
ABSTRACT

Title of dissertation: NON-LINEAR GEOMETRIC PDEs:
ALGORITHMS, NUMERICAL ANALYSIS
AND COMPUTATION

Dimitrios Ntogkas
Doctor of Philosophy, 2018

Dissertation directed by: Professor Ricardo H. Nochetto
AMSC Program, Department of Mathematics

This dissertation presents the numerical treatment of two geometric non-linear

PDEs, the Monge-Ampère Equation and the large bending deformation of plates

under an isometry constraint. For the first problem we design a two-scale method

and prove rates of convergence in the L∞ norm, which is an important progress in

the numerical analysis of the Monge-Ampère equation and similar equations. For

the second problem, we examine the deformation of the mid-plane of the plate and

use the fact that it minimizes an energy functional under the isometry constraint.

We design a Discontinuous Galerkin method that allows us to construct discrete

minimizers of an appropriate energy functional and prove Γ−convergence to the

exact minimizers. We set the theoretical foundation for this method using the

problem of a single layer plate and then explore computationally the applicability

of the method in more complicated and physically interesting cases using a bilayer

model.



NON-LINEAR GEOMETRIC PDEs:
ALGORITHMS, NUMERICAL ANALYSIS

AND COMPUTATION

by

Dimitrios Ntogkas

Dissertation submitted to the Faculty of the Graduate School of the
University of Maryland, College Park in partial fulfillment

of the requirements for the degree of
Doctor of Philosophy

2018

Advisory Committee:
Professor Ricardo H. Nochetto, Chair/Advisor
Professor P.S. Krishnaprasad, Dean’s Representative
Professor Konstantina Trivisa
Professor Pierre-Emmanuel Jabin
Professor Antoine Mellet



c© Copyright by
Dimitrios Ntogkas

2018





Table of Contents

List of Tables v

List of Figures vi

List of Abbreviations vii

1 Introduction 1
1.1 The Monge-Ampère Equation: Chapters 2-3 . . . . . . . . . . . . . . 3
1.2 Large Bending Deformation of Plates Under Isometry Constraint:

Chapters 4-5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
1.3 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2 Two-scale method for the Monge-Ampère Equation: Convergence to the vis-
cosity solution 16
2.1 Two-Scale Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.1.1 Ideal Two-Scale Method . . . . . . . . . . . . . . . . . . . . . 17
2.1.2 Practical Two-Scale Method . . . . . . . . . . . . . . . . . . . 19

2.2 Existence and Uniqueness . . . . . . . . . . . . . . . . . . . . . . . . 22
2.3 Consistency . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
2.4 Convergence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

2.4.1 Barrier Functions . . . . . . . . . . . . . . . . . . . . . . . . . 32
2.4.2 Approximation by Smooth Problems . . . . . . . . . . . . . . 33
2.4.3 Uniform Convergence: Regularization Approach . . . . . . . . 40
2.4.4 Uniform Convergence: Barles-Souganidis Approach . . . . . . 43

2.5 Discrete Alexandroff Estimate . . . . . . . . . . . . . . . . . . . . . . 50
2.6 Continuous Dependence on Data . . . . . . . . . . . . . . . . . . . . 52

2.6.1 Stability of the Two-Scale Method. . . . . . . . . . . . . . . . 52
2.6.2 Concavity of the Discrete Operator . . . . . . . . . . . . . . . 54
2.6.3 Continuous Dependence of the Two-Scale Method on Data . . 58

2.7 Rates of Convergence . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
2.7.1 Error Estimates for Solutions with Hölder Regularity . . . . . 59
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Chapter 1: Introduction

There has been an increasing interest in the analysis and the numerical treat-

ment of strongly non-linear partial differential equations (PDEs). This is motivated

by the countless applications of such PDEs in Science and Engineering, as well as

the mathematical challenges that they offer. In this thesis we are concerned with

two very prototypical such problems. The first one is the Monge-Ampère equation,

which is a fundamental fully non-linear PDE with applications in optimal trans-

portation, geometry, optics and meteorology. We are interested in this equation

because it provides a great starting point for analyzing non-linear PDEs and has a

strong geometric flavor, which is a common feature of both problems we tackle. Our

work involves the design and implementation of a monotone two-scale method whose

discrete solution converges to the viscosity solution of the Monge-Ampère equation

under Dirichlet boundary conditions [63]. We also prove rates of convergence in

the L∞−norm under various regularity assumptions for the exact solution of the

equation, which is an important and timely addition to the literature of numerical

analysis for the Monge-Ampère equation [64]. Lastly, we explore a more computa-

tional approach that formally increases the accuracy of our two-scale method [62].

We thus modify our discrete operator in order to make it more accurate, but we
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lose the property of monotonicity which is critical in achieving convergence. To

circumvent this undesirable issue, we employ a filter function that allows us to ap-

propriately combine the original operator with its more accurate counterpart and

guarantee convergence of the new method to the viscosity solution. We explore

computationally the increased accuracy of this new scheme and examine the role of

the filter function.

The second problem of interest is the large bending deformation of plates under

a geometrically non-linear isometry constraint. This is motivated by a wide range

of applications, including the construction of deformable nano-structures. We first

design a numerical method for the simple case of one plate, which we call the single

layer, and prove convergence of discrete solutions to exact ones, as well as conver-

gence of our discrete energy functional to the continuous one. Our method improves

on a previous approach followed in the literature in aspects that we explore computa-

tionally. We then extend this method to account for the physically more interesting

case of a bilayer model, i.e. the case where two plates with different mechanical

properties are attached together to exploit their different behavior under thermal,

electrical or mechanical actuation. The ensuing plate deformations find application

in engineering of micro devices (MEMS). We explore this case computationally.

The two problems above have a very strong geometric flavor and are non-linear.

Although the mathematical techniques employed in their treatment are not the

same, they both require a good physical understanding of the underlying equations

and their geometric constraints. Moreover, they are connected through a common

application that they share: the Monge-Ampère equation appears as a non-linear
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constraint for a special case of what is called the prestrained model, where a plate

has no resting configuration and is bound to deform even in the absence of any

external forces. This problem is a natural extension of the bilayer model, since,

instead of a spontaneous curvature due to gluing plates with different properties,

its spontaneous deformation is the result of different properties of the material and

it is encoded through the first fundamental form of the deformation of the mid-

plane of the plate. The Monge-Ampère equation appears as a constraint when the

first fundamental form for the prestrained model is an appropriate bifurcation of

the identity matrix [58]. Given our prior work on the Monge-Ampère equation and

the specificity of this shared application, we are interested in exploring more general

features of the plate models and designing a flexible approach that could be extended

to various plate models. This is why we first study the single layer problem and then

the bilayer model, as described above. We believe that the techniques developed

in this work can be extended to the prestrained model, but we do not pursue this

investigation in this thesis.

We now dive a bit more deeply into the background and literature for each of

the problems, explain our contribution and provide an outline of the thesis.

1.1 The Monge-Ampère Equation: Chapters 2-3

We consider the Monge-Ampère equation with Dirichlet boundary condition:
detD2u = f in Ω ⊂ Rd,

u = g on ∂Ω,

(1.1.1)
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where f ≥ 0 is uniformly continuous, Ω is a uniformly convex domain (not neces-

sarily W 2
∞) and g is a continuous function. We seek a convex solution u of (1.1.1),

which is critical for (1.1.1) to be elliptic and have a unique viscosity solution [48].

The Monge-Ampère equation has a wide spectrum of applications in optimal

mass transport problems [32], geometry [72], nonlinear elasticity [58], optics [36,47]

and meteorology and oceanology [28]. These applications lead to an increasing

interest in the investigation of efficient numerical methods. There exist several

methods for the Monge-Ampère equation. These include the early work by Oliker

and Prussner [70] for space dimension d = 2, the vanishing moment methods by

Feng and Neilan [39,40], the penalty method of Brenner, Gudi and Neilan [22], least

squares and augmented Lagrangian methods by Dean and Glowinski [29, 30, 46],

the finite difference method proposed recently by Benamou, Collino and Mirebeau

[13, 61], and a new semi-Lagrangian method by Feng and Jensen [38]. Our work

is mostly motivated by the wide-stencil scheme proposed by Froese and Oberman,

who proved convergence of the scheme [43]. Awanou [4] proved a linear rate of

convergence for classical solutions for the wide-stencil method, when applied to a

perturbed Monge-Ampère equation with an extra lower order term δu; the parameter

δ > 0 is independent of the mesh and appears in reciprocal form in the rate. In

contrast, our analysis hinges on the discrete comparison principle and two discrete

barrier functions, which are instrumental in proving convergence to the viscosity

solution of (1.1.1). Moreover, our methodology further leads to pointwise error

estimates, which we also derive.

Our method hinges on the following formula for the determinant of the semi-
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positive Hessian D2w of a smooth function w [43]:

detD2w(x) = min
(v1,...,vd)∈S⊥

d∏
j=1

vTj D
2w(x) vj, (1.1.2)

where S⊥ is the set of all d−orthonormal bases in Rd. The minimum is achieved for

the eigenvectors of D2w and is equal to
∏d

j=1 λj, where (λj)
d
j=1 are the corresponding

eigenvalues. To discretize (1.1.2) we introduce two scales h and δ. We discretize

the domain Ω by a shape regular and quasi-uniform mesh Th with spacing h, and

construct a space Vh of continuous piecewise linear functions associated with the

mesh Th. The second coarser scale δ is the length of directions we use to approximate

second directional derivatives by central second order differences

∇2
δw(x; v) :=

w(x+ δv)− 2w(x) + w(x− δv)

δ2
and |v| = 1,

for any w ∈ C0(Ω); this formula will be appropriately modified close to ∂Ω. We

denote by uε our discrete solution, where ε = (h, δ) represents the two scales, and

define the discrete Monge-Ampère operator to be

Tε[uε](xi) := min
(v1,...,vd)∈S⊥

d∏
j=1

∇2
δuε(xi; vj),

where xi is a generic interior node of Th. This leads to a clear separation of scales,

which is a key theoretical advantage over the original wide stencil method of [43].

This also yields continuous dependence of uε on data, which along with the discrete

comparison principle and the use of some discrete barrier functions give rise to rates

of convergence in L∞(Ω) for viscosity solutions of (1.1.1) under some additional

regularity requirements. To make the two-scale method practical, we resort to fast
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search techniques within [79, 80] to locate points xi ± δvj, which may not be nodes

of Th in general.

One of the main tools in this work is the discrete comparison principle that

enables us to control the behavior of uε and prove its uniform convergence to the

unique viscosity solution u of (1.1.1) as δ → 0 and hδ−1 → 0. It is important to

realize, as already observed in [38], that such a convergence is not an immediate con-

sequence of the theory developed by Barles and Souganidis [7]. This theory assumes

that the discrete operator is consistent up to the boundary and that the bound-

ary conditions are treated in the viscosity sense; our operator Tε is only consistent

at distance δ from the boundary and our notion of Dirichlet condition is classical.

Moreover, the theory of [7] also hinges on a comparison principle for the underlying

equation, which in the case of the Monge-Ampère equation (1.1.1) requires that the

subsolution and supersolution constructed through the limit supremum and limit

infimum of uε are convex.

We present two proofs of uniform convergence. The first one relies on regular-

ization of data f, g and Ω and the discrete comparison principle. This approach sets

the stage for proving rates of convergence for the 2-scale method. Regularization is

a natural device used already for Monge-Ampère by De Philippis and Figalli [31] as

a PDE tool and Awanou for numerical purposes [5]. The second approach is along

the lines of Barles and Souganidis [7], uses techniques similar to those developed by

Feng and Jensen [38], and circumvents the two main issues mentioned above. Con-

trolling the behavior of uε in a δ-neighborhood of the boundary ∂Ω is critical to both

approaches. This is achieved via a discrete barrier function; similar constructions
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are discussed in [38,65,66].

As a next natural step, we prove rates of convergence for the method. We do

so for classical solutions with either Hölder or Sobolev regularity and for a special

class of viscosity solutions. The first important tool for proving pointwise rates

of convergence is the discrete Alexandroff estimate introduced in [65]: if wh is an

arbitrary continuous piecewise linear function, wh ≥ 0 on ∂Ωh, and Γwh stands for

its convex envelope, then

max
xi∈Nh

w−h (xi) ≤ C

 ∑
xi∈C−(wh)

|∂Γwh(xi)|

1/d

where Ωh is our computational domain and ∂Γwh is the subdifferential of Γwh,

while C−(wh) represents the lower contact set of wh, i.e. the set of interior nodes

xi ∈ N 0
h such that Γwh(xi) = wh(xi); hereafter we write w−h (xi) := −min{wh(xi), 0}.

To control the measure of the subdifferential at each node, we show the following

estimate

|∂wh(xi)| ≤ δd min
(v1,...,vd)∈S⊥

d∏
j=1

∇2
δwh(xi; vj) ∀xi ∈ N 0

h ,

such that the ball centered at xi and of radius δ is contained in Ωh. Combining both

estimates, we derive the following continuous dependence estimate

max
Ωh

(uh − wh)− ≤ Cδ

 ∑
xi∈C−(uh−wh)

(
Tε[uh](xi)

1/d − Tε[wh](xi)1/d
)d1/d

for all continuous piecewise linear functions uh and wh such that Tε[uh](xi) ≥ 0

and Tε[wh](xi) ≥ 0 for all xi ∈ N 0
h . This result is instrumental and, combined

with operator consistency and a discrete barrier argument close to the boundary,
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eventually leads to the following pointwise error estimates

‖uε − u‖L∞(Ωh) ≤ C(d,Ω, f, u) h
α+k
α+k+2

provided u ∈ C2+k,α(Ω) with 0 < α ≤ 1 and k = 0, 1, as well as

‖uε − u‖L∞(Ωh) ≤ C(d,Ω, f, u) h1− 2
s

provided u ∈ W s
p (Ω) with 2 + d/p < s ≤ 4 and p > d, and δ is suitably chosen

in terms of h. We also consider a special case of viscosity solutions with bounded

but discontinuous Hessians, and manage to prove a rate of convergence. Since these

theorems are proven under the nondegeneracy assumption f > 0, we also examine

the effect of degeneracy f ≥ 0 on the rates.

To showcase the performance of our 2-scale method, we present computational

experiments for a classical and a degenerate viscosity solution solved with a semi-

smooth Newton method. We obtain linear rates for both cases. This indicates

a faster convergence than predicted by our theory. However, it is later proven

in [59] that the rates are indeed linear for our classical example. We also present an

example with unbounded f , which does not fall within our theory, and still observe

convergence although with a reduced rate. We observe that, although our method

converges linearly, it is not as accurate as the one in [43] in terms of the L∞ error.

A viable way to ameliorate this is to increase the polynomial degree, which,

given the two-scale nature of our scheme, would also require higher order approxima-

tion of second directional derivatives. In practice, this pair of corrections corresponds

to using quadratic polynomials in order to achieve a better interpolation error and
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a more accurate discretization of directional derivatives in order to decrease the

truncation error of the operator:

∇2
δ,aw(x; v) :=

−w(x+ δv) + 16w(x+ δ
2
v)− 30w(x) + 16w(x− δ

2
v)− w(x− δv)

3δ2

We observe that this discretization is no longer monotone. As a result a method

relying only on this discretization cannot be proven to converge to viscosity solutions

of (1.1.1). This is the motivation behind the use of a filtered scheme, along the lines

of [44]. The idea of such a scheme hinges on the use of a filter function that combines

an accurate and a monotone operator and guarantees that the monotone operator

will be used if the accurate operator fails, due to lack of monotonicity. This leads to

the notion of ”almost monotone” operator that is flexible enough to deliver better

accuracy for each fixed mesh size. We note here that, similarly to [44, 69], we

require a continuous filter to prove existence and convergence for the scheme, but,

in practice, a discontinuous filter is often used [17,69].

We emphasize that introducing a non-monotone component in our scheme violates

a critical tool for our original analysis, the discrete comparison principle, which is

instrumental in proving the convergence of the discrete solution to the viscosity

solution u of (1.1.1) and deriving max norm error estimates. As a result, one of our

first goals is to show that the new operator is ”almost” monotone and try to use

this fact along with the tools employed so far to obtain again convergence to the

viscosity solution under certain assumptions on the filter function.

In order to explore the performance of the accurate operator and the filtered scheme,

a substantial part of our presentation is devoted to numerical experiments. We
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first verify computationally the increased accuracy of the higher-order operator and

present several computational remarks. We then repeat our experiments for the

filtered scheme and obtain the anticipated results: the scheme has a smaller error

compared to the monotone operator and appears to detect singularities when the

solution is not smooth. In fact, we observe that in the case of singularities the

filtered scheme performs even better than the accurate operator. We explore this

behavior and examine the interplay between the monotone and the accurate operator

in the non-smooth case, in order to understand better the role of the chosen filtered

function.

The discussion in chapters 2-3 corresponds to the work presented in [62–64].

1.2 Large Bending Deformation of Plates Under Isometry Constraint:

Chapters 4-5

Large bending deformation of thin plates is a critical subject for many modern

engineering applications due to the extensive use of plate actuators in a variety of sys-

tems like thermostats, nano-tubes, micro-robots and micro-capsules [12,54,56,74,76].

From the mathematical viewpoint, there is an increasing interest in the modeling and

the numerical treatment of such plates. A rigorous analysis of large bending defor-

mation of plates was conducted in [41], where the geometrically non-linear Kirchhoff

model was derived from three dimensional hyperelasticity. Since then, there have

been various other interesting models, such as the prestrained model derived in [57].
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Previous work on the numerical treatment of large bending deformations includes

the single layer problem by Bartels in [8], the bilayer problem by Bartels, Bonito

and Nochetto in [11] and the modeling and simulation of thermally actuated bilayer

plates by Bartels, Bonito, Muliana and Nochetto in [10]. In all three approaches the

model involves minimizing an energy functional that is dominated by the Hessian of

the deformation y : Ω→ R3 of the mid-plane Ω of the plate. The minimization takes

place under Dirichlet boundary conditions for y and ∇y and the isometry constraint

∇yT∇y = I a.e.,

where I stands for the identity matrix in R2. The authors use Kirchhoff elements

in order to impose the isometry constraint on the nodes of the triangulation and

rely on an H2- gradient flow that allows them to construct solutions of decreasing

discrete energy. In [8, 11] it is also proved that the discrete energies Γ-converge to

the continuous one. Since for higher order problems a conforming approach would

be very costly, the Kirchhoff elements offer a natural non-conforming space for the

model that allows the authors to deal with the isometry constraint pointwise.

In Chapter 4 we present a different approach, developed in [19]. We focus on

the single layer problem, in order to investigate the applicability of a more flexible

method that hinges on a non-conforming space of discontinuous functions and the

use of interior penalty terms for the discrete energy, along with a Nitsche approach

that enforces the boundary conditions in the limit. To be more precise, given a

forcing term f ∈ L2(Ω), we wish to approximate a minimizer y : Ω → R3 of the

11



continuous energy

E[y] =
1

2

∫
Ω

|D2y|2 −
∫

Ω

fy

in the set of admissible functions

A =
{
y ∈ H2(Ω)3 : (∇y)T∇y = I a.e. in Ω, y = g, ∇y = ΦD on ΓD

}
,

where g and ΦD are the boundary conditions for y and ∇y on a part ΓD of the

boundary. To this end, we define an approximate spae Ak
h of discontinuous piecewise

polynomials of degree k ≥ 2 that satisfy the approximate isometry constraint

∑
T∈T

∣∣∣∣∫
T

(∇hyh)
T∇hyh − I

∣∣∣∣ ≤ Ch, (1.2.1)

where ∇hyh stands for the piecewise (or broken) gradient of yh. We then search for

yh ∈ Ak
h that minimizes the discrete energy functional

Eh[yh] :=
1

2
‖D2

hyh‖2
L2(Ω) − ({∂ν∇hyh}, [∇hyh])L2(Σ) + ({∂ν∆hyh}, [yh])L2(Σ)

+
γ1

2
‖h−1/2[∇hyh]‖2

L2(Σ) +
γ0

2
‖h−3/2[yh]‖2

L2(Σ) −
∫

Ω

fhyh,

where we use again piecewise differentiation, fh is the Lagrange interpolant of f

in a space of polynomials of degree k and Σ stands for the skeleton of the mesh.

The above discrete energy is natural in the context of Discontinuous Galerkin (DG)

methods, since it involves interior penalty terms and Nitsche terms that allow us to

deal with the boundary conditions. This means that the jumps that appear on the

energy are defined as

[yh] :=


y+
h − y

−
h , e ⊂ Ω

yh − gh, e ⊂ ∂Ω

12



and

[∇hyh] :=


∇hy

+
h −∇hy

−
h , e ⊂ Ω

∇hyh − ΦD,h, e ⊂ ∂Ω,

where gh and ΦD,h correspond to discontinuous interpolants of the boundary condi-

tions and y±h are the values of yh on both sides of the edge e. In order to find such a

minimizer, we employ a discrete gradient flow using an appropriate inner product.

We show that the gradient flow leads to decreasing discrete energy and guarantees

the constraint in (1.2.1). We also prove that the discrete energy Eh Γ-converges to

the continuous energy E and that minimizers of Eh converge strongly in L2(Ω) to

minimizers of E in A.

Our approach is motivated by the flexibility of DG compared to Kirchhoff el-

ements. First of all, Kirchhoff elements require polynomial degree k = 3 and suffer

from a complicated implementation that involves the introduction and realization

of a discrete gradient that maps the gradient of the discrete deformation to an-

other space. Since this is not implemented in finite element libraries, the above

difficulty hinders the impact of the method in the engineering community. A DG

approach circumvents this issue, since the DG framework is implemented in most fi-

nite element libraries. Moreover, Kirchhoff elements are not amenable to adaptively

refined partitions, while the DG approach can be potentially extended to graded

meshes. Lastly, it was observed numerically that the isometry constraint imposed

with Kirchhoff elements at each vertex is very rigid at the expense of efficiency in

the approximation. On the contrary, our experiments with DG indicate that this

approach is more accurate and that it also adjusts better to the geometry of the
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problem.

From a theoretical stand-point, in order to prove Γ− convergence of our

method, we need to create a recovery sequence for a function y ∈ H2(Ω). To

this end, we also need a regularization of y, in order to use interpolation estimates.

Our approach allows us to do this without being forced to preserve the isometry con-

straint or the boundary conditions after regularization, since we do not use pointwise

values for the constraint nor do we enforce the boundary conditions explicitly in our

discrete space. This offers a simpler argument than the one required for Kirchhoff

elements in [8, 11].

At the end of the chapter, we present numerical simulations for the single layer

problem that allow us to compare with the Kirchhoff element approach and assess

the flexibility of this new method.

Finally, we explore computationally in Chapter 5 the applicability of our

method into more physically realistic cases. To that end, we test our method in

a variety of examples for the bilayer problem, that are either inspired by the work

in [10,11] or by engineering applications [2, 53,75].

The discussion in chapters 4-5 mostly corresponds to the work presented in

[19].
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1.3 Outline

Chapters 2 and 3 are concerned with the numerical treatment of the Monge-

Ampère equation. We present our two-scale method on Chapter 2 and prove the

convergence to viscosity solutions, as well as rates of convergence for varying regu-

larity assumptions for the exact solution. We close the chapter by presenting our

numerical experiments for the method. On Chapter 3 we motivate and introduce the

filtered scheme that improves the accuracy of the two-scale method and prove again

convergence to the viscosity solutions. We illustrate the performance of the method

and compare with the original two-scale scheme. Chapters 4 and 5 are devoted to

the large bending deformation problem with isometry constraint. On Chapter 4 we

introduce our DG method for the single layer problem. We prove Γ-convergence of

the discrete energy to the continuous one and illustrate the accuracy and geomet-

ric flexibility of the method numerically. Lastly, on Chapter 5 we extend the DG

method to the bilayer model and investigate computationally how it performs for

various examples either from [10,11] or the engineering literature.
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Chapter 2: Two-scale method for the Monge-Ampère Equation: Con-

vergence to the viscosity solution

In this Chapter we introduce our two-scale method for solving the Monge-

Ampère equation with Dirichlet boundary conditions. We prove the convergence of

our solution to the unique viscosity solution of (1.1.1) and provide rates of conver-

gence for solutions with certain regularity assumptions. We explore these results

computationally using a classical and a piecewise smooth viscosity solution, as well

as a viscosity solution that is not covered by our analysis.

2.1 Two-Scale Method

We start by introducing our method based on the variational formulation

(1.1.2) for the determinant of the Hessian D2u. We then prove a discrete analogous

of the convexity property for solutions of our method. Afterwards, we introduce the

full discretization of our method, which uses only a finite subset of the orthonormal

basis used in (1.1.2).
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2.1.1 Ideal Two-Scale Method

Let Th be a shape-regular and quasi-uniform triangulation with mesh size h.

We denote by Ωh the union of elements of Th and we call it the computational

domain. Let Nh denote the nodes of Th, N b
h := {xi ∈ Nh : xi ∈ ∂Ωh} be the

boundary nodes andN 0
h := Nh\N b

h be the interior nodes. We require thatN b
h ⊂ ∂Ω,

which in view of the convexity of Ω implies that Ωh is also convex and Ωh ⊂ Ω.

We denote by Vh the space of continuous piecewise linear functions over Th. We

recall the notation S⊥ for the collection of all d-tuples of orthonormal bases and

v := (v1, . . . , vd) ∈ S⊥ for a generic element, whence each component vi belongs

to the unit sphere S of Rd. For xi ∈ N 0
h , we use the formula of centered second

differences

∇2
δw(xi; vj) :=

w(xi + ρδvj)− 2w(xi) + w(xi − ρδvj)
ρ2δ2

, (2.1.1)

where 0 < ρ ≤ 1 is the biggest number such that both xi ± ρδvj ∈ Ωh for all

vj ∈ S; we stress that ρ need not be computed exactly. This is well defined for any

w ∈ C0(Ω), in particular for w ∈ Vh.

We seek uε ∈ Vh such that uε(xi) = g(xi) for xi ∈ N b
h and for xi ∈ N 0

h

Tε[uε](xi) := min
v∈S⊥

(
d∏
j=1

∇2,+
δ uε(xi; vj)−

d∑
j=1

∇2,−
δ uε(xi; vj)

)
= f(xi), (2.1.2)

where from now on we use the notation

∇2,+
δ uε(xi; vj) = max (∇2

δuε(xi; vj), 0), ∇2,−
δ uε(xi; vj) = −min (∇2

δuε(xi; vj), 0).

A similar definition was first proposed by Froese and Oberman in [42,43] for a finite
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difference method. The key idea behind (2.1.2) is to enforce a suitable notion of

discrete convexity. To build intuition we explore this concept next.

Definition 2.1.1 (discrete convexity). We say that wh ∈ Vh is discretely convex if

∇2
δwh(xi; vj) ≥ 0 ∀xi ∈ N 0

h , ∀vj ∈ S.

It is important to realize that this definition does not imply convexity in the

usual sense, which is rather tricky to achieve with piecewise polynomials [1, 66, 78].

On the other hand, if w ∈ C0(Ωh) is convex, then its Lagrange interpolant Ihw

satisfies Ihw ≥ w, whence Ihw is discretely convex but not necessarily convex.

Lemma 2.1.2 (discrete convexity). If wh ∈ Vh satisfies

Tε[wh](xi) ≥ 0 ∀xi ∈ N 0
h ,

then wh is discretely convex and as a consequence

Tε[wh](xi) = min
v∈S⊥

d∏
j=1

∇2
δwh(xi; vj), (2.1.3)

namely

∇2,+
δ wh(xi; vj) = ∇2

δwh(xi; vj), ∇2,−
δ wh(xi; vj) = 0 ∀xi ∈ N 0

h , ∀vj ∈ S.

Conversely, if wh is discretely convex, then Tε[wh](xi) ≥ 0 for all xi ∈ N 0
h .

Proof. We distinguish two cases depending on whether Tε[wh](xi) > 0 or not. Let

v = (vj)
d
j=1 ∈ S⊥ be a d-tuple that realizes the mininum in the definition of

Tε[wh](xi) and note that

d∏
j=1

∇2,+
δ wh(xi; vj) ≥ 0,

d∑
j=1

∇2,−
δ wh(xi; vj) ≥ 0.
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Case 1: Tε[wh](xi) > 0. If the difference of these two quantities is positive,

then so must be the first one. This implies that each factor ∇2,+
δ wh(xi; vj) > 0,

whence the second term must vanish. This readily yields (2.1.3).

Case 2: Tε[wh](xi) = 0. If instead the difference of the two quantities above

vanishes, then there are two possible situations. If the first quantity is strictly

positive, then the argument in Case 1 implies that the second quantity vanishes,

which is a contradiction. Therefore, the alternative option is that both quantities

vanish, whence

∇2,−
δ wh(xi; vj) = 0 ∀j ⇒ ∇2

δwh(xi; vj) ≥ 0 ∀j.

This again implies that wh is discretely convex along with (2.1.3). Since the converse

is trivial the proof is complete.

2.1.2 Practical Two-Scale Method

The ideal two-scale method of Section 2.1.1 leads to the notion of discrete

convexity and Lemma 2.1.2 but cannot be implemented, because the minimum in

(2.1.2) entails infinitely many options for v ∈ S⊥. To render the two-scale method

practical, we introduce a finite discretization Sθ of the unit sphere S governed by

the parameter θ: given v ∈ S, there exists vθ ∈ Sθ such that

|v − vθ| ≤ θ.

Likewise, we approximate the set S⊥ of d-orthonormal bases by the finite set S⊥θ ⊂

S⊥: for any vθ = (vθj )
d
j=1 ∈ S⊥θ , vθj ∈ Sθ and there exists v = (vj)

d
j=1 ∈ S⊥ such that

|vj − vθj | ≤ θ for all 1 ≤ j ≤ d and conversely.
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If ε := (h, δ, θ), the practical two-scale method now reads: seek uε ∈ Vh such

that uε(xi) = g(xi) for xi ∈ N b
h and for xi ∈ N 0

h

Tε[uε](xi) := min
v∈S⊥θ

(
d∏
j=1

∇2,+
δ uε(xi; vj)−

d∑
j=1

∇2,−
δ uε(xi; vj)

)
= f(xi). (2.1.4)

We observe that if we relax Definition 2.1.1 (discrete convexity) to be

∇2
δwh(xi; vj) ≥ 0 ∀xi ∈ N 0

h , ∀vj ∈ Sθ,

then Lemma 2.1.2 (discrete convexity) is still valid and we can take

Tε[wh](xi) = min
v∈S⊥θ

d∏
j=1

∇2
δwh(xi; vj), (2.1.5)

provided Tε[wh](xi) ≥ 0, as is the case of uε in (2.1.4).

We now show that (2.1.4) is monotone and prove a comparison principle for

f ≥ 0.

Lemma 2.1.3 (monotonicity). Let uh, wh ∈ Vh be discretely convex. If uh − wh

attains a maximum at an interior node z ∈ N 0
h , then

Tε[wh](z) ≥ Tε[uh](z).

Proof. If uh − wh attains a maximum at z ∈ N 0
h , then

uh(z)− wh(z) ≥ uh(xi)− wh(xi) ∀xi ∈ Nh.

For suitably chosen 0 < ρ ≤ 1, the points z ± δρvj ∈ Ωh satisfy

uh(z)− wh(z) ≥ uh(z ± δρvj)− wh(z ± δρvj) ∀vj ∈ Sθ,

because this relation holds at the vertices of the simplices where z ± δρvj belong to

and both uh and wh are piecewise linear. Hence, (2.1.1) implies

∇2
δuh(z; vj) ≤ ∇2

δwh(z; vj) ∀vj ∈ Sθ.
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Since discrete convexity of uh and wh implies (2.1.5), the proof is complete.

Lemma 2.1.4 (discrete comparison principle). Let uh, wh ∈ Vh with uh ≤ wh on

the boundary ∂Ωh be such that

Tε[uh](xi) ≥ Tε[wh](xi) ≥ 0 ∀xi ∈ N 0
h .

Then, uh ≤ wh in Ωh.

Proof. Since uh, wh ∈ Vh, it suffices to prove uh(xi) ≤ wh(xi) for all xi ∈ N 0
h . In

view of Lemma 2.1.2 (discrete convexity) and (2.1.5), we realize that both uh and

wh are discretely convex and we can rewrite the operator inequality as follows:

min
v∈S⊥θ

d∏
j=1

∇2
δuh(xi; vj) ≥ min

v∈S⊥θ

d∏
j=1

∇2
δwh(xi; vj) ≥ 0 ∀xi ∈ N 0

h .

The proof splits into two steps according to whether this inequality is strict or not.

Step 1. We first consider the strict inequality

min
v∈S⊥θ

d∏
j=1

∇2
δuh(xi; vj) > min

v∈S⊥θ

d∏
j=1

∇2
δwh(xi; vj) ∀xi ∈ N 0

h .

We assume by contradiction that there exists an interior node xk ∈ N 0
h such that

uh(xk)− wh(xk) > 0

and

uh(xk)− wh(xk) ≥ uh(xi)− wh(xi) ∀xi ∈ Nh.

Reasoning as in Lemma 2.1.3 we obtain ∇2
δuh(xk; vj) ≤ ∇2

δwh(xk; vj) for all vj ∈ Sθ.

On the other hand, the original strict inequality at xi = xk yields

min
v∈S⊥θ

d∏
j=1

∇2
δwh(xk; vj) <

d∏
j=1

∇2
δuh(xk; vj)
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for all possible directions v = (vj)
d
j=1 ∈ S⊥θ . Choosing v to be a d-tuple that realizes

the minimum of the left-hand side leads to a contradiction.

Step 2. We now deal with the non-strict inequality. We introduce the quadratic

strictly convex function q(x) = 1
2

(
|x|2 − R2

)
, which satisfies q ≤ 0 on Ω for R > 0

sufficiently large and in particular q ≤ 0 on ∂Ωh. Its Lagrange interpolant qh = Ihq

is discretely convex and

∇2
δqh(xi; vj) ≥ ∇2

δq(xi; vj) = ∂2
vjvj

q(xi) = 1 ∀xi ∈ N 0
h , ∀vj ∈ Sθ.

For arbitrary α > 0, the function uh +αqh satisfies uh +αqh ≤ uh ≤ wh on ∂Ωh and

∇2
δ(uh + αqh)(xi; vj) ≥ ∇2

δuh(xi; vj) + α > ∇2
δwh(xi; vj) ∀xi ∈ N 0

h , ∀vj ∈ Sθ,

whence Tε[uh + αqh](xk) > Tε[wh](xk). Applying Step 1 we deduce

uh + αqh ≤ wh ∀α > 0.

Taking the limit as α→ 0 gives the asserted inequality.

2.2 Existence and Uniqueness

We now prove existence and uniqueness of a discrete solution uε ∈ Vh of

(2.1.4).

Lemma 2.2.1 (existence, uniqueness and stability). There exists a unique uε ∈ Vh

that solves the discrete Monge-Ampère equation (2.1.4). The solution uε is stable

in the sense that ‖uε‖L∞(Ω) does not depend on the parameters ε = (h, δ, θ) of the

method.
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Proof. Since uniqueness is a trivial consequence of Lemma 2.1.4 (discrete comparison

principle), we just have to prove existence. To this end, we construct a monotone

sequence of discrete convex functions
{
ukh
}∞
k=0

, starting with the initial iterate u0
h ∈

Vh that satisfies u0
h = Ihg on ∂Ωh and

Tε[u
0
h](xi) ≥ f(xi) ∀xi ∈ N 0

h .

Step 1 : Existence of u0
h. We repeat the calculations of Step 2 in Lemma 2.1.4

(discrete comparison principle) for

q(x) =
1

2
‖f‖1/d

L∞(Ω)|x|
2

to obtain that for qh = Ihq and for all xi ∈ N 0
h

Tε[qh](xi) ≥ ‖f‖L∞(Ω) ≥ f(xi).

We utilize the stability of Ihq in L∞(Ωh) to deduce

‖qh‖L∞(Ωh) ≤ CR ‖f‖1/d
L∞(Ω),

where CR is a geometric constant that depends on the domain Ω.

We next observe that the set of convex functions w satisfying a continuous

Dirichlet boundary condition on a uniformly convex domain is non-empty. The

solution w ∈ C0(Ω) of the homogeneous Dirichlet problem (1.1.1) is one such func-

tion [48, Theorem 1.5.2]. Let w be convex and solve (1.1.1) with f = 0 and Dirichlet

condition w = g − q, whence wh := Ihw satisfies

Tε[wh](xi) ≥ 0 ∀xi ∈ N 0
h .

23



and wh = Ihg − qh on N b
h . We define the initial iterate to be

u0
h := wh + qh

and note that u0
h is discretely convex and satisfies the Dirichlet condition u0

h = Ihg

on ∂Ωh. Since all the terms in Tε[u
0
h](xi) are non-negative, we also deduce

Tε[u
0
h](xi) = min

v∈S⊥θ

d∏
j=1

(
∇2
δwh(xi; vj) +∇2

δqh(xi; vj)
)
≥ f(xi) ∀xi ∈ N 0

h .

Step 2 : Perron Construction. We proceed by induction. Suppose that we

have already a discretely convex function ukh ∈ Vh that satisfies ukh = Ihg on ∂Ωh

and

Tε[u
k
h](xi) ≥ f(xi) ∀xi ∈ N 0

h . (2.2.1)

We now construct uk+1
h ∈ Vh such that uk+1

h ≥ ukh in Ωh, u
k+1
h = Ihg on ∂Ωh and

satisfies (2.2.1). We consider all interior nodes in order and construct auxiliary

functions uk,i−1
h ∈ Vh using the first i − 1 nodes and starting from uk,0h := ukh as

follows. At xi ∈ N 0
h we check whether or not T ε[uk,i−1

h ](xi) > f(xi). If so, we

increase the value of uk,i−1
h (xi) and denote the resulting function by uk,ih , until

Tε[u
k,i
h ](xi) = f(xi).

This is possible because the centered second differences (2.1.2) are strictly decreasing

with increasing central value for all directions. Expression (2.1.2) also shows that

this process potentially increases the centered second differences at other nodes

xj 6= xi, whence

Tε[u
k,i
h ](xj) ≥ Tε[u

k,i−1
h ](xj) ≥ f(xj) ∀xj 6= xi.
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We repeat this process with the remaining nodes xj for i < j ≤ N , and set uk+1
h :=

uk,Nh to be the last intermediate function. By construction, we clearly obtain

Tε[u
k+1
h ](xi) ≥ f(xi), uk+1

h (xi) ≥ ukh(xi) ∀xi ∈ N 0
h .

Our construction preserves the boundary values uk+1
h = Ihg on ∂Ωh and enforces

the relation uk+1
h ≥ ukh in Ωh because both uk+1

h , ukh are piecewise linear functions.

Step 3 : Bounds. If bh := maxxi∈N bh g(xi), then we see that bh ∈ Vh and

Tε[bh](xi) = 0 ≤ f(xi) ≤ Tε[u
k
h](xi) ∀xi ∈ N 0

h , ∀k ≥ 0.

We apply Lemma 2.1.4 (discrete comparison principle) to infer that ukh ≤ bh for all

k ≥ 0. On the other hand, since ‖u0
h‖L∞(Ωh) is bounded uniformly in h and u0

h ≤ ukh,

we deduce the uniform bound

‖ukh‖L∞(Ω) ≤ Λ

with Λ > 0 independent of the discretization parameters h, δ and θ.

Step 4 : Convergence. The sequence {ukh(xi)}∞k=1 is monotone and bounded

above for all xi ∈ N 0
h , and hence converges. The limit

uε(xi) = lim
k→∞

ukh(xi) ∀xi ∈ N 0
h

defines uε ∈ Vh and satisfies uε = Ihg on ∂Ωh. It also satisfies the desired equality

Tε[uε](xi) = f(xi) ∀xi ∈ N 0
h ,

since Tε[uε](xi) = limk→∞ Tε[u
k
h](xi) ≥ f(xi) and if the last inequality were strict,

then Step 2 could be applied to improve uε. This shows existence of a discrete

solution uε of (2.1.2) as well as the uniform bound ‖uε‖L∞(Ω) ≤ Λ.
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2.3 Consistency

We now quantify the operator consistency error in terms of Hölder regularity

of D2u. We start with the definitions of δ-interior region

Ωh,δ = {T ∈ Th : dist(x, ∂Ωh) ≥ δ ∀x ∈ T} , (2.3.1)

and δ-boundary region

ωh,δ = Ωh \ Ωh,δ.

Moreover, given a node xi ∈ N 0
h we denote by

Bi := ∪{T : T ∈ Th, dist (xi, T ) ≤ δ̂} (2.3.2)

where δ̂ := ρδ with 0 < ρ ≤ 1 is the biggest number so that xi ± δ̂vj ∈ Ωh for all

vj ∈ Sθ.

Lemma 2.3.1 (consistency of ∇2
δIhu). Let u ∈ W 2

∞(Bi), Ihu be its Lagrange in-

terpolant in Ωh, and Bi be defined in (2.3.2). The following two estimates are then

valid:

(i) For all xi ∈ N 0
h and all vj ∈ Sθ, we have

∣∣∇2
δIhu(xi; vj)

∣∣ ≤ C|u|W 2
∞(Bi).

(ii) If in addition u ∈ C2+k,α(Bi) for k = 0, 1 and α ∈ (0, 1], then for all xi ∈

N 0
h ∩ Ωh,δ and all vj ∈ Sθ, we have

∣∣∣∣∇2
δIhu(xi; vj)−

∂2u

∂v2
j

(xi)

∣∣∣∣ ≤ C

(
|u|C2+k,α(Bi)δ

k+α + |u|W 2
∞(Bi)

h2

δ2

)
.
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In both cases C stands for a constant independent of the two scales h and δ, the

parameter θ and u.

Proof. We split the proof into three steps.

Step 1. Let xi ∈ N 0
h and vj ∈ Sθ. Since

u(xi + δ̂vj)− u(xi) = δ̂

∫ 1

0

∇u(xi + tδ̂vj) · vj dt,

definition (2.1.1) yields

∇2
δu(xi; vj) = δ̂−1

∫ 1

0

(
∇u(xi + tδ̂vj)−∇u(xi − tδ̂vj)

)
· vj dt

Adding and subtracting ∇u(xi) · vj inside the integral, we similarly arrive at

∇2
δu(xi; vj) =

∫ 1

0

∫ 1

0

t
(
D2u(xi + stδ̂vj) +D2u(xi − stδ̂vj)

)
: vj ⊗ vj ds dt,

which implies ∣∣∇2
δu(xi; vj)

∣∣ ≤ |u|W 2
∞(Bi).

Step 2. Let xi ∈ Ωh,δ and assume that u ∈ C2,α(Bi). We prove the estimate

∣∣∣∣∇2
δu(xi; vj)−

∂2u

∂v2
j

(xi)

∣∣∣∣ ≤ C|u|C2,α(Bi) δ
α.

Write ∇2
δu(xi; vj) = I1 + I2, where

I1 = 2

∫ 1

0

∫ 1

0

tD2u(xi) : vj ⊗ vj ds dt =
∂2u

∂v2
j

(xi)

and

I2 =

∫ 1

0

∫ 1

0

t
(
D2u(xi + st δvj)− 2D2u(xi) +D2u(xi − st δvj)

)
: vj ⊗ vj ds dt.

27



The fact that u ∈ C2,α(Bi) gives

|D2u(xi ± stδvj)−D2u(xi)| ≤ C|u|C2,α(Bi)δ
α,

whence

I2 ≤ C|u|C2,α(Bi)δ
α.

Combining I1 and I2, we deduce the asserted estimate for u ∈ C2,α(Bi) and k = 0.

For u ∈ C3,α(Bi), we exploit the symmetry of I2 to express the integrand in terms

of differences of D3u at points xi ± stz δvj for 0 < z < 1 and thus deduce

I2 ≤ C|u|C3,α(Bi)δ
1+α.

This implies the estimate for k = 1

∣∣∣∣∇2
δu(xi; vj)−

∂2u

∂v2
j

(xi)

∣∣∣∣ ≤ C|u|C3,α(Bi)δ
1+α.

Step 3. We now study the effect of interpolation, for which it is known that [21]

‖u− Ihu‖∞ ≤ C |u|W 2
∞(Bi)h

2.

Therefore, applying definition (2.1.1), we deduce for xi ∈ Ωh,δ

|∇2
δ(u− Ihu)(xi; vj)| ≤ C|u|W 2

∞(Bi)

h2

δ2
.

This completes the proof of (ii) for k = 0, 1. Otherwise, δ must be replaced by

δ̂ = ρδ ≥ Ch with C > 0 depending only on shape regularity. Therefore, we see

that h2δ̂−2 ≤ C, which combined with Step 1 yields the estimate in (i).

We now extend the consistency analysis to the practical two-scale operator Tε.
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Lemma 2.3.2 (consistency of Tε[Ihu]). Let xi ∈ N 0
h ∩Ωh,δ and Bi be defined as in

(2.3.2). If u ∈ C2+k,α(Bi) is convex with 0 < α ≤ 1 and k = 0, 1, and Ihu is its

piecewise linear interpolant, then

∣∣detD2u(xi)− Tε[Ihu](xi)
∣∣ ≤ C1(d,Ω, u)δk+α + C2(d,Ω, u)

(
h2

δ2
+ θ2

)
, (2.3.3)

where

C1(d,Ω, u) = C|u|C2+k,α(Bi)|u|
d−1
W 2
∞(Bi)

, C2(d,Ω, u) = C|u|dW 2
∞(Bi)

.

If xi ∈ N 0
h and u ∈ W 2

∞(Bi), then (2.3.3) remains valid with α = k = 0 and

C2+k,α(Bi) replaced by W 2
∞(Bi).

Proof. We recall that Ihu is discretely convex, namely ∇2
δIhu(xi, vj) ≥ 0 for all

xi ∈ N 0
h and vj ∈ Sθ, because u is convex. Therefore, in view of Lemma 2.1.2

(discrete convexity), the definition of Tε[Ihu] reduces to

Tε[Ihu](xi) = min
v∈S⊥θ

d∏
j=1

∇2
δIhu(xi; vj).

Step 1. Let v = (vj)
d
j=1 ∈ S⊥θ be the d-tuple that realizes the above minimum.

Applying (1.1.2) to the determinant of the Hessian of u, we see that

detD2u(xi)− Tε[Ihu](xi) ≤
d∏
j=1

∂2u

∂v2
j

(xi)−
d∏
j=1

∇2
δIhu(xi; vj).

We now invoke Lemma 2.3.1 (ii) (consistency of ∇2
δIhu) to write∣∣∣∣∂2u

∂v2
j

(xi)−∇2
δIhu(xi; vj)

∣∣∣∣ ≤ C|u|C2+k,α(Bi)δ
k+α + C|u|W 2

∞(Bi)

h2

δ2
,

where k = 0, 1. Given the multiplicative structure above, utilizing Lemma 2.3.1 (i)

we deduce

detD2u(xi)− Tε[Ihu](xi) ≤ C1(d,Ω, u)δk+α + C2(d,Ω, u)
h2

δ2
,
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where C1 and C2 are defined above.

Step 2. We now choose v = (vj)
d
j=1 ∈ S⊥ to be the d-tuple that realizes the

minimum in (1.1.2) for detD2u(xi). We can then write

Tε[Ihu](xi)− detD2u(xi) ≤ I1 + I2

where

I1 =
d∏
j=1

∇2
δIhu(xi; v̂j)−

d∏
j=1

∂2u

∂v̂2
j

(xi), I2 =
d∏
j=1

∂2u

∂v̂2
j

(xi)−
d∏
j=1

∂2u

∂v2
j

(xi),

and v̂ = (v̂j)
d
j=1 ∈ S⊥θ is an approximation of v satisfying |vj − v̂j| ≤ θ for all

1 ≤ j ≤ d. The first term I1 obeys a similar estimate to Step 1. For the second

term I2 we notice that v̂j = vj + wj with |wj| ≤ θ, whence

∂2u

∂v̂2
j

(xi) = v̂Tj D
2u(xi)v̂j =

∂2u

∂v2
j

(xi) + 2wTj D
2u(xi)vj + wTj D

2u(xi)wj.

Using that v̂j = vj + wj, we observe that

1 = |v̂j|2 = |vj|2 + 2vj · wj + |wj|2 ⇒ |vj · wj| =
1

2
|wj|2 ≤

1

2
θ2.

Since D2u(xi)vj = λjvj, we thus obtain∣∣∣∣∂2u

∂v̂2
j

(xi)−
∂2u

∂v2
j

(xi)

∣∣∣∣ ≤ C θ2 |u|W 2
∞(Bi)

as well as

I2 ≤ C θ2 |u|dW 2
∞(Bi)

.

This proves (2.3.3).

The remaining statement for u ∈ W 2
∞(Bi) is a simple consequence of Lemma 2.3.1

(i) and the above 2-step argument.
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Remark 2.3.3 (regularity). We give sufficient conditions for the regularity of u in

Lemma 2.3.2: if 0 < f0 ≤ f(x) ≤ f1 for all x ∈ Ω and f ∈ Cα(Ω), g ∈ C3(Ω),

and ∂Ω ∈ C3, then u ∈ C2,α(Ω) [77, Theorem 1.1]. In such a case, there exist

0 < λ ≤ Λ <∞ depending on f, g and Ω such that [32, Theorem 2.10]

λI ≤ D2u(x) ≤ ΛI ∀x ∈ Ω.

Since
∣∣∣∂2u
∂v2
j
(xi)

∣∣∣ ≤ Λ, the constants C1 and C2 in Lemma 2.3.2 could also be written

C1(d,Ω, u) = CΛd−1|u|C2+k,α(Bi), C2(d,Ω, u) = CΛd−1|u|W 2
∞(Bi).

Remark 2.3.4 (optimal consistency error). We observe that for a smooth function

the above lemma provides us with a consistency error of order h, after equating δ2, θ2

and h2

δ2 and taking δ = h1/2.

2.4 Convergence

Lemma 2.3.2 (consistency of Tε[Ihu]) shows interior consistency at distance δ

to ∂Ωh for u ∈ C2(Ω); hence the Barles-Souganidis theory [7] does not apply directly,

as stated in [38]. We compensate with the fact that Ihu− uε vanishes on ∂Ωh and

cannot grow faster than Cδ at distance δ to ∂Ωh. We make this statement rigorous

via a barrier argument similar to those in [38,65,66]. To handle the behavior of u−uε

inside Ωh we utilize Lemma 2.1.4 (discrete comparison principle) and Lemma 2.3.2

(consistency of Tε[Ihu]). In both cases we need the solution to be C2(Ω), which

may in general be false for the viscosity solution and thus requires a regularization

argument involving data (f, g,Ω). We discuss these topics in this section and give

a variation of the Barles-Souganidis approach as well.
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2.4.1 Barrier Functions

We now introduce two discrete barrier functions, one to deal with the boundary

behavior and the other one to handle the interior behavior. We employ them again

in Section 2.7 to prove rates of convergence under certain regularity assumptions.

Lemma 2.4.1 (discrete boundary barrier). Let Ω be uniformly convex and E > 0

be arbitrary. For each node z ∈ N 0
h with dist(z, ∂Ωh) ≤ δ, there exists a function

ph ∈ Vh such that Tε[ph](xi) ≥ E for all xi ∈ N 0
h , ph ≤ 0 on ∂Ωh and

|ph(z)| ≤ CE1/dδ

with C depending on Ω.

Proof. Take z1 ∈ ∂Ωh such that |z − z1| = dist(z, ∂Ωh) ≤ δ. Upon extending

the segment joining z and z1, we find z2 ∈ ∂Ω that satisfies the upper bound

|z2−z1| ≤ C1h because Ω is uniformly convex and thus Lipschitz but not necessarily

W 2
∞. This implies that for z0 ∈ ∂Ω such that |z − z0| = dist(z, ∂Ω), we have

|z − z0| ≤ |z − z2| ≤ δ + C1h ≤ C2δ. We now make a change of coordinates so that

z0 becomes the origin and z = (0, . . . , 0, |z − z0|). Since Ω is uniformly convex, it

lies inside the ball

x2
1 + x2

2 + . . .+ x2
d−1 + (xd −R)2 ≤ R2,

where the radius R depends on ∂Ω which is not necessarily W 2
∞. Under this coor-

dinate system, let p(x) be the quadratic polynomial

p(x) =
E1/d

2

(
x2

1 + x2
2 + . . .+ x2

d−1 + (xd −R)2 −R2
)
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and ph = Ihp be its piecewise linear Lagrange interpolant in Ωh. We note that p ≤ 0

on Ω yields ph ≤ 0 on ∂Ωh. Since p is convex and Ihp ≥ p, we infer that

Tε[ph](xi) ≥ Tε[p](xi) = E ∀ xi ∈ N 0
h ,

where the last equality is a consequence of p being quadratic and

∇2
δp(xi; vj) = ∂2

vjvj
p(xi) = E1/d ∀ vj ∈ Sθ.

Moreover, since |z − z0| ≤ C2δ, we deduce |ph(z)| ≤ CΩE
1/dδ, as asserted.

The following barrier function qh and corresponding statement have already

been used in the proof of Lemma 2.1.4 (discrete comparison principle).

Lemma 2.4.2 (discrete interior barrier). Let Ω be contained in the ball B(x0, R)

of center x0 and radius R. If q(x) := 1
2

(
|x − x0|2 − R2

)
, then its interpolant qh :=

Ihq ∈ Vh satisfies

Tε[qh](xi) ≥ 1 ∀xi ∈ N 0
h , qh(xi) ≤ 0 ∀xi ∈ N b

h .

2.4.2 Approximation by Smooth Problems

For data f, g uniformly continuous in Ω, f ≥ 0, and Ω uniformly convex,

the regularity u ∈ C2(Ω) which would yield small interior consistency error is not

guaranteed. We thus embark on a regularization procedure similar to that used by

DePhilippis-Figalli [31] and Awanou [5]. We start with a result about continuous

dependence on data for viscosity solutions.
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Lemma 2.4.3 (continuous dependence on data). Given f1, f2 ∈ C(Ω), f1, f2 ≥ 0,

and g1, g2 ∈ C(∂Ω), let u1, u2 ∈ C(Ω) be the corresponding convex viscosity solutions

of (1.1.1). Then there exists a constant C depending on Ω such that

‖u1 − u2‖L∞(Ω) ≤ C‖f1 − f2‖1/d
L∞(Ω) + ‖g1 − g2‖L∞(∂Ω).

Proof. Let q ≤ 0 be the barrier function of Lemma 2.4.2 (discrete interior barrier)

and F := ‖f1 − f2‖1/d
L∞(Ω), G := ‖g1 − g2‖L∞(∂Ω). We consider the auxiliary function

u−1 := u2 + Fq −G,

which is a convex viscosity subsolution of (1.1.1) with data (f1, g1). To prove this,

let φ ∈ C2(Ω) and x0 ∈ Ω be a point where u−1 − φ attains a maximum. This

implies that u2−
(
φ−Fq+G

)
attains also a maximum at x0. Since u2 is a viscosity

subsolution of (1.1.1), and D2q(x0) = I is the identity matrix, we deduce

det
(
D2φ(x0)− FI

)
≥ f2(x0) ≥ 0.

Formula (1.1.2) for two symmetric positive semi-definite matrices A,B easily implies

det(A+B) ≥ det(A) + det(B).

Using this expression for A = D2φ(x0)− FI and B = FI we obtain

det(D2φ(x0)) ≥ f2(x0) + F d = f2(x0) + ‖f1 − f2‖L∞(Ω) ≥ f1(x0).

In addition, since q ≤ 0 in Ω, the function u−1 satisfies on ∂Ω

u−1 ≤ u2 −G = g2 − ‖g1 − g2‖L∞(∂Ω) ≤ g1.
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These two properties of u−1 imply that u−1 is a viscosity subsolution of (1.1.1) with

data (f1, g1). Since u−1 is also convex, the comparison principle for (1.1.1) gives

u−1 ≤ u1 ⇒ u2 − u1 ≤ −Fq +G.

We similarly prove the reverse inequality, thus obtaining the desired estimate.

We stress the monotonicity estimate

f1 ≥ f2 ≥ 0, g1 ≤ g2 ⇒ u1 ≤ u2,

which is a consequence of u1 being a convex subsolution of (1.1.1) with data (f2, g2).

Using the above result, we now show that we can approximate a viscosity

solution u of (1.1.1) by regular (classical) solutions un.

Lemma 2.4.4 (approximation of viscosity solutions by smooth solutions). Let Ω be

uniformly convex, f, g be uniformly continuous in Ω, f ≥ 0, and u be the viscosity

solution of (1.1.1) with data (f, g,Ω). Then, there exist a decreasing sequence of

uniformly convex and smooth domains Ωn converging to Ω in the sense that the

Hausdorff distance distH(Ωn,Ω) → 0, a decreasing sequence of smooth functions

fn > 0 such that fn → f uniformly in Ω, a sequence of smooth functions gn such

that gn → g uniformly in Ω, and a sequence of smooth classical solutions un of

(1.1.1) with data (fn, gn,Ωn) such that un → u uniformly in Ω as n→∞.

Proof. We prove the result in four steps.

Step 1: Domain Approximation. According to [16] there is a sequence of

smooth and uniformly convex domains Ω̃n ⊂ Ω that increase to Ω in the sense that
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the Hausdorff distance distH(Ω̃n,Ω) → 0. Since Ω is convex, it is star-shaped with

respect to any of its points. Let’s assume that the origin is contained in Ω and dilate

the domains Ω̃n so that the ensuing domains Ωn satisfy:

Ω ⊂ Ωn ⊂ Ωm m ≤ n; distH(Ωn,Ω)→ 0 n→∞.

The domains Ωn inherit the regularity of Ω̃n as well as their uniform convexity.

Given δn → 0 as n → ∞, to be chosen later in Step 4, we relabel Ωn to be an

approximate smooth domain so that distH(Ωn,Ω) ≤ δn.

Step 2: Data Regularization. Let Ω̃ be an auxiliary domain such that Ωn ⊂ Ω̃

for all n. We now construct a sequence (fn, gn) of smooth functions defined in Ω̃

that converge uniformly in Ω to (f, g). We first extend (f, g) to Ω̃ and let σ(t) be

the modulus of continuity in Ω̃ for both (f, g) [34, Theorem 2.1.8.]:

|f(x)− f(y)|, |g(x)− g(y)| ≤ σ(|x− y|) ∀x, y ∈ Ω̃.

Let ρ < distH(Ωn, Ω̃) and let φρ ≥ 0 be a standard smooth mollifier function with

support in B(0, ρ). We have for fρ = f ∗ φρ that

|fρ(x)− f(x)| =
∣∣∣∣∫

Ω̃

(f(x− y)− f(x)) φρ(y) dy

∣∣∣∣ ≤ σ(ρ) ∀x ∈ Ωn

because φρ integrates to one. This implies that

f̃ρ(x) := fρ(x) + 2σ(ρ) ≥ f(x)− σ(ρ) + 2σ(ρ) = f(x) + σ(ρ) > 0 ∀x ∈ Ωn.

We now take ρ1 ≤ ρ2 and observe that for all x ∈ Ωn

f̃ρ1(x)− f̃ρ2(x) =
(
fρ1(x) + 2σ(ρ1)

)
−
(
fρ2(x) + 2σ(ρ2)

)
≤ f(x) + σ(ρ1) + 2σ(ρ1)− f(x) + σ(ρ2)− 2σ(ρ2) = 3σ(ρ1)− σ(ρ2) ≤ 0,
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if σ(ρ1) ≤ σ(ρ2)
3

. We thus choose ρn such that σn = σ(ρn) = 4−n and define fn := f̃ρn ,

which is a strictly positive and decreasing sequence of functions satisfying the error

estimate

σn ≤ fn(x)− f(x) ≤ 3σn ∀x ∈ Ωn. (2.4.1)

Similarly, we regularize g by convolution gρ = g ∗ φρ and define gn := gρn to obtain

‖g − gn‖L∞(Ωn) ≤ σn. (2.4.2)

Step 3: Boundary Behavior. Let un be the smooth classical solution of (1.1.1)

with data (fn, gn,Ωn), which satisfies un ∈ C2,α(Ωn) with norms depending on n but

uniform α; this is possible because (fn, gn,Ωn) are smooth, Ωn is uniformly convex,

and fn > 0 [24] [77, Theorem 1.1].

We now compare g and un at z ∈ ∂Ω without invoking any regularity of un

but rather using a barrier argument. We start with g: if y ∈ ∂Ωn is the closest point

to z, then |z − y| ≤ δn and

|g(z)− g(y)| ≤ σ(|z − y|) ≤ σ(δn).

On the other hand, we know that

|g(y)− gn(y)| ≤ σ(ρn).

Let p be the quadratic barrier function introduced in the proof of Lemma 2.4.1, but

now associated with Ωn and y ∈ ∂Ωn. We consider the (lower) barrier function

b−n (x) := p(x) + gn(y) +∇gn(y)(x− y),

which satisfies

detD2b−n = detD2p ≥ fn in Ωn
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for E > ‖f‖L∞(Ω̃) because b−n is a linear correction of p. We assert that b−n ≤ gn on

∂Ωn provided E also satisfies E ≥ C‖gn‖W 2
∞(Ωn) where C depends on the uniform

convexity of Ω. If this is true, then applying the comparison principle [48, Theorem

1.4.6] to the smooth functions b−n and un with data (fn, gn,Ωn) yields

b−n (x) ≤ un(x) ∀x ∈ Ωn.

Taking x = z and making use of the definition of b−n results in

−CE1/d|z − y|+ gn(y) +∇gn(y)(z − y) ≤ un(z),

whence

un(z)− gn(y) ≥ −Cn|y − z| ≥ −Cnδn.

Similarly, upon letting b+
n (x) := −p(x) + gn(y) +∇gn(y)(x− y) be an upper barrier

function, the preceding argument also shows

un(z)− gn(y) ≤ Cn|y − z| ≤ Cnδn,

whence the triangle inequality implies that for all z ∈ ∂Ω

|g(z)− un(z)| ≤ σ(δn) + σ(ρn) + Cnδn, (2.4.3)

where the constant Cn depends on gn but is independent of un. It remains to show

b−n (x) ≤ gn(x) ∀x ∈ ∂Ωn.

We first observe that b−n (y) = gn(y) and the tangental gradients ∇∂Ωb
−
n (y) =

∇∂Ωgn(y) by construction, but gn grows quadratically away from y on ∂Ωn whereas

p is just negative on ∂Ωn. To quantify the last statement, we let y = 0 for simplicity
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and resort to the uniform convexity of Ω (and thus to that of every Ωn) to deduce

the existence of two balls BR and Br tangent to Ωn at 0 ∈ ∂Ωn and so that

Ωn ⊂ Br ⊂ BR;

hence r < R. Note that 0 ∈ ∂Br, ∂BR and the centers of these balls are (0, . . . , 0, r)

and (0, . . . , 0, R), respectively. We denote x′ = (xi)
d−1
i=1 and note that x = (x′, xd) ∈

∂Br satisfy |x′|2 + (xd − r)2 = r2, whence

xd

(
1− xd

2r

)
=

1

2r
|x′|2 ⇒ 1

2r
|x′|2 ≤ xd ≤

1

r
|x′|2,

provided xd ≤ r. This in turn implies for 1 < ξ < R
r

fixed

p(x) ≤ p
(
x′,

1

2r
|x′|2

)
=
E1/d

2

(
1− R

r
+

1

4r2
|x′|2

)
|x′|2 ≤ E1/d

2
(1− ξ)|x′|2 < 0,

provided |x′|2 ≤ C1 := 4r2
(
R
r
−ξ
)

and R is used in the definition of p. Since |x′|2 ≤ r2

and x2
d ≤

|x′|4
r2 ≤ |x′|2, we have that |x|2 = |x′|2 + x2

d ≤ 2|x′|2 and we deduce

|x′|2 ≤ C1 ⇒ p(x) ≤ −E1/d (ξ − 1)

4
|x|2 = −E1/dC2|x|2.

On the other hand, for x ∈ ∂Br with |x′| > C1 we infer that the distance from x to

∂BR is strictly positive whence

p(x) ≤ −C3|x|2.

Since both constants C2, C3 depend only on r, R, we see that p grows quadratically

on ∂Br with a constant independent of n, and thus on Ωn ⊂ Br. To compare b−n

with gn, we recall that gn is a smooth function for Taylor formula to give

∣∣∣gn(x)− gn(0)−∇gn(0)x
∣∣∣ ≤ 1

2
|gn|W 2

∞(Ωn)|x|2 ∀x ∈ Ωn.
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We finally choose the factor E in b−n proportional to |gn|W 2
∞(Ωn) and realize that

b−n (x) ≤ gn(x) for all x ∈ ∂Ωn as asserted.

Step 4: Uniform Convergence. We view both u and un as viscosity solutions of

(1.1.1), the former with data (f, g,Ω) and the latter with data (fn, un,Ω). Applying

Lemma 2.4.3 (continuous dependence on data), along with (2.4.1) and (2.4.3), we

obtain

‖un − u‖L∞(Ω) ≤ C‖fn − f‖1/d
L∞(Ω) + ‖un − g‖L∞(∂Ω)

≤ Cσ(ρn)1/d + σ(ρn) + σ(δn) + Cnδn.

Given an arbitrary number β we first choose ρn so that Cσ(ρn)1/d + σn(ρn) ≤ β
2
.

This choice determines the regularity of gn, namely its W 2
∞ and C2,α norms in Ω̃.

Since Cn is proportional to |gn|W 2
∞(Ωn), we finally select δn so that σ(δn)+Cnδn ≤ β

2
.

This shows the desired uniform convergence of un to u in Ω.

2.4.3 Uniform Convergence: Regularization Approach

In this section we combine Lemma 2.1.4 (discrete comparison principle), Lemma 2.3.2

(consistency of Tε[Ihu]), Lemma 2.4.1 (discrete boundary barrier), Lemma 2.4.2

(discrete interior barrier), and Lemma 2.4.4 (approximation of viscosity solutions

by smooth solutions) to prove uniform convergence of uε to u in Ω.

Since uε is defined in the computational domain Ωh, and Ωh ⊂ Ω, we extend

uε to Ω as follows. Given x ∈ Ω \Ωh let z ∈ ∂Ωh be the closest point to x, which is

unique because Ωh is convex, and let

uε(x) := uε(z) = Ihg(z) ∀x ∈ Ω \ Ωh. (2.4.4)
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Theorem 2.4.5 (uniform convergence). Let Ω be uniformly convex, f, g ∈ C(Ω)

and f ≥ 0 in Ω. The discrete solution uε of (2.1.2) and (2.4.4) converges uniformly

to the unique viscosity solution u ∈ C(Ω) of (1.1.1) as ε = (h, δ, θ)→ 0 and h
δ
→ 0.

Proof. We first split

‖u− uε‖L∞(Ω) ≤ ‖u− uε‖L∞(Ωh) + ‖u− uε‖L∞(Ω\Ωh)

and then employ the triangle inequality to write

‖u− uε‖L∞(Ωh) ≤ ‖u− un‖L∞(Ωh) + ‖un − Ihun‖L∞(Ωh) + ‖Ihun − uε‖L∞(Ωh).

Next, we recall that Lemma 2.4.4 yields ‖u − un‖L∞(Ωh) ≤ ‖u − un‖L∞(Ω) → 0 as

n→∞. In addition, polynomial interpolation theory gives

‖un − Ihun‖L∞(Ωh) ≤ C|un|W 2
∞(Ω)h

2 → 0,

as h→ 0 for n fixed. On the other hand, (2.4.4) yields

|u(x)− uε(x)| = |u(x)− uε(z)| ≤ |u(x)− u(z)|+ |u(z)− uε(z)| ∀x ∈ Ω \ Ωh

where z ∈ ∂Ωh. If τ is the modulus of continuity of u ∈ C(Ω), we have

‖u− uε‖L∞(Ω\Ωh) ≤ τ
(
distH(Ω,Ωh)

)
+ ‖u− uε‖L∞(Ωh)

Since distH(Ω,Ωh) → 0, as h → 0, the proof reduces to showing that ‖Ihun −

uε‖L∞(Ωh) can be made arbitrarily small. We do this in three steps.

Step 1: Boundary Estimate. Let ph be the function of Lemma 2.4.1 (discrete

boundary barrier) with constant En,1 := C|un|dW 2
∞(Ω) + 3σn, where C|un|dW 2

∞(Ω) is the

consistency error (2.3.3) from Lemma 2.3.2 (consistency of Tε[Ihu]) with un in place
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of u and 3σn is a bound (2.4.1) for ‖f−fn‖L∞(Ω). Since both uε and ph are discretely

convex, we have

Tε[uε + ph](xi) ≥ Tε[uε](xi) + Tε[ph](xi) ≥ f(xi) + En,1 ≥ Tε[Ihun](xi)

for all xi ∈ N 0
h . Moreover, since (2.4.3) holds for all z ∈ ∂Ω and N b

h ⊂ ∂Ω, linear

interpolation implies that Ihun ≥ Ihg − ξn = uε − ξn on ∂Ωh for all h, where

ξn := σ(ρn) + σ(δn) + Cnδn and δn ≥ distH(Ωn,Ω), whence uε + ph − ξn ≤ Ihun

on ∂Ωh. Consequently, for all z ∈ N 0
h such that dist(z, ∂Ω) ≤ 2δ, Lemma 2.1.4

(discrete comparison principle) yields

uε(z)− CE1/d
n,1 δ − ξn ≤ Ihun(z).

A similar argument with uε − ph + ξn gives rise to the reverse estimate.

Step 2: Interior Estimate. We resort to the function qh of Lemma 2.4.2 (dis-

crete interior barrier) to construct a discrete lower barrier b−ε as follows: let

En,2 := C|un|C2+α(Ω)|un|d−1
W 2
∞(Ω)δ

α + C|un|dW 2
∞(Ω)

(h2

δ2
+ θ2

)
+ 3σn

and

b−ε := uε + E
1/d
n,2 qh − CE

1/d
n,1 δ − ξn.

Since qh ≤ 0, Step 1 guarantees that b−ε ≤ Ihun on ∂Ωh,δ, where Ωh,δ is defined in

(2.3.1). Applying Lemma 2.3.2 (consistency of Tε[Ihu]) for un instead of u implies

Tε[b
−
ε ](xi) ≥ Tε[uε](xi) + En,2 = f(xi) + En,2 ≥ Tε[Ihun](xi) ∀xi ∈ N 0

h ∩ Ωh,δ

where we have used that both uε and qh are discretely convex as well as (2.4.1).

Lemma 2.1.4 (discrete comparison principle) yields

b−ε = uε + E
1/d
n,2 qh − CE

1/d
n,1 δ − ξn ≤ Ihun in Ωh,δ.
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A similar argument with b+
ε := uε − E1/d

n,2 qh + CE
1/d
n,1 δ + ξn results in b+

ε ≥ Ihun.

Combining these estimates with those of Step 1, we end up with

‖uε − Ihun‖L∞(Ωh) ≤ CE
1/d
n,1 δ + CE

1/d
n,2 + ξn. (2.4.5)

Step 3: Uniform convergence in Ω. We finally proceed as in Step 4 of the proof

of Lemma 2.4.4 (approximation of viscosity solutions by smooth solutions). Given

an arbitrary number β > 0, we choose ρn so that σ(ρn) ≤ β
3
. This dictates the

regularity of gn hidden in the constant Cn of ξn, as well as that of un, and allows

us to select δn so that σ(δn) + Cnδn ≤ β
3
; hence ξn ≤ 2β

3
. We next take δ, h

δ
and θ

small enough, depending on un, so that the first two terms of (2.4.5) are ≤ β
3

and

thus ‖uε − Ihun‖L∞(Ωh) ≤ β. This completes the proof.

2.4.4 Uniform Convergence: Barles-Souganidis Approach

In this section we adapt the approach of [7] to our setting. Since (2.4.4)

extends the definition of discrete solution uε to Ω, we let the limit supremum and

limit infimum of uε be

u∗(x) = lim sup
ε,h
δ
→0,z→x

uε(z), u∗(x) = lim inf
ε,h
δ
→0,z→x

uε(z),

and observe that u∗ is upper semi-continuous and u∗ is lower semi-continuous. We

show that they attain the Dirichlet boundary condition pointwise. Moreover, they

are viscosity subsolution and supersolution of (1.1.1), respectively. An essential

difficulty associated with (1.1.1), already mentioned in [38], is that viscosity sub

and supersolutions of (1.1.1) must be convex for the comparison principle to be
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applicable. Since uε is only discretely convex, it is not obvious that u∗ and u∗ are

convex.

To circumvent this issue we proceed as in [38]: we let ∂2,+
vjvj

u := max
(
∂2
vjvj

u, 0
)
,

∂2,−
vjvj

u := −min
(
∂2
vjvj

u, 0
)
, introduce the continuous version of our ideal discrete

operator in (2.1.2)

T [u] := min
v=(vj)dj=1∈S⊥

(
d∏
j=1

∂2,+
vjvj

u−
d∑
j=1

∂2,−
vjvj

u

)
,

and show that u is a convex viscosity solution of (1.1.1) if and only if u is a viscosity

solution of the Dirichlet problem

T [u] = f in Ω, u = g on ∂Ω, (2.4.6)

for which we do not require convexity because it is built-in the operator.

Lemma 2.4.6 (equivalence of viscosity solutions). If f ∈ C(Ω) satisfies f ≥ 0,

and u ∈ C(Ω), then u is a viscosity solution of (2.4.6) if and only if u is a convex

viscosity solution of (1.1.1).

Proof. Since u is uniformly continuous in Ω the notion of Dirichlet condition is

classical in both cases. We thus verify the equation in the viscosity sense.

Step 1: Necessity. We rely on the notion of convexity of a function v ∈ C(Ω)

in the viscosity sense: for test function φ ∈ C2(Ω) that touches v from above at a

point x ∈ Ω the smallest eigenvalue λ1[D2φ](x) of D2φ at x satisfies

λ1[D2φ](x) ≥ 0.

It is proven in [68] that a continuous function v is convex if and only if it is convex
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in the viscosity sense. We show that a viscosity solution u of (2.4.6) is convex in

the viscosity sense and use this equivalence to deduce convexity of u.

We observe that u being a viscosity solution of (2.4.6) implies that for φ ∈

C2(Ω) touching u from above at x ∈ Ω, we have

T [φ](x) ≥ f(x) ≥ 0

We argue as in Lemma 2.1.2: if there is a direction vj ∈ S for which ∂2φ
∂v2
j
(x) < 0,

then T [φ](x) < 0 which contradicts the preceding statement. Therefore

∂2φ

∂v2
j

(x) ≥ 0 ∀ vj ∈ S ⇒ λ1[D2φ](x) ≥ 0.

This proves that u is convex as well as

detD2φ(x) = T [φ](x) = min
v=(vj)dj=1∈S⊥

d∏
j=1

∂2
vjvj

φ(x) ≥ f(x)

according to (1.1.2). This implies that u is a convex subsolution of (1.1.1).

To prove that u is also a supersolution of (1.1.1), we recall that the definition

of viscosity solutions for (1.1.1) uses convex test functions φ ∈ C2(Ω) [48]; hence

detD2φ = T [φ]. Consequently, if u− φ attains a minimum at x ∈ Ω, then

detD2φ(x) = T [φ](x) ≤ f(x)

whence u is a supersolution of (1.1.1).

Step 2: Sufficiency. Let’s assume now that u is a convex viscosity solution

of (1.1.1), and φ ∈ C2(Ω) is a test function that touches u at x0 ∈ Ω. Inspired

by [48, Remark 1.3.3], we decompose φ = q + r into a quadratic q and a remainder

r

q(x) = φ(x0) +Dφ(x0)(x− x0) +
1

2
(x− x0)TD2φ(x0)(x− x0), r(x) = o(|x− x0|2);
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hence D2φ(x0) = D2q(x0). If q±(x) := q(x)±σ|x−x0|2, we then observe that q+ ≥ φ

and q− ≤ φ in a suitable neighborhood of x0 provided σ > 0. We take advantage of

q± being quadratic to realize that q± is convex if and only if D2q±(x0) ≥ 0.

If u− φ attains a local max at x0, so does u− q+ and D2φ(x0) ≥ 0 because u

is convex. Therefore, the quadratic q+ is convex and must satisfy

detD2q+(x0) = det(D2q(x0) + 2σI) ≥ f(x0),

because u is a viscosity solution of (1.1.1). Take the limit σ ↓ 0 to find out that

T [φ](x0) = detD2φ(x0) ≥ f(x0) whence u is a viscosity subsolution of (2.4.6).

On the other hand, if u−φ attains a local min at x0, so does u− q−. We have

now two possible cases. If all the eigenvalues of D2φ(x0) are strictly positive, then

q− is a convex quadratic for σ sufficiently small. This in turn implies

detD2q−(x0) = det(D2q(x0)− 2σI) ≤ f(x0),

as u is a viscosity solution of (1.1.1); hence T [φ](x0) = detD2φ(x0) ≤ f(x0) upon

letting σ ↓ 0. If any eigenvalue of D2φ(x0) is non-positive, then T [φ](x0) ≤ 0 by

definition and T [φ](x0) ≤ f(x0) because f ≥ 0. We thus deduce that u is a viscosity

supersolution of (2.4.6), whence a viscosity solution of (2.4.6), as asserted.

We are now ready to prove the convergence of our discrete solution uε to the

viscosity solution u of (1.1.1).

Theorem 2.4.7 (uniform convergence). Let Ω be uniformly convex, f ∈ C(Ω) ∩

L∞(Ω) satisfy f ≥ 0, and g ∈ C(∂Ω). The discrete solution uε of (2.1.2) converges
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uniformly to the unique viscosity solution u ∈ C(Ω) of (1.1.1) as ε = (h, δ, θ) → 0

and h
δ
→ 0.

Proof. In view of Lemma 2.4.6 (equivalence of viscosity solutions), we prove that

uε converges to the viscosity solution of (2.4.6). To this end, we have to deal with

a test function φ ∈ C2(Ω) and its Lagrange interpolant φh = Ihφ. Without loss of

generality we may assume φ ∈ C2,α(Ω). We split the proof into five steps.

Step 1: Consistency. We have the following alternative to (2.3.3)

∣∣T [φ](x0)− Tε[φh](xi)
∣∣ ≤ C1(φ)

(
δα + |x0 − xi|α

)
+ C2(φ)

(h2

δ2
+ θ2

)
,

where the constants C1, C2 are defined in Lemma 2.3.2 (consistency of Tε[Ihu](xi))

and depend on |φ|C2,α(Bi) and |φ|W 2
∞(Bi) with Bi defined in (2.3.2), and x0 ∈ Ω, xi ∈

N 0
h ∩Ωh,δ. The proof of this inequality proceeds along the lines of those of Lemmas

2.3.1 and 2.3.2, except that now we need to deal with the functions s 7→ max(s, 0)

and s 7→ min(s, 0) in the definitions of both T and Tε because φ may not be convex.

We exploit that these functions are Lipschitz with constant 1 to write

∣∣∇2,+
δ φh(xi; vj)− ∂2,+

vjvj
φ(x0)

∣∣ . |φ|C2,α(Bi)

(
δα + |x0 − xi|α

)
+ |u|W 2

∞(Bi)

h2

δ2
,

together with a similar bound for the operators ∇2,−
δ and ∂2,−

vjvj
.

Step 2: Subsolutions. We show that u∗ is a viscosity subsolution of (2.4.6);

likewise u∗ is a viscosity supersolution. This hinges on monotonicity and consistency

[7]. We must show that if u∗ − φ attains a local maximum at x0 ∈ Ω, we have

T [φ](x0) ≥ f(x0);
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note that u∗ − φ is upper semi-continuous and the local maximum is well defined.

Without loss of generality, we may assume that u∗ − φ attains a strict global max-

imum at x0 ∈ Ω [52, Remark in p.31], and x0 ∈ Ωh for h sufficiently small. Let uε

and zh be a sequence of functions and nodes such that

lim
ε,h
δ
→0,zh→x0

uε(zh) = u∗(x0).

Let xh ∈ Nh be a sequence of nodes so that uε − φh attains a maximum at xh. We

claim that xh → x0 as h→ 0. If not, then there exists a subsequence xh → y0 such

that y0 6= x0. Since (uε − φh)(xh) ≥ (uε − φh)(zh), passing to the limit we obtain

(u∗ − φ)(y0) ≥ lim sup
ε,h
δ
→0

(uε − φh)(xh) ≥ lim
ε,h
δ
→0,zh→x0

(uε − φh)(zh) = (u∗ − φ)(x0).

This contradicts the fact that u∗ − φ attains a strict maximum at x0. Exploiting

the fact that uε − φh attains a maximum at xh, Lemma 2.1.3 (monotonicity) yields

Tε[φh](xh) ≥ Tε[uε](xh) = f(xh).

Since f ∈ C(Ω), to prove T [φ](x0) ≥ f(x0) we only need to show that as ε, h
δ
→ 0

Tε[φh](xh)→ T [φ](x0).

This is a consequence of Step 1 and the fact that xh ∈ Ωh,δ for δ sufficiently small,

because x0 ∈ Ω, xh → x0 and the sequence of Ωh ↑ Ω is non-decreasing.

Step 3: Boundary Behavior. We now prove that u∗ = u∗ = g on ∂Ω via

a barrier argument similar to those in [38, 65, 66]; we proceed as in [38]. This is

essential to apply the comparison principle for operator T to relate u∗, u
∗ and u in

Step 4.
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Let pk be the quadratic function in the proof of Lemma 2.4.1 (discrete bound-

ary barrier) associated with an arbitrary boundary point x ∈ ∂Ω (the origin in the

construction of pk) and with constant E = k. We recall that pk(x) = 0 and pk(z) ≤ 0

for all z ∈ ∂Ω can be made arbitrarily large for k → ∞ by virtue of the uniform

convexity of Ω. A simple consequence is that the sequence of points xk ∈ ∂Ω where

g + pk (resp. g − pk) attains a maximum (resp. a minimum) over ∂Ω converges to

x.

We now observe that taking wh ≡ 0 in Lemma 2.1.3 (monotonicity) implies the

following maximum principle: if a discretely convex function uh satisfies Tε[uh](xi) >

0 for all xi ∈ N 0
h , then uh attains a maximum over Ωh on N b

h ⊂ ∂Ω. Apply this to

Tε[uε + Ihpk] > 0 to deduce that uε + Ihpk attains its maximum on N b
h . In view of

(2.4.4), we may assume z ∈ Ωh in u∗(x) = lim supε,h
δ
→0,z→x uε(z). Consequently,

u∗(x) ≤ lim sup
ε,h
δ
→0,z→x

(
uε(z) + Ihpk(z)

)
− lim inf

ε,h
δ
→0,z→x

Ihpk(z)

≤ lim sup
ε,h
δ
→0

max
z∈N bh

(
g + pk

)
(z)− pk(x) ≤ g(xk) + pk(xk) ≤ g(xk),

because maxN bh g + pk ≤ max∂Ω g + pk, whence taking k →∞ yields u∗(x) ≤ g(x).

On the other hand, since Tε[Ihpk](xi) > Tε[uε](xi) for all xi ∈ N 0
h and k big

enough, Lemma 2.1.3 implies that uε − Ihpk attains a minimum on N b
h . Therefore,

arguing as before

u∗(x) ≥ lim inf
ε,h
δ
→0

min
z∈N bh

(
g − pk

)
(z) + pk(x) ≥ g(xk)− pk(xk) ≥ g(xk),

whence u∗(x) ≥ g(x). This in turn gives u∗ ≤ g ≤ u∗ ≤ u∗ on ∂Ω as asserted.

Step 4: Comparison. To prove that u∗ = u∗ in Ω we use the following com-
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parison principle for (2.4.6): if v− is a subsolution and is upper semi-continuous in

Ω, v+ is a supersolution and is lower semi-continuous in Ω, and v− ≤ v+ on ∂Ω,

then v− ≤ v+ on Ω. This result falls under the umbrella of [27, Theorem 3.3]. It

hinges on an argument mentioned in [27, Section 5.C] that is briefly described for

a more general form of the Monge-Ampère operator in [52, V.3]. Both operators in

(1.1.1) and (2.4.6) satisfy the requirements posed in [52]. We apply this comparison

principle to v− = u∗ and v+ = u∗, which satisfy the assumptions in view of Steps 2

and 3, to obtain u∗ ≤ u∗ in Ω. Since u∗ ≥ u∗ by definition, this results in u∗ = u∗

in Ω.

Step 5: Uniform Convergence. Step 4 implies the pointwise limit

u(x) = lim
ε→0,z→x

uε(z) ∀x ∈ Ω.

To see that this gives rise to uniform convergence we argue by contradiction. We

assume that for every ε there exist a point xε ∈ Ω such that |u(xε)−uε(xε)| ≥ σ, for

some σ > 0. Since Ω is compact, there exists a subsequence (not relabeled) xε →

x0 ∈ Ω. Computing the limit ε → 0 in the last inequality yields the contradiction

|u(x0)− u(x0)| ≥ σ. This concludes the proof.

2.5 Discrete Alexandroff Estimate

In this section, we review several concepts related to convexity as well as the

discrete Alexandroff estimate of [65]. This is the first step into our analysis for the

rates of convergence for the two-scale method. We first recall several definitions.

Definition 2.5.1 (subdifferential).
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(i) The subdifferential of a function w at a point x0 ∈ Ωh is the set

∂w(x0) :=
{
p ∈ Rd : w(x) ≥ w(x0) + p · (x− x0), ∀x ∈ Ωh

}
.

(ii) The subdifferential of a function w on a set E ⊂ Ωh is ∂u(E) := ∪x∈E∂w(x).

Definition 2.5.2 (convex envelope and discrete lower contact set).

(i) The convex envelope Γu of a function w is defined to be

Γw(x) := sup
L
{L(x), L(y) ≤ w(y) for all y ∈ Ωh and L is affine}.

(ii) The discrete lower contact set C−(wh) of a function wh ∈ Vh is the set of

nodes where the function coincides with its convex envelope, i.e.

C−(wh) :=
{
xi ∈ N 0

h : Γwh(xi) = wh(xi)
}
.

Remark 2.5.3 (wh dominates Γwh). Since wh ≥ Γwh, at a contact node xi ∈

C−(wh) we have

∇2
δΓwh(xi; vj) ≤ ∇2

δwh(xi; vj)(xi) ∀vj ∈ Sθ.

Remark 2.5.4 (minima of wh and Γwh). A consequence of Definition 2.5.2 (convex

envelope and discrete lower contact set) is that the minima of wh ∈ Vh and Γwh are

attained at the same contact nodes and are equal.

We can now present the discrete Alexandroff estimate from [65], which states

that the minimum of a discrete function is controlled by the measure of the subdif-

ferential of its convex envelope in the discrete contact set.
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Proposition 2.5.5 (discrete Alexandroff estimate [65]). Let vh be a continuous

piecewise linear function that satisfies vh ≥ 0 on ∂Ωh. Then,

max
xi∈N 0

h

vh(xi)
− ≤ C

 ∑
xi∈C−(vh)

|∂Γvh(xi)|

1/d

where C = C(d,Ω) depends only on the dimension d and the domain Ω.

2.6 Continuous Dependence on Data

We now derive the continuous dependence of the discrete solution on data in

Section 2.6.3, which is essential to prove rates of convergence. To this end, we first

prove a stability estimate in the max norm in Section 2.6.1 and the concavity of the

discrete operator in Section 2.6.2.

2.6.1 Stability of the Two-Scale Method.

We start with some geometric estimates. The first and second lemmas connect

the discrete Alexandroff estimate with the two-scale method. They allow us to

estimate the measure of the subdifferential of a discrete function wh in terms of our

discrete operator Tε[wh], defined in (2.1.2).

Lemma 2.6.1 (subdifferential vs hyper-rectangle). Let w ∈ C0(Ωh) be convex and

xi ∈ N 0
h be so that xi ± δ̂v ∈ Ωh for all v ∈ Sθ with δ̂ ≤ δ. If v = (vj)

d
j=1 ∈ S⊥θ and

α±i,j :=
w(xi ± δ̂vj)− w(xi)

δ̂
∀ 1 ≤ j ≤ d,

then

∂w(xi) ⊂
{
p ∈ Rd : α−i,j ≤ p · vj ≤ α+

i,j 1 ≤ j ≤ d
}
.
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Proof. Take p ∈ ∂w(xi) and write

w(x) ≥ w(xi) + p · (x− xi) ∀x ∈ Ωh.

Consequently, for any 1 ≤ j ≤ d we infer that

w(xi + δ̂vj) ≥ w(xi) + δ̂ p · vj, w(xi − δ̂vj) ≥ w(xi)− δ̂ p · vj,

or equivalently

w(xi)− w(xi − δ̂vj)
δ̂

≤ p · vj ≤
w(xi + δ̂vj)− w(xi)

δ̂
.

This implies that p belongs to the desired set.

Lemma 2.6.2 (hyper-rectangle volume). For d-tuple v = (vj)
d
j=1 ∈ S⊥θ the volume

of the set

K =
{
p ∈ Rd : aj ≤ p · vj ≤ bj, j = 1, . . . , d

}
is given by

|K| =
d∏
j=1

(bi − ai).

Proof. Let V = [v1, · · · , vd] ∈ Rd×d be the orthogonal matrix whose columns are the

elements of v; hence vj = V ej where {ej}dj=1 is the canonical basis in Rd. We now

seek a more convenient representation of K

K =
{
p ∈ Rd : aj ≤ p · (V ej) ≤ bj, j = 1, . . . , d

}
= V −T

{
x ∈ Rd : aj ≤ x · ej ≤ bj, j = 1, . . . , d

}
= V −T K̃,

whence

|K| = | detV −T | |K̃| = |K̃| =
d∏
j=1

(bj − aj),

because K̃ is an orthogonal hyper-rectangle.
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Combining Lemmas 2.6.1 and 2.6.2 we get the following corollary.

Corollary 2.6.3 (subdifferential vs discrete operator). For every xi ∈ N 0
h ∩ Ωh,δ

and a convex function w we have that

|∂w(xi)| ≤

(
min
v∈S⊥θ

d∏
j=1

∇2
δw(xi; vj)

)
δd.

Lemma 2.6.4 (stability). If wh ∈ Vh is wh ≥ 0 on ∂Ωh, then

max
xi∈N 0

h

wh(xi)
− ≤ Cδ

 ∑
xi∈C−(wh)

Tε[wh](xi)

1/d

.

Proof. Since the function wh ≥ 0 on ∂Ωh, we invoke Proposition 2.5.5 (discrete

Alexandroff estimate) for wh to obtain

max
xi∈N 0

h

wh(xi)
− ≤ C

 ∑
xi∈C−(wh)

|∂Γwh(xi)|

1/d

Applying Corollary 2.6.3 (subdifferential vs discrete operator) to the convex function

Γwh(xi) at a contact point xi ∈ C−(wh) and recalling Remark 2.5.3, we have

|∂Γwh(xi)| ≤ δd min
v∈S⊥θ

d∏
j=1

∇2
δΓwh(xi; vj) ≤ δd min

v∈S⊥θ

d∏
j=1

∇2
δwh(xi; vj) = δdTε[wh](xi),

where the last equality follows from Lemma 2.1.2 (discrete convexity).

2.6.2 Concavity of the Discrete Operator

We recall concavity properties of (detA)1/d for symmetric positive semi-definite

matrices A and extend them to Tε. The results can be traced back to [55, 60], but

we present them here for completeness.

Lemma 2.6.5 (concavity of determinant). The following two statements are valid.
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(i) For every symmetric positive semi-definite (SPSD) matrix A we have that

(detA)1/d =
1

d
inf
{

tr(AB)
∣∣∣ B is SPD and detB = 1

}

(ii) The function A 7→ (detA)1/d is concave on SPSD matrices.

Proof. We proceed in three steps.

Step 1: Proof of (i) for A invertible. Let B be SPD with detB = 1. Then

B1/2 is well defined, det(B1/2) = 1 and we obtain

detA = det(B1/2AB1/2).

Let P be an orthogonal matrix that converts B1/2AB1/2 into a diagonal matrix D,

namely D = PB1/2AB1/2P T . Applying the geometric mean inequality yields

det(B1/2AB1/2)1/d = (detD)1/d ≤ 1

d
trD =

1

d
tr(B1/2AB1/2) =

1

d
tr(AB),

where we have used the invariance of the trace under cyclic permutations of the

factor to write the last two equalities. This shows that

(detA)1/d ≤ 1

d
inf
{

tr(AB)
∣∣∣ B is SPD and detB = 1

}
This inequality is actually equality provided A is invertible. In fact, we can take

B = (detA)1/dA−1, which is SPD and detB = 1. This proves (i) for A nonsingular.

Step 2: Proof of (i) for A singular. Given the singular value decomposition of

A

A =
d∑
i=1

λivi ⊗ vi, λ1 ≥ · · ·λk > λk+1 = · · · = λd = 0,
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with orthogonal vectors (vi)
d
i=1, we can assume that k > 0 for otherwise A = 0 and

the assertion is trivial. Given a parameter σ > 0, let B be defined by

B :=
k∑
i=1

σvi ⊗ vi +
d∑

i=k+1

σ−βvi ⊗ vi

and β = k/(d− k) because then detB = σkσ−β(d−k) = 1. Therefore,

AB = σ
k∑
i=1

λivi ⊗ vi ⇒ tr(AB) = σ

k∑
i=1

λi → 0 as σ → 0,

which proves (i) for A singular since B is SPD.

Step 3: Proof of (ii). Let A and B be SPSD matrices and 0 ≤ λ ≤ 1. Then

λA+ (1− λ)B is also SPSD and we can apply (i) to

(det [λA+ (1− λ)B])1/d =
1

d
inf
{

tr[(λA+ (1− λ)B)C]
∣∣∣ C is SPD and detC = 1

}
≥ λ

d
inf
{

tr(AC)
∣∣∣ C is SPD and detC = 1

}
+

1− λ
d

inf
{

tr(BC)
∣∣∣ C is SPD and detC = 1

}
= λ(detA)1/d + (1− λ)(detB)1/d.

This completes the proof.

Upon relabeling Â = λA and B̂ = (1 − λ)B, which are still SPSD, we can

write Lemma 2.6.5 (ii) as follows:

(det Â)1/d + (det B̂)1/d ≤
(

det(Â+ B̂)
)1/d

. (2.6.1)

We now show that our discrete operator Tε[·] possesses a similar property.

Corollary 2.6.6 (concavity of discrete operator). Given two functions uh, wh ∈ Vh,

we have (
Tε[uh](xi)

)1/d
+
(
Tε[wh](xi)

)1/d ≤
(
Tε[uh + wh](xi)

)1/d
,
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for all nodes xi ∈ N 0
h such that ∇2

δuh(xi; vj) ≥ 0, ∇2
δwh(xi; vj) ≥ 0 for all vj ∈ Sθ.

Proof. We argue in two steps.

Step 1. For a = (aj)
d
j=1 ∈ Rd with aj ≥ 0, j = 1, . . . , d we consider the

function

f(a) :=

(
d∏
j=1

aj

)1/d

,

which can be conceived as the determinant of a diagonal (and thus symmetric)

positive semi-definite matrix with diagonal elements (aj)
d
j=1, i.e.

f(a) =
(

det diag{a1, . . . , ad}
)1/d

.

Applying (2.6.1) to Â = diag{a1, . . . , ad}, B̂ = diag{b1, . . . , bd} with a = (aj)
d
j=1, b =

(bj)
d
j=1 ≥ 0 componentise, we deduce

f(a) + f(b) ≤ f(a+ b).

Step 2. We now apply this formula to the discrete operator. Since both uh, wh

are discretely convex at xi ∈ N 0
h , so is uh + wh, and we can apply Lemma 2.1.2

(discrete convexity) to write

Tε[uh + wh](xi) =
d∏
j=1

∇2
δ [uh + wh](xi; vj)

for a suitable v = (vj)
d
j=1 ∈ S⊥θ . Making use again of (2.1.3), this time for uh and

wh and for the specific set of directions v just found, we obtain

(
Tε[uh](xi)

) 1
d +

(
Tε[wh](xi)

) 1
d ≤

(
d∏
j=1

∇2
δuh(xi; vj)

) 1
d

+

(
d∏
j=1

∇2
δwh(xi; vj)

) 1
d

≤

(
d∏
j=1

∇2
δuh(xi; vj) +∇2

δwh(xi; vj)

) 1
d

=
(
Tε[uh + wh](xi)

) 1
d ,
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where the second inequality is given by Step 1 for a = (∇2
δuh(xi; vj))

d
j=1 and b =

(∇2
δwh(xi; vj))

d
j=1. This is the asserted estimate.

2.6.3 Continuous Dependence of the Two-Scale Method on Data

We are now ready to prove the continuous dependence of discrete solutions

on data. This will be instrumental later for deriving rates of convergence for the

two-scale method.

Proposition 2.6.7 (continuous dependence on data). Given two functions uh, wh ∈

Vh such that uh ≥ wh on ∂Ωh and

Tε[uh](xi) = f1(xi) ≥ 0 and Tε[wh](xi) = f2(xi) ≥ 0

at all interior nodes xi ∈ N 0
h , we have that

max
Ωh

(uh − wh)− ≤ C δ

 ∑
xi∈C−(uh−wh)

(
f1(xi)

1/d − f2(xi)
1/d
)d1/d

.

Proof. Since uh −wh ∈ Vh and uh −wh ≥ 0 on ∂Ωh, Lemma 2.6.4 (stability) yields

max
xi∈N 0

h

(uh − wh)(xi)− ≤ Cδ

 ∑
xi∈C−(uh−wh)

Tε[uh − wh](xi)

1/d

.

Since xi ∈ C−(uh − wh), we have that ∇2
δ(uh − wh)(xi; vj) ≥ 0, whence

∇2
δuh(xi; vj) ≥ ∇2

δwh(xi; vj) ≥ 0 ∀vj ∈ Sθ,

where we have made use of Lemma 2.1.2 (discrete convexity). Invoking Corol-

lary 2.6.6 (concavity of discrete operator) for uh − wh and wh, we deduce

(
Tε[uh − wh](xi)

)1/d ≤
(
Tε[uh](xi)

)1/d −
(
Tε[wh](xi)

)1/d
,
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whence

max
xi∈N 0

h

(uh − wh)(xi)− ≤ Cδ

 ∑
xi∈C−(uh−wh)

(
Tε[uh](xi)

1/d − Tε[wh](xi)1/d
)d1/d

= Cδ

 ∑
xi∈C−(uh−wh)

(
f1(xi)

1/d − f2(xi)
1/d
)d1/d

.

This completes the proof.

2.7 Rates of Convergence

We now combine the preceding estimates to prove pointwise convergence rates

for solutions with continuous Hessians, and either Hölder or Sobolev regularity,

and later for a special case of viscosity solutions with discontinuous Hessians; these

results require the nondegeneracy assumption f ≥ f0 > 0. We also deal with the

degenerate case f ≥ 0 and derive error estimates of reduced order. Our estimates

do not require h small and are stated over the computational domain Ωh ⊂ Ω. The

two barrier functions introduced in Section 2.4.1 are critical for this analysis.

2.7.1 Error Estimates for Solutions with Hölder Regularity

We first deal with classical solutions u of (1.1.1) of class C2+k,α(Ω), with

k = 0, 1 and 0 < α ≤ 1, and derive pointwise error estimates. We proceed as

follows. We first use Lemma 2.4.1 (discrete boundary barrier) to control uε − Ihu

in the δ-neighborhood ωh,δ of ∂Ωh, where the consistency error of Tε[Ihu] is of order

one according to Lemma 2.3.2 (consistency of Tε[Ihu]). In the δ-interior region Ωh,δ

we combine the interior consistency error of Tε[Ihu] from Lemma 2.3.2 and Propo-
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sition 2.6.7 (continuous dependence on data). Judicious choices of δ and θ in terms

of h conclude the argument.

Theorem 2.7.1 (rates of convergence for classical solutions). Let f(x) ≥ f0 > 0 for

all x ∈ Ω. Let u be the classical solution of (1.1.1) and uε be the discrete solution

of (2.1.2). If u ∈ C2,α(Ω) for 0 < α ≤ 1 and

δ = R0(u) h
2

2+α , θ = R0(u)−1 h
α

2+α

with R0(u) = |u|
1

2+α

W 2
∞(Ω) |u|

− 1
2+α

C2,α(Ω)
, then

‖u− uε‖L∞(Ωh) ≤ C(Ω, d, f0)
(
|u|

1
2+α

C2,α(Ω)
|u|d−

1
2+α

W 2
∞(Ω) +

(
1 +R0(u)

)
|u|W 2

∞(Ω)

)
h

α
2+α .

Otherwise, if u ∈ C3,α(Ω) for 0 < α ≤ 1 and

δ = R1(u) h
2

3+α , θ = R1(u)−1 h
1+α
3+α

with R1(u) := |u|
1

3+α

W 2
∞(Ω)|u|

− 1
3+α

C3,α(Ω)
, then

‖u− uε‖L∞(Ωh) ≤ C(Ω, d, f0)
(
|u|

1
3+α

C3,α(Ω)
|u|d−

1
3+α

W 2
∞(Ω) +

(
1 +R1(u)

)
|u|W 2

∞(Ω)

)
h

1+α
3+α .

Proof. If Rk(u) := |u|
1

2+k+α

W 2
∞(Ω)|u|

− 1
2+k+α

C2+k,α(Ω)
, k = 0, 1, we prove below the estimate

max
Ωh

(uε − Ihu) .
((

1 +Rk(u)|u|W 2
∞(Ω)

)
+ |u|

1
2+k+α

C2+k,α(Ω)
|u|d−

1
2+k+α

W 2
∞(Ω)

)
h

k+α
2+k+α

with a hidden constant depending on Ω, d, f0. We proceed in three steps. The

estimates for maxΩh (Ihu− uε) are similar and thus omitted. Adding the interpola-

tion error ‖u − Ihu‖L∞(Ωh) ≤ Ch2|u|W 2
∞(Ω) [21] readily gives the asserted estimates

because k+α
2+k+α

≤ 1
2

for k = 0, 1 and 0 < α ≤ 1.
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Step 1: Boundary estimate. We show that for z ∈ N 0
h so that dist(z, ∂Ωh) ≤ δ,

we have:

uε(z)− Ihu(z) ≤ C|u|W 2
∞(Ω)δ.

Given the function ph of Lemma 2.4.1 (discrete boundary barrier), for z fixed, we

examine the behavior of uε + ph. For any interior node xi ∈ N 0
h , we have

d∏
j=1

∇2
δ(uε + ph)(xi; vj) =

d∏
j=1

(∇2
δuε(xi; vj) +∇2

δph(xi; vj))

≥
d∏
j=1

∇2
δuε(xi; vj) +

d∏
j=1

∇2
δph(xi; vj) ∀v = (vj)

d
j=1 ∈ S⊥θ ,

because ∇2
δuε(xi; vj) ≥ 0 and ∇2

δph(xi; vj) ≥ 0. We apply Lemma 2.3.2 (consistency

of Tε[Ihu]) to obtain

Tε[uε + ph](xi) ≥ Tε[uε](xi) + Tε[ph](xi)

≥ f(xi) + E

≥ Tε[Ihu](xi)− C|u|dW 2
∞(Ω) + E ≥ Tε[Ihu](xi),

provided E ≥ C|u|dW 2
∞(Ω). Since Ihu = uε and ph ≤ 0 on ∂Ωh, we deduce from

Lemma 2.1.4 (discrete comparison principle) that

uε(z) + ph(z) ≤ Ihu(z),

whence,

uε(z)− Ihu(z) ≤ C|u|W 2
∞(Ω)δ.

Step 2: Interior estimate. We show that for all xi ∈ N 0
h so that dist(xi, ∂Ωh) ≥

δ we have:

Tε[uε](xi)− Tε[Ihu](xi) ≤ C1(u)δα+k + C2(u)

(
h2

δ2
+ θ2

)
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with k = 0, 1 and

C1(u) = C|u|C2+k,α(Ω) |u|d−1
W 2
∞(Ω), C2(u) = C|u|dW 2

∞(Ω)

dictated by Lemma 2.3.2. Step 1 guarantees that

uε − Ihu ≤ C|u|W 2
∞(Ω)δ on ∂Ωh,δ,

where Ωh,δ is defined in (2.3.1). Let dε := Ihu − uε + C|u|W 2
∞(Ω)δ and note that

dε ≥ 0 on ∂Ωh,δ. We then apply Proposition 2.6.7 (continuous dependence on data)

to dε in Ωh,δ, in conjunction with Lemma 2.3.2 (consistency of Tε[Ihu]), to obtain

max
Ωh,δ

d−ε . δ

 ∑
xi∈C−(dε)

(
(f(xi) + e)1/d − f(xi)

1/d
)d1/d

with e := C1(u)δα+k + C2(u)
(
h2

δ2 + θ2
)

. We now use that the function t 7→ t1/d is

concave with derivative 1
d
t1/d−1 and f(xi) ≥ f0 > 0 to estimate

(f(xi) + e)1/d − f(xi)
1/d ≤ e

df
d−1
d

0

,

whence

max
Ωh,δ

d−ε . δ

 ∑
xi∈C−(dε)

(
C1(u)δα+k + C2(u)

(
h2

δ2
+ θ2

))d1/d

.

Since the cardinality of C−(dε) is bounded by that of Nh, which in turn is bounded

by Ch−d with C depending on shape regularity, we end up with

max
Ωh

(uε − Ihu) . |u|W 2
∞(Ω)δ +

δ

h

(
C1(u)δα+k + C2(u)

(h2

δ2
+ θ2

))
.

Step 3: Choice of δ and θ. To find an optimal choice of δ and θ in terms of h,

we minimize the right-hand side of the preceding estimate. We first set θ2 = h2

δ2 and
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equate the last two terms

C1(u)δk+α = C2(u)
h2

δ2
=⇒ δ = Rk(u)h

2
2+k+α .

Writing again C1(u) and C2(u) in terms of |u|C2+k,α(Ω) and |u|W 2
∞(Ω), we thus obtain

max
Ωh

(uε − Ihu) . Rk(u)|u|W 2
∞(Ω) h

2
2+k+α + |u|

1
2+k+α

C2+k,α(Ω)
|u|d−

1
2+k+α

W 2
∞(Ω) h

k+α
2+k+α .

Finally, the desired estimate follows immediately because k + α ≤ 2.

2.7.2 Error Estimates for Solutions with Sobolev Regularity

We now derive error estimates for solutions u ∈ W s
p (Ω) with s > 2 + d

p
so

that W s
p (Ω) ⊂ C2(Ω). We exploit the structure of the estimate of Proposition 2.6.7

(continuous dependence on data) which shows that its right-hand side accumulates

in ld rather than l∞.

Theorem 2.7.2 (convergence rate for W s
p solutions). Let f ≥ f0 > 0 in Ω and let

the viscosity solution u of (1.1.1) be of class W s
p (Ω) with d

p
< s−2−k ≤ 1, k = 0, 1.

If uε is the discrete solution of (2.1.2) and

δ = R(u) h
2
s , θ = R(u)−1 h1− 2

s ,

with R(u) := |u|
1
s

W 2
∞(Ω)|u|

− 1
s

W s
p (Ω), then

‖u− uε‖L∞(Ωh) ≤ C(d,Ω, f0)
(
|u|

1
s

W s
p (Ω) |u|

d− 1
s

W 2
∞(Ω) +

(
1 +R(u)

)
|u|W 2

∞(Ω)

)
h1− 2

s .

Proof. We proceed as in Theorem 2.7.1 to show an upper bound for uε − Ihu. The

boundary estimate of Step 1 remains intact, namely

uε(z)− Ihu(z) ≤ C |u|W 2
∞(Ω) δ
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for all z ∈ N 0
h such that dist(z, ∂Ωh) ≤ δ. On the other hand, Step 2 yields

max
Ωh,δ

(uε − Ihu) . δ|u|W 2
∞(Ω) + δ

 ∑
xi∈N 0

h

C1(u)dδ(k+α)d + C2(u)d
(
h2

δ2
+ θ2

)d1/d

,

where C1(u) and C2(u) are defined in Lemma 2.3.2 (consistency of Tε[Ihu]) and 0 <

α = s− 2− k− d
p
≤ 1 corresponds to the Sobolev embedding W s

p (Bi) ⊂ C2+k,α(Bi).

In the following calculations we resort to the Sobolev inequality [45, Theorem 2.9]

|u|C2+k,α(Bi) ≤ C|u|W s
p (Bi),

involving only semi-norms. We stress that C > 0 depends on the Lipschitz constant

of Bi but not on its size. The latter is due to the fact that the Sobolev numbers

of W s−2−k
p (Bi) and C0,α(Bi) coincide: 0 < s − k − 2 − d/p = α ≤ 1. We refer

to [45, Theorem 2.9] for a proof for 0 < s < 1. We now use the Hölder inequality

with exponent p
d
> 1 to obtain ∑

xi∈N 0
h

C1(u)d

 1
d

.

 ∑
xi∈N 0

h

|u|dW s
p (Bi)
|u|d(d−1)

W 2
∞(Bi)

 1
d

.

 ∑
xi∈N 0

h

|u|d
p
d

W s
p (Bi)

 1
d
d
p
 ∑
xi∈N 0

h

|u|
d(d−1) p

p−d
W 2
∞(Bi)

 1
d
p−d
p

.

Since the cardinality of the set of balls Bi containing an arbitrarily given x ∈ Ω is

proportional to
(
δ
h

)d
, while the cardinality of N 0

h is proportional to h−d, we get ∑
xi∈N 0

h

C1(u)d

 1
d

.

(
δ

h

) d
p

|u|W s
p (Ω)

(
h−d|u|

d(d−1)p
p−d

W 2
∞(Ω)

) p−d
pd

.
δ
d
p

h
|u|W s

p (Ω) |u|d−1
W 2
∞(Ω).

Exploiting that α + k + d
p

+ 1 = s− 1, we readily arrive at

δ

 ∑
xi∈N 0

h

C1(u)d δ(k+α)d

 1
d

.
δs−1

h
|u|W s

p (Ω) |u|d−1
W 2
∞(Ω).
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In addition, we have  ∑
xi∈N 0

h

C2(u)d

 1
d

. |u|dW 2
∞(Ω)

1

h
,

whence

δ

 ∑
xi∈N 0

h

C2(u)d
(
h2

δ2
+ θ2

)d 1
d

. |u|dW 2
∞(Ω)

δ

h

(
h2

δ2
+ θ2

)
.

Collecting the previous estimates, we end up with

max
Ωh

(uε − Ihu) . δ|u|W 2
∞(Ω) + |u|d−1

W 2
∞(Ω)

δ

h

(
|u|W s

p (Ω)δ
s−2 + |u|W 2

∞(Ω)

(
h2

δ2
+ θ2

))
.

To find an optimal relation among h, δ and θ, we first choose θ2 = h2

δ2 and next

equate the two terms in the second summand to obtain

δ = R(u) h
2
s , θ = R(u)−1 h1− 2

s ,

whence

max
Ωh

(uε − Ihu) . R(u)|u|W 2
∞(Ω)h

2
s + |u|

1
s

W s
p (Ω) |u|

d− 1
s

W 2
∞(Ω)h

1− 2
s .

Adding the interpolation error estimate ‖u − Ihu‖L∞(Ω) . h2|u|W 2
∞(Ω), and using

that 2 > 2
s
≥ 1− 2

s
for 2 < s ≤ 4, leads to the asserted estimate.

The error estimate of Theorem 2.7.2 (convergence rate for W s
p -solutions) is of

order 1
2

for s = 4 and u ∈ W 4
p (Ω) with p > d. This rate requires much weaker

regularity than the corresponding error estimate in Theorem 2.7.1, namely u ∈

C3,1(Ω) = W 4
∞(Ω). In both cases, the relation between δ and h is δ ≈ h

1
2 .

2.7.3 Error Estimates for Piecewise Smooth Solutions

We now derive pointwise rates of convergence for a larger class of solutions than

in Section 2.7.2. These are viscosity solutions which are piecewise W s
p but have dis-
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continuous Hessians across a Lipschitz (d−1)-dimensional manifold S. Since Tε[Ihu]

has a consistency error of order one in a δ-region around S, due to the discontinuity

of D2u, we exploit the fact that the measure of this region is proportional to δ|S|.

We are thus able to adapt the argument of Theorem 2.7.2 (convergence rate for W s
p

solutions), and accumulate such consistency error in ld, at the expense of an extra

additive term of order h−1δ1+ 1
d . This term is responsible for a reduced convergence

rate when u ∈ W s
p (Ω \ S), s > 2 + 1

d
.

Theorem 2.7.3 (convergence rate for piecewise smooth solutions). Let S denote a

(d− 1)-dimensional Lipschitz manifold that divides Ω into two disjoint subdomains

Ω1,Ω2 so that S = Ω1 ∩ Ω2. Let f ≥ f0 > 0 in Ω and let u ∈ W s
p (Ωi) ∩W 2

∞(Ω), for

i = 1, 2 and d
p
< s − 2 − k ≤ 1, k = 0, 1, be the viscosity solution of (1.1.1). If uε

denotes the discrete solution of (2.1.2), then for β = min{s, 2 + 1
d
} we have

‖u− uε‖L∞(Ωh) ≤ C(d,Ω, f0)
(
R(u)−1|u|dW 2

∞(Ω) +
(
1 +R(u)

)
|u|W 2

∞(Ω)

)
h1− 2

β ,

with R(u) =
( |u|

W2∞(Ω)

|u|Ws
p (Ω\S)+|u|W2∞(Ω)

) 1
β

and |u|W s
p (Ω\S) := maxi |u|W s

p (Ωi), provided

δ = R(u) h
2
β , θ = R(u)−1 h1− 2

β .

Proof. We proceed as in Theorems 2.7.1 and 2.7.2. The boundary layer estimate

relies on the regularity u ∈ W 2
∞(Ω) which is still valid, whence for all x ∈ Ωh such

that dist(x, ∂Ωh) ≤ δ we obtain

uε(x)− Ihu(x) ≤ C|u|W 2
∞(Ω)δ.

Consider now the internal layer

Sδh := {x ∈ Ωh : dist(x,S) ≤ δ} ,
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which is the region affected by the discontinuity of the Hessian D2u. Recall the

auxiliary function dε = Ihu−uε+C|u|W 2
∞(Ω)δ of Theorem 2.7.1 (rates of convergence

for classical solutions) and split the contact set Cδ−(dε) := C−(dε) ∩ Ωh,δ as follows:

Sδh,1 := Cδ−(dε) ∩ Sδh, Sδh,2 := Cδ−(dε) \ Sδh.

An argument similar to Step 2 (interior estimate) of Theorem 2.7.1, based on com-

bining Proposition 2.6.7 (continuous dependence on data) and Lemma 2.3.2 (con-

sistency of Tε[Ihu]) with assumption f ≥ f0 > 0, yields

max
Ωh,δ

d−ε . δ

 ∑
xi∈Sδh,1

C2(u)d

1/d

+ δ

 ∑
xi∈Sδh,2

C1(u)dδ(k+α)d + C2(u)d
(
h2

δ2
+ θ2

)d1/d

=: I1 + I2,

because the consistency error in Sδh,1 is bounded by C2(u) = C|u|dW 2
∞(Bi)

. As in

Theorem 2.7.2 (convergence rate for W s
p solutions), C1(u) satisfies

C1(u) . |u|W s
p (Bi)|u|d−1

W 2
∞(Bi)

.

Since the number of nodes xi ∈ Sδh,1 is bounded by C|S|δh−d, we deduce

I1 . δ

 ∑
xi∈Sδh,1

C2(u)d

1/d

. |u|dW 2
∞(Ω)

δ1+ 1
d

h
.

For I2 we distinguish whether xi belongs to Ω1 or Ω2 and accumulate C1(u) in `p,

exactly as in Theorem 2.7.2, to obtain

I2 . |u|d−1
W 2
∞(Ω)

(
|u|W s

p (Ω\S)
δs−1

h
+ |u|W 2

∞(Ω)

δ

h

(
h2

δ2
+ θ2

))
.
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Collecting the previous estimates and using the definition of β yields

max
Ωh

(uε − Ihu) . |u|W 2
∞(Ω)δ

+ |u|d−1
W 2
∞(Ω)

δ

h

((
|u|W s

p (Ω\S) + |u|W 2
∞(Ω)

)
δβ−2 + |u|W 2

∞(Ω)

(
h2

δ2
+ θ2

))
.

We finally realize that this estimate is similar to that in the proof of Theorem 2.7.2

except for the middle term on the right-hand side. Therefore, we proceed as in The-

orem 2.7.2 to find the relation between δ, θ and h, add the estimate ‖u−Ihu‖L∞(Ω) .

h2|u|W 2
∞(Ω), and eventually derive the asserted error estimate.

2.7.4 Error Estimates for Piecewise Smooth Solutions with Degener-

ate f

We observe that in all three preceding theorems we assume that f ≥ f0 > 0.

This is an important assumption in the proofs, since it allows us to use the concavity

of t 7→ t1/d and Proposition 2.6.7 (continuous dependence on data) to obtain

(f(xi) + e)1/d − f(xi)
1/d ≤ e

df
d−1
d

0

, (2.7.1)

where e is related to the consistency of the operator in Lemma 2.3.2 (consistency

of Tε[Ihu]). We see that this is only possible if f0 > 0. If we allow f to touch zero,

then (2.7.1) reduces to

(f(xi) + e)1/d − f(xi)
1/d ≤ e1/d, (2.7.2)

with equality for f(xi) = 0. This leads to a rate of order
(
δ
h

)1− 2
d ≥ 1 for d ≥ 2. To

circumvent this obstruction, we use Lemma 2.4.2 (interior barrier function) which
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allows us to introduce an extra parameter σ > 0 that compensates for the lack of

lower bound f0 > 0 and yields pointwise error estimates of reduced order.

Theorem 2.7.4 (degenerate forcing f ≥ 0). Let S denote a (d − 1)-dimensional

Lipschitz manifold that divides Ω into two disjoint subdomains Ω1,Ω2 such that

S = Ω1 ∩ Ω2. Let f ≥ 0 in Ω and let u ∈ W s
p (Ωi) ∩ W 2

∞(Ω), for i = 1, 2 and

d
p
< s − 2 − k ≤ 1, k = 0, 1, be the viscosity solution of (1.1.1). If uε denotes the

discrete solution of (2.1.2), then for β = min{s, 2 + 1
d
} we have

‖u− uε‖L∞(Ωh) ≤ C(d,Ω)|u|W 2
∞(Ω)

(
1 +R(u) +R(u)−

1
d

)
h

1
d(1− 2

β )

with R(u) =
( |u|

W2∞(Ω)

|u|Ws
p (Ω\S)+|u|W2∞(Ω)

) 1
β

and |u|W s
p (Ω\S) := maxi |u|W s

p (Ωi), provided

δ = R(u) h
2
β , θ = R(u)−1 h1− 2

β .

Proof. We employ the interior barrier function qh of Lemma 2.4.2 scaled by a pa-

rameter σ > 0 to control uε−Ihu and Ihu−uε in two steps. The parameter σ allows

us to mimic the calculation in (2.7.1). In the third step we choose σ optimally with

respect to the scales of our scheme.

Step 1: Upper bound for uε − Ihu. We let wh := uε + σqh and vh := Ihu +

C|u|W 2
∞(Ω)δ, observe that Tε[wh](xi) ≥ f(xi) + σd, and proceed as in Step 1 of

Theorem 2.7.1 to show wh(z) ≤ vh(z) for all z ∈ N 0
h such that dist(z, ∂Ωh) ≤ δ.

We now focus on Ωh,δ and define the auxiliary function dε := vh − wh and

contact set Cδ−(dε) := C−(dε) ∩ Ωh,δ. Since the previous argument guarantees that

dε ≥ 0 on ∂Ωh,δ, Proposition 2.6.7 (continuous dependence on data) gives

max
Ωh,δ

d−ε . δ

 ∑
xi∈Cδ−(dε)

((
Tε[vh](xi)

)1/d −
(
Tε[wh](xi)

)1/d
)d1/d

.
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If ei is the local consistency error given in Lemma 2.3.2, we further note that

Tε[vh](xi) ≤ f(xi) + ei, Tε[wh](xi) ≥ Tε[uε](xi) + Tε[σqh](xi) ≥ f(xi) + σd

for all xi ∈ N 0
h , whence

max
Ωh,δ

d−ε . δ

 ∑
xi∈Cδ−(dε)

((
f(xi) + ei

)1/d −
(
f(xi) + σd

)1/d
)d1/d

.

We now observe that ei ≥ σd for all xi ∈ Cδ−(dε) because all terms in the above sum

are non-negative. If there is no such xi, then the above bound implies that d−ε = 0

and wh ≤ vh, whence uε − Ihu . σ + |u|W 2
∞(Ω)δ. Otherwise, the above observation

combined with (2.7.1) and f(xi) ≥ 0 implies(
f(xi) + ei

)1/d −
(
f(xi) + σd

)1/d

=
(
f(xi) + σd + (ei − σd)

)1/d −
(
f(xi) + σd

)1/d

≤ ei − σd

dσd
d−1
d

≤ d−1σ1−dei.

We next proceed exactly as in Theorem 2.7.3 (convergence rate for piecewise smooth

solutions) to derive an upper bound for d−ε , but with the additional factor σ1−d.

Employing the definition of dε, we thereby obtain

uε − Ihu . σ + |u|W 2
∞(Ω)δ + σ1−d δ

h

(
C1(u)δs−2 + C2(u)

(
δ1/d +

h2

δ2
+ θ2

))
,

where C1(u) = C|u|W s
p (Ω\S)|u|d−1

W 2
∞(Ω) and C2(u) = C|u|dW 2

∞(Ω).

Step 2: Lower bound for uε−Ihu. To prove the reverse inequality, we proceed

as in Step 1, except that this time we define vh := uε + C|u|W 2
∞(Ω)δ and wh :=

Ihu + σqh. An argument similar to Step 1 yields wh ≤ vh in ωh,δ. Moreover,

recalling Lemma 2.3.2 (consistency of Tε[Ihu]) we have for all xi ∈ N 0
h

Tε[vh](xi) = f(xi) ≤ Tε[Ihu](xi) + ei, Tε[wh](xi) ≥ Tε[Ihu](xi) + σd,
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where ei is a local bound for the consistency error. Combining this with Proposi-

tion 2.6.7 (continuous dependence on data) in Ωh,δ gives

max
Ωh,δ

d−ε . δ

 ∑
xi∈Cδ−(d−ε )

((
Tε[Ihu](xi) + ei

) 1
d −

(
Tε[Ihu](xi) + σd

) 1
d

)d 1
d

,

Since Ihu is discretely convex, we apply Lemma 2.1.2 (discrete convexity) to deduce

Tε[Ihu](xi) ≥ 0 and next argue as in Step 1 to obtain

Ihu− uε . σ + |u|W 2
∞(Ω)δ + σ1−d δ

h

(
C1(u)δs−2 + C2(u)

(
δ1/d +

h2

δ2
+ θ2

))
.

Step 3: Choice of δ, θ and σ. Since ‖u−Ihu‖L∞(Ωh) ≤ C|u|W 2
∞(Ω)h

2, combining

Steps 1 and 2 yields

‖uε − u‖L∞(Ωh) . σ + |u|W 2
∞(Ω)(δ + h2)

+ σ1−d δ

h

(
C1(u)δs−2 + C2(u)

(
δ1/d +

h2

δ2
+ θ2

))
.

We now minimize the right-hand side upon choosing δ, θ and σ suitably with respect

to h. We first recall the definition of β and choose δ and θ as in Theorem 2.7.3. At

this stage it only remains to find σ upon solving

σ = C2(u)σ1−dh

δ
= Cσ1−d|u|dW 2

∞(Ω)R(u)−1 h1− 2
β ,

which leads to

σ = |u|W 2
∞(Ω)R(u)−

1
d h

1
d(1− 2

β ).

Since β > 2 we get h2 + δ ≤
(
1 +R(u)−

1
β
)
h

2
β and

‖uε − u‖L∞(Ωh) . |u|W 2
∞(Ω)

(
1 +R(u)

)
h

2
β + |u|W 2

∞(Ω)R(u)−
1
d h

1
d(1− 2

β ).

This yields the asserted estimate and finishes the proof.

71



Theorem 2.7.4 is an extension of Theorem 2.7.3 to the degenerate case f ≥ 0,

but the same techniques and estimates extend as well to Theorems 2.7.1 and 2.7.2.

2.8 Numerical Experiments

We present three examples in the square domain Ω = Ωh = [0, 1]2. The

fact that Ω is not uniformly convex does not affect the existence of our discrete

solution uε, as the Dirichlet datum g is the trace of a convex function; however this

is beyond the assumptions of the convergence theory. We implement the two-scale

method within the MATLAB software FELICITY [79, 80]. We first consider two

examples with smooth Hessian and with discontinuous Hessian, and observe linear

experimental rates of convergence with respect to h, which are better than predicted

by the theory in Sections 2.7.1 (error estimates for solutions with Hölder regularity)

and 2.7.4 (error estimates for piecewise smooth solutions with degenerate f). The

third example entails an unbounded right hand side f and is not guaranteed to

converge by theory. We still observe convergence experimentally.

2.8.1 Semi-Smooth Newton Method

We solve the nonlinear algebraic equation (2.1.2) via a damped semi-smooth

Newton iteration. Let z := (zh(xi))
N
i=1 ∈ RN stand for the vector of nodal values of

a generic zh ∈ Vh; thus N is the cardinality of Nh. If un = (unε (xi))
N
i=1, DTε[un] is

the Jacobian matrix of the nonlinear map Tε : RN → RN at un, and fn = (f(xi))
N
i=1,
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then a Newton increment is given by

DTε[un] wn = fn −Tε[un]

and the n-th Newton step by un+1 = un + τwn, where the damping parameter

τ ∈ (0, 1], which might depend on n, satisfies

‖f − Tε[unε + τwn]‖L2(Ω) < ‖f − Tε[unε ]‖L2(Ω).

We now explain the construction of DTε[un]. Evaluating ∇2
δzh(xi; vj), in view

of (2.1.1), requires knowing zh at x±i = xi ± ρδvj, which are not necessarily nodes

of Nh. Since x±i belong to two simplices of Th, and zh ∈ Vh, the values zh(x
±
i ) can

be determined in terms of the barycentric coordinates of x±i . Therefore, if we define

∇2
δz(i; vj) := ∇2

δzh(xi; vj), then we realize that this operator involves 2(d + 1) + 1

components of z and is thus sparse. We likewise define ∇2,+
δ and ∇2,−

δ to be the

component-wise versions of ∇2,+
δ and ∇2,−

δ . The operator Tε reads

Tε[z](i) := min
v=(vj)dj=1∈S⊥θ

(
d∏
j=1

∇2,+
δ z(i; vj)−

d∑
j=1

∇2,−
δ z(i; vj)

)
= f(xi), (2.8.1)

according to (2.1.4).

Let now vi = (vij)
d
j=1 ∈ S⊥θ be a set of directions that realize the minimum of

Tε[un](i) and denote V := (vi)Ni=1 ∈ Rd×d×N , the collection of the minimizing

d-tuples vi for all i = 1, . . . N . Combining the above notations, we denote the

matrix that contains the j-th minimizing directions for each node by Vj ∈ Rd×N .

This allows us to display our Jacobian in a vectorized form, using the notation

∇2
δun(Vj) := (∇2

δun(i; vij))
N
i=1, since (2.8.1) gives for z = un:

Tε[un] =
d⊙
j=1

∇2,+
δ un(Vj)−

d∑
j=1

∇2,−
δ un(Vj),
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where � stands for the component-wise multiplication of vectors. Using Dan-

skin’s Theorem [15] and the product rule, we can then obtain DTε[un]wn. For

that, we need to differentiate ∇2,+
δ un(Vj). We observe that for each component,

∇2,+
δ un(i; vij) = max{∇2

δun(i; vij), 0} is not differentiable at ∇2
δun(i; vij) = 0. As a

result, we use the so-called slant derivative in the direction wn [26, 49], in order to

compute:

D[∇2,+
δ un(Vj)]wn = H+[∇2

δun(Vj)]�∇2
δwn(Vj),

each component of which is equal to

(D[∇2,+
δ un(Vj)]wn)i =


∇2

δwn(i; vij) if ∇2
δun(i; vij) > 0

0 if ∇2
δun(i; vij) ≤ 0.

Here H+ is the operator that assigns 1 to a strictly positive component and zero

otherwise. Similarly, D[∇2,−
δ un(Vj)]wn = H−[∇2

δun(Vj)] �∇2
δwn(Vj) where H−

assigns −1 to a non-positive component and 0 otherwise. We are now ready to

employ Danskin’s Theorem [15] and the product rule to obtain similarly to [43]:

DTε[un]wn=

d∑
j=1

∇2
δwn(Vj)

⊙(
H+[∇2

δun(Vj)]
⊙
k 6=j
∇2,+
δ un(Vk)−H−[∇2

δun(Vj)]
)
,

The presence of both operators H+ and H− enforces discrete convexity, and their

definition at zero yields non-singular Jacobians computationally. This flexibility in

choosing H+ and H− with vanishing argument is consistent with the definition of

the slant derivative for the max and min functions [49].

We initialize the Newton iteration with u0 corresponding to the Galerkin so-

lution in Vh to the auxiliary problem ∆u0 = (d!f)1/d in Ω and u0 = g on ∂Ω, as
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proposed in [43], but only for the coarser mesh h = 2−5. For all subsequent refine-

ments we interpolate the discrete solution in the previous coarse mesh and use it as

initial guess. This greatly improves the residual error and leads to minimal or no

damping.

2.8.2 Accuracy

We examine the performance of our two-scale method mainly with two exam-

ples, with smooth and discontinuous Hessians; a third example entails an unbounded

f . For the first two examples we choose δ = hα and θ = hβ for appropriate α, β > 0

which yield provable rates of convergence according to Section 2.7. We stress that

smaller values of θ lead to similar convergence rates but affect the sparsity pattern

of the matrix in the semi-smooth Newton iteration because the number of search

directions within Sθ increases. We thus choose θ consistent with the theory. The

computation of ρ in (2.1.1) is exact, because Ωh is a square, although need not be

in general. We stop the Newton iterations when

‖f − Tε[un+1
ε ]‖L2(Ω) < 10−8‖f − Tε[u0

ε]‖L2(Ω).

Smooth Hessian: We choose the solution u and forcing f to be

u(x) = e|x|
2/2, f(x) = (1 + |x|2)e|x|

2 ∀x ∈ Ω.

We choose δ, θ ≈ h1/2 on the basis of Theorem 2.7.1, and report the results in

Table 2.1(a) and Figure 2.1(a). We observe linear experimental convergence rates

with respect to h, thus better than predicted in Theorem 2.7.1. They are however
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justified for this case in [59]. The number P = 4(D − 1) stands for the number

of points xi ± δvj used in the evaluation of the operator Tε at each interior node

xi ∈ N 0
h and for D directions vj in a quarter circle dictated by θ.

Figure 2.1: Experimental rates of convergence: the order is about 1 in terms
of h for both the smooth Hessian with δ, θ ≈ h1/2 (left) and discontinuous
Hessian δ ≈ h4/5, θ ≈ h2/5 (right).

Discontinuous Hessian: We choose the solution u and forcing function f to be

u(x) =
1

2
(max(|x− x0| − 0.2, 0))2 , f(x) = max

(
1− 0.2

|x− x0|
, 0

)
∀x ∈ Ω,

where x0 = (0.5, 0.5). Since f = 0 in the ball centered at x0 of radius 0.2, this

example is degenerate elliptic. We choose δ = O(h4/5) and θ = O(h2/5) on the basis

of Theorem 2.7.4 and observe experimentally again a linear decay rate in h, which is

better than predicted. This time Theorem 2.7.4 suggests a larger θ, but we choose

a smaller θ without compromising the sparsity pattern of the Newton matrix. As

illustrated on Table 2.1, despite its degeneracy and lack of global regularity, this

example does not exhibit any problematic behavior compared to the smooth case.
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Degrees of freedom P : number of points L∞−error Newton steps

N= 1089, h = 2−5 16 5.4 10−3 8

N=4225, h = 2−6 24 2.8 10−3 7

N=16641, h = 2−7 36 1.5 10−3 7

N= 66049, h = 2−8 52 7.8 10−4 8

Degrees of freedom P : number of points L∞−error Newton steps

N= 1089, h = 2−5 20 4.0 10−3 10

N=4225, h = 2−6 28 1.9 10−3 9

N=16641, h = 2−7 36 9.0 10−4 9

N= 66049, h = 2−8 48 5.7 10−4 9

Table 2.1: Smooth Hessian with δ, θ ≈ h1/2 (top), Discontinuous Hessian with δ ≈
h4/5, θ ≈ h2/5 (bottom). The convergence rate is about linear in h for both cases (see
Figure 2.1), whereas the number of Newton steps seem insensitive to the dimension N of
the nonlinear system.

We next explore the behavior of the operator Tε in terms of the sign of the

truncation error Eε[uε] := f − Tε[uε]. In Figure 2.2 (left) we split the interior nodes

N 0
h into three sets, using the threshold eps ≈ 10−16 close to the machine precision

of MATLAB: blue nodes xi (34% of N 0
h ) correspond to Eε[uε](xi) < −eps; yellow

nodes xi (34% of N 0
h ) correspond to Eε[uε](xi) > eps; and magenta nodes xi (32%

of N 0
h ) correspond to |Eε[uε](xi)| ≤ eps. Moreover, Figure 2.2 (left) displays with

dashed lines the circle of discontinuity |x − x0| = 0.2 and the two circles that are

δ−away from it. We point out that all points between the outer and inner circle are

affected by the singularity, but they are mostly magenta nodes.
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Figure 2.2: (left) Sign of the truncation error Eε[uε] = f − Tε[uε] at nodes
xi ∈ N 0

h for the example with discontinuous Hessian and h = 2−7: blue node
xi if Eε[uε](xi) < −eps, yellow node xi if Eε[uε](xi) > eps, and magenta
node xi if |Eε[uε](xi)| ≤ eps, where eps ≈ 10−6. We observe that the region
|xi − x0| < 0.2, where f ≡ 0, is magenta. (right) Set of directions in Sθ
centered at a node xi ∈ N 0

h and scaled by δ for the same example; note that
δ/h ≈ 7.

Lastly, we use the same example to provide some insight on the two-scale

nature of our method. In Figure 2.2 (right) we display a node xi = (0.7656, 0.5391)

within a zoomed mesh, and the thirty-six directions vj in Sθ scaled by δ which are

used for the calculation of Tε[uε](xi) for mesh size h = 2−7. We see that for this

specific instance, δ/h ≈ 7, and that most points xi ± δvj are not nodes. We employ

a fast search routine within FELICITY to locate such points [79,80].

Unbounded f : We finally present computational results for an example that does

not fall within our theory because the right hand side f is not uniformly bounded.

More precisely, we consider the following f , which becomes unbounded near the cor-

ner (1, 1) of Ω, and the corresponding exact solution u, which is twice differentiable

in Ω but possesses an unbounded gradient near (1, 1) [43]:

u(x) = −
√

2− |x|2, f(x) = 2(2− |x|2)−2 ∀x ∈ Ω.
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Table 2.2 shows that our method converges as the meshsize h decreases, but with
a reduced rate and at the cost of an increased number of Newton iterations. We
choose δ and θ similarly to the smooth Hessian case, but without any theoretical
justification. We note that now we do not follow the approach of interpolating the
coarse solution to the finer mesh, because u /∈ W 2

∞(Ω). Instead, we use the initial
guess that corresponds to ∆u0 = (d!f)1/d, which introduces more damping, say
τ < 1, in the Newton method.

Degrees of freedom P : number of points L∞−error Newton steps

N= 1089, h = 2−5 16 8.3 10−3 8

N=4225, h = 2−6 24 5.0 10−3 15

N=16641, h = 2−7 36 3.3 10−3 18

N= 66049, h = 2−8 52 2.0 10−3 50

Table 2.2: Unbounded f . We observe that the method converges, but with a rate slower
than linear and at the cost of increasing number of Newton iterations with each refinement.

Computational Performance: The process of locating the triangle of the mesh

containing xi ± δvj and computing the barycentric coordinates is a rather small

percentage of the total computing time. For instance, for h = 2−7 and the smooth

Hessian, this represents just 3% (< 3 sec) of the total computation time (90 sec).

Due to the reduced sparsity pattern of the Newton matrices, the most time de-

manding task of the method is solving the linear systems, for which we use Matlab’s

backslash operator. This takes 42.7% of the total time. This computation is per-

formed on an Intel 2.2 GHz i7 CPU, 16 GB RAM using Matlab R2017b.
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Chapter 3: Convergent Two-Scale Filtered Scheme

In this chapter we introduce a more accurate version of our method in Chapter

2. We improve the accuracy by modifying our method using quadratic polynomi-

als and a higher order approximation of the directional derivatives. This leads to

what we call the accurate operator that we present in Section 3.1. This operator

improves the accuracy of the method formally, but lacks the important property of

monotonicity, hence cannot be proven to converge to the viscosity solution. This

leads us to the main contribution of this chapter, which is the filtered scheme, where

we combine the accurate and the monotone operators in order to have improved ac-

curacy and provable convergence. We revise the numerical examples of Section 2.8

and discuss the performance of the new method.

3.1 Two-Scale Accurate Operator

In Remark 2.3.4 we saw that the smallest consistency error we can achieve from

Lemma 2.3.2 (consistency of Tε,m[I1
hu]) for the monotone operator Tε,m is of order

h. We now explore a modification Tε,a to the operator Tε,m that allows us to achieve

a better consistency error. We call Tε,a the accurate operator and we show that it

has better formal approximation properties. However, we see that the operator is
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not monotone and, as a consequence, the convergence results from Theorems 2.4.5

and 2.4.7 do not carry over.

3.1.1 Definition

We define the space V2
h of continuous, piecewise quadratic functions. This

allows us to get a smaller interpolation error in our approximation. In order to

maximize the effect of this change, we introduce the method in the context of

Isoparametric Finite Elements. We assume that our domain Ω is piecewise uniformly

convex and piecewise C1,1, so that we can guarantee the existence of invertible and

quadratic maps that transform the master element into elements with curved sides

connecting boundary nodes N b
h [25]. We call the resulting mesh T 2

h . Associated

with T 2
h and V2

h, we define the piecewise quadratic interpolant I2
h. We also employ

a more accurate approximation of the second directional derivatives that relies on

five, rather than three, point stencils. This means that for our discrete operator and

uε ∈ V2
h we use this time

∇2
δ,auε(xi; vj) :=

−uε(xi + δvj) + 16uε(xi + δ
2vj)− 30uε(xi) + 16uε(xi − δ

2vj)− uε(xi − δvj)
3δ2

,

(3.1.1)

where xi ∈ N 0
h and vj ∈ Sθ. The accurate scheme then becomes: We seek uε ∈ V2

h

such that uε(xi) = g(xi) for xi ∈ N b
h and for xi ∈ N 0

h

Tε,a[uε](xi) := min
v∈S⊥θ

(
d∏
j=1

∇2,+
δ,a uε(xi; vj)−

d∑
j=1

∇2,−
δ,a uε(xi; vj)

)
= f(xi), (3.1.2)

where again, ε := (h, δ, θ) corresponds to the scales of Tε,a.
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3.1.2 Consistency Properties

We now present a consistency lemma to showcase the improved accuracy of

the operator. We only sketch the proof of the result, since it mostly follows along the

lines of Lemma 2.3.1 (consistency of ∇2
δIhu) . Note that our use of Isoparametric

Finite Elements does not affect the following results, because in the interior of the

domain the elements of Th are straight and the δ-domain, Ωh,δ, does not contain

curved boundary cells.

Lemma 3.1.1 (consistency of ∇2
δ,aI2

hu). Let u ∈ W 3
∞(Bi), I2

hu be its Lagrange

interpolant in V2
h, and Bi be defined in (2.3.2). The following two estimates are

then valid:

(i) For all xi ∈ N 0
h and all vj ∈ Sθ, we have

∣∣∇2
δ,aI2

hu(xi; vj)
∣∣ ≤ C |u|W 2

∞(Bi).

(ii) If in addition u ∈ C2+k,α(Bi) for k = 0, . . . , 3 and α ∈ (0, 1], then for all

xi ∈ N 0
h ∩ Ωh,δ and all vj ∈ Sθ, we have∣∣∣∣∇2
δ,aI2

hu(xi; vj)−
∂2u

∂v2
j

(xi)

∣∣∣∣ ≤ C

(
|u|C2+k,α(Bi)δ

k+α + |u|W 3
∞(Bi)

h3

δ2

)
.

In both cases C stands for a constant independent of the two scales h and δ, the

parameter θ and the function u.

Proof. (i) We rewrite (3.1.1) as

∇2
δ,au(x; v) =

4

3

u(x+ δ
2
)− 2u(x) + u(x− δ

2
)(

δ
2

)2 −1

3

u(x+ δv)− 2u(x) + u(x− δv)

δ2
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and then proceed as in Lemma 2.3.1 to obtain

∇2
δ,au(xi; v) ≤ C|u|W 2

∞(Bi).

We then incorporate the interpolation error [21]

‖u− I2
hu‖L∞(Ωh) ≤ C |u|W 3

∞(Bi)h
3,

along with the relation h ≤ δ to complete the proof of (i).

(ii) This part follows from the same calculations as in Lemma 2.3.1 applied to the

terms in (i). The higher approximation order is the result of cancellation of

higher order derivatives.

Lemma 3.1.1 implies the following result, which is similar to Lemma 2.3.2.

Lemma 3.1.2 (consistency of Tε,a[I2
hu]). Let xi ∈ N 0

h ∩ Ωh,δ and Bi be defined as

in (2.3.2). If u ∈ C2+k,α(Bi) with 0 < α ≤ 1 and k = 0, . . . , 3 is convex, and I2
hu is

its piecewise quadratic interpolant, then

∣∣detD2u(xi)− Tε,a[I2
hu](xi)

∣∣ ≤ C1(d,Ω, u)δk+α + C2(d,Ω, u)
h3

δ2
+ C3(d,Ω, u)θ2,

(3.1.3)

where

C1(d,Ω, u) = C|u|C2+k,α(Bi)|u|
d−1
W 2
∞(Bi)

, C2 = C|u|W 3
∞(Bi)|u|

d−1
W 2
∞(Bi)

C3 = C|u|dW 2
∞(Bi)

.

(3.1.4)

If xi ∈ N 0
h and u ∈ W 2

∞(Bi), then (3.1.3) remains valid with α = k = 0 and

C2+k,α(Bi) replaced by W 2
∞(Bi).
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Proof. The proof is again the same as in Lemma 2.3.2, since we use Lemma 3.1.1

(consistency of ∇2
δ,aI2

hu) along with the bound |λj| ≤ |u|W 2
∞(Bi) on the eigenvalues

λj of D2u.

Remark 3.1.3 (optimal consistency error). We observe that for a smooth function

u ∈ C5,1(Ω) the above lemma now provides us with a consistency error of order h2

instead of only order h, which corresponds again to the optimal choice δ = h1/2.

Remark 3.1.4 (lack of monotonicity). The definition of ∇2
δ,a in (3.1.1) implies that

Tε,a is not monotone, since a change in u at a certain xj could affect the second dif-

ference at another node xi in two possible ways. It can either decrease or increase

it, depending on whether it affects the behavior of −u(xi± δv) or u(xi± δ
2
v), respec-

tively. We also note that Tε,a is defined on a space of piecewise quadratic functions,

which means that the behavior at the nodes does not translate monotonically to the

behavior inside simplices.

The above remarks indicate that despite the improved accuracy of this op-

erator, it is not possible to prove that a sequence of discrete solutions of (3.1.2)

converges to the unique viscosity solution of (1.1.1).

3.2 Filtered Scheme

The above observations are the main motivation for designing a scheme that

can exhibit a more accurate behavior than the monotone scheme, while also pro-

viding some flexibility that allows for convergence results. In this section we design

such a scheme. We call it two-scale filtered scheme, because it involves two scales
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as in Chapter 2, as well as a filter, in a similar fashion to [44]; see [17] for Hamilton-

Jacobi equations. We use a filter scale to enforce an “almost monotone” structure

on the scheme. At the end of this section we prove the convergence of the solution

of the filtered scheme to the viscosity solution of (1.1.1).

3.2.1 General Definition of the Operator

We start by introducing the scheme using only some properties of the filter

function, but without specifying its explicit form. We then discuss in Section 3.2.2

the precise definition of the filter. The idea of a filter function is to allow the

accurate operator to take over the monotone operator, as long as it does not exhibit

any undesirable behavior due to lack of monotonicity. We this in mind, we create

the filter function in a way that controls the relative behavior of the accurate and

monotone operators through a filter scale. To achieve this, we require our filter F

to be a compactly supported and continuous (hence uniformly bounded) function

that equals to the identity in part of its support. This will allow us to exploit the

above idea of using the difference of the two operators as the decisive factor for the

behavior of the filtered operator. We also introduce a filter scale τ = τ(ε), where

ε = (ha, hm, δa, δm, θa, θm) and depends on the scales ha, δa, θa and hm, δm, θm of the

accurate and monotone operators, respectively. Note that, since in each case we

choose δ and θ to be functions of h, we can simply write τ = τ(ha, hm). For the rest

of the analysis it is important to observe that τ → 0 as ha, hm → 0.

We now define the filter operator Tε,f and the discrete solution Uε. We first in-
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troduce some notation that allows us to work with both operators from Sections 2.1.2

and 3.1. We call T 1
h a mesh of size h that corresponds to linear elements in the space

V1
h. Similarly, we call T 2

2h a mesh of size 2h for isoparametric quadratic elements in

V2
2h. We observe that for two successive triangulations T 1

2h and T 1
h , the correspond-

ing polygonal domains satisfy Ω2h ⊂ Ωh. We also recall that N b
h ⊂ ∂Ω. This implies

that the nodal values of V2
2h in T 2

2h coincide with the nodal values of V1
h in T 1

h . We

illustrate this in Figure 3.1 for the two-dimensional case and explain it briefly here:

the statement is clear for cells in the interior of the domain, where the isoparametric

map from T 1
2h to T 2

2h is the identity map and the midpoints of the interior triangles of

T 1
2h that are used as nodal values for T 2

2h are the new vertices of the refined triangles

of T 1
h . On the other hand, boundary cells of T 1

2h are mapped to cells with curved

boundary faces (edges for d = 2), in order to construct T 2
2h. The quadratic space

V2
2h defined over T 2

2h involves nodal values on the midpoints of all faces and for the

curved ones, the points used for these nodal values lie on the boundary. When the

triangulation is refined, these points coincide with the new boundary vertices of T 1
h .

Consequently, the nodal values of V1
h over Th and of V2

2h over T 2
2h correspond to the

exact same physical coordinates.
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Figure 3.1: Illustration of the refinement close and away from the bound-
ary for d = 2. In the interior we create four new triangles upon each
refinement, by connecting the midpoints of the coarser cell. The space
V1
h corresponding to T 1

h and defined over these four triangles shares the
same nodal values as the space V2

2h corresponding to T 2
2h and defined

over the original triangle. On boundary elements, the boundary point
that is used in the construction and as a nodal value of the isoparametric
element in T 2

2h for V2
2h becomes the new boundary node for Ωh ⊃ Ω2h

that is used for the four new triangles of T 1
h . The blue “−·−·−” dashed

line corresponds to the new edges introduced after the refinement. The
red “−−−” dashed line illustrates the curved edge of the curved element
that is isoparametric to the original triangle.

We now exploit the above structure in order to introduce our discrete solution

Uε. It is a grid function, in the sense that we think of it as a vector {Ui
ε}i of nodal

values of a piecewise linear function over T 1
h , which, as explained above, are also

the nodal values of a piecewise quadratic function over T 2
2h. This allows us to define

two functions u1
ε ∈ V1

h over T 1
h and u2

ε ∈ V2
2h over T 2

2h using Uε as nodal values.

We can now compare the monotone and accurate operator applied to u1
ε and u2

ε,

respectively. We seek Uε such that Uε = g(xi) for all xi ∈ N b
h and for all xi ∈ N 0

h

Tε,f [Uε](xi) := Tε,m[u1
ε](xi) + τF

(
Tε,a[u

2
ε](xi)− Tε,m[u1

ε](xi)

τ

)
= f(xi). (3.2.1)
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This definition of the filtered operator is twofold:

(i) Minimize the risk: As we explained in Section 3.1, the accurate operator

(3.1.2) exhibits a smaller consistency error than the monotone operator (2.1.2)

(see Lemma 2.3.2 (consistency of Tε,m[I1
hu]) and Lemma 3.1.2 (consistency of

Tε,a[I2
hu])), but the improved accuracy comes at the cost of the lack of mono-

tonicity. Therefore, given the importance of monotonicity for the convergence

of schemes in the context of viscosity solutions, the scheme in Section 3.1 can-

not be guaranteed to converge. Especially in cases where the right-hand side

f degenerates, hence when we cannot expect to have a classical solution of

(1.1.1), this lack of monotonicity could in principle lead to the failure of the

accurate operator. This is why we use a filter that examines how much the

two operators Tε,m and Tε,a differ. We will see in Section 3.2.2 that if their dif-

ference is in absolute value bigger than τ , the monotone operator is employed

in order to guarantee that nothing goes wrong and that our scheme converges.

We note here that this is a rather simple approach that could lead to using the

monotone operator even in cases where the accurate operator is much better.

We explore and discuss this further in Section 3.4.

(ii) Almost monotonicity: The main feature of F is that it is uniformly bounded

and in particular, |F (s)| ≤ 1 for all s ∈ R. This leads to Lemma 3.2.1 (almost

monotonicity), which, in turn, is critical to prove existence of a discrete so-

lutions and its convergence. Being able to prove such results is an important

component of this work, hence the definition of the filter and of the filter oper-
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ator (3.2.1) are closely aligned with this goal. In Section 3.2.2 we also take into

account the possible degeneracy of the right-hand side f and provide explicit

definitions of F .

For the rest of the presentation, we assume that ha = 2hm = 2h and use the

notation h → 0 for our convergence result. However, we keep the notation δm and

δa, because these quantities do not always have the same expression with respect to

h. Moreover, in order to simplify our presentation, we introduce the notation

A[Uε](xi) := Tε,a[u
2
ε](xi)− Tε,m[u1

ε](xi). (3.2.2)

This quantity is often used in the following sections as the argument of F , similarly

to (3.2.1).

We now use the uniform bound of F and (3.2.1) to show that the filtered

operator satisfies the following notion of “almost monotonicity”.

Lemma 3.2.1 (almost monotonicity). For two grid functions Vh,Wh such that

Vh −Wh attains a maximum at an interior node xi ∈ N 0
h , we have that

Tε,f [Wh](xi) + 2τ ≥ Tε,f [Vh](xi).

Proof. Let v1
h, w

1
h ∈ V1

h and v2
h, w

2
h ∈ V2

2h be the corresponding functions with the

same nodal values as Vh and Wh, respectively. We use the definition of the filtered

operator to write

Tε,f [Wh](xi) = Tε,m[w1
h](xi) + ki τ, Tε,f [Vh](xi) = Tε,m[v1

h](xi) + k̃i τ

where |ki|, |k̃i| ≤ 1, since |F (s)| ≤ 1 for all s. We now employ [63, Lemma 2.3]
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(monotonicity) for Tε,m and w1
h, v

1
h to deduce that

Tε,m[w1
h](xi) ≥ Tε,m[v1

h](xi).

Combining these expressions, we obtain

Tε,f [Wh](xi) + (k̃i − ki)τ ≥ Tε,f [Vh](xi),

whence

Tε,f [Wh](xi) + 2τ ≥ Tε,f [Vh](xi).

This concludes the proof.

3.2.2 Definition of Filter Function

As our filter function we can use a continuous and uniformly bounded function

Fσ that is equal to the identity for |s| ≤ 1 and then continuously transitions to zero:

Fσ(s) :=



s, |s| ≤ 1

0, |s| ≥ 1 + σ

− 1
σ
s+ 1+σ

σ
, 1 < s < 1 + σ

− 1
σ
s− 1+σ

σ
, −1− σ < s < −1

(3.2.3)

The parameter σ encodes the continuous transition of Fσ to zero. Its choice and use

is further discussed in Section 3.4.

We see that (3.2.3) satisfies the properties mentioned in Section 3.2.1, i.e. it

is uniformly bounded by one and allows the accurate operator to take effect only if

it does not differ much from the monotone operator. However, given our analysis

in Chapter 2, one important feature of Tε,m is that it can guarantee the discrete
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convexity of the discrete solutions. This may not be guaranteed with (3.2.3) in

cases where the right hand side f touches zero. Although this is possible to deal

with asymptotically, it is also desirable to mimic the properties of the continuous

problem, which justifies preserving the discrete convexity of the discrete solutions.

We explain now why this property may not be guaranteed if we use (3.2.3) and

suggest a way to ameliorate it.

We observe that for every grid function Uh with corresponding u1
h ∈ V1

h and

u2
h ∈ V2

2h and for all xi ∈ N 0
h there exists |ki| ≤ 1 that depends on the values of

Tε,a[u
2
h](xi), Tε,m[u1

h](xi) such that

Tε,f [uh](xi) =



Tε,m[u1
h](xi), |A[Uh](xi)| ≥ (1 + σ)τ

Tε,m[u1
h](xi)− |ki|τ, −(1 + σ)τ < A[Uh](xi) ≤ 0

Tε,m[u1
h](xi) + |ki|τ, 0 < A[Uh](xi) < (1 + σ)τ

(3.2.4)

Consider now the case when there exists xi ∈ N 0
h such that f(xi) = 0. If we want to

preserve the discrete convexity of the function u1
ε that corresponds to the discrete

solution Uε and that is guaranteed by the monotone operator whenever f ≥ 0, we

need to make sure that Tε,m[u1
ε](xi) ≥ 0. This is also used in Lemma 3.2.3 (existence

and stability), in order to prove the existence of a discrete solution using results from

Chapter 2. The above calculation shows that for xi ∈ N 0
h we end up with
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Tε,m[u1
ε](xi) =



f(xi) = 0, |A[Uε](xi)| ≥ (1 + σ)τ

f(xi) + |ki|τ ≥ 0, −(1 + σ)τ < A[Uε](xi) ≤ 0

f(xi)− |ki|τ ≤ 0, 0 < A[Uε](xi)(xi) < (1 + σ)τ

(3.2.5)

This means that, in order to preserve Tε,m[u1
ε](xi) ≥ 0 for all xi ∈ N 0

h , we need

to modify our filter in order to exclude the third case, where we may end up with a

negative value for the monotone operator, when ki 6= 0. To this end, we introduce

a non-symmetric modification of the filter function:

F̃σ(s) :=



s, −1 ≤ s ≤ 0

− 1
σ
s− 1+σ

σ
, −1− σ ≤ s ≤ −1

0, otherwise.

(3.2.6)

Remark 3.2.2 (choice of filter function). This filter allows us to avoid the third

case where Tε,m[u1
ε] ≤ 0, which, in turn, allows us in Lemma 3.2.3 (existence and

stability) to construct a discrete convex solution for our operator even when f touches

zero. From now on we make the convention that (3.2.3) is used in (3.2.1) whenever

f > 0 everywhere and (3.2.6) is used whenever we have a right-hand side that

touches zero. We emphasize that this is a decision that we make once depending

on the right-hand side and it does not depend on x. In Lemma 3.2.3 (existence

and stability) we show that for all f ≥ f0 > 0 we can choose τ ≤ f0 and prove

the existence of a discretely convex solution of (3.2.1) using (3.2.3) as our filter.

This is not a big restriction, since in practice the lower bound of f is expected to

be of order 1, while τ is some positive power of h. On the other hand, choosing
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the non-symmetric filter F̃σ may worsen the symmetry of the resulting system, while

excluding parts of the domain where Tε,a could have still been used, i.e. whenever

f ≥ τ . Consequently, we employ it only when it is necessary. In Section 3.4 we test

our method for a smooth example with strictly positive f using (3.2.3) everywhere,

as well as a C1,1 example where f is zero in a big part of the domain, in which case

we employ (3.2.6) everywhere. We also explore briefly a space-dependent choice of

filter.

3.2.3 Existence of Discrete Solution

In this section we prove that (3.2.1) has a unique discrete solution Uε. This

hinges on Lemma 3.2.1 (almost monotonicity) and the results in Chapter 2. We

exploit the existence proven in Lemma 2.2.1 (existence, uniqueness and stability)

combined with a fixed point argument that was used in [44].

Lemma 3.2.3 (existence and stability). There exists a grid function Uε that is the

solution of the filtered scheme (3.2.1) with appropriate choice of filter function and

is stable in the sense that ‖Uε‖l∞(Ω) does not depend on the parameters involved in

ε.

Proof. We first show that for any grid function Uh with corresponding functions

u1
h ∈ V1

h and u2
h ∈ V2

2h, we can find a grid function Yh(Uh) with corresponding

functions y1
h(Uh) ∈ V1

h and y2
h(Uh) ∈ V2

2h such that for all xi ∈ N 0
h

Tε,m[y1
h(Uh)](xi) + τFσ(A[Uh](xi)) = f(xi). (3.2.7)

We focus on grid functions with corresponding u1
h that is discretely convex and that
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satisfy the boundary conditions on N b
h . Note that the Lagrange interpolant in V1

h

of any convex function is discretely convex and [48, Theorem 1.6.2] guarantees that

there exists a convex function satisfying the boundary conditions. Hence the set of

such functions is non-empty for all δm. We prove the result in two steps.

Step 1. We prove that for every grid function Uh such that the corresponding

function u1
h ∈ V1

h is discretely convex, we can find Yh(Uh) such that (3.2.7) holds

and the corresponding y1
h(Uh) ∈ V1

h is discretely convex. To this end we distinguish

two cases with respect to whether f is strictly positive or not.

(i) f > 0 : We use the filter function Fσ from (3.2.3) with σ > 0 and recall

(3.2.5). Since f > 0 and uniformly continuous in Ω, there exists f0 > 0 such

that f(x) ≥ f0 > 0 for all x ∈ Ω. Then, choosing τ ≤ f0, (3.2.7) becomes

Tε,m[y1
h(Uh)](xi) = f(xi)− τFσ

(
A[Uh](xi)

τ

)

=



f(xi) ≥ 0, |A[Uh](xi)| ≥ (1 + σ)τ

f(xi) + |ki|τ > 0, −(1 + σ)τ < A[Uh](xi) ≤ 0

f(xi)− |ki|τ ≥ 0, 0 < A[Uh](xi) < (1 + σ)τ

for |ki| ≤ 1. We now employ the existence result from Lemma 2.2.1 (exis-

tence, uniqueness and stability) to conclude that there exists a unique solution

y1
h(Uh) ∈ V1

h to the above problem with ‖y1
h(Uh)‖L∞ ≤ Λ, where Λ depends

on ‖g‖L∞ and ‖f‖L∞ , since τ ≤ f0 ≤ ‖f‖L∞ . The existence is guaranteed by

the continuity of f and F , since we can interpolate Fσ(A[Uh]) as a continu-

ous piecewise linear function in the whole domain. Using the nodal values of

y1
h(Uh), we thus obtain Yh(Uh).
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(ii) f ≥ 0 : In this case, motivated by (3.2.5), we employ the filter function in

(3.2.6) with σ > 0 to obtain

Tε,m[y1
h(Uh)](xi) = f(xi)− τ F̃σ

(
A[Uh](xi)

τ

)

=


f(xi) + |ki|τ ≥ 0, −(1 + σ)τ < A[Uh](xi) ≤ 0

f(xi) ≥ 0, otherwise

where |ki| ≤ 1. We can now use Lemma 2.2.1 (existence, uniqueness and

stability) and conclude the existence of a unique y1
h(Uh) ∈ V1

h with a uniform

bound in L∞, hence existence of the grid function Yh(Uh).

Step 2. In view of Step 1, we can restrict ourselves to the compact, convex set of

grid functions Uh with corresponding u1
h ∈ V1

h that is discretely convex and that

satisfy the boundary conditions, as well as ‖Uh‖l∞(Ω) ≤ Λ. Then, Step 1 implies that

for all such Uh we can find Yh(Uh) solution of (3.2.7) such that ‖Yh(Uh)‖l∞(Ω) ≤ Λ.

Then, similarly to [44], by Brouwer’s fixed point theorem, Yh has a fixed point in

that set, whence there exists Uε, uniformly bounded in the max norm independent

of the parameters in ε and such that Uε = g(xi) for all xi ∈ N b
h and for all xi ∈ N 0

h :

Tε,m[Uε](xi) + τFσ

(
A[Uε](xi)

τ

)
= f(xi).

This concludes the proof.

Remark 3.2.4 (non-uniqueness). We emphasize that the above proof does not guar-

antee the existence of a unique solution to (3.2.1), since in principle we can have

more than one fixed points for (3.2.7). However, we can use the discrete comparison
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principle introduced in [63] to show that two different solutions of (3.2.1) are very

close to each other in the L∞ norm.

Lemma 3.2.5 (control of the lack of uniqueness). Let Uε,Vε be two discrete solu-

tions of (3.2.1). Then,

‖Uε −Vε‖l∞(Ω) ≤ C τ 1/d,

where C depends only on the dimension d and Ω.

Proof. The result is an immediate consequence of the discrete comparison principle

introduced in Lemma 2.1.4 (discrete comparison principle) and the fact that by

construction, Tε,m[u1
ε](xi) ≥ 0 and Tε,m[v1

ε ](xi) ≥ 0 for all xi ∈ N 0
h , where u1

ε, v
1
ε ∈ V1

h

are defined as usual. To show this, we use the discrete barrier qh = I1
h(|x − x0|2 −

R2) ∈ V1
h that was introduced in Lemma 2.4.2, where x0 and R > 0 are such that

Ω ⊂ BR(x0). Since Tε,f [Uε](xi) = Tε,f [Vε](xi) = f(xi) for all xi ∈ N 0
h , we have that

Tε,m[u1
ε](xi) ≤ Tε,m[v1

ε ](xi) + 2τ ≤ Tε,m

[
v1
ε +

(2τ)1/d

2
qh

]
(xi)

and

Tε,m[v1
ε ](xi) ≤ Tε,m[u1

ε](xi) + 2τ ≤ Tε,m
[
u1
ε +

(2τ)1/d

2
qh
]
(xi)

for all xi ∈ N 0
h . Applying Lemma 2.1.4 (discrete comparison principle), we obtain

that

|u1
ε − v1

ε | ≤
∣∣∣(2τ)1/d

2
qh

∣∣∣ ≤ Cτ 1/d,

which concludes the proof.
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3.2.4 Convergence

We now prove the convergence of the solution uε of (3.2.1) to the unique

viscosity solution of (1.1.1). To this end, we follow the proof of convergence of

Theorem 2.4.7 (uniform convergence) which in turn modifies that of [7] to account

for the Dirichlet boundary conditions and the lack of operator consistency near

∂Ωh. In addition, we exploit the almost monotone nature of the scheme, as in [44],

to further adjust the proof of [7] and derive uniform convergence of uε to u in Ω.

In both Theorem 2.4.7 and the current result, we need to employ a discrete barrier

argument, in order to control the behavior of the discrete solution close to the

boundary. We recall here for convenience the discrete barrier function introduced

in Lemma 2.4.1.

Lemma 3.2.6 (discrete boundary barrier). Let Ω be uniformly convex and E > 0

be arbitrary. For each node z ∈ N 0
h with dist(z, ∂Ωh) ≤ δ, there exists a function

ph ∈ V1
h such that Tε,m[ph](xi) ≥ E for all xi ∈ N 0

h , ph ≤ 0 on ∂Ωh and

|ph(z)| ≤ CE1/dδ,

with C depending on the curvature of the boundary.

Before proceeding further, we recall the following continuous version of the

Monge-Ampère operator

T [u] := min
v=(vj)dj=1∈S⊥

(
d∏
j=1

∂2,+
vjvj

u−
d∑
j=1

∂2,−
vjvj

u

)
,

and the equivalence of the viscosity solutions of (1.1.1) and

T [u] = f in Ω, u = g on ∂Ω,
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as proven in Lemma 2.4.6 (equivalence of viscosity solutions). We can now prove

the uniform convergence of the discrete solution of (3.2.1) in Ω. Since Uε and u1
ε

are defined in the computational domain Ωh, and Ωh ⊂ Ω, we extend u1
ε to Ω as

follows. Given x ∈ Ω \ Ωh let z ∈ ∂Ωh be the closest point to x, which is unique

because Ωh is convex, and let

u1
ε(x) := u1

ε(z) = I1
hg(z) ∀x ∈ Ω \ Ωh. (3.2.8)

This is needed in order to control the behavior of u1
ε close to the boundary using

tools from Theorem 2.4.7 (uniform convergence).

We also introduce the limit supremum and the limit infimum of the discrete

solution, namely

u∗(x) = lim sup
ε→0,z→x

u1
ε(z), u∗(x) = lim inf

ε→0,z→x
u1
ε(z) ∀x ∈ Ω.

In the above definition we also require (but omit from the notation) that for hm = h

and ha = 2h, we have that hm
δm
, ha
δa
→ 0 as h → 0. We observe that u∗ is upper

semi-continuous and u∗ is lower semi-continuous. Since the proof follows closely

the one in Theorem 2.4.7, we emphasize only the parts of it that are different for

the filtered operator. In the following calculations we do not rely on the precise

definition of the filter function F and only assume that it satisfies Lemma 3.2.1

(almost monotonicity).

Theorem 3.2.7 (uniform convergence). Let Ω be uniformly convex, f ∈ C(Ω) ∩

L∞(Ω) satisfy f ≥ 0, and g ∈ C(∂Ω). The discrete solution Uε of (3.2.1) converges

uniformly to the unique viscosity solution u ∈ C(Ω) of (1.1.1) as ε = ε(h)→ 0.
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Proof. In view of Lemma 2.4.6 (equivalence of viscosity solutions), we prove that

Uε converges to the viscosity solution of (2.4.6). To this end, we have to deal with

a test function φ ∈ C2(Ω) and the respective grid function Φh with corresponding

piecewise polynomial functions φ1
h = I1

hφ ∈ V1
h and the φ2

h = I2
hφ ∈ V2

2h. Without

loss of generality we may assume φ ∈ C2,α(Ω). We split the proof into five steps.

Step 1: Consistency. We have the following consistency estimate for the op-

erator T in (2.4.6):

∣∣T [φ](x0)− Tε,f [Φh](xi)
∣∣ ≤ C1(φ)

(
δαm + |x0 − xi|α

)
+ C2(φ)

( h2

δ2
m

+ θ2
m

)
+ τ,

where the constants C1, C2 are defined in Lemma 2.3.2 (consistency of Tε,m[I1
hu](xi))

and depend on |φ|C2,α(Bi) and |φ|W 2
∞(Bi) with Bi defined in (2.3.2), and x0 ∈ Ω, xi ∈

N 0
h ∩ Ωh,δm . This is an immediate consequence of Lemma 2.3.2, the Lipschitz con-

tinuity of the min and max functions and the fact that |Tε,f [Φh]− Tε,m[φ1
h]| ≤ τ .

Step 2: Subsolutions. We show that u∗ is a viscosity subsolution of (2.4.6);

likewise u∗ is a viscosity supersolution. This hinges on monotonicity and consis-

tency [7]. In our case, we employ the monotonicity of (2.1.2) and the fact that

the operator in (3.2.1) is almost monotone, in the sense described in Lemma 3.2.1

(almost monotonicity). We must show that if u∗ − φ attains a local maximum at

x0 ∈ Ω, we have

T [φ](x0) ≥ f(x0);

note that u∗ − φ is upper semi-continuous and the local maximum is well defined.

Without loss of generality, we may assume that u∗ − φ attains a strict global maxi-

mum at x0 [52, Remark in p.31] and x0 ∈ Ωh for h sufficiently small. Let xh ∈ Nh
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be a sequence of nodes so that Uε − Φh attains a maximum at xh. Similarly to

Theorem 2.4.7 (uniform convergence), we claim that xh → x0 as h→ 0. Exploiting

the fact that Uε−Φh attains a maximum at xh, Lemma 3.2.1 (almost monotonicity)

yields

Tε,f [Φh](xh) + 2τ ≥ Tε,f [uε](xh) = f(xh),

where τ → 0 as ε→ 0. Since f ∈ C(Ω), to prove T [φ](x0) ≥ f(x0) we only need to

show that as ε→ 0

Tε,f [Φh](xh)→ T [φ](x0).

This is a consequence of Step 1 and the fact that xh ∈ Ωh,δm for δm sufficiently small,

because x0 ∈ Ω, xh → x0 and the sequence of Ωh ↑ Ω is non-decreasing.

Step 3: Boundary Behavior. We now prove that u∗ = u∗ = g on ∂Ω via a

barrier argument similar to that in Theorem 2.4.7 (uniform convergence). This is

essential in order to apply the comparison principle for operator T to relate u∗, u
∗

and u in Step 4.

Let pk be the quadratic function in the proof of Lemma 2.4.1 (discrete bound-

ary barrier) associated with an arbitrary boundary point x ∈ ∂Ω (the origin in

the construction of pk) and with constant E = k . We recall that pk(x) = 0 and

pk(z) ≤ 0 for all z ∈ ∂Ω can be made arbitrarily large for k → ∞ by virtue of

the uniform convexity of Ω. A simple consequence is that the sequence of points

xk ∈ ∂Ω where g + pk (resp. g − pk) attains a maximum (resp. a minimum) over

∂Ω converges to x as k →∞.

Lemma 2.1.3 (monotonicity) implies the following maximum principle for the
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monotone operator: if a discretely convex function u1
h ∈ V1

h satisfies Tε,m[u1
h](xi) > 0

for all xi ∈ N 0
h , then u1

h attains a maximum over Ωh on N b
h ⊂ ∂Ω. We now see that,

since Tε,m[u1
ε] ≥ 0, we have that for k big enough and all xi ∈ N 0

h

Tε,m[u1
ε + I1

hpk](xi) ≥ Tε,m[u1
ε] + Tε,m[I1

hpk](xi)

≥ Tε,f [Uε](xi)− τ + E

= f(xi)− τ + E > 0,

whence u1
ε + I1

hpk attains its maximum on N b
h . In view of (3.2.8), we may assume

z ∈ Ωh in the limit u∗(x) = lim supε,h
δ
→0,z→x u

1
ε(z). Consequently,

u∗(x) ≤ lim sup
ε→0,z→x

(
u1
ε(z) + I1

hpk(z)
)
− lim inf

ε→0,z→x
I1
hpk(z)

≤ lim sup
ε→0

max
z∈N bh

(
g + pk

)
(z)− pk(x) ≤ g(xk) + pk(xk) ≤ g(xk),

because maxN bh g + pk ≤ max∂Ω g + pk. Hence taking k →∞ yields u∗(x) ≤ g(x).

On the other hand, since Tε,m[I1
hpk](xi) > Tε,m[u1

ε](xi) for all xi ∈ N 0
h and k

big enough, Lemma 2.1.3 (monotonicity) implies that u1
ε −I1

hpk attains a minimum

on N b
h . Therefore, arguing as before

u∗(x) ≥ lim inf
ε→0

min
z∈∂Ω

(
g − pk

)
(z) + pk(x) ≥ g(xk)− pk(xk) ≥ g(xk),

whence u∗(x) ≥ g(x). This in turn gives u∗ ≤ g ≤ u∗ ≤ u∗ on ∂Ω as asserted.

Step 4: Comparison. To prove that u∗ = u∗ in Ω we use the comparison

principle for (2.4.6) as in Theorem 2.4.7 (uniform convergence). Since u∗ and u∗

are a subsolution and supersolution respectively of (2.4.6) and they agree on the

boundary, we can deduce that u∗ ≤ u∗ in Ω. Combining with u∗ ≥ u∗, by definition,

this results in u∗ = u∗ in Ω.
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Step 5: Uniform Convergence. This is identical to Theorem 2.4.7 and con-

cludes the proof.

3.3 Numerical Examples: Accurate Scheme

In this section we illustrate the improved performance of the accurate operator.

We present in Table 3.1 the L∞ error of the solution of the accurate operator for

the following two examples of Section 2.8:

Smooth Hessian:

u(x) = e|x|
2/2, f(x) = (1 + |x|2)e|x|

2 ∀x ∈ Ω.

Discontinuous Hessian:

u(x) =
1

2
(max(|x− x0| − 0.2, 0))2 , f(x) = max

(
1− 0.2

|x− x0|
, 0

)
∀x ∈ Ω.

We compare with the respective errors for the monotone operator for the same

number of degrees of freedom, N . We note that in the comparison we employ the

notation h for the mesh-size used for the monotone operator, hence the respective

size of the accurate operator for the same number of degrees of freedom is 2h. The

computational domain is Ω = Ωh = [0, 1]2 and for the second example x0 = (0.5, 0.5)

is the center of the domain. We note here that, since our computational domain is

not curved and it is the same as Ω, the map of the Isoparametric Finite Elements

is the identity. In a general case, where Ω would be uniformly convex instead, this

would no longer be the case. Despite the generality with which we introduce our
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method, we choose to present our experiments for this domain, in order to easily

compare them with the results in Section 2.8.

DoFs P : # of points Tε,m Tε,a Newton steps

N= 4225, h = 2−6 56 2.8 10−3 1.91 10−4 6

N=16641, h = 2−7 88 1.5 10−3 8.60 10−5 5

N=66049, h = 2−8 144 7.8 10−4 4.17 10−5 5

N= 263169, h = 2−9 224 6.4 10−4 2.42 10−5 7

DoFs P : # of points Tε,m Tε,a Newton steps

N= 4225, h = 2−6 40 1.9 10−3 2.48 10−4 9

N=16641, h = 2−7 56 9.0 10−4 1.51 10−4 12

N=66049, h = 2−8 72 5.7 10−4 8.34 10−5 14

N= 263169, h = 2−9 96 3.83 10−4 5.31 10−5 20

Table 3.1: L∞ error for monotone and accurate operators for the smooth
Hessian (top) and the discontinuous Hessian (bottom). P : number of
points xi ± δvj used for Tε,a at each xi ∈ N 0

h ; P = 8(D − 1), where D
is the number of directions vj in a quarter circle, as determined by the
value of θ. The operator has an accuracy of one to two orders higher
compared to Tε,m. The number of Newton iterations corresponds to the
accurate operator.

We observe that the accurate operator exhibits a significant improvement be-

yond one order of magnitude in the smooth case. Although there is no theoretical

result to support this, it can be explained by the regularity of this example and

the higher order of the consistency error in Lemma 3.1.2 (consistency of Tε,a[I2
hu]).

At this point, it is worth noting that the accuracy improvement for the monotone

operator for the smooth example exhibits saturation in the last refinement. Upon

examining where the error is bigger, we observe that it appears on the boundary
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layer that arises from the definition of Tε,m. As shown in Theorem 2.7.1 (rates of

convergence for classical solutions), this error does not follow the consistency of the

solution, but is bounded through a barrier argument by C ‖u‖W 2
∞(Ω) δm. This is

true for the above case too.

As far as the piecewise smooth example is concerned, we observe again an increase

in accuracy of Tε,a over Tε,m, despite the fact that the predicted error in Theorem

2.7.4 (degenerate forcing f ≥ 0) for this example is determined by the dimension of

the problem rather than the regularity of the solution. In contrast to Table 2.1, this

time we notice an increase in the number of Newton iterations with each refinement.

This may be attributed to the lack of monotonicity of Tε,a.

3.3.1 Computational Remarks

At this point we explain some implementation features of the accurate method,

that are also relevant for the filtered scheme.

Sparsity: By comparing the approximations of second directional derivatives

that we use in the monotone operator (2.1.1) and accurate operator (3.1.1), we

immediately observe that the latter requires almost double the amount of points in

the evaluation of ∇2
δ,aUε for each point xi ∈ N 0

h and direction vj ∈ Sθ. This results

in a sparsity pattern with a wider bandwidth and more non-zero elements, since

for each extra point xi ± δ
2
vj, we need to use the degrees of freedom of the simplex

where xi ± δ
2
vj belong. To illustrate this, we present in Figure 3.2 the sparsity of

the gradient matrix for both the monotone and the accurate operator for the same
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amount of degrees of freedom, in particular h = 2−6 and N = 4225.

Figure 3.2: Sparsity of the Jacobian for C1,1 example: a) monotone
operator, 44, 186 non-zero elements (left), b) accurate operator, 160, 990
non-zero elements (right).

Solver: The original operator Tε,m was implemented for the results in Section

2.8 using a direct solver for the linear system, i.e. Matlab’s backslash operator.

However, for very fine meshes and cases where we have many directions an iterative

method like conjugate gradient is more appropriate. As illustrated in Figure 3.2 and

discussed earlier, the accurate operator’s sparsity pattern includes a wide bandwidth

of non-zero elements. This makes a direct solver a less favorable option for very fine

meshes. Choosing a small tolerance for the conjugate gradient method seems to

provide similar results as the direct solver and hence not affect the computationally

observed errors. The design of suitable preconditioners is important, but remains

an open issue.
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3.4 Numerical Examples: Filtered Scheme

We now combine the monotone and accurate operator into the filtered scheme

in (3.2.1). We explore the accuracy of the new operator and determine the parts of

the domain where the monotone operator is enforced instead of the accurate one.

We call this the active set of the filtered scheme. Before doing that, we first discuss

briefly the choice of σ in Fσ and fix a value for our implementation.

3.4.1 Choice of σ in Fσ:

We observe that if σ = 0 in (3.2.3), we obtain the discontinuous function

F0(x) :=


x, |x| ≤ 1

0, |x| > 1,

while for any choice σ > 0 the filter function Fσ is continuous. We recall that

continuity of Fσ is only used in Lemma 3.2.3 (existence and stability) in order to

apply Lemma 2.2.1 (existence, uniqueness and stability) that requires continuity

for the right hand side of the equation. We note, however, that our results do not

require any extra restriction on the value of σ. This means that we can choose σ as

small as we want and then perform our asymptotic analysis (numerical experiments)

for h→ 0; in practice, we take σ = 10−4. This leads to a very small support for the

two last cases in (3.2.3), which in practice never shows up. This is desirable to us,

since our goal is to give full control to Tε,a in smooth parts of the solution, while

we want to employ the monotone operator otherwise. However, the two cases that

correspond to s ∈ [1, 1 + σ] ∪ [−1 − σ,−1] in (3.2.3) result in a linear combination
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of the two operators. For example, if σ = 1 and −2τ ≤ A[Uε](xi) ≤ −τ , we obtain

Tε,f [Uε](xi) = Tε,m[u1
ε](xi)− (Tε,a[u

2
ε](xi)− Tε,m[u1

ε](xi))− 2τ

= 2 Tε,m[u1
ε](xi)− Tε,a[u2

ε](xi)− 2τ

A form like the above for σ = 1 would result in the respective component∇Tε,f [Uε](xi)

of the Jacobian of the method to be calculated using

2 ∇Tε,m[u1
ε](xi)−∇Tε,a[u2

ε](xi),

where∇Tε,m and∇Tε,a are associated with the Jacobian matrix of the monotone and

accurate operators at xi. This could create problems with the implementation of the

semi-smooth Newton iteration we employ (see Section 2.8.1). This was also observed

in [44], where the authors acknowledge the prospects of a poorly conditioned or

ill-posed system and thereby decide to approximate the above component of the

Jacobian by

∇Tε,f [Uε](xi) ≈ 2 ∇Tε,m[u1
ε](xi).

We prefer, instead, to avoid these issues altogether by choosing a rather small value

of σ. This retains the existence and convergence results from the theory in Sec-

tion 3.2, while allowing for an implementation that resembles the one corresponding

to the discontinuous filter F0 for which

∇Tε,f [Uε](xi) =


∇Tε,a[u2

ε](xi), |A[Uε](xi)| ≤ τ

∇Tε,m[u1
ε](xi), otherwise.

We stress here that this notation corresponds to the process followed in order to

construct the component of the Jacobian of the system that corresponds to xi,
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using the Jacobian matrices of the monotone and accurate operator. This process

is still in the context of semi-smooth Newton, as in Section 2.8.1, since we treat the

non-differentiability of Fσ at s = ±τ and s = ±(1 + σ)τ similarly to the max and

min functions in Section 2.8.1.

3.4.2 Numerical Experiments:

Before presenting our results in detail, using the same examples as in Sec-

tion 3.3, we make two general observations.

• Choice of filter scale τ : We stress that the behavior of the scheme depends

greatly on the choice of the filtered scale τ . A bigger τ allows the accurate

operator to take control, while the monotone operator guarantees convergence

when the accurate operator has a very large consistency error. On the other hand,

smaller values of τ lead to the presence of the active set, where the monotone

operator becomes dominant. Since we measure the error in the L∞ norm, a

big active set could prevent us from achieving better accuracy than with Tε,m.

Although there is no clear recipe for choosing τ , the definition (3.2.1) of Tε,f

indicates that, in order for the accurate operator to be active at a point xi, we

need |(Tε,a[u2
ε] − Tε,m[u1

ε])(xi)| ≤ τ . Consequently, τ has to be greater than the

truncation error of the monotone operator, since, otherwise, we may have an

active set even in parts of the domain where the solution is smooth. We follow

this approach to generate Tables 3.2 and 3.3 and Figure 3.6.

• Boundary Layer: We observe in our experiments that the active set contains
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points near the boundary ∂Ω. This can be explained by the fact that the monotone

operator is of order one near the boundary, where δm ≈ hm = h (see Lemma 2.3.2

(consistency of Tε,m[I1
hu])) while the accurate operator becomes of order ≈ h3

h2 ≈ h

(see Lemma 3.1.2 (consistency of Tε,a[I2
hu])), hence the two operators may behave

very differently.

We now document the performance of the filtered scheme for the two examples and

investigate the effect of τ in the size and location of the active set. As in Section 3.3,

the performance of the scheme is easily compared with the monotone and accurate

operators, since Ωh = Ω for all h > 0.

Smooth Hessian: We start by illustrating the error estimates for the smooth

example for τ = 6e2h in Table 3.2. This choice is motivated by the theoretical

truncation error of Tε,m for the corresponding choice of δm. For this example we use

the original, symmetric, filter Fσ with σ = 10−4. This falls under the existence and

convergence results of Section 3.2, since f(x) = (1 + |x|2)e|x|
2 ≥ e > τ in Ω for all

values of h that are used in Table 3.2. We observe a small active set, with relative

size around 1%− 2% for all refinements.
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h Tε,m Tε,a Tε,f Tε,f Newton Active Set

h = 2−5 5.4 10−3 5.16 10−4 1.01 10−3 6 17

h = 2−6 2.8 10−3 1.91 10−4 3.16 10−4 6 57

h = 2−7 1.5 10−3 8.60 10−5 1.20 10−4 6 214

h = 2−8 7.8 10−4 4.17 10−5 5.00 10−5 7 918

h = 2−9 6.4 10−4 2.42 10−5 1.99 10−5 8 5035

Table 3.2: Smooth Hessian, τ = 6e2h. Tε,f has up to an order smaller
L∞ error than Tε,m. Active Set documents the number of points where
the lower-accuracy Tε,m is used. The amount of Newton iterations for
the filtered scheme is also presented.

The active set for the above choice of τ and h = 2−8 is displayed in Figure 3.3.

We observe the aforementioned boundary layer, especially close to the upper-right

corner, most likely due to lack of symmetry of u and its derivatives.

Figure 3.3: Active set for smooth example: τ = 6e2hm. The active set
is concentrated on the upper corner and, less, on the lower and left side.
We illustrate the upper corner and lower side in a zoom-in.

Discontinuous Hessian: For the C1,1 example we choose τ = 0.62 h2/5. This

is motivated by the theoretical consistency error of the monotone operator for the

choice δm = 2.44 h. We use the non-symmetric filter F̃ in (3.2.6). We observe that
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the active set is located on the circle of discontinuity of the Hessian and near the

boundary. We also see that the error in the L∞ norm is slightly better than in

Table 3.1. We observe computationally that coarser choices of τ , as for example

τ = O(h1/5), correspond to an empty active-set. We note that, in contrast to the

smooth example, we now observe a gradual increase of the relative size of the active

set. This is more prominent in the last three refinements, where this relative size

increases from around 1.5% to 2.9% and then to 4.1%.

h Tε,m Tε,a Tε,f Tε,f Newton Active Set

h = 2−5 4.0 10−3 5.67 10−4 5.50 10−4 5 22

h = 2−6 1.9 10−3 2.48 10−4 2.48 10−4 8 8

h = 2−7 9.0 10−4 1.51 10−4 1.40 10−4 12 248

h = 2−8 5.7 10−4 8.34 10−5 7.58 10−5 14 1904

h = 2−9 3.83 10−4 5.31 10−5 4.89 10−5 16 10825

Table 3.3: Discontinuous Hessian, τ = 0.62 h2/5. Tε,f has the lowest
L∞ error out of the three. It’s one order smaller than Tε,m and slightly
better than Tε,a. The latter is explained in Figure 3.4.

In order to explain the smaller errors of Table 3.3 with respect to Table 3.1,

we present in Figure 3.4 a contour plot with |uε − u| for the accurate scheme and

ha = 2h = 2−6. In the same figure we illustrate the corresponding active set

associated with the filtered scheme and observe that the circle of discontinuity of

the Hessian, which dominates the active set, is precisely the part of the domain

where the accurate operator exhibits the biggest error. This explains why using the

monotone operator at these points increases the accuracy and provides experimental
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justification of the filtered scheme.

Figure 3.4: Error |uε−u| of Tε,a for ha = 2h = 2−6 and respective active
set for filtered scheme. We observe that many points on the circle of
discontinuity of the Hessian are in the active set and correspond to the
highest absolute error for Tε,a.

We now explore further the behavior of the active set. We illustrate it on

Figure 3.5 (left) for the final iteration that corresponds to h = 2−6. We observe

that it includes the area δm− away of the circle of discontinuity, the center of the

domain, where f = 0 and the problem degenerates, and a small boundary layer at

the corners of the domain.
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Figure 3.5: (a) Active set for discontinuous Hessian: h = 2−6, τ =
0.62 h2/5 and F̃σ (left). The circles correspond to {|x− x0| = 0.2} and
{|x− x0| = 0.2 + δm}. (b) Active set for a space-dependent filter func-
tion (right).

That the active set is focused around the circle of discontinuity of the Hessian

is a desirable property of the filtered scheme, whereas points near the corners can

be explained by the disparate consistency errors of the operators near the boundary.

In order to understand the presence of active points within {|x− x0| ≤ 0.2}, we ex-

periment with a space-dependent filter function: we restrict the use of the accurate

operator only for those nodes xi ∈ N 0
h such that f(xi) ≤ τ . This function helps to

shed some light on the behavior of the two operators. We present a zoomed-in illus-

tration of the active set that corresponds to the same parameters as in Figure 3.5,

but using this space-dependent filter on the right part of Figure 3.5. We observe

that the active set is now only restricted to the center of the circle. By examining

the values of the two operators in the active set, we realize that the monotone op-

erator is of order 10−18, while the accurate operator is of order 10−8, which explains
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why this active set remains present. Since f = 0 in {|x− x0| ≤ 0.2}, we want to

choose the operator whose value is closer to zero. This is why both (3.2.6) and its

space-dependent version force us to use the monotone operator whenever the accu-

rate operator is “positive enough” in this region. For (3.2.6) this includes parts of

the Hessian discontinuity and the center of the circle, while for the space-dependent

version of the filter, this is only enforced in the center of the domain. We see that,

although at first the definition of (3.2.6) may raise concerns about restricting the

accurate operator too much, it actually allows us to employ the monotone operator

precisely on the parts of the domain where it is needed. This is portrayed in Fig-

ure 3.4 which illustrates that the active set introduced by (3.2.6) involves the points

of lowest accuracy of Tε,a. This is why in Figure 3.6 we observe smaller errors for

the filtered operator than for the accurate.

Figure 3.6: Error for monotone, accurate and filtered operator: a)
Smooth example, for filtered scheme: τ = 4e2h (left), b) C1,1 exam-
ple, for filtered scheme: τ = 0.41 h2/5 (right).

Conclusions: We see that in both examples the choice of the filtered scale
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τ is not a trivial task and it can have a dramatic effect on the outcome. Since the

accurate operator performs better close to the boundary, it is expected that for many

choices of τ there will be a boundary layer, where the monotone operator will be

active. Unfortunately, this is due to the bad behavior of the monotone operator near

the boundary and not to the filter capturing a singularity. This can be explained

by the simplicity of the filter functions being used, because they compare only the

values of the two operators and do not take into account the respective value of the

right hand side.

A crucial observation is that the convergence result allows for a great deal of

flexibility in the choice of τ . We can always choose τ to be relatively big with respect

to ε, but still satisfy τ → 0 as ε→ 0. This results in the accurate operator being the

one that is always active, hence allowing us to fully exploit the higher accuracy it

offers, without sacrificing the convergence result. We do not present a table for this

case, because it corresponds exactly to the results of Section 3.3. Instead we present

two comparative figures for the errors due to the monotone, the accurate and the

filtered scheme, which correspond to the results from Table 3.2 and Table 3.3. We

see that the filtered scheme is much more efficient than the monotone one even with

the presence of boundary layers. It even outperforms the accurate scheme in the

non-smooth case.
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3.4.3 Choice of Solver:

The discussion in Section 3.3.1 indicates that we need to take into account the

sparsity of the resulting gradient matrix and possibly choose between a direct and an

iterative solver. This can be treated differently based on the example at hand. For

instance, when we have a strictly positive right hand side, we may try to approach

the choice of δm and θm and even of δa and θa too (with some modifications) based

on Theorem 2.7.1 (rates of convergence for classical solutions). On the other hand, a

right hand side that touches zero may yield a choice of scales of the order described

in Theorem 2.7.4 (degenerate forcing f ≥ 0), even if we do not know the exact

values of the ensuing constants. The first choice is more likely to lead to the use

of more directions, hence a bigger bandwidth for the gradient matrix. Moreover, if

f is smooth enough that we are able to assume that the solution u is C2(Ω) and

strictly convex, then the gradient matrix is more likely to be positive definite, hence,

in conjunction with the reduced sparsity, it may be preferable to use an iterative

solver like the conjugate gradient. On the other hand, other than the trivial case

of constants, whenever f touches zero we cannot expect strict convexity and global

regularity for u. In that case, given also that Theorem 2.7.4 (degenerate forcing

f ≥ 0) suggests a bigger choice of θm which leads to a sparser matrix, it may be

safer to choose a direct solver.
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3.4.4 Implementation Challenges:

The above exposition shows that the filtered scheme provides the desirable

combination of provable convergence and increased accuracy and adds to the family

of similar approaches, such as [44]. However, this improvement is not without

challenges. In particular, implementing the filtered scheme requires special care

in the following three aspects.

(i) Similarly to Tε,m, for each node xi ∈ N 0
h we need to locate the appropriate

simplex where xi± δ
2
vj and xi± δvj belong to, in order to calculate the second

differences for the monotone and accurate operator. This is a process that now

needs to take place for both operators. We employ the searching methods of

FELICITY to achieve this in minimal time, as in Section 2.8.

(ii) In Section 2.8.1 we also mention that we choose an initial guess that corre-

sponds to a solution of an appropriate Laplacian problem for the coarsest mesh

and then at each subsequent refinement, we use the interpolant of the previ-

ous mesh as the initial guess. This is a very efficient choice that we want to

preserve for both the accurate and the filtered scheme. To achieve this, we

need to interpolate a quadratic function on a finer mesh. We thus create the

new mesh at the end of each iteration and use the searching and interpolation

capabilities of FELICITY, in order to associate each node of the finer mesh

with a simplex of the coarser mesh and interpolate the solution there.

(iii) In the definition of the filter operator in (3.2.1) we use u1
ε ∈ V1

h and u2
ε ∈ V2

2h
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that correspond to a piecewise linear function in V1
h and a piecewise quadratic

function in V2
2h, each defined on a mesh T 1

h and T 2
2h, respectively, and each

involving the same number, N , of degrees of freedom. From an implementation

viewpoint, when we construct the meshes and the respective finite element

spaces, these degrees of freedom do not necessarily have the same numbering

and in practice, they often do not. Consequently, in order to compare Tε,m[u1
ε]

and Tε,a[u
2
ε] at each nodal point, we need to create a communication between

the two meshes and the degrees of freedom. However, taking advantage of

the efficiency of Matlab for vectorized quantities, creating a map between the

degrees of freedom for the two meshes takes minimal time.

3.5 Conclusions

In this Chapter we introduce two methods to solve the Monge-Ampère equa-

tion (1.1.1). The first is an accurate scheme that hinges on quadratic interpolation

and a higher-order approximation of the directional derivatives in (1.1.2). It exhibits

errors in the L∞ norm of one to two orders of magnitude lower than the monotone

operator introduced in Chapter 2. However, higher order accuracy comes at the

cost of monotonicity and prevents us from proving convergence results for this op-

erator. The second method circumvents this issue by combining the monotone and

the accurate operators into a filtered scheme. This yields convergence to the vis-

cosity solution using the stability and monotonicity of the monotone operator. We

employ two filter functions that allow us to detect parts of the domain where the
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accurate operator could under-perform due to lack of regularity of the solution, as

for example in the degenerate example that we present. We explore the two meth-

ods computationally and illustrate the increased performance of both by comparing

them with the numerical results from Section 2.8.2. Lastly, we investigate the effect

of the filter function and the filter scale and discuss some computational challenges

of the method.
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Chapter 4: DG Approach to Large Bending Deformations with Isom-

etry Constraint

In this Chapter we introduce a Discontinuous-Galerkin (DG) approach to find

minimizers of the single layer functional

E[y] =
1

2

∫
Ω

|D2y|2 −
∫

Ω

fy (4.0.1)

in the set of admissible functions under the non-linear isometry constraint

∇yT∇y = I a.e., (4.0.2)

We recall that this implies that we are searching for minimizers in the space

A =
{
y ∈ H2(Ω)3 : (∇y)T∇y = I a.e. in Ω, y = g, ∇y = ΦD on ΓD

}
.

(4.0.3)

We prove the Γ−convergence of our discrete energy functional Eh, defined later

in (4.2.9) in Section 4.2, to the continuous energy E. We also show that absolute

minimizers of Eh converge to absolute minimizers of (4.0.1).

4.1 Derivation of the Energy Functional

Before we introduce our discretization of the problem, we motivate our analysis

by briefly illustrating how (4.0.1) can be heuristically derived from three-dimensional
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hyperelasticity. To this end, we follow an approach similar to [9, 11]. In three

dimensions, the pure bending of a plate with thickness s can be characterized by an

energy functional that scales like s3:

Ẽs[us] =

∫
Ωs

W (∇us) dx−
∫

Ωs

f̃sus dx ≈ s3,

where Ωs = Ω × (−s/2, s/2), us is the three dimensional deformation of the plate

and f̃s is a forcing term that scales like s2, i.e. we can write f̃s(x
′, x3) = s2fs(x

′, x3).

We also call f(x′) := 1
s

∫ s/2
−s/2 fs(x

′, x3) dx3. We now introduce the rescaled functional

Es[us] = s−3

∫
Ωs

W (∇us) dx,

where for simplicity we omit the forcing term and examine it later. In order to

simplify the exposition, we assume that for all F ∈ R3×3

W (F ) = dist2(F, SO(3)),

where SO(3) =
{
F ∈ R3×3 : F TF = I, detF = 1

}
. It is discussed in [9, 11] that

W can have a more general form that we do not consider here. It is also shown

in [9, 11] that for F in a neighborhood of SO(3) we have

W (F ) ≈ 1

4
|F TF − I|2,

which we use without a proof. In order to derive the limiting functional for s→ 0,

we employ the Kirchhoff assumption and write

us = u(x′, x3) = y(x′) + x3b(x
′),

where x′ corresponds to the coordinates (x1, x2) and b is normal to the surface

parametrized by y. This means that y is the deformation of the middle plane Ω of
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the plate and that segments normal to Ω are mapped to straight segments that are

normal to the deformed surface. Using the notation ∇′ for differentation along x′

we have that

∇u = [∇′y, b] + [x3∇′b, 0].

Combining everything, we see that

Es[u] ≈ s−3

4

∫
Ωs

|(∇u)T∇u− I|2 dx.

Using the notation

gs = s−1((∇′y)T∇y − I), H = −(∇′y)T∇′b, k = (∇′b)T b,

we can rewrite this as

Es[u] ≈ s−3

4

∫
Ωs

∣∣∣∣∣∣∣∣
sgs − 2x3H + x2

3k (∇′b)T b

bT (∇′b) |b|2 − 1


∣∣∣∣∣∣∣∣
2

dx.

To guarantee that the above quantity is bounded as s→ 0, we need to force |b|2 = 1,

which implies that bT∇′b = 0 and

Es ≈
s−3

4

∫
Ωs

|sgs − 2x3H + x2
3k|2 dx.

We see now that, in order for this integral to be bounded as s→ 0, we need to have

gs = 0, in which case, by integrating over x3 and ignoring higher order terms, we

obtain

Es =
1

12

∫
Ω

|H|2 dx′.

We emphasize that gs = 0 is precisely the pointwise isometry constraint (∇′y)T∇′y =

I, where from now on we will no longer use the notation ∇′, since all functions will
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be defined in Ω ⊂ R2. Since y is an isometry, the above functional is up to a constant

equal to the Hessian term in (4.0.1). To see this, we observe that by the definition

of the isometry we have that

∂iy · ∂jy = δij, i, j = 1, 2,

hence

∂ky · ∂ijy = 0 =⇒ ∂ijy ‖ ν = ∂1y × ∂2y, i, j, k = 1, 2

which, in turn, combined with the definition of the second fundamental form, leads

to

hij = ∂ijy · ν = ∂ijy.

Before we conclude, we also incorporate the forcing term. Rescaling it by s−3,

similarly to Es, we can see that

s−3

∫
Ωs

f̃s(x
′, x3) · us(x′, x3) dx = s−1

∫ t/2

−t/2

∫
Ω

fs(x
′, x3) · y(x′) dx′

+ s−1

∫ t/2

−t/2

∫
Ω

x3 fs(x
′, x3) · b(x′) dx′ dx3

s→0−−→
∫

Ω

f(x′) · y(x′) dx′.

We note here that a similar analysis was presented in [11] for the bilayer model.

Chapter 5 is devoted to extending our method to this model.

4.2 Discretization of the Energy and Key Properties

In this section we derive our discrete energy, motivated by the biharmonic

problem with the same boundary conditions. We introduce the discrete space and
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provide standard estimates for the functions that lie inside it. We use the estimates

to prove the coercivity of the discrete energy.

4.2.1 Motivation

Our goal is to find an isometry y ∈ A that minimizes (4.0.1). Our approach

hinges on a non-conforming approximation of the space of minimizers, for which we

use a space of discontinuous polynomial functions. In order to motivate our choice

of discrete energy, let D2
hyh be the piecewise Hessian of a discrete function yh and

consider first the discrete energy

Ẽh[yh] :=
1

2

∫
Ω

|D2
hyh|2.

This energy does not involve any information about the discontinuities of the first

and higher derivatives of yh, nor the boundary conditions. As a result, it does not

seem possible to prove that if there exists y ∈ H2(Ω)3 such that yh → y in L2(Ω),

then

Ẽh[yh]→ E[y],

nor to use an argument that involves the weak convergence of D2
hyh to D2y to prove

the lim-inf condition

E[y] ≤ lim inf
h→0

Ẽh[yh]

that is required for Γ convergence. This means that we need to employ some ad-

ditional terms for the discrete energy. It also implies that we need to define an

appropriate discrete Hessian that will be able to capture these discontinuities and

allow for the desired convergence results in a way that naturally connects with our
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discrete energy. To this end, we observe that if we did not have an isometry con-

straint and if we had zero boundary conditions, our minimization problem would be

equivalent to the weak formulation of the biharmonic problem in H2
0 . As a result,

we use the biharmonic problem with our boundary conditions and integration by

parts, in order to derive an appropriate formulation for our discrete problem:

∆2y = f, in Ω,

y = g, on ∂Ω,

∇y = ΦD, on ∂Ω.

(4.2.1)

In order to obtain an appropriate discrete energy, we first derive a consistent bilinear

form ah, which also corresponds to the derivative of the discrete energy along a

variation of the discrete solution. By consistency we mean that for the discrete

bilinear form ah(·, vh) and for y the strong solution of the bilaplacian, we want to

have

ah(y, vh) =

∫
Ω

fvh (4.2.2)

for all vh in the discrete space.

4.2.2 Derivation

In order to derive the scheme, we start with the bilaplacian of y and test with

a discontinuous function φ. Before we proceed, we extend the boundary conditions g

and ΦD to the whole domain (without relabeling) and approximate them by discon-

tinuous interpolants gh and ΦD,h. We define the average of a discontinuous function
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φ along an edge e to be

{φ} :=


φ++φ−

2
, e ⊂ Ω

φ, e ⊂ ∂Ω

where φ+ = φ|T1 and φ− = φ|T2 for T1, T2 the two elements that share e. We also

define the jumps of the test function φh as

[φh] :=


φ+
h − φ

−
h , e ⊂ Ω

φh, e ⊂ ∂Ω

(4.2.3)

and

[∇hφh] :=


∇hφ

+
h −∇hφ

−
h , e ⊂ Ω

∇hφh, e ⊂ ∂Ω,

(4.2.4)

We proceed now with the derivation of the scheme. We assume for simplicity that

both y and φ are scalar, since we can then apply the process component-wise for

y ∈ R3. Although we do not introduce the discrete space yet, we employ a mesh

T . The mesh could made of triangular or quadrilateral elements. We call E0 and Eb

the interior and boundary edges and Σi and Σb the interior and boundary skeleton,

respectively. We assume that φ is differentiable in each cell as required in the

derivation. Integration by parts yields:

(∆2y, φ)L2(T ) =
∑
i,j

∫
T

∂iijjy φ =
∑
i,j

(
−
∫
T

∂iijy ∂jφ+

∫
∂T

∂iijy ν
j φ

)

=
∑
i,j

(∫
T

∂ijy ∂ijφ−
∫
∂T

∂ijy ν
i ∂jφ+

∫
∂T

∂iijy ν
j φ

)

=

∫
T

D2y : D2φ−
∫
∂T

∂ν(∇y) · ∇φ+

∫
∂T

∂ν(∆y) φ.
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We sum over all elements to obtain

(∆2y, φ)L2(Ω) =
∑
T∈T

∫
T

D2y : D2φ−
∑
e∈E0

∫
e

[∂ν(∇y)∇φ]−
∑
e∈Eb

∫
e

∂ν(∇y)∇φ

+
∑
e∈E0

∫
e

[∂ν(∆y)φ] +
∑
e∈Eb

∫
e

∂ν(∆y)φ.

We now employ the following equality for the interior edges

a+b+ − a−b− =
a+ + a−

2
(b+ − b−) + (a+ − a−)

b+ + b−

2
,

which leads to

(∆2y, φ)L2(Ω) =
∑
T∈T

∫
T

D2y : D2φ−
∑
e∈E0

(∫
e

{∂ν∇y} [∇φ] +

∫
e

[∂ν∇y] {∇φ}
)

−
∑
e∈Eb

∫
e

∂ν(∇y)∇φ+
∑
e∈E0

(∫
e

{∂ν(∆y)} [φ] +

∫
e

[∂ν(∆y)] {φ}
)

+
∑
e∈Eb

∫
e

∂ν(∆y)φ.

Owing to the regularity of y and the fact that ∆2y = ∆(∆y) = f ∈ L2(Ω), we have

that [∂ν(∇y)] = 0, [∂ν(∆y)] = 0 on E0, hence, the above expression becomes:

(∆2y, φ)L2(Ω) =
∑
T∈T

∫
T

D2y : D2φ−
∑
e∈E

∫
e

{∂ν∇y} [∇φ] +
∑
e∈E

∫
e

{∂ν(∆y)}[φ].

This implies that if we define the bilinear form to be

ah(y, φ) = (D2
hy,D

2
hφ)L2(Ω) − ({∂ν∇y}, [∇φ])L2(Σ) + ({∂ν(∆y)}, [φ])L2(Σ),

then it is consistent in the sense of (4.2.2) for all discontinuous φ. We observe,

however, that this form is neither symmetric nor coercive with respect to i.e. the

broken H2−norm

‖D2
hφh‖2

L2(Ω) =
∑
T∈T

‖D2φh‖2
L2(T ).
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To fix this, while still preserving the consistency of the form, we add terms that

are zero for the strong solution y. In order to do that in a way consistent with the

Nitsche approach, we rewrite the boundary conditions for y as:

[y] := y − g = 0, [∇y] := ∇y − ΦD = 0, on ∂Ω (4.2.5)

As a first step, in order to symmetrize the bilinear form, we add a term that corre-

sponds to

({∂ν∇φ}, [∇y])L2(Σ) .

In fact, this term is zero on the interior edges of the triangulation, since the gradient

of the exact solution has no jump inside Ω due to the H2 regularity. Given a

boundary edge e that corresponds to an element T and using (4.2.5), the above

term becomes

({∂ν∇φ}, [∇y])L2(e) = (∂ν∇φ|T ,∇y|T − ΦD)L2(e)

Similarly, we add the term

({∂ν∆φ}, [y])L2(Σ) ,

which is also equal to zero for the exact solution y. Lastly, we add two stabilization

terms that contribute to the stability of the scheme. They are both equal to zero

for the exact solution and are denoted by S0 and S1

S0(y, φ) :=
γ0

h3
([y] , [φ])L2(Σ)

and

S1(y, φ) :=
γ1

h
([∇y] , [∇φ])L2(Σ) ,
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where γ0, γ1 are constants with values that are determined later. Since we only

added terms that are zero for the exact solution, we obtain the following symmetric

and consistent bilinear form in the sense of (4.2.2):

ah(y, φ) := (D2
hy,D

2
hφ)L2(Ω)

− ({∂ν∇yh}, [∇φ])L2(Σ) − ({∂ν∇φ}, [∇y])L2(Σ)

+ ({∂ν∆y}, [φ])L2(Σ) + ({∂ν∆φ}, [y])L2(Σ)

+ S0(y, φ) + S1(y, φ).

(4.2.6)

4.2.3 Discretization of E[y]

We now introduce a discrete space of piecewise polynomial functions of degree

k ≥ 2 that are not required to be continuous in Ω. This space is not conforming,

since such functions are not in H2(Ω), or even in H1(Ω). We define the space

Vk
h :=

{
vh ∈ L2(Ω) : vh|T ∈ Pk(T ) ∀ T ∈ T

}
.

The bilinear form (4.2.6) can be now written as:

ah(yh, vh) := (D2
hyh, D

2
hvh)L2(Ω)

− ({∂ν∇hyh}, [∇hvh])L2(Σ) − ({∂ν∇hvh}, [∇hyh])L2(Σ)

+ ({∂ν∆hyh}, [vh])L2(Σ) + ({∂ν∆hvh}, [yh])L2(Σ)

+
γ1

h
([∇hyh] , [∇hvh])L2(Σ) +

γ0

h3
([yh] , [vh])L2(Σ),

(4.2.7)

where we follow the notation ∇h,∆h, D
2
h for piecewise differentiation. In arguments

restricted to single elements we can use the actual derivatives instead. We empha-

size that the boundary jump terms for the discrete solution yh involve the Nitsche
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penalization

[yh] := yh − gh, [∇yh] := ∇yh − ΦD,h, on Σb, (4.2.8)

while for vh we have

[vh] := vh, [∇vh] := ∇vh, on Σb.

We can now define the discrete energy for functions yh ∈
[
Vk
h

]3
as follows:

Eh[yh] :=
1

2
‖D2

hyh‖2
L2(Ω) − ({∂ν∇hyh}, [∇hyh])L2(Σ) + ({∂ν∆hyh}, [yh])L2(Σ)

+
γ1

2
‖h−1/2[∇hyh]‖2

L2(Σ) +
γ0

2
‖h−3/2[yh]‖2

L2(Σ) −
∫

Ω

fhyh,

(4.2.9)

By using the notation Si[yh] := Si[yh, yh], i = 0, 1, we can rewrite this as

Eh[yh] :=
1

2
‖D2

hyh‖2
L2(Ω) − ({∂ν∇hyh}, [∇hyh])L2(Σ)

+ ({∂ν∆hyh}, [yh])L2(Σ) + S0[yh] + S1[yh]−
∫

Ω

fy.

(4.2.10)

We observe that by taking the derivative of this energy along a variation vh ∈
[
Vk
h

]3
,

we obtain (4.2.7). We also define the associated energy norm to be

|||yh|||2h := ‖D2
hyh‖2

L2(Ω) + ‖h−1/2 [∇hyh] ‖2
L2(Σ) + ‖h−3/2[yh]‖2

L2(Σ). (4.2.11)

In order for (4.2.9) to be meaningful with respect to the original minimiza-

tion problem in (4.0.1)-(4.0.3), we define a subspace of
[
Vk
h

]3
that is the discrete

analogous of (4.0.3) and involves a discrete isometry constraint:

Ak
h :=

{
yh ∈

[
Vk
h

]3
,
∑
T∈T

∣∣∣∣∫
T

(
(∇hyh)

T∇hyh − I
)∣∣∣∣ ≤ ch

}
(4.2.12)

where c is a uniform constant, an appropriate choice of which we discuss in Sec-

tion 4.5. We now use A and Ak
h to define the continuous and discrete energies again
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as

E[y] :=


∫

Ω

|D2y|2 −
∫

Ω

fy, y ∈ A

+∞, y 6∈ A,

and

Eh[yh] :=



1

2
‖D2

hyh‖2
L2(Ω) − ({∂ν∇hyh}, [∇hyh])L2(Σ) + ({∂ν∆hyh}, [yh])L2(Σ)

+ S0[yh] + S1[yh]−
∫

Ω

fhyh, yh ∈ Ak
h

+∞, yh 6∈ Ak
h,

to emphasize the constraints in each space.

4.2.4 Coercivity of Eh

We now prove that (4.2.9) is both coercive and continuous in
[
Vk
h

]3
for γ0, γ1

large enough. Since the following result holds for all yh ∈
[
Vk
h

]3
, we do not require

that yh ∈ Ak
h. We first prove some standard estimates that allow us to control the

L2(Ω) and piecewise H1(Ω) norms of yh by |||yh|||h. To this end, we employ the

notation

|||wh|||2H1
h(Ω) = ‖∇hwh‖2

L2(Ω) + ‖h−1/2 [wh] ‖2
L2(Σ), (4.2.13)

which corresponds to an appropriate H1 semi-norm that combines the piece-wise

gradient with scaled discontinuities along the edges. We apply this norm component-

wise to the gradients ∇hyh of functions yh ∈
[
Vk
h

]3
. In case of triangles, a natural

extension of our notation is ∇hyh ∈
[
Vk−1
h

]3×2
, where

Vk−1
h :=

{
vh ∈ L2(Ω) : vh|T ∈ Pk−1(T ) ∀ T ∈ T

}
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For quadrilaterals ∇hyh ∈
[
Vk−1
h

]3×2
, since differentiations does not necessarily

change the order of the polynomial. Before we proceed, we recall the Clement

interpolant constructed in [18]. We introduce it on a scalar context, but apply it

component-wise whenever necessary. The interpolant allows us to construct a con-

tinuous version of both yh and ∇hyh, that is critical to prove the Γ-convergence

result in Section 4.4. In order to construct it, we consider for each element T ∈ T

the star ω(T ) ⊂ T , which satisfies

diam(ω(T )) ≤ C hT

with C > 0 depending only on the shape regularity of the triangulation and σ(T ) =

Σ ∩ ω(T ), the part of the skeleton of T interior to ω(T ).

Definition 4.2.1. (Smoothing interpolant) Let z be a node of T and denote by

ωz = supp ψz the set of elements in T that lie in the support of the nodal basis for z

(star of the node). This basis is with respect to a space Vl
h(ω(z))∩H1

0 (Ω) for l ≥ 1,

where the notation Vl
h(ω(z)) stands for functions supported in ω(z). The Clement

interpolant Πh : Vl
h → Vl

h ∩H1
0 (Ω) is then defined by

Πhwh :=
∑
z∈Nh

Πz
hwh(z) ψz,

where for each z, Πz
hwh ∈ Vl

h(ω(z)) ∩H1
0 (Ω) is the solution of:

∫
ω(z)

(wh − Πz
hwh)W = 0 ∀ W ∈ Vl

h(ω(z)) ∩H1
0 (Ω).

We recall the following approximation property for the interpolant, that was

proven in [18].
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Lemma 4.2.2. (estimates for smoothing interpolant) Let Πh be the interpolant of

Definition 4.2.1. Then for |α| = 0, 1 and all T ∈ T

‖Dα(wh − Πhwh)‖L2(T ) ≤ C
∥∥∥h 1−2|α|

2 [wh]
∥∥∥
L2(σ(T ))

∀ wh ∈ Vl
h.

We can now prove error bounds for the L2 norm of yh ∈
[
Vk
h

]3
.

Lemma 4.2.3 (Poincaré type inequality for ||| · |||h). Let yh ∈
[
Vk
h

]3
and let gh,ΦD,h

be the functions employed in the boundary jumps (could be zero). Let also ||| · |||h

and ||| · |||H1
h(Ω) be as in (4.2.11) and (4.2.13) The following estimates are valid:

(i)

|||∇hyh−ΦD,h|||H1
h(Ω) ≤ |||∇hyh|||H1

h(Ω)+|||ΦD,h|||H1
h(Ω) ≤ |||yh|||h+|||ΦD,h|||H1

h(Ω)

(ii) (Poincaré type Inequality)

‖∇hyh − ΦD,h‖L2(Ω) ≤ C |||∇hyh − ΦD,h|||H1
h(Ω)

or

‖∇hyh‖L2(Ω) ≤ C
(
|||yh|||h + |||ΦD,h|||H1

h(Ω)

)
.

(iii)

‖yh‖L2(Ω) + ‖∇hyh‖L2(Ω) ≤ C
(
|||yh|||h + |||gh|||H1

h(Ω) + |||ΦD,h|||H1
h(Ω)

)
Proof. (i) Immediate from triangle inequality and the definition of ||| · |||H1

h(Ω).

(ii) We employ the interpolant of Definition 4.2.1. Let wh = ∇hyh − ΦD,h ∈[
Vk−1
h

]3×2
and Πhwh ∈

[
Vk−1
h

]3×2 ∩ [H1
0 (Ω)]3×2. Then, Lemma 4.2.2 implies

that

‖Πhwh − wh‖L2(Ω) ≤ C ‖h1/2[wh]‖L2(Σ)
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and

‖∇(Πhwh)‖2
L2(Ω) =

∑
T∈T

‖∇(Πhwh)‖2
L2(T )

≤ 2
∑
T∈T

‖∇(Πhwh − wh)‖2
L2(T ) + ‖∇wh‖2

L2(T )

≤ C

(∑
T∈T

‖∇wh‖2
L2(T ) +

∑
e∈E

‖h−1/2[wh]‖2
L2(e)

)

= C |||wh|||2H1
h(Ω)

We combine the above estimates with the Poincaré Inequality for Πhwh ∈

[H1
0 (Ω)]3×2 to obtain

‖wh‖L2(Ω) ≤ ‖Πhwh − wh‖L2(Ω) + ‖Πhwh‖L2(Ω)

≤ C
(
‖h1/2[wh]‖L2(Σ) + ‖∇Πhwh‖L2(Ω)

)
≤ C|||wh|||H1

h(Ω)

The desired inequality now follows from part (i).

(iii) We apply the same technique as in (ii) for zh = yh − gh to obtain

‖zh‖L2(Ω) ≤ C|||zh|||H1
h(Ω),

where we also use that for h < 1

‖h−1/2[yh]‖L2(Σ) ≤ ‖h−3/2[yh]‖L2(Σ)

Combining with (i) and (ii) we obtain the desired inequality.

We can now use this lemma to prove the coercivity of the discrete energy with

respect to the discrete energy norm ||| · |||h.
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Lemma 4.2.4 (Coercivity of Eh). Let gh,ΦD,h piecewise polynomials with uniformly

bounded H1
h-norms and let yh ∈

[
Vk
h

]3
. The following implication is true:

Eh[yh] ≤ C =⇒ there exists C such that |||yh|||h ≤ C.

Proof. Recall that

Eh[yh] :=
1

2
‖D2

hyh‖2
L2(Ω) − ({∂ν∇hyh}, [∇hyh])L2(Σ) + ({∂ν∆hyh}, [yh])L2(Σ)

+ S0[yh] + S1[yh]−
∫

Ω

fhyh,

We first employ Young’s inequality and the trace inequality for discrete spaces to

get

−({∂ν∇hyh}, [∇hyh])L2(Σ) ≥ −
1

2ρ
‖h1/2{∂ν∇hyh}‖2

L2(Σ) −
ρ

2
‖h−1/2 [∇hyh] ‖2

L2(Σ)

≥ −C
ρ
‖D2

hyh‖2
L2(Ω) −

ρ

2
‖h−1/2 [∇hyh] ‖2

L2(Σ).

This means that for appropriate choice of ρ and for γ1 big enough, the above term

can be absorbed into ‖D2
hyh‖L2(Ω) and S1. We now consider the third derivative

term and use the inverse inequality for Vk
h, along with the discrete trace inequality.

More precisely, we have that for e ∈ E

‖{∂ν∆hyh}‖L2(e) ≤ ‖D3yh‖L2(e) ≤ Ch−1/2‖D3yh‖L2(ω(e))

≤ Ch−1/2 h−1‖D2yh‖L2(ω(e)) ≤ Ch−3/2‖D2yh‖L2(ω(e)),

where ω(e) corresponds to the union of the two elements containing e. As a result,

({∂ν∆hyh}, [yh])L2(e) = (h3/2{∂ν∆hyh}, h−3/2 [yh])L2(e)

≤ ‖h3/2{∂ν∆hyh}‖L2(e)‖h−3/2 [yh] ‖L2(e)

≤ C‖D2
hyh‖L2(ω(e))‖h−3/2 [yh] ‖L2(e)
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Using Young’s Inequality again, we can choose γ0 big enough to absorb the above

term in ‖D2
hyh‖L2(Ω) and S0. To conclude, we use Lemma 4.2.3 (iii) to obtain a

bound for the forcing term

∫
Ω

fhyh ≤ ‖f‖L2(Ω)‖yh‖L2(Ω) ≤ C‖f‖L2(Ω)

(
|||yh|||h + ‖gh‖H1

h(Ω) + ‖ΦD,h‖H1
h(Ω)

)
.

We combine the preceding statements to deduce the assertion.

4.3 Discrete Hessian

In this section we provide a suitable definition of a discrete Hessian Hh[yh] for

yh ∈
[
Vk
h

]3
, as motivated in Section 4.2. We first introduce two lifting operators

that allow us to deal with the inherent discontinuities that appear in our discrete

energy. We prove a very important property for Hh[yh] that is critical in Section 4.4

for the limit-infimum argument, i.e.

1

2
‖Hh[yh]‖2

L2(Ω) − (fh, yh)L2(Ω) ≤ Eh[yh], (4.3.1)

where we emphasize that the inequality is proven with constant 1. Lastly, we show

that for any yh ∈
[
Vk
h

]3
that converges in [L2(Ω)]3 to a y ∈ [H2(Ω)]3, we have the

weak convergence of Hh[yh], i.e.

Hh[yh] ⇀ D2y in [L2(Ω)]3. (4.3.2)

4.3.1 Definition and L2 bound of Hh[yh]

Motivated by Section 4.2, we define two lifting operators that allow us to deal

with the discontinuities of high derivatives of yh ∈
[
Vk
h

]3
. We then use these oper-
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ators to define Hh[yh] and derive a crude estimate for ‖Hh[yh]‖L2(Ω). For simplicity

we define the operators assuming that yh is scalar. Then we can apply everything

component-wise for yh ∈
[
Vk
h

]3
.

To motivate the definition of the lifting operators, we look at two of the terms in

(4.2.9). We first consider the term

−({∂ν(∇hyh)} , [∇hyh])L2(Σ),

For all e ∈ E , we let rl1e : [L2(e)]d → [Vl1
h ]d×d, l1 ≥ 0 be the lifting operator defined

as follows: for all φ ∈ [L2(e)]d:

∫
Ω

rl1e (φ) : τh =

∫
e

{τh} νe · φ ∀τh ∈ [Vl1
h ]d×d. (4.3.3)

The second lifting operator corresponds to the term

({∂ν(∆hyh)} , [yh])L2(Σ).

For all e ∈ E , we denote bl2e : L2(e) → [Vl2
h ]d×d, l2 ≥ 0 to be the lifting operator

defined as follows: for all φ ∈ L2(e):

∫
Ω

bl2e (φ) : τh =

∫
e

{div τh} · νe φ ∀τh ∈ [Vl2
h ]d×d. (4.3.4)

Our goal is to use that

div(∇h(∇hyh)) = ∇h(∆hyh),

in order to apply the lifting operators for τh = ∇h(∇hyh). We fix l1 = k and

l2 = k + 1 and omit l1, l2 from our notation for the rest of the paper.
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Remark 4.3.1. (choice of l1, l2) We choose l1, l2 in a way that guarantees that

(4.3.3) and (4.3.4) are well defined and the results in Lemma 4.3.3 (L2−bounds of

lifting operators) hold true, regardless of the choice of triangular or quadrilateral

elements for the mesh. For instance, in the proof of part (ii) of Lemma 4.3.3 we

use τh of the same polynomial degree as ∇hyh, which means that for quadrilateral

elements we must use l1 = k. For l2 the same choice of l2 = k would suffice for

the definition of (4.3.4) to make sense. However, the construction we employ in the

proof of part (iv) requires τh ∈ Vk+1
h . We wish to investigate whether we can relax

this requirement using a different construction, but we fix l2 = k+1 for completeness.

We also note that parts (ii) and (iv) do not contribute to our Γ−convergence results,

but they are rather important in order to show that S0, S1 → 0 after we establish the

Γ−convergence of Eh to E.

We can now define the discrete Hessian.

Definition 4.3.2 (discrete Hessian). Let yh ∈
[
Vk
h

]3
and re, be as in (4.3.3)-(4.3.4).

We define the discrete Hessian operator Hh : [Vk
h]

3 → [Vk+1
h ]3×d×d as

Hh[yh] := ∇h(∇hyh)−Rh([∇hyh]) +Bh([yh])

:= D2
hyh −

∑
e∈E

re([∇hyh]) +
∑
e∈E

be([yh]),

(4.3.5)

where ∇h∇h ≡ D2
h and Rh and Bh are applied component-wise to yh.

We now prove some estimates about the lifting operators that are instrumental

in order to prove (4.3.1) and (4.3.2), which in turn are critical for the Γ-convergence

of Eh in Section 4.4. We prove the result for one component, but it immediately
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extends to
[
Vk
h

]3
. The lemma is motivated by a similar approach for second order

operators in [35].

Lemma 4.3.3 (L2-bounds of lifting operators). Let re, be be as in (4.3.3)-(4.3.4).

The following estimates are true for all e ∈ E:

(i) For all yh ∈ Vk
h

‖re([∇hyh])‖L2(Ω) ≤ Ch−1/2 ‖[∇hyh]‖L2(e)

(ii) and conversely,

h−1/2 ‖[∇hyh]‖L2(e) ≤ C‖re([∇hyh])‖L2(Ω)

(iii) Similarly, for all yh ∈ Vk
h

‖be([yh])‖L2(Ω) ≤ Ch−3/2 ‖[yh]‖L2(e)

(iv) and conversely,

h−3/2 ‖[yh]‖L2(e) ≤ C‖be([yh])‖L2(Ω)

Proof. (i) We set φh = [∇hyh] and τh = re([∇hyh]) in (4.3.3) and use the discrete

trace inequality to obtain

‖re([∇hyh])‖2
L2(Ω) =

∫
Ω

re([∇hyh]) : re([∇hyh]) =

∫
e

{re([∇hyh])} νe · [∇hyh]

≤ ‖{re([∇hyh]) }‖L2(e) ‖[∇hyh]‖L2(e)

≤ Ch−1/2‖re([∇hyh])‖L2(Ω)‖[∇hyh]‖L2(e)

This implies that

‖re([∇hyh])‖L2(Ω) ≤ Ch−1/2 ‖[∇hyh]‖L2(e)
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(ii) For the converse, let e ∈ E and define for any function φh ∈ Pk(e) its extension

Pe(φh) ∈ Pk(ω(e)) that is constant along lines orthogonal to e. Then, by the

equivalence of discrete norms and a scaling argument, we can see that

‖Pe(φh)‖L2(ω(e)) ≤ Ch1/2‖φh‖L2(e) (4.3.6)

We now choose τh = Pe([∇hyh]ν
T
e ), which is zero outside the elements of ω(e),

and φ = [∇hyh] in (4.3.3). We use [∇hyh]ν
T
e in order to obtain a discrete

function in Rd×d. This is a rank-1 matrix, where each column is a multiple of

[∇hyh]. Using this, we have:∫
Ω

re([∇hyh]) : Pe([∇hyh](νe)
T ) =

∫
e

{
Pe([∇hyh]ν

T
e )
}
νe · [∇hyh]

=

∫
e

[∇hyh]ν
T
e νe · [∇hyh]

=

∫
e

|νe|2 [∇hyh] · [∇hyh]

=

∫
e

|[∇hyh]|2,

whence, ∫
e

|[∇hyh]|2 =

∫
Ω

re([∇hyh]) : Pe([∇hyh]ν
T
e )

≤ ‖re([∇hyh])‖L2(Ω)‖Pe([∇hyh]νe)‖L2(ω(e)),

which, combined with (4.3.6), gives

∫
e

|[∇hyh]|2 ≤ C h1/2 ‖re([∇hyh])‖L2(Ω) ‖[∇hyh]‖L2(e),

which in turns leads to the desired estimate.

(iii) We now use similar techniques to prove the bound for be. This time we set
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τh = be([yh]) in (4.3.4) to obtain

‖be([yh])‖2
L2(Ω) =

∫
Ω

be([yh]) : be([yh]) =

∫
e

{div(be([yh]))} · νe [yh]

≤ ‖{div(be([yh]))}‖L2(e) ‖[yh]‖L2(e)

≤ Ch−1/2‖div(be([yh]))‖L2(ω(e))‖[yh]‖L2(e)

≤ Ch−3/2‖be([yh])‖L2(ω(e))‖[yh]‖L2(e),

whence,

‖be([yh])‖L2(Ω) ≤ Ch−3/2‖[yh]‖L2(e).

(iv) For the converse, we need for each edge e to construct τh such that {divτh}·νe =

[yh] on e. To achieve this, we create τh ∈ Vk+1
h so that divτh · νe = Pe([yh]) on

each element that shares the edge e (if it is an interior edge), where Pe is the

extension defined in (ii). We need Pe in order to construct τh by controlling

its divergence on each element. Then, the problem amounts to constructing a

matrix with a given divergence. For the unit vector νe we pick m ∈ [1, d] such

that the m-th component νme of νe is non-zero. For any fixed d, we can always

find an element νme of the unit vector νe such that |νme | ≥ 1√
d

and we choose

the biggest such component, to make sure that it is not close to zero. Then,

in order to solve divτh · νe = Pe([yh]) on each element, we set (τh)i,j = 0 for all

i, j 6= m and let σm := (τh)m,m 6= 0 be so that

divτh · νe =
∂σm
∂xm

νme = Pe([yh]),

which is simple to solve for polynomial functions, since it implies that

σm =

∫
xm|T

Pe([yh])

νme
dxm ∈ Vk+1

h . (4.3.7)
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We call the result of the above construction τh([yh]) and we plug it in (4.3.4)

to get:

∫
Ω

be([yh]) : τh([yh]) =

∫
e

{divτh([yh])} · νe [yh] =

∫
e

{Pe([yh])} [yh] =

∫
e

|[yh]|2.

We now have that

∫
e

|[yh]|2 =

∫
Ω

be([yh]) : τh([yh]) ≤ ‖be([yh])‖L2(Ω)‖τh([yh])‖L2(ω(e)),

where, owing to (4.3.7),

‖τh(yh)‖L2(ω(e)) ≤ C h ‖Pe([yh])‖L2(ω(e)).

Combining with (4.3.6), we obtain:∫
e

|[yh]|2 =

∫
Ω

be([yh]) : τh([yh])

≤ ‖be([yh])‖L2(Ω)‖τh([yh])‖L2(ω(e))

≤ C h ‖be([yh])‖L2(Ω) ‖Pe([yh])‖L2(ω(e))

≤ h3/2‖be([yh])‖L2(Ω) ‖[yh]‖L2(e).

This completes the proof.

We have the following immediate corollary

Corollary 4.3.4 (L2 bound of discrete Hessian). For any yh ∈
[
Vk
h

]3
, the following

bound holds:

‖Hh[yh]‖L2(Ω) ≤ C|||yh|||h.
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Proof. This is an immediate consequence of Definition 4.3.2 (discrete Hessian),

Lemma 4.3.3 (L2-bounds of lifting operators) and the observation that

‖Rh([∇hyh])‖2
L2(Ω) ≤ 4

∑
e∈E

‖re([∇hyh])‖2
L2(Ω)

and

‖Bh([yh])‖2
L2(Ω) ≤ 4

∑
e∈E

‖be([yh])‖2
L2(Ω).

The factor 4 corresponds to a mesh of quadrilaterals (four sides), whereas a trian-

gular mesh would only require a factor of 3.

4.3.2 Upper bound for ‖Hh[yh]‖L2(Ω)

We now prove an immediate consequence of Definition 4.3.2 (discrete Hessian)

and Lemma 4.3.3 (L2-bounds of lifting operators). We separate this result from the

previous, in order to emphasize its importance for the rest of our analysis.

Proposition 4.3.5 (L2-bound of Hh with respect to Eh). Let yh ∈
[
Vk
h

]3
and Hh[yh]

be the discrete Hessian of yh defined in (4.3.5). Then for Eh[yh] defined in (4.2.9)

we have

1

2
‖Hh[yh]‖2

L2(Ω) − (fh, yh)L2(Ω) ≤ Eh[yh].
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Proof. We prove the result by expanding ‖Hh[yh]‖2
L2(Ω)

:

1

2

∫
Ω

|Hh(yh)|2 =
1

2

∫
Ω

|D2
hyh −Rh([∇hyh]) +Bh([yh])|2

=
1

2

∫
Ω

|D2
hyh|2 −

∫
Ω

D2
hyh : Rh([∇hyh]) +

∫
Ω

D2
hyh : Bh([yh])

+
1

2

∫
Ω

|Bh([yh])−Rh([∇hyh])|2

=
1

2

∫
Ω

|D2
hyh|2 −

∑
e∈E

∫
e

{∂ν∇hyh} : [∇hyh] +
∑
e∈E

∫
e

{∂ν∆hyh} · [yh]

+
1

2

∫
Ω

|Bh([yh])−Rh([∇hyh])|2

= Eh[yh] +

∫
Ω

fhyh + I,

where

I =
1

2

∫
Ω

|Bh([yh])−Rh([∇hyh])|2 −
γ1

2

∑
e∈E

1

h

∫
e

|[∇hyh]|2 −
γ0

2

∑
e∈E

1

h3

∫
e

|[yh]|2.

This means that we only have to show that

−
∑
e∈E

γ1

h

∫
e

|[∇hyh]|2 −
∑
e∈E

γ0

h3

∫
e

|[yh]|2 +

∫
Ω

|Bh([yh])−Rh([∇hyh])|2 ≤ 0.

This is an immediate consequence of (i) and (iii) of Lemma 4.3.3 (L2-bounds for

lifting operators) and the proof of Corollary 4.3.4 (L2 bound of discrete Hessian) for

γ0, γ1 big enough. This concludes the proof.

4.3.3 Weak convergence of Hh

We now prove the weak convergence of Hh that is critical later in order to

prove a lim-inf inequality for Eh. We prove it under a convergence assumption for

yh, but we see in Section 4.4 that we can incorporate it into a much stronger result.

Before we proceed, we introduce one last notation. We denote by P k
hφ a discrete
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approximation of a function φ into the space of polynomials of degree k. We can

choose a conforming interpolant or a discontinuous approximation as in [71]. Then

we have that for all φ ∈ C∞0 (Ω), owing to the regularity of φ,

|||P k
hφ− φ|||h → 0.

Lemma 4.3.6 (weak convergence of Hh). Let {yh}h ⊂
[
Vk
h

]3
satisfy |||yh|||h ≤ C

for all h. We also assume that yh converges to a function y ∈ [H2(Ω)]3 in [L2(Ω)]3.

Then,

Hh[yh] ⇀ D2y in [L2(Ω)]3×2×2.

Proof. Let φ ∈ C∞0 (R2)3×2×2. We denote Phφ ≡ P k
hφ and use definition 4.3.2

(discrete Hessian) and integration by parts to create terms that we can control.∫
Ω

Hh[yh] : φ =

∫
Ω

∇h∇hyh : φ−
∫

Ω

Rh([∇hyh]) : φ+

∫
Ω

Bh([yh]) : φ

= −
∫

Ω

∇hyh : divφ+
∑
e∈E

∫
e

φνe : [∇hyh]

−
∫

Ω

Rh([∇hyh]) : (φ− Phφ)−
∫

Ω

Rh([∇hyh]) : Phφ

+

∫
Ω

Bh([yh]) : φ

= −
∫

Ω

∇hyh : divφ−
∫

Ω

Rh([∇hyh]) : (φ− Phφ)

+
∑
e∈E

(
−
∫
e

{Phφ} νe : [∇hyh] +

∫
e

{φ} νe : [∇hyh]

)

+

∫
Ω

Bh([yh]) : φ.

We perform one more integration by parts and use definition (4.3.4) in order to treat
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the Bh operator:∫
Ω

Hh[yh] : φ =

∫
Ω

yh · div(divφ)−
∑
e∈E

∫
e

divφ νe · [yh]

−
∫

Ω

Rh([∇hyh]) : (φ− Phφ) +
∑
e∈E

∫
e

{φ− Phφ} νe : [∇hyh]

+

∫
Ω

Bh([yh]) : (φ− Phφ) +

∫
Ω

Bh([yh]) : Phφ

=

∫
Ω

yh · div(divφ)−
∫

Ω

Rh([∇hyh]) : (φ− Phφ)

+
∑
e∈E

∫
e

{φ− Phφ} νe : [∇hyh]

+

∫
Ω

Bh([yh]) : (φ− Phφ) +
∑
e∈E

∫
e

{div(Phφ− φ)} νe · [yh]

= T1 + T2 + T3 + T4 + T5.

We now look at each of those terms separately. The first one converges to∫
Ω

y · div(divφ) = −
∫

Ω

∇y : divφ =

∫
Ω

D2y : φ

due to the L2 convergence of yh, the zero boundary conditions of φ and the fact

that y ∈ [H2(Ω)]3. For the second term we use the uniform bound of |||yh|||h and

Corollary 4.3.4 (L2-bound of discrete Hessian) to get

|T2| ≤ ‖Rh([∇hyh])‖L2(Ω)‖Phφ− φ‖L2(Ω) ≤ C ‖Phφ− φ‖L2(Ω) → 0.

We now show that T3 converges to zero too. For e ∈ E , we utilize the scaled trace

inequality to write

‖Phφ− φ‖L2(e) ≤ C
(
h−1/2‖Phφ− φ‖L2(ω(e)) + h1/2‖∇h(Phφ− φ)‖L2(ω(e))

)
,

which in view of ∑
e∈E

h−1 ‖[∇hyh]‖2
L2(e) ≤ C
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implies that

|T3| ≤
∑
e∈E

‖Phφ− φ‖L2(e)‖[∇hyh]‖L2(e)

=
∑
e∈E

h1/2 ‖Phφ− φ‖L2(e) h
−1/2 ‖[∇hyh]‖L2(e)

≤
∑
e∈E

C
(
‖Phφ− φ‖L2(ω(e)) + h‖∇h(Phφ− φ)‖L2(ω(e))

)
h−1/2 ‖[∇hyh]‖L2(e)

≤ C

(∑
T∈T

‖Phφ− φ‖2
L2(T ) + h2‖∇h(Phφ− φ)‖2

L2(ω(e))

)1/2

(∑
e∈E

h−1 ‖[∇hyh]‖2
L2(e)

)1/2

→ 0.

Similarly, we see that due to the uniform bound of |||yh|||h:

|T4| ≤ ‖Bh([yh])‖L2(Ω)‖Phφ− φ‖L2(Ω) ≤ C ‖Phφ− φ‖L2(Ω) → 0.

Lastly,

|T5| ≤
∑
e∈E
‖ {div(Phφ− φ)} ‖L2(e)‖[yh]‖L2(e)

=
∑
e∈E

h3/2 ‖ {div(Phφ− φ)} ‖L2(e) h
−3/2 ‖[yh]‖L2(e),

where we use again the scaled trace inequality

‖ {div(Phφ− φ)} ‖L2(e) ≤ C
(
h−1/2‖∇h(Phφ− φ)‖L2(ω(e)) + h1/2‖D2

h(Phφ− φ)‖L2(ω(e))

)
in conjunction with ∑

e∈E

h−3‖[yh]‖2
L2(e) ≤ C

to obtain

|T5| ≤ C

(∑
T∈T

h2‖∇h(Phφ− φ)‖2
L2(T ) + h4‖D2

h(Phφ− φ)‖2
L2(T )

)1/2

(∑
e∈E

h−3‖[yh]‖2
L2(e)

)1/2

→ 0.

This concludes the proof of the weak convergence of Hh[yh] to D2y.
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4.4 Γ-Convergence of Eh

In this section we prove the Γ-convergence of Eh to E. To this end, we prove a

lim-inf inequality for Eh using a compactness argument for yh ∈ Ak
h with uniformly

bounded energies, combined with results from Section 4.3. We also prove a lim-

sup inequality using a simple regularization argument and interpolation, in order to

construct a recovery sequence for any y ∈ A. We combine these results to prove the

Γ-convergence of Eh and deduce the convergence of global minimizers of Eh in Ak
h

to a global minimizer of E in A. Lastly, we combine these results to prove that the

stabilization terms S0[yh] and S1[yh] for such minimizers converge to zero and that

the convergence of Hh[yh] in Lemma 4.3.6 is strong in [L2(Ω)]3.

4.4.1 Equi-coercivity and compactness in L2

In Section 4.2 we prove in Lemma 4.2.4 (coercivity of Eh) that for yh ∈
[
Vk
h

]3
with Eh[yh] ≤ C we have that |||yh|||h ≤ C. We also show in Lemma 4.2.3 (estimates

for smoothing interpolant) that we can control the L2 and piecewise H1 norm of

such a yh too. We now use these results along with the Clement interpolant from

Definition 4.2.1 and Lemma 4.3.6 (weak convergence of Hh) to prove a compactness

result for a sequence of yh with uniformly bounded energies.

Proposition 4.4.1 (compactness in L2(Ω)). Let {yh} ⊂
[
Vk
h

]3
be a sequence such

that for all h > 0

Eh[yh] ≤ C.
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Then we can find a subsequence (without relabeling) and a function y ∈ H2(Ω)3 such

that

yh → y in L2(Ω)3

and y = g, ∇y = ΦD on the boundary. The function y also satisfies the isometry

constraint

∇yT∇y = I a.e.

Lastly, the discrete Hessian Hh[yh] converges to D2y weakly in [L2(Ω)]3, i.e.

Hh[yh]
L2(Ω)−−−⇀ D2y

Proof. We prove the result in several steps.

Step 1. (weak convergence in L2) We first use the equi-coercivity of {yh}, i.e.

Eh[yh] ≤ C and Lemma 4.2.4 (coercivity of Eh) to conclude that |||yh|||h ≤ C for

all h. We now employ Lemma 4.2.3 (Poincaré type inequality for ||| · |||h) to obtain

‖yh‖L2(Ω) ≤ C ′ for all h. This immediately implies that a subsequence yh (which we

do not relabel) converges weakly to some y ∈ [L2(Ω)]3,

yh
L2(Ω)−−−⇀ y

Step 2. (strong convergence and H1 regularity of y) We now recall the smoothing

interpolant from Definition 4.2.1 and use it to prove that the convergence is strong

and that y ∈ [H1(Ω)]3. To that end, we set

zh = Πh(yh − gh) ∈
[
Vk
h

]3 ∩ [H1
0 (Ω)]3,

where the interpolant is taken component-wise, and we show that zh converges

weakly in [H1(Ω)]3 to a z ∈ [H1(Ω)]3. Note that this immediately implies that it
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converges strongly to z in [L2(Ω)]3. Since zh ∈ [H1
0 (Ω)]3, we can write

|zh|2H1(Ω) =
∑
T∈T

|zh|2H1(T ),

which allows us to consider each element separately:

|zh|2H1(T ) ≤ 2
(
|Πh(yh − gh)− (yh − gh)|2H1(T ) + |yh − gh|2H1(T )

)
� ‖h−1/2 [yh] ‖2

L2(σ(T )) + |yh − gh|2H1(T ) + ‖h−1/2 [gh] ‖2
L2(σ(T ))

where for the second inequality we split the [yh − gh] term and σ(T ) stands again

for the interior skeleton of the star of T . Summing over all elements, we obtain

|zh|2H1(Ω) �
∑
T∈T

|∇hyh|2L2(T )+
∑
e∈E

‖h−1/2 [yh] ‖2
L2(e)+‖∇hgh‖2

L2(Ω)+
∑
e∈E

‖h−1/2 [gh] ‖2
L2(e).

We conclude that |zh|H1(Ω) is uniformly bounded, since for h < 1 the first two terms

are bounded by |||yh|||h and the other two terms are also uniformly bounded due

to the regularity of g. As a consequence zh converges weakly to some z ∈ [H1
0 (Ω)]3

and strongly to z in [L2(Ω)]3. The uniform bound |||yh|||h ≤ C implies that

∑
e∈Σ

‖[yh]‖2
L2(e) ≤ Ch3.

As a result, using Lemma 4.2.2 (estimates for smoothing interpolant) for zh, we

obtain

‖(yh − gh)− z‖2
L2(Ω) =

∑
T∈T

‖(yh − gh)− z‖2
L2(T )

≤ 2
∑
T∈T

(
‖(yh − gh)− zh‖2

L2(T ) + ‖zh − z‖2
L2(T )

)
≤ 2

∑
T∈T

(
Ch ‖[yh]‖2

L2(σ(T )) + ‖zh − z‖2
L2(T ) + Ch ‖[gh]‖2

L2(σ(T ))

)
≤ C ′h4 + ‖zh − z‖2

L2(Ω) + Ch ‖[gh]‖2
L2(Σ) → 0.
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Since gh → g in [L2(Ω)]3, this implies that yh converges in L2(Ω) to z+ g. Since the

weak L2(Ω) limit of yh is y and it’s unique, we conclude that

yh → y in [L2(Ω)]3

and that y ∈ [H1(Ω)]3 with y = g on ∂Ω.

Step 3. (L2(Ω) convergence of ∇hyh) We can now repeat the above process for

Zh = Πh(∇hyh − ΦD,h) ∈
[
Vk
h

]3 ∩ [H1
0 (Ω)]3×2,

and show that Zh converges weakly in [H1
0 (Ω)]3×2 and strongly in [L2(Ω)]3×2 to a

Z ∈ [H1
0 (Ω)]3×2 . Considering again each element separately, we have

|Zh|2H1(T ) � ‖h−1/2 [∇hyh] ‖2
L2(σ(T )) + |∇hyh − ΦD,h|2H1(T ) + ‖h−1/2 [ΦD,h] ‖2

L2(σ(T ))

Summing over all elements, we obtain

|Zh|2H1(Ω) �
∑
T∈T

|D2
hyh|2L2(T ) +

∑
e∈E

‖h−1/2 [∇hyh] ‖2
L2(e)) + ‖ΦD,h‖2

H1
h(Ω),

hence |Zh|H1(Ω) is uniformly bounded and thus converges strongly to Z in [L2(Ω)]3×2.

Using the uniform bound |||yh|||h ≤ C yileds

∑
e∈Σ

‖[∇hyh]‖2
L2(e) ≤ Ch

and proceeding similarly to Step 2 and invoking Lemma 4.2.2 (estimates for smooth-

ing interpolant) for Zh we obtain

‖(∇hyh − ΦD,h)− Z‖2
L2(Ω) =

∑
T∈T

‖(∇hyh − ΦD,h)− Z‖2
L2(T )

≤ C ′h2 + ‖Zh − Z‖2
L2(Ω) + Ch ‖[ΦD,h]‖2

L2(Σ) → 0.
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Since ΦD,h → ΦD in [L2(Ω)]3×2, this implies that∇hyh converges in L2(Ω) to Z+ΦD.

Step 4. (H2(Ω) regularity of y and remaining boundary conditions) In Step 2 we

show that yh → y in [L2(Ω)]3 and in Step 3 we show that ∇hyh → Z + ΦD in

[L2(Ω)]3×2 and that Z + ΦD ∈ [H1(Ω)]3×2. It remains to show that ∇y = Z + ΦD,

which establishes that y ∈ [H2(Ω)]3 and that ∇y = ΦD on ∂Ω. To this end, we use

that the L2(Ω) convergence of ∇hyh implies convergence in the sense of distribution,

i.e.

∇hyh ⇀ Z + ΦD in D′.

We can now use integration by parts to deduce that the distributional derivative

Dyh of yh is given by

−
∫

Ω

yh · divφ =

∫
Ω

∇hyh φ−
∫

Σ

[yh]ν
T φ

for all φ ∈ [C∞0 (Ω)]3×2. We now employ the fact that

|||yh|||h ≤ C =⇒ ‖h−1/2[yh]‖L2(Σ) ≤ Ch→ 0.

to conclude that

∣∣∣∣∫
Σ

[yh]ν
T φ

∣∣∣∣ ≤ C ‖h−1/2[yh]‖L2(Σ) ‖h1/2φ‖L2(Σ) ≤ C |Ω|1/2 ‖h−1/2[yh]‖L2(Σ) ‖φ‖L∞(Ω) → 0

for all φ ∈ C∞0 (Ω)3×2, where we used that(∑
e∈E

‖h1/2φ‖2
L2(e)

)1/2

≤ ‖φ‖L∞(Ω)

(∑
e∈E

h2

)1/2

≤ C|Ω|1/2‖φ‖L∞(Ω).

This means that in fact the distributional limits of Dyh and ∇hyh coincide, since

〈Dy, φ〉 = −
∫

Ω

y·divφ
D′←− −

∫
Ω

yh·divφ =

∫
Ω

∇hyh φ−
∫

Σ

[yh]ν
T φ

D′−→
∫

Ω

(Z+ΦD) φ+0,
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where we used the uniqueness of the limit for ∇hyh. We can now conclude that

y ∈ [H2(Ω)]3 and ∇y = ΦD on ∂Ω. We also see that ∇hyh → ∇y in [L2(Ω)]3×2.

Step 5. (isometry constraint) We next show that y satisfies the isometry constraint

a.e. in Ω upon proving that

‖∇yT∇y − I‖L1(Ω) = 0.

To this end, we need to show that the uniform bound on the piecewise Hessian of

yh along with the discrete isometry constraint implies that

∑
T∈T

‖∇hy
T
h∇hyh − I‖L1(T ) ≤ Ch.

Then the result follows since

‖∇yT∇y − I‖L1(Ω) =
∑
T∈T

‖∇yT∇y − I‖L1(T )

=
∑
T∈T

‖(∇yT∇y −∇hy
T
h∇hyh) + (∇hy

T
h∇hyh − I)‖L1(T )

≤
∑
T∈T

(
‖∇yT (∇y −∇hyh)‖L1(T ) + ‖(∇hy

T
h −∇yT )∇hyh‖L1(T )

)
+
∑
T∈T

‖∇hy
T
h∇hyh − I‖L1(T ),

which implies that

‖∇yT∇y − I‖L1(Ω) ≤

(∑
T∈T

‖∇y‖2
L2(T )

)1/2(∑
T∈T

‖∇h(y − yh)‖2
L2(T )

)1/2

+

(∑
T∈T

‖∇yh‖2
L2(T )

)1/2(∑
T∈T

‖∇h(y − yh)‖2
L2(T )

)1/2

+
∑
T∈T

‖∇hy
T
h∇hyh − I‖L1(T )

≤
(
‖∇y‖L2(Ω) + ‖∇hyh‖L2(Ω)

)
‖∇hyh −∇y‖L2(Ω) + Ch→ 0,
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where we use the strong convergence of ∇hyh to ∇y in [L2(Ω)]3×2 and the uniform

bound of ∇hyh and ∇y in [L2(Ω)]3×2. We now prove our claim for the L1(Ω) bound

of the isometry defect. To this end, we use (4.4.1), i.e.

∑
T∈T

∣∣∣∣∫
T

∇hy
T
h∇hyh − I

∣∣∣∣ ≤ ch. (4.4.1)

This implies that on each element the integral of the isometry constraint is controlled

by h. We combine this with the fact that we have control of the broken Hessian

D2
hyh and thus of possible oscillations of the isometry constraint in each element.

To see this, let

JT :=

∫
T

∇hy
T
h∇hyh − I and AT :=

JT
|T |

and observe that

‖∇hy
T
h∇hyh − I‖L1(T ) ≤ ‖(∇hy

T
h∇hyh − I)− AT‖L1(T ) + ‖AT‖L1(T ).

For the second term, we see that

‖AT‖L1(T ) =

∫
T

|JT |
|T |

= |JT |.

For the first term we can now apply Poincaré inequality in L1(T ) to obtain

‖(∇hy
T
h∇hyh − I)− AT‖L1(T ) ≤ C h ‖∇h(∇hy

T
h∇hyh)‖L1(T )

≤ C h ‖D2
hyh‖L2(T )‖∇hyh‖L2(T ).

We sum over all elements and use the uniform bound on Eh[yh], Lemma 4.2.3
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(Poincaré type inequality for ||| · |||h) and (4.4.1) to conclude that

∑
T∈T

‖∇hy
T
h∇hyh − I‖L1(T ) ≤

∑
T∈T

(
‖(∇hy

T
h∇hyh − I)− AT‖L1(T ) + ‖AT‖L1(T )

)
≤ C h

∑
T∈T

‖D2
hyh‖L2(T )‖∇hyh‖L2(T ) +

∑
T∈T

|JT |

≤ C h

(∑
T∈T

‖D2
hyh‖2

L2(T )

)1/2(∑
T∈T

‖∇hyh‖2
L2(T )

)1/2

+
∑
T∈T

|JT | ≤ C h.

Step 6. (weak convergence of Hh[yh]) This step follows immediately, since yh → y

in [L2(Ω)]3 and y ∈ [H2(Ω)]3, whence Lemma 4.3.6 (weak convergence of Hh) implies

that

Hh[yh] ⇀ D2y in [L2(Ω)]3×2.

This concludes the proof.

4.4.2 Lim-inf property of Eh

The goal of Section 4.4 is to prove the Γ-convergence of Eh to E and more

precisely, to show that every cluster point y of a sequence {yh} of global minimizers

of Eh is a global minimizer of E in A. To this end, we need to prove a lim-inf and

a lim-sup property. The lim-inf property follows from the preceding results, but we

prove it here separately to highlight it. Instead of looking at a general yh → y in

[L2(Ω)]3, we focus on a sequence of {yh}h with Eh[yh] ≤ C for all h, since otherwise

the lim-inf inequality is trivial. Moreover, the uniform bound on yh implies the

existence of a cluster point y due to Proposition 4.4.1 (compactness in L2(Ω)).
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Lemma 4.4.2 (lim-inf property). Let {yh} satisfy yh ∈ Ak
h and Eh[yh] ≤ C for all

h. Then, there exists y ∈ A such that yh → y in [L2(Ω)]3 and

E[y] ≤ lim inf
h→0

Eh[yh].

Proof. Since yh ∈ Ak
h and Eh[yh] ≤ C, we invoke Proposition 4.4.1 (compactness

in L2(Ω)) to show that there exists a y ∈ [H2(Ω)]3 that satisfies the boundary

conditions and the isometry constraint as well as

yh → y in [L2(Ω)]3

and

Hh[yh]
L2(Ω)−−−⇀ D2y.

We use the lower-semicontinuity of the L2−norm and the fact that (fh, yh)L2(Ω) →

(f, y)L2(Ω) to write

1

2

∫
Ω

|D2y|2 −
∫

Ω

fy ≤ 1

2
lim inf
h→0

∫
Ω

|Hh(yh)|2 −
∫

Ω

fhyh.

We then employ Proposition 4.3.5 (L2−bound of Hh with respect to Eh), i.e.

1

2

∫
Ω

|Hh(yh)|2 −
∫

Ω

fhyh ≤ Eh[yh],

and combine the two inequalities to deduce that

E[y] ≤ lim inf
h→0

Eh[yh].

Since y ∈ A, this concludes the proof.
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4.4.3 Lim-sup property of Eh

We now prove the second inequality that is necessary for the Γ-convergence of

Eh. Since we are interested in minimizers of E, we prove the existence of a recovery

sequence in [L2(Ω)]3 for a function y ∈ A. Therefore, we use a simple regularization

argument followed by Lagrange interpolation. However, we emphasize that due to

the way we force the discrete isometry constraint in (4.4.1) and the Nitsche approach

for the boundary conditions, we do not need to preserve the isometry constraint or

the boundary conditions of y during our regularization argument.

Lemma 4.4.3 (lim-sup property). For any y ∈ A, there exists a recovery sequence

{yh}h with yh ∈ Ak
h for each h such that

yh → y in [L2(Ω)]3

and

E[y] ≥ lim sup
h→0

Eh[yh].

Proof. We prove the result in several steps.

Step 1. (recovery sequence) We start by constructing a recovery sequence {yh}h

for y. Without loss of generality, we assume that there exists Λ > 0 such that

‖y‖H2(Ω) ≤ Λ. We use the standard Lagrange interpolant of Vk
h, i.e. yh = Ihy. We

first show that yh ∈ Ak
h for each h, whence Eh[yh] is finite. This means that we need

to show that yh satisfies the linearized isometry constraint (4.4.1). To this end, we

use that

‖∇yh‖L2(T ) ≤ ‖∇y‖L2(T ) + ‖∇(yh − y)‖L2(T ) ≤ ‖∇y‖L2(T ) + CIh‖D2y‖L2(T ),
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where CI is a local interpolation constant for Ih.

∑
T∈T
‖(∇hyh)T∇hyh − I‖L1(T ) ≤

∑
T∈T

(
‖(∇y)T∇y − I‖L1(T ) + ‖∇yh‖L2(T )‖∇(y − yh)‖L2(T )

+ ‖∇y‖L2(T )‖∇(y − yh)‖L2(T )

)
≤ 2

∑
T∈T
‖∇y‖L2(T ) CIh ‖D2y‖L2(T ) + CIh

2
∑
T∈T
‖D2y‖2L2(T )

≤ 2CI h

(∑
T∈T
‖∇y‖2L2(T )

)1/2(∑
T∈T
‖D2y‖2L2(T )

)1/2

+ CIh
2
∑
T∈T
‖D2y‖2L2(T )

≤ 2CIΛ
2 (h+ h2).

We assume that Λ is such that c ≥ 2CIΛ
2. Ignoring higher order terms, this choice

implies that

∑
T∈T

∣∣∣∣∫
T

(∇hyh)
T∇hyh − I

∣∣∣∣ ≤∑
T∈T

‖(∇hyh)
T∇hyh − I‖L1(T ) ≤ ch.

Step 2. (convergence of Eh[yh]) In Step 1 we verified that yh ∈ Ak
h, whence Eh[yh]

is finite. It now remains to show that

Eh[yh]−
(

1

2

∫
Ω

|D2y|2 −
∫

Ω

fy

)
→ 0.

To this end, we prove the convergence of ‖D2
hyh‖L2(Ω) and S1[yh], since the proof for

S0[yh] is similar to that of S1[yh] and the convergence of the remaining terms can be

deduced using the estimates in Lemma 4.2.4 (coercivity of Eh). For all subsequent

proofs we assume that y ∈ [H3(Ω)]3 and deal with the [H2(Ω)]3 case in Step 3. We

start with the piecewise Hessian D2
hyh. We first present briefly the H2−stability

of the Lagrange interpolant, using the Bramble-Hilbert lemma along with inverse
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inequalities. To this end, let l be a linear function and consider

‖D2yh‖L2(T ) = ‖D2Ih(y − l)‖L2(T ) ≤ Ch−2‖Ih(y − l)‖L2(T ) ≤ Ch−1‖Ih(y − l)‖L∞(T )

≤ Ch−1‖y − l‖L∞(T ) ≤ C‖D2y‖L2(T ).

We can now see that∑
T∈T

|D2yh|2 − |D2y|2 =
∑
T∈T

(D2yh −D2y)(D2yh +D2y)

≤ CIC
∑
T∈T

h ‖D3y‖L2(T ) ‖D2y‖L2(T )

≤ CIC h

(∑
T∈T

‖D3y‖2
L2(T )

)1/2 (∑
T∈T

‖D2y‖2
L2(T )

)1/2

= CIC h ‖D3y‖L2(Ω) ‖D2y‖L2(Ω) → 0.

We now examine the jump term S1[yh]. We use the scaled trace inequality

‖∇h(yh − y)‖2
L2(e) ≤ Ch−1‖∇(yh − y)‖2

L2(ω(e)) + h‖D2(yh − y)‖2
L2(ω(e))

≤ Ch3‖D3y‖2
L2(ω(e))

and the fact that [∇y] = 0 everywhere due to the H2(Ω) regularity of y and (4.2.5).

This means that ∑
e∈E

γ1

h

∫
e

[∇hyh]
2 =

∑
e∈E

γ1

h

∫
e

[∇h(yh − y)]2

≤ C
∑
T∈T

γ1

h
h3 ‖D3y‖2

L2(T )

≤ C h2‖D3y‖2
L2(Ω) → 0.

Step 3. (regularization of y) In the previous step we assume that y ∈ [H3(Ω)]3 in

order to use appropriate interpolation estimates. We now show how we deal with the

H2 regularity of y. We first employ a smooth approximation yε of y. Let ε→ 0 be a

mollifying parameter, φε be a standard mollifier and yε = y ∗ φε be a regularization
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of y. Since y ∈ [H2(Ω)]3, we have that yε → y in [H2(Ω)]3. We let yεh be the

Lagrange interpolant of yε and showcase our claim by adjusting the calculations for

the convergence of S1[yh] from the previous step. We have that∑
e∈E

γ1

h

∫
e

[∇hyh]
2 =

∑
e∈E

γ1

h

∫
e

[∇h(yh − y)]2

≤
∑
T∈T

C
γ1

h
h‖D2

h(yh − y)‖2
L2(T ) ≤ C

∑
T∈T

‖D2
h(yh − y)‖2

L2(T ).

We now use yε and yεh to make the above estimate as small as possible:

‖D2(y − yh)‖2
L2(T ) � ‖D2

h(y − yε)‖2
L2(T ) + ‖D2

h(y
ε − yεh)‖2

L2(T ) + ‖D2
h(y

ε
h − yh)‖2

L2(T )

� ‖D2
h(y − yε)‖2

L2(T ) + h ‖yε‖2
H3(T ) + C‖D2

h(y − yε)‖2
L2(T )

≤ (1 + C)‖y − yε‖2
H2(T ) + h ‖yε‖2

H3(T ),

whence

∑
T∈T

‖D2
h(yh − y)‖2

L2(T ) � (1 + C)‖y − yε‖2
H2(Ω) + h ‖yε‖2

H3(Ω).

This means that for every δ > 0 we can pick ε small enough so that ‖y−yε‖H2(Ω) < δ.

This leads to a certain value for ‖yε‖H3(Ω). We can then choose h small enough so

that the second term is also less than δ, hence making the sum as small as we

want. The same argument applies for all calculations of Step 2. This concludes the

proof.

4.4.4 Γ-Convergence of Eh

We now combine the preceding results to prove the Γ-convergence of Eh to E.

We show that cluster points of global minimizers of Eh are global minimizers of E,

without assuming that such minimizers exist. We then use this to prove a much

stronger version of Proposition 4.4.1 (compactness in L2(Ω)).
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Theorem 4.4.4 (convergence of global minimizers). Let {yh}h be a sequence of

almost global minimizers of Eh, namely

Eh[yh] ≤ inf
wh∈Ah

Eh[wh] + εh ≤ C,

where εh → 0 as h → 0 and C is a constant independent of h. Then, {yh}h is

precompact in [L2(Ω)]3 and every cluster point y of yh is an absolute minimizer of

E, namely

E[y] = inf
w∈A

E[w].

Moreover, up to a subsequence,

lim
h→0

Eh[yh] = E[y].

Proof. We first invoke Lemma 4.4.2 (lim-inf property) to deduce that there exists a

y ∈ A such that (a subsequence) yh → y in [L2(Ω)]3 and

E[y] ≤ lim inf
h→0

Eh[yh].

To show that y is a global minimizer of E, we let η > 0 and consider w ∈ A such

that

E[w] ≤ inf
z∈A

E[z] + η/2.

Lemma 4.4.3 (lim-sup property) implies that there exists a recovery sequence of

wh ∈ Ak
h such that wh → w in [L2(Ω)]3 and

Eh[wh] ≤ E[w] + η/2.

We now use these two properties and the fact that yh is a global minimizer of Eh
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and wh ∈ Ak
h to deduce that

E[y] ≤ lim inf
h→0

Eh[yh] ≤ lim inf
h→0

(Eh[wh] + εh) ≤ lim sup
h→0

Eh[wh]

≤ E[w] + η/2 ≤ inf
z∈A

E[z] + η.

Since the above holds for all η > 0, it implies that y is an absolute minimizer of E.

By choosing w = y in the lim-inf and lim-sup property we also immediately infer

that

lim
h→0

Eh[yh] = E[y].

This concludes the proof.

4.4.5 Strong Convergence of Hh[yh] and Si[yh]

We now use the previous result to show the strong convergence of the scaled

jump terms to zero and of the discrete Hessian Hh[yh] of yh as in Theorem 4.4.4

(convergence of absolute minimizers).

Corollary 4.4.5. (strong convergence of Hh[yh] and Si[yh]) Let yh be a sequence of

almost minimizers as in Theorem 4.4.4 (convergence of absolute minimizers) and

y be the limiting minimizer of E. Then, Proposition 4.4.1 (compactness in L2(Ω))

can be strengthened by the following statements:

(i) Hh[yh]→ D2y strongly in [L2(Ω)]3×2×2.

(ii) S0[yh], S1[yh]→ 0.

(iii) D2
h(yh)→ D2y strongly in [L2(Ω)]3×2×2.
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Proof. (i) The previous theorem combined with Proposition 4.3.5 (L2-bound of

Hh with respect to Eh) implies that

lim sup
h→0

1

2
‖Hh[yh]‖2

L2(Ω) ≤ lim sup
h→0

(
Eh[yh] +

∫
Ω

fhyh

)
≤ E[y] +

∫
Ω

fy =
1

2

∫
Ω

|D2y|2,

hence, combining with the weak convergence of Hh[yh] to D2y and the lower

semi-continuity of the L2-norm, we obtain

‖Hh[yh]‖L2(Ω) → ‖D2y‖L2(Ω).

(ii) In Theorem 4.4.4 (convergence of absolute minimizers) we prove that

Eh[yh]→ E[y] =
1

2

∫
Ω

|D2y|2 −
∫

Ω

fy.

Invoking Step (i) we infer that

Eh[yh] +
1

2
‖Hh[yh]‖2

L2(Ω) −
∫

Ω

fhyh → E[y]− 1

2

∫
Ω

|D2y|2 +

∫
Ω

fy = 0.

Owing to the proof in Proposition 4.3.5 (L2-bound of Hh with respect to Eh),

this implies that

1

2
‖Rh([∇hyh])−Bh([yh])‖2

L2(Ω) − S1[yh]− S0[yh]→ 0.

In view of Lemma 4.3.3 (L2−bounds of lifting operators) we immediately arrive

at

S0[yh] ≈ Bh([yh])→ 0, S1[yh] ≈ Rh([∇hyh])→ 0.

(iii) This statement follows directly from definition (4.3.5) of Hh[yh] and Steps (i)

and (ii).
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4.5 Gradient Flow

We now define a gradient flow that allows us to construct discrete solutions

yh starting from an initial guess y0
h. Given ynh , we employ the flow so that in each

step n + 1, we reduce the energy Eh[y
n+1
h ] < Eh[y

n
h ]. We do this by searching for a

yn+1
h = ynh + δyn+1

h , such that

δyn+1
h ∈ Fnh [ynh ] :=

{
φh ∈

[
Vk
h

]3
,

∫
T

(
(∇hφh)

T∇hy
n
h + (∇hy

n
h)T∇hφh

)
= 0

}

and that satisfies

(δyn+1
h , φh)h + ∆t ah(y

n
h + δyn+1

h , φh) = ∆t (fh, φh)L2(T ), (4.5.1)

for every φh ∈ Fnh [ynh ], where

(δyn+1
h , φh)h := (D2

hδy
n+1
h , D2

hφh)L2(Ω) + h−1/2([∇hδy
n+1
h ], [∇hφh])L2(Σ)

+ h−3/2([δyn+1
h ], [φh])L2(Σ).

We also recall that

ah(yh, vh) := (D2
hyh, D

2
hvh)L2(Ω)

− ({∂ν∇hyh}, [∇hvh])L2(Σ) − ({∂ν∇hvh}, [∇hyh])L2(Σ)

+ ({∂ν∆hyh}, [vh])L2(Σ) + ({∂ν∆hvh}, [yh])L2(Σ)

+
γ1

h
([∇hyh] , [∇hvh])L2(Σ) +

γ0

h3
([yh] , [vh])L2(Σ).

Remark 4.5.1 (linearized isometry constraints). The isometry constraint is lin-

earized at each step and imposed weakly, namely in mean over each element T

∫
T

(∇hδy
n+1
h )T∇hy

n
h + (∇hy

n
h)T∇hδy

n+1
h = 0. (4.5.2)
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Notice that 0 ∈ Fnh [ynh ] whence, Fnh [ynh ] 6= ∅ and the Lax-Milgram theorem

implies the existence and uniqueness of a solution to each iteration of the gradient

flow. We now show that the gradient flow results in a decrease of Eh.

Lemma 4.5.2 (energy decay). Let ynh be an iterate of the gradient flow and assume

that the solution δyn+1
h of (4.5.1) is non-zero. Then, for yn+1

h = ynh + δyn+1
h we have

that

Eh[y
n+1
h ] < Eh[y

n
h ].

If y0
h is the initial guess for the flow and yNh the final iterate, then we also have that

(
1

2
+

1

∆t

)N−1∑
n=0

|||δyn+1
h |||2h + Eh[y

N
h ] = Eh[y

0
h] (4.5.3)

Proof. We set φ = δyn+1
h in (4.5.1) to obtain

|||δyn+1
h |||2h + ∆t ah(y

n+1
h , δyn+1

h ) = ∆t(fh, δy
n+1
h ).

We split ah(y
n+1
h , δyn+1

h ) = 1
2
ah(y

n+1
h , δyn+1

h ) + 1
2
ah(y

n+1
h , δyn+1

h ) and use simple alge-

braic calculations to re-write the above equality as

|||δyn+1
h |||2h+

∆t

2
ah(y

n+1
h , yn+1

h )−∆t

2
ah(y

n
h , y

n
h)+

∆t

2
ah(δy

n+1
h , δyn+1

h ) = ∆t(fh, δy
n+1
h ).

We recall that Eh[yh] = 1
2
ah(yh, yh)− (fh, yh)L2(Ω) to deduce that

(
1 +

∆t

2

)
|||δyn+1

h |||2h + ∆t Eh[y
n+1
h ]−∆t Eh[y

n
h ] = 0,

whence

Eh[y
n+1
h ] < Eh[y

n
h ].

We sum over n and divide by ∆t to obtain (4.5.3).

165



We now show that the gradient flow guarantees the discrete isometry constraint

(4.4.1) for appropriate choice of ∆t .

Lemma 4.5.3 (discrete isometry constraint). Let y0
h be the initial guess for (4.5.1)

that is also an isometry, i.e.

(∇hy
0
h)
T∇hy

0
h = I a.e. in Ω

Then, the last iterate yNh satisfies the discrete isometry constraint in (4.4.1) if ∆t ≤

h and

Eh[y
0
h] ≤ c.

In this case, the discrete isometry defect decreases linearly with ∆t

∑
T∈T

∣∣∣∣∫
T

(
(∇hy

N
h )T∇hy

N
h − I

)∣∣∣∣ � ∆t Eh[y
0
h].

Proof. The result relies on the linearized isometry constraint (4.5.2) for δyn+1
h∫

T

(
(∇hδy

n+1
h )T∇hy

n
h + (∇hy

n
h)T∇hδy

n+1
h

)
= 0.

We start by showing that the integral isometry increases in each iteration of the

flow. In fact, we have∫
T

(∇hy
n+1
h )T∇hy

n+1
h =

∫
T

(
∇h(y

n+1
h − ynh)

)T ∇hy
n+1
h +

∫
T

(∇hy
n
h)T∇hy

n+1
h

=

∫
T

(
∇h(y

n+1
h − ynh)

)T (∇h(y
n+1
h − ynh)

)
+

∫
T

(
∇h(y

n+1
h − ynh)

)T ∇hy
n
h +

∫
T

(∇hy
n
h)T∇hy

n+1
h

=

∫
T

(
∇h(y

n+1
h − ynh)

)T (∇h(y
n+1
h − ynh)

)
−
∫
T

(∇hy
n
h)T∇h(y

n+1
h − ynh) +

∫
T

(∇hy
n
h)T∇hy

n+1
h .
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The last equality is due to (4.5.2). The above calculations imply that∫
T

(∇hy
n+1
h )T∇hy

n+1
h =

∫
T

(
∇h(y

n+1
h − ynh)

)T (∇h(y
n+1
h − ynh)

)
+

∫
T

(∇hy
n
h)T∇hy

n
h .

Summing for n = 0 to n = N − 1 and using that y0
h is an isometry, we obtain∣∣∣∣∫

T

(
(∇hy

N+1
h )T∇hy

N+1
h − I

)∣∣∣∣ =

∣∣∣∣∣
N∑
n=0

∫
T

(
∇h(y

n+1
h − ynh)

)T (∇h(y
n+1
h − ynh)

)∣∣∣∣∣
≤

N∑
n=0

‖∇hδy
n+1‖2

L2(T ).

We now combine this with Lemma 4.2.3 (Poincaré type inequality for ||| · |||h) for

δyn+1
h ∈

[
Vk
h

]3
and the energy decay relation (4.5.3) to conclude that

∑
T∈T

∣∣∣∣∫
T

(
(∇hy

N
h )T∇hy

N
h − I

)∣∣∣∣ � ∆t Eh[y
0
h].

This is the asserted estimate.

Remark 4.5.4 (choice of c in discrete isometry constraint). Lemma 4.5.3 (discrete

isometry constraint) implies that the choice of c in (4.4.1) relies on the initial guess

y0
h of the flow. By choosing

c ≥ Eh[y
0
h], (4.5.4)

we guarantee that all solutions yh of the flow belong in Ak
h. The choice of c appears

also in Lemma 4.4.3 (lim-sup property), where we assume that for ‖y‖H2(Ω) ≤ Λ

and CI the interpolation constant for the Lagrange interpolant in Vk
h,

c ≥ 2CIΛ
2. (4.5.5)

This does not violate the generality of the results in Theorem 4.4.4 (convergence

of absolute minimizers), since we can take Λ = ‖w‖H2(Ω) for w as in the proof of

Theorem 4.4.4 and choose c such that it satisfies both (4.5.4) and (4.5.5).
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Remark 4.5.5 (monotonicity of the constraint). We observe that if we start with

an initial guess such that for all T ∈ Th

∫
T

((∇hy
0
h)
T∇hy

0
h − I) ≥ 0,

then the above calculations imply that for all n and all T ∈ Th

∫
T

(∇hy
n+1
h )T∇hy

n+1
h ≥

∫
T

(∇hy
n
h)T∇hy

n
h ≥ ... ≥ I|T |.

4.6 Solvability and comparison between DG, CDG and Kirchhoff ap-

proach

In this section we provide some information about our approach to obtain

the discrete solution of (4.5.1) under the linearized isometry constraint (4.5.2) for

each gradient flow step. We also give some details about the implementation of our

method. Since this section is tied to our implementation, we refer to our space as

Vh := [V2
h]

3, as we use polynomials of degree 2 for all our computations.

4.6.1 Lagrange Multipliers

In order to find δyn+1
h that satisfies the linearized isometry constraint (4.5.2),

we employ Lagrange multipliers. More specifically, our implementation amounts to

finding (δyn+1
h , λn+1

h ) ∈ Vh × Λh such that

(1 + ∆t) ah(δy
n+1
h , vh) + ∆t bh(λ

n+1
h , vh) = ∆t (f, vh)−∆t ah(y

n
h , vh) ∀vh ∈ Vh

bh(µh, δy
n+1
h ) = 0 ∀µh ∈ Λh,

(4.6.1)
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where

Λh :=
{
λ : Ω→ R2×2, λT = λ, λ|T ∈ P0(T ) ∀T ∈ Th

}
and

bh(λh, vh) :=
∑
T∈Th

∫
T

λh :
(
∇vTh∇ynh + (∇ynh)T∇vh

)
. (4.6.2)

This is a saddle point problem. Since the multipliers µh are piecewise constant, for

any T ∈ Th we can choose µh such that µh|T 6= 0 and zero everywhere else, whence

b(µh, δy
n+1
h ) = 0 implies

µh :

∫
T

(∇δyn+1
h )T∇ynh + (∇ynh)T∇δyn+1

h = 0,

which is (4.5.2) in disguise. In fact, by choosing µh|T to be1 0

0 0

 ,
0 1

1 0

 and

0 0

0 1

 ,
we can conclude that

∫
T

(∇δyn+1
h )T∇ynh + (∇ynh)T∇δyn+1

h = 0

which is the desired isometry constraint (4.5.2). We later explore in Section 4.6.3

the solvability of this saddle problem.

4.6.2 Implementation

We now provide some specific details about the implementation of our method.

As explained in Section 1.2, our goal for introducing this method is to provide

a flexible and efficient method for which we can prove Γ-convergence results as

in [8,11], while providing a simpler implementation, without the restrictions arising
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from the Kirchhoff elements. The motivation for this is to extend the method so that

we can reproduce the results obtained in [8,10,11] as well as to apply the method to

cases motivated by experiments from the engineering community [2,53,75]. In order

to set the foundation for this process and to profit from designing a more flexible and

efficient method, we try to enhance the implementation speed and scalability of the

method. We thus implement our method in parallel, using the built-in capabilities of

the dealii library [3,6]. Moreover, we choose to exploit the structure of our problem,

in order to use an iterative solver that relies on a Schur complement approach. More

precisely:

• Schur Complement: Let A be the square matrix that corresponds to the

discrete bilinear form ah in (4.2.7). The coercivity of ah in Lemma 4.2.4 (coer-

civity of Eh) implies that A is positive definite. We also let Bn be the matrix

corresponding to the form bh in (4.6.2), where the subscript n corresponds to

the dependence of the matrix on ynh . Then if we call δY n+1
h and Λn+1

h the

vectors that correspond to the solution (δyn+1
h , λn+1

h ) of (4.6.1), the resulting

linear system is given by A BT
n

Bn 0


δY n+1

h

Λn+1
h

 =

fn

0

 , (4.6.3)

where fn corresponds to the right-hand side of (4.6.1) and also depends on ynh .

The solution of this system can be given by first solving

(BnA
−1BT

n )Λn+1
h = BnA

−1fn (4.6.4)
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for Λn+1
h and then obtaining δY n+1

h through

A δY n+1
h = fn −BT

nΛn+1
h .

• Solver: By examining the terms that comprise (4.2.7), we observe that A

does not vary with each step of the fixed point iteration. This means that we

can use a direct solver to obtain the LU decomposition of A only once and

then use it each time it appears in the Schur complement matrix BnA
−1BT

n .

We can now solve (4.6.4) using a conjugate gradient method, which allows us

to only use matrix-vector products, without the need of explicitly creating and

storing the full matrix.

• Parallelization and Scalability: The above process is efficient in parallel,

since we assemble and decompose A only once at the beginning of the gradient

flow and then Bn and fn, which depend on the current solution ynh , can be

quickly assembled at each iteration. Using the conjugate gradient solver is

also more efficient when running in parallel, than trying to solve the whole

system using a direct solver. We note, however, that for millions of degrees

of freedom the initialization of the LU decomposition of A through a direct

solver may not be efficient, despite being performed only once. In that case,

a possibly preconditioned iterative solver may be more appropriate, but we

have not pursued this option for the current work.

• Solvability: At this point, we want to emphasize that the efficiency of the

conjugate gradient method depends on the properties of Bn. For instance, if
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Bn is full rank, the Schur complement matrix is positive definite and the system

is guaranteed to have a unique solution (δY n+1
h ,Λn+1

h ). Another important

factor is the condition number of the Schur complement matrix. In Section

4.6.3 we explore this issue. Later in Section 4.7 we provide some computational

results that guide us into what we believe to be the optimal approach out of

the options we considered.

4.6.3 Existence of Discrete Solution

In this section we explore the solvability of (4.6.1) and of the resulting system

in (4.6.3). Since (4.6.1) is a saddle point problem, the natural approach would be to

first examine the continuous problem and try to prove the existence and uniqueness

of a solution, using an inf-sup condition for appropriate choice of spaces. If we

call V the continuous space of deformations and Q the corresponding space for the

Lagrange multipliers, the importance of an inf-sup condition can be also illustrated

by the following calculation that relates the Schur complement of (4.6.3) to an inf-

sup condition. We introduce the continuous version of the bilinear forms in (4.6.1),

i.e. the continuous bilinear form a : V× V→ R

a(y, v) =

∫
Ω

D2y : D2v

and the continuous bilinear form b : V×Q→ R

b(y, q) =

∫
Ω

q : (∇yT∇u+∇uT∇y),
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where u ∈ V is fixed. As a continuous analogue of (4.6.3), we can then define the

operators A : V→ V, B : V→ Q and BT : Q→ V such that

< Av,w >V=< v,Aw >V= a(v, w) ∀v, w ∈ V

and

< Bv, q >Q=< v,BT q >V= b(v, q) ∀v ∈ V, q ∈ Q,

as well as the analogue of the Schur complement operator S = BA−1BT : Q → Q.

We can now see how S being non-singular amounts to an inf-sup argument for a

and b:

〈Sq, q〉Q = 〈BA−1BT q, q〉Q = 〈A−1/2BT q, A−1/2BT q〉V

= sup
w∈V

〈w,A−1/2BT q〉2V
〈w,w〉V

= sup
v∈V

〈v,BT q〉2V
〈v,Av〉V

= sup
v∈V

b(v, q)2

a(v, v)
≥ β2

α
‖q‖2

Q,

where the last inequality is only possible if a(v, v) ≤ α‖v‖2
V and b(v, q) ≥ β‖v‖V‖q‖Q.

We see that, given the good properties of the bilinear form a (on the discrete level

this is the continuity of ah implied by the calculations in Lemma 4.2.4 (coercivity

of Eh)), the non-singularity of S amounts to the inf-sup condition for the bilinear

form b.

In the above analysis we have intentionally not specified the exact spaces for

V and Q. In terms of the existing literature, we are aware of some related work

in [50] that would allow us to prove an inf-sup condition for b for appropriate choice

of these spaces. However, this work relies on stronger regularity assumptions for

the fixed function u ∈ V, which corresponds to the current surface and which in our

case is only assumed to be in H2(Ω). This is a restriction that we cannot overcome
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in our analysis, since the regularity of u is determined by the gradient flow (4.5.1).

As a result, we cannot prove an inf-sup condition and a uniform bound for β at the

continuous level.

Since we are not able to prove an inf-sup condition that would allow us to

deduce the existence and stability of our discrete solution, we need to rely on our

computations, in order to explore the solvability of our problem numerically. This

brings us to Section 4.7, where on the one hand we compare two DG-based ap-

proaches to the Galerkin one and on the other hand, we compare the solvability

of these DG-based approaches in terms of the numerical behavior of their Schur

complement.

4.7 Comparison of DG, CDG and Kirchhoff Approaches

We now explore the difference between three different approaches, the fully

DG scheme, a continuous-discontinuous scheme (CDG) and the Kirchhoff elements

of [8]. The CDG scheme is the same as the one we introduce in Section 4.2 with

the only difference that the discrete functions are now assumed to be continuous.

This leads to the lower order jumps [yh] being zero in the interior of the domain.

However, since ∇yh are not assumed to be continuous, this is still a non-conforming

approach. Our motivation for this comparison is two-fold. On one hand, we want

to shed some light on our decision to pursue a fully DG approach instead of the

continuous-discontinuous scheme; a choice that might otherwise seem arbitrary. Our

second goal is to illustrate the advantages of the DG approach with respect to the
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Kirchhoff elements. The latter is investigated further in Section 4.8. For now we

use Example 4.8.1 (vertical load), where we examine five different aspects of the

computations: the convergence of the discrete energy and the isometry defect, the

number of gradient flow iterations, the deformation along the diagonal of the domain

and the average number of Schur iterations needed in each gradient flow step. We

present the example here too for convenience.

Example 4.7.1. Let Ω = (0, 4) × (0, 4) and ΓD = {0} × [0, 4] ∪ [0, 4] × {0} be the

part of the domain where we want to enforce the boundary conditions

g = (x1, x2, 0) and ΦD = [I2, 0]T .

We apply a vertical force of magnitude 2.5× 10−2.

Before we present our results, it is worth explaining our choice of example

and metrics. We recall from Lemma 4.5.3 (discrete isometry constraint) that the

isometry defect can be expected to converge with order ∆t. This was exploited

in [8] to present computational rates for the defect, using ∆t = h. Using the same

domain, boundary conditions and forcing, as well as the same choice of ∆t, allows us

to compare the three approaches in terms of computational convergence. Another

reason for choosing this example is that it provides the opportunity to compare the

geometric flexibility of each method. More precisely, from a physical viewpoint, one

would expect that there will be no deformation in the region {x ≤ 4− y} for an

exact isometry, due to the clamped boundary conditions. This was explored in [8]

by observing the deformation along the diagonal {x = 4− y}. We examine this in

our two DG-based approaches too, in order to showcase their improved geometric

175



flexibility. It can be seen from Table 4.1 below that the continuous-discontinuous

method is the most efficient with respect to these metrics, as well as the number

of gradient flow iterations, while both DG approaches outperform the Kirchhoff

elements. However, in order to appropriately compare the two DG approaches, we

also need to consider the number of Schur complement iterations in each gradient

flow step, since this is the main factor affecting their speed. We recall from Section

4.6.2 that we employ the conjugate gradient method, in order to solve the system

that corresponds to the Schur complement and obtain the Lagrange multipliers in

(4.6.4). Since we have not been able to prove an inf-sup condition that guarantees a

stable solution for this system on the continuous or discrete level, we are using the

numerical experiments to help us understand how this issue translates in practice

for the two methods.

We first observe that the fully DG approach is much faster than CDG in this

respect, since the conjugate gradient method for DG requires much fewer iterations

than the CDG approach. In fact, the latter often requires even more iterations than

the largest dimension of the underlying matrix, which is a strong indication that the

continuous-discontinuous galerkin method (CDG) may not satisfy a discrete inf-sup

condition. Heuristically, the difference between the two methods could be related

to the element-wise nature of the fully DG approach. More precisely, in order to

guarantee that the Schur complement system has a unique solution, we need the

matrix Bn in (4.6.3) that contains the contribution of the Lagrange multipliers to

be full rank. In the fully DG approach this amounts to showing that for given ynh
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(previous solution) and for all T ∈ Th

∫
T

λn+1
h :

(
∇vTh∇ynh + (∇ynh)T∇vh

)
= 0 ∀vh ∈ Vh =⇒ λn+1

h = 0 on T.

On the other hand, the CDG approach does not allow such an element-wise simplifi-

cation, since the continuity of y across interelement boundaries leads to an interplay

between different cells.

We now present several simulations, that allow us to compare the three meth-

ods based on the described metrics. We start with Table 4.1, where we exhibit the

discrete energy denoted by Eh, the discrete isometry defect, denoted by Ih, and the

number of gradient flow iterations, # GF, for all three methods and three different

mesh sizes, h = 2−l, l = 2, 3, 4. We observe that the CDG method outperforms

the other two with respect to all three metrics. Moreover, the fully discontinuous

approach also outperforms the Kirchhoff elements method, especially in terms of

the magnitude and the speed of convergence of the discrete energy and the discrete

isometry defect. The number of gradient flow iterations for the fully DG and the

Kirchhoff method seems to behave similarly.

h Eh Ih # GF

Kirch. CDG DG Kirch. CDG DG Kirch. CDG DG

2−2 -1.01e-2 -5.23e-3 -7.53e-3 8.67e-3 4.61e-3 7.10e-3 22 11 13

2−3 -9.82e-3 -3.29e-3 -5.76e-3 7.12e-3 1.53e-3 2.89e-3 40 18 28

2−4 -9.04e-3 -1.91e-3 -4.26e-3 5.14e-3 4.52e-4 1.09e-3 71 33 76

Table 4.1: Comparison of discrete energy, Eh, discrete isometry defect, Ih, and number
of gradient flow iterations, # GF, for the Kirchhoff, the continuous-discontinuous (CDG)
and the fully discontinuous (DG) method.
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Geometric Flexibility. We next present three figures that illustrate the ge-

ometric flexibility of each method, measured by the artificial deformation created

along the diagonal {x+ y = 4}. Smaller deformation implies a more consistent be-

havior with the physics of the problem. We first attach Figure 3 from [8]. It presents

the diagonal deformation for meshes of size 2−l, l = 2, . . . , 6. We then present two

figures that correspond to the CDG and the fully DG approach for mesh sizes

h = 2−l, l = 2, 3, 4. We observe that, similarly to the results in Table 4.1, the CDG

approach performs the best. In fact, both the DG approaches outperform the Kirch-

hoff elements significantly. For instance, we observe that for h ≤ 2−2 and h ≤ 2−3

for the CDG and the fully DG method, respectively, the diagonal deformation is

less than 0.02, which is the smallest value observed in Figure 4.1 and corresponds

to h = 2−6.

Figure 4.1: Deformation along the diagonal x + y = 4 for Example 4.8.1
in [8], using the Kirchhoff elements.
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Figure 4.2: Deformation along the diagonal x + y = 4 for Example 4.8.1
(vertical load), using the CDG (left) and fully DG (right) approaches for
the same geometry and f as in [8]. We observe smaller deformations than
the ones for Kirchhoff elements. The smallest deformation in Figure 4.1 for
h = 2−6 is achieved with h = 2−2 and h = 2−3 by the CDG and DG methods,
respectively.

The previous simulations indicate a clear computational advantage of the two

DG-flavored approaches with respect to the Kirchhoff elements. They outperform

the Kirchhoff element approach both in terms of convergence of Eh and Ih as well

as geometric flexibility, while they are simpler to implement in standard libraries

and require polynomial degree 2 rather than 3.

Conjugate Gradient Iterations: We now compare the two methods with

respect to the last metric, the number of conjugate gradient iterations per gradient

flow step. We illustrate the results on Table 4.2. Note that the Schur complement

is a square matrix with dimension equal to the number of degrees of freedom for the

Lagrange multipliers. We observe that the amount of conjugate gradient iterations

per gradient flow step for the continuous-discontinuous approach exceeds by a mul-

tiplicative factor the dimension of the Schur complement. On the other hand, the
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respective number of iterations for the fully DG method is not only much smaller,

but is also a decreasing fraction of the dimension of the Schur complement. This

behavior of the CDG method makes an asymptotic comparison very hard, since the

method becomes much slower with each refinement. This is why we have restricted

ourselves in the cases h = 2−l, l = 2, 3, 4. This clear advantage of the fully DG ap-

proach is also the reason why it is our method of choice. In Section 4.8 we explore

more the method and present more asymptotic results for it.

h CDG DG

S. C. dim # Iterations S. C. dim # Iterations

2−2 768 3,900 768 350

2−3 3072 11,200 3072 470

2−4 12,288 25, 000 12,288 1220

Table 4.2: Comparison of the number of conjugate gradient iterations for the continuous-
discontinuous (CDG) and the fully discontinuous (DG) method. S.C. dim stands for the
dimension of the Schur complement matrix.

4.8 Numerical Experiments

In this section we explore and compare the performance of our method with

that of the Kirchhoff elements. We are interested in the speed and accuracy of the

method, as well as its ability to capture the physics and the geometry of the problems

appropriately. We observe that our Discontinuous Galerkin approach seems to be

more flexible with a comparable or better speed. We provide specific examples in

the rest of the section. We emphasize that we use polynomial degree k = 2 for all

examples.
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4.8.1 Vertical load on a square domain

This is a simple example of bending due to vertical load. We use the same

configuration as in [8] in order to provide an accurate comparison of the two methods.

We deal with a square domain with two of the non-parallel sides being clamped.

Example 4.8.1. Let Ω = (0, 4) × (0, 4) and ΓD = {0} × [0, 4] ∪ [0, 4] × {0} be the

part of the boundary where we enforce the boundary conditions

g = (x1, x2, 0) and ΦD = [I2, 0]T .

We apply a vertical force of magnitude 2.5× 10−2.

We first revisit Table 4.1 that illustrates the convergence of the energy Eh and

the isometry defect Ih as the mesh size decreases, but this time it is restricted only

to our method (fully DG) and includes more refinements. We choose again ∆t = h

and observe that the isometry defect decays super-linearly with ∆t , which is better

than the linear convergence predicted in Lemma 4.5.3 (discrete isometry constraint).

Compared to [8], we obtain a more clear rate, while the defect itself is smaller (up

to one order of magnitude). The number of gradient flow iterations is similar for

both methods.
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No. Cells DoFs h = ∆t Eh Isometry Defect Iterations

256 7680 2−2 -7.53e-3 7.10e-3 13

1024 30,720 2−3 -5.76e-3 2.89e-3 28

4096 122,880 2−4 -4.26e-3 1.09e-3 76

16384 491,520 2−5 -3.30e-3 4.17e-4 140

Table 4.3: Number of cells, degrees of freedom, discrete energy, isometry defect and
number of gradient flow iterations for square plate, clamped in two sides with vertical
forcing. We observe super-linear rates for the isometry defect, while theory predicts linear
rates for the case ∆t = h.

We now explore the geometric behavior of our method. More precisely, it was

observed in [8] that there was an artificial displacement along the diagonal x+y = 4,

which does not correspond to the actual physics of the problem. This displacement

becomes smaller with smaller mesh size. Our method introduces the same artificial

displacement. However, we can see in the following figure that in our case this

displacement is smaller, even by one order for the smallest mesh size.

Figure 4.3: Deformation along the diagonal x + y = 4. We observe smaller
deformations than with the Kirchhoff elements (up to one order of magnitude).
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4.8.2 Obstacle Problem

In the previous example we observe some of the flexibility of the DG approach

in terms of capturing the physical behavior of the plates. To explore this further, we

introduce an extra element to the deformation: an obstacle. We use a square plate

clamped on one side and we exert a vertical force. We require that the plate does

not penetrate the obstacle. We choose a simple case where the obstacle is a rigid flat

plate at height z = 0.2. This example is motivated by [10], where the deformation of

the plate is the result of thermal actuation of bilayer hinges connected to the plate.

In our case, we use a vertical load instead. From a mathematical viewpoint, this

obstacle problem can be treated by introducing the convex set of the constraint

K =
{
y ∈ [L2(Ω)]3 | y3 ≤ 0.2

}
,

along with a splitting of variables. We introduce another deformation s, s ≈ y such

that s ∈ K always and penalize the L2(Ω)-distance between y and s. If ε is an

obstacle penalty parameter, we add the following extra term to the energy

1

ε
‖y − s‖2

L2(Ω).

At the discrete level, this affects the gradient flow at each step, where we use as sh

the L2-projection of the previous solution ynh in K. We refer to [10] for more details

about the variable splitting and the projection.

Example 4.8.2. Let Ω = (−1, 1) × (−1, 1). Let ΓD = {−1} × [−1, 1] be the part

of the boundary where we enforce clamped boundary conditions. We apply a vertical

force f = (0, 0, 1).
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To describe the performance of our method, we first present the deformation

of the plate for three different time steps for the same configuration but without

any obstacle. We see that the plate remains clamped on the side while the third

component increases and the plate eventually bends.

(a) t=0.2s (b) t=0.4s

(c) t=1.0s (d) t=4.0s

Figure 4.4: Deformation of the plate at four different stages: (a) Initial stages
(b) Slight Bending (c) Increased Bending, (d) Final state.

From a physical viewpoint we would expect that the obstacle would make no

difference at the first steps of the deformation. However, when the plate meets the

obstacle, we expect it to stop rising and start bending accordingly so that it complies

with the obstacle and the force. We observe that this is indeed the case. The plate

rises until it meets the obstacle and then adjusts by bending. However, since we do

not force yh numerically to belong to the set K, but rather penalize its L2-distance

from its projection in K, we see that there is a minor penetration of the obstacle.

The plate adjusts to the presence of the obstacle and this crossing decreases. This
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behavior can be enhanced by further refining and by choosing the obstacle parameter

ε to be smaller. To illustrate the deformation, we provide six different time steps in

Figure 4.5. The illustration corresponds to 1024 cells, ε = 3 × 10−4 and time step

∆t = 5×10−4s. The isometry defect at the end of this simulation is only 9.1×10−5.

(a) t=500ts (b) t=700ts

(c) t=1300ts (d) t=3000ts

(e) t=5000ts (f) t=13382ts

Figure 4.5: Deformation of the plate at six different stages: (a) Initial stage,
deformation determined only by forcing, (b) First contact with the obstacle,
(c) Penetration of the obstacle, (d) Starts adjusting shape to decrease crossing,
(e) Stronger bending, decreased crossing, (f) Final stage, crosses obstacle by
0.002 (1% of obstacle height).
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4.8.3 Compressive Case

As our last example, we explore another geometrically and physically interest-

ing case, that of compression. We use a rectangular plate with a small vertical load

and we impose compressive boundary conditions at two opposite sides.

Example 4.8.3. Let Ω = (−2, 2)× (0, 1). Let also ΓD = {−2, 2}× [0, 1] be the two

sides where we impose the compressive boundary conditions

g = (0.3x1, x2, 0) and ΦD = [I2, 0]T .

We apply a vertical force of magnitude 10−2.

Given the compressive nature of the problem, the plate could either bend

upwards or downwards (buckling), resulting to two deformations which are the re-

flection of each other with respect to the x-y plane and have the same minimizing

energy. This is why we apply a small force, in order to choose one of the two de-

formations, which in our case corresponds to a positive third component. We note

here that we need a stronger force than the one in [8] (10−5). A possible explanation

is that our huge initial energy may require a stronger force in order to be guided

towards one or the other minimizing states. We start again with a flat configuration

as our initial guess. This results in a big initial energy due to the Nitsche bound-

ary terms. In order to prevent this from creating a very abrupt and non-physical

deformation in the gradient flow, we employ an approach of quasi-static nature: we

do not enforce the boundary conditions from the beginning of the flow, but rather

do it gradually. We use a parameter that starts from zero and increases throughout
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the flow until it reaches the value 1. In order to achieve a gradual adjustment to

the boundary conditions, we use

(1− bc flow) id+ bc flow gh,

where bc flow is the above mentioned parameter and id stands for the identity

function. As the mesh becomes finer, this parameter needs to grow slower, in order

to compensate for the big initial energy and allow for a more natural flow. To

illustrate the effect of this parameter, we depict in Figure 4.6 the deformation that

corresponds to various stages of the flow. The time step of the gradient flow is

∆t = 0.04625s. The bc flow parameter increases linearly by 5 × 10−5 in each

iteration. We see that the compressive nature of the boundary conditions becomes

more obvious after the bc flow parameter becomes greater than 1/2 and that the

boundary conditions are achieved at the end of the deformation. The isometry

defect at the end of the flow is Ih[yh] = 5.04 10−3.
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(a) bc flow=0.05 (b) bc flow=0.1

(c) bc flow=0.25 (d) bc flow=0.6

(e) bc flow=0.65 (f) bc flow=1

Figure 4.6: Deformation of the plate at seven different stages: (a)-(c)
Initial stages, slow deformation determined mostly by the forcing, (d)-(e)
The compressive boundary conditions become more active and determine
the shape of the plate, (f) Final deformation, compressive boundary
conditions are achieved.
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Chapter 5: Bilayer Model - Computational Extension

In this Chapter we explore computationally the applicability of our DG method

from Chapter 4 to more physically interesting cases that can be modeled by attaching

together two plates with different mechanical properties. We briefly introduce this

model and derive a modification to our method, which allows us to deal with this

model. We test the resulting formulation using various examples from [10, 11] and

[2, 53,75].

5.1 Simplified Bilayer Model

We first recall briefly the bilayer model from [11] and use an approach sim-

ilar to [10] to adjust the method developed in Chapter 4 to the bilayer case. On

the continuous level the bilayer problem involves the minimization of the energy

functional

E[y] =
1

2

∫
Ω

|H + Z|2 −
∫

Ω

fy, (5.1.1)

where y is the deformation of the midplane Ω of a plate constructed by clamping

together two layers with different material and mechanical properties. The matrix

function Z corresponds to this mismatch between the different materials and encodes

the spontaneous curvature of the bilayer plate. In the above energy H stands again
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for the second fundamental form of y, while f is a forcing term in [L2(Ω)]3, which

from now on we assume to be zero, since the plates are inclined to deform due to Z

without the contribution of an external force. Similarly to Section 4.1 for the single-

layer problem, (5.1.1) can be derived from three dimensional hyperelasticity [11].

In order to discretize the above functional in a way that can be combined with our

discretization of the single layer, we follow an approach similar to [10]. As a first

step, we repeat some calculations from Section 4.1. Let zij and hij, i, j = 1, 2 be the

components of Z and H and let y be an isometry. By the definition of an isometry

we have that

∂iy · ∂jy = δij, i, j = 1, 2,

hence

∂ky · ∂ijy = 0 =⇒ ∂ijy ‖ ν = ∂1y × ∂2y, i, j, k = 1, 2

which, in turn, combined with the definition of the second fundamental form, leads

to

hij = ∂ijy · ν = ∂ijy.

Similarly, using that H : Z =
∑

ij ∂ijy · zijν we can rewrite (5.1.1) as

E[y] =
1

2

∫
ø

|D2y|2 + 2
∑
ij

∂ijy · zijν + |Z|2.

Taking now the Euler-Lagrange equations for this functional we obtain∫
Ω

D2y : D2v+

∫
Ω

∑
ij

∂ijv ·zij (∂1y×∂2y)+

∫
Ω

∑
ij

∂ijy ·zij (∂1y×∂2v+∂1v×∂2y) = 0

for all v ∈ [H2(Ω)]3 such that

∇yT∇v +∇v∇yT = 0 in Ω. (5.1.2)
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We now use again the fact that y is an isometry, hence ∂ijy = hijν, along with

(5.1.2) and the formula (a× b) · (c× d) = (a · c)(b · d), to see that

∂ijy · zij (∂1y × ∂2v + ∂1v × ∂2y) = zij hij (∂1y × ∂2y) · (∂1y × ∂2v)

+ zij hij (∂1y × ∂2y) · (∂1v × ∂2y)

= zij hij (∂1y · ∂1y)︸ ︷︷ ︸
1

(∂2y · ∂2v)︸ ︷︷ ︸
0

+ zij hij (∂1y · ∂1v)︸ ︷︷ ︸
0

(∂2y · ∂2y)︸ ︷︷ ︸
1

= 0.

This means that we can re-write the Euler Lagrange equations as∫
Ω

D2y : D2v +

∫
Ω

∑
ij

∂ijv · zij (∂1y × ∂2y) = 0. (5.1.3)

We observe that these equations involve two terms, only the first of which is present

in the corresponding Euler-Lagrange equations of the single layer energy functional.

We exploit this, along with the good properties of the single layer discretization,

in order to come up with the simplest possible discretization of the above equa-

tions. Since our discretization in Sections 4.2 and 4.5 involves all the appropriate

terms that capture the discontinuities in the discrete space Vk
h and allow for a good

approximation of the Hessians D2y and D2v, we expect that using the same dis-

cretization for (5.1.3) can potentially provide an equally good approximation. We

thus discretize (5.1.3) by solving the following slight modification of the discrete

gradient flow presented in Section 4.5:(
δyn+1

h , vh
)
h

+ τ ah
(
δyn+1

h , vh
)

= τ (fh, vh)L2(Th) − τ ah
(
ynh , vh

)
− τ

∑
T∈T

∫
T

∑
ij

zij ∂ijvh · (∂1y
n
h × ∂2y

n
h).
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The extra term on the right hand side corresponds to the second term in (5.1.3). We

note here that this term is independent of the unknown δyn+1
h because it involves the

previous solution ynh and is only part of the right hand side of the flow. Moreover,

we emphasize that it involves only a piecewise computation of the added quantity

without taking into account any possible jumps of ∂ijy
n
h and of ∂1y

n
h×∂2y

n
h . We also

stress that this discretization follows along the lines of [10], where the extra term was

treated explicitly and added to the right hand side and, unlike [11], no procedure

is used to guarantee that |∂1y
n
h × ∂2y

n
h | ≥ 1. Consequently, we do not investigate

here any theoretical properties of the discretization, but rather explore its efficiency

by testing it over various numerical experiments, similar to the ones presented in

[10, 11]. For a rigorous study of the the DG approach to the bilayer model, we

would need to employ the discrete Hessian Hh[yh] constructed in Section 4.3 in

order to approximate ∂ijy
n
h and possibly introduce jump terms and normalization

of ∂1y
n
h × ∂2y

n
h . Lastly, we would need to create an implicit version of this flow

that would instead use ∂1y
n+1
h × ∂2y

n+1
h , in order to prove Γ−convergence of an

appropriate discrete energy Ẽh to the continuous (5.1.1).

5.2 Numerical Experiments

In this section we explore various examples motivated by the work in [10, 11]

and experimental work in [2,53,75] in order to understand better the computational

behavior of the Discontinuous Galerkin discretization introduced in Chapter 4. We

wish to observe whether the simple extension of the method, presented in Section 5.1,
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can lead to interesting computational results, that capture the physical properties

of the bilayer bending problem. To this end, we test our method in a variety

of examples, exploring the effect of different choices of the spontaneous curvature

matrix Z, the boundary conditions and the aspect ratio of the plate. All these

factors are crucial for any engineering application, since they can be appropriately

combined in order to achieve various final configurations for the plate that undergoes

large, geometrically nonlinear deformations.

5.2.1 Boundary Conditions

Before we proceed with the specific examples, it is worth discussing briefly

our approach for boundary conditions (B.C.). Our experiments fall into two main

categories:

• Dirichlet B.C. on ΓD ⊂ ∂Ω: This case is covered by our theory in Section

4.2.4, by employing the jump terms and the respective stabilizations only on the

boundary edges that belong to ΓD. Our discrete energy is coercive in Ω∪ΓD and

does not see ∂Ω \ ΓD. Our analysis for the Γ−convergence of Eh guarantees that

the limiting y satisfies the boundary conditions on ΓD.

• B.C. Free: In this case we do not pose any boundary conditions. Instead, we

allow the thin plate to deform without any restrictions. In order to achieve this

numerically, we need to aid our linear system in providing a unique discrete solu-

tion. This entails removing rotations and constants from the kernel of our system.

In the previous case, this would be guaranteed by the boundary conditions, but,
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in their absence, we now need to do this manually. To this end, we adjust the

discrete energy inner product (·, ·)h used in the gradient flow in Section 4.5. We

add an extra L2 term multiplied by a small parameter that in all our examples

is taken to be 10−2. This lower order term allows us to have a non-singular sys-

tem even in the absence of boundary conditions and prevents us from obtaining

solutions that are up to a constant or a rotation.

5.2.2 Clamped Plate, Z = −I

We start with the simplest case of a rectangular plate Ω = [−5, 5] × [−2, 2],

clamped on the side {−5} × [−2, 2], with spontaneous curvature given by Z = −I.

In [73] it was shown that the minimizer for this case is a cylinder. We present below

computations leading to a cylindrical final configuration, which was also the case

in [11]. It is worth mentioning here that in our case this stage is achieved without

any self-crossing of the plate, which is in general hard to prevent.
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Figure 5.1: Pseudo-evolution (counter-clockwise) towards the equilib-
rium of a clamped rectangular plate with spontaneous curvature Z = −I.
The bilayer plate is depicted at times 0.0, 0.5, 1.5, 3.0, 5.0, 8.0, 10.0,
20.0 ×10−3 of the gradient flow. The plate reaches a cylindrical shape
asymptotically, which is an absolute minimizer.

5.2.3 Clamped Plate, Anisotropic Curvature

We now explore a different spontaneous curvature matrix. We examine a

plate [−2, 2] × [−3, 3], clamped along the side [−2, 2] × {−3} with the anisotropic

spontaneous curvature

Z =

−3 2

2 −3

 .
This choice of Z corresponds to principal curvatures 5 and 1, which in contrast

to the previous example correspond to principal directions that do not align with

the coordinate axes, but form an angle of π/4 with them. This, combined with
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the clamped boundary conditions, leads to a different deformation that does not

completely assume the cylindrical shape, but rather gradually ”rolls” into a conic

shape (corkscrew). We illustrate this deformation in Figure 5.2.

Figure 5.2: Pseudo-evolution (counter-clockwise) towards the equilib-
rium of a clamped rectangular plate with anisotropic spontaneous curva-
ture and principal directions forming an angle of π/4 with the coordinate
axes. The bilayer plate is depicted (counter-clockwise) at times 0.0, 0.3,
1.0, 10.0, 50.0, 170.0 ×10−3 of the gradient flow.

5.2.4 Clamped Plate, Principal Curvatures of Opposite sign

We consider the same plate, [−2, 2]× [−3, 3], clamped along the side [−2, 2]×

{−3}, but with spontaneous curvature

Z =

5 0

0 −5

 .
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The principal curvatures have now opposite signs. At first each curvature tries

to force its own deformation of the plate, but eventually one dominates and the

structure assumes a cylindrical configuration, as depicted in Figure 5.3.

Figure 5.3: Pseudo-evolution towards the equilibrium of a clamped rect-
angular plate with principal curvatures of opposite sign. The bilayer
plate is depicted (bottom-left to top-right) at times 0.0, 0.7, 2.5, 7.0,
10.0, 12.0, 14.0, 19.0, 67.0 ×10−3 of the gradient flow.

5.2.5 Plate Clamped in the Middle, Anisotropic Curvature

We now explore an example that was motivated by [2], where a rectangular

plate is clamped in the middle and then allowed to deform with anisotropic sponta-

neous curvature. The plate is given by [−5, 5] × [−2, 2], clamped along the middle
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line {0} × [−2, 2] and

Z =

−5 0

0 −1

 .
This leads to the formation of two cylinders in each side of the clamped part. In this

example our numerical experiments exhibit some self-crossing before the two cylin-

ders separate. Eventually, the cylinders reach a distance from each other, possibly

due to the way the clamping is forced numerically (along all elements that contain

the middle line of the plate).

Figure 5.4: Pseudo-evolution towards the equilibrium of a rectangular
plate clamped in the middle, with anisotropic spontaneous curvature.
The bilayer plate is depicted (bottom-left to top-right) at times 0.0, 0.1,
0.5, 1.5, 2.5, 5.3 ×10−3 of the gradient flow.
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5.2.6 Free Plate, Anisotropic Curvature

We now explore a cigar-type configuration motivated by work of a group in

mechanical engineering [75]. This time the same plate, [−5, 5]×[−2, 2], is completely

devoid of boundary conditions and has an anisotropic spontaneous curvature

Z =

−3 2

2 −3

 .
We observe in Figure 5.5 that the plate deforms similarly to Figure 5.2, but since

there is no clamped side, it does so in a symmetric way and eventually assumes a

cylindrical configuration (cigar).

Figure 5.5: Pseudo-evolution towards the equilibrium of a rectangular
plate with anisotropic spontaneous curvature and no boundary condi-
tions. The bilayer plate is depicted (counter-clockwise) at times 0.0, 0.2,
0.6, 6.0, 10.0, 12.0, 20.0, 60.0, 150.0 ×10−3 of the gradient flow. At the
final three steps presented we observe that the plate assumes a tighter
configuration as an effort to become a full cylinder.
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5.2.7 Free Plate, Wavy Pattern

In this example we explore wavy patterns attained experimentally in [53].

The authors create various geometric shapes including wave patterns and DNA-like

structures (next example) using bilayer and multilayer materials with the goal of

then using these shapes for more complex self-folding and self-organizing structures.

We present here our numerical recreation of the wave pattern and in the next ex-

ample a DNA-like helix, constructed similarly to Figure 5.5. In this case the wave

pattern is created experimentally by alternating the position of the polymer that

acts as the bilayer. More precisely, the plate is split into eight parts of equal size

and the bilayer formulation is forced on the upper side of one part and the lower

side of the next one. Numerically we implement this by alternating the sign of the

spontaneous curvature between each part. The plate has dimensions [−8, 8]× [−1, 1]

and in each part we use Z = I or Z = −I. We do not pose any boundary conditions

to the plate. The behavior of our simulations is illustrated in Figure 5.6. We note

that the gradient flow is much faster than previous examples and, as a consequence,

this simulation is depicted for much fewer gradient flow steps: the plate assumes

the fourth configuration very fast and afterwards the deformation and the energy

change very slowly.
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Figure 5.6: Pseudo-evolution towards the equilibrium of a rectangular
plate with high aspect ratio and alternating curvature along each of its
eight parts. The bilayer plate is depicted (bottom-left to top-right) at
times 0.0, 0.1, 1.0, 2.3 ×10−3 of the gradient flow.

5.2.8 Free Plate, DNA

We now present the second example motivated by [53]. In this case, we have a

plate with a high aspect ratio and dimensions [−8, 8]× [−0.5, 0.5] that is free to de-

form without any boundary conditions, under the effect of a spontaneous curvature

given by

Z =

−1 3/2

3/2 −1

 .
This choice of spontaneous curvature corresponds to principal directions that form

an angle of π/4 with the coordinate axes and to principal curvatures −1/2 and

5/2. We observe numerically that this combination of magnitude for the principal

curvatures and of aspect ratio lead to a deformation that resembles the twisting

of DNA molecules. A different combination would lead to another deformation of

similar nature, but with different visual results in terms of the twisting of the plate.
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We illustrate the resulting deformation in Figure 5.7 for various instances of the

gradient flow.

Figure 5.7: Pseudo-evolution towards the equilibrium of a rectangular
plate with high aspect ratio and anisotropic curvature with principal
directions forming an angle of π/4 with the axes. The bilayer plate is
depicted (bottom-left to top-right) at times 0.0, 0.5, 2.0, 5.0, 15.0, 48.0
×10−3 of the gradient flow.

5.2.9 Computational Investigation of the Effect of Aspect Ratio,

Curvature and Numerical Constants

In this section we discuss various physical and numerical aspects that can affect

the performance of the method. To this end, we focus on the clamped example of

Section 5.2.2 with Z = −rI and we present a numerical illustration of the final

configuration for a range of aspect ratios (2.5, 2, 1.5, 1) and curvatures r = 5, 3, 1.

We compare with the results from [11] and try to get some intuition on the varying

effects of these choices, as well as of the penalty constants γ0 and γ1. Before we

proceed, we need to clarify certain aspects of the following simulations:

• Mesh refinements: The results are presented for 4 uniform refinements, i.e.
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256 cells, whereas in [11] results of this nature were presented for 5 uniform

refinements. However, most of the individual simulations have been tested for

both refinement levels in order to verify that the shape of the final configuration

is stable with respect to refinements. We intend to continue this investigation

further.

• Steady state: A natural way to terminate the simulations is to guarantee that

upon two gradient flow steps the change in the energy is less than a chosen toler-

ance. We call the configuration of the plate at the last time step as steady state.

However, since this is an ongoing investigation and such comparative simulations

are time consuming, we present results that correspond to a total of 80, 000 gradi-

ent flow steps. This number was chosen empirically, since the visible change of the

shape of the plate after this many iterations is minor and we have observed that in

all simulations the energy keeps decreasing very slowly from a point on, without

contributing any further to the shape of the final configuration. We acknowledge

that not having a steady state configuration prevents us from rigorously drawing

certain conclusions that we wish to present later.

• Numerical Parameters: Figure 5.8 is an attempt to present a unified picture of

the various aspect ratios and curvature that we experimented with for the problem

of Section 5.2.2. However, not all of the simulations presented correspond to the

same numerical parameters (time step, accuracy for the conjugate gradient solver,

penalty constants). We expand on this in details below.
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Figure 5.8: Final configuration after 80, 000 gradient flow steps of a plate
[−2a, 2a] × [−2, 2] where a = 2.5, 2, 1.5, 1 (left to right) and Z = −rI
with r = 5, 3, 1 (top to bottom). We observe that in many cases the
plate is able to achieve the cylindrical configuration, as expected from
the theory in [73]. However, there are also instances of a dog-ear effect,
similarly to what was observed in [11].

Using Figure 5.8 as our basis, we discuss now the effect of the numerical

parameters used for our method: the time step ∆t that determines the speed of

the gradient flow, the tolerance level for the conjugate gradient solver for the Schur

complement and the choice of the penalty constants γ0 and γ1. This discussion is

motivated by some discrepancy in the behavior of the method with respect to these

parameters, as well as the comparison of the method with the results presented

in [11]. We split our exposition into two main aspects of the computations:

1. Breaking of symmetry: As we mentioned before, the illustrations of Figure

5.8 do not correspond to the same numerical parameters. To be more precise,
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we originally experimented with a fixed time step ∆t = 5e−3 and a tolerance

of 1e − 8 for the iterative solver. This resulted into a breaking of symmetry

in half of the tested cases: the plate deforms without creating any strong

dog-ear effect and ends up crossing itself in an effort to assume a cylindrical

configuration. Right before or shortly after this self-crossing occurs, the plate

tilts towards one side and after a state of self-crossing, it assumes a shape

similar to the clamped anisotropic case of Section 5.2.3. This breaking of

symmetry was also observed in [11] and can be the result of either an error

due to the tolerance of the solver that has been magnified by a big condition

number or due to the time step not being small enough in order to capture

the physics of the problem and ensure a small isometry defect. As a matter

of fact, changing these two numerical parameters resolved the breaking of

symmetry for some of the simulations. However, it was observed that the

choice of penalty parameters also contributes to this factor. We explain this

more at the next point.

2. Local minimizers: A limitation of the theory developed both in Chapter 4

and in [8,11] is that we cannot guarantee that the gradient flow will converge

to a global instead of a local minimizer. In fact, it was observed in [11] that for

certain choices of aspect ratio and curvature the gradient flow lead to dog ear

effects and the plate was not always able to assume the expected cylindrical

configuration. This was attributed to potentially finding a local rather than

a global minimizer of Eh. In contrast to [8, 11] where the energy functional
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is fixed, we have two very crucial parameters, γ0 and γ1 that guarantee the

coercivity of our method. It is conceivable that the choice of these parameters

can affect the discrete energy in terms of the existence and location of local

minimizers. We observe computationally that changing these parameters can

on one hand resolve the issue of the breaking of symmetry and on the other

hand, it can lead to eliminating the dog ear effect in some cases. However,

having a combination of time step, solver tolerance and these two parameters

makes it a rigorous investigation of the effect of each of these factors a rather

complicated and time consuming task. Moreover, such an analysis can only

be done within each problem and what may be found to be an optimal param-

eter for one problem may (and will probably) not be optimal for a different

experiment. As a result, we do not present specific illustrations for different

parameters, but rather acknowledge the effect they may have into converging

to a local or global minimizer of Eh.
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[49] M. Hintermüller, K. Ito, K. Kunisch, The primal-dual active set strat-
egy as a semismooth Newton method, SIAM J. Optim., 13(3):865-888,
2003.

[50] P. Hornung, M. Lewicka, M. Reza Pakzad, Infinitesimal isometries
on developable surfaces and asymptotic theories for thin developable shells ,
arXiv:1210.0047, 2012.

[51] P. Hornung, Approximation of flat W 2,2 isometric immersions by smooth
ones, Arch. Ration. Mech. Anal. 199, 1015- 1067, 2011.

[52] H. Ishii, P. L. Lions, Viscosity solutions of fully nonlinear second-order
elliptic partial differential equations, J. Diff. Eqs. 83 (1):26-78, 1990.

[53] S. Janbaz, R. Hedayati, A. A. Zadpoor, Programming the shape-
shifting of flat soft matter: from self-rolling/self-twisting materials to self-
folding origami, Mater. Horiz., 3, 536-547, 2016.

[54] E. Jager, E. Smela, O. Inganäs, Microfabricating conjugated polymer
actuators, Science 290, 1540-1545, 2000.

[55] N. V. Krylov, Nonlinear Elliptic and Parabolic Equations of the Second
Order, Springer Netherlands, 1987.

[56] J.-N. Kuo, G.-B. Lee, W.-F. Pan, H.-L. Lee, Shape and thermal effects
of metal films on stress-induced bending of micromachined bilayer cantilever,
Japanese Journal of Applied Physics 44, 5R, 3180, 2005.

[57] K. Bhattacharya, M. Lewicka, M. Schaffner, Plates with incompatible
prestrain, arXiv:1401.1609, 2014.

211



[58] M. Lewicka, P. Ochoa,M. R. Pakzad. Variational models for prestrained
plates with Monge-Ampère constraint, Differential Integral Equations,
28, 861–898, 2015.

[59] W. Li, R. H. Nochetto Optimal pointwise error estimates for two-scale
methods for the Monge-Ampère equation, 2018, (submitted).

[60] P. L. Lions, Hamilton-Jacobi-Bellman equations and the optimal control of
stochastic systems, Proc. Int. Congress of Math., Warsaw, 1983.

[61] J-M. Mirebeau, Discretization of the 3D Monge-Ampère operator, between
wide stencils and power diagrams, arXiv:1503.00947, 2014.

[62] R. H. Nochetto, D. Ntogkas Convergent two-scale filtered scheme for the
Monge-Ampère equation , 2018 (in preparation).

[63] R. H. Nochetto, D. Ntogkas, W. Zhang Two-scale method for the
Monge-Ampère equation: convergence to the viscosity solution , Math. Comp.
(accepted), 2018.

[64] R. H. Nochetto, D. Ntogkas, W. Zhang Two-scale method for the
Monge-Ampère equation: pointwise error estimates, 2018 (submitted).

[65] R. H. Nochetto, W. Zhang, Discrete ABP estimate and convergence rates
for linear elliptic equations in non-divergence form, Found. Comp. Math.
(online), 2017.

[66] R. H. Nochetto, W. Zhang, Pointwise rates of convergence for the Oliker-
Prussner method for the Monge-Ampère equation, arXiv:1611.02786.

[67] A. Oberman, Convergent difference schemes for nonlinear elliptic and
parabolic equations: Hamilton-Jacobi equations and free boundary problems,
SIAM J. Numer. Anal, 44 (2):879-895, 2006.

[68] A. Oberman, The convex envelope is the solution of a nonlinear obstacle
problem. Proc. Amer. Math. Soc. 135:1689-1694, 2007.

[69] A. Oberman, T. Salvador, Filtered schemes for Hamilton-Jacobi equations:
A simple construction of convergent accurate difference schemes, J. Comput.
Phys., 284, pp. 367388, 2015.

212



[70] V. I. Oliker, L. D. Prussner, On the numerical solution of the equation
(∂2z/∂x2)(∂2z/∂y2) − (∂2z/∂x∂y)2 = f and its discretizations, I. Numer.
Math., 54(3):271-293, 1988.

[71] B. Rivière, Discontinuous Galerkin Methods for Solving Elliptic and
Parabolic Equations: Theory and Implementation, Society for Industrial
and Applied Mathematics, 2008.

[72] E. T. Sawyer, R. L. Wheeden Regularity of Degenerate MongeAmpre
and Prescribed Gaussian Curvature Equations in Two Dimensions, Poten-
tial Anal, 24: 267, 2006.

[73] B. Schmidt, Minimal energy configurations of strained multi-layers, Calc.
Var. Partial Differential Equations, 30:4,477-497, 2007.

[74] O. Schmidt, K. Eberl, Thin solid films roll up into nanotubes, Nature
410, 168, 2001.

[75] B. Simpson, G. Nunnery, R. Tannenbaum, K. Kalaitzidou, Cap-
ture/release ability of thermo-responsive polymer particles, J. Mater. Chem.,
20, 3496-3501, 2010.

[76] E. Smela, O. Inganös, I. Lundström, Controlled folding of micrometer-
size structures, Science 268, 5218, 17351738, 1995.

[77] N. S. Trudinger, X. J. Wang, Boundary regularity for the Monge-Ampère
and affine maximal surface equations, Ann. of Math. (2) 167:993-1028,
2008.

[78] G. Wachsmuth, Conforming approximation of convex functions with the fi-
nite element method, Numer. Math., 1-32, 2017.

[79] S. W. Walker, FELICITY: A Matlab/C++ Toolbox for Developing Finite
Element Methods and Simulation Modeling, submitted.

[80] S. W. Walker, FELICITY: Finite ELement Imple-
mentation and Computational Interface Tool for You.
http://www.mathworks.com/matlabcentral/fileexchange/31141-
felicity.

213


	List of Tables
	List of Figures
	List of Abbreviations
	Introduction
	The Monge-Ampère Equation: Chapters 2-3
	Large Bending Deformation of Plates Under Isometry Constraint: Chapters 4-5
	Outline

	Two-scale method for the Monge-Ampère Equation: Convergence to the viscosity solution
	 Two-Scale Method
	Ideal Two-Scale Method
	Practical Two-Scale Method

	Existence and Uniqueness
	Consistency
	Convergence
	Barrier Functions
	Approximation by Smooth Problems
	Uniform Convergence: Regularization Approach
	Uniform Convergence: Barles-Souganidis Approach

	Discrete Alexandroff Estimate
	Continuous Dependence on Data
	Stability of the Two-Scale Method.
	Concavity of the Discrete Operator
	Continuous Dependence of the Two-Scale Method on Data

	Rates of Convergence
	Error Estimates for Solutions with Hölder Regularity
	Error Estimates for Solutions with Sobolev Regularity
	Error Estimates for Piecewise Smooth Solutions
	Error Estimates for Piecewise Smooth Solutions with Degenerate f

	Numerical Experiments
	Semi-Smooth Newton Method
	Accuracy


	Convergent Two-Scale Filtered Scheme
	Two-Scale Accurate Operator
	Definition
	Consistency Properties

	Filtered Scheme
	General Definition of the Operator
	Definition of Filter Function
	Existence of Discrete Solution
	Convergence

	Numerical Examples: Accurate Scheme
	Computational Remarks

	Numerical Examples: Filtered Scheme
	Choice of  in F:
	Numerical Experiments:
	Choice of Solver:
	Implementation Challenges:

	Conclusions

	DG Approach to Large Bending Deformations with Isometry Constraint
	Derivation of the Energy Functional
	Discretization of the Energy and Key Properties
	Motivation
	Derivation
	Discretization of E[y]
	Coercivity of Eh

	Discrete Hessian
	Definition and L2 bound of Hh[yh]
	Upper bound for "026B30D Hh[yh]"026B30D L2()
	Weak convergence of Hh

	-Convergence of Eh
	Equi-coercivity and compactness in L2
	Lim-inf property of Eh
	Lim-sup property of Eh
	-Convergence of Eh
	Strong Convergence of Hh[yh] and Si[yh]

	Gradient Flow
	Solvability and comparison between DG, CDG and Kirchhoff approach
	Lagrange Multipliers
	Implementation
	Existence of Discrete Solution

	Comparison of DG, CDG and Kirchhoff Approaches
	Numerical Experiments
	Vertical load on a square domain
	Obstacle Problem
	Compressive Case


	Bilayer Model - Computational Extension
	Simplified Bilayer Model
	Numerical Experiments
	Boundary Conditions
	Clamped Plate, Z=-I
	Clamped Plate, Anisotropic Curvature
	Clamped Plate, Principal Curvatures of Opposite sign
	Plate Clamped in the Middle, Anisotropic Curvature
	Free Plate, Anisotropic Curvature
	Free Plate, Wavy Pattern
	Free Plate, DNA
	Computational Investigation of the Effect of Aspect Ratio, Curvature and Numerical Constants


	Bibliography

