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The RSA (Rivest–Shamir–Adleman) encryption is believed to be secure because there

is no known classical algorithm which can calculate the prime factors of a number in poly-

nomial time. Shor’s algorithm can, in principle, solve this problem in polynomial time on

a scalable quantum computer. Shor’s algorithm is an application of quantum phase estima-

tion where one factorizes a number by finding the periodicity of the modular multiplication

operator. Quantum modular multiplication is related to classical Bernoulli map which is

chaotic. However modular multiplication itself is periodic. It raises the question: is there

any signature of chaos in modular multiplication? In this dissertation we show that the

answer is yes. We prove that modular multiplication is a linear combination of chaotic

quantized baker’s maps. The periodicity of modular multiplication arises from ‘destruc-

tive interference’ of chaotic maps. Building on this result, we design a quantum circuit

for modular multiplication whose complexity is on par with most of the available circuits.

A novel feature of our circuit is that it is based entirely on discrete Fourier transform and

its variants. In the last part of this dissertation we study integrability of discrete Gross-

Neveu model. We show that the action of discrete Gross-Neveu model has a minimum



corresponding to soliton solutions. We further explore the connection between solitons and

reflectionless potential using tools from discrete supersymmetry.
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Chapter 1: Introduction

The onset of information age is marked by the invention of germanium based point con-

tact transistor in 1947 at Bell labs by John Bardeen, Walter Brattain and William Shock-

ley [2]. On the theoretical side, Claude Shannon laid the groundwork of digital communi-

cation in his seminal paper entitled ‘A Mathematical theory of communication’ (1948) [1].

In this paper Shannon introduced the term ‘bit’ as a unit of information and provided dia-

gram of a communication system. The diagram is sketched in Fig. 1.1. As shown in the

figure, a source produces a message which is converted into a signal by a transmitter. The

signal is carried by a channel to a receiver which converts the signal back to the original

message for the intended party. These two works, along with the development of integrated

Transmitter Receiver DestinationSource
Information

Source
Noise

Signal
ReceivedSignal

MessageMessage

Figure 1.1: Schematic of a general communication system provided by Claude Shannon in [1].
An information source generates a message to send it to a destination. A transmitter converts the
message into a signal which is carried by a channel to a receiver at the destination. The receiver
converts the signal back to the original message.
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circuit [3] (IC), set the stage for widespread use of digital computers. It was observed that

the number density of transistors on an IC kept increasing in an exponential rate (Moore’s

law [4]). Consequently, modern communication system enabled transmission of unprece-

dented amount of information. It naturally increased interest in information security. The

problem of developing protocols for secure communication, known as cryptography, has

been discussed for a long time although not in a systematic way. The invention of digital

computers necessitated rigorous study of cryptography. It was the same Claude Shannon

who took the first step in this direction in the paper ‘Communication theory of secrecy

systems’ [5]. As the available computational power increased, so does the need for more

robust cryptographic protocols, also known as ciphers.

All ciphers can broadly be categorized into two categories: symmetric-key and asymmetric-

key ciphers. Until 1976, all cryptographic protocols were of symmetric-key types. In these

protocols, the same private key is used for both encryption and decryption. Some of the

popular symmetric key algorithms are 3DES, Twofish, Serpent, IDEA etc. A big disad-

vantage of these algorithms are complexity of the key management in a communication

system with many nodes. On the contrary, in asymmetric-key ciphers, information is en-

coded using a public key which is accessible to everyone. For decoding, one needs to use

a different private key which is related to the public key in such a way that it is ‘hard’ to

compute the private key from the public key. They key management in such protocols are

less complex because the public key is the same for everyone. Fig. 1.2 depicts the basic

working of the two types of protocols. The first asymmetric-key cipher was proposed by

Diffe and Hellmann in 1976. One of the most commonly used public-key cryptosystem

is known as RSA cryptosystem which is based on an algorithm published by Ron Rivest,

Adi Shamir and Leonard Adleman [6]. In this algorithm the private-key is a pair of ‘large’

prime numbers and the public-key is their product. The security of this cryptosystem relies

on the difficulty of finding the prime pair from their product, a problem known as prime

2



(a) Schematics of a symmetric-key algorithm. The
sender (‘Bob’) and receiver (‘Alice’) use the same pri-
vate key to encrypt and decrypt the message respec-
tively.

(b) Schematics of an asymetric-key or public-key algo-
rithm. Contrary to the case in 1.2a, there are two keys
involved. The sender (‘Bob’) encrypts a message us-
ing a key, denoted by public key, which is accessible to
everyone. The receiver (‘Alice’) decrypts the message
using a separate private key.

Figure 1.2: Two categories of cryptographic algorithms have been depicted. Symmetric-key algo-
rithms use one private key, where as public-key algorithms use one public-key and another private-
key.

3



factorization. The problem of prime factorization belongs to the NP complexity class and

there is no known classical algorithm which can solve it in polynomial time.

A more recent and ongoing field of research focuses on the development of a quantum

computer [7–10]. Quantum computer attempts to use quantum resources like superposition,

entanglement and non-deterministic measurements which are unavailable to the classical

computers. In 1994, Peter Shor showed that, in theory, prime factorization can be solved

efficiently on a quantum computer. Shor’s algorithm boils down the prime factorization

into finding the period of a unitary operator known as modular multiplication operator UA.

The operator acts on the computational basis states according to the following equation:

UA |m〉= |mA (mod N)〉 (1.1)

where A,N are co-prime numbers and m ∈ {0,1,2 . . .N − 1}. The period of UA can be

calculated from the phases of the unitary. Finally the phases can be obtained efficiently on

a quantum computer with the help of discrete Fourier transform and some entangling gates.

In the next chapter we provide a detailed description of Shor’s algorithm, which is at the

heart of this dissertation.

Modern computers also influenced a different area of physics relevant to this disserta-

tion: chaos. Similar to cryptography, the concept of chaos has been known long before

the invention of computer. Most notably, while studying n-body problem Poincare noticed

that dynamics can be strongly sensitive to initial condition. In his book ‘New methods of

Celestial Mechanics’ Poincare stated that [11]:

“A very small cause, which eludes us, determines a considerable effect that we cannot

fail to see, and so we say that this effect Is due to chance. If we knew exactly the laws of

nature and the state of the universe at the initial moment, we could accurately predict the

state of the same universe at a subsequent moment. But even If the natural laws no longer

4



held any secrets for us, we could still only know the state approximately. If this enables us

to predict the succeeding state to the same approximation, that is all we require, and we say

that the phenomenon has been predicted, that It Is governed by laws. But this is not always

so, and small differences in the initial conditions may generate very large differences in the

final phenomena. A small error in the former will lead to an enormous error In the latter.

Prediction then becomes impossible, and we have a random phenomenon.”

This observation, arguably, marks the birth of chaos theory. However, since the dynam-

ics of chaotic systems are complex, many of them remained untractable until the invention

of computers. With the help of computers, physicists and mathematicians were able to

study intricate properties like fractal dimensions, strange attractors, density of periodic or-

bits etc. One of the canonical examples of chaotic sytems is Bernoulli map. Bernoulli map

is defined as

fA(x) = Ax (mod 1) (1.2)

where A is an integer and x ∈ [0,1). Comparing it with Eq.(1.1) one can see that Bernoulli

map is similar to the modular multiplication operator. In Chapter 2 of this disserta-

tion, we study the connection between quantum modular multiplication and Bernoulli

map. We show that, modular multiplication can be written as a linear combination

of quantized baker’s map where the baker’s map is a 2D analog of Bernoulli map.

Despite huge potential implications of Shor’s algorithm it has not yet been implemented

in any useful way. The experimental difficulties of its practical implementation are still

insurmountable. Computationally, the most expensive part of Shor’s algorithm is modu-

lar multiplication. Based on our results in Chapter 2, we design a quantum circuit

for modular multiplication in Chapter 3. A novel feature of our circuit is that it is

constructed entirely in terms of discret Fourier transforms and its variants.

Computers didn’t only help with the analysis of chaotic systems. They are also re-

5



sponsible for some major breakthroughs in the dynamics of integrable systems. An early

instance of such discovery is the so called Fermi-Pasta-Ulam-Tsingou problem [12, 13]. In

the early 1950s, Enrico Fermi wanted to use the computer MANIAC-1 [14] at Los Alamos

lab to study a physical system. After discussing with Stan Ulam and John Pasta, they de-

cided to numerically analyze the equations of motion of a 1D harmonic chain of masses

perturbed by non-linear force. The calculation was done by Mary Tsingou. The goal of this

numerical experiment was to verify equi-partition of energy and Fermi’s hypotheses that

non-linearity leads to ergodicity. However the result showed a surprising recurrence in the

dynamics which violated equipartition of energy. This apparent paradox was later resolved

by showing that the system, in the continuum limit, reduces to Korteweg de-Vries(KdV)

equation. This is an exactly solvable equation with dispersionless solutions called soli-

tons. KdV equation can be solved using inverse scattering method where the solutions are

constructed from scattering data. It turns out that solitons arise when the reflection coeffi-

cient is zero. Later it was proved that the action of Gross-Neveu model becomes minimum

when the reflection coefficient vanishes. Consequently solitons minimizes the action of

the system. In the chapter 4 of this dissertation, we extend this result into discrete

Gross-Neveu model. We find that in the case of discrete system, vanishing reflection

coefficient is not the minimum but the saddle point of the action. We further construct

a hierarchy of reflectionless potentials using tools from discrete supersymmetry.

6



Chapter 2: Chaotic Roots of the Modular Multiplication Dynamical Sys-

tem in Shor’s Algorithm

2.1 Overview

Shor’s algorithm [15, 16] to factorize an integer N is a cornerstone of quantum compu-

tation [17], being exponentially faster than all known classical factorization algorithms and

capable of breaking RSA encryption [18], a widely used scheme for secure data transmis-

sion. Interestingly, the success of this algorithm hinges on a foundational tension with the

very notion of “quantum chaos” [19]: the quantum modular multiplication operator at the

core of Shor’s algorithm [15–17] belongs to a class of quantum systems that have a strongly

chaotic classical limit, but violate several expected signatures of “chaos” on quantization.

The quantization of classically ergodic, chaotic systems [19, 20] is typically associated

with spectral signatures such as non-degenerate energy levels and spectral rigidity, as sup-

ported by general theoretical arguments and numerical studies of several systems [19, 21–

30]. Paradoxically, as indicated above, some quantizations [15, 31] of certain canonical

textbook examples of classically ergodic and chaotic systems [20] – such as modular mul-

tiplication fA(x) = (Ax mod N) on a 1D interval x ∈ [0,N) (quantized in Shor’s algorithm)

and Arnold’s cat map on the torus — are exactly periodic at long times with highly degen-

erate and orderly spectra [15, 32], which is at odds with ergodic quantum dynamics [30].

This is because quantization itself is not a uniquely defined procedure, and several distinct

quantum systems can have the same classical limit (e.g., Refs. [15, 33–35] consider en-

7



tirely different quantizations of f2(x) with different spectral properties). In particular, the

(conventionally) “standard” quantization of each of the above maps [15, 31] captures the

dynamics of only a measure-zero subset of periodic orbits with a common (not necessarily

fundamental) period [20, 36]. This gives the appearance of early-time “chaos” on quantiza-

tion via the exponential divergence of typical nearby orbits, but completely misses out on

the full ergodic and chaotic classical dynamics at late times in the bulk of the phase space.

On the one hand, the example of Shor’s algorithm demonstrates a possibly generic need

to eliminate “quantum chaos” in the quantization of even a classically chaotic map, for its

successful utilization in certain quantum algorithms. On the other, it also suggests the

more fundamental question of whether appropriate manifestations of quantum ergodicity

and chaos can be hidden in some way even in such non-ergodic quantizations. Interestingly,

a partial resolution to this question was noted in Refs. [37, 38], where it was shown [38] that

the unitary operator implementing modular multiplication by A = 2 in Shor’s algorithm can

be expressed as a superposition of quantized baker’s maps [34, 39], which may be regarded

as “chaotic” quantizations of f2(x) [more precisely, of baker’s maps [20] in a 2D phase

space (x, p) whose action on the position coordinate x ∈ [0,1) is identical to f2(Nx)/N]

that by and large exhibit the expected signatures of quantum chaos and ergodicity [34, 35].

In this work, we show that this “embedding” of a superposition of “quantum chaotic”

maps in the periodic modular multiplication map generalizes to an arbitrary multiplier A.

The appropriate chaotic maps are direct generalizations of the 2D A-baker’s maps (exten-

sions of baker’s maps whose 1D projection is fA(Nx)/N), and these maps can be quantized

in terms of certain combinations of discrete Fourier transforms [34], when either N + 1

or N− 1 is a multiple of A. This establishes a rigorous correspondence between specific

“ergodic” and “non-ergodic” quantizations of fA(x) for arbitrary A, which may serve as a

simple model for understanding the interplay of integrability, ergodicity and chaos in dif-

ferent quantizations of the same system. We will now present the details of this correspon-
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dence, and subsequently discuss both its potential implications for studying the embedding

of quantum chaos in Shor’s algorithm, and in extending the quantization of A-baker’s maps

to arbitrary N.

2.2 Overview of Shor’s algorithm, Baker’s map and its quantization

In this section we will provide a brief overview of Shor’s algorithm, Baker’s map and its

quantization. This will set the platform for our main result. Let us first recall the problem

of prime factorization.

2.2.1 Shor’s algorithm

Suppose N is a number obtained by multiplying two prime numbers p and q. The prob-

lem of interest is: Given the number N how to find its prime factors p and q? This problem

belongs to NP and co-NP complexity classes. However it is not known if it belongs to

either P or NP-complete complexity class. One can find the factors of N by finding the

multiplicative order modulo N of another integer A which is co-prime to N. This follows

from the following theorem:

Theorem 2.1. If A < N is co-prime to N with multiplicative order r modulo N and r is even

then gcd(Ar/2−1,N) is either 1 or a prime factor of N.

Proof. Since A is with multiplicative order r modulo N we know N divides Ar−1 written

as N | Ar−1 and r is the smallest positive integer to do so. If r is even it further implies that

N|(Ar/2−1)(Ar/2 +1). Now N - Ar/2−1 because it contradicts r being the multiplicative

order. So one must have either gcd(Ar/2−1,N) = 1 or gcd(Ar/2−1,N) = p∨q.

Shor’s algorithm utilizes quantum phase estimation(QPE) procedure to find the multi-

plicative order of A. One can efficiently find the phase of a unitary operator using QPE.
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The unitary used in Shor’s algorithm is the modular multiplication operator UA. Given two

co-primes N and A (A < N), UA is defined in an N dimensional Hilbert space according to

the equation:

UA |m〉= |mA (mod N)〉 , for m ∈ {0,1 . . .N−1}, (2.1)

where {|0〉 , |1〉 . . . |N−1〉} forms an orthonormal basis. Note that if r is the order of A then

U r
A = 1. So, the eigenvalues of UA are e2πis/r with s ∈ {0,1 . . . ,r−1}. The output of Shor’s

algorithm is the fraction s/r from which the value of r is extracted.

The modular multiplication UA has connection with chaos theory. UA can be regarded as

a quantization of fA(x), as a generic narrow wavepacket of width w� N centered at some

x0 remains narrowly distributed around the classical trajectory of x0 up to an Ehrenfest

time [40, 41] tE ∼ ln(N/w)/lnA determined by the Lyapunov exponent λ = lnA. However,

since N and A are co-primes, quantum modular multiplication is an exactly periodic unitary

operator at longer time scales, which permutes the basis states according to Eq. (2.1).

2.2.2 Baker’s map

The classical A-baker’s map, a generalization of baker’s map, is a canonical example

of an ergodic and chaotic system [42]. It maps a unit square to itself by stretching in one

direction and compressing in the perpendicular direction in such a way that the total area

of the square is preserved, and rearranging the stretched square to fit inside the unit square.

The map is defined by the following transformation:

x→ x
′
= Ax−bAxc, (2.2)

p→ p
′
=

p+ bAxc
A

. (2.3)

10



Here (x, p) ∈ [0,1)× [0,1) are phase space coordinates and bxc denotes the integer part of

x. The map is illustrated in Fig. 2.1. The unit square is divided into A rectangles of equal

area as shown in the left side of Fig. 2.1. Each of the rectangles is stretched by a factor of A

along the horizontal direction and by 1/A along the vertical direction. Then the rectangles

are stacked on top of each other as shown on the right side of Fig. 2.1. When A = 2 the

Figure 2.1: The A-baker’s map transforms the unit square in the left to the one in the right. The
unit square is divided into A rectangles which are marked by numbers from 1 to A. Each rectangle
is stretched along x axis and contracted along p axis before being stacked on top of each other.

A-baker’s map reduces to the standard baker’s map [43].

As with any classical dynamical system, there is no unique way to quantize the A-

baker’s map. By convention, the basic requirements are that the quantum map is unitary

and it reduces to the classical map in the semi-classical limit. Several quantization proce-

dures satisfying these requirements have been developed for A-baker’s map [34, 35, 42, 44–

46]. In this paper, we will use the quantization procedure developed by Balazs and Voros

(BV)[34]. In BV quantization, one replaces the phase space of the classical map with a D

dimensional Hilbert space. Suppose {|xn〉}D−1
n=0 and {|pm〉}D−1

m=0 are two different complete
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basis. We assume that they satisfy the following boundary conditions:

|xn+D〉= e−2πiβ |xn〉 , (2.4)

|pn+D〉= e2πiα |pn〉 . (2.5)

When α = β = 0 it becomes periodic boundary condition. Physically one can think of

these two basis as the eigenbasis of discrete position and momentum operator. The inner

product of them is

〈pm|xn〉=
1√
D

e−
2πi(n+α)(m+β )

D = [Fα,β
D ]nm, (2.6)

where Fα,β
D is a D×D DFT matrix with phase α and β . Let’s look at an arbitrary state |ψ〉

in the Hilbert space. We write the state as

|ψ〉=
D−1

∑
n=0
|xn〉〈xn|ψ〉

=

D
A−1

∑
n=0
|xn〉〈xn|ψ〉+

2D
A −1

∑
n=D

A

|xn〉〈xn|ψ〉 . . .
D−1

∑
n=D(A−1)

A

|xn〉〈xn|ψ〉

=
A

∑
l=1
|ψl〉 , (2.7)

where |ψl〉 = ∑
Dl/A−1
n=D(l−1)/A |xn〉〈xn|ψ〉. Essentially we have partitioned the state in such a

way that the projection of each partition into position basis can have non-zero value only

inside a region. The regions are obtained from the equation

〈xn|ψl〉= 0 for 0≤ n≤ D(l−1)
A

−1 and
Dl
A
≤ n≤ D−1. (2.8)
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The quantized A-baker’s map is the unitary operator B(0)
A such that

B(0)
A |ψl〉= |φl〉 for l = 1,2 . . .A. (2.9)

Eq. (2.9) implies that B(0)
A |ψ〉 = ∑

A
l=1 |φl〉 ≡ |φ〉. The states |φl〉 are defined in a similar

way as Eq. (2.7) but in momentum basis i.e. |φl〉= ∑

Dl
A −1

n=D(l−1)
A

|pn〉〈pn|φ〉. Furthermore |φl〉

satisfies

〈xAn|φl〉=
1√
A
〈xn|ψl〉 for

D(l−1)
A

≤ n≤ Dl
A
−1, (2.10)

〈pn|φl〉=
√

A〈pAn|ψl〉 for
D(l−1)

A
≤ n≤ Dl

A
−1. (2.11)

Eqs. (2.10) and (2.11) are analogous to expansion and contraction in the classical map. We

insert a resolution of identity in Eq. (2.11) and use the inner product of |xn〉 and |pm〉 to

write

〈pn|φl〉=
√

A
D−1

∑
m=0
〈pAn|xm〉〈xm|ψl〉 for

D(l−1)
A

≤ n≤ Dl
A
−1

=

√
A
D

D−1

∑
m=0

e−
2πiA(n+α)(m+β )

D 〈xm|ψl〉

=

Dl
A −1

∑
m=

D(l−1)
A

(Fα,β
D
A

)nm 〈xm|ψl〉 . [using Eq. (2.8)] (2.12)

Note that |φl〉 is defined in such a way that 〈pn|φl〉 when ≤ n ≤ D(l−1)
A − 1 and Dl

A ≤ n ≤

D− 1. Combining it with Eq. (2.12) we get a relation between |φl〉 and |ψl〉. How-

ever, in Eq. (2.12) they are in different representation. One can show that 〈pn|φl〉 =
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∑
D−1
m=0(F

α,β
D )mn 〈xm|φl〉. Consequently we can rewrite Eq. (2.12) as

〈xn|φl〉=
D−1

∑
k=0

Dl
A −1

∑
m=

D(l−1)
A

(Fα,β
D )−1

nk (F
α,β
D
A

)km 〈xm|ψl〉 . (2.13)

We compare Eq. (2.13) with Eq. (2.9) to get an expression for quantized A-baker’s map

B(0)
A :

B(0)
A = (Fα,β

D )−1



Fα,β
D
A

0 0 . . . 0

0 Fα,β
D
A

0 . . . 0

0 0 Fα,β
D
A

. . . 0
...

...
... . . . ...

0 0 0 . . . Fα,β
D
A


. (2.14)

We have derived the matrix form of B0
A without using Eq. (2.10) . But one can check

that B(0)
A is consistent with Eq. (2.10). For periodic boundary conditions (α = β = 0),

Fα,β
D reduces to the standard DFT matrix. For notational convenience we will denote the

standard DFT matrix simply by FD. Note that D/A in Eq. (2.14) should be an integer which

requires D to be a multiple of A.

One can modify the A-baker’s map so that the rectangles in the right side of Fig. 2.1

are stacked differently, and then use the same BV procedure to quantize this modified map.

For example, if all the rectangles in the right side of Fig. 2.1 are cyclically permuted by

one step so that now 1 goes to A, 2 goes to 1 . . . 3 goes to 2, we get a different quantized

map B(1)
A . Similarly one can construct other quantum maps B(2)

A ,B(3)
A . . .B(A−1)

A by cycli-

cally permuting the horizontal rectangles by 2, 3,. . . ,A−1 steps respectively. The general
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equation for the A-baker’s map B(k)
A is

B(k)
A = [Fα,β

D ]−1

0 . . . k−1 k . . . A−1



0 . . . 0 Fα,β
D
A

. . . 0
... . . . ...

... . . . ...

0 . . . 0 0 . . . Fα,β
D
A

Fα,β
D
A

. . . 0 0 . . . 0
... . . . ...

... . . . ...

0 . . . Fα,β
D
A

0 . . . 0

, (2.15)

where k ∈ {0,1, .....A−1}. When k = 0 it reduces to Eq. (2.14).

2.3 Results

Now we’ve all the tools required to derive the main result of our paper. Given two

co-prime integers N and A such that N = Aq± 1 where q is an integer, the corresponding

modular multiplication operator U±A can written to act instead on D = Aq states (rather than

on N = Aq±1 as usual). This operator is obtained in the case N = Aq+1 by removing the

state |0〉 which is always a fixed point, U+
A |0〉= |0〉, and in the case N = Aq−1 by adding

a Dth state |D−1〉, with the extension U−A |D−1〉= |D−1〉 which agrees with the original

map defined in Eq. (2.1). The modular multiplication map dynamics are thus preserved,

but the advantage is the number of states is now a multiple of A. With these conventions,
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the Aq×Aq representation of the modular multiplication operator U±A can be expressed as

U±A = F−1
Aq



Fq F
0,∓ 1

A
q F

0,∓ 2
A

q . . . F
0,∓A−1

A
q

Fq F
0,∓ 1

A
q F

0,∓ 2
A

q . . . F
0,∓A−1

A
q

Fq F
0,∓ 1

A
q F

0,∓ 2
A

q . . . F
0,∓A−1

A
q

...
...

...
...

...

Fq F
0,∓ 1

A
q F

0,∓ 2
A

q . . . F
0,∓A−1

A
q


� F̃∓Aq. (2.16)

Here � denotes Hadamard or entry-wise product of two matrices defined as (A�B)i j =

Ai jBi j and F̃Aq = F∓A ⊗ Jq with Jq being a q×q matrix with all elements equal to 1, F+
A the

A×A DFT matrix with no phase, F−A the conjugate of F+
A and ⊗ denoting tensor product.

The derivation is slightly different for two cases of N = qA±1. We will do the calculation

for N = Aq+1 and point out the differences with N = Aq−1 case.

Let’s recall the definition of modular multiplication UA:

UA |m〉= |mA (mod N)〉 for m = 0,1 . . . ,N−1. (2.17)

From the definition one can see that the state |0〉 is always a fixed point of the modular

multiplication. When N =Aq+1 we remove the |0〉 state such that the number of remaining

states is a multiple of A. We denote this operator of dimension Aq×Aq as U+. Using Eq.

(2.1) we find that

〈n|U+
A |m〉= δn,Am−lN for lq+1≤ m≤ (l +1)q and l = 0,1 . . . ,A−1. (2.18)

Here δn,m denotes Kronecker delta function. Since we have removed the |0〉 state all the
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blocks with same l have the same size. The Kronecker delta function can be written as

δn,Am−lN =
1

Aq

Aq

∑
k=1

e
2πik(n−Am+lN)

Aq

=
1

Aq

Aq

∑
k=1

e
2πikn

Aq e
−2πik(m− l

A )

q

=
1

Aq
[

q

∑
k=1

e
2πikn

Aq e
−2πik(m− l

A )

q +
2q

∑
k=q+1

e
2πikn

Aq e
−2πik(m− l

A )

q · · ·+
Aq

∑
k=(A−1)q+1

e
2πikn

Aq e
−2πik(m− l

A )

q ]

=
1

Aq
[

q

∑
k=1

e
2πikn

Aq e
−2πik(m− l

A )

q +
q

∑
k=1

e
2πi(k+q)n

Aq e
−2πik(m− l

A )

q e
−2πil

A · · ·+
q

∑
k=1

e
2πi[k+(A−1)q]n

Aq e
−2πik(m− l

A )

q e
−2πil(A−1)

A ]

=
1√
A

q

∑
k=1

[(FAq)
−1
nk (F

0,− l
A

q )km +(FAq)
−1
n(k+q)ω

l
A(F

0,− l
A

q )km · · ·+(FAq)
−1
n[k+(A−1)q]ω

l(A−1)
A (F

0,− l
A

q )km].

(2.19)

Here ωA = e
2πi
A is the Ath root of unity. We have expressed the elements of modular multi-

plication in terms of DFT matrices. Using Eq. (2.19) we can write modular multiplication

as

U+
A =

1√
A

F−1
Aq



Fq F
0,− 1

A
q F

0,− 2
A

q . . . F
0,−A−1

A
q

Fq ω1
AF

0,− 1
A

q ω2
AF

0,− 2
A

q . . . ω
A−1
A F

0,−A−1
A

q

Fq ω2
AF

0,− 1
A

q ω4
AF

0,− 2
A

q . . . ω
2(A−1)
A F

0,−A−1
A

q

...
...

...
...

...

Fq ω
A−1
A F

0,− 1
A

q ω
2(A−1)
A F

0,− 2
A

q . . . ω
(A−1)2

A F
0,−A−1

A
q


. (2.20)
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We can utilize Hadamard product to rewrite Eq. (2.20) as

U+
A = F−1

Aq



Fq F
0,− 1

A
q F

0,− 2
A

q . . . F
0,−A−1

A
q

Fq F
0,− 1

A
q F

0,− 2
A

q . . . F
0,−A−1

A
q

Fq F
0,− 1

A
q F

0,− 2
A

q . . . F
0,−A−1

A
q

...
...

...
...

...

Fq F
0,− 1

A
q F

0,− 2
A

q . . . F
0,−A−1

A
q


� 1√

A



ω0
A ω0

A ω0
A . . . ω0

A

ω0
A ωA ω2

A . . . ω
A−1
A

ω0
A ω2

A ω4
A . . . ω

2(A−1)
A

...
...

...
...

...

ω0
A ω

A−1
A ω

2(A−1)
A . . . ω

(A−1)2

A


⊗ Jq

= F−1
Aq



Fq F
0,− 1

A
q F

0,− 2
A

q . . . F
0,−A−1

A
q

Fq F
0,− 1

A
q F

0,− 2
A

q . . . F
0,−A−1

A
q

Fq F
0,− 1

A
q F

0,− 2
A

q . . . F
0,−A−1

A
q

...
...

...
...

...

Fq F
0,− 1

A
q F

0,− 2
A

q . . . F
0,−A−1

A
q


� [F−1

A ⊗ Jq]. (2.21)

When N = Aq− 1 we add the state |N〉, which is a fixed state, so that the total number of

states is a multiple of A. After adding the extra state we denote the operator as U− and

perform a similar calculation as above to find

U−A = F−1
Aq



Fq F
0, 1

A
q F

0, 2
A

q . . . F
0,A−1

A
q

Fq F
0, 1

A
q F

0, 2
A

q . . . F
0,A−1

A
q

Fq F
0, 1

A
q F

0, 2
A

q . . . F
0,A−1

A
q

...
...

...
...

...

Fq F
0, 1

A
q F

0, 2
A

q . . . F
0,A−1

A
q


� [FA⊗ Jq]. (2.22)

To extract the quantized A-baker’s maps embedded in Eq. (2.16), we rewrite it as:

U±A =
1√
A

A−1

∑
k=0

B̃±(k)A , (2.23)
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where B̃±(k)A are quantized maps similar to the ones obtained in Eq. (2.15) but with some

differences. Let us write the explicit form of B̃±(k)A to identify the differences:

B̃±(k)A = F−1
Aq

0 . . . k−1 k . . . A−1



0 . . . 0 F
0,∓ k

A
q . . . 0

... . . . ...
... . . . ...

0 . . . 0 0 . . . F
0,∓A−1

A
q

Fq . . . 0 0 . . . 0
... . . . ...

... . . . ...

0 . . . F
0,∓ k−1

A
q 0 . . . 0

� F̃∓Aq. (2.24)

Comparing Eq. (2.24) with Eq. (2.15) we notice two main differences: (i) In B̃±(k)A , the

inverse of FAq has no phase and the phases of each q× q DFT matrices are different but

in B(k)
A all of them have same phase, (ii) The Hadamard product in Eq. (2.24) is absent in

Eq. (2.15). Despite these differences, the evolution of states under the operators B̃±(k)A is

very similar to that of B(k)
A in the semi-classical limit, and we will call B̃±(k)A quantum A-

baker’s maps. We note that if we plot the matrix elements of B̃±(k)A they resemble classical

Bernoulli maps in the same way as the B(k)
A do (Fig. 2.2), although as we explain shortly

this is not a sufficient criterion.

2.4 Semiclassical limit of the quantized baker’s map

To justify calling B̃±(k)A a quantum A-baker’s map, we previously noted that the matrix

elements of B̃±(k)A in the position basis (and momentum basis) trace out the classical 1D

action of the position (momentum) coordinate in the A-baker map defined in Eqs. (2.2-2.3).

However, this is not sufficient to conclude that B̃±(k)A has the correct semi-classical behavior,
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Figure 2.2: The density plot of the absolute value of the matrix elements of B(1)
3 (left) and B̃(1)

3 (right)
when N = 52. They are mostly identical except minor difference in the cuts between the 3 segments.
Both of them resemble the classical A-baker’s map for A = 3. This is necessary but not sufficient to
claim that B̃(1)

3 reduces to 3-baker’s map in semi-classical limit.

as the Walsh baker quantizations considered in [42] also display this behavior, but as shown

in [47] are not quantizations of the baker map. Instead the semi-classical limit there has to

be interpreted as a “stochastic” or “multi-valued” baker map. One explanation for this is

that even if the maps look classically correct in pure position or pure momentum basis, they

may not entwine position and momentum together correctly. For a more rigorous analysis,

we determine the action of B̃±(k)A on Gaussian states (“coherent states”) maximally localized

at a point (x, p) in phase space. We show that B̃±(k)A sends such a state to another coherent

state localized close to the classical evolution location (Ax−bAxc, p+(bAxc−k) modA
A ). We

only do this for (x, p) away from the discontinuities of the classical A-baker map, otherwise

there can be diffraction effects [44, 48, 49]. The action on coherent states can be interpreted

in terms of the Wigner or Husimi function in phase space: A state whose Wigner/Husimi

function is localized near (x, p) is transformed by B̃±(k)A to a state localized near the classical
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trajectory point (Ax−bAxc, p+(bAxc−k) modA
A ). This correspondence between quantum and

classical evolution is shown visually in Fig. 2.3.

Such an action on Gaussian states was used in [49] to prove a rigorous classical-

quantum correspondence (Egorov-type theorem [49, Theorem 12]) for the original Balazs–

Voros quantization of the baker map. In the case here, we will be content with just analyzing

the behavior of B̃±(k)A on Gaussian states. Due to the varying phases in the DFT matrices

in Eq. (2.24), the action on Gaussian states will be more complicated than in the original

Balazs–Voros quantization. In particular, the quantum evolved state here is actually cen-

tered a distance OA(D−1) away from the classical trajectory point, though this will still

be close enough for our purposes to the Gaussian state actually centered at the classical

trajectory.

The computations here will be very similar to those in [49, Prop. 5], though the addi-

tion of the phases α and β in the generalized DFT matrices will require some additional

consideration, e.g. Eq. (2.31).

Besides cyclic shifts by k elements, we will allow any permutation of blocks in B̃+(0)
A

in Eq. (2.24). To this end, let Π : {0, . . . ,A− 1} → {0, . . . ,A− 1} be a permutation on A

elements, and let PΠ be the A×A permutation matrix corresponding to Π. To make this

permutation act on blocks, define the D×D matrix PD,Π := PΠ⊗ ID/A, where ID/A is the

D/A×D/A identity matrix. Then for D ∈ AN, define

B̃(Π)
A := F−1

D PD,Π



ω0Fα0,β0
D/A 0 · · · 0

0 ω1Fα1,β1
D/A · · · 0

... . . . ...

0 · · · 0 ωA−1FαA−1,βA−1
D/A


, (2.25)

where ω j are arbitrary phase factors, α j,β j ∈ [−1,1], and PD,Π acts by permuting row
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(a) Phase space plots (Husimi functions) of the quantum evolution of a Gaussian state |Ψ〉
by B̃+(1)

3 , for D = 150. The state |Ψ〉 is localized at (x, p) = ( 1
2 ,

1
2 ), and its time evolved

state B̃+(1)
3 |Ψ〉 is localized near the classical trajectory point (3x−1, p+(1−1)

3 ) = ( 1
2 ,

1
6 ). The

colored rectangles are overlayed for easier comparison to the classical map in (b).

0 1

1

1
3

2
3

0 1 2 3

1
3

0 1

1

0 1

1

k = 1

3-baker map

w/ shift k = 1

(b) Classical evolution of the unit square by the 3-baker map with cyclic shift k = 1, which
sends (x, p) 7→ (3x−b3xc, p+(bAxc−1) modA

A ). The total classical transformation is shown in the
top row, while the intermediate components of stretching, cutting and stacking, and cyclic
permutation are shown through the two stages in the bottom row. The action on a disk is also
shown for comparison to part (a).

Figure 2.3: Comparison of the quantum evolution under B̃+(1)
3 , and the classical evolution by the

3-baker map with cyclic shift k = 1. The time-evolved quantum state B̃+(1)
3 |Ψ〉 shown in (a) follows

the classical action shown in (b), and also displays the stretching in x-direction and shrinking in
p-direction characteristic of the classical A-baker map.
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blocks on the block matrix to the right according to Π. In this notation, B̃±(k)A from the

main text corresponds to the special case of B̃(Π)
A , where Π is the cyclic shift by k elements

Π(k) : n 7→ n− k modA, α j = 0, β j = ∓ j/A, and ω j = e±2πi j( j−k modA)/D. For later use it

will also be useful to define B̃(Π)
A in a mixed position-momentum basis,

B̃(Π)
A,mix := FDB̃(Π)

A . (2.26)

The associated classical map on the torus will be

S(Π)
A (x, p) :=

(
Ax−bAxc, p+Π(`)

A

)
, for x ∈

[ `
A
,
`+1

A

)
, `= 0, . . . ,A−1. (2.27)

This is just the classical A-baker map with the permutation Π applied to the stacking of the

blocks shown on the right side of Figure 2.1. Note that for x ∈ [ `A ,
`+1

A ), that `= bAxc.

We work on the D-dimensional Hilbert space of periodic states. Usually one would as-

sociate Fα j,β j
D/A with the Hilbert space of quasi-periodic states corresponding to phase factors

α,β , but since we work with several different α j,β j, there is no single particularly favored

choice of phase conditions, and so we pick the periodic (no phase) boundary conditions for

simplicity. We first consider the R2-Gaussian state (also called “coherent state”) localized

at a point z0 = (x0, p0) ∈ R2 with squeezing parameter σ > 0,

Ψz0,σ (x) = (2Dσ)1/4e−πiDx0 p0e2πiDp0xe−σDπ(x−x0)
2
, x ∈ R.

The corresponding torus coherent state Ψz,σ ,T2 ∈ CD is obtained by periodicizing the R2-

state in position and momentum, resulting in

〈m|Ψz0,σ ,T2〉= ∑
v∈Z

Ψz0,σ

(m
D
+ v
)
, m ∈ Z/DZ. (2.28)
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For further details, see [49, 50].

The main properties we will use, in addition to the explicit formula for a Gaussian state,

are the following.

1. For 0 < δ < 1
2 and x0 ∈ (δ ,1− δ ), the torus coherent state Ψ(x0,p0),σ ,T2 is well-

approximated by the R2-coherent state Ψ(x0,p0),σ : For (σD)≥ 1 and j = 0, . . . ,D−1,

√
D〈 j|Ψz0,σ ,T2〉= Ψz0,σ

( j
D

)
+O((σD)1/4e−πσDδ 2

), (2.29)

with a uniform implied constant in the error term. This is due to the rapid decay of

thet R2-Gaussian states, and is useful so we can apply the Gaussian transformation

properties of the R2-states,

ψ(x0,p0),σ (x+ s) = ψ(x0−s,p0),σ (x)e
πiDp0s

ψ(x0,p0),σ (rx) = ψ(x0/r,p0r),r2σ (x)
1√
r

ψ(x0,p0),σ (x) = ψ(x0,p0+g),σ (x)e
iπDgx0e−2πiDgx.

2. The Fourier transform action on R2-Gaussian states translates to the torus Gaussian

states through the DFT matrix,

FDΨz0,σ ,T2 = ΨFz0,1/σ ,T2 ,

where Fz0 := (p0,−x0). We will have to show the generalized DFT matrices Fα,β
D

act in a similar enough way in the semiclassical limit. For later use, we will use the

following identity to relate Fα,β
D/A to FD: For j ∈ {0, . . . ,A− 1} and m− jD/A,ξ −
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`D/A ∈ {0, . . . ,D/A−1},

〈m− jD/A|Fα,β
D/A |ξ − `D/A〉=

√
A〈Am− jD|FD|ξ 〉e−2πi(β

A
D m+α

A
D ξ− jβ−α`+αβ

A
D).

(2.30)

3. If z0,z1 ∈ T2 are close enough, then the coherent states centered at z0 and z1 are

close up to an overall phase factor: If η ,ε = o(D−1/2) and σ > 0 is fixed, then for

x0 ∈ (δ ,1−δ ) with δ � D−1/2(logD)−1/2, there is a phase factor eiΘD,η ,ε,z0 so that

∥∥∥Ψ(x0,p0),σ ,T2− eiΘD,η ,ε,z0 Ψ(x0+η ,p0+ε),σ ,T2

∥∥∥= o(1), as D→ ∞. (2.31)

One can check this by estimating the euclidean norm directly, by going to the R2

Gaussian states and performing estimates depending on the index’s distance from

Dx0. The requirements on η ,ε are intuitive, as the state Ψz0,σ ,T2 is a Gaussian state

with standard deviation of order D−1/2 in position or momentum space, and so a

state centered at z0 + o(D−1/2) eventually overlaps strongly with one at z0. The

requirement on δ is for convenience so we can interchange the torus states with the

R2 Gaussian states according to (2.29).

This property is needed to handle the varying phases α j,β j in the DFT matrices; it

is not required for the Balazs–Voros quantization with no phase factors.

We consider z0 = (x0, p0) away from the discontinuities of the classical A-baker map;

specifically for any 0 < γ < 1
2 and 0 < δ < 1

2A , we consider

GA,δ ,γ =
{
(x0, p0) :

∣∣∣x0−
k
A

∣∣∣> δ ∀k = 0, . . . ,A, and p0 ∈ (γ,1− γ)
}
.

This partitions [0,1]2 into A disjoint rectangles, I`×Γ := {x0 ∈ ( `A +δ , `+1
A −δ )}×{p0 ∈

25



(γ,1− γ)} for ` = 0, . . . ,A− 1. For each rectangle I`×Γ, we consider a coherent state

centered at some z0 ∈ I`×Γ, and compute its evolution under B̃(Π)
A .

Suppose z0 ∈ I`×Γ, and let j = Π(`). Since the coherent state Ψz0,σ ,T2 is localized at

z0, it is small for coordinates away from I`, in particular, using (2.29), then

〈ξ |Ψz0,σ ,T2〉=
1√
D

O((σD)1/4e−πσDδ 2
)), ξ 6∈

[
`

D
A
,(`+1)

D
A
−1
]
, (2.32)

since | ξD−x0|≥ δ . Thus the main contributions in B̃(Π)
A,mix|Ψz0,σ ,T2〉 will come from the `th-

block ω`F
α`,β`

D/A in B̃(Π)
A,mix, since this block acts on the large elements of |Ψz0,σ ,T2〉 which

correspond to the indices ξ ∈ [`D
A ,(`+1)D

A −1]. This block has been permuted to the jth

row block, and so we start with computing 〈m|B̃(Π)
A,mix|Ψz0,σ ,T2〉 for m ∈ [ j D

A ,( j+1)D
A −1].

We are not concerned with phase factors that depend on j, `, α`, β`, D, A, or z0 since these

just become an overall phase factor, so we will accumulate them in a phase factor eiφΠ,z0

which may change from line to line. We will have to keep track of phase factors depending

on m. Using (2.30), (2.32), and Gaussian transformation properties, we compute,

〈m|B̃(Π)
A,mix|Ψz0,σ ,T2〉= ω j

(`+1)D
A−1

∑
ξ=`D

A

〈m− jD/A|Fα`,β`

D/A |ξ − `D/A〉〈ξ |Ψz0,σ ,T2〉

= eiφΠ,z0 e−2πiβ`
A
D m
√

A
D−1

∑
ξ=0
〈Am− jD|FD|ξ 〉e−2πiα`ξ

A
D 〈ξ |Ψz0,σ ,T2〉+O(

√
A(σD)1/4e−πDσδ 2

)

= eiφΠ,z0 e−2πiβ`
A
D m
√

A〈Am− jD|ΨF(x0,p0−α`A/D),1/σ ,T2〉+O(
√

A(σD)1/4e−πDσδ 2
),

(2.33)

where in the second line, we used (2.32) to freely (at the cost of the error term O((σD)1/4e−πDσδ 2
))

add in the terms involving 〈ξ |Ψz0,σ ,T2〉 for ξ 6∈ [ `DA , (`+1)D
A − 1], and in the third line we

used e−2πiα`ξ
A
D 〈ξ |Ψz0,σ ,T2〉= e−iπα`Ax0〈ξ |Ψ(x0,p0−α`A/D),σ ,T2〉+ 1√

D
O((σD)1/4e−πσDδ 2

)

as well as the DFT action on the torus states.
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By Gaussian state transformation properties, for z= (x1, p1),

√
AΨFz,1/σ (Ax− j) = Ψ((p1+ j)/A,−(Ax1−`),A2/σ (x)e

iπD`(p1+ j)/Ae−πiD jx1e−2πiD`x.

Then taking x=m/D and D large enough so γ−A/D≥ γ/2 (so that p0−α`A/D∈ (γ/2,1−

γ/2) and p0+ j
A − α`

D ∈ ( γ

2A ,1−
γ

2A)), then

√
A〈Am− jD|ΨF(x0,p0−α`A/D),1/σ ,T2〉= 〈m|Ψ

(
p0+ j

A −
α`
D ,−(Ax0−`)),A2/σ ,T2〉e

iφΠ,z0 +O(σ−1/4e−πDγ2/(4σ)).

Using this in (2.33) and taking into account the phase factor e−2πi β`A
D m, we obtain, for

m ∈ [ j D
A ,( j+1)D

A −1],

〈m|B̃(Π)
A,mix|Ψz0,σ ,T2〉= eiφΠ,z0 〈m|Ψ

(
p0+ j

A −
α`
D ,−(Ax0−`)−

β`A
D ),A2/σ ,T2〉+O(max(σ ,1/σ)1/4D1/2e−πDθ ),

(2.34)

where θ := max(σδ 2,γ2/(4σ)).

The same estimate holds for m 6∈ [ j D
A ,( j+1)D

A −1], essentially because everything on

the right side of (2.34) is just O(max(σ ,1/σ)1/4D1/2e−πDθ ) as |mD−
p0+ j

A |≥ γ/A, and also

so is the equivalent of the first line of (2.33) by (2.32). Then adding a factor
√

D to go to

the euclidean norm, we obtain,

‖B̃(Π)
A,mixΨ(x0,p0),σ ,T2− eiφΠ,z0 Ψ

(
p0+ j

A −
α`
D ,−(Ax0−`)−

β`A
D ),A2/σ ,T2‖= O(max(σ ,1/σ)1/4De−πDθ ).

Since the inverse DFT matrix F−1
D is unitary, then also

‖B̃(Π)
A Ψ(x0,p0),σ ,T2− eiφΠ,z0 Ψ

(Ax0−`+
β`A
D ,

p0+ j
A −

α`
D ),σ/A2,T2‖= O(max(σ ,1/σ)1/4De−πDθ ),

(2.35)
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for θ = max(σδ 2,γ2/(4σ)). The above bound is o(1) if for example, σ ∼ c, γ ∼ c, δ ∼ c
A ,

and A = o(D1/2(logD)−1/2). Finally, using (2.31) with η = β`A
D and ε =−α`

D , yields,

‖B̃(Π)
A Ψ(x0,p0),σ ,T2− eiφ̃Π,z0 Ψ

(Ax0−`,
p0+ j

A ),σ/A2,T2‖= o(1), as D→ ∞. (2.36)

2.5 Discussion

We have illustrated a specific “embedding” of quantum chaotic behavior in the periodic

orbits of a classically ergodic, chaotic map via quantum superposition, by deriving an exact

correspondence between the periodic modular-multiplication-by-A maps and “chaotic” A-

baker’s maps, for N such that either of N ± 1 is a multiple of A. As will be shown in

the next section, this result generalizes to other values of N albeit via a more complicated

construction with two important implications.

Firstly, in any practical implementation of Shor’s algorithm, it is N that is given while

A is chosen as per convenience, in contrast to the dynamical systems approach, in which

a fixed A specifies the modular multiplication map while N→ ∞ through any subsequence

of N gives the classical limit. This means that a general result for N would be crucial if

one is to understand the implications of this “embedding of quantum chaos” for Shor’s

algorithm (otherwise, choosing an A that is a factor of either of N± 1 would require the

output of Shor’s algorithm as applied to N±1, introducing a circular element). Conversely,

achieving such a generalization may provide a fuller picture of how certain perturbations

affect the dynamics of Shor’s algorithm, along the lines of the analysis in Ref. [38].

Secondly, from a fundamental quantum dynamical systems viewpoint, the study of

quantized A-baker’s maps has generally been restricted to Hilbert space dimensions that are

multiples of A, due to a need to consider A copies of discrete Fourier transforms in, e.g.,

the Balazs–Voros quantization [34]. Approaching the quantization of such maps through
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the above connection to Shor’s algorithm, on the other hand, provides a promising avenue

to generalize A-baker’s maps to a wider set of Hilbert space dimensions (or chocies of N)

with the use of generalizations of Fourier transforms, in particular for any coprime pair

of (A,N). This also opens avenues for studying the semiclassical behavior of such gen-

eralized quantum A-baker’s maps to explore atypicalities and any N-dependence in their

“quantum chaos” signatures, noting that such atypicalities were observed for N a multiple

of A in the Balazs-Voros quantization [34]. Further, A-baker’s maps can be directly real-

ized in quantum simulators using quantum Fourier transforms [51, 52], which may allow

the experimental detection of such atypical spectral signatures using recently developed

measurement protocols for signatures of “quantum chaos” [53, 54].

Finally, classical results in ergodic theory indicate that the above results relating dif-

ferent quantizations of the modular multiplication map fA(x) may generalize in some form

to arbitrary sufficiently chaotic systems. This is due to Sinai’s factor theorem [55, 56],

which implies that any ergodic and chaotic system, whose Kolmogorov-Sinai entropy [57]

(sum of positive Lyapunov exponents) is at least lnA, contains fA(x) as a factor (i.e. can be

coarse grained to yield a system equivalent to fA(x)); a direct illustration is provided by the

x-coordinate action of the A-baker’s map (coarse-graining over p) being fA(x). Success-

fully implementing such a generalization in practice would depend on identifying suitable

quantizations of a given chaotic system that capture the appropriate properties of its mod-

ular multiplication factor(s), and may provide further avenues for future work.

2.6 Generalization to arbitrary N

We have shown that when N (mod A) =±1 then UA can be expressed as a superposi-

tion of chaotic and ergodic quantum A-baker’s maps. As promised in the discussion, now
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we extend the result to arbitrary values of N and A. One can always write N as

N = Aq+b (2.37)

where q = Quotient[N,A] and b = Mod[N,A]. We know that UA is defined on an N dimen-

sional Hilbert space as

UA |m〉= |mA (mod N)〉 for m ∈ {0,1, . . . ,N−1}. (2.38)

The value of mA (mod N) depends on the value of m. We find that

mA (mod N) = mA for 0≤ m < q1

= mA−N for q1 ≤ m < q2

...

= mA− kN for qk ≤ m < qk+1

...

= mA− (A−1)N for qA−1 ≤ m < qA. (2.39)

We note that q1 = q+1 and qA = N. Even though the exact values of all other qis depend

on A and b we always have qi+1− qi = q or q+ 1. Furthermore qi+1− qi = q+ 1 for b

values of qi. We define an interval Il and a conditional function Θ̄(x) as followed

Il = [ql,ql+1) (2.40)

Θ̄(x) =


1, if x is true

0, if x is f alse
. (2.41)
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Furthermore |Il| denotes the number of integer elements in the interval Il . Now we can

write the matrix elements of UA as

〈n|UA |m〉= δn,Am−lNΘ̄(m ∈ Il). (2.42)

Here δa,b denotes the Kronecker delta function and l ∈ {0,1, . . .A− 1}. One can write

Kronecker delta as

δn,Am−lN =
1
N

N−1

∑
k=0

e
2πik(n−Am)

N

=
1
N

N−1

∑
k=0

e
2πink

N e−2πik m
N/A

=
1
N

N−1

∑
k=0

A−1

∑
j=0

e
2πink

N e−2πik m
N/A Θ̄(k ∈ I j). (2.43)

We substitute Eq.(2.43) into Eq. (2.42) to get

〈n|UA |m〉=
1
N

N−1

∑
k=0

A−1

∑
j=0

e
2πink

N e−2πik m
N/A Θ̄(k ∈ I j)Θ̄(m ∈ Il)

=
1√
A

N−1

∑
k=0

A−1

∑
j=0

[F−1
N ]nk[F̃jl]km (2.44)

where F−1
N is the inverse DFT and [F̃jl] is a modified DFT of dimension |I j|×|Il| whose

elements are

[F̃jl]nm =
1√
N/A

e−2πin m
N/A Θ̄(n ∈ I j)Θ̄(m ∈ Il). (2.45)
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We can write Eq. (2.44) in the following matrix form:

UA =
1√
A

F−1
N



F̃00 F̃01 . . . F̃0(A−1)

F̃10 F̃11 . . . F̃1(A−1)
...

... . . . ...

F̃(A−1)0 F̃(A−1)1 . . . F̃(A−1)(A−1)


(2.46)

Now we can decompose UA into a superposition of quantum A-baker maps. We define N

dimensional A-baker map B(k)
A as

B(k)
A = F−1

N



0 . . . F̃0k 0 . . .

0 . . . 0 F̃1(k+1) . . .

... . . . ...
... . . .

F̃(A−k)0 . . . 0 0 . . .

... . . . ...
... . . .


. (2.47)

We can write Eq. (2.46) using the A-baker maps as

UA =
1√
A

A−1

∑
k=0

B(k)
A . (2.48)

The standard definitions of quantum A-baker maps are valid only for dimension N which

is a multiple of A. We provide a definition for an arbitrary dimension N. One interest-

ing consequence of that is now the map is non-unitary for a finite N. However unitarity

emerges in the classical limit of N→ ∞. That means the corresponding classical dynamics

is symplectic as it should be. Now we will focus on the non-unitarity of B(k)
A s in Eq. (2.47).
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Let’s first look at the case of B(0)
A . We find that

B(0)†
A B(0)

A =



F̃†
00F̃00 0 . . . 0

0 F̃†
11F̃11 . . . 0

...
... . . . ...

0 0 . . . F̃†
(A−1)(A−1)F̃(A−1)(A−1)


. (2.49)

One can calculate all these block matrices using Eq. (2.45). We get that

[F̃†
xxF̃xx]nm = e2πi qx(n−m)

N/A
1− e2πi |Ix|(n−m)

N/A

1− e2πi (n−m)
N/A

. (2.50)

Since A|Ix|/N is, in general, not an integer, Eq. (2.50) implies that B(0)
A is not unitary.

Comparing the absolute values of Eq. (2.50) we get

|[F̃†
xxF̃xx]nm|=

sin
[
π
|Ix|(n−m)

N/A

]
sin
[
π
(n−m)
N/A

] . (2.51)

2.7 Quantum circuit of non-unitary A-baker’s map

Although the generalized A-baker’s map defined in Eq. (2.47) is non-unitary, one can

design a quantum circuit to implement it. We factorize the map using the singular value

decomposition (SVD) to write

B(k)
A =V (k)

A D(k)
A (d1,d2, . . . ,dN)S

(k)
A , (2.52)

where V (k)
A and S(k)A are unitary matrices and D(k)

A (d1,d2, . . . ,dN) is a diagonal matrix with

non-negative diagonal elements dis. One can design circuits for V (k)
A and S(k)A using a uni-
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versal quantum gate set. It is more complicated to realize the diagonal matrix. We will first

discuss it for N = 4 and then generalize it for N = 2n. In the context of factorization, N is

not a power of 2. However one can increase the dimension of B(k)
A to the nearest power of

2 by direct summing it with identity matrix. When N = 4 the diagonal matrix is (we have

removed the subscript and superscript for brevity)

D =



d1 0 0 0

0 d2 0 0

0 0 d3 0

0 0 0 d4


. (2.53)

We note that it can alternately be written as

D =

σxG(d1)σxG(d2) 0

0 1


1 0

0 σxG(d3)σxG(d4)

 , (2.54)

where σx =

0 1

1 0

 is the Pauli-X gate and G(di) =

1 0

0 di

 is a non-unitary 2× 2

matrix. We can further simplify Eq. (2.54) into

D = σx⊗σx

1 0

0 G(d1)

1⊗σx

1 0

0 G(d2)

σx⊗σx

1 0

0 G(d3)

1⊗σx

1 0

0 G(d4)

 .
(2.55)
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We recognize that

1 0

0 G(di)

 is the controlled-G(di) gate. Now we can design the fol-

lowing circuit to implement D:

σx • • σx • •

σx G(d1) σx G(d2) σx G(d3) σx G(d4)

(2.56)

The size of this circuit is at least the number of singular values which is exponential in the

number of qubits. So this circuit doesn’t seem to be efficient unless a significant fraction

of the singular values are 1. In Fig. 2.4 we plot the fraction of unitary singular values

versus N. From the plot, one can see that, numerically, the fraction approaches unity with

increasing N.

Figure 2.4: Plot of the fraction of singular values vs N. The fraction approaches 1 as N→ ∞
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Chapter 3: A discrete Fourier transform based quantum circuit for modu-

lar multiplication in Shor’s algorithm

3.1 Overview

Shor’s algorithm [15] for the prime factorization of numbers provides an exponential

speedup over the best known classical algorithm, the general number field sieve [58]. For

a number with L bits, the complexity of Shor’s algorithm is polynomial in L whereas the

complexity of the general number field sieve is O(eL1/3(logL)2/3
) [59]. As one of the few

algorithms believed to show quantum advantage, Shor’s algorithm has particularly received

attention for its potential to break RSA encryption, which relies on the perceived difficulty

of factorization [6]. However, nontrivial practical applications have remained out of reach

due to experimental limitations: for example, the largest number successfully factorized

in an experimental implementation of Shor’s algorithm is 21 [60], which can be stored

in 5 qubits, whereas the representation of numbers used in RSA typically require around

2048−4096 classical bits [61] (and therefore, qubits).

To eventually achieve a practical advantage of Shor’s algorithm, one would require: i)

the successful processing of more qubits than currently available, ii) better error correcting

codes, and iii) improved efficiency in all the modules of the algorithm. The primary bot-

tleneck for the latter is the modular exponentiation component of the algorithm, for which

the most straightforward implementations require O(L3 logL) number of elementary gates

for L qubits [62, 63]. While multiplication algorithms with better complexity exist [64], it
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is not clear how they may be efficiently implemented in practice. When it comes to such

implementations, the circuits used in experiments conducted so far [60, 65–68] are not

generic, as the experimental implementation of modular multiplication is often simplified

based on a classical foreknowledge of the factors the algorithm is meant to compute.

The challenging nature of experimental implementations has led to some alternative

proposals for factorization that aim to be easier to implement for present-day demonstra-

tions [69–72], though these are often specialized and not expected to be an improvement

over Shor’s algorithm for large L. In contrast, a recent proposal by Regev [73] (and rel-

evant extensions [74]) is in fact superior to Shor’s algorithm for asymptotically large L,

though its practical advantage for classically relevant values of L (such as 2048) remains

unclear. Further, Kahanamoku-Meyer and Yao have proposed an algorithm for modular

multiplication itself which, asymptotically, requires O(L2+ε) gates [75].

In this paper, we propose a quantum circuit with O(L3) elementary gates for the mod-

ular exponentiation operation. Though less efficient than the one proposed in [75], an

interesting feature of our circuit is that it is composed only of Discrete Fourier Transforms

(DFTs) and their closely related variants. It is also logarithmically more efficient than the

“straightforward” circuits for modular multiplication based on the standard multiplication

algorithm [7]. We note that the DFT operator is already an essential component of the

phase estimation protocol in Shor’s algorithm [7]. Our circuit therefore provides an imple-

mentation of Shor’s algorithm entirely in terms of DFTs (specifically, the Quantum Fourier

Transform (QFT) circuit [76]) and their variants, without requiring additional specialized

implementations of modular exponentiation. Moreover, our circuit is generic because it

doesn’t require any specialization depending on the number to be factorized. Given that the

experimental implementation of the algorithms discussed above is not clear-cut, a circuit

such as ours may provide a more feasible route towards short term generic implementations

of Shor’s algorithm depending on the platform of choice.
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The quantum part of Shor’s algorithm is about finding the multiplicative order r of a

number A which is co-prime to N, the number being factorized. The multiplicative order r

is the smallest positive natural number which satisfies

Ar (mod N) = 1. (3.1)

If r is even then the prime factors of N are gcd(Ar/2±1,N) where gcd denotes the ‘great-

est common divisor’ of two integers. Alternatively, one can consider the Bernoulli map

f (x) = Ax (mod N). Then the period of the orbit starting at x = 1 is equal to the multi-

plicative order r. In Shor’s algorithm a unitary quantization of this Bernoulli map, namely

the quantum modular multiplication operator UA, is utilized. The action of this operator UA

on the computational basis states is given by

UA |m〉= |mA (mod N)〉 , (3.2)

where |m ∈ {0,1 . . .N−1}〉 are computational basis states. Eq. (3.1) implies that U r
A = 1.

Since r can be as large as N − 1, it is not efficient to find r by repeated multiplication

of A or UA. However the eigenvalues of UA are of the form e2πis/r where s is an integer.

Consequently, a quantum phase estimation (QPE) algorithm [7] can be used to extract the

value of the multiplicative order r. Shor’s algorithm is an application of QPE where instead

of repeatedly multiplying UA, one uses modular exponentiation, which is the successive

application of the gates U2k

A controlled by auxiliary qubits, where k ∈ {0,1, . . . ,kmax}. It is

notable that modular multiplication satisfies U2k

A =UA2k . Consequently, an efficient strategy

is to apply kmax different modular emultiplication operators with different values of A —

which is particularly suitable for our circuit proposed below. Since kmax, the maximum

value of k, is typically of the order of L where L is the number of bits in which N is stored,
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in this method one needs O(L) controlled unitary modules. Each unitary module has the

gate complexity O(M(L)) where M(L) is the number of gates required to apply modular

multiplication. Apart from modular exponentiation, Shor’s algorithm also needs to apply

the quantum Fourier transform (QFT) for completing the phase estimation step. However,

for currently known implementations, the cost of modular exponentiation is far greater than

the O(L2) cost of the standard QFT circuit [7, 77], making the overall gate complexity of

Shor’s algorithm O(LM(L)).

It is worth comparing our circuit to the existing literature. There are many works on

the construction of a quantum circuit for modular multiplication [62, 75, 78–81]. All of

these circuits, except the one in [75], use the quantum adder circuit by Draper [82] and

an approximate QFT [83] to implement modular multiplication. These circuits require

O(M(L)) = O(L2 logL) gates. However, Ref. [75] utilizes the Toom-Cook algorithm [84]

for fast multiplication to reduce the gate complexity of the circuit. In this approach, mod-

ular multiplication can be performed with O(L1+ε) gates in the asymptotic limit for arbi-

trarily small ε (and a comparable simplification is possible for the QFT component), which

leads to the overall O(L2+ε) complexity mentioned above, for successive applications of

modular multiplication. While our proposal for modular multiplication is O(L2), the fact

that it can be be implemented in a similar way to the standard QFT circuit may simplify the

real-world aspects of experimental implementation.

The core intuition behind our circuit is that the operator UA generates a permutation of

the computational basis states. We know that the discrete Fourier transform (DFT) matrix

consists of the orthonormal states obtained by applying DFT to the computational basis

states. We further observe that rows or columns of the DFT matrix, [FN ]nm ∝ e−2πinm/N ,

can be permuted by rescaling the phases by an integer. Consequently, it is possible to write

the modular multiplication operator UA as the product of DFT matrix and a modified DFT

matrix with rescaled phases. We will now illustrate these statements quantitatively. From
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Eq. (3.2) we find that the elements of UA in the computational basis are

〈n|UA |m〉 ≡ [UA]nm = δn,Am−lN (3.3)

where δa,b denotes the Kronecker delta function and l ∈ {0,1 . . . ,A− 1}. We can use an

identity of the Kronecker delta function to rewrite Eq. (3.3) as

[UA]nm =
1
N

N−1

∑
k=0

e
2πik(n−Am)

N ≡ [F−1
N .GN ]nm, (3.4)

where FN and GN denote two matrices whose elements are

[FN ]nm =
1√
N

e
−2πinm

N , (3.5)

[GN ]nm =
1√
N

e
−2πiAnm

N . (3.6)

Note that FN is the DFT matrix and GN is a modified DFT matrix whose phases have been

rescaled. In our context, this expression was motivated by generalizing certain relations

between modular multiplication and quantum maps involving DFTs [38, 85]1.

We will implement UA by designing a circuit for these two matrices. If N is a power

of 2, then the circuit for the DFT requires only the Hadamard and the phase gates [7].

However, in general we can not use that circuit here because N, the number to be factorized,

is typically not a power of 2. Instead one can use Kitaev’s algorithm for applying the DFT

operator over an arbitrary Abelian group [76]. For our application, the Abelian group is

the cyclic group of integers ZN ∈ {0,1 . . . ,N− 1} together with the operation of addition

modulo N. One restriction in our circuit is that it requires the coprime A to be an odd

1Specifically, given the setup of [38, 85], the generalization is from N being related to multiples of A
to arbitrary N, and proceeds from Eq. (3.4) by splitting GN into different terms, each with a block structure
resembling the permuted A-baker’s quantum maps, which are thereby also generalized to arbitrary N. between
modular multiplication and quantum maps involving DFTs [38, 85]

40



number. The reason behind this will be clear when we describe the circuit in detail. One

should be able to incorporate even coprimes with some modifications, but we do not discuss

such modifications here. In section 3.2, we will provide a general structure of our circuit,

and in section 3.3, we break down the circuit into elementary gates.

3.2 Outline of the circuit

In quantum computation, a system of multiple qubits grouped together is called a reg-

ister [86]. We have two input registers each containing L qubits. Define a unitary VA which

multiplies a state by a phase proportional to A, according to the following equation

VA |m〉1 |n〉2 = |m〉1 e
2πiAmn

N |n〉2 . (3.7)

Here m,n ∈ {0,1 . . .N− 1} are computational basis states and the subscripts denote their

register index. This is the order of registers we will stick to even if we do not explicitly

mention the register number for brevity. From Eq. (3.7), we can evaluate the action of VA

on an arbitrary state. Let us calculate the output of VA when the state |n〉2 in Eq. (3.7) is an

equal superposition of all the basis states. We denote the equal superposition state as |ΨN〉

i.e.

|ΨN〉=
1√
N

N−1

∑
l=0
|l〉 . (3.8)

We replace the state |n〉 in Eq. (3.7) with the state |ΨN〉 to get

VA |m〉 |ΨN〉= |m〉
1√
N

N−1

∑
l=0

e
2πiAml

N |l〉= |m〉G−1
N |m〉 . (3.9)

We further note that

V1 |m〉 |ΨN〉= |m〉F−1
N |m〉 . (3.10)
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Now we can use Eq. (3.9) and (3.10) to design the circuit for modular multiplication. The

outline is given in Fig. 3.1.

|m〉L •
KG

•
KF

UA |m〉L

|0〉L S V †
A V1 |0〉L

Figure 3.1: The outline of the circuit for modular multiplication. There are two input registers. The
first one contains the state one wants to apply modular multiplication on (state |m〉L in the figure)
and the second one contains L ancilla qubits at |0〉. The gate S acts on the second register to create
an equal superposition of the basis states. Then we apply two controlled phase gate V †

A and V1. After
that we apply the operator K which swaps the two registers and reset the second register to |0〉.

In Fig. 3.1, the gate denoted by S converts the second register at the state |0〉L into the

equal superposition state |ΨN〉 i.e.

S |0〉L = |ΨN〉 . (3.11)

After that one applies the operator V †
A which produces the state GN |m〉 in the second reg-

ister. Then the operator KG swap the two registers and reset the second register to the state

|0〉. In the next step, one applies the operator S and V1 to get the state UA |m〉. Finally,

similar to the previous sequence, one applies the operator KF to reset the second register

to the state |0〉. This is necessary for further applications of UA with the same auxiliary

register.

3.3 Breaking down the circuit into elementary gates

In this section we will break down the gates in Fig. 3.1 into simpler gates. First we

want to perform the operation which transforms the state |0〉L into the equal superposition

state |ΨN〉L. We can create |ΨN〉 using a series of recursive rotations on the state |0〉L. Let’s

say N1N2 . . .NL is the binary representation of the number N. Then the equal superposition
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state can be prepared using the following algorithm [76]:

Algorithm for preparing the equal superposition state

The following pseudocode outlines the procedure to create the equal superposition state

|ΨN〉:

1: Initialize N̄← N

2: for i = 1 to L do

3: if Ni = 1 then

4: Rotate qubit i by θi = tan−1(
√

N̄/2L−i−1)

5: if the ith ancilla is in |0〉 then

6: Apply Hadamard gate H on qubits i+1 through L

7: else

8: break

9: end if

10: N̄← N̄−2L−i

11: end if

12: end for

|0〉 R(θ1) • • . . . • . . . . . .

|0〉 H . . . R(θ2) • . . . • . . .

|0〉 H . . . H . . . R(θ3) . . . •
...
|0〉 . . . H . . . H . . . H

Figure 3.2: The quantum circuit to create the equal superposition state |ΨN〉 following the psedu-
docode given above. One applies controlled-Hadamard (H) after rotating a qubit by the angle θi

given in line 4 of the algorithm.
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From the pseudocode given above we recognize that the operator S can be implemented

using single qubit rotation and the Hadamard gate. The circuit to realize this algorithm is

shown in Fig. 3.2. The operators V1 and V †
A can be constructed from the phase shift gates

Λ(k) of the form [76]

Λ(k) =

1 0

0 e2πi 2k
N

 , (3.12)

where k ∈ {0,1, . . . ,L−1}. We break down the resetting operators KG and KF into elemen-

tary gates using the method presented by Kitaev in [76]. The main idea is to apply inverse

phase estimation for a cyclic permutation, W = ∑ |m〉〈m+1|. Since the DFT basis states

are the eigenvectors of the cyclic permutation operation, this step resets the state |m〉 to |0〉.

In the following subsection we elaborate on this method.

3.3.1 Construction of the resetting operator KG and KF

In this section we construct the resetting operators KG and KF using Kitaev’s algorithm

in [76]. We will explicitly describe the circuit for KG only and show that KF is a special

case of KG. The circuit for applying the operator KG is drawn in Fig. 3.3. From Fig. 3.1 we

see that KG is applied after applying the controlled phase gate V †
A . As a result, the inputs

are the state |m〉 in the first register and the state GN |m〉, denoted as |m̃G〉 for brevity, in the

second register. Now, we apply a DFT like operator FA†
2L on the state |m〉= |m1m2 . . .mL〉.

The action of FA
2L on the computational basis states is

FA
2L |k〉=

1√
2L

2L−1

∑
l=0

e
−2πiAkl

2L |l〉 . (3.13)

We note that FA
2L is unitary when A is odd. We can realize FA

2L using the circuit in Fig. 3.4.

After applying FA†
2L on the first register we get the the state
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FA†
2L

• H
...

...

• H

• H


|m〉

W W 2 W 2L−1
· · ·

|m̃G〉

Figure 3.3: Diagram of the quantum circuit for operator KG. The circuit essentially accom-
plishes phase estimation in reverse for the cyclic permutation W = ∑ |m〉〈m+1|. The inputs of
the circuit are the state |m〉 in the first register and the state GN |m〉, denoted by |m̃G〉, in the
second register The FA

2L operator in the circuit is a DFT like transformation defined as FA
2L |k〉 =

1/
√

2L ∑
2L−1
l=0 e−2πiAkl/2L |l〉. Note that FA

2L is unitary as long as A is odd. The H gates in the diagram
refers to Hadamard gate.

FA†
2L |m1m2 . . .mL〉=

1√
2L

(|0〉+e2πAi0.mL |1〉)(|0〉+e2πAi0.mL−1mL |1〉) . . .(|0〉+e2πAi0.m1m2...mL |1〉),

(3.14)

where .m j . . .mL = ∑
L
k= j mk2 j−k−1 is the binary representation of fraction. Then we apply

a series of controlled−W gates, denoted as cW . For this operation, the control and target

qubits are the qubits in the first and second register respectively. After some calculation we
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|m1〉 H RA
2 · · · RA

L

|m2〉 • H RA
2 · · · RA

L−1
...

...

|mL〉 · · · • • H
Figure 3.4: Circuit diagram for the operator FA

2L . In the circuit, H denotes the Hadamard gate and
RA

k = diag(1,e−2πiA/2k
) are phase gates with k ∈ {2,3 . . .L}.

find that

cW (|0〉+ e2πAi0.m1m2...mL |1〉) |m̃G〉= (|0〉+ e2πAi(0.m1m2...mL−m
N ) |1〉) |m̃G〉 (3.15)

cW 2(|0〉+ e2πAi0.m2m3...mL |1〉) |m̃G〉= (|0〉+ e2πAi(0.m2m3...mL− 2m
N ) |1〉) |m̃G〉 (3.16)

... =
...

cW 2L−1
(|0〉+ e2πAi0.mL |1〉) |m̃G〉= (|0〉+ e2πAi(0.mL− 2L−1m

N ) |1〉) |m̃G〉 . (3.17)

We define the phases θk for k ∈ {1,2 . . . ,L} as θk = 0.mkmk+1 . . .mL− 2k−1m
N . This allows

us to succinctly write Eqn. (3.15) - (3.17) as

cW 2k−1
(|0〉+ e2πi0.mkmk+1...mL |1〉) |m̃G〉= (|0〉+ e2πAiθk |1〉) |m̃G〉 . (3.18)

It means that now the second register is in the state |m̃G〉 and the first register is in the

product state
L

∏
k=1

(|0〉+ e2πiAθk |1〉). (3.19)
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Then we apply Hadamard gate on each of the qubits in the first register. It produces the

state
L

∏
k=1

[(1+ e2πAiθk) |0〉+(1− e2πAiθk) |1〉] |m̃G〉 . (3.20)

Note that θk ≈ 0 which means that the two registers are approximately in the state |0〉 |m̃G〉.

Finally we swap the first and the second register to get the desired output |m̃G〉 |0〉 and

completes the application of KG. Interestingly, we can apply the other resetting operator

KF just by replacing FA†
2L with the standard quantum Fourier transform F2L . Now we put

everything together to expand the circuit in Fig. 3.1 into Fig. 3.5

• FA†
2L • H × • F2L • H ×

S V †
A W . . .W 2L−1 × S V1 W † . . .W 2L−1† ×

Figure 3.5: Schematic of the full circuit for modular multiplication. The operator S creates an equal
superposition of the basis states (see Fig. 3.2 for details).VA and V1 denote phase gates. W is the
cyclic permutation operator, H is Hadmard gate and F2L is QFT in 2L dimensional Hilbert space.
The circuit also contains SWAP gates in two different places.

3.4 Complexity

The complexity of the circuit can be calculated from Fig. 3.5. We note that the real-

ization of the S gate using the circuit in Fig 3.2 requires L(L+1)/2 elementary gates. The

gates V1 and VA each can be implemented using O(L2) phase-shift gates [76]. The QFT

operators FA
2L and F2L each require O(L2) gates. Finally, we note that the operators W , W 2,

W 4, . . . are modular addition by a constant number. The controlled modular additions can

be done in sub-quadratic time following the method in [75]. Consequently, the complex-

ity of our full circuit for modular multiplication is O(L2). In Shor’s algorithm, one needs

to apply upto L such modular multiplication for different powers of A which makes the

complexity of the modular exponentiation module in Shor’s algorithm O(L3).
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3.5 Discussion

We have presented a quantum circuit for performing modular exponentiation, which is

computationally the most expensive part of Shor’s algorithm. A distinctive feature of our

circuit is that it consists entirely of the QFT circuit and its variants. This is accomplished

by utilizing Kitaev’s algorithm for Fourier transform on the Abelian group ZN with some

modifications. Our approach is different from other proposals [62, 75, 78–81] where the

circuit is constructed by combining quantum adder circuits. For Shor’s algorithm to be

useful in breaking RSA encryption, the algorithm must be able to factorize large numbers

N that can be stored in about 2048 bits. The complexity of our circuit is O(L3) where L is

the number of bits of the number being factorized. While this is larger by O(Lα), where

α < 1, compared to the best known proposal for Shor’s algorithm [75], its advantages

in reusing the structure of a single QFT implementation for modular multiplication may

allow near-term experimental implementations for generic values of N, depending on the

platform. Further, if one can adapt more efficient circuits for the QFT [87], which are only

logarithmically worse than O(L), to the matrix GN , it may be possible to realize Shor’s

algorithm with a complexity only logarithmically worse than O(L2).

We conclude with some general comments. It is noteworthy that the complexity of any

circuit depends on the order of the coprime A, where smaller values are more favorable.

The circuit would be significantly simplified if one can a priori choose A with small order.

Alternatively, it may be possible to run the circuit for a superposition of different As and

extract the smallest order.
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3.6 On the order of modular multiplicative group

Definition 3.1. The set of all integers a such that (a,N) = 1 and 1 ≤ a < N form a group

under multiplication modulo N. The group is called modulo multiplication group and is

henceforth denoted by ΠN .

Definition 3.2. If (a,N) = 1 and r is the smallest positive exponent such that

ar ≡ 1 (mod N), (3.21)

one says that a is of order r modulo N.

The number of elements of the group ΠN is φ(N) = (p−1)(q−1) where φ() denotes

Euler’s totient function. We know that for every group with number of elements n, an = I

for all elements a. This implies that for the group ΠN

aφ(N) ≡ 1 (mod N)∀a ∈ΠN . (3.22)

However φ(N) is not always the smallest exponent satisfying Eqn. (3.22). The smallest

exponent is called Carmichael function λ (N).

Definition 3.3. Carmichael function is the smallest positive exponent λ (N) such that

aλ (N) ≡ 1 (mod N)∀a ∈ΠN . (3.23)

The value of λ (n) for any integer n can be calculated using the following recurrence
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relation

λ (n)=


pr−1(p−1) if n = 2,4, prwhere p is an odd prime,

2r−2 if n = 2rwhere r ≥ 3,

lcm(λ (pβ1
1 ),λ (pβ2

2 ) . . .λ (pβk
k )) if n = pβ1

1 pβ2
2 . . . pβk

k where pi are the prime factors of n.
(3.24)

From Eq. (3.24) one can deduce the following properties of λ :

1. For any prime exponent pα

pα ≤ 4λ (pα). (3.25)

2. λ (pα) is at most 3 to 1 when p is a prime.

We are interested to know how large is λ (N) compared to N. There are two important

theorems relevant to the size of λ (N).

Theorem 3.1. For any increasing sequence < ni >i∈N of natural numbers one has

λ (ni)> (logni)
(1/log2+o(1)) log loglogni (3.26)

for i sufficiently large.

[88]

Proof. From the definition of λ (n) we have

λ (n) = lcm{λ (pα) : pα |n}. (3.27)

This implies

n = ∏
pα |n

pα ≤ ∏
λ (pα )|λ (n)

pα . (3.28)
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Since pα ≤ 4λ (pα)

n≤ ∏
λ (pα )|λ (n)

4λ (pα). (3.29)

Furthermore λ is at most 3 to 1 when restricted to powers of prime. Hence

n≤ ∏
d|λ (n)

(4λ (n))3 ≤ (4λ (n))3d(λ (n)) (3.30)

where d(k) denotes the number of divisors of k with k being an integer. It is known that[89]

d(k)≤ 2(1+o(1)) logk/log logk (3.31)

where k is an integer. Substituting this one gets

λ (n)> (logn)(1/log2+o(1)) log loglogn. (3.32)

Before stating the second theorem we need to define asymptotic density of a set of

integers.

Definition 3.4. If S is a set of positive integers, its asymptotic density ρ(S) is defined as

ρ(S) = lim
n→∞

|S∩{1,2, . . .n}|
n

, (3.33)

where |. . . | denotes the number of elements in a set.

Theorem 3.2. There is a set S of positive integers with asymptotic density 1 such that for

all n ∈ S

λ (n) =
n

logn(log loglogn+A+o(1/log loglogn))
(3.34)

51



where A =−1+∑q∈P logq/(q−1)2 ≈ .23 and P denotes the set of prime numbers.

[88]

3.7 Relevance of the theorems to prime factorization

The numbers used in NSA encryption are generated by multiplying two large primes.

One can construct an increasing sequence from the products of two distinct prime numbers.

We denote this sequence as 〈PQi〉i∈N. We can use Theorem 3.1 to claim that for sufficiently

large i

λ ([PQ]i)> (log[PQ]i)
(1/log2+o(1)) log loglog[PQ]i. (3.35)

This gives us a lower bound on the value of λ for a composite number N consists of two

large prime factors. However, this sequence doesn’t necessarily have an overlap with the

set S of Theorem 3.2. As a result, we can’t use that to establish an upper bound on the value

of λ (PQ).
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Chapter 4: Solitons in lattice field theories via tight-binding supersymme-

try

4.1 Overview

Solitons are ubiquitous in nature and occur in a plethora of classical and quantum sys-

tems, among which include water waves [90–93], optical fibers [94], magnets [95], super-

fluids [96–98] and superconductors [99–102] - an incomplete list. While solitons have been

observed for centuries, the elegant mathematical structure behind them, known as the in-

verse scattering method, is comparatively recent. The development of the inverse scattering

method was highly influenced by the Fermi–Pasta–Ulam–Tsingou (FPUT) problem - nu-

merical experiments carried out by Fermi et al. in 1954-1955 [103]. Fermi and co-workers

were interested in the question of thermalization and sought to observe it in a discrete chain

of non-linear oscillators. However, they numerically observed a recurrent, almost periodic

behavior instead, which became known as the Fermi–Pasta–Ulam–Tsingou paradox [104].

This paradox motivated the work by Kruskal and Zabusky ten years later, who showed that

the FPUT problem maps onto the Korteweg–de Vries (KdV) equation in the continuum

limit [91]. They performed their own simulations of the dynamics of the KdV equation,

which showed a number of features, surprising at the time, but understood now in terms

of integrable dynamics. Kruskal and Zabusky coined the term “soliton” and their work

on the KdV equation gave impetus to the development of the inverse scattering method.

The inverse scattering method eventually provided complete understanding of the nature
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of integrable solutions in both the KdV equations and other continuous classical integrable

theories [105–109]. At the heart of the method is a mapping of the KdV equation to an

auxiliary quantum scattering problem, whose time-evolved potential is a solution to the

KdV equation.

This link between the purely classical problem of waves in shallow water and quan-

tum mechanics has led to a number of other unexpected discoveries. Notably, Dashen,

Hasslacher, Neveu, Shei and others [110–112] showed in the 1970s that inverse scattering

methods can be used to construct non-perturbative soliton solutions to saddle-point equa-

tions of 1+1 dimensional quantum field theories (justified in the large-N limit). The saddle

point equations of the Gross-Neveu (GN) model are mathematically equivalent to the aux-

iliary scattering problem in the KdV equation. It was also shown, using trace identities for

the scattering problem, that the saddle points are achieved for reflectionless potentials.

These results further propagated to condensed matter physics. In particular, Brazovsky

and others recognized that the chiral Gross-Neveu model is equivalent to the problem of

interacting electrons in one dimension and therefore the (classical) solitons of the chiral

GN model represent static solitons in either Peierels-insulating charge-density-wave states

(for repulsive fermions) or superconducting states (for attractive fermions) [100–102, 113–

119]. In these cases too, the solitons originated from the reflectionless self-consistent

solutions of the Bogoliubov-de Gennes (BdG) equations – the classical saddle point of

the action describing the superconductor/Peierels insulator. More recently, these methods

were applied to Larkin-Ovchinnikov-Fulde-Ferrel superconducting phases [120, 121] and

time-dependent superconductors, featuring a solitonic lattice and periodic-in-time soliton

trains of the superconducting order parameter correspondingly [99, 119, 122–130]. Mov-

ing solitons have also been considered in both high-energy context [131] and for cold-atom

superfluids [96–98, 107, 132, 133]. Another more controversial example has been the at-

tempt to construct soliton trains in imaginary time (to represent hypothetical at this stage
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imaginary-time crystals) [134–136]. In all these cases however, the mathematical construc-

tion of solitons hinges on the reflectionless potentials of the underlying scattering problem.

A useful method for constructing such potentials is supersymmetric quantum mechan-

ics (for a comprehensive review, see [137]). Continuous quantum-mechanical supersym-

metry involves writing the Schrödinger operator - the Hamiltonian - as a product of two op-

erators H = A†A and constructing another Schrödinger operator H̃ = AA†. It can be shown

that the two corresponding Hamiltonians/potentials are (almost) isospectral and share the

same scattering data. This allows for the construction of non-trivial reflectionless poten-

tials. The simplest example is to start with the transparent constant potential and find its

superpartner, which happens to be related to the simplest KdV single-soliton solution. The

process can be iterated and a series of reflectionless potentials can be constructed including

multi-soliton solutions.

All in all, the combination of the inverse scattering method and quantum-mechanical

supersymmetry (SUSY) allows to build exact analytic non-linear soliton solutions to a vari-

ety of diverse problems from bound states in large-N field theories to non-linear excitations

in superfluids and superconductors, with both static and dynamic solitons recently of inter-

est.

The resolution of the Fermi-Pasta-Ulam paradox has been understood through both

KdV limit and the Toda lattice – a fully integrable classical lattice model, which gives

rise to the FPUT problem as its Taylor expansion [138]. The first appearance of inverse

scattering methods applied to a lattice field theory is in the Ablowitz-Ladik model [139].

However, surprisingly the lattice field theoretical and superconducting analogies of the

Toda lattice have not been fully explored. A large number of integrable lattice models

have been considered using more modern methods in quantum integrability that go beyond

classical inverse scattering [140, 141]. However, it appears that the role of reflectionless

potentials and their explicit construction have not been fully investigated in the context of
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interacting tight-binding models. This paper fills this gap and develops a general framework

to study solitons in a family of large-N lattice field theories.

In particular, we first introduce a lattice variant of the Gross-Neveu model that has site

dependent hoppings. With the aid of previously known trace identities relating scattering

data of the equations of motion and parameters of the Lagrangian, we rewrite the action

of the Gross-Neveu model in terms of scattering data (using the first few trace identities)

and compute the saddle points of this action. This gives us both the bound state spec-

trum for non-topological lattice solitons and the result that the saddle point corresponds

to reflectionless potentials associated with the equations of motion. We use the remaining

trace identities to construct a hierarchy of lattice field theories which admit exact soliton

solutions also corresponding to reflectionless potentials.

Next, we construct these reflectionless potentials directly from lattice supersymmetry

(also called the Darboux transformation). We show that local tight-binding models in an

onsite potential map under discrete SUSY onto the same class of models, but with site-

dependent hoppings. This observation had been previously made and exact albeit restricted

soliton hierarchies were previously constructed (see Note Added section). However, we

present a formalism where the onsite potential and hopping can be iteratively obtained by

evaluating a continued fraction – this generalizes the topological soliton solutions previ-

ously obtained. We also describe a novel recipe for constructing non-topological solitons

under this continued fraction formalism. This approach can be easily extended to more

exotic soliton solutions with non-uniform boundary conditions.

We finally consider the chiral Gross-Neveu model, whose equations of motion coincide

with the BdG equations for a lattice superconductor. We derive a previously unknown set

of trace identities for this system and use these identities to show that the saddle point of

this lattice field theory corresponds to reflectionless potentials of the associated equations

of motion. The simplest non-trivial class of solutions can be obtained directly from super-
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symmetry methods, which describe solitons exhibiting a nontrivial phase slip (also known

as twisted-kinks) – since such solitons should have nontrivial dynamics, this motivates the

pursuit of the theory of dynamical solitons for such lattice systems. We end by discussing

the similarities of these lattice field theories to coupled Toda chains.

4.2 Gross-Neveu model and Korteweg-de Vries equation

We start with a review of soliton solutions in continuum systems. The simplest model

which exhibits such solutions is the Korteweg-de Vries equation, which was first used to

describe shallow water waves [90]. The KdV equation can be generalized to construct a

hierarchy of nonlinear differential equations, each of which also supports soliton solutions.

A seemingly unrelated system is the Gross-Neveu model, which is field theory of N flavors

of massless fermions subject to an attractive potential. When N is large, the Gross-Neveu

model is a toy model of quantum chromodynamics: it is asymptotically free, and sponta-

neously breaks chiral symmetry, which results in the fermions acquiring a mass, therefore

gapping the theory. The mean field theory of a chiral version of the Gross-Neveu model,

also known as the Nambu-Jona-Lasinio model, can be shown to be equivalent to BCS su-

perconductivity in 1D [102, 119]. Both the Gross-Neveu and the chiral Gross-Neveu model

have nontrivial saddle point solutions which correspond to solitons.

It turns out that the construction of soliton solutions for the KdV equation and the

Gross-Neveu field theories are nearly identical. This is because both the KdV equation

as well as the equations of motion for the Gross-Neveu model can be mapped onto a 1D

quantum scattering problem. Based on a series of trace identities that connect the poten-

tial of the scattering problem to the scattering properties of plane wave solutions, it can be

shown that soliton solutions correspond to reflectionless potentials of the scattering prob-

lem. Constructing these reflectionless potentials can be achieved through several methods,
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Figure 4.1: A schematic depicting the sequence of steps used to generate a soliton hierarchy. We
start with a hierarchy of field theories (the first of which is the Gross-Neveu field theory) or a
hierarchy of dynamical systems/partial differential equations (the first in the Toda hierarchy is the
Toda lattice, and the third in the KdV hierarchy is the KdV equation). The equations of motion
of the GN field theory and a suitable change of variables for the KdV equation/Toda lattice map
these seemingly unrelated systems to a one-dimensional scattering problem. With the help of trace
identities derived in this scattering problem, we may rewrite either the action or the Hamiltonian in
terms of scattering data, i.e. the reflection coefficient, the transmission coefficient, and the bound
state energies of the scattering problem. There are also a hierarchy of trace identities, and each one
uniquely maps onto one of the field theories or dynamical systems in the original hierarchies. The
saddle point of the action corresponds to a reflectionless potential, and the equations of motion of
the Hamiltonian systems imply the conservation of the magnitude of the reflection coefficient. In
both cases, reflectionless potentials are either valid saddle points of the action or solutions to the
dynamical system. These potentials are retrieved explicitly using supersymmetry methods, or more
elaborately using the Gelfand-Levitan equation and the inverse scattering formalism.

one of which is quantum mechanical supersymmetry. In this section, we will briefly review

these results, which have been summarized in Figure 4.1.

4.2.1 Gross-Neveu (GN) model

The Lagrangian for the Gross-Neveu model in (1+1) dimensions is given by [110]:

L =
N

∑
k=1

iψ(k) /∂ψ
(k)+

g2

2

(
N

∑
k=1

ψ
(k)

ψ
(k)

)2

, (4.1)

where ψ(k)(x, t) is a two-component fermionic field and k, which ranges from 1 to N, labels

fermion flavor. Throughout the analysis, we assume that N is large, which justifies the use

of mean field theory. We also adopt the standard definitions ψ
(k) = ψ†(k)γ0 and /∂ = γµ∂ µ

with γµ being the Dirac matrices in (1+1) dimension. Throughout the text, we will choose
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the representation where γ0 =−σx, γ1 =−iσz, and γ5 = γ0γ1 = σy. For the sake of brevity,

we also introduce the following notations:

ψ /∂ψ ≡
N

∑
k=1

ψ
(k) /∂ψ

(k), (4.2)

ψψ ≡
N

∑
k=1

ψ
(k)

ψ
(k). (4.3)

In the path integral formulation the real time functional can be written as

Z =
∫

DψDψ exp
[

i
∫

d2x
(
−iψ /∂ψ− g2

2
(ψψ)2

)]
(4.4)

We introduce a Hubbard-Stratonovich field ∆(x, t), so that the path integral becomes

Z =
∫

DψDψD∆exp
[

i
∫

d2x
(
−iψ /∂ψ−g∆ψψ− ∆2

2

)]
, (4.5)

Following a standard mean field assumption, we assume that the Hubbard-Stratonovich

field possesses no dynamics, and we search for static solutions which correspond to the

saddle point of the action. We further restrict our search of saddle point solutions to those

that satisfy lim|x|→∞ ∆(x) = ∆0. Due to the time independence of the HS field, the equations

of motion for the fermionic fields map onto a one-dimensional scattering problem for each

component of the fermionic field; the effective scattering problem is equivalent to the time

independent Schrödinger equation

−∂
2
x ψ1,2 +u1,2(x)ψ1,2 = k2

ψ1,2. (4.6)
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where ψ1 and ψ2 are two components of the fermion, k2 is the energy and the effective

potential

u1,2(x), u±(x) = g2(∆2−∆
2
0)±g

d∆

dx
(4.7)

vanishes asymptotically. The saddle point solutions can therefore be constructed by recast-

ing the action in terms of scattering data of this scattering problem.

4.2.2 Korteweg-de Vries (KdV) equation

The KdV equation is a non-linear partial differential equation used to describe a wide

range of phenomena from waves on a shallow water surface [90, 142, 143] to ion-acoustic

waves in plasma [144, 145]. For a function u(x, t) the KdV equation is

∂u
∂ t
−6u

∂u
∂x

+
∂ 3u
∂x3 = 0. (4.8)

At first sight, Eqn. (4.8) does not seem to have anything in common with Gross-Neveu

model discussed in the previous subsection. However, the KdV equation can also be

mapped onto a time independent Schrödinger equation, whose effective potential coincides

with the function u(x, t). To explicitly see this mapping, define a function v(x, t) which

satisfies

u = v2 +
∂v
∂x

. (4.9)

Substituting v = ∂ logψ

∂x into Eqn. (4.9) one finds

u =
∂ 2

x ψ

ψ
. (4.10)

Note that if u(x, t) is a solution of KdV equation then so is ū(x, t) = u(x+6λ t, t)+λ . This

foreshadows the fact that the KdV equation possesses soliton solutions which move without
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changing shape. Thus, we can replace u in Eqn. (4.10) with u−λ to write it as

−∂
2
x ψ +uψ = λψ. (4.11)

If we set λ = k2 then Eqn. (4.11) is same as Eqn. (4.6) derived for the GN model 1. In

the KdV equation, propagating solitons are described by the time-evolved potential u(x, t);

under the mean field assumption, solitons are static in the GN model and are described by

∆(x), which is related to u(x, t = 0) via Eqn. (4.7).

4.2.3 Trace identities for Schrödinger equation

Both the GN model and the KdV equation map onto a time independent Schrödinger

equation. Solutions to the Schrödinger equation can be both bound as well as scattering,

and the scattering data must account for both types of states. In the asymptotic limit x→

±∞, scattering states have the form

lim
x→−∞

ψ(x,k) = eikx + r(k)e−ikx (4.12)

lim
x→∞

ψ(x,k) = t(k)eikx, (4.13)

where r(k) and t(k) are the momentum-dependent reflection and transmission coefficients

respectively. For a bound state with energy−κ2
` , the wavefunction has the asymptotic form

lim
|x|→∞

ψ`(x) = N`e−κ`|x|, (4.14)

1The reader should note that the appearance of Schrödinger equation in both the GN and the KdV models
does not imply their equivalence – the Schrödinger equation and soliton solutions emerge as a result of
linearizing the GN model, while the soliton solutions in the KdV equation are exact.
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where N` is a normalization. We now define the scattering data as the set {r(k), t(k),κ`}.

Remarkably, there exists a hierarchy of trace identities that relates integrals of powers and

derivatives of the potential to the reflection coefficient and the bound state energies [146–

149]. Suppose the potential we are given has N bound states. Then, the trace identities are

given by

1
2πi

∫
∞

−∞

q2n log
[
1−|r (q) |2

]
dq− 2

2n+1

N

∑
`=1

(iκ`)
2n+1 =− 1

(2i)2n+1

∫
∞

−∞

β2n+1(x)dx,

(4.15)

where n is a non-negative integer and βn are functions of the potential which are recursively

determined from the coupled differential equations

βn+1(x) =−
d
dx

βn(x)−
n−1

∑
m=1

βm(x)βn−m(x) (4.16)

β1(x) = u(x). (4.17)

For clarity and convenience, we explicitly reproduce the first three identities below:

− 1
2i

∫
∞

−∞

udx =
1

2πi

∫
∞

−∞

log
(
1−|r (q) |2

)
dq−2∑

`

(iκ`), (4.18)

− 1
8i

∫
∞

−∞

u2 dx =
1

2πi

∫
∞

−∞

q2 log
(
1−|r (q) |2

)
dq− 2

3 ∑
`

(iκ`)
3, (4.19)

− 1
32i

∫
∞

−∞

(2u3 +u2
x)dx =

1
2πi

∫
∞

−∞

q4 log
(
1−|r (q) |2

)
dq− 2

5 ∑
`

(iκ`)
5. (4.20)

In particular, the first identity relates the integral of the potential to the reflection coefficient

and bound state energies; this will be useful for performing a change of variables in the

Gross-Neveu action.
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4.2.4 Soliton solutions are reflectionless potentials

One can formulate both the Gross-Neveu mean field action and the KdV equation in

terms of scattering data using the trace identities of section 4.2.3. For the GN model, the

Lagrangian in Eqn. (4.5) is quadratic in the fermion fields ψ and ψ . Consequently the

fermions can be integrated out, yielding an effective action for the HS field

Seff(∆) =− log
[∫

DψDψ exp
(
−
∫

∞

−∞

dx
∫ T

0
dt ψ

(
i/∂ −g∆

)
ψ

)]
− 1

2

∫
∞

−∞

dx
∫ T

0
dt ∆

2.

(4.21)

Using the first trace identity given by Eqn. (4.18) and other standard results from path in-

tegration and scattering theory one can write the effective action as a function of scattering

data [110] as

Seff ∝
1
g2

∫
∞

−∞

log
[
1−|r (k) |2

]
dk+

4π

g2 k0

− 1
π

∫
∞

0

kdk√
k2 +g2σ2

0

(
log
(
1−|r (k) |2

)
+4π tan−1 k0

k

)
+ const. (4.22)

where it has been assumed that there is only one bound state with energy −k2
0. The saddle

point of the effective action can be determined by first extremizing over the reflection co-

efficient; we see that the minimum corresponds to a reflectionless potential, i.e the choice

of ∆(x) such that the reflection coefficient r(k) = 0.

A similar connection to reflectionless potentials can be made for the KdV equation. It

has been has shown that the KdV equation is a Hamiltonian system and arises from the

Hamiltonian H[u] =
∫

∞

−∞
dx
[
u3(x)+ u2

x
2

]
[150]. One can check that the Hamiltonian H

yields the KdV equation in the form

∂u
∂ t

=
∂

∂x
δH
δu

, (4.23)
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where δH
δu indicates a functional derivative of H. Using the third non-trivial trace identity

(Eqn. (4.20)), this Hamiltonian can be written solely in terms of scattering data as

HKdV =− 8
π

∫
∞

−∞

k4 log
(
1−|r(k)|2

)
dk− 32

5

N

∑
i=1

k5
i , (4.24)

where N is the number of bound states and −k2
i is the energy of the ith bound state. How-

ever, one must argue that the scattering data can be rewritten as pairs of canonically con-

jugate variables. This was first verified by Faddeev and Zakharov, and the corresponding

Hamilton’s equations of motion imply that one class of solutions to the KdV equation are

time-dependent reflectionless potentials. In fact, a particular combination of the scattering

data turns out to be action-angle coordinates for the KdV Hamiltonian, which manifestly

indicates the integrable nature of the system (see [146, 151]).

The remaining question left is how to construct such potentials, which correspond to

soliton solutions. One such method utilizes supersymmetric quantum mechanics, which is

briefly summarized in section 4.4.1. In particular, applying the supersymmetry transforma-

tion to a constant potential results in a nontrivial reflectionless potential for the Schrödinger

equation; this corresponds to a kink soliton.

Note that for the KdV equation the third trace identity serves as the Hamiltonian. How-

ever, in general, one can consider any of the trace identities as a candidate Hamiltonian

and construct equations of motion; each such equation of motion corresponds to a nonlin-

ear higher-order differential equation for u(x, t), each of which is integrable. The set of

equations constructed in this manner form the KdV hierarchy [93, 152].

4.2.5 Field theory hierarchy

While the KdV hierarchy is a celebrated concept in classical integrability theory, it is

possible to construct a similar hierarchy for the Gross-Neveu field theories. Note that only
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the first trace identity given by Eqn. (4.18) has been used to write the action of GN model as

a function of the scattering data. We may similarly use the other trace identities to construct

a hierarchy of field theories whose saddle point corresponds to reflectionless potential. To

construct the field theory after the Gross-Neveu model in the hierarchy, we replace the first

trace identity by hand with the second trace identity, obtaining the action

L2 = iψ /∂ψ−g∆ψψ−
(

g4
∆

4 +g2
∆

∂ 2∆

∂x2

)
. (4.25)

One can integrate out the HS field to write the Lagrangian only in terms of the fermions as

L2 = iψ /∂ψ− log
(∫

d∆exp
[∫

dx
(

ig∆ψψ−g2
∆

∂ 2∆

∂x2 −g4
∆

4
)])

. (4.26)

This is the second field theory in the hierarchy. In principle, one can construct one such

field theory per trace identity; however, each higher order field theory is intractable and

non-local when one attempts to integrate out the HS field.

4.3 Solitons in a lattice Gross-Neveu model

In the continuum Gross-Neveu field theory, it was argued that stationary solutions to the

action correspond to choices of ∆(x) such that the equations of motion describe a particle

in a reflectionless potential. In lattice systems, which are currently achievable in cold atom

experiments, there are several differences that may result in exotic soliton solutions. Firstly,

there exist non-unique discretization schemes of placing fermions on a lattice that give rise

to different microscopic dynamics even if they reduce to the same theory in the continuum

limit. Secondly, if a lattice theory possesses soliton solutions, then a solitonic texture may

arise in both the onsite potential and the hopping, which is not seen in the continuum

limit. And lastly, at the scale of the lattice spacing, the dispersion relation looks like a
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band structure, thus differing markedly from the dispersion in the continuum limit; this

may result in different characteristic soliton spectra and propagation velocities (the latter

of which we do not consider in this paper). The aforementioned reasons therefore make it

enticing to study solitons in discretized field theories.

For lattice systems we will adopt a reverse engineering approach, starting with known

discrete trace identities due to Toda [138] and using these identities to subsequently con-

struct lattice models whose saddle points correspond to reflectionless potentials. In Section

4.5, we perform the same analysis for the chiral Gross-Neveu model which is an effective

description for a lattice superconductor. In the process, we derive previously unknown trace

identities for the discrete Dirac operator.

4.3.1 Trace identities for tight-binding Hamiltonians

Before introducing the lattice Gross-Neveu model, we first set out to derive trace identi-

ties for discrete scattering problems. To define the scattering problem we consider a generic

tight binding Hamiltonian with nearest neighbour hopping, written out explicitly as

H =
∞

∑
n=−∞

(−tn+1|n〉〈n+1|+h.c.+un|n〉〈n|) , (4.27)

The Hamiltonian describes a particle in a discrete Schrödinger equation, which we write as

−(tn+1ψn+1 + tnψn−1)+unψn = λψn, (4.28)

where n is the site number, tn is a site-dependent hopping which is absent in the continuum

case, and un is a discrete onsite potential. Both tn and un will later be shown to be express-

ible in terms of the HS parameter. The energy λ is independent of n, and we can determine

it by constructing eigenfunctions in the asymptotic limit when n→∞; these eigenfunctions
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satisfy

−(ψn+1 +ψn−1)+uψn = λψn, (4.29)

where we have used that limn→±∞ un = u and limn→±∞ tn = 1. The solution for Eqn. (4.29)

is ψn = eiφn ≡ zn where φ is a quasi-momentum constrained to lie within the interval

[0,2π); this gives the dispersion λ = 2cosφ +u.

Next, we will reproduce the trace identities analogous to Eqn. (4.15) that relate the

potential un to the scattering data of the discrete Schrödinger equation, which were previ-

ously known to Toda et al. [138, 153]. We first make a choice of two independent basis

functions of Eqn. (4.56). We denote those two bases as { fn(z), fn(
1
z )} and {gn(z),gn(

1
z )};

their asymptotic behavior is given by

lim
n→∞

fn(z) = zn, (4.30)

lim
n→−∞

gn(z) = z−n. (4.31)

These are known as the Jost functions, which is a frequently used representation in scatter-

ing theory. This choice of basis is necessary in order to derive well-behaved trace identities.

Since both fn and gn independently form a basis, one may be written as a linear combina-

tion of the other. Thus, we have the relation

fn(z) = b(z)gn(z)+a(z)gn

(
1
z

)
, (4.32)

where we have introduced coefficients a and b which can be shown to be related to the

reflection and transmission coefficients of the original discrete scattering problem. A valid

scattering eigenstate for the discrete Schrödinger equation in terms of the Jost functions

is ψn(z) =
fn(z)
a(z) ; the asymptotic behavior of this solution assumes a form familiar from
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scattering theory:

ψn(z) =


zn + b(z)

a(z)z
−n, for n→−∞

1
a(z)z

n, for n→ ∞

(4.33)

From Eqn. (4.33) we find that the reflection coefficient r(z) and the transmission coefficient

t(z) are related to a(z) and b(z) according to the relations r(z) = b(z)
a(z) and t(z) = 1

a(z) . Since

the reflection and transmission coefficients satisfy |r|2+|t|2= 1 we have

|a(z)|2= 1
1−|r(z)|2

. (4.34)

So far, we have considered the scattering states for the discrete Schrödinger operator; it

may consist of discrete bound states as well, which are necessary for a complete charac-

terization of the scattering data. The location of the bound states occur at z = z j for which

a(z j) = 0; these correspond to eigenstates which scale as zn
j for large n. We also require the

physical constraint that |z j|< 1 in order for the wavefunction to be normalizable and decay

exponentially at infinity. Thus, we require the following constraints on a(z):

|a(z)|2 = 1
1−|r(z)|2

when |z|= 1, (4.35)

a(z j) = 0 for some discrete |z j|< 1. (4.36)

Appealing to the theory of meromorphic functions, the properties of a(z) allow us to

uniquely define log|a(z)| within the unit disk |z|< 1 via the Poisson-Jensen theorem:

log |a(z)|=
M

∑
j=1

log
∣∣∣∣ z− z j

1− z jz

∣∣∣∣− 1
4π

∫ 2π

0
ℜ

(
eiφ + z
eiφ − z

)
log
[
1−|r(eiφ )|2

]
dφ , (4.37)

where M is the number of bound states and ℜ[z] means the real part of z. We can expand
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the right hand side of the equation above using the following series expansions:

log
z− z j

1− z jz
= logz j +

∞

∑
p=1

zp
j − z−p

j

p
zp, (4.38)

ℜ

(
eiφ + z
eiφ − z

)
= 1+2

∞

∑
p=1

cos(pφ − pθ)|z|p. (4.39)

where z = |z|eiθ . Substituting these expansions, we may write

log
|a(z)|
|a(0)|

=
∞

∑
p=1

[
M

∑
j=1

ℜ

(
zp

j − z−p
j

p
zp

)
− |z|

p

2π

∫ 2π

0
log
[
1−|r(eiφ )|2)

]
cos(pφ − pθ)dφ

]
.

(4.40)

One can write log(a(z)/a(0)) to the onsite potential via the following relation:

− log
a(z)
a(0)

=
∞

∑
n=1

(−1)nTr(Hn− (H0)
n)

n(z+ 1
z )

n
, (4.41)

where H and H0 are tridiagonal matrices; H is the Hamiltonian for the Schrödinger operator

with elements Hn,n−1 =−tn,Hn,n+1 =−tn+1, and Hn,n = un, and H0 is the asymptotic form

of the Hamiltonian with matrix elements (H0)n,n−1 = (H0)n,n+1 = −1 and (H0)n,n = u.

The derivation of the Eqn. (4.41) is given in Appendix ??. In section 4.5, we derive similar

identities for the Dirac operator in the case of the chiral Gross Neveu model.

We can expand the right hand side of Eqn. (4.41) as a power series of z to write

∞

∑
p=1

Kpzp =
∞

∑
n=1

(−1)n+1Tr(Hn− (H0)
n)

n(z+ 1
z )

n
, (4.42)

where Kp are real coefficients that depend on the potential and the hopping. We have

already derived an alternate expression for log(|a(z)|/|a(0)|) in Eqn. (4.40) which we can
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compare with Eqn. (4.42) to write

∞

∑
p=1

Kp|z|pcos pθ =
∞

∑
p=1

[
− |z|

p

2π

∫ 2π

0
log
(

1−|r(eiφ )|2
)

cos(pφ − pθ)dφ

+
M

∑
j=1

ℜ

(
zp

j − z−p
j

p
zp

)]
. (4.43)

In general, and for the cases we will consider, the Hamiltonian is real; thus the eigenstates

can be chosen to be real and we expect the bound states to monotonically decay at infinity

without spatial oscillations. This implies that z j is real. With this simplification, we set

θ = 0 and compare the coefficients of zp in the above equation to get

Kp =−
1

2π

∫ 2π

0
log
(

1−|r(eiφ )|2
)

cos(pφ)dφ +
M

∑
j=1

zp
j − z−p

j

p
. (4.44)

Matching to the series expansion in terms of the onsite potential and hopping yields a

discrete version of the trace identities discussed in Dashen et al. [110]. For convenience,

we write the first two identities associated with matching the two lowest order terms in both

series expansions:

∞

∑
n=−∞

un =−
1

2π

∫ 2π

0
log
(

1−|r(eiφ )|2
)

cos(φ)dφ +
M

∑
j=1

(
z j−

1
z j

)
, (4.45)

∞

∑
n=−∞

u2
n +2t2

n =− 1
2π

∫ 2π

0
log
(

1−|r(eiφ )|2
)

cos(2φ)dφ +
1
2

M

∑
j=1

(
z2

j −
1
z2

j

)
. (4.46)

Much like in the continuous case, sums of the hopping and onsite potentials can be related

directly to the reflection coefficient of the scattering problem and the locations of the bound

states.
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4.3.2 Lattice Gross-Neveu model

Motivated by the continuous case we can formulate the discrete version of the Gross-

Neveu model. For a discrete two-component fermionic field Ψn(t), where n is the lattice

site index, the action S = ∑n Ln can be specified by the lattice Lagrangian

Ln =
N

∑
k=1

Ψ
†(k)
n (t)

i ∂

∂ t ∂n

∂ †
n i ∂

∂ t

Ψ
(k)
n (t)+

g2

2

(
Ψ

†(k)
n (t)γ0Ψ

(k)
n (t)

)2
, (4.47)

where N is the number of flavors of fermions and Ψ
(k)
n (t) =

(
ψ

(1,k)
n (t),ψ(2,k)

n (t)
)T

can be

written as a two-component field. Throughout the text, we will assume that N is large

in order to justify subsequent saddle point computations. The operators ∂n and ∂ †
n the

analogues of derivative operators in the continuum limit but will be represented as discrete

“shift” operators with matrix elements ∂n fn , τn+1 fn+1. The fermionic field is always

assumed to be time dependent but for the sake of brevity we will not explicitly write it. We

also suppress the sum over flavors by introducing the following notation:

Ψ
†
nMΨn ≡

N

∑
k=1

Ψ
†(k)
n MΨ

(k)
n , (4.48)

where M is a 2×2 matrix. We introduce a discrete Hubbard-Stratonovich (HS) field ∆n(t)

to write an equivalent Lagrangian:

Ln = Ψ
†
n

 i ∂

∂ t ∂n +g∆n(t)

∂ †
n +g∆n(t) i ∂

∂ t

Ψn−
∆2

n(t)
2

. (4.49)

As in the continuous case, we may recover the original Lagrangian after integrating out the

HS field. We work in the large-N/mean field limit, and thus assume that the HS parameter is

71



time-independent. The Lagrangian is quadratic in the fermionic field, so we may integrate

out the fermions to get the effective action for ∆:

Seff(∆) = S1(∆)− log
∫

DΨDΨ
† exp [−S2 (Ψ,∆)] , (4.50)

where

S1(∆) =−
T
2 ∑

n
∆

2
n (4.51)

S2(Ψ,∆) = ∑
n

∫ T

0
dt Ψ

†
n

 i ∂

∂ t ∂n +g∆n

∂ †
n +g∆n i ∂

∂ t

Ψn. (4.52)

Note that the integration measure in the path integral is defined as Dψ = ∏n dψn. We will

show that the effective action can be written as a function of the scattering data according

to the following equation:

Seff

T
=

1
4πg2

∫ 2π

0
log
(

1−|r(eiφ )|2
)

cos(φ)dφ − 1
g2

M

∑
j=1

(
z j + z−1

j

)
+2N

∫ 2π

0

dφ

2π

sin(φ)√
u−2cosφ

δt(φ), (4.53)

where r is the reflection coefficient of the scattering problem associated with the equations

of motion, z j is related to the energy of the bound states, M is the number of bound states

and δt(φ) is the phase of the transmission coefficient. In the rest of this subsection, we will

derive the above equation and analyze its saddle point solutions. First note that from the
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action in Eqn. (4.49), the equations of motion for the fermionic fields ψ1
n and ψ

(2)
n are

i
∂ψ

(1)
n

∂ t
=−g∆nψ

(2)
n −∂nψ

(2)
n ,

(
−Aψ

(2)
)

n
, (4.54)

i
∂ψ

(2)
n

∂ t
=−g∆nψ

(1)
n −∂

†
n ψ

(1)
n ,

(
−A†

ψ
(1)
)

n
, (4.55)

where A and A† are matrices whose actions on the fields are encoded in the relations above.

Note that there are a total of N pairs of equations of the above form, one for each flavor

of fermion. If ∆n is time-independent, taking a time derivative of Eqn. (4.54) and (4.55)

gives the equations of motion ψ̈(1) = −AA†ψ(1) and ψ̈(2) = −A†Aψ(1). These equations

of motion have a supersymmetric structure, which will be further used to construct soliton

solutions in the next section. We may map these equations onto a discrete time-independent

Schrödinger equation of the form

−(t(i)n+1ψ
(i)
n+1 + t(i)n ψ

(i)
n−1)+u(i)n ψ

(i)
n = ω

2
ψ

(i)
n , (4.56)

where i = 1,2 indicates the index of fermions. Due to the supersymmetric structure, the

hoppings have the form

t(1)n = gτn∆n−1, t(2)n = gτn∆n, (4.57)

and the onsite potentials have the form

u(1)n = τ
2
n +g2

∆
2
n, u(2)n = τ

2
n+1 +g2

∆
2
n. (4.58)

From now on we will perform the calculation for i = 1 and drop the superscript (i) in Eqn.

(4.56). This is because the associated scattering problems for i = 1 and i = 2 have nearly

identical scattering data and it does not matter which data we choose to write the action in

terms of.
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For the discrete Gross-Neveu model we will need only the first identity with p = 1:

∞

∑
n=−∞

un =−
1

2π

∫ 2π

0
log
[
1−|r(eiφ )|2

]
cos(φ)dφ +

M

∑
j=1

(
z j−

1
z j

)
. (4.59)

For the Gross-Neveu model with the potential un = τ2
n + g2∆2

n, we find that ∑
∞
n=−∞ un =

g2
∑

∞
n=−∞ ∆2

n +ϒ, where ϒ = ∑n τ2
n is a fixed constant that we will henceforth ignore (more

precisely, it can be compensated by an appropriate renormalization of the vacuum energy

in the original field theory). Thus, we can write the first term of the effective action S1

given by Eqn. (4.50) as a function of the scattering data:

S1 =−
T
2 ∑

n
∆

2
n =−

T
2g2

[
− 1

2π

∫ 2π

0
log
[
1−|r(eiφ )|2

]
cos(φ)dφ +

M

∑
j=1

(
z j−

1
z j

)]
.

(4.60)

Now we will express the remaining part of the action as a function of the scattering data.

We first need to evaluate the following path integral which is quadratic in the fermions:

IN(∆) =
∫

DΨDΨ
† exp [−S2(Ψ,∆)], (4.61)

where again, N is the number of flavors of fermions and S2 is given by Eqn. (4.52). The

fermionic fields ψ(1,2) satisfy the anti-periodic boundary conditions in time: ψ(1,2)(t+T )=

−ψ(1,2)(t). Following Dashen et al. [110], the path integral can be written down as

IN(∆) = [I1(∆)]
N = I1(0)∏

m,k

εm,k(∆)

εm,k(0)
, (4.62)

where εm,k are the eigenvalues of the following matrix relation:

 i ∂

∂ t ∂n +g∆n

∂ †
n +g∆n i ∂

∂ t


ξ

(1)
m,k

ξ
(2)
m,k

= εm,k

ξ
(1)
m,k

ξ
(2)
m,k

 . (4.63)
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and I1(0) = ∏m,k εm,k(0) is independent of the onsite potential and hopping. Suppose

φ
(1,2)
k satisfies Eqn. (4.63) where the right hand side is 0. For a time-independent ∆n,

we may choose φ
(1,2)
k such that it satisfies φ

(1,2)
k (t +T ) = e−iαk(∆)φ

(1,2)
k (t) where αk(∆) =

ωk(∆)T and ω2
k is the energy. In general, for ∆n(t) time periodic with period T , αk label the

Floquet indices; however, when ∆n is time independent, the Floquet indices coincide with

the energy. One can show that the function ξ
(1,2)
m,k (t)= exp(i(2m+1)πt/T + iαkt/T )φ

1,2
k (t)

satisfies the anti-periodic boundary condition and is an eigenfunction of Eqn. (4.63) with

eigenvalue:

εm,k =−
(2m+1)π

T
− αk

T
(4.64)

We substitute Eqn. (4.64) into Eqn. (4.62) and simplify it using the standard infinite product

identity for cosine to get:

I1(∆) = I1(0)∏
k
(eiαk/2 + e−iαk/2) (4.65)

= I1(0)exp

(
i∑

k
|αk|

)
∏

αk>0
(1+ e−iαk)2 (4.66)

= I1(0)exp

(
i∑

k
|αk|

)
∑
{ni}

e−i∑αi>0 niαi
∏

i
qni (4.67)

where 0 ≤ ni ≤ 2N is the population of the ith energy mode, qni =
2N!

ni!(2N−ni)!
, and in the

second line we have used the fact that the energies come in pairs with opposite sign to

restrict the summation to positive energy modes. In general, we may assume that the set

of Floquet indices are comprised of a set of isolated, discrete states and a continuum of

scattering states. The N fermions and N anti-fermions may occupy these states, and we

will assume that the saddle point corresponds to n0 fermions occupying a single discrete

state α0. Thus, we may replace the summation over ni with a constant n0 and write the
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action as:

Seff = S1 +N ∑
k
|αk|−n0α0 + const. (4.68)

We have already written the second term S1 as a function of the scattering data. Now we

want to do the same for the first term ∑k|αk|. We have noticed that for time-independent

potentials αk =ωkT where ω2
k = u−2cosk is the energy as a function of quasi-momentum.

In Appendix ?? we show that for a system with N sites the quasi-momentum k is quantized

as k±n = 2πn−λ±

N where λ± are the eigenvalues of the scattering matrix. Then, one may

show, as derived in the appendix:

∑
k
|αk|= 2T

∫ 2π

0

dφ

2π

sin(φ)√
u−2cosφ

δt(φ)+ω0T +Λ, (4.69)

where δt(φ) is the phase of the transmission coefficient and Λ is a divergent constant and

can be tamed by a suitable vacuum energy shift. We have also accounted for the presence

of the single bound state α0 = ω0T . The transmission coefficient is the inverse of a(z), and

so the phase of the the transmission coefficient is the imaginary part of loga−1(z). Using

the Jensen formula like before, we can write an equation for loga(z) similar to Eqn. (4.37):

δt(θ) =−
N

∑
j=1

ℑ

(
log

z− z j

1− z jz

)
+

1
4π

∫ 2π

0
ℑ

(
eiφ + z
eiφ − z

)
log
[
1−|r(φ)|2

]
dφ , (4.70)

where z = eiθ and zi are the zeros of a(z). Note that ℑ(z) denotes the imaginary part of z.

Combining all the results together we get an equation for effective action as a function of
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the scattering data:

Seff

T
=

1
4πg2

∫ 2π

0
log
(

1−|r(eiφ )|2
)

cos(φ)dφ − 1
2g2

N

∑
j=1

(
z j−

1
z j

)
+2N

∫ 2π

0

dφ

2π

sin(φ)√
u−2cosφ

δt(φ)+(N−n0)ω0. (4.71)

Upon varying the action with respect to scattering data, we obtain the saddle point solutions

for the HS parameter, which correspond to solitonic textures. Setting δSeff/δ r = 0 gives

the solution r(φ) = 0, which implies that the effective onsite potential un = τ2
n +g2∆2

n must

admit reflectionless scattering solutions. However there is an additional subtlety in the

discrete case that does not appear in the continuous case. We note that in Eqn. (4.71)

there is a cosφ multiplying log
(
1−|r(eiφ )|2

)
in the integrand which was absent in the

continuous case. Consequently, one can construct a potential which, in principle, has a

smaller contribution to the action than a reflectionless potential. However, there are no

physical potentials that we are aware of that have such scattering properties, so we deem

that such kinds of potentials are likely unphysical.

One obvious example of a reflectionless potential is a constant; however, it is well

known that there are many nontrivial candidates which are also reflectionless and give

rise to kink solitons. To construct such nontrivial solutions, we will utilize a version of

supersymmetric quantum mechanics for tight binding models, which will be discussed in

the next section. We will show that we can construct a hierarchy of reflectionless soliton

solutions by iterating the supersymmetric transformation starting from a constant onsite

potential.

Furthermore, we must also vary the action with respect to the bound state energy; this

results in the mass/energy spectrum for semiclassical bound states in the Gross-Neveu/lattice

superconductor model. There are two separate cases that we must consider, both of which
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give rise to physically distinct soliton solutions.

• In the first case, we assume that the HS parameter and the hopping converge to the

constant values ∆∞ and τ∞ at both ±∞; the value of the potential and hopping is

related to these asymptotic values via u = g2∆2
∞ + τ2

∞ and t = g∆∞τ∞, the latter of

which has been set to one. For simplicity, we follow same assumption as in Dashen

et al. [110] that there is a single, isolated bound state occupied by n0 fermions

(the general case in which we allow for multiple bound states is a straightforward

extension of the analysis presented). We calculate the energy of that bound state at the

saddle point, which is given by setting δSeff/δ z1 = 0 with the reflection coefficient

r(φ) = 0. From Eqn. (4.71) we get

1
T

δSeff

δ z1
=− 1

2g2

(
1+

1
z2

1

)
−4N

∫ 2π

0

dφ

2π

sin2
φ√

u−2cosφ

1
1+ z2

1−2z1 cosφ

+(N−n0)
1− z2

1

2z2
1

√
u− (z1 +1/z1)

. (4.72)

We may perform a convenient change of variables 2coshϑ = 1/z1+z1 and 2sinhϑ =

1/z1− z1. Then, the condition δSeff/δ z1 = 0 becomes

− 1
g2 coshϑ−2N

∫ 2π

0

dφ

2π

sin2
φ√

u−2cosφ

1
coshϑ − cosφ

+(N−n0)
sinhϑ√

u−2coshϑ
= 0.

(4.73)

The integral has a closed form in terms of elliptic functions, but the subsequent im-

plicit equation for coshϑ is difficult to analyze analytically. We have evaluated the

integral numerically and found that for a wide range of parameters there is only one

solution where coshϑ > 1. To make progress analytically, we proceed by assuming

that coshϑ � 1, which physically assumes that the bound state is strongly bound;
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then, the equation above can be simplified to

− 1
g2 coshϑ − N

coshϑ
I(u)+(N−n0)

sinhϑ√
u−2coshϑ

= 0, (4.74)

where

I(u) = 2
∫ 2π

0

dφ

2π

sin2
φ√

u−2cosφ
. (4.75)

This may be reduced to a fifth order polynomial equation in coshϑ which is still

not analytically tractable. In the limit where u� 2coshϑ and
√

u� g2N, we may

neglect the first term and utilize the simplification I(u) = 1/
√

u. Then, we obtain

that sinh2ϑ ≈ 2N
(N−n0)

, which is an approximately valid solution for moderate values

of the filling n0/N. We plot both the approximation and exact values of θ in Figure

4.2, and it is clear that the approximation holds even beyond the regime of validity

described.

The corresponding reflectionless potentials with these bound state energies are non-

topological solitons which are kink-antikink solitons. These solitons are strongly

dependent on the number of trapped fermions; intuitively, this is because repulsion

due to the n0 fermions trapped in the kink and antikink will cause them to separate;

the calculation above self consistently determines the stable value for the separation

distance, which is also related to the bound state energy.

• In the second case, we assume that the HS parameter and the hopping converge to

different values ∆±∞ and τ±∞ at ±∞; we find that these solitons are topological,

and are associated with the Callan-Coleman-Gross-Zee (CCGZ) kink solitons first

discovered famously in the ϕ4-field theory. If we assume that n0 of the fermions are

trapped in a single bound state, we arrive at a slightly different result assuming kink

boundary conditions. First, we note that the scattering problems for both components
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of the fermion differ by a bound state. This can be seen by computing

∑
n
(u(2)n −u(1)n ) = ∑

n
(τ2

n+1− τ
2
n ) = τ

2
∞− τ

2
−∞, (4.76)

and therefore the right hand side of the trace identity in Eqn. (4.59) will differ be-

tween the two scattering problems. We will show in the next section that the re-

flection coefficient of the scattering problems are the same, and so the two scat-

tering problems must differ in the number of bound states. For there to be a sin-

gle bound state, the scattering problem for the first component of the fermion must

have no bound states and must be reflectionless. The action reduces drastically to

Seff = (N−n0)ω0, which is minimized for ω0 = 0 regardless of the value of n0. The

intuition for this is rather simple. The theory possesses a topological zero-mode,

the Jackiw-Rebbi mode, which is insensitive to the number of occupied fermions;

therefore, the nature of this kink soliton should not depend on the filling.

We also know that the bound state energies are given by the explicit formula

ω0 =

√
u− z1−

1
z1
. (4.77)

Using the formulae u = g2∆2
∞ + τ2

∞ = g2∆2
−∞ + τ2

−∞ and t = 1 = g∆∞τ∞ = g∆−∞τ−∞,

we find that z1 = τ2
∞. Substitution into ω0 also gives ω0 = 0, consistent with the

saddle point solution obtained directly from minimizing the action.

4.3.3 Construction of field theory hierarchy

The lattice Gross-Neveu model presented in the previous section can be considered to

be the first such model in a hierarchy of field theories that admit soliton solutions. First

note that we rather naturally divided the action for the lattice GN model into two pieces
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u/t = 3

u/t = 5

u/t = 10

u/t = 20

E(
  )

 =
 

Figure 4.2: In the left panel, a plot of the values of ϑ as a function of the filling n0. Here, g = 1 and
we have chosen N = 100 and varied u. Also plotted in black is the approximation sinh2ϑ ≈ 2N

(N−n0)
,

which is a valid in a regime where u is large compared to coshθ but small compared to N2. We even
see good accuracy of the approximation beyond the regime of validity. In the right panel, a plot of
the bound state energy as a function of the filling n0. The solid lines are the corresponding bound
state energies obtained from the approximation.

given by Eqns. (4.51) and (4.52). The first part of the action was rewritten using the first

trace identity, while no trace identities were required for the second part of the action. To

generalize, we write the first part of the action as a trace identity of our choice; the form of

such an action is

S =−∑
n

∫ T

0
dt F(∆n(t),τn)+∑

n

∫ T

0
dt Ψ

†
n

 i ∂

∂ t ∂n +g∆n(t)

∂ †
n +g∆n(t) i ∂

∂ t

Ψn, (4.78)

where F(∆n,τn) is constructed from the trace identities, and can be written as a linear

combination of traces of powers of the Hamiltonian. If we utilize the first trace identity

and the potential given by Eqn. (4.58) to write F(∆n,τn) = un = g2∆2
n then we get back the

lattice GN model. In general if we use any trace identity, the action will have a saddle point

corresponding to a reflectionless potential because the trace identities have a log(1−|r|2)

dependence on the reflection coefficient r; thus a solution to δSeff/δ r = 0 will always be

r = 0. To exemplify this process, we will construct an action using the second trace identity.
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In this case we choose F(∆n,τn) to be

F(∆n,τn) = u2
n +2t2

n = τ
4
n +g4

∆
4
n +2g2

∆
2
n
(
τ

2
n + τ

2
n+1
)
, (4.79)

where we have used Eqn. (4.58) and (4.57) to write down the form of the onsite potential

and hopping. Substituting Eqn. (4.79) into the action we get a new field theory with a

background field τ and the Hubbard-Stratonovich field ∆. First we assume that the HS

field is time-independent as before. Then, we may integrate out the HS field to construct a

local theory in the fermions. Upon performing the integration, the action becomes

S = ∑
n

∫ T

0
dt Ψ

†
n(t)

i ∂

∂ t ∂n

∂ †
n i ∂

∂ t

Ψn(t)+ log(Z), (4.80)

where Z is obtained by taking the path integral of the remaining part of the action with

respect to the HS field:

Z = ∏
n

∫
∞

−∞

d∆n exp

Ψ
†
n

 0 g∆n

g∆n 0

Ψn−g4
∆

4
n−2g2

∆
2
n
(
τ

2
n + τ

2
n+1
), (4.81)

where we have ignored the constant term coming from τ4
n . The functional Z can be further

simplified to the following form

Z ∝ exp

(
∑
n

ζ
(
τ2

n + τ2
n+1
)

2g2

(
ΨnΨn

)2
)
. (4.82)
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Therefore, the full action is a Gross-Neveu model where the interaction has site-dependence

and can be treated as a background field. The function ζ is given by

ζ
(
τ

2
n + τ

2
n+1
)
=

∫
∞

−∞
dxx2e−x4−(τ2

n+τ2
n+1)x2

∫
∞

−∞
dxe−x4−(τ2

n+τ2
n+1)x2

, (4.83)

which may be expressible in terms of special functions. In principle, one can treat τ as

a scalar field in the path integral formulation; in this case, the full theory is obtained by

integrating over τn. Unfortunately, since the dependence of the effective interaction on the

τn’s does not decouple, the resulting theory will look quite non-local. This is analogous

to what happens in the continuum limit, except there the non-locality of the theory arises

when integrating out the HS parameter.

If one continues to construct more such field theories using higher order trace identities,

the corresponding actions will take the generic form

S =
∫ T

0
dt

∑
n

Ψ
†
n(t)

i ∂

∂ t ∂n

∂ †
n i ∂

∂ t

Ψn(t)+ζk (τn,τn+1, · · · ,τn+k−1)
(
Ψn(t)Ψn(t)

)2

 ,
(4.84)

where k indexes the action constructed using the kth trace identity. It is a rather elegant

feature that nontrivial field theories with soliton solutions may be reverse engineered from

a series of trace identities; however, for each of these models the mass spectrum (or equiv-

alently the bound state/soliton spectrum) will vary depending on which trace identity is

used. Such a calculation is a simple modification of the procedure developed in the previ-

ous subsection.
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4.4 Exact construction of saddle point solutions

In the previous sections, we justified that a saddle point of the action for the lattice

Gross-Neveu model corresponds to reflectionless potentials with a particular spectrum of

bound states. To obtain the original potential corresponding to a particular set of scattering

data, the inverse scattering method is applied, which involves solving the Gelfand-Levitan

equation. Since this formulation can be rather bulky, in this section we introduce an alter-

nate formalism based on a generalization of supersymmetric quantum mechanics to tight

binding models, and use this method to construct the kink soliton and kink-antikink so-

lutions described in the previous section, without resorting to using the Gelfand-Levitan

equation.

4.4.1 Continuous supersymmetry

Here, we briefly review the well-established field of supersymmetric (SUSY) quantum

mechanics [137]. We start with the Schrödinger operator factorized as H =−∂ 2
x +V (x) =

A†A, where A† = −∂x +W (x) and A = ∂x +W (x). By convention, W (x) is known as the

superpotential, and is related to the original potential via the Riccati equation W 2(x)−

W ′(x) = V (x). We then construct a new Hamiltonian H̃ = AA†, which is also a valid

Schrödinger operator with a new potential Ṽ (x) = W 2(x)+W ′(x). The Hamiltonian H̃

has the same spectrum as the Hamiltonian H , apart from the removal of a zero energy

eigenstate, if any, which solves Aψ = 0. Furthermore, if ψ(x) is an eigenstate of H with

energy E, then Aψ(x) is an eigenstate of H̃ with the same energy.

The canonical example of continuous soliton solutions can be obtain by repeated ap-

plication of the SUSY method to a constant potential. In particular, if we consider the
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Schrödinger equation

(
− ∂ 2

∂x2 −N(N +1)sech2x
)

ψ(x) = Eψ(x), (4.85)

we may find that the system at N can be related to the system at N+1 via a supersymmetry

transformation with A =−∂x−N tanhx; the case N = 0 corresponds to a constant potential.

One can show that the number of bound states exactly equals N and that their energies are

given by En = −(n−N)2. The scattering states where E > 0 are reflectionless. This is an

example of an N-soliton solution with the property that the number of solitons coincides

with the number of bound states.

4.4.2 Discrete supersymmetry: formalism

We would like to extend the formalism of continuous supersymmetry to tight binding

models. The simplest structure of a Hamiltonian which is amenable to supersymmetry is a

tridiagonal matrix, equivalent to the one from Eqn. (4.27), with tn the hopping amplitudes

and un the onsite potentials. We factor H = A†A, and select an ansatz for A to be

A† =
∞

∑
n=−∞

τn+1|n〉〈n+1|+∆n|n〉〈n|, (4.86)

which is a discrete version of A† =−∂x +W (x); we will call τ the superhopping and ∆ the

superpotential. Note that the matching notation with the previous section is no coincidence:

indeed, the matrix A† is equal to ∂ †
n +∆n (we will set g = 1 for convenience). The equations

of motion of the Gross-Neveu model decouple into independent equations of motion for the

effective Hamiltonians H = A†A and H̃ = AA†, both of which are tridiagonal and have

nearly identical spectra because they are superpartners. Crucially, knowing H , one may

extract the superhopping and superpotential and use it to compute H̃ .
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We can iterate this process to create a family of nearly isospectral Hamiltonians, which

gives us a hierarchy of saddle point solutions to the Gross-Neveu model. For example, at

the kth iteration, we construct the Hamiltonian Hk = AkA†
k and solve the matching con-

dition AkA†
k = A†

k+1Ak+1 to obtain a new set of superpotentials and superhoppings. The

Hamiltonian at the (k+ 1)st iteration can then be constructed via Hk+1 = Ak+1A†
k+1. In

this hierarchy, any pair of consecutive Hamiltonians can be considered to be a valid saddle

point solution for the Gross-Neveu model. The matching condition can be obtained from

Eqns. (4.57) and (4.58):

τ
(k−1)
n ∆

(k−1)
n−1 = τ

(k)
n ∆

(k)
n , (4.87)

τ
(k−1)
n

2
+∆

(k−1)
n

2
= τ

(k)
n+1

2
+∆

(k)
n

2
. (4.88)

Note that the subscripts denote the location on the lattice while the superscripts indicate

the level of the hierarchy. The Hamiltonians Hk and Hk+1 have the same spectrum and

differ by a possible zero-energy state that appears only in the limit of an infinitely long chain

with open boundary conditions; this zero-energy state is analogous to the one in continuous

supersymmetry. Using this method, one can create a Hamiltonian with arbitrarily placed

energy levels for the bound states: one only needs to introduce the constant shift Hk →

Hk + δk after each iteration. The corresponding bound state energy levels after the kth

iteration will be Em = ∑
m
i=1 δi for m ≤ k. As a result, this iterative method can be used to

obtain saddle point solutions given a sequence of bound state energies; we need only prove

that the corresponding potentials are reflectionless. To see this, first note the eigenstates of

the Hamiltonian after k levels are given by

|ψ〉k ∝ AkAk−1 . . .A1|ψ〉1, (4.89)
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so that due to the local properties of the matrix A, bound states remain bound and scattering

states remain scattering. Next, we consider a scattering process that occurs in the base

Hamiltonian H1; assuming the potential and hopping are asymptotically constants u and

t and the incident scattering particles come from the left, we may write the wavefunction

using z = eik as

ψn(z) =


zn + r(z)z−n, for n→−∞

t(z)zn, for n→ ∞

(4.90)

where t(z) and r(z) are the transmission and reflection coefficients. Upon supersymmetry,

the new scattering eigenstates in H2 are ψn(z) = ∆nψn(z)+ τn+1ψn+1(z), which can be

written as

ψn(z) =


zn + r(z) z∆−+τ−

z(∆−+τ−z)z
−n, for n→−∞

t(z)∆++τ+z
∆−+τ−zzn, for n→ ∞

(4.91)

where the subscripts + and − denote the asymptotic values of the superpotential and su-

perhopping at positive and negative infinity respectively. which allows us to identify the

modified reflection and transmission coefficients r(z) and t(z). In particular, we find that

|r|2= |r|
2

|z|2
(τ−+∆− cosφ)2 +∆2

− sin2
φ

(∆−+ τ− cosφ)2 + τ2
− sin2

φ
= |r|2, (4.92)

and

|t|2= |t|2
(∆++ τ+ cosφ)2 + τ2

+ sin2
φ

(∆−+ τ− cosφ)2 + τ2
− sin2

φ
= |t|2 ∆+

2 + τ+
2 +2∆+τ+ cosφ

∆−
2 + τ−2 +2∆−τ− cosφ

= |t|2, (4.93)

where we have used the supersymmetry relations ∆±
2 + τ±

2 = u and ∆±τ± = t. Thus,

the superpartner Hamiltonian preserves the magnitude of the reflection and transmission

coefficients, and induction proves that this holds for all subsequent Hamiltonians in the
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hierarchy. We also note that the poles of t are the poles of t along with an additional pole

at z∗ = −∆−/τ−. This additional pole corresponds to a normalizable bound state at zero

energy if z∗ lies within the unit disk, or if |∆−/τ−|< 1.

4.4.3 Construction of kink solitons

In continuous supersymmetry, a soliton hierarchy is achieved by starting with a reflec-

tionless constant potential and iterating the supersymmetry procedure. In analogy to the

continuous case, let us assume a tight binding Hamiltonian given by

H =
∞

∑
n=−∞

(−t|n〉〈n+1|+h.c.+u|n〉〈n|) . (4.94)

We iterate the supersymmetric process once. For this, we will need to solve the equations

t = τi∆i−1 and u = τ2
i +∆2

i . We need to first determine the asymptotic behavior for the

superhopping and the superpotential, which implies solving τ2 +∆2 = u and τ∆ = t. This

yields two solutions

∆
2
± =

u
2

(
1±
√

1− 4t2

u2

)
, (4.95)

and τ± = t/∆±. Thus, our kink solution will transition from one of these solutions at −∞

to the other solution at +∞. To solve for the intermediate values, we choose the origin as a

seed with ∆0 = ∆, determine ∆n for n > 0 and n < 0 separately, and self-consistently deter-

mine constraints on ∆ for the existence of a solution. We may solve for the superpotential
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and find that it takes the form of a continued fraction:

∆
2
N = u−

t2

u−
t2

u−
t2

. . .−
t2

∆2

∆
2
−N =

t2

u−
t2

u−
t2

. . .−∆2

(4.96)

where the number of repetitions in continued fraction is N. We use a well-known result for

the finite continuants of a continued fraction. Given a continued fraction of the form

F(η ,γ) = η0 +
γ1

η1 +
γ2

η2 +
γ3

η3 + · · ·

, (4.97)

the finite continuants can be expressed in the form FN(η ,γ) = pN/qN , where pn satisfies

the recurrence

pn = ηn pn−1 + γn pn−2 (4.98)

with p0 = η0 and p−1 = 1, and qn satisfies the same recurrence with q0 = 1 and q−1 = 0.

In the present case, focusing on the equation for WN , we find that ηN = ∆2 and γN =−t2 as

well as ηi = u and γi =−t2 for i<N. We then find the following solution for the recurrence

for p:  pN

pN−1

=

 ∆2 −t2

1 0


 u −t2

1 0


N−1u

1

 , (4.99)
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and similarly for q:

 qN

qN−1

=

 ∆2 −t2

1 0


 u −t2

1 0


N−11

0

 . (4.100)

For ∆−N , we find a similar series of expressions, but it can be shown that they are equiv-

alent to an analytic continuation of the above expressions to negative N. Combining both

branches, we find the following solution for ∆2
N :

∆
2
N =

∆
2N+2
− (∆2

+−∆2)+∆
2N+2
+ (∆2−∆2

−)

∆2N
− (∆2

+−∆2)+∆2N
+ (∆2−∆2

−)
. (4.101)

Notice that limN→∞ ∆2
N =∆2

+ and limN→−∞ ∆2
N =∆2

− as well as ∆2
0 =∆2. Thus, this superpo-

tential behaves like a discretized version of hyperbolic tangent, which is the superpotential

in the continuous limit. However, we do want to enforce that the above equation does not

become negative; an accordingly sufficient constraint on ∆2 is that ∆2
− < ∆2 < ∆2

+. The

superhopping is correspondingly given by τN = t/∆N−1 and also behaves like a discrete

hyperbolic tangent. Examples of these soliton profiles are plotted numerically in Figure

4.3. We may write expression for the new potential ũN = τ2
N+1 +∆2

N and the new hopping

t̃N = τN∆N after one iteration of supersymmetry:

ũN = t2 ∆2N
− (∆2

+−∆2)+∆2N
+ (∆2−∆2

−)

∆
2N+2
− (∆2

+−∆2)+∆
2N2
+ (∆2−∆2

−)
+

∆
2N+2
− (∆2

+−∆2)+∆
2N+2
+ (∆2−∆2

−)

∆2N
− (∆2

+−∆2)+∆2N
+ (∆2−∆2

−)
,

(4.102)

t̃N = t

(
∆2N
− (∆2

+−∆2)+∆2N
+ (∆2−∆2

−)
)2(

∆
2N+2
− (∆2

+−∆2)+∆
2N+2
+ (∆2−∆2

−)
)(

∆
2N−2
− (∆2

+−∆2)+∆
2N−2
+ (∆2−∆2

−)
) ,

(4.103)
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Figure 4.3: A plot of the superpotential and the superhopping obtained from iterating discrete super-
symmetry for four iterations starting with a constant potential. A constant shift is applied between
iterations, and the corresponding solutions share the same spectrum apart from the constant shift
and an additional bound state. These solutions correspond to one such hierarchy of kink solitons.

both of which resemble a discretized version of hyperbolic secant. Furthermore, we may

also formulate a condition for which a bound state will exist, given that τ− = t/∆−. Setting

∆2
−/t < 1 gives

u
2t

(
1−
√

1− 4t2

u2

)
< 1, (4.104)

which always holds since we require u > 2t (this can be seen because the left hand side is

a decreasing function of u/2t and equals 1 when u = 2t); this implies the existence of an

additional bound state at zero energy. This is the discrete analogue of the Jackiw-Rebbi

zero mode associated with the kink soliton solution.

Next, we may iterate this process to determine other reflectionless kink potentials with a

given spectrum of bound states. One subtlety we must observe is that we cannot guarantee

that the supersymmetry process can be iterated indefinitely; if the partial continued fraction

expression for some ∆2
N is negative at a given iteration, then there does not exist a solution
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to Eqns. (4.87) and (4.88). In the general case, we may write

∆
2
−N =

t2
−N+1

u−N+1−
t2
−N+2

u−N+2−
t2
−N+3

. . .−
t2
0

∆2

∆
2
N = uN−

t2
N

uN−1−
t2
N−1

uN−2−
t2
N−2

. . .−∆2

(4.105)

Alternatively, these continued fractions can be written in terms of the ratio of determinants

of tridiagonal matrices:

∆2
N =

det



uN tN . . . 0 0

tN uN−1 tN−1 . . . 0
... tN−1

. . . t−2
...

0
... t−2 u−1 t−1

0 0 . . . t−1 u0−∆2



det



uN−1 tN−1 . . . 0 0

tN−1 uN−2 tN−2 . . . 0
... tN−2

. . . t−2
...

0
... t−2 u−1 t−1

0 0 . . . t−1 u0−∆2



t2
−N+1
∆2
−N

=

det



u−N+1 t−N+2 . . . 0 0

t−N+2 u−N+2 t−N+3 . . . 0
... t−N+3

. . . t−1
...

0
... t−1 u−1 t0

0 0 . . . t0 ∆2



det



u−N+2 t−N+3 . . . 0 0

t−N+3 u−N+3 t−N+4 . . . 0
... t−N+4

. . . t−1
...

0
... t−1 u−1 t0

0 0 . . . t0 ∆2


(4.106)

The matrices in these equations resemble submatrices of the Hamiltonian (by submatrices

we mean matrices formed by deleting some set of columns and corresponding rows in

the Hamiltonian). Because the Hamiltonian is positive semi-definite and the zero-energy

bound state has nonzero support at each site, all submatrices of the Hamiltonian are positive

definite. Next, we note that adding a constant ε to each of the onsite potentials does not

change the reflectionless property of the Hamiltonian and shifts the ground state energy to

ε . Setting uN→ uN +ε , we find that a sufficient condition for both ∆2
N and t2

−N+1/∆2
−N to be
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positive is ε +∆2−u0 > 0 and ε−∆2 > 0. This implies that u0−ε < ∆2 < ε . The resulting

superpartner potential will have an additional bound state at zero energy, which does not

coincide with the previous bound state now at energy ε . With an appropriate application of

a shift at every iteration, we can generate a hierarchy of reflectionless potentials. Note that

the bound on the shift ε that we derived is not tight, and in practice we find a much less

restrictive bound.

4.4.4 Construction of kink-antikink solitons

Thus far we have described how to construct kink solutions, with asymptotically dif-

ferent boundary conditions at ±∞. These topological solitons correspond to a robust zero

energy mode, which is present in one of the scattering problems and absent in the other.

However, we argued that there should also be non-topological solitons – in the high-energy

context, these correspond to fermion-antifermion bound states (and in the general case,

multi-fermion bound states). In the previous section, we constructed the bound state spec-

trum of multi-fermion states as a function of the fermion/anti-fermion filling, but did not

construct a satisfying solution for ∆n and τn. Here, we discuss a method for constructing

such solutions using discrete supersymmetry.

As described in the previous section, we seek a solution for ∆n which converges to the

same value at ±∞. Given an arbitrary onsite potential un and hopping tn, we may evaluate

the superpotential using the continued fraction method illustrated in Eqn. (4.105). Let us

focus on the case where n > 0, for which ∆n converges to ∆+ as n→∞. We may first write

the continued fraction as a ratio pn/qn, where, as discussed in the previous subsection, pn

can be determined via the following relation:

 pN

pN−1

=

∆2 −t2
1

1 0

 N

∏
j=1

u j −t2
j+1

1 0


1

0

 , (4.107)
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and qN satisfies a similar relation but with N → N− 1. This transfer matrix method was

used to obtain the exact solution for the kink soliton where both un and tn were constant,

but works equally well in the general case. For large N, the product is dominated by a

product of the asymptotic form of the transfer matrix, assuming that u∞ = u and t∞ = t.

The eigenvalues of the asymptotic value of the transfer matrix are ∆+ and ∆− < ∆+, so

for generic values of the initial condition ∆0 = ∆, pN→∞ ∼ ∆N
+ while qN→∞ ∼ ∆

N−1
+ – this

results in the asymptotic superpotential being ∆+. A similar analysis shows that ∆−∞ = ∆−

and we recover a kink solution.

However, if ∆ is chosen such that the eigenvector corresponding to eigenvalue ∆+ is

annihilated by the matrix product in Eqn. (4.107) (for N large), then the asymptotic su-

perpotential will be ∆−, and corresponding soliton solution will have the same boundary

conditions at ±∞ – this corresponds to a non-topological soliton. The eigenvector of the

transfer matrix corresponding to eigenvalue ∆+ is λ
T
+ = (∆+,1), so the unique value of ∆

that generates these solutions solves

(
∆2
? −t2

1

)
∞

∏
j=1

u j −t2
j+1

1 0


∆+

1

= 0, (4.108)

or equivalently using the notation eT
1 = (1,0) and eT

2 = (0,1),

∆
2
? = t2

1
eT

2 Qλ+

eT
1 Qλ+

, Q =
∞

∏
j=1

u j −t2
j+1

1 0

 . (4.109)

The corresponding non-topological solitons are unstable to perturbations in the initial con-

dition ∆? and will revert to kink solitons. Now that a value for ∆0 = ∆? is specified, we

must select an appropriate choice of un. Clearly, this choice of un must be reflectionless,

but it also must have at least one bound state (a choice of un with no bound states such as
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Figure 4.4: A plot of the superpotential and the superhopping obtained from the discrete hyperbolic
secant potential given in Eqn. (4.102) for a variety of asymptotic values of t and u. The boundary
condition ∆2

0 = ∆2
? was chosen, which results in non-topological soliton solutions shown. Note that

the chain is cut off after 30 lattice sites due to the exponential numerical instability caused from
small deviation from ∆?.

un = u will yield a trivial answer where ∆n is constant everywhere). We have constructed

an example of such a potential in the previous subsection (see Eqn. (4.102)), which is a

discretized version of hyperbolic secant. The superpartner to this potential with the initial

condition ∆2 = ∆2
? will not have additional bound state at zero energy as such a state is not

normalizable; thus, the superpartner will have an identical spectrum. This describes the

case where supersymmetry is broken, while supersymmetry was unbroken in the case of

the kink soliton.

We verify that the choice of potential un and initial condition ∆? indeed generates non-

topological solitons, as shown in Figure 4.4. As expected, these solitons can be viewed

as a sum of a propagating kink and antikink topological soliton. Similar kinds of non-

topological solitons can be constructed for potentials with more than a single bound state

by an analogous procedure.
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4.5 Chiral Gross-Neveu model and superconductivity

Thus far, we worked exclusively with the Gross-Neveu model, showing the correspon-

dence between semiclassical saddle point solutions of the action and reflectionless poten-

tials of the effective scattering problem. We were able to explicitly retrieve these reflec-

tionless solutions using discrete supersymmetry. We analyzed both topological and non-

topological soliton solutions, the former of which appears as a kink in the magnitude of the

real scalar field ∆, and the latter of which occurs due to the merging of kink and antikink so-

lutions. In superconductors, the order parameter is complex, and kink solitons can become

dynamical. To reproduce this case, we consider a modification of the Gross-Neveu model,

the chiral Gross-Neveu model (equivalently the Nambu-Jona-Lasinio model), which has an

additional chiral term necessary for the order parameter to be complex. In this section, we

perform a similar analysis of this model, and construct nontrivial soliton solutions in lattice

superconductors, relevant for cold atom experimental platforms.

The chiral Gross-Neveu model, as first discussed by Shei [111], is a modification of the

Gross-Neveu model that preserves chiral symmetry ψ → eiθγ5ψ:

L =
N

∑
k=1

iψ(k) /∂ψ
(k)+

g2

2

(
N

∑
k=1

ψ
(k)

ψ
(k)

)2

− g2

2

(
N

∑
k=1

ψ
(k)

γ5ψ
(k)

)2

. (4.110)

As in the rest of the text, we use a representation of the gamma matrices where γ0 =−σx,

γ1 =−iσz, and γ5 = γ0γ1 = σy. As defined on a lattice, the chiral Gross-Neveu model is

Ln =
N

∑
k=1

Ψ
†(k)
n (t)

i ∂

∂ t ∂n

∂ †
n i ∂

∂ t

Ψ
(k)
n (t)+

g2

2

(
Ψ

†(k)
n (t)γ0Ψ

(k)
n (t)

)2
− g2

2

(
Ψ

†(k)
n (t)γ0γ5Ψ

(k)
n (t)

)2
.

(4.111)

We will follow Shei’s analysis and determine the saddle point solutions of this lattice action.

96



In the continuum limit, the chiral GN model has saddle point equations which exactly

corresponds to the BdG equation and self-consistency condition in superconductors and

fermionic superfluids; the Lagrangian above therefore corresponds to analogous systems

defined on a lattice.

4.5.1 Action in terms of scattering data

To map the action onto a scattering problem, we require the introduction of two Hubbard-

Stratonovich fields, which we will call χ and η with the full order parameter ∆ = χ + iη ;

suppressing the sum over flavors, the Lagrangian then becomes

Ln = Ψ
†
n

i ∂

∂ t −gηn(t) ∂n +gχn(t)

∂ †
n +gχn(t) i ∂

∂ t +gηn(t)

Ψn−
χ2

n (t)
2
− η2

n (t)
2

. (4.112)

As before, we assume that the Hubbard-Stratonovich fields are static. Then, the action can

be split into two pieces as in the case of the Gross-Neveu model:

S1(∆) =−
T
2 ∑

n
(χ2

n +η
2
n ), (4.113)

S2(Ψ,∆) = ∑
n

∫ T

0
dt Ψ

†
n

i ∂

∂ t −gηn ∂n +gχn

∂ †
n +gχn i ∂

∂ t +gηn

Ψn. (4.114)

The equations of motion now correspond to the following eigenvalue problem (assuming

simple oscillatory time dependence for the fermionic fields)

 −gηn ∂n +gχn

∂ †
n +gχn gηn

Ψn = ωΨn. (4.115)
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Unlike in the original Gross-Neveu model, this equation cannot be factorized into two

independent Schrödinger equations for each component of the fermionic field due to the

presence of the chiral term. As a result, we must re-derive trace identities for the above

Dirac operator and relate the action to suitably defined scattering data. As discussed in

Appendix ??, we may define the Jost functions for this scattering problem, which are writ-

ten as f± and g± – the subscript ± is present due to the two-sheet structure of the Dirac

equation, which supports both positive and negative energy modes. In the Dirac equation,

the positive and negative sheets are decoupled, and so the action can be written in terms of

two reflection coefficients r+(φ) and r−(φ), each of which corresponds to a scattering pro-

cess involving the positive or negative modes separately. As in the Gross-Neveu model, we

assume that both a+(φ) and a−(φ) have the same structure as in Eqns. (4.35) and (4.36).

Therefore, by the Poisson-Jensen formula, we may write

log |a+(z)|+ log |a−(z)|=
M+

∑
j=1

log
∣∣∣∣ z− z j,+

1− z j,+z

∣∣∣∣+ M−

∑
j=1

log
∣∣∣∣ z− z j,−
1− z j,−z

∣∣∣∣
− 1

4π

∫ 2π

0
ℜ

(
eiφ + z
eiφ − z

)[
log
(

1−|r+(eiφ )|2
)
+ log

(
1−|r−(eiφ )|2

)]
dφ ,

(4.116)

where M± are the number of bound states in the scattering problems defined on the positive

and negative sheets. On a technical note, we show in Appendix A that a+(z) and a−(z) are

separately not meromorphic in the unit disk, but their product is; thus, the Poisson-Jensen

formula must be applied to log(a+(z)a−(z)). As a result, the left hand side of the above

equation admits a Laurent series expansion as derived in Appendix ??. In particular, like

for the Schrodinger equation, we show that

− log
a+(z)
a+(0)

− log
a−(z)
a−(0)

= h+(z)+h−(z)+
∞

∑
k=0

Tr(H2k)

ω2kk
, (4.117)
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where h± are unimportant functions and

ω
2(z) = η

2
∞ +

(
τ∞(z+ z−1)

2
+χ∞

)2

− τ2
∞(z− z−1)2

4
. (4.118)

and the matrix H is the Dirac operator:

H =

 −gηn ∂n +gχn

∂ †
n +gχn gηn

 . (4.119)

Henceforth, we shall set g = 1. As in the case of the Gross-Neveu model, we match the

series expansion obtained via the trace identity with that obtained via the Poisson-Jensen

formula. Matching to lowest order in z gives the first nontrivial trace identity:

− 1
2π

∫ 2π

0

[
log
(

1−|r+(eiφ )|2
)
+ log

(
1−|r−(eiφ )|2

)]
cos(φ)dφ +

M+

∑
j=1

(
z j,+−

1
z j,+

)
+

M−

∑
j=1

(
z j,−−

1
z j,−

)
=C(N,χ∞,η∞,τ∞)+

4
τ∞χ∞

∑
n
(η2

n +χ
2
n + τ

2
n ), (4.120)

where C is a constant that can be eliminated by an appropriate shift of the vacuum energy

and will be ignored henceforth. Here, we have used the fact that Tr(H2) = ∑n(η
2
n + χ2

n +

τ2
n ). Using the assumption that τ∞χ∞ = 1 and assuming that the sum of the squared values

of τi are bounded and fixed, the second term in the action can be written in terms of the

scattering data:

S1 =−
T
2 ∑

n
(χ2

n +η
2
n ) =

T
2π

∫ 2π

0

[
log
(

1−|r+(eiφ )|2
)
+ log

(
1−|r−(eiφ )|2

)]
cos(φ)dφ

+
M+

∑
j=1

(
z j,+−

1
z j,+

)
+

M−

∑
j=1

(
z j,−−

1
z j,−

)
. (4.121)
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Next, we must write the integration over the fermionic variables in terms of the scattering

data. This can be done in a very similar way to what was done in the Gross-Neveu model.

First, Eqn. (4.62) still holds. However, in this case we must distinguish the positive and

negative sheets because the corresponding bound state spectra may not coincide. In the

Gross-Neveu case, this was not necessary because the theory was invariant under charge

conjugation. Therefore, we write

I1(χ,η) = I1(0)∏
k
(eiα+,k/2 + e−iα+,k/2)∏

k′
(eiα−,k′/2 + e−iα−,k′/2) (4.122)

= I1(0)exp

(
i
2 ∑

k
|α+,k|+|α−,k|

)
∏

α+,k>0
(1+ e−iα+,k) ∏

α−,k>0
(1+ e−iα−,k)

(4.123)

= I1(0)exp

(
i
2 ∑

k
|α+,k|+|α−,k|

)
∑
{ni,m j}

e−i∑α+,i>0 niα+,i−i∑α−, j>0 m jα−, j
∏
i, j

qniqm j ,

(4.124)

where the combinatorial coefficients are defined without an additional factor of two, qni =

N!
ni!(N−ni)!

. Then, the full effective action can be written as

Seff = S1 +
N
2 ∑

k
(|α+,k|+|α−,k|)−∑

k
n+,k|α+,k|−∑

k
n−,k|α−,k|+const. (4.125)

Next, we make the assumption that there is only a single discrete bound state for each

branch: that is, n+,0 fermions occupy mode α+,0 and n−,0 fermions occupy mode α−,0

(the rest fill the continuum Fermi sea). Next, we need to relate the second term in the

equation above as a function of the scattering data. Again, note that in the time independent

case, the Floquet indices are T times the corresponding energies. Because the positive and

negative branches are independent from one another, the associated scattering problems are

decoupled, and a similar analysis to that presented in Appendix ?? gives (up to an infinite
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constant that is corrected by a suitable renormalization of the vacuum energy)

∑
k
(|α+,k|+|α−,k|) = 2T

∫ 2π

0

dφ

2π

sinφ√
η2

0 +χ2
0 + τ2

0 − cosφ

(δ+(φ)+δ−(φ)), (4.126)

where η2
0 +χ2

0 +τ2
0 is the value of η2

n +χ2
n +τ2

n at infinity. Using the imaginary part of the

Jensen formula presented in Eqn. (4.70), the action in Eqn. (4.125) can be written in terms

of the reflection coefficient as well as the energy of the bound state

Seff

T
=

1
2π

∫ 2π

0

[
log
(

1−|r+(eiφ )|2
)
+ log

(
1−|r−(eiφ )|2

)]
cos(φ)dφ

+
M+

∑
j=1

(
z j,+−

1
z j,+

)
+

M−

∑
j=1

(
z j,−−

1
z j,−

)
−n+,0|ω+,0|−n−,0|ω−,0|

+N
∫ 2π

0

dφ

2π

sinφ√
η2

0 +χ2
0 + τ2

0 − cosφ

(δ+(φ)+δ−(φ)). (4.127)

The saddle point corresponding to this action implies that the effective scattering prob-

lems for both the positive and negative sheets are reflectionless. Furthermore, the corre-

sponding bound state energy can be constructed by finding a minimum of the action with

respect to z j,±. The corresponding bound state energies are similar to those computed in

the case of the Gross-Neveu model, and like before, we have two types of soliton solutions,

topological and non-topological solitons. However, because the HS parameter is complex,

there is a richer structure of saddle point solutions with nontrivial phase slip.

4.5.2 Soliton solutions

We now proceed to find saddle point solutions corresponding to the action in Eqn.

(4.127). As the saddle point corresponds to reflectionless potentials in both of the scatter-

ing processes in the Dirac equation, we need to utilize the inverse scattering approach to

retrieve the most general form of such a solution, which we will not attempt to pursue here.
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One such class of solutions corresponds to ηn = 0 and χn a reflectionless superpotential;

in this case, the chiral Gross-Neveu model reduces to the Gross-Neveu model and our pre-

vious analysis applies. These solutions are likely to be of most relevance for experimental

verification.

There is another saddle point solution which can be achieved through minimal addi-

tional effort. We square the Dirac operator H defined in Eqn. (4.119) to obtain

H2 =

η2
n +(∂n +χn)(∂

†
n +χn) ∂ n

∂
†
n η2

n +(∂ †
n +χn)(∂n +χn)

 , (4.128)

where ∂ n fn = τn+1(ηn+1−ηn) fn+1. If ηn = η is a constant, then the off-diagonal blocks

vanish and the operator has a supersymmetric structure apart from a shift η2, which does

not affect the energy eigenstates. The eigenstates of the square of the Dirac operator are

those of the original Dirac operator, and if χ is chosen to be a reflectionless superpotential,

then the eigenstates of H2 are reflectionless. This implies that both the positive and negative

scattering problems are reflectionless for the Dirac operator, therefore satisfying the saddle

point condition.

For these solutions, the Hubbard-Stratonovich field has a non-zero albeit constant imag-

inary part. If χ is a non-topological soliton, then it may be expressed as a kink-antikink

pair as was previously deduced (assuming occupation of only a single bound state). If χ is

a topological kink soliton, then the Hubbard-Stratonovich field undergoes a phase slip by a

nontrivial angle θ , given by

tanθ =−η(χ+−χ−)

χ+χ−+η2 =− η
√

u
t +η2

(1
2
+

1
2

√
1− 4t2

u2

)1/2

−

(
1
2
− 1

2

√
1− 4t2

u2

)1/2
 ,

(4.129)

where χ± are given in Eqn. (4.95). In the continuum case, it has been shown that such
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solitons experience dynamics if the phase slip does not equal π , and one would need to

solve for time-dependent saddle point solutions. The velocity of propagation of the soliton

strongly depends on the phase angle: as the propagation velocity increases, the phase angle

decreases towards zero and vanishes at a critical velocity, at which the soliton becomes

unstable in accordance to the Landau criterion [99]. The theory of a dynamical or moving

soliton has not been pursued here, though the authors speculate that the time dependence

simply can be constructed from replacing n with n− vt in expressions for χn, ηn, and τn.

Finally, constructing reflectionless potentials of the Dirac equation is a rich problem,

and there is no elegant method one may use to construct such potentials via discrete su-

persymmetry, unlike in the case of the Schrödinger equation. Classification of such soliton

solutions would be a reasonable next step to pursue [154–156].

4.6 Relation to the Toda hierarchy

In Section 4.2.4 we discussed the KdV equation and the KdV hierarchy, which is a

series of nonlinear differential equations that are integrable and possess soliton solutions.

To construct the hierarchy, one considers each trace identity of the Schrödinger equation

as a Hamiltonian and constructs the corresponding equations of motion in terms of the

scattering data. As has been emphasized, the soliton solutions of the KdV equation are

related to those appearing as saddle point solutions in the Gross-Neveu model.

In the discrete case, the lattice Gross-Neveu model turns out to analogously possess

resemblance to the Toda hierarchy, a series of integrable dynamical systems. To illustrate

the resemblance, we reconstruct the Toda lattice Hamiltonian by utilizing the discrete trace

identities; the method that we discuss had been first developed by Faddeev [151]. How-

ever, there are two differences from the continuous case that we must reconcile. First, for

discrete systems each trace identity given by Kn (via Eqn. (4.44)) cannot be treated as a

103



Hamiltonian system because the dynamics induced by such a system does not preserve the

phase space measure. Instead, Faddeev has shown that one needs to consider the com-

bination Kn−Kn−2 as the Hamiltonian. Second, unlike in the case of the KdV equation,

both the potential and hopping are considered dynamical variables, and are related to the

original canonically conjugate position and momentum variables of the Toda lattice by a

Flaschka transformation. The first Hamiltonian of the hierarchy is

H1 = K2 = ∑
n

u2
n +2t2

n , (4.130)

where un is the potential and tn is the hopping. If we identify them as the Flaschka variables

defined as un = − pn
2 and tn = 1

2e−
(qn+1−qn)

2 then the Hamiltonian corresponds to the Toda

lattice [138]. The equations of motion of such a system therefore preserves the magnitude

of the reflection coefficient, as observed in the KdV equation; soliton solutions correspond

to time-dependent reflectionless potentials. Continuing in a similar manner generates all

Hamiltonians in the Toda hierarchy.

One subtlety that we have ignored is the fact that the equations of motion of the Gross-

Neveu model are those of a massless Dirac particle, which decouples into two Schrödinger

equations. Thus, it is more accurate to draw the analogy between the Gross-Neveu model

and two interrelated Toda lattices. The soliton solutions to an analogous dynamical system

will correspond to propagating kinks or domain walls. To obtain this dynamical system,

we utilize the Lax pair formalism: we construct two operators L (which is antisymmetric)

and H such that Ḣ = [L,H]. It is simple to show that this dynamical system has an infinite

set of conserved quantities Kp = Tr(H p), implying its integrability. We choose the operator

H to be the Dirac Hamiltonian in Eqn. (4.119) with ηn = 0 and χn relabelled to be ∆n.

Therefore, the conserved quantities coincide with the right hand sides of the trace identities.

We also choose the following ansatz for the block diagonal matrix L = diag(h,h′), where
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h and h′ are the matrices with nonzero matrix elements h′n,n+1 = −h′n+1,n = ∆nτn+1 and

hn,n+1 =−hn+1,n = ∆n+1τn+1. With this choice, H and L form a Lax pair, resulting in the

dynamical system

d∆n

dt
= ∆n

(
τ

2
n − τ

2
n+1
) dτn

dt
= τn

(
∆

2
n−1−∆

2
n
)
. (4.131)

If we perform a Flaschka transformation ∆n = e
1
2 (qn+1−qn) and τn = epn , the equations of

motion describe a Hamiltonian system with the Hamiltonian

H1 = K1 = ∑
n

τ
2
n +∆

2
n = ∑

n
e2pn +∑

n
eqn+1−qn , (4.132)

which is similar to the Toda lattice Hamiltonian but with the quadratic kinetic energy re-

placed by the exponential of the momentum operator. For the case of the chiral Gross-

Neveu model (with ηn 6= 0), the authors have no found a satisfying Lax pair L so we cannot

deduce dynamical systems with complex soliton solutions. However, for a Dirac operator

with a mass term,

H =

 −gηn ∂n +gχn

∂ †
n +gχn gζn

 , (4.133)

there exists a Lax pair matrix L with a similar block matrix structure, but with non-trivial

off-diagonal blocks having the same matrix structure of ∂n. We will not write down the

associated dynamical system, as it possesses a different class of soliton solutions that we

have not constructed.

4.7 Conclusions

In this paper, we describe a general formalism to construct soliton solutions correspond-

ing to saddle points of a lattice quantum field theory, which is based on the semiclassical
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method developed by Dashen, Hasslacher, and Neveu [110, 111]. We first focus our at-

tention to a lattice generalization of the Gross-Neveu model with N flavors of fermions.

The equations of motion decouple into two discrete Schrödinger equations, and utilizing

trace identities for the Schrödinger equation, we rewrite the action in terms of scattering

variables – namely, the reflection coefficient and the bound state spectrum. The saddle

point solutions of this action functional correspond to the Hubbard-Stratonovich parameter

being a reflectionless potential. Depending on the boundary conditions at ±∞, we derive

the bound state spectrum for either topological or non-topoogical solitons, the former of

which possesses a robust zero mode. To construct these potentials explicitly, we develop

a discrete generalization of supersymmetry, in which we create a hierarchy of reflection-

less tight-binding Hamiltonians with a bound state spectrum of our choice. We are able to

retrieve both kink solitons and kink-antikink solitons using this formalism. Both such soli-

tons are described by a site-dependent modulation in the onsite potential and the hopping,

the latter of which is absent in the continuum limit.

We then proceed to applying the semiclassical method to the lattice chiral Gross-Neveu

model. In doing so, we derive a set of trace identities for the Dirac operator, and show

that the action can be written in terms of scattering data of the scattering problems of the

positive and negative energy modes. In a similar way, the particle spectrum can be obtained,

and saddle point solutions correspond to reflectionless potentials of the Dirac equation. We

write down one such example, a kink soliton undergoing a non-π phase slip; these solitons

likely have nontrivial dynamics that we have not accounted for. Finally, we relate the

soliton solutions obtained from the saddle points to exact solitons in the Toda lattice. In

the process, we write down dynamical systems whose solutions are propagating domain

walls/kinks, in analogy to the static solutions derived in the field theories.

There are multiple generalizations that are straightforward to consider given our for-

malism. First, we have exclusively considered a single-band model. To construct a two-
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band (and in general, a multi-band) model, we simply set asymptotic conditions where

∆2n+1 = ∆
(±)
1 and ∆2n = ∆

(±)
2 as n→±∞, which is in the spirit of the Su-Schrieffer-Heeger

model [115, 116]. The action can be written in terms of scattering data by an appropri-

ate modification of trace identities for the Schrödinger operator with staggered boundary

conditions. Reflectionless soliton solutions can be computed easily using the discrete su-

persymmetry formalism. Another possible extension would be to apply a magnetic field, so

that the hopping undergoes a phase slip from−∞ to ∞. Second, it may be possible to pursue

a similar analysis with long-range hopping. In this case, there may be multiple scatterers at

a given energy, and the scattering data will consist of a potentially large scattering matrix.

Depending on the structure of the hopping, discrete supersymmetry may still provide a

means for obtaining classes of solutions with scattering properties prescribed by the saddle

point solution. Finally, it is interesting to pursue an analogous analysis in 2+1 dimensions,

where the inverse scattering method can still be formulated, though supersymmetry may

not be a useful tool for extracting soliton solutions.

The original motivation for studying both the Gross-Neveu and the chiral Gross-Neveu

model is that both models (especially the latter) are equivalent to the self-consistent Bo-

goliubov de-Genne Hamiltonians describing superconductors and/or fermionic superfluids

[102]. As a result, it is possible that lattice soliton solutions presented in the text can be

observed in cold atom experiments [96]. A more complete analysis should also include

an analysis of the dynamics of such soliton solutions, where it is known that the velocity

of propagation is related to the phase slip of a kink soliton [99]. Furthermore, the kink

solitons that were presented for the chiral Gross-Neveu model are not the only family of

reflectionless potentials; a complete classification of transparent potentials of the Dirac

equation would be of importance to understanding the full saddle point structure of the

action [154, 155].

Finally, discrete supersymmetry is itself a rich topic with many unexplored questions.
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Though the application of the methodology in this paper was for obtaining soliton solu-

tions, discrete symmetry can be applied to other kinds of 1D and quasi 1D systems to

explore potentially interesting physics. A complete classification of what kinds of sys-

tems are closed under a discrete SUSY transformation has not been performed. Discrete

SUSY may also have significance when applied to non-Hermitian or time-reversal symme-

try breaking Hamiltonians. A potential application of discrete SUSY would be to probe

topological properties of a system. Since a single iteration of supersymmetry removes or

adds a zero mode, the topological (Witten) index of a system can itself be altered – it would

be interesting to pursue an analysis in this direction [157].

Note added. After completion of this manuscript, the authors became aware of [158],

which focuses on constructing exact hierarchies of discrete reflectionless potentials using a

method similar to supersymmetric quantum mechanics (albeit more restrictive than ours).

It would be interesting to understand whether more kinds of exact hierarchies can be con-

structed using our framework.
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[50] A. Bouzouina and S. De Bièvre. Equipartition of the eigenfunctions of quantized
ergodic maps on the torus. Comm. Math. Phys., 178(1):83–105, 1996. URL https:

//doi.org/10.1007/BF02104909.
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