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 Maneuvering, near-radially inbound (NRI) anti-ship missile (ASM) targets pose a 

difficult problem for ship self-defense systems. The ongoing evolution of these targets is 

a primary driver of the research and development tracking algorithms. A series of studies 

have been performed to develop new endpoint-constrained (EPC) filtering algorithms to 

track these targets in real time and to evaluate the tracking error performance compared 

with legacy methods. The findings from these studies demonstrate that EPC filters deliver 

superior tracking accuracy, with many doing so in real time.  

 The EPC model is developed by first deriving the spherical constant velocity 

kinematic model. Taken together with the proportional navigation acceleration model, the 

spherical constant velocity model can be reformulated to include an endpoint constraint. 

This constraint was used to develop an EPC extended Kalman filter (EKF) with superior 



NRI target tracking performance when compared with the legacy spherical EKF (S-EKF) 

and the Cartesian EKF (C-EKF).  

Stepping beyond the EPC EKF, two additional discrete-time filters are developed 

in order to provide higher order nonlinear estimation capabilities. These two filters are 

the EPC unscented Kalman filter (UKF) and EPC bootstrap particle filter (BPF). Both 

filters offer even greater tracking performance improvements than legacy filters for the 

set of NRI targets. 

 Broadening the scope of this research, multiple-model algorithms have been 

developed to address the non-NRI target motion behavior. A pair of mixed EPC 

interacting multiple-model (IMM)  algorithms have been shown to be more flexible than 

any of the EPC or legacy filters alone, allowing for accurate tracking of a larger array of 

target types. EPC IMM algorithms also deliver real-time performance, making them 

viable for use in self-defense combat systems. 

 The final chapter returns to first principles of stochastic filtering. The Zakai 

equation is leveraged to develop a set of continuous-discrete (C-D) filters via the robust 

Duncan-Mortensen-Zakai (DMZ) equation. These C-D methods are not widely used to 

track targets in spherical coordinates. A pair of C-D EPC optimal Bayesian filters (OBFs) 

are developed and found to offer superior performance to all legacy filters and most 

discrete-time EPC filters, albeit with a higher computational burden. 
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1. Introduction to NRI Targets and Study Methodology 

1.1. Motivation 

Supersonic, highly maneuverable anti-ship missiles (ASMs) are a major driving 

factor for technological developments in the target tracking domain. Innovations on both 

the defensive side (tracking software, sensor hardware, etc.) and the offensive side 

(faster, more unpredictable, and maneuverable ASMs) have resulted in an ongoing arms 

race that continues to merit study by branches of armed services [25]. The penalty for 

falling behind in the race is non-trivial, but installing updated hardware on legacy vessels, 

such as high-accuracy and high-update rate sensors, can be quite costly. This dissertation 

introduces a set of cost-effective target tracking algorithm updates that can offer 

improved tracking performance against ASMs for cases in which the sensor capabilities 

are limited. 

 Many ASMs can be satisfactorily modeled as near-radially inbound (NRI) targets. 

We define an NRI target is defined as one that approaches the origin (where the sensor is 

located) and maneuvers along its radially inbound path. By definition, the approximate 

endpoint of the NRI target trajectory is known. Tracking a maneuvering NRI target is 

difficult for two reasons. First, a priori knowledge of a targetôs maneuvers is often 

unavailable, which can cause a mismatch between the filterôs kinematic and noise models 

and the maneuver. Second, for NRI targets, the legacy Cartesian filter has problems 

tracking a target in the near field [35]. 

 A new set of nonlinear filtering algorithms has been developed for tracking NRI 

targets, which adds endpoint-constrained (EPC) acceleration to the dynamic target 

kinematic model. This added acceleration consistently forces the trajectory to estimate 
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back towards the radial path. A near constant velocity (CV) kinematic model in spherical 

coordinates was used as the basic model for each new filter algorithm. Using these 

algorithms, the following questions will be addressed: 

1. Do EPC filters offer improved tracking performance against maneuvering NRI 

targets compared to legacy filters? 

2. If EPC filters offer improved NRI target performance, can they also be used with 

non-NRI targets? 

3. Can the algorithms be executed in real time? 

 

The primary motivation for using a kinematic model in spherical coordinates for 

an NRI target is that the commonly used CV Cartesian extended Kalman filter (C-EKF) 

requires a Cartesian-to-spherical transformation to predict the radar measurements. This 

transformation to spherical angles requires an inverse tangent of the ratio of two 

Cartesian Gaussian random variables. It is shown in Section 2.2.3 that as the range 

decreases, the probability distribution of the angle outputs from such a computation 

transitions from a truncated Gaussian to a uniform (over ́  to ˊ) one. This transition 

results in an increasing variance in the angle estimates, which can result in poor tracking 

performance. The probability density resulting from the Cartesian-to-polar transformation 

has not been previously documented, and the findings in this dissertation were published 

in [35]. 

The second chapter of this dissertation documents a pair of legacy filters used for 

tracking ASMs. The C-EKF algorithm is developed, and its weaknesses are highlighted. 

An alternative filter, the spherical EKF (S-EKF) developed by Haug and Williams [46], 

is shown to be a bridge between the current Cartesian EKF approach and the proposed 
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family of EPC filters. The C-EKF and S- EKF are also used as a baseline to compare the 

performance of each new filter using root-mean-square error (RMSE) analysis. The 

second chapter concludes with a performance evaluation of the EPC spherical EKF (EPC 

EKF) when compared to legacy filters for a set of trajectories of interest. The results of 

this study have also been documented by Haug and Ford [45], the author of this 

dissertation, although these results are expanded here. 

The third chapter explores the implementation of an EPC unscented Kalman filter 

(EPC UKF). UKFs have been shown to exhibit greater tolerance to nonlinearity because 

of the numerical integration that captures second-order behavior in the state and 

covariance estimates. Linearization performed by EKFs effectively captures the nonlinear 

model behavior in the first order [61]. The EPC UKF offers further tracking performance 

improvements over the EPC EKF for the same ASM trajectories, although it does not 

address instances in which the targetôs behavior is not NRI in nature. 

Particle filters are also introduced in the third chapter as an alternative to methods 

that rely on numerical differentiation (EKFs) or affine transformation (UKFs) to estimate 

the state and covariance. Particle filters offer greater flexibility in nonlinear filtering on a 

sphere because fewer assumptions must be made regarding the Gaussian nature of the 

underlying distributions. The particles were passed through a nonlinear kinematic model 

and recursively filtered. The resulting particles can then be used to estimate the target 

state and covariance by using empirical mean and covariance calculations. Using one of 

these recursive sequential importance sampling (SIS) particle filtering methods, the EPC 

bootstrap particle filter (EPC BPF) delivers an even better track error performance than 
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the EPC EKF or EPC UKF. The results of these studies were documented by Ford and 

Haug [34]. 

Chapter 4 concerns multiple model approaches to solve the NRI target tracking 

problem in a more flexible manner, which supports a wider variety of trajectories. For the 

case where the target is only NRI for a portion of its trajectory, a single model proves 

insufficient. Interacting multiple model (IMM)  algorithms is a well-known way to 

leverage a bank of Kalman filters to obtain state estimates when the target demonstrates a 

mixture of model behaviors. By implementing an IMM algorithm with an EPC filter and 

models designed to track non-NRI targets, one can achieve a further boost in performance 

for a wider variety of target trajectories than a single EKF. Ford and Haug demonstrated 

the capabilities of an EPC IMM algorithms [34]. 

Chapter 5 explores the implementation of a fully nonlinear filter that directly 

solves the underlying nonlinear partial differential equation for the NRI tracking problem 

without linearization, such as the EKF, numerical integration assuming a Gaussian 

distribution, such as the UKF, or managing a large number of particles, such as the BPF. 

This is accomplished by solving the Fokker-Planck-Kolmogorov forward equation to 

project the target state probability density forward in time, and Bayesô rule to correct the 

distribution estimate using the latest observation data. The filter development in this 

section begins with a series of simple examples and builds up to the EPC formulation. 

The fully nonlinear continuous-discrete (C-D) filtering algorithm has not been used for 

ASM tracking applications in 3D spherical coordinates in the currently available 

literature. 



 

5 

 

Chapter 6 presents the conclusions for each of the primary questions posed in this 

dissertation. Additional opportunities for future work in the field of EPC target tracking 

filters, and target tracking methods in general, are also discussed. This discussion 

includes research which could offer further improvements to some of the EPC filters 

which fail to address either the tracking error or real time criteria. References for all cited 

works are included after the conclusions chapter. 

  

1.2. Maneuvering Targets 

Anti-ship missile (ASM) usage, such as the one shown in Figure 1 can be traced 

back to at least the 1960s. The first ASM fired with the intent to harm was in 1967, when 

the Israeli Destroyer Eilat was attacked and sunk off the coast of Port Said in the 

Mediterranean Sea [97]. Many countries, including China, Russia, and the United States, 

continue to develop increasingly sophisticated and lethal ASMs at a rapid pace [65]. The 

effective range, velocity, and maneuverability of these targets are consistently improving, 

so self-defense systems must continue to evolve to keep pace. One approach is to 

continue adding to an already formidable multilayered defense system [90]. A key aspect 

to improving the defense system is the use of available sensor resources to form accurate 

target tracks to allow defenses to issue engagements.  



 

6 

 

 
Figure 1: HMCS Regina, a Halifax-class frigate, fires a Harpoon ASM in 2008 during 

exercises (Credit: article by S. Pasandideh [90]) 

 

Maneuvering targets, including ASMs, present a challenge to a missile defense 

system because their maneuvers often have a shorter period than the update rate of the 

sensor, as described in Section 1.1. Propagating the track between measurements would 

therefore cause target tracking errors to grow as the track overshoots the true target state 

due to the target maneuvering back in the other direction between measurements. An 

example of this phenomenon is shown in Figure 2. A solution for this problem is 

required. By leveraging the knowledge of the targetôs endpoint (the ship), a collection of 

filters is presented in this dissertation, which mitigate the error induced by a system with 

a low update rate sensor paired with a higher update rate combat system. 
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Figure 2: Example scenario where propagated track lags truth as target maneuvers 

 

 Ships that use legacy sensors with slow sensor update rates to track fast-moving, 

highly maneuverable targets present a nontrivial problem. The scenarios explored in this 

dissertation feature supersonic target trajectories whose maneuver periods are shorter 

than the update period for the sensor and executed up to 15gôs of acceleration. This leads 

to track errors that may be unacceptable to self-defense systems, which depend on the 

track data coming out of the combat system. Our studies show that by leveraging the 

knowledge of the targetôs predicted endpoint (the ship), an endpoint-constrained target 

tracking filter can be used to augment the current combat system tracking filters to obtain 

a better estimate of the target position. 

 

1.3. Trajectories of Interest 

The studies covered in this dissertation feature performance evaluations for a 

variety of maneuvering target trajectories that approach the sensor origin. To highlight 

the tracking filtersô strengths and weaknesses, these trajectories must be capable of 
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stressing both legacy and newly developed target tracking filters. The four supersonic 

trajectories selected for use in the performance evaluations were: 

1. The radially inbound trajectory, a target that travels at a constant altitude in a roughly 

straight line towards the sensor origin, is shown in Figure 3. This trajectory is the 

baseline trajectory and, therefore, the least stressful case, in which all filters should be 

capable of handling. Failure to accurately track such a target indicates that a filter is 

not a viable candidate for use in a ship self-defense combat system. 

 
Figure 3: The radially inbound trajectory 

 

2. The dogleg trajectory, in which the target travels in a roughly straight line at a 

constant velocity, does not approach the sensor origin until it makes an abrupt turn. 

The trajectory is shown in Figure 4. The dogleg trajectory tests the filtersô ability to 

track the target through a single horizontal crossrange maneuver that features non-

NRI behavior. 
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Figure 4: The dogleg trajectory 

 

3. The high-diver trajectory is similar to the dogleg trajectory except that the target 

begins at a high altitude and makes an abrupt turn in the vertical dimension and heads 

toward the sensor origin. A high-diver is shown in Figure 5. This trajectory tests 

whether a tracker can handle maneuvers in the vertical cross-range direction. 

 
Figure 5: The high-diver trajectory 
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4. The Dutch roll trajectory was first identified as an undesired coupling of the body axis 

yaw and roll moments with the sideslip in an aircraft [29]. Among ASM trajectories, the 

Dutch roll trajectory proves to be quite stressful for tracking systems, as it features 

multiple high-g turns in both the horizontal and vertical directions. The Dutch roll is 

shown in Figure 6. Its maneuver profile is easier to understand when the position, 

velocity, and acceleration terms are plotted with respect to time; therefore, these are 

included in Figure 7. When the maneuver begins at approximately 80 seconds in the 

scenario, maneuvers in the radial direction result in high accelerations in the X (east), Y 

(north), and Z (up) directions. 

 
Figure 6: The Dutch roll trajectory 
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Figure 7: Dutch roll trajectory position, velocity, and acceleration profiles 

 

All target maneuvers are performed at 15g, or 15 times the acceleration due to gravity. 

More details on the sensor model used to generate observation data for each target are 

provided in Section 1.6. 

 

1.4. Constant Turn Rate Model 

In target tracking applications, constant velocity models assume that the target is 

traveling at a near-constant velocity under the influence of unknown accelerations. Wind 

and other environmental effects influence this dynamic noise model, but by far, the 

largest accelerations are due to unexpected target maneuvers. In self-defense target 

tracking applications, target maneuvers are not known a priori; therefore, the combat 
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systemôs target tracking algorithms are typically tuned to the highest possible 

acceleration that a target can execute.  

For our simulations, it is important to be able to parameterize maneuverability as 

the number of gôs of acceleration that the target is capable of so that the dynamic models 

in our tracking algorithms are tuned properly. Consequently, a constant turn rate 

acceleration model was chosen to generate the target trajectories. The constant turn rate 

acceleration model was formally derived in [104]. All the simulated targets were 

generated in MATLAB , and the trajectories were broken up into discretized samples. The 

Cartesian state of the target at time n is defined as 

 [ ]
T

n n
x x y y z z=x  (1.1) 

To advance to the next time step (n+1) one must execute 

 
n 1 CTR n+=x F x  (1.2) 

where FCTR is the dynamic transition matrix for the constant turn rate model. The turn 

rates in the horizontal and vertical Cartesian planes are: 

 h
n

2 2 2

n n n

Ĕ
,ha

x y z

w
g=

+ +
 (1.3) 
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 v v
n

2 2 2

n n n

Ĕ
,

a

x y z

w
c

-
=

+ +
 (1.4) 

respectively, where 
h
Ĕw is positive clockwise, 

v
Ĕw is positive upward, ah is the maneuver 

acceleration in the horizontal plane, and av is the maneuver acceleration in the vertical 

plane. These two acceleration terms are necessary later because their maximum values 

influence the filter process noise intensity selection by the filter designer.  
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The dynamic transition matrix used in the trajectory generator is 

1 2 1 2 1 2 1 2
n n

1 2 1 2 1 2 1 2
n n

1 2 1 2 1 2 1 2
n n

CTR

n
1 2 1 2 1 2 1 2

n n

1 2 n

n n n n n

2

1 0 0 sin cos
2 2 2 2

0 0 0 sin cos
2 2 2 2

0 1 0 sin cos
2 2 2 2

0 0 0 sin cos
2 2 2 2

1 1 sin
0 0 1

sin cos

0

g g h h h h g g

c c s s s s c c

h h g g g g h h

s s c c c c s s

d d T

d

y y

y y

y y

y y

c

c y c y c

+ + - -
-

+ + - -
-

+ + - -
- +

=
+ + - -

- +

- -

F

2
n

n n

.

0 0 cos
sin cos

d
Tc

y y

è ø
é ù
é ù
é ù
é ù
é ù
é ù
é ù
é ù
é ù
é ù
é ù
é ù
é ù
é ù
é ù
é ùê ú

 (1.5) 

The elements of (1.5) are constructed using the horizontal (1.3) and vertical (1.4) turn 

rates, the time since the last state projection (T), and the current target heading taken 

clockwise from the y-axis in the horizontal plane ɣn. 

 
n n ng c+W = +  (1.6) 

 
n n ng c-W = - (1.7) 
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1.5. Target Trajectory Generator 

The trajectories described in Section 1.3 were created using MATLAB software 

developed to support our filter analyses. All trajectories are a composite of a set of user-

specified maneuvers, with inputs such as the range to go (RTG) at which the maneuver 

should be executed, number of gôs of acceleration used in the maneuver, and angle at 

which the target should be traveling relative to its velocity vector at the start of the 
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maneuver. All options available in this trajectory generator are listed in Table 1, and an 

example trajectory pointing out how the maneuvers are executed is shown in Figure 8. 

Table 1: Trajectory generator maneuver types 

Maneuver 

Name Inputs Description 

Coast None (automatic) The coast maneuver propagates the target at a 

constant speed along the direction of the velocity 

vector from the previous sample. Coast is executed at 

any point in the trajectory in which the target has no 

specified maneuvers. If the first user-specified 

maneuver does not occur at the beginning of the 

targetôs trajectory, the object moves in the direction 

specified in the initial conditions. In this way, coast 

acts as filler, simplifying the task of stringing 

together separate maneuvers in the input file. 

Forced 

Coast 

Á Coast distance (dmi) 

Á RTG (dmi) 

Forced coast is a user-specified maneuver that 

propagates the target forward at a constant velocity in 

the same manner as the coast maneuver. However, 

the forced coast requires an input specifying the 

distance to be coasted in nautical miles. 

Linear 

Acceleration 

Á RTG (dmi) 

Á Acceleration (gôs) 

Á Final speed (ft/s) 

The linear acceleration maneuver is a linear 

acceleration whereby the user specifies the 

acceleration the target will undergo (in gôs) as well as 

the desired final speed. The trajectory generator 

executes this acceleration increase instantaneously, 

rather than lagging or gradually increasing. 

Turn Á RTG (dmi) 

Á Turn acceleration 

(gôs) 

Á Turn angle (deg) 

Á Dive acceleration 

(gôs) 

Á Dive angle (deg) 

The turn uses the constant turn-rate model to modify 

the heading and/or attitude of the target. In the case 

of a target traveling at a constant altitude, a turn 

would result in a change of direction in the x-y (east-

north) plane. Dives and turns can be executed 

simultaneously using the turn maneuver by 

specifying the RTG at which the maneuver begins, 

the turn/dive angles, and the turn/dive turning gôs. 

Approach None Approach is a combination of a dive and a turn 

maneuver that causes the target to seek the shortest 

path to the origin within the limits of the targetôs 

initial conditions (the maximum gôs it can turn). 

During the maneuver, the target first makes a 

horizontal turn toward the origin, then immediately 

follows with a dive toward the origin. The maneuver 

requires no input from the user, and its accuracy is 

strongly dependent on the sample rate of the 

trajectory. 
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Figure 8: Example trajectory using trajectory generator inputs 

 

1.6.  The Combat System and its Sensors 

One of the main motivations for developing an improved tracking filter is related 

to the update rate of the sensor (model) to be used in this set of studies. The sensor model 

used for the studies performed in this study is a simplified representation of the AN/SPS-

48 radar (Figure 9). This selection was made because (1) the radar is commonly used in 

vessels throughout the US navy, (2) in older legacy vessels, the AN/SPS-48 may be the 

only method of tracking airborne targets, and (3) the AN/SPS-48 is capable of delivering 

the range, bearing, and elevation measurements needed for tracking in three dimensions 

(in addition to the range rate). Adding and integrating new sensors to aging vessels can be 

costly, and we will show that the target tracking effectiveness of ships with low update 

rate sensors, such as AN/SPS-48, can be significantly improved with cost-effective 

software changes. 

Forced Coast (3 nmi)

45o Turn (ī7 g)

Coast until Finish

Passive Coast

Start

45o Turn (7 g)

Approach

Forced Coast (1.5 nmi)
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Figure 9: AN/SPS-48 Radar on the USS Theodore Roosevelt (source: [6]) 

 

The sensor in question is a volume search radar (VSR) with an update period of 4 

seconds (T=4) that delivers measurements of range, range rate, bearing, and elevation. 

The radar delivers its measurements to a combat system whose notional reporting period 

is 0.25 seconds. This period mismatch (4 seconds vs 0.25 seconds) means that the 

estimated target position or track must be propagated (or coasted) between radar updates. 

Radar measurements for the trajectories shown in Figure 3ïFigure 6 were 

generated using a model for a notional volume search radar (VSR) based on the AN/SPS-

48, shown in Figure 9. The AN/SPS-48 variants are common throughout the US navy and 

have a relatively slow scan period, indicating that this is an ideal sensor for testing 

updated tracking algorithms that show improvements for slow-scanning sensors against 

highly maneuverable targets. The measurement accuracies of the VSR models are listed 

in Table 2.  
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Table 2: Measurement uncertainties for the notional VSR 

 

 

Assuming that the VSR is unbiased, these measurement accuracies can be used 

within the VSR model to add zero-mean Gaussian noise, with variances equal to the 

square of the measurement accuracies. Radar measurements were generated for each 

trajectory variant based on an east-north-up (ENU) sensor origin position of (0,0,0). A 

single Monte Carlo runôs worth of measurements for the dogleg trajectory are shown in 

Figure 10. 

 
Figure 10: Example radar model observation (red stars) and truth (blue line) data over 

time for a single Monte Carlo run of the dogleg trajectory 

 

 

1.7. Performance Evaluation Criteria 

Observations were simulated using the radar model described in Section 1.6 for 

the trajectories described in Section 1.3. A total of 100 Monte Carlo runs were performed 

to generate the radar observations for each target scenario. These observations were 

Update Rate Range Range Rate Bearing Elevation

(sec) (dmi) (knots) (deg) (deg)

4 0.16 20 0.3 0.3

Measurement Accuracies (1ů Values)
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generated using MATLABôs random-number generator stream and were time-aligned to 

simplify the performance comparisons across multiple runs. This means that, while every 

sensor observation (range, range rate, bearing, and elevation) is unique for each run, 

sequential observations occur simultaneously. 

Two primary criteria were used to evaluate the performance of the nonlinear 

tracking filters in this dissertation. The first is the tracking error, which is captured by 

subtracting the true state of the target at a given time from the current track state. As 

discussed previously, minimizing tracking errors, especially angle errors, is of paramount 

importance to downstream consumers of the self-defense tracker algorithm. The absolute 

values of these track errors were collected, and their statistics were displayed using box 

plots. This enables a visual comparison of the overall error performance of each filter 

based on the statistics for all track updates across all Monte Carlo runs. A labeled 

example of a box-and-whisker plot (also referred to as a box plot) is shown in Figure 11. 

The ñnon-outlierò maxima and minima represent errors that are furthest away from the 

median on either side of the box, but are still within a distance of 1.5 times the distance to 

the nearest quartile. Outliers represent any track update errors outside this range. 
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Figure 11: Box example plot with labels 

 

The track error performance was also captured using root-mean-square error 

(RMSE), which delivers the square root of the quadratic mean of the differences between 

the filter estimates and the truth states [52]. In our analyses, RMSE was used in two 

ways: 

1. To visualize the filter estimation errors normalized across all Monte Carlo 

runs at each instance in time and 

2. As an overall measure of filter performance by taking the RMSE of all 

samples across all Monte Carlo runs. 

 

An example calculation of the RMSE for a token estimate Ĕx  at a given time (tn) 

across a number of Monte Carlo runs (NMC) is 

 () ( )
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The total RMSE for all simulation times (Nt) and across all Monte Carlo runs is 

 () () ()( )
MC 2

truth

total

1 1t MC

1
Ĕ ĔRMSE .

tN N

j n j n

n j

x x t x t
N N = =

= -ää  (1.21) 

The second criterion evaluated in each performance study was the run time. For 

each filter, a set of empirical tests was performed to track the time required to execute 

each algorithm across all the Monte Carlo runs. To support the combat system properly, 

each nonlinear filtering algorithm must be capable of delivering track updates within 

milliseconds of receiving the latest radar observations. The concept of ñreal timeò is 

somewhat subjective, depending on the time-critical nature of systems relying on the 

target track data. For our analyses, a ratio of simulation time to scenario time is used to 

evaluate whether the algorithm satisfies the ñreal timeò criteria. As a percentage, a 

simulation-scenario time ratio of 5% corresponds to 50 milli seconds out of every second 

used to report track updates to the combat system. Algorithms with ratios below 5% will 

be considered ñreal timeò. 

Each subsequent chapter of this dissertation will be punctuated by a performance 

analysis. To engage an incoming ASM, it is important to provide the best possible angle 

track on the target so that anti-ASM countermeasures can be directed accurately. 

Consequently, minimizing bearing and elevation errors is crucial to the success of any 

given scenario. Therefore, RMSE performance for the bearing and elevation estimates of 

the target will be the focal point of each study, as well as a check for real-time tracker 

performance. The overall metrics will also be shared to show which filters perform best 

in each scenario. 
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1.8. Contributions of the Thesis 

The first problem examined in this dissertation is the application of an endpoint-

constrained spherical target motion model to the EKF algorithm in order to track NRI 

targets. The novel endpoint constraint, shown in Equations (2.140)-(2.144), was applied 

by leveraging corrective accelerations found in airborne proportional navigation, and was 

published in an IEEE FUSION conference paper [45]. In that paper, we showed that the 

EPC EKF delivers track state updates with smaller errors than the legacy constant 

velocity Cartesian EKF or spherical EKF. The EPC model development, EPC EKF 

implementation, and performance comparison between the EPC EKF and legacy filters 

are given in Chapter 2. The relevant publication is given below: 

A. J. Haug and K. R. Ford, "An end-point-constrained extended Kalman filter for 

tracking maneuvering near-radially inbound targets," 2016 19th International 

Conference on Information Fusion (FUSION), 2016, pp. 312-318. 

 As part of the research into development of the EPC EKF, a fundamental 

weakness of the Cartesian EKF: the non-Gaussian behavior of the bearing observation 

predictions at close range. For this algorithm, the state and covariance data are 

maintained in Cartesian coordinates, but observations are delivered in spherical 

coordinates. This can lead to track divergence at close range if the filter designer does not 

make a judicious selection for the target dynamic (or plant) noise intensity. In our IEEE 

Access regular paper [35], the probability density function (PDF) for the bearing 

prediction is derived. This PDF has not previously been defined in the available 

literature, nor has the direct connection to Cartesian EKF track divergence been 

previously made. These topics are covered in Section 2.2.3. The relevant publication is: 
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K. R. Ford and A. J. Haug, "The Probability Density Function of Bearing Obtained 

from a Cartesian-to-Polar Transformation," IEEE Access Regular Papers, Vol. 10, pp. 

32803-32809, 2022. 

 Following up on the results of studies covered in Chapter 2, a pair of nonlinear 

target tracking filters offering even better tracking performance than the EPC EKF are 

developed and presented in Chapter 3. EPC unscented Kalman filter and the EPC 

bootstrap particle filter, were developed in our IEEE Aerospace Transactions paper [34], 

the first time the EPC has been studied in these types of filter algorithms. Their 

performance was shown to be superior to the legacy EKFs as well as the EPC EKF for 

the highly maneuverable NRI Dutch Roll target. The relevant publication for this work is: 

K. R. Ford and A. J. Haug, "A Study of Endpoint-Constrained Nonlinear Tracking 

Filters," IEEE Transactions on Aerospace and Electronic Systems, Vol. 57, pp. 3952-

3961, 2021. 

The results of the study published in [34] were used to develop a robust 

interacting multiple model algorithm capable of tracking both NRI and non-NRI targets. 

This algorithm leverages four filters with a mixture of EPC and non-EPC models and 

solves the track divergence problem caused when an EPC model is used against a target 

whose motion is non-NRI for a portion of its trajectory. The algorithm is developed in 

Chapter 4, while the algorithm is laid out in Table 13. The relevant publication is the 

second half of the IEEE Aerospace transactions paper which introduced the EPC UKF 

and EPC BPF: 
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K. R. Ford and A. J. Haug, "A Study of Endpoint-Constrained Nonlinear Tracking 

Filters," IEEE Transactions on Aerospace and Electronic Systems, Vol. 57, pp. 3952-

3961, 2021. 

The final problem examined in this dissertation pertains to using continuous-

discrete optimal Bayesian filtering techniques to solve the NRI target tracking problem. 

As part of this research, the Fokker-Planck-Kolmogorov forward equation for constant 

velocity spherical motion, which has not been described in the open literature, is derived 

in Chapter 5 and given in Equation (5.65). This partial differential equation is used to 

propagate the estimate of the target state probability density function forward in time 

between observations as part of the optimal Bayesian filtering (OBF) algorithm. A pair of 

novel EPC OBFs are also presented in Chapter 5, where their tracking performance is 

demonstrated to be superior to the set of EPC filters presented in Chapter 2 and Chapter 3 

for the set of NRI targets. 
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2. Initial EPC Filter Development 

2.1. Background 

Kalman filters have been extensively studied over the last several decades as a 

means of solving target tracking problems. Indeed, in any field where partially observable 

random processes appear, a Kalman filter is likely to be used in an attempt to estimate the 

state of that process. The Kalman filter can optimally solve linear systems with Gaussian 

errors [51]. They have been used to estimate the positions, velocities and orientations of 

cars [103], aircraft [2], ships [3], and most importantly, for our application, ASMs 

[16][34][46][86]. 

The Kalman filter algorithm was originally designed to optimally solve linear 

system problems that feature Gaussian distributions [58] for both dynamics and 

observations. Modifications must be made to the algorithm to solve nonlinear systems, as 

well as systems where the errors are non-Gaussian. These tend to be problems that have 

wider applications in the real world, because many physical phenomena and observation 

models cannot be related using only linear functions. Consequently, filter designers from 

diverse fields and backgrounds have been modifying Kalmanôs algorithm for decades to 

solve their problems. The fruits of their labor are multiple families of efficient filtering 

algorithms [5][43].  

In Sections 2.2ï2.4, several members of the discrete-time nonlinear filtering 

algorithm family are studied. The baseline filter used for our initial studies is the CV C-

EKF, which is similar to the algorithms currently in use by some modern combat systems 

[107]. Other authors examined the CV S-EKF as an alternative to C-EKF with some 

modest tracking performance improvement [46]. The S-EKF dynamic model gives rise to 
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the model used to develop the kinematic models used in the family of EPC filters. All 

three filters are compared in Section 2.6. 

 

2.2. The Cartesian EKF 

2.2.1. Cartesian EKF Development 

The filter that will be used as a baseline for comparison with the other filters 

developed in this research is the C-EKF. This filter has been used for decades in anti-

missile defense systems [107]. Its longevity is partly due to the ease of modelling the 

target dynamics in Cartesian coordinates. The C-EKF has proven to be successful in 

tracking maneuvering targets, but its performance suffers both at close range and for 

highly maneuvering targets. A high-level overview of the C-EKFôs development is 

sufficient to highlight these issues. 

 Consider an object moving at a constant velocity in a Cartesian East-North-Up 

(ENU) coordinate system, as shown in Figure 12. 

 
Figure 12: ENU Coordinate System 
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The state of this object (the circle) can be described by the vector 

 [ ]
T

, , , , , ,x x y y z z=x   (2.1) 

where x, y, and z represent the respective east, north, and up coordinates relative to the 

sensor (origin) and the dotted components represent the speed of in each direction. The 

finite difference equations of motion for a near-CV object in Cartesian coordinates then 

become: 

 n n-1 n-1,= +x Fx v   (2.2) 
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In (2.4), T is the update period for the sensor. In equation (2.2), the vector vn represents 

the dynamic acceleration noise, which is characterized as 

 ( )~ N , ,nv 0 Q   (2.6) 

where the covariance matrix is found to be 
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For the continuous white acceleration noise case [15], 
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The dynamic noise intensity values qx, qy, and qz represent the expected maneuverability 

of the target in each dimension. For a CV filter, these are tuned using the highest 

expected acceleration that any target being tracked may exhibit. The result for any of 

these óqô values is 

 ( )
2

2 ,q gC=  (2.9) 

where g is equal to the number of multiples of Earthôs gravitational acceleration, and the 

conversion factor to dmi/s2 is 

 32.174 / 6000.C=  (2.10) 

Note that the highly maneuverable targets examined in the performance studies featured 

in this dissertation execute maneuvers at 15gôs. 

 Let the sensor at the origin have a measurement vector 

 T[ , , , ] ,R Rq j=z   (2.11) 

with a fixed measurement noise covariance matrix given by 
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The observation vector can also be written in terms of the state vector x where 

 ( ) .n n n= +z x wh   (2.13) 

The vector function h(xn) performs a Cartesian-to-spherical transformation on the 

Cartesian state vector [43]: 
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xh  (2.14) 

The Jacobian of ( )nh x  evaluated at the state estimate, 

 
n|n-1

T T

Ĕn|n-1
ĔĔ( ) [ ( )] ,== Ðx x x

x xH h   (2.15) 

is defined in [43]. This Jacobian must be used to perform the Cartesian-to-spherical 

transformation on the Cartesian state covariance matrix, as shown in Equation (2.20). The 

vector wn is a Gaussian random vector,  

 
n ~ N( , ),w 0 R   (2.16) 

with a mean vector of zeroes, and a covariance matrix R previously defined in (2.12). 

 

2.2.2. Cartesian EKF Algorithm  

With the basic computations developed, it is possible to construct a discrete-time 

C-EKF process [43]. The subscript n|m indicates an estimate at time n, conditioned on the 

observation data up to time m. This convention will  be used for all Kalman filter-based 

algorithms, where applicable. The C-EKF algorithm is shown in Table 3, and leverages 

the same dynamic transition matrix F, observation prediction function h(x), and 

observation prediction Jacobian matrix described in Section 2.2.1. 
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Table 3: C-EKF Algorithm 

State Prediction n|n-1 n-1|n-1
Ĕ Ĕ=x Fx   (2.17) 

State Covariance 
T

n|n-1 n-1|n-1= +xx xx
P FP F Q   (2.18) 

Observation Prediction ( )n|n-1 n|n-1
ĔĔ =z h x   (2.19) 

Observation Covariance 
T

n|n-1 n|n-1
Ĕ Ĕ= +zz xx

P HP H R   (2.20) 

State-Observation Covariance 
T

n|n-1 n|n-1
Ĕ=xz xx

P P H   (2.21) 

Kalman Gain 
1

n n|n-1 n|n-1

-

è ø= ê ú
xz zz

K P P   (2.22) 

State Update ( )n|n n|n-1 n n n|n-1
Ĕ Ĕ Ĕ= + -x x K z z   (2.23) 

State Covariance 
T

n|n n|n-1 n n|n-1 n= -xx xx zz
P P K P K   (2.24) 

  

2.2.3. Non-Gaussian Behavior in the Cartesian EKF 

As part of the study of Kalman filters, it was found that the probability density 

function (PDF) of the bearing random variable obtained from a bivariate Gaussian 

distribution and parameterized on the target range has not been computed previously. The 

material for the derivation of the PDF of bearing is based on the authorôs published work 

[35]. 

In radar target tracking applications [15][17][43], a Kalman filter (KF) is often 

used to track objects within the field-of-view of a sensor. In this context, sensors typically 

deliver measurements in spherical or polar coordinates. However, the state vector of an 

object being tracked (such as an ASM) is typically defined in Cartesian coordinates. This 

necessitates a Cartesian-to-polar transformation to make predictions for sensor 

measurements.  

The azimuthal angle, or bearing, can be computed using only the coordinates in 

the east-north (EN) plane; the coordinate system is shown in Figure 13.  
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Figure 13: The two dimensional coordinate system used for bearing PDF derivation 

The Cartesian-to-polar coordinate transformation requires one to take the inverse tangent 

 arctan ,
X

Y

å õ
Q= æ ö

ç ÷
 (2.25) 

where X and Y are elements of a vector X and compose bivariate Gaussian distribution 

 ( )~ , ,NX ɛ Ɇ  (2.26) 

where the mean (ɛ) and covariance (Ɇ) are 

 [ ]
T

X Y ,m m=ɛ  (2.27) 

and 

 

2

X X Y

2

X Y Y

.
s rs s

rs s s

è ø
=é ù
ê ú

Ɇ  (2.28) 

The bearing of the target (Ū) described in (2.25) is a random variable that behaves as a 

wrapped Gaussian [78] at long range. For the remainder of Section 2.2.3, random 

variables are referred to with capital letters, while deterministic variables are lower-case. 
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 It will be shown in this section that as the target approaches the origin (collocated 

with the sensor), the variance increases and the distribution of Ū resembles a uniform (-

ˊ,ˊ] random variable. As the behavior becomes less Gaussian, the bearing prediction 

begins to diverge, which can lead to poor tracking accuracy in the C-EKF. This problem 

can be ameliorated using a debiased converted measurement filter [1][16][68], which 

converts the polar measurements to Cartesian coordinates prior to executing the 

algorithm. Another approach is to maintain the filter state in polar coordinates, as was 

done in [45] and [46], thereby avoiding any coordinate system conversion. A third 

alternative is to use observation-only (O2) inference to estimate the state directly from 

the observations [70]. 

 The Monte Carlo samples of X and Y for a radially inbound trajectory drawn from 

the PDF given in Equation (2.26) are shown in the left half of Figure 14. For simplicity, X 

and Y are assumed to be uncorrelated with equal variance in this case. Clearly, the 

bearing samples calculated from the Cartesian samples using (2.25) diverge within a 

close range, as shown in the right half of Figure 14. 

 
Figure 14: Plot of radially inbound target (45 degrees from North, ů = 0.2 data miles); 

Cartesian Gaussian samples (left) and computed bearing samples (right). 
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The available literature has already explored aspects of the distributions resulting 

from the Cartesian-to-polar transformation [48]. For instance, the Cauchy distribution is 

also the ratio distribution for two independent, zero-mean Gaussian-distributed random 

variables. Several authors have performed statistical analyses of the Cauchy distribution 

[21][79], but the arctangent of a Cauchy distributed random variable only represents the 

end-game behavior of Ū at zero range and assumes that X and Y are independent. 

Other authors have explored the properties of the arctangent distribution and its 

relationship with the folded standard Gaussian distribution [92]. These results have value, 

but do not address the more general wrapped Gaussian distribution [78] or its application 

to target tracking performance.  

While we focus on the target bearing, it should be noted that the target range (R) 

given by  

 2 2 ,R X Y= +  (2.29) 

where X and Y are drawn from (2.26), is a bivariate non-central chi distribution [64]. This 

distribution simplifies to the well-known Rice distribution [93] when X and Y are 

independent, with equal variance ů2 

 ( )R~ Rice , ,R m s  (2.30) 

where 

 
2 2

R X Y .m m m= +  (2.31) 

Some authors, for instance Haug, have attempted to derive a density similar to the 

one desired here. However, the precise PDF for the bearing was not properly determined 

in [43][44]. Improper use of the direct transformation given in (2.25) causes a loss of sign 

information when taking the quotient of the two variables. In addition, the inverse tangent 
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function is periodic over (-ˊ/2,ˊ/2) and not the full circle. Mallick [77] pointed out in a 

recent note that the true transformation used in many tracking applications is the four-

quadrant inverse tangent, despite many books, journals, and conferences using the 

measurement function, as in (2.25). In practice, a four-quadrant inverse tangent (such as 

that used in MATLAB) is used.   

Using the two-quadrant inverse tangent, as Haug did in [43] and [44], results in 

PDFs with peaks centered on the true bearing as well as the true bearing Ñˊ, as shown in 

Figure 3. Further analysis shows that the PDF integrates to 2 over the full support, 

disqualifying it as a true PDF. 

 
Figure 15: Incorrect application of inverse tangent function to obtain PDF for Ū results in 

double peaks (ɛX = ɛY = 3 and ů = 2 for this example). 

 

This study used simple polar relations and variable transformations to obtain the 

PDF of a bearing random variable derived from a Cartesian to polar transformation. The 

PDF for the bearing can be used to assess the viability of the Gaussian assumption for the 

bearing as a function of range. 
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The development of the PDF for bearing begins with the polar-to-Cartesian 

transformations of R and Ū into X and Y in an EN coordinate system, given by 

 sin( ),X R= Q (2.32) 

and  

 cos( ).Y R= Q (2.33) 

For convenience later in the derivation, it was helpful to redefine the mean values of X 

and Y in terms of their polar equivalents. Specifically, we define a mean target range ɛR 

and mean bearing ɛŪ such that 

 ( )X R Ūsin ,m m m=  (2.34) 

and 

 ( )Y R Ūcos ,m m m=  (2.35) 

with  

 X
Ū

Y

arctan .
m

m
m

å õ
= æ ö

ç ÷
 (2.36) 

The joint distribution for X and Y can be written as  

 
( )

( )XY 22

X Y

z ,1
f ( , ) exp ,

2 12 1

x y
x y

rps s r

è ø
é ù= -

-é ù- ê ú

 (2.37) 

where 

 ( )
( ) ( ) ( )( )

2 2

X Y X Y

2 2

X Y X Y

2
z , .

2 2

x y x y
x y

m m r m m

s s s s

- - - -
¹ + -  (2.38) 

Substituting (2.32)-(2.36) into (2.37) yields 

 ( )
() ()2

XY
2

X Y

a b1
f x( , ), y( , ) exp

2 1

r r c
r r

d

q q
q q

ps s r

è ø- +
= -é ù

- ê ú
 (2.39) 
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where 

 ()
() () ( )2 2

2 2

X Y X Y

sin cos sin 2
a ;

q q r q
q

s s s s
= + -  (2.40) 
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( ) () ( ) () ( )

R 2 2

X Y X Y

sin sin cos cos sin
b 2 ;

m q m q r q m
q m

s s s s

Q Q Q+å õ
= + -æ ö

ç ÷
 (2.41) 

 
( ) ( ) ( )2 2

Ū Ū Ū2

R 2 2

X Y X Y

sin cos sin 2
;c

m m r m
m

s s s s

å õ
= + -æ ö

ç ÷
 (2.42) 

 ( )22 1 .d r= -  (2.43) 

A change of variable [22] can now be performed to obtain the joint distribution in 

polar coordinates, fRŪ(r,ɗ): 

 ( ) ( ) ( )( )RŪ XYf ( , ) , f x , ,y ,r r r rq q q q=J  (2.44) 

where J(r,ɗ) is the Jacobian [89] of the transformation equations (2.32)ï(2.33) given by 

 

()( ) ()( )

()( ) ()( )

sin sin

( , ) .
cos cos

r r

r
r r

r r

r

q q

q
q

q q

q

µ µ

µ µ
= =-
µ µ

µ µ

J  (2.45) 

This leads to 
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RŪ
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X Y

f ( , )

1
exp a b .

2 1

r
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d

q

q q
ps s r

=

è ø
- - +é ù
ê ú-

 (2.46) 

The joint PDF for R and Ū can be simplified by completing the square in the argument of 

the exponential to obtain 
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 (2.47) 

To obtain the marginal PDF of Ū, we simply integrate (2.47) over the support of R, 

resulting in 
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 (2.48) 

Using standard integral methods or referring to [40], we can obtain the marginal 

distribution for Ū 
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 (2.49) 

where ʌ(x) is the cumulative distribution function (CDF) of the standard Gaussian 

distribution N(0,1). 

When X and Y are uncorrelated (ɟ = 0) with equal variance (ůX = ůY = ů), equation 

(2.49) simplifies to  
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 (2.50) 

where 
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 ( )R ŪŬ( ) cos .q m q m¹ -  (2.51) 

The asymptotic behaviors of the general PDF (2.49) and simplified PDF (2.50) are 

discussed next. 

The mixed uniform and Gaussian behavior of the distribution given in Equation 

(2.50) may not be immediately obvious. Thus, by observing the asymptotic behavior of 

each term in with respect to ɛR. The first term of the sum in (2.50) is fŪ
(1)(ɗ) and the 

second term is fŪ
(2)(ɗ). Let 
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Now it is more easily shown that  
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and 
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 (2.54) 

Thus, as ɛR approaches zero, fŪ
(1) (ɗ) becomes a wrapped uniform PDF over (-ˊ,ˊ], 

whereas as ɛR approaches infinity, fŪ
(1)(ɗ) vanishes. 

Now examine the second term in (2.50) and define 
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 (2.55) 

From (2.51) it is clear that Ŭ(ɗ) approaches zero as ɛR approaches zero because Ŭ(ɗ) is 

linear with respect to ɛR. Therefore, the close range limit of (2.55) is 
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Thus 

 
R

(2)

Ū
0

lim f ( ) 0,
m

q
­

=  (2.57) 

and the result for the distribution when X and Y are uncorrelated with equal variance is 

 () ( )
R

Ū
0

lim f U ˊ,ˊ .
m

q
­

­ -  (2.58) 

The standard normal CDF also exhibits simple behavior in the limiting cases, 

such that it approaches constant scaling factors 
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and 
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As ɛR increases, the influence of fŪ
(2)(ɗ) becomes more pronounced. Taking the 

Taylor series expansion of the leading term in (2.55) about ɛŪ yields 

 [ ( )
2R

Ū

Ŭ( ) 1
1 ... .

22 2

q m
q m

s p s p

ø
= - - +ù

ú
 (2.61) 

For ɗ near ɛŪ (2.61) reduces to 

 RŬ( )
.

2 2

q m

ps ps
º  (2.62) 

Similarly, the exponential term in (2.55) becomes 
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By applying the approximations in (2.62) and (2.63) to (2.55) we can find the 

limit of fŪ
(2)(ɗ) as ɛR approaches infinity: 
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 (2.64) 

Because fŪ
(1)(ɗ) vanishes for large ɛR and fŪ

(2)(ɗ) can be approximated using (2.64), the 

PDF of bearing at long ranges can be written as a (wrapped) Gaussian distribution 

 ()
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2
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lim , .f
m

s
q m

m­¤
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æ ö­N æ ö
æ öç ÷ç ÷

 (2.65) 

 
Figure 16: Plot depicting sample standard deviation and its approximation found by 

taking the square root of the variance for the wrapped Gaussian distribution 

 

A simple test can be used to demonstrate that the PDF of Ū behaves like the 

wrapped Gaussian distribution in (2.65). Figure 16 shows that as the ratio ɛR/ů increases 

(where the true ů is constant), the sample standard deviation (represented by the blue dots 

in Figure 16) quickly converges to the approximated standard distribution. From the plot 

in Figure 16, the difference becomes indistinguishable at approximately ɛR/ů = 5. The 

approximated standard deviation was obtained by taking the square root of the variance 
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from (43), whereas the true standard deviation refers to the standard deviation of the 

samples found on the right-hand side of Figure 14.  

A plot of the simplified bearing PDF from Equation (2.50) for a variety of bearing 

values and mean ranges is shown in Figure 17. A careful inspection of the plot in Figure 

17 points to the distribution being a wrapped Gaussian centered on the nominal bearing 

(ɛŪ = 45 °) when ɛR is large. It can be seen that as ɛR decreases the PDF transitions from 

that of a wrapped Gaussian with support (-ˊ,ˊ] to uniform over the same support.  

 
Figure 17. Plot of the bearing PDF for various values of ɛR with constant ů = 0.1 

 

The asymptotic behavior of the generalized version of the distribution in (2.49) is 

not as convenient as that of the simplified version displayed in Figure 17. At long range, 

the distribution is somewhat similar to a wrapped Gaussian, but for the sake of simplicity, 

here we focus on the behavior of the distribution at close range. The key takeaway is 

related to the expected value of the distribution 

 []
R 0
lim E 0.
m ­

Q =  (2.66) 



 

42 

 

The conclusion drawn in (2.66) is clear for the simple case presented in (2.58) when the 

distribution approaches uniform over (ḯ , ˊ]. Determining the expected value for a 

general distribution requires additional computations. 

The limiting behavior for each of the scalar values in (2.40)ï(2.43) is simple to 

determine, 
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2 20
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At close range the general distribution becomes 
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()R

Ū
20

X Y

lim f .
4 a 1

d

m
q

p q s s r­
=

-
 (2.71) 

The right-hand side of (2.71) is a function of ɗ because of the presence of a(ɗ), 

and does not represent a uniform distribution unless ůX and ůY are equal and uncorrelated. 

However, simple trigonometric identities can be used to show that a(ɗ) is twice periodic 

over (ḯ ,ˊ)]. Thus, Equation (2.66) also applies to the generalized version of the 

distribution Equation (2.49). This result can also be computed explicitly using the method 

to find the moments of wrapped random variables [78]. An example of a distribution in 

the zero range is shown in Figure 18. 
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Figure 18. Plot of the bearing PDF at ɛR = 0 with ůX = 0.7, ůY = 1.0, and ɟ = -0.5 

Curiously, the distribution for the case in Figure 18 resembles the incorrect 

distribution shown in Figure 15. However, the dual peaks in Figure 15 are due to the 

ambiguity introduced by the arctangent function in general, while the peaks in Figure 18 

are artifacts caused by a(ɗ). This distribution also integrates to unit area, unlike the 

incorrect distribution presented earlier. Next, we discuss the impact of these findings on 

the Kalman filter. 

The Kalman filter algorithm is well known to perform optimally for linear 

functions of Gaussian distributed variables [58]. A Cartesian KF which relies on 

measurements in polar coordinates, clearly violates the linearity requirement because of 

the nonlinear functions (2.25) and (2.29). 

The state model for the two-dimensional Cartesian is described by  

 ( )n n 1 n 1,- -= +x f x v  (2.72) 

where the vector v is zero mean Gaussian distributed with covariance matrix Q.  

The state vector (including velocity terms) is assumed to be 
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 [ ]n n n

T

n nx y x y=x  (2.73) 

where xn and yn represent the Cartesian position of the target at time n and their dotted 

counterparts represent the Cartesian velocities. 

Using the constant velocity (CV) assumption for the state model, the vector 

function f(x) is linear, 

 ( )n-1 n-1.=f x Fx  (2.74) 

The state transition matrix F used in the two dimensional case simplifies from (2.3) to 
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F  (2.75) 

where T is the time difference between measurement updates. 

The state prediction ( Ĕx ) and error covariance (xx
P ) predictions at time n based 

on observations up to time n-1 are also linear for the CV model: 

 
n|n-1 n-1|n-1
Ĕ Ĕ ,=x Fx  (2.76) 

 
xx xx T

| 1 1| 1 .n n n n n- - -= +P FP F Q  (2.77) 

where Qn is the process noise matrix. Assuming that the target is equally maneuverable in 

all directions and the measurement update period is constant, the process noise matrix 

becomes 
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where q is the process noise intensity. In practice, the filter developer selects the process 

noise intensity to account for the uncertainty of the dynamic model. This tuning parameter 

directly influences the position variance terms on the main diagonal of the predicted 

covariance (2.77). 

The observation model is 

 ( )n n n,= +z h x w  (2.79) 

where the vector w is Gaussian distributed with zero mean and covariance matrix S and is 

independent of v. The covariance matrix for the observations is often treated as 

independent noise on the range and bearing measurements, 
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 The observation model is the same pair of nonlinear functions discussed 

previously 
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It has already been shown that the resulting distribution for the bearing will appear 

Gaussian at long range and progressively less Gaussian as ɛR shrinks. Given the 
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knowledge of the probability density of the target state for all prior measurements 

p(xn|z1:n-1), the predicted bearing approaches zero at close range, 
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This means that when the typical Kalman filter equations [17][43] are used, the 

observation prediction is 

 ( )( )( )n|n-1 n n n 1:n-1 n
Ĕ p | d ,

W

= +ñ
x

z x w x z xh  (2.83) 

where p(xn|z1:n-1) is the probability distribution for the state given observations up to time 

n-1. The observations for the tracking filter of interest are range and bearing, thus 
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It has already been shown that the expected value (2.66) of bearing in (2.84) 

approaches zero at close range. This means that, with knowledge of the probability 

density of the state given all prior measurements p(xn|z1:n-1), the predicted bearing 

approaches zero at close range 
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The residual vector ɝn for the filter is 

 
o

| 1
Ĕ ,n n n n-= -ɝ z z (2.86) 

using the latest observation data, zn
o. The residual in the bearing dimension increases as 

the bearing predictions become uniformly randomly distributed. Residual growth of this 
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nature is indicative of a model that is poorly matched to the tracking problem [42] and 

may result in poor tracking performance. 

Another key takeaway is that increasing the process noise has the same effect as 

decreasing ɛR and vice versa because of its direct impact on the variance terms in 

Equations (2.40)ï(2.42). This means that a filter designer can unintentionally degrade the 

accuracy of their EKF tracker if they are not judicious in their selection of the tuning 

parameter q given their measurement update period constraints. 

In many target tracking applications, target maneuvers are not known a priori; 

therefore, they are often modeled as random accelerations in the CV model. A filter 

designer focused on tracking a maneuvering inbound target must include appropriate 

levels of process noise to account for these maneuvers based on knowledge of the targetôs 

maneuverability. However, a combination of large process noise and closing the target 

range can have a negative impact on the filter performance owing to the combination of 

the nonlinear and non-Gaussian behavior of the bearing model. 

Many have chosen to address the nonlinearity of h(xn) for mixed Cartesian and 

polar tracking problems using the EKF [46][63][96]. In the EKF formulation, the 

estimate of (2.79) can be simplified to  

 ( )n|n-1 n|n-1
ĔĔ .=z xh  (2.87) 

However, linearizing the filter regarding the state and covariance does not address the 

fact that, at a close range, the arctangent function is still quite nonlinear. 

To demonstrate the effects of range and process noise on tracking performance, a 

series of simple experiments were performed using a CV Cartesian EKF to track a 

simulated radially inbound target (approaching the sensor origin at a 45° angle clockwise 
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from north) with range and bearing measurements. RMS position error statistics were 

collected over the course of 100 Monte Carlo runs, where measurements were generated 

by adding Gaussian random errors consistent with Equation (2.80) to the truth trajectory. 

Figure 19 shows the impact of the nonlinearity of the bearing at close range, as well as 

the impact of varying the process noise. 

 
Figure 19. RMS position error plot for radially inbound target using various process noise 

intensity values (with units of dmi2/sec3), ȹt = 1 second, ůR = 0.25 dmi, and ůɗ = 1 degree 

 

The results of this simple experiment were in agreement with the findings of 

Haug and Williams [46]. In their study, the error performance for a variety of Cartesian 

and spherical tracking filters showed that, at close range, the tracks that relied on a 

Cartesian-to-spherical transformation tended to diverge, unlike the fully spherical filters. 

The results are also in agreement with the findings of Lerro and Bar-Shalom [68], who 

showed that a debiased converted measurement filter offers superior error and 

consistency performance compared with the Cartesian EKF. 

A study on this state error growth for a constant velocity model was performed by 

Haug and Williams [46]. The error performance for a variety of Cartesian and spherical 
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tracking filters shows that at close range, the tracks that rely on a Cartesian-to-spherical 

transformation tend to diverge, unlike the fully spherical filters. These results apply 

directly to the NRI target case, as we will see in the performance evaluation of the set of 

legacy filters when compared to the EPC EKF in Section 2.6. 

 

2.3. The Spherical EKF 

2.3.1. Spherical EKF Model 

In Section 2.2, a C-EKF was developed, and some of its weaknesses were 

highlighted. Next, it is necessary to lay out the S-EKF from [18],[43], and[46] as its 

dynamic model will lay important groundwork for developing the EPC EKF. The 

essential components of this filter are developed in this section, and some are modified in 

the next section to implement the EPC filters. 

 The CV Spherical EKF tracks an object with the state vector  

 .
T

r r q q j jè ø=ê úx   (2.88) 

For a CV target, the spherical coordinate system must rotate, leading to pseudo-

accelerations that appear in [23] [18] [105], 

 

2 2 2
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è ø= - - +ê ú

è ø+ - +ê ú

è ø- +ê ú

a r

ɗ
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  (2.89) 

Note that (Ĕr , Ĕɗ,Ĕű) represent the spherical coordinate unit vectors. 

For a CV target, all components of acceleration must be set to zero. Rearranging 

the acceleration terms and setting them to zero yields 

 2 2 20 cos ( ),r r rj q j= - -   (2.90) 
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 0 cos( ) 2 cos( ) 2 sin( ),r r rq j q j jq j= + -   (2.91) 

 20 cos( )sin( ) 2 .r r rj q j j j= + +   (2.92) 

Solving the equations from (2.90)-(2.92) with respect to the remaining acceleration terms 

yields 

 2 2 2cos ( ),r r rj q j= +   (2.93) 

 
2

2 tan( )
r

r

q
q jq j=- +   (2.94) 

 2 2
cos( )sin( ) .

r

r

j
j q j j= -   (2.95) 

For each equation from (2.93), time-based Taylor series expansions can be performed to 

obtain the dynamic equations of each element in the state vector [43]. The results are 

shown in Equations (2.96)ï(2.101). 

 n n-1 n-1 n-1 n- n

2
2 2

1 -1 n

2

-1cos
2

T
r r Tr r q j jè ø= + + +ê ú  (2.96) 
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which are dynamic transition equations for the elements of the state vector found in 

(2.88). 

 These equations can be further broken down into linear and nonlinear functions of 

the state vector components. The result from [18] becomes  

 
n n-1 n-1 n-1 n-1( ) ( ) .= = + +x x Fx G x vf u   (2.102) 

In equation (2.102), the matrix F is the same as shown in Equation (2.3), as these are the 

linear terms of the state update equations. The vector u(xn-1), which contains the 

nonlinear acceleration terms from (2.90) is shown to be 
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Note that u(xn-1) is not an input to the system, but simply a portion of the kinematic 

model. 

 The matrix G is defined as 
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 The state of the object being tracked is presumed to have an additive noise 

component, represented by vn-1. This noise component is treated as a Gaussian random 

variable with zero mean and covariance matrix 

 ( )

( )

r 1 2 2

2 ɗ 1 2

2 2 1

,n n

n

q

q

qj

è ø
é ù
=é ù
é ù
ê ú

Q 0 0

Q 0 x Q 0

0 0 x Q

  (2.105) 

where 02 and Q1 are the same as those described in Equations (2.5) and (2.8), 

respectively. qr, qɗ, and qű represent the dynamic acceleration noise variances, which are 

expected to cause deviations from the true CV trajectory model. These variances are 

expressed as follows: 

 2

r r(2 ) ,q g C=   (2.106) 

 ( )
2

h

ɗ n

2
,
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g C
q

r j
^

å õ
=æ ö
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x   (2.107) 

and 

 ( )
2

v

ű n

2
.

g C
q

r

^
å õ
=æ ö
ç ÷

x   (2.108) 

These terms are defined using the number of expected accelerations (in gôs) in the radial, 

horizontal cross-range (ĥ ), and vertical cross-range (v^) directions. The constant C is 

the same conversion factor that applies the proper measurement units to each variance 

term (2.10). 

 

2.3.2. Spherical EKF Dynamic Model Jacobian 

The Kalman Filter that is being developed using the equations from (2.96) is an 

EKF that requires  
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 ( ) () ()( )
n|n-1 | 1

TT
T T T T T

1 Ĕ Ĕ

Ĕ ,
n n

n
-

- = =

è øè ø= Ð =Ð +ê ú ê úx ɟx x x x
x x F x G xF f u   (2.109) 

where ĔF  is the dynamic model Jacobian. The EKF allows for the linearization of 

nonlinear state update equations; as a result, we must take spatial derivatives as part of 

the linearization process. After simplification, the Jacobian of the dynamic transition 

equations becomes 

 ( ) ( )n|n-1 | 1
Ĕ ĔĔ Ĕ

n n-= +x F G xF U   (2.110) 

where  

 ( )
n|n-1

T
T

n|n-1 Ĕ

ĔĔ ( )
=

è ø= Ðê úx x x
x xU u   (2.111) 

is the Jacobian of the vector 1( )n-xu  and F is the same as the matrix shown in (2.3). 

Because matrices F and G were previously defined, the only component left to compute 

is  
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2.3.3. Spherical EKF Observation Model 

The effort expended to develop the dynamic model resulted in a significantly 

simpler observation model. Several major elements of the model remain the same as in 
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the C-EKF case, such as the observation vector from Equation (2.11) and the observation 

covariance matrix R in Equation (2.12). The main difference is that a coordinate 

transformation no longer needs to take place to relate the observations and the state; 

therefore, H becomes  
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2.3.4. Spherical EKF Algorithm  

Using the information developed in the previous two sections, the CV Spherical 

EKF equation set can be constructed as shown in Table 4. 

Table 4: S-EKF Algorithm 

State Prediction n|n-1 n-1|n-1 n-1|n-1
Ĕ Ĕ Ĕ( )= +x Fx Gu x   (2.114) 

State Covariance 
T

n|n-1 n-1|n-1 n-1|n-1 n-1|n-1 n-1|n-1
Ĕ ĔĔ Ĕ Ĕ( ) ( ) ( )è ø= +

ê ú
xx xx

P x P x xF F Q   (2.115) 

Observation 

Prediction 
n|n-1 n|n-1

ĔĔ =z Hx                    (2.116) 

Observation 

Covariance n|n-1 n|n-1

T= +zz xx
P HP H R                 (2.117) 

State-Observation 

Covariance n|n-1 n|n-1

T=xz xx
P P H  (2.118) 

Kalman Gain 
1

n n|n-1 n|n-1

-

è ø= ê ú
xz zz

K P P                 (2.119) 

State Update n|n n|n-1 n n n|n-1
Ĕ Ĕ Ĕ( )= + -x x K z z              (2.120) 

State Covariance 
T

n|n n|n-1 n n|n-1 n= -xx xx zz
P P K P K              (2.121) 

 

2.4. The EPC EKF 

2.4.1. EPC Filtering  Background 

In the paper by Haug and Ford [45] we introduced the EPC concept, an NRI target 

is defined as one that is inbound toward the sensor origin and maneuvers about the radial 
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direction as it closes in on the sensor. According to this definition, the approximate 

endpoint of an NRI target trajectory is known. The problem of tracking a maneuvering 

NRI target is particularly difficult for two reasons. First, there will  be a lack of 

knowledge on what kind of maneuver is taking place, causing a mismatch between the 

fil ter dynamic model and the maneuver. Second, as shown in Section 2.2.3, the 

commonly used C-EKF has difficulty tracking a target in the near field. 

Several authors have added constraints to target tracking methods to obtain 

improved performance when prior information is available regarding the trajectory of the 

maneuvering target [106] [4]. In [106], a 9-state Singer model was used for tracking, with 

a linear constraint added as a pseudo-measurement to track a coordinated turn maneuver. 

Similarly, in [4], a converted measurement filter was used to track a coordinated turn 

maneuver with a nonlinear constraint that required that 0,=e av  where ev is a unit vector 

in the direction of the velocity and a is the linear acceleration vector. The constraint was 

added as a pseudo-measurement in an additional set of update steps executed after the 

filter update steps. 

 Kalman filtering algorithms with constraints have been applied in several areas 

including fault detection [100], process control [108] [60], tracking along road networks 

[115], head pose tracking [56], aircraft flight plans [125], and others. A comprehensive 

survey of many methods for applying constraints for tracking along with a long list of 

citations can be found in [101]. 

 A problem that is mathematically similar to tracking a maneuvering NRI target 

with an endpoint constraint is that of a homing missile tracking its target. The interceptor 

missile uses a coordinate system centered at its center of gravity, and its trajectory is 
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guided along a path with an endpoint at its target. One guidance law used frequently to 

provide guidance to interceptor missiles is that of proportional navigation (PN). Both 

two-dimensional [88] and three-dimensional [116] PN models have been developed for 

spherical coordinate systems. It will be shown that the homing missile acceleration 

kinematic algorithms required to maintain the target as its trajectory endpoint can be used 

in the kinematic model for tracking an EPC maneuvering an NRI target. 

 

2.4.2. EPC Development 

The EPC EKF leverages the PN principles developed in [116] to form its dynamic 

equations. To apply the EPC condition to the Spherical EKF developed in the previous 

section, we need only refer to the equation for the total acceleration in (2.89) and modify 

it using the conditions set forth in [116]. Since the sensor is stationary, applying the PN 

accelerations will force the predicted target state back toward the direct radial path to the 

sensor origin. 

 To add the endpoint constraint, one must begin with the observation that a vector 

pointing to a general location in a spherical coordinate system can be described as: 

 Ĕ.R=ɟ r  (2.122) 

It follows immediately that 

 ĔĔ ĔcosR R Rq j j= + +ɟ r ɗ ű  (2.123) 

represents the velocity of the object at that location. 

Let ɤ be the angular velocity vector of a rotating coordinate system. We can 

leverage the knowledge of the time derivatives of the spherical unit vectors [43] and their 

relationship to the angular velocity vector to obtain 
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 ĔĔ Ĕ Ĕcos ,q j j= ³ = +r ɤ r ɗ ű  (2.124) 

 Ĕ Ĕ Ĕ Ĕcos sin ,q j q j= ³ =- +ɗ ɤ ɗ r ű  (2.125) 

and 

 ĔĔ Ĕ Ĕsin .j q j= ³ =- -ű ɤ ű r ɗ  (2.126) 

Taking the results for equations (2.124)ï(2.126), one can solve for ɤ to show 

 ĔĔ Ĕsin cos ,q j j q j= - +ɤ r ɗ ű  (2.127) 

as given in [116]. 

It is now possible to add a constraint that maintains the endpoint of the trajectory 

at the origin by taking the cross product of the linear and angular velocities:  

 
c .k= ³a ɟ ɤ  (2.128) 

This produces an acceleration vector identical to the 3D proportional navigation 

acceleration found in [116], 
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where k is the PN constant. The total acceleration can now be obtained for the end-point 

constrained kinematics by combining Equations (2.129) and (2.89). The resulting total 

acceleration is 
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  (2.130) 

By substituting this equation in for (2.89), one can follow the same steps to obtain 

the dynamic transition equations with the new constraint; thus, the equations 
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 ( ) ( ) ()2 2 21 1 cos ,r k r k rj q j= - + -   (2.131) 
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q
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-
= + -   (2.132) 

and 

 ( ) () ()
( )2

2
1 cos sin

k r
k

r

j
j q j j

-
= - +   (2.133) 

can be solved using the finite-difference techniques described previously. Thus, 

Equations (2.96)ï(2.101) become 
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The dynamic state equations yield another matrix equation similar to (2.102), 

 ( ) ( )n EPC n-1 n-1 EPC n-1 n-1.= = + +x x Fx G x vf u   (2.140) 
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 The difference between (2.140) and (2.102) is that the nonlinear terms are altered 

by applying EPC. The vector containing the nonlinear components of the state-update 

equation is 

 ()
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Now that the dynamic equations have been constructed for the EPC filter, all that remains 

alter the appropriate Kalman filter components that are affected by the introduction of 

()EPC xu . The Jacobian of the vector transition equation ĔF  from (2.110) becomes 

 () ()EPC EPC
Ĕ Ĕ ,= +x F G xF U   (2.142) 

where  

 ( ) ()
| 1

T
T

EPC | 1 EPC Ĕ

Ĕ Ĕ .
n n

n n
-

- =
è ø= Ðê úx x x

x xU u   (2.143) 

 All elements of the Jacobian have previously been defined, except for ĔEPCU , 

which must be altered to account for the PN coefficients, as shown in (2.144). 
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2.4.3. EPC EKF Algorithm  

With the exception of the state and covariance prediction equations, the remaining 

aspects of the EPC filter are identical to those of the S-EKF algorithm in Table 4. To 

complete the EPC filter, we simply substitute the endpoint condition components into 

(2.145) and (2.146) to complete Table 5. 

Table 5: EPC EKF Algorithm 

State Prediction n|n-1 n-1|n-1 EPC n-1|n-1
Ĕ Ĕ Ĕ( )= +x Fx G xu           (2.145) 

State Covariance 

T

n|n-1 EPC n-1|n-1 n-1|n-1 EPC n-1|n-1

n-1|n-1

Ĕ ĔĔ Ĕ( ) ( )

Ĕ( )

è ø= +
ê ú

xx xx
P F x P F x

Q x
  (2.146) 

Observation Prediction n|n-1 n|n-1
ĔĔ =z Hx                    (2.147) 

Observation Covariance 
T

n|n-1 n|n-1= +zz xx
P HP H R                 (2.148) 

State-Observation  

Covariance 
T

n|n-1 n|n-1=xz xx
P P H                  (2.149) 

Kalman Gain 
1

n n|n-1 n|n-1

-

è ø= ê ú
xz zz

K P P                 (2.150) 

State Update n|n n|n-1 n n n|n-1
Ĕ Ĕ Ĕ( )= + -x x K z z              (2.151) 

State Covariance 
T

n|n n|n-1 n n|n-1 n= -xx xx zz
P P K P K         (2.152) 
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2.5. EPC EKF Proportional Navigation Constant Selection 

2.5.1. Purpose of Study 

In the original EPC filter publication [45], the PN constant k was set to a value of 

10 based on a series of brief tests using NRI target trajectories. The purpose of this study 

was to demonstrate the methodology used to select this value. The preferred PN constant 

delivers the best bearing and elevation error performance without sacrificing the 

performance in the range, range rate, bearing rate, or elevation rate. Although these four 

state variables are not the primary motivators for the development of the EPC filter, 

failure to account for them could result in the development of a filter with no practical 

value. 

In this study, a variety of PN constant values ranging from k=1 to k=50 were 

evaluated against the Dutch roll trajectory. Preliminary studies using the radially inbound 

trajectory found that the PN constant could be set arbitrarily high to achieve slightly 

better results. However, the radially inbound trajectory nearly perfectly matched to the 

kinematic model used in the EPC filter. Any NRI target that does not follow a perfectly 

radial path would cause the filter track to diverge if the PN constant was set too high. 

Because a priori knowledge of the target maneuvers is not available, it was determined 

that a weaving NRI target such as the Dutch roll target is preferable for filter tuning. 

 

2.5.2. Findings for PN Constant Tuning 

Owing to the large number of filters evaluated in this study, only the overall box 

diagrams for each PN constant and the overall result table are shown. A PN constant of 

10 was found to be optimal for the Dutch roll target. Multiple values near k=10 were also 
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evaluated; however, all were found to offer nearly identical results with slightly worse 

performance in bearing and elevation. The position error statistics are shown in Figure 20 

and the velocity error statistics are shown in Figure 21. These statistics are captured as 

box plots (see Figure 11 for a labeled example plot). 

 
Figure 20: Position error box plot for PN constant tuning study 

 
Figure 21: Velocity error box plot for PN constant tuning study 
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EPC filters featuring high PN constant values (50 and above) resulted in diverging 

tracks early on in the target trajectory. The resultant errors cannot be contained within the 

box plots in Figure 20 and Figure 21. A PN constant of 25 features a smaller median error 

value for the bearing and elevation, but there is a greater spread of errors, including 

significantly more outliers across all positions and velocity states. Lower PN constant 

values, such as k=1 and k=5, have a comparable number of outliers to k=10, but their 

median error values are notably higher, and the spread of all errors is greater. Based on 

these results, it was confirmed that the PN constant (k=10) offers the best balance of 

errors and should be used for the EPC EKF. 

 The overall RMS error performance was evaluated using all errors for all track 

state updates in the scenario. For the PN constant values whose tracks did not diverge, it 

is clear that a value of k=10 provides superior performance for range, bearing, and 

elevation, while suffering only marginal performance losses in the velocity components 

of these states. The results are shown in Table 6, with the best-performing filter for each 

dimension highlighted in green. 

Table 6: PN constant selection study ï overall RMSE table 

Filter Name 

RMS Error Overall  

Range 

(dmi) 

Range 

Rate 

(dmi/s) 

Bearing 

(deg) 

Bearing 

Rate 

(deg/s) 

Elevation 

(deg) 

Elevation 

Rate 

(deg/s) 

EPC-EKF (k=0) 0.1058 0.0948 0.4646 0.1947 0.4548 0.3660 

EPC-EKF (k=1) 0.1057 0.0947 0.4451 0.1884 0.4312 0.3574 

EPC-EKF (k=5) 0.1056 0.0946 0.3772 0.1712 0.3495 0.3296 

EPC-EKF (k=10) 0.1053 0.0952 0.3260 0.1848 0.3108 0.3487 

EPC-EKF (k=25) 0.1103 0.1665 0.7268 0.6271 0.7955 0.7794 
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2.6. EPC EKF and Legacy Filter Performance Study 

2.6.1. EPC EKF Comparison Study Goals 

The primary goal of developing the EPC EKF was to show that the modified 

kinematic model at the core of the filter offers superior tracking performance compared 

to the C-EKF and S-EKF. In this case, superior tracking performance refers to reduced 

track-state errors, particularly in the bearing and elevation dimensions. NRI targets tend 

to exhibit maneuvers that cause the system track to propagate in the wrong direction 

between the radar measurement updates. This results in significant errors perpendicular to 

the radial path of the target. If it can be shown that the EPC EKF has lower angular errors 

while offering a tolerable range, range rate, bearing rate, and elevation rate errors, it can 

be said that the EPC EKF experiment is a success. 

The performance results against the maneuvering targets introduced in Section 1.3 

are covered in the following sections. For the two NRI targets (radially inbound and 

Dutch roll), the performance will be discussed with respect to the performance gains 

offered by the EPC EKF. For non-NRI targets, observations shall be shared, which 

motivated further study into EPC filter improvements. 

 

2.6.2. Radially Inbound Target 

The radially inbound trajectory is the scenario that is most accurately modeled 

using the EPC kinematic model. The trajectory does not deviate from the radial path; 

therefore, it is expected that the EPC EKF will outperform the C-EKF and S-EKF for this 

case. It is not surprising that the bearing (Figure 22) and elevation (Figure 23) RMSE 

performance of the EPC EKF is significantly better than that of the legacy filters. The 
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errors at each measurement update are lower than those of the legacy filter, and the 

propagated states do not deviate from the target truth as much as the C-EKF and S-EKF 

track states do. This occurs because legacy filters allow their tracks to propagate away 

from the radial path more easily than the EPC EKF. 

The box plots featured in Figure 24 and Figure 25 add further evidence that the 

EPC EKF is the superior filter for this test case. The EPC EKF suffers no noticeable 

losses in range or range rate RMSE performance, while significantly outperforming the 

legacy filters in angles and angle rates, with perhaps one or two outlier errors falling 

beyond the smallest outlier for the S-EKF. With the radially inbound scenario as a 

baseline, it is time to evaluate a more challenging NRI target. 

 
Figure 22: EPC EKF vs legacy filters ï bearing RMSE for radially inbound scenario 
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Figure 23: EPC EKF vs legacy filters ï elevation RMSE for radially inbound scenario 

 

 
Figure 24: EPC EKF vs legacy filters ï position error box plots for radially inbound 

scenario 
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Figure 25: EPC EKF vs legacy filters ï velocity error box plots for radially inbound 

scenario 

 

2.6.3. Dutch Roll Target 

For the Dutch roll scenario, the target approaches the sensor origin from a range 

of 25 dmi, and begins performing its weaving maneuver at approximately 12.5 miles 

range to go (RTG). During the radial inbound phase of the trajectory, the error 

performance closely resembled that of the radially inbound target. After the weave 

begins, the errors for all filters increase, with the EPC EKF featuring the lowest error 

growth and maintaining its advantage over the legacy filters throughout the maneuver 

period. The angle RMSE performance of the EPC EKF is shown in Figure 26 and Figure 

27. The position and velocity box plots in Figure 28 and Figure 29 tell a similar story 

regarding the overall angle error statistics. The EPC EKF has by far the best overall 

bearing and elevation error performance, while remaining competitive with the S-EKF in 

terms of range, range rate, and angular velocities. 
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Figure 26: EPC EKF vs legacy filters ï bearing RMSE for Dutch roll scenario 

 

 

 
Figure 27: EPC EKF vs legacy filters ï elevation RMSE for Dutch roll scenario 
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Figure 28: EPC EKF vs legacy filters ï position error box plots for Dutch roll scenario 

 

 
Figure 29: EPC EKF vs legacy filters ï velocity error box plots for Dutch roll scenario 

 

 

2.6.4. High-Diver Target 

The high-diverôs trajectory is not NRI for its full duration. The high-diver 

performs an abrupt turn in the vertical crossrange down toward the sensor origin at 
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approximately 10 dmi RTG. Prior to the downward turn, the high-diver target is not 

radially inbound because it would overshoot the sensor origin by 6 dmi if it maintained 

its initial trajectory. Consequently, the EPC filter failed to properly model the motion of 

the target. This failure is reflected in degradation of the elevation RMSE (Figure 31), 

starting at approximately 20 dmi RTG. Notably, the bearing RMSE (Figure 30) is not 

negatively affected by the mis-modeling of the target motion.  

The box plots in Figure 32 and Figure 33 further emphasize the performance 

gains in bearing and performance losses in elevation for the EPC EKF. These gains and 

losses are carried over to the bearing rate and elevation rate errors, respectively. The 

range and range rate errors are in family with the S-EKF and C-EKF. Based on this 

evidence, the S-EKF is the preferred filter for the high-diver target until modifications to 

the EPC EKF can be made to address the performance degradation. 

 
Figure 30: EPC EKF vs legacy filters ï bearing RMSE for high-diver scenario 
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Figure 31: EPC EKF vs legacy filters ï elevation RMSE for high-diver scenario 

 

 
Figure 32: EPC EKF vs legacy filters ï position error box plots for high-diver scenario 
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Figure 33: EPC EKF vs legacy filters ï velocity error box plots for high-diver scenario 

 

2.6.5. Dogleg Target 

The dogleg trajectory is similar to the high-diver trajectory in that a single 

maneuver is performed that changes the target from a non-NRI trajectory into an NRI 

trajectory. The error performance essentially trades the error gains and losses in the 

bearing and elevation covered in Section 2.6.4. The dogleg scenario features a maneuver 

in horizontal crossrange relative to the sensor; therefore, the bearing RMSE performance 

of the EPC EKF is degraded until the turn occurs at approximately 6 dmi RTG as shown 

in Figure 34. The elevation RMSE performance does not suffer the same fate, and the 

EPC EKF outperforms the legacy filters, as shown in Figure 35. The EPC EKF is not able 

to fully recover from its diverging track behavior owing to the maneuver occurring late in 

the scenario. 

The box plots (Figure 36-Figure 37) for the dogleg scenario further emphasize the 

loss of the bearing error performance and the gains in the elevation error performance. 
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For the bearing and bearing rate, the S-EKF is the superior filter, whereas for the 

elevation and elevation rate, the EPC EKF offers better error performance. The range and 

range rate errors are in family across all three filters. 

 

 
Figure 34: EPC EKF vs legacy filters ï bearing RMSE for dogleg scenario 

 

 

 
Figure 35: EPC EKF vs legacy filters ï elevation RMSE for dogleg scenario 
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Figure 36: EPC EKF vs legacy filters ï position error box plots for dogleg scenario 

 

 

 
Figure 37: EPC EKF vs legacy filters ï velocity error box plots for dogleg scenario 
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2.6.6. EPC vs Legacy Filter Overall Performance Assessment 

The results of the EPC EKF study reaffirmed the initial hypothesis regarding EPC 

filter performance for NRI targets, while revealing that the EPC model is not suitable for 

all trajectory types. The EPC EKF delivers better error performance against NRI targets 

while suffering significant performance losses against non-NRI targets, where the EPC 

model fails to properly model the target maneuvers. In these non-NRI cases, the S-EKF 

delivered the best results among the three filters tested. This result offers further support 

for the findings in Section 2.2.3 as well as those of Haug and Williams [46]. The overall 

RMSE performance for each scenario is presented in Table 7. The best error performance 

for each dimension is highlighted in green for each trajectory. 

Table 7: EPC EKF vs legacy filters ï overall RMSE performance 

Scenario 
Filter 

Name 

RMS Error Overall  

Range 

(dmi) 

Range 

Rate 

(dmi/s) 

Bearing 

(deg) 

Bearing 

Rate 

(deg/s) 

Elevation 

(deg) 

Elevation 

Rate 

(deg/s) 

Radial 

Inbound 

C-EKF 0.0943 0.0765 0.6422 0.1848 0.6186 0.1760 

S-EKF 0.0935 0.0737 0.3845 0.0744 0.3759 0.0738 

EPC-EKF 0.0934 0.0751 0.2875 0.0516 0.2829 0.0518 

Dutch 

Roll 

C-EKF 0.1009 0.1012 0.8950 0.3580 0.9486 0.5417 

S-EKF 0.0980 0.0961 0.5168 0.2130 0.5154 0.3851 

EPC-EKF 0.0969 0.0974 0.3931 0.2070 0.3741 0.3743 

High-

diver 

C-EKF 0.3171 0.2457 1.2010 0.4091 1.1943 0.4726 

S-EKF 0.3224 0.2459 0.4589 0.1099 0.6674 0.2374 

EPC-EKF 0.3547 0.2900 0.3461 0.1064 1.1161 0.4378 

Dogleg 

C-EKF 0.0748 0.0920 1.0790 0.4317 0.7392 0.2438 

S-EKF 0.0720 0.0776 0.5016 0.1535 0.3881 0.0798 

EPC-EKF 0.0720 0.0843 0.5999 0.2077 0.2958 0.0645 

 

Although the RMSE performance varied from scenario to scenario, the timing 

analysis did not. All filters were found to be real-time algorithms in this analysis, as listed 
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in Table 8. This means that the combat system and any downstream consumers of the 

track data are not hindered by slow computation times. 

Table 8: EPC EKF vs legacy filters ï runtime performance table 

Scenario 
Filter 

Name 

Scenario 

Duration 

(sec) 

Average 

Runtime 

(sec) 

Runtime 

Ratio 

Real 

Time? 

Radial 

Inbound 

C-EKF 117 0.00174 0.0015% Yes 

S-EKF 117 0.00171 0.0015% Yes 

EPC-EKF 117 0.00165 0.0014% Yes 

Dutch 

Roll 

C-EKF 69 0.00124 0.0018% Yes 

S-EKF 69 0.00088 0.0013% Yes 

EPC-EKF 69 0.00084 0.0012% Yes 

High-

diver 

C-EKF 73 0.00115 0.0016% Yes 

S-EKF 73 0.00109 0.0015% Yes 

EPC-EKF 73 0.00124 0.0017% Yes 

Dogleg 

C-EKF 108 0.00184 0.0017% Yes 

S-EKF 108 0.00172 0.0016% Yes 

EPC-EKF 108 0.00172 0.0016% Yes 

 

 

The EPC EKF was found to offer superior error performance across all state 

dimensions aside from the range rate for the radially inbound and Dutch roll scenarios. 

For the radially inbound target, the EPC EKF delivered overall angle RMSE performance 

improvements of 25.2% in bearing and 24.7% in elevation when compared to the S-EKF. 

Such large performance gains are largely owing to the use of a well-matched model for a 

perfectly radially inbound trajectory. The most encouraging result is that similar gains are 

observed in the Dutch roll scenario, with a 23.9% improvement in bearing RMSE and a 

27.4% improvement in elevation RMSE. The S-EKF outperformed the C-EKF across all 

metrics and is the preferred filter for non-NRI scenarios based on this study. As an 

additional bonus, the EPC modification to the S-EKF adds a negligible amount of 
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computation time. However, not all targets are NRI and further development is required 

before the EPC EKF can be fielded in a combat system. In the next three chapters, we 

will apply the EPC model to a larger array of tracking algorithms to determine if they can 

improve upon the EPC EKFôs NRI performance and, more importantly, mitigate the 

performance losses for non-NRI targets. 
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3. Alternative Discrete-Time EPC Filters 

3.1. EPC Unscented Kalman Filter 

3.1.1. UKF Background 

Chapter 2 focused on the development of EKF algorithms to solve the NRI 

maneuvering target tracking problem. The filter dynamic and observation models were 

expanded in a Taylor polynomial about the state estimate to allow linearized predictions 

of the state and observation data. Although they are popular in the target tracking domain 

[71], EKFs are suboptimal filters and may not be the best algorithms for solving the NRI 

tracking problem. When the time between measurement updates is long, the EKFôs 

linearized approximation degrades, which may result in performance losses or filter 

instability [62]. For problems in which the dynamic or observation transition functions 

are highly nonlinear, second-order terms can be included in the EKF at the expense of 

calculating Hessian matrices [43]. Another method for achieving second-order 

approximations in a nonlinear filter without using second order linearization methods is 

to use an unscented Kalman filter. 

Unscented Kalman filters (UKFs) are a subclass of sigma point filters that can 

offer a nonlinear filter designer improved tracking performance compared with EKFs 

with the same dynamic models [61]. While EKFs use numerical differentiation to 

linearize the dynamics of the problem, UKFs use sigma point numerical integration to 

achieve a higher-order representation of the system [43][55][56][57]. As an added bonus, 

UKFs do not require the computation of complicated Jacobian or Hessian matrices, 

which further simplifies the filter development process. UKFs have been applied in 
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nonlinear control applications requiring full-state feedback, and have been shown to 

achieve higher accuracy than the EKF at a comparable level of complexity [109]. 

During the filter prediction step, the estimated state and covariance are used to 

generate a set of sigma points, which are used to approximate the Gaussian distribution 

that they describe. Figure 38 shows a set of sigma points (blue) for the EPC model that 

are then propagated forward in time for a target closing on the sensor origin. These sigma 

points are surrounded by a covariance ellipse, which describes the Gaussian distribution 

that they attempt to approximate. 

 

 
Figure 38: Sigma point prediction example in range and bearing 

 

After the set of prior sigma points is propagated, process noise is added, and a 

new set of predicted sigma points is generated. The set of predicted sigma points are used 

to estimate the observation and state-observation covariance matrices. It is the generation, 

propagation, and maintenance of these sigma points that allow the UKF to achieve the 
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second-order approximation without linearization. The EPC UKF algorithm is discussed 

in detail in the next section. 

 

3.1.2. EPC UKF Development 

The EPC UKF requires the computation of the sigma points related to its 

estimated distribution. Kalman filter designers are most interested in the first two 

moments of this distribution, the mean and covariance, and the sigma points easily lend 

themselves to the calculation of these estimates. The affine transformation of the 

distribution when combined with sigma point methods makes it possible to compute the 

mean and covariance with relative ease [43]. 

The prior state update sigma points at time n-1 conditioned on all past 

observations (()
j

n-1|n-1ɢ ) are calculated using the affine transformation of the predicted state 

distribution and are found to be 

 
() ()j

n-1|n-1 n-1|n-1 n-1|n-1
Ĕ ,

j
= + xx

ɢ x P c (3.1) 

where c(j) represents the vector points required to generate sigma points. The generation 

of sigma points is covered in detail in [43][56][57][61]. In the simplest form, this vector 

represents a set of orthogonal, 6x1 unit vectors, each extending one unit in the positive or 

negative direction for each dimension, then scaled by the sigma point weights. The vector 

c(j) at the central point (j=0) is a 6 × 1 vector of zeros. Thus, for a six-dimensional filter, 

there are a total of thirteen sigma points. 

The computation of state and covariance predictions at time n given all 

observations up to time n-1, becomes 
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where fEPC is the same EPC dynamic transition function defined in (2.140) without 

including the noise vector v. The covariance predictions are as follows: 

 
() ()

01

i ixN

w
=

-
c r  (3.3) 

 
() ()

12 T
j j

n|n-1 EPC n-1|n-1 | 1 EPC n-1|n-1 | 1

0

Ĕ Ĕ( ) ( ) .j n n n n

j

w - -

=

è øè ø= + - -
ê úê úäxx

P Q ɢ x ɢ xf f  (3.4) 

The sigma point weights depend on the user-defined free parameter w0 and are given by 

 
0

j

0

, 0

(1 ) 12, 1,2,...12.

w j
w

w j

=ë
=ì

- =í
 (3.5) 

For the simulation results presented in Section 3.3 the central weight value w0 = 0.25. 

For the next step of the algorithm, the set of predicted sigma points must be 

generated using the same process as in Equation (3.1), except that the central point is the 

state prediction 
n|n-1
Ĕx  and the covariance whose square root is taken will be the predicted 

state covariance n|n-1

xx
P . After computing the propagated sigma points, the observation 

prediction becomes 

 
()

12
j

n|n-1 n|n-1

j=0

Ĕ .jw=äz Hɢ  (3.6) 

Note that matrix H is described in Equation (2.113). The predicted observation and state-

observation covariances become 

 
() ()

12 T
j j

n|n-1 j n|n-1 n|n-1 n|n-1 n|n-1

j=1
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ê úê úäzz

P R Hɢ z Hɢ z (3.7) 

and 
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respectively. The remainder of the UKF algorithm, including the Kalman gain and update 

steps, follows the formulation given in (2.119)ï(2.121). 

 While the computation of the sigma points can be costly for higher-dimensional 

state vectors, the UKF for this EPC tracking problem requires only thirteen points. This 

causes no significant reduction in the speed-based performance compared to the EKF. 

The results showing how the UKF algorithm performs in tracking maneuvering targets 

are demonstrated in Section 3.3. 

 

3.1.3. EPC UKF Algorithm  

The layout of the EPC UKF algorithm differs from that of the EKFs studied in 

Chapter 2 until it reaches the Kalman gain calculations. The algorithm, including the 

generation of sigma points, is presented in Table 9. The algorithm used to obtain the 

square root of matrices is described in the MATLAB documentation [82]. Because all 

covariance matrices handled in this filtering algorithm are real and nonsingular, the 

method described by Higham [47] was used for the EPC UKF. 

Table 9: EPC UKF Algorithm 

Generate Prior 

Sigma Points 
() ()j

n-1|n-1 n-1|n-1 n-1|n-1
Ĕ ,

j
= + xx

ɢ x P c          (3.9) 

State Prediction 
()( )

12
j

n|n-1 EPC n-1|n-1

0

Ĕ
j

j

w
=

=äx ɢf           (3.10) 

State Covariance  

Prediction () ()

n|n-1

12 T
j j

EPC n-1|n-1 | 1 EPC n-1|n-1 | 1

0

Ĕ Ĕ( ) ( ) .j n n n n

j

w - -

=

= +

è øè ø- -
ê úê úä

xx
P Q

ɢ x ɢ xf f
  (3.11) 

Generate Predicted 

Sigma Points 
() ()j

n-1|n-1 n|n-1 n|n-1
Ĕ ,

j
= + xx

ɢ x P c          (3.12) 
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Observation 

Prediction 

()
12

j

n|n-1 n-1|n-1

0

Ĕ
j

j

w
=

=äz Hɢ                    (3.13) 

Observation 

Covariance  
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State-Observation 

Covariance 

()( ) ()
12 T
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j
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Kalman Gain 
1

n n|n-1 n|n-1

-

è ø= ê ú
xz zz

K P P                 (3.16) 

State Update n|n n|n-1 n n n|n-1
Ĕ Ĕ Ĕ( )= + -x x K z z              (3.17) 

State Covariance 

Update 
T

n|n n|n-1 n n|n-1 n= -xx xx zz
P P K P K         (3.18) 

 

3.2. EPC Particle Filter 

3.2.1. Particle Filtering Background 

Although the EKF and UKF algorithms offer the nonlinear filter designer a means 

to estimate the first two moments of the underlying distribution, directly estimating the 

distribution itself also has significant value. Sequential importance sampling (SIS) 

particle filters are a class of nonlinear filters which generate samples or ñparticlesò and 

propagate them through the dynamic model, weighting them based on their respective 

ñimportance,ò or likelihoods [43]. Particle filters (PFs) are particularly useful for 

estimating stochastic systems when the underlying distributions are non-Gaussian or if 

the system itself is highly nonlinear.  

PFs have been used in a variety of applications and continue to be a heavily 

researched topic. In bioinformatics, a PF was used to process gene expression 

measurements, classify single-cell trajectories, and predict the likelihood of developing a 

disease (such as cancer) [41]. PFs are also used in a variety of nonlinear filtering 

problems found in economics and finance [26]. Several target tracking algorithms have 
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also been developed that leverage a PF, including [54], although they do not use the EPC 

model. 

SIS particle filters offer a way to perform recursive estimation of the target state 

probability distribution. 

 ( ) ()( )
samples

ii

n 1:n n n n

1

p | ,

N

i

wd
=

= -äx z x x  (3.19) 

where Nsamples is the number of samples used in the particle filter, i

nw is the set of particle 

weights, and 
()i

n n( )d -x x is the delta function evaluated at the location of each particle. 

The PF weights are based on the ratio of the probability density function of the desired 

distribution to the probability density function of the distribution used. 

The PFôs particles are generated as 

 
() ()( ) ()i i i

n EPC n-1 n ,= +x x vf  (3.20) 

where vn is a vector of the samples drawn from the estimated distribution. These 

propagated particles are weighted based on their likelihoods and then used to compute the 

next iteration of the estimated distribution. The unnormalized updated particle weights 

()i
nw  are computed using the prior particle weights 

()i
n-1w , 

 () ()

()( ) () ()( )
() ()( )

i i i

n n n n-1i i

n n-1 i i

n n-1 n

p | p |
.

q | ,
w w=

z x x x

x x z
 (3.21) 

The term 
()( )i

n|np z x  is the observation probability density conditioned on each particle 

and is known, 
() ()( )i i

n n-1p |x x  is the state transition probability density, and 
() ()( )i i

n n-1 nq | ,x x z  

is the importance density from which the particles are drawn. This weight calculation can 

be simplified in the bootstrap particle filtering algorithm [39] by assuming 
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() ()( ) () ()( )i i i i

n n-1 n n-1 np | q | , .=x x x x z  (3.22) 

This establishes that that the incremental weights do not depend on the past trajectory of 

the particles [43]. 

To extract the desired state and error covariance information provided by the 

EKFs and UKF, one needs only to compute the sample mean and sample error covariance 

using the estimated distribution. The estimated distribution is obtained by normalizing the 

weights set out in Equation (3.21). Once these crucial data are obtained and sent to the 

combat system, the set of updated particles replaces the old prior particles and is used to 

start the recursive filter cycle again. 

SIS particle methods are particularly useful when the underlying distributions in 

the system under evaluation are non-Gaussian or highly nonlinear. However, they can 

also add significant computational cost to the filter algorithm, depending on the number 

of particles required to accurately represent the target state distribution [30]. Any gains in 

RMSE performance will have to be balanced against the potential increase in 

computation time. In addition, SIS particle filters can also suffer from sample degeneracy 

[43], wherein particles based on posterior density diverge from the true posterior density, 

concentrating the weights on only a few central particles. Resampling and regularization 

procedures can be used to re-diversify the particles, and these methods will be covered in 

the development of the EPC BPF. 

 

3.2.2. The EPC Bootstrap Particle Filter  

 For the comparison studies covered in this chapter, we implemented the bootstrap 

particle filter (BPF) first introduced by Gordon et al. [39]. The BPF uses the transition 
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density p(xn|xn-1) as the importance density [43]. As a result, the computation of the 

unnormalized importance weights 

 
() () ()i i i

n n-1 n np( | )w w= z x  (3.23) 

where 
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simplifies to 
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Normalization of the weights yields 
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The effective number of samples, a number representing the relative diversity of the 

sample weights, must now be computed as 
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If Neff is significantly smaller than Nsamples, which is the number of samples or 

particles used in the algorithm, then resampling and regularization processes must take 

place to ensure particle diversity. For the studies performed in this dissertation, the rule of 

thumb from [43] is used, where resampling and regularization are performed if  
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The EPC BPF algorithm uses stratified resampling, as Hol et al. [49] found that it 

delivers better results when compared to random sampling and comparable results when 

compared to systematic sampling.  

 Stratified sampling is based on the ideas used in survey sampling, where the 

interval (0,1] is pre-partitioned into an Nsamples uniform adjoint strata [49]. Within each 

stratum, a separate uniform random number is generated such that for the ith strata, 

 i

samples samples

1
~ U , .

i
u i

N N

å õ
+æ ö

æ ö
ç ÷

 (3.29) 

The sample distribution was then reconstructed using the inverse transform method [43]. 

Effectively, this means taking the cumulative sum of the uniform samples to recover 

particles. The resampled particles are then assigned equal weights to reduce the need for 

further resampling. To reduce the likelihood that any of the newly resampled particles 

share a common weight, regularization is also performed. 

 Regularization prevents repeated particles from for any given weight [43]. To 

prevent this ñsample impoverishment,ò a kernel density estimate of the particle density 

can be used to resample the particles a second time. In this process, each new particle is 

selected from the original resampled particle based on a draw from a uniform 

distribution, and the sample point is dithered based on a draw from the local individual 

kernel. The regularization process tends to concentrate the particles in the region with the 

highest probability and separates them in a random fashion. Kernel sample generation 

can be performed using the processes described in [98] and [99]. 

Once resampling and regularization have been performed, the empirical mean 
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and empirical covariance 
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of the particles must be computed using the resampled particles 
()i
nx . The particles are 

then propagated forward in time and the weights are reset to  
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If Neff is sufficiently large, the algorithm simply moves forward by a single time step and 

assigns the latest particles as prior particles and the latest normalized weights as the prior 

weights for the next cycle of the algorithm. As in the case with less particle diversity, the 

particles can be used to compute the empirical mean and covariance for track estimation. 

  

3.2.3. EPC BPF Algorith m 

The BPF algorithmôs performance depends on many tunable parameters but is 

especially sensitive to the sample count. For the results presented in Section 3.3, a sample 

count (Nsamples) of 10 000 was used. The full EPC BPF algorithm is laid out in Table 10, 

with the sections specifying whether the effective number of samples criterion (see 

Equation (3.28)) is satisfied. The algorithm is also illustrated in Figure 39. 

Table 10: EPC BPF Algorithm 

Generate sample noise 
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Calculate Neff 
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IF: Neff  << Nsamples: Resample and regularizeé  
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Resample particles Use empirical mean and covariance to resample.  

Regularize particles Use process described in Section 3.2.2  

Calculate state update 

using resampled particles 
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Calculate covariance 

update using resampled 

particles  
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Time step: resampled 

particles become prior 

particles 
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ELSE:  
Use current particles to update track state and 

covariance 
 

Calculate covariance 

update using resampled 
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Calculate covariance 

update using resampled 
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Time step: latest particles 

become prior particles 
() ()i i

n n-1­x x              (3.46) 

Time step: latest weights 

become prior weights 
() ()i i

n n-1w w­              (3.47) 
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Figure 39: BPF algorithm flowchart 

 

3.3. Performance Study of EPC Filters 

3.3.1. Purpose of Study 

In Sections 3.1 and 3.2, two more discrete-discrete (D-D) filters using the EPC 

model were developed as alternatives to the EPC EKF. These filters were compared with 

the EPC EKF using the same metrics used to evaluate the EPC EKF in Section 2.6. The 

goal of this study was to establish whether the tracking error performance for each target 

can be improved by implementing the EPC model in the UKF and BPF algorithms. At the 

outset of this study, it was expected that these filters, with their greater ability to handle 

highly nonlinear systems, may also ameliorate the non-NRI target tracking performance 

degradation described in Section 2.6. If either the EPC UKF or EPC BPF can offer better 
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performance than the EPC EKF in both NRI and non-NRI cases, then the winner will 

clearly be the superior filter. 

Although large performance gains against NRI targets were established in Section 

2.6, it is worth noting that error performance improvements of even one percent have 

value in target tracking. In such a heavily mined field, a target tracker with a few percent 

or a few tenths of a percent improved performance could prove valuable to a combat 

system. However, if the same target tracking filter fails against commonly used non-NRI 

targets, it may be necessary to implement that filter as part of a larger algorithm to 

compensate. This study also identifies candidates for a multiple-model EPC algorithm to 

address a broad set of trajectories if the EPC UKF or EPC BPF fails to address the 

challenges faced by the EPC EKF in Section 2.6. 

 

3.3.2. Radially Inbound Target 

For the radially inbound target, the angle errors of the EPC filters demonstrated a 

clear pattern. The EPC BPF holds the edge over the other two filters throughout the 

trajectory for both the bearing (Figure 40) and elevation (Figure 41) RMSE, consistently 

delivering the lowest RMSE for both angles. The EPC UKF is also superior to the EPC 

EKF. In the box plots (Figure 42ïFigure 43), the EPC BPF exhibited the best 

performance in terms of bearing, bearing rate, elevation, and elevation rate, despite some 

outliers. However, this improved angle error performance comes at the cost of a slightly 

degraded range and a range rate error performance. Based on this first experiment, the 

EPC UKF and EPC BPF appear to be promising alternatives to the EPC EKF. 
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Figure 40: EPC filter comparison study ï bearing RMSE for radially inbound scenario 

 

 

 
Figure 41: EPC filter comparison study ï elevation RMSE for radially inbound scenario 
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Figure 42: EPC filter comparison study ï position error box plots for radially inbound 

scenario 

 

 

 
Figure 43: EPC filter comparison study ï velocity error box plots for radially inbound 

scenario 
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3.3.3. Dutch Roll Target 

For the Dutch roll scenario, the EPC BPF continues to have a performance 

advantage over the EPC UKF and EPC EKF. The bearing RMSE performance gains from 

the BPF over the other two filters continue throughout the targetôs trajectory, and the BPF 

retains its advantage throughout the weaving maneuver, as shown in Figure 44. The EPC 

BPF was especially dominant during the fully radially inbound portion of the trajectory. 

The elevation errors are similarly better for the EPC BPF, as shown in Figure 45. The 

EPC UKF also performed better than the EPC EKF, but not by the same margin. The box 

plots in Figure 46 and Figure 47 for this scenario bear out the findings from the RMSE 

plots as a function of the range. The EPC BPF displayed superior RMSE performance in 

all dimensions, including the range and range rate. 

 

 
Figure 44: EPC filter comparison study ï bearing RMSE for Dutch roll scenario 
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Figure 45: EPC filter comparison study ï elevation RMSE for Dutch roll scenario 

 

 

 
Figure 46: EPC filter comparison study ï position error box plots for Dutch roll scenario 
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Figure 47: EPC filter comparison study ï velocity error box plots for Dutch roll scenario 

 

3.3.4. High-diver Target 

Any expectation for good tracking performance against non-NRI targets was 

broken after evaluating the high-diver target. All three filters struggled to properly track 

the target. Apparently, the ability to handle higher levels of nonlinearity is not sufficient 

to overcome the model mismatch presented by this non-NRI target. Figure 48 and Figure 

49 clearly demonstrate that the angular tracks diverge as the target motion becomes more 

less and less NRI. The RMSE statistics gathered in Figure 50 and Figure 51 show that the 

EPC BPF, which performed well for NRI targets, is also the worst filter when applied to 

non-NRI targets. The EPC BPF exhibited the worst performance across all position and 

velocity states. Although the EPC EKF and EPC UKF deliver reasonable error levels 

when compared to the legacy filters examined in Section 2.6, it is clear that simply 

changing the filter type will not solve the non-NRI problem. 
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A notable finding in this analysis is that when the high-diver made its downward 

turn around 10 dmi RTG, both the EPC EKF and EPC UKF saw their elevation errors 

drop dramatically. The EPC BPF struggles the most with this scenario and features 

significant track divergence. For this scenario, the RMSE plots as a function of range 

(Figure 48 and Figure 49) emphasize the changeover from non-NRI to NRI behavior and 

the resulting degradation of performance, especially in the period leading up to the dive 

maneuver. 

 
Figure 48 EPC filter comparison study ï bearing RMSE for high-diver scenario 
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Figure 49: EPC filter comparison study ï elevation RMSE for high-diver scenario 

 

 
Figure 50: EPC filter comparison study ï position error box plots for high-diver scenario 
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Figure 51: EPC filter comparison study ï velocity error box plots for high-diver scenario 

 

3.3.5. Dogleg Target 

Similar to the high-diver, the dogleg target is an example where non-NRI target 

motion has an impact on the EPC filter tracking performance. In this case, the bearing 

error performance was affected by the non-NRI behavior in the horizontal plane. This 

was again because of the model mismatch introduced by the EPC. For the dogleg target, 

the EPC EKF had the best bearing RMSE performance (see Figure 52), although it was 

previously found that this performance was poor compared to the legacy C-EKF and S-

EKF. The EPC BPF features the best elevation RMSE performance, as shown in Figure 

53, which is consistent with its performance against other targets. The EPC UKF track 

error performance was between those of the other two EPC filters. 

All filters examined in this study diverged at approximately 10 dmi RTG for the 

dogleg scenario as the target became more non-NRI. The box plots (Figure 54-Figure 55) 

tell a similar story, with all three filters featuring poor performance in bearing and 
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bearing rate but otherwise acceptable performance (still superior to the legacy C-EKF and 

S-EKF) in the other dimensions. After considering the high-diver target, it appears that a 

more flexible solution is required to improve the tracking performance against non-NRI 

targets. 

 
Figure 52: EPC filter comparison study ï bearing RMSE for dogleg scenario 

 

 
Figure 53: EPC filter comparison study ï elevation RMSE for dogleg scenario 
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Figure 54: EPC filter comparison study ï position error box plots for dogleg scenario 

 

 
Figure 55: EPC filter comparison study ï velocity error box plots for dogleg scenario 
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3.3.6. EPC Filter Comparison Overall Performance Assessment 

In the second major performance study, it is important to consider both the track 

error performance and run time when declaring the superior filter. When considering both 

RMSE (see Table 11) and algorithm execution speed, the EPC UKF is the winner despite 

the EPC BPF delivering the best error performance for the two NRI targets. The EPC 

EKF was previously found to be a real-time algorithm in Section 2.6, and the EPC UKF 

adds only a small amount to the computation time. The EPC BPF, however, was much 

slower, clocking in 9.24% of the scenario time for the radially inbound target (see Table 

12). This means that for each radar observation (every 4 seconds), the system requires 

about 0.37 seconds to update the track. For the scenarios examined, a sample count of 

Nsamples=10 000 was required to achieve the best RMSE performance for the EPC BPF. 

Using a smaller number of samples to speed up the algorithm would result in a loss of 

accuracy to the extent that the EPC BPF would lose its RMSE advantage over other 

filters. 
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Table 11: EPC filter comparison study ï overall RMSE performance 

Scenario 
Filter 

Name 

RMS Error Overall  

Range 

(dmi) 

Range 

Rate 

(dmi/s) 

Bearing 

(deg) 

Bearing 

Rate 

(deg/s) 

Elevation 

(deg) 

Elevation 

Rate 

(deg/s) 

Radial 

Inbound 

EPC EKF 0.09343 0.07513 0.28745 0.05160 0.28287 0.05184 

EPC UKF 0.09442 0.07398 0.25274 0.03906 0.25075 0.04044 

EPC BPF 0.11568 0.07552 0.22396 0.02111 0.21776 0.02343 

Dutch 

Roll 

EPC EKF 0.09689 0.09744 0.39311 0.20701 0.37408 0.37431 

EPC UKF 0.10068 0.09635 0.35663 0.19339 0.33925 0.35986 

EPC BPF 0.10548 0.08991 0.30942 0.17260 0.28714 0.32941 

High-

diver 

EPC EKF 0.35472 0.29001 0.34609 0.10642 1.11607 0.43779 

EPC UKF 0.41911 0.29563 0.32329 0.09248 1.37374 0.44054 

EPC BPF 1.04987 0.39317 1.40074 0.94943 2.87045 0.85031 

Dogleg 

EPC EKF 0.07196 0.08432 0.59988 0.20765 0.29580 0.06454 

EPC UKF 0.06770 0.08067 0.68773 0.20666 0.26404 0.05360 

EPC BPF 0.13600 0.10030 0.91049 0.22682 0.23460 0.04659 

 

Table 12: EPC filter comparison study ï runtime performance table 

Scenario Filter Name 

Scenario 

Duration 

(sec) 

Average 

Runtime 

(sec) 

Runtime 

Ratio 

Real 

Time? 

Radial 

Inbound 

EPC-EKF 117 0.00191 0.0016% Yes 

EPC-UKF 117 0.00956 0.0082% Yes 

EPC-BPF 117 11.70725 10.0062% No 

Dutch 

Roll 

EPC-EKF 69 0.00087 0.0013% Yes 

EPC-UKF 69 0.00396 0.0057% Yes 

EPC-BPF 69 6.37953 9.2457% No 

High-

diver 

EPC-EKF 73 0.00144 0.0020% Yes 

EPC-UKF 73 0.00571 0.0078% Yes 

EPC-BPF 73 7.58258 10.3871% No 

Dogleg 

EPC-EKF 108 0.00146 0.0014% Yes 

EPC-UKF 108 0.00680 0.0063% Yes 

EPC-BPF 108 10.64164 9.8534% No 

 

While it is troublesome that the EPC UKF and EPC BPF did not solve all the 

issues discovered in the legacy filter study, the results are still quite valuable. The main 
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benefit is that we were able to determine which of these three EPC filters would function 

best as part of a multiple-model algorithm. Based on the collected data, the EPC UKF 

outperformed the EPC EKF in almost all dimensions for both NRI targets. However, the 

EPC BPF was the winner in terms of the overall performance of NRI targets. The real-

time nature of the EPC UKF makes it a more attractive candidate for use in a multiple-

model algorithm than the EPC BPF. Thus, owing to their similar speed performance and 

excellent NRI tracking performance, both the EPC EKF and EPC UKF will be used as 

core filters in the multiple model tracking algorithm. If implemented properly, these 

algorithms can track both types of target. 
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4. Robust NRI Target Tracking Using Multiple Models 

4.1. Multiple Model Algorithm Background 

Target maneuverability continues to grow alongside the measures intended to 

track and defeat them. The proportional navigation constant k effectively acts as a 

measure of the extent to which the NRI model suits a problem. Whereas a high k value 

denotes a target that closely follows a radially inbound trajectory, a k value of zero in the 

EPC EKF allows the recovery of the S-EKF with no EPC. In the event that a target is so 

maneuverable that part of its trajectory is not NRI, the EPC filters developed in Chapters 

2 and 3 may not be preferable because the corrective accelerations in the dynamic model 

have been shown to increase the tracking errors. EPC performance degradation in the 

face of non-NRI target motion was demonstrated for the dogleg and high-diver 

trajectories evaluated in Sections 2.6 and 3.3. Implementing a multiple-model algorithm 

has been found to alleviate this problem by fusing the weighted outputs of a non-EPC 

filter, such as the S-EKF, with and EPC filter.  

A plethora of algorithms have been developed to fuse weighted filter outputs. 

These algorithms include non-switching models, such as the autonomous multiple model 

algorithm (AMM ), which does not feature any communication between models and 

performs a simple fusion based on probabilities calculated at the output of each filter. 

Non-switching models are fairly easy to implement but have been shown to have inferior 

performance compared with switching models [38]. Various switching models include 

generalized pseudo-Bayesian (GPB), interacting multiple model (IMM), and B-best 

multiple model (BMM) algorithms. A thorough study by Pitre et al. [91] found that the 

IMM offers an error performance comparable to that of other switching models with the 
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least computational complexity. Multiple models representing different target dynamics 

can be efficiently managed by an IMM [37]; hence, it is the algorithm used in this 

dissertation. 

The basic algorithm structure for an IMM algorithm is shown in Figure 56. The 

bank of filters runs in parallel, and the model probabilities are updated based on the 

residual and residual covariance of each filter. The interaction algorithm then sends 

updated weights to the fusion portion of the algorithm, which combines the output of 

each filter to form a fused estimate of the state and covariance. IMMs have been used in 

various applications, including human motion tracking [33], air traffic control [69], and 

target tracking [37]. Both Gomes [38] and Mazor et al. [84] provided excellent IMM 

algorithm descriptions for execution in any application. 

 
Figure 56: IMM algorithm block diagram 
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4.2.  A Pair of EPC IMMs 

4.2.1. EPC EKF IMM Implementation  

 An EPC IMM that utilizes a bank of EPC EKFs with different k values was 

developed as a first attempt to resolve the errors introduced by non-NRI target motion. 

By tuning this IMM properly, the algorithm can automatically switch between models to 

favor the model that best captures the target motion behavior. The basic IMM structure 

for each filter model is well known and is described in Table 13, with i superscripts 

denoting the outcome for the ith filter model computation. This structure was developed 

using methods described in [38] and [84]. 

The Markov state transition probability matrix ()́ is a key parameter of the IMM. 

This matrix is a design specification selected by the filter developer, and the indices (i,j) 

refer to the different models handled by the IMM. The matrix diagonals (ˊii) represent the 

probability of remaining in model state i, while the other elements in each row represent 

the probability of ñswitchingò, or transitioning, to that state from the ith state. The first 

EPC IMM to be tested in this dissertation features two filters, an EPC EKF with PN 

constant k=10, and an S-EKF, also represented by a PN constant k=0. For this tracking 

algorithm, the transition matrix is given by: 
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Table 13: EPC IMM Algorithm 
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The EPC IMM filter can switch between NRI (k=10) and non-NRI (k=0) models 

autonomously; therefore, a priori knowledge of the targetôs NRI-related behavior is not 

required. For NRI targets, the performance of the EPC EKF IMM is similar to that of the 

EPC EKF. Against the Dutch roll weaving target, the EPC IMM filter RMSE 

performance was virtually the same as that of the EPC EKF (with performance remaining 
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superior to the C-EKF and S-EKF). The RMSE plots appear nearly identical to those 

found in 2.6.4, Figure 30ïFigure 31. All models were assigned equal initial probabilities. 

In Figure 57, the probability assigned to the model (k = 10) quickly increases, giving a 

similar performance throughout the track to the EPC EKF with the same k value. 

 
Figure 57: Plot of model probabilities for each k value for Dutch roll trajectory 

 

A performance study with the EPC EKF IMM was conducted for the set of non-

NRI targets to evaluate whether the EPC EKF IMM can leverage the EPC model benefits 

without diverging during the non-NRI portions of the target trajectory. In the next two 

sections, the EPC IMM is tested against high-diver and dogleg targets. 

 

4.2.2. EPC EKF IMM Performance for the High-diver Target 

In the final data miles prior to the high-diverôs turn-down maneuver, it appears as 

though the target will fly over the sensor. For this region, the EPC filters have been 

shown to fail, since the ñcorrectiveò acceleration components are trying to force a non-

NRI target back to the radial. As a result, the RMSE performance in some dimensions is 
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significantly worse for the EPC filter than for both the C-EKF and S-EKF as seen in the 

previous performance analyses in Sections 2.6 and 3.3. 

Against a high-diving target, the EPC IMM starts by weighting its tracking 

estimates toward the EPC filter (k=10), as shown in Figure 58. At a long range, the 

motion of the high-diver still resembles an NRI behavior, but as the target gets closer to 

the sensor origin, it becomes clearer that it will fly over the sensor. Owing to the 

predicted flyover, the model switches to the k=0 model from RTG 20 dmi to 7.5 dmi. By 

executing this model change, the algorithm successfully averts the diverging track 

behavior that the k=10 model will introduce when the target is non-NRI. In addition, the 

algorithm switches back to the k=10 model shortly after the target executes its diving 

maneuver. This behavior is preferable because the IMM can take advantage of the 

smaller errors granted by the EPC model once the target is a fully NRI. 

 
Figure 58: EPC IMM model probabilities for high-diver trajectory 

The bearing RMSE performance of the EPC EKF for the high-diver trajectory is 

superior to that of the S-EKF, as shown in, but inferior to the EPC EKF acting on its own. 
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The negative tradeoff of this IMM algorithm is that some bearing RMSE performance is 

lost when the IMM favors the model with k=0 in the middle section of the scenario. 

However, the elevation RMSE performance of the EPC EKF was poor in the region 

where the target was not NRI (RTG = 7.5-28 dmi). This poor elevation RMSE 

performance is not observed in the EPC IMM. Thus, a positive tradeoff is found: the EPC 

IMM gains significant elevation RMSE performance at the cost of a modest degradation 

in bearing RMSE, as can be seen in Figure 59. 

 
Figure 59: EPC EKF IMM elevation RMSE plot for non-NRI high-diver trajectory 

 

4.2.3. EPC EKF IMM Performance for the Dogleg Target 

The dogleg scenario was the second non-NRI target to be examined. In section 

2.6.5 it was shown that for the latter portions of the dogleg trajectory, (between 30 dmi 

and 7.5 dmi RTG), the EPC EKF suffered a significant loss in bearing RMSE 

performance. The EPC IMM ameliorates this issue by allowing the PN constant k=0 

model to be activated when the targetôs behavior is sufficiently non-NRI. All models start 
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with equal probability, but the EPC IMM is able to transition to the lower k value of 

approximately 18 dmi RTG as shown in Figure 60. 

 
Figure 60: EPC EKF IMM model probabilities for high-diver scenario 

 

 The model switching shown in Figure 60 enables the EPC EKF IMM to maintain 

significantly lower bearing errors. Because this target is NRI for a smaller portion of its 

trajectory, the gains from the EPC filters are not as easy to observe, but the EPC EKF 

IMM outperforms the S-EKF at the beginning and end of this scenario. There is a small 

increase in the bearing RMSE (see Figure 61) in the 10 dmi period prior to the model 

changeover (30 dmi RTG to 20 dmi RTG). However, this is a reasonable tradeoff in 

exchange for the significant performance gains in the elevation RMSE shown in Figure 

62. Note that for the heavily non-NRI portion of the scenario (20 dmi RTG to 7.5 dmi 

RTG), the EPC IMM matches the S-EKFôs performance. While this is not necessarily a 

bad result, further error performance gains are possible, as shown in Section 4.2.4. 
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Figure 61: EPC EKF IMM bearing RMSE plot for non-NRI dogleg scenario 

 

 
Figure 62: EPC EKF IMM elevation RMSE plot for non-NRI dogleg scenario 

 

4.2.4. A More Flexible EPC IMM  

After performing the studies in 4.2.2 and 4.2.3 it was found that it is possible to 

further tune the EPC models used in the IMM to exploit the fact that targets can be NRI 






















































































































































