invariance. Thus, the point-splitting regularization rather
than the Lorentz-invariant one produces the correct conductivity. However, the chiral charge (i.e.,
Eq. 2.14) is simply the current density.

The chiral charge p. can be distinct from the current in a Rashba spin-orbit coupled gas
with density-density and spin-spin interactions. A more general way to derive the coefficients
u, K is to directly analyze the equation of motion Eq. 2.12, which can be written as (uK) 10,5 +
(u/K)0.p = (e/m)E. Taking into account the limits w < ¢ and w > ¢, we can interpret (u/K)

as compressibility and (uK )~ as inertia.
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To compute these for the spin-orbit coupled model, consider the Hamiltonian
Hooo(k) = (k — a0,)® — o® + To,. (2.16)

For small I', the states near the Fermi energy have £ = +2« and are polarized along o, = £1. In

addition, let us consider a short-ranged interacting term,

Hgocint = gg/dxp(x)2 ~ gg/dxp+(x)p_(x), (2.17)

Note that in the small I' limit, p; = pr, g in the TL model. Therefore, we can apply the results
Eq. 2.13 with g4 = 0 to this model and derive a non-trivial chiral charge p. 5, which is different

from the current 7, using Eq. 2.14 for this model.

2.1.2 Relativistic Anomaly in Condensed Matter Systems

Since many of the low-energy degrees of freedom in condensed matter systems, such as the
1DEG, appear to have Lorentz-invariance based on the bosonized equation of motion Eq. 2.12,
one may ask if the Lorentz-invariant anomaly (i.e. Eq. 2.11) applies to such systems in any
sense. The results discussed earlier in this section show that different regularizations will generate
different results of the chiral anomaly (i.e. Egs. 2.11, 2.15), some of which are renormalized by
interactions and others are not.

This issue can be resolved by refermionization [79], where fermions can be constructed
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from a model of bosons. This construction can be shown for the Sine-Gordon model [78, 80]:

111 Uu
o= [ dute [E@‘W L (0,0)" — ugcos(2/79)| (2.18)

The Sine-Gordon model can be obtained as a low-energy description of a 1DEG using bosoniza-

tion [74] by adding a back-scattering term to the Luttinger-model Sy 1, which is written as:

SLibs = / dtdx Vy cos(2kpx ). (2.19)

The Luttinger model Sy 1, is discussed in Eq. 2.1. While the parameters u, /', and g depend on the
regularization scheme used (similar to the anomaly), the form of the model S, is independent of
regularization.

Interestingly, the term ST, 55 explicitly breaks the chiral symmetry (Eq. 2.5) and the spec-
trum associated with Sy, is gapped for 1 < K < 2. The gap allows one to describe the excited
states of the system in terms of solitons and antisolitons over a gapped vacuum [78, 80]. The
solitons and antisolitons are fermionic and are described by a massive Thirring model [78].

Furthermore, in the range of parameters 1 < K < 2, the solitons and antisolitons are

conserved excitations and can be used to define a soliton-based chiral charge:
Pe,sb = Ns + N§ (220)

, where N5 are the number operator of (anti)solitons. The chiral symmetry of Eq. 2.5 is replaced
by the integrability of S,, which leads to the conservation of the current density despite the

absence of an explicit chiral symmetry or momentum conservation.
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Figure 2.1: Illustration of the chiral anomaly in the Sine-Gordon model. The energy spectrum is
sketched as two curves with an energy gap of 2m, where m is the soliton mass. In the presence
of an F, solitons and antisoliton are generated and are shown by black dots in the top band
and white dots in the bottom band, respectively. The range between two dashed lines in the
middle corresponds to low-speed moving (anti)solitons. The minimum highest-level momentum
of soliton pairs is labeled by (.
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To understand the role of the explicit chiral symmetry breaking term, V[, we consider the
equation of motion,

E
01 + u20,p + u2gK sin(2y/7®) = uk = 2.21)
T

, where j is given by Eq. 2.9 and the gap parameter g o< Vj. This equation becomes equivalent to
the gapless equation of motion in Eq. 2.11 in the limit V;, — 0.

Furthermore, considering the excitations of the Sine-Gordon model shown in Fig. 2.1,
where the gap is proportional to m ~ g, we see that the limit m ~ g — 0 implies that al-
most all solitons and antisolitons move at speed w. In this limit, the chiral charge is proportional
to the current p. 4 =~ j/u (see detailed discussion in the Appendix B). The chiral current is re-
lated to the chiral charge by the velocity of the modes, we have j. o, ~ u[Ns — N;| ~ up(the final
step is a result of the opposite charges of the solitons and antisolitons). Applying this to Eq. 2.21

(taking the limit ¢ — 0) leads to an anomaly equation,

E
atpc,sb + aazjc,sb - Ke? (222)

This equation is essentially equivalent to the relativistic anomaly equation in Eq. 2.11.
Note that the role of the mass is rather subtle, since we are using the limit ¢ — 0, which is the
same limit considered in Eq. 2.11. However, the finite but vanishingly small g is needed for the
identification of p. s as a conserved chiral charge of solitons/antisolitons. This is because, as
established earlier in the section, one cannot identify this charge with left/right moving micro-
scopic fermions. The latter identification is dependent on regularization. From an experimental

standpoint, the validity of the above equation assumes an electric field that is applied over a rel-
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atively short time (i.e. relatively high frequency) relative to the mass m ~ g. The integrability
of the Sine-Gordon model, which leads to the conservation of the chiral charge p. s and also
remarkably the corresponding physical charge current j, allows one to measure the chiral charge
at a later point to check the validity of the anomaly. In practice, one could simply measure the
rescaled current j/u as the chiral charge. This does not require an actual back-scattering poten-
tial. However, to check that this corresponds to a physical density, one would measure the soliton
density at long times when the finite mass disperses the wave-packet so that individual solitons
and antisolitons are separated. This check requires back-scattering 1} to create the dispersion of

the wave pack and identify the individual charges.

2.2 Momentum-based Chiral Anomaly from a Mixed Anomaly Approach

The regularization issues described above can be resolved by defining a chiral charge den-
sity in terms of momentum density. The basic idea is to treat the chiral symmetry as an emanant
symmetry[81] rather than an emergent symmetry, meaning it emanates from the microscopic
translation symmetry. To understand this, let us first review how the mixed anomaly of transla-
tion symmetry and U (1) symmetry is closely analogous to the chiral anomaly U (1) [82-84].

In the low-energy regime, we can expand the fermionic field operator ¢(z,t) in a neigh-

borhood of +kp according to the relation:

¢(I7 t) = eikwaR(xa t) + e_ikFx¢L (Ia t)a (223)

where kp is the Fermi momentum and the right and left fermionic fields v’z and v, that slowly

vary in space and time.
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With the help of this preliminary step, the effect of a space translation transformation can

be written as

wR(I7 t) — wR(‘Ta t>/ = eikFa(x’t)wR(‘T? t)
(2.24)
V() = Yp(x,t) = e Fre@hy (1),

Note that we ignore the shift of 1)z, (x +a, t) by a since these fields vary slowly compared to k.
These transformations become equivalent to the chiral U(1) transformation defined in Eq.(2.5)
for f(x) = kra(z).

While the total momentum displays properties of a chiral anomaly in systems with discrete
translation symmetry [83], systems with continuous translation symmetry allow us to study a
local momentum density field, which is analogous to a chiral charge density. The chiral charge
density is the Noether current associated with the chiral U(1) symmetry in the systems described
in Sec. 2.1. Similarly, one can identify the low-energy limit of the canonical momentum density
T, which is the Noether current associated with translation, as the analog chiral charge density
for systems with finite bandwidth.

However, unlike anomalous chiral U(1) symmetry, translation symmetry is preserved un-
der quantization. Thus, the momentum current density 7! is conserved without any anomaly.
Therefore, the anomaly in this case is replaced by a mixed anomaly [83] that arises from the
gauge dependence of T#! under the U(1) symmetry associated with charge conservation. In the
case of continuous translation symmetry, this mixed anomaly can be transformed into a chiral
anomaly equation for a locally gauge-invariant analog of the momentum density, as described
below.

As a first example, we will start by computing the locally gauge-invariant momentum den-

sity, which we will call the kinetic momentum density, in the IDEG model. The action for the
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IDEG model in the presence of an external gauge field in 1+1 is Sipre = Sipeco + SipEG.int
with

| .
Siprco = / dedtig! Do — oDt Dy (2.25)

where D, = 0, + ieA, and p is the chemical potential. For simplicity, we take the interacting

part of the action as the density-density interaction with the form

S\DEG int = /dtdwdw'V(x — 2" )p(z)p(x), (2.26)

where p(z) = '(x)y(x) is the fermion number density with V(z — 2’) being an interaction
potential.

As detailed in Appendix C, the stress-energy tensor, which is the Noether current associ-
ated with translation, can be calculated considering the variation of the action under translation
following Eq. C.2. The spatial dependence of the vector potential A, (z,t) breaks translation-

invariance and leads to a non-zero divergence of the stress-energy tensor
0, T = epd” Ay — ej0” Ay (2.27)

, where p and j are the charge density and current, respectively. The gauge dependence of T+
becomes apparent from the lack of gauge-invariance of the RHS of the divergence of T"".

The gauge-invariance of the RHS can be restored by rewriting Eq. 2.27 as

D (TH — ejt A = ej, F** (2.28)
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, where the notation F"* represents the electromagnetic field tensor.

The above equation motivates the definition of a kinetic stress-energy tensor K*" as
KM =TH —ejtA” (2.29)
which has a gauge-invariant divergence,
OK" = ej, F". (2.30)

Using the calculated 7# in Appendix C, the kinetic momentum density K%' and the kinetic

stress K11 are given by the manifestly gauge-invariant form.

K = —q'Dy (2.31)

K" = ip'Dyy + %DMDW + { / da'V(z — 2")p(x') + p| p(z). (2.32)

The electron gas model described by Sppg is Galilean-invariant, which corresponds to
the uKK' = 1 case discussed in Sec. 2.1.1, where the chiral charge is exactly equal to the current.
Similarly, the chiral charge resulting from K%' which will be discussed in the following is also
equal to the current. At the same time, the spin-orbit coupled system discussed in Sec. 2.1.1
requires higher derivative terms to describe. Therefore, we generalize the formalism to include

higher spatial derivatives of the fermions with an action that is written as:

Sipmen = Sippe — / dwdt Vi (W, D, D2, - ). (233)
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Such an action can describe the spin-orbit coupled dispersion discussed in Sec. 2.1.1 when only
the lower-band fermions are considered. The potential V}, does not contain the time derivative
term, since Hamilton is assumed to be time-independent.

The continuity equation of K* is still Eq. 2.30, but K*" is modified to

K" — K" + CH| (2.34)
where
avh th 8Vh
uv _ - vV AP v o v oAp o
¢ f9(f9,u4f’)(9 At a(ﬁuapAp)a O A" = 0 (8(8“(%140)) oA } tee (239)

(See details in Appendix C)

As shown in Appendix C the kinetic momentum K°! written Eq. 2.32 receives no correc-
tions from the higher derivative corrections V/,, although the expression for K!* is now more com-
plicated. In addition, as detailed in Appendix C, the kinetic stress-energy tensor K+ (Eq. C.5)
is gauge invariant when the Lagrangian density is gauge-invariant and therefore can be used to
define a gauge-invariant chiral charge.

Since K has dimensions of momentum, one can convert the kinetic stress-energy tensor

to a chiral current using the relation,

gt = KM k. (2.36)

This is consistent with the definition in Eq. 2.14 when applied to the LL case.
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The corresponding momentum-based definition of the chiral charge density is
Pemy = K [kp (2.37)

This definition resolves the issue of identifying a nearly conserved chiral charge in a system
without having to depend on regularization. The above result shows that in the systems of interest,
the momentum density, which we know to be conserved in a system with continuous translation-
invariance, can serve as a conserved chiral charge. This is in contrast to the traditional chiral
charge in Eq. 2.8, which is only conserved in a TL approximation model, which requires a choice
of regularization. Additionally, this definition is roughly consistent with Eq. 2.8 since for a
weakly interacting system, we expect the change in momentum §7°! ~ kpp, -

Finally, the conservation law for jgﬁ,, defined according to Eq. 2.36, and derived from

Eq. 2.30, gives an anomaly equation, which is written as:

(Ouir) = e F'°=~E. (238)

T

where we have simplified the RHS of Eq. 2.30 (ej, F''*) = enE. For the last equality, we have
used the Luttinger relation [85, 86] n = kp/7 is the average number density, and E = F'0 is
the external electric field, which is the only non-zero component of the electromagnetic tensor in
1 + 1D. This result is consistent with the non-Lorentz-invariant bosonization result in Eq. 2.15.
In contrast to the Lorentz-invariant renormalized anomaly in Eq. 2.11, this anomaly is not
renormalized by interaction. Note that the anomalous non-vanishing of the RHS of Eq. 2.38 in

this case arises from the fact that K''# differs from 7"'#, the conserved canonical stress-energy
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tensor, which is not gauge-invariant. Therefore, this represents a mixed anomaly [83] rather than

the conventional chiral anomaly arising from regularization."

2.2.1 Application: Chiral Charge Conservation between LLs with Different /&

The momentum-based chiral anomaly has a compelling and practical application in the
context of a junction between two LLs with different Luttinger parameters /. The Hamiltonian

can be expressed as
_ ul@) 2 -1 2
Hig = [ dx 5 [K(Jc)H + K(x) 7 (0,P) } , (2.39)

where the boson field ® is defined in terms of the charge density p = 0,9 /+/7 asin Eq.A.8. K (x)
describes a junction that smoothly varies from K _ to K. The rest of the bosonization process
including the resulting current operator j remains the same (j = —0,®//7 = u(z) K (2)I1//T)
and its conservation law remains the same as in Appendix.A.

Using canonical commutation relations, as before, leads to a slightly more general equation
of motion for the field ®:
u(z)

aGe u(r) _
W Oy (K(x)ﬁmq)) 0. (2.40)

Integrating over = on both sides, the chiral charge conservation law around this junction is ob-

tained:

0,00 = 0, ( / da j/u(x)K(x)) 0, (2.41)

where Q. = [ dxII/\/7 represents the momentum-based chiral charge (i.e. Eq. 2.14), as op-

posed to the Lorentz-based definition in Eq. 2.8.
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As a notable application, consider a recent experiment [87] that observed a quantized 2 /2h
conductance from a v_ = 1/3 fractional quantum Hall edge (K_ = 1/3) tunneling intoa v, = 1
integer quantum Hall edge (K, = 1) in the strong coupling limit. This quantum point contact
can be modeled as a quantum wire with a spatially varying Luttinger parameter K () just as
discussed above[88]. The scattering pattern at the junction can be determined by using normal
and chiral charge conservation. Suppose that the incoming charge packet from the FQH edge
carries g, ;, units of the basic charge e and moves to the right, the reflected charge packet carries
qv_ ¢ units and moves to the left, and the transmitted particle carries g, .. (integer) units and

moves to the IQH edge. Based on conventional charge conservation, we obtain

Qu_,in = Qu_rf + Quy out- (2.42)

Next, consider the chiral charge, ()., of these three charge packets. The corresponding cur-
rent operators for each of the packets are jy,,m(o) = u_eqy_in, Ju +f(0) = —u_eq, ,f, and
7y out(0) = uieq,, ou, respectively. Using the chiral charge definition in Eq. 2.41, we find the
corresponding chiral charges of each of the packets to be: Q., ., = K :leql,ﬂm, Qe vt =

1 -1 .
—K"eqy_rp,and Qe our = K €qy, out, TESpECtively.

The conservation of chiral charge then leads to the equation:

K:1QV_,2'TL = _K:1QV_,rf + KJ?1QZ/+,out (243)
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Solving the equations for the conservation of charge and chiral charge yields:

K"+ K

Qu_,in = T:lQV+,out (2.44)
K'—K™!

Qu_rf = +2‘Kv—_1%/+,out- (245)

This indicates that the scattering patterns are restricted to this specific configuration. Conse-

quently, the corresponding dc conductance GG of this Andreev reflection-like process is[89]

e? e? q . 2e?
G=—-T = K 20— (K kT 2.46
L, = R = (B KUY (2.46)

where T _ g is the transmission coefficient.

Referring back to the experimental settings, with the given K, we obtain ¢ 3, = (2/3) 1 0uts
q1/3-f = (—1/3) q1 out. and the dc conductance G is ?/2h. This result is consistent with the mea-
sured conductance in experiment [87] and provides an explanation of the predicted quantum Hall
transformer conductance [90] using a chiral charge-conserving Andreev reflection-like process.

This chiral charge conservation law (i.e., Eq. 2.41) directly results from the canonical mo-
mentum IT conservation. Although we did not initially define the chiral charge in this subsection
using microscopic translation symmetry, the bosonization process depends on microscopic de-
tails through regularization. Consequently, the effective conservation of canonical momentum in
bosonization still originates from the effective microscopic translation symmetry resulting from
a smooth potential in the UV description of the QPC, rendering the chiral charge conservation to
be an emanant symmetry [81]. Thus, the chiral charge in this case remains "momentum"-based,

corresponding to the microscopic translation symmetry. Adding back-scattering terms that break
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the effective translation symmetry in the UV could invalidate the chiral charge conservation law.

2.3 Discussion and Summary

In 1D case, we begin by addressing the challenges of applying chiral anomaly calculations
from relativistic field theories and comparing them with results from bosonization, as presented
in Sec. 2.1. These ambiguities in the chiral anomaly equation are resolved by replacing the chiral
anomaly with the mixed anomaly between translation and U (1) charge symmetry [83]. This new
equation is qualitatively consistent with the effective action term derived previously through the
correspondence between the t’Hooft anomalies and mixed anomalies [84, 91]. We find that the
mixed anomaly approach in (1 + 1)D leads to a chiral charge defined as the kinetic momentum
divided by the Fermi wave vector ky. This kind of chiral charge has been surprisingly used
and measured in *He systems[92]. The electromagnetic force term in the kinetic stress-energy
continuity equation corresponds to the anomalous, i.e., chiral symmetry-breaking term.

As a compelling application, we examine the Andreev reflection-like process at the junc-
tion between a v = 1 IQH edge and a v = 1/3 FQH edge. By considering both conventional and
chiral charge conservation, we determined the unique scattering pattern, consistent with experi-
mental observations.

Notably, the chiral anomaly equation in this case remains unrenormalized by interactions.
However, we also find that an interaction-renormalized Lorentz-invariant anomaly can still be
realized in LLs with weak backscattering. Such systems can be approximated by Sine-Gordon
models, and the chiral charge in this scenario must be treated as a fermionic representation based

on solitons and antisolitons.
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Chapter 3: Interaction Robustness of Chiral anomaly in 3D

The chiral anomaly for non-interacting 3D systems can be understood [8, 52] by focusing
on the LL spectra in a magnetic field and applying the 1D results already discussed. However,
this decoupling into 1D systems is not preserved in the presence of interactions. Additionally,
as discussed in previous sections, the definition of a chiral charge in 1D is ambiguous unless a
momentum-based approach to chiral charge is used. On the other hand, 3D Weyl systems away
from the Weyl point can be viewed as a topological Fermi liquid [93] where the low energy
response is described by free quasiparticles. The chiral charge associated with each Weyl point
can be defined in terms of the Luttinger volume of each Fermi pocket without any reference to the
regularization required in the 1D case. In Sec. 3.1, we generalize the momentum-based anomaly
equation discussed in Sec. 2.2 to the 3D case. In Sec. 3.2, we show that this anomaly equation
is equivalent to the anomaly equation based on the Luttinger-volume-based chiral charge. We
contrast this in Sec. 3.3 with the direct computation of the change in Luttinger volume using
chiral kinetic theory [9]. In Sec. 3.4, we describe how the momentum-based approach continues
to apply in the low-temperature Landau level limit beyond the application of chiral kinetic theory.
Finally, in Sec. 3.5 we propose a pump-probe measurement of the Luttinger-volume-based chiral

anomaly.
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3.1 Momentum-based Anomaly

In this section, we will assume that the separation between the Weyl points is small com-
pared to the lattice constant so that the dispersion can be approximated by a continuum model [8]
with conserved momentum. As will become clear in Sec. 3.4, while the lattice momentum in the
z—direction is important to define the total momentum P, in the system, it does not play a role
in the chiral anomaly. Additionally, the role of this lattice momentum can be eliminated (regu-
larized) by defining the momentum relative to a trivial insulator that can be defined for the same
model.

The momentum-based chiral charge in 1 + 1D 1.e., Eq. 2.36 can be generalized to 3 + 1D
in a straightforward way as

okt = K§ ko 3.1)

, where 2k is the separation between the Weyl nodes and K)* is the kinetic stress-energy tensor
associated with the electrons below the Weyl points. We choose the axes z to be along the
direction that joins the two Weyl points.

For the purposes of the validity of Fermi-liquid theory, we will assume that the Fermi
level is away from the Weyl point. This means that K generically differs from K*#, which is
the kinetic stress tensor of the topological Fermi liquid [93]. Following the kinetic momentum
density approach to the chiral anomaly discussed in Sec. 2.2 for the 1D case, we start with the

momentum conservation equation for a charged fluid (as in the 1 4+ 1D case) in an electric field
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assuming the magnetic field along the z-direction, i.e.

Note that the charge density p, unlike in the 1D case, is not related to k. In fact, the relevant part
of the charge density p, here, is the contribution that is linear in 5B due to the Streda relation:

, op| €
550 OB, 4r?

QL. (3.3)

, where Q! is related to the intrinsic Hall conductivity o2 = (€2 /47?)e®*QH . As was shown by
Haldane [93], the vector Qf can be written as an integral over the Berry curvature over the Fermi
surface:

QY L ds* A ds” F,,(k(s))k.(s), (3.4)

¢~ on

where A is the wedge product, representing the oriented area, F,,,(k(s)) is the Berry curvature
tensor, with the Berry curvature Q(k(s)) = F,.(k(s))s" x 5" representing the Berry curvature
on the Fermi surface, and s parameterizes the Fermi surface. The anomalous Hall conductance
is thus a well-defined property of a strongly interacting Fermi liquid.

The above relation also implies that for Weyl points with a net Berry flux, the vector Q%
approaches Q7 — 2k in the limit of the Fermi energy approaching the Weyl point. When
the Fermi energy is away from the Weyl point, one can apply the Streda relation in Eq. 3.3 to

the states between the Weyl point and the Fermi surface to calculate the magnetic field-induced
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correction to the charge density as

2 2
€ H € H
w=-—0Q"B=—(Q) —2ky)B. .
o 472 0@ 47r2( ? ko) (3-5)

Here, dpy is the B-dependent correction to the extra density of electrons associated with the
Fermi level being away from the Weyl point.
This allows us to identify the electric field-induced change in momentum of the electrons

between the Fermi surface and the Weyl point K}*:

62

Ou((K™ — KI)) = dpw B =

E.BsQY. (3.6)

Subtracting this change from the total change in momentum (i.e. Eq. 3.2) and applying Eq. 3.3,
we get
0o (Ky®) + 0i(Kg7) = ze—;koEzB. 3.7)
Combining this observation with the definition of a chiral charge in Eq. 3.1 leads to the chiral
anomaly equation:
o2

Oo(p2h,) + 0, (jo20) = —(E - B) (3.8)

272

We note that we have not explicitly written an expression for the chiral current K* since it is
not necessary to define the chiral anomaly coefficient. However, this is expected to be a direct
generalization of Eq. 3.7. We also note that this momentum-based chiral anomaly is unrenor-
malized as expected, although the momentum K{* and k individually might be renormalized by

interactions.
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The inclusion of Coulomb interactions between the electrons, in the absence of other trivial
Fermi surfaces, constrains the total electron density of the bulk 3D system to be constant instead
of the constant chemical potential assumed so far. This results in a correction of the chemical

potential in response to the magnetic field B because of the Streda relation,
Opp = _@Qz B/N(0), (3.9)

since the spectral flow induced change in charge density at constant chemical potential (i.e.
Eq. 3.3) is compensated by dup. This magnetic field-induced change in chemical potential is
by itself an interesting variant of the chiral anomaly, since this is another way in which the elec-
tromagnetic field can affect the total charge of the Weyl point.

As aresult of this change, Eq. 3.5 for the charge density around the Weyl point is modified

to

2 2
Coul. € €
plsent) — 120Q B+ N(0)opp = —5 ko B (3.10)

Interestingly, the charge neutrality constraint implies that p in Eq. 3.2 must vanish. Despite this,
the application of Eq. 3.6 leads to the conclusion that the chiral anomaly equation Eq. 3.8 is
preserved even when the charge-neutral limit is enforced by Coulomb interactions. This is a

rather stringent test of the robustness of the anomaly to interactions.

3.2 Luttinger Volume-based Chiral Charge

The electric field F typically changes the momentum of the quasiparticles on the Fermi

surface by shifting the Fermi surface, resulting in a momentum contribution dpw E,. But, as
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seen in Eq. 3.6, the change in the Weyl part of the momentum K{* explicitly excludes this piece.
Therefore, the change over time, § /K%, must arise from an electric field induced transfer of
charge between the two Weyl points that are separated by the wave vector 2k so that ky '6 K% =
op,, = 0p3P is the number of electrons transferred between the Weyl points.

This transfer of charge between the Weyl points has also been derived using chiral kinetic

theory [9, 57, 93] and is explicitly written as

o p3D
ot

2
. €
V= 2

5B B) 3.11)

in the low-temperature limit, in which scatterings between two Weyl nodes can be suppressed
and neglected.

In fact, this non-conservation of the Weyl point charge p” is the original definition of the
chiral anomaly in 3 + 1D [59], which requires regularization. However, in the finite electron

density limit discussed here, this chiral charge at the Weyl points p3”, which is equivalent to the

3D
c,mb>

momentum-based chiral charge p can naturally be defined and connected to a Fermi-surface

property through the Luttinger volume as

Pors =D _ / 1 (3.12)
a=+ FSa

, where F'S,, represents the separate Fermi surfaces around two Weyl nodes, and v, = =+ indicates
the chirality of the Weyl nodes. Eq. 3.12 represents a form of chiral charge, that is well-defined
even for interacting systems where Fermi surfaces are described by G (k, w = 0, 1) = 0, where

G 1is the single-particle Green’s function. The Luttinger volume provides an interaction robust
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definition of a chiral charge that does not rely on any form of regularization that is not available
in 1 4+ 1D or in the strong magnetic field limit with only the chiral Landau level being occupied

where the chiral anomaly is often discussed [52].

3D

mb and

It should be noted that the equivalence of the momentum-based chiral anomaly p
the Fermi-surface-based chiral charge pg’% g breaks down when the Fermi surface is at finite tem-
perature and sufficiently far from the Weyl point. This is because at finite temperature 7', the
scattering of quasiparticles around the Fermi surface which conserve momentum but not chiral
charge as shown in Fig.3.1 will contribute to relaxation of the Fermi-surface-based chiral charge
pi’% g at rate ~ T?. However, such scatterings have no influence on the total momentum; the
momentum-based chiral anomaly provides immunity against scattering. The rates of such re-

laxation processes will be highly suppressed at any finite temperature, as they involve highly

correlated multiparticle interactions.

FS.

Figure 3.1: Schematic of a scattering pattern around the Fermi surface at finite 7'.

On the other hand, momentum can still be affected by intra-Weyl node disorder scatter-
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3
c

ing, which does not influence p 5’73. In the presence of discrete translation symmetry, Umklapp
scattering from the lattice will eliminate the momentum-based chiral anomaly. Furthermore, the

rates of these relaxation processes are expected to be suppressed in the low-density limit, where

the Weyl points are close to each other relative to the Brillouin zone.

3.3 Chiral Kinetic Theory

The results of the arguments in Secs. 3.1 and 3.2 can be checked explicitly using the chiral
kinetic theory of the quasiparticles [58] of the topological Fermi liquid [93]. This is valid in the
limit that the magnetic field is small enough so that the associated cyclotron frequency is much
lower than the thermal energy, i.e., wg < kg7

In the Fermi liquid limit, this chiral kinetic theory has been successfully used to understand
the properties of topological Fermi liquids [9, 57, 94, 95]. In the following, we will use it to
validate the properties of the momentum-based chiral charge as well as the measured chiral charge
discussed in Secs. 3.1 and 3.2.

The central equation of kinetic theory is the Boltzmann equation:

0 0 of
_f+_fr+_f k=1, =

ot ' or ok (3.13)

of

-
, where f = f(r, k,t) is the quasiparticle distribution function. The quasiparticles can only
change their state and be equilibrated through collisions, which are approximated by the relax-
ation time approximation with a constant collision frequency 1/7.

The equations of motion for quasiparticles in the presence of an anomalous velocity [35]
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are written as

k = ¢cE+er xB (3.14)

, where Ay, = i (ug|Vug), Qg = V x Ay is the Berry curvature, and the group velocity vy, = Ve.
Due to the Berry curvature term in the above equations, a violation of Liouville’s theorem
by the RHS of Eq. 3.13 [95] This can be rectified by introducing a phase space density factor

Gr=(1+eB- Qk)Q, which satisfies an equation of motion[57]

0 0 0 -
VGt o (VGii) + o+ (VGik) = (- B)Y - . (3.16)

We can define a conserved phase-space density f = /G f that obeys Liouville’s theorem by
combining the phase-space density /G, with the distribution function f, which now obeys the

conservation law:

Ofy 9 (fiy+ 2 (fky = A(B-B)V - Quf + L (3.17)

, where oo = V/Grleon-
Using the above equation of motion for the phase space density f , we can find the continuity

equation for the Luttinger volume-based chiral charge in Sec.3.2 and the kinetic momentum,

P:/kﬂ (3.18)
k
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in Sec.3.1. The result of the first one (Eq.3.11) has been already discussed in many references

and Sec.3.2. The second one, with respect to the kinetic momentum, is written as

EP—FV-K:R(E-B)Q —I—/k(eE—ke'vka)f. (3.19)
, Where
Iz':/(vkjLeExQk+e(vk-ﬂk)B)k:f (3.20)
k
, a dyadic tensor, is the stress tensor, and
1

H:42/Q — L /d2k 3.21
Q wkkfgcza 2w§5af (321)

, which is just the vector associated with the anomalous Hall conductivity in the Streda formula
Eq.3.3. The collision term will not contribute if we assume that collisions are elastic. Incidentally,
this equation is general for any condensed matter system, and interactions will not be affected.
To obtain the momentum-based chiral anomaly equation from Sec.3.1, we still consider
the z-direction component of the kinetic stress-energy tensor and assume the magnetic field also
along z. Eq.3.19 will be simplified:
0 o

_Pz_i_v-K)’Z:

o >3 (E-B)QY. (3.22)

Restricting the integrals in Egs. 3.18 and 3.21 above the Weyl point leads to a variation of the

above equation:

a z z _»Z _»Z 62
5 (P = F) + V- (K* = K§) = o5 (E - B)oQ7, (3.23)
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where P? and Q¥ are replaced by (P? — P§) and 6QF = QF — 2k, which are the momentum
and anomalous Hall contributions of electrons above the Weyl point, respectively. Not that Py
and 2k, are intrinsic momenta and the anomalous Hall contributions of the Weyl point.

This provides a more quantitative understanding of Eq. 3.6 from Sec. 3.1. Combining

Eq. 3.22 with Eq. 3.23 leads us back to the chiral anomaly equation:

2

0 . >, e

Thus, the analysis of the contribution of the Weyl point to the momenta F; provides a more
microscopic derivation (i.e. in terms of FL quasiparticles) of the anomaly equation Eq. 3.8.
As an side, the chiral kinetic theory can also compute the chiral magnetic effect(CME).

The current along the B-direction can be written as[57]

, 5 ¢’B
Jome =e¢ B | f(vg- Q) = FA/% (3.25)
k T
where
1
Ay = — 2 2
m 2ﬂzaj/ad]:g(k) (3.26)

(See details in Appendix D) is the deviation of the chemical potential from an equilibrium state.
Note that since states far away from the Weyl point can contribute to the current, it is impor-
tant to consider the chiral magnetic current jo ), relative to an equilibrium state with vanishing
current [96]. If we assume that the electron distribution functions have equilibrium forms in the

individual valleys, Ay is exactly the chemical potential difference at the Fermi level, and Eq.3.25
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is consistent with references[8, 9]. Eq.3.25 is robust since it depends only on Fermi surfaces.

Hence, the conductivity along the magnetic field direction, o, is modified as[8, 9]

(3.27)

, where g(er) is the density of state and 7, is the inter-nodes scattering time. The above conduc-
tance depends on the parameters 7, and g(er).

On the other hand, the chiral magnetic current jo /£ in terms of Ay as given by Eq. 3.25 is
universal for a topological Fermi liquid and is not renormalized by interactions. While the above
equation for dc conductivity depends on inter-valley scattering at rate 7, !, one could consider the
response to an ac electric field F'(w) at frequency w > 7, !. In this case, the ac current response
should satisfy Eq. 3.25 and lead to a corresponding fluctuation of Ay at frequency w provided
w is slower than the intra-valley equilibration rate. The chemical potential difference Ap can,
in principle, be measured by the dissipative optical response at frequency w; ~ Ap + vko,
where vk is the minimum phonon frequency of inter-valley scattering from acoustic phonons
with sound velocity v; and wave vector kg, which is the separation of Weyl points. The phonon
frequency is a bit difficult to estimate. However, one can consider the change in Ay with varying

electric field amplitudes to verify the chiral magnetic effect.
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3.4 Chiral Anomaly in the Landau Level Regime

3.4.1 Non-interacting Weyl Model Under a Magnetic Field

The discussion so far has assumed a temperature that is high relative to the small applied
magnetic field. However, all the conclusions are carried out equally well at nearly zero tempera-
ture.

The low temperature for a non-interacting Weyl system in a magnetic field is described by
the chiral Landau level [52]. To illustrate this, we will compute the non-interacting Landau levels

for the continuum Weyl toy model [8], which is written as

Hywepr = (K* — kg)o, +v(kyo, — keoy) (3.28)

, where k% = k2 + k; + k% and v is the Rashba coupling constant. The energy spectrum is indeed
the Weyl type in the low-energy regime, which has two touching Weyl points at k = (0,0, ko)
when v # 0.

To study the chiral anomaly, when applying the magnetic field B along the z-direction,
we calculate the LL spectrum of the Hamiltonian Hyy., g in the presence of a magnetic field,
as shown in Fig. 3.2. While the magnetic field preserves the angular momentum, the spin-orbit
coupling mixes the (0, = 1,n) and (0, = —1,n + 1) (where n labels the conventional Landau
levels without spin-orbit) and opens a gap in the spectrum. However, one of the Landau levels
(¢, = —1,n = 0) does not have a partner to hybridize and remains gapless. This Landau level,

which is referred to as the chiral Landau level, is responsible for the chiral anomaly in an applied
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Figure 3.2: Band structure of Weyl model (ky = 1) in the Sec.3.4 with a small spin-obit coupling
v = 1.5 under the magnetic field B = 0.1. The chemical potentials are set away from the Weyl
nodes, and the low energy states are basically multiply LLs.

electric field within the non-interacting limit [52]. Note that the gap in the non-chiral LLs in
Fig. 3.2 actually occurs at negative energies as opposed to the previous calculation of LL spectra
of individual Weyl cones [8, 12, 52]. This difference is a manifestation of the Streda formula i.e.
Eq. 3.3, which, as discussed in Sec. 3.1 is critical for understanding the chiral anomaly from a

momentum conservation perspective.

3.4.2 Momentum-based Chiral Charge

The chiral anomaly is conventionally defined, using the argument of Nielsen and Ni-
nomiya [52], as non-conservation of chiral charge can be determined from the LL spectrum in
Fig. 3.2 for the non-interacting case where the chemical potential is in the gap of the non-chiral
LLs. This argument also leads to a current that appears to be renormalized by interactions [62],
which, similar to the 1 + 1D results discussed in Sec. 2.1, depends on the regularization scheme
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used for the calculation.

However, the subtleties of defining a chiral charge discussed in Sec. 2.1 arise when only
the Fermi level intersects just the chiral LL, and therefore the other LLs are important in defining
chiral charge. Therefore, it is beneficial to consider the chiral anomaly away from the Weyl
points, where several non-chiral LLs are also occupied. These non-chiral LLs do not contribute
to the change in chiral charge in response to an electric field and therefore do not modify the
chiral anomaly [8].

These non-chiral LLs do, however, affect the momentum-based definition of chiral charge,
since they contribute to momentum change under an electric field. This turns out to be not a
problem because, similar to the case discussed in Sect. 3.1, the contribution of non-chiral LLs as
well as the electrons in the chiral LL above the Weyl point to the change in momentum can be
calculated directly from the density of electrons in the respective LLs. For small magnetic fields
corresponding to wp < I, this density is given by the FS volume.

Subtracting the momentum contribution of electrons above the gap of the non-chiral LLs
leaves only the momentum contribution associated with a transfer of electrons from one Weyl
point to the other. This can be estimated to be 2kq(B/2m)(E,dt) where E,dt is the change in
momentum of the electrons and B /27 is the degeneracy per unit area of the chiral Landau level.
The factor 2k, arises from the length of the unoccupied segment (or occupied by holes) of the
chiral Landau level in Fig. 3.2. Since 2k is the distance between the Fermi points on the chiral
LL when the chiral LL crosses the gap of the non-chiral LL, the momentum density can be
interpreted as a chiral charge that is consistent with the result of Eq. 3.8. The chiral LL in Fig. 3.2
leaves an ambiguity in the value of 2k; to be in the range where the chiral LL crosses the gap.

This ambiguity drops out in the limit of small B since the gap also vanishes in this limit.
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Fully filled LLs (including a fully filled chiral Landau level) will not contribute to the
continuity equation Eq. 3.2. This is because the total crystalline momentum along &, generated by
a slowly time-varying external electric field £, that increases a vector potential 0A, = F,0T =
®y/L,, changes the momentum on the RHS of Eq.3.2 by a primitive reciprocal lattice vector.
Note that the lattice does play an essential role in regularizing the otherwise divergent momentum.
However, one would obtain the same result from other regularizations such as by considering the
difference in momentum between this chiral system and a variant of Eq. 3.28 with a trivial gap

generated by a o, term instead of the spin-orbit term.

3.4.3 Interaction Effects

The effect of interactions can be included in a Fermi liquid theory in this framework if one
goes away from the Weyl point (relative to the cyclotron frequency), i.e. Er > wp. In this limit
and in the presence of a small magnetic field, B = Bmn, the quasiparticles near the FS follow
semiclassical orbits (given by Eq. 3.15 with £ = 0) which are confined to planes with constant
parallel momentum n - k = k, with a long scattering lifetime.

The Fermi-surface orbit in k-space on the FS labeled by «, has a cross-sectional area A, (k)

that is set by a quantization condition [97]

Aulko) = Gu(kh,) = 2n(n+ 3), (329

where [4 = 1/eB, and n is an integer that labels the Landau orbits (i.e. bands in Fig. 3.2) and
¢o(k) is the Berry phase of the quasiparticle on the phase-space orbit at k£ on F'S,,. The Landau

band in Fig. 3.2 with an extremum closest to the Fermi level represents the pair of Landau orbits
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on the FS that is closest to the maximum area orbit at k = k,,,,,. of the FS. These are the orbits that
contribute to quantum oscillations and are used to determine the size of the Fermi surface [97].
The solution with maximum |%| is the chiral Landau level, which is a result of the difference
in Berry phase 27C,, = ¢, (k1) — o (k2), where k1 > kyq. > ko represents the range of k of F'S,,
and C, = =£1 is the Chern number of Fermi surface around the Weyl point . The resulting LL
spectrum near the FS is essentially identical to the non-interacting one seen in Fig. 3.2, except that
the energy spectrum away from the Fermi energy is ill-defined because of the imaginary part of
the self-energy. The response to an external electric field E in the time period ¢ is determined by
the states near the Fermi energy, which is therefore identical to the non-interacting case discussed

in the previous paragraph and is described by Eq. 3.8.

3.5 Measuring the Luttinger-volume-based Chiral Anomaly

The quantum oscillations that arise from the extremal Landau bands at k = k,,, discussed
in the previous subsection can, in principle, be used to detect the Luttinger-volume-based chiral
anomaly discussed in Sect. 3.2 by measuring the chiral charge transfer in a pump-probe measure-
ment.

The central idea is to use quantum oscillations to measure the anomaly-induced change in
the Fermi wave vector, as is done in magnetotransport (i.e. the Shubnikov-de Hass effect) [97].
This effect relies on the fact that low-frequency longitudinal conductivity would show dips asso-
ciated with peaks in the density of states (DOS) when the Fermi level crosses a band extremum
in Fig. 3.2. This corresponds to an extremal LL being allowed on the FS. For simplicity we will

assume that the Fermi surface is nearly spherical near the Weyl point, so that the electron number
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density in the Weyl point o, N, = Aq(Kpaz)*/?/677/2, can be written in terms of the extremal
area A (kmaz)-

Our protocol for measuring the Luttinger volume-based chiral anomaly discussed in Sec. 3.2
consists of three steps.

Step 1: Choose a magnetic field B such that the Fermi surface (FS) quasiparticle density
of states (DOS) is at a local maximum, as indicated by a minimum in the measured longitudinal
conductance. In our model, this corresponds to k.x satisfying Eq. 3.29 for an integer n.

Step 2: Apply a "pump" electric field £, for a short time §t, then allow the system to relax
for a time 7.

Step 3: Measure the longitudinal conductance using a "probe" field to check if the con-
ductance is near the minimum value. Repeat step (2) with a different d¢ until the conductance
reaches near the minimum value.

The result of the measurement is A = eF,§t, which transfers the system from one conduc-
tance minimum to another. For a small magnetic field B, the change 6k in k., is insignificant,
so that we can ignore the Berry phase term and simplify Eq. 3.29 to § A, = 2maeB. The corre-
sponding change in number density is 6 N, = 4 Ay (ks )0k /(27)? = eBan/Ag(kmaz) /272,

Assuming an unrenormalized chiral anomaly and using Eq.3.11, the predicted A would be

27T2 5(N+ — N_)

Areic:Ez(ST: —_—
predict = € e B 7r

(3.30)

The measured value of A determines the Luttinger-volume-based chiral charge transfer between
the two Fermi surfaces, which based on results in this section should not be renormalized by

interactions or other complexities of the system.
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3.6 Discussion and Summary

Turning to the 3+1D case, we apply the mixed anomaly technique [83] to Weyl systems,
drawing parallels to previous work that maps the t’'Hooft anomaly to an effective action term in a
mixed anomaly representation [84]. Using the Streda formula, we demonstrate that the anomaly
based on the difference in charge density around Weyl pockets is robust and unrenormalized. This
is a key distinction from the CME [8], whose manifestations come with various non-universal
prefactors that are renormalized by interactions. While some prefactors, like density of states
or Fermi velocity, can be determined experimentally, it remains unclear whether the CME is the
only contributor to these currents.

For instance, a numerical calculation of the ac Hall conductivity in a non-interacting model
of a Weyl material shows a non-zero and non-universal second-order term, even in the absence
of interactions (see Appendix E). Additionally, a direct interpretation of the CME in terms of the
axion term in effective action [65, 98] suggests a magnetic-field induced current at finite magnetic
fields. While such response terms are observed for finite frequency magnetic fields with open
boundary conditions [99], and in the form of the gyrotropic magnetic effect [100, 101], they are
not observable under physical equilibration [96].

As discussed at the end of Sec. 3.3, an unrenormalized CME relation (i.e., Eq. 3.25) could,
in principle, be measured via a pump-probe experiment. However, it is crucial to note that this
CME is separate from the anomaly itself, which refers to the violation of charge conservation in
an individual Weyl pocket. The anomaly in 3+1D does not suffer from the ambiguities seen in
1+1D and can be defined in terms of the Luttinger volume of the topological Fermi surface [93].

While this measurement is experimentally intricate, we propose a pump-probe measurement that
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directly measures the changes in Luttinger volume in response to an electromagnetic field.

It is important to contrast this approach with previous work [83, 84], where the chiral
anomaly equations were derived using a mixed anomaly between U (1) charge and continuous
space translation. This requires using a regularization for the kinetic momentum, which is dis-
cussed in Sec. 3.4.2, and subtracting off the contribution of the closest gapped insulator. This only
makes sense when the Weyl points are close in momentum space relative to the total Brillouin
zone, as described in Sec. 3.4. This approach differs from the Chern insulator stack model of a
Weyl semimetal [8], and the methodology used here may not apply to that model. On the other
hand, the chiral kinetic theory [58] for the charge density in each pocket still predicts a robust
quantized change in chiral charge. However, this relies on the full Fermi liquid emergent IR sym-
metry, which would be broken by finite temperature scattering or Umklapp scattering at the edge
of the Brillouin zone. While disorder scattering [8] complicates this entire discussion, the realis-
tic definition of the chiral anomaly must account for the appropriate scaling with disorder [8, 9,

53].
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Chapter 4: Anomalous Hall Effect from Screened Vortex Charge

in Phase-Disordered Superconductors

IElectric field

_1/2AQV +1/2AQV

Su percurrenﬁ

Figure 4.1: Schematic for the origin of anomalous Hall in a 2D superconductor above the
BKT transition i.e. so-called phase disordered state. The local supercurrent applies a Magnus
force [102] on the vortex-antivortex pair (red and blue discs) in opposite directions. This leads
to diffusive motion of the vortices along 2 [103]. The motion of the vortices corresponds to
an electric field along y, which is the origin of dissipative transport in the phase disordered state.
The difference in vortex-anti-vortex charge AQ, = @)_ — ), that we will numerically show
to be related to the normal state anomalous Hall coefficient lead to a Hall current (green arrow)
orthogonal to the electric field. We find that many-body screening as well as the far-field phase
winding of vortices (shown as the crescents of moving charge) conspire to match the measured
dc Hall conductance from vortices to the bulk ac Hall conductance.

As introduced in Chapter 1, recent experiments on tetralayer and pentalayer rhombohe-
dral graphene revealed an robust unconventional superconducting phase characterized by sponta-
neously broken time-reversal symmetry, of which several observations indicate the chiral nature
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[28]. Notably, the normal state of this system exhibits a non-zero anomalous Hall effect at zero
applied magnetic field, accompanied by clear magnetic hysteresis. These striking findings natu-
rally raise the question of what mechanism could give rise to such anomalous Hall conductivity,
particularly in the absence of long-range phase coherence above the superconducting transition
temperature.

In this chapter, we investigate the mechansim behind this anomalous Hall effect [102]. As
shown in Fig. 4.1, the difference in charge densities in the cores of vortices and antivortices can
lead to an anomalous Hall contribution to the current. We argue that such a contribution can arise
from a gauge-invariant effective action of a superconductor [104] that includes a Hall response
and numerically check that such a contribution indeed appears in a simple model. We then
show using the gauge-invariant response that while the vortex charge is screened by many-body
interactions, the dynamical screening cloud (crescents in Fig. 4.1) combine so that the vortex-

generated dc Hall conductivity is the same as the ac Hall response.

4.1 Effective Action of a Hall Superconductor

To describe a superconductor, we introduce a fluctuating field ¢(r, t), which will represent
the phase of the symmetry breaking order parameter. The gauge transformation properties of ¢
are such that the shifted gauge potentials b, = A, — 0,¢ are gauge-invariant degrees of freedom,
which is the essence of gauge fields acquiring mass [104]. For an electronic system similar to
tetra-layer graphene assuming screened Coulomb interactions, the field ¢ can be microscopically
defined as the phase of a Hubbard-Stratonovich field associated with the pairing interaction and

appears as fields b,, in the effective action following the Hubbard-Stratonovich decomposition.
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Expanding this effective action to the lowest order in the fields b,, in Fourier space (¢, w)

components ¢(@7~“!) leads to the expression:

Secetr = 3 _ balg,w)bi(g,w) K" (q,w) (4.1)

q7w

where K(@#)(q,w) is a Hermitian matrix, that is, K(*#*(q,w) = K®¥(q,w) for a gapped
superconductor. This together with the reality of b, i.e. b,(q,w)* = b,(—¢, —w) implies that
Sse,eff 18 non-dissipative.

The ac current (and charge) in the superconductor can be obtained as functional derivatives

of the action, i.e.

0Ssceff

Jolg.w) = 50 5 = K (g, 0)bs(g,w), (42)

so that K (%) (q,w) can be viewed as part of the electromagnetic response coefficients of the su-

perconductor [105]. The reality of the current further requires K(*%*(q, w) = K@% (—¢q, —w).
Expanding K (®#) (g, w) to lowest non-zero order in ¢,w consistent with these constraints,

substituting it into Eq. 4.1 and Fourier transforming to space and time, the effective action Sy .f¢

can be written as a gradient expansion:
Ssc,eff = /[—01173 + 02b2 — {C3b — 04(2 X b)} . Vb() + 05(2 X b) . b] (43)

The first two coefficients C; and C are superfluid compressibility and stiffness, respec-
tively. In the case Cy = (5, the last two terms Fourier transform to b}(q,w)e€.as(iqsby —

iwbg) = i€qp,b5(q, w)gaby(q,w) is exactly the Chern-Simons term in the superconductor [69,

60



73]. Here, we have identified ¢y = —w. Using the definition of an electric field £3(q, w) =
iwbg(q, w) — igsbo(q,w), this term leads to a Hall contribution to the current of Eq. 4.2 given by
JHa = —Cs€:05E3 = C5(€ X 2),.

The role of the difference (Cy — C5) for a superconductor will be a central topic in this
work. The term proportional to C produces a term in the action V6 - Vo0 = (1/2)0,[(V6)?

that vanishes from being a total derivative. Therefore, we can set C's = 0.

4.2 Electromagnetic Response

To understand the physical implication of the coefficients C}, let us calculate the ac elec-
tromagnetic response as a function of frequency w and wave vector q. To simplify our analysis,
we consider rotationally symmetric systems and assume that the wave vector ¢ is oriented along
the z direction, which we will refer to as L (longitudinal or curl-free). The other spatial direction,
Yy, 1s perpendicular to = and will be denoted as 7' (transverse or divergence-free), since we are
working within a two-dimensional system. Thus, L, T" together with O for time will be the values
of the indices o and [ in the above equations.

In this notation, the gauge-invariant electric fields that are derived from the generalized
vector potential b, are written as Er(q,w) = iwbr(q,w) and £ (q, w) = iwby(q,w) — iqbo(q, w).
Due to gauge invariance, the phase fluctuation drops out of the vector &, and is restricted to by.
Choosing (for this calculation) a gauge where Ay = 0 (i.e., radiation gauge), by = iw¢ represents
the phase fluctuations.

Applying charge conservation wj, — qj;, = 0 to the linear response relation Eq. 4.2 deter-

mines the phase fluctuation by = &5 [iC>EL + (Cy — Cs)wEr]. Substituting by in the linear
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response equation Eq. 4.2 leads to the ac conductivity tensor o,3(q, w) for the superconductor.

1Ch1 Cow

The longitudinal conductivity tensor produces the well-known result [105] o1, = G

which has a pole associated with the Goldstone phase mode. Similarly, the transverse response
to lowest order in ¢,w, takes the standard form opyr = —iCy/w, which leads to the Meissner
screening response j;r = —CyAr [104]. In the weak pairing limit A < Er, these conductivities
are unchanged from the normal state in the extreme limits ¢ < w and ¢ > w.

In the former case, o7, = opr = —iCy/w is simply the inertial response of the electron gas
that leads to the plasmons. The latter case is the static Thomas-Fermi response, which matches
the normal response only in the longitudinal case where o ~ iCiw/q> Although this may
seem unfamiliar at first, the corresponding charge compressibility x = (¢?/iw)orr = C} allows
us to associate C'; with the charge compressibility for the normal state.

Let us now consider the ac Hall response of such a superconductor [72, 73] arising from
C45 # 0, which turns out to be

0204612 - 0105002

LT = OTL = A T o (4.4)

Although the applied electric field in the dc limit is expected to be screened, a central indicator of
chirality of a superconductor is the ¢ < w ac Hall response [72, 73], which in our case determines

the coefficient C's:

OH = O'LT(CU > C]) = 05. (45)

In addition, it was realized that the chiral nature of the superconductor does not contribute to C5 in
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the translationally invariant case [72], although it reappears in multiband superconductors [106].
Explicit computation of the effective action in Eq. 4.1, similar to the case of the normal state,
shows that the dominant contribution to C5 arises from high-energy inter-band matrix elements
that are relatively unaffected by correlation and superconductivity. Therefore, we expect C'5 and
the ac Hall conductivity for ¢ < w to retain the anomalous Hall value in the normal state, which
is determined by the Berry curvature of the bands [37].

Let us now consider the other limit, i.e. ¢ > w, which is the finite ¢ static limit. This limit

can be understood by combining the conservation relation jo = —qj./w = —qoprEr/w with
Faraday’s law wBr = —¢&r, as the charge response to a flux lattice
jo = orr(q > w)Br = C4Br (4.6)

, where By is the amplitude of the magnetic field variation in the flux lattice with period q.
Physically, modulation of charge density j, can be viewed as the accumulation of charge in
response to the application of a magnetic field. Thus, C} is the Streda response coefficient [107],
which is proportional to the Hall conductivity oy in non-interacting systems [37]. Since opp
arises from interband transitions that have a smooth frequency dependence near w ~ 0, the
coefficient C; should match the normal state value. For noninteracting systems, one expects
Cs = (4, with both being related to Berry curvature [37]. However, for a flux lattice applied to
a normal metal, a large NV or RPA calculation would lead to a screening of charge j, by a factor

related to C';. This would lead to a difference between C; and Cs.

63



4.3 Vortex Charge in an Anomalous Hall Superconductor

The flux lattice discussed in the previous paragraph leads to a supercurrent pattern from the
Meissner effect, which resembles a lattice of vortex-antivortex pairs. This motivates the question
of whether a vortex, even in the absence of an external magnetic field, would carry a vortex
charge.

To understand the vortex charge on a lattice, let us note that a phase vortex can be converted

into an anti-vortex by a large gauge transformation:

¢(r) = o(r) + Alr)

A(r)-or — A(r)-or + A(r + dr/2) — A(r — or/2), 4.7)

where A(r) is a smooth function that winds by 47 around the center of the vortex. Note that the
47 transformation corresponds to a full electron flux quantum (as opposed to a superconducting
flux quantum). On a lattice, the magnetic field associated with this vector potential vanishes
everywhere except for a flux quantum in one plaquette of the lattice.

Ignoring, for the moment, the limitations of applying S..;s to a point flux, the charge
difference between a vortex and anti-vortex can be obtained from the Streda formula Eq. 4.6 to

be:
AQU = C4/dT‘BZ = 204@0, (48)

where @ is the superconducting flux quantum. This suggests a charge difference between vor-
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tices and anti-vortices related to the Hall response (Y}, as previously conjectured [71].

AQ, and oy (Berry phase) vs. p

—+-AQy, vs p
-m-0(BP) vs p
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Figure 4.2: The charge difference between the vortex and anti-vortex, defined as AQ, = Q_ —
(), and the Hall conductivity oy related to the Berry Phase are shown as functions of ;1 over
the range © = 0.15 to 0.5. The AQ), data is presented with error bars indicating computational
uncertainty. The lattice model features a size of N = 200, with parameters my = 0.1, Ag = 0.05,
and coherence length £ = 12.0.

The subtlety of applying Eq. 4.1 to a point flux motivates us to numerically study the sug-
gestive relationship between the vortex charge and the Berry phase. For this purpose, we employ
a model based on a bilayer gapped Dirac model on a square lattice that generates the Chern

number in a way similar to multilayer graphene and combine this with p, + ¢p, superconducting

pairing. Specifically, we consider a variation of the QWZ model [68]. The Hamiltonian of each
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layer is simply given by Eq. 1.22, as stated here:

Heseo(k) = —pogsin(k,)o, + sin(k,)o,

+ (2 + mg + cos(k;) + cos(ky))o., 4.9)

where the operators o; represent the layer degree of freedom instead of spin. To account for the

superconducting pairing, we construct the Bogoliubov-de Gennes (BdG) Hamiltonian:
Hcsc,BdG = Hcsc,OTz + (AO’Z:1’T+ + h.C.), (410)

where 7; denotes the Nambu space, o,—; indicates that the superconducting pairing is applied
exclusively to the top layer (0, = 1), and A = A(k, + ik,) signifies that the pairing is of the
Pz + ipy type.

We introduce an (anti-)vortex into the system, we can replace A with its anti-commutator

with the (anti-)vortex operator:
A = {A, f/(r)} — Ay {k; + szy,eﬂ@rh(r)} 7 @.11)

where 6, and h(r) represent the phase and amplitude of the superconducting order parameter,
respectively. The + sign corresponds to a vortex, while the — sign corresponds to an anti-vortex.
Within the (anti-)vortex core, we have h(r) ~ (1 — e™"/¢), with & being the coherence length,
and 6, possesses a winding number of +1 around the core.

For the numerical computation of the vortex charge in H,. pqc, we utilize a lattice model
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with a size of N = 200 under periodic boundary conditions, constructing a phase profile 6,
that features a vortex at the center and an anti-vortex at the corner. To isolate the vortex, we
tweak the phase profile, ensuring that the phase around the center closely resembles an ideal
1sotropic vortex. We then determine the eigenstates and calculate the total charge around the
vortex, denoted (). A similar procedure is applied to the anti-vortex to obtain its charge, ()_.
The charge difference between the vortex and the anti-vortex is then defined as AQ, = Q_ — Q.
This analysis is performed at various chemical potentials ; and compared with the normal state

Hall conductivity,

o = % (1 - @) 4.12)

, where my is the Dirac mass of Eq. 4.9. The result of the vortex charge versus chemical potential
i shown in Fig. 4.2 ! confirm the expectation that an anomalous Hall superconductor shows
that the difference in vortex and antivortex charge A(), creates a charge density response that
is essentially unchanged from the Streda-type formula applied to the anomalous Hall metal [37,
107]. The Streda-type response from vortex charges was discussed for chiral p—wave supercon-

ductors [108].

4.4 Hall Response of the BKT Phase

The vortex charge A(Q), plays a crucial role in describing the Hall effect in the non-superconducting

phase at temperatures above the BKT transition. Specifically, let us consider a situation where

To verify the convergence of the numerical results, I increased the energy cutoff for each value of u to ensure
that the results converge at N = 200. I also expanded the system size to approximately 300, observing minimal
changes (around 0.01). Consequently, the error bars used are based on this observation. Furthermore, I varied the
coherence length ¢ to approximately 1.0 and 30.0, finding that the results remained largely unchanged.
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T, which is controlled by the superfluid stiffness ', is smaller than the pairing amplitude A
so that for a temperature T < T < A the system will be a resistive metal that is described
by the action Eq. 4.3. This phase can be described as being in the plasma phase of a Coulomb
gas of pairs of vortex-antivortex [102].

The response properties of the Coulomb gas, such as resistivity and the Nernst effect, can
be understood in terms of a duality transformation [102] where the supercurrent in the supercon-
ductor j = po(2 x EU) maps to an electric field Ev seen by the vortices and the electric field
E = ®4(z x j,) is given by the vortex current j, [109]. Here, py and ® are the superfluid density
and flux quantum, respectively.

As shown in Fig. 4.1, the vortex electric field E, encodes the effective Lorentz force or the
Magnus force imparted to vortices by a supercurrent [ 102]. The vortex current j, is equivalent to
the rate of phase slip generation that leads to a voltage gradient. Both the normal state conduc-
tivity and the Nernst effect can be understood by applying these duality relations to the diffusive
motion of vortices [70, 109].

In the case of a difference A(Q), between vortices and anti-vortices, the vortex current j,

also contributes to the total current, so we must modify the current relation as

J=po(2 X Ey) + juAQu/2. (4.13)

Assuming a diffusive vortex conductivity £, = o, 'j, = ®5'0; (2 x E) leads to the

relation

i =po®yto ' E+ AQ,(2 x E)/2d,. (4.14)
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The first term is the usual Ohmic conductance in a mixed phase superconductor from flux
flow [103], while the latter term is the Hall conductivity oy that is clearly universally related
to the vortex charge difference A(),. Combining with Eq. 4.8, this predicts a dc Hall response

oy = Cy that appears to differ from the ac Hall response C's.

4.5 Vortex Charge Screening

The coefficients Cy and Cj that appear in the Streda-type response (i.e., Eq. 4.8) and the
Hall response Eq. 4.5 are, in principle, different. In fact, these coefficients are different even
in the normal state, which serves to determine the value of C} 5 at weak pairing. However, for
the weakly interacting limit that we use in our numerical simulations, these coefficients are both
given by the Berry curvature according to Eq. 4.12. Including interactions renormalizes Cy 5
differently, as can be checked by straightforward calculation in the large /N limit or using the
random phase approximation [104].

This can be easily understood from Eq. 4.8, since the coefficient C, of the Streda-type
charge response should be subject to screening from interactions. The ac Hall response coeffi-
cient C'5 is not associated with any charge build-up and should not be screened. In fact, since the
coefficient Cj is related to interband transitions, it can be attributed to the occupation function
of fermions, which would be unaffected by weak interactions. However, Eq. 4.14 for Hall con-
ductivity in the BKT phase appeared to strongly depend on the vortex charge C'y. This leads to
an apparent paradox for whether the Hall conductivity in the BKT phase is closer to the normal
state value (as was suggested for superconductors in magnetic fields [103]) or is renormalized.

To answer this question, we need to consider carefully the screening process of the vortex
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charge when a vortex-antivortex pair is formed. Studying vortex formation systematically is
beyond the validity of the formalism in this work. On the other hand, the numerical results
in Fig. 4.2 suggest that the vortex charge difference is quite similar to a magnetic flux, whose
dynamics can be studied using the effective action in Eq. 4.3. Therefore, we consider the charge
response of a flux-antiflux pair, which is represented by an external magnetic field with a Fourier
transform B(q,t) = 2ie" ™ sin (vq,t)O(t), where O(t) is the Heavisider step function. This
external magnetic field corresponds to a pair of fluxes with radius R moving in opposite directions
with velocity v along z.

The corresponding electric field from Faraday’s law is transverse and written in momentum

and frequency space as

2 P2
2uq e TR

Er = iwqlw? — (vg:)?]

(4.15)

Using orr from Eq. 4.4 we find that the longitudinal current density j, in addition to the usual
ac Hall (i.e. w > ¢) part ji o = CsEr contains an additional "screening" contribution, which is

proportional to Cy — Cs:

(Cy — C5)2q 2iwgue T

0L = 4.16
where ¢ = /(3 /C} is the velocity of the plasmon.
Fourier transforming this component to the time-domain yields:
t) — 2t
0jp = 2i(Cy — C5)v02qxqe_q2R2 [cos (cqt) — cos (vg )] 4.17)

2 42 242
Cc°q” — V7q;
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The contribution to the above proportional to cosvq,t combined with the near-field part (i.e.
proportional to 1 — e~ Ry of B corresponds to the flow of vortex core charge density shown in
Fig. 4.1 proportional to Cy. On the other hand, the contribution to §;j;, from cos (cqt) contributes
to the crescent-shaped charge waves in Fig. 4.1.

The combined result dj;, in the above equation clearly vanishes as ¢, g, — 0 establishing
that the longitudinal current response is determined by jr, o, which is proportional to the high-
frequency ac Hall conductivity Cj, despite screening reducing the charge at the vortex core to
Cy.

The longitudinal current response in vector form is

_ 2p2
2ugqe T

Jro=Cs5(2 x Er) = Z Cs cos (vg,t)q. (4.18)

Note that while the x component of the current approaches a constant jz, o, ~ 2vC5 as ¢, = ¢ —
0, the current has a non-trivial dependence on ¢,/q,, which reflects the angular dependence of
the far field that can lead to logarithmic in system size corrections to j; 0. However, this does
not affect the conclusion that the vortex Hall conductivity is determined by the high frequency ac

Hall conductivity Cs.

4.6 Discussion and Conclusion

We studied the dc anomalous Hall response of a superconductor slightly above the BKT
transition but below the mean-field superconducting gap, where a vortex plasma phase is respon-
sible for dissipative transport. Based on the effective action 4.1, we conjecture, based on an

analogy between fluxes and vortices, that the core charge of a vortex and anti-vortex might differ
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by an amount proportional to the Streda response coefficient Cy, which in noninteracting metals
is expected to be determined by the Fermi surface Berry phase [37].

In Fig. 4.2, we numerically verify this for a superconducting version of the QWZ model.
The coefficient C4, however, differs in interacting fermion systems from the ac Hall conductiv-
ity C5. Using the analogy between fluxes and vortices together with a flux flow model [103] for
superconducting transport shown in Fig. 4.1 we showed that the dc Hall conductivity should actu-
ally match the ac value C's. We expect the effective action Eq. 4.1 with coefficients C'j—; 2 4 5 to be
a good description of any chiral superconductor including tetra-layer graphene with coefficients
that are measurable in the linear response. It would be interesting to compare these coefficients

with vortex charge and dc Hall conductivity measurements.
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Appendix A: Details of Bosonization

A.1 Lorentz-invariance-constrained Chiral Anomaly

Let us now review the chiral anomaly in the relativistic case where we have chosen /\,(fl,) =
A so that Spp is then the Lorentz-invariant Thirring model [54]. In this case, the collective
mode velocity u continues to match the Fermi velocity « = vp = 1, and current and density have
the same units. The chiral anomaly equation for this so-called Thirring model[54], which was de-
rived using perturbation theory together with a Lorentz-invariant regulator, shows a renormaliza-
tion. Here we use bosonization to derive the anomaly equation in a way where Lorentz-invariant
and non-Lorentz-invariant results can be directly compared.

We consider the Euclidean (i.e. Wick rotated) space-time [77] so that the point-splitting
expansion is manifestly rotation (i.e. Lorentz)-invariant in the Wick rotated (1 + 1)D plane.
Using this scheme of normal ordering, the chiral fermionic operators ¢ 1,(, t) can be written as
vertex operators of chiral bosonic operators ® 1,(x,t), which in turn can be used to define the
bosonic field ®(x, t) [77].

Applying the standard bosonization identities in Euclidean space [77] to replace the Fermions

in the kinetic term S o, we obtain

1
Sio = oY / (0,®)* (A.1)
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, where ro = t and K = 1. Similar use of bosonization identities [77] leads to related expressions

for the chiral current and the U(1) charge current, which can be written as

1
= —=e"0,® " =

N3

1

ﬁé“q), (A2)

where € is the completely anti-symmetric unit tensor.
Applying these identities to S ;¢ leads to an additional contribution to Eq. A.1, so that the

K factor depends on the interaction strength in the fermionic model as
K1'=1+\/, (A.3)

where A = g5 and g4 = 0 due to Lorentz invariance.

The coupling to an external vector potential A, is included through a term

ﬁem = _ejMA:“ - _%Aueuyqu)' (A4)
m

Although the charge current j# in Eq. A.2 is manifestly conserved, the divergence of the

chiral current can be written in terms of the classical equation of motion for ® as

1 e

(0u5™) = 0,0"® /7 = 1+ )\/ﬂ%

(A.5)

where F/ = 0yA; — 0, Ay is the electric field. This result is obtained by using the expression for
the chiral current Eq. A.2 and then combining with Eq. A.1 with Eq. A.4. This shows that the

chiral charge, in contrast to the classical result, is not conserved since the right-hand side is non-
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zero and is proportional to the electric field £. This is referred to as the chiral anomaly equation.
Furthermore, since the right-hand side depends on the interaction strength A, the chiral anomaly
is renormalized by interactions[54]. This result is identical to that obtained directly from the

Thirring model using either the Pauli-Villars regularization or the Fujikawa method [62].

A.2  Chiral Anomaly with Non-Lorentz-invariant Point-splitting Regularization

Bosonization of the Luttinger model S;;, (from Eq. 2.1 and 2.3) can also be approached
from a Hamiltonian perspective that is more appropriate for condensed matter systems that break
Lorentz invariance [77]. Historically, this was developed in parallel with the Euclidean formu-
lation in the last subsection. This formalism is simpler because it directly uses operators in a
Hamiltonian formalism. The point-splitting in space-time is now replaced by point-splitting in
real space. This allows us to use the definition of the chiral charge density in Eq. 2.8 as well as the
corresponding equation for the total density as operator equations. In fact, the chiral charge den-
sity operators pg 1, in Sy, are promoted to operators, which, with the appropriate point-splitting

obey the algebra [77]

[pa(), po(2")] = —%aéabﬁﬁ(x — ). (A.6)

Using the above commutation relation, the TL Hamiltonian can be written entirely in terms
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of chiral density operators:

H= /dwi‘lf(vlax —17°0) ¥ + 2g5prpL + 94(ph + P7)

= / dz (14 g1)(py, + p1) + 292prp1 + P, (A7)

where ¢ is the electric potential.
We can bosonize the above model using the operator version of Eq. 2.4 for the density

operator written as

1
p=pr+pL= ﬁ&fb, (A.8)
where @ is the bosonic field. Defining IT = (pg — pr)+/7 as the canonically conjugate field
to ®(z), which is based on the commutation relation in Eq.A.6, the above Hamiltonian can be

written in bosonized form [74]

1
Hippa = /dxi (uKH2 + %(&5@)2) + Ed (A.9)
, Where

uK =142 %2 (A.10)

2r 2w

g4 g2
K=14+ 2 4 22 A1l
u/ + 2T + 2T ( )
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and £ = —0, is the electric field. The current operator j is now defined as

j= —%a@ = %UKH (A.12)

so that it satisfies the continuity equation for the charge.
Note that the two equations Eq. A.8 and Eq. A.12 are direct operator analogs of Eq. 2.4
except that j is no longer related to pg ;, in the same way as an operator. This relation can be

used to define the chiral charge in terms of the current operator

1 . 1
Applying this definition to the equation of motion for ® (Eq. 2.11) we obtain the chiral
anomaly equation:

1 e
atpc,mb + anC,mb = ﬁatn + amjc,mb = ;E (A14)

where j. ., = up/K is the chiral current. Note that in contrast to the chiral anomaly equation
(Eq. A.5) resulting from a Lorentz-invariant regularization of the TL model, the above chiral
anomaly equation does not have interaction-based renormalization.

As a side note, we note that in the Galilean-invariant case, the Hamiltonian H;pgq can be
written in terms of the current as Hyppg = [ demj?/2uK = [ dzmj?/2n, where m is the mass
and n = kp/m is the average density. Then, we get ulK = krp/m = vp = 1. Interestingly, the

resulting current j = (pgr — pr) is consistent with the chiral charge, Eq.A.13.
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Appendix B:  Current j v.s. Chiral Charge p. s

The relationship between current j and chiral charge p.  naively seems simple, at least
when current j is large enough so that the number of low-speed solitons only is a small portion
of the total. However, an extra soliton-antisoliton pair may be produced with zero total momen-
tum, i.e., a soliton appears in the upper right and an antisoliton in the lower left of the energy
spectrum (see FIG.2.1). This procedure will not change the total momentum and current, but the
number of soliton pairs will increase. Fortunately, it is prohibited due to energy conservation. In
this appendix, we demonstrate that the current j is approximately equal to the chiral charge by
considering the charge density profile under a large and instant position-dependent electric field

After applying a large and instant electric field £, the system will contain high-density
solitons and antisolitons. In this high-density gas, the cos-term can be neglected to describe the

behavior of the solitons. The Hamiltonian can be written as

1 1 ST
H== K(II+——=eA —(0,9)? B.1
2/alx [u ( +ﬁ€ (x)) +K(0x ) (B.1)
, where the vector potential is
—xz2 /202 L
Ay(z) = —ETe — (B.2)
2ro
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, I/ is the electric field strength, 7" is the action time, o is the characteristic length of the vector
potential, and L/+/27o is a normalization factor. The soliton mass effect can be neglected when
o < h/mu®. Then, we can use the Heisenberg equation to figure out the charge density profile

over time ¢t. The time derivative of the field is

0,0 = i[H, ] = uk (H + %eA(x)) (B.3)

/0

. Then, at the initial time, we have the following conditions:
(O(x,t=0)) =0; 0(P(x,t=0)) =—cA(z) (B.4)
. On the other hand, we can expand the field ® into left and right moving parts, namely,
O(z,t) = f(x —ut) + f(z + ut) (B.5)

. The function f(x) can be determined by initial conditions and can be expressed as

o

1) = 575

T L
KeET —_— ) — B.6
‘ erf < \/§J> 2ro B.6)

, where er f(z) is the error function. Hence, the charge density p(x,t) and the current density

j(z,t) are given by

79



1 K r—ut)2 /202 (zdut)? /202 L
<p(.’17,t)> = ﬁ <8xq)> = %GET [6 ( 8)°/20% _ e (e+ut)®/2 i| % (B7)
1 K L
Glat) = ——=(0) = SB[ A (a2t s B

. From the above expressions, it is clear that the number N, of the right(left) moving charge
wave packets ((anti)solitons) is Ke ETL/2m. After a long time, the solitons and antisolitons will
separate in real space and can be easily distinguished by local measurements.

The average current is

(J) = uKeET/m = u(N, + Ns)/L = upes (B.9)

as we expected. Hence, we confirm that the average current j and the chiral charge density p..«,

are the same, apart from the characteristic speed .
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Appendix C: Kinetic Stress-energy Tensor K#” and Its Gauge-invariance

In this appendix, we discuss the stress-energy tensor of a general system with a gauge-
invariant and minimal-coupled Lagrangian density £ = £(¢, D%, D, D, ---), where D, =

0,+1eA,,. Simply, the continuity equation can be derived by applying an infinitesimal translation:

9, = F! (C.1)
, Where
oL
TH = — Lo + ¥
T 200
oL oL oL
+ | ————0,0" + —— 0,0 — O (—a” )}Jr (C.2)
70,007 VT 80,8,5 7V %\ 5@,00)° ¥
oL oL
v T QU AR T QP Ay AR
F E)AMaA a(apm)aaA SENNS (C.3)

This equation can be modified to the gauge-invariant form, which will be proved in the following,
as

OK" = ej, M, (C4)
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(i.e., Eq.2.30), where the kinetic stress-energy tensor K*” is written as:

KM =T — ¢jt AY 4+ O (C.5)
, Where
oL oL oL
wo_ v AP 90 AP — — OV AP .
¢ a(aﬂAP)a * a(auapAp)a % O <8(8#6PAP)) o ] i (©o

In the following, we will show that the kinetic stress-energy tensor K*” is naturally gauge-
invariant. The basic technique is still the variation method, but in a gauge-invariant approach.

Consider the functional expansion of the Lagrangian density £, which is

L=L(Y(x—a),Dy(x—a),D,Dyp(x—a), ) (C.7)

, around 0. The variation of it can be written in three parts:

oL =—a,0"L
oL oL
. . v Ao YoP A°
a,,{ A A }
i {_LD (a°0,1)) 4 - - - — liner terms ofa] (C.8)
(D) T ’ |

The first term is the change of the Lagrangian density with the change of the space-time position
x. The second part is the compensation to the change of the vector potential A, since there
is no direct variation of A, in the functional derivative Eq.C.7. The third part is the first and

higher derivative terms. The functional derivative of the first and the third term gives us the
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stress-energy tensor 0, T"". The second one is just the 7 (Eq.C.3). Hence, we can write the

stress-energy tensor as

)
§(0,ay)

T = — Ly — /ddx [L(Y(x —a),Dyp(x —a),---) — linear terms of a, | . (C.9)

In particular, the expression of the stress-energy tensor of 1DEG (Eq.(2.25),(2.26)) is

1
Tbee = %DWTDN/J

# et~ [ arvie - opte) = u ot

1 _
Tlppa = —5— (D100 + 0 Diy) (C.10)

Tbpa =~ a0
, I = -
Tibp = i Do+ 5~ (D0 + 04" Ditp — Dy D1y

+ [/ dz'V(z — 2')p(2') + p| p(x)

, regardless of whether the Lagrangian density is non-local.
To compare the expression of the tensor C*” (Eq.C.6) with the one of the stress-energy

tensor 7" (Eq.C.9), we also can view the tensor C'*” as a functional derivative:

J

wo_
¢ d(0uay)

/ddx [L(¢(z), D 4(z),- ) — linear terms of . (C.11)

,where D, = D, — tea, 0" A,,.

The functional derivative form of the operator —j* A” can be derived from the definition of
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the current operator, i.e., j* = —6L/JA,. Itis

—jHAY = —@ /ddx [L(¢(2), Diip(x), - -+ ) — liner terms of ] . (C.12)

, where D, = D, —ieA"0,a,. It is easy to check by using the chain rule of the functional

derivative, i.e.,

3 —/ddx’ J d(APO,a,)
§(0ua,) d(AP0,a,) 0(0,a.)

0 v
~ ST A (C.13)

Then, the kinetic stress-energy tensor is finally written as

5
d(0uay)

K" = — L — / d'z [L(Y', D)3}, - -+ ) — liner terms of a,| . (C.14)

, where ¢/ = 1) — a,,0"¢ and D;L =D, —ie(a,0"A, + A”0,a,). The high-order terms of a, are
neglected in the above expression since they do not contribute.
Since the Lagrangian density is gauge-invariant, we can perform a gauge transformation

with the argument —iea, A”. Therefore, the K*" is also equal to

)
KW = —Ln" — 5@ /dd:v [L(y", D", - ) — liner terms of a, | (C.15)
, where ¢ = 1 — a, D" and Dl’j = D, —iea”F,,. The linear term here is just a, 0" L since

it all comes from the change of the position z. We notice that the Lagrangian density above in

the expression of K*" is gauge-invariant under any gauge transformations since the covariant
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derivative D, and the field strength tensor [}, have been used in the variation of the field 1
and the vector potential A, instead of partial derivatives. Together with the linear terms’ gauge
invariance, we can conclude that the kinetic stress-energy tensor is naturally gauge-invariant. The

concrete expression for the K#” up to the second order is

vo__ v oL v
K==t o P
o
+ {_Zea(DpDsz)F Y
oL ) oL ) oL
* [awmm DDt 5,0 P O (awpoD 1”)] } e

(C.16)

Incidentally, the expression for the K%' term in the generalized 1DEGs can be simplified
due to the presence of only one first ¢-derivative term in the Lagrangian. Consequently, only the

second term on the left side of Eq.C.16 remains non-zero, leading to the simplified form:

K = —iyy' Do (C.17)
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Appendix D:  Chiral Magnetic Effect Current in Chiral Kinetic Theory

In this appendix, we will document the procedures for deriving the chiral magnetic ef-
fect(CME), i.e. Eq.3.25, in the chiral kinetic theory.

First, the total current in the chiral kinetic theory is obvious to find by definition[57]:

jZ/k\/G_kff’

= Q B Q) . .
/kf’Uk—f—eEX/kf L +e /kf('vk k:) (Dl)

Here the first term in Eq.D.1 is the regular current; the second term is the anomalous Hall cur-
rent; the third term which is along the magnetic field direction is the chiral magnetic current.
Therefore, we obtain a comprehensive equation for the chiral magnetic effect (CME) current as

follows:

k

Then, we use the integral by parts and determine that

/k F (Ore(k) - ) = /k Vi (ef Q%) — eV - (F%) . (D.3)
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The first term is a boundary term and thus vanishes. The second term can be written as

_/kng'(ka):_/€<ka>‘9k_5f(vk:'ﬂk)' (D.4)

k

At zero temperature, the first term can be expressed as a Fermi-surface integral given that V f is

only non-zero on Fermi surfaces:

1 2
_/e(ka)-ﬂk = @y za:/ad Fe. (D.5)

k

The second term in Eq.D.4 is non-zero due to the term V, - €2 at two Weyl points. However, it
will not contribute to the CME current. The reason is that the CME current(Eq.D.1) is the sum of
all bands. When we consider the fully occupied lower Weyl band, since V f is always zero, the
first term in Eq.D.4 vanishes. The second term for the lower Weyl band is identical to the upper
Weyl band except for the opposite sign. Therefore, when accounting for the contributions of all
bands to the CME current, the second term in Eq. D.4 will cancel out, leaving only the first term
from the upper Weyl band.

Finally, we can express the CME current as

e’B
] =—A D.6
Jome = 5 Bk, (D.6)
where
1
Ap=— d*F (k). D.7
m 2w; /S a Fe(k) (D.7)
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Here Eq.D.6 is a general expression in the zero-temperature limit. If we assume that the electron
distribution functions are in equilibrium around each Weyl node, i.e. (k) = const. for k € S,,
we can define the chiral chemical potential, i.e. u,, and find that Ay is exactly the chiral chemical
potential difference, g — 1. Then, Eq.D.6 is consistent with references[8, 9].

As an illustration, it is straightforward to derive the expression for a simple Weyl semi-
material using the energy dispersion £, (k) = 7,0k and the Berry curvature Qka = ~vok /2k>

around the Weyl nodes -y, [57]. The obtained result evidently corresponds to Eq. D.6.

D.0.0.1 Berry Curvature in Fermi liquids

While the topological Fermi liquid [93] as well as the chiral kinetic theory discussed above
is defined in terms of Berry curvature on the Fermi surface, Berry curvatures are typically cal-
culated from non-interacting band structures of Fermions. This leads to a question of how to
precisely define Berry curvature on a strongly interacting Fermi surface.

Basically, the Berry curvature is defined for non-interacting systems. Shou-cheng Zhang
defined invariants for interacting systems with Green functions.[110] The density matrix for

quasi-particles at the momentum k is defined by pr, = Nj [

wnve

 dwAg(w), where Ag(w) =
Im|[Gy(w)] is the spectral function matrix. N is a normalization that ensures that p; = pg and
Tr[pg] = 1 for k on the Fermi surface. The density matrix near a non-degenerate Fermi surface
can be expanded in terms of a wave-function pg(r, ') = ug(r)uj(r’) due to the Landau liquid

property. This shows that the product

T (ki Pies] = (el ttge, ) (e, [ty ) (ttey | uge) = €74, (D.8)
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where A is the area of the triangle. Expanding px, ~ pi + (k; — k) - Ogpr. and we can find the
Berry curvature to be Qg = T [0kp X (pOkp)]- It means the berry curvature on the Fermi surface

can be exactly defined by using Green’s functions.

89



Appendix E:  Second-order Term of the ac Hall Conductivity in the Chern In-

sulator

In this part, rather than directly using the Kubo formula to calculate the ac hall conductivity
in Weyl, we will estimate it in the Chern Insulator(CI). Since the Weyl systems can be described
as a stack of the Chern insulator, the integral of ac Hall conductivity in CI over one parameter
k. is just the one in Weyl. However, if we only need to prove that the ac Hall conductivity in
Weyl is non-zero and non-universal, the result of the ac Hall conductivity in CI will be sufficient.
Indeed, several references have derived a general formula for the ac Hall conductivity o,,(w) of
a two-band system in terms of the Berry curvature, using different methods [111-113].

The general Kubo formula for the ac conductivity is

1 (0], |n) (n]Jz|0) (0] Jz|n) (n]|J,[0)
Tay(W) = EZ { Wt (Bn—Fy)  w— (Bn—Eo) (E.1)

n#0

, where J; is the current operator, the state 0 and n represents the many-body ground state and
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the n-th excited state. To expand the above expression in series of w, we have

Gay(w) = — - 3 (0[JIn) (n]J2|0) + (0] Ju|n) (n].J,|0)

W 20 En — EO
iy (0[Jy|n) {n|Jz|0) — (0]Jz|n) {n|Jy|0)
n#0 (En EO)2
i Ol A1210) {01l (01,10 ©2)
(En E0)3
n#0
(0Jy|n) (n|J|0) — (0]Jz|n) (n|Jy|0)
+ w Z (B, — Fo)?
n#0

The first term and all odd order terms vanish, because of the gauge-invariance. Alterna-
tively, it can quickly seen by rotation-invariance which ensures that the expression should be
invariant under x — y and y — —=z.

For a simple Chern insulator, the single particle Hamiltonian in the momentum space as
H(k)=d(k)-& (E.3)

with
di (k) = sin(k,);

dy(k) = sin(k,); (E4)
ds(k) =2 —m — cos(k,) — cos(ky)

, where the & is the Pauli matrices. After simplifying, we can write the DC conductivity as

2

(&
= &k F, ES5
71 = ) /T ey (>
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and the second-order conductivity as

@) — 2 & 2, Jay
7y (W) = W /Tzd’“<E+—E_>2

with the Berry curvature

and the Berry connection

, 0
AZ:Z<_7k|8_k‘_7k>

(E.6)

(E.7)

(E.8)

, where the state |—, k) is the lower energy eigenstate. Actually, the integral in the DC conduc-

tivity is related to the Chern number, which is an integer universally. This is just the famous

quantized Hall conductivity of the Chern insulator. However, the second-order conductivity can-

not be related to the Chern number. In the following, we will show the numerical result of this

second-order conductivity. Based on the Hamiltonian of the simple Chern insulator, the Berry

curvature can be analytically computed and be written as
1 . . .
‘FMV = —§ea57da8kud58kyd7

with d, (k) = do(k)/d(k). Hence, we have the expression for Fays

cosky, + cosk, [1 + (=2 +m) cosk,]

Foy =

2 [(=2+ m + cosk, + cos k,)? + sin® k, + sin® k,

(E.9)

(E.10)

The numerical results of the second-order conductivity are shown in Fig.E.1. The second-

order conductivity is not zero or quantized. It is non-universal.
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(\O R P )

Figure E.1: The second order conductivity ag,) v.s. the parameter m. It is not quantized and

non-universal
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