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Robust storage and manipulation of quantum information in realistic quantum

devices remains one of the central challenges in realizing practical quantum compu-

tation. To resolve this problem, the quantum error correction (QEC) is proposed as

a technique to perform robust encoding and operations in noisy and realistic quan-

tum devices. In the quantum realm, two fundamentally different types of particles—

fermions and bosons—exhibit distinct behaviors. This dissertation explores two di-

rections of QEC tailored to these particle types: (1) encoding logical fermionic modes

into physical qubits, and (2) homological encoding of logical bosonic systems into

physical bosonic systems.

The first part is about encoding logical fermionic systems into physical qubit sys-

tems, a process known as fermion-to-qubit mapping. These mappings arise in a variety

of contexts, including condensed matter physics, high-energy physics, and quantum

information more recently. While many encoding schemes have been proposed over

the past two decades, the relationships among them have remained unclear. Using

the tools from quantum error correction and topological orders, it can be shown that



various known fermion-to-qubit mappings in two dimensions are equivalent up to

Clifford deformations. This work is based on Ref. [1].

The second part is about bosonic codes, that encodes logical bosonic systems with

finite and infinite dimensional Hilbert space into physical bosonic systems with infinite

dimensional Hilbert space. The first half of this section investigates connections

between two important bosonic systems: quantum oscillators and quantum rotors.

By compactify a real line T ∼= R/2πZ, a logical rotor can be encoded in a physical

oscillator which corresponds to a partial Gottesman-Kitaev-Preskill (GKP) encoding.

Conversely, the Fock basis of an oscillator (indexed by N) can be embedded into the

angular momentum space of a rotor (indexed by Z). These two embeddings allow

us to unify and relate various bosonic codes, including the GKP codes on rotors

and oscillators, homological rotor codes, and rotation-symmetric bosonic codes. This

work is presented in Ref. [2].

The second half of this section addresses the open problem of systematically con-

structing bosonic quantum codes, which is more challenging than for qubit systems

due to the infinite-dimensional Hilbert space. By generalizing Z2 homology to integer

homology, a family of bosonic quantum codes, called tiger codes, is introduced. The

codewords of tiger codes are continuous superpositions of bosonic coherent states,

forming stripe patterns in the phase space torus. The tiger code framework en-

compasses a variety of known bosonic codes, such as two-component cat, pair-cat,

dual-rail, two-mode binomial, various bosonic repetition codes, and χ(2)-like quan-

tum codes. Moreover, several tools from Z2-homology can be extended to the integer

domain, including hypergraph-product codes, which are widely used to construct low-

density parity-check codes. Using the hypergraph-product over integer, a topological

bosonic code is constructed, which is not a concatenation between few-mode bosonic

code and qubit topological code. This work is based on Ref. [3].
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Chapter 1: Introduction

欲为诸佛龙象，先做众生马牛。

To become the dragon or elephant

in Buddha’s court, first humble

thyself as a horse or ox to all souls.

《华严经》

《Buddhāvataṃsaka Sūtra》

1.1 Motivation of quantum error correction

Quantum computation is believed to be one of the potential growth points of the

next technological revolution, given its unique advantage of solving some classically

hard computational problems, including quantum mechanical simulation and integer

factoring. To demonstrate quantum advantage, we have to operate quantum comput-

ers whose error rates are kept under control. However, unlike its classical counterpart,

quantum computers, and generally quantum devices, severely suffer from the envi-

ronmental noise. Quantum error correction was developed as a technique to protect

quantum computations from being destroyed by noise and from producing nonsense

results.

Intuitively, physical noise mixes different components of logical information and

1



distorts the intended computation. To make the quantum computer robust against

physical noise, we aim to construct a certain scheme where the logical information

cannot be easily corrupted by a certain amount of physical error. Informally speak-

ing, the basic idea of quantum error correction is to redundantly encode the logical

quantum information into a physical quantum device. The redundancy of encoding

ensures the codewords of different logical states are far away from each other in the

physical Hilbert space, such that they won’t be mixed up by a small amount of phys-

ical noise. Typically, the logical quantum system is a single or a few qubits, and

the physical system has many physical qubits. Redundant encoding means that the

logical qubits are carefully distributed across many physical qubits.

However, different quantum computing platforms are currently competing. Their

physical degrees of freedom include qubits, bosonic modes, and even fermionic modes.

There is also growing interest in performing quantum information processing using

logical systems that are not limited to qubits. Motivated by this, it has been shown

that quantum error correction is not restricted to cases where the logical and physical

systems are of the same type: qubit-to-qubit, oscillator-to-oscillator, or fermion-to-

fermion encodings, but also applies when the two systems are distinct, such as in

qubit-to-oscillator or fermion-to-qubit encodings.

Quantum error correction has also been proven useful in various fields of physics,

ranging from condensed matter to high-energy physics. This is because quantum

error correction provides a systematic way to study exactly solvable models whose

physical wavefunctions are ground states of commuting Hamiltonians with various

interesting properties. For example, in the context of condensed matter physics,

the toric code represents a quantum phase called Z2 topological spin liquid, which

is beyond Landau’s symmetry-breaking paradigm. Quantum error correction can

also be used to describe various dualities and correspondences in different systems,
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including fermion-spin duality and the AdS/CFT correspondence.

Quantum error correction offers a systematic way to study the underlying connec-

tions between different physical degrees of freedom when the encoded logical Hilbert

space and physical Hilbert space are distinct. For example, in the context of con-

densed matter or high-energy physics, this situation is usually related to duality,

which refers to a mysterious similarity between seemingly different systems, and emer-

gence, where exotic collective degrees of freedom appear in a system with distinct

physical properties.

This thesis is dedicated to the study of quantum error correction in scenarios where

the logical and physical Hilbert spaces correspond to distinct degrees of freedom. We

will cover three topics: (1) encoding fermions into qubits and exploring the unified

relationship between different fermion encodings; (2) encoding qubits, oscillators,

rotors into physical bosonic oscillators; (3) construction of multimode bosonic codes,

which we call tiger codes.

In the following sections, we will briefly review the framework of quantum error

correction.

1.2 Stabilizer codes

Quantum error correction involves techniques encoding a logical Hilbert space HL

into a physical Hilbert space HP. Abstractly, it can be written as an encoding map

E : HL→HP, (1.1)

where a logical state |ψ⟩ is mapped to a codeword |ψ⟩ in the physical space as

E (|ψ⟩) = |ψ⟩. (1.2)
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In this thesis, we focus on stabilizer codes, originally proposed by Daniel Gottes-

man [9]. Stabilizer codes were originally defined for encoding logical qubits into

physical qubits. Consider an n-qubit physical system, whose Pauli group is denoted

as Pn

Pn = ⟨I,X ,Y,Z⟩n. (1.3)

The elements of the Pauli group satisfy the Pauli algebra:

X2 = Y 2 = Z2 = I, (1.4)

XY = iZ, Y Z = iX , ZX = iY. (1.5)

In the qubit setting, the two-dimensional unitary representations of the Pauli group

are called the Pauli operators X ,Y,Z

X =

0 1

1 0

 , Y =

0 −i

i 0

 , Z =

1 0

0 −1

 . (1.6)

Given the Pauli group Pn, we define a stabilizer group S as an abelian subgroup

of Pn. In addition, the stabilizer group S shouldn not contain the element −I. We

define the +1 eigenspace of the stabilizer group S to be its codespace.

Suppose the stabilizer group S is generated by n− k independent generators

{g1, ...,gn−k}. Then, the projector onto its codespace can be expressed as

Π ∝
n−k

∏
i=1

(I +gi). (1.7)

The joint +1 eigenspace of the n− k stabilizer generators forms a 2k-dimensional

subspace of the n-qubit physical Hilbert space, which has total dimension 2n.
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Moreover, once the stabilizer group is defined, the logical operators form a sub-

group called the normalizer of the stabilizer group.

L = NS (Pn)/S , (1.8)

which is a subgroup of the n-qubit Pauli group that commutes with the stabilizer

group. Here we quotient out the action of the stabilizer group S since its elements

act as logical identity. The distance d of a stabilizer code characterizes its robustness

against Pauli errors, which is the minimum weight of an operator in the logical group

L . Given the number of physical qubit n, the number of logical qubit k, and the

code distance d, we label this code as a [[n,k,d]] stabilizer code.

1.3 Calderbank-Shor-Steane (CSS) codes

The Calderbank-Shor-Steane (CSS) codes [10] are a family of quantum codes based

on homological algebra with various nice properties. The stabilizers of CSS codes are

divided into two types: X-type and Z-type, which means a stabilizer generator can

only be written as either a tensor product of Pauli X operators or a tensor product of

Pauli Z operators. The CSS codes have a concise algebraic description that simplifies

the studies of their transversal gate sets.

Each CSS code is specified by two binary matrices, HX and HZ, where HX defines X-

type stabilizers SX ,i, and HZ defines Z-type stabilizers SZ, j. Suppose HX ∈ ZrX×n
2 ,HZ ∈

ZrZ×n
2 are given by

HX =



g1

g2

...

grX


, HZ =



h1

h2

...

hrZ


, (1.9)
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where the i-th row of HX gives the X-type stabilizer generator SX ,i, similarly, the j-th

row vector of HZ gives the Z-type stabilizer generator SZ, j. We can interpret HX and

HZ into corresponding stabilizer generators as following

SX ,i =⊗n
l=1X

gi,l
l , ∀i = 1, ...,rX

SZ, j =⊗n
l=1Z

h j,l
l , ∀ j = 1, ...,rZ

(1.10)

where gi,l denotes the l-th element of the row vector gi, and h j,l denotes the l-th

element of the row vector h j. In other word, if the l-th element in gi nonzero, then

SX ,i contains a Pauli X operator acting on the l-th physical qubit. Similarly, if the

l-th element in h j is non-zero, then SZ, j includes a Pauli Z operator acting on the l-th

physical qubit. For example, if g is a one-hot vector
(

1 0 · · · 0

)
, it corresponds

to a single-qubit Pauli X operator X1.

However, since Pauli X and Z operators generally do not commute (XZ =−ZX), we

need to ensure the stabilizer group given by HX and HZ is abelian. We can explicitly

write down the commutation relation between the X- and Z-type stabilizers as

SX ,iSZ, j = (⊗n
l=1X

gi,l
l )(⊗n

l=1Z
h j,l
l ) = (−1)gi·h j(⊗n

l=1Z
h j,l
l )(⊗n

l=1X
gi,l
l ) = (−1)gi·h jSZ, jSX ,i.

(1.11)

For the stabilizer group to be abelian, we reqiure (−1)gi·h j = 1 for ∀i = 1, ...,rX and

∀ j = 1, ...,rZ, which implies

HX HT
Z mod 2 = 0. (1.12)

Moreover, if both HX and HZ are full-rank, the CSS code defined by HX ,HZ encodes

k = n− rX − rZ logical qubits.

A more abstract way to define a CSS code is to write it in terms of a chain

complex. We first define three vector spaces: the space of X-type stabilizers CX , the

6



configuration space of the physical qubits CQ, and the space of Z-type syndromes CZ.

The CSS code can then be written as the following chain complex connecting these

three spaces:

CX
HX−→CQ

HT
Z−−→CZ. (1.13)

Here CX is a vector space over ZrX
2 , CQ is a vector space over Zn

2, and CZ is a vector

space over ZrZ
2 . The two boundary maps are defined as ∂i = HX and ∂i−1 = HT

Z . We

can verify that the composition of the two boundary maps vanishes, ∂1∂0 = 0, hence

forming a valid chain complex. The HX HT
Z mod 2 = 0 condition ensures the overlap

between an X-type stabilizer and a Z-type stabilizer is an even number, such that the

factor (−1)gi·h j factor in Eq. (1.11) always gives +1 value.

The physical interpretation of the above chain complex is as follows: HX maps bi-

nary vectors in CX to binary vectors in CQ, each corresponding to an X-type stabilizer

acting on physical qubits. The matrix HZ measures the Z-syndrome of a a Pauli X

string acting on CQ. The CSS condition ∂i∂i−1 = 0 implies that all X-stabilizers yield

trivial Z-syndromes, ensuring that the stabilizer group is abelian.

Moreover, the logical operators can also be characterized through the chain com-

plex. The logical Pauli X and Z operators, denoted as LX and LZ, are described by

the homology and cohomology groups of the chain complex

LX = ker(HT
Z )/im(HX),

LZ = ker(HT
X )/im(HZ).

(1.14)

Intuitively, the vector spaces formed by logical X and Z operators consist of X-type and

Z-type Pauli operators with trivial Z- and X-syndromes, respectively, corresponding

to ker(HT
Z ) and ker(HT

X ). We quotiont out the image of im HX and im HZ since

stabilizers act trivially on the codespace.
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Here we demonstrate the homology calculation mentioned above with a simple

example: four-qubit quantum code [11].

Example 1. A simple example of CSS code is the [[4,1,2]] quantum code, whose

parity check matrices are

HX =

(
1 1 1 1

)
, HZ =

1 1 0 0

0 0 1 1

 . (1.15)

These correspond to the stabilizers SX = X1X2X3X4 and SZ = Z1Z2,Z3Z4. We can verify

the the HX HT
Z mod 2 = 0, so the X- and Z-type stabilizers commute as required.

For the logical operators, we can compute the (co)homology groups

LX =

ker

1 1 0 0

0 0 1 1


T

im
(

1 1 1 1

) = Z2, LZ =

ker
(

1 1 1 1

)T

im

1 1 0 0

0 0 1 1


= Z2, (1.16)

indicating this code encodes a logical qubit. The logical Pauli operators can be chosen

as X = X1X2, Z = Z1Z3, their commutation relation is

XZ =−ZX , (1.17)

which is isomorphic to the commutation relation of bare Pauli operator XZ = −ZX .

Since the weights of logical operators X ,Z are both equal to two, we conclude this code

has distance d = 2. In summary, this code encodes one logical qubit into four physical

qubits with distance 2, and os thus referred to [[4,1,2]] quantum code.

On the code construction side, the chain complex formulation of CSS codes has

8



proven fruitful, enabling a variety of modern constructions of quantum low-density

parity-check (qLDPC) codes [12–15]. These constructions extend the length-2 chain

complex in Eq. (1.13) to more complicated chain complex, often through various

homological products such as the hypergraph product [13] , lifted product [14], AND

balanced product [16] etc.

Moreover, while the original CSS construction is defined over binary field Z2, this

homological framework can be generalized to other algebraic settings. By extending

the chain complex to fields or rings such as Zd,R and Z, one obtains analogous

constructions of quantum codes for qudit, bosonic oscillator, and rotor systems[3, 12,

17–19].

1.4 Fermion-to-qubit mappings

Quantum simulation of physical and chemical systems is one of the most promis-

ing application of quantum computers, as it can confirm previous understanding as

well as provide new insights and explanations of various phenomena such as super-

conductivity and quantum criticality.

However, there are two fundamental types of particles in nature: fermions and

bosons. Fermions and bosons follow different physical rules. Exchanging the two

fermions introduce a -1 sign in front of the wavefunction due to their anti-commutation

relations, while exchanging two bosons leaves the wavefunction unchanged, as bosons

follow commutation relations. For example, electrons, which lead to several techno-

logical revolutions, are fermions. The classical and quantum simulations of strongly-

correlated fermion systems are of great interest in many different communities.

The distinction between bosonic and fermionic particles lies in their commutation

relations. Consider a quantum system defined on a graph G= (V,E), where each node
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hosts one degree of freedom. In a bosonic system, suppose each site hosts a single

bosonic mode. The bosonic creation and annihilation operators satisfy the canonical

commutation relations:

â jâk− âkâ j = 0, ∀ j,k ∈V (1.18)

â jâ
†
k− â†

k â j = δ j,k, ∀ j,k ∈V (1.19)

where â j is the annihilation operator that removes a boson at the j-th node, and â†
k

is the creation operator that adds a boson at the k-th node. Eq. (1.18) implies that

the operations of adding and removing bosons on different nodes commute with each

other. The most simplest bosonic system is the qubit system, we can easily verify

â j =
1
2(X j + iYj) and â†

j =
1
2(X j− iYj) satisfy above bosonic commutation relations.

However, fermionic systems assign two Majorana fermions to each node, which

obey the following anti-commutation relations:

γ jγk = 2Iδ j,k− γkγ j, ∀ j,k ∈V (1.20)

γ2
j = I, ∀ j ∈V. (1.21)

Here γ j denotes a Majorana operator, which is self-adjoint (γ j = γ†
j ) and anti-commute

with other majorana operators on different sites. These relations imply that fermionic

degrees of freedom exhibit intrinsic non-locality: operations involving one fermionic

mode generally do not commute with operations on other modes, regardless of the

underlying graph structure (V,E).

Unfortunately, current quantum platforms are all bosonic instead of fermionic,

including ion-traps, neutral atom arrays, superconducting circuits. As a result, sim-

ulating fermionic systems on bosonic devices requires translating fermionic operators
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into bosonic ones in a way that preserves the underlying fermionic algebra. Formally,

constructing such mappings amounts to embedding a fermionic subalgebra within the

Pauli algebra. Such mappings are known as fermion-to-qubit mappings, which are

dictionaries translating fermionic operators to bosonic operators while preserving the

correct anti-commutation relations.

1.4.1 Jordan-Wigner Transformation

The Jordan-Wigner transformation [20] is a mapping between fermion operators

and qubit operators. It establishs an isomorphism between the Pauli operators on

n-qubit system and the Majorana operators on a 2n-mode Majorana system. Given

a qubit array with a fixed ordering, we can construct fermionic operators in terms of

Pauli operators

γ j = X j ∏
k< j

Zk, γ ′j =−Yj ∏
k< j

Zk, (1.22)

where the γ j and γ ′j are two Majorana operators associated with site j. For conve-

nience, we assign two Majorana modes per site, ensuring that the lattice sizes remains

unchanged after transformation.

It can be verified that operators γ j and γ ′j satisfy the fermionic anti-commutation

relation given in Eq. (1.20) as

γ2
j = (X j ∏

k< j
Zk)

2 = I, 0≤ j ≤ 2n (1.23)

γ
′2
j = (−Yj ∏

k< j
Zk)

2 = I, 0≤ j ≤ 2n. (1.24)

For the rest two bilinear terms γ jγk for j ̸= k and γ jγ
′
k for 1 ≤ j ≤ n and 1 ≤ k ≤ n,

one can check their Pauli strings only have an odd number of overlapping Z or Y

operators, implying the Jordan-Wigner transformation preserves the fermionic anti-
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commutation structure.

In one dimension, we can label qubits sequentially from left to right as 1 through

N. Under this ordering, local fermionic operators can be mapped to local Pauli

operators. For example, the nearest-neighbor interaction term is written as

γ jγ
′
j =−iZ j, (1.25)

γ ′jγ j+1 =−iYjYj. (1.26)

We see that the nearest-neighbor fermionic interaction is mapped to a local Pauli

operator with support on neighboring qubits. In one dimension, the geometric local-

ity is preserved: a geometrically local fermionic Hamiltonian is transformed into a

geometrically local spin Hamiltonian under the Jordan-Wigner transformation. As a

consequence, the circuit depth for simulating a 1D local fermionic Hamiltonian on a

qubit array remains independent of the system size.

Although Jordan-Wigner transformation works well in one-dimension such that

maps local fermionic operators to local spin operators, it becomes non-local in two and

higher dimensions. The non-locality introduces two challenges: 1. low-weight fermion

operators may become high-weight Pauli operators, which demands more resources;

2. The nonlocal strings complicate the structure of the Hamiltonians, limiting the

usage of the Jordan-Wigner transformation as an analytical tool in higher dimensions.

In two dimensions, the Jordan-Wigner transformation becomes non-local. To

illustrate this, we consider a two-dimensional N×N square lattice, where qubits are

labeled in an zipper pattern, as shown in Fig. 1.1.

Using the zipper qubit labeling, the nearest-neighbor fermionic hopping along
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(1,1) (1,2) (1,3) (1,4) (1,5)

(2,1) (2,2) (2,3) (2,4) (2,5)

(3,1) (3,2) (3,3) (3,4) (3,5)

(4,1) (4,2) (4,3) (4,4) (4,5)

Figure 1.1: The Jordan-Wigner transformation in a 4× 5 two-dimensional lattice. In the
2d square lattice, we pick an zipper ordering starting from the top-left corner. The vertical
hopping operator of fermions becomes non-local after Jordan-Wigner transformation.

vertical direction is written as

2i(γ
′
i, jγi+1, j− γi, jγ

′
i+1, j) = (Xi, jXi+1, j +Yi, jYi+1, j) ∏

(i, j)<k<(i+1, j)
Zk, (1.27)

where ∏(i, j)<k<(i+1, j) denotes the product over all qubits whose label is in-between the

labels of sites (i, j) and (i+ 1, j). This shows that a geometrically local interaction

in the fermionic system is mapped to a non-local interaction in the qubit system,

involving a string of Z operators whose weight scales as O(N). Thus, the Jordan-

Wigner transformation is non-local in two or higher dimensions, implying that the

circuit depth required to simulate a local fermionic Hamiltonian on a qubit array

increases with system size.

Over the past two decades, numerous fermion-to-qubit mappings have been pro-

posed for two-dimensional systems [21–30] and three or arbitrary dimensions [31–

33]. These fermion-to-qubit mappings play essential roles in various areas of modern

physics, such as exactly solvable models for topological phases [22, 34–37], fermionic

quantum simulations [21, 23, 26, 29, 31], and quantum error correction [38–43].
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1.4.2 Fermion-to-qubit Mappings as error-correcting codes

In the previous subsection, we discussed that Jordan-Wigner transformation is a

mapping between fermionic and spin degrees of freedom. This motivates us to study

the fermion-to-qubit mappings from the perspective of quantum error correction, in

which we encode logical fermionic modes into physical qubits.

The fermion-to-qubit mappings are stabilizer codes that encode m logical fermionic

modes into n physical qubits with code rate m
n . The logical operators act as fermion op-

erators in the logical space, but are implemented by physical Pauli strings in the qubit

space. The code distance of a fermion-to-qubit mapping is the minimum weight of

its logical operators. Under this aspect, each fermion-to-qubit mapping is a stabilizer

code specified by certain stabilizers and logical operators that satisfy the fermionic

algebra.

The Jordan-Wigner transformation can be viewed as a trivial error-correcting

code encoding logical fermions with both code rate and distance equal to 1. We note

that Jordan-Wigner transformation has code rate equal to 1, it has no nontrivial

stabilizers and lacks any error-correcting capability. In Chapter. 2, we tackle this

problem using the framework of quantum error-correcting codes. We show various

locality-preserving fermion-to-qubit mappings in 2d are equivalent quantum codes

and why they are distinct from 2d Jordan-Wigner transformation.

1.5 Homological constructions of bosonic codes

While the general formalism of constructing stabilizer codes on qubit systems

is well established, how to systematically construct quantum codes on oscillator or,

more generally, continuous-variable (CV) quantum systems, whose Hilbert spaces are
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infinite-dimensional, is less clear.

From a modern point of view, the continuous-variable quantum systems, such as

oscillator and rotor, can be abstracted as quantum systems defined over Lie groups

R and T, whose position and momentum basis are labeled by the group element and

irreducible representation, respectively. A deeper understanding of oscillators and

rotors serves as the first step toward quantum information over general Lie groups

[44–54].

In Chapter. 3, we show the underlying connection between quantum oscillator

and quantum rotor and study the Clifford (automorphism) groups of their Pauli

groups. Combining the results in Ref. [19], we show a unified picture of GKP codes

[55], rotation-symmetric bosonic codes [56], and homological rotor codes [19]. A

new family of bosonic code called homological number-phase code, which utilizes the

rotational degrees of freedom in oscillator systems.

In Chapter. 4, we generalize the homological construction of quantum codes to

integer, yielding a family of bosonic (oscillator) quantum codes: tiger codes. By

generalizing homological construction of quantum codes to bosonic regime, we provide

a systematic formalism to construct general bosonic codes, such that almost all the

tools of homological algebra can be directly applied to construct bosonic codes. The

tiger codes not only includes various known examples of bosonic codes, but also

opens the new possibilities of constructing multimode bosonic codes. Furthermore,

we show the error correction performance of tiger code is related to Gelfand-Kapranov-

Zelevinsky (GKZ) hypergeometric function. By analysing the asymptotic behavior

of GKZ hypergeometric function, the error correction performance of tiger codes can

be efficiently estimated.
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Chapter 2: Encoding logical fermionic modes

山河破碎风飘絮，身世浮沉雨打萍。

Mountains and rivers lie in ruin,

drifting like cotton in the wind; my

life, adrift and battered, is but

duckweed in the rain.

文天祥 (1236-1283)

Tianxiang Wen (1236-1283)

2.1 Background of fermion-to-qubit mappings

The study of fermion-to-qubit mappings was initialized by Jordan and Wigner [20],

so-called Jordan-Wigner transformation, for purposes other than quantum computa-

tion. The Jordan-Wigner transformation was originally motivated by the study of du-

ality between fermionic systems and spin systems. For example, the one-dimensional

transverse-field Ising model can be mapped to fermion model via the Jordan-Wigner

transformation and solved easily. These dualities allow us to explore problems that

are complicated on one side but simpler on the other.

In particular, the exact bosonizations in Refs. [24, 28, 32, 33] construct the toric

code with emergent fermions in arbitrary dimensions and impose gauge constraints to
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restrict the system to a subspace with emergent fermions, which offer elegant space-

time descriptions using the Chern-Simons and the Steenrod square topological action.

The space-time pictures for other fermion-to-qubit mappings are less explicit, but the

connection of some mappings with the toric code has been pointed out. Whitfield et

al. [57] indicated that the Verstraete-Cirac auxiliary method [21] can be related to a

topological model, and the compact encoding [29] found that the stabilizer is similar

to the toric code. These observations suggest that many fermion-to-qubit mappings

are closely related at a deeper structural level.

From a theoretical perspective, since the exact bosonization has the simplest

space-time interpretation, it is natural to ask: Are all fermion-to-qubit mappings

in two spatial dimensions “equivalent”to the exact bosonization? To address this,

we define “equivalence”in terms of finite-depth generalized local unitary (GLU)

transformations. Informally, the finite-depth GLU transformation refers to a finite-

depth quantum circuit that may involve ancillary qubits. We argue that the answer

to this question is “yes”, and we support this claim with several explicit examples.

FFrom a practical point of view, fermion-to-qubit mappings are widely used in

fermionic quantum simulations of physical systems. For quantum simulations, an

important quantity is the qubit-fermion ratio r, the number of qubits to simulate one

fermion on average since it is directly related to the total number of fermionic modes

encoded in a qubit array. Suppose that we encode n fermionic modes using m qubits;

then the qubit-fermion ratio is r = m
n . On the 2d square lattice, the compact fermion-

to-qubit mapping in Ref. [29] has the ratio r = 1.5, and Ref. [25] gives a general

construction of a fermion-to-qubit mapping with a trade-off between the ratio and

the locality of logical operators.

This section is based on one of the works Ref. [1]. We begin by reviewing the

exact bosonization, which serves as the origin of various fermion-to-qubit mappings,
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in Sec. 2.2.1 and the underlying mechanism of local fermion-to-qubit mappings in

Sec. 2.2.2. In Sec. 2.3, we introduce a systematic framework for constructing a va-

riety of 2D bosonization schemes by using Clifford circuits [58, 59] and finite-depth

generalized local unitary (gLU) transformations [60, 61]. This framework offers offers

a unifying perspective on the relationships among different fermion-to-qubit map-

pings. Finally, in Sec. 2.4, we demonstrate how several well-known mappings—in-

cluding the Bravyi-Kitaev superfast (BKSF) encoding, the Verstraete-Cirac mapping,

Kitaev’s honeycomb model, the Majorana loop stabilizer codes (MLSCs), and the

compact fermion-to-qubit mapping—can all be understood as deformations of exact

bosonization.

2.2 Fermion-to-qubit mappings

2.2.1 Exact bosonization

As we discussed in previous section, fermion-to-qubit mappings, where all the

geometric local operations in the fermionic logical space can be implemented by ge-

ometric local Pauli operations in physical system, are of great interest from both

theoretical and practical perspectives. A natural example is the emergent fermions

in 2d toric code as shown in Fig. 2.1. Where a pair of e and m excitations in 2d toric

code forms an emergent fermions, and local movement of an emergent fermion can be

implementedby apply local XZ-string operator.

Motivated by the emergent fermions in 2d toric code, the exact bosonizations in

Refs. [24, 28, 32, 33] construct the toric code with emergent fermions in arbitrary

dimensions and impose gauge constraints to restrict into the subspace with emer-

gent fermions, which provide an elegant space-time description by the Chern-Simons

and the Steenrod square topological action. In this subsection, we review the exact
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Figure 2.1: Emergent fermions in Z2 toric code

bosonization on the Hilbert space defined in Fig. 2.2.

We consider a two dimensional square lattice shown in Fig 2.2, with elements of

vertices, edges, and faces are denoted v,e, f . On each face f of the lattice we place

a pair of fermionic creation-annihilation operators c f ,c
†
f , or equivalently a pair of

Majorana fermions:

γ f ≡ c f + c†
f , γ ′f ≡ (c f − c†

f )/i. (2.1)

The even fermionic algebra consists of local observables with a trivial fermion par-

ity, i.e., local observables which commute with the total fermion parity (−1)F ≡

∏ f (−1)c†
f c f . The even algebra is generated by [24]:

1. On-site fermion parity:

Pf ≡−iγ f γ ′f . (2.2)

2. Fermionic hopping term:

Se ≡ iγL(e)γ ′R(e), (2.3)
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1 2 3

4 5 6

7 8 9

a b

cd

Figure 2.2: Bosonization on a square lattice [24]. We put Pauli matrices Xe, Ye, Ze on
each edge and one complex fermion c f ,c

†
f at each face. We work on the Majorana basis

γ f = c f + c†
f and γ ′f =−i(c f − c†

f ) for convenience.

where L(e) and R(e) are faces to the left and right of e, with respect to the

orientation of e in Fig. 2.2.

The bosonic dual of this system involves Z2-valued spins (qubits) on the edges of

the square lattice, generated by the Pauli matrices Xe, Ye, and Ze. For every edge

e, we define a unitary operator Ue that squares to 1. Here, we label an edge that

connects vertices j,k by e jk. For example, in Fig. 2.2, the edge between faces b and c

is labeled as edge e56 and the edge between faces c and d is e58. On these edges, we

define the corresponding operators:

Ue56 ≡ Xe56Ze25,

Ue58 ≡ Xe58Ze45,

(2.4)

where Xe, Ze are Pauli matrices acting on a qubit at each edge e. Operators Ue for

other edges are defined using translational symmetry. Pictorially, the operator Ue jk

20



is drawn as

Ue jk ≡
k

Xe jk

Z j

or
j Xe jk k

Z , (2.5)

corresponding to the vertical or horizontal edge e jk.

spin system fermion system

fermionization

bosonization

Figure 2.3: Qubit lattice in physical space and the fermion lattice in logical space

It has been shown in Ref. [24] that Ue and Se satisfy the same commutation

relations. On each face f , we also define the “flux operator” Wf ≡ ∏e⊂ f Ze, the

product of Ze around a face f :

Wf ≡
Z
f ZZ
Z

. (2.6)

The bosonization map, which preserves the commutation relation between operators,

is as follows:

Se←→Ue,

Pf ←→Wf ,

(2.7)

or pictorially
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i× e

γL(e)

γ ′R(e)

oo //
Xe

Z , (2.8a)

i×

e

γL(e) γ ′R(e)
oo // Xe

Z

, (2.8b)

−iγ f γ ′f oo //
Z
f ZZ
Z

, (2.8c)

where the first and second lines represents the short XZ-string that move emergent

fermions vertical and horizontally, and the third line represents the on-site fermion

parity operator. As we can see in Eq. (2.8), all the on-site and nearest-neighbor

fermionic interactions can be implemented by O(1)-weight Pauli operators. By mul-

tiplying terms in Eq. (2.8), arbitrary even products of logical Majorana operators can

be obtained. Geometric local fermionic interactions are guaranteed to have O(1)-

weight Pauli implementation on the physical side.

On the fermionic side, operators Se and Pf satisfy an additional condition

PaPcSe58Se56Se25Se45 = 1.1. (2.9)

This generates the gauge constraints (stabilizer) Gv ≡Wc ∏e⊃v5
Xe = 1 imposed by

1Substituting the definition of Pf and Se in Eqs. (2.2) and (2.3), PaPcSe58 Se56 Se25 Se45 is equal to
γ2

a γ ′a
2γ ′b

2γ2
c γ ′c

2γ2
d , which is the identity due to the property of Majorana fermions.
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hand on bosonic operators, or pictorially

Gv ≡

Z
f Z

X v
XZ

XZ

X

= 1. (2.10)

The gauge constraint Eq. (2.10) can be considered as the stabilizer (Gv |Ψ⟩= |Ψ⟩ for

|Ψ⟩ in the code space), which forms the stabilizer group G . The operators Ue and Wf

generate all logical operators.2 In the setting above, qubits live on edges and fermions

live on faces, so the ratio between the number of qubits and the number of fermions

is r = 2.

In the language of quantum error-correcting codes, the 2d exact bosonizations use

2 physical qubits to encode 1 logical fermionic modes on average, with code distance

equal to 2. And it exhibits desired property that geometric local fermion interactions

can be implemented by geometric local constant-weight Pauli operators. The 2d exact

bosonization utilize the emergent fermion in toric code which is long-range entangled

quantum system to construct a locality-preserving fermion-to-qubit mapping. Infor-

mally speaking, the basic idea of locality-preserving fermion-to-qubit mappings is to

couple the non-local fermion-parity terms in Jordan-Wigner transfroamtion with an

auxiliary qubit system, such that the the non-local interaction given by fermion par-

ity is equivalent to local interaction acting on the auxiliary qubit system. In other

word, the long-range entanglement between auxiliary qubit array and fermion parity

enables us to map local fermion operators to local Pauli operators. We will discuss

the underlying mechanism in the next section.
2The logical operators consist of all operators that commute with G . G are trivial logical operators

since stabilizers do not affect the code space. Ue and Wf generate all logical operators.
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2.2.2 Locality-preserving fermion-to-qubit mappings

As we shown in the previous subsection, the long-range entanglement structure

of the toric code implicitly help us to map local fermion operators into local Pauli

operators. In this subsection, we provide a simple example to demonstrate why long-

range entanglement is necessary for local fermion-to-qubit mappings in 2d.

Figure 2.4: Qubit array of locality-perserving mapping, each dot represents a physical qubit.
The blue dots form an ancillary system entangled with the original Jordan-Wigner array
with stabilizer constraint G. The G plaquette term is translational-invariant.

Figure 2.5: Eliminate Z-string by multiplying stabilizers G.

Starting from a Jordan-Wigner transformation, we introduce an auxiliary qubit

array which is entangled with the fermion parity terms in Jordan-Wigner transfor-

mation. The layout of the system is shown in Fig. 2.4. The lattice formed by black

dots represents the conventional qubit lattice we used for Jordan-Wigner transfor-

mation, while the lattice formed by blue dots represents the auxiliary qubit lattice

which is entangled with the conventional qubit lattice by stabilizer constraint G. The

stabilizer constraint G acts as identity in the logical space.
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The fermionic hopping term 2i(γ jγ ′k− γ ′jγk) becomes

2i(γ jγ ′k− γ ′jγk) = (X jXk +YjYk)( ∏
j<l<k

Zl), (2.11)

where we assume k > j for convenience.

Note that we have access to the auxiliary qubit lattice and extra stabilizer con-

straint G in Fig. 2.4, we are free to deformed the logical fermionic operator from

Jordan-Wigner transformation by multiplying stabilizer G. By multiplying the origi-

nal Jordan-Wigner operator by stabilizer G, we are able to deformed the open fermion

parity string into a shorter one, such that the Pauli weight of the deformed string only

depends on the geometric distance between two sites as O(ℓ) where ℓ is the Euclidean

distance between the sites of logical fermionic modes.

2.3 Proving the equivalence between different codes by generalized

local unitary (gLU)

In this section, we describe a systematical way to derive various fermion-to-qubit

mappings from the exact bosonization in two spatial dimensions proposed in Ref. [24].

The exact bosonization utilizes the subspace of the toric code with fermionic excita-

tions, which will be shortly reviewed in Sec. II A. We obtain new fermion-toqubit

mappings by applying local unitary operators on the exact bosonization. On the other

hand, to include the lattice deformation that could modify the underlying Hilbert

space, local unitary operators are insufficient, and the idea of GLU operators is intro-

duced [60, 61]. The physical intuition of GLU operators is that we are allowed to add

an extra ancilla qubit into the system or remove any single qubit that is unentangled

from the rest (forming a tensor product state), i.e., mapping a state |ψ⟩ to another
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state |ψ ′⟩⊗|0⟩ and vice versa. As shown in Fig. 1, we could apply a unitary operator

V making one qubit disentangled from the others, and then remove this qubit without

losing any information.

The gLU operators discussed above are for quantum states, which can also be un-

derstood for stabilizer codes [9] from the Hamiltonian perspective. Given the Hilbert

space formed by N qubits, a stabilizer code is described by a Hamiltonian

Hstabilizer =
l

∑
i=1

Si, (2.12)

with l ≤ N and the stabilizers Si as functions of Pauli matrices commuting with each

other, i.e., [Si,S j] = 0 for all i, j . The ground states (codewords) are eigenstates of

each Si. If we could find a unitary operator V such that V SlV † = ZN (the Pauli Z on

the last qubit), all ground states contain an unentangled trivial product state |0⟩ on

the last qubit after the basis transformation V . Therefore, we can remove the last

qubit from this system without affecting the others.

We use a three-qubit bit-flip repetition code to demonstrate this disentanglement

procedure. Consider a threequbit bit-flip repetition code whose stabilizers are S1 =

Z1Z2 and S2 = Z2Z3; the codewords are

|0⟩L = |000⟩ , |1⟩L = |111⟩ . (2.13)

We then apply a Clifford unitary V = CNOT2→3 to transform the stabilizers as

V Z1Z2V † = Z1Z2, V Z2Z3V † = Z3. (2.14)

The second stabilizer Z2Z3 is trivialized by disentangler CNOT2→3, which indicates

that the third physical qubit must be in the |0⟩ state while the first two physical
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qubits still form the two-qubit repetition code. This fact can also be verified from

the state’s perspective:

CNOT2→3 |0⟩L = |000⟩ , CNOT2→3 |1⟩L = |110⟩ . (2.15)

Here the third physical qubit is always |0⟩ and is disentangled from the rest of the

system. Hence we can remove the third physical qubit and obtain the two-qubit

bit-flip repetition code.

On the other hand, the logical operators must be conjugated by the disentangler

V , such that they still commute with the transformed stabilizers. Hence, this disen-

tanglement process preserves the algebra in the codespace formed by the codewords.

In the above example, the logical operators after deformation is

V (XL)V † = X1X2, V (ZL)V † = Z1, (2.16)

which are the logical operators for the two-qubit repetition code.

As we shown that fermion-to-qubit mappings are stabilizer codes, and gLU tech-

nique can be used to prove their equivalence. For two fermion-to-qubit mappings

with stabilizer groups S1,S2 and logical operators L1,L2, if we can find a disentan-

gler V such connecting S1 to S2 and L1 to L2, we conclude those two mappings

are equivalent. In the following section, we explicitly construct finite-depth gLU

Clifford circuits to demonstrate various known mappings are equivalent up to gLU

transformation.
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2.4 Examples

2.4.1 Verstraete-Cirac mapping

In this section, we demonstrate the equivalent relation between the Verstraete-

Cirac mapping [62] and exact bosonization after regrouping Majorana fermions. The

basic idea of the Verstraete-Cirac mapping is to eliminate the nonlocal Pauli-Z string

from the 1d Jordan-Wigner transformation by introducing auxiliary qubits with gauge

constraints. In this mapping, each site i uses four Majorana modes γi,γ ′i , γ̃i, γ̃i
′ i to

encode a complex fermion and an auxiliary complex fermion. For implementation, we

put two qubits on each vertex, one for the physical complex fermion and the other for

the auxiliary complex fermion. The Majorana operators γ̃i, γ̃i
′belong to the auxiliary

complex fermion. The auxiliary fermions stay in the ground state of the Hamiltonian

Haux =− ∑
{ j,k}

Pjk =−i ∑
{ j,k}

γ̃ jγ̃k
′ (2.17)

where the {i, j} includes only pairs (i, j) that connected by the directed edges in

Fig. 2.6. The hopping operator is modified as c†
i c j → c†

i c j(iγ̃iγ̃ ′j). We apply the

1d Jordan-Wigner transformation with ordering {γi1,γ ′i1} → {γ̃i1, γ̃ ′i1} → {γi2,γ ′i2} →

{γ̃i2, γ̃ ′i2} → ·· ·, where i1, i2, · · · in our convention start with the first row from left

to right, and move to the second and so on. However, the auxiliary Hamiltonian

is a non-local Hamiltonian. To resolve this problem, we perform following substi-

tution P{N−1,N+2} → P{N−1,N+2}P{N,N+1}, P{N−2,N+3} → P{N−2,N+3}P{N−1,N+2} for all

rows. Since all P commute with each other, the auxiliary Hamiltonian Haux becomes

local without changes in the ground state. Then the local gauge constraint (stabilizer)

is Pi j = γ̃iγ̃ ′kγ̃ jγ̃ ′l = 1. The gauge constraint can be written as a Pauli stabilizer
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Figure 2.6: Graph structure of the auxiliary Hamiltonian Haux.

Pik =
Ii Z j

X̃i Ỹj

Ik

Ỹk X̃l

Zl

. (2.18)

Pauli matrices {X̃n,Ỹn, Z̃n} act on the auxiliary qubit n. We put physical qubits on

the vertical edges and auxiliary qubits on the horizontal edges. Since physical qubits

and auxiliary qubits are in different edges, we will not show the tilde in following text

for convenience.

Its hopping operators (Se in Eq. (2.3))and fermion parity operators (Pf in Eq. (2.2))
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Figure 2.7: The finite-depth Clifford circuit to convert the Verstraete-Cirac mapping to the
exact bosonization. The details of H, R, S gates are Clifford gates of qubit system.

are

Ue =
X

Ye

Y
X

, X Xe

Z

Wf = Z f .

(2.19)
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By conjugating the logical operators in Eq. (2.19) by the Clifford circuits shown

in Fig. 2.7, the logical operators and stabilizer become

Ue =
e

X
Z

, X

e

Z

,

Wf = Y

f

Y

, Gv =

Z v

Z

X

XZ

XZ
X

(2.20)

The logical operators and stabilizer in Eq. (2.20) are exactly the logical operators

and stabilizers of exact bosonization after a shift of Majorana fermions. If we shift

the Majorana fermions in the exact bosonization as Fig. 2.8 and re-pair them. Then

we find the exact bosonization and the Verstraete-Cirac mapping are equivalent, as

Fig. 2.9.

Figure 2.8: To match our exact bosonization to Verstraete-Cirac mapping, we shift our
Majorana modes on each face as following way: 1. shift γ ′f upward and let it be γ on the
new face; 2. shift γ f rightward and let it be γ ′ on the new face.
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Figure 2.9: Correspondence of logical operators between the exact bosonization and the
Verstraete-Cirac mapping

2.4.2 Bravyi-Kitaev superfast encoding

The Bravyi-Kitaev superfast simulation (BKSF) in Ref. [31] is a method to encode

fermionic operators into Pauli operators. BKSF encodes complex fermions at vertices

v by qubits on edges e. The key idea of BKSF is to assign an arbitrary ordering

of edges around each vertex and write down the logical operators according to the

ordering. For vertex v, we label the edges connected to v by (v, i), i = 1,2,3,4 on 2d

square lattice, shown in Fig. 2.10.

The logical operators ÃBK
e and B̃BK

v are defined as

ÃBK
e = Xe ∏

(L(e),i)<(L(e), j)
ZL(e),i ∏

(R(e),k)<(R(e),l)
ZR(e),k,

B̃BK
v = ∏

e⊃v
Z(v,e),

(2.21)
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Figure 2.10: The ordering of edges on each vertex. The red numbers are the labels.

where (L(e), j) is the label of edge e on the vertex L(e), (R(e), l) is the label of edge

e on the vertex R(e). The fermion-to-qubit mapping is

Ae = iγL(e)γR(e)←→ ÃBK
e ,

Bv =−iγvγ ′v←→ B̃BK
v ,

(2.22)

where Ae and Bv are fermionic operators defined in Sec. 2.2.1. The product of ÃBK
e

on any closed loop need to satisfy the condition i|ℓ|−1 ∏e∈ℓAe = I due to the identity

for Majorana operators in Eq. (1.20).

By the convention in Fig. 2.10, we have:

iγL(e)γ ′R(e)←→ ÃBK
e B̃BK

R(e) = Ye

Z

,
Ye

Z . (2.23)

We notice that this is the same logical operator as the exact bosonization in the dual

lattice after we relabel the Pauli matrices X and Y . The fermion parity terms in

both cases are just a product of Z around a vertex (a face in the dual lattice), and

therefore the BKSF approach with this ordering convention is the same as the exact

bosonization.

33



2.4.3 Kitaev’s honeycomb model

Figure 2.11: Kitaev’s honeycomb mapping between Pauli matrices and Majorana fermions.
For each link, the product of two Pauli matrices on its vertices is mapped to the product
of γ and γ ′ on its vertices by Eq. (2.28).

Figure 2.12: The embedding of the honeycomb lattice in Fig. 2.11 to the square lattice.

The Hamiltonian of Kitaev’s honeycomb model [22] can be written as

H =−Jx ∑
x−links

XA
j XB

k − Jy ∑
y−links

Y A
j Y B

j

− Jz ∑
z−links

ZA
j ZB

k ,

(2.24)
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where x, y, z links are shown in Fig. 2.11. The qubit at each site j can be represented

by four Majorana operators bx
j, by

j, bz
j and γ j with an additional constraint bx

jb
y
jb

z
jγ j = 1

to eliminate the redundancy at each site j. The Pauli matrices at each site j can be

represented as follows:

X j = ibx
jγ j, Yj = iby

jγ j, Z j = ibz
jγ j, (2.25)

or equivalently (after multiplying by D j)

X j =−iby
jb

z
j, Y =−ibz

jb
x
j, Z j =−ibx

jb
y
j. (2.26)

Then, a free-fermion Hamiltonian

H =
i
2 ∑

e jk

Jα jkγA
j γB

k (2.27)

is equivalent to a sector of Eq. (2.24), where the index α takes values x, y or z

depending on the direction of the link jk. Focusing on the algebra generated by γ j,

the mapping Eq. (2.25) can be written as [24]:

iγA
j γB

k ←→


XA

j XB
k if jk ∈ x-link,

Y A
j Y B

k if jk ∈ y-link,

ZA
j ZB

k if jk ∈ z-link,

(2.28)

and the product of Majorana hoppings along a hexagon is proportional to identity,

which gives a gauge constraint on the qubit Hilbert space. It is shown [24] that by

embedding the honeycomb lattice into the square lattice as Fig. 2.12, relabeling γA,γB

by γ f ,γ ′f , and performing single-qubit rotations, the complete bosonization map can
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be expressed as

i× e

γL(e)

γ ′R(e)

oo // Z
Xe

, (2.29)

i×

e

γL(e) γ ′R(e)
oo //

Z
Xe

, (2.30)

−iγ f γ ′f oo //
Y
f Y , (2.31)

with gauge constraints

Gv =

Z
f Z

X v
XZ

XZ

X

= 1. (2.32)

This is equivalent to the logical operators and stabilizers in Eq. (2.20) up to a shift.

Therefore, it is gLU equivalent to the exact bosonization.

2.4.4 Majorana loop stabilizer code

In this section, we show that Majorana loop stabilizer code (MLSC) [26] is gLU

equivalent to the 2d exact bosonization. Similar to BKSF, the Majorana loop stabi-

lizer codes encode a complex fermion on vertex v by qubits on edge e connected to v.

The Majorana loop stabilizer codes have fermionic hopping operation Ae = iγL(e)γR(e)

on each edge, fermion parity operator Pf =−iγ f γ ′f on each vertex and stabilizers Gv
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Figure 2.13: The finite-depth Clifford circuit for the MLSC to the exact bosonization. The
first Clifford circuit will disentangle the qubits on the edges between red and yellow squares,
so the edges between red and yellow squares become dashed lines in the second and third
steps.
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Figure 2.14: Horizontal hopping iγL(e)γR(e) after a finite-depth gLU transformation in
Fig. 2.13. (a),(b) are hoppings between blue and orange dots; (c),(d) are hoppings be-
tween pink and yellow dots. (a),(b), (d) are exactly the horizontal hopping in the exact
bosonization, and (c) is a product of the hopping operator and the stabilizer in the exact
bosonization.

Figure 2.15: (e),(f),(g) and (h) are the vertical hopping iγL(e)γR(e) after a finite-depth gLU
transformation in Fig. 2.13. They match the vertical hoppings in the exact bosonization.

acting on faces with different colors. We follow the same procedure described in

Sec. 2.3, conjugating the logical operations and stabilizers of MLSC by finite-depth

Clifford circuits in Fig. 2.13. Then the four kinds of horizontal hoppings in MLSC

reduce to the horizontal hopping in the exact bosonization (up to a stabilizer), and

the same thing happens to the vertical hoppings, parity operators, and stabilizers.

Starting from the MLSC, Fig. 2.14 and Fig. 2.15 shows that the horizontal and

vertical hoppings iγL(e)γR(e) after the transformation can match the horizontal and

vertical hoppings in exact bosonization. An interesting fact is that the first Clifford

38



circuit in Fig. 2.13 removes qubit on the edges between red and yellow squares and

makes this correspondence possible.

2.4.5 Compact fermion-to-qubit mapping

In the exact bosonization on the square lattice, the bosonic subspace is constrained

by the stabilizer Eq. (2.10) at each vertex. First, we enlarge the unit cell to be a 2×2

square

even odd

odd even

. (2.33)

Note that we have colored the faces to be even or odd as the checkerboard. In each

2× 2 square, there are totally 4 fermions, 8 qubits and 4 stabilizers, whose qubit-

fermion ratio is r = 8
4 = 2. We are going to apply a finite-depth gLU circuit to

disentangle some qubits and reduce the ratio.

In Fig. 2.16, the translational invariant Clifford circuit is defined.3 We divide the

stabilizers into two cases, living on an odd face or an even face, as shown below

Godd =

Z
Z

X
XZ odd

XZ
X

, Geven =

Z
Z

X
XZeven

XZ
X

.

3We have enlarged the unit cell and therefore the distances for the translational generators are
doubled.
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YY

Y Y

YY

Y Y

even odd

odd even

even odd

odd even

even odd

odd even

even odd

odd even

even odd

odd even

even odd

odd even

CNOT

Y
CY

CZ

Figure 2.16: The finite-depth Clifford circuit for the r = 1.5 construction

After the conjugation of the Clifford circuit in Fig. 2.16, these stabilizers become

Z
Z

X
XZ odd

XZ
X

// (−1)×
Y odd

, (2.34)

Z
Z

X
XZeven

XZ
X

// (−1)×
X

Z

Y even
X

X X
Y

Z. (2.35)

We have converted the stabilizer Godd into a single-qubit stabilizer Y . This qubit will

be in the eigenstate of Y and can be discarded. Hence, we successfully eliminate the
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qubits on the left edges of all odd faces. In the 2×2 unit square Eq. (2.33), there are

only 6 qubits remaining, and the ratio between qubits and fermions is 6
4 = 1.5.

By the Clifford circuits in Fig. 2.16, we eliminate stabilizers on odd faces and

convert the stabilizers on even faces to toric-code-like stabilizers. Next, we analyze

the logical operators which represent the hopping of fermion after the conjugation.

Here the convention of the fermionic hopping is Se ≡ iγL(e)γ ′R(e). There are four types

of fermionic hopping operator (after removing the degrees of freedom in Eq. (2.34))

Z

Xeodd //
Z

Z

Xeodd ,

Z

Xeeven //

Z
Z

Y

eeven
X

Y

,

Xe

Z odd //
Xe

odd ,

Xe

Z even //
Xe

even ,

(2.36)
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Figure 2.17: The r = 1.5 construction is the same as the compact fermion-to-qubit mapping
[29] after the re-paring of Majorana fermions above. Each circle represents a complex
fermion generated by the two Majorana fermions. The underlying arrows specify the order
to form a fermion. This is a Kasteleyn orientation ensuring the re-pairing is well-defined
[63].

and two types of flux operators

Z
Z

Z
Zodd //

Z

Z
Zodd ,

Z
Z

Z
Zeven //

Z
Z

Z

even .

(2.37)

We note that the stabilizer in Eq. (2.35) is the same as the stabilizer of the compact

encoding in Ref. [29] (up to the relabeling of Pauli matrices X , Y , Z). Since the

stabilizers are the same, the space of logical operators must be equivalent. We can

redefine the bottom two lines of Eq. 2.36 as “fermion parity” by re-pairing of Majorana

fermions as Fig. 2.17, and reproduce the compact encoding in Ref. [29].
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2.5 Connection to Jordan-Wigner transformation

In this section, we will show that conjugating the exact bosonization by a linear-

depth4 Clifford circuit in Fig. 2.18 will result in the 1d Jordan-Wigner transformation

along the path in Fig. 2.19.

For the Jordan-Wigner transformation, the qubit-fermion ratio is 1, but it is a

non-local fermion-to-qubit mapping since in 1d Jordan-Wigner transformation, the

vertical hopping terms are mediated by a Pauli Z-string between two sites. By directly

applying the linear-depth gLU Clifford circuit in Fig. 2.18 to the logical operators of

the exact bosonization, the qubits on the horizontal edges are disentangled and do

not show up in the logical operators. All stabilizers become single-Pauli operators on

horizontal edges and can be removed by gLU transformations. Explicitly, the logical

operators after conjugation of the Clifford circuit are:

Z

Xe
// X Xe

,

Xe

Z
// ,

Z
Z

Z

f Z
//

Z f ,

(2.38)

which is exactly the 1d Jordan-Wigner transformation with the ordering chosen in
4The depth of the circuit scales linearly with the system size.
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Figure 2.18: The finite-depth Clifford circuit to convert the exact bosonization to 1d Jordan-
Wigner transformation. In the first step, we ordered the system from the left to the right,
then apply CNOT gate to each individual column following the above ordering. In the
second step and third steps, the CNOT gates are applied simultaneously. In the fourth step,
we order the system from the right to the left, then apply CNOT gate to each individual
column following the right-to-left ordering. In the fifth step, CZ gates are simultaneously
applied.

Fig. 2.19. Hence, we can regard 1d Jordan-Wigner transformation as a special case

that we remove all the qubits on the horizontal edges where the vertical hoppings are

no longer local.

As we have proven that the 2d local fermion-to-qubit mappings are originated

from the emergent fermions in toric code, which is long-range entangled. The Jordan-

Wigner transformation can only be transformed to one of the local fermion-to-qubit

mappings after a linear-depth Clifford circuit, meaning that Jordan-Wigner transfor-

mation and local fermion-to-qubit mappings are in different topological phases.
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Figure 2.19: Space ordering of 1d Jordan-Wigner transformation
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Chapter 3: Mappings between oscillators and rotors

琴诗酒伴皆抛我，雪月花时最忆君。

The lute, verse, and wine have all

forsaken me; Yet in the chill of

snow, under the moon’s glow, and

amid blossoming scenes, I find

myself ever recalling you.

李白 (701-762)

Bai Li (701-762)

3.1 Overview of oscillator and rotor

This chapter studies the relation between two kinds of continuous-variable quan-

tum systems: oscillators and rotors. As many different quantum information process-

ing platforms are competing in the current stage, it is important to study and gain

better understanding of quantum system beyond qubits. Moreover, quantum oscil-

lators and rotors are two of the simplest models for quantum information over Lie

groups. The quantum oscillators model describes the vibrational movement of various

physical systems, including vibrational modes of a solids, single-particle trapped in

a potential, superconducting circuits, and nanomechanical oscillators. The quantum
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rotor describes the quantum system parameterized by rotational degrees of freedom,

including superconducting currents and ultracold molecules.

This chapter is based on the results presented in Ref. [2]. In Sec. 3.2, we review

the quantum oscillator and two commonly used bases: canonical and Fock bases. In

Sec. 3.3, we introduce the generalized Pauli operators for planar rotors. We describe a

method to embed a logical planar rotor into a single-mode harmonic oscillator, along

with the number-phase interpretation of the oscillator.

Next, we investigate the generators of the rotor Clifford group and their symplectic

representation in Sec. 3.5.1 and identify its group structure in Sec. 3.5.2. In Sec. 3.5.3,

we present the subgroup of rotor Clifford group that is also a subgroup of group of

Gaussian transformations that preserve the total occupation number.

We then revisit the formalism of homological rotor codes and investigate the

physical implications of torsion and Smith normal form by calculating the codes’

homology group in Sec. 3.6.1. In Sec. 3.6.2, we show that the codes with different

torsion parts from different equivalent classes which cannot be related by CSS Clifford

transformations. In Sec. 3.6.3, we show that rotor GKP codes are concatenations

between homological rotor codes and modular-qudit codes.

In Sec. 3.7, starting from an Example. 4 that number-phase codes are rotor GKP

codes after projecting on the non-negative angular momentum subspace, we propose

the homological number-phase codes — a multi-mode generalization of number-phase

codes. In Prop. 1, we provide a procedure for mapping homological rotor codes to

homological number-phase codes.

In Sec. 3.7.1, we demonstrate how to use the Clifford semigroup of number-phase

operations to encode in homological number-phase codes.
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3.2 Quantum oscillator

Canonical basis of quantum oscillator

A quantum oscillator can be regarded as a particle moving on a 1d real line, whose

canonical eigenbases are eigenstates of position and momentum operators q̂ and p̂

q̂ |q⟩= q |q⟩ , ∀q ∈ R,

p̂ |p⟩= p |p⟩ , ∀p ∈ R,
(3.1)

where the position and momentum eigenbasis are related by Fourier transformation

|q⟩=
∫

d peipq |p⟩.

Analogous to the Pauli operators in a qudit system, the displacement operators,

the displacement operators e−ip̂ξp , eiq̂ξq, (∀ξp,ξq ∈ R) act as shift operators that

translate the canonical eigenstates. Their actions on the position and momentum

bases is given by:

e−ip̂ξp |q⟩=
∣∣q+ξp

〉
, e−ip̂ξp, |p⟩= e−ipξp |p⟩ , (3.2)

eiq̂ξq |q⟩= eiqξq |q⟩ , eiq̂ξq |p⟩=
∣∣p+ξp

〉
. (3.3)

The commutation relation for displacement operators is

e−ip̂ξpeiq̂ξq = eiξpξqeiq̂ξqe−ip̂ξp, (3.4)

where the phase factor eiξpξq on the righthand side is a complex number. Since

displacement operators serve as the counterpart of Pauli operator in oscillator sys-

tem, the quantum codes stabilized by displacement operators, for example e−ip̂2
√

π
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and eiq̂2
√

π , are considered as Pauli stabilizer codes for continuous-variable quantum

systems, including the paradigm of Gottesman-Kitaev-Preskill (GKP) encoding [55].

The GKP codes exhibit discrete translational symmetries in phase space and can

correct Gaussian displacement errors which involves various physically relevant error

sources of oscillator systems.

Fock basis of quantum oscillator

Aside from the canonical choice of basis, there is another basis of the oscillator

Hilbert space, known as the Fock basis. The Fock basis consists of the eigenbasis of

the harmonic oscillator hamiltonian

Ĥ = x̂2 + p̂2 = x̂2 +
∂ 2

∂x2 , (3.5)

which is quadratic in terms of position and momentum operators. The eigenbasis of

Hamiltonian in Eq. (3.5) is

ψn(q) =
1√
2nn!

π−1/4e−q2/2Hn(q), (3.6)

Ĥψn(q) = Enψn(q), (3.7)

where ψn(q) is the n-th eigenstate of Ĥ with eigenvalue En = n+ 1
2 for n ∈ N. The

wavefunction of eigenstate ψn(q) is the n-th Hermite polynomial.

Equation (3.6) shows the relation between canonical basis and Fock basis, both of

which form complete bases of the oscillator Hilbert space. Here we introduce the Fock

basis of quantum oscillator |n⟩ forall n ∈ N, where the overlap between a Fock state

and a position eigenstate yields the wavefunction (Hermite polynomial) in Eq. (3.6)

⟨q|n⟩= ψn(q). (3.8)
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Similar to the canonical basis of quantum oscillator, the counterparts of displacement

operators in Eq. (3.2) can be defined in Fock basis. The “Pauli operator” for Fock basis

is similar to the Pauli operator of planar rotor and will be discussed in Section. 3.4.1,

after we introduce the planar quantum rotor.

3.3 Planar quantum rotor

In this section, we formally define the planar quantum rotor system, which can

be realized by considering a particle moving on a ring. The state space of a rotor is

the same as that of a particle on the group T as Fig. 3.1 (a) shown, arising naturally

from a quantum body rotating in two dimensions. The state space admits bases of

fixed particle position and fixed particle momentum. We associate the former with

the “Pauli X-basis”of the rotor, denoting basis elements by a phase θ ∈ [0,2π),

which also label elements of the circle group,

T∼= R/2πZ. (3.9)

Conversely, the dual “Pauli Z-basis” is characterized by irreducible representations of

U(1), which are labeled by the integers Z. The two bases are

X-basis : |θ⟩ , θ ∈ T,

Z-basis : |l⟩ , l ∈ Z,
(3.10)

where we call |θ⟩ as a vector in phase state, and |l⟩ as an angular momentum state.

The former can be expressed in terms of the latter via the Fourier series

|θ⟩= 1√
2π ∑

ℓ∈Z
eiθℓ |ℓ⟩ , (3.11)
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and visa versa.

The fundamental operators on a single rotor are the generalized Pauli operators.

The Pauli X operator is parameterized by an integer m∈Z, and the Pauli Z operator is

parameterized by a phase factor ϕ ∈T. Remember that the irreducible representations

of group T are labeled by integers, which matches our expectation of the domain of

Z-basis. Their actions on the angular position and momentum states are as follows:

X(m) |θ⟩= eimθ |θ⟩ ,X(m) |l⟩= |l +m⟩ , m ∈ Z,

Z(ϕ) |θ⟩= |θ −ϕ⟩ ,Z(ϕ) |l⟩= eiϕ l |l⟩ , ϕ ∈ T.
(3.12)

These are natural generalizations of qudit Pauli operators, defined on the space of a

particle on the group Zq, or harmonic oscillator displacement operators defined for

R.

We would like to present the Pauli operators in terms of the fundamental degrees of

freedom phases and angular momentum. Though the angular momentum operator l̂ is

well-defined, we cannot define phase operator θ̂ individually because of the ambiguity

introduced by the 2π periodicity. Nevertheless, we can still express Pauli operators

as exponentials of either operator,

X(m) = eimθ̂ , Z(ϕ) = eiϕ l̂. (3.13)

The commutation relation between Pauli X and Z for rotor is

X(m)Z(ϕ) = e−imϕ Z(ϕ)X(m), (3.14)

where the phase factor arises from the rotor commutation relation [l̂,eiθ̂ ] = eiθ̂ . Tensor

products of these Pauli operators generate the n-rotor Pauli group, Prot
n .
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(a) (b) (c)

Embedded rotor Planar rotor Number-phase rotor

Figure 3.1: The planar rotor (b) describes the motion of a particle on a circle T, with
said particle admitting only integer-valued angular momenta. This phase space can be
embedded into that of the harmonic oscillator by periodically identifying oscillator positions
q, yielding the embedded rotor (a). Alternatively, interpreting oscillator Fock states as the
positive-momentum states of a rotor yields the number-phase interpretation of the oscillator
(c). Relations between these constructions allow us to identify primitives necessary for
information processing as well as develop various error-correcting codes for all three state
spaces.

3.4 Encode a rotor into an oscillator

In this section, we show that a logical rotor can be encoded into a physical oscil-

lator by utilizing half of the stabilizers of oscillator GKP code. The intuition is: a

planar rotor can be embedded into a harmonic oscillator by periodically identifying

the oscillator’s positions [see Fig. 3.1(a-b)]. It was pointed out in Ref. [19] that this

embedding can be done by restricting to the +1 eigenspace of one of the stabilizers

of the GKP code. This stabilizer, Ŝq = exp(i2π p̂), written in terms of the oscillator

momentum p̂, shifts the oscillator position q by 2π. The stabilizer constraint,

Ŝq |ψ⟩=
∫

dqψ(q) |q−2π⟩ !
=

∫
dqψ(q) |q⟩= |ψ⟩ , (3.15)

restricts the possible oscillator wavefunctions to those satisfying ψ(q+ 2π) = ψ(q).

In other words, imposing the above stabilizer constraint is equivalent to imposing
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2π-periodicity in the q representation.1

The stabilizer Ŝq shifts each oscillator position state by 2π, meaning that its

eigenstates are superpositions of a position state with all states related to it by a

shift of a multiple of 2π. Such states are labeled by an angle and correspond to the

position states of the embedded rotor,

|θemb⟩= ∑
m∈Z
|q = 2πm+θ⟩ . (3.16)

Since they are eigenstates of a GKP stabilizer, these are of the same comb-like form

as the logical codewords of the GKP code.

An oscillator momentum state is an eigenstate of Ŝq only when the momentum

p is an integer. Such states can be expressed in terms of embedded-rotor position

states via a Fourier transform,

|p⟩ ∝
∫

dqeipq |q⟩

= ∑
ℓ∈Z

∫
dθeip(2πℓ+θ) |2πℓ+θ⟩

=
∫

dθeipθ |θemb⟩ .

(3.17)

Note that the integer momentum assumption is necessary for the last equality to hold.

Pauli operators for the embedded rotor,

X(m) = eimq̂, ∀m ∈ Z, Z(ϕ) = eiϕ p̂, ∀ϕ ∈ R , (3.18)

where q̂ is the oscillator position operator, form the subset of oscillator displacements
1In terms of the oscillator subsystem decomposition from Ref. [64], the above performs the de-

composition T⊗ 2πZ = R, where T is the embedded rotor space, and the factor 2πZ is called the
gauge space.
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that preserve the embedded rotor space. Because of the periodicity in q, the momen-

tum p is quantized and can only take integer values. As a logical operator, X(m)

must commute with stabilizer Ŝq, so m can only take integer values. The oscillator

commutation relation [q̂, p̂] = i yields that of the embedded rotor,

eimq̂eiϕ p̂ = e−imϕ eiϕ p̂eimq̂ . (3.19)

The embedded rotor helps us understand various features of the planar rotor from

the harmonic oscillator perspective. Since this space inherits oscillator quadrature

operators, both its position and momentum operators are well-defined, in contrast to

a real quantum rotor in which a standalone θ̂ is not well-defined. This makes the

embedded rotor “stretchable”, meaning that any periodicity can be imposed in lieu

of 2π. In other words, if we squeeze the oscillator quadrature which embeds a rotor,

we are essentially redefining the embedded rotor space without disturbing any logical

information within the rotor.

3.4.1 Rotor in oscillator Fock basis

A different way to embed the planar rotor into an oscillator is to associate rotor

momentum states with oscillator Fock bases, |n⟩ , n ∈ N. Since N ⊂ Z, we can view

an oscillator as a rotor that is projected onto the non-negative angular momentum

subspace. We can then associate rotor position states from Eq. (3.11) with the Pegg-

Barnett oscillator phase states [65–67],

|θ⟩F = ∑
n∈N

e−inθ |n⟩ , ∀θ ∈ T . (3.20)
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These states play important roles in quantum error correction [68, 69] and quantum

metrology [70, 71], and are relevant in the construction of continuous-variable designs

[71]. Indeed, both |θ⟩F ,∀θ ∈ T and |n⟩ ,∀n ∈ N form a complete (but, in the former

case, non-orthonormal) basis. We denote this re-interpretation of the oscillator as a

rotor without negative angular momentum [see Fig. 3.1(b-c)].

We define quadrature operators of the number-phase basis using the projection

Π≥m = ∑
l≥m
|l⟩⟨l| (3.21)

for m = 0; this projection removes all negative momentum states. We denote all

projected operators by the subscript “F”, i.e., OF = Π≥0OΠ≥0 for any operator O.

The Pauli operators for number-phase basis are

X(m)F =


∑∞

n=0 |n+m⟩⟨n| m≥ 0

∑∞
n=0 |n⟩⟨n+ |m|| m < 0

Z(ϕ)F = eiϕ n̂

(3.22)

where n̂ = ∑∞
l=0 l |l⟩⟨l| should be interpreted as the photon number operator.

In the number-phase interpretation, X(m)F performs m-photon injection (subtrac-

tion) for positive (negative) m, and both correspond to powers of the Kogut-Susskind

phase operator and its adjoint [65, 72, 73]. The Z(ϕ)F operator is a single-mode

rotation by ϕ , generated by the harmonic oscillator Hamiltonian.

Because for m≥ 0, we have

X(m)†
FX(m)F = I,

X(m)FX(m)†
F = Π≥m ̸= I,

(3.23)
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hence X(m)F is not a unitary. The intuition behind this is that one can inject and

then subtract the same number of photons on arbitrary states. But subtracting and

then injecting m photons can only be applied to states that have at least m photons to

begin with. Overall, X(m)F and Z(ϕ)F generate a semigroup with an identity element,

i.e., a monoid.

The number-phase treatment of an oscillator as a rotor without negative angular

momentum eigenstates turns out to be quite fruitful, as much of the algebra structure

of rotors survives under this projection [74], e.g., the Pauli commutation relation,

X(m)FZ(ϕ)F = e−imϕ Z(ϕ)FX(m)F . (3.24)

A big family of quantum codes on oscillators: rotation-symmetric bosonic codes,

including cat code and its variant, are constructed in this basis. As its name said,

the rotation-symmetric bosonic codes exhibit discrete rotation symmetry in oscillator

phase space and naturally correct photon loss and dephasing noise. The rotation-

symmetric bosonic codes are stabilized by photon loss and discrete phase space rota-

tion operator. Since rotation-symmetric bosonic codes exhibit rotation symmetries in

phase space, it can be regarded as an approximate rotor in phase space. This underly-

ing similarity motivates us to consider the connection and mapping between oscillator

and rotor systems. The similarities are sufficient to enable us to map homological

rotor codes into sensible codes for rotation-symmetric bosonic codes.

3.5 Clifford group on rotor system

The qubit Clifford group is a collection of operations which map a tensor product

of Pauli operators to another tensor product of Pauli operators while also preserving
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the commutation relations among them. To be specific, given the n-qubit Pauli group

Pn, the corresponding n-qubit Clifford group is

C(Pn) = NU(2n)(Pn)/Pn , (3.25)

where NU(2n) is the group of all elements of U(2n) that preserve the Pauli group [75].

The denominator denotes that we study the group elements up to (right) multiplica-

tion by an element of the Pauli group, and also ignore any phases. Clifford groups for

qudits, oscillators, and rotors are defined similarly. These form a subgroup of “easy”

gates for quantum computation, but cannot be used to obtain an arbitrary logical

gate.

From a quantum error correction point of view, the Clifford group plays a funda-

mental role in designing and characterizing quantum error-correcting codes [76–80],

as well as the equivalence and deformation of codes [81–84]. Investigations of the

Clifford group also yield efficient classical algorithms for simulating Clifford circuits,

guaranteed by the Gottesman-Knill theorem [59] and its generalization to arbitrary

abelian groups [85, 86]. On the practical side, the underlying mathematical structure

of circuit quantization and its connections to symplectic transformations have also

recently been studied [87–91].

A nice property of Clifford groups is that their elements can be expressed as

symplectic transformations acting on particular vectors — 2n-dimensional vectors

(X |Z) ∈ Z2n
d for an n-qudit system, and 2n-dimensional real vectors (⃗q|p⃗) ∈ R2n for

an n-mode system. Since the domain of both quadrature pairs are the same in both

cases, it is easy to show that the qudit and oscillator Clifford groups are Sp2n(Zd)

[92] and Sp2n(R) [93, 94], respectively. Since rotor systems are hybrid — behaving

like continuous-variable systems in the phase basis and discrete-variable systems in
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Oscillators [94, 95] Planar rotors (this work) Qubits [59]
Displacement group H3(R)n (Heisenberg-Weyl) Prot

n (rotor Pauli [96]) Pn (Pauli)

Symplectic group Sp2n(R) U(1)n(n+1)/2 ⋊GLn(Z) (rotor Clifford) Sp2n(Z2) (Clifford)
Passive symplectic group U(n) = Sp2n(R)∩SO(2n) Z2 ≀Sn Sn

Table 3.1: Canonical groups for oscillator, rotor, and qubit systems. The displacement
group shifts the canonical variables of each system, while the symplectic group preserves
the displacement group. The passive symplectic group of the oscillator is the symmetry
group of the complex sphere formed by n-mode coherent states of the same energy, while its
rotor and qubit counterparts are intersections of this group with the respective rotor and
qubit symplectic groups.

the momentum basis — the rotor Clifford group is not as easy to read off.

In this section, we first present the generators of the Clifford group for n rotors,

highlighting the reason why the squeezing operator does not exist in the rotor sys-

tem. We then identify the n-rotor Clifford group to be the semi-direct product group

U(1)n(n+1)/2 ⋊GLn(Z).

3.5.1 Generators of rotor Clifford group

All planar rotor Clifford gates can be expressed as exponentials of quadratic com-

binations of the phase and angular momentum operators, except for the parity-flip

operation. In the following, we define the generators of the rotor Clifford group [97]

and show how they transform rotor Pauli operators.

1. The CNOT gate is defined as

CNOT1→2 =
∫

U(1)
Z(ϕ)⊗|ϕ⟩⟨ϕ |dϕ = ∑

l∈Z
|l⟩⟨l|⊗X(l), (3.26a)
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and it acts on Pauli operators as

CNOT1→2(X(1)⊗ I)CNOT†
1→2 = X(1)⊗X(1)

CNOT1→2(I⊗X(1))CNOT†
1→2 = I⊗X(1)

CNOT1→2(I⊗Z(ϕ))CNOT†
1→2 = Z(−ϕ)⊗Z(ϕ)

CNOT1→2(Z(ϕ)⊗ I)CNOT†
1→2 = Z(ϕ)⊗ I .

(3.26b)

2. The QUAD gate, QUADφ = eiφ l̂(l̂+1)/2, acts on Pauli X operators as

QUADφX(1)QUAD†
φ = Z(φ)X(1) , (3.26c)

commuting with all Pauli Z operators.

3. The CPHS gate, CPHSφ = eiφ l̂⊗l̂, commutes with Z operators and acts on X

operators as
CPHSφ(X(1)⊗ I)CPHS†

φ = X(1)⊗Z(φ),

CPHSφ(I⊗X(1))CPHS†
φ = Z(φ)⊗X(1).

(3.26d)

4. The parity flip, P = ∑ℓ |−ℓ⟩⟨ℓ|= P†, acts as

PX(m)P = X(−m),

PZ(ϕ)P = Z(−ϕ) ,
(3.26e)

flipping the sign of both position and momentum.

All of the above operators can be generated by evolving under quadratic interactions,

with the notable exception of the parity flip. Nevertheless, the flip is a well-defined

Clifford operation that can be realized in concrete systems and that plays a critical
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role in the study of the relation between rotor and number-phase rotor codes (see Sec.

3.7).

Despite the hybrid nature of rotor systems, a Pauli Z(⃗ϕ)X (⃗m) can still be repre-

sented by a vector v⃗ [86, 98, Lemma 2.8],

v⃗ =
(

m⃗T
v |⃗ϕ

T
v

)T
, (3.27)

where m⃗v is a n-dimensional integer-valued column vector, and ϕ⃗ v is a n-dimensional

T-valued column vector. The commutation relation between two Pauli strings u⃗ and

v⃗ can then be represented as

Z(⃗ϕ u)X (⃗mu)Z(⃗ϕ v)X (⃗mv)

= e−i⃗uTΛ⃗vZ(⃗ϕ v)X (⃗mv)Z(⃗ϕ u)X (⃗mu),

(3.28)

where e−i⃗uTΛ⃗v is the phase factor captured by the symplectic inner product between

u⃗ and v⃗,

u⃗TΛ⃗v = m⃗T
u ϕ⃗ v− ϕ⃗T

u m⃗v, Λ =

 0 In×n

−In×n 0

 . (3.29)

Each Clifford circuit U can be represented by a symplectic matrix QU that trans-

forms a Pauli string v⃗ as

U⃗vU† = QU⃗ v =
(

m⃗T
QU v|⃗ϕ

T
QU v

)T
, (3.30)

for some quadrature transformation QU . Since U is a Clifford circuit, m⃗QU v should be

a n-dimensional integer-valued column vector, and ϕ⃗ QU v should be a n-dimensional
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T-valued column vector. Any quadrature transformation Q also has to satisfy

QTΛQ = Λ (symplectic condition) (3.31)

because it preserves the rotor commutation relations. This implies that the rotor

Clifford group is a particular subgroup of the oscillator Clifford group Sp2n(R) that

preserves the angle-integer form of the Pauli vectors v⃗.

3.5.2 Clifford group structure

Most generally, a rotor quadrature transformation can be written as

Q =

QXX 0

QXZ QZZ

 . (3.32)

The upper-left block is a general linear transformation over the integers, QXX ∈

GLn(Z); all such transformations have determinant ±1 (i.e., are unimodular). The

upper-right block must be zero because a sum of a continuous variable and a discrete

variable is not discrete, thereby violating the discreteness of m⃗. The lower-left block

does not have to be zero since there are no discreteness constraints on the angles ϕ⃗ .

Imposing the symplectic condition (3.31) yields the following constraints on the

block matrices:
QT

ZZQXX = QT
XX QZZ = In×n

QT
XX QXZ− (QT

XX QXZ)
T ≡ 0 mod 2π

(3.33)

The first equality of Eq. (3.33) requires that QZZ = (QT
XX)
−1, indicating that the

bottom-right block QZZ also has to be unimodular. The second equality requires

QT
XX QXZ to be symmetric. These requirements are derived directly from the definition
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of the rotor Clifford group. They constrain the most general form of the rotor Clifford

group element to be

Q =

 QXX 0

(QT
XX)
−1C (QT

XX)
−1

 , (3.34)

in which QXX ∈GLn(Z) and C is a T-valued symmetric matrix whose addition gener-

ates U(1)n(n+1)/2.

The generators of the symplectic group from equation. (3.26) are sufficient to

generate any rotor Clifford group element in the form of Eq. (3.34). They fall into

two classes: block diagonal generators that do not mix phase and angular-momentum

degrees of freedom, and block off-diagonal generators that do mix them. These two

respective sets naturally generate two subgroups of symplectic transformations,2

H =

{A 0

0 (AT )−1

∣∣∣∣∣, A ∈GLn(Z)

}
= ⟨CNOT,P⟩ ,

N =

{In×n 0

C In×n

∣∣∣∣∣, C is n×n T-valued symmetric matrix
}
,

= ⟨QUAD,CPHS⟩ .

(3.35)

The matrices in the diagonal or CSS subgroup H form a (reducible) representation

of GLn(Z); this group does not mix positions with momenta. The subgroup N is

the addition group of n× n symmetric matrices over T, representing the Lie group

U(1)n(n+1)/2.

It is straightforward to identify how these generators conjugate a Clifford operator

defined by the symplectic transformation Q; we tabulate their actions in Table. 3.2.
2Although it is known that GLn(Z) can be generated by as few as 2 generators for any order of

n≥ 4, we use CNOT and P because they are local gates that are physically preferred.
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Matrix representation of rotor Clifford gates
Gate Left multiplication Right multiplication
swapi j Swap the ith row and the jth row

of QXX , and swap the ith row and
the jth row of (QXZ|QZZ).

Swap the ith column and the jth
column of QXX , and swap the ith
column and the jth column of
QXZ and QZZ.

CNOTi j Add the ith row of QXX to the jth
row of QXX , and subtract the jth
row of QZZ from the ith row of
QZZ.

Add the jth column of QXX to the
ith column of QXX , and subtract
the ith column of QZZ from the
jth column of QZZ.

Pi Multiply the ith rows of
QXX ,QXZ,QZZ by −1

Multiply the ith rows of
QXX ,QXZ,QZZ by −1

QUADφ,i Add φ times the ith row of QXX
to the ith row of QXZ

Add φ times the ith column of
(QT

XX)
−1 to the ith row of QXZ

CPHSφ,i j Add φ times the ith row of QXX
to the jth row of QXZ, and add φ
times the jth row of QXX to the
ith row of QXZ

Add φ times the ith column of
(QT

XX)
−1 to the jth column of

QXZ, and add φ times the jth col-
umn of (QT

XX)
−1 to the ith column

of QXZ

Table 3.2: The matrix description of rotor Clifford gates. The swap gate can be realized by
swapi j = P jCNOT†

jiCNOT†
i jCNOT ji.

Having mapped all generators of the Clifford group into matrix form, we prove

that the combination of the above two representations forms the following group.

Theorem 3.5.1. Rotor symplectic transformations form the group U(1)n(n+1)/2 ⋊

GLn(Z).

Proof. We first prove that the two subgroups form a group and then proceed with

showing that N is normal.

1. Associativity: The associativity of group G follows from the associativity of ma-

trix multiplication.
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2. Identity: The identity element of group G is

e =

In×n 0

0 In×n

 , (3.36)

which is the identity matrix.

3. Inverse: We first prove that ∀g ∈ G, ∃A ∈ H and C ∈ N such that g = A C .

Without loss of generality, a generic element g of G can be written as product

of matrices in H and N as

g = A1C1 · · ·AnCn (3.37)

for some constant n. where A1, ...,An ∈H and C1, ...,Cn ∈G. This can be proved

by induction. The k = 1 case is obvious. Suppose for k = n, g =A1C1 · · ·AnCn =

A (n)C (n). Then g′ = A1C1 · · ·An+1Cn+1 = A (n)C (n)An+1Cn+1 = A (n+1)C (n+1),

where A (n+1) =A (n)An+1 and C (n+1) =A −1
n+1C

(n)An+1Cn+1. To show C (n+1) ∈

N we need to show A −1
n+1C

(n)An+1 ∈ N, which is proved in Eq. (3.38).

Then the existence of the inverse of g ∈ G follows from the existence of the

matrix inverse of the element of A ∈ H and C ∈ N, and g−1 = C−1A −1.
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4. Normality: ∀Q ∈ G and ∀h ∈ N,

QhQ−1 =

QXX 0

QXZ (QT
XX)
−1


In×n 0

Ch In×n


 Q−1

XX 0

−QXZ QT
XX


=

 In×n 0

[QXZQ−1
XX +(Q−1

XX)
TChQ−1

XX − (Q−1
XX)

TQXZ] mod 2π In×n


=

 In×n 0

[(Q−1
XX)

TChQ−1
XX ] mod 2π In×n

=

In×n 0

C′ In×n

 ∈ N.

(3.38)

In the last line of Eq. (3.38), since (Q−1
XX)

TChQ−1
XX is a symmetric matrix, C′ ≡

[(Q−1
XX)

TChQ−1
XX ] mod 2π is also a T-valued symmetric matrix. Above derivation

uses the identity

(A(C mod 2π)) mod 2π = (AC) mod 2π, (3.39)

where A is a unimodular matrix and C is a T-valued matrix. This is because

this matrix multiplication composes of multiplications of modular variable with

integers and summations of two modular variables. Due to the fundamental

property of modulation, (c+d) mod 2π = [(c mod 2π)+(d mod 2π)] mod 2π,

∀c,d ∈ T, and [a(b mod 2π)] mod 2π = (ab) mod 2π, ∀a ∈ Z, b ∈ T, above

equation is true.
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3.5.3 Passive symplectic subgroup

The oscillator symplectic group has an important subgroup — the group of passive

transformations that preserve the total energy (i.e., photon number) of the oscillators

[94]. The passive symplectic group for rotor systems can be similarly defined as

preserving the total energy of the rotors. For n identical rotors, the total energy

should be proportional to the sum of angular momentum squared of each rotor, ∑i l2
i .

This yields the corresponding passive symplectic group of the rotor.

The passive symplectic group of the oscillator preserves the total photon number,

∑i â†
i âi = n/2+∑i(q̂2

i + p̂2
i ). Collecting positions and momenta into a 2n-dimensional

vector v⃗, we see that passive transformations have to preserve the inner product v⃗T⃗v.

This constraint defines a 2n-dimensional real sphere in phase space, meaning that any

passive transformation has to be an element of the sphere’s proper-rotation symmetry

group, SO(2n). Taking the intersection of this group with the symplectic group yields

Sp2n(R)∩SO(2n)∼= U(n), the n-dimensional unitary group.

The real 2n-dimensional sphere can equivalently be thought of as a complex n-

dimensional sphere, whose corresponding constraint can be formulated using the vec-

tor of annihilation operators, a⃗ = (â1, â2, ..., ân). Passive transformations form that

sphere’s symmetry group, U(n). Since coherent states are eigenstates of annihilation

operators, they can be thought of as points on said sphere. Passive transformations

rotate these points, preserving the tensor product structure of coherent states on

different modes,

U |α1⟩⊗ ... |αn⟩= |α̃1⟩⊗ ... |α̃n⟩ , (3.40)

where α̃i = ∑ j Ui jα j.

In the symplectic representation, a general passive symplectic element can be
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written as

S =

 A B

−B A

 , where
ABT−BAT = 0,

AAT +BBT = In×n.

(3.41)

In the rotor case, according to the analysis in Sec. 3.5.2, A should be in GL(n,Z)

and the upper-right block B must be empty. Hence, rotor passive transformations are

written as

S =

A 0

0 A

 , where
AAT = In×n,

A ∈GLn(Z).
(3.42)

In words, to preserve the square of the total angular momentum, ∑i l2
i , a passive

transformation should be an element of O(n). In the meantime, li’s are integers, so the

transformation should take value in GLn(Z). These conditions fix the rotor passive

transformation group to be the signed symmetric group (a.k.a. the hyperoctahedral

group),

O(n)∩GLn(Z) = Z2 ≀Sn , (3.43)

generated by swap and parity flip P (where ≀ is the wreath product).

While the oscillator group is a rich and complex amalgamation of SU(2) mode-

mixing transformations (beam splitters) and U(1) single-mode rotations (phase shifters)

[94], its rotor counterpart consists of only permutations and momentum parity flips.

A parity flip is inherited from the π-phase shift, while a swap is passed down from

the 50/50 beam splitter.

In passing, we note that the lack of beam-splitters and squeezing precludes us from

mapping any interesting Gaussian bosonic channels [93] into the rotor state space.

Recently, the Gaussian states for continuous-variable systems defined over Lie groups

are studied in Ref. [99].
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Homological Quantum Rotor Codes

Rotor GKP

Trivial Number-phase Codes

Number-phase Codes

Single rotor

Concatenation with
qudit-to-qudit codes

Single mode

Concatenation with
qudit-to-qudit codes

Parity �ips and projection

Projection

Projection

Trivial rotor GKP codes 

Planar Rotor Number-phase Rotor

Homological Number-phase Codes

Figure 3.2: Relations between homological rotor codes, trivial rotor GKP codes (oscil-
lator GKP codes from the point of view of the embedded rotor), rotor GKP codes, and
homological number-phase codes.

3.6 Homological rotor codes

While there are various systematic way to construct discrete-variable quantum

codes, including various homological products cite LDPC here, the systematic con-

struction of quantum codes on planar rotors from homological product was recently

proposed [19]. In this section, we will briefly review the framework of homological

rotor code, and incorperate it with the picture of embeded rotor to bridge homologi-

cal rotor codes and oscillator GKP codes. The relation between rotor and oscillator

codes are summarized in Fig. 3.2

In Ref. [19], the authors defined a construction of rotor CSS codes and related

the underlying structure of the codes to homology. For planar rotor systems includ-

ing superconducting qubits, diatomic molecules, and nano-rotors, this construction

provides a systematic way to construct CSS-like quantum codes that encode both

discrete-variable (logical qudits) and continuous-variable (logical rotors) subspaces.
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Here, we revisit these homological rotor codes.

Homological rotor codes are stabilizer codes , meaning that the codespace is

the +1-eigenvalue eigenspace of a group of mutually commuting rotor Pauli strings.

Furthermore, these codes are of CSS type , which means that their stabilizer group

is generated by purely X and purely Z Pauli strings.

The stabilizer generators of an n-rotor code are described by matrices HX and HZ

of integer-valued entries with size rX×n and rZ×n, respectively. The stabilizer group

is

S = {X (⃗mTHX)Z(⃗ϕ
T

HZ), ∀m⃗ ∈ ZrX , ∀⃗ϕ ∈ TrZ}. (3.44)

Mutual commutation imposes the condition

Z(⃗ϕT
HZ)X (⃗mTHX)

=exp
{
(i⃗ϕT

HZHT
X m⃗)

}
X (⃗mTHX)Z(⃗ϕ

T
HZ)

=X (⃗mTHX)Z(⃗ϕ
T

HZ) =⇒ HZHT
X = 0.

(3.45)

The matrices HX and HZ can also be viewed as maps ∂ = HX : ZrX → Zn and σ =

HT
Z : Zn→ ZrZ . The above condition implies that composition of the corresponding

maps is zero, σ ◦∂ = HX HT
Z = 0. This enables us to define a chain complex over the

integers, with ∂ and σ as its boundary maps.

Code properties can be equivalently stated in terms of properties of the chain

complex. The logical space is given by the complex’s first homology group,

H1(Z) = ker(HT
Z )/im(HX) , (3.46)

which is the quotient group formed by cosets of elements of the image of HX in the

kernel of HT
Z .
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Reference [19] showed that the above homology group is a product of integer

factors Z — each denoting a logical rotor — and discrete factors Zd — each denoting

a d-dimensional logical qudit. The latter pieces yield finite-dimensional codespaces

and come from what is known as torsion. This effect is not present in analogously

defined oscillator and Galois-qudit CSS codes .

The impact of torsion is present already in the case of a single rotor, where one

obtains a finite-dimensional codespace that is related to both rotor and oscillator

GKP codes.

Example 2. For a single rotor homological code, there is only one stabilizer, X(dN) =

eidNθ̂ with a one-by-one matrix HX = dN. The other matrix HZ = 0 since no other

integer commutes with HX . The codespace is finite dimensional, with the dN codewords

given by

| j⟩= ∑
m∈Z
|l = mdN + j⟩ , ∀ j ∈ ZdN . (3.47)

We can relate the above homological rotor code to the ordinary oscillator GKP

codes [see Fig. 3.3(a)]. Embedding this rotor in an oscillator by thinking of the

rotor momentum states |l⟩ as oscillator momentum states, we see that the codewords

correspond to those of the GKP codes. And the stabilizer for the embedded rotor

together with the HX stabilizer exactly correspond to the pair of the stabilizers of the

GKP codes.

Alternatively, if we restrict the exponent of Z-type stabilizers from ϕ ∈ T to some

subgroup ϕ ∈ ZN, we can observe that the Z-type Pauli ŜZ = Z(2π
N ) does commute

with X(dN). Treating this as an additional stabilizer yields the rotor GKP codes, and

adding this stabilizer can be thought of as concatenating the above homological rotor

code with modular-qudit GKP codes [see Fig. 3.3(b)].

We discuss both of the above relations in Sec. 3.6.3.

70

https://errorcorrectionzoo.org/c/css
https://errorcorrectionzoo.org/c/qudit_gkp


(b)

(a)

Figure 3.3: (a) An oscillator GKP code that encodes a ZdN qudit is a homological embedded
rotor code with HX = dN and torsion part ZdN . (b) A rotor GKP code can be viewed as a
concatenation of a homological rotor code with HX = dN and a modular-qudit GKP code.
We discuss both of these relations in Example 2 and Sec. 3.6.3.

3.6.1 Torsion and Smith normal form

To build up intuition behind torsion, we calculate the homology group by studying

the kernels and images in the Hilbert space of rotors which form a lattice Zn.

To calculate the homology, we first need to identify the sub-lattice ker(HT
Z ). We

argue that HZ only contributes to defining the sub-lattice ker(HT
Z ) but does not con-

tribute to the torsion part. This is because their stabilizer set is a continuum of

stabilizers Z(⃗ϕHZ), indexed by the real-valued vectors ϕ⃗ . So as long as the true ma-

trices HZ are integer-valued, their rescaled versions yield the same stabilizer group.

Therefore, we can effectively rescale each row of HZ to obtain a vector with the

smallest possible lattice spacing.

We then need to calculate im(HX). This is different from the HZ case because

the stabilizers are X(m⃗HX), ∀m⃗ ∈ ZrX . As the coefficients are discrete, we are not

allowed to arbitrarily rescale row vectors in HX . These vectors generate a lattice
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whose spacing is determined by their length. If a row vector v⃗x is k times the unit

vector in this direction, then the image of v⃗x under coefficient Z will skip the grid

points in between the starting and ending points of v⃗x. When we take the quotient of

im(HX), the direction of v⃗x becomes a circle with k grid points, giving a k dimensional

qudit and contributing a Zk factor to the torsion part.

The systematic method of identifying the elements in im(HX) that do not have

unit length in one direction but are not multiples of other vectors is to calculate the

Smith normal form. For an rX ×n integer-valued matrix HX , its Smith normal form

[100, 101] D is given by

UHXV = D,

where D is in the diagonal form, meaning Di j = diδi j, 1≤ i≤ rX . Here di are positive

integers and satisfy the condition that each di is a divisor of di+1, for 1 ≤ i < rX . U

is an rX × rX unimodular matrix and V is an n×n unimodular matrix. The diagonal

entries of D, {d1, ...,drX}, are unique and they are called the invariant factors.

The Smith normal form is closely related to the homology group defined by HZ and

HX . To be concrete, let the diagonal element of D be d1, ...,drX , then the homology

group defined by HT
Z and HX with HX HT

Z = 0 can be obtained as

ker(HT
Z )/im(HX) =

( rX⊕
i=1

Zdi

)
⊕Zn−rX−rZ . (3.48)

The ⊕rX
i=1Zdi is the torsion part and the Zn−rX−rZ is the free part. If di = 1, then

Zdi = 1, which is trivial.

The meaning of the matrix U in UHXV = D is performing linear combinations

of the generators of the X stabilizer group. It has no physical consequences to the

logical space of the code. The physical meaning of V is actually the decoding circuit
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of the code. To see this, recall that a Clifford transformation that preserves the CSS

structure of the code should not mix the l and θ quadratures, it should be only an

element of the CSS Clifford subgroup H from Eq. (3.35). The HX and HZ matrices

collect the phase and angular momentum operators so they should change under the

CSS Clifford subgroup H,

H ′X = HX A and H ′Z = HZ(A−1)T. (3.49)

Indeed, the CSS condition is preserved as H ′X H ′TZ = 0. So V represents a special

decoding Clifford transformation that decouples the entangled stabilizers in HX to

individual X stabilizers on each rotor.

3.6.2 Code initialization & equivalence classes

Homological rotor encodings can be performed analogously to those of Gaussian

or analog stabilizer codes [102, 103] . The oscillator encodings consist of a Gaussian

transformation applied to an initial n-mode state, with k of the modes storing logical

information, and n− k modes initialized in the zero-position state — the canonical

nullifier state. Rotor encodings can be defined analogously using rotor initial states

and the rotor Clifford group circuit V , defined in the previous subsection. A key

difference is that obtaining codewords with particular torsion cannot be done by

Clifford-group operations and instead requires the initial state on the n− k rotors to

be of a particular form.

Applying elements from the CSS Clifford-subgroup H from Eq. (3.35) to a given

homological rotor code does not change the torsion structure of the logical subspace.

This can be seen from the invariance of the Smith normal form under unimodular

transformation. Consider an X-parity check matrix after transformation H ′X = BHX A
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where A is an unimodular matrix representing the Clifford transformation, and B is

a change of basis of the stabilizer generators. Its Smith normal form D′ is given by

D′ =U ′H ′XV ′ = (UB−1)BHX A(A−1V ) = D. (3.50)

So the Smith normal form D is invariant under the action of unimodular matrices A

and B.

This fact implies that quantum rotor codes with distinct Smith normal forms be-

long to different classes of rotor codes, and cannot be deformed from one class to

another by only applying rotor Clifford gates and changing the basis of the stabi-

lizer group, which is called Clifford deformation. The equivalence relation between

phase space lattices is also studied in the context of harmonic oscillator GKP states

[104–107]. Quantum systems with the same Hilbert space and the same number of

fundamental degrees of freedom are not necessarily in the same equivalence class. For

example, for a 16 dimensional Hilbert space with two quantum degrees of freedom,

Z2
⊕

Z8 and Z4
⊕

Z4 are not equivalent via unimodular transformations as they have

different Smith normal forms.

Since Clifford deformation never changes the invariant torsion factors {d1, ...,drX},

the initial state of a homological rotor encoding with a given Smith normal form needs

to be a resource state with that form. In the embedding formalism of rotors, these

resource states become exactly GKP states, like the code shown in Example 2.

Another observation is that the specific form of the Smith normal form (namely,

that each di is a divisor of di+1) indicates that not any tensor product of qudits with

arbitrary dimensions is allowed in the torsion part. Different tensor products may

yield the same Smith normal form. Generally, given two qudits with dimensions a

and b which are not divisors of one the other, let gcd(a,b) = c. We can write a = cq,
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b = cp, so p, q are coprime. There exist integers r and s such that pr−qs = 1. For

the integer matrix C =

a 0

0 b

, we can calculate its Smith normal form as

JCK = D =

c 0

0 cqp

 , (3.51)

where

J =

 1 0

−1 1


1 1−q

0 1


 1 0

−s 1

=

pr− s 1−q

−pr q

 ,

K =

1 0

r 1


1 pq

0 1

=

1 pq

r pqr+1

 .

(3.52)

This means two qudits with dimensions a= cq and b= cp are equivalent to two qudits

with dimensions c and cpq respectively, in which gcd(a,b) = c and p, q are co prime.

We provide a concrete example of merging two logical qudits into a combined qudit,

showing that there are different ways to interpret the same encoding.

Example 3. Given an X-type parity check matrix HX =

2 0

0 3

 that corresponds to

a composite logical system formed by a Z2 qubit and a Z3 qudit, it is equivalent to a

Z6 qudit via the sequence of unimodular transformation in Eq. (3.52).

HX =

2 0

0 3

→
 2 0

−2 3

→
2 0

1 3

→
1 −3

1 3


→

1 0

1 6

→
1 0

0 6

= D.

(3.53)

A pictorial description of these transformations is shown in Fig. 3.4.
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Figure 3.4: A sequence of unimodular transformation operations by which the isomorphism
Z2⊗Z3 ∼= Z6 is realized.

3.6.3 Rotor GKP codes are concatenations of homological rotor codes

and modular-qudit GKP codes

Analogously to the GKP codes in harmonic oscillators in Eq. (3.47), GKP codes

in rotors can be defined by definite a discrete lattice in the rotor phase space, T×Z.

The rotor GKP code has two stabilizers ŜX = X(dN), ŜZ = Z(2π
N ). The codewords are

∣∣ZL = ω j〉
L = ∑

m∈Z
|l = jN +mdN⟩ , (3.54)

where ω = ei 2π
d . Given the codewords, we have logical Pauli operations

XL = X(N) = Ŝ1/d
X , ZL = Z(

2π
dN

) = Ŝ1/d
Z . (3.55)

Given the similarity between oscillator and rotor GKP codes, we observe a con-
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nection between rotor GKP codes and homological rotor codes.

In the framework of homological rotor codes [19], the Z-type stabilizers are Z(⃗ϕT
HZ),

∀⃗ϕ ∈ TrZ . The phase variables can take continuous values in T. This structure is dif-

ferent from the settings of rotor GKP codes, where the Z-type stabilizers are generated

by a finite subgroup of T. Despite this difference, we can view the two stabilizers of

the rotor GKP code as a two-step concatenation. The two steps of this concatenation

are shown in the part (b) of Fig. 3.3.

Starting from a single rotor, we first impose the stabilizer HX = dN. This is the

code discussed in the previous subsection with codewords and logical operators

∣∣∣Z = ei 2π j
dN

〉
= ∑

m∈Z
|l = j+mdN⟩ ,

X = X(1) = eiθ̂ , Z = Z(
2π
dN

) = ei 2π
dN l̂.

(3.56)

Then we further impose Zd
= Z(2π

N ) as the stabilizer for the second step, thereby

concatenating the homological code with a modular-qudit GKP code [108, Sec. II]

that encodes a logical d dimensional qudit into a dN dimensional physical qudit. The

effect of the stabilizer Zd is to fix the angular momentum to be a multiple of N.

Hence, we obtain a d-dimensional logical qudit Hilbert space, whose codewords are

in Eq. (3.54) and logical operators are in Eq. (3.55).

3.7 Homological number-phase codes

In this section, we turn back to the number-phase rotor introduced in Sec. 3.4.1

and construct oscillator codes correcting photon number changes and dephasing er-

rors.

Quantum error-correcting codes only protect a certain class of errors. For example,
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the oscillator GKP codes are designed to correct (linear) quadrature displacements,

but they underperform against (radial) dephasing errors. To protect information from

these types of errors, we need to study bosonic codes with rotational symmetry in

phase space which can naturally correct both photon number changes and dephasing

noise. Therefore, the point of view in Sec. 3.4.1 that viewing an oscillator as a

number-phase rotor is useful for this purpose.

We draw inspiration from the fact that the number-phase oscillator code can be

obtained from the rotor GKP code by projecting the former into the non-negative

rotor Hilbert subspace. Extending this intuition, we show that any homological rotor

code can be similarly mapped into number-phase rotors, after flipping the signs of

some of the rotor momenta. This yields multi-mode homological number-phase codes

for the oscillator, compatible with noise channels where photon loss is present but

random-rotation (i.e., dephasing) noise is dominant.

The example below shows what is known for the case of a single mode.

Example 4. The number-phase code is a rotation-symmetric bosonic code protecting

against photon loss and dephasing errors [109] (see also [110]). Its codewords are

∣∣0〉F = ∑
k∈N
|2kN⟩ ,

∣∣1〉F = ∑
k∈N
|(2k+1)N⟩ . (3.57)

This code can be obtained by projecting the rotor GKP code from Eq. (3.54) onto the

non-negative rotor Hilbert subspace, and identifying said subspace with the Fock space

of the oscillator.

The original rotor GKP code stabilizers, Z(2kπ/N) and X(2N), become Z(2kπ/N)F

and X(2N)†
F after projection, respectively. The new Z-type operator is still a stabilizer

of the number-phase code, but X(2N)F is no longer a stabilizer since it is not unitary.

Nevertheless, the two X and Z-type operators form a semigroup, and the codestates
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are +1-eigenvalue right eigenstates of all semigroup elements [74, 109].

Encouraged by the above single-rotor example, we can try to take an arbitrary

homological rotor code and project its codewords onto the non-negative momentum

subspace of each rotor. However, directly this can sometimes result in trivial code-

words, as in Example 5.

Nevertheless, there is a simple remedy. The idea is to flip the orientation of certain

rotors so that each codeword has non-trivial support on the non-negative momentum

subspace of each rotor. In the example below, we convert the four-rotor current-mirror

code [19] into its corresponding number-phase rotor code.

Example 5. The four-rotor current-mirror code is defined by parity check matrices

HX =


1 −1 0 0

0 0 −1 1

−1 −1 1 1

 , HZ =

(
1 1 1 1

)
. (3.58)

This code encodes a qubit, with logical codewords

∣∣0̄〉= ∑
l1,l2,l3∈Z

|l1,2l2− l1, l3.−2l2− l3⟩ ,

∣∣1̄〉= ∑
l1,l2,l3∈Z

|l1,2l2 +1− l1, l3.−2l2−1− l3⟩ ,
(3.59)

and logical operators X = X2(1)†X4(1), Z = Z3(π)Z4(π). Applying the number-

phase projection prematurely by cutting off all negative momenta, we see that the

only survived state is the trivial state |0,0,0,0⟩. This means that some sign flips are

required in order for the projected code to store any logical information.

The required transformation can be done by flipping momenta of the second and
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third rotors. The HX matrix is then

H+
X =


1 1 0 0

0 0 1 1

0 2 0 2

 , H+
Z =

(
1 −1 −1 1

)
, (3.60)

and the code words become

∣∣0̄〉
+
= ∑

l1,l2,l3∈Z
|l1,2l2 + l1, l3,2l2 + l3⟩ ,

∣∣1̄〉
+
= ∑

l1,l2,l3∈Z
|l1,2l2 +1+ l1, l3,2l2 +1+ l3⟩ .

(3.61)

Applying the projector Π⊗4
≥0 to the codewords yields

∣∣0̄〉F = Π⊗4
≥0

∣∣0̄〉
+
= ∑

l1,l2,l3∈N
|l1,2l2 + l1, l3,2l2 + l3⟩ ,

∣∣1̄〉F = Π⊗4
≥0

∣∣1̄〉
+
= ∑

l1,l2,l3∈N
|l1,2l2 +1+ l1, l3,2l2 +1+ l3⟩ ,

(3.62)

with logical operators

X = X2(1)†X4(1)†,Z = Z3(−π)Z4(π). (3.63)

The stabilizer semigroup of Eq. (3.62) is generated by

{X1(1)
†
FX2(1)

†
F,X3(1)

†
FX4(1)

†
F,X2(2)

†
FX4(2)

†
F,Z1(ϕ)FZ2(ϕ)†

FZ3(ϕ)†
FZ4(ϕ)F}. (3.64)

The following proposition proves that a sequence of flipping operations can always

be found to satisfy this constraint.

Proposition 1. For a given homological n-rotor code with matrices HX and HZ, there
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exists an unimodular and diagonal matrix S, such that all logical codewords of the

code defined by H ′X = HX S and H ′Z = HZ(ST)−1 have support on the orthant where each

rotor has non-negative momentum.

Proof. The code subspace is a sub-lattice that passes through the origin in Zn lattice

grids. So it must have support on some certain orthants. Because code words are

defined by the quotient under Im(HX), each code word is translation invariant in the

direction of the row vectors of HX . This means if the kerHT
Z sub-lattice passes through

an orthant, this orthant should overlap with the support of each code word.

There always exists a series of flipping operations to transform a given orthant to

the orthant in which all the integers are positive, denoted as (+,+,+, ...). Specifically,

an orthant labelled by (+,−,+,−,−, ...) is mapped to (+,+,+, ...) via the Zn
2 element

I⊗P⊗ I⊗P⊗P..., with the isomorphism +→ I, −→ P.

The procedure to map a homological rotor code to its corresponding homological

number-phase code is as follows.

1. Given a n-rotor homological rotor code with HX that is not necessarily non-

negative, we flip the parities of part of rotors to make H+
X = HX S be a non-

negative matrix. This transformation will affect HZ as well, such that H+
Z =HZS.

Here, S is a diagonal matrix composed by parity flips P whose diagonal elements

are ±1. The effect of S is to convert all CNOT† gates included in the encoding

circuit to CNOT gates3 such that H+
X is a non-negative matrix. Hence, in

practice, we just need to replace every CNOT† by CNOT and eliminate pre-

existing parity flips P in the encoding circuit.

2. Project onto non-negative angular momentum subspace by applying Π⊗n
≥0 on

each rotor to obtain a homological number-phase code that is stabilized by a
3It can be shown that P1CNOT†

1→2P1 = P2CNOT†
1→2P2 = CNOT1→2.
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stabilizer semigroup given by H+
X and H+

Z . The resulting homological number-

phase code is stabilized by stabilizer semigroup

S + = {X (⃗mTH+
X )†

FZ(⃗ϕT
H+

Z )F, ∀m⃗ ∈ NrX , ∀⃗ϕ ∈ TrZ}. (3.65)

Similar to the single-mode case, we can assign a distance against rotation errors to

the resulting homological number-phase code. Phase states are not quite orthogonal

(see Ref. [74] for the case of a single mode), so homological number-phase codes are

not exactly error correcting. Nevertheless, the sign flipping is done by the single-rotor

Clifford operation P from Eq. (3.35), so the entanglement structure of the code, and

thus its intended degree of protection, both carry over. Since configuration-space

distances |(θ − ϕ) mod 2π| are invariant under sign flipping, homological number-

phase codes can be described by the distances of their planar-rotor counterparts, but

protect against rotation errors in an approximate sense.

3.7.1 Number-phase Clifford semigroup encodings

Mapping the rotor Clifford group to the number-phase rotor can be done by cut-

ting off all negative momentum states. The resulting generators for both groups,

expressed in terms of the oscillator photon number operator n̂, are shown in Ta-

ble 3.3. We utilize this rotor Clifford semigroup to encode and decode information

into homological number-phase codes.

After applying the number-phase rotor mapping, we see that the rotor Clifford-

group operations QUADF,φ and CPHSF,φ are unitary operators, but CNOTF is not.
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Planar rotor Number-phase rotor

Pauli-X (3.13) Photon injection
∞

∑
n=0
|m+n⟩⟨m|

Pauli-Z (3.13) Rotation eiφ n̂

CNOT (3.26b) Controlled photon injection
∞

∑
n,m=0

|n⟩⟨n|⊗ |m+n⟩⟨m|

QUAD (3.26c) Kerr interaction eiφ n̂(n̂+1)/2

CPHS (3.26d) Cross-Kerr interaction eiφ n̂⊗n̂

Table 3.3: Planar-rotor Clifford operations as realized by the “number-phase rotor” inter-
pretation of the oscillator from Sec. 3.4.1; each number-phase operator has the subscript F
in the main text. These are obtained by projecting planar-rotor operators into the subspace
of non-negative momentum states and interpreting said states as oscillator Fock states |n⟩.
Parity flip operations are not present because they flip the sign of the momentum states.
Pauli-X rotations are mapped into powers of the non-unitary Pegg-Barnett phase operator
[65, 72, 73], which performs photon subtraction and injection. The CNOT gate is mapped
to a non-unitary controlled photon injection operator. The Pauli and symplectic groups
become semigroups with identity (i.e., monoids), but both non-unitary operators U remain
valid quantum channels because U†U = I.

Indeed, we can show that

CNOT†
FCNOTF = I,

CNOTFCNOT†
F =

∞

∑
n=0
|n⟩⟨n|⊗Π≥n.

(3.66)

Nevertheless, CNOTF(·)CNOT†
F remains a valid quantum channel that can be utilized

for encoding.

Analogous to equation. (3.26b), (3.26c), and (3.26d), we can determine how the
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number-phase rotor Clifford gates transform the number-phase rotor quadratures:

CNOT1→2,F(X(1)F⊗ I)CNOT†
1→2,F = X(1)F⊗X(1)F,

CNOT1→2,F(X(−1)F⊗ I)CNOT†
1→2,F = X(−1)F⊗X(−1)F,

CNOT1→2,F(I⊗Z(ϕ)F)CNOT†
1→2,F = Z(−ϕ)F⊗Z(ϕ)F,

QUADF,φX(1)FQUAD†
F,φ = Z(φ)FX(1)F,

CPHSF,φ(X(1)F⊗ I)CPHS†
F,φ = X(1)F⊗Z(φ)F,

CPHSF,φ(I⊗X(1)F)CPHS†
F,φ = Z(φ)F⊗X(1)F.

(3.67)

This shows that, despite the presence of non-unitarity, number-phase Clifford semi-

group operations can be used to perform conditional operations and extract syndrome

information for homological number-phase codes. Notably, the number-phase Clif-

ford semigroup transforms the number-phase Pauli semigroup in the same way as the

relevant part of the rotor Clifford group transforms the rotor Pauli operators. Hence,

the symplectic representation we constructed in Sec. 3.5 is applicable to calculate the

Clifford transformation of Pauli operators for the number-phase rotor.

Example 6. We use the same current-mirror code as in Example 5. The initial state

is stabilized by the stabilizer semigroup

S0 = ⟨X1(1)
†
F,X2(2)

†
F,X3(1)

†
F,Z4(ϕ)F ∀ϕ ∈ T⟩

= ⟨(−1,0,0,0|0)T ,(0,−2,0,0|0)T ,(0,0,−1,0|0)T ,

(0|0,0,0,ϕ)T ∀ϕ ∈ T⟩

(3.68)

in which we use 0 to denote (0,0,0,0). The second rotor encodes logical qubit in-

formation via a single rotor code with torsion Z2. We can explicitly write down the
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initial state as

|ψ0⟩= ∑
l1,l2,l3∈N

|l1⟩⊗ (α |2l2⟩+β |2l2 +1⟩)⊗|l3⟩⊗ |0⟩ . (3.69)

The logical Pauli operators for the initial state are X = X2(1)†,Z = Z2(π). They admit

a vector representation as

X = (0,−1,0,0|0)T, Z = (0|0,π,0,0)T. (3.70)

The symplectic representation of the encoding circuit is

Q+ =

A+
enc 0

0 (A+T
enc)

−1

 , A+
enc =



1 1 0 0

0 1 0 1

0 0 1 1

0 0 0 1


, (3.71)

which corresponds to the encoding circuit U+
enc =CNOT1→2,FCNOT3→4,FCNOT2→4,F.

The original encoding circuit (before parity flips) of stabilizers shown in Eq. (3.58) is

Uenc = CNOT†
1→2CNOT†

3→4CNOT†
2→4 = P2P3U+

encP2P3.

The stabilizer semigroup and logical operators of those codewords can be calculated

according to the method in Sec. 3.5. We then transform S0,X ,Z by multiplying them

by Q+, and we obtain

S = {(−1,−1,0,0|0)T,(0,−2,0,−2|0)T,(0,0,−1,−1|0)T,

(0|ϕ ,−ϕ ,−ϕ ,ϕ)T}, ∀ϕ ∈ T

X = (0,−1,0,−1|0)T, Z = (0|−π,π,0,0)T,

(3.72)
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which are the stabilizer semigroup and logical operators of the codewords.

After we apply U+
enc to |ψ0⟩, we can see the codestate is written as

|ψ⟩=U+
enc |ψ0⟩= α

∣∣0〉F +β
∣∣1〉F , (3.73)

where
∣∣0〉F,

∣∣1〉F are codewords shown in Eq. (3.62).

The main challenge of syndrome measurement of homological number-phase codes

using the Clifford semigroup is measuring X-type stabilizers. This is because the con-

ditional photon subtraction, CNOT†
np, is not a completely positive trace-preserving

(CPTP) map. However, we can construct the following CPTP map

D : ρ → CNOT†
FρCNOTF +P†

CρPC

= D1(ρ)+D2(ρ) ,
(3.74)

where PC = ∑∞
n=0 |n⟩⟨n|⊗ (∑n−1

m=0 |m⟩⟨m|) is a projector into the subspace where the

photon number on the second mode is smaller than the photon number on the first

mode. This CPTP map can decomposed to two non-CPTP maps D1 and D2. The

D1 is the map we desire to implement for X-type syndrome extraction while the D2

is undesired. Hence, the syndrome extraction process D is a probabilistic process.

Nevertheless, the syndrome information can be obtained after post-selecting on D1.
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Chapter 4: Tiger codes: bosonic coding without concatenation

众里寻他千百度。蓦然回首，那人却

在，灯火阑珊处。

I look for her in vain. When all at

once I turn my head, I find her

there where lantern light is dimly

shed.

辛弃疾 (1140-1207)

Qiji Xin (1140-1207)

4.1 Introduction

Many quantum systems — atoms, molecules, and circuits included — have access

to states of higher energy. Much research has focused on studying the potential of one

or a few such systems, or modes, to encode information in their higher-lying state space

[55, 111–113]. This direction is bootstrapped by dramatic improvements in the control

of such bosonic quantum systems (see, e.g., Refs. [44–48, 51], among many other

advancements). How to encode and protect finite dimensional logical information in

a infinite dimensional physical Hilbert space has been intensively investigated in the

past two decades.
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It is tantalizing to consider error-correcting codes constructed intrinsically in a

large number of modes, whose redundancy comes from both the large number of

building blocks of the system (”breadth”) and a high energy per block (”depth”).One

can consider concatenating a DV and a single-mode code, i.e., first encoding in a

qubit code and then encoding each physical qubit into a mode. However, since the

scaling comes strictly from the DV part of such an encoding, more powerful codes that

cannot be expressed as concatenated codes should be possible. At the other extreme,

in the previous section, we introduced the homological number-phase code, which can

correct both photon loss and dephasing errors but requires infinite energy density per

mode. While this construction demonstrates the potential of intrinsic bosonic codes,

the infinite-energy requirement limits it to an idealized theoretical model.

This chapter is based on Ref. [3], we define ”tiger” codes, which allows us to con-

struct bosonic codes with both number of blocks and energy density being turnable.

Tiger code’s codewords are compact and continuous coherent-state superpositions,

with α taking values along particular ”stripes” — circles or, more generally, tori —

in phase space (see Fig. 4.1). Stabilizing operators are of CSS rotor-code type [114],

either linear combinations of occupation-number operators defined by rows of an in-

teger matrix, or products of annihilation/creation operators whose powers form rows

of another such matrix. Any two integer matrices satisfying a CSS-type homological

constraint can define a tiger code.

Tiger codes come with several advantages over quantum spherical codes [115] for

protecting against loss of energy in each mode as well as random rotations due to

fluctuations of each mode’s frequency. 1). The syndrome required to detect losses

corresponds to a linear combination of occupation-number operators — a simple mul-

timode generalization of photon counting that relaxes the nonlinear constraints re-

quired for quantum spherical codes. 2). Protection against dephasing is autonomous,
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generated by engineered dissipation [116–118] whose stabilizing jump operators can

have lower degree and fewer terms than those of quantum spherical codes. 3). Loss

error syndromes can be extracted by appending an ancilla and evolving with an en-

tangling Hamiltonian without turning off the autonomous dissipation, in contrast to

multi-component cat codes and similar to the pair-cat encoding [119], a special case of

a our codes. 4). The syndrome operators and dissipators commute with one another

when the Fock-state support of the codewords is infinite, making contact with the

stabilizer formalism [9, 10].

Our framework utilizes homology over the integers [114, 120], giving rise to intrin-

sically multimode codes that are distinct from multi-qubit codes, which come from

homology over Z2 [121–123]. The framework includes finite- and infinite-dimensional

code spaces consisting of either a finite or infinite number of Fock states. We unite

many seemingly isolated bosonic encodings under one roof, including two-component

cat, pair-cat, various bosonic repetition codes [124, 125], the dual-rail code [126, 127],

two-mode binomial codes [128], as well as aspects of a χ(2) code [129]. At the same

time, we obtain new codes from lattices [130], generalized coherent states [131, 132],

and integer hypergraph products [13, 114]. We show that circular superpositions of

coherent states and tiger-code properties are intimately tied to Gelfand-Kapranov-

Zelevinsky (GKZ) hypergeometric functions [133–139], yielding codes from algebraic

varieties such as Calabi-Yau manifolds [140].

Tiger codes come with intrinsically linear syndromes, sport low-order autonomous

protection, and are incredibly diverse, providing a framework for experimentally vi-

able inherently multimode quantum information processing in the near future.
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Pair-cat code Tiger code (quKit)

Generator matrices G =
(
2 2

)
; H =

(
1 −1

)
G =


...
g
...

 ; H =


...
h
...


X-type dissipators â2

1â2
2−α4 âg−α |g| for all g ∈ G

Z-type syndromes n̂1− n̂2 h · n̂ for all h ∈ H

X-type codewords |µ⟩ pair-coherent states projected coherent states

Detectable losses {âp1
1 âp2

2 | p1 ̸= p2 ≥ 0} {âp |p /∈ kerH}
X-type logicals â1â2 â†qâp for p−q ∈ kerH/imG

X-distance dX 2 min
p,q̸=0
|p−q|

Hamiltonian X-gate â1â2 +h.c. â†qâp +h.c.
Hamiltonian XX-gate (â1â2)

⊗2 +h.c. (â†qâp)⊗2 +h.c.

Dephasing suppression |⟨µ|â†p
j âp

j |ν⟩|2∼ α4p exp
(
−4α2) |⟨µ|â†pâp|ν⟩|2≲ poly(α)exp

(
−dZα2)

Z-type logicals (−1)n̂1 eiµz·n̂ for µz ∈ ker2πG/im2πH

Z-distance dZ 4 min
µ∈ 2π

K ZK

min
ϕ
∥1− ei(ϕH+µz)∥2

Phase gate (−1)n̂2
1 ei 2π

K (z·n̂)2

SUM gate (−1)n̂1⊗n̂1 ei 2π
K (z·n̂)⊗(z·n̂)

Table 4.1: Table comparing the pair-cat qubit to a general quKit tiger code that is infinitely
supported in Fock space. The energy density per mode is α2 , with α > 0 assumed real
for simplicity. Here, H is an integer matrix, and G is an integer matrix with non-negative
entries, respectively. Codewords are labeled by indices µ,ν ∈ 2π

K ZK = 2π
K {0,1, · · · ,K−1}. We

conjecture that the ability of a dephasing operator to distinguish the codespace is suppressed
exponentially with the product of the code distance dZ and energy density, and prove this
conjecture for all tiger codes that satisfy 1 = (1,1, · · · ,1) ∈ kerH (see Sec. 4.3.3).
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4.2 Codewords and logical operators

We go through our construction for the case of infinite Fock-state support, for

which both types of stabilizing operators commute. We cover both finite- and infinite-

dimensional logical encodings. For reference, the features of a general quKit tiger code

are compared side-by-side to the two-mode pait-cat qubit in Table 4.1.

4.2.1 Stabilizers and dissipators

Tiger codes are defined using X- and Z-type generator matrices, which we call

respectively G and H,

G =


...

g
...


↑

rx

↓

and H =


...

h
...


↑

rz

↓

, (4.1)

where G ∈ Nrx×N is an rx×N integer matrix with non-negative entries whose row

vectors we generically label by g, and where H ∈ Zrz×N is an rz×N integer matrix

whose row vectors we generically label by h. The cases where G has negative entries

can be found in Ref. [3]. The two generator matrices are required to satisfy the

CSS-type condition

GHT = 0 ⇔ h ·g = 0, ∀g ∈ G,∀h ∈ H, (4.2)

where ·T is the transpose operation, and where 0 is a zero matrix of appropriate

dimension.

The matrix H defines the subspace of Fock states that supports the code. This

subspace consists of all Fock states |n⟩ whose labels satisfy the following linear con-
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straints,

Hn = ∆ ⇔ h ·n = ∆h for ∆ =


...

∆h
...


↑

rz

↓

, (4.3)

for all rows h of H and for some fixed rZ-dimensional integer vector ∆. When the

explicit value of ∆ does not affect code properties, it will be set to zero, while in some

cases it will be beneficial to choose it non-zero.

Since G consists of non-negative entries, the constrained Fock subspace is infinite-

dimensional. Indeed taking any initial vector n ∈ NN satisfying the constraints (4.3),

one can add to it any positive integer multiple of any row of G, and obtain another

valid Fock-state with higher total occupation number, showing there is an infinite

number of solutions. Correspondingly, the codewords will be of infinite Fock-state

support.

For example, the two-mode pair-cat code, developed in Sec. 4.4.1, corresponds to

H = (1 −1), with the integer scalar ∆ fixing the occupation-number difference n̂1− n̂2

between the modes.

The operator h · n̂−∆h for each row h and each corresponding entry ∆h annihilates

all codewords and generates a family of unitary Z-type stabilizers,

exp [iϕ(h · n̂−∆h)] for ϕ ∈ T= [0,2π) . (4.4a)

Each stabilizer is a tensor product of single-mode Fock-space rotations, and the

codespace lies in the +1 eigenspace of all stabilizers for all ϕ .

The non-negative-entry matrix G corresponds to a non-unitary X-type ”stabilizer”

that is a monomial in the annihilation operators â j. We call these dissipators and
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define them using multi-index notation,

âg = âg1
1 âg2

2 · · · â
gN
N . (4.4b)

Codewords are eigenstates of such dissipators. For example, the two-mode pair-cat

codewords are eigenstates of â2
1â2

2, corresponding to G = (2 2).

All Z-type stabilizers commute with all X-type dissipators due to the CSS-type

condition (4.2), which implies that

(h · n̂)(âg) = (âg)(h · n̂−h ·g) = (âg)(h · n̂) . (4.5)

The above relation holds more generally for any orthogonal pair of vectors g and h.

It can be obtained by remembering that f (n̂)â = â f (n̂−1) for any analytic function

of the occupation-number operator.

4.2.2 Projected coherent states

The Z-type constraint can be expressed in terms of a projection Π∆ onto admissible

Fock states |n⟩, which can be defined in terms of the Z-type stabilizers. This means

that the projection can be thought of as an (integral) averaging over the entire Z-type

stabilizer group. The integral and sum forms of the projection correspond to the last

two equalities below,

Π∆ = ∏
h

∫ 2π

0

dϕ
2π

eiϕ(h·n̂−∆h) (4.6a)

=
∫ drzϕ

(2π)rz
eiϕ ·(Hn̂−∆) (4.6b)

= ∑
n∈NN

Hn=∆

|n⟩⟨n| . (4.6c)
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In the first expression, h runs over the rows of H, and its corresponding ∆h is the

coordinate of the vector ∆ at the same position. For each row h, we integrate over

an angle ϕ ∈ [0,2π), i.e., the group T. In the second expression, these angles are all

combined into one vector ϕ which runs over the stabilizer group, Trz . The sum form

in the third expression is obtained from the integral by applying the orthogonality

relation
∫ 2π

0
dϕ
2π eiϕ(n̂−∆) = δn̂,∆ for each coordinate of ϕ , where δ is the Kronecker delta

function.

Projected coherent states, |α⟩H∆ , are obtained by applying this projection to the

ordinary coherent states |α⟩, for α ∈ CN , and normalizing. Using the integral and

sum equivalent forms of the projection yields two complementary representations (cf.

[141, 142]),

|α⟩H∆ =
e∥α∥

2/2√
A∆(α⋆α)

Π∆|α⟩ (4.7a)

=
e∥α∥

2/2√
A∆(α⋆α)

∫ drzϕ
(2π)rz

e−iϕ ·∆|αeiϕH⟩ (4.7b)

=
1√

A∆(α⋆α)
∑

Hn=∆

αn
√

n!
|n⟩ , (4.7c)

where the coherent-state value in the second expression,

αeiϕH =
(

α1ei(ϕH)1,α2ei(ϕH)2, · · · ,αNei(ϕH)N
)
, (4.8)

is obtained from the identity eiϕ n̂|α⟩= |αeiϕ ⟩, and where n!= n1!n2! · · ·nN! in the third

expression. The projected coherent states are continuous superposition of coherent

state, forming strip pattern in a torus shown in Fig. 4.1.

The normalization A∆ is a Gelfand-Kapranov-Zelevinsky (GKZ) hypergeometric

(a.k.a. H-hypergeometric) function [133].
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(a) Quantum spherical codes (b) Tiger codes

Figure 4.1: Quantum spherical codewords are superpositions of a discrete set of coher-
ent states, while the tiger codewords of this work are superpositions of continuous sets of
coherent-state ”stripes” — circles or, more generally, tori. The uses of continuous superposi-
tions allows for linear Fock-state constraints to define the code, while discrete superpositions
correspond to modular and, more generally, representation-theoretic constraints. Two-mode
coherent states of values α = α(eiϕ1 ,eiϕ2) of fixed coordinate amplitude α but varying phases
ϕ1,2 form a torus, which is depicted either as itself or as a square with opposite boundaries
identified. Panels (a) and (b) depict the subset of coherent states that form the logical
codewords of a quantum spherical code and tiger code, respectively. The former constel-
lations are C+ = {(1,1),(i,−1),(−1,1),(−i,−1)} and C− = {(1,−1),(i,1),(−1,−1),(−i,1)},
while the latter are pair-cat codewords defined by matrices G =

(
2 2

)
and H =

(
1 −1

)
.

For any complex y = (y1,y2, · · · ,yN),

A∆(y) =
∫ drzϕ

(2π)rz
e−iϕ ·∆ exp

(
∑N

j=1y jei(ϕH) j
)

(4.9a)

= ∑
Hn=∆

yn

n!
, (4.9b)

with each form obtained from the corresponding expression in Eq. (4.7) using the

formula for the overlap between ordinary coherent states and Fock states, respectively.

This function completely determines the normalization and overlap between projected

coherent states,
H
∆ ⟨α|β ⟩H∆ =

A∆(α⋆β )√
A∆(α⋆α)A∆(β ⋆β )

, (4.10)

where the argument α⋆β = (α⋆
1 β1,α⋆

2 β2, · · · ,α⋆
NβN).
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All projected coherent states satisfy the stabilizer conditions

eiϕ(h·n̂−∆h)|α⟩H∆ = |α⟩H∆ , ∀ϕ ∈ [0,2π) (4.11a)

for any row h of H since, by definition, they are superpositions of Fock states that

satisfy the corresponding constraint.

Projected coherent states also inherit a subset of properties of the original coherent

states. Ordinary coherent states are eigenstates of any dissipator âg, and projected

coherent states retain this property for any g in the kernel of H,

âg|α⟩H∆ = αg|α⟩H∆ , ∀g ∈ kerH . (4.11b)

This can be derived by using the first expression (4.7a) for the projected coherent

state, noting that the dissipator commutes with all stabilizers due to Eq. (4.5), and

using â|α⟩= α|α⟩.

More generally, any combination of loss and gain operators that commute with all

h · n̂ operators act the same way on projected coherent states as they do on ordinary

coherent states. In some cases, this allows for quadratic (i.e., beam-splitter) logical

gates for tiger codes. This also allows for a simple treatment of the damping operator

exp(−n̂), irrespective of the Fock-state support of the code.

Tiger codewords form a subset of the projected coherent states for certain values

of α . For simplicity, we chose to always include in this subset the all-ones coherent

state, with α ∝ 1 = (1,1, · · · ,1),

|α = α1⟩H∆ for α > 0 (fiducial state) , (4.12)

with total energy Nα2 and energy density α2. (We keep α real to avoid burdensome
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notation.) The remaining codewords can be obtained by applying logical operators

— particular tensor products of single-mode rotations — which preserve the total

energy and energy density.

All logical states |Ψ⟩— superpositions of tiger codewords — satisfy the stabilizer-

like constraints from Eq. (4.11), equivalent to

(h · n̂)
∣∣Ψ〉

= ∆h
∣∣Ψ〉

∀h ∈ H, ∆h ∈ ∆ (4.13a)

âg ∣∣Ψ〉
= α |g|

∣∣Ψ〉
∀g ∈ G, (4.13b)

with |g|=∑N
j=1 g j. The joint eigenspace defined by these constraints defines the logical

subspace, but its structure can be determined from the properties of G and H alone.

4.2.3 Logical subspace from homology

With the Z-type constraint imposed, the X-type matrix G can be used to de-

termine the structure of the codespace. As shown in Eq. (4.11b), the kernel of H

permits to define the annihilation operators which still act as such on the projected

coherent states. The rows of G span a strict subspace of this kernel, which are used

as stabilizers, further constraining the codespace. The codespace structure is then

determined by the remaining part of the kernel of H. We can write

kerH = imG+LX , (4.14)

where we denote this remaining part LX and also call it the logical-X group. Here H

and G acts on vectors with integer entries. Hence the kernel and the image should be

thought of as (sub)groups under addition. The logical-X group is then the quotient
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group formed by the kernel of H modulo the image of G,

LX ∼=
kerH
im G

. (4.15a)

This is the homology group of the integer chain complex formed by G and H. Such

a homology group can contain infinite factors, i.e. Z, as well as finite factors fo the

form ZK = Z/KZ = {0,1, . . . ,K−1}. The former are referred to as the free factors

and the latter as the torsion factors. We can compute a generating matrix for LX :

It is an integer matrix that we denote by LX .

In the example of the pair-cat code, where H = (1 −1) and G= (2 2), the kernel of

H is generated by the vector (1 1), while the image of G consists of only even-integer

multiples of said vector. The quotient group thus corresponds to a qubit,

LX =
im(1 1)
im(2 2)

∼=
Z

2Z
∼= Z2 (pair-cat).

This is an example of torsion.

Similar to the dueling sum and integral representations of projected coherent

states, the powerful framework of homology yields a ”dual” method of calculating the

codespace structure. The homology condition, GHT = 0, implies that the rows of H

also span a strict subspace of the kernel of G. The remaining subspace of this kernel,

denoted LZ and called the logical-Z group, provides another characterization of the

codespace structure. The kernel of G splits as

ker2π G = im2πH +LZ,

where the matrices G and H are now considered to act on vectors with entries in T=

[0,2π), as signaled by the subscripts. The logical-Z group LZ can then be determined
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by the quotient

LZ ∼=
ker2π G
im2πH

. (4.15b)

This is the cohomology group of the (G,H) chain complex, defined over T coefficients.

Because the cohomology is taken over T, it is guaranteed to have the same structure

as that of the homology group LX [114, Thm. 1]. Namely, for each factor Z in LX ,

there is a factor T in LZ, and for each factor ZK in LX , there is a factor 2π
K ZK in LZ,

where 2π
K ZK is the subgroup of T isomorphic to ZK :

2π
K

ZK =

{
0,

2π
K

, . . . ,
2π(K−1)

K

}
. (4.16)

In the case of the pair-cat code, the “2π-kernel” of G = (2 2) contains all real

multiples of (1 −1), modulo 2π. The “2π-image” of H precisely consists of these same

multiples, suggesting (incorrectly) that the homology group, and thus the codespace,

is trivial. In reality, the 2π-periodicity ensures that there is another vector, namely

π(1 0), that is in the 2π-kernel of G but not in the 2π-image of H. Other vectors

such as π
2 (1 1) and π(0 1) are also in kerG, but these can be obtained from π(1 0)

by adding an element in the image of H. Since doubling π(1 0) yields the zero vector

modulo 2π, and since there is no other vector like it, we obtain the same result as

that of the previous homology calculation,

LZ =
T×πZ2

T
∼= πZ2 (pair-cat) .

We can also compute a generating matrix for LZ. It is an integer matrix that we

denote by LZ, and it generates the Z-logical group by multiplying it with vectors with

entries from LZ, i.e. T or 2π
K ZK .

Computing (co)homology with torsion Torsion occurs every time integer
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multiples of an integer vector are in the image of G without the vector itself being in

the image. In other words, the mth multiple of a vector w not in the image satisfies

mw = sG for some s ∈ Zrx . (4.17)

Torsion can occur in homology over rings that are not fields, such as our case of the

integers, and allows us to design finite-dimensional logical subspaces. The presence

of torsion is also witnessed by the presence of ”discrete vectors”, such as that in the

pair-cat example, in the 2π-kernel of G.

Since both the integer homology and T-cohomology calculations yield the same

answer [114, Thm. 1], one can choose the more straightforward homology calculation

to compute the codespace structure. Computing LX amounts to computing the Smith

normal forms of G and H,

VGG = DGWG, HWH =VHDH , (4.18)

where VG/H ∈ ZrX/Z×rX/Z and WG/H ∈ ZN×N are some unimodular matrices, and where

DG/H ∈ ZrX/Z×N only have non-zero integer entries on the diagonal. The rows of WG

corresponding to non-zero and non-unity diagonal elements of DG are the generators

for the torsion part of LX , whose order is given by the corresponding diagonal entries.

The generators for the free part are given by the columns of WH corresponding to

zero entries on the diagonal of DH and that are not in the span of the rows of WG

corresponding to non-zero diagonal entries of DG.

Knowing the codespace structure, the computation of LZ becomes easier as we

can do the computation restricted to coefficients of the homology group. For instance

when we have logical quKits in the torsion part, we just have to do linear algebra
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over ZK to compute the corresponding generators in LZ as rows over ZK , and then

interpret them as a rows over Z. If we have a free part, we can do linear algebra over

Z to find the corresponding generators.

4.2.4 Logical operators & codewords

As described above, the homology (resp. cohomology) group (4.15) determining

the codespace is, in general, a product of infinite factors, Z (resp. T), and, due

to torsion, possible finite factors, ZK (resp. 2π
K ZK), i.e. logical qubit (K = 2) or

quKit subsystems. Each subsystem is generated by its own integer vector z, and

such generating vectors make up the rows of a generating matrix LZ of logical Z-

type operators. Similarily the matrix LX , of integer vectors x, determines the X-type

logicals,

LX =


...

x
...

 and LZ =


...

z
...

 , (4.19)

and the number of rows of both matrices is equal the number of factors in the ho-

mology group. The inner product between a vector x and its partner z in the same

row is one while all other inner products are zero, yielding

LX LT
Z = 1 (4.20)

and underpinning the commutation relations between the distinct subsystems.

Both matrices generate subspaces that are in the kernels of their corresponding

generator matrices, ensuring the their associated logical operators, introduced below,

commute with all stabilizers. Moreover, the generators for the logical operators can
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always be redefined by adding stabilizers,

L′X ∼= LX + sG, L′Z ∼= LZ + tH, (4.21)

where s∈Zrx and t∈Zrz are any integer vectors. Notably, since G is non-negative, we

can always make LX non-negative as well. When implementing logical-Z operators, as

shown below, we can furthermore use the full stabilizer group, i.e. linear combinations

of rows of H with coefficients in T.

Tiger codewords can be obtained by applying Z-type logical operators correspond-

ing to vectors z to the all-ones projected coherent state α = α1. Codewords are ob-

tained in this way for both the finite- and infinite-dimensional logical subspace cases.

From now on, we focus on codes that consist of a single logical subsystem of either

finite or infinite dimension.

Logical qudit Suppose that a given row vector z ∈ ZN of LZ and its partner

x ∈ ZN in LX correspond to a logical qudit encoding of dimension K. Logical Z-type

operators are tensor-product rotations generated by z · n̂, multiplying by elements of

the logical-Z group,

Z(µ) = exp(−iµz · n̂) for µ ∈ 2π
K

ZK . (4.22)

We can add any combination of the rows of H with arbitrary coefficients and get an

equivalent Z-logical operator, i.e. for ϕ ∈ Trz ,

e−iµz·n̂ ∼= e−iµz·n̂e−iϕ ·(Hn̂−∆) = e−i[(µz+ϕH)·n̂−ϕ ·∆], (4.23)

where we use ”∼=” to relate operators with equivalent logical action.

Applying the above to the all-ones state (4.12) yields an X-type basis of qudit
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codewords indexed by µ ∈ 2π
K ZK ,

|µ⟩= Z(µ)|α1⟩H∆ (4.24a)

= |αe−iµz⟩H∆ (4.24b)

= eNα2/2√
A∆(α21)Π∆|αeiµz⟩ , (4.24c)

where αeiµz = α(eiµz1,eiµz2, · · · ,eiµzN ), where the right-most state on the last line is an

ordinary coherent state, and where the normalizing GKZ function A is z-independent

since all codewords have the same vector of component norms, α⋆α = α21. The

second equality can be obtained by using expression (4.7a) for the projected coherent

state and observing that the logicals commute with all stabilizers due to Eq. (4.5).

Logical X-type operators are monomials of lowering operators whose powers are

entries in x,

X = (â/α)x = âv1
1 âv2

2 · · · â
vN
N /α |x| . (4.25)

We normalize each component in the product by α so that the operator more closely

resembles a qudit Pauli operator. We can append various stabilizing operators with-

out affecting the logical action, and there can exist other variants that contain â†

terms.

The two types of logical operators satisfy the qudit commutation relation

X Z = e−i 2π
K Z X , (4.26)

where Z without argument is just the generator of the group, Z = Z(2π
K ). Equa-

tion (4.26) is obtained from the logical relation (4.20) and the commutation rela-

tion (4.5). This commutation relation ensures that the X-type operator acts on the

codewords as X |µ⟩= e−iµ |µ⟩. All logical operators commute with the stabilizing oper-
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ators since their associated vectors x and z are in the kernels of H and G, respectively.

A dual basis of Z-type codewords indexed by ℓ ∈ ZK , can be defined by taking the

logical Fourier transform,

|ℓ⟩ ∝ ∑
µ∈ZK

ei 2π
K ℓµ |µ⟩ (4.27a)

= ∑
µ∈ZK

ei 2π
K ℓµZµ |α1⟩H∆ (4.27b)

∝ ∑
Hn=∆∧z·n=ℓ mod K

α |n|√
n!
|n⟩ , (4.27c)

where n!= n1!n2! · · ·nN! in multi-index notation, and where |n|= n1 + n2 + · · ·+ nN .

The second constraint in the last sum is modular, dividing the H-constrained Fock

space further into K sectors corresponding to the K values of the inner product z ·n

modulo K. Each sector houses a Z-type codeword, making this basis orthonormal.

These codewords satisfy

Z(µ)|ℓ⟩= e−iℓµ |ℓ⟩ , (4.28a)

X |ℓ⟩ ∝ |ℓ+1 mod K⟩ , (4.28b)

which is obtained from the commutation relation (4.26) and Eq. (4.27b). Note that

in the second equation, the normalization of the codestates is not perfectly conserved

by X . This comes from the non-orthogonality of |µ⟩ states.

Given this orthonormal basis, we can define the codespace projector as

P = ∑
ℓ∈ZK

∣∣ℓ〉〈ℓ∣∣ . (4.29)

Infinite-dimensional logical subsystem Suppose now that a given row vector
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z of LZ and its partner x in LX correspond to an infinite-dimensional subsystem.

In this case, the index for both logical operators and codewords becomes an angle.

Logical Z-type operators become

Z(φ) = exp(−iφz · n̂) for φ ∈ T . (4.30)

Applying all Z-type logicals yields angular codewords

|φ⟩= Z(φ)|α1⟩H∆ (4.31a)

= |αe−iφz⟩H∆ (4.31b)

= eNα2/2√
A∆(α21)Π∆|αe−iφz⟩ . (4.31c)

The logical X-type operators stay the same as those in Eq. (4.25) for this case,

and the commutation relation becomes

X Z(φ) = e−iφZ(φ)X . (4.32)

The X-type operator acts as X |φ⟩= e−iφ |φ⟩.

A dual basis of integer-labeled Z-type codewords |ℓ⟩ can be defined by taking the

Fourier transform of the codewords |φ⟩,

|ℓ⟩ ∝
∫

dϕeiφℓ|φ⟩ (4.33a)

=
∫

dϕeiφℓZ(φ)|α1⟩H∆ (4.33b)

∝ ∑
Hn=∆∧z·n=ℓ

α |n|√
n!
|n⟩ . (4.33c)

The second constraint divides the H-constrained Fock space into sectors labeled by
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the values ℓ of the inner product z ·n. This inner product may yield no solution for

some values of ℓ, but those sectors that do admit at least one Fock state will house

one Z-type codeword. Since the codewords are supported on non-overlapping sets of

Fock states, this basis is orthonormal. We provide examples of logical-rotor (ℓ ∈ Z)

and logical-mode (ℓ≥ 0) encodings in Sec. 4.4.3.

The Z-type codewords are eigenstates of Z(φ) with eigenvalue exp(−iφℓ), and

action of the logical X-type operator increases the value of ℓ by one,

X |ℓ⟩ ∝ |ℓ+1⟩ . (4.34)

Since coherent states are only eigenstates of lowering operators, the adjoint of this

logical operator does not decrease this value in the same way. The code projector is

defined in the same way as that in Eq. (4.29).

4.2.5 Logical gates

The following two types of gates, together with the logical X- and Z-type gates

described above, constitute a universal gate set for tiger codes with infinite Fock-state

support and finite-dimensional logical encoding.

Continuous rotations generated by X and its tensor powers can be realized as

Hamiltonian perturbations to the engineered dissipation induced by the dissipators

âh−α |h|. It is known that the leading-order contribution of a Hamiltonian perturba-

tion to the steady-state subspace of a Lindbladian is the projection of the Hamiltonian

into the subspace [118]. Applying the perturbation long enough relative to the dis-

sipation strength yields the desired rotation [143]. This Zeno-type effect has been

outlined in detail for the two-component cat [117] and pair-cat [119] qubits, and tiger

codes follow the same recipe.
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Higher-order Fock-space polynomials provide simple realizations of higher-order

Z-type gates for both finite and infinite-dimensional tiger encodings. Their actions

are most easily understood in terms of Z-type codewords |ℓ⟩, which are constrained to

consist of Fock states |n⟩ satisfying z · n̂≡ ℓ, either modulo K for the quKit case (4.27c)

or exacly for the infinite-dimensional case (4.33c).

A quKit phase gate is implemented by the following ”Kerr-effect” rotation [144]

ei 2π
K (z·n̂)2

|ℓ⟩= ei 2π
K ℓ2
|ℓ⟩ . (4.35)

This can be proven for the quKit case by substituting z · n̂ = mK + ℓ for some non-

negative integer m. A similar operation yields a quadratic phase gate [56, 120] for the

infinite-dimensional case.

An entangling SUM gate of similar form acts as

ei 2π
K (z·n̂)⊗(z·n̂)|ℓ1, ℓ2⟩= ei 2π

K ℓ1ℓ2|ℓ1, ℓ2⟩ , (4.36)

with its cousin for the infinite-dimensional case being a conditional phase gate [120].

4.3 Error model and code distance

Tiger codes can protect against occupation-number loss and gain errors, and we

consider losses for simplicity in this work. They also are able to suppress dephasing

error, and we observe that the degree of suppression is related to the minimum Eu-

clidean distance between coherent states in different (continuous) tiger constellations.

This distance is the same as that of the quantum spherical codes [145], up to a factor

of the total energy.
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4.3.1 Loss error detection

In multi-index notation, occupation-number loss operators on N modes,

p ∈ Nn ⇔ âp (loss errors), (4.37)

are parameterized by non-negative integer vectors p, which we will use interchange-

ably with the actual operator.

The syndrome operators h · n̂ serve as check operators that can detect loss errors.

The code space lies in the Fock-state subspace satisfying the constraint h · n̂ = ∆h for

all syndrome generators h and corresponding entries ∆h of the syndrome vector ∆.

The action of a loss operator on a code state can map the code into a Fock-state

subspace satisfying a different constraint. Permuting the loss operator through a

syndrome operator and applying the codespace constraint yields

(h · n̂)(âp) = (âp)(h · n̂−h ·p) = (âp)(∆h−h ·p) . (4.38)

If h ·p ̸= 0, then the error has mapped the codespace into an error space inside the

Fock-state subspace corresponding to the syndrome ∆h−h ·p. In that case, the loss

error âp can be detected by measuring h · n̂.

Combining all syndromes and using the definition of the codespace projector (4.6),

âpΠ∆ = Π∆−Hp âp , (4.39)

we see that the syndrome vector is shifted by −Hp. Any vectors p that are in the

kernel of H will not change the syndrome vector. This fact yields a numerically
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tractable condition,

p /∈ kerH ⇔ âp detectable , (4.40)

for a loss error to be detectable. More specifically, the Knill-Laflamme condition [146]

for loss error has following property

PâpP ∝ Π∆âpΠ∆ = Π∆Π∆−Hpâp ∝ δp∈kerH , (4.41)

where P is the codespace projector in Eq. (4.29) , and where δp∈kerH ≡ δHp,0 is zero

if p is not in the kernel of H. Consequently, the error-detection condition for loss is

automatically satisfied for any âp such that p /∈ kerH.

If a loss vector p is in the kernel of H, then it is either a X-type dissipator or

a logical operator. Dissipators are defined to be those operators that are also in the

image of G, so p is a dissipator if it is in the span of the generators g ∈ G. Errors

that are dissipators, like stabilizer Pauli strings for qubit codes, are harmless since

they apply the identity gate to the codespace.

The last category of loss errors consists of errors that are undetectable and that

cause a logical error. By definition, their error vectors are in the kernel of H and not

in the image of G,

p ∈ kerH \ im G ⇔ âp uncorrectable . (4.42)

This set can be organized into distinct logical gates by taking the quotient of the

two groups. Namely, any such loss vector p can be expressed as a product of a coset

representative x ∈ kerH/im G and a dissipator. This decomposition is an analogue of

the logical Pauli group for stabilizer codes.
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For example, the kernel of H =

(
1 −1

)
for the pair-cat code consists of all

integer multiples of
(

1 1

)
. Vectors

(
p 0

)
and

(
0 p

)
for p > 0 are not in the

kernel, meaning that the code detects all single-mode losses, âp
1 and âp

2 . The operator

â2
1â2

2 is in the kernel, but it is the code’s sole dissipator since its corresponding vector

is equal to G =

(
2 2

)
. The operator â1â2 is in the kernel of H but not in the image

of G, making it a logical operator. Any odd power of â1â2 has the same logical action

and can be expressed as a product of â1â2 and a power of the code’s dissipator.

4.3.2 Loss error correction & X-distance

Per the Knill-Laflamme conditions [146], correcting two nontrivial loss errors âp

and âq requires the ability to detect their product â†qâp. It is useful to treat the

adjoint portion as a negative vector and associate the product with the error vector

p−q.

The case p = q corresponds to a dephasing error

â†pâp (dephasing errors), (4.43)

which is undetectable since p− p = 0 is in the kernel of H for any p. In other

words, dephasing errors commute with all syndrome operators h · n̂ since they can

be expressed as functions of the occupation number operators. These errors cannot

induce logical X errors since they are diagonal in Fock space. They may induce Z-type

errors, which we tackle in the next subsection.

Error products for which 0 ̸= p ̸= q ̸= 0 can be organized into two classes, extending
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the two parts of Eq. (4.40),

p−q /∈ kerH ⇔ â†qâp detectable, (4.44)

p−q ∈ kerH \ im G ⇔ â†qâp uncorrectable .

Similar to the case of loss errors, a sufficient condition for detectability is for the

error vector overlap with at least one dissipator vector h ∈ H, thereby mapping the

codespace to an error space with a different syndrome ∆. Similar to Eq. (4.41), we

can show that KL condition holds true for error â†qâp

Pâ†qâpP ∝ Π∆Π∆−H(p−q)â†qâp ∝ δp−q∈kerH . (4.45)

The second class corresponds to undetectable errors that yield logical errors when

projected into the codespace. Any errors not falling into these classes correspond to

operators that can be expressed as a product of dissipators (or their adjoints) and a

dephasing error.

For the pair-cat code, the error n̂1â2 with p =

(
1 1

)
and q =

(
1 0

)
is de-

tectable since its error vector, p−q =

(
0 1

)
, is not in the kernel of H =

(
1 −1

)
.

This error maps the code space to the same Fock-space sector as â2 since the dephasing

portion of the error does not affect the syndrome. On the other hand, p−q =

(
1 1

)
with p =

(
2 2

)
and q =

(
1 1

)
, corresponding to â†

1â†
2â2

1â2
2 = n̂1n̂2â1â2, is an un-

correctable error since it is a product of a dephasing error and a logical operation.

We use the total number of losses occurring during a loss error âp — the monomial

degree or 1-norm |p| — to define an X-distance. Correcting up to t losses (|p|≤ t)

requires detecting operator products â†qâp with twice the total degree, |p|+|q|≤ 2t.
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Since dephasing errors do not cause X-type errors, we exclude them from this distance

analysis. This reduces the set of loss-gain products required for correction to those

with p−q ̸= 0 and allows us to substitute the 1-norm of the error vector, |p−q|=

∑N
j=1|p j− q j|, for the sum of 1-norms of p and q. The upper bound of 2t remains

unchanged since this set includes ”off-set” errors such as â†t
j ât

k for j ̸= k, for which

|p−q|= |p|+|q|= 2t.

We define the X-distance to be the 1-norm of the lowest-weight uncorrectable

error,

dX = min
p,q
|p−q|, ∀ 0 ̸= p−q ∈ kerH \ imG . (4.46)

This ensures that any products with lower 1-norm are combinations of detectable

errors, dissipators, and dephasing errors. A tiger code with such a distance detects

up to dX − 1 losses, i.e., all errors âp with |p|< dX . If 2t < dX for some t and if

dephasing errors are suppressed in the large-α limit, then a code can correct t losses on

any mode. Neither condition is necessary, with codes like the pair-cat code detecting

arbitrary single-mode losses at distance two, and with a four-mode code which admits

no dephasing errors for any α .

Each loss vector p is also characterized by the number of modes which lost at

least one particle — the (Hamming) weight or support, wt p. The 1-norm upper-

bounds the weight, wt p≤ |p|, with equality occurring when every mode lost at most

one particle. The quantity dX − 1 provides a tight upper bound on the number of

modes that can undergo loss errors while preserving the logical information. This

bound happens to be an equality for all of the examples we study. It can be shown

as follows. The logical operator â†qâp with |p−q|= dX necessarily has p and q of

disjoint support; otherwise, it would contain a dephasing error that could be removed

to decrease the distance. A code that admits such a logical cannot correct both âp
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and âq. Assuming, without loss of generality, that wt p ≥ wt q, the code can only

correct loss errors acting on at most wt p− 1 modes. Using the claim of disjoint

support together with the 1-norm upper bound yields wt p≤wt(p−q)≤ |p−q|= dX .

The pair-cat code can detect any single-mode errors, corresponding to vectors of

the form p =

(
p 0

)
whose 1-norm p is arbitrarily high. But since logical operators

such as â1â2 have a 1-norm of two, dX = 2. Such a distance implies that this code

corrects a single loss in either mode in the limit of large α . But since the code can

correct any single-mode losses due to all dephasing operators becoming detectable

in said limit [119], dX −1 = 1 also quantifies the number of modes that can tolerate

losses.

4.3.3 Dephasing errors & Z-distance

Dephasing errors â†pâp cause only logical Z-errors since they are diagonal in Fock

space. In other words, their expectation values with respect to X-type codewords

are all equal, and such errors manifest as off-diagonal matrix elements between the

codewords. We conjecture that these matrix elements are suppressed exponentially

in the energy density α2. We further conjecture that the coefficient multiplying

this density can be lower bounded by the square of Euclidean distance between the

coherent-state constellations present in each codeword, which we define to be the

Z-distance of the code. We verify these behaviors for all qudit tiger codes satisfying

a technical constraint, namely, that 1 ∈ kerH.

Logical qudit

We consider the dephasing matrix element between qudit codewords (4.24), |µ⟩,

|ν⟩ with µ,ν ∈ 2π
K ZK . Plugging Eq. (4.39) into the projected coherent-state over-

lap (4.10), the matrix element reduces to a ratio of GKZ functions with different
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arguments,

⟨ν |â†pâp|µ⟩= eNα2⟨αeiνz|Π∆â†pâpΠ∆|αeiµz⟩
A∆(α21)

, (4.47a)

= α2|p|A∆−Hp(α2ei(µ−ν)z)

A∆(α21)
. (4.47b)

The case p = 0 corresponds to the overlap between the non-orthogonal states, i.e.,

an intrinsic memory error. This element needs to be zero for all p in order for the

code to exactly protect against dephasing. We show that, in the worst case, it goes

to zero quickly in the large-α limit for a large class of codes, and conjecture that this

suppression holds for all codes.

Since each tiger codeword is a continuous superposition of a coherent-state con-

stellation, this overlap is a “sum”over all possible overlaps between points taken

from the two constellations. The integral form (4.9a) of a GKZ function can be easily

upper-bounded by the overlap of the two closest points,

|A∆(α2eiµz)|≤ eNα2
∫ drzϕ

(2π)rz
e−

1
2 α2

∥∥∥1−ei(ϕ H+µz)
∥∥∥2

. (4.48)

The above integrand is the absolute value of the overlap |⟨α|β ⟩|2= exp
(
∥α−β∥2)

between two ordinary coherent states parameterized by α and β , the all-ones coherent

state and another state whose value depends on ϕ . It is maximized at the angle vector

for which the two coherent states are the closest, i.e., ϕ⋆ = argminϕ∥1− ei(ϕH+µz)∥2.

Substituting this optimal value yields a bound for the numerator in Eq. (4.47b).

The special case of the above bound with z = 0 and ϕ⋆ = 0 applies to the denom-

inator in Eq. (4.47b), yielding an upper bound of exp
(
Nα2). We cannot use this to

upper-bound the dephasing matrix element since we would need a lower bound for

the denominator. However, a careful asymptotic analysis of the denominator in the
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large-α limit (see Section. VIII in Ref. [3]) yields an exact expression with the same

exponential dependence, provided that 1 ∈ kerH. For such cases, we obtain

|⟨ν |â†pâp|µ⟩|2
α→∞
≲ poly(α)e−α2

∥∥∥1−ei(ϕ⋆H+(µ−ν)z)
∥∥∥2

, (4.49)

which omits polynomial pre-factors to highlight the exponential suppression.

The above bound shows that all dephasing errors are suppressed at large α , with

the strength of the suppression depending on the minimal Euclidean distance between

codeword constellations. This motivates a Euclidean definition of the Z-distance.

Returning to the case of a logical qudit, we have to consider dephasing matrix

elements between any two codewords labeled by ν ̸= µ ∈ 2π
K ZK . Global rotations allow

us to reduce this to K matrix elements between |µ⟩ and the fiducial state |0⟩, with

each element bounded by the square of minimal Euclidean distance between a pair

of constellations,

dZ(µ) = min
ϕ∈Trz

∥∥∥1− ei(ϕH+µz)
∥∥∥2

, (4.50a)

= 4 min
ϕ∈Trz

N

∑
j=1

sin2 1
2 (ϕH +µz) j , (4.50b)

where the Euclidean distance between two complex vectors u,v is defined as ∥u−v∥=√
∑N

j=1(u
∗
j − v∗j)(u j− v j). Being a measure of closeness in the configuration space of

coherent states, this distance also quantifies the ”shortest” logical rotation that one

can apply to map one X-type codeword to another. The code’s Z-distance is then the

square of minimum Euclidean distance among all paths connecting pairs of distinct

X-type codewords,

dZ = min
µ∈ 2π

K ZK

dZ(µ) . (4.51)
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Plugging this distance into a generic dephasing matrix element for codes satisfying

1∈ kerH and squaring the matrix element to rid ourselves of a factor of one-half yields

|⟨ν |â†pâp|µ⟩|2
α→∞
≲ poly(α)exp

(
−dZα2) . (4.52)

For example, in the case of the two-component cat code with codewords |±α⟩, the

distance is 4 — the square of Euclidean distance between the two coherent-state

values at α = 1.

The code distance yields a tight bound on the dephasing suppression coefficient

for all but one of our examples — the tiger surface code — where a careful asymp-

totic analysis of the dephasing matrix elements yields a coefficient that is strictly

larger than the square of Euclidean distance. The exact suppression coefficient may

be dependent on H, number of modes N, and syndrome vector ∆. As such, we con-

jecture that the code distance serves as a lower bound on the dephasing suppression,

with some codes exhibiting greater suppression. Proving this conjecture requires a

derivation of the above asymptotic inequality for codes with 1 /∈ kerH.

Infinite-dimensional logical subsystem

Infinite dimensional logical encodings are parameterized by a continuous angle pa-

rameter φ . There is now a continuum of continuous constellations, one for each value

of φ . The analogous rotor-code distance [114, Eq. 67] was defined as a minimization

of a relative distance — the square of Euclidean distance of the code divided by the

square of Euclidean distance of the ”bare” single-mode implementation eiφ of the

logical rotation. Here, we keep the Euclidean distance φ-dependent to make contact

with the coherent-state overlaps discussed above:

dZ(φ) = min
ϕ∈Trz

∥∥∥1− ei(ϕH+φz)
∥∥∥2

. (4.53)
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4.4 Examples of tiger codes

In this section, we provide examples of new tiger codes and recast known codes

in our framework. All codes here have infinite Fock-state support, but can encode

logical qubits, qudits, rotors, or modes.

4.4.1 Pair-cat code

The pair-cat code [119] is a two-mode bosonic code that protects against arbitrary

single-mode photon losses. Having used it as an example throughout the previous

section, here we provide only a brief overview.

Its generator matrices are G =

(
2 2

)
and H =

(
1 −1

)
, We can verify that

these follow the CSS condition, GHT = 0. They correspond to one dissipator and one

syndrome operator, respectively,

â2
1â2

2−α4 and n̂2− n̂1−∆ , (4.54)

where α2 is the energy density, and where the integer syndrome ∆ quantifies the

difference between the occupation numbers in the two modes.

A simple homology calculation, done in Sec. 4.2.3, shows that the code encodes

a qubit with logical generators x =

(
1 1

)
and z =

(
1 0

)
. These yield logical

operator representatives X = â1â2/α2 and Z = exp(iπ n̂1), respectively.

The X-type codewords are the coherent states |α,α⟩ and Z|α,α⟩= |−α,α⟩, each

projected into a fixed-∆ subspace via the projection Π∆ = 1
2π

∫
dϕeiϕ(n̂2−n̂1−∆). Explic-

itly, for ∆ > 0,

|±⟩= 1√
I∆(2α2)

∑
n≥0

(±1)nα2n+∆√
n!(n+∆)!

|n,n+∆⟩ , (4.55)
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where we have divided out constants upon normalization. The negative ∆ case is

related to the above by a swap of the modes. These are instances of pair-coherent

[147–150] or fixed-charge [151, 152] states, with the occupation-number difference

referred to as the ”charge” in this context.

The GKZ function associated with this code is bivariate since the code is on two

modes, but the two arguments collapse into one after simplifying,

A∆(y1,y2) = ∑
n≥0

yn
1yn+∆

2
n!(n+∆)!

=
(y2

y1

)∆/2
I∆(2
√

y1y2) , (4.56)

where I is the modified Bessel function of the first kind [153].

Using the definition from Eq. (4.51), we obtain

dZ = min
ϕ

∥∥∥(1 1

)
−
(
−eiϕ e−iϕ

)∥∥∥2
= 4 . (4.57)

This matches the exponent of an asymptotic calculation of the dephasing suppression

coefficient [119, Table II], making the bound (4.52) tight for this case.

We derived the X-distance of this code, dX = 2, in the previous section, indicating

pair-cat code can detect arbitrary single-photon losses. Furthermore, in the large-α

limit, pair-cat code can approximately correct single-photon losses {â1, â2} in each

mode. However, since â†
1â2 is not a logical operator, and since all dephasing errors

are exponentially suppressed, the code can approximately correct arbitrary photon

losses in each mode {âp
1 , â

p
2}p>0 in the large-α limit. Therefore, pair-cat code is an

approximate error-correcting code and an exact error-detecting code against single-

mode losses.

The pair-cat code can be generalized to H =

(
m1 −m2

)
for any coprime positive

integers m1 ≠ m2. The kernel of H is spanned by LX =

(
m2 m1

)
, yielding a distance
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of dX = m1 +m2. Such a code also detects up to m1 +m2−1 losses on any mode, in

addition to detecting all single-mode losses.

4.4.2 Extended pair-cat code

An N-mode extension of pair-cat code was shown to detect arbitrary losses in

N− 1 modes [119, 154] (cf. Ref. [155] for the N = 3 case). This code is also a tiger

code, which we call the extended pair-cat code, with generator matrices

G =

(
2 2 · · · 2

)
,H =



1 −1 0 · · · 0 0

0 1 −1 · · · 0 0
... ... . . . . . . ... ...

0 0 0
... 1 −1


= AN , (4.58)

with the latter matrix generating the AN root lattice [130]. These correspond to

the dissipator â2−α2N , where 2 =

(
2 2 · · · 2

)
, and N− 1 pairs of neighboring

occupation-number differences, n̂ j+1− n̂ j−∆ j, for its syndromes.

Logical operators are given by

X = (â/α)1 and Z = (−1)n̂1 . (4.59)

Logical X codewords are coherent states projected into the Fock subspace of all

occupation-number differences fixed. We call these extended pair-coherent states. For

∆ = 0, these are expressed simply as

|±⟩= (±1)n̂1√
A0(α21) ∑

n≥0

(
αn
√

n!
|n⟩

)⊗N

. (4.60)
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The GKZ normalization for this case collapses all N arguments into a product:

A0(y) = 0FN−1 (;1;y1y2 · · ·yN) , (4.61)

where 1 is the all-ones vector of length N− 1, and where pFq is the generalized hy-

pergeometric function [153].

This code has an X-distance dX = N, but has the distinct feature of being able to

approximately correct (and not just detect) losses on N−1 modes in the large-α limit.

This is due to the structure of the kernel of H, generated by the logical operator’s

vector 1. Since vectors p− q, with p and q supported on up to N− 1 modes, are

outside of the kernel, their corresponding operators â†qâp are detectable. Combined

with the fact that dephasing errors are suppressed with large α yields correction of

any losses up to one less the code distance.

The large X-distance of N comes at the price of a vanishing Z-distance, dZ =

4N sin2( π
2N ). This is because an alternative logical operator, exp

(
i∑ j π n̂ j/N

)
, related

to the operator exp(iπ n̂1) by a Z-type stabilizer, rotates between codewords by ap-

plying a vanishingly small rotation on each mode.

We confirm that the dephasing suppression coefficient of the code is given by the

code distance. Since the estimate from Eq. (4.47) is independent of the power of

the dephasing error, we can extract the suppression coefficient from the codeword

overlap,

⟨−|+|−|+⟩=
A0

(
α2(−1,1, · · · ,1)

)
A0 (α21)

= 0FN−1
(
;1;−α2N)

0FN−1 (;1;α2N)
. (4.62)

Using asymptotic properties of generalized hypergeometric functions [153], we can
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determine the coefficient in the large-α limit,

∣∣∣∣∣0FN−1
(
;1;−α2N)

0FN−1 (;1;α2N)

∣∣∣∣∣
2

∼ poly(α)exp
(
−4Nα2 sin2 π

2N

)
. (4.63)

4.4.3 Pair-coherent states as tiger codes

Two mutually dual variants of the pair-cat code are simple examples of tiger codes

with two types of infinite-dimensional logical spaces — a logical rotor and a logical

mode. These are special cases of the coherent-state repetition code and the Fock-state

repetition code, respectively.

Logical rotor Let us pick the generator matrices

G =

(
1 1

)
and H = 0 , (4.64)

which correspond to a single dissipator â1â2−α2.

A Z-type codeword for this code consists of pair-coherent states with fixed argu-

ment α2. Such states are defined for any occupation-number difference, and there is

exactly one state in each sector of fixed difference,

∣∣ℓ〉= 1√
Iℓ(α)

∑
n≥0

α2n+ℓ√
n!(n+ ℓ)!

|n,n+ ℓ⟩ , (4.65)

for positive difference ℓ, with the negative-ℓ case related to the above by a swap of the

modes. Since these lie in separate Fock-state subspaces, they form an orthonormal

basis. Such a codespace is naturally associated with the angular momentum space of

(planar) rotor, a.k.a. a particle on a circle.

The X-type codewords, parameterized by an angle φ , can be defined by applying
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the logical operator Z(φ) = exp(iφ(n̂1− n̂2)) to the all-ones coherent state,

|φ⟩= Z(φ) |α = (1,1)⟩=
∣∣α = (eiφ ,e−iφ)

〉
. (4.66)

The X-distance dX = 1 since single loss vectors are in the kernel of H, which is

everything, but not in the image of G.

Using the definition from Eq. (4.53), we obtain

dZ = 4sin2 φ
2
, (4.67)

the same as the square of Euclidean distance of the ”bare” encoding, ∥1− eiφ∥. In

other words, the code does no better at protecting against dephasing error then an

unencoded mode.

Logical mode The ”dual” code is obtained by only imposing the H constraint

that generates the kernel of the previous code’s G matrix. The code’s generator

matrices are

G = 0 and H =

(
1 −1

)
, (4.68)

which correspond to a single syndrome operator, n̂1− n̂2−∆. The X-type codeword

consists of pair-coherent states of arbitrary argument but with fixed difference.

The Z-type codeword consists of two-mode fixed-difference Fock states,

∣∣ℓ〉= |ℓ+∆, ℓ⟩ , ∀ℓ≥ 0, (4.69)

for positive ∆, with the negative-∆ case related by a swap. This basis is labeled by

non-negative integers, so most naturally corresponds to a logical mode encoding (as

opposed to a rotor). One can also think of this is a rotor whose angular momenta are
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restricted to be non-negative [120].

The X-distance is dX = 2, since lowest-degree undetectable loss is â1â2, which gives

the logical X operator. This code is a special case of the Fock-state repetition code,

whose Z-distance is discussed in the next subsection.

4.4.4 Fock-state repetition code

A close relative of both the logical-mode code from the previous example and the

extended pair-cat code is the N-mode Fock-state repetition code, with

G = 0 and H = AN . (4.70)

There are N−1 syndrome operators, n̂ j+1− n̂ j−∆ j, the same as those for the extended

pair-cat code. The difference is that there is no dissipator, which enlarges the logical

space from a qubit to a mode.

The mode’s Z-type codeword, for ∆ = 0, is made up of Fock states |ℓ⟩⊗N . The

mode’s logical X operator, X = (â/α)1, is the same as the logical operator of the

extended pair-cat qubit from Sec. 4.4.2.

The X-type codeword consists of extended pair-coherent states from Sec. 4.4.2 for

arbitrary argument but with all occupation-number differences fixed. The X-distance

is dX = N.

As with the extended pair-cat code, the canonical logical Z operator is Z(φ) =

exp(iφ n̂1), but an alternative logical, exp
(
i∑ j φ n̂ j/N

)
, applies a rotation that vanishes

with N to each mode. The Z-distance from Eq. (4.53) is

dZ = 4N sin2 φ
2N

, (4.71)
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being of order O(1/N) for large N and any fixed φ .

4.4.5 Coherent-state repetition code

Dual to the Fock-state repetition code from the previous example is the coherent-

state repetition code, whose G matrix is that of a cyclic repetition code,

G =



1 1 0 · · · 0 0

0 1 1 · · · 0 0
... ... ... ... ... ...

1 0 0 · · · 0 1


= RN and H = 0 . (4.72)

Its X-distance is trivial while its Z-distance increases as system size increases, dZ = 4N.

Fixing N to be odd yields torsion (4.17), namely, a vector e1 which is not in the

image of G but whose multiple is. It is easy to check that the alternating sum of all

the rows of G gives 2e1, with e1 itself not in the row-image of G:

f N =

(
1 −1 1 −1 · · · 1

)
(4.73a)

e1 =

(
1 0 0 · · · 0

)
(4.73b)

f NG = 2e1 . (4.73c)

The X-type codewords are

|±⟩= |±α⟩⊗N , (4.74)

which can be viewed as a concatenation between the two-component cat code (in the
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coherent-state basis) and a qubit repetition code [124, 125].

A set of logical vectors is x = e1 and z = 1,

X =
â1

α
and Z = (−1)∑N

j=1 n̂ j , (4.75)

respectively. Other logical operators include X = â j/α for any mode j, and these are

related to each other via a dissipator and the condition that any individual â2
i ∝ X2

for all 1≤ i≤ N acts as identity on the codespace.

The strength of dephasing suppression is easily calculated from the codeword

overlap,

|⟨−|+⟩|2= |⟨α|−α⟩|2N

|⟨α|α⟩|2N = exp
(
−4Nα2) (4.76)

saturating the upper bound in Eq. (4.52) with dZ = 4N. The GKZ function for this

code is A(y) = exp
(
∑ j y j

)
.

Other variants of this code arises when N is even, which only yields a logical rotor

despite the closed or open boundary. For an odd-length system, one can also obtain

a logical rotor by removing the last row of G, corresponding to open boundaries on

the repetition code.

4.4.6 Three-mode tiger code

In this subsection, we introduce a three-mode tiger code inspired by the U(1)-

covariant three-rotor code proposed in Refs. [156, 157] in the context of holographic

quantum information. The corresponding tiger code encodes a single logical rotor

into three physical modes.
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The code is defined by the following parity-check matrices:

G =

(
3 1 2

)
and H =

(
−4 6 3

)
, (4.77)

which correspond to dissipator â3
3â2â2

3−α6 and syndrome operator −4n̂1+6n̂2+3n̂3−

∆.

The Z-basis of the logical rotor, for ∆ = 0, is

∣∣ℓ〉 ∝ ∑
n≥ℓ

α6n−ℓ√
(3n)!(n+ ℓ)!(2n−2ℓ)!

|3n,n+ ℓ,2(n− ℓ)⟩ , (4.78)

for all ℓ≥ 0.

The logical operators are specified by the vectors x = (3 2 0) and z = (1 −1 −1),

corresponding to logical operators

X =
â3

1â2
2

α5 , (4.79a)

Z(φ) = eiφ(n̂1−n̂2−n̂3) . (4.79b)

The X-distance of the code as dX = 3 because
(

0 1 −2

)
∈ ker H that gives an

undetectable X error â†
2â2

3.

To compute the Z-distance, we examine the square of Euclidean distance between

logical codewords via Eq. (4.53). When φ is sufficiently small, the distance is

dZ = 4×3sin2 φ
2
= 12sin2 φ

2
. (4.80)

Compared to a bare rotor or the logical rotor encoded in pair-coherent state,

which has X- and Z-distances of 1 and 4sin2 φ
2 respectively, this three-mode tiger
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code achieves a threefold improvement in both X- and Z- distances.

4.4.7 Four-mode tiger code

Emulating a rotor code whose homology is based on a tesselation of the projective

plane [114], we construct a minimal example whose distances, dX = 2 and dZ = 8, are

both greater than those for the two-component cat code.

This four-mode code is a combination of the logical-rotor pair-coherent-state code

from Sec. 4.4.3 and the pair-cat code from Sec. 4.4.1, and there is no discrete-variable

code participating in this construction. We first define two logical rotors, with each

rotor encoded into two modes, and then build a pair-cat qubit on top of the two

rotors. It can be regarded as a tiger-code (i.e., integer-homology) version of [[4,1,2]]

qubit stabilizer code [158]. This code exhibits a new feature not previously observed in

coherent-state codes — dephasing errors stemming from detectable losses are detected

exactly without the need for the large-α limit.

The code’s generator matrices are

G =


1 1 0 0

0 0 1 1

0 2 0 2

 and H =

(
1 −1 −1 1

)
. (4.81)

The first two rows of G correspond to two copies of the logical-rotor pair-coherent-

state encoding, while the last row is the X-type pair-cat constraint. These yield a set
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of three dissipators and one syndrome operator,

â1â2−α2 ,

â3â4−α2 ,

â2
2â2

4−α4 ,

and n̂1− n̂2− n̂3 + n̂4−∆ . (4.82)

A homology calculation yields logical operator vectors x =

(
0 1 0 1

)
and z =(

0 0 1 1

)
, corresponding to logical-qubit operators

X =
â2â4

α2 and Z = (−1)n̂3+n̂4 . (4.83)

For convenience, we consider codewords for the ∆ = 0 case. The X-type codeword,

in integral form, consists of orbits of the two coherent states α = α1 and α = α(1 1 −

1 −1) over the group generated by the syndrome operator,

|±⟩= e2α2√
A0(α21)

∫ dϕ
2π

∣∣∣α(eiϕ ,e−iϕ ,±e−iϕ ,±eiϕ )
〉
. (4.84)

The code’s GKZ function simplifies to a modified Bessel function of the first kind

[153] with non-trivial argument. We will need it for all values of ∆. For positive

values, we obtain

A∆(y) = ∑
n≥0

δn1−n2−n3+n4,∆
yn

n!
, (4.85a)

= ∑
j≥∆

(y1 + y4)
j

j! ∑
n2,n3≥0

δ j,n2+n3+∆
yn2

2 yn3
3

n2!n3!
, (4.85b)

=

(
y1 + y4

y2 + y3

)∆/2

I∆

(
2
√

(y1 + y4)(y2 + y3)
)
, (4.85c)
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with the case of negative ∆ related by a swap of variables y1 + y4↔ y2 + y3. Above,

we split the Kronecker delta function with a useful identity,

δn1−n2−n3+n4,∆ = ∑
j≥∆

δn1+n4, jδn2+n3+∆, j , (4.86)

and apply the binomial theorem twice.

The code detects any losses âp with p /∈ kerH. The kernel is spanned by the first

two rows of G and by
(

0 1 0 1

)
. The two rows are dissipators, while the third

is a logical-X operator. No loss vectors of weight one are in the kernel, so the code

exactly detects up to one loss on any mode — dX = 2. However, there is a weight-

two operator in the kernel — â1â†
4 with error vector

(
1 0 0 −1

)
— that is not

detectable. Since correcting both â1 and â4 requires Z-check to distinguish between

single-photon losses â1 and â4, but in this case, both errors yield the same Z-type

syndrome. Therefore, this code cannot correct single-photon losses.

Plugging the GKZ function into the dephasing matrix elements (4.47b) and using

the fact that I j(0) = δ j,0 yields

⟨−|â†pâp|+⟩= α2|p|A−Hp
(
α2(1,1,−1,−1)

)
A0(α21)

= δp∈kerH
α2|p|

I0(4α2)
, (4.87)

where the Kronecker delta is 1 when p is in the kernel of H, and zero otherwise. The

matrix element is identically zero for dephasing errors associated with any detectable

losses, meaning that no large-α limit is needed to detect them! A similar feature is

also present in a thin surface code — the liger surface code — described in the next

section.

Intrinsic dephasing due to non-orthogonality (p = 0) and dephasing associated

with a logical operator (e.g., p= z) remain finite, but are suppressed in said limit with
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exponent 4α2 since I0(4α2) ∼ exp
(
−4α2). The dephasing suppression for arbitrary

dephasing is

|⟨−|â†pâp|+⟩|2∼ δp∈kerHα4|p| exp
(
−8α2) , (4.88)

saturating the bound in equation. (4.52) with dZ = 8. In other words, not only is the

dephasing suppression twice that of the four-mode extended pair-cat code, dephasing

errors â†pâp stemming from any nontrivial detectable losses âp (p ̸= 0 and p /∈ kerH)

are corrected exactly.

The above dephasing calculation brings about more surprises. First, it guarantees

that the logical X-basis is orthonormal if we pick a nonzero ∆ parameter to define the

codewords. To our knowledge, coherent-state codes whose X- and Z-bases are both

orthogonal have not been studied before.

Second, such a choice yields a logical X operator that that can be implemented

with a beam splitter,

X =
â†

4â1 + â†
1â4− â†

3â2− â†
2â3

∆
. (4.89)

The technique to obtain this operator is presented in Ref. [3].

4.4.8 Tiger Shor code

Just as the [[4,1,2]] qubit stabilizer code can be extended to the Shor [159–161],

a.k.a. [[m2,1,m]] quantum parity check code, the four-mode code in the previous

example is a special case of an analogous tiger family. We generalize it by combining

the higher-mode versions of the logical-rotor pair-coherent-state code and the pair-cat

code.

To increase dZ, we take a length-L coherent state repetition code with generator
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matrices

HX ,1 = TL, and HZ,1 = 0, (4.90)

where TL is defined as RL in Eq. (4.72) without the last row. This code gives logical

operators x1 =

(
1 0 · · · 0

)
,z1 =

(
1 −1 1 · · · (−1)L−1

)
.

On the other hand, to have an increasing dX , we take a length-M extended pair-cat

code with generator matrices

HX ,2 = 2M and HZ,2 = AM, (4.91)

and logical operators x2 = 1M and z2 =

(
1 0 0 · · · 0

)
.

Combining those two blocks, we construct the (L×M)-mode tiger Shor code —

encoding a logical qubit — with generator matrices

G =

HX ,1⊗1M

x1⊗HX ,2

 and H =

(
z1⊗HZ,2

)
. (4.92)

Here, 1M is the M-dimensional identity. Its logical operators are x = x1⊗ 1M and

z = z1⊗ z2.

This code has distances dX = |x|= M and dZ = 4MLsin2( π
2M ). By letting L∼M2,

both distances increase as we increase the system size. However, while all syndrome

operators have constant weight, one dissipator is non-local with weight 2M. This

non-local stabilizer also appears in the Shor code. In the next section, we provide

a surface-code construction with constant-degree stabilizers and increasing X- and

Z-distances.
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Figure 4.2: (a) The structure of tiger surface code lattice and its stabilizers, where each
white circle represents a physical mode, a pink square represents an X-check acting on the
physical modes it connects, and a blue square represents a Z-check acting on the physical
modes it connects. (b) The form of the X and Z-checks. (c) The liger surface code with
dX = 2 and dZ = 4r, encoding a logical qubit into a chain involving 3r physical modes.

4.5 Tiger and liger surface Codes

We present a surface-code family of tiger codes with constant-weight stabilizers

and X- and Z-distances that increase with the system size. This code is distinct

from a concatenation of a single-mode cat code with a qubit surface code [162], and

it is obtained by a hypergraph product of two repetition codes over the integers

[13, 114]. This code inherits the string-like minimal logical operators, geometric

locality of stabilizing operators (which we refer to as ”checks” in this section), and

scaling of code distances of the original surface code.

The code is laid out on a two-dimensional lattice of size r× (2m−1), encoding a

logical qubit into 2rm−r physical modes with distances dX =m and dZ ≥ 4rmsin2 ( π
2m

)
.

We call the m= 2 case the liger (a.k.a. long-tiger) surface code, whose distances reduce

to dX = 2 and dZ = 4r. The liger surface code exhibits an orthogonal logical X basis

for certain values of ∆.
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The generator matrices Rm,Tm for the coherent state repetition code in Sec. 4.4.5

are

Rm =



1 1 0 0 · · · 0

0 1 1 0 · · · 0
... ... ... ... ... ...

1 0 0 0 · · · 1


, Tm =



1 1 0 0 · · · 0 0

0 1 1 0 · · · 0 0
... ... ... ... ... ... ...

0 0 0 0 · · · 1 1


, (4.93)

where Rm is a m×m matrix as Eq. (4.72), and Tm is a (m−1)×m matrix which is the

same as Rm without the last row.

We input Rr and Tm into a hypergraph product, yielding the following generator

matrices

G =

(
1m⊗Rr T T

m ⊗1r

)
, H =

(
Tm⊗1r −1m−1⊗RT

r

)
, (4.94)

where r ≥ 3 is odd, and where m≥ 2. Picking r odd ensures that the logical space is

that of a logical qubit, and one gets an infinite dimensional logical space if r is even.

As Eq. (4.94) shows, the Rm and Tm only have two non-zero entries per row, and

one or two per column. Hence both G and H only have three or four non-zero entries

per row, which implies this code is a local stabilizer code consisting of local degree-3

or degree-4 X and Z stabilizing operators, as shown in the parts (a) and (b) of Fig. 4.2.

The lattice layout of the tiger surface code is depicted in part (a) of Fig. 4.2 where

top and bottom boundaries of this lattice are open, and the left and right boundaries

are periodic. Here the parameter r represents the diameter of the intersection of the

tube, and m represents the length of the tube. Part (c) of Fig. 4.2 represents the

lattice structure of the liger surface code, where three-body X-checks are put at the

top and bottom rows, and four-body Z-checks are in the middle row.
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The general construction of logical operators for a hypergraph product is given in

[114, E.2]. When one of the two seed codes has torsion, as in Eq. (4.17), we use it to

build the logical operators. The torsion we have here is described in Sec. 4.4.5, and

we use the vector f r from Eq. (4.73a) to obtain

x =

(
f m⊗ e1 0

)
and z =

(
e1⊗ f r 0

)
. (4.95)

One can check they are indeed logical operators using Eq. (4.73a) and the fact that

Tm f T
m = 0.

4.5.1 Tiger surface code X-distance

The logical vector x yields a string-like logical operator with alternating â and â†

acting on neighboring modes along a vertical string connecting the top and bottom

boundaries, as shown in Fig. 4.3(a). The X-distance is the 1-norm of x,

dX = |x|= | f m|= m , (4.96)

meaning this code has a minimal logical operator with a non-trivial creation piece —

a first example of this kind. The code can correct at least ⌊m−1
2 ⌋ losses on any mode.

A longer logical-X string consisting of only annihilation operators runs diagonally

between the top and bottom boundaries, with â acting on each of the 2m−1 modes

inside the string [see Fig. 4.3(b)].

Since the 1-norm of this minimal pure-loss vector is 2m−1, the code can detect

up to 2m−2 losses — nearly twice the code distance. For example, the liger surface

code (m = 2) can detect two losses on any mode, but it cannot correct any losses.
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(a)

(b)

(c)

Figure 4.3: In panel (a), the vertical string operator in the orange region represents a
minimum 1-norm uncorrectable error â†qâp. Thus, the tiger surface code can correct loss
errors âp whose 1-norm is at least ⌊m−1

2 ⌋-weight. In panel (b), the diagonal string operator in
the orange region represents the minimum weight uncorrectable pure-loss error âp. It implies
that tiger surface code can detect loss error âp one any (2m−2) modes. Panel (c) represents
the error pattern that gives upper bound of the square of Euclidean distance between two
codewords in Eq. (4.51), which corresponds to a ”smeared” version of the defining logical
Z operator of tiger surface code. In this error pattern, each physical mode inside the green
horizontal strips is rotated by a phase of ± π

m . The physical modes inside the green vertical
strip in the first column are acted on by rotations by angles −2(m−1)π

m , 2(m−2)π
m , · · · , (−1)m−12π

m ,
from top to bottom.

4.5.2 Tiger surface code Z-distance

In Fig. 4.2(a), we show the defining logical Z operator, defined using z, is a length-

r horizontal string operator consisting of parities (−1)n̂ and connecting the left and

right boundaries. However, the Z-distance of a code is determined by the square of

Euclidean distance of two neighboring codewords [see Eq. (4.50b)], and rotating by

the defining logical Z string operator does not produce the shortest Euclidean path.
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We obtain upper and lower bounds on the distance,

dZ ≥ 4rmsin2 π
2m

, (4.97a)

dZ ≤ 4rmsin2 π
2m

+4
m−1

∑
j=1

sin2 (m− j)π
m

, (4.97b)

by choosing other logical Z operators that act on more modes, but that rotate each

mode by a smaller angle. These bounds differ by an order O(m) term in the limit of

large system size.

Using Z-type stabilizers, we can ”smear” our original logical operator into one

that acts on m rows of modes, rotating each mode by π/m. As Fig. 4.3(c) shows,

each physical mode in the green-colored rows is acted by an exp(±iπ n̂/m) phase shift,

and physical modes in each green-colored row contribute 4r sin2 π
2m to the square of

Euclidean distance.

During the smearing process, we also generate phase shifts in the first column as

shown in Fig. 4.3(c) because of the periodic boundary conditions between the left

and right sides. The first column contributes a 4∑m−1
j=1 sin2 (m− j)π

m term in the upper

bound of dZ. Intuitively, for a fixed m, we can linearly increase dZ by increasing r

because we add more msin2 π
2m terms to the lower and upper bounds.

The lower bound of dZ is obtained by removing the phase shift acting on the first

column induced during the smearing. The general approach to obtain the dZ lower

bound can be found in Ref. [114].
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4.5.3 Codewords and dephasing suppression

Tiger surface codewords can be obtained by applying its logical Z string operator

in Fig. 4.2 to the fiducial state,

|±⟩= e
(2rm−r)α2

2√
A0(α21)tiger

Π0 |±α⟩⊗r⊗|α⟩⊗2r(m−1) , (4.98)

where Π0 is the collection of Z projectors given by H.

Combining our lower bound (4.97) on dZ and Eq. (4.52), and noting that 1∈ ker H,

we can bound the degree of dephasing suppression using the result from Sec. 4.3.3,

|⟨−|â†pâp|+⟩tiger|2
α→∞
≲ α4|p| exp

(
−4rmα2 sin2

( π
2m

))
. (4.99)

To achieve the same amount of dephasing suppression, we can either increase r or

increase α2. To simultaneously increase both the X- and Z-distances, we can choose

r = m2 such that dX = m,dZ ≥ 4m3 sin2 π
2m increases as m increases. In general, we can

take r ∼Ω(m2) to ensure both distances increases as system size increases.

4.5.4 Liger (long-tiger) surface code

This simpler version of the tiger surface code has a tractable GKZ function with

interesting properties. The liger (a.k.a. long tiger) surface code is the tiger surface

code on a thin strip with m = 2. A length-r liger surface code contains 3r bosonic

modes for odd r. It encodes a logical qubit with distances dX = 2 and dZ = 4r, with

the latter known exactly because the lower and upper bounds from Eq. (4.52) are

equal for this case. In other words, the defining logical Z string formed by (−1)n̂ in

Fig. 4.2(a) exactly gives us the shortest Euclidean path between codewords.
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Using codewords shown in Eq. (4.98) and repeatedly applying the splitting iden-

tity (4.86), we simplify the liger GKZ function to

A∆(y)liger = ∑
n∈Nr

∑
j∈Nr

r

∏
i=1

(yi + yr+i)
ji−min{0,∆i}

( ji−min{0,∆i})!
yni

2r+i

ni!
δni+ni+1, ji+max{0,∆i}, (4.100)

where y3r+1 = y2r+1 and nr+1 = n1 due to the periodic boundary conditions. The

indices follow the convention of Fig. 4.2(c).

Using the GKZ function, we can calculate the liger codeword overlap to be

⟨−|+⟩liger =
A0(−α21r,α212r)liger

A0(α21)liger
=

1
A0(α21)liger

, (4.101)

where the numerator is one for arguments yi =−yr+i for i= 1,2, · · · ,r . In other words,

the overlap depends only on the codeword normalization.

The GKZ function of the liger code also yields another property, namely, that

A∆(−α21r,α212r)liger ∝ Θ(∆), where the Heaviside step function is zero if the vector

∆ has at least one negative entry.

Plugging Eq. (4.100) in Eq. (4.47b) yields the explicit expression of the dephasing

matrix element

|⟨−|â†pâp|+⟩liger|2=
Θ(−Hp)α4(|p|+|Hp|)

A0(α21)2
liger

(
∑

n∈Nr

r

∏
i=1

1
ni!

δni+ni+1,(−Hp)i

)2
, (4.102)

where the dephasing matrix element is exactly zero if Hp has at least one posi-

tive entry. The non-zero dephasing matrix elements are exponentially suppressed as

exp
(
−6r|α|2

)
, in the large-α limit, where the suppression coefficient 6r exceeds the

code’s Z-distance dZ = 4r. This is our only example where the dephasing suppression

surpasses the Z-distance.
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4.5.5 Open boundaries

Tiger surface codes can also be defined for open left and right boundaries. By

replacing the last row Rr by (K 0 0 · · ·0) and keeping Tm unchanged, the hypergraph-

product construction will yield a tiger surface code with open boundary condition

that encodes a quKit.

This open boundary modification will increase the degree of the boundary X-

checks and change the coefficient in front of n̂ in the boundary Z-checks. It will

not affect any checks in the bulk. This modification will not change the X-distance,

and will only slightly decrease the Z-distance. We leave further exploration of the

boundaries of the tiger surface code for future investigation.
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Chapter 5: Outlook

天地有正气，杂然赋流形。

Heaven and earth have a ”spirit of

integrity”; in many forms does it

flow into all things.

文天祥 (1236-1283)

Tianxiang Wen (1236-1283)

5.1 Outlook on fermion-to-qubit mappings

In Chapter. 2, we proved that various known local fermion-to-qubit mappings in

two spatial dimensions are equivalent up to constant-depth Clifford circuits. Although

we used the language of quantum error-correcting codes to prove the equivalence, most

of these mappings do not constitute good quantum error-correcting codes—that is,

they only have constant code rate and distance. Because those mappings only utilize

the long-range entanglement structure of error-correcting codes to “localize” fermion

interactions in logical space.

Given that realistic quantum devices are inherently noisy, a key challenge in de-

ploying useful and robust fermionic simulations is how to construct fermion-to-qubit

mappings with increasing code distance. Recently, proposals have been made to

140



use twist defects in two-dimensional surface codes to encode logical fermionic modes

[163, 164] with adjustable code rate and distance, by varying the geometric distance

between the twist defect. IOn the fault-tolerance front, an important question is how

to properly define fault tolerance for quantum operations when the logical system is

fermionic and the physical system is bosonic, including the characterization of the

corresponding transversal gate set.

Another direction is to generalize the equivalence results to more general settings.

In Ref. [1], we showed the equivalence between geometrically local fermion-to-qubit

mappings on translationally invariant two-dimensional lattices. However, the fermion-

to-qubit mappings can also be defined over general graphs. Extending the equivalence

result to fermion-to-qubit mappings on graphs is also an interesting question, with

recent progress using tensor network and ZX calculus techniques [165, 166].

5.2 Outlook on bosonic codes

In Chapters. 3 and 4, we provide a systematic way to construct bosonic codes

using homology over integers. By utilizing the hypergraph product over integers, we

construct a surface-like tiger code, which is a non-concatenated topological bosonic

code with increasing distances. Given the exotic nature of infinite-dimensional Hilbert

spaces, we believe that the integer domain harbors a wide range of promising new

bosonic codes yet to be explored.

One future direction is to construct more examples of tiger codes, building on

the rich mathematical structure we have uncovered. We demonstrate that each tiger

code is naturally associated with a corresponding GKZ hypergeometric function. Fur-

thermore, we show that properties (such as code distances) of a given tiger code can

be obtained by analyzing its corresponding GKZ hypergeometric functions. Infor-
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mally, the GKZ hypergeometric function can be viewed as a ”generating function”

for the tiger code. The Knill-Laflamme condition can be readily obtained by taking

partial derivatives of the corresponding GKZ function. Therefore, useful tiger codes

should be obtainable by searching for GKZ functions with desired properties. GKZ

functions may help to draw connections between codes with other fields in physics

or mathematics. For example, they are widely discussed in the context of geometric

analysis [140, 167, 168] and Feynman path integrals [169]. There may be connec-

tions between the integer homology behind tiger codes and related properties of GKZ

functions [170]. There may also be connections with Grassmanian GKZ functions

[139, 171–174] and Grassmanian coherent states [175, 176].

The second direction is to conduct a detailed study of the performance and quan-

tum error correction properties of tiger codes in hardware-aware settings. While we

have constructed tiger codes with increasing distance, their fault-tolerant properties

are unclear. The fault tolerance and threshold properties of the tiger code remain

important topics for future research. Prior works [177, 178] have shown that the

optimal threshold of discrete-variable stabilizer codes can be determined by analyz-

ing phase transitions in their associated statistical-mechanical models. Extending

this statistical-mechanical mapping to the continuous-variable setting, as in [179] for

instance, and applying it to investigate the threshold behavior of tiger codes is an

promising direction for future investigation.

A third direction concerns the implementation of viable logical operations for tiger

codes, as fault-tolerant quantum computation necessitates access to fault-tolerant

logical gates. One avenue is to extend qubit gates, e.g., for hypergraph product

codes over Z2 [180, 181] or more general codes [182–185], to the setting of integer

homology. Another promising path is to extend existing few-mode bosonic protocols,

such as fault-tolerant schemes for rotation symmetric bosonic codes [56, 186, 187] or

142



bias-preserving gates for the pair-cat code [188].
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