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Maneuveringnearradially inbound (NRDanti-ship missile (ASM) targetpose a
difficult problem forship selfdefense system3he ongoing evolution of these targists
a primarydriver of the research and developmaacking algorithmsA series of studies
have been performed developnewendpointconstrained (EPJ)ltering algorithms to
track these targets real timeandto evaluate thé&rackingerror performarme compared
with legacymethodsThe findings from these studies demonstrate that EPC filters deliver
superiortracking accuracy, witmanydoingso in real time.
The EPC models developed by first deriving the sphericahstant velocity
kinematicmodel Taken together witkthe proportional navigatioacceleration modgthe
spherical constant velocity modsdn be reformulatetb include arendpoint constraint.

This constraint was used to developECextended Kalman filter (EKRyith superior



NRI target tracking performance when compared withegacy sphericaEKF (S-EKF)
andthe Cartesian EKF (€EKF).

Stepping beyond the EPC EKF, two additional disetiete filters are developed
in order to provide higher ordaepnlinearestimation capabtiles. These two filters are
the EPC unscented Kalman filter (UKF) and EPC bootstrap particle filter (BPF). Both
filters offer even greatdrackingperformance improvemesithan legacy filters for the
set of NRI targets.

Broadening the scope of this resggmultipleemodelalgorithmshave been
developed to addresise noANRI target motion behavioA pair of mxed EPC
interacting multiplemodel(IMM) algorithmshavebeen shown to bmore flexible than
any of the EPC degacyfilters along allowing for accurate tracking oflargerarray of
target typesePC IMM algorithmsalso deliver reatime performance, making them
viable for use irself-defensecombat systems.

The final chapter returrts first principles of stochastic filtering’he Zakai
equationis leveraged to develop a setaointinuousdiscrete(C-D) filters via the robust
DuncanMortenserZakai (DMZ) equationTheseC-D methodsare not widely used to
track targetsn spherical coordinateé pair of C-D EPCoptimal Bayesialffilters (OBFs)
are developed and found affer superior performance to all legacy filters and most

discretetime EPC filters, albeit with a higher computational burden.
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1. Introductionto NRI Targets and Study Methodology

1.1 Motivation

Supersonic, highly maneuverablatisship missiles (ASMs) areraajordriving
factor for technological developments in theget trackinglomain.Innovations on both
the defensive side (tracking software, sensor hardware, etc.) and the offensive side
(faster,more unpredictableand manaverable ASMs) have resulted in an ongoing arms
racethat continues to merit study by branches of armed serfddgsThe penalty for
falling behind inthe race is on-trivial, but installing updated hardware on legacy vessels
such asigh-accuracyand highupdate rate sensorsan bequite costly. This dissertation
introducesa set of coseffectivetarget tracking algorithm updattsatcan offer
improved trackingperformance against ASMs for cases in which the sensor capabilities
are limited.
Many ASMs canbe satisfactorily modelegisnearradially inbound (NRI}argets.
We define a NRI target is defined as one that approathesrigin (where the sensor is
locaed)andmaneuvers alongs radially inbound pathBy definition, the approximate
endpoint of the NRI target trajectory is knoWwmackinga maneuvering NRI target is
difficult fortworeasonsFi r st , a pri ori knowl edge of a t
unavailable, which can cause a mismatch between théfifer kK i nemat i ¢ and n
and the maneuveBecond, for NRI targetthe legacyCartesian filter has problems
tracking a target in the near fi€g8b].
A new set ohonlinearfiltering algorithms has been developed for tracking NRI
targets which addsndpointconstrained (EPC) acceleration to the dynamic target

kinematic modelThis added acceleration consistently forces the trajetdoggtimate



backtowards the radigdath A near constant velocity (CV) kinematic model in spherical
coordinaes was used as the basic model for ewsfilter algorithm. Using these
algorithms, he following questions will be addressed:
1. Do EPC filters offer improvettackingperformanceagainst maneuvering NRI
targetscompared to legacy filters?
2. If EPC filters offerimproved NRI target performanaegn they also be used with
non-NRI targets?

3. Can he algorithms be executed in real time?

The primarymotivationfor using a kinematic model in spherical coordinates for
an NRI target is that theommonly use®V Cartesiarextended Kalman filtefC-EKF)
requires a Cartesia-spherical transformation to predict the radar measurenignss.
transformation to spherical angles requires an inverse tangent of the tatm of
Cartesian Gaussian random variables shownin Section2.2.3that ashe range
decreases, the probability distribution of the angle outputs from such a computation
transitionsfrom a trun@ted Gaussian @ uniform (over  t one This trarsition
results inan increasing ariance in the angle estimategich can result in poor tracking
performanceThe probability densityesultingfrom the Cartesiato-polar transformation
has not been previously documented, and the findings in thistdissemerepublished
in [35].

The second chapter of this dissertation docuseephirof legacy filters used for
tracking ASMs. The&C-EKF algorithm is developedand its weaknessase highlighted.
An alternative filterthe spherical EKES-EKF) developed by Haug and Williané6],

is shown to be a bridge between the current Cartesian EKF approach and the proposed



family of EPC fiters. The GEKF andS- EKF are also used as a baseline to comibezre
performance of each new filter using raneansquare erro(RMSE) analysis The
second chapter concludes with a performance evaluation of the EPC spherical EKF (EPC
EKF) when comparedtlegacy filterdor a set of trajectories of intereJthe results of
this study have also been documented by Haug and#®f,dhe author of this
dissertationalthough these results are expanded.here
The third chapter exploréke implementation of an EPC unscented Kalman filter
(EPCUKF). UKFs have been shown éxhibit greater tolerance to nonlineatitgcause
of the numerical integration that captures seeorter behavior in the state and
covariance estimatekinearization performed bKFseffectively capturethenonlinear
modelbehavior inthe first ordef{61]. The EPC UKF offers further tracking performance
improvements over the EPC EKF for the same ASM traject@itmugh it does not
address instanceéswhichthet ar get 6 s behavior is not NRI
Patrticle filters are also introduced in the third chapter as an alternative to methods
that rely on numerical differentiation (EKFs)affine transformatiofUKFs) to estimate
the state and covariance. Particle filters offer greater flexibility in nonlinear filtenreg
spherebecause fewer assumptiamsist bemade regarding the Gaussian nature of the
underlying distributions. The particles were passeditjinta nonlinear kinematic model
and recursively filtered. The resulting particles can then be used to estimate the target
state and covariand®/ using empirical mean and covariance calculatioisgg one of
these recursive sequential importance sam@Bi§) particle filtering methods, the EPC

bootstrap particle filter (EPC BBeliversan even bettearackerror performance than



the EPC EKF or EPC UKH.he results of these studies wdmzumentedy Ford and
Haug([34].

Chapterd concerns multiple model approactesolvethe NRItarget tracking
problemin a more flexible mamer, which supports a wider variety of trajectorieer the
case where the target is only NRI for a portion of its trajectory, a single model proves
insufficient. Interactng multiple mode(IMM) algorithmsis a weltknown way to
leveragea bank of Kalman filters tobtainstateestimatesvhen the targelemonstrate a
mixture of modebehaviorsBy implementing aitMM algorithm with an EPC filter and
models designed to track ndRI targets, one can achieve a further boost in performance
for a wider variety of target trajectories than a single BKdfd and Haug demonstrated
the capabilities cAnEPC IMM algorithms[34].

Chapters explores the implementation of a fully nonlinear filter that directly
solves the underlying nonlinear partial differential equation for the NRI tracking problem
without linearization, such as the EKF, numerical integration assuming a Gaussian
distribution, such as the UKF, or managing a large number of particles, such as the BPF
This is accomplishely solvingthe FokkerPlanckKolmogorov forwardequation to
prgect thetarget state probability densityrward intime and Bayesd rul e t
distribution estimate using the latest observation ddte filter development in this
section begins with a series of simple examples and builds up to the EPGfanmu
The fully nonlinearcontinuousdiscrete(C-D) filtering algorithmhas not been used for
ASM tracking applications in 3D spherical coordinatethacurrently available

literature.



Chapter6 presents the conclusions for each of the primary questions posed in this
dissertationAdditional opportunities for future work in the field of EPC target tracking
filters, and target tracking methods in general, areditsmssed. This discussion
includes research which could offer further improvements to some of the EPC filters
which fail to address either the tracking error or real time critReéerencesor all cited

works are included after the conclusions chapter.

1.2 Maneuvering Targets

Anti-ship missile (ASM) usage, such as the one shoviiguare 1l can be traced
back to at least the 1960s. The fA&M fired with the intent to harrwasin 1967 when
the Israeli DestroyeEilat was attacked and suni tiie coast of Port Said in the
Mediterranearsea[97]. Many countries, including China, Russia, and the United States
continue to develop increasingly sophisticated and lethal ASMeagichpacd65]. The
effective range, velocity, and maneuverability of these targetsoamstentlyimproving
soself-defense systems must continue to evolve to keep pace. One approach is to
continue addingo an already formidable multilayered defense syd&oh A key aspeic
to improving the defense system is the ofsavailable sensor resources to form accurate

target trackso allow defenses to issue engagements.
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Figurel: HMCS Regina, a Halifaxlass frigate, fires a Harpo@SM in 2008 during
exercises (Credit: article by S. Pasandiff¥#})

Maneuvering targetsncluding ASMs, presenta challenge to a missile defense
system because their maneuvers often have a shorter period than the update rate of the
sensorasdescribedn Sectionl.1l Propagéng the trackbetween measuremem®uld
therefore cause target tracking errors to gagvthe track overshoots the true target state
due to the target maneuvering backhe other direction between measurements. An
example of thighenomenon is shown kigure2. A solution for this problem is
requiredBy leveraging he knowl e d gendpoihtthée dhnip), atcalectprdf 6 s
filters is presenteth thisdissertationwhich mitigate the error induced by a system with

alow updateratesensor paired with a highupdateratecombat system.
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Ships that use legacy sensors with slow sensor update rates tias$tankving,
highly maneuverable targets present a nontrivial problem. The scenarios explored in this
dissertatiorfeaturesupersonitarget trajectories whose maneuperiods are shorter
than the update period for the sensorand execuged t o 15 g 6 s. Thisfleadsc c el er
to track errors that may be unacceptable todefiénse systemsvhich depend on the
track data coming out of the combat syst@ur studies sha that byleveraging the
knowl edge of the tar get 6endppntcendtiained target e nd p o i
tracking filter can be used to augment the current combat system tracking filters to obtain

a better estimate of the target position.

1.3 Trajectaies of Interest

The studies covered in thisssertatiorfeature performance evaluations for a
variety of maneuvering target trajectories that approach the sensor dadirghlight

t he t r ac &rengths afdiwkaknesstisede trajectories mulse capable of



stressing both legacy and newly develofadet trackindilters. The foursupersonic

trajectories selected for use in the performance evaluations were

1. The radially inbound trajectory, a target that travels at a constant altitude in a roughly
straight line towards the sensor origin, is showRigure3. This trajectoryis the
baseline trajectory and, therefore, the least stressfulinashich all filters should be
capable of handling. Failure to accurately tragkh aarget indicates that a filter is

not a viable candidafier use in a ship setiefense combat sysh

0.02 -,
0.015
% 0.01 - Trajectory Start
= ® Sensor Origin
2 —Trajectory Path
0.005 - rajectory Path
0-
40 . _ 0.05
- e
20 ~— . 0
North (dmi) 0 -005 East (dmi)

Figure3: The radially inbound trajectpr
2. The dogleg trajectory, in which the target travels in a roughly straighatiae
constant velocity, does not approdlhsensor origin until it makes abrupt turn
The trajectoy is shown inFigure4. The doglegrajectory tests the filter ability to

track the target through a single horizontal crossrange maneuver that featdres non

NRI behavor.
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Figure4: The dogleg trajectory

3. Thehigh-divertrajectory is similar to the dogleg trajectory exciatt the target
begins at a high altitude and makes an abrupt turn in the vertical dimension and heads
toward the sensor origil high-diveris shown inFigure5. Thistrajectory tests

whether a tracker can handle maneuvers in the vertical@ogs direction.
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20 " o005
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Figure5: Thehigh-divertrajectory



4. The Dutch roll trajectory was first identified as an undesired coupling of the body axis
yaw androll moments withthe sideslip in an aircraf29]. Among ASM trajectories, the
Dutch roll trajectory proves to be quite stressful for trackiygtemsas it featues
multiple highg turns in both the horizontal and vertical directions. The Dutitlis
shown inFigure6. Its maneuver profile is easier to understand viherposiion,
velocity, and acceleration terms are plotted with respect tq tiraeefore, these are
included inFigure7. When thananeuver begins at approximately @andsn the
scenario, maneuvers in the radial direction result in high accelerations in the X (east), Y

(north), and Z (up) directions.

0.1
30.05 @ Trajectory Start
P ® Sensor Origin
| —Trajectory Path

‘ 0.05
20 ] °
10 0

North (dmi) 0 -005 East (dmi)

Figure6: The Dutch roll trajectory

10



o
w
o
o

X Position (dmi)

(=]
Y Position (dmi
= )
(=] o
Z Position (feet
o
(=]
o

W

o
o
o

‘o 50 100 150

0 S50 100 150 0 a0 100 150
Time (seconds) Time (seconds) Time (seconds)
500 0 400
) T o
@ @ @
= © £ 200
8 g 3
2 £ 2
S o S 500 Z o
g = 3
] © D -
> > = 200
x > 1000 M——————
-500 -400
0 50 100 150 0 50 100 180 0 50 100 180
Time (seconds) Time (seconds) Time (seconds)

500

(]
=1
=]

%)
=1
=}

X Acceleration (feeh‘secz)
o

Y Acceleration (feetfsecz)
o

Z Acceleration (feetﬂsecz)

L
0 50 100 150 50 100 150 0 50 100 150
Time (seconds) Time (seconds) Time (seconds)

o

Figure7: Dutch roll trajectory position, velocity, and acceleration profiles

All targetmaneuvers are performed aiglbr 15 times the acceleration due to gravity.
More details on the sensor modekd to generate observation data for each target

provided inSection1.6.

1.4 Constant Turn Rate Model

In target tracking applications, constant velocity models assume that the target is
traveling at a neactonstant velocity under the influence of unknown accelemtidghind
and other environmental effects influence this dynamic noise model, but biyefar
largest accelerations are due to unexpected target maneusai.defense target

tracking applications, target maneuvers are not known a priori; therefoomntat
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systembébs target tracking algorithms are
acceleration that a target caxecute

For our simulationgit is important to be able to parametenzaneuverability as
the number of go6s rgefiscapabteeflsethaatheidygnamictmiodels
in our tracking algorithms are tuned properly. Consequendgnatant turn rate
acceleration modetas chosen to generatee target trajectorie§.he constant turn rate
acceleration model was formally derivan [104]. All the simulatedargets were
generated iMATLAB , and the trajectories were broken up into discretized samples. The

Cartesian state afie target at tima is defined as
=[x x yy z 7 (1.2
To advance to the next tinsgep (+1) one must execute
X1 = FereX (1.2
where Fctris the dynamic transition atrix for the constant turn rate model. The turn
rates in the horizontal and vertical Cartesian planes are

A, (13)

and

&y = (1.4)

respectively, mere wZis positive clockwiseu?vis positive upwardan is the maneuver
acceleration in the horizontal plgrenday is the maneuver acceleration in the vertical
plane. These two acceleration terms are nepetsar because their maximum values

influencethe filter process noise intensity selection by the filter designer.
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The dynamic transition matrix used in the trajectory generator is

e 9+t0 h + h h. 9 & {
4 —_— 0 EE— 0 ——=si -—CO y
éo Cl + Cz 0 §—+§ 0 §_-§ Si - g—g co l
& _h*h 946 45 G gzsiryn N Bcosyn (
FCTR = ¢ 2 2 2 2 \ (15)
n -e 1 .
e - S*S 0 q—+9 0 Lgsi[)/n Mcog/n L
é 2 2 2 2 (
é - - in¢ L
0 .1 .dl 0 .1 d, 1 sm.ch (
é c,sin y L0S n C l
é d, d, . !
€0 - 0 0 cosc, T l
e siny , Ccosy, {

The elements ofL.5) are construed using the horizont#l.3) and vertical1.4) turn
ratesthe time since the last state projectidj @nd the current target heading taken

clockwise from the yaxis in the horizontal plang.

W, =g, +¢ (16)
W, =g, -'¢ (1.7)
¢, =cog W) (1.8)
c, =cog W) (1.9)
s =sin( Wr) (1.10)
s, =sin( W) (1.12)
eT it W, =
o, =% % e (1.12)
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1.5.Target Trajectory Generator

it Sl

4

sin(¢,T) else

(113

(1.14)

(119

(1.16)

(1.17)

(1.18)

(1.19)

The trajectories described $ectionl.3were created using MATLAB software

developed to support our filtenalyses. All trajectories are a composite of a set of user

specified maneuvers, with inputs such as the range to go (RTG) at which the maneuver

should be executed,

number

of

gos

of

which the target should lieveling relative to its velocity vector at the start of the

14
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maneuver. All options available in this trajectory generator are list€dbtel, and an

example trajectory pointing out how the maneuvers are executed is shbiganes.

Tablel: Trajectorygeneratomaneuvetypes

Maneuver
Name

Inputs

Description

Coast

None (automatic)

The coast maneuver propagates the target at a
constant speed along the direction of the velocity
vector from the previous sample. Coastxecuted at
any point in the trajectory in which the target has 1
specified maneuvers. If the first ussecified
maneuver does not occur at the beginning of the
targetédés trajectory, t
specified in the initial conditionsn this way, coast
acts as filler, simplifying the task of stringing
together separate maneuvers in the input file.

Forced
Coast

A Coast distance (di)
A RTG (dmi)

Forced coast is a usspecified maneuver that
propagates the target forward at a constaltcity in
the same manner as the coast maneuver. Howeve
the forced coast requires an input specifying the
distance to be coasted in nautical miles.

Linear
Acceleration

A RTG (@mi)
AAccelerat
A Final speed (ft/s)

The linear acceleration maneuver is a linear
acceleration whereby the user specifies the
acceleration the targe
the desired final speed. Thajectory generator
executes this acceleration increase instauasly,
ratherthan lagging or gradually increasing.

Turn A RTG (dmi) The turn uses the constant tuate model to modify
A Turn acceleration | the heading and/or attitude of the target. In the ca
(gbs) of a targetraveling at a constant altitude, a turn
A Turn angle (deg) | would result in a change of direction in thg (east
A Dive acceleration | horth) plane. Dives and turns can be executed
(gds) simultaneously using the turn maneuver by
A Dive angle (deg) specifying the RTG at which the maneuver begins
the turn/dive anglegs nd t he turn/ d
Approach None Approach is a combination of a dive and a turn

maneuver that causes the target to seek the short
path to the origin wit
initial conditions (th
Duringthe maneuver, the target first makes a
horizontal turn toward the origin, then immediately
follows with a dive toward the origin. The maneuvg
requires no input from the user, and its accuracy i
strongly dependent on the sample rate of the
trajectory.
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45°Turn (17 g)
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x position (ft)

y position (ft)

Coast until Finish

Figure8: Exampletrajectoryusing trajectory generator inputs

1.6. The Combat System and its Sensors

One of the main motivations for developing an improved tracking filter is related
to the update rate of the sensor (model) tade in this set of studieBhe sensor model
used for the studies performed in this study is a simplified representation of the AN/SPS
48radar Figure9). This selection was made because (1) the radar is commonly used in
vessels throughout the US navy, (2) in older legacy vessels, the AMEBRSyY be the
only method of tracking airborne targets, and (3) the AN/&® capable of delivering
the rangebearing, and elevation measurements needed for tracking in three dimensions
(in addition to the range rate). Adding and integrating new sensors to aging vessels can be
costly, and we will show that the target tracking effectiveness of ships with low update
rate sensors, such Abl/SPS48, can be significantly improved with cestfective

software changes.
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Figure9: AN/SPS48 Radar n the 'USS Teooéose(\ml
The sensor in question is a volume search radar (VSR) with an update period of 4

secondsT=4) that delivers measurements of range, range rate, beamnic@levation.

The radar delivers its measurements to a combat system whose notional reporting period

is 0.25 secondd his period mismatcli4 seconds vs 0.25 seconds) means that the

estimated target position or track must be propagated (or coasted) between radar update
Radar neasurements for the trajeaesshown inFigure3i Figure6 were

generatedising a model for a notional volume search radar (VSR) based on the AN/SPS

48, slown inFigure9. The AN/SP&48 variants are common throughout the US navy and

have a relatigly slow scan perigdndicating that this is an ideal sen$or testing

updated tracking algorithms that show improvements for-sloamning sensors against

highly maneuverable targefBhe measurement accuracies of the VSR modelssted

in Table2.
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Table2: Measurementncertainties fothenotional VSR
Measur ement Accur a

Update Rate Range Range Rat¢ Bearing Elevation
(sec) (dmi) (knots) (deQ) (deg)
4 0.16 20 0.3 0.3

Assumingthat the VSR is unbiased, these measurement accuracies can be used
within the VSR model to add zernean Gaussian noise, with variances equal to the
square of the measurement accuracies. Radar measurgrasntgenerated for each

trajectory variant basechaneastnorth-up (ENU) sensor origin position of (0,0,0). A

single Monte Car |l o rsionmhedoglegoajedtony are shownmema s ur e m

FigurelO.
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FigurelO: Example radar model observati@ed stars) and truth (blue line) dateer
time fora single Monte Carlo run die dogleg trajectory

1.7 Performance Evaluation Criteria

Observations were simulated using the radar model descrilSedtion1.6 for
the trajectories described $ection1.3. A total of 100 Monte Carlo runs were performed

to generat¢heradar observationfer eachtargetscenario Theseobservationsvere
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gener at ed usi ng-nivhBEF gereBaidrsstreana and veera tatignedto
simplify the performance comparisons across multiple runs. This meanwtiiatevery
sensor observation (range, range rate, bearing, and elevation) is unique for each run,
sequential observations occur simultaneously.

Two primary criteria were usdd evaluate the performance of the nonlinear
tracking filters in thidissertation The first isthetracking error, which is captured by
subtracting the true state of the target at a given time from the current traclstate
discussed previously, miniging tracking errors, especially angle errors, is of paramount
importance to downstream consumers of thedefénse tracker algorithrithe absolute
values of these track errors were collectatt their statisticaere displayed usinigox
plots. This enbles a visual comparison of the overall error performance of each filter
based on the statistics for all track updates across all Monte Carldrlateled
example of dox-andwhiskerplot (also referred to as a box pla@)shown inFigurell1.
The Doohiero maxima and minima represent
median on either side of the box, but are still within a distance of 1€5 tine distance to

the nearest quatrtile. Outliers represent any track update errors outside this range.
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The track error performance was also captuissdgrootmeansquare error

(RMSE), which delivers the square root of the quadratic mean of the differences between

the filter estimates and the truth stg&2]. In ouranalyses, RMSE was used in two

ways

1. To visualize the filter estimation errors normalized across all Monte Carlo
runs at each instance in time and
2. As an overall measure of filter performarmetakingthe RMSE of all

samples across all Monte Carlo runs.

An example calculation of the RMSE for a token estintag a given timet)

across a number of Monte Carlo ruh¢) is

RMSE, (8 = \/i A (nExm) (1.20

NMC i=1
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The total RMSE for all simulation timeBlf and across all Monte Carlo runs is

NI NMC

RMSE,, (8 = \/Nt ;MC a a(xg,) - (1))

2

(1.22)

n=1 j 4

The second criterioavaluated in each performance stwbsthe run time. For
each filter, a set of empirical testss performed to track the time required to execute
each algorithm across dlle Monte Carlo rund.o support the combat system properly,
each nonlinear filtering algorithm must be capable of delivering track updates within
milliseconds of receiving th@alt e st r adar observatiiens. The
somewhat subjectivelepending on the tirperitical nature of systems relying on the
target track data. For our analyses, a ratio of simulation time to scenario time is used to
evaluate whetherthegglor i t hm sati sfies the fireal ti meo
simulationscenaridime ratio of 5% corresponds 5® nilli secondsout of every second
used to report track updates to the combat system. Algorithms with ratios below 5% will
be consabetedthedr e

Eachsubsequenthapterof thisdissertatiorwill be punctuated by a performance
analysis. To engage an incoming ASM, it is important to provide the best possible angle
track on the target so that al6M countermeasures can tieectedaccuratéy.
Consequently, minimizing bearing and elevation errors is cructheteuccessf any
given scenario. Therefore, RMSE performance for the bearing and elevation estimates of
the target will be the focal point of each study well as a check foealtime tracker
performance. The overall metrics will also be shared to show which filters perform best

in each scenario.
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1.8 Contributions of the Thesis

The first problem examingd this dissertation is the application of an endpoint
constrained spherical tasgmotion model to the EKF algorithm in order to track NRI
targets The novel endpoint constrajrghown in Equation&.140)-(2.144), was applied
by leveraging corrective accelerations found in airborne proportional navigation, and was
published in an IEEE FUSION conference pdg@éi. In that paper, we showed that the
EPC EKF delivers track state updates with smaller errors than the legacy constant
velocity Cartesian EKF or spherical EKFhe EPC model development, EPC EKF
implementation, and performance comparison between the EPC EKF and legacy filters
are given in Chapte2. Therelevantpublicationis given below:

A. J. Haug and K. R. Ford, "An engpoint-constrained extended Kalman filter for
tracking maneuvering nearadially inbound targets," 2016 19th International
Conference on Information Fusion (FUSION), 2016, pp. 31318

As part of the reseeh into development of the EPC EKF, a fundamental
weakness of the Cartesian EKRe norGaussian behavior of the bearing observation
predictions at close range. For this algorithm, the state and covariance data are
maintained in Cartesian coordinatest bliservations are delivered in spherical
coordinates. This can lead to track divergence at close range if the filter designer does not
make a judicious selection for the target dynamic (or plant) noise intensity. In our IEEE
Access regular papgs5], the probability density function (PDF) for the bearing
prediction is derived. This PDF has not previously been defined in the available
literature, nor has the directrmection to Cartesian EKF track divergence been

previously madeThese topics are covered in Sect2?.3 The relevant publication is:
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K. R. Ford and A. J. Haug; The Probability Density Function of Bearing Obtained
from a Cartesianto-Polar Transformation," IEEE Access Regular Papers, Vol. 10, pp.
3280332809, 2022

Following up on the results of studies covered in Chdptampair of nonlinear
target tracking filters offering even better tracking performance than the EPC EKF are
developed and presented in Cha@eEPC unscented Kalman filter and the EPC
bootstrap particle filter, were developed in our IEEE Aerospace Transactiong3#gper
thefirst time the EPC has been studied in these types of filter algoritfimes
performance was shown to be superior to the legacy EKFs as well as the EPC EKF for
the highly maneuverable NRI Dutch Roll target. The relevant publication for this work is
K. R. Ford and A. J. Haug, "A Study of Endpoir€onstrained Nonlinear Tracking
Filters," IEEE Transactions on Aerospace and Electronic Systems, Vol. 57, pp. 3952
3961, 2021

The results of the study published34] were used to develop a robust
interacting multiple model algorithm capable of tracking both NRI andN®htargets.
This algorithm leverages four filters with a mixture of EPC andiBB& models and
solves he track divergence problem caused when an EPC model is used against a target
whose motion is nehRI for a portion of its trajectory. The algorithm is developed in
Chapterd, while the algorithm is laid out ihable13. The relevant publication is the
second half of the IEEE Aerospace transactions paper whroldirted the EPC UKF

and EPC BPF:
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K. R. Ford and A. J. Haug, "A Study of Endpoir€onstrained Nonlinear Tracking
Filters," IEEE Transactions on Aerospace and Electronic Systems, Vol. 57, pp. 3952
3961, 2021

The final problem examined in this dissertati@ntpins to using continuous
discrete optimal Bayesian filtering techniques to solve the NRI target tracking problem.
As part of this research, tl®kkerPlanckKolmogorov forward equation faronstant
velocity spherical motion, which has not been desdribehe open literature, is derived
in Chaptels and given in Equatio(b.65). This partial differential equation is used to
propagate the estimate of the target state probability density function forward in time
between observations as part of the optimal Bayesiantidgt¢@®BF) algorithm. A pair of
novel EPC OBFs aralso presented in Chaptgrwhere their tracking performance is
demonstrated to be superior to the set of EPCGdileesented in Chapt2iand Chapte8

for the set of NRI targets.
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2. Initial EPCFilter Development

2.1 Background

Kalman filters have been extensively studied over the last several decades as a
means of solvingarget trackingroblems. Indeed, in any field where partially observable
random processes appear, a Kalman filter is likelye used in an attempt to esttmthe
state of that process. The Kalman filter can optimally solve linear systems with Gaussian
errors[51]. They have been used to estimate the posifi@iocities and orientations of
cars[103], aircraft[2], ships[3], and most impaantly, for our application, ABls
[16][34][46][86].

The Kalman filter algorithm wagriginally designed to optimally solve linear
system problems that feature Gaussian distribufia8isfor both dynamics and
observationsModifications must be made to the algorithm to solve nonlinear sysésms
well as systems where the errors are-G@ussian. These tend to fm®blems that have
wider applications in & real world because many physical phenomena and observation
models cannot be related using only linear functions. Consequently, filter designers from
diverse fields and backgrounds have been m
solve their problems The fruits of their labor are multiple familiesedficientfiltering
algorithmg[5][43].

In Section2.2 2.4, several members of the discréitme nonlinear filtering
algorithm family are studiedrhe baseline filter used for our initial studieshe CV C-

EKF, which is similarto the algorithms currentliyn use by some modern combat systems
[107]. Other authors examingkde CV S-EKF as an alternative to-EKF with some

modest tracking performance improvempt@]. The SEKF dynamic model givesse to
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the model used to develop the kinematic models used in the family of EPC Allters.

three filters are compared 8ection2.6.

2.2 The Cartesian EKF

2.2.1. Cartesian EKF Development

The filter that will be used as a baseline for comparison with the other filters

developed in this researchtie GEKF. This filter has been used for decades in-anti

missiledefensesystemgq107]. Its longevityis partly dueto the ease of modellirthe

target dymmics in Cartesian coordinatdhe GEKF has proven to be suceséd in

tracking maneuvering targets, but its performance suffers both at close range and for

highly maneuvering targeta. high-level overview of the E K F 6 s

sufficient to highlight these issues.

devel opment

Consider an object moving at a constanbey in a CartesiakastNorth-Up

(ENU) coordinate system, as showrFigurel12.

X (East)

A
Z (Up

Y (Nor'ﬂg

Figurel2: ENU Coordinate System
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The state of this object (the circle) can be described by the vector
x=[x%y.%2%, (2.2)
wherex, y, andz represent the respective east, north, and up coordinates relative to the

sersor (origin) and the dotted components representabedsof in each directioithe

finite difference equations of motion for a n€2¥ object in Cartesian codinates then

become
X, =FX,, V., (2.2
where
eF, 0, 0, ¢
_ L
F —goz Fo 0 (2.3)
@2 02 I:l L
el T ¢
F. =gz . 2.4
=g g (24)
and
0 0 ¢
0,=¢ 1 (2.5
8 0]

In (2.4), T is the update period for the sendarequation(2.2), thevectorv, represents

the dynamic acceleration noise, which is characterized as
v, ~N(0,Q), (2.6)
where the covariance matrix is found to be

é,qXQl 02 02
Q=¢0 9Q 0
602 02 qul

2.7)

Ao

For thecontinuows white acceleration noisase15],
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{
l
°3 2
Q=es (28)
T
g2 I

The dynamic noise intensity values gy, andg; represent the expected maneuverability
of the target in each dimension. For a CV filter, these are tuned using the highest

expected acceleration that any target being tracked may exhibit. The result for any of

the®eval ues i s
q=(29C)’", (2.9)
wheregi s equal to the number of multiples of
conversion factor to dmdss
C =32.174/600C (2.10

Note that the highly maneuveraltéegets examined in the performance stutbatured
in this dissertatioexecute maneuveest 15g 0 s .

Let the sensor at the origin have a measurement vector

z=[RRgq, 1", (213

with a fixed measurement noise covariance matrix given by

esé 0O 0O O ¢«
€0 s2 0 0!

R=¢€ R ! (2.12)
€0 0 s ., 0
é (
60 0 O s/.2 l

The observation vector can also be written in terms of the state xeghmre

z, =h(x,) . (2.13

Thevectorfunctionh(xn) performs aCartesiarto-sphericakransformatioron the
Cartesian state vectpt3]:
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e 2 2
SVKHY 7

XXt VoY 77 1

_e 2 ~
h(x) e arctang,_:,—axn 8 (2.14)

¢ ¢¥h =

é . N

é a  z o]

aarctare —=t— G

é ¢ X + Yn 9‘

The Jacobian oh(x,) evaluated at the state estimate

Ok, =1 Bh (] g, (2.15)

is defined in[43]. This Jacobiamust be used to perform tRartesiarto-spherical
transformation on the Cartesian state covariance masighown ifequation(2.20). The
vectorwn is a Gaussian random vector,

w, ~ N(O, R), (2.16)

with a mean vector of zeroes, and a covariance mRtpiseviouslydefinedin (2.12).

2.2.2. Cartesian EKF Algorithm

With the basic computations developed, it is possible to construct a digcrete
C-EKF proces$43]. Thesubscripinjmindicates an estimate at timgconditioned on the
observation data up to tinme This conventiorwill beused for alKalman filterbased
algorithms where applicabler'he C-EKF algorithmis shown inTable3, and leverages
the same dynamic transition matkx observation prediction functidr(x), and

observation prediction Jacobian matrix described in Se2tidi
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Table3: C-EKF Algorithm

State Prediction ﬁm_ﬁ Fx Em_] (2.17)
State Covariance = FPYLFT R (2.18)
Observation Prediction £..=hE,.) (2.19)
Observation Covariance 1= IJiv_F’nTrX,_lH*E R (2.20)
StateObservation Covarianc: Py, = anlﬁ_llfFT (2.21)
Kalman Gain K, =P .8P% . @ (2.22)
State Update £,=xk, K[z, E,.) (2.23)
State Covariance P =Py -K P K, (2.24)

2.2.3. Non-Gaussian Behavior in the Cartesian EKF

As part of the study of Kalman filterg was foundhat theprobability density
function(PDH of the bearing random variable obtained from a bivariate Gaussian
distribution and parameterized on the target range has not been computed previously. The
material for the derivation of tfeDF of bearingis base onthe authods publishedwvork
[35].

In radar target tracking applicatiofi][17][43], aKalman filter (KF) is often
used to track objects within the fietd-view of asensorln this context, sensors typically
deliver measurements spherical opolar coordinates. However, the state vectarof
object being trackefsuch as an ASM5 typically defined in Cartesian coordinates. This
necessitates a Cartesimpolartransformation to make predictions for sensor
measurements.

The azimuthal angle, or bearing, can be computed using only the coordinates in

the eashorth (EN) plane; the coordinate system is showriguire13.
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Y (North)
A

> X (East)

v

Figurel3: The two dimensional coordinate system used for bearing PDF derivation

The Cartesiastio-polarcoordinate transformation requires one to take the inverse tangen

Q =arcta

§ (2.25)

OaQT Qo
X

whereX andY are elements of a vectdrand compose bivariate Gaussian distribution
X ~N(e, B, (2.26)

where the mea(e) and covariancél) are

e=[m ol (2.27)
and
e s2 r S
7 =¢, §X 5 f; k (2.28)
Y

The bearing of the targetlf described ir{2.25) is a random variable that behaves as a
wrapped Gaussidi78] at long range. For the remaindérSection2.2.3 random

variables are referred to with capital letters, while deterministic variables aredaser
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It will be shown in this section that #se target approaches the origin (collocated
with the sensor), the variance increases a
", "] random variable. As the behavior beco
begins to divergewhich can lead tpoor tracking accuraayn the GEKF. This problem
can be ameliorated using a debiased converted measuremeit[filt6{{68], which
converts the polar measurements to Cartesian coordinaiesopexecuting the
algorithm. Another approach is to maintain the filter state in polar coordinates, as was
done in[45] and[46], thereby avoidingny coordinate systenonversionA third
alternative is to use observationly (O2) inference testimatethe state directly from
the observationg/0].
TheMonte Carlo samples of andY for a radially inbound trajectory drawn from
the PDF given irEquation(2.26) are shown in the left half dfigure14. For simplicity,X
andY are assumed to be uncortelhwith equal variance this caseClearly, the
bearing samples calculated from the Cartesian samples(@sibydiverge withina

close range, as showm the right half oFigurel4.

7 135,
+ Samples t
6 |—Truth
5
T4
£
>3

X (nmi) Range (nmi)

Figurel4 Pl ot of radially inbound target (45 d
Cartesian Gaussian samples (left) and computed bearing samples (right).
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The available literature has already explaasgects of the distributions resulting
from the Cartesiato-polar transformatiofd8]. For instance, the Cauchy distribution is
also the ratio distribution for two independent, zerean Gaussiadistributed random
variables. Several authors have performed statistical analfydes Cauchy distribution
[21][79], but thearctangent of a Cauchy distributed random variable only represents the
endgame behavior df) atzero range and assumes tkatndY are independent.

Other authors have explorétk properties of the arctangent distribution and its
relationshipwith the blded standard Gaussian distribut[®8]. These results have value,
but do not address the more general wrapped Gaussian distrig@janm its application
to target tracking performance.

While wefocus onthe target bearingt should be noted théte target rangeR)

given by

R=X2 4V, (2.29)

whereX andY are drawn fron{2.26), is a bivariate nofcentral chi distributiofi64]. This
distribution simplifies to the weknown Rice distributiofi93] whenX andY are

independentwith equal variancé?
R~ Rice(m . 9, (2.30)

where

m=\ &+ (230)

Some autha, for instanceHaug, have attempted to derive a density similar to the
one desired here. However, the precise PD®bearing was not propewdgtermined
in [43][44]. Improper use of the direct transformation give(Ri25) causes a loss of sign

information when taking the quotientthie two variables. In addition, the inverse tangent
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function is periodicover-(2, "/ 2) and not {7h pointedioutlinaci r cl e.
recent note that the true transformation used in many tracking applications is the four
guadrant inverse tangent, despite many books, journals, and confersincgise

measuement functionas in(2.25). In practice, a fouguadrant inverse tangent (such as

that used in MATLAB) is used.

Using the twequadrant inverse tangeng BHaug did if43] and[44], results in

PDFs with peaks centeredonthe beari ng as well as the tr

Figure 3. Further analysis shows that the PDF integra@s\er the full support,

disqualifying it as a true PDF.

1 T T T T
§ 0.8
Q_@.
L L il
5 0.6
o
°
CItJ 0.4
o
8]
£ 02 -
O 1 1 L 1 1
-150 -100 -50 0 50 100 150
6 (deg)

Figurel5: Incorrect application of inverse tangentfunein t o obt ain PDF f
double peaksek = ey = 3 andl = 2 for this example).

0
This study used simple polar relations and variable transformations to obtain the
PDF of a bearing random variable derived from a Cartesian to polar transforriiagon.

PDF for the bearing can be used to assess the viability of the Gaussian assumption for the

bearing as a function of range.
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The development of the PDF foearing begins with the polém-Cartesian
transformations oR andU into X andY in an EN coordiate systermgiven by
X =Rsin( Q, (2.32
and
Y = Rcos( Q. (2.33
For convenience later in the derivation, it was helpful to redefine the mean vakKies of
andY in terms of their polar equivalents. Specificalle define a mean target range

and mean bearingy such that

m, = gsin( yn, (2.34)
and
m = greos g, (2.39)
with
m, =ar0tar1;e@ : (2.36)
¢ -

The joint distribution foiX andY can be written as

_2(xy) 232
¢

where

Loem) [y o) 2 sy )1 o

Substituting(2.32)-(2.36) into (2.37) yields

fuy (X(r,q),y(r, §) = expé (2.39)
2p
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where

a(q) = sin?(q) +co§( g  sif 2) ! (2.40)

o) =2 )Y ook ok )a_sh+ @ (

c  Sx g SyS
C=/7§§jfin2(2,m) +CO§( @ /sir( 2 U)mlg (2.42)
C Sx é xs YS -
d=2(1-r?). (2.43)

A change of variabl§22] can now be performed to obtain the joint distribution in

polar coordinatesgfyr,d):
fro(r @) =[3(r, §fxx(r, (. ) (244

whereJ(r,d) is the Jacobiaf89] of the transformation emtions(2.32)i (2.33) given by

u(rsing)) fr sl )

rg=| MW i =r- (2.45)
u(rcog(q)) fr cof 9
W g |
This leads to
feo(r,@) =

r e
expa
208 S1- °r &

The joint PDF folR andU can be simplified by completing the square in the argument of

o |

(da)* - gr o p B

the exponential to obtain
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(2.47)

To obtain the marginal PDF &f, we simply integraté2.47) over the support aR,

resulting in

fo(@ = rér, ¥r

= 3 (2.49)

Using standard integral methods or referring4d], we can obtain the marginal
distribution forU

fol(9) = - expge. 19
’ pal § S 4L 27 é% 4a(q)d f
ed abz( ) 0 pd 2

2 o
e ol R Ee Fg’(‘” EQZE

~—

(2.49)

w h e r ¥ is thg cumulative distribution functid@DF) of the standard Gaussian
distribution N(0,1).
WhenX andY are uncorrelated (= 0) with equal variancalf = (v = 0), equation

(2.49) simplifies to

1 & n o U@ exn W g
u(fl)—zpexp8 52 H\./ﬁkaxp ¢ 5% ug'g_sf (2.50)

where
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Ug 1)@ (cos) (251)
The asympttic behaviors of the general PIE49) and simplified PDR2.50) are
discussed next.
The mixed uniform and Gaussian behavior of the distribution givEwjumtion
(2.50) may not be immediately obviouBhus, byobserving the asymtotic behavior of
each term iwith respect t@r. Thefirst term ofthe sum in(2.50) is fo®(d) and the

second term isgf(d). Let

e
(9(q) = expg % | (252
&8 25 |
Now it is more easily shown that
. e a
lim iexpé- i o (2.53
m-02p & 28 2
and
. e %)
lim iexpé- i 0. (2.54)
me2p T8 28

Thus, asr approachesgero, £ (d) becomes a wrapped uniform PDF ovér ( ~ ] ,
whereas asr approaches infinity,f(d) vanishes.

Now examine the second term(th50) and define

=94 ). e fr Bed g

From250)i t i s cd) apmaachéshemctagaddp(pr oaches d)é&sr o

linear with respect ter. Therefore, the close range limit(@55) is

O¢ )& & Bed &
\/Zsng 5 gjﬂ)ge 5 0 (2.56)
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Thus
lim f?(q) =0, (2.57)
my- 0
and the result for the distribution wh&randY are uncorrelated with equal variance is
limfo(g)- U(-" ) (258)

The standard normal CDF also exhibits simple behavior in the limiting,cases

such that it approaches constant scaling factors

__a0¢ B
limlbgz— 5= 2.59
M- 0 7S U2 (259
and
304 B
lim G 1 2.60
im o= g (2.60

As grincreasesthe influence ofd(d) becomes more pronounced. Taking the

Taylor series expansion of the leading tern2ib5) aboutey yields

U¢ ) @ _ 1-2.... 261
s\2p #_[pZ a ﬁ (261

Fordnearep (2.61) reduces to

J2ps N2 p (262
Similarly, the exponential term i{2.55) becomes
NG g gy (263

By applying the approximations {2.62) and(2.63) to (2.55) we can find the

limit of fo®(d) aser approaches infinity
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R

lim f?(qg) ° - qxpg Uk 617)2 : (2.64)
M- o d4s 6 € 35 B!
Ve 6 € Z;i 8 L
¢+ B ¢m o+ |

Becaused¥(d) vanishes for larger and t(d) can be approximated usi(®64), the

PDF ofbearing at lag ranges can be written agwrapped) Gaussian distribution

Qo

lim fy(g)- N > E (2.65)

nmy- =

5

|- ool

O g
O
=

1.2 | I I

' —_— .
approximate
- -
1 . measured

Standard Deviation (o) of Bearing

‘“'R ! Utrue

Figurel6: Plot depicting sample standard deviation and its approximation found by
taking the square root of the variance for the wrapped Gaussian distribution

A simple test can be used to demonstrate that the PDfehaves lik the
wrapped Gaussian distribution (&65). Figure16 shows that as the ratig/C increases
(where the tru@i is constant), the sample standard deviation (represented by the blue dots
in Figure16) quickly converges to the approximated standard distribution. From the plot
in Figure16, the diference becomes indistinguishable at approximaigly= 5. The

approximated standard deviation was obtained by taking the square root of the variance
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from (43), whereas the true standard deviation refers to the standard deviation of the
samples found othe righthand side oFigurel4.

A plot of thesimplified bearing PDF froniequation(2.50) for a variety of bearing
values and mean ranges is showhigurel7. A careful inspection of the plot iRigure
17 points tothe distributiorbeinga wrappedsaussian centered on the nominal bearing
(eu =45 °) whereris large. It can be seen thateasdecreases the PDF transitions from

that of a wrapped Gaussian with suppert { ~ @inifotmoover the same support.

6 (degrees)

Figurel7. Plat of the bearing PDF for various valuescafwith constanti= 0.1
The asymptotic behavior of the generalized version of the distributi@y49) is
not as convenient dbatof the simplified versionlisplayed inFigurel7. At long range,
the distribution is somewhat similar to a wrapped Gaussian, but forkbetaimplicity,
here wefocus on the behavior of the distribution at close range. Théakepway is

relatedto the expected value of the distribution

lim E[Q] =0. (2.66)
my- 0
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The conclusion drawn i(2.66) is clear for the simple case presente(RiB8) when the
distribution approachasiformover {~ , 1. Determining the
general distribtion requires additional computati®n

The limiting behavior for each of the scalar valueRid0)i (2.43) is simple to

determine,

_sin’(g) cod( g  sif 2)

e (267
lim b(g) =0, (2.68)
my- 0
lim c=0, (2.69)
- 0
lim d=2(1 -r?). (2.70)
my- 0

At close range the general distribution becomes

d

,!lr_nofo(q):4pa( y XSYP'

The righthand side of2.71) is a function ofd because of the presence af)a(

(2.71)

and does not representiaiform distribution unlesgéx and(y areequal and uncorrelated
However, simple trigonometric identities can be used to show ttfjasd(vice periodic
over [~ ,)]. Thus,Equation(2.66) also applies to the generalized version of the
distributionEquation(2.49). This result can alsbe computed explicitly using the method
to find the moments of wrapped random varialE&j. An example of a distribution in

the zero range is shovim Figure18.
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Figure18. Plot of the bearing PDF ak = 0 with(x = 0.7,0v = 1.0, and =-0.5
Curiously, the distribution for the casekigure18resembles the incorrect
distributionshownin Figure15. However, the dual peaks kigurel5 are due tdhe
ambiguity introduced by the arctangéuanction in general, while the peakshigure18
are artifacts caused byd( This distribution also integratés unit area, unlike the
incorrect distribution presented earliBiext, we discuss the impact of these findings on
the Kalman filter.

The Kalman filter algorithm is well known to perform optimally for linear
functions of Gaussian distributed varialJ&8]. A Cartesian KF which relies on
measurements in polar coordinatelgarly violates the linearity requiremdsgcause of
the nonlinear functiong.25) and(2.29).

The state moddor the twadimensional Cartesias describedy
X,=f(Xp1) Voo (2.72)
where the vectov is zero mean Gaussian distributed with covariance m@trix

The statevector (including velocity terms) is assumed to be
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=[x o % (273
wherex, andyn represent the Cartesian position of the target atniarel their dotted
counterparts represent the Cartesian velocities

Using the constant velocity (CV) assumption for the staidahthevector
functionf(x) is linear,
f(Xp1) =FX 0 (2.74)

The state transition matrix used in the two dimensional case simplifies fi@®) to

el 0T O0¢g
2 (
F@ 10T (275
€ 0 1 0t
9 0 0 1

whereT is the time difference between measurement updates.
The stateprediction( %) and error covarianceX™) predictions at tima based
on observations up to timel are alsdinear for the CV model:
1= FX Epa (2.76)
1= PP FTR, 277
whereQn is the processoise matrix. Assuming that the target is equally maneuverable in

all directions and the measurement update period is constant, the process noise matrix

becomes
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whereq is the process noise intensity. In practice, the filter developer selects the process
noise intensity to account for the uncertainty of the dynamic model. This tuning parameter
directly influences the position variance terms on the main diagonal of tleeigied
covarianceg2.77).

The observation model is

z,=h(x,) +w, (279
where the vectow is Gaussian distributed with zero mean and covariance nsdirix is
independent o¥. The covariance matrix for the observations is often treated as

independent noise on the range and bearing measurements

hY

S=¢

®

20

k (2.80)
Sou

D™D
(el N}

The obgrvation model is the same pair of nonlinear functions discussed

previously

A s 2 2
h(x,)=gn Ge V¥*% (2.81)

= =)
&, U garctar(x,/y,)
It has already been shown that the resulting distribution for the bearing will appear

Gaussian at long range and progressively less Gawsssarshrinks. Given the

45



knowledge of the probability density of ttergetstatefor all prior measurements

p(Xn[zi:n1), the predited bearing approaches zeralase range

é,INNXr? + yrfp(xn |Zl:n-1)an

!
Bina = Qi : (2.82)
e 0 |

This means that when the typical Kalman filter equatj@ii}{43] are used, the

observation prediction is

£..= Ah(x) Ww,)p( X,] 2,9 dx,, (2.83)

W,

X

where pXn|zi:n1) is the probability distribution for the state given observations up to time
n-1. The observations for the tracking filter of interest are range and bearing, thus
h(x,)=g" '3:2 V< . (2.84)
& ugrctar(x,/y,) |
It has already been shown that éxpected valu€2.66) of bearing in(2.84)
approaches zemt close range. This means that, with knowledge of thegtibty
density of the state given all prior measurements®-1), the predited bearing

approaches zero elose range

_ SR+ VER(X, 2y )k, !
Bypa = g .: (2.89)
é 0 |
The residual vectas, for the filter is
3,= 7 -Ez (2.86)

using the latest observation dat&. The residual in the bearing dimension increases as

the bearing predictions become uniformly randomly distributed. Residual growth of this
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nature isndicative of a model that is poorly matched to the tracking prop@inand
may result in poor tracking performance.

Another key takeaway is that increasing the process noise has the same effect as
decreasingr and vice versa because of its direct impact on #in@nce terms in
Equationg2.40)i (2.42). This means thatfdter designer can unintentionaltlegradehe
accuracy of their EKFrackerif they are not judicious in their selection of the tuning
parameteq given their measurement update period constraints.

In manytarget trackingpplications, target maneuverg aot known a priori;
therefore, they are often modeled as random accelerations in the CV model. A filter
designer focused on tracking a maneuvering inbound target must include appropriate
levels of process noise to account for these maneuvers based enlke d ge of t he t
maneuverability. However, a combination of large process noise and closing the target
range can have a negative impact on the filter performance owing to the combination of
the nonlinear and neGaussian behavior of the bearing miode

Many have chosen to address the nonlinearity(xf) for mixed Cartesian and
polar tracking problems usirtge EKF [46][63][96]. In the EKF formulation, the

estimate 0f2.79) can be simplifiedo
ﬁm—l = h( Eh|n—])' (287)
However, linearizing the filter regarding the state and covariance does not address the
fact that, at a close range, the arctangent function is still quite nonlinear.
To demonstrate the effects of range and process noise on tracking performance, a

sefes of simple experiments were performed using a CV Cartesian EKF to track a

simulated radially inbound target (approaching the sensor origin at a 45° angle clockwise
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from north) with range and bearing measurements. RMS position error statistics were
collected over the course of 100 Monte Carlo runs, where measurements were generated
by adding Gaussian random errors consistent with Equgid) to the truth trajectory.
Figure19 shows the impact of the nonlinearity of the bearing@e range, as well as

the impact of varying the process s®i

10 T ————
—qg=0.1
— —qg=05
<8
5 —a=s
o 6
c
o
D 4
o
o
o
O I
0 1 2 3 4 5
True Range (nmi)

Figurel9. RMS position error plot for radially inbound target using various process noise
intensity values (with units afmi?/sec) ,t = tpsecondiir = 0.25dmi, andls = 1 degree

The results of this simple experimemgérein agreement with the findings of
Haug and Williamg46]. In their study, the error performance for a variety of Cartesian
and spherical tracking filters showttit, at close range, the tracks that relied on a
Cartesiarto-spherical transformation tended to diverge, unlike the fully spherical filters.
The results are also in agreement with the findings of Lerro an&BHom[68], who
showed that a debiased converted measurement filter offers superior error and
consistency performance compared with the Cartesian EKF.

A study on this state error growth for a constant velouoibglel was performed by

Haug and Williamg46]. The error performance for a variety of Cartesian and spherical
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tracking filters shows that atose ange, the trackihat rely on a Cartesiai-spherical
transformation tend to diverge, unlike the fully spherical filt€rese results apply
directly to the NRI target case, as we will see in the performance evalohtimset of

legacy filters whena@mpared to th&PCEKF in Sectior.6.

2.3The Spherical EKF

2.3.1. Spherical EKF Model

In Section2.2, a GEKF was developednd some of its weaknessesre
highlighted.Next, it is necessary to lay out theEBF from[18],[43], and46] as its
dynamic model will lay important groundwofér developing th&aPCEKF. The
essentiatomponents of this filter are developed in this secton someare modified in
the next section to implement the EPC fiter

The CV Spherical EKF tracks an object with the state vector

T

X=g r g g j § (2.89)
For a CV targetthe spherical coordinate system must rotate, lgadipseudo
accelerationghat appear if23] [18] [105],
a=§ 4 rgeos( g +
gcos(jy+ 2 gos( Y- 2 jsip( N/ (289
g'r-r Geos( Jsin( y+2r f.
Note that QEdE {) represent the spherical coordinate unit vectors.
For a CV target, all components of acceleration must be set tcResamanging
the acceleration terms and setting them to yeelds
0=f 4% r-Gcog () (2.90)
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0=rgcos(j) +2 @gos( ¥ -2 r jsim( (2.97)
0=/ + Gcos( )sin( ) &r (2.92)

Solving the equations froif2.90)-(2.92) with respect to the rernrang acceleration terms

yields
=/ + gcos (), (2.93)
. 2tg .-
q= — 27 t@n( ) (2.94)
/= Geos( ysin( YL (299

For each equation froif2.93), time-based Taylor series expansions can be performed to
obtain the dynamic equations of each element in the state \#8}ofhe results are

shown inEquationg2.96)i (2.101).

2
=T Ty 1 @08 Jy F, (299
r=n :r.n—l :'Frn—lg}zn—lcosz /.n—l +2.l|.—1 (297)
— . 2" é - r:n.l
qn - gl ul n—q ¥ n—lg n-1ta'n n- 1 /r__ (298)
e n1
. . . e, ,r'n_
G = @ 2T g fan L= (299
e M4
. o TPe R, .
Jn= Ja ul A1 _é2 nd ren ,C0S (210(»
2 é rn—l
Y N VR
Jn= S -T ézr_ A1 +n_§F|n nf0S 4 (2101)
€ 'na
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which are dyamic transition equations for the elements of the state vector found in
(2.88).
These equations can be further broemwn into linear and ndimearfunctions of

the state vector componentde result fronf18] becomes
X,=f(X,) FX,., Gu(xX,) Vv (2.102
In equation(2.102), the matrixF is the same as shownHkuguation(2.3), as these are the

linear terms of the state update equatidime vectomu(xn-1), which contains the

nonlinearacceleratiorterms from(2.90) is shown to be
r(c}zco§ J+ '5)

u(x) = 205 /tan j —: (2.103
¢

(D~ (D~ (D~ (D~ (D~ (D~ (D
1-O:On

®Q
UO?&)QJO

XN/
r

22

49° sin jcos /i
%

Note thatu(xn-1) is not an input to the system, but simply a portion of the kinematic
model.

The matrixG is defined as

eT?2 {
;— 0 0,
62 (
6T 0 0 |
é ) (
X)) L 0 !
G=é 2 1 (2.104)
€eo T o0 !
e ,
e l
g0 O Lw
é 2
60 0 T |
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The state of the object being tracked is presumed to have an additive noise
component, represented Way:. This noise component is treated as a Gaussian random

variable with zero mean and covariance matrix

6Q 0 0,
Q=60 a&lx)Q 0, (2109
€0, 0 q(x)Q}

where0, andQ: are the same dBose describenh Equationg2.5) and(2.8),
respectivey. g, g4, andda represent the dynamic acceleration noise varianwdeishare
expected to caugteviations from the true CV trajectory modehese variances are

expressed as follows:

q =(29.0y, (2.106)

Qd(x r) & (2-107)

829, C 6
= 0
cfcoy -

and

829, C B
G (x :aer— €] (2108
(; =
These terms are defined usi ng s)ihteeradiaimber

horizontal crossange (. ), and vertical crossange . ) directions.The constanC is

the sameonversion factor that applies the proper measurement units to each variance

term(2.10).

2.3.2. Spherical EKF Dynamic Model Jacobian
The Kalman Filter that is being developed using the equations(&8) is an
EKF that requires
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Eix. )= ). = HFY GW(x) I{ﬁg (2109

where EE is the dynamienodelJacobianThe EKF allows for the linearization of
nonlinear state update equations; as a reselimust take spatial derivativas part of
thelinearization procesg\fter simplification, the Jacobian of the dynamic transition

equations becomes

E(%,..)=F SUfE) (2.110

where
G(£,.)=g8u"(0) g, (2119

is the Jacobian of the vectafx, ,) andF is the same as the matrix showr(2r8).

Because matricds andG were previously defined, the only component left to compute

is
& 2rg x o
& g°cos j+ 5 9 C 2
é _ r U
é 2q 2y u
é 0 - — e U
B(x) = ¢ , U (2112
é 2rgcos j 2( fan -/~ ) -2 sip cgs by
é r u
S-qu sinjcos j 2 ¢ggc j 2 (sth - c@s x
4 . L 21 a
z 2r 2 gtan -— N
é / gan J " i

2.3.3. Spherical EKF Observation Model
The effort expended to develop the dynamic model resulted in a significantly

simpler observation modebeveral major elements of the model remain the same as in
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the GEKF case, such as the observation vector fEogpmatian (2.11) andthe observation
covariance matriR in Equation(2.12). The main difference is that a coordinate
transformation no longer needs to take place to relate the observations and the state;

thereforeH becomes

& 000 0 0
> |
Ho@ 10000, (2.113
€ 0100 O
© 000 1 0,

2.3.4. Spherical EKF Algorithm
Using the information developed in the previous two sections, the CV Spherical
EKF equation setan be constructess shown imable4.

Table4: S-EKF Algorithm

State Prediction 1= FX B, Bu(x , E) (2119

. XX — - XX o T -
State Covariance I:)n|n—1 - IE(En-lm—) |:)n—1|n-g:(5( ﬁ-1|r>1 8 -Q( X n-%g—: (2115)
Observation = _ =

= Hk
Prediction B nin-1 (2119
Observation 2 > T
: P2 =HPJTH' 4R )

Covariance nin-1 nin-1 (2119
State-Observation Xz _ oxx gT
Covariance Foina = oo (2118

. XZ ADZZ -1
Kalman Gain Ky = Poin18Ponas § (2119
State Update . =xk, Kz, E.) (2120
State Covariance P =Py -K P K, (2.121)

2.4The EPCEKF

2.4.1. EPC Filtering Background
In the paper by Haug and Fdab] we introduced the EPC concept, BRI target

is definedas one that is inbound toward sensoiworigin andmaneuvers about the radial
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direction as it closem on the sensoAccording to this definitionthe approximate

endpoint of an NRI target trajectory is known. The problem of tracking a maneuvering
NRI target is particularly difficult for two reasons. First, thett be a lack of

knowledge on what kind of maneuver is taking place, causing a mismatch between the
filter dynamic model and the maneuver. Second, as shown in S2&igrhe

commonly use®-EKF has difficulty tracking a target in the near field.

Several authors have added constraints to target tracking methods to obtain
improved performance when prior information is available regarding the trajectory of the
maneuvering targ¢i06] [4]. In [106], a 9state Singer model was used for trackiwgh
a linear constraint added as a pseadeasurement to track a coordinated turn maneuver.
Similarly, in[4], a converted measurement filter was used to track a coordinated turn

maneuver with a nonlinear constraint that required ¢jed = 0, wheree, is a unit vector

in the directon of the velocityanda s the linear acceleration vectdihe constraint was
added as a pseudioeasurement in an additional set of update sirpsuted aftethe
filter update steps.

Kalman filtering algorithms with constraints have been applied in several areas
including fault detectiofil00], process contrdlL08] [60], tracking along road networks
[115], head pose trackin§6], aircraft flight pland125], and othersA comprehensive
survey of many methods for applying constiafor tracking along with a long list of
citations can be found {101].

A problem that is mathematically similar to tracking a maneuverinptalget
with an endpoint constraint is that of a homing missile tracking its targetnterceptor

missile uses a coordinate system centered at its center of gravity, and its trajectory is
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guided along a path with an endpoint at its tar@ee guidance law used frequenrtty

provide guidance to interceptor missileghat of proportional navigation (PNgoth
two-dimensiona[88] andthreedimensiona[116] PN models have been developed for
spherical coordinate systentiswill be shownthat the homing missile acceleration

kinematic algorithms required to maintain the target as its trajectory endpoint can be used

in the kinematic model for tracking an EPC maneuveamd\RI target.

2.4.2. EPC Development
TheEPCEKF leverages thBN principles developed {116] to formits dynamic
equationsTo apply the EPC condition to the Spherical EKF developed in the previous
section, weneedonly refer to the guation forthe total acceleration if2.89) and modify
it using the conditions set forth jh16]. Since the sensor is stationary, applying the PN
accelerations will force the predicted target state back toward the direct radial path to the
sensor origin.
To add the endpoint constraint, one nmaesgin wth the observatiothat a vector
pointing to a general location amspherical coordinawystemcan be described :as
} =RE (2.122
It follows immediately that
| = RE +Rjcos /E dR / (2.123
represents the velocity of the object at that location
Let¥ be the angular velocity vector of a rotating coordinate sy3féencan
leveragehe knowledge of the time derivatives of the spherical unit vept8tsand their

relationship to the angular velocity vector to obtain
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E=y 2rEgcos Ed 7, (2.124
&= v3 E=jeos £ r gn | (2.125

and

E= v3 &5 - rigin E (2.126)
Taking the results for equatio(&124)i (2.126), one can solve for to show
¥ =gsin JjE - Fd+cgs | (2.127)
as given irf116].
It is now possible to add a constraint that maintains the endpoint of the trajectory
at the originby taking the cross product of the linear and angular velocities:
a. =ki 3% (2.128
This producesraacceleratiorvectoridentical to the 3D proportional navigation
acceleration found ifiL16],
a, = kr(cjzcos2 J+ 7)E k( 't gos - sirj)f )
22

kgngrq—sian @
¢ 2 +

(2.129

wherek is the PN constant.he total acceleration can now be obtained for thepemaok
corstrained kinematics by combiniriguationg2.129) and(2.89). The resulting total

acceleration is

a=a, 4o, § (k 1)/ (k A)r geos( ) B
ggcos( )+(2 k)i go§ )ik P rjsip) &/ (2.130
g'r+(1 K)r geog Ysi( )/ (+2 k} 1 fF.

By substituting this eaation in for(2.89), one can follow the same steps to obtain

the dynamic transition equations with the nemmstraint thus, the equations
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i=(1 k)7 (@ k}r geos( ) (2.131)

d:w {k 2) 7 @n( ), (2.132
and
J =(k 4) geog Ysir{ ) /Qk%)” (2133

can be solved using the finitBfference techniques described previou$hus,

Equationg(2.96)i (2.101) become

2
e T @K Drugcos S T g (2139
i =r., 1 k)Tr a7%.cos /., "% ¢ (2.135
. T2 . &. . i,
.= ul nd (-'k 2}_ n-1g n-ltﬁn rt f_l- t (2136)
2 e rn-l l
. . . e, NP’
qn = gl -(k 2)T ngé n—lﬁan n—lj— h (213D
e r'n—l (
Jo=Ja T4 -
28 1 . 2.13
T_g(z' k)hj.n-l 'l(l k) G.sin j,cos nllf ( 9
2 é r-n-l l:

a

Jo= i T2 K (B K2 fos . (2139
e

n-1 |
The dynamic state equations yield another matrix equation simi{arifap),

X :fEPC(Xn—]) :FX n-1 GU EPC(X n—l V-'FF: (214®

n
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The difference betweg2.140) and(2.102) is that the nonlinear terms are altered
by applying EPCThe vector containing the nonlinear component$iefstateupdate

equation is

(1- k)r(c)2 cos j + 2/)

(2 -k)dge'jtan /';
¢

(D>(Dx (D~ (D (D~ (D~ (D (D~ D
OO

(2.141)

{
(
[
(
Ugpc(X) g
L
L
(

k - Z)l {k 3g*sin jcos j
r L
Now that the dynamic equations have been constructed for the EPC filter, all that remains

alter the appropriate Kalmdiiter components that are affected by the introduction of

uEPC(x). The Jacobian of the vector transition equaﬁ%rirom (2.110 becomes

Boc()=F BUE(x), (2142
where
Gere(B ) =8 BUd (%) g - (2143

All elements of the Jacobian have previously been defined, eﬁorrelﬁpc,

which must be altered to account for the PN coefficieagshown irf2.144).
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e : ) 2- k)ig 2 k) o
é - r C
e (k- 2)g (k -2)7 L
é 0 0
P I I <
g 0 0 0 ;
= e L
LEEPC(J):é ' o P ) E
¢ 20-kygeod j  (kffan g K Y sp cgs
é ¢ : g
e . .. . .. . . . 5 L
e2(k- Drg®sin jcos j  (2-k ) ¢gsfc  j (1k )2( gjn -cﬁs) c
e , C
e 201- k) 2 k)gtan / (k- 2)r t
e r ut
(2.144)

2.4.3. EPC EKF Algorithm

With the exception of the state and covariance prediction equations, the remaining
aspects of the EPC filter are identical to those oS5t F algorithmin Table4. To
complete the EPC filterye simply substitute the endpoint condition components into
(2.145 and(2.146) to completeTableb.

Table5: EPCEKF Algorithm

State Prediction 0= FX By BU fX B, (2.145
o« o (£ )P*, eFE(xE ) 8-

State Covariance nint EPC( rard P g B G (2.146)
Q(El-lln-])

Observation Prediction &, = Hk, | (2.147)

Observation Covariance Pji,=HP " H™ R (2.148)

StateObservation xz _ pxx T

Covariance Foina = PonH (2149

H xz2 Apzz A

Kalman Gain Ky = Pin18Pona § (2.150

State Update ., =xkE, Kz, E,) (2.151)

State Covariance P = Piny -K P K, (2.152)
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2.5EPC EKF Proportional Navigation Constant Selection

2.5.1. Purpose of Study

In the original EPC filter publicatiof#5], the PN constarkwas set to a value of
10based on a series of brief tests using NRI target trajectdhegurpose of this study
was to demonstrate the methodology used to select tlis e preferred PN constant
delivers the best bearing and elevation error performance without sacrificing the
performance ihe range, range rate, bearing rateelevation rate. Although these four
state variables are not the primary motivatorsHerdevelopment of the EPC filter,
failure to account for them could resulttive development of a filter with no practical
value.

In this study, a variety of PN constant valuasging fromk=1 tok=50 were
evaluated against the Dutch roll trajectory.liftmary studies using the radially inbound
trajectory found that the PN constant could be set arbitrarily high to achieve slightly
better results. However, the radially inbound trajectasrlyperfectly matchedb the
kinematic model used in the EPQdHl. Any NRI target that does not follow a perfectly
radial path would cause the filter track to diverge if the PN constant was set too high.
Because a priori knowledge of the target maneuverstiavailable, it was determined

thataweaving NRItarget sich as the Dutch roll targest preferabldor filter tuning

2.5.2. Findings for PN Constant Tuning
Owing to the large number of filters evaluated in this study, only the oberall
diagrams for each PN constant and the overall result table are shown. A PN constant of

10 was found to beptimal for theDutch rolltarget Multiple values neak=10 were also
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evduated however, all were found to offer nearly identical reswity slightly worse
performance in bearing and elevatidhe position error statistics are showrFigure20
and the velocity error statistics are showirigure21. These statistics are captured as

box plots (seeFigurell for a labeled example plot)
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Figure20: Position errobox plot for PN constantiuning study
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Figure21: Velocity errorbox plot for PN constartining study
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EPC filters featuring high PN constant values (50 and above) resulted in diverging
tracks early on in the target trajectory. The resultant errors cannot be containedhsithin
box plots inFigure20 andFigure21. A PN constant of 25 features a smaller median error
value forthe bearingand elevation, but there is a greater spread of errors, including
significantly more outliers across all positions and velocity states. Lower PN constant
values, such as=1 andk=5, have a comparable number of outlier&t@0, but their
median error vales are notably higheand the spread of all errors is greater. Based on
these results, ias confirmed that the PN constakit10) offers the best balance of
errors and should be used for the EPC EKF.

The overall RMS error performance was evaluatedguail errors for all track
state updates in the scenario. For the PN constant values whose tracks did not diverge, it
is clear that a value &=10 provides superior performance for range, beaand
elevation, while suffering only marginal performamagses in the velocity components
of these state§.he results are shown Trable6, with the besperforming filter for each

dimension highlighted igreen.

Table6: PN constant selection studyverall RMSE table
RMS Error Overall

Filter Name Bearing Elevation
Range Rate Bearing Rate Elevation Rate
(dmi) (dmi/s) (deg) (deg/s) (deg) (deg/s)
EPGEKF (k=0) 0.1058 0.0948 0.4646 0.1947 0.4548 0.3660
EPGEKF (k=1) 0.1057 0.0947 0.4451 0.1884 0.4312 0.3574
EPGEKF (k=5) 0.1056 0.0946 0.3772 0.1712 0.3495 0.3296

EPGEKF (k=10) 0.1053 0.0952 0.3260 0.1848 0.3108 0.3487
EPGEKEF (k=25) 0.1103 0.1665 0.7268 0.6271 0.7955 0.7794
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2.6 EPC EKFand Legacy FiltePerformance Study

2.6.1. EPC EKF Comparison Study Goals

The primary goal of developing the EPC EKF was to show that the modified
kinematic model at the core of the filter offers superior tracking performance compared
to theC-EKF and SEKF. In this casesuperior tracking performance refers to reduced
track-state errors, particularly e bearing and elevatiaimensionsNRI targets tend
to exhibit maneuverthat cause the system track to propagate in the wrong direction
betweenthe radar measurement updates. Tésilts in significant errors perpendicular to
the radial path of the target. If it can be shown that the EPC EKF has lower angular errors
while offeringa tolerable rangegange rate, bearing rate, and elevatateerrors, it can
be said that the EPC EKF experiment is a success.

The performance results against the maneuvering targets introduced in $&tion
are covered ithe following sections. For the two NRI targets (radially inbound and
Dutch roll),the performancwiill be discussed with respect to the performance gains
offered by the EPC EKF. For né¥RI targetspbservations shall be sharechich

motivated furthertsidy into EPC filter improvements

2.6.2. Radially Inbound Target

The radially inbound trajectory is tlseenario that is most accurately modeled
using the EPC kinematic model. The trajectory does not deviate from the radial path;
therefore, it is expected that the EPC EKF will outperform #KE and SEKF for this
case. It is not surprising that the begrfRigure22) and elevationKigure23) RMSE

performance of the EPC EKF is significantly better ttreat of the legacy filterslhe
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errors at each measurement update are lowettlloae of the legacy filter, and the
propagated states do not deviate from the target truth as much aEKfedahd SEKF
track states do. This occurs becaleggcy filters #ow their tracks to propagate away
from the radial path more easily than tHeCEKF.

Thebox plotsfeatured inFigure24 andFigure25 add further evidence that the
EPC EKF is the superior filter for this test case. The EPC EKF suffers no noticeable
losses in range or range rate RMSE performance, wigihgficantly outperforming the
legacy filters in angles and angle rates, with perhaps one or two outlier errors falling
beyond the smallest outlier for theEXF. With the radially inbound scenario as a

baseline, it is time to evaluate a more challen@iRt] target
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Figure22. EPC EKF vs legacy filters bearing RMSE for radially inbound scenario
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2.6.3. Dutch Roll Target

For the Dutch roll scenario, the target approaches the sensor origin from a range
of 25 dmi, and begins performing its weaving maneuver at approximately 12.5 miles
range to go (RTG)During the radial inbound phaeéthe trajectorythe error
performance closely resembled that of the radially inbdarget After the weave
begins, the errors for all filters increase, with the EPC EKF featuring the lowest error
growth and maintaining its advantage over the legacy filters thoutgfie maneuver
period. The angle RMSgerformance of the EPC EK§& shown inFigure26 andFigure
27. The position and velocitigox plots inFigure28 andFigure29tell a similar story
regardingthe overall angle error statistics. The EPC EKF has by far the best overall
bearing and elevation error performance, while remaining competitive withEkd-$

terms of range, range rate, and angular velocities.
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Figure29: EPC EKF vs legacy filters velocity errorbox plotsfor Dutch roll scenario

2.6.4. High-Diver Target

The highdiverd sajectory is not NRI for its full duratio.he high-diver

performs an abrupt turn the vertical crossrange down toward the sensor origin at
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approximately 1@mi RTG.Priorto the downward tun, the highdivertargetis not
radially inbourd because it would overshoot the sensor origin by 6 dmi if it maintained
its initial trajectory. Consequently, the EPC filter failed to properly model the motion of
the target. This failures reflected in degradation of tleéevation RMSEFigure31),
starting at approximately 20 dmi RTG. Notably, the beaRMSE Figure30) is not
negativelyaffected by the misnodeling of the target motion.

Thebox plots inFigure32 andFigure33 further emphasizéhe performance
gains in bearingnd performance losses in elevation for the EPC EKF. These gains and
losses are carried over to the bearing rate and elevation rate espestively. The
range and range rate errors aréaimily with the SEKF and GEKF. Based on this
evidence, the &KF is the preferred filter for thieigh-diver targetuntil modifications to

the EPC EKF can be made to address the perforntiagradation
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Figure30: EPC EKF vs legacy filters bearing RMSE fohigh-diver scenario
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Figure33: EPCEKEF vs legacy filter§ velocity errorbox plotsfor high-diver scenario

2.6.5. DoglegTarget

The dogleg trajectory is similar to the hidiver trajectory in that a single
maneuver is performed that changes the target from-&Rdirajectoryinto an NRI
trajectory. The error performance essentiatiylesthe error gains and losskesthe
bearirg and elevation covered Section2.6.4 The dogleg scenario features a maneuver
in horizontal crossrange relative to the sendwrefore, the besag RMSE performance
of the EPC EKHs degradedintil the turn occurs at approximately 6 dmi Ra&shown
in Figure34. The elevation RMSE performandees not suffer the same fate, and the
EPC EKF outperforms the legacy filtees shown irFigure35. The EPC EKF is not able
to fully recover from its verging track behavior owing to the maneuver occurring late in
the scenario.

Thebox plots Figure36-Figure37) for the dogleg scenario further emphasize the

loss ofthe bearing error penfmance and the gains in the elevation epenformance.
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Forthe bearing and bearimgte the SEKF is the superior filter, whereas fibre

elevation and elevatiomte the EPC EKF offers better error performaniee range and

range rate errors are fiamily across all three filters.
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Figure34: EPC EKEF vs legacy filters bearing RMSE fodoglegscenario
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2.6.6. EPC vs Legacy Filter Overall PerformanceAssessment

The resultof the EPC EKF studseaffirmedtheinitial hypothesigegarding EPC
filter performance for NRI targets, while revealing that the EPC model is not suitable for
all trajectory typesThe EPC EKF delivers better error performance against NRI targets
while suffering significant performance losses againstMBhtargets where the EPC
model fails to properly model the target maneuvers. In thes@&lRI cases, the-EKF
delivered the besesults among the three filters tested. This result offers further support
for thefindings inSection2.2.3as well as those ¢laug and Williamg46]. The overall
RMSE performance for each scenario is presentdalie7. The best error performance
for each dimension is highlighteal green for each trajectory.

Table7: EPC EKF vs legacy filters overall RMSEperformance
RMS Error Overall

Bearing Elevation

Filter Range

SCMO Name  Range pae  BEAMO Tgare  Flevalon g
(dmi/s) (deg/s) (deg/s)

| CEKF 0.0943 | 0.0765 | 0.6422 | 0.1848 | 0.6186 | 0.1760
|E§:Jild SEKF 0.0935 | 0.0737 | 0.3845 | 0.0744 | 0.3759 | 0.0738
EPGEKF | 0.0934 | 0.0751 | 0.2875 | 0.0516 | 0.2829 | 0.0518
C-EKF 0.1009 | 0.1012 | 0.8950 | 0.3580 | 0.9486 | 0.5417

D;gﬁh SEKF 0.0980 | 0.0961 | 0.5168 | 0.2130 | 0.5154 | 0.3851
EPGEKF | 0.0969 | 0.0974 | 0.3931 | 0.2070 | 0.3741 | 0.3743

_ C-EKF 0.3171 | 0.2457 | 1.2010 | 0.4091 | 1.1943 | 0.4726
Z':ggr S-EKF 0.3224 | 0.2459 | 0.4589 | 0.1099 | 0.6674 | 0.2374
EPGEKF | 0.3547 | 0.2900 | 0.3461 | 0.1064 | 1.1161 | 0.4378
C-EKF 0.0748 | 0.0920 | 1.0790 | 0.4317 | 0.7392 | 0.2438
Dogleg | SEKF 0.0720 | 0.0776 | 0.5016 | 0.1535 | 0.3881 | 0.0798
EPGEKF | 0.0720 | 0.0843 | 0.5999 | 0.2077 | 0.2958 | 0.0645

Although the RMSE performance varied from scenario to scenario, the timing

analysis did not. All filters were found to be réiahe algorithms in this analysis, bsted
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in Table8. This meanshat the combat system and any downstream consumers of the
track data are not hindered by slow computation times.

Table8: EPC EKF vs legacy filters runtime performance table

Scenario Average

. Filter . : Runtime Real

Scenario Name Duration Runtime Ratio Time?

(sec) (sec) :

Radial C-EKF 117 0.00174 0.0015% Yes
adia

Inbound S-EKF 117 0.00171 0.0015% Yes

EPCGEKF 117 0.00165 0.0014% Yes

Butch C-EKF 69 0.00124 0.0018% Yes
utc

Roll S-EKF 69 0.00088 0.0013% Yes

EPGEKF 69 0.00084 0.0012% Yes

Hiah C-EKF 73 0.00115 0.0016% Yes

dil\ge; S-EKF 73 0.00109 0.0015% Yes

EPGEKF 73 0.00124 0.0017% Yes

C-EKF 108 0.00184 0.0017% Yes

Dogleg S-EKF 108 0.00172 0.0016% Yes

EPGEKF 108 0.00172 0.0016% Yes

The EPC EKF was found to offer superior error performance across all state
dimensions aside frome range rate for the radially inbound and Dutch roll scenarios.
For the radially inbound target, the EPC EKF delivered overall angle RMSE performance
improvements 025.26 in bearing an®4.7®%6 in elevation when compared to th&RF.
Such large performance gains are largely owing to the use of-anatdhed model for a
perfectly radially inbound trajectorfhe most encouraging result is thaigar gains are
observed in the Dutch roll scet@ with a23.96 improvement in bearing RMSE and a
27.%% improvement in elevation RMSEhe SEKF outperforned the CEKF across all
metrics ands the preferred filter for noINRI scenarios based on this stugdyg an

additional bonugsthe EPC modificatioto the SEKF adds a negligible amount of
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computation timeHowever,not all targets are NRindfurther development is required
before the EPC EKF can fieldedin a combat systenin the nexthreechapters, we
will apply the EPC model to a larger arrafytracking algorithmgo determine if they can
i mprove upon t ipeforfBdhc artd Kieré snpoNartgitigate the

performance losses for ndRI targets.
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3. AlternativeDiscreteTime EPC Filters

3.1 EPC Unscented Kalman Filter

3.1.1. UKF Background

Chapter2 focused on the development of EKF algorithms to solve the NRI
maneuverindarget trackingproblem.The filter dynamic and observation modefsre
expanded in a Taylor polynomial about theestdtimateo allow linearized predictions
of the state and observation daiithough they are popular in the target tracking domain
[71], EKFs aresuboptimal filtes and may not be the bedgjorithms for solvinghe NRI
trackingproblem.Whenthe timebetween measurementupdateésisng, t he EKFOs
linearized approximation degrades, whiohy result in performance losses or filter
instability [62]. For problemsn which the dynamic or observation transition functions
are highly nonlinear, secoratder terms can be included in the EKF at the expense of
calculating Hessian matris§43]. Another method for achieving seceodier
approximations in a nonlinear filterithout using second order linearization methisds
to use an unscented Kalman filter.

Unscented Kalman filtefUKFs) are a subclass of sigma point filters tban
offer a nonlinear filter designer improvéeackingperformanceompared with EKFs
with the samalynamic model$61]. While EKFs use numerical differentiation to
linearize the dynamics of the problem, UKFs use sigma point numerical integration to
achieve a higheorder representation tfie systenj43][55][56][57]. As an added bonus,
UKFs do not require the computation of compkchfacobiaor Hessiarmatrices

which furthersimplifies the filter development proce&iKFs have been applied in
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nonlinear control applications requiring fgliate feedback, and have been shown to
achieve higher accuracy than the EKF at a comparable level of compilaly

During the filter prediction stepghe estimated state and covariaace used to
generate a set of sigma pointghich are used to approximate the Gaussian distribution
that they describdzigure38 showsa set of sigma points (bluér the EPC moddhat
are therpropagatd forwardin time for a target closing on the sensor origiinese sigma
points are surrounded by a covariance ellipgach describg the Gaussian distribution

that they attempt to approximate.
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Figure38: Sigma poinfpredictionexamplein range and bearing
After the set of prior sigma points is propagated, process noise is, athdiesl
new set of predicted sigma points is generaléed. set of predicted sigma points are used

to estimate the observation and staldservation covariance matricéisis the generation,

propagation, and maintenance of these sigma points that aboulkiRto achieve the
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secondorder approximation without linearizatiohhe EPC UKF algorithm is discussed

in detail in the next section.

3.1.2. EPC UKF Development

The EPC UKF requires the computatiorttod sigma points related to its
estimated distribution. Kianan filter designers are most interested in the first two
moments of this distribution, the mean aadarianceand the sigma points easily lend
themselves to the calculation of these estimdthe affine transformation of the
distribution when combinedith sigma point methods makes it possible to compute the
mean and covariance with relative epss.

The priorstate update sigma poirdastimen-1 conditioned on all past
observations (;,ﬂ{)lln_l) are calculated using the affine transformatiothefpredicted state

distributionand are found to be

Gr(1j-)l|n-1: Er$-1|n-l +\’ );Em-l(j)’( (31)

wherec represents theector points required to generate sigma points. The generation
of sigma pointss covered in detail if43][56][57][61]. In the simplest form, this vector
represents a set of orthogor&t1 unit vectors each extending one unit in the positive or
negative direction for each dimensjahen scaled by the sigma point weigHise \ector
c0) at the central poin§£0) is a 6 x 1 vector of zeroshus, for a sixdimensional filtey
thereare a total of thirteen sigma points.

The computation of state and covariance predictions atrtignen all

observations up to time 1, becomes
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o 1z .
En|n-1 = a ij EPC( G(rjw)-1|n-)’ (32)
j=1

wherefepcis the same EP@ynamictransition function defined i(2.140) without

including the noise vecta: The covariance predictions are as follows:

) = x_ () (3.3)
1-w,

Pona=Q +a Fedoly) By o8 86 TR Ex. (39
The sigma point weigh depend on the usdefined free paramet&n and are given by

W=

é W, =0
g Ve (35)
|

- w)/12, j=1,2,..12.

For the simulation results presented in SecB@the central weight valueo = 0.25
For the next step of the algorithm, the set of predicted spgnmis must be
generated using the same process &juation(3.1), exceptthat the central poins the

state predictiornEﬂn_l and the covariance whose square root is taken will be the predicted

state covariancé,,,. After computing the propagated sigma points,dbservation

prediction becomes
- 22 Q)
E,.,=aWwHe r{|n-1 (3.6
i=0

Note that matrix H is described in Equati@il13). The predicted observation arstiate

observation covariancégcome
P, =R +aweHean1 B8 Mo £2 (3.7)

and

81



2 : g LT
PnTrﬁ 1 = a Wj gEPC( G(rj1)|n-]) - EI(¢ -1 g I-qr)1ﬁ‘i\’1 E nlnzg (38)
j=1

respectivelyThe remainder of the UK&lgorithm, including the Kalman gain and update
steps, follows théormulationgiven in(2.119i (2.121).

While the computation of the sigma points can be costlhigierdimensional
state vectors, the UKF for this EPC tracking problem requires only thirteen points. This
causes no significant reductiontive speedased performance compared to the EKF.
The results showing how the UKF algorithm performs in trackiagenvering targets

are demonstrated in Secti8rB.

3.1.3. EPC UKF Algorithm

The layout of the EPC UKF algorithm differs frahrat of the EKFs studieid
Chapter2 until it reaches the Kalman gain calculasomhe algorithm, including the
generation of sigma points, pgsesented i able 9. Thealgorithm used to obtain the
square root of matrices is described in the MATLAB document@iph Because all
covariance matrices handled in this filtering algorithm are real and nonsingular, the
method described byigham[47] was used for the EPC UKF

Table 9: EPC UKF Algorithm

Generate Prior - = " i
Gr(1].)1|n-1: I55-1|n-1 +’\/ nE|n-1(J)1( (3.9

Sigma Points

. 12 i
State Prediction  X;,.,=a wf Epc( G('n)_lm_) (3.10)
j=0
State Covari na™Q
ate Covariance " ‘ } _ .1 (31D
Prediction aw, gEPC(G(ﬂ”n_)- B 1 4 & (]hﬂr)l - EXa
j=0
Generate Predictet () _ = xp (1)
SigmaPoints Grana™ Bns {/ Ra S (3.12)
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Observation = 2 :
ﬁm—l - a Wj HG(J)

Prediction ot it (313
Observation 2z _ 2 apal) B i =

Covariance Fina = R EWj%HGnIH B i g“ﬂ“@l iz (3.14)
StateObservation px _ 2 . @ M) g N B o

Covariance I:)n|n— 1 ja:.l Wj gEPC( G n|n—]) ﬁ(m -1 g I-(‘In|§—1 E nlnzg (315)
Kalman Gain K, =P &P, é (3.16)
State Update . =xkE, Kz, E,) (3.17
State Covariance pX = P:|)r(1-l K npﬁzln_lKTr (3.18)

Update nin

3.2 EPC Particle Filter

3.2.1. Particle Filtering Background

Although the EKF and UKF algorithms offer the nonlinear filter designer a means
to estimate the first two moments of the underlying distribution, directly estimating the
distribution itself also hasignificantvalue. Sequential importance sampling (SIS)
particle filters are a class of nonlinear
propagate them through the dynamic model, weighting them based on their respective
Ai mport anc e, [43] Barticld fiiteks ¢PIFS) dreopartcalarly useful for
estimating stochastic systems when the underlying distributions at@angssian or if
the system itself is highly nonlinear.

PFs have baeused in a variety of applications and continue to be a heavily
researched topic. In bioinformatics, a PF was used to process gene expression
measurements, classify singlell trajectories, and predittie likelihood ofdeveloping a
disease (such as canmg[41]. PFsarealso used in a variety of nonlinear filtering

problems found in economics and finaii2é]. Several target tracking algorithms have
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also been developed that leverage ailffuding[54], although they do not use the EPC
model.
SIS particle filters offer a way to perform recursive estimation of the target state

probability distribution

Nearples _
p(x,12)= & W%, %), (319)

i=1

whereNsamplesis the number of samples used in the particle fikéis the set of particle

weights, andd/(x, - XS)) is the delta function evaluated at the locatibeach particle.

The PF weights are based on the ratio of the probability density function of the desired
distribution to the probability density function of the distribution used.

The PFO6s peaaratedasl es ar e
XU = fepe x0) W), (320

wherew is a vector othe samples drawn from the estimated distribution. These
propagated particlemre weighted based on their likelihoods and then used to compute the

next iteration of the estimated distrilarti The unnormalized updated particle weights

WS) are computed using the prior particle WeigM%,

7,130 p( ) 1)

oo Pl
e PRIFOP

n n-1

. (3.21)

The term p(zn | xr(f)) is the observation probalty density conditionedn each particle

and is known,p(xr(f) |x$j_)1) is the state transition probability density, an(cks) |xg_)l,zn)

is theimportancedensity from which the particles are drawn. This weight calculation can

be simplified in the bootstrap particle filtering algoritfid®] by assuming
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p(x 1x0) = o x!) 1), ) (322

This establishes thé#that the incremental weights do not dependhe past trajectory of
the particleg43].

To extract the desired state and error covariance information provided by the
EKFs and UKF, one needs only to compute the sample mean and sample error covariance
using the estimated distribution. The estimated distribution is obtained by normalizing the
weights set out irfEquation(3.21). Once these crucial data are obtained and sent to the
combat system, the set of updated patrticles replaces the olgamtictes and is used to
start the recursive filter cycle again.

SIS particle methods are particularly useful wtemunderlying distributions in
the system under evaluation are +@®@aussian or highly nonlinear. However, they can
also add significant congpational cost to the filter algorithrdepending othe number
of particles required to accurately represent the target state distrif8@joAny gains in
RMSE performance will have to be balanced agathstpotentialncrease in
computation timeln addition, SIS particle filters can also suffer freample degeneracy
[43], wherein particles based on posterior density diverge from the true posterior density,
concentrating the weights on only a few central particles. Resampling and regularization
procedures can be used tedigersify the particles, and these methods wiltbeered in

the development of the EPC BPF.

3.2.2. The EPCBootstrap Particle Filter
For the comparisostudiescovered in thichapter weimplemented the bootstrap

particle flter (BPF)first introduced by Gordon et 489]. The BPF uses the transition
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density pkn[Xn-1) as the importance densjg3]. As a resultthe computation of the

unnormalized importance weights

W) =wlpz, | X)) (3.23)
where
p(z, 1 %) = N(z,: ) HPS HT + R) (3.24)
simplifies to
W) = wp(z, 1 0). (3.25)

Normalization of the weights yields

V\,(i) = samplens ' (3l26)
' \K[(I)

n
i=1

The effective number of samples, a number representing the relative diversity of the
sample weights, must now be compudsd

1

Nsamples

Nay = 1o
a (w)

(3.27)

If Netris significantly smaller thaNsampies Which is thenumber ofsamples or
particles used in the algorithitihen resampling and regularization processes must take
place to ensure particle diversigorthe studies performed in thiissertationthe rule of
thumbfrom [43] is used, where resampling and regularization are performed if

Nsamples
New ¢ =07 (3.29)
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The EPC BPF algorithm uses stratified resamplasgol et al.[49] foundthat it
deliversbetter results when compared to randsampling and comparable results when
compared to systematic sampling.

Stratified sampling is based time ideas used in survegrapling, where the
interval (0,1] is prepartitioned intaan Nsampiesuniform adjoint strat§49]. Within each

stratum, a separate uniform random nemib generated such that for itie strata,

u ~ UWi,i + 4 (3.29

a 1 i
C ' “samples N samples -
The sample distribution was then reconstructed using the inverse transform fdéthod
Effectively, this means taking the cumulative sum ofutthiborm samples to recover
particles. The resampled particles are then assigned equal weights to reduce the need for
furtherresampling. Taeducethe likelihood that any of the newly resampled particles
share a commoweight, regularizatioms also performed

Regularization prevents repeated particles from for any given wdightTo
prevent this fAsampl e i mpov e the paticleadansity 6 a ke
can be used to resample the particles a second time. In this process, each new particle is
selected from the original resampled particle based on a draw from a uniform
distribution andthe sample point is dithered based on a draw trerocal individual
kernel. The regularization process tends to concentrate the particles in the regibwe with
highest probability and separates them random fashion. Kernel sample generation
can be performed using the processes descrif@&jimnd[99].

Once resampling and regularization have been performed, the empirical mean

1 Nsamp\es

a4 wgl (3.30)

n n

£ =

N

samples =1
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and empirical covariance

Pr=g, = * ng.esv\,(ni)(~>g) EYUx & (3.31)

Nsamples i=1

of the particles must be computesing the resampled particlér,éi). The patrticles are

thenpropagatedorward in time and the weights are reset to

y_ 1
W T (3.32)

samples
If Nefris sufficiently large, the algorithm simply moves forwasda singleime step and
assignshie latest particles as priparticles and the latesbrmalized weights as the prior

weightsfor the next cycle of the algorithmAs in the case with less particle diversity, the

particles can be used to compute the empirical mean and covariance for track estimation.

3.2.3. EPC BPFAlIgorithm

The BPF algorithrés performance depends on many tunable parameters but is
especially sensitive tihe sample count. For the resytesented irsection3.3 a sample
count (Nsample9 Of 20000 was usedlhe full EPC BPF algorithm is laid out irable 10,
with the sections specifying whether the effectivenber of samplesriterion (see
Equation(3.29)) is satisfied.The algorithm isalsoillustrated inFigure39.

Table10: EPCBPF Algorithm

Generate sample noise V! ~N(0,Q,) (3.33
Draw newsamples X =f_(xUy w0 (3.34)
Generate unnormalized () _ ~() i)
Nsamples .
Normalize weights w) = \7\};)/ 3 W (3.36)
i=1
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'samples
.

N 2
CalculateNes N :]/ a (V\ff)) (3.37)

i=1

IF: Neft << Nsamples Resample and regul ari

N,

a w g (339)

samples =1

Calculate empirical meal €5 =

N

Calculate empirical S S WO T ) !
: = - X -

covariance . I (2[1 " ( )g S}( n S) (3:39)
Resample particles Use empirical mean and covariance to resamp
Regularize particles Useprocess described in Sectigr?.2

N les
Calculate state update £ = 1 = OR0)

: . = a W)X, (3.40
using resampled particle Noampies i<L
Calculate covariance Neamples
- 1 (i) [ i ~ U
update using resampled B~ = N a V\fn)(X&) -85)( X) - S} (3.41)
particles samples 1=1
Time step: resampled _ _
particles become prior X’ - xﬂ_)l (3.42
particles
Time step: weights are ) 1
re-set to be equal for all W." - N (3.43
particles samples
ELSE: Use current particles to upddtack state and
' covariance

Calculate covariance _ Neampies
update using resampled ¥, = a WS,') X(n') (3.49)
particles samples =1

N
Calculate covariance o LT ) (L) ) ) 3

. P = wi (x0 g )(xO x

update using resampled " Neampies 91 n ( n ”)( n g (3.45)
particles
Time step:_latest partlcle (). x0) (3.46)
become prior particles n n1
Time step: latest weights &) )
become prior weights W'(1 V\}n-l (3.47)
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samples from prior
state distribution

normalize weights

Calculate empirical
state & covariance

compute track state

Resample & & covariance
regularize particles

Figure39: BPF algorithm flowchart

3.3Performance Study of EPC Filters

3.3.1. Purpose of Study

In Sections3.1and3.2, two morediscretediscrete D-D) filters usingthe EPC
modelwere developeds alternativeto the EPC EKFThese filters were compared with
the EPC EKF using the same metrics used to evaluate the EPC EKF in 3efidre
goal of this study was to estatiliwhethethe tracking erroperformance for each target
can be improved by implementing the EPC model in the UKF and BPF algarilbtine
outset of this studyit was expected that these filters, with their grealbdity to handle
highly nonlinear sgtems, may also ameliorate thenNRI targettrackingperformance

degradatiordescribed in SectioR.6. If either theEPC UKFor EPC BPF can offer better
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performancehan the EPC EKF in botiRI and norNRI casesthen the winnewill
clearly be the superior filter.

Although large performance gains against NRI targets were established in Section
2.6, it is worth noting that error performance improvements of even one percent have
value in target tracking. In such a heavily mined field, a target tracker with a few percent
or a few tenths of a percent improved performance coulcepraluable to a combat
system. However, if the sanerget trackindilter fails against commonly usawnNRI
targets it may be necessary to implement that filter as part of a larger algaathm
compensateThis study also identifies candidates for dtiple-model EPC algorithm to
address a broad set of trajectories if the EPC UKF or EPC BPF fails to address the

challenges faced by the EPC EKF in Secfdh

3.3.2. Radially Inbound Target

For the radially inbound targahe angle errorsf the EPC filterslemonstrated a
clear patternThe EPCBPF holds theedge over the other two filters throughout the
trajectory for botlthe bearing Figure40) and elevationRigure41) RMSE, consistently
delivering the lowest REAE for both anglesThe EPC UKF is also superior to the EPC
EKF. In thebox plots(Figure42i Figure43), the EPC BPF exhibited the best
performance iterms of bearing, bearing ragevation, and elevation rate, despite some
outliers. However, this improved angle error performance comes at the cost of a slightly
degraded range aradrange rate error performance. Based on this first experiment, the

EPC UKF and EPC BPF appear to bemising alternatives tthe EPC EKF.
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3.3.3. Dutch Roll Target
For the Dutch rolscenariothe EPC BPF continues to have a performance
advantage over the EPC UKF and EPC EKfebearing RMSEyerformance gains from
the BPF over the other two filtertteBONtinu
retairsits advantage throughout the weaving manelageshown irFigure44. TheEPC
BPF was especially dominant during the fully radially inbound portion of the trajectory
The elevatiorerrors are similarly better for the EPC BPF, as showsigare45. The
EPC UKFalso performedbetter than the EPC EKBut not by the same margifhebox
plotsin Figure46 andFigure47 for this scenaridear out the findings from the RMSE
plots as a functioof the range. The EPC BRiisplayed superior RMSE performance in

all dimensionsincludingthe range and range rate.
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3.3.4. High-diver Target

Any expectation for good tracking performance againstMBhtargets was
broken after evaluating the highivertarget. Allthree filters struggled to properly track
the targetApparently the ability to handle higher levels of nonlineargyot sufficient
to overcome the model mismatch presented bynibmeNRI target Figure48 andFigure
49 clearly demonstrate that the angular tracks diverge as the target motion becomes more
less and less NRT.he RMSEstatistics gathereith Figure50 andFigure51 show that the
EPC BPFwhich performed well for NRI targets, is also the worst filter when applied to
nonNRI targets The EPC BPF exhibited the worst performance acrdgsoaition and
velocity statesAlthoughthe EPC EKF and EPC UKF delivezrasonable error levels
when compared to the legacy filters examined in Sec®d) it is clear that simply

changing the filter type will not solve the rdIRI problem.
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A notable finding in thisnalysis is that when the higliver made its downward
turn around 10 dmi RTG, both the EPC EKF and EPC UKF saw their elevation errors
drop dramaticallyThe EPC BPF struggles the most with this scenario and features
significant track divergencé-or this senario, the RMSE plots as a function of range
(Figure48 andFigure49) emphasize the changeoverrfr nonrNRI to NRI behavior and

the resulting degradation of performance, especially in the period leading up to the dive

maneuver.
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3.3.5. DoglegTarget

Similar to thehigh-diver, the dodegtargetis an examplevherenonNRI target
motion has an impact on the ERI@er tracking performance. In thisasethe bearing
error performance was affected by the #dRI behavior in the horizontal planghis
was again because of the model mismatch introduced by the EPC. For the dogleg target,
theEPC EKF had the best baagiRMSE performancseeFigure52), although it was
previously found that this performance was poor compared to the legaky@nd S
EKF. The EPCBPFfeatures the best elevati®@MSE performanceas shown irFigure
53, which is consistent with its performance against other targie¢sEPC UKRrack
error performance was between those of the other two EPC filters.

All filters examined in this studgivergedat approximately 10 dmi RT€r the
dogleg scenarias the target became more Ad$RI. Thebox plots (Figure54-Figure55)

tell a similar storywith all three filters featuring poor performannebearing and
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bearing rate but otherwise acceptable performance (still superior to the legddy &d
S-EKF) in the other dimensionéfter considering théigh-divertarget, it appears that a

more flexible solution is required to improtree trackingperformance against naviRl

targets.
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3.3.6. EPC Filter Comparison Overall Performance Assessment

In the second major performance stuitlis important to consider bothe track
error performance and run time when declaring the superior fitken considering both
RMSE (seeTable11) and algorithm execution speed, the EPC UKF is the widespite
the EPC BPF delivering the best error performancéh®twoNRI targets The EPC
EKF was previously fountb be a reatime algorithm in ®ction2.6, and the EPC UKF
adds only a small amount to the computation time. The EPC BPF, however, was much
slower, clocking irD.24% of the scenario time for the radially inboutadget (sed able
12). This means that for each radar observation (every 4 seconds), the system requires
about 0.37 seconds to update the tr&ck the scenans examined, a sample count of
Nsampless10 000wasrequiredto achieve the best RMSE performance for the EPC BPF.
Using asmaller number of samples to speed up the algorithm would result in a loss of
accuracy to the extent that the EBEF would lose itRMSE advantagever other

filters.
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Tablel1l: EPCfilter comparison study overall RMSEperformance
RMS Error Overall

Elevation

Scenario BeRaartlgg Elevation Rate
degls) €9 (degrs)

_ EPC EKF| 0.09343| 0.07513| 0.28745| 0.05160| 0.28287 | 0.05184
Ir?t?:lﬁld EPC UKF| 0.09442| 0.07398| 0.25274| 0.03906| 0.25075 | 0.04044
EPC BPF| 0.11568| 0.07552| 0.22396| 0.02111| 0.21776 | 0.02343

EPC EKF| 0.09689| 0.09744| 0.39311| 0.20701| 0.37408 | 0.37431

DF\l’J;(I:Ih EPC UKF| 0.10068| 0.09635| 0.35663| 0.19339| 0.33925 | 0.35986
EPC BPF| 0.10548 | 0.08991| 0.30942| 0.17260| 0.28714 | 0.32941

_ EPC EKF| 0.35472| 0.29001| 0.34609| 0.10642| 1.11607 | 0.43779
::;32; EPC UKF| 0.41911| 0.29563| 0.32329| 0.09248| 1.37374 | 0.44054
EPC BPF| 1.04987 | 0.39317| 1.40074| 0.94943| 2.87045 | 0.85031

EPC EKF| 0.07196| 0.08432| 0.59988| 0.20765| 0.29580 | 0.06454

Dogleg | EPC UKF| 0.06770| 0.08067| 0.68773| 0.20666| 0.26404 | 0.05360
EPC BPF| 0.13600| 0.10030| 0.91049| 0.22682| 0.23460 | 0.04659

Table12: EPC filter comparison studyruntime performance table

Scenario Average
Scenario Filter Name Duration @ Runtime
(sec) (sec)

Real
Time?

Runtime
Ratio

dial |_EPGEKF 117 | 0.00191] 0.0016% | Yes
adial | TEPGUKF | 117 | 0.00956| 0.0082% | Yes
EPGBPF 117 [11.70725] 10.0062% NG
Sutch |_EPCEKF 69 | 0.00087] 0.0013% | Yes
ol |_EPGUKF 69 | 0.00396| 0.0057% | Yes
EPGBPF 69 | 6.37953 | 9.2457% |NCEM
High- |EPCEKF 73 | 0.00144] 0.0020% | Yes
jver | EPCUKF 73 | 0.00571] 0.0078% | Yes
EPGBPF 73 | 7.58258] 10.3871%|NOI
EPGEKF 108 | 0.00146] 0.0014%| Yes
Dogleg | EPGUKF 108 | 0.00680| 0.0063% | Yes
EPGBPF 108 |10.64164] 9.8534% [HNNOIN

While it is troublesome that the EPC UKF and EPC BPF did not solve all the

issues discovered in the legacy filter study, the results are still quite valuable. The main
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benefit is that we were able to determine which of these three EPC filters would function
best as part of a multiplmodel algorithm. Based on the collected data, the EPC UKF
outperformed the EPC EKF in almost all dimensions for both NRI targets. Hovlewer,
EPC BPF was the winner in termstbé overall performancef NRI targets. The real

time nature of the EPC UKF makes it a more attractive candidate for use in a multiple
model algorithm than the EPC BPF. Thus, owing to their similar speed perfornmahce a
excellent NRI tracking performance, both the EPC EKF and EPC UKF will be used as
core filters inthe multiple model tracking algorithm. If implementaaperly, these

algorithms can track both types of target.
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4. RobustNRI TargetTrackingUsing Multiple Models

4.1 Multiple Model Algorithm Background

Targetmaneuverability continues to grow alongstde measures intended to
track and defeat thenfhe proportional navigation constdegffectivelyacts as a
measure of the extent to which the NRI model suits a probdmereas a high value
denotes a target that closely follows a radially inbound trajectdryahlue of zeran the
EPCEKF allows the recovery of thelSKF with no EPCIn the event that a target is so
maneuverable that part of its trajectorynat NRI, the EPilters developed in Chapters
2 and3 may not be preferable because the corrective accelerations in the dynamic model
have been siwn to increasghe tracking errors. EPC performance degradation in the
face of noANRI targetmotion was demonstrated for tHegleg andigh-diver
trajectories evaluatdd Section®2.6and3.3. Implementing a multiplenodel algorithm
has beeriound to alleviate this problem by fusing the weighted outputs of dEREh
filter, such as the-&KF, with and EPC filter

A plethoraof algorithms have been developediiseweighted filter outputs
These algorithms include nawitchingmodels such as the autonomous multiple model
algorithm(AMM ), whichdoes not feature any communication between models and
performs a simple fusion based on probabilities calculated at the output of each filter
Non-switching models are fairly easy to implement bave been shown to have inferior
performance compared witlwitching model$38]. Variousswitching modelsnclude
generalized pseudBayesian (GPB), interacting multiple model (IMM), and8st
multiple model (BMM) algoritms A thorough study by Pitre et §021] found that the

IMM offers an error performance comparatiahatof other switchingnodelswith the
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leastcomputational omplexity. Multiple models representing different target dynamics
can be efficiently managed by an IMI7]; hence, it is the algorithm used in this
dissertation

The basic algorithm structure for an IMAlgorithmis shown inFigure56. The
bank of filters runs in parallel, and the model probabilities are updated based on the
residual and residual covariance of each filter. The interaction algorithm then sends
updated weights to the fusion portiohthe algorithm, which combines the output of
each filter to forma fused estimate of the state and covariance. IMMs have been used in
various applications, including human motion tracKB@j, air traffic control[69], and
target tracking37]. Both Gome$38] and Mazor et a[84] provided excellentMM

algorithm descriptions for execution in any application.

Observation z,

Re-Initialized Probabilities

—

’ Filter 1 ‘ Filter N :

Filter 1 Filter N
Estimate Estimate

v \ 4

Model Wei . .
Estimate Fusion

Fused
Estimate

Figure56: IMM algorithm block diagram
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4.2.A Pair ofEPC IMMs

4.2.1. EPC EKF IMM Implementation

An EPC IMM that utilizes a bank &PCEKFs with differenk valueswas
developed as a first attempt to resdive errors introduced by né¥iR| target motion
By tuning this IMM properly, th algorithm can automatically switch between mottels
favor the model that best captures the target motion behavierbasic IMM structure
for eachfilter model is well known an@ describedn Table13, with i superscripts
denoting the outcome for thih filter model computationThis structure was developed
using methodslescribedn [38] and[84].

The Markov state transition probability matriX {s a key parameter dhe IMM.
This matrix is a design specification selected by the filter developer, and the inglices (
refer to the different model s repreddntdahd by t
probability of remaining in model statewhile the other @ments in each row represent
the probability of HAswitchi nithétate. Thefirst r ansi t
EPC IMM to be tested in this dissertation features two filters, an EPC EKF with PN
constank=10, and an €KF, also represented by a PN constarft. For this tracking

algorithm, the transition matrix is given:by

, 8098 0.02;

- , 4.1
§.02 0.98] (41)
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Table13: EPC IMM Algorithm

Predicted Model ) — A (i

Probability =8 i A i (4.2)
Mixing Probabilities m=p Y1 On (4.3)
Mixing Estimate Y.gi_)lm_l: a .lé.L)_lln_ i) (4.4)

n 1|n 1 a i ep:xl|rl1 1
Mixing Covariance » <)\ o) . (4.5)
(Xr(1-)1|n-1' fﬁi 1|n- 1)( n-1jn-1 - ]$1|n)1 /ﬁl -
State Prediction :éi) = Fx(Elnl Bu 4x) 1;)1 (4.6)
) = BB P §F BE ), 8 -
State Covariance = ! H 8 ! 4.7)
Q( E\ 1|n—

Observation Prediction £, = HE) | (4.8)
Observation Covariance P20 = HP“HT 4R (4.9)
StateObservation x2,(i) — pooli) T

Covariance Fina’ = Pon’ H (410

: i xz,(i) AP zz(i 1

Kalman Gain KV =prllepst) @ (4.12)
Model State Update 2) =xE, kW, E)) (4.12)
Model State Covariance P20 = pl) kI pz aKi ¢ (4.13)
Model Likelihood L0 ="N(z, é;lnl, Q n|n1) (4.14)
Model Probability = gl Y (4.15)
FusedState Estimate x.=a. X(iﬁ,ﬁ') (4.16)
Fused Covariance Pn=a. ePnX|xn B XE(x X TE@ (4.17)

The EPC IMM filter can switch between NR=10)and ron-NRI (k=0) models
autonomously; therefore,par i o r i k nowl ed g-elatedfbehavioreis notar get 6
required For NRI targets, the performance of the EPC EKF IMM is similar to that of the
EPCEKEF. Against theDutch rollweaving target, the EPC IMM filtdRMSE

performance wasirtually the same athat ofthe EPCEKF (with performanceemaining
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superior to the €EKF and SEKF). TheRMSE plots appear nearly identical to those

found in2.6.4 Figure30i Figure31. All models wereassignedkqual initial prolbilities

In Figure57, the probability assigned to the modiel=(10) quickly increasesgjiving a

similar performance throughout the track to #RCEKF with the samé& value.
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Figure57: Plot ofmodelprobabilities foreachk value forDutch rolltrajectory

A performance study with the EPC EKF IMM weasnductedor the set of non

NRI targets to evaluate whether the EPC EKF IMM can leverage the EPC model benefits

without diverging duringhe noANRI portions of the target trajectory the next two

sections, the EPC IMM is tested againisth-diver and dogleg tegets.

4.2.2. EPC EKF IMM Performance for the High-diver Target

In the final data miles prior to thegh-diverd turn-down maneuver, it appears as

though the target will fly over the sensbBaor this region, the EPfilters have been

shown to fai) sinoertlce i ¥e o

acceleration

eomponen

NRI target back to the radigs a resultthe RMSE performance in some dimensions is
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significantly worsdor the EPC filter thaor both the CGEKF and SEKF as seen in the
previous performancanalyses in Sectioris6and3.3.

Against a highkdiving target, the EPC IMM starts by weighting its tracking
estimates toward the EPC filtde=(L0), asshown inFigure58. At a long range, the
motion of thehigh-diver still resembles an NRI behavior, but as the target gets closer to
the sensor origin, it becomes clearer that it will fly over the se@seing to the
predicted flyover, the model switches to 3 model from RTG 20 dmi to 7.5 dnBy
executing this model change, the algorithm successfully averts the diverging track
behavior that th&=10 model will introducevhen the target is neNRI. In addition, the
algorithm switches back to tlke10 modekhortlyafter the target executes its diving
maneuver. This behavior is preferable because the IMM can take advantage of the

smaller errors granted by the EPC model once the targdtiiy NRI.
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Figure58 EPC IMM model probabilities fdnigh-diver trajectory

ThebearingRMSE performancef the EPCEKF for thehigh-divertrajectory is

superior tahat of the SEKF, as showrn, but inferior to theEPCEKF acting on its own.
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The negative tradeoff of this IMM algorithi® that some bearing RMSE performance is

lost when the IMM favors the model with k=0 in the middle section of the scenario
However, the elevation RMSE performance of BRCEKF was poorn the region
where the target was not NRRTG = 7.5-28 dni). This poor elevation RMSE

performance is not observed in tBECIMM. Thus, a positive tradeoff is found: tlPC

IMM gains significant elevation RMSE performance at the cost of a modest dégmadat

in bearing RMSEas can be seem Figure59.
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Figure59: EPC EKF IMM elevation RMSElIlpt for non-NRI high-diver trajectory

4.2.3. EPC EKF IMM Performance for the Dogleg Target

The dogleg scenario was the second-N&1 targetto be examined. In section
2.6.5it was shown that for the latter portions of the dogleg trajectbetween 30 dmi
and 7.5 dmi RTG), thEPCEKF suffered a significant loss in bearing RMSE

performance. ThEPCIMM ameliorates this issue by allowing the PN consken
model to be

activated when NRIeAIl maelsytart 6 s
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with equal probability, but the EPC IMM is able to transition to the |dwwedueof

approximately 18 dmi RTG ahown inFigure60.
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Figure60: EPCEKF IMM model probabilities fohigh-diver scenario

The model switching siwn in Figure60 enables the EPEKF IMM to maintain
significantly lower bearing errors. Because this target is NRI for a smaller portion of its
trajectory the gains from the EPC filters are not as eagjpserve, but the EPEKF
IMM outperforms the SEKF at the beginning and end of this scenario. There is a small
increase irthe bearing RMSKseeFigure61) in the 10 dmperiod prior to the model
changeover (30 dmi RTG to 20 dmi RTGlpwever thisis a reasonable tradeoff
exchangdor the significant performance gainstire elevation RMSE shown Figure
62. Notethat for the heavily noiNRI portion of the scenario (20 dmi RTG to 7.5 dmi
RTG), the EPC IMM matchesthelSK F6s per f or mance. Whil e

bad result, further errqgrerformance gains are possible, as shown in Sedtida
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Figure61l. EPC EKF IMM kearingRMSE plot for non-NRI doglegscenario

Figure62. EPC EKF IMM devation RMSEplot for nonNRI doglegscenario

4.2.4. A More Flexible EPC IMM
After performing the studies #h.2.2and4.2.3it was found thait is possible to

further tune the EPC models used in the IMMxploit the fact that targets can be NRI

113

































































































































































































































