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Dependent rounding is a rounding method on bipartite graphs with several good theoret-
ical properties, including negative correlation and total degree preservation. However, a naive
implementation of the dependent rounding algorithm runs in at least cubic time with respect to
the number of vertices present, which is untenable for larger graphs. To alleviate this problem,
we introduce several speedup methods, including reformulations and parallelism. These meth-
ods can be used to reduce the runtime of dependent rounding by several orders of magnitude,
making it feasible to use repeatedly on large graphs. We also present potential applications of
dependent rounding enabled by these speedups. These applications are largely modifications to
machine learning algorithms, such as SignSGD, to include dependent rounding in order to im-
prove a rounding method or make a sampling method more consistent. We hope that dependent
rounding can serve as a new method to improve machine learning techniques both theoretically

and empirically.
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Chapter 1: Introduction

Graphs, especially bipartite graphs, have become fundamental for various computing prob-
lems. Bipartite graphs may be used to represent set membership (by representing sets and
their members as two disjoint partitions that together form the vertices of a graph) or any two-
dimensional matrix (the indices of the first dimension in one partition and the second dimension
in the second partition) and so on [1]. The most popular application of bipartite graphs as of
late is machine learning, where a bipartite graph represents each layer of the machine learning
architecture, with input and output features as the two partitions and weights as weighted edges
between them. Machine learning (ML) noticeably suffers from growing graph sizes as the num-
ber of features used in typical architectures increases dramatically. As bipartite graph use cases
have grown in recent years, approximation or sampling methods may be needed to reduce the
complexity of these problems to more realistic scales.

Dependent rounding, introduced in [2], is an improved method of rounding the edges of
bipartite graphs with some convenient properties. In particular, applying dependent rounding to a
graph results in almost-preserved degrees, where, for each vertex, the sum of edge weight values
incident to the vertex will differ by less than one from the original sum. Additionally, the edges
incident to each vertex have negatively correlated rounded weights. These will be discussed in

further detail later. These properties are beneficial in many theoretical formulations, including



k-medians [3] and network design [2, 4], among other graph problems. However, dependent
rounding rarely sees direct use in practical applications.

Despite all the potential of dependent rounding, it is not a fast process when compared to
standard independent rounding methods (e.g. round each value in succession), which generally
are constant time, linear work (with respect to the number of elements rounded) algorithms.
While most rounding and sampling methods can easily use parallelism, dependent rounding is
a superlinear and highly sequential process. The original dependent rounding algorithm cannot
benefit significantly from parallelism, as every step depends on all previous steps. So, as graph
problems apply to increasing graph sizes, dependent rounding, as originally conceived, becomes
infeasible to apply. In this paper, one of our goals is to propose a new dependent rounding
algorithm feasible for use on large graphs.

Moving forward, the most promising application of dependent rounding is machine learn-
ing. Machine learning weights are often represented as a bipartite graph connecting features in
one layer to the next. Therefore, dependent rounding can be converted into a sampling method
by applying it to sampling probabilities and using the resulting 0’s and 1’s to decide whether to
sample an edge. Neural network pruning is a field with many recent breakthroughs, probabilistic
sampling being one of many possible pruning methods [5]. However, any current probabilis-
tic pruning will prune weights using independent sampling. Dependent rounding has several
advantages over any independent sampling method, notably degree preservation and negative de-
pendence. Therefore, we believe that it is not unreasonable to take probabilistic pruning methods
and perform dependent rounding on the probabilities instead of standard independent sampling.
Given the properties of dependent rounding, we will present several possible avenues to improve
machine learning techniques. We hope that our new methods will increase the accuracy of these
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techniques to be worth the increased time and memory costs of dependent rounding.

1.1 Outline of Thesis

In Chapter 2, we discuss some related work. In particular, we briefly overview some work
on dependent rounding, parallelism, and machine learning.

In Chapter 3, we analyze the original dependent rounding algorithm, then introduce our
new algorithm to speed up the process. We then analyze its runtime both theoretically and exper-
imentally.

In Chapter 4, we propose some possible applications of this new dependent rounding algo-
rithm, primarily in the area of machine learning. We discuss some preliminary experiments and
some additional areas of interest where dependent rounding may offer improvement.

Chapter 5 concludes the thesis.



Chapter 2: Related Work

2.1 Dependent Rounding

We will start by describing independent rounding. Independent rounding is any method
where each member of a set of values is rounded independently of all others. In general, we will
denote z as an original value and X as the rounded value of z. X is often, but not necessarily, a
random variable. For example, standard rounding takes values and independently rounds each to

the closest integer. We can write this as:

X = 2.1

|x|, otherwise

Another independent rounding method is stochastic rounding, where a value = € [0, 1] is rounded
up with probability proportional to its distance to |x|. This means values are more likely to be

rounded to the closest integer. More precisely, this is:

|z] + 1, with probability z — | x|
X = (2.2)

|x], otherwise



This method is unbiased, as:

EX]|=(z]+ D) x(z—|z))+|z)] xQ1—z+|z]) ==z (2.3)

Dependent rounding is a more elaborate version of rounding a set of values. The chance of
rounding a value up or down is dependent on some other values in the set that is being rounded.
Note that dependent rounding can refer to any scheme that does this, but we will use the term to
refer to the scheme introduced in [2]. The scheme begins with a bipartite graph G = (A, B, E, w)

where:
* A and B are disjoint partitions of the vertices of G.
» FE'is the set of edges between A and B.

* w is the set of weights. Here, we assume without loss of generality that w;; is between
0 and 1. Otherwise, we can shift w;; to w;; — |w;;] for each value before rounding and
then shift back afterward. Also, note that the algorithm can be modified to round to any
precision p other than 1 by multiplying each value by % before first shift and by p after the

return shift.

Dependent rounding returns a modified bipartite graph G’ = (A, B, £, w’), where w;; € {0,1}
and £’ no longer contains the edges (i, j) where w;; = 0, i.e. the edges with weights rounded to

0 are removed. There are three relevant properties to dependent rounding:

1. Marginal distribution - V3, j,



. This is a guarantee that all resulting edge weights are unbiased, a convenient property

shared with stochastic rounding.

2. Degree preservation - Vi, j,
> wip € {1 wyli [ wyl} (2.5)
J J J

Z w;; € { LZ wi |, (Z wij |} (2.6)

. In words, this indicates that the sum of edge weights incident to every vertex remains

within 1 after rounding, minimizing variance.

3. Negative correlation - Vb € {0,1},5 C [|B], 1,
P[Ajeswi; = b < [ [ Plwj; =] 2.7)

This property also holds for all j and S C [|A|]. Here [n] denotes the set {1,2,...,n}. As

a result, neighboring edges have lower probability of being rounded to the same value.

We can see that dependent rounding has many strengths but a crucial weakness appears:
while independent rounding schemes are always O(1) time and O(|A||B|) work operations (i.e.
constant time and work proportional to the number of edges), dependent rounding has a work
and time complexity of O(|A||B|(]A| + |B|)), which is superlinear with respect to the number of
edges. The difference in time complexity is significant enough that dependent rounding on even
moderately sized graphs (on the order of 100,000 edges) can be unrealistic.

Dependent rounding historically has been relegated to theoretical algorithms, but we can



look at them for inspiration on potential realized applications for dependent rounding. The orig-
inal paper [2] includes algorithms related to scheduling and routing. For example, we can frame
broadcast scheduling as a problem where A is the set of time slots and B is the set of topics and
apply dependent rounding to assign topics to time slots. We can also schedule jobs on multiple
machines by creating a vertex in A for each job and a vertex in B for each machine. Dependent
rounding can also round relaxed linear programming solutions to an integer solution [3], partially
by transforming the relaxed solutions into a partition each. This method can be used to solve the

k-means problem, also called the connected facility location problem [4].

2.2 Parallelism

As far as we know, due to the theoretical nature of dependent rounding, there is no work on
improving its runtime, whether in serial or parallel. Therefore, we have instead based our work on
speedup methods for other graph problems, namely butterfly enumeration and depth-first search
(DFES).

In a bipartite graph G = (A, B, E), we define a butterfly to be any set {ag, a1, by, b1}
such that ag,ay € A, by, by € B, (ag,bo), (ag,b1),(a1,bo), (a1,b1) € E. In other words, it is
a pair of vertices in A and a pair of vertices in B where all four possible edges among them
exist (or have nonzero weight in the weighted case). Notice that a butterfly is equivalent to a
four-cycle in a graph. We also define a wedge from A to B to be any set {ao, a1, b} such that
ag,a; € A,b € B, (ag,b), (ar,b) € E. This is a pair of vertices in A and a vertex in B such that
both possible edges among them exist (or have nonzero weight). It follows that every butterfly

can be split into two wedges from A to B or two wedges from B to A.



Fw @
Figure 2.1: Example of a butterfly (left) and a wedge (right).

Previous work [6] indicates that butterfly counting is a process amenable to significant
parallelism, implying low time complexity. Most of the methods of butterfly counting perform

the following:

1. In parallel, for each pair ay, as out of ('g‘) possible pairs, count the number of wedges
from that pair to vertices in B and call the result W, ,,. The total number of butterflies
from ay, as to B will be (*"V%1°2). This is O(log | B|) time and O(|A|?| B|) work, as we must
do a prefix sum operation over | B| elements (O(log | B|) time, O(|B|) work) ("3') times in

parallel.

2. Use the parallel prefix sum algorithm to sum (W“21“2) across all a;,ay € A. This is

O(log |A|) time and O(| A|?) work.

We can see from this that the total number of possible butterflies in a bipartite graph is:

A B
’{CLO,CLl,bO,bl | ap, a1 S A7b07b1 S B7 <a07b0)7(a07b1)7 (a17b0)7 (a’lub1> S E}’ S (|2|) <|2|)

The size of this number is a strong indicator that many butterflies may exist even in graphs with
a reduced number of edges. Assuming that this is true, using butterflies in dependent rounding
can shorten both the length of cycles used in the rounding process and the runtime of a single
rounding step. We are more interested in butterfly enumeration, which does not benefit from
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the speedup of using prefix sum. However, the base idea of splitting A into pairs still serves as
inspiration for our algorithm.

Dependent rounding, as originally proposed, is dependent on DFS, which is not typically
amenable to parallelism. In fact, work-efficient parallel DFS can only decrease runtime from
O(n+m) to O(n), which is only nontrivial for dense graphs. Recent work has more significantly
increased the speed (down to O(y/n) time complexity) while being nearly work efficient [7].
Despite this speedup, running DFS only once and maintaining information without repeated calls
is generally more effective to reduce runtime when possible. Also, using butterfly-based methods
cuts much of the need for DFS. These ideas lead us to believe that the optimal DFS methods are
not worth the increased work, as they would only decrease the complexity of a small subset of
the problem. Nevertheless, we remain interested in further study of parallel DFS techniques to

serve as an alternative to improving dependent rounding.

2.3 Machine Learning

Machine learning could be a primary driver for future dependent rounding applications.
Any machine learning technique involving data simplification or approximation is a strong candi-
date for using dependent rounding due to its consistency of information retention from improved
concentration bounds and degree preservation. SignSGD [8] is an optimization technique that
involves using the sign of the gradient (as opposed to full gradient) to perform gradient descent.
In other words, SignSGD takes the gradient tensor for each layer and individually replaces each
element with its sign. This has the advantage of significant compression while also achieving

convergence rates near or at state-of-the art (ADAM [9], SGD). However, rounding small gradi-



ents to their sign can result in over-corrections in early gradient descent, and it is our belief that
more delicate rounding methods can remedy this problem. Applying different rounding methods
to SGD also may provide further insight into why SignSGD is so effective.

Neural network pruning is another machine learning technique involving data simplifica-
tion that uses data removal. A general conclusion of neural network pruning work [5] is that
randomization techniques do not perform as well as simpler methods. The most basic weight
magnitude pruning, which removes the smallest magnitude weights, significantly outperforms
simple random pruning, which also has a large variance in effectiveness. The most effective
randomized methods involve pruning probabilities generated by examining the possible effect of
each weight on the result of the neural network [10-12]. However these methods require many
samples to be effective, limiting the amount of effective pruning. There is some indication that
some randomized methods can perform better at low levels of pruning [13], but in all other cases,
magnitude weight pruning remains state-of-the-art. This conclusion is not surprising given the ex-
tra introduced noise in the methods. We believe that the problems with introducing stochasticity
in machine learning are due to the inherent inconsistency of rounding and sampling techniques,
preventing the benefits of unbiased pruning from being realized. As dependent rounding partially
mitigates these issues, we hope it shows promise in increasing the effectiveness of randomized
machine learning methods, either by increasing accuracy or decreasing required sampling.

The lottery ticket hypothesis [14] augments neural network pruning by proposing that the
original random values used to initialize a neural network retain their importance throughout
training. The authors suggest that magnitude weight pruning should be followed by resetting
all non-pruned values to their original values and further training, and that repeating this several

times can lead to fast training with high levels of pruning. This is an open area of research. It may

10



be possible to replace magnitude weight pruning with rounding-based pruning methods to see if
magnitude weight pruning is innate to the lottery ticket hypothesis. It is also unknown how much
precision in the original random values is necessary, or if an approximation of the values is also
effective (e.g. their sign [15]). According to the authors of the lottery ticket hypothesis, using just
the sign breaks down when training large networks, but we believe that this is an underexplored

idea.
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Chapter 3: Dependent Rounding Speedup

3.1 Original Algorithm

The dependent rounding algorithm described in [2] is not sufficiently fast to be used real-
istically. We will now describe the original process used for dependent rounding (note that we
are using the case where the edges all have values between 0 and 1, as the algorithm can be
shifted and scaled to handle any range of values). First, the algorithm finds the set of what we
will call floating edges, which are edges that have a non-integer value. A graph representation
of floating edges is created. Then, the algorithm will repeatedly find cycles or maximal paths to
work with using Depth-First Search (DFS). Any time that a cycle or maximal path P is found,
the algorithm will split P into M; and M, where M; is the set of odd-numbered edges and M,
is the set of even-numbered edges along . The numbering is arbitrary and is a consequence of
the path selected, not innate to the edges. All that matters is that M; contains no adjacent edges
and the same for M5. This is done so that we can properly maintain the sum of edge weights
incident to each vertex, as each vertex has at most two incident edges, one odd-numbered and
one even-numbered: whatever we add to one edge we must subtract from the other. There are

now two possibilities for how we modify the edges along the path:

1. Raise the first edge - « - If we raise the first edge’s value, need to lower the second edge’s

12



value to maintain the sum incident to the shared vertex. This can be extrapolated along the
path to get that all edges in M; will be raised and all edges in M5 will be lowered. In order
to get the maximum amount that edges can be changed in this manner (without pushing

values above 1 or below 0), o, we get

o = mln{{l - xi,j ’ V(Z,j) & Ml}, {xi,j | V(l,j) S MQ}} (31)

2. Lower the first edge - ( - In this case, we are lowering all edges in M/; and raising all edges

in M. This results in

ﬁ = min{{xm | \V/(Z,j) < Ml}, {1 — T | V(Z,j) € MQ}} (32)

Given these two possible modifications, we would like to now generate a probability that either
of them happens while remaining unbiased. In order to maintain the expected value of each edge,
we must have that, given probability p that M is raised and probability 1 — p that M is lowered,
pa — (1 —p)p = 0, resulting in p = a%@ After this is done, we know that at least one of the
edges will be set to 0 or 1, and so ceases to be floating. This step can be repeated until no floating

edges remain and all of the weights are rounded.

Note that the size of P is at most |A| + | B| and therefore the time to perform a rounding
step is O(|A|+ |B|). There are |E| < |A||B| total rounding steps, bringing the total running time

to O([A||B[(|A] + [ BI))-
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Figure 3.1: Example of rounding butterfly step where the depicted edges show the modifications
to each edge value. Note that the sum of the modifications incident to each vertex is 0.

Algorithm 1 Original Dependent Rounding Algorithm

Require: Bipartite graph (A, B, E, w)
Ensure: Rounded bipartite graph (A, B, E, w)
Floating edges F' C I
while F' # () do
P <+ cycle or maximal path in (A, B, F))
M, <— odd numbered edges in P
M, <— even numbered edges in P
a < minimum of distances to 1 of all edges in M, and distances to O of all edges in M5
B < minimum of distances to 0 of all edges in M; and distances to 1 of all edges in M,
r <— random number uniformly between 0 and 1
if - < - then
w; ;  w;; + afor (i,75) € My
w; ; — w;; — afor (i, j) € My
else
W5 < Wij — 6 for (Z,]) S M1
Wy j < Wy + B for (Z,j) € M,
end if
The edge that has been rounded to O or 1 is removed from F' and £ (if 0)
end while

14



3.2

3.2.1

1.

3.

New Algorithm

Overview

We have developed a few possible improvements to the dependent rounding scheme:

Length of DFS step - Each rounding step can take as much as O(|A| + |B|) time, but
cycles can be (and often are) as small as size 4. Therefore, we can speed up dependent
rounding by focusing on small cycles. Our new algorithm utilizes this idea by searching
for every possible 4-cycle, called butterflies, to round first. Originally inspired by very fast
parallel algorithms for counting butterflies [6], this idea can also be parallelized easily so

that multiple rounding steps can be performed at the same time.

Waste of work - Each rounding step does a partial DFS of the floating edges in the graph,
but then completely ignores this gathered data when moving into the next rounding step.
We can speed up dependent rounding by doing a full DFS and then reusing as much infor-
mation as possible between rounding steps. This should be effective as only one edge is
removed in each step, and restoring a DFS tree only involves finding one edge to reconnect
the split DFS tree from the last iteration. Our new algorithm utilizes this idea by creating
an Euler tour and then performing minor changes to it each rounding step. This is espe-
cially important when considering that, even though there has been some recent progress
on nearly work-optimal DFS [7], actual work-optimal DFS is known to not be amenable to

parallelism.

Forests are easy to round - We can round away all remaining cycles, leaving only a forest.

15



Rounding a forest is rather easy, as it consists entirely of maximal paths between leafs,
which are easy to find in an Euler Tour. After a single DFS iteration, we can round by
searching for a path between any two leafs, performing a rounding step, then splitting the

Euler Tour along the edge that is no longer floating.

So, our new algorithm will start by rounding butterflies of floating edges, then will round

remaining cycles, then will end by rounding away the remaining forest.

Algorithm 2 New Dependent Rounding Algorithm

Require: Bipartite graph (A, B, E, w)

Ensure: Rounded bipartite graph (A, B, E”, w")
(A, B, E',w'") = Round butterflies (A, B, E, w)
(A, B, E”,w"),C =Round cycles (A, B, £, w’)
(A, B, E" w") = Round forest (A, B, E", w"),C

3.2.2 Rounding Butterflies

Recall that any 4-length cycle in a bipartite graph is a butterfly. Each butterfly consists of
wedges, which are any 2 edges that share a vertex. A lazy way to iterate through every single
butterfly is to iterate through all possibilities of each of the 4 vertices. To save work, we can
instead start by picking a pair of vertices in A, then iterate through B to find wedges from the
pair in A to elements of B (2 of which form a butterfly). This takes us from O(|A|?| B|?) checks
to O(]A|?| B|) checks. An additional benefit of using this method is that the sets of edges coming
out of two disjoint pairs in A are also disjoint. This lends itself to parallelism, as all we require

to round two different cycles at the same time is for the cycles to be edge-disjoint.

Therefore, in order to round all butterflies, we can start by splitting A into disjoint pairs
using a method similar to round-robin tournaments, then in parallel (for each pair) iterate through

16



Figure 3.2: Example of how pairing off vertices in A can be used to split edges into disjoint sets.
We can then search for butterflies in each set in parallel.

B and search for two wedges. These form a butterfly, which we round, destroying exactly one
of the wedges. Then the algorithm will continue to look for another wedge and round until B is
exhausted and all possible butterflies with the two chosen vertices in A no longer exist. There will
be a total of | A| — 1 rounds, each with | A|/2 pairs of vertices, resulting in all (";1') possible pairs
being explored. Therefore, we know that all possible butterflies will be explored and removed if
they exist.

We also know of an improved method to round all butterflies (specifically those that include
two specified vertices from A) that is faster theoretically but not empirically. This consists of
enumerating in parallel all wedges to B that exist, then rounding away in parallel pairs of them
until only one exists. For a given pair from A, this will take O(log |B|) time and O(|B|) work.
However, this method was empirically slower and likely would require an immense number of

processors to be worth considering.
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Figure 3.3: Example of how vertices in A will be paired off using a round robin tournament
method. Each column is a round.

Algorithm 3 Round Butterflies
Require: Bipartite graph (A, B, £, w)
Ensure: Bipartite graph with no butterflies (A, B, E', w')
for all round € {1,...,|A| — 1} do
us <— round robin pairs corresponding to round
for all pair € {1,...,|A|/2} in parallel do
ul, u2 + uslpair]
Iterate through {1, ..., |B|} and continually find first two vertices v1, v2 that both have
wedges from ul, u2
Do a dependent rounding step on cycle P = (ul,v1l,u2,v2,ul)
The edge that has been rounded to O or 1 is removed from F
end for
end for

18



3.2.3 Rounding Cycles

Now the floating edges will no longer form any butterflies, but can still form cycles. It is
possible to continue by using the original dependent rounding algorithm on the remaining edges.
However, in order to save work, we can use an Euler tour to only do DFS once. Euler tours,
introduced in [16], are Eulerian cycles (i.e. they see each edge exactly once) of directed edges
which are formed by “splitting” the edges of an otherwise undirected tree. These are created by
using any spanning tree algorithm on the graph of floating edges, then finding each directed tree
edge’s “next” edge, and finally going through this list to enumerate the cycle.

Once we have an Euler tour, we can iterate through every non-tree edge. When given one
of those edges (i, 7), we use the Euler tour to find a path from j to 7, trim this path to its shortest
length, then perform a dependent rounding step on P = [j, ..., 4, j|. This will remove one edge
along the path from the set of floating edges. We must trim the path to the shortest length in order
to avoid the case where both of the directed edges corresponding to any undirected edge are in the
path (e.g. the path contains both a, b and b, a). If this occurs, it is possible for us to continually
both add and subtract the same value to this edge, leading to no actual progress. In order to keep
the Euler tour up to date, we must modify it by adding the nontree edge and removing the rounded
edge, both constant time and linear work operations. Obviously, if those edges are the same, we

do not need to modify the Euler tour at all.

3.2.4 Rounding a Forest

The remaining floating edges will form a forest. Forests are easy to round, using a method
that parallelism can easily be applied to. If we take the Euler tour for any tree, we can find a max-
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Figure 3.4: Example of an Euler tour (labeled order of black edges) for this tree (blue edges).

Algorithm 4 Round Cycles
Require: Bipartite graph (A, B, E, w)
Ensure: Bipartite graph with no cycles (A, B, E’, w'), remaining Euler tour C
T < a spanning tree of the floating edges F' C E
C < Euler tour of T’
foralle = (e1,e2) € FF—T do
P « path in Euler tour from e; to e
Trim P to remove detours
Perform a dependent rounding step on P
The edge that has been rounded to 0 or 1 is removed from F
The rounded edge also replaces (eq, e5) in C
end for

imal path by taking the Euler tour between 2 neighboring leaves, and then perform a dependent
rounding step on this path, then split the Euler tour along the rounded edge. We will now have 2

Euler tours to which we can repeat this process in parallel until no floating edges remain.

Figure 3.5: Example of an edge deletion in an Euler tour from left to right. The remainder of the
Euler tour (2 to 2 — 2 and ¢ + 2 to end) is not shown. Edge addition is the same in reverse.
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Algorithm 5 Round Forest

Require: Bipartite graph with no cycles (A, B, E', w), Euler tour C
Ensure: Rounded bipartite graph (A, B, E', w’)
P < path between any two leafs in C'
Perform a dependent rounding step on P
Split C' along the edge that has been rounded to O or 1 into C, Cs
In parallel: Round Forest (A, B, £/, w), C}, and Round Forest (A, B, E, w), Cy

3.3 Runtime Analysis

We have seen that the original dependent rounding algorithm runs in time O(|A||B|(|A| +

|B|)). We can analyze the new algorithm in parts:

1. Butterfly rounding - Each round robin pair runs in O(| B|) time. There are O(|A|) rounds of
O(] A]) of these done in parallel, meaning the work is O (] A|?| B|) and the time is O(|A|| B|).
The time can be reduced to O(|A|log | B|) by picking out pairs of wedges to B in parallel,

but this is not effective empirically.

2. Cycle rounding - There are at most O(|A|./|B|) floating edges remaining after butterfly
removal [17]. Finding a spanning tree takes at most O(|A| + |B|) time and O(|A|\/|B])
work. Euler tour generation is constant time and O(]A|/|B|) work. For each edge,
it is O(]A| + |B|) time and work (dominated by trimming the path). This is a total of

O(]A||B]+/|B|) time and work.

3. Forest rounding - There are at most |A| + | B| — 1 remaining floating edges. Each rounding
step takes O (log(|A|+|B])) time and O(| A|+|B|) work, then splits the remaining problem
in two. Therefore, the total is O(log®(|A| + | B|)) time and O((|A| + | B|) log(|A| + | B]))

work.
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The overall time complexity is O(|A|| B|+/|B|) time and O(| A|?| B|) work, assuming that +/|B| <

|A| < |B|. This means that we have % times less work and \}% times less time when compared

to the original algorithm, which can be quite significant for imbalanced graphs. The current pain
point is trimming the path in cycle rounding, which, if improved, could result in the time being

reduced to O(|A|+/|B|log |B|) at best.

Table 3.1: Theoretical Runtime Analysis. Assumes +/|B| < |A| < |B|. Note how time and work
complexity are dominated by cycle rounding.

Step Time Complexity Work Complexity
Original Algorithm O(|BI*|A)) O(|B|*A|)
Rounding Butterflies |  O(]A| log|B|) O(|A|*|B|)

Rounding Cycles O(|A||B|/|B|) O(]A||B]+/|B|)
Rounding Forest | O(log®(|A| + |B|)) | O((|A] + |B|) log(|A| + | B]))
Total O(|AllBlVIB]) o(|AllBlv1B])

3.4 Experimental Results

We tested three different dependent rounding schemes: an original naive Python implemen-
tation, a second Python implementation based on the new algorithm, and a C++ implementation
that uses parallelism and the new algorithm '. The parallelism is performed using the C++ library
ParlayLib [18]. Each algorithm was run with random 2-D matrices (size | A| x | B|) as input, with
|A| and | B| being powers of 2 starting from 8 and going to 16384 unless time/space constraints
are hit. Without loss of generality, we only consider cases where |A| < |B| (in the case where

|B| > | A, the input matrix could be transposed).

' All schemes were run on an Ubuntu Windows Subsystem for Linux with an AMD Radeon RX 6750 XT GPU
and 13th generation 17-13700K CPU.
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First we will analyze the case where |A| = |B|. Note that the runtime analysis would
indicate that the old algorithm will be O(|A|*) time and the new algorithm will be O(] A|?+/|A|)

time and O(] A|*) work.

1. The results indicate that the old Python implementation takes approximately 10 times as
long to run when |A| is doubled, and so is certainly superlinear time (w.r.t. number of
edges). It appears to slow down significantly in later iterations as DFS slows down when

most of the edges are gone.

2. The new Python implementation takes approximately 5 times as long to run when |A]| is

doubled, and so is empirically close to linear, but still superlinear w.r.t. edges.

3. The C++ implementation takes approximately 4 times as long to run when |A| is doubled,

and so is empirically linear w.r.t. edges.

Now we will look at the case where |B| = 16384. We expect from runtime analysis that

the old algorithm will be quadratic time and the new algorithm will be linear time and work.

1. The old Python implementation takes approximately 5 times as long to run when |A]| is

doubled, and so is at least quadratic empirically.

2. The new Python implementation takes almost exactly 2 times as long to run when |A| is

doubled, and so is empirically linear.

3. The C++ implementation is very slow for small | A| due to it having higher overhead than

the other methods, but soon becomes the fastest method and is just under linear.

As a more concrete example, for |A| = 128, |B| = 8192, the old Python implementation
takes an average of 5764 seconds to run, the new Python implementation takes an average of
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7.716 seconds to run (7.411 to remove butterflies, 0.258 to remove cycles, and 0.047 to round the
remainder), and the C++ implementation takes 3.658 seconds to run (0.343 to remove butterflies,
2.495 to remove cycles, 0.82 to round the remainder). This is a 747 times speedup from the
old Python method to the new Python method and a 2 times speedup to the C++ method. One
easy thing to notice is that the C++ method is much faster at rounding butterflies, but takes
much longer to round cycles. This is because the C++ method has a slightly different method
of selecting butterflies and always leaves significantly more edges unrounded than the Python

method, which will be briefly discussed below.

3.4.1 Importance of Butterfly Removal Order

It became very clear during testing that the order of butterfly scanning was very important
for how many edges remained. We found that an older serial algorithm implementation regularly
rounded slightly more butterflies, which resulted in the cycle rounding step being much smaller
(around 10 edges, as opposed to up to tens of thousands). This is very consequential when
noting that the cycle removal step most often takes significantly more work per edge removed
than the other steps, both theoretically and empirically. We can see in the results that rounding
butterflies dominates the runtime of serial methods while rounding the remaining cycles takes
very little time. In comparison, parallel methods take very little time to round butterflies, while
the rounding cycles step takes a far longer period of time than in the serial method. Further
investigation into why there is such a big difference in remaining edges is warranted. Not only
does this have a large impact on runtime, but there are important theoretical distinctions such

as differences in concentration bounds that may result from alternate rounding methods. For
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Figure 3.6: Runtime for | A| = | B|. Notice that the new python method results in runtime roughly

linear with the number of edges. The parallel C++ method does result in some speedup (sublinear
empirical runtime).
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Figure 3.7: Runtime for |B| = 16384. The new Python method appears to be just above linear.

The C++ implementation has large overhead and so it is unsurprising that speedups do not show
until very large size graphs.
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example, while dependent rounding always has the negative dependence property, it has been

proven that the strongly Rayleigh property [19] holds in the case where dependent rounding is

performed on a one-to-many bipartite graph (i.e. one of the partitions is size 1) [20]. It is also

possible that more methods of speeding up the cycle rounding stage can be explored in order to

alleviate the issue.

Table 3.2: Floating edges removed in cycle step vs implementation type.

|4| |B| | Edges - no Butterflies | Edges - no Cycles | % Removed in this Step

Serial 32 32 71 63 0.78%
32 256 293 287 0.07%
32 2048 2086 2079 0.01%

32 | 16384 16426 16415 < 0.01%

256 | 256 529 511 < 0.01%

256 | 2048 2311 2303 < 0.01%

256 | 16384 16652 16639 < 0.01%

2048 | 2048 4101 4095 < 0.01%

2048 | 16384 18440 18431 < 0.01%
Parallel | 32 32 110 63 4.59%
32 256 409 287 1.49%
32 2048 2241 2079 0.25%
32 | 16384 16588 16415 0.03%
256 | 256 1439 511 1.42%
256 | 2048 4857 2303 0.49%
256 | 16384 22149 16639 0.13 %
2048 | 2048 17434 4095 0.31%
2048 | 16384 50267 18431 0.09%
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Table 3.3: Average running time for different implementations split by steps in seconds. |A| =
128, |B| = 8192

Original Method | Best Serial Method | Best Parallel Method

Rounding Butterflies N/A 7.411 0.343
Rounding Cycles N/A 0.258 2.495
Rounding Forest N/A 0.047 0.820

Total 5764 7.716 3.658
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Chapter 4: Applications of Dependent Rounding in Machine Learning

4.1 Motivation

We have two broad methods to apply dependent rounding to machine learning. The first is
directly as a rounding method. We believe that, because dependent rounding keeps more informa-
tion when rounding than stochastic rounding does (via degree preservation), dependent rounding
can get improved results in machine learning methods that require maintaining information. An
example of such a method is machine learning in low precision regimes, where most information
is removed in order to simplify a neural network. With high levels of sparsity or low levels of
precision, it is important to keep as much information as possible that is allowed given those
constraints.

The second idea is to use dependent rounding as a sampling method. In this case, we take
any set of generated probabilities to sample from and use dependent rounding to convert these
probabilities to 1’s or 0’s to determine whether those points will be sampled or not. We know
from above that degree preservation, which is inherent to dependent rounding, will be useful to
make sampling more consistent. For example, say we have a large set of /V data points each with
probability 1/N of being sampled. Obviously, we could just pick a random number to get one
of them with 100% probability, but this method will fail to work for sampling matrices. With
stochastic rounding, there is a (1 — %)N chance (=~ %) that every single number is rounded to 0
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and no sample remains. In order to move up to two dimensions, we may need to use a method
similar to the Fisher-Yates shuffle [21], but this will fail when the distribution is nonuniform.

We also believe that negative dependence is a useful property for rounding in machine
learning contexts. Negative dependence leads to values tending to be different from their neigh-
bors, which may manifest as more variety in the edge weights. This is almost certainly superior
to positive dependence, where the values all tend to be similar, which can create redundancy and
reduce the effective number of weights used (i.e. if the weights coming out of two vertices are
very similar vectors, then one of them is likely to not be useful).

Now that we have several methods with which to apply dependent rounding, we need to
determine which way to best apply dependent rounding to machine learning weights based on
architecture. Whenever the weights for a layer are one- or two-dimensional, dependent rounding
is very simple, as any one- or two-dimensional matrix can be converted into a bipartite graph (first
dimension is the left partition, second dimension or single vertex is the right partition, values in
matrix are the weights of edges between) and then dependent rounding can be applied directly.

The problem grows in difficulty with more complicated architectures. For example, convo-
lutional neural networks (CNN) typically have 4-dimensional weight tensors. CNNs are designed
so that the weights map (in a similar manner to standard fully connected layers) from 2-D fea-
tures to new 2-D features. Because a CNN layer is similar to fully connected layers with vertices
replaced with 2-D filters, we believe that it is more appropriate to iterate through each position
in the filters and perform dependent rounding as if the remaining two dimensions are a fully
connected layer. Alternative options are to perform dependent rounding on each of the filters or
flatten the whole tensor into two dimensions and do one dependent rounding step for the whole

layer. Other architectures such as feed-forward layers can have odd cycles and therefore would
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need to be modified for dependent rounding to be used.

42 SignSGD

An example of using dependent rounding directly as a method of rounding is to modify
SignSGD [8]. SignSGD is a method where instead of doing standard stochastic gradient descent
(SGD), the gradient data is taken and rounded to the nearest sign (or remains zero if already zero).
The method is typically also momentum-based and uses an increased step size to potentially
perform better than SGD in terms of loss and/or variance. What this does is significantly reduce
the burden of data transfer, as the change from floats to bits (or perhaps 2 bits) per gradient
element can enable distributed learning.

We suggest an improvement to SignSGD where instead of doing standard independent
rounding on the SGD data, we will instead try to run dependent rounding, which we will call
dependent SGD. We hope that this will, by preserving marginal sums, increase the amount of
information kept and increase the convergence rate. Hopefully, the improved convergence bounds
inherent to dependent rounding also may be used to decrease the variance of the technique as well.

The extent to which we have studied this problem is the creation of a toy example. In this
example, we start at a random N-dimensional vector, receive noisy gradient data, and search for
the zero vector by using the magnitude of the vector as loss. The gradient data will be the current
vector (as that is the gradient of vector magnitude), but noise is added to emulate stochastic
gradient data. We ran this program using several SGD-based methods using the same step size,
decreasing with the square root of the step number.

This experiment indicates that dependent SGD can perform slightly better than SignSGD.
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Figure 4.1: This is a comparison of SignSGD to our new dependent SGD method. The graph dis-
plays the mean (solid line) and variance (shaded area is &1 standard deviation) of both methods.
It is obvious in this toy example that DependentSGD is both an improvement in convergence and
variance.
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We can see 4.1 that the dependent rounding techniques in red led to faster convergence, lower
loss, and decreased variance when compared to standard SignSGD. This is a strong empirical
indication that dependent SGD used in this context has potential. However, for any sizeable ma-
chine learning problem, the runtime of dependent rounding will still result in dependent SGD
taking a longer time to get to the same loss as SignSGD. That is unless the gradient is difficult to
calculate. Also, we must note that this is a simple one-dimensional example, where the function
is simple, smooth, and concave. So, it is possible that dependent rounding causes the optimiza-
tion problem to settle and remain in local minima. In conclusion, we believe that SignSGD
has promise in improving optimization techniques, especially ones where gradient calculation is

difficult.

4.3 Lottery Ticket Hypothesis

Another rounding method we explored is applying dependent rounding to the lottery ticket
hypothesis. The idea behind the lottery ticket hypothesis is that when selecting random initial
weights, there is some special pruned subnetwork of these weights that is all that is needed to
reach comparable accuracy after some training. So, the original paper [ 14] proposed the following

steps:
1. Initialize weights wy
2. Train the neural network (not necessarily to convergence) to get new weights w;
3. Generate a pruning mask based on the weights w; (originally just setting the smallest spe-

cific percentage of the weights w; to zero)
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Figure 4.2: Toy example of lottery ticket hypothesis steps. Step 1 (top left): random initialization.
Step 2 (top right): post training values. Steps 3 and 4 (bottom left): bottom two post training
values removed and top two values replaced with original values. Step 5 (bottom right): continued
training.

4. Replace the remaining nonzero values of w; with their original values wy

5. Continue training to get weights wo

This process can be done repeatedly or in one shot. The result is that the neural network
with weights ws is comparable in accuracy to w; but contains significantly fewer nonzero weights
and therefore has reduced storage complexity and increased training speed. The end goal of this
idea is to iteratively train and prune a network until there are very few weights remaining, all at a
speed comparable to simply training the full network.

It has also been suggested that we do not need to keep the original weights w;, but only
the signs of the original weights sign(w;) [15]. This has a high success rate on small neural
networks, but the original authors of the lottery ticket hypothesis suggest that the idea breaks
down for larger problems and the original weights w; are necessary to achieve similar accuracy.
We propose that there may be a way to interpolate this idea: on small networks, we only need
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sign(wy), on big networks we need wy, but in between, it may be possible to reach optimal
accuracy with levels of precision in between sign(w;) and w;. In other words, we would like
to determine if there is a relationship between the size of the network and the level of precision
necessary to maintain accuracy. We would also like to see what the effects of different types of
rounding are, to see if dependent rounding can improve the process. To that effect, we propose

two modifications to the above steps:

* Instead of weight magnitude pruning in step 3, attempt alternate methods of pruning (per-

haps dependent rounding-based)

* Instead of using w; or sign(w;) in step 4, use several rounding methods to round w; to

varying powers of two (e.g. 2,1,3,%,...)

We have some preliminary results that indicate that dependent rounding is better than both
stochastic independent rounding and standard independent rounding, especially at low levels of
precision. We used the second modification to the lottery ticket hypothesis described above
and attempted standard independent, stochastic, and dependent rounding to see the effects. The
results indicate that on average, dependent rounding has the best performance, which is unsur-
prising as more data is preserved via the marginal sums.

We can see that stochastic and standard rounding both trend towards an extremely low ac-
curacy (the equivalent of guessing O for all of the labels) due to layer collapse, where most or all
of a layer’s weights are set to 0, which removes the effect of almost all nodes. The lowest level of
precision seen here is where the values are rounded to £1, except in the case of stochastic round-
ing, which used a different method to showcase its tendency towards layer collapse. Because
both dependent and standard rounding round the values to -1 and never 0, many more weights
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Figure 4.3: These are the preliminary results on the CIFAR10 imageset for dependent rounding
applied to the lottery ticket hypothesis. The y axis indicates accuracy and the x axis indicates
the level of precision, which is roughly the number of bits which would be used to represent an
edge post-rounding. We can see that dependent rounding dominates both stochastic and standard
rounding. The lowest level of precision is an anomaly because it is where weights were rounded
to =1, whereas values could be rounded to zero for higher precision levels.
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are still left to be trained afterward, leading to a higher accuracy when compared to higher levels
of precision. Note that this is not a fair comparison due to the pruning present at other levels of
precision, so we can think of it more as a baseline with no additional edges removed.

A similar idea we had is an experiment to see how dependent rounding at different levels
of precision applied directly to the post-training values affects the accuracy. This is similar to the

lottery ticket hypothesis idea, but steps 3 and 4 are replaced with only a single rounding step.

4.4 Dependent Sampling

Now we will briefly discuss our ideas on sampling problems that can be tied to dependent
rounding. Again we must keep in mind the important properties of degree preservation and
negative dependence. We believe that dependent rounding can serve as an improved method of
sampling from bipartite graphs.

As a brief example, let V' be a vector size N where each member is sampled with probability
%. If we do independent stochastic rounding, there is a chance that the entire vector is eliminated,

%)N — %, which is far from insignificant. When

leading to layer collapse. This chance is (1 —
layer collapse happens, a neural network layer (and therefore the entire network) will return 0
for all values regardless of input, reducing the result of the neural network to a constant function.
Note that this problem can be easily circumvented by instead comparing a random value between
0 and 1 to the prefix sums of the sampling probabilities, and picking the appropriate single point
where the value is between two prefix sums (in the simple example, pick only index ¢ when the

random value is between ﬁ and %). However, this method fails in the two-dimensional case.

If we choose to pick one partition and iterate through the vertices in that partition, sampling one
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edge between the current vertex and the other partition. If we have a bipartite graph where both

partitions are size /N, and all edges are sampled with probability %, thereis a (1 — %)N chance
for each vertex in the second partition to no longer have an incident edge.

Another way to entirely avoid the possibility of layer collapse is to use dependent rounding
on the sampling probabilities. In the one-dimensional case, this is just a slower equivalent to the
method above, as we are guaranteed to sample exactly one value using both methods. However,
the real strength of dependent rounding lies in the two-dimensional case, where every single
vertex is guaranteed to have exactly one incident edge remaining. This means that vertices will
not be randomly dropped from relevance and there is very precise control over edge pruning. For
each vertex, we can guarantee any integer number of edges will remain incident after sampling.

Therefore, dependent rounding can be used to consistently sample edges from a bipartite
graph of probabilities in one step. What we can do with this is take any method of generating
probabilities for pruning machine learning, and replace the sampling method with dependent
rounding. For example, there are several coreset-based algorithms [11, 12] that probabilistically
prune the weights of a graph based on their potential impact on the result of a neural network.
To sample, the probabilities are normalized and then a single value is sampled m times. We
can replace this with dependent rounding by multiplying the normalized probabilities by m and
doing a single rounding step. This allows for higher probability edges to be sampled multiple
times (and it is possible that edges with a high enough probability are guaranteed to be selected),
while sampling in exactly one step.

We have noticed earlier work indicates that weight magnitude pruning and related methods
are generally better performers than any randomized method of pruning [5]. This is surprising

given the convenient properties of probabilistic methods such as unbiased rounded variables. We
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hope that the performance gap is at least partially due to the shortfalls of the sampling methods
(especially gradient collapse and inconsistency with high levels of pruning) and that future work
can be done to improve probabilistic methods to the point where they are at least competitive
with weight magnitude pruning. Dependent rounding and/or other methods that enforce more

consistency may be the key to making randomized pruning methods feasible.
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Chapter 5:  Conclusion and Next Steps

We have achieved a speedup on the dependent rounding of several orders of magnitude.
Based on new techniques alone, the new algorithm can have a performance improvement of more
than 100x. Additional speedup from parallelism is as much as 5x. This is a massive speedup that
results mostly from rethinking the problem to use small cycles whenever possible. There is still

some work to be done on improving the algorithm, briefly summarized below:
* The cycle rounding step is slow and there are likely some improvements in the area.

* The number of cycles remaining after removing butterflies varies significantly depending
on how an algorithm searches for butterflies (fewer cycles remaining is preferable). Further

investigation is needed to create a fast algorithm with as few cycles remaining as possible.

* We may also be able to explore how much of an impact the original sparsity of the bipartite
graph has on runtime, and if there are ways to improve performance conditioned on that
sparsity. Tooling the algorithm to be able to use sparse matrix representations may also be

possible.

* There is no current method for the algorithm to handle certain size graphs without exhaust-
ing memory. It should be possible to segment the graph and cache data in order to handle

larger graphs than are currently possible.
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We also have presented some of the possible applications of dependent rounding to machine

learning techniques, with some support, as follows:

* Modifying SignSGD by using dependent rounding on the gradient.

* Applying dependent rounding to the starting weights for the lottery ticket hypothesis.

* Using dependent rounding as a method of sampling by rounding sampling probabilities

produced by machine learning pruning techniques.

We hope that this research transitions the use of dependent rounding from a theoretical

technique to a functioning algorithm.
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