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Every separable Hilbert space has an orthogonal basis. This allows every
element in the Hilbert space to be expressed as an infinite linear combination of the
basis elements. The structure of a basis can be too rigid in some situations. Frames
gives us greater flexibility than bases. A frame in Hilbert space is a spanning set
with the reconstruction property.

A frame must satisfy both an upper frame bound and a lower frame bound.
The requirement of an upper bound is rather modest. Most of the mathematical
difficulty lies in showing the lower bound exists.

We examine the theory of Beurling on Balayage of Fourier transforms and the
role of spectral synthesis in this theory. Beurling showed that if the condition of
Balayage holds, then the lower frame bound for a Fourier frame exists under suitable
hypothesis. We extend this theory to obtain lower bound inequalities for other types
of frames. We prove that lower bounds exist for generalized Fourier frames and two

types of semi-discrete Gabor frames.
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Notations

the set of real numbers

the set of real numbers in the domain of Fourier transform

the set of integers

the Fourier transform of a function

the inverse Fourier transform of a function

equal, by switching two limits, such as an integral and a sum

the interior of a set F

the set of all bounded continuous functions ¢ on R? with supp ngS €A
the set of all continuous functions with compact support

the Schwartz space, rapidly decreasing infinitely differentiable functions
the set of all bounded Radon measures with support on a set E

the set of all bounded Radon measures on R¢

the set of integrable functions on R

the set of square integrable functions that are zero outside set

the set of square integrable functions that are zero outside set A
integration over the set F

short-time Fourier transform of f with respect to ¢



Chapter 1

Introduction and Background

A central concept in linear algebra is that every finite dimensional vector space
has a basis. This allows every element in the vector space to be written as a linear
combination of the vectors in the basis. There is a natural generalization to infinite
dimensional vector spaces. Every separable Hilbert space has an orthogonal basis.
This allows every element in the Hilbert space to be expressed as an infinite linear
combination of the basis elements.

The elements of the basis elements must be linearly independent. That means
the structure of a basis can be too rigid in some situations. Suppose we want to
express every element of a three-dimensional subspace of a five-dimensional space as
a linear combination of the five basis vectors. This can certainly be done even though
the five basis vectors do not form a basis for the three-dimensional subspace. Thus
in this case, insisting on working with a basis would be a too rigid requirement.
Another situation is that in a Hilbert space of functions, if we want each basis
element to be a function that is smooth (infinitely differentiable) and vanish outside
a bounded interval, then it may be difficult or impossible to find a basis with such
criterion.

Frames give us greater flexibility than bases while still allow us to expand each

function in a Hilbert space in terms of the elements of a frame.



Frames were introduced by Duffin and Schaeffer in 1952 to study some deep
problems in nonharmonic Fourier series. For more than 30 years, their ideas did not
seem to generate much interest outside of nonharmonic Fourier series. Motivated
by the study of heat diffusion, Fourier tried to expand an arbitary function in terms
of trigonometric series. Over the next century and half, many mathematicians have
tried to put a rigourous foundation in classical Fourier analysis. Instead of a Fourier
expansion of a function, Dennis Gabor considered in 1946 a method to represent a
one-dimensional signal in two-dimensions, with time and frequency as coordinates.
Eugene Wigner suggested in 1932 to represent a one-dimensional wave function in
two dimensions, with position and momentum as coordinates.

Finally, in 1986, Daubechies, Grossman and Meyer in their groundbreaking
paper observed that frames can be used for painless nonorthogonal expansions for
functions. This was probably the time when many mathematicians and engineers
began to see the potential of frames. Since then, frames have been used in signal
processing, image processing, data compression. Frames have also been studied for
the deep mathematical aspects arising in harmonic analysis, operator theory, group
representation theory, and function spaces (Hardy, Sobolev, and Besov spaces).

The theory of frames is also connected to one of the most famous open problems
in operator algebras, the Kadison-Singer Conjecture in C*-algebras. The conjecture
remains open after more than 50 years. In the theory of frames, the Feichtinger
Conjecture states that every bounded frame can be written as a finite union of
Riesz basic sequences. It is known that the Kadison-Singer Conjecture implies the

Feichtinger Conjecture.



An attractive aspect about the theory of frames is that much remains unknown.
A frame must satisfy both an upper frame bound and a lower frame bound. It is
usually not hard to verify the upper frame bound, but the lower frame bound often
presents a serious mathematical challenge. It is a bit mysterious as to when or why
a lower frame bound exists.

The theory of Balayage on Fourier transforms, as developed by the Swedish
mathematician Beurling, is a promising tool in this direction of research. Balayage
originated in potential theory and was introduced by Christoffel in the late 1870’s.
Poincaré used the Balayage method in 1890 to solve the Dirichlet problem for the
Laplace equation.

Beurling showed that if a condition, which he called Balayage, exists between
a pair of closed sets, then under some hypothesis, this implies that the lower frame
bound for a Fourier frame exists. We want to extend this theory to other type of

frames in order to obtain lower bound inequalities for these frames.



1.1 Riesz basis and complete sequence

Definition 1.1. In a normed space X, two sequences {e,}>>, and {f,}>>, are
topologically isomorphic if there is a bounded and invertible linear operator 7" on

X such that f, = Te, for each n.

Definition 1.2. (Riesz basis) In a separable Hilbert space H, a sequence { f,,}>2,

of elements is a Riesz basis if it is topologically isomorphic to an orthonormal basis.

Definition 1.3. A sequence {z,}7°, of elements in a Hilbert space is w-independent

if > ¢yx, = 0 implies ¢, = 0 for all n.

Theorem 1.1. (Bari, 1951 [You01]) Let H be a separable Hilbert space.
Let {e,}°2, be an orthonormal basis for H.

Let { f,}52, be an w-independent sequence such that > >~ |len — full* < 0.

Then {f,}52, is a Riesz basis for H.

The Fourier series {e*™™ : n € Z} is an othonormal basis for the Hilbert
space L2[—%, %] The above theorem tells us that if we perturb each term in the
series slightly, the resulting series will remain a Riesz basis. The following theorem

quantifies how much we can perturb the terms in the series.

Theorem 1.2. (Kadec’s-%-Theorem) If {\, : n € Z} is a sequence in R such that

A —n| <L <1 forn€Z, then {e*™*'} forms a Riesz basis for L*[—1,1].



Definition 1.4. (Complete sequence) In a Hilbert space H, a sequence {f,}>; of
elements is complete if its linear span is dense in H. That means, for each f € H

and for every € > 0, there is a finite linear combination 224:1 Cn frn such that

M
If = chan <€
n=1

Unlike a Riesz basis, the elements of a complete sequence do not need to be
linearly independent. For example, if we start with a Riesz basis, and add a finite
number of elements to it, then the resulting sequence of elements is a complete
sequence. Suppose the sequence {\,}52, is spread out far apart in R, must the

sequence {e*™nt1%  he complete in L2[— A, A] for sufficiently small A?

Theorem 1.3. (Schwartz [Sch59]) Let A = {\,}5°, be a sequence in R such that
S 5 < 00. Then {e¥nt1 s not complete in L*[—A, A] for any A > 0.

n=1TAn]

i.e. R(A) =0, where R(A) = sup{A : {e2™'} is complete in L*[—A, A].}

There are situations when a basis is too rigid. For example, if B = {ey, ..., e4} is
an orthogonal basis in C¢, then this set of vectors will not be a basis for any proper
subspace of C? but it is a spanning set of vectors, so it is a complete sequence.
However, a complete sequence has its drawback. In an infinite dimensional Hilbert
space H, if {z,,}5° is a complete sequence for H, reconsruction of an element f € H
from the coefficients (f,x,) is generally not possible.

A Riesz basis is too rigid. A complete sequence does not have enough structure.
What we need is something less rigid than a Riesz basis, but with more structure

than a complete sequence.



1.2 Frames

Definition 1.5. (Frames) Let H be a separable Hilbert space. A sequence {x,}22

of elements in H is a frame if there are positive constants A and B such that,

VfeH, AlfIP <) 1{f @)l < BlIfIP
n=1

If a sequence satisfies the right hand inequality, then it is a Bessel sequence.

Definition 1.6. Let f(z) be an entire function such that for all values of z, we
have |f(2)] < Ae?™ U2l for positive constants A and 2. We say that f is an entire

function of exponential type.

Theorem 1.4. (Paley-Wiener) Suppose f is an entire function of exponential type

and [*_|f(x)|* dv < co. Then there exists a function f in L*[—Q,Q] such that
F(2) =[5 FO)mdA.

Definition 1.7. The Paley-Wiener space PWq is the set of functions f(x) €
L2(—00, 00) such that the Fourier transform f()) is zero outside the interval [—, ).

A sequence {t,} of real numbers is a sampling sequence if there are positive

constants A, B such that

o

vfePWo, 4 [ lfdr< Y 1P <B [ If@)Pds

- n=—00 o0

By the Paley-Wiener Theorem, this is equivalent to

Q oo Q Q
A £ 2 £ 27ty 2 ¢ 2 '
/Qlf(v)l <y I/Qf(v)e v SB/QIf(v)I dy

n=—oo

That means {e 2™ : n € Z} is a Fourier frame for L*[—Q, Q].



To understand why Fourier frames are important, we now briefly discuss the
sampling problem. We can formulate the sampling problem as follows: Is it possible
to reconstruct a function f : R — C if we only know a countable set of function
values {f(t,)}? The problem is ambiguous when formulated this way, since there
are infinitely many functions that take the same values {f(¢,)} on the set {t,}, so

we need to restrict our function to a certain class.

One way to do this is to restrict our attention to those functions in the Paley-
Wiener space PW¢q. They are also known as band-limited functions, i.e. these are
precisely the functions in L?(—o0, c0) whose Fourier transforms vanish outside the
interval [—Q, Q]. If we think of a piece of music, then in theory all frequencies can
appear, but humans can only hear frequencies within a certain range. Therefore if
we are trying to store a piece of music, we can discard those frequencies outside the

human hearing range and treat the resulting function as band-limited.

When we discuss the theory of frames in Chapter 2, we will see that for any

function f in a separable complex Hilbert space, if {x,}52, is a frame for H, then

o

o 1, it is possible to resonstruct

by using only the countable set of values {(f,x,)}
the original function from these sampled values. Furthermore, the reconstruction is

robust if a small amount of noise is added to the sampled values. This robustness

to noise is an important advantage over the use of an orthogonal basis.



A frame is a Bessel sequence that also satisfies the lower frame bound.

A frame is a spanning set in a Hilbert space with the reconstruction property.

To verify that a sequence is a frame in a Hilbert space, we have to show that
both the upper and lower frame bounds inequalities are satisfied. The requirement of
the upper bound is rather modest. For example, if we start with a Bessel sequence,
then the removal of a finite number of elements will still leave us with a Bessel
sequence, but the lower frame bound may no longer be satisfied.

It should be emphasized that most of the mathematical difficulty is to establish
the lower frame bound.

We want to study the theory of Beurling on Balayage of Fourier transforms
and the role of spectral synthesis played in this theory. Beurling has shown that if
the condition of Balayage holds, then under some hypothesis the lower frame bound
for a Fourier frame exists. One of our goals is to extend the theory of Beurling in

order to obtain lower bound inequalities for other types of frames.



1.3 Summary of new results

All new results are contained in Chapter 4.

In the remaining of Chapter 1, we review some basic theory from real analysis
and set the notations. We briefly discuss the theory of distributions that is necessary
to justify the assertion that the Fourier transform of a bounded function exists in
the sense of distributions. We introduce the short-time Fourier transform and prove
the corresponding inversion formula.

In Chapter 2, we discuss the theory of frames. This chapter is not only a
guided tour on the theory of frames, but it also contains less elementary results. For
example, we include the proofs of two non-trivial theorems on Gabor expansions,
a proof on a translation-invariant system that is a Bessel sequence, and a detailed
constructive proof on the square root of a positive operator. We also give the proof
of the reconstructive formula for frames (one of the most important result in the
theory of frames) and illustrate how this formula works with a throughly worked
out example.

In Chapter 3, we define the concept of Balayage. We follow Beurling’s proof
that Balayage implies Fourier frames (Theorem 3.6). Theorem 3.4 roughly says that
if Balayage is possible for a pair of sets £ and A, then the set A can be enlarged
slightly and Balayage will remain possible. This thoerem is used to prove Lemma
3.9, which is the key tool for subsequent proofs in the next chapter. The proof of
Theorem 3.4 is an arduous task. (It is not necessary to understand its proof in order

to use Lemma 3.9 or to go through any proofs in Chapter 4).



An extremely important section in Chapter 3 is section 3.4, where we give the
4-line proof that Balayage implies Fourier frames. The 4-line proof is a summary of
the full proof and its purpose is to give us the insight of why the proof works. The
insight gained in this proof serves as an inspiration for the proofs in chapter 4.

In Chapter 4, we prove lower bound inequalities for different types of frames
(under suitable hypothesis). These include generalized Fourier frames, Fourier
frames on a weighted Hilbert space, and Semi-discrete Gabor frames. Two types
of Semi-discrete Gabor frames are considered. We also consider a bilinear frame
operator that is constructed from convolutions. This type of operator is not new.
The novelty here lies in recognizing that it can be used to construct a bilinear frame
operator. Balayage originated in potential theory, so it is fitting that we end this
study with a result related to the Poisson kernel.

The new results are Theorem 4.1, 4.2, 4.3, 4.4, 4.6, and 4.7.

For the sake of convenience, we highlight three of these theorems in the next

page.
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Theorem (Generalized Fourier Frames)
Let E = {t,} be a separated sequence in R%. Let A C R be a set of spectral
synthesis and symmetric about the origin. Assume A is a convex set. Assume
Balayage is possible for (E, A).
Then there exists A > 0, such that for each F' € L*(A),

12 - 1/2 - 1/2 ~ 1/2
a([iror i) S(ZW(MP) +(Z|F<§tn>|2) +<21F<§tn>|2> .

neczd nczd nezd

Theorem (Fourier frames on a weighted Hilbert space)
Let E = {t,} be a separated sequence in R%. Let A be a set of spectral synthesis,
symmetric about the origin. Assume Balayage is possible for (E,A). Let G be any

positive bounded function defined on A. Define

I3(A) = {F - / FOP G(0) dC < 00.)

Then the lower bound inequality holds, i.e. 3 A > 0, such that VF € L%(A),

LIFQP 6
A (fA|F(C |2dC 1/2 T;ﬁ‘ Q) (tn )|

Theorem (Semi-Discrete Gabor frames)
Let g € L?(R?) be real-valued, where ||g||2 = 1.
Let A C R? be a set of spectral synthesis and symmetric about 0.
Let E = {t,} be a separated sequence in R?. Assume Balayage holds for (E,A).

Then 3 A>0, suchthat VF e L*A),

A JIPORdc [ S VF@)E dy

neze

11



1.4 Some theory and notations

In R4, we write x for (z1, 9, ..., 7q).
Definition 1.8. The space of integrable functions on R? is
LURY = (£ R = C: s = [ 1£(e)] do < oc).
R

The integral over R? is [, and sometimes we write [ when there is no ambiguity.
g R

The Fourier transform plays a major role in this subject. The domain of

Fourier transform is R? = R?. The Fourier transform f of f € L'(R?) is
fO=FQ= [ fa)emtdr, ¢eR
The inversion formula for Fourier transform is
J@) = | JQerme dg.
Definition 1.9. Let f, g € L*(R?). The convolution of f and g, denoted by f * g is
(f xg)(= /f:r— dy—/g(x—y)f(y)dy.
Definition 1.10. The space of square integrable functions on R? is
PERY = {f R = C: [ |f(@)f do < oc).
R
When f € L?(R?), the norm of f is given by

1/2
sy = ( [ 150 o)

If there is no ambiguity, we sometimes write || f||2 for || f||2(ra).

12



Definition 1.11. The collection of all square summable sequences is denoted by

P(Z) ={c=(..,c1,09,¢c3,..) : ||c|e@) Z |cn|? < oo}

neL

Definition 1.12. When F is a closed subset of R¢,

L*(E) = {f: f € L*(R?), f = 0 outside set E}.
When f € L*(E), the norm of f is given by

1/2
e = [ 1P az)
E

Definition 1.13. When A is a closed subset of ]@Cﬂ

L*(A) = {F : F € L*(R%), F = 0 outside set A}.
When F € L*(A), the norm of F is given by

1/2
1F o) = ( Jiror dc) |

Definition 1.14. If f : R? — C is any function on R? then the support of f,
denoted by supp f, is the smallest closed set outside of which f is zero.
If ;1 is a measure on R? then the support of p, denoted by supp pu, is the

smallest closed set outside of which y is zero.

Definition 1.15. When F is a closed subset of R?, the set of all bounded Radon
measures on R? with support in the set E is denoted by M,(E). The set of all

bounded Radon measures on R? is denoted by M;(R?).

13



The short-time Fourier transform of a function f with respect to g is given by
Vof(y,w) = | flx)g(x —y) e *™ dx, for y,w € R,
R4

In terms of the Fourier transform with respect to the x variable, we can write the

above equation as

Vof(y,w) = Fo(f(z)g(z —y))(w).

Lemma 1.1. If f € L*(R?) and g € L*(R?), then

/ / Vo) do dy = [1£1l2 - llgle
Rd Rd

(/R Fe(f(2) 9(z —y))(w) Fulf(z) g(z — y))(w) dw) dy

/ f(x) glx —y) m g(x —y) d:z:‘) dy; by Plancherel Theorem

— [ 7@ ([ i ae -y an) a1 € @)
= [ f@) f(z) ( /R g —y) gz —y) dy) dr; by Fubini Theorem

Nk ( )P dy) "
R4 Rd
— £l gl

]

We can recover the original function from its short-time Fourier transform

using the formula
1 2miy-w
f(@) = 73 Vof(y,w) g(x —y) e *dw dy.
”9”2 Rd JR

14



Theorem 1.5. Let g € L2(RY). Let K, = [-n,n]* or the closed ball B(0,n). Let

1 )
ile) = o / / Vo f (g w) gla —y) 2 dy do.
Then
T [ = full = .

Proof. Let h € L?(RY).

1 L N
il = o | [ [ Vet [ BT gta =) 7 e dy o
9ll2 . e
1 _—
= lallz ’// Vol (y,w) Voh(y,w) dy dw
1
< W ||V9f||L2(R2d) HVthL?(RM)
1
= — |lgll2-[[fll2- llgll2 - [|]]2
lgl2

= fall < NI£1l2

In particular, for each n, we have f, € L*(R?).

= pel ||1 ‘(//de_//)‘@f(y,w)mdydw
~ |<//ﬁvgf(y’w)mdydw)

1 ) 1/2
oVl () [ ot dy do

1 1/2
S ST T ( [ [ s a dw)
19ll3 K¢

This is true for all h € L?(R%), so

—
[\ )

N1\

IA

1/2
I = Sl = sup 107 = Ful} < oDl ([ [ sl ay )

hll2=1 lgll3

Since V, f € L*(R?), and |K¢| — 0 as n — oo, hence ||f — fulla =0 as n — oc.

15



The Fourier transform is initially defined for an integrable function. It is
significant that we can extend the Fourier transform to a larger class of objects to
include measures and any bounded functions. If f is a bounded function on R, the
Fourier transform of f exists in the sense of distributions. We now discuss some
basic facts about the theory of distributions. A more comprehensive treatment can

be found in Benedetto [Ben97], Hérmander [Hor90], or Strichartz [Str94].

Definition 1.16. The space of infinitely differentiable complex-valued functions on

R is denoted by C*°(R).

CP(R)={¢: ¢ € C®(R) and supp ¢ is compact.}
C>*(R) is a vector space.
Definition 1.17. (Distribution) A linear mapping,

T:C®[R) — C

¢ — T(9)

is a distribution if lim,_. 7'(¢,) = 0 for every sequence {¢,} C C*(R) satisfying

the following properties
e 1 K C R, acompact set, such that V n,supp ¢, C K
oV j > 0,limy, ][] L@ = 0.

The space of all distributions on R is denoted by D’(R).

16



Let f, ¢, € L*(R). By Plancherel Theorem, we have

[ 1@ s = [ §(06(0) .
R R
If we treat the function ¢ above as the test function, we can rewrite this as
f(9) = f(9)
or Ti¢) = Ty(9)
or (Tj.4) = (Ty.4).
Thus we are motivated to define formally the Fourier transform of a distribution

T so that the Plancherel Theorem will hold. We can formally define the Fourier

transform 7' of a distribution T by the equation

or equivalently

In order for this definition to make sense, we have to specify the class of test functions
¢. In particular, we have to know that gg is defined. This leads to the Schwartz space

of test functions and the space of tempered distributions.

Definition 1.18. (Schwartz space) An infinitely differentiable function ¢ : R — C

is an element of the Schwartz space S(R) if

Vn=0,12,.. sup sup(1 + [t|*)"¢Y)(t)] < oco.
0<j<n teR

17



An important property of the Schwartz space is that the Fourier transform is

a bijection from the Schwartz space to itself.
Definition 1.19. (Tempered distribution) A linear functional,

T:SR) — C

¢ — T(9)

is a tempered distribution if lim, ., T(¢,) = 0 for every sequence {¢,} C S(R)
whenever
Vj,m >0, lim [[t"¢Y | L) = 0.

The space of all tempered distributions on R is denoted by S'(R).

Definition 1.20. The Fourier transform 7" of T' € S'(R) is defined by

VoeSR), (T,¢)=(T,¢).

Let us verify that if f € L'(R), then the Fourier transform of f is consistent
with the new definition above, when we view f as a distribution. Let f € L'(R),
and let ¢ € S(R). Then f is a continuous function, and in the sense of distributions

we have

o) = /R ( /R f(w)e2mist dx) 8(C) dC = /R f(x) /R B(O)e2m d¢ du
- / F@)d() dz = (..

We have shown the Fourier transform of f exists in the sense of distributions.

18



Chapter 2

Theory of Frames

The theory of frames were introduced by Duffin and Schaeffer [DS52] in their
seminal paper to deal with problems in nonharmonic Fourier series. Other excellent
sources of references include the monograph of Dauberchies [Dau92|, the funda-
mental paper “Painless nonorthogonal expansions” by Daubechies , Grossmann and
Meyer [IDM86], the book on nonharmonic Fourier series by Robert Young [You01],
the book on time-frequency analysis by Grochenig [Gro00], the book on frames by
Christensen [Chr03], the exposition by Benedetto and Walnut [BW94]. The mono-
graph on frames and group representation by D. Han and David Larson [HLOO]
gives a slightly more advanced treatment. We pay tribute to all these authors here,

otherwise our subsequent citations will be too repetitious.

19



2.1 The adjoint operator

Definition 2.1. Suppose H; and H, are Hilbert spaces. We say that b is a
conjugate-bilinear functional on H; x Hs, if b is a complex-valued functional on
H, x H, that is linear in the first variable and conjugate-linear in the second vari-
able. We say that such a function b is bounded if there exists a real number ¢ such

that |b(x,y)| < ¢ ||z|||ly]| for all  in Hy, for all y in Hs.

Theorem 2.1. [KR97] Let Hy and Hs be Hilbert spaces. Let T : Hy — Hy be a

bounded linear operator. Then the equation
br(z,y) = (Tz,y) =€ Hy,y € Hy

defines a bounded conjugate-linear functional by on Hy X Hy, and ||br|| = ||T|.
Each bounded conjugate-linear functional on Hyx Hy arises in this way, which means

there is a unique bounded linear operator T : Hy — Hy such that br(x,y) = (Tx,y).

Theorem 2.2. If S and T are bounded linear operators acting on a complex Hilbert

space H and (Sx,x) = (T'x,x) for each x € H, then S =T.
Proof. Since (Sx,x) = (T'xz,z) for each « € H, the polarization identity
4(Te,y) = (Tw+y),e+y)—(T(x-y)z-y)
+ Tz +iy),x +iy) —i(T(x —iy),z — iy)

implies that (Sz,y) = (Tx,y) for all z € Hy,y € Hs.
Hence S and T give rise to the same conjugate-bilinear functional on H, and the

uniqueness clause in Theorem 2.1 implies S = T.
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Theorem 2.3. Let Hy, Hy be Hilbert spaces. If T : Hy — Hs is a bounded linear

operator, then there exists a unique bounded linear operator T* : Hy — Hy such that
Ve H, Vye H,, (Tz,y) = (x, T"y).
The operator T™ is called the adjoint operator of T'. It has the following properties:
1. A\T)*=\T*, VXeC
2. (T*) =T
5.\ T T =T
4|7 = 1T

Theorem 2.4. Let H, and Hy be Hilbert spaces. Let T : Hy — Hs be a bounded

linear operator. If T is surjective, then TT* is bijective.

Proof. We write Ker T' for the kernel of 7" and Im 7" for the image of T'.
Im T'= H, is closed, since T is surjective.
H =KerT®&Im T*
Hy=KerT*®ImT
We want to prove that 77T is bijective.
If TT*x = 0 for some z in Hy, then Tz € Ker T' € Im T* = {0}, hence T*z = 0.
Now, 2 € Ker T* = (Im T)" = Hi = {0}, so 2 = 0. This proves TT* is injective.
Let z € Hy. T is surjective, so z = Ty for some y € H;.
There exist y; € Ker T and z; € Hy so that y =y, & T%2.

Then z =Ty =T (y1 & T*21) = TT*z,. This proves TT* is surjective.
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Definition 2.2. A bounded linear operator T on a Hilbert space is a self-adjoint

operator if 7% =T

Definition 2.3. We say that T is a positive operator if for each x in H, (T'z, z) > 0.
We write T' > 0 or 0 < T'if T' is a positve operator. If A and B are positive operators,

we write A>Bif A— B > 0.

Notation: B(H) is the set of all bounded linear operators on Hilbert space H.
We summarize some useful properties of positive operators. Their proofs can be

found in [Sch02].

Lemma 2.1. Let H be a complex Hilbert space.

1. All positive operators on H are self-adjoint.

2. Let X\ be a positive number. Let I be the identity operator on H.

If =\ < T < M, then ||T| < .

3. If {S.} is a sequence of operators in B(H) satisfying

0<85,<S5,1<I forn=0,1,2,..

then there is an operator S in B(H) such that

VrxeH, S,v— Sx.

4. If S>0,T >0 and ST =TS, then ST > 0.
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2.2 The frame operator

We now come to frames, the central character of our story.

Definition 2.4. (Frames) Let H be a separable Hilbert space. A sequence {x,}

of elements in H is a frame if there are positive constants A and B such that,

VfeH AlfIP <Y I(f, @) < BIfI
n=1

The numbers A and B are called frame bounds. They are not unique. The optimal
upper frame bound is the infimum over all upper frame bounds. The optimal lower
frame bound is the supremum over all lower frame bounds. When A = B, we say

that the frame is a tight frame or an A-tight frame.

Definition 2.5. A sequence {x,}22, of elements in H is a Bessel sequence with

Bessel bound B if there exists a positive constant B such that

VieH ) [(f.w)l’ < BlfI

We define two operators that associate to each frame. These two operators
are crucial in the theory of frames.

The synthesis operator T': H — [? is defined by

vVieH, Tf={{f )}

The adjoint of the synthesis operator is the analysis operator.

The analysis operator 7% : [? — H is given by

Ve={c,} €l’, Tre= chxn.
n=1
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Since a frame is a Bessel sequence, the synthesis operator T' is a bounded operator,
vV feH, ZI soa)|? < BJIfI? so [T < B.

By Theorem 2.3, since ||T*|| = ||T'||, the analysis operator is also a bounded
operator and has the same operator norm as the synthesis operator.

Composing these two operators T* and T, we obtain the frame operator

S:H—H, Sf=TTf=) (fz,)z

n=1
The frame operator S = T*7T is a postive and self-adjoint operator.

[e.9]

VfeH (Sff)= Zlf,:cn

It follows from the definition of a frame that
vV feH, AlflI?<(Sf f)<Blfl*

or Al < S < BI.

Remark: The Bessel condition remains the same, regardless of how the terms
in the sum are ordered. The series converges unconditionally, i.e. reordering the
terms of the sum will not change the sum. We can therefore choose an arbitary
indexing of the elements {x,}. We have chosen to index the elements by positive

integers for convenience only.

Recall that if a linear operator L : H — H is bounded and || — L|| < 1, then

L is invertible, and

[e.e]

1
L'=N"(-1)" with L7 <—
2 1—|[[I - L

n=0
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Lemma 2.2. The frame operator S is invertible.

Proof. Since AI < S < BI, we can write

B—A[

0<I—-B'S<

)

and therefore

B—A
II—B7'S| = sup (I -B'S)f,f)| <
Ifl=1 B

This shows that S is invertible.

Since S is a self-adjoint operator, S~! is also a self-adjoint operator.

Theorem 2.5. (Reconstruction formula)

Let {x,}5°, be a frame for H with frame operator S. Then

VieH f=S(a)S e = S (S e
i =t
Proof
VfeH f=8'Sf=5" i(f, )T = i(f, 2n)S i,
i -
and
VfeH, f=85"f= i(S‘lf, )T, = iu’, S ).
=t -

]

Definition 2.6. If {z,}°2, is a frame and S is the frame operator, than {S~ 'z, }>°,

is called the canonical dual frame of {z,}5%,.
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Ezample 1. In C3, we have 4 vectors written in row vectors as
er =[1,0,0], e =[0,1,0], e3 =[0,0,1], e, = [1,1,1].
To determine the frame operator, let f = [a, b, c| be an arbitrary vector in C®.

Then (f,e1) = a, (f,e2) =b, (f,e3) =¢, (f,es) =a+b+c.
4

Sf=Z<f,en>en= [a,b, ]+ (a4+b+c)-[1,1,1] = [2a+b+c,a+2b+c,a+b+2c].
n=1

The frame operator S maps [a,b,c| to [2a +b+c,a+2b+c,a + b+ 2¢|.

2 1 1 a 20+ b+c
Sf=1121|X|b|=]|a+2+c
1 1 2 c a+b+2c

With the frame operator as a 3 X 3 matrix, we can compute its inverse.

3 1 1 3
4 T4 4 1 4
-1
STte=1]_1 3 _1]|x = _1
! 1 1 1 0 1
1 1 3 1
1 14 1 0 1

W=

=

W~
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poo | o] |
Sta= |-y x| o| =] -
ERINLEEE
N E
Stea= |4 3 kx| 1| |-
EERINEEE

Finally, we can use the reconstruction formula to recover the original vector f

from the values of {(f,e,) : n=1,2,3,4}.

fzslsfzsl(Zfen ) Zfen €n.

3 1 1 1
, 1 1 T 1 a
Z(f,en>5 en=a| -1 +b 3| +ef 1 +(a+b+c) Lh=10b
n=1
1 1 3 1
| 1] | 71 1] | 1] | €

The resulting factor is equal to [a, b, ¢] as to be expected, since f = [a, b, c|.

Conclusion: The reconstruction formula works.
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In the last example, the 4 vectors form a frame for C3. An orthonormal basis
with 3 vectors can span the same space.
What have we gained from the redundancy? Suppose Alice wanted to send a message
to Bob. This message was encoded as a vector in C3 as f = [a, b, c]. Alice wanted
to sent the 4 values of {(f,e,)}4_,. During the transmission of the message, one of
values was corrupted.
Instead of {a,b,c,a + b+ c}, Bob received {a + €,b,¢,a + b+ c}. Using the same

calculation and the reconstruction algorithm, Bob calculated

3 _1 _1 1
1 1 1 1
- 1 3 1 1
g=(a+e) ~1 +b A R +(a+b+c) L
1 _1 3 1

| 71 | 1] | 1] | 1]

The message that Bob received is g, which is not the same as f. The difference

between f and g is the vector [3¢, Ste, Zlel.

We calculate the reconstruction error by || f — g||3.
3 1 11
2 2 Sy 2y ie) o e
If =gl = e (D + @+ (37) = 75 ¢

This is strictly less than €.
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Ezample 2. Let {f,} and {g,} be a pair of sequenes on the Hilbert space H. We

say that {f,} has the reconstruction property if for each f in H,

F=Y Al 90 f

If {e,} is a frame for H and €, = S~'e, then by the reconstruction formula,

F=S87) = S5 enden = S S enen = S (f Eden

So a frame has the reconstruction property. What about the converse: If {f,} is
a sequence with the reconstruction property, must {f,} be a frame? This example
illustrates the answer is no.

Let {e,}22, be an orthonormal basis for H. Define {f,}22, and {g,}, by

f2n = €n, f2n—1 =€1, Yon =€n, Yon+t1 = E€pn+1 —€En, G1 = €1.

Let f € H,
Z<f’ 92n>f2n = Z<f’ €n>en =f
n=1 n=1
N N
Y oni) fonis = (frer)er + Y (ensn — en, fler = (ens, fer.
n=1 n=1

Since hn/1N~>oo <€N+17 f> = 07 we have Zzo:l<f7 92n+1>f2n+1 =0.

Hence, for all f € H, f =>"" (f,gn)fn. The reconstruction property holds.

But {f.} is not a frame. It is not even a Bessel sequence. Let f = e;. Then

Z‘ f’fn Z| 61,61 2 = 0.

29



The elegant proof of the next theorem is due to Toda [Tod11].

Theorem 2.6. Let A, B : H — H be bijective, self-adjoint and positive operators.

If A> B, then B~ > A~
Proof. Since B > 0, so for all z,y € H, we have

0 < (y—B7'a,B(y— B 'x))
= (y,By) — (y,x) — (B 'z, By) + (B 'z, x)

= (y,By) —2 Re(z,y) + (z, B~ 'z)

Hence, 2 Re(x,y) — (y, By) < (z, B~'z).

Since A > B, this implies that
2 Re(:my) o <yaAy> <2 R€<[L’,y> o <vay> < <ZE,B_1$>.
Let y = A~z in the leftmost expression of the above equation. We have

2 Re(x, A 'z) — (A7 'w, AA )
= 2Re(r, A ') — (A x, 2)

= 2(x,A7'w) — (x,A'x), A!is self-adjoint.

Therefore

(x,A7'2) < (z,B™'z) where A7 is self-adjoint.

Since x € H is arbitary, we obtain B~! > A%
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The canonical dual frame of a frame is also a frame.

Theorem 2.7. Let {x,}>2, be a frame for H with frame operator S and frame

bounds A and B. Then {S™'z,}°°, is a frame with frame operator S™' and frame

bounds B~' and A1,

Proof. The frame operator S is invertible by Lemma 2.2. Since the operator S is

self-adjoint, S~! is also self-adjoint. For each f € H,
SUEST )P = D USTH )
n=1 n=1
< BISTUIP<BISTG, I/

That means {S 'z,}22, is a Bessel sequence. Hence the frame operator for the

sequence {S™1x,}°° , is a bounded operator. This operator acts on f € H by

S S S = 5SS e

= STIS(STU) =S (%)
We have shown that the frame operator for {S™'z,} is S™!. Since the frame operator

S is invertible, it is bijective. We can apply Theorem 2.6 and obtain:
Bl'lI<st<Al'lL

This means
B7HIfIP < (ST f) < ATHISFIPP

By (x), we obtain

BYIFIP <D (57 an)l> < ATHISI
n=1
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2.3 Fourier frames and density conditions

Definition 2.7. A sequence E = {t,} C R? is separated if
inf{|t,, —t,| :m#n}=456>0.
The constant § is called the separation constant.

Definition 2.8. Let E be a separated sequence. It has a uniform density D if there

exists a number L such that, for all integers n,

]tn—%\ < L.

Duffin and Schaeffer proved the following result in their seminal paper.

Theorem 2.8. Let E = {t, : n € Z} be a separated sequence of uniform density D,

then {e~?™® . n € Z} is a frame for L*([Q2/2,$/2]), where 0 < Q < D.

Definition 2.9. Let n™(r),n (r) denote respectively the largest and the smallest
number of elements of E to be found in any interval of length r. Define

Jr
D*(E) = limsup n (T),

r—00 r

and

D™ (F) = liminf M

T—00 r

We call D(E) and D~ (E) the Beurling upper and lower densities of E, respectively.

If a sequence is separated with separation constant 9, then there are at most
1+ 6] elements in any interval of length one. If a sequence is a finite union of
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separated sequences, then by similar reasoning, the number of elements of in any
interval of length one must be uniformly bounded. The next theorem of Jaffard
[Jafo1] tells us that sometimes the liminf in the definition of the Beurling lower

density can be replaced by a limit.

Theorem 2.9. (Jaffard) If E is a finite union of separated sequences, then the limit

D(E) = tim ")

r—00 r

exists. The limat is the Beurling lower density of E.

Proof. Define the function Q(r) = n~(r)/r, for r > 1. Since F is a finite union
of separated sequences, the number of elements of £ in any interval of length 1 is
uniformly bounded. There exists a constant C' such that n~(r) < Cr. Thus @ is a
bounded function.

Let p be an integer. Let I be an interval of length pr. Write I as a disjoint union
of p intervals Iy, ..., I,, where each length has length r. For each k, the number of
elements of (E N Ij;) is at least n™(r), so that the number of elements of (EN 1) is

at least pn~(r). Thus
Q(pr) = Q(r).

Let o > 1. Since n~(ar) > n~(r), so

Qlar) 2 ~Q(r).
Let
Q= supQ(r).
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Given € in (0, %), choose a > 0 and a positive integer n so that Q(a) > Q — € and

n—|—1> 1 '
n ~ 1—e€

Let « > na. There exists an integer p at least equal to n such that

pa<x<(p+1)a.

Then
Q) = Qpa) > ~-Q(pa)
pa, - pa -
> ;(Q— ) > (p+1)a(Q_€>
> L (Q-9>(1-@Q-¢

Since this is true for all # > na, hence the limit of Q(z) as |x| — oo exists.

]

The following characterization of Fourier frames in R is also due to Jaffard.
Recall that for a closed set A, the Paley-Wiener space PW(A) is the set of all

functions in L?*(R) whose Fourier transforms vanish outside the set A.

Theorem 2.10. (Jaffard) The set {e*™* . n € Z} is a Fourier frame for
PW([—Q,Q]) for some Q > 0, if and only if E = {t, : n € Z} is a finite union of

separated sequences and at least one of the sequences is uniformly dense.

This is the qualitative version. A more quantitative version of the theorem

will be stated shortly. But first, two more definitions.
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Definition 2.10. Let U(E) be the collection of all the subsequences of E with a

uniform density. The the frame density of F is defined by

D/(E)= sup D(©).
OcU(E)

This definition calls for some explanation. Each element of the set U(E) is a
subsequence of E. Among all the subsequences of E that are uniformly dense, we
determine the uniform density for each of them, then take the supremum of these

numbers. This supremum is the frame density.

Definition 2.11. Let F be a sequence of distinct real numbers. The frame radius

of E is the upper bound of all numbers R such that {e""*} is a frame for L?|—R, R].

Theorem 2.11. (Jaffard) Let E be a sequence of distinct real numbers. If there
15 at least one subsequene that is uniformly dense, and if the number of t,, in any
interval of length 1 is uniformly bounded by a constant, then the frame radius is
equal to 7D/ (E). Otherwise, {e"*} is not a Fourier frame for L*([—R, R]) for any

R.

It is worth emphasizing that in the following theorem of Landau, the set A

can be a union of several intervals, or A can be a Cantor set of positive measure.

Theorem 2.12. (Landau) Let A be any closed set in R. Let E = {t,} be a separated
sequence in R . Then a necessary condition for {e~*™® . n € Z} to be a Fourier

frame for PW(A) is that D= (E) > m(A). Here, m is the Lebesque measure.

Jaffard’s theorem is in R and Landau’s theorem remains valid in R%. Before we
state the higher dimensional analogue, we need to extend the definition of Beurling’s
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upper and lower densities to R?. In R, we can measure the density of a separated
sequence in terms of the functions n*(rI) and n~(rl), with I the unit interval. In
R?, there is an additional degree of freedom: the unit interval I is replaced by a set

of Lebesgue measure 1.

Definition 2.12. Let n™(rI),n™ (rI) denote respectively the largest and the small-
est number of elements of E to be found in any translate of I, where [ is a set of

Lebesgue measure 1 . Define

t(rl
D*(E) = limsup nt(rl)

7
rooo T2

and

t(rl
D™ (F) = liminf nt(rl)

7—00 rd

Lemma 2.3. (Landau) Let E = {t,, : n € Z} be a separated sequence in R%. Let Q be
the unit cube with sides parallel to the coordinate axis and with center at the origin.
If I is a set of measure 1 whose boundary has measure 0, then in the definition of

Beurling lower and upper densities, either I or Q) can be used (and the definitions

will remain the same).
We can now state the fundamental result of Landau for Fourier frames in R<.

Theorem 2.13. (Landau) Let A be any closed set in RY. Let E = {t,} be a separated
sequence in RY. Then a necessary condition for {e~?" . n € Z} to be a Fourier

frame for PW (A) is that D= (E) > m(A). Here, m is the Lebesque measure.
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The proof of the following theorem is essentially due to Landau. It does not

depend on the Phragmén-Lindel6ff Theorem.

Theorem 2.14. (Polya-Plancherel) Let E be a separated sequence in R. That means
30 >0, such that inf{|t,, — t,| : m # n} = 3. Then there exists B > 0 such that
Vf e PW(Q); where Q = [—T, 7|, we have

S Ift)2 < B /R\f(x)|2dx.

Here, B depends on 6 and 7, but not on f.

Proof. Let h € L*(R) so that h vanishes outside B(0, $) and |h(¢)] > 1 for all ¢ € €.

~

Given f € PW(Q), construct g € L2(R) such that §(¢) = f(¢)/h(C).
Since f(() =0 when ¢ ¢ 2, so §(¢) =0 when ¢ ¢ Q, so g € PW(Q).
f=4h =f=gxh
— @) = [ o) o —y) dy
R
= / 9(y) Mz —y) dy.
lz—y|<d/2
2
— @F < ([ el -l d)
|z—y|<d/2
< (/ l9(y)? dy) ||rll5 by Cauchy-Schwarz
lz—y|<d/2
— IfwP < B[ e dy
ly—tx]<6/2
Sinco 1, — 14l 2 8 for all  # b, woget S|/l < B [ 1ol dy
k R

But [A(Q)] =1 = [3(O)] < 1FQI = llgll2 < Ifl2 = llgllz < || ]2 Hence,

ST < (1A / @) dr.
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It is natural to consider the set £(E) = {e""*} and try to determine whether it
is a frame based on its Beurling upper and lower densities. The situation is elegantly

summarized by Seip [Sei95] in the following two theorems.

Definition 2.13. We say that a sequence FE is relatively separated if it is a finite

union of separated sequences.

Recall that a sequence {f,} is a Riesz sequence if it is a Riesz basis for the

closure of the space spanned by {f,}.

Theorem 2.15. For the system {e"®} to be a frame in L*(—w, ), it is necessary
that E be relatively separated and D~ (E) > 1, and it is sufficient that E be relatively

separated and D~ (E) > 1.

Theorem 2.16. For the system {e"*} to be a Riesz sequence in L*(—m,m), it is
necessary that E be relatively separated and DT (E) < 1, and it is sufficient that E

be relatively separated and DT (E) < 1.

38



2.4  Frames of translates

Translates of a single function play an important role in the theory of frames,

in time-frequency analysis, and in sampling theory. Consider the periodic function

G(Q) =) la¢—n)P

nezd

The following theorem of Benedetto and Li [BL98] uses the periodic function
G to characterize when a sequence based on the translations of a function generates
a frame. A significant feature of this result is the function G is allowed to have a

zero set of positive Lebesgue measure.

Theorem 2.17. (Benedetto and Li) Let g € L*(R%).
Let V = Span{g(x —n) : n € Z%} be a closed subspace of L*>(R?). Then the sequence
{g(x —n) :n € Z%} is a frame for V with frame bounds A and B if and only if there

are positive constants A and B such that
A<GE)<B ae onl0,1]%\ N, where N={Cec0,1]*: G(¢) =0}.
The sequence {g(x —n) : n € Z%} is an orthonormal sequence if and only if

G()=1 ae.

If we can use a single function and its translations to generate a frame, then it
is natural to consider a finite or countable collection of functions {g,,} and consider
the translation-invariant system {g,,(x — na) : m,n € Z}. If such a system is a
Bessel sequence, the following result of Janssen [Jan98] shows us how to estimate

the upper frame bound.
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Theorem 2.18. Let {g,, : n € Z} be a collection of functions in L*(R). Let a > 0.
Consider the collection of functions {g,,(x —na) : m,n € Z}. Let {gmn} = {Tnalm}

where (T, f)(z) = f(x—a). Suppose {gmn} is a Bessel sequence with bound B. Then

S 1gml(Q)F < aB. ae R

meZ

Proof. Let f € L*(R). Let

G(r) = Z Z (T.f, gmn>‘2'

meZ nel

VeeR, G() < B|LfI*=B|fI”
G is periodic, so G has a Fourier expansion on L?[0, a), with Fourier coefficient

[ -
Cp = —/ G(z) 2™ dx.
a Jo

In particular, the Fourier coefficient ¢y of G is:

¢ = 1/0 SO WL f, g ?

mEZ nEZ
1 a . )
- —mZZ/ I/Rf(t—x)gm(t—na)dtl d
= 22 1] = @ = ) a0

Define G,,,(x) by the following formula,

YmeZ, Gul)=| / F(t — ) g(®) dif* = [(To . gu)

Then

o = 222/0[1(%(9;—71@) dx

meZ nel

1
= _Z/Gm(x) dz periodization
a R

MEZ

1 2

MEZ
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Since f, gm € L*(R),

<Txf7 gm> = <]:Tmfa Jfgm>

= (M_of,gm);  (Mpf)(2) = ™ f(2)

= / f(¢ e 2™ (¢

= F(f(Q) gm(O)(@).

Therefore,

¢ = —Z/|]—“ () du

meZ

= 2% (170 50 ac

meZ

= 2 LI X lan(OF ¢

meZ

But

o = 3 [ St o= [ Gl de

MEZ nEZ

< BfIP = /R\f(C)F d.

Therefore,

/|f OF S |gm(¢ |2d<<B/|f O dc.

meZ

Since the inequality holds for each f € L*(R), this implies

Z 19m ()] < aB. ae. ( €R.

meZ
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2.5 Gabor frames

Fix a function g # 0. Let a,b > 0. A collection of functions of the form
G(g,a,b) = {g(x — ma)e*™™* . m,n € 79}

is called a Gabor system.
If a Gabor system is a frame for L*(R?), then it is a Gabor frame. It is also called

a Weyl-Heisenberg frame. The Gabor expansion of f € L*(RY) is

flz) = Z Z Cmn g(x — ma)e*™ ",

meZ4 nezd

One of the goals of time-frequency analysis is to represent each function f € L?(R?)
as a Gabor expansion. An excellent reference for time-frequency analysis is the book

by Grochenig [Gro00].

The short-time Fourier transform of a function f with respect to g is given by

V,F(y,w) = / F@)g@ =) e 2 da,  for y,w € RY.
]Rd

If fe L?(RY) and g € L*(R?), then

/ / Vof ()2 deo dy = 111 ]l - gl
Rd Rd

The inversion formula for short-time Fourier transform is

1 A
flz) = _2/ / V,F(y,w) g(z —y) ™ “dw dy.
19113 Jra Jra
Definition 2.14. A function g € L>(R?) belongs to the Wiener amalgam space
W (RY) if

lgllw = Zess sup |g(x 4+ n)| < oc.
" z€[0,1]¢
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The Wiener amalgam space was introduced by Wiener to study Tauberian

theorems. The following theorem indicates one reason why the space is important.

Theorem 2.19. (Grichenig, Chapter 6)
Let g € W(R?) and a,b > 0. Let {cn} € 12(Z%?).

Let

_ Z Zcmn g<x_ma)€2m’nbx

meZd neZd

Then

/Rd F@)P dr < 4+ 10 (4D gl (Z z|cm|2)

mEeZ4 nezd

We now want to discuss why Theorem 2.19 is true.

flz) = Z Zcmn g(x — ma)e*™m b g € W(RY)

= Z (Z Conn €27 bx) g(x —ma)

n

= me(x) g(x — ma)

where f,,(z) = Z Cun, €27 ¥ is periodic on Qy s, = [0,1/0]".

n

1
Ufolsgme = [ @ de =55 3 lenl
1/b n

||fm||i2 [0,1/b]¢

- 2% [ 5@ gl — ka)gla = ja) do

JEZ4 keZd
n . n
- 23 [ R@T@- Y g ko= Dgla—ja- 1) do
jezd kezd Qi nezd
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For each z € R?, define the matrix I'(z) = ('(z);x) by

n

w):;g(fc—ja—g) g(x —ka— ).

The operators I'(z) act on finite sequences a = (ag)eze by

a); =Y Tu(@) a

Suppose we know that for each # € R? T'(x) is a bounded linear operator on

lp<Zd)7 1 S b, a‘nd
1 1 d 2 def
IP@lop < (= + 1 (5 + 17 gl 2 T

Then, for each x € R,

0 < SN ful@)fi(x) Til) < T D7 | fulx)P

JEZ4 keZd kezd

= ka(x) Zij(x) fi(z)

kezd A

Intergrate over @, to get:

12 = /Q S5 A@h@)  Taa) da

jEZ4 keZd
< v >0 | fr(@)]? da
keZd Ql/b
1 1 d 9
kezd nezd
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Fix a number w, with 0 < w < 1.
Let ¢ and o be complex-valued Schwartz functions on R?. We define a pair of Gabor

families {¢y,; : m,l € Z?} and {0y, : m,l € Z?} by:
¢m,l($) — (25(1, o m) e27riwm-l’ Um,z(iﬁ') — 0(1‘ o m) e2m’wx-l
The following theorem is due to Grafakos and Lennard[GLO1].

Theorem 2.20. [GL01] Let ¢ and o be complez-valued Schwartz functions on RY.
Let 1 < p < oo. Then there exists a constant C, > 0 such that for all f in the

Schwartz class of R, we have

1D 1D 4 bma) omal e < Cp 1 f o

meZd €74

The constant C, depends only on p,d, and the functions ¢ and o, but not on f.
Proof. Let f € S(RY). Oma(x) = d(x — m) e2min

> (f i) Oma(@)

lezd
— U(I _ m) Z 627riwz-l 9 f(y) m 6—27riwy.l dy
lez
_ U(x — m) 2miwa-l g g _ —2miwy-l
= leizjde [ FC) o —m) et dy
_ O'(J] — m) Tiwz-l = S
= AP et (1) o - m)u
- 1
rer e > fa =g ot = =

In the last line, we applied Poisson summation formula (PSF):

If |g(x)] < W, 1g(Q)] < W for some C, 6 > 0, then
Zg o2zl Zg(x_r)
lezd rezd
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Let Tm<f> = ZleZd<f’ ¢m,l> Om,l-

Vo € RY, > Tu(f) (=)

meZd
1
< e m IZIfw——r oo = —r —m)]
meZd T‘EZd
C L o 1 -
< A3 fw—=n) 3 Q+le—m) " (1+]e——r—m| (%)
TEZd meZd

In the last line, we used the fact that ¢ and o are Schwartz functions, so

ol —m)| < e and |6 — 5 —m)| < mE= =y
We will show that (1+ |z —m[)(1+ |z — 2r| —m) > 1+ |1r|. Assuming this for
now, we use this to estimate the expression (x) by

1 C Copa [z =)
wdz 1+| %d(1+|x—m|)”/2§<7)'<zw>'

reZ? rezé

The mapping f — ZTEZd(‘l‘IITW is bounded on LP(RY) for 1 < p < oo by

Minkowski’s inequality.
We have proved:

ST bmd) Gl e < Cp [ £l

mezZd 1eZ4

It remains to show that (14 |z —m|)(1 + |z — Ir| —m) > 1+ |17,

Ltfal < T4fa—af+ x| =14z —af +|z|

I+ [z)(A+ e —a]) = 1+ |z —al+[z]+ ||z —qf

Y

14|z —al+ |z|

— 1+a] < 1+|z—al+]z] <A+ |z))(1+ |z —al).

Then replace x by © —m and replace a by r/w.
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Before continuing, it is convenient to do some straightforward calculations and

summarize them in the following lemma.

Lemma 2.4.

(f, bmi)mu(x) = ¢) $(C —wl) MmN ¢ o (2)

¢) &(C — wl) Byl —m) 2= d¢

IRC
70

where Bei(x) = Y(x) o 2miz(C—wl)

Proof.
bma(z) = /gb(:z: —m) e2miwrl gT2mEC gy
= [ ola—m) e g
= /¢(x) e~ 2mi(z+m)-((=wl) 1,
= (¢ - i) e
Hence,
(F b)) = [ FIQ) B¢ =) D dC -y (o).
Compute
U l( )-e 2mim-((—wl)
— P(x — m) eZmiend . 2mim(c-wl)
= Pz —m) e 2mTCwl) | 2min | 2mim((-w)
= Yz —m) e~ 2mi(z—m)-((=wl) | 2miz-C
= Belz —m)- ¥ where fe(2) = h(x) e 2wl
This completes the proof. []
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One of the reason of using frames instead of basis is that it gives us greater
flexibility. Consider a pair of Gabor families {¢,,; : m,l € Z} and {0, : m,l € Z}

defined by:
¢m,l($) = (25(37 _ m) e2m’wm-l7 Um,l(l') _ 0(33’ . m) p2miwl

Can we choose the pair of functions ¢ and 1 so that resulting Gabor expansion

f: Z Z<f7 ¢m,l>¢m,l

mezZd lezd

gives pointwise convergence to the function f7
The next theorem, due to Grafakos and Lennard, shows the answer is: Yes.

Its proof uses the calculations we performed in Lemma 2.4.

Theorem 2.21. Let ¢ and 1) be complez-valued Schwartz functions on RY.
Assume gg and zz are supported on Q = [0, 1]¢.
Assume the following structural relationship holds.

VCER!, DT H(¢—wl) B(¢ —wl) = A
lezd
for some fized w, where 0 < w <1 and 0 < A < 0.

Then each Schwartz function f can be represented as the pointwise limit of a Gabor

exrpansion as:

Ve € R f() =5 3 S b))

meZd leZd
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Proof. Let f € S(R?).

Z Z<f7 ¢m,l>¢m,l(‘r>

meZd leZd

— <Z5(17 o m) e27riw:c~l

Gm.i()

- Z Z(J?; (Em,mﬂm,l(ﬂf)
meZa leZd
= 2 220/ F(Q) &(¢ —w-1)- @D dC g (x) by Lemma 2.4
meZa lezZd
Let ﬁgl(l‘) = ¢($) @_QWW'(C—WU
Then B (k) =k + ¢ — wl)
- Z Z/ f —w l) ™. B y(x —m) d¢ by Lemma 2.4
meZa 1cZ4
= /‘f )Y (¢ —w ) e <§:&l$—m>(ﬁ
lezd meZa
PiF Z¢ C w - l 2mx-{ . <Z ﬂ(l e2miz: k) C
lezd kezd

/if )3 A —w 1) - e

Zwk_{_g wl 27r1xde

lezd kezd
_ Z <Z ¢< w - l k+<— w - l) 27rzx-k> e27riac-( dC
Rd lezd \kezd
= [ RO S B —w g

lezd

since supp ¢ C [0,1]¢, supp ¢ € [0,1]

F(C) A iz d¢

Rd

since Z&(C—w )

lezd

l)- 7:0\({’ —w-l)=A Dby hypothesis

The interchange of integration and summation, and the use of Possion sum-

mation formula are justified since f, ), ¢ are all Schwartz functions.
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2.6 Tight frames

We now consider the following question: Given a finite set of vectors in a finite
dimensional vector space, how do we construct a tight frame from the given set of
vectors? Casazza and Leonhard [CLO8] provided several methods to construct a

tight frame from a finite set of vectors. We will discuss one such method.

Definition 2.15. Let [ be the N-dimensional vector space consisting of all vectors

1/2
: N
(a1, a9, as, ...,ay) and the norm of such a vector is (Zj:1 |aj|2> < 00.

Theorem 2.22. Let {f;: 1 <i < M} be a set of vectors in 1Y and at least one of
them is not the zero vector. We can add (N — 1) vectors {h; : 2 < j < N} to the

family so that {fi : 1 <i< M} U{h;:2<j <N} is a tight frame for 1}

Proof. Let {g; : 1 < j < N} be the basis corresponding to the eigenvectors for the
frame operator of {f; : 1 <14 < M} with respective eigenvalues {\; : 1 < j < N}.
Some of these eigenvalues can be zero, but at least one of them must be non-zero.
We may assume these eigenvalues are arranged so that Ay > Ay > ... > Ay > 0.

For 2 <j < N, let
hj:\/)\l_Aj gj'

Let Sy be the frame operator for {f;: 1 <i < M} U{h;:2<j < N}

20



Then for each f € 13,

E

Sif = fozmeth

=1

= Z f?g] g]+Z\/)\1 f?gj \/ g]

J:

= Y N fg]gﬁzkl ) (f.9) 95

j=1

=z

=

= )\1 <f7 g1>gl + Z >\1 <f7 gj).g]

N
= M) (f.95)9;
=1

J]=
= Aif.

Therefore {f;: 1 <i < M}U{h;:2 < j < N} is a tight frame for 1.

]

The resulting tight frame has a tight frame bound equal to A1, which is the
largest eigenvalue of the frame operator for the original set of vectors given. This

method gives us a tight frame but the norm of the vectors may not be all equal.
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2.7 Other topics

Recall that a sequence is a Riesz basis if it is topologically isomorphic to
an orthonormal sequence. That means a Riesz basis is precisely the image of an
orthonormal basis under a bounded invertible operator. The following observation
of D. Han and Larson is a generalization to frames. It is a generalization because a

Riesz basis is always a frame, and an orthonormal basis is always a 1-tight frame.

Theorem 2.23. A frame is precisely the image of a 1-tight frame under a bounded
wnvertible operator. If T is the bounded invertible operator, the upper and lower

Y2, respectively.

frame bounds are ||T||* and || T~

With the observation of the above theorem, we can say more about frames.
The following characterization of a frame in relation to the canonical dual frame,

also due to D. Han and Larson.

Theorem 2.24. Let {x,} be a frame for a Hilbert space H. Then there exists a

unique operator B € B(H) such that

- Z@? Bxy)x, for allx € H. (%)

n

An explicit formula for B is given by B = A*A where A is any invertible operator in
B(H, K) for some Hilbert space K with the property that {Ax,} is a 1-tight frame.

In particular, B is an invertible positive operator.

Proof. Let A € B(H, K) be any invertible from H to K for some Hilbert space K

so that {Az,} is a 1-tight frame. Such an operator exists by Theorem 2.23. Let
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Z(x, A*Axy,)x, = Z(Axn, fn)Tn
= Z<Axvfn>1471fn
= AT Az, fa) fa

= A YAz =1

Therefore, B = A* A satisfies the equation (x).
For uniqueness, suppose that T € B(H) satisfies x = ) (x,Tx,)x,, Vo € H.

Then

xr = Z<$7T$n>xn:Z<x7TA71fn>Ailfn

= AT (AT, f) fo

= ATY(AY) ).

This implies A7 (A*)7!T* = I, hence T = A*A.

]

We next turn to discuss the square root of a positive operator. The frame
operator S is a positive operator, and in fact, if {f,} is a frame, then {S~/2f,}
is a tight frame. The next theorem establishes the existence and uniqueness of the
square root of a positive operator. The proof is long but elementary. It avoids using

the heavy machinery of Banach algebra techniques.
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Theorem 2.25. If A is a positive operator in B(H ), then there is a unique operator
B > 0 such that B*> = A. Furthermore, B commutes with any operator C € B(H)

that commutes with A.

Proof. Without loss of generality, we may assume 0 < A < I. To see this, note that
the operator A; = A/| Al satisfies 0 < A; < I, and if we can find an operator G
such that G2 = A;, then B = ||A||}/? G satisfies B2 = A.

Let R=1—A. Then 0 < R <.

Let S=1—B. Then (I —S)>=1—R,since A=1I—-R,B=1-5.

From (I — S)?=1—-R=1-25+ 5%=1— R, we obtain
1 2
S = §(R+ S9).
To solve for S, define Sy = 0 and define
1 2
Spi1 = §(R+ S2), n=0,1,2 ..

Then 0 < 5,, < I for n > 0.

To see this, we use induction. This is true for n = 0. Assume it is true for n. Then
1 1 9
(Spi1u,u) = §(Ru,u) - §||Snu|] ,
and so S,y1 > 0.
1 o 1
(u,0) = (S, ) = lul] = 511yl = 5 (R ),

and so S,y1 < 1.
Now, we note that S, is a polynomial in R with nonnegative coefficients. To see
this, we use induction again. This is true for n = 0. Assume it is true for n. Then
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the equation S, = 3(R + 52) immediately shows that it is true for n + 1.

We can show that 5,1 — S, is a polynomial in R with nonnegative coefficients.
1 9 1 9 1
Sn+1 - Sn == §(R + Sn) - §<R + Sn—l) - Q(Sn + Sn_l)(Sn - Sn—l)-

(Note: Here, we used the fact that S, commutes with S,_;1.) So if S, — 5,1 is a
polynomial in R with nonnegative coefficients, then S, .; — .5, is also a polynomial
in R with nonnegative coefficients.

Next, we can show that R¥ >0 for £ =0,1,2, ....

If k = 27, then (R*u,u) = ||R7u| >0,

and if k = 2j + 1, then (R*u,u) = (RR/u, R7u) > 0.

Using the fact that R¥ > 0 and the fact that each S, — S,, is a polynomial in R
with nonnegative coefficients, we see that S, 11 > S, for n > 0. (This is because we
can write S,11 — S, = >, cxR*, where each ¢, > 0 and each R* is positive.)

We have shown that the sequence of operators {5, } satisfies:
0<85, <51 <I forn=0,1,2,..

By Lemma 2.1 , this shows that S,, converges to the operator S.

We now want to prove that the operator B commutes with any operator that
commutes with A. Let C' € B(H) be any operator that commutes with A. Then
C commutes with R = I — A. Since each S, is a polynomial in R, C' must also
commute with each S,,.

Then C'S,,u = S,,Cu, YVue H.

Take the limit as n — oo, and we get C'Su = SCu, YV u € H.
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Hence C' commutes with S, and therefore also with B =1 — 5.

For uniqueness, suppose T > 0 is another square root of A. Then
TA=TT? =TT = AT.

Since T' commutes with A, by the above argument, 7" must also commute with B.
Hence, (B+T)(B —T) = B> —T? because TB = BT.

Let w € H, and let v = (B — T))u. Then

(B+T)v,v) = {((B*—T*)u,v)

= ((A— Au,v) =0.
Since B> 0 and T > 0, so
(Bv,v) = (Tv,v) = 0.
Since B > 0, there is an operator D € B(H) such that D? = B. Hence,
| Dv||* = (Dv, Dv) = (D*v,v) = (Bv,v) = 0.

So Dv=0. Therefore, Bv = D*v = D(Dv) = 0.

Similarly, T'v = 0. This implies,

I(B=T)ul* = ((B—T)u,(B—Tu)=((B-T)uu)
— ((B—T)v,u) =0.

= (B-T)u = 0 = Bu=Tu.

This holds for all w € H. Hence B is the unique sqaure root of A.

o6



Chapter 3
The theory of Beurling on Balayage

3.1 Balayage

Let E be a subset of R? and let A be a subset of R?.

Definition 3.1. We say that Balayage is possible for (E, A) if for each v € M,(R?),

there exists u € M,(E) such that i(¢) = 0(¢), V ¢ € A.

In words, this says that for every bounded Radon measure whose support is
on RY, there exists a bounded Radon measure whose support is on a subset £ C R,
such that the Fourier transforms of these two measures agree on a set A C RY.

Let ¢ be a bounded continous function on R%. Then the Fourier transform of

¢ exists in the sense of distribution. We write ¢ for the Fourier transform of ¢.

Definition 3.2. The function space

C(A) «f {¢: ¢ is bounded and continous on R?, supp ¢ C A}

plays a central role in this theory.

Definition 3.3. J(E, A) is the smallest number .J such that

V¢eC(A), sup|p(x)] < J sup|p(x)

zeR4 zeE

We set J(E,A) = oo if no such positive number exists.
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Lemma 3.1. Suppose Balayage is possible for (E,A).

Then 3 K = K(E,A) such that

wt{ [ 1481 sump 5 € B Q) = a(Q) ¥ €A} K [ [dal,

Proof. Let B(A) = {¢ : ¢ = i restricted on A, for some v € M,(R?)}.
So, ¢ € B(A) means that for all ( € A,
$(Q) = [ e du(x); v e My(RY).
Let ||¢|lsa) = inf{||v| : v € My(R?), & restricted on A = ¢}.
Define the linear map L : My(E) — B(A) by Lv = D|,.
L is surjective. Consider L™! : B(A) — My(E).
By the Open Mapping Theorem, L~! is bounded, so
V¢eB(A), Ipe Mg(E), suchthat L7'(¢) = 3.
There can be more than one 3 in My(E) such that L™(¢) = 3. Pick one of them.

L' is bounded, so 3 M > 0 such that ||[L~'(¢)|lamm) < M - ||¢]lsn)

— / d3] < M-|¢|lz forall 5 € My(E), st. 3=¢ on A.
E

Now, given o € M,(R%), 3 ¢ € B(A), such that & = ¢ on A.

By definition of ||¢||a) and inf, [, [da] > [|]lsa)-

The above argument shows [, |da| > [|¢]lsna) > 17 5 [d6],
for all 5 € My(F), s.t. B=¢onA, &=¢onA.

So the conclusion of the theorem follows if we take K = %, :
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Definition 3.4. K(E,A) is the smallest number K such that

wt{ [ 143 supp S B, () =4(O) ¥ ¢ A} < K [ |dal
E R
We set K(E,A) = oo if Balayage is not possible.
We need two conditions on the set A.

Definition 3.5. (NTF condition) A set A satisfies the not-too-thin (NTF) condition
if for each (; € A, and for each € > 0, there exists a probability measure p,. with

support in {¢ : ¢ € A, |¢ — (1] < €} so that ji.(z) = [e*™¢ du. — 0 as |z| — oo.
Definition 3.6. (Spectral synthesis) A set A is a set of spectral synthesis if
V¢ e C(A), Vue M(RY, ,[L:()on/\:>/¢d,u:0.

Lemma 3.2. Assume the set A satisfies the NTF condition.

Then K(E,A) < J(E,A).

Proof. Assume J(E,A) < oo and A satisfies the NTF condition.
Let CO(A) = {¢ € C(A), 1iIIl|I|HOO gb(az) = 0.}

Given o € M(RY), define L : Co(A) — R by:

L(¢) = [ ¢(z) da(x).
Rd
By Riesz-Markov Representation Theorem, L is a linear functional on Cy(R?),
and || L] = ['|da] = [|af.

Let A= {{¢(2)}sen : ¢ € Co(A)}-

Then A C co(E), where ¢o(E) = {{az }zep : limpy) oo az — 0},
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i.e. the set of bounded sequences defined on F whose elements converge to zero.
Let {a;}rer € A. Let ¢1, 2 € Co(A), with ¢1(x) = ¢o(z) = a,, Vz € E.

Since ¢; — ¢ € Co(A), and since J(F, A) < oo, therefore

sup |(¢1 — ¢2)(x)| < J(E,A)-sup|(¢1 — ¢2)(x)] = 0.

zeRd 2€E
= ¢1 = ¢o.
= Given {a, }.cg € A, 3 unique ¢ € Cy(A), such that ¢(x) = a,, Vo € E.
Define a linear function M on A by: {¢(x)}rer — L(9).

Given {¢(7)}.er € A, we have:

(M ({¢(2)}ace )| = |L(9)]
< HLII-Sélkglcb(x)l

< [IL][- J(E,A) - sup [p(x)|

zel

= LI J(EA) - [{6(2) yacrlla

— | M| < J(E,A) - ||L].
=—> M is a bounded linear functional on A. M : A — R.

By Riesz-Markov Representation Theorem, 3 measure (3, supp [ € E, with

M({6(x)}oer ) = [E 6 B,

and [|1M]) = [ 145 = 181 < JE.A) - L] = J(E)- [ jdal.
Claim: & = 3, for all ¢ € A.

Fix (; € A. Pick a measure v, as in the NTF condition. Let ¢ = 7.

/Rd Ve do = L(¢) = M({¢(7)}eer ) = / b, dp

E

60



~

Since € > 0 is arbitary, this implies by a limiting process that &((;) = B(¢1).
By definition, K (E, A) is the smallest number K such that [, [df| < K [, |dal.

Hence K(E,A) < J(E,A).

We will now prove the reverse inequality.

Lemma 3.3. Assume that A is a set of spectral synthesis.

Then J(E,A) < K(E,A).

Proof. Assume K(E,\) < co and A is a set of spectral synthesis.
By hypothesis, if ¢ € C(A) and v € M,(R?), & =0 on A, then [, ¢(z) dv(z) = 0.

Fix y € RY.  Balayage implies 3 p1, € M,(E) such that

(5;)({’) = e 2WC — / g 2minC dpy(z), V¢ € A, and / |dp,| < K(E,N).
E E

Spectral synthesis implies that if ¢ € C(A), then
[ otds, ~duw)=0. e o) = [ o dn,
E

— [o(y)| = I/Ecb dpy| < [|]| - [l < K(E, A) - sup [¢(x)].

zel

By definition J(E, A) is the smallest number .J such that |¢(y)| < Jsup,cg |o(x)|.

Hence J(E,A) < K(E,\).

We are immediately rewarded by the following short and sweet result.

Lemma 3.4. Assume that A is a set of spectral synthesis and K(E,\) < oc.
If € C(A) and ¢ =0 on E, then ¢ = 0.
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Proof. Since A is a set of spectral synthesis, J(F,A) < K(E,A). So

sup [¢(x)| < K(E, A) sup |¢(z)|.

zeRd zeE

Therefore, if =0 on E, then ¢ = 0.

]

Recall that a sequence {t,} in R? is separated if there exists 6 > 0 such that

inf{|t,, —t,| :m#n} >4.

Definition 3.7. For a given closed set @ and for ¢t > 0, let Q(t) be the set of points
with distance < t from (. The Fréchet distance [@Q, R] between two closed sets @

and R is the smallest number ¢ so that () C R(t) and R C Q(t).

Theorem 3.1. Let Ey, E5 be two closed sets.
Assume A is a set of spectral synthesis and satisfies the NTF condition.

Then |K(E1, A)il — K<E27 A>71| < dmm(A) [El, EQ] .

Proof. Assume A C {z : |z| <r.}

Fix ¢ € C(A) with sup,cpa |¢(x)] = 1.

By lemma 3.3, A is a set of spectral synthesis implies J(FE;, A) < K(E1, A).

Then K(Ey,A)™' < J(E,A)7! <sup,ep, |o(x)).

Pick an 2, € Fy, such that |¢(x1)| > K;' —e.  We write K; for K(E;, A).

If [x — x1] < t, then by Bernstein’s Theorem, |grad ¢(z1)| < 7sup,cga [¢(2)|.
So K;'—e—rt<|p(z)

Let t = [Ey, Ey]. 3 x € By with |[v — 2| < t.
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Hence K;'—e¢—r [E,Ey)] < |o(z)].

Since € > 0 is arbitary, Ki' =71 [Ei, By < sup,ep, |9(x)].

— J(E»,A) < (K" —r[E, EQ])fl. Recall: sup,cpa |¢(x)| = 1.
By lemma 3.2, A satifies NTF condition implies J(FEy, A) > K(Es, A).
Then K{' —r [Ey, Ey] < K(Ey, A)~".

— K(FE,,A)™' = K(Ey,N)™' <r [Ey, Ey).

Switch K (Ey,A) and K(Ey, A) to repeat the same argument, and we get
K(Ey, AN)™' — K(E;,AN)7' <r [E, Ey].

Therefore, |K(Ey, A~ — K(Ey, A)7Y < diam(A) [Ey, Es).

O

Corollary 3.1. Suppose K(E,\) < oo. Let A be a set of spectral synthesis and

satisfies the NTF condition. Then given € > 0, there is a separated sequence By C E

such that K(Ey,A) < K(E,\) +e.

Definition 3.8. Let S be a closed set. Let {Q,} be a sequence of closed sets.
We say @,, converges strongly to S, if [Q,, S] — 0.

(), converges weakly to S, if for every compact set K,Q, " K — SN K.

If Q,, converges strongly to S, we write @), — S.

If ,, converges weakly to S, we write @, — S.

Ezample 3. S ={1,2,3} cR. Q, ={1,2,3, %,n}
Then the sequence of sets (),, does not converge strongly to S.

But for every compact set K, Q, N K = {1,2,3, %} for n large enough,

so @, N K — SN K. So this is weak convergence but not strong convergence.
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Lemma 3.5. Let Q),, be a collection of finite sets such that
(1) YQ,, 36> 0 such that inf{la —b| :a #b; a,b € Q,} >,
(2) VQ,, 3L >0 such that Q, C[-L,L].

Suppose Qn — Q.

(1) Then Card(Q,) = Card(Q) for n sufficiently large.

Let a™ be the m'™ element of Q,,. Let a,, be the m™ element of Q.

(2) Then all, — ap,.

Proof. Q, — Q. Fix € > 0.

3 N = N, > 0 such that [Q,,Q] <e, for all n > N.

— QCQule) and @, CQ(e), for all n > N.

= Qm C Q) C Qn(2e¢), for all n > N.

Pick € = %5. Fix b € Q,.

Notice that there is no other point of (), inside the ball B(b,2¢), since any other
x € @, must have |z — b > 4.

There is at most one point a of @Q,,, with a € B(b, 2¢).

This is true for each b € Q,,.

—  Card(Q,,) < Card(Q,), for all m,n > N.

To see why, we note that Q,, C Q,(2¢). |z —y| >0, Vaz,y,€ Q.

— For n large enough, Card(Q,,) are all equal, i.e. AN, Vn > N, Card(Q,) = M.
Index the elements of Q,, by order. {a}} C [-L, L].

By compactness, 3 subsequence {n;} of {n} such that a}* — a;; j=1,2,..., M.

Then @, — S. Note that S = @), since by hypothesis, @), — Q. Il
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Lemma 3.6. Let E = {t,} be a separated sequence in RY. Let {z,} C R%.
Then 3 a subsequence {x,, } of {x,} such that the sets E + x,, converges weakly.

i.e. B, = E+x,,, and the sets E,, ~ S, for some set S (possibly empty).

Proof. Consider the cube ) = [—%, %)d. Let £, = E+ x,.
E,={., ti+x,, to+x,, t3+,, t4+x,, t5+x,, ...}
Since I is a separated sequence, so the number of ¢; inside any translate of [—%, %)d
is uniformly bounded.
So, the number of elements of E, inside [—3, 3)? is uniformly bounded.  (*)
Pick a subsequence of E, call this subsequence E
Pick a subsequence of Ejy, call this subsequence /E\;
Pick a subsequence of Ej3, call this subsequence Evg
For each n, pick a subsequence of E,, call this subsequence EL
Then (*) implies that in each E,, we find the same number of elements in [—3,3)%
Case (1). If this number is not zero, apply the previous Lemma 3.5, so that there is
a finite set A; in [—%, %)d, and there is a subset of F,, which converges strongly to
the set A;.
Case (2). If the number is 0, then A; is the empty set.
Then split R? into a collection of cubes, R* = |, cza ([—3,3)4 +n).

For each n € Z?, apply the above argument to the cube [—%, %)d + n.
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Lemma 3.7. (Compactness Property) Each ball {¢ € C(A) : sup|o(z)| < M} is
compact. That means for every sequence {¢,} in the ball, there exists a subsequence
{Pn, } that converges pointwise and uniformly on every compact set to some function

¢ belonging to the ball.

Proof. Let ¢, € C(A) with ||¢n||ec < M. By Bernstein’s Theorem, ||, [|oc < M, so
{én} is a family of equicontinous functions. For any fixed x,{¢,(z)} is uniformly
bounded. By the Arzela-Ascoli Theorem, there exists a subsequence ¢,, that con-

verges to a function ¢ and this convergence is uniform over any compact set.

Theorem 3.2. If the set A satisfies the NTF condition, then
E, 5 E implies K(E,A) < lim K(E,,A).

Proof. Without loss of generality, we may assume lim K(E,,A) < oo.

Let ¢ € C(A). Let v, € My(E,) such that

n(¢) = 0(0) forall (e A, and [ ] = K(E,4) o]

By definition of lim, there exists a subsequence v, of v, such that

/ dim| — K(EaA) - [lla < oo,

By Banach-Alagolu Theorem, without loss of generality, v, — v in weak*-topology,

0 9(0)=0(¢), ¥ ¢ A and [ ldv] = ln K(Ea, ) - [0l < oc.

66



Since E, = E, so supp v = E, i.e. v € My(E).

Hence, V p € My(RY), 3 ¢ € C(A), such that

Alh=¢ and ol < / dl.
Rd

For this ¢, we find a measure v € M,(E), such that

[l = i K(E, ) ol < tim K(B, ) [l
E Rd

= K(E,A) < lim K(E,,A)
since K(E,A) is the smallest number such that [, |dv| < K [, |dpl.

]

Definition 3.9. For a closed set E, let W(E) be the collection of weak limits of

translates £, = F + x. Thus E; € W(E) means 3 z,, with £, — F; as n — 0.

Theorem 3.3. Let A be a set of spectral synthesis and satsifies the NTF condition.

Then K(E,\) < oo iff for every Ey € W(E),
¢ €C(N) and ¢(x) =0 on Ey imply ¢ is identically 0.

Proof. (1) Assume K(F,A) < oo and Ey € W(E),
i.e. there is a sequence {a,} such that {E + a,} = E.
Theorem 3.2 says:
If the NTF condition holds, then E, = E, implies K(Ey, A) < lim K(E,, A).
So by Theorem 3.2 and by the NTF condition,
K(Ey,A) < lim K(E + a,, A) = K(E,A) < oc.
We used the fact: K(FE,A) = K(E +a,A) for any a € R%.
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Recall that lemma 3.4 says: If A is a set of spectral synthesis and K(E,A) < oo,
then ¢ € C(A) and ¢ = 0 on FE implies ¢ is identically 0.

So by lemma 3.4, and by the NTF condition,

if € C(A) and ¢(x) = 0 on Ey, then ¢ is identically 0.

(2) Assume for every Ey € W(E), if ¢ € C(A) and ¢ = 0 on Ej, then that implies
¢ is identically 0.

If ¢ ¢ W(E), then the sentence:

“for every Ey € W(E), if ¢ € C(A) and ¢(z) = 0 on Ey, then ¢ is identically 0” is
not true. So we can assume ¢ is NOT in W (E).

Suppose K(E,A) = oo.

Since Ey; C Ej implies K(Ey,A) > K(E,, A), without loss of generality we can
assume F is a separated set.

Since the NTF condition holds, co = K(E,A) < J(E,A). « (by Lemma 3.2)

So there exists a sequence {¢,} € C(A) with

1
sup |¢n(x)] =1 and sup|o,(z)| < —
zeR? z€E n

Choose z,, such that |¢,(z)| = 3, and define

U, () = dp(x + 24).

Then |¥,(0)| = 3. Let E, = E — x,,. We have:

1
sup{|¥,(z)| :z € E,} < —.
n

Since E,, is separated, by Lemma 3.6, there exists a subsequence of z,,, such that E,,
converges weakly. Without loss of generality, £, — E,. By Compactness Property

68



of C(A), there is a subsequence of ¥,, — ¥ € C(A).
This implies ¥ = 0 on E,. But |¥(0)| = 1. This gives a contradiction.

]

Theorem 3.4. Let A be a set of spectral synthesis and satsifies the NTF condition.
Let A, = {x : dist(x,\) < e}. Assume K(FE,\) < cc.

Then 3 €y such that K(E, ;) < oo for all € < €.

Proof. By Corollary 3.1, we can assume FE is separated.

Suppose the conclusion of theorem is not true.

Then 3 €, N\, 0 such that K(F,A,) > n.

Note that A? = {( : dist(¢,A) <€}, A, = closure of A?.

—> NTF condition holds for A, .

Lemma 3.2 implies that J(E, A.,) > K(E,A.,) > n.

— I ¢, €C(A,,), s.t. sup,epa |On(z)] =1 and |¢,(z)] <L forz e E.
Since sup,cga [@n(z)| =1 and ¢, is continuous, Iz, s.t. ¢, (z,)| = 3.

Define ¥,,(z) = ¢, (2 + ).  Then |, (0)| = 3.

Without loss of generality, {E — z,} — Ey, and ¥,, — U, where ¥ € C(A).

So, |¥(0)] =%, and ¥ =0 on E;.  Note: ¥ is not identically 0.

By Theorem 3.3, since A is a set of spectral synthesis and satifies the NTF condition,

this implies K (E,A) = co. But by hypotheis, K(E,A) < co. Hence we arrive at a

contradiction if the conclusion of the theorem is not true.
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The importance of Theorem 3.4 is that it will allow us to prove that:

Balayage and Spectral Synthesis implies that for any fixed y € R,

p—2miCY Z an(y) h(t, —y) e 2™ Y¢ € A, where Z || < o0,

n

Here, h € L?(R%), and there exists € > 0 such that supp fc B(0,€).

We take up the proof in the next section. Before doing so, let us consider the
question: What is a sufficient condition so that Balayage is possible for (£, A)? The

following theorem of Beurling answers this question.

Theorem 3.5. (Beurling) Let E be a sepearated sequence in R?. Define

D = D(E) = sup dist (z, E).

zeR4

If rD < 1/4, then Balayage is possible for (E, B(0,r)).

Note that the constant 1/4 is the best possible. In R, if we let £ = Z, then

D = 1/2, but Balayage is not possible for (E,[—1/2,1/2]).
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3.2 Construction of a measure

We continue to assume that E is a separated sequence in R¢, A is a set of
spectral synthesis that is symmetric around the origin, Balayage holds for (E, A).
We will show that Balayage together with Spectral Synthesis implies that for

any fixed y € R%,

e—27ri(-y _ Zan<y) h(tn _ y) 6727&(-1&”’ ‘V/C c A, where Z ‘an| < Q.

Here, h € L2(R%), h(0) = 1, and there exists e > 0 such that supp f C B(0, ¢).

We will construct a measure v € M;(R?) such that
V(e A, ©(¢)=0.
We begin by constructing a function h € L?(R?), as mentioned above.

Lemma 3.8. Let Q(r) be a continous function that is increasing and positive.

Assume Q also satisfies the following properties.

Q
(r) 15 decreasing for r > 0,
r
<0
and / # dr < oo.
o T

Let € > 0. Then there exists an even function g in R such that
g(0) =1, |g(x)| < C e D and supp § C [—e, €.

Proof. By hypothesis,

r2 r2

r) N\, 0 and /OO ) dr < oo,
0
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so y . 20~ 50. We may therefore pick a sequence {B,} with 8, \, 0, and

n

B, > e Q(n)/n? for n sufficiently large, with >~ 3, < e. Define

[e.9]

sin 273,y
ay) =11 onBy

n=1

Let v = [Q(y)]. Note that since

OOQ o0
/ (g) dr:/ _Q(r)l < 00,
o T o T T

and fo) is decreasing, so @ < 1, for all .
Therefore
2
i C7)) I BC) B
Qvy — Qv)y ~ Q) v

Since [#2£] <1 and 3, \, 0, we have

g e .

n=1

Since > B, <€, supp g C [—¢, €.

]

We have constructed an entire function g that is even, so g(¢) = Y, 5 cnC*™

Define

h¢) =) e (Z<3> .

n>0

Then h is an entire function in R? with the following properties
h0)=1, |h(Q)|<Ce D v ¢eR?, and supp h C B(0,e).

Choose (2 so that [ e 2% d¢ < co. Then h € L*(RY).
With the function h € R?, we can prove the following lemma.
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Lemma 3.9. Balayage and Spectral Synthesis implies that for any fized y € R,
e Iy — Zan h(t, —y) e 2™t ¥( € A, where Z || < o0
Here, h € L*(R%), h(0) =1, and there exists € > 0 such that supp fc B(0, ).

Proof. Fix y € R% Let u(x) = §,. By Theorem 3.4, there exists ¢ > 0, such
that Balayage holds for (E, A¢). Since Balayage holds for (£, A.), there exists {«,}

depending on y, such that for ¢ in A, ,
Zan 0, )(Q) WhereZ]an ) < K(EA,) <
Let h € L2(R%), h(0) = 1, supp h € B(0, ). Define measure v € M,(R%) by
v(iz) = h(z—y) ((5 —Zan 5tn>

— BQ) = (T (6 Yl %)Tc h(x) = h(z — 1)
_ /E(C . 7,’) 6727riy4(4*77) (5 _ Z Oén 5tn>/\(77
_ /CE(C B 77) efQﬂiy-(C*n) (5 — Z an 6tn)/(n

Since the support of h is in B(0,¢), /f\L(C —n)=0if |[( —n| > €.
That means when ¢ € A and n € A¢, we have ﬁ(( —n) =0.
Hence, for each ¢ € A, ¥(¢) = 0.

Fix ¢ € A. Let ¢(z) = e 2™ Then ¢ € C(A).

By Spectral synthesis, V¢ € C(A), #(¢) =0 on A implies [ ¢ dv = 0. Hence

,27r7,§y _ Zan t o ) —27iC-tn
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3.3 Balayage implies Fourier frames

We now go through Beurling’s proof that Balayage implies Fourier frames.

Theorem 3.6. (Beurling [Beu89]) Let E = {t,,} be a separated sequence in RY.
Let A be a set of spectral synthesis, symmetric about the origin.
Assume Balayage is possible for (E, ).

Then the lower frame bound inequality holds, i.e. 3 A > 0, such that VF € L*(A),

A / FQOP de < 3 1B ()P

nezd

Proof. Balayage and Spectral Synthesis implies that for any fixed y € R,
V¢ EA, e eV = Z an(y) h(t, —y) e 2™, (by Lemma 3.9)
Let f € L?(R%) N LY(RY).
fQ) = [ fly) e dy CeA
= / fy) (Z an(y) h(tn —y) ez’”"“) dy
= X ([ el s = 100 ) > auly)] < o0

n n

— Z Flty) e 2mictn where f(t,) = /an(y) h(tn —y)f(y) dy

We can swith the integral and the sum above because
| Y ni<k () Aty —y) e f(y)]

<2 lon(y) At =)l 1f ()] and | 32, an(y)| < 00, with f € L'(R).

Define an operator T : L2(RY) — [?({t,}) by

T(f) = / () Blta — ) () dy = F(t)
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e = 301 [ anlw) hita ~ 1)) dyP norm in ()

S ([ 10utl e = ay) ([ et 100 )
(e [t ar) ([1oul 15 F ay)  since fan) i vomnded

< oo / loan@)| 1) dy  since h € L2(R)

_ M/(Dan ) W) dy

use the fact that Z la ()| < K({t,},A)

IA

IA

< @ ||flzzme)

So T is a bounded linear operator and [|T]| < a.
Then (o = Y01 [ ano) bt = )5(0) dof f € L2(RY N LR
> [ leat@) it = 0 151 dy

/ (Z o (y | 1f(y )|> by Fatou’s Lemma
/ C ()| 17(v)] dy

< 0. f e LYRY)

IN

IN

IN

Let f,g € L*(RY) N L'(RY). Note if f € C>®(R?), then f € L2(RY) N L1(RY).

(L9 emy = FW)a(y) dy




Since | Z f((’) MG_QMUW < Z|g ) |f

< c / 9()] dy F(O)

we can apply LDCT, so [ and )" can be switched in the steps above.

1/2 1/2
= [ fle@e = Zf <Z|f ) (ZU?(%)F)
1/2 !
= 2@ < (Z|f(tn)|2> 1 £l

and we have shown that ”le% < a || fllr2ma
1/2
1
(Z\f(tn)\2> = - £l 22 ray
1
Swf = 5 [ 1Py
- a R4

Remark: In the steps above, we have used LDCT to show that:

FQ DT dlta) et = FO Y Glt) e

In|<k

implies that / f(g) Zﬁ(tn) o= 2miC:tn ¢ — / (f(é)zg(tn) ezmg-tn) dc.

In|<k

We have shown that the theorem holds for functions f € L*(R%) N L}(R?). We

now continue the proof with the case when f € L*(RY).

For f,g € L*(RY), since L?(R?) N L'(RY) is dense in L?(R%); indeed O is
dense in L2(R%), so 3 fn, gm € L2(RY) N LY(R?) such that

lf — fm”L2(Rd) — 0 asm — oo, and ||g —gmHL2(Rd) — 0 as m — oo.

So  (f.9)r2mey = lm (fu,Gm)r2(re)

m—00
m—0o0
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Then

@

Zf )| + !Zf Gn(t) = Y fonltn) Gt

n

1/2 12 1/2
< <Z|f<tn>|2) (560 = G (ta)?) (ng 8 ) (1 t) = Ft) )
< Ml 15 =Gl + NGmlle - 1F = Fnlls
< WA ITN Nl = gmllzz@ey + 1f = Full N1 llgmllzzgey = 0 as m — oo,

Note that ||g — gm |2y — 0,

and ||f = fullz < B-|f = fmllr2@e — 0,
where we used Polya-Plancherel Theorem: if {¢,} is separated,

then 3 B > 0 such that (3 |f(£.)2)"* < B [ |f(2)]? da.

We have shown that
<f> g>L2(Rd) = Z f(tn) g(tn)7 v fa g,€ LQ(Rd)

Therefore, Z ft)P > = / |f(y)|? dy, as in previous page.

Hence the theorem holds for all f € L?(R?). This completes the proof.
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3.4 Insight behind the proof

In the last section, we saw that if Balayage is possible for (E, A), where A is a
set of spectral synthesis, symmetric about the origin, and F is a separated sequence,
then the lower bound inequality is obtained for Fourier frames.

Why does the proof work? To gain some insight, we present a summary of the

proof with just 4 lines of equations, in order to extract the essence of the proof.

The 4-line proof of Beurling’s Theorem.

/ F(¢) F e L*(A)

VT
([ )

_ ( Fl) Sl 1, =) dy> @

s Z( [ @ e ac) - ( [Fw- au) hiea =) ay)

1/2 1/2
= N F(t,) - Flt) < <Z|ﬁ(tn)l2> -<Zlf(tn)lg)

We can show that: Y |F(t,)[> < a® (f, |F(C)]? dC)

1/2

([ IF(C) |2 d¢)"?

One key ingredient in the proof is this:
e 2miCY — Zan h(t, —vy) e 2miCtn, CelNye RY.

This equation is the result of Beurling’s theory on Balayage of Fourier transforms
and we saw that the proof is at times long and technical.
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Remark: There are 2 other important reasons why the 4-line proof works.

L3 | e F) X, 0uly) hita —y) dy? < a® [ [F(QP dc.
To prove this inequality, we had to explicitly use the fact that h € L*(R?).
Integration over the space of real numbers, which is a locally compact group,

and not just a semi-group, has the property of translation invariance:
/ Iz — 02 da :/ h(z) dz, Ve G.
G G

2. In order to prove the theorem is true for all f € L2(R9), (i.e. the lower frame
bound exists), it is sufficient to prove it is true for all f € L?(R%) N L*(RY) or
any other dense subspace of L?(R?). To justify this point, we had to use the
Polya-Plencherel Theorem towards the end of the proof in the last section and
the fact that the set £ = {t,,} is a separated sequence. Another example of a
dense subspace of L*(R?) is Cg°(R?), the set of all continous functions on R?

that vanish at infinity.

We extract Remark 2 above as a principle, since it is so important.
Principle of Density in proving lower bound exists
In order to prove a lower frame bound exists for all f € L?(R%), it is sufficient

to prove it exists for all f in a dense subspace of L*(R%), such as L*(R%) N L'(RY).
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3.5 Spectral synthesis

We have seen that sets of spectral synthesis are important in our theory. In
this section, we discuss the spectral synthesis problem in harmonic analysis [Ben75].

Let G be a locally compact abelian group and let G be its dual group.

Definition 3.10. (Wiener, Beurling) A closed set A C G is a set of spectral synthesis

(S-set) if for each p in M(G), for each bounded continuous function f on G,

~

supp(f)QAandﬂzOonA:>/fdu:().
G

Here are some examples and counter-examples.

1. The surface of the unit ball in R? is not an S-set (L. Schwartz).
2. Polyhedra are S-sets.

3. The %—Cantor set is an S-set with non-S-subsets.

We now follow the excellent explanation by Jean-Pierre Kahane.

In harmonic analysis, synthesis refers to the reconstruction of a function or some
other quantity from its harmonics. For example, a periodic function can be recon-
structed from its Fourier series. More generally, such reconstruction is possible for
functions that are almost periodic in the sense of Harold Bohr, functions that are
quasi-periodic in the sense of Paley and Wiener, and those that are mean-periodic
in the sense of Laurent Schwartz. In all these cases, we associate with an element f
of a specified function space the closed subspace 7(f) generated by the harmonics
of f, and the harmonics of f are the generators of the simplest subspaces contained
in 7(f).
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The synthesis problem, in terms of these subspaces, is to determine whether
the harmonics contained in 7(f) generate 7(f). This is a very general question,
but suppose that we restrict our attention to spaces of bounded functions. For
example, consider the space L>°(R) with the weak topology it has as the dual of
L'(R). The same question can be asked about L*°(G) with the weak topology when
G is a locally compact Abelian group such as R? or Z?. When G is a compact
Abelian group, synthesis always holds, but Laurent Schwartz showed that it fails
when G = R?, for d > 3. The answer remained unknown in other cases, until Paul
Malliavin proved that synthesis fails for L>°(G) whenever G is a locally compact
Abelian group which is not compact.

The problem has many equivalent forms. By duality, it can be viewed as a
question about the structure of the closed ideals in the convolution algbera L'(G),
and the question is whether such an ideal is the intersection of the maximal ideals
containing it. Alternatively, if G is the dual group of G and A(@) is Wiener’s
algebra, whose elements are the Fourier transforms of elements of L'(G), then the
synthesis problem is the same as that of determining whether every closed ideal of
A(G) is the ideal of functions in A(G) that vanish on some closed subset of G.

If instead of A(@), we look at the space of continuous functions on G that, if
G is not compact, vanish at infinity, the analogous question has a positive answer.
In fact, in that setting, the problem reduces to showing that if f € C (CAJ) vanishes
on a closed set E and p is a Radon measure on G that is supported on FE, then
(n, f) = | f du = 0. For A(@), the problem can be expressed in an analogous way,

except the space of Radon measure is replaced by the space of pseudo-measures.
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That means, we want to know whether if f & A(@) vanished on a closed set £ C G
and if T" is a pseudo-measure that is supported on F, then it is necessarily true that
(T, f) = 0.

When G is a Euclidean space, the space of pseudo-measures can be identified
with the space of tempered distributions with bounded Fourier transform. In his
1948 couterexample for R3, Schwartz took E to be the surface of the closed unit
ball and T to be the derivative in the radial direction of the surface measure o of
the unit ball. Since as |u| — oo, (u) is in the order of ﬁ, we deduce that T'(u) is
in the order of 1 and hence T is a pseudo-measure. Thus the problem is reduced to
the task of finding a test function that vanishes on the surface of the unit ball and
has nonvanishing derivative in the direction in which ¢ was differentiated to get T

When FE is the line R or the circle T, Malliavin’s idea was to start with f
instead of £ and to choose f so that the formal composition §'(f) of the derivative
of Dirac delta function 6 with f can be interpreted as a pseudo-measure whose
support is the zero set of f. The successful implementaton of this idea is seriously
challenging. Malliavin’s idea applied equally well to R and to G when G is not

discrete.
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Chapter 4
Main Results

4.1 Generalized Fourier Frames

4.1.1 Existence of a lower frame bound

Theorem 4.1. Let E = {t,} be a separated sequence in RY.

Let A C RY be a set of spectral synthesis and symmetric about 0.
Assume A is a convex set.

Assume Balayage is possible for (E, ).

Then 3 A >0, suchthat YF € L*(A),

1/2 R 1/2 R 1/2 R
A (/A|F(C)|2 dc) < (Z |F<tn>|2> +(Z |F<%tn>|2> +<Z |F(%tn

nezd nezd nezd

Proof. We choose bounded continuous functions ¢q, ¢a, ¢3 € C(A) such that:

/¢1 dvy =0, /qbg dvy = 0, /ng dvs = 0. (Spectral Synthesis)

Fix y € R?. Consider these measures:

p1 = 0y, plo = 02y, i3 = 03y
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Since Balayage holds for (F, A), we have:

5?; €) = (Z an(y) 0:,) (€), ¢ €A.

n

0oy (C) = (D anl(2y) 61,7 (O),

n

03y (O) = O am(3y) 61,7 (0.

n

We do not assume «,,(y) is related to a,(2y) or a,(3y).

> lon(y)| < Ki(B, A,) Z lan(29)] < K(E, Aey) Y lan(3y)| < K3(E, Ay,).

Pick € = min(ey, €5,€3).  We proceed now as in the proof of Lemma 3.9.
Let h € L2(RY), h(0) =1, supp h C B(0,¢).

Forj=1,2,3: define vj(x)=h(x —7y) (6jy — D, an(jy) &) (x).

n(z) = hlx— y) (5 —Zan 5tn)
w(z) = hz—2y) <5zy > an(2y) 5tn> (z)
vs(x) = h(x—37y) (53y ) aa(3y) 5tn> (z).

Spectral synthesis implies that, for j = 1,2, 3, we have:

/@-(x) h(z — jy) do;, = / (ZO‘" Jy) h(t, —jy)> ¢;(z) doy,

= /cbj(l’) h(z — jy) dbjy = Zan (J) —Jy) ¢;(tn)

= ¢;(jy) Zan (Jy) 7y) 5(tn)
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o1(y) = D an(y) h(ta — y) 1(tn)
$2(2y) = Y an(2y) hltn — 2y) 6a(tn)
63(3y) = D an(3y) h(tn — 3y) da(tn).

Fix ¢ € A. Define the three functions

halw) = e
¢2(l‘) _ e—27ri(§/2)~x
gbg(aj‘) — e—27ri(§/3)~$'

In the above, note that supp gzgj € A.

Let F e L2(A).

’1j
—~
I
N—

/ F(y) eV dy + / Fy) e /2% gy + _/
Rd 3 R4 3 Rd

Wl Wl
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Note: We assume that A is convex. So ¢ € A implies (/2 € A, and (/3 € A.

ﬁ(y) 6—27ri(C/3)~3ydy



This implies that:

JRAGKAGK

% PO /R d@ (Za () h(tn —y) 62’”"“) dy d¢

ﬁ (Z an(2y) h(t, — 2y) e2’"'<</2>'tn) dy d¢

ﬁ (Z o (3y) h(t, — 3y) 62”<</3>'fn) dy d¢

— %/Rd ;an(y) h(t, —y) (/A F(¢) e?mcte d<> Fly) dy
o5/, OICIRICEEY (/ F(Q) e/t dg) P dy

+ %/Rd > an(3y) h(t, — 3y) (/A F(C) em2me/3n dC) F(y) dy

!
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Similarily for the other 2 integrals, and so we obtain:

— AF(OWdc

' ~ 1/2 R 1/2
= 3 <Z|F(tn)\2> <Zy/an(y) Wt —y) F(y) dy|2>

1/2 1/2
. > <Z|/an 2y) h(t, — 2y) F(y) dy|2>

1/2 1/2
Z\ﬁ%tnn?) (D [ (3 bt~ 30) Fi) dyP)

+
W
]
)

O |

o~
2
T

+
W
VR

3

Now, Z]/an 3y) h(t, — 3y) F(y) dyf?
> ( [1ant@l it =392 dy [ lnGlIFw)PR dy)

n

> 0 g I / (Z\an@yn) ) dy.

n

IN

since |ay, (3y)| is bounded, h € L*(RY), Z |, (By)| < K3(A, e3).

Use the fact that: [, [F(y)]> dy = [, |[F(¢)[? dC.

1/2 1/2 1/2
— (Z\ﬁ(tm?) +<Z\ﬁ(%tn>l2) +<Z!ﬁ(%tn)lz>
1/2
> a([1ropa)

Note that A depends on K (A, €1), Ko(A, €2), K3(A, €3), and ||h][3.

87



4.1.2 Construction of the frame operator

Recall that if a sequence of elements {e,} is a frame for a Hilbert space H,

then the frame operator S : H — H is given by

VfEH S(f)=) (f een.

n

Our goal now is to explicity write down the S operator for the generalized

Fourier frames. We start with some elementary calculations.

2ab < a® +b%, 2bc < b*+ 2, 2ac < a’+ A
(a+b+c)* = a®>+b*+c*+ 2ab+ 2be + 2ac
< A+ +E+ (@) + (0P +P) + (@ + P)
= 3(a®* +b* + ).

So, if Ay ([ |F(Q)2 d0)'"? < a? + 1 + 2,
then A} [\ |[F()? d¢ < (@' + b2 + %)% < 3(a+b+c).

Set A=142 a=3Y |F(t,), b=, F(t.)], c =3, [F(it,)], and we
obtain:

~ ~ 1 ~1
ANF N Gay < DR+ PGt + > [ (5tn)I*
We can construct the S operator (with details over the next 2 pages)
VieH Sf= Z<f>elj>€1j + Z<f7€2j>e2j + Z<f, €3)€s;,
J J J
Here f = F(¢) € L*(A),

and vn’ €1n(C) — 6727ri(-tn’ eQm(C) — 6727ri(-(1/2)tn7 63n(<) — 6727ri(-(1/3)tn7 <f7 €1n> — F( n)
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From the S operator, we obtain:

(Sf, f) Z|<f’€1j>|2 + Z|<f’62j>|2 + Z|<f763j>|2

> A|F|3:, ie. 7! exists.

We now provide more details about constructing the S operator.

We use direct sum of two copies of a Hilbert space l5 for the sake of clarity.
This construction can easily be extended to direct sum of three or more copies of a

Hilbert space.

We consider a linear operator L and the adjoint operator L*.
L:H—I el

L*: lél) @ l§2) — H

Let {61j} € H, {egj} € H.
Let ™ = (c11,c19,13,...) € lél)
and C(2) = (621, C22, C23, ) € ng)

Then ccHac?e lél) D léQ).
= ||V & |y _ e =% + 1€
s ®ly Ly ly
S=L*L:H — H

vf € H, Lf: <<f7 611>7<f7 612>7<f7 613>7"' ) ©® (<f7621>7<f7622>7<f7€23>7"' )
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We calculate the adjoint operator L* and it is given by:

L (W @ ¢®) :chjelj + 262j62j

J J

Then Vf € H, we have:

Sf = <f7 611>611 + <f, 612)6’12 + <f, 613>€13 + ...

+ (f,ear)ear + (f, ex)ean + (f, ea3)eas + ...

ie. Sf:Zj<f,€1j>elj + Zj<f? €aj)ea;

Remark: Given E = {t,}, let ey, = e 2™t ey, = e 2miC(1/2)tn
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4.1.3 Discussion

With minor changes, we can modify the proof of the last theorem to obtain
the following version of the theorem.
Theorem 4.1 (revised version) Let E = {t,} be a separated sequence in R%.
Let A C R? be a set of spectral synthesis and symmetric about 0.
Assume A is a convex set. Assume Balayage is possible for (E, A).

Then 3 A > 0, such that VF € L*(A),

A Q)+ P20 + FBO* d¢
(J, IF(Q)2 )™

1/2 ] . 1/2 1 1/2
< <Z |F(tn)!2) +3 (Z \F(§tn)|2> +3 <Z |F(= > :
nezd nezd nezd

Proof. We follow the proof of theorem 4.1, with minor changes.

Fix y € R%. Consider these measures:
pr = 0y, plo = 02y, i3 = 03y
Forj =1, 2, 3: define  vj(x) =h(z—jy) (0;y — >, n(jy) 01,) ().
n(z) = hlx— y) (5 - Zan 6tn>

w(r) = hlz—-2y) <5zy =D an(2y) 5tn> ().

vs(z) = h(zx—3y) (53y —) o (3y) 5tn> (z).

We do not assume «,,(y) is related to a,(2y) or a,(3y).
Z |an(y)] < Ki(E, A,) Z |an(2y)| < K2 (E, As,) Z |an(3y)| < K3(E, Ag,).
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Pick ¢ = min(ey, €5, €3). Let h € L2(R%), h(0) =1, supp h C B(0,¢).
Define v(z) = v1(z) 4+ va(x) + v3(2).
Then 191<C) + 192(() + 193(() = ﬁ(C) = O7 for C e A.

Let ¢ € C(A). Then we have

/gb dv = 0. (Spectral synthesis)

= 0(y) +o(2y) + ¢(3y)
= Z (an(y) h(tn —y) + n(2y) h(ty — 2y) + an(3y) h(t, — 3y)) o(tn).

Fix ¢ € A. Let ¢(x) = e2mi¢,
— e 2miCY o =2miC2y | —2miC3y
= D () hta —y) + u(2y) h(ty = 2y) + an(3y) h(t, —3y)) e>met
Y baly) e

Let F e L2(A) and F € L'(R%) N L2(RY).

> / ba(y) - F(y) dy - €27Ctn
= /an(y)e%rz(-t” ‘ F(y) dy

_ (62m<,y+62mg.2y+62m'g.3y) ﬁ’(y) dy
= F(¢) + F(20) + F(30).
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Let Jr(Q) = F(0) + F(20) + F(3).
Then Jp(¢) =), ﬁ(tn) . @2miCtn. ﬁ(tn) = [bu(y) - F(?J) dy.

We compute the inner product (Jg, Jp)a.

JREGEEGE:
= [ 960 S Bt ag
=2 /A Tr(Q)e St d¢ - F(t,)

=y (F(tn) + %F(%tn) + %F(étn)) - F(tn)

n

) 21/2 . 1 21/2 . 1 21/2
< ({ZIF@P ) +5 ([ ZFGWIE) +5 | DoIFGh)
N 1/2
: (Z IF(tn)I2>

Now, F(t = [ by y) dy. As in the proof of theorem 4.1, we have

SOVt <a- / Q) d¢

Therefore, we obtain

A A lF(Q + F2Q) + FBQ d¢
(f, IF(Q)[2 do)*?

V2 1 2y 1 2
< <Z |F(tn)|2) +5 (Z |F<§tn)|2> +3 <Z IF(gtn)F) :
nezd nezd nezd
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4.2  Fourier frames on a weighted Hilbert space

Theorem 4.2. Let E = {t,} be a separated sequence in R:. Let A be a set of spectral
synthesis, symmetric about the origin. Assume Balayage is possible for (E,A\). Let

G be any positive bounded function defined on A. Define

12(0) = {F / F(O? G() dC < 00}

Then the lower bound inequality holds, i.e. 3 A > 0, such that VF € L%(A),

A L) < 30 IFQ - GOTF

(f, IF(Q) |2 dc ”2

Proof. Fix y € R% Let u(z) = ,. Let h € L*(R%), supp h € B(0, €). Since Balayage

holds for (F, A), there exists {a,,} depending on y, such that for ¢ in A,

Zan (04, Y(¢)  where Z|an )| < K < 0.

As in the proof of Theorem 4.1 we can use x and h to construct a measure v € M, (R?)

such that 7(¢) = 0 for all ¢ in A. Define this measure v by

v(z) =h(z —y) (5 —Zan 5tn>

Fix ¢ € A. Let ¢(z) = e 2% Then ¢ € C(A).

By Spectral synthesis, V¢ € C(A), 2(¢) =0 on A implies [ ¢ dv = 0. Hence

_27r1Cy Zan t _ ) —2miC-tn,

94



F(¢Q) - F(Q) - G(¢) d¢ F e Lg(A)

J,
= [F0 6o ([ T e )
J

F(¢)-G(¢ </ Zozn h(t, —y) e 2™t dy) d¢

([ r0)-co e ac)-

([ 70 G et ac) T,

(ZI O )] >1/2' (;Iﬁ(tn)V) N

We have shown that: 32 |F(t,)]* < a® ([LIF Q)P d¢)

) 1/2
— é fA OF Gle (Zl n)|>

(JyIF Q)P dC)

F) - anly) bt — ) dy)

>
>

IN
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4.3 Semi-Discrete Gabor frames

Fix a real-valued function g € L?(R?), where ||g|ls = 1.

The short-time Fourier transform of a function F € L2(R?) is given by

ViP.w) = [ PO —) e g

We can recover the original function from its short-time Fourier transform using

— [ [ vFww) éme gic — y) o d.
R4 JR

Theorem 4.3. Let g € L*(R?) be real-valued, where ||g||s = 1.
Let A C R? be a set of spectral synthesis and symmetric about 0.
Let E = {t, : n € Z%} be a separated sequence in RY.

Assume Balayage is possible for (E, ).

Then 3 A >0, suchthat VF € L*(A),

A JIPOF ac< [ 32 WPt dy

nezd

VoF(y,w) Y an(w) hity —w) VyF(y, 1) dy dw
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[l

IN

This implies that
/ (¢) F(¢) d¢
|/ D) hltn =) GF) VoFlonta) dy do
/ Z( [ o) Htw =) VF0) do VFlota)) dy
A 1/2 1/2
/ (Zr [ ante) bt =) ViF G dw|2> (ZMF(y,tn)E) dy
by Cauchy-Schwarz inequality

We will show on the next page that there exists a constant a > 0 such that:

2.

n

2
<a? [ V,Ply.)* do

/an(w) h(t, —w) V,F(y,w) dw

Continuing the proof, this implies that:

/ F(¢) F(O) d¢

[ ([mrwer dw)m (ngﬂy,tnn?)m dy
< a(//WgF(y,w)Pdwdy)l (/Zwy, |2dy)l/2

by Cauchy-Schwarz inequality

= a (/A|F(C)|2 dé)w (/Zn:\VgF(y,tn)IQ dy)m

where we used the fact that// V,F(y,w)|* dw dy = / |F(¢)]? d¢
A

= é(/Aw(or?dc)l/zs(/ Z\VF@/, 2dy)1/2.

1 2 2
— 5 Jiroras [ 3 It o

IA
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We now show that there exists a constant a > 0 such that:

2

2.

n

/an(w) h(t, —w) V,F(y,w) dw

<a? [ V,Ply.)* do

Proof.

2.

é ( [laa@ Int, — )P dw) ( [l o dw)

by Cauchy-Schwarz inequality

S (e [t - o) ([ lonll Mo @) since 3 Joa(w)] £ 9

n

2

/an(w) h(t, —w) VyF(y,w) dw

IN

IN

IN

ch Cy /|ozn(w)| \V,F(y,w)|* dw ; since h € L*(R?)

— M / (Dan(wn) WV, F(y,0) do

ME [P0 do

IA

Using a Gabor system for non-orthogonal expansion was suggested by Von
Neumann in Mathematical Foundations of Quantum Mechanics. It is a curious that
on page 407 [vN55], we can find the following sentence: “The proof of this fact leads
to rather tedious calculations, which require no new concepts, and we shall omit
them.” From the context of the paragraph where the quote is taken, it is not clear

what “this fact” refers to.
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We have used the term semi-discrete frame to suggest that the sequence of
elements {g(¢ —y) e 2™t .y € R% ¢, € E} in the Hilbert space L*(A) is a hybrid
between a (fully discrete) frame and a fully continuous frame.

Analogous to a frame in a Hilbert space, we can define a fully continuous frame

in a natural manner.

Definition 4.1. Let H be a separable complex Hilbert space. Let M be a mea-
surable space with a (positive) measure p. A sequence of elements {z, : n € M}
is a continuous frame for H with respect to the measure space (M, u) if there are

positive constants A and B such that

VieH Alf< /M (o) du(n) < BILfI

For all f in H, the mapping n — (f,z,) is a measurable function on M.

In particular, when the measure space (M, 1) is (R? x@d, dx xdw), the sequence
of functions {g,., = g(z — y)e*™* .y e R4, w € R?} is a fully continuous frame for

a Hilbert space H if there are positive constants A and B such that

VieH o AlfP< / / . gyl dy dw < BIfIP.
Rd Rd

Analogously, the sequence of functions {g,., = g(z — y)e*™@ . y € R4 t, € E} is

a semi-discrete frame for a Hilbert space H if there are A, B > 0 such that

vieH, AP [ 3 [l dy < BIAIE

nezd
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The next theorem is more difficult than the previous one.

Theorem 4.4. Let E = {t,} be a separated sequence in RY.

Let A C RY be a set of spectral synthesis and symmetric about 0.
Assume Balayage is possible for (E, \).

Let g € L*(RY) be real-valued, where ||g|ls = 1. We also assume

(i) g is a bounded continuous function,

(i) supp g C A.

Then 3 A >0, suchthat VF € L*(A),

2 2
4 JIreracs 3 [ o i

Proof. Fix y € R%. Let pp=4,.
Balayge holds for (F, A) implies there exists a sequence {«,(y)} such that

VC c Aea Zan e~ 2mi tn-C

Let h € L2(R%), with support of h C B(0, ¢).

Construct a measure v such that V ( € A, () = 0 by setting

v(r) = )(6, —Zan 8,) (x

Let g € C(A). This implies for any fixed ( € A, supp(g(¢ —))(y) C A.

By Spectral synthesis, [ g dv = 0.

=  VY(EA, = an(y) hlt, —y) 9(¢ —ta).
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/F(C)WdC F e L*(A)

— [ [nrwe)r ady

= //Vwa)-Wdey

- [ [vrwe) (/ } 9(¢ — y) 2“<'Wdc)dwdy

- [ [vrwe [ [T (Zan@) h(t() — ) g<<—tn>> dc) o dy

n

- //%F@’w) > anly) hitn —y) /W g(¢ —t,) *mc dg) dw dy
- //VgF(y,w) > an(y) hitn —y) W) dw dy  (*)

Let us show that

3 / nW)h(tn —y) VyF(y,w) dyf? < a? / V,F(y,w)? dy. (+)

D1 [ antwhitn =) Vi) o

(/m bt =) dy) ([ loutl W) )

> (e [ tta =) ) ()] 1VaF (0 )

n

IN

IN

IN

ch C, /]an ) [V, Fy,)? dy; b e LR

=M/Z|an D IVF I ds 9 3 oy < K

= a /IVgF (y,w)|” dy.
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Therefore, by (x), we have

JFOFQ = [ [1rww o dy
//Vwa(Za h(t, ym)dwdy

= Z//VF@JW h(tn y)m)dwdy
- ¥ | [ (/a ) hlta =) VoF () dy) ]

1/2
S Z (/ |VF t w |2 dw> (/ / t y VF y w dy|2 dw> ] Cauchy-Schwarz

: (;/M“W' dw) (Z// h(tn — ) VyF (y,w) dyf? dw>1/2

Now,
Z// h(t, —y) V,F(y,w) dy|* dw

= /(ZI/ o, tn—y)VgF(y,w)dyF)dw
< [e([mreera)d fon )
= [ [rww) dy o

= d ”FH%?(A)'

1/2
( [ WF (e |2dw)] a- [Pl

= A ||F|fn < Z/WF w)|2dw.

= [IFlL) <
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4.4 Bilinear frame operator

We begin with a useful lemma that will simplify our calculations later.

Lemma 4.1. (Convolution with a radial function is a self-adjoint operator)

Let ¢ € S(RY) be a radial function, i.e. ¥ x € RY (z) = ¥(|z]).

Define an operator T : L*(R?) — L2(RY) by
v fe LXRY), (Tf)(x)= f(I —y)(x) dy = (f *)(2).
Then T is a self-adjoint operator. That means,
v f.g€ L’(RY), (Tf.g)=/(fTg)

Proof. Let f,g € L*(R?).

We first note that Tf € L2(R?), since || f * 1]l < ||f]l2 []2]]1-

(Tf,g) = /Rd<Rdf($—y)w(y) dy)@dx

:/( O >dy)@dﬂf

— / fly —z) dy g(x) du; Y is radial, ¥ (x)
Ré JRd

b(|))

— /Rd fly) dy -y — (x +vy)) g(x +y) dz; rio x4y

=/fRddy/¢ i@ty d

= df dy-/wa: y—x) dx; T —T
R

= /Rd /w —x dx dy;
= /Rdfy (9+¥)(y) d

= (f,Tg).
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Consider a bilinear operator B: H x H — H.
Vf,g € H, B(f,g) € H, and B is linear in each of the two variables separately.
The Hilbert space H is either L2(R¢) or L?(K), where K is a compact subset of R?.

Let ¢, ¢ € S(R?) with compact support, and

/7,0 dxr =0, /(b dr = 1. Y is radial, i.e. ¥(z) = ¥(|x]).

R dt 1
We normalize v so that / [ (t¢))? 5= 1. Write ¢y (z) = p (%) .
0

Define B(f,g) by:

B(f.g) = /OOO v ((r 1) - (6009) (@) .

This gives us a function of z in H.

dt

Consider (B(f, g),¢en) = /]R‘i i Uox (Ve * f) - (% g)) - en r

dx, wheree, € H.

Note: If g = 1, then (B(f,1),e,) = (f,en),

ie. 32, [(f,en)? =220, KB(f 1), en) .

<B(fvg)7en> = /Rd Ooolbt*((lﬁt*f)'(@*g))-en%dm

= [ [ p g Ghored@) § e by Lenma 1
Rd JO

dt

= [ [ @@ v e T do

= /Rd /Ooo(wt * 1y *en)(x) . (¢t *g)(m) . f(x) % dx

We are now ready to construct the S operator.
Vf,ge H B(f,gg € H B:HxH — H.

Fix g € H. Define M : H — I3 by

VfGH, Mf: ((B(fag)a 61>7 <B(fvg)7 62)7 <B(fag)7 63>7"')'
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Calculate the adjoint operator of M. M : H — 1. M*:1ly, — H.

Let ¢ = (¢q, ¢, c3,...) be a sequence in [s.

<M*C7f>H = CMf ch fg en)

M:H—ly,, M*:ly—>H S=MM:H— H.

Sf:M*Mf:M* ((B(fug)v 61>7 <B(f7g>7 €2>7 <B(fug)> €3>7)

By the calculations on B(f,¢g) in the previous page, we can see that:

(B(f,9), en) = /Rd ; f(x)-(pxg) - (%*@/}t*en)(m)ﬂdx

- /Rd/o (e * e xen)(x) - (¢ * g)(x) - f(z )@dx

= [ Qlew.s) f) da

where Qlensg) = [ (ot en)(a) - (0r e o)

= <M*Ca f)H:<CaMf>l2 = ch' enag >
= ch ’ enag >a where Q(enag) cH
= M'c = ZCnQ(enag)a C:(Cla027c3a"')7 M :l2_>H'

n

Hence, Sf = Y ((B(f.9), en)r-Qen,g)); S:H—H

n

ie. Sgf =>,(Q(en,9), f)u-Q(en,g). Thisis our bilinear frame operator.

We have constructed a bilinear frame operator. Let us summarize all our

calculations in the following lemma.

105



Lemma 4.2. (Bilinear frame operator) Let H be the Hilbert space L?(RY).

Let ¢, ¢ € S(R?T) with compact support, and

/¢ dxr =0, /(b dr = 1. W is radial, i.e. (x) = P(|x]).

<. dt 1
We normalize v so that / [(tC)|? = 1. Write ¥y (x) = t_dw (%) )
0

Consider a bilinear operator B : H x H — H.

Vf,g € H, B(f,g) € H, and B is linear in each of the two variables separately.
Define B(f,g) by:
o dt
B(f,g9) = Ve x (e x f) - (o % g)) () e
0

Let {e,}°, be a sequence in H. Fix g € H. Define M : H — Iy by

erH, Mf: (<B(f7g)7 61>7 <B(f7g>7 62)7 <B<f7g>7 €3>7"‘)'

Let S be the operator obtained by composing M and M*.

M:H—ly, M*:ly,—H S=MM:H— H. Then

Sf = Y (B(f.9), en) - Qlen,g)

n

- Z(Q(en,g), f)-Qlen, 9),

n

where Q(en, g) = /Rd(wt x Py % e,)(x) - (% g)(2) %

Proof. Our calculations in the previous pages established the lemma.

]

To prove that the bilinear frame operator is bounded, we need some prepara-

tion.
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Lemma 4.3. Let H be a separable Hilbert space (or a separable Banach space). Let

M be a dense subspace of H. Let B : M x H — H be a bilinear operator such that

VieM VgeH, |B(f,9)la<C-[fllalgllz ()

Then (x) holds for all f in H, for all g in H, and B extends to a bounded bilinear

operator from H x H to H.

Proof. For each f in H, there exists a sequence {f,}>2, € M such that

|f = fallg — 0, as n — oc. Since for each g € H,

< O \lfo = fallz - llglla by (%)

So, for each g € H,{B(f.,9)}°, is a Cauchy sequence in H.
Hence, B(f,,g) converges in H to an element in H, and we can define a bounded
bilinear operator B(f,g): H x H — H by B(f, g9) = lim,_.o B(fn,9)-

]

Definition 4.2. (BMO) If f is a locally integrable function in R¢, we say that

f € BMO if for any cube Q C R,

1
3 /Q (@) — faldz < co.

Here, fq is the average of f over the cube. The integration is over the cube.

Definition 4.3. If f € BMO N L?(R%), then f € L%,,5(RY).
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The following inequality is due to Fefferman and Stein [FS72].

Theorem 4.5. Let f € BMO. Let ¢ € S be such that [+ dz = 0. Then there

exists a constant C' > 0 such that for any cube @,

1 Q) 9 dt 2
@/Q/O e @)P T de < C fIao-

Proof. Translation of a function does not change the BM O norm of a function, so
we may assume without loss of generality that the cube @) is centered at the origin.
Let Q* be the cube with the same center as @ and whose side length is 2v/d that of
Q. Let fg be the average of f on fo and fg- the average of f on Q*.

Since [ dx =0, therefore [ i (x) = (f — for) * (@)

Write | (f = for) * a(@)]? = |fu (@) + fo # a(@)2, where fi = ( = fo)lg

and f2 = (f — fé)l{Rd\Q*}-

— // Few@P Lar < 2//1(Q)\(f—f5)1@ w @) T e
l(Q)
+ // |(f — f@l{RdQ}*¢t()|—dx

= L+ bs.
To estimate Iy, we apply Plancherel Theorem,

nz2 [ [T100 = fote YOP B0OP T dc

By the estimate [;* | D(tC (t¢)]* £ < Cy and by the result of John-Nirenberg inequality

(¥ p,1 < p < 00, supg (@ Jo [ (@) = fol? dx) < Cy p D) IfIBas0 ), We obtain
L<C- . If = fo- P < C QI 1 f 3ao-

108



To estimtate I, let ), be the cube centered at the origin and whose side length is

2" times that of Q*. Then

Iy dt
pe [ IS e e e

Since = € Q, if y ¢ Q,, then 2" [(Q) < |z — y|.

Since ¢ € S, we also have the estimate | (x —y)| < C t7¢ (74 2" - 1(Q)) "¢ L.

& t dt
Hewee, 1y < C [ |§:%/ 10) = forl dy- il T o

Qn+1

Q) [ = ; 5 » d
N (;;mnfnm) & o

< C- QI If5uo-

IN

Remark

The space L%,,0(R?) is a dense subspace of L?(R?) in the topology of L*(R?).
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Theorem 4.6. (Boundedness of bilinear frame operator)

Assume the hypothesis of Lemma 4.2. Define B(f,g) b
VIge PRY. BUo)= [ vk (ief) - o) @) F
Then there exists C' > 0 such that for each e, € H, with ||en]|s = 1
Y [ € Lhuo(®Y,g € R, [(B(f,9),en)] < C- Ifll gl
Proof. Let f € L%,,0(R?). Let g € L*(RY). Let e, € L*(RY), with [le,|l2 = 1.
(B(f.9), en)
- /Rd/mwt*«wt*f)-<¢t*g>><m>-en<@da:
= [ [ wn oo - re)w § s
5
< (// s 1P oot L) ([ [T woreo L)
S
Let G(x) & [ |y * g () . Then ||G|2 = Cy - ||g||2 by Plancherel Theorem.
— = [ [T fP@ o oP@) F o <G Wlwo - [ o) .

In the last inequality, we used Theorem 4.5 (the Fefferman-Stein inequality) .

Another application of Plancherel’s Theorem gives us the following:

o0 dt
R4 JO t

Hence,
[(B(f,9),en)] < C-[fllBaro - l9ll2 - llenll2-
Recall that the space L%,,5(RY) is a dense subspace of L?*(R?). Therefore B is a

bounded bilinear operator on a dense subspace of L?(R%) x L2?(R?). O
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4.5 Poisson kernel

In this section, we give an application of Balayage of Fourier transforms.
Consider the following problem:
Let S={f:supp f C [-Q —€,Q+¢€]}.
Let E = {t,} be a separated set of sampling points in R.

Given a function f € S, find a function u such that there exists a sequence {a,},

:Zan f(z —t,), and Z|an| < 00.

Theorem 4.7. Fizy > 0. Define the Poisson kernel P, by

Iy
v.’EER, Py<£[}):;y2+x2

Then the function uw = f* P, solves our problem. That means, there exists a function

u such that w = f x P,, and such that
= Zan flz —t,), and Z la,| < o0.
Proof. We fix y > 0. With the poission kernerl P, defined as above, we have
V¢eA P,¢)=e 2l

Balayage holds for (E, A) implies (for fixed y > 0), there exists {a,,} depending on

y, with ) |a,| < oo, such that

Veed, By Zan (05, TTC).

— 67271'y\§| _ Zan(y) 6727ri§-tn
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/ F(Q) €72l ¥t supp f € A
- [F© (Z n(y) <) 2 d
= [T auly) el g
2 S [ ey emetee ag > lan(y)] < oo
— Zan flx—t,)

— /f(x—t) ) dt = Zan flx—t,); y>0

But the left side is u(z, y) ( f* P,)(x). This completes the proof.
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