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Engineering
This dissertation presents new methods for solving single- and multi-objective
optimization problems when there are uncertain parameter values. The uncertainty in these
problems is considered to come from sources with no known or assumed probability distribution,
bounded only by an interval. The goal is to obtain a single solution (for single-objective
optimization problems) or multiple solutions (for multi-objective optimization problems) that are
optimal and “feasibly robust”. A feasibly robust solution is one that remains feasible for all
values of uncertain parameters within the uncertainty interval. Obtaining such a solution can
become computationally costly and require many function calls. To reduce the computational
cost, the presented methods use surrogate modeling to approximate the functions in the
optimization problem.
This dissertation aims at addressing several key research questions. The first Research

Question (RQ1) is: How can the computational cost for solving single-objective robust

optimization problems be reduced with surrogate modelling when compared to previous work?



RQ2 is: How can the computational cost of solving bi-objective robust optimization problems be
improved by using surrogates in concert with a Bayesian optimization technique when compared
to previous work? And RQ3 is: How can surrogate modeling be leveraged to make multi-
objective robust optimization computationally less expensive when compared to previous work?

In addressing RQ1, a new single-objective robust optimization method has been
developed with improvements over an existing method from the literature. This method uses a
deterministic, local solver, paired with a surrogate modelling technique for finding worst-case
scenario of parameter configurations. Using this single-objective robust optimization method,
improved large-scale performance and robust feasibility were demonstrated. The second method
presented solves bi-objective robust optimization problems under interval uncertainty by
introducing a relaxation technique to facilitate combining iterative robust optimization and
Bayesian optimization techniques. This method showed improved feasibility robustness and
performance at larger problem sizes over existing methods. The third method presented in this
dissertation extends the current literature by considering multiple (beyond two) competing
objectives for surrogate robust optimization. Increasing the number of objectives adds more
dimensions and complexity to the search for solutions and can greatly increase the computational
costs. In the third method, the robust optimization strategy from the bi-objective second method
was combined with a new Monte Carlo approximated method.

The key contributions in this dissertation are 1) a new single-objective robust
optimization method combining a local optimization solver and surrogate modelling for
robustness, 2) a bi-objective robust optimization method that employs iterative Bayesian
optimization technique in tandem with iterative robust optimization techniques, and 3) a new

acquisition function for robust optimization in problems of more than two objectives.
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Chapter 1: Introduction

This dissertation considers solution methods for a class of nonlinear
engineering design optimization problems in which there is uncertainty in some
parameter values. The uncertainty is assumed to be a value within a fixed interval.
The solution to these problems can require a large number of function calls, and as
such can be computationally costly to obtain. To reduce the computational cost,

surrogate modelling can be used.

The work in this dissertation ties together two major fields of study namely:
robust optimization and surrogate modelling. These components are utilized for the
three main research directions in this work, namely, single-objective robust
optimization under interval uncertainty with surrogate modelling (Chapter 2), bi-
objective robust optimization under interval uncertainty with surrogate modelling
(Chapter 3), and multi-objective (beyond two) robust optimization under interval

uncertainty with surrogate modelling (Chapter 4).

The subsections below will motivate and introduce these components, while
reviewing the current state of the literature, research gaps and questions for this
dissertation. In the following, first, background information on robust optimization is
provided in Section 1.1, second, background information on surrogate modelling and
surrogate optimization is provided in Section 1.2. Next, current techniques in single-
objective robust optimization are given in Section 1.3. Then, the current techniques in

multi-objective robust optimization are presented in Section 1.4. Research gaps and



research questions to be answered in this dissertation are given in Section 1.5. Finally,

the organization of the rest of this dissertation is outlined in Section 1.6.

1.1 Background: Robust Optimization

One way to account for uncertainty in engineering design optimization
problems is by using robust optimization. Specifically, feasibility robust optimization
is the process through which an optimum solution is found such that it remains
feasible despite uncertainty in the values of parameters. In the context here, an
optimum solution is composed of decision variables that are the entities that the
decision maker has, for the most part, control over, i.e., they are controllable, such as
planned dimensions of a part to manufacture. Parameters are those that the decision
maker does not have control over, such as weather conditions. A robust optimal
solution may also include a solution which limits deterioration in the objective
function value when subjected to uncertainty. However, as this can be accounted for
by introducing constraints on the objective function’s variation range [1], this
dissertation will focus on feasibility robust optimization and so only includes

uncertainty in the constraint functions.

Uncertainty in an optimization problem can be considered in one of several
ways. It can be assumed that there is complete distributional knowledge about the
uncertainty [2], partial distributional knowledge [3], or interval uncertainty
knowledge [4], [5]. In the methods presented in this dissertation it is assumed that
there is interval uncertainty, or interval knowledge of uncertain parameters. Generally

speaking, interval uncertainty can be handled by semi-infinite programming [5],
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uniform discretization [4], or by searching for the worst-case scenario [6]-[9].

Any of the above-mentioned techniques for handling interval uncertainty adds
substantially to the computational cost of the optimization process. Iterative methods
(often termed “sequential” in the literature) for searching for the worst-case scenario
have shown improved results in terms of numbers of function evaluations [1], [10],
[11]. Although the iterative method is more computationally efficient than other such
scenario searching methods, further cost savings can be achieved by combining it
with approximation methods. To this end, surrogate modelling with the worst-case

search is used in the proposed methods of this dissertation.

1.2 Background: Surrogate Modelling and Optimization

If the objective or constraint functions are computationally intensive, then
optimizing can become prohibitively computationally expensive. A useful method for
improving computational cost is surrogate modelling, a general form of which is seen
in Eq. (1.1). Surrogate models or metamodels are models that approximate a
computationally expensive function, f, by fitting an approximate (surrogate)
function, f, using a relatively small number of samples from the expensive function.
Computational expense is thus measured as the number of function evaluations.
Sample pairs of inputs, x, and outputs, f(x), are used to determine the weight

parameters, w, to make the approximation as accurate as possible.
fle,w) = f(x)

Some of the most common surrogate models in use are Support Vector

(1.1)



Regression [12], Radial Basis Functions [12], [13], and Gaussian Processes (GP) or
Kriging models [12], [14]. The three models are listed in order of generality, i.e.,
Gaussian Processes (or Kriging models) are a specific case of a Radial Basis
Functions, and Radial Basis Functions are a specific case of Support Vector
Regression [12]. In this dissertation, all surrogates are GPs with the automatic
relevance determination squared exponential kernel allowing for a separate
hyperparameter to be fit for each design variable [15]. Readers interested in an in
depth discussion of surrogate optimization are directed to [12], or for GPs to [14].
All of the methods discussed in this dissertation are concerned with objective
and constraint functions with high computational cost, e.g., from evaluation of
computational fluid dynamics simulations. In order to test a variety of examples in a
reasonable time frame and with multiple independent trials, less computationally
intensive problems are substituted. To enable comparison between the cheaper
examples and the costlier real-world problems, computational expense is measured by
the number of function evaluations used to find a solution. The implicit assumption
being that the costly function evaluations would dwarf the optimization and
approximations computations in terms of resources or time. Additionally, it is
assumed in this dissertation that every objective and constraint function is expensive
and so is approximated by a surrogate model whenever possible. Realistically,
problems often contain some expensive and some cheaper functions. The methods in
this dissertation could be modified to only approximate the expensive functions and

allow the cheaper ones to be evaluated directly without approximation.



1.3 Single-Objective Robust Optimization

For many applications, restricting problems to be convex is an apt assumption
[6]. Especially for the applications considering real-time decision making such as in
control problems [7], [8], [16]-[18]. For engineering design optimization, convexity
cannot always be assumed, and more general methods must be employed [10], [19].
Considering nonconvexities will naturally lead to solving more difficult and
computationally intensive optimization problems. To bring the computational cost
within a more affordable range, algorithms such as the modified Bender’s
decomposition [4] can be used, or the problem can be approximated by surrogates
[12]. The modified Bender’s decomposition [4] assumes a discretized range for the
uncertain parameters. This can lead to infeasibilities in the solution if any of the
constraints is violated at a value of the uncertain parameters not included in the
discretization. Semi-infinite programming and worst-case search are not as

susceptible to this but can be computationally costly.

To find a robust optimum solution via worst-case search, the task is to
consider and add all necessary scenarios and their corresponding constraints to pare
down the feasible domain while avoiding adding extra scenarios and constraints.
Performing a worst-case search can either be done in a nested [11], [20] or iterative
manner [10], [21]. Because random sampling and uniform discretization run the risk
of producing infeasible solutions, and semi-infinite programming and nested worst-
case search can have prohibitive computational costs, the iterative worst-case search

is utilized throughout this dissertation.



From the previous literature, one notable iterative technique is the Scenario
Generation with Local Robust Optimization (SGLRO) method which used as its
bottom-level problem a random sampling technique combined with sequential
quadratic programming [ 10]. This method uses a sequential quadratic programming
solver in the top-level for finding a robust optimal solution as was done by [11], and
only added constraints violated in the bottom-level to the top-level problem. SGLRO
has the best reported performance in the literature for the class of problems of interest
in this dissertation, so the proposed method will be compared against SGLRO to gage

performance.

1.4 Multi-Objective Robust Optimization

Engineering design optimization problems usually have two or more
competing objective functions. When the correct balance between the competing
objectives or their utility to the decision maker cannot be known a priori, a set of
Pareto (or non-dominated) optimal solutions can be obtained. For the set of Pareto
solutions, none of the points is better than any other with respect to all the objectives,
while they are the “best” solutions that can be obtained. Techniques for finding these

solutions fall under the topic of multi-objective design optimization.

In addition, for these problems, there is almost always a need to account for
uncertainty. Pareto optimal design solutions obtained under deterministic conditions
will often fall short when introduced to uncertain conditions, sometimes with
catastrophic results. To safeguard against such an outcome, the concept of

“robustness” can be introduced. By robustness, it is meant that the solutions obtained

6



are rather insensitive to the uncertainty. Robustness can be added to the objective
functions of the optimization problem to limit performance degradation, and/or to the
constraints to ensure feasibility of an optimized design outside of expected

conditions. These are respectively termed objective and feasibility robustness [1].

Much of the studies of robust optimization are focused on single-objective
design optimization problems [6], [7], [9], [10], [22], [23]. Linear [9] and conic
problems have been well studied [6], as have convex robust optimization problems
[7], [22]. More general nonconvex problems have been considered as well while
attempting to lower their high computational costs without surrogate methods [10],
[23]. Surrogate modelling of these expensive and nonlinear functions has become an
area of increasing interest [24]-[29], showing great potential for lowering the
numbers of function evaluations. Surrogates have also started to be employed to
offset the increased computational costs while considering robustness [2], [30]-[32].
However, this is largely for distributional uncertainty, where a probability distribution
is assumed to be known for the uncertain parameters [2], [30], [32], with only recent

work [31] addressing interval uncertainty.

Uncertainty has also begun to be considered for multiple objective design
optimization problems which include expensive functions to calculate, increasing the
computational burden [20], [21], [33]-[35]. As such, surrogates have been utilized to
lower the computational cost of multi-objective robust optimization problems under
interval uncertainty [21], [36]-[38] and distributional uncertainty (or noise) [34],

[35]. Focusing on interval uncertainty, this can be done in an offline sense, where the



sampling and model training are performed all-at-once in advance, and the surrogates
are then directly substituted for the expensive functions in the optimization scheme
[36], [37], [39]. It has also been done online, where the surrogates are updated
iteratively, with the actual functions directly substituted with the surrogate’s mean
predictions [21], [38], [40], [41]. Two of these methods, Approximation Assisted
Multi-objective Robust Optimization (AA-MORO) [21] and Multi-objective Robust
Optimization with Kriging and Support vector machines (MORO-KS) [38] are
compared against in the Examples section of Chapter 3. Those methods do not utilize
their function and uncertainty predictions together, instead they use the uncertainty

predictions secondarily to the function predictions.

For the case with multiple objective functions, the Approximation Assisted
Multi-Objective Robust Optimization (AA-MORO) method developed by [21] treated
both decision variables and uncertain parameters as inputs to the surrogate model to
train over. In this way, the top- and bottom-level problems are solved using the same
constraint function surrogate model. Although AA-MORO uses surrogates to lessen
the computational burden, it does not incorporate other techniques like those used by
[10]. No other method known to the authors using surrogate modelling has been
shown to solve black-box, single-objective robust optimization problems using a
worst-case search. Also, the technique in AA-MORO has never been applied to
single-objective optimization problems in the literature. In the work presented here on
single-objective robust optimization, it is shown that formulating a surrogate on the

bottom level can lead to computational cost savings, compared to when it is not used.



Within the surrogate optimization literature, there are techniques that combine
the function mean prediction and its error together to balance “exploitation” and
“exploration” [24]. This enables more efficient use of the original costly function,
decreasing the amount of function calls it needs to be queried. The process of
building a global model based on observations and an assumed prior distribution and
repeatedly sampling and updating the posterior distribution until arriving at an
optimum is called Bayesian optimization [29]. In Bayesian optimization, the function
used to select the next point or location to sample based on the current samples and
the prior distribution is known as the acquisition function [25]. Acquisition functions
can also allow for constraint handling as a standard penalty [28], [42], modified by
the probability that the constraint is expected to be violated [26], [27], or directly
augmenting with the Lagrangian [43], among other approaches. Although outside of
the context of Bayesian optimization, another approach of interest is that of [44],
where constraints are relaxed in proportion to the estimated error in the constraint

model.

One of the most widely utilized acquisition functions in bi-objective (or
single-objective) Bayesian optimization is the expected improvement function [12],
[24], [43], [45]. Bayesian optimization combines the model prediction and the
standard deviation of the prediction to estimate the amount that a new sample is
expected to improve over existing samples. One of the more popular bi-objective
formulations, sometimes called the centroid method, does not seek to create a dense
Pareto frontier but instead only tries to improve upon existing points leaving the

number of solutions fairly constant [12]. Another expected improvement approach
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uses the hypervolume improvement metric to improve over existing points and
improve solution density [46]. The two methods are complementary, with the
centroidal approach using the nondominated area and the hypervolume approach
using the dominated area. However, the centroidal approach relies on the
approximated distribution of the surrogate model, and the hypervolume approach
requires a user supplied reference point dominated by all Pareto solutions. The
methods in this dissertation focus on the centroid method. Of some interest is another
analogous method for the lower confidence bound acquisition function with a

modified hyper volume difference quality metric [47].

For many applications, formulating a design problem as single- or bi-objective
is sufficient to capture a decision maker’s goals. However, for problems with greater
complexity or more stakeholders it may be desired to relax this limit and consider
even more competing objectives. The restriction to two or fewer objectives is largely
due to a lack of intuition and ease of visualization at higher dimensions. Multi-
objective surrogate optimization inherits many techniques from deterministic multi-
objective optimization. Most commonly, improvement of the whole solution set is
often described by a single metric which is then optimized using a single-objective
solver [12], [45]-[51]. Alternatively, some methods utilize multi-objective solvers,
generally multi-objective genetic algorithms, and use improvement measures in the
surrogate for each objective as the objective functions for the solver [52]. Some of the
most popular of these methods are ParEGO [45], Expected Hyper-Volume
Improvement [34], [46], [53], and the centroidal (or Euclid) method [12], [48], [49].

A comparison of these methods for unconstrained optimization has been performed in
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[48]. Fast calculation of the Expected Hyper-Volume Improvement is an area of
active research [34], [54]-[57]. As of yet, none of these methods for multi-objective
optimization have been employed in finding solutions robust to uncertainty. Some of
the current multi-objective surrogate robust optimization solvers instead use the
surrogate predictions directly [21], [37], [38], [40]. Because of the direct substitution
of the surrogate for the expensive functions, these methods are largely applicable to
problems with greater than two objective functions, even though they are almost
entirely applied to bi-objective problems. The drawback is that this direct substitution
creates an exploitation focused approach which may not perform as well in higher

dimensions.

1.5 Research Gaps and Questions

In this section, an overview of the research gaps in the existing literature is
provided. The research gaps are used to construct a few key research questions that

this dissertation aims to investigate and shed light on.

1.5.1 Single-Objective Robust Optimization: Research Gap and Question

Within the current literature for single-objective robust optimization under
interval uncertainty, there is a lack of investigation into the use of surrogates to solve
worst-case scenario search subproblems. Interval uncertainty is generally handled
either through discretization of the parameter space [4], random sampling [22], or
some search of the parameter space, usually for the worst case [10]. However, there
has not yet been introduced a combined approach that uses a deterministic, local

solver for the scenario robust optimization problem at the top level and a surrogate for
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the global worst-case search on the bottom level for single-objective robust
optimization problems under interval uncertainty. Thus, the first Research Question
(RQ1) is as follows:

RQ1: How can surrogate modelling be introduced to single-objective robust
optimization under interval uncertainty to reduce the computation burden of the

worst-case scenario search?

1.5.2 Bi-Objective Robust Optimization: Research Gap and Question

Current literature on multiobjective robust optimization using surrogate
modelling is largely restricted to two objective functions [21], [36]-[38], [40]. Of
these methods, some use only offline sampling and training of the surrogates [36],
[37], [40], while others use an exploitation focused approach for the surrogate model
optimization [21], [38]. Bayesian optimization approaches that balance exploitation
and exploration have not been previously introduced to the field of multi-objective
surrogate robust optimization. Thus, the second research question is as follows:

RQ2: How can Bayesian optimization techniques be included to improve over
current surrogate modelling methods for bi-objective robust optimization under

interval uncertainty?

1.5.3 Multi-Objective Robust Optimization: Research Gap and Question

As stated above, there are few known approaches to multi-objective robust
optimization using surrogate modelling that have been shown to handle problems
with greater than two objective functions. The currently used techniques all multi-

objective genetic algorithms as their primary solver, and so can theoretically be
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adapted to problems of three or more objective functions [21], [36]-[38], [40].
However, use of these methods on problems with more than two objective functions
has not been shown. Additionally, the methods mentioned are focused on exploitation
of the surrogates with some performing exploration secondarily [21], [38] and some
not at all [36], [37], [40]. The third research question to be addressed in this
dissertation is then:

RQ3: How can Bayesian optimization techniques be included in robust

optimization under interval uncertainty for problems with more than two objectives?

1.6 Organization

The remainder of the dissertation is outlined in this section.

1.6.1 Chapter 2: Single-Objective Robust Optimization

The first research push of this dissertation is the application of surrogate
optimization techniques to single-objective robust optimization. Uncertainty is
handled using a two-level approach with the robust optimization problem on the top
level, and a worst-case scenario search on the bottom level. Several numerical and
engineering examples from the literature of single-objective problems with interval
uncertainty are tested for comparison with an existing method. Computational savings
are shown for only replacing the bottom level problem with the surrogate
optimization. Trends in performance for problems with increasing numbers of design
variables and uncertain parameters is also investigated empirically. Finally, a

verification study is presented to examine the robustness of the optimal solutions.
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1.6.2 Chapter 3: Bi-Objective Robust Optimization

The second research push of this dissertation covered in Chapter 3 is the
introduction of Bayesian optimization to robust optimization problems of two
objectives. Surrogate models were constructed and utilized for both top and bottom
levels of a new iterative robust optimization scheme. The natures of the iterative
robust optimization scheme and the Bayesian optimization are at odds with each
other, so a new relaxation method was developed to foster compatibility. Examples
from the literature of bi-objective problems with interval uncertainty are tested and

compared with two methods from the literature.

1.6.3 Chapter 4: Multi-Objective Robust Optimization

The third research push of this dissertation covered in Chapter 4 is the
extension to problems with more than two objective functions. An acquisition
function for Bayesian optimization of two objectives was extended to be applicable
for higher numbers of objectives. This was compared with another acquisition
function to see which was better suited for use in robust optimization. Additionally,
analytical and numerical forms of the two acquisition functions were compared.
Methods are compared on two numerical examples from the literature with variable
numbers of objective functions and an engineering example modified to have three

objective functions.

1.6.4 Chapter 5: Conclusions

In the last chapter, some concluding remarks are made about the work in this

dissertation. The contributions of Chapters 2-4 are then detailed. Finally, directions

14



for future work to build on this dissertation are provided.

In the next chapter, a surrogate-based methodology for single-objective robust

optimization under interval uncertainty is presented to address RQ1.
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Chapter 2: Single-Objective Robust Optimization
with Surrogates'

The proposed method in this chapter, Surrogate Feasibility Testing-Cutting
Robust Optimization (SFTC-RO), is implemented by iteratively solving two
optimization subproblems. In the first (top-level) subproblem, a Scenario Robust
Optimization (SRO) problem is solved using a local optimization technique. In the
second (bottom-level) subproblem, wherein constraints are maximized to determine
the worst-case feasibility scenario (or uncertain parameter value) generation and
constraint cuts. The two subproblems are iteratively solved until convergence when

the solution obtained can no longer be affected by additional constraint cuts.

The rest of this chapter is organized as follows. Section 2.1 describes the
problem definition. Section 2.2 gives an overview of previous methods. Section 2.3
provides a description of the proposed method. Section 2.4 presents the results for
five numerical and engineering examples. Finally, Section 2.5 gives some concluding

remarks.

2.1 Problem Definition

A single-objective feasibility robust optimization problem under interval

uncertainty can be formulated as in Eq. (2.1)

I A version of this chapter was published as a journal article in: Engineering
Optimization [31]
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min f(x)

s.it. gix,u) <0, jE€T,..,J
(2.1)

X € [xl' xu]

Vu € [ulﬁuu]

where the constraints are to be satisfied for every combination of uncertain parameter
values in the interval u € [u;, u,]. This interval forms a set which is assumed to be
compact, i.e., closed and bounded. The interval is often replaced with a finite number
of parameter value combinations (also called scenarios) that are assumed to
approximate the interval [22]. For robust optimization, this means that the scenarios

should contain the worst-case scenarios. The resulting SRO problem is as follows,

min f (x)

s.t. gjs(x,us) <0, jEIL,..,J, s€1,..,S
(2.2)

X € [xl' xu]

Vu, €U

where u; is a discrete scenario in the finite scenario set U. Each of the J constraints is
reproduced for each scenario in the set U for a total of S X J constraints with S = |U].
Most scenarios will not create active constraints that affect the solution at the robust
optimum. An active constraint is one that if removed from the problem, the location
of the optimum will change. An active constraint forms a constraint cut for the
feasible domain and thus facilitates the search for worst-case scenarios. Adding
inactive constraints to the SRO problem may increase the computational cost without

adding a constraint cut to the feasible domain.

Others have approached the problem of finding worst-case scenarios, as

discussed in the next section.
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2.2 Previous Methods: An Overview

To find a robust optimum solution, the task is to consider and add all
necessary scenarios and their corresponding constraints to pare down the feasible
domain while avoiding adding any extra scenarios and constraints. This is generally
accomplished through random sampling [7] and worst-case search [11], [58]. Pure
random sampling can require numerous scenarios to obtain a robust optimum, which
can drive the computational cost up. Performing a worst-case search can either be
done in a nested [20] or iterative manner [10], [21]. The nested approach, Figure
2.1(a), quickly becomes computationally intractable, but the iterative approach,
Figure 2.1(b) can be done in a more efficient manner [10], [21]. Here and elsewhere

+9

in this dissertation, the notation “«"" is used to indicate appending the argument on

the right to the argument on the left.

x* = argmin f(x) x" = argmin f; (x)
X

. s.t.gj(x,us) < 0Vu, € Uy,
S. L.

r

maxmax g;(x,u) <0 .
u J g]( ) x Uwe

A 4

u* = argmax mjax g;(x"u) <0
u

v,.<tu

(a) (b)
Figure 2.1: Methods for worst-case search in robust optimization: (a) nested
approach, (b) iterative approach

One version of the iterative approach (Algorithm 1) can be represented by the

pseudocode shown in Table 2.1 which is detailed in the next section.
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Table 2.1: Algorithm 2.1, iterative robust optimization

Uwc < Up

Feasible « False

WHILE (Feasible = False)
x* « Solve Scenario Robust Optimization,Vu € U,
u* « Maximize Constraint Violations
IF m]_ax (gj(x*,u*)) >0

+

SN S e

*
Uye <

ELSE
Feasible « True
0: RETURN x*

u

=29 ed

2.2.1 Iterative Robust Optimization
Following Table 2.1, the steps in an iterative approach for robust optimization
are presented in the following.

2.2.1.1 Initialization (Lines 1-3)

The iterative approach for robust optimization is initialized by including the
nominal scenario U, in the scenario set U,,.. If nominal values are not inherent in the
problem (e.g., average ambient temperature or zero manufacturing variability) u, is
taken as the average of the lower and upper bounds u; and u,,. The feasibility
indicator is set to False. The main loop is begun and will close when the feasibility
indicator is no longer False.

2.2.1.2 Scenario Robust Optimization (Line 4)

The SRO problem from Eq. (2.2) is solved for every scenario contained in
U, and the robust optimal solution x* is returned.

2.2.1.3 Constraint Violation Maximization (Line 5)

The constraints are then maximized with respect to the uncertain parameters,
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holding solution x* constant as in Eq. (2.3).

max max g;(x*,u)
u

je, ..} (2.3)

ue [ull uu]

2.2.1.4 Feasibility Testing (Lines 6-10)

If a scenario u* can be found that makes any of the constraints infeasible at
x*, then that scenario is added to U,,., adding constraint cuts to the SRO, and the
process returns to Line 4. If, instead, the maximized constraints are all feasible, then
the current solution is a robust optimum, so the feasibility indicator is set to True and

the robust optimizer x* is returned.

2.3 Proposed Method: SFTC-RO

The SFTC-RO approach is detailed in Table 2.2 as a pseudocode. Each step of

SFTC-RO, as shown in Table 2.2, is detailed in the following.

2.3.1 Initialization (Lines 1-5)

SFTC-RO begins with initializing the SRO problem of Eq. (2.2) by selecting a
nominal scenario ©, (Line 1). With no prior knowledge, this is taken to be the mean
parameter values over the interval u € [u;, u,]. Next, the constraint set R is
initialized. R can be viewed as a matrix with rows corresponding to each scenario in
U,,. and each column corresponding to one of the J constraints. For the initial
scenario, R contains all / constraints. For numerical stability, all decision variables
and uncertain parameters are scaled between 0 and 1. Before the main loop is opened,

the feasibility indicator is set to False. The main loop will close when the indicator is
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instead set to True.

2.3.2 Top-Level: SRO (Line 6)

The SRO problem in Eq. (2.2) is solved in this step via MATLAB’s fmincon
with the sequential quadratic programming solver. Here, every scenario ug that is
added to U, has a corresponding set of constraints which can be violated during the
scenario search that returned that uy. Indices for these violated constraints were
stored in row s of R in the previous step. During this step, only the violated
constraints, Rg ; = 1, are evaluated while solving the SRO problem. For the first
iteration, u, is evaluated for all constraints, and for subsequent iterations it and the
corresponding constraints are all removed. This can be done because u, is chosen
arbitrarily and thus is not expected to affect the robust optimal solution. If needed, u,

will be re-added to U in a subsequent iteration. This helps to reduce the size of the

SRO problem.

21



Table 2.2: Algorithm 2.2, surrogate feasibility testing-cutting robust optimization

(SFTC-RO)
I: Uy < ug
2: ke1
3: Rk,j < gj(x; uO)l ] = {1; ;]}
4: Feasible « False
5: WHILE (Feasible = False)
6: x* « Solve Scenario Robust Optimization,Vug € U,
s.t.{ g;j(x, us) < 0|R,; = 1}
7: U; < Nyy random scenarios
8:  FOR(n€({l,.. Ny})
9: g(u) « Construct Surrogate
with {Ut, max g;(x", Ut)}
j
10: u* « argmax(g(u))
11: U, <" u*
12: U, <t u'
13:  IF (k=1)
14: Remove uy, Ry
15: FOR( €{1,..,J})
16: IF (gj(x*,u™) > 0)
17: Rigyrj < gi(x,u”)
18: 1F (alt(g;(x", u") < 0))
19: Feasible < True
20: ELSE
21: k<k+1

22: RETURN x*

2.3.3 Bottom-Level: Surrogate Scenario Testing (Lines 7-11)

The optimal solution from the top-level problem x* is then brought to the
bottom-level for worst-case scenario searching. A surrogate is trained based on N, ¢
samples per constraint. The surrogate models used in this dissertation are all Gaussian
Process (GP) models. Several empirical tests were performed in Appendix B
suggesting that GPs were best suited to the problems of interest. The GPs are

constructed using MATLAB’s “fitrgp” function[59] with the automatic relevance
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determination (ARD) squared exponential kernel[15]. All of the parameters for fitrgp
were left as their default configurations. The surrogate is iteratively used to search for
a new scenario at which point the constraints are evaluated. The surrogate is then
retrained, including the new scenario, until the infill budget of N;; samples per
constraint is depleted.
2.3.3.1 Perform Design of Experiments (Line 7)

The initial budget of function evaluations, N, s points u are randomly sampled
from a uniform distribution. These are stored in the training set U,.

2.3.3.2 Evaluate and Train (Lines 8-9)

A loop is opened to perform the following lines for the budgeted infill

function evaluations, N;¢. All J constraints are evaluated at any new scenarios u €

U;. The greatest of the J constraints for each u € U, is taken together with U, and
used to train a GP surrogate model g§(u).

2.3.3.3 Perform Scenario Optimization (Line 10)

The surrogate function §(u) is then maximized with respect to the uncertain
parameters u.

2.3.3.4 Add Scenario and Return (Line 11)

The maximizing parameter values are added to the training set U;. The
updated training set is then returned to Line 9 where the new scenario is evaluated.

This continues until all N;¢ evaluations are exhausted.

2.3.4 Return Scenario and Constraint Cuts (Lines 12-22)

After the N;; evaluations have been used, the worst-case scenario u” is added

to the scenario set Uy, (Line 12). Of the ] constraints g;(x, u”) only those that are
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violated at g;(x*, u") are added to set R as constraint cuts in the top-level SRO

problem (Lines 16-17). Following the first execution only, the initial scenario u, is
removed from U,,. along with the corresponding constraints (Lines 13-14). The
initial scenario uy and some of its corresponding constraints may be added back to
U, . in future iterations, but they are unlikely to become active at the robust optimal
solution unless the nominal scenario was determined in advanced to be important for
the robust optimal solution. If none of the constraints are violated when maximized
with respect to u in the bottom-level problem, then x* is returned as an optimal

solution. Otherwise, the iteration counter is increased, and the process is returned to

the top-level SRO problem in Line 6 (Lines 18-22).

2.4 Examples

To evaluate the performance of the proposed method, five (5) numerical and
engineering examples are considered. These include the circle problem (Example
2.1), a modified version of the welded beam problem (Example 2.2) [10], [60], the
speed reducer problem (Example 2.3) [10], [61], the design of an angle grinder
(Example 2.4) [62], [63], and a variable scaling problem (Example 2.5) with M which
is varied from 10 to 250 [10], [64]. The characteristics of the example problems are

summarized in Table 2.3.
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Table 2.3: Example problems characteristics

Example No. of Variables  No. of Uncertain Parameters ~ No. of Constraints

1 2 2 1
2 4 8 6
3 7 7 13
4 9 9 13
5 M M M/2

*M was varied from 10 to 250 in increments of 10

For each example, the performance of the proposed SFTC-RO method and a
method from the recent literature [10], SGLRO, are compared in terms of the final
objective function value, number of objective function evaluations, number of
constraint function evaluations, and a verification of the feasibility of the solutions
when robustness is considered. Solution results for the SGLRO method were
previously published for all examples except Example 2.4: Design of an Angle
Grinder. The published SGLRO program, see the link in [10], was used to implement
this problem, following the provided examples. For consistency in all examples
except the speed reducer, the initial point is taken to be the lower bound of the
variables, x, = x;. For the speed reducer, a different initial point, provided in Section
2.4.3, is used for consistency with the literature. The difference in the results for the
two methods were tested for statistical significance by a two-sample z-test with a
significance level of 0.05. The differences between both methods in this chapter were

all found to be statistically significant.

It is to be noted that verification studies were performed for each example to
examine how robust the solutions were. These studies were undertaken by evaluating

all constraint functions at the robust optimal solution and with 10,000 random
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scenarios unless otherwise noted. For each solution, the maximum constraint value
over all random scenarios and all constraints is evaluated. Each problem was
replicated multiple (100) times for both methods being tested to capture any effects of
random sampling. The reported values are the mean and standard deviation of the

maximum constraint values over all 100 replicates.

2.4.1 Example 2.1: 2D Demonstration Example

To illustrate the methodology step-by-step, the basic circle problem [10] is

solved in detail here. The problem setup is as follows:

min f(xy,x,) = —x{ — x§

X1,X2

s.t. gy, X, ug,up) = (0 —ug)? + (6, —up)* = 5<0 2.4)
Vui € [_1,1]
—-5< X <5

where the objective function is maximizing Euclidean distance-squared from

the origin in the x4, x, plane. The constraint is a bounding circle of radius r = /5
with uncertain center coordinates. The uncertainty is bounded within the interval
[—1,1] for both dimensions u; and u,. This bounded region can be seen in Figure 2.2
as the light shaded square in the centre. The white surrounding region is the area
which may be feasible under some scenario. The outer dark grey region is the domain
that is infeasible. As scenarios and constraints are added, constraint cuts are made to
the feasible domain, causing the infeasible (feasible) region to expand (contract). The
computational budget for each iteration of the lower problem (second subproblem) is

set at an initial budget of N, = 10 and an infill budget of N;r = 10.
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Uyp Uy

Figure 2.2: Diagram of Example 2.1

2.4.1.1 Initialization

First, an initial scenario u, is assigned. Here, this nominal scenario is taken to
be uy, = (0, 0) as that is the middle of the uncertain range. Since there is only one
constraint, it is added to the constraint set R.

2.4.1.2 [Iteration 1: Top Level

The SRO problem in Eq. (2.2) is solved for the single scenario u, using

sequential quadratic programming, as shown in Eq. (2.5):

min f(xy,x;) = —x{ — x3
X1,X2
2 2
S. t.g(xl,xZ,ul,uz) = (.xl _uo'l) + (xz - uorz) - 5 < O (2 5)
U = uy = (0,0) '
—-5< X < 5

The single constraint is the bounding circle, centered at the origin. Since all
points on the boundary of this (circle) constraint are equidistant from the origin, there
are infinite minima with a value of f* = —5. Since, the starting point is the lower

bound, x, = x; = (=5, —5) the solution is at x* = (—1.58, —1.58).
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2.4.1.3 Iteration 1: Bottom Level

Ny s random values of u are sampled from a uniform distribution and the
constraint is evaluated at all points. A GP model §(u) is then fit to the sample points.
This function is maximized returning a candidate u* value. The constraint is
evaluated at this new value of u. The model §(u) is trained and maximized again
until the N;; function evaluations are exhausted. Here, the total budget was 10
function calls. A contour plot of §(u) over the range [u;, u, ] is shown in Figure
2.3(a). It can be seen that the greatest constraint value occurs in the top-right of the

range. The final u* value is u* = (1,1) with a constraint violation of 8.325.
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Figure 2.3: Plots of top-level constraint cuts and surrogate predicted location for
next cut for (a) iteration 1, (b) iteration 2, (c) iteration 3, and (d) iteration 4

2.4.1.4 Iteration 2: Top Level

Before the scenario robust optimization problem is solved again, the initial
scenario and corresponding constraints are removed, leaving only u = (1,1). The
new optimum is f* = —13.325 at x* = (2.581,2.581), Figure 2.3(b). As scenarios
are added to the set U, it should be expected that the optimum will increase with
each iteration. However, because of the removal of u,, the optimum may decrease at

this step, as can be seen in Figure 2.4.
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2.4.1.5 Iteration 2: Bottom Level

The bottom level proceeds as described above, resulting inu = (—1,—1) and
a constraint violation of 20.65. Note that this is greater than the constraint violation in
the previous iteration.

2.4.1.6 Iteration 3: Top Level

Starting this iteration, no scenarios are removed. Since there was a constraint
violation in the bottom level of the previous iteration, the violated constraint is added
to R. These two constraints can be seen in Figure 2.3(c) as the two black circles, with
the white intersection in the middle being the feasible domain. Upon solving, the
solution is f* = —3 at x* = (1.225,—-1.225).
2.4.1.7 Iteration 3: Bottom Level

After generating a new set of Ny, ¢ points, and proceeding as above, the
maximum constraint violation is found to be 4.89 at u = (—1,1).

2.4.1.8 Iteration 4: Top Level

With the set of scenarios U,,. = {(1,1), (—1,—1), (—1,1)}, the optimal

solution is f* = —1 at x* = (0, —1).
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Figure 2.4: Progress of robust solution for Example 2.1 as a fraction of 1000 test
points found to be feasible

2.4.1.9 Iteration 4: Bottom Level

Again, the contour plot in Figure 2.3(d) shows the predicted constraint values.
These occur in the top left and right corners. However, the maximum constraint value
found in this iteration is 0, meaning the constraints are satisfied for any scenario, and
the solution is robust. Thus, x* = (0, —1) is returned as the optimal solution. As
mentioned by [10], to fully determine the feasible region of this problem, 4 scenarios
are needed. However, the local solution found here is not affected by the fourth

scenario.

To look at the progression of the feasibility of the intermediate solutions, a
verification study was performed. The solutions produced in the top level of the four
iterations were taken and the constraint was evaluated for this solution at 1000
randomly generated scenarios. The progression is shown in Figure 2.4. Between
iterations 1 and 2, there is a noticeable drop in the percent of scenarios that were

feasible. This is the result of removing u, following the first iteration. However,
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Figure 2.3(d) shows that the constraint from u,, is inactive and Figure 2.4 indicates
that this solution was feasible for all of the verification points. Removing this
constraint, therefore, did not negatively affect the final solution, but it did reduce the
number of constraints evaluated in each top-level SRO problem after the first

iteration.

The numerical results from 100 independent runs of Example 2.1 using the
proposed SFTC-RO and a method from the literature are presented in Table 2.4. The
results are reported by the mean value with the standard deviation in parentheses.
Although the function calls for the objective function were greater for SFTC-RO than
for SGLRO, the function calls for the constraints was less. Since the function calls of
the constraints are an order of magnitude larger, there is an overall improvement in
the function calls for SFTC-RO over SGLRO. In the fourth column, the robust
feasibility results are reported as the greatest constraint violation. Each of the optimal
solutions from the 100 runs were compared against 10,000 randomly generated
scenarios. The greatest constraint violation over all scenarios was averaged over the
100 optimal solutions and reported along with the standard deviation. Here, SGLRO
appears to be slightly more conservative, finding a robust feasible solution in 98% of
runs compared to SFTC-RO with 95% robust feasible solution. Lastly, in the fifth
column, the final objective function value from the optimization is provided. Both

methods appear to have essentially the same performance with little variation.
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Table 2.4: Results from Example 2.1

Total Ob;. Total Constraint ~ Largest Constraint Final Ob;.
Function Calls Function Calls Violation Value
Approach Mean (std. dev.)  Mean (std. dev.) Mean (std. dev.) Mean (std. dev.)
SFTC-RO 68.63(50.66) 122.8(109.3) —0.072(0.043) —0.76(0.14)
SGLRO [10] 56.9(22.2) 314.6(115.8) —0.051(0.026) —1(—1.65 x 1071%)

2.4.2 Example 2.2: Welded Beam

The second example is the well-known problem of designing a welded beam
originally formulated by [60] and modified to include uncertainty [10]. The uncertain
form of the problem has 4 design variables, 8 uncertain parameters, and 6 constraints.
The formulation is provided in Eq. (A.2) in Appendix A, section A.2. The results
from Example 2.2, provided in Table 2.5 show the proposed SFTC-RO approach
again having a greater number of objective function evaluations, but a lower number
of constraint evaluations for an overall smaller number of function evaluations.
Unlike Example 2.1, here the proposed SFTC-RO method appears more conservative
in terms of constraint violation with 94% robust feasible solutions compared to

SGLRO’s 9% robust feasible solutions.

Table 2.5: Results from Example 2.2

Total Ob. Total Constraint Largest Constraint Final Ob;.
Function Calls Function Calls Violation Value
Approach Mean (std. dev.) Mean (std. dev.) Mean (std. dev.) Mean (std. dev.)
SFTC-RO 298(60) 2,313(598) —0.0045(0.0029) 2.782(0.008)
SGLRO [10] 278.2(19.4) 5,349.4(452) 0.015(0.011) 2.786(1.97 x 107%)

2.4.3 Example 2.3: Enhanced Speed Reducer

The third example is the design of a speed reducer, originally formulated by
[65], had uncertainty introduced by [62], and was further modified by [10]. This

engineering example has 7 design variables each considered to have uncertainty and
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13 constraints. The design variables with uncertainty are all treated as the sum of a
deterministic design variable and an uncertain parameter. For consistency with the
literature, instead of starting at the lower bound of the variable range, optimization
started with the initial condition x, = [3.58,0.71, 18, 8, 8, 3.5, 5.3]. The formulation
used here can be found in Eq. (A.3) in Appendix A, section Example 2.3: Enhanced
Speed Reducer. The results using SFTC-RO as well as SGLRO are shown in Table
2.6. For this example, the two methods performed similarly, but SFTC-RO had
slightly fewer function calls. However, SFTC-RO produced some infeasible solutions
as seen in column 4. In this example SFTC-RO found a robust feasible solution in

12% of the runs compared to SGLRO which found a robust feasible solution in 100%

of runs
Table 2.6: Results from Example 2.3
Total Ob;. Total Constraint Largest Constraint Final Ob;.
Function Calls Function Calls Violation Value
Approach Mean (std. dev.) Mean (std. dev.) Mean (std. dev.) Mean (std. dev.)
SFTC-RO 954.5(135.5) 10,472.3(1,937.3) 0.013(0.011) 1.88(0.019)
SGLRO [10] 731.1(86) 11,310(1,564) —7.55x 107 1.886
(2.64 x 107°) (3.94 x 1079)

2.4.4 Example 2.4: Design of an Angle Grinder

This angle grinder design problem was formulated by [63]. A multiobjective
collaborative formulation with uncertainty was developed by [58]. A single objective
feasibility robust optimization formulation was formed by [62] by taking the original
objective from [63] and the constraints with uncertainty from [58]. The formulation
from [62] is used here and is provided in detail in Eq. (A.4) in Appendix A, section
A.4. There are 9 variables pertaining to the mechanical and electrical properties of the

angle grinder design and 9 uncertain parameters, one for each of the design variables.
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There are 13 constraints. The results are provided in Table 2.7. In this example, the
number of function calls from SFTC-RO are substantially lower than those from
SGLRO. The verification study for the angle grinder design problem was performed
with 1 million random scenarios instead of 10,000 due to the larger number of
uncertain parameters. As with the other examples, the constraint violation is larger in
the proposed approach which found robust feasible solutions in 21% of the runs
compared to SGLRO which found a robust feasible solution in 42% of the runs. It
should also be reiterated that the results for SGLRO were not previously published

but were generated using the published program from [10].

Table 2.7: Results from Example 4

Total Ob;. Total Constraint ~ Largest Constraint Final Ob;.
Function Calls Function Calls Violation Value
Approach Mean (std. dev.)  Mean (std. dev.) Mean (std. dev.) Mean (std. dev.)
SFTC-RO 3,297(914) 45,447 (17,914) 0.031 (0.038) 15.08 (0.94)
SGLRO [10] 22,258.7 6,078,968 2.23x 1078 16.2 (0.22)
(18,251) (6,869,654) (1.13 x 1077

2.4.5 Example 2.5: DTLZ9 — Variable Scaling

The fifth example is a numerical example that can be scaled to different sizes.
This example was solved for different sizes: from 10 decision variables up to 250
decision variables in increments of 10. There are as many uncertain parameters as
decision variables and half as many constraints as decision variables (recall Table
2.3). The formulation is provided in Eq. (A.17) in Appendix A, section A.11. This
test problem was originally developed by [64] for multi-objective optimization and

was modified for single objective robust optimization by [10].

In Figure 2.5, there is a comparison of the proposed SFTC-RO and a method
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from the literature: Scenario Generation with Local Robust Optimization (SGLRO)
[10]. The results in Figure 2.5 for SGLRO were generated using tools published by
[10]. For both methods, the results plotted were the average values of 10 independent
runs plotted with error bars representing the standard deviation. In Figure 2.5(a), the
total function evaluations are shown, and it can be seen that as the problem size scales
up, SFTC-RO performs much better than SGLRO. The standard deviations are small
and can only be easily seen for the case with 110 variables. The objective function
values are shown in Figure 2.5(b). Both methods had the same objective function
values indicating that there was not loss of optimality caused by the introduction of
the surrogate. Lastly, the maximum constraint values are plotted in Figure 2.5(c).
Although SFTC-RO has greater constraint values than SGLRO, they are all below
zero. So, the introduction of the surrogate did not impact the robustness of the
solution. Even when the problem size is increased to 1000 variables and 500
uncertain parameters, there is no observable decrease in the performance in SFTC-
RO. This suggests that computer memory would be the limiting factor for maximum

problem size.
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Figure 2.5: Variable sized problem DTLZ9 comparison against existing method for
(a) total function evaluations, (b) objective function values, and (¢) maximum
constraint values

2.4.6 Discussion of Results

The results of the verification study for the first four examples discussed
above are shown in Figure 2.6. The worst-case constraint values over 10,000 random
scenarios were found and averaged for both methods for all problems except for the
design of an angle grinder. For the angle grinder design which used 1 million random
scenarios. The average worst-case constraint values are shown with 95% confidence
intervals. It can be seen that in all cases SGLRO had a much smaller confidence
interval. Again, this is to be expected since SFTC-RO is an approximation method.
Roughly speaking, the problems increase in size from left to right and it appears that
constraint violations get somewhat worse for SFTC-RO with increasing problem size.

Taking note of the scales for all four plots, both methods experience this increasing
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trend in worst-case constraint values although it is larger for SFTC-RO. For the third
and fourth examples, SFTC-RO has some infeasibility which is less than 3% as the

constraints are normalized.
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Figure 2.6: Feasibility 95% confidence intervals for Examples 2.1-2.4

2.5 Conclusions

In this chapter, a novel approach for finding robustly optimum feasible
solutions by way of surrogate modelling is presented. While the use of surrogate
modelling of both the decision variables at the top-level subproblem and uncertain
parameters at the bottom-level subproblem have been reported before, it has not been
shown advantageous by isolating and using it for solving the bottom-level (or
‘feasibility’) subproblem. Therefore, in this chapter, previous work was expanded
upon by applying a surrogate optimization technique to the bottom-level subproblem
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of a bi-level iterative robust optimization method. The contributions demonstrated in
this chapter are as follows: First, compared to an existing method, a computational
saving was shown in the first 4 of the example problems with little or no loss of
objective function value or constraint feasibility. Second, the fifth example problem
was performed at problem sizes ranging from 10 to 250 variables (and uncertain
parameters) with 5 to 125 constraints. At all problem sizes, the proposed SFTC-RO
method had a less computational cost (or function calls) compared with an existing
method from the literature. As the number of variables, uncertain parameters, and
constraint functions increased, the improvement of SFTC-RO over other method from
the literature increased. The last contribution is the confidence-based verification
study comparing this method and an existing method from the literature. This
verification study showed that for the larger engineering examples, SFTC-RO

solutions were, on average, less robust than the solutions from SGLRO.

In the next chapter, a method using surrogate modelling and Bayesian
optimization for robust optimization problems under interval uncertainty with two

objectives is presented. The developed method seeks to address RQ?2.

40



Chapter 3: Bi-Objective Robust Optimization with
Surrogates?

This chapter proposes a new method for using the expected improvement
Bayesian optimization for constrained problems with two objectives under interval

uncertainty.

The remainder of the chapter is laid out as follows. In Section 3.1, the multi-
objective robust optimization problem is formulated followed by an introduction of
bi-objective Bayesian optimization. In Section 3.2, the methodology for the proposed
approach is provided. In Section 3.3, the example problems are detailed, and the
results compared for the proposed approach and AA-MORO and MORO-KS from the

literature. Lastly, in Section 3.4, some conclusions about the chapter are stated.

3.1 Problem Statement

In this section, first, a formulation for the multi-objective feasibility robust
optimization problem is provided in Subsection 3.1.1. This is followed by Subsection
3.1.2 wherein a description of the surrogate formulation used in this chapter is

presented.

3.1.1 Problem Formulation

A formulation for multi-objective feasibility robust optimization is provided

in Eq. (3.1).

2 A version of this chapter is to appear as an article in the Journal of Mechanical Design
(ASME Transactions) [66]
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min f;(x) i€1,2
X

s.it. gi(x,w) <0 jEel..,J (3.1)

Yu € [ull uu]

X € [xl' xu]

In Eq. (3.1), the vector of uncontrollable (uncertain) parameters u has been
added, bounded below by u; and above by u,,. The formulation in Eq. (3.1) thus
gives a bounded uncertainty. To solve a problem with bounded uncertainty exactly
would require semi-infinite programming which can be computationally intensive

[67]. A common method of circumventing this cost is to replace Eq. (3.1) with Eq.

(3.2).
min f;(x) i€l,2
s.t. gixu) <0  jEeL..,J (3.2)
vueu,,
x € [x;, x,]

In Eq. (3.2), instead of considering a continuous range of values for u, only a
finite set of values or scenarios U, needs to be considered. The scenarios are

commonly found iteratively by doing a worst-case scenario search as shown in Eq.

(3.3).

max max g;(x*,u)
wo (3.3)

uc [ulﬁ uu]

The optimal design output by Eq. (3.2), x, is input to Eq. (3.3) where the
constraints are maximized for obtaining a worst-case (or maximizing) scenario. The

worst-case scenario is then added to U,,.. By iterating between Eq. (3.2) and Eq. (3.3)
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in this way, until the maximized constraints are feasible, a robust feasible solution can

be found [10], [20], [21], [38], [40].

The method for selecting which scenarios to include in U, will be discussed
in more detail below. Although less computationally expensive than the continuous
uncertainty range in Eq. (3.1), Eq. (3.2) could still require substantial numbers of

function calls. Thus, a surrogate formulation is introduced next.

3.1.2 Surrogate Formulation

The surrogate formulation used in this chapter is one of the more widely
employed, Gaussian Processes (GPs) modelling. Many works describe the derivation
behind the GPs modelling, and, in the interest of saving space, the reader is directed
to [28], and [31] in particular for further details. GPs assume that the function to be
modelled is a realization of a Gaussian distributed stochastic process composed of a
mean function and a random process with a mean of zero [68]. A surrogate built with
GPs makes predictions based on the expectation of the stochastic process, given the
known samples [69]. Practically, this prediction takes the form of Eq. (3.4).

f(x) = pu(x) + K (x,x") (3.4)

In Eq. (4), f is the approximating (or predicted) function or surrogate, y is the
mean function, K is the covariance function, x is a vector representing a new design
point being evaluated, and x’ is a previously evaluated design point. The mean
function u is generally a constant, linear, or quadratic function which describes the
overall trend of the approximated function f. A number of different covariance

functions is used with GPs, but the one used here is the Kriging kernel, also called the
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“ARD squared exponential” kernel [15]. It has the form of Eq. (3.5).

Y
K(x,x') = of exp (—%Zd ﬂM) (3.5

Om
Here, o5 and oy, are hyperparameters to be fit based on the data. One of the
greatest strengths of these models is that the posterior distribution after training can
be used to predict the original function as well as an estimate of the confidence of that
prediction [69]. As mentioned earlier, the expected improvement criterion is a widely
used example of Bayesian optimization, balancing the exploration and exploitation of

the unknown functions. The single objective formulation is given in Eq. (3.6)

E[mp ()] = (fnin — () @) + 5¢(x) (3.6)

The expected improvement function has a “ratcheting” effect on the objective
function. Consideration for sampling is only given to points that will potentially
improve the objective function. The general approach for solving feasibility robust
optimization problems under interval uncertainty is to iteratively optimize with all
known worst-case scenarios for feasibility and find new worst-case scenarios through
maximizing of the constraints as is done in [10], [21], [38]. This can cause the current
optimal solution to increase with respect to the objective function with each iteration.
Clearly there is an incompatibility between this iterative robust optimization approach

and the expected improvement criterion that will need to be resolved.

In the following paragraphs, the formulation of bi-objective expected
improvement adapted from [12] is discussed. Instead of integrating in one dimension,

the first moment of the joint probability distribution needs to be integrated over the
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entire region in the objective function space that dominates the non-dominated
frontier. This can be extended beyond two-objective functions by integrating over the
dominating volume or hypervolume. These analytical integrals become increasingly
cumbersome and so can be replaced with numerical methods such as Monte Carlo
integration for higher numbers of objective functions [53]. The present chapter

focuses on the analytical two-objective case.

As a background illustration: consider Figure 3.1 where the black dots
represent the current non-dominated solutions in a bi-objective minimization
problem. The light grey region, including the white rectangle, shows where a new
solution could be added that would dominate one or more of the current solutions or
extend the range of the non-dominated frontier. The dark grey rectangles between the
dots illustrate the regions where a new point could be added that would be non-
dominated. Note that the region to the left of all of the non-dominated points and the
region below all of the non-dominated points are shown in light grey (along with the
white rectangle). In the formulation considered here, these are included in the
expected improvement search because they would extend the non-dominated frontier.
The probability that a new randomly drawn point would dominate point B but not
point A would be: P[f{*¥ (x) < fE n % (x) < £ n f7**V > fA]. All possible
f™Y values that would satisfy this are visualized in Figure 3.1 as the white rectangle.
Note, that it extends off to —oo in the f, direction. For notational compactness, allow
the substitution of Eq. (3.7) for a current solution normalized by the predicted value
and standard deviation of a new point, where i indexes the objective functions and k

indexes one of the points on the non-dominated frontier.
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Yi(x) = (3-7)

Now, integrating the probability over this rectangular domain established by

points A and B can be expressed as in Eq. (3.8).
PP (x) < fE 0 7Y (x) < fF 0 [ > ] = [2(Va5) = P(V1,0)]2(V25) (3.8)

Summing these probabilities for every non-dominated solution and adding
terms for the regions to the left of the first point and to the right of the last gives the
total probability that a new sample will dominate a current point or extend the non-
dominated frontier. The expression for this total probability over the n points on the

non-dominated frontier is given in Eq. (3.9).

P[Imp(x)] =
P[f""(x) < f1ND N7 (x) < szD] = ‘D(Yl,l) +

Z [2(Yik1) = @V, )| P (Vorr) + [1 = (Vi) |0 (Y2)

k=1

(3.9)

The expected improvement is similarly defined but must be calculated for

each objective function i separately first and with respect to a particular non-
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dominated solution k, as in Eq. (3.10).

E[Impi,k(x)] = fi(x)(p(yi,k) - §i(x)¢(yi,k) (3-10)

For non-infinitely wide regions, this is multiplied by the cumulative
distribution function. Summed together, these give the total expectation of improving

the non-dominated frontier for objective function i, E[Imp;(x)], as in Eq. (3.11).

Elimp; ()] =
n-1
Elimpya@)] + ) [E[Impyen (0] - E[lmpys ]| (xns) - (B.11)
k=1
+ E[Imp, ()| D(Y5,,)

The centroid of the distributions f; for each objective i can then be obtained as

fi = %. And finally, the total expected improvement over both objective
functions E[Imp(x)] can be found from Eq. (3.12), with fiN D€ being the closest of

the non-dominated solutions (this would be point B in Figure 3.1).

_ 2
E[Imp(x)] = P[Imp(x)] /Z(ﬁ — £V (3.12)

Constraints can be handled in a similar way, taking the product of the
probability that each constraint is satisfied and multiplying the expected improvement
by it. However, this is known to give conservative results [70]. Another approach is
to relax all of the constraints in proportion to their uncertainty as was done in [44].

An expression for this is given in Eq. (3.13).

G0rw) — asd(x,u) < 0 (3.13)
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In Eq.(3.13), g is the approximated constraint function (mean function), $ is
the expected error in the model of the constraint, and a is the proportionality of the
relaxation. Taken together, Eq. (3.12) and Eq. (3.13) yield the principal problem of
interest in this chapter, termed “Scenario Robust Expected Non-Dominated Set

Improvement Problem” which is provided in Eq. (3.14).

max E[Imp(x)] + brND:<
e

s.t. gi(x,u) —ad;j(x,u) <0 (3.14)
VuEU,,j=1,..,]

An additional term has been added to Eq. (3.14) to lightly penalize clustering

ND.¢ s the Euclidean distance of the centroid to the closest point,

of solutions. Here, r
as shown in Figure 3.1, and b is the weight. In this work, a weight of b = 0.1 was
sufficient. As with other Bayesian optimization approaches, this is an iterative
method. In every iteration Eq. (3.14) will be solved, producing a new candidate
design which will be evaluated using the actual functions. Because the surrogates

used in this work are functions of both x and u, a corresponding u value needs to be

found before the models can be retrained. This is done using Eq. (3.15).

max max g;(x*,u)
wo (3.15)

u € [u,u,]

The scenario chosen for evaluation is that which produces the greatest
constraint value. The next task at hand is how to select scenarios to add to U,,,.. For
each of the predicted non-dominated robust solutions, Eq. (3.15) is applied. The
scenario that produces the greatest constraint violation for any of these candidate

solutions is added to the set U,,...
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As scenarios are added to U,,. and the size of the feasible region shrinks,
there may at times be no predicted robust feasible samples. In that event, it is useful
to find one before proceeding. To accomplish this, another subproblem is defined, the
“Robust Feasible Sample Search” which is shown in Eq. (3.16), which maximizes
the probability that a new sample will be feasible under all current scenarios.

max P {[max §;(x,u) < O]
x j

(3.16)
vueUu,,

Switching objective functions and adding new scenarios to U,,. will cause the
bi-objective robust solutions at times to move backwards. The ratcheting effect of the
expected improvement functions, however, does not allow this. Another objective of
this chapter is then to relax this aspect of the expected improvement acquisition

function to enable iterative robust optimization.

3.2 Methodology

In this section, first, the relaxation method for the candidate solution
relaxation is given in Subsection 3.2.1, followed by a modified expected
improvement in Subsection 3.2.2, and then the details of the proposed approach in

Subsection3.2.3.

3.2.1 Candidate Solution Relaxation

As stated in the previous section, the “ratcheting” effect of the expected
improvement and non-dominated set expected improvement criteria are at odds with

the iterative improving and worsening of the iterative robust optimization scheme.
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Without adjustment, therefore, the expected improvement criteria will fail to allow
the robust optimization solver to find more conservative solutions with improved
robustness. It is straightforward enough to remove the infeasible samples (a design
and a scenario at which the objective and constraint functions have been evaluated).
There is more ambiguity, however, for feasible samples. An infeasible sample will
never be robust, but a feasible sample may or may not be. When a new scenario is
added to the set U,,. and the surrogates are updated, feasible samples can be revisited
even when they have been labeled as infeasible by a surrogate in one iteration. Then,
in the next iteration, with further refinement to the surrogates, it is possible for the
sample to be predicted as feasible again. Therefore, as can be seen in Figure 3.4,
feasible samples that are predicted as infeasible are removed for that iteration, but not
entirely discarded. On subsequent iterations they are re-evaluated. This allows for
them to be removed to relax the candidate robust non-dominated frontier but avoids

being overly conservative.

f2

f

Figure 3.2: Modifications to expected
improvement integration

3.2.2 Modified Expected Improvement

The bi-objective expected improvement formulation of Eq. (3.12) is designed
50



to find new solutions that will dominate existing solutions. It does not seek to identify
more solutions in the non-dominated areas between existing points on the non-
dominated frontier [12]. To improve the solution density of the non-dominated
frontiers, a modification was made to the expected improvement. The set of points to
improve upon fNP was augmented for the calculations with pseudo-points at the
peaks of the non-dominated regions between the points. In Figure 3.2, the real non-
dominated solutions are shown as solid black circles, and the pseudo-points are

shown as empty circles.

The regions that contain possible solutions under this formulation that were
excluded in the original are indicated in Figure 3.2 by the dashed lines. This should

promote a more densely populated solution set.

3.2.3 Proposed Method

The proposed method is provided as a pseudo-code in Table 3.1. A flowchart
is also presented in Figure 3.4 which outlines the method with focus on the sets of
samples and how they are used. The rest of this section is a detailed description of the

steps of the method.
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Table 3.1: Algorithm 3.1

AR A i iy

10:
11:
12:

13:

14:
15:
16:
17:
18:
19:
20:
21:

22:
23:
24:
25:
26:
27:
28:
29:
30:
31:
32:

[X,U] < DOE
F < fi(X)
G < g;X,U)
ﬁ-,gj « train surrogates(X,U,F, G)
Uwc < Uy
[Fnd; Gnd] < [F' G]
Remove infeasible samples that dominate
a feasible sample from F, 4
[Fnda' Gnda] < [Fnd: Gnd]
Fp < Fnda
FOR(n€1,..,N,)
Remove dominated samples from F,,
X, < solve scenario robust expected
non — dominated set improvement
problem for ﬁ-,g‘j,Fp, Uye
u;, < solve predicted
constraint maximization
[F,G] «* evaluate f;(x;,) and g, (x5, u;,)
IF (evaluated samples feasible)
[Fra, Gral <7 [fi(xn), g; (7, u3)]
F, <" [fi(x3), g (xp, up)]
[ﬁ-,gj] < retrain surrogates(X,U, F, G)
GWC < @
[Fndar Gnda] < [Fnd; Gnd]
WHILE(F,,, not empty or feasible not
—dominated frontier is found)
F, < nondominated samples of Fpq,
FOR(k € 1,..,|F,|)
(u, gr) < worst case prediction
IF(gy, predicted infeasible)
Remove F,,, from F,,
Gue <" gk
IF(G,, empty)
RETURN F,
ELSE
U,. < ucorresponding to max of G,
GOTOS8
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3.2.3.1 Initialization (Lines 1-8)

To begin with, several storage structures need to be initialized. First, the list
“XU” (for [X, U]) needs to be populated with a design of experiments (DOE).
List XU is the complete list of design variables x and uncertain parameters u
that will have their objectives and constraints evaluated. The DOE used here
is a Latin hypercube sampling [Line 1].

Each entry in XU is then evaluated for the objectives and stored in F [Line 2]
and the constraints’ values are stored in G [Line 3].

These three lists are then used to train the surrogate models f;(x) and § i(x,u)
[Line 4].

Next, the worst-case scenario set U, is initialized with a nominal value u,,
which for the examples is taken to be the mean between the upper and lower
bounds on u [Line 5].

The values stored in F and G are duplicated into F,; and G,,4, respectively

[Line 6].
f
o o
o
x .® .0
e o
x . ® Uy
e
S, o
% e
X x o
x
h

Figure 3.3: Removal of Dominating infeasible
points

Any evaluated samples contained in G,,4 that are infeasible and their

corresponding values in F,,; dominate at least one feasible sample are
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removed from both lists. This is repeated until the feasible solutions are no
longer dominated by infeasible points. This is illustrated in Figure 3.3 where
the solid circles are feasible, the x’s are infeasible points that will be removed,
and the empty circles are infeasible solutions that will not be removed [Line
71.

e Lastly, the lists F,,4 and G4 are copied into F, 4, and G,,4, [Line 8].

The initialization is also shown in the top portion of Figure 3.4. Note that the
left half of Figure 3.4 shows the operations performed on the actual functions, and the
right half shows what is done with the surrogates.

3.2.3.2 Sample Acquisition (Lines 9-18)
o [If there are feasible points contained in G,,4,, the following process will be

repeated N, times where N, is a parameter specified by the user. This allows
multiple candidate points to be found during each iteration before evaluating
the original functions in batches [Line 9].

e The non-dominated values of F,,4, are stored in F,, [Line 11].

¢ A new candidate design x;, is then found by using a genetic algorithm to solve
the scenario robust expected non-dominated set improvement problem from
Eq. (3.14), improving over the values in Fp and trying to satisfy all constraints
created by scenarios contained in U,,. [Line 12]. This step is shown in the
“optimize” portion of Figure 3.4.

e The predicted constraint values for the candidate design are then maximized
using a genetic algorithm to find the corresponding worst-case scenario u,
[Line 13] (“Robustness check™ in Figure 3.4).
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e The pair can then be added to XU (not shown) and the objective and
constraint functions can be evaluated, and the results added to F and G [Line
14].

e Ifthe constraint values are feasible, then the sample is also added to F,,4, G,,4,

and F, [Lines 15-17].

These steps are “Evaluate and retrain” in Figure 3.4, and it is performed in the
left column because this operation is done on the actual functions. If there are no
feasible samples, then Line 12 is replaced with maximizing the probability of
feasibility as shown in Eq. (3.16) and setting N, to 1 for the current iteration. The
change in N, is due to only needing a single feasible point to resume the search for
non-dominated robust solutions.

3.2.3.3 Initialize for Non-Dominated Set Relaxation (Lines 19-20)
e The three lists XU, F, and G which were augmented in the previous steps are

used to retrain the surrogate models [Line 18].

e The list G, is emptied of any values from previous iterations [Line 19].

e Next, F, 44 and G4, are set to take on the values of F,; and G,,4 (the
feasible evaluated samples) [Line 20].

3.2.3.4 Constraint Cuts and Non-Dominated Set Relaxation (Lines 21-31)

e To prepare for the next round of optimization, the constraint cuts need to be
added to the feasible domain. The increased constraints will make it unlikely
that the acquisition function will find new feasible solutions. To facilitate the

finding of new solutions, the non-dominated frontier needs to be relaxed. This
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process continues while F, 4, 1s not empty or a feasible non-dominated
frontier is found [Line 21].

The non-dominated samples in Fy, 4, are stored in F,, [Line 22].

Each element in Fy, has its corresponding constraints maximized with respect
to the uncertain parameters [Lines 23-24].

If the worst-case constraint value is predicted to be infeasible, F,, ) is removed
from F, 4, and F,, relaxing the non-dominated frontier [Lines 25-26].

The maximum constraint value is then added to G, [Line 27].

If any points have been removed from F,,4, and F,,4, is not empty, then
return to Line 21. After the while loop has terminated, if G,,. is empty, then
no scenarios have been discovered that are predicted to make any of the
current non-dominated points infeasible. Therefore, the current non-
dominated frontier can be returned as robust [Lines 28-29].

Otherwise, the worst-case constraint violation contained in G, is found, and

the corresponding scenario is added to U,,., creating a constraint cut [Lines

30-31].

In Figure 3.4, it can be seen that after the initialization, F,,; and G,4 are only

used in the left side of the figure and elements are never removed. F, 4, and G4, On

the other hand are only on the right side of the figure and only have points removed.

F, 4, and G, 4, are also reset each iteration to the current values of F,4; and G,4. The

significance is that points can only be candidates for robust optima if they are feasible

when sampled, but they can be excluded as candidates based on the current surrogate
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approximation of them. As the surrogate is retrained each iteration, the estimate of
points’ feasibility is reset so long as the initial sampling was feasible. The surrogate is
always trained on the full set of evaluated samples. The removal of points predicted
to be infeasible only affects the possible candidate solutions and the reference points

that the expected improvement is calculated against.

Function Evaluations Approximations

DOE ILUF G} Train surrogates
5 {F.6)
E Remove dominating
© infeasible values 2 A
= f;‘-gj
£ {'Fﬂdl Gnd}

Store copy

= Maximize ENDSI
.E using ﬁ.g‘j over nondominated [
& {Fnaa Gnaa} points in Fygq

x"l
Maximize predicted
constraint violation w.r.t. u

(x",u’)

Robustness
check

Evaluate and store
filx"), g;(x",u")

Evaluate
and retrain

fv§j Maximize predicted
{Fna, Gnal constraint violations w.r.t. u

{Fndm Gnda}

Remove predicted
infeasible samples

{Fndar Gnda}

ENDSI
relaxation

Figure 3.4: Flowchart of proposed method

In earlier experiments, it was seen that rejecting points that were predicted
infeasible for all future iterations generally removed too many feasible points in early
iterations. This is due to the models being less refined in early stages. The models

improve in accuracy with each iteration, so re-evaluating only increases the accuracy
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of the feasibility predictions.

3.3 Examples

Five examples are provided in this section. The first three are well known
numerical examples: TNK [21], CTP [21], and a third that is unnamed but widely
used [38], the optimization of a three-bar truss as an engineering example [38], and a
problem which is scalable, or can be varied in size, ZDT3 [21]. The first three
numerical examples were chosen because results found using AA-MORO (a
surrogate robust optimization solver against which the proposed method is compared)
[21] or its predecessor, MORO, [71] have been published. In all examples the
proposed approach was solved using MATLAB 2021b’s fmincon solver with 10
random starts and default settings [59]. AA-MORO was solved using MATLAB
2021b’s multi-objective genetic algorithm solver with all default settings except a
population size of 200 and a maximum number of generations of 500 [59]. The
surrogate models used in the proposed approach were all GPs implemented using
MATLAB 2021b’s fitrgp function [59] with the ARD squared exponential kernel
function [15]. The function parameters were set at the default values except for the
parameters corresponding to signal noise, “Sigma” and “Sigmal.owerBound” which
were set to 0.1 and 0.0001 respectively. These settings were used in this method and

that of the following chapter.

The results of the first four example problems are presented after their
descriptions in Figure 3.7 and Figure 3.8. Each example was solved using the

proposed approach and AA-MORO [21]. The two solvers were each performed for 20
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independent runs and the results of these runs are summarized by bounding
attainment surfaces (staircase or zigzagged lines, as shown in Figure 3.7 for the best
and worst points. In the legend of each figure, next to the name of the method is the
mean (standard deviation) of the number of function evaluations. Function
evaluations are counted per sample, meaning an evaluation of both objectives and all
J constraints is counted as a single function evaluation. Here, and throughout this
dissertation, the number of function evaluations reported includes initial evaluations
for training as well as all online evaluations. The number of function evaluations used
for each problem is a function of the number of variables and uncertain parameters.
Numbers of allotted function evaluations were determined empirically based on the
minimum input requirements of the surrogate models and the amount of time needed
to perform the test. Additional quantitative results are shown in Table 3.2, including
the published results for Examples 3.3 and 3.4 from another method, MORO-KS [38].
The fifth example is similarly presented in Figure 3.9, and feasibility verification

results for all examples are presented in Table 3.3.

3.3.1 Demonstrative Example - TNK

The TNK example is used to demonstrate the proposed approach. This
problem was first formulated in [72], and a robust adaptation presented in [21]. The
specifics of the problem are given below followed by the first several steps of the
proposed approach. Finally, the results for the problem are presented. The TNK
problem formulation is given in [73]. There are two objective functions, two

constraint functions, two design variables, and two uncertain parameters.
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3.3.1.1 Demonstration of Proposed Approach

In this section, the steps of the proposed approach will be described in detail
for the first several iterations of solving TNK.
Initialization

The problem is initialized with the set of worst-case scenarios U, only
containing the nominal scenario uy, = (0,0). A Latin hypercube sampling is
performed with 30 samples for the four input arguments (x4, X5, U, U,) and is stored
in the set XU. These are all evaluated at the two objective functions and the two

constraint functions and stored in F and G. These

samples are plotted in Figure 3.5(a) as black dots. The feasible samples are
shown in the figure as squares. Four surrogates are trained f;, f5, §1, §,. In the figure,
a black line (crescent shaped region) indicates the feasible region as approximated by
g1 and g,. Notice, that one of the samples, located at (0.08,1.02), lies in this region
but was not labeled as feasible. This is because the feasible region shown is only
calculated based on the constraint values evaluated at the scenarios in U,,,.. On the
other hand, a sample is feasible if, when it is evaluated at some x and u the

constraints are satisfied.

Next, the sets F and G are duplicated into F,; and G 4. In non-robust
approaches, all infeasible samples would be removed from these two sets, however,
they will be needed in future steps. Instead, only the infeasible samples which

dominate the feasible samples are removed. These are labeled as x’s in the plot.

For illustrative purposes, the negative of the expected improvement function
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was also plotted in the shaded area. It is clear that the greatest improvement is

expected on the left tip of the feasible region.

Iteration 1 — Expected Improvement

In Figure 3.5(b), the non-dominated solutions (both feasible and infeasible)
are shown as stars. The scenario robust expected non-dominated set improvement
problem (Eq. (3.2)) is solved with these solutions as the frontier to be improved.
Following Eq. (3.3), the constraints are then maximized at the new candidate design
point to find what scenario is expected to be the worst-case for that sample. The
scenario that is found, and the design point are taken together as a new sample, added
to XU, and evaluated with the actual functions, storing the outputs in F and G. This is
repeated nine times, adding any non-dominated samples to the non-dominated
frontier, to produce ten total candidate designs. All ten are shown in Figure 3.5(b) as
diamonds. For the most part, they are evenly spread across the constraint boundary
with some clustering on the right and a single candidate solution in the interior of the
feasible region.

Iteration 1 — Feasibility Check

The next step is to predict the robust feasibility of the feasible samples. In
Figure 3.5(c), the newly added samples that were infeasible have been labeled with a
downward arrow, and the feasible samples have been labeled with an upward arrow.
The approximated feasible region has also been updated. The samples near the
constraint boundary are infeasible indicating that the robust feasible region will

exclude those. All of the samples that have been feasible need to be checked with the
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updated surrogate models. Any sample that was infeasible does not need to be
checked because they cannot be robust solutions. So, at each of the feasible samples,
the constraint surrogates are maximized to see if a scenario can be found which will

make the

design at that sample infeasible. In Figure 3.5(c), samples that have been
made infeasible in this way are labeled with a black x, and those predicted feasible

have been labeled with a black square.

At this point, F,,4 and G4 are copied into F,4, and G,,4,. All of the feasible

samples that have been predicted to be infeasible are

removed from F,,;, and G,4,. This process needs to be done each iteration
because the updated surrogate models may find that a sample predicted to be
infeasible one iteration will be feasible the next. The samples that were made
infeasible have their maximum constraint violations compared. The sample with the
greatest constraint violation has the corresponding maximizing u added to the set
Uye.
Iteration 2 — Expected Improvement

Again, the scenario robust expected non-dominated set improvement problem,
Eq. (3.2), is solved. The set of scenarios now contains an additional scenario which
reduces the feasible region. Removing the predicted infeasible points from F,;, and
G 44 has relaxed the non-dominated frontier to allow for new solutions in the

shrinking feasible region.
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Iteration 2 — Feasibility Check

0 0.5 1 1.5
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Figure 3.5: Demonstrations of proposed approach on Example
2.1 for a) initialization, b) Iteration 1 — Improvement c)
Iteration 1 — feasibility d) Iteration 2 — feasibility and e)

iteration 5 — feasibility

The evaluated candidates can be seen in Figure 3.5. Samples were found at
the two extreme corners of the feasible domain, but more were also filled in along the
boundary. At least five samples are visible that were sampled as feasible, but four of
them are predicted to become infeasible with the updated model. So, when F,,; and

G4 are copied into F, 4, and G4, this time, only points that are predicted to be
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feasible, the two squares, will remain.
Iteration 5 — Feasibility Check

Skipping ahead, the status at the fifth iteration is shown in Figure 3.5©. In
addition, the true robust feasible region has been overlayed on the plot in a dashed
line. The top constraint boundary (without uncertainty) has been captured perfectly.
The bottom constraint has not yet been fully captured, but the waviness is apparent in
the approximation, and it is approaching the true constraint. There are five robust
feasible solutions after only five iterations. The robust solutions are somewhat
clustered toward the center of the non-dominated frontier, but it can be seen that there
is sampling occurring broadly that should yield more robust solutions as the robust

feasible region’s approximation converges.

3.3.2 Numerical Example 2.2 - CTP

The second numerical example was originally posed without uncertainty in
[74] and then adapted for robust optimization in [21]. There are 10 design variables,
two uncertain parameters, two objective functions, and one constraint. The

formulation is presented in [73].

3.3.3 Numerical Example 3.3

The third numerical example has been presented in [71] and [38]. This
problem has two objectives, two constraints, two variables, and one uncertain
parameter. Additionally, there are restrictions on the variability of the objective
functions under uncertainty. The last two restrictions have been formulated as

constraint functions. The formulation of this problem is presented in [73]. This is the
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simplest of the example problems.

3.3.4 Engineering Example 3.4: Three-bar Truss

As a more practical example, the proposed method is applied to the three-bar
truss problem from [37]. It was first formulated by [75], uncertainty was added to the
problem by [61], before being adapted for multiple objectives in [37]. A diagram of

the problem configuration is given in Figure 3.6.

A diagram of the three-bar truss problem is provided in Figure 3.6. It consists
of three bars pinned to the same horizontal surface [ = 1 m apart and meeting at a
single joint distance [ = 1 m below it. A constant load P = 100 kN is applied at the
joint. Under the fixed load, the objectives are to minimize the horizontal displacement
u of the loading point and the total volume of members 1 and 3. The design variables
are the angle 8 at which the load is applied and the cross-sectional area A; of
members 1 and 3 which is the same for both. There is uncertainty added to both
design variables. Constraints in place are that the internal stress ¢ in the members
should not exceed the yield strength 0,,.,4, and the vertical displacement v should not
exceed 0.5 cm. Also, the uncertainty added to the design variables should not cause
the first objective to change by more than 0.07 cm and the second objective by

400 cm3. The exact formulation for the problem is provided in [73].
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Figure 3.6: Three-bar truss example

3.3.5 Results: Examples 3.1 — 3.4

The results for the first four examples are provided in this section. Qualitative
analysis is performed using summary plots shown in Figure 3.7, depicting bounds on
the best and worst points found over twenty independent runs. In the bounding plots,
external corners indicate a solution. These are shown for both AA-MORO and the
proposed approach. Afterwards, a verification study was done, testing each design
against 10,000 random scenarios. Designs found infeasible for any scenario are
deemed not robust. The results after removing non-robust points are shown in Figure
3.8. Quantitative comparisons on the robust solutions are made in Table 3.2, which
contains the function evaluations and three quality metrics the Hypervolume
Difference (HD) [76], Overall Spread (OS) [76], and Spacing (SP) [77], as well as the
total number of non-dominated solutions found. For HD, smaller values indicate
better convergence, for OS, larger values indicate wider range, and for SP, smaller
values indicate more uniform spacing. AA-MORO found more than twice as many
non-dominated solutions than the proposed approach for all examples except for the
first example which was closer to 1.6 times as many solutions as seen in column 7 of

Table 3.2. Differences in the results for the proposed approach and AA-MORO were
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tested for statistical significance at a significance level of 0.05 using a two-sample z-
test. Differences for all problems and all metrics were found to be statistically
significant except for the HD metric for examples 1, 3, and 4. This indicates that for
those three examples, the values of HD for the proposed approach and AA-MORO
could effectively have the same mean value. MORO-KS was not included in these
calculations because the standard deviations were not provided in the published
results.

3.3.5.1 Example 3.1

The best and worst results for Example 3.1 are summarized in Figure 3.7(a).
The robust feasible results are similarly shown in Figure 3.8(a). A number of the
solutions from AA-MORO are removed indicating that they were not robust. The
most likely reason for this is an assumption made in the AA-MORO algorithm. If the
predicted error of a possible solution is below a threshold, then that point is not
sampled. A more conservative threshold could prevent so many points from being
non-robust. The proposed approach has a wider band, or difference in performance
between its best and worst solutions whereas AA-MORO is more consistent. The
larger step-like shapes visible for the proposed method’s solution indicate that fewer
optimal solutions were found, and they were somewhat further apart from each other.
However, the SP metric from Table 3.2 indicates more uniform spacing for the
proposed approach over AA-MORO. After removing the non-robust points, the
proposed approach has better HD and OS values as well.

3.3.5.2 Example 3.2

The second example’s plot is shown in Figure 3.7(b) and Figure
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3.8(b). Both surrogate methods have substantial separation between their best and
worst runs, although AA-MORO has a wider range. Before removing the non-robust
solutions, the best solutions from AA-MORO outperform the best of the proposed
method. In Figure 3.8(b), however, the best solutions of the proposed approach seem
better than those of AA-MORO at almost all locations. It should be noted that both
methods had some non-robust points that were removed. Referring to Table 3.2, the
proposed approach has better HD and OS values, but AA-MORO has the better SP
value.

3.3.5.3 Example 3.3

Results from the third example are shown in Figure 3.7(c) and Figure 3.8(c).
Both sets of solutions are seemingly unaffected by the removal of the infeasible
points. For this example, AA-MORO was able to find the robust feasible solution
nearly each of the twenty runs. The proposed approach had wider variation in its
solutions. Of the examples provided, this is the worst performance of the proposed
approach compared to AA-MORO, except in terms of OS. As stated before, AA-
MORO has a larger emphasis on exploitation of the surrogate models than
exploration. For a simple case like this one, that exploitation is rewarded since there
is relatively little need to explore. Comparing the results in Table 3.2, MORO-KS
used over twenty times more function calls but had worse HD and OS than the
proposed approach. The number of non-dominated solutions found was not reported
for MORO-KS in [38].

3.3.5.4 Example 3.4

The results for the three-bar truss example are shown in Figure 3.7(d) and
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Figure 3.8(d). Removal of non-robust points had little impact, except at the far-right
tail. AA-MORO has a consistent band throughout the non-dominated frontier, but the
proposed approach extends further to the right. Both surrogate methods appear to
have found the robust optimal solution at least once of the twenty runs. In Table 3.2,
the quality metrics for the proposed approach, AA-MORO, and the published results
for MORO-KS are shown. MORO-KS used 17 times more function calls than the
other two resulting in a better value for HD. For OS, both the proposed approach and
AA-MORO performed better than MORO-KS. For SP, the proposed approach is
again the weakest. This consistent shortcoming of SP is due to the proposed approach
finding new sample points individually while the other two search in parallel. Both
AA-MORO and MORO-KS return unevaluated points that are expected to be

feasible, allowing them to create denser solution sets.
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Table 3.2: Quality metrics of non-dominated solutions: mean(standard

deviation)
Ex Approach Fuél;ltf:n HD oS SP Number
0.618 0402 0.043 15.6
I Proposed B30 0044y (0.118) (0016)  (335)
AAMORO .0 0634 0176 0122 50.1
21] 0.224) (0.176) (0.197)  (6.43)
0345  0.186  0.181 16.4
2 Proposed 2000 0014) (0.120) (0.090)  (2.74)
AAMORO 00 0571 0122 0.029 67.5
21] (0.268) (0.103) (0.016)  (4.00)
0205  0.836  0.198 195
3 Proposed 39Q) a9y (0.067) (0.044)  (2.82)
AAMORO o 0190 0341 0.033 69.4
21] (0.038) (0.200) (0.008)  (2.62)
MO[%S]'KS 1260 0300 0234  0.033 ;
0491 0719 14375 412
4 Proposed B30 0003) (0.071) 2917)  (10.18)
AAMORO .0 0496 0506 5776 68.2
21] (0.015) (0.086) (0.991)  (2.73)
MO[%S]'KS 240 0358 0304 6826 ;

3.3.6 Example 3.5: Scalable Problem ZDT3

To investigate the changes in performance of the proposed method with
increasing problem size, a scalable example problem ZDT3 is presented here with a
varying number of decision variables. This problem was first formulated in [78] as a
scalable test problem with a discontinuous non-dominated frontier. It later had
uncertainty added in [21].

3.3.6.1 Example 3.5 — Setup

The ZDT3 problem with uncertainty as presented in [21] has two objective

functions with uncertainty, one constraint on objective variation, and ten variables,
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two of which have added uncertainty. Converting to a feasibility robustness

formulation, the uncertainty in the objectives is removed and so the uncertainty only
remains in the objective variation constraint. The number of variables is also relaxed
to allow n variables as in [78] and solved for n = 5, 10, 20, and 50. The formulation
is provided in Eq. (3.17). Each of these cases was tested over five independent runs.

3.3.6.2 Example 5 — Results

min f;(x,u,), min f,(x, uy)
s.t.

g = f2(x,w) — fo(x,up)| < 4f,
where

filx,u) = x + Ax,
fZ(x' u) = h(x' uo)p(x:uo)

9 n
p(x'u)=1+n—-|-1<zxi+Ax1 +Ax2> (3.17)

i=2

o h Ry
h(xu) =1- ﬁ - (5) sin(107f;)

VAx, € [0,0.1]; Ax, € [-0.2,0.2]

0<x;<li=1,.,n

Af, =05

Results for the four cases are shown in Figure 3.9. For the 5-variable case,

shown in Figure 3.9(a), the proposed approach consistently converged to a solution
seemingly tight to the feasible boundary. AA-MORO, had better range, finding
solutions over the full range of 0 to 1, but was somewhat inconsistent. The second
case, with 10 variables, shown in Figure 3.9(b) has AA-MORO converging to a better
solution consistently, but the proposed approach has the better range. Starting with
the 20-variable case in Figure 3.9(¢c) the proposed approach starts to outperform AA-
MORO in terms of solution convergence and range. The best solutions of the

proposed approach are better than the best solutions of AA-MORO, and in all but one

region, the worst solutions of the proposed approach are better than the worst
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solutions of AA-MORO. This trend continues in the 50-variable case. In Figure
3.9(d), the region where the proposed approach’s worst case is worse than AA-
MORO’s worst case is smaller than before. Except for AA-MORO’s consistency, the
proposed approach for the 50-variable case seems to outperform AA-MORO. This
improved relative performance with problem size is most likely due to the different
balancing of exploring and exploiting the surrogate models. AA-MORO decomposes
the two into a primary exploit step, followed by an exploring step. As seen in the 5-
variable case, this works well for smaller problems. Increasing problem sizes require
more emphasis on exploring the design space. The expected improvement criterion
that the proposed approach is based on balances the two in its search for new
solutions. To confirm the results, the feasibility of these solutions needs to also be

verified.
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Figure 3.9: Results for scalable example ZDT3 with number of variables: a)
5,b) 10, ¢) 20, and d) 50

3.3.7 Feasibility Verification of Solutions

Feasibility verification of solutions was performed for the five examples. Each
design point in each robust non-dominated frontier was tested against 10,000 random
scenarios. The fraction of these that were feasible was averaged across all
independent runs and a 95% confidence interval was generated. For Examples 3.1-3.4
20 runs were used, and 5 runs were used for Example 3.5. The results of this
verification are provided in Table 3.3. Examples 3.3, and 3.4 had nearly equal
feasibility results for the two methods. Both found robustly feasible solutions.
Example 3.1 and the larger example, Example 3.2, had more differentiation. For

Example 3.1, the proposed approach was feasible for more scenarios and had a tighter
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confidence bound. However, for Example 3.2, the proposed approach had a
significantly smaller fraction of robust feasible solutions which seems at odds with
the results shown in Figure 3.7(b) and Figure 3.8(b). In the figures, it appears that
AA-MORO is more affected by the removal of the non-robust points. More of the
best solutions for AA-MORO were removed, but a greater fraction of all of the
solutions was removed from the proposed approach. For the scalable example,
Example 3.5, both methods were feasible for almost all cases. Only AA-MORO had

some infeasibility for the 5-variable case.

Table 3.3: Fraction of feasible test scenarios a 95%

confidence interval

Example Proposed AA-MORO [21]
3.1 1[1,1] 0.96[0.95,0.97]
32 0.93[0.92,95] 0.96[0.94,0.98]
33 1[1,1] 1[1,1]

3.4 1[1,1] 1[1,1]

35:n= 1[1,1] 0.95[0.93,0.97]
3.5:n =10 1[1,1] 1[1,1]

3.5:n =20 1[1,1] 1[1,1]

3.5:n =50 1[1,1] 1[1,1]

3.4 Conclusions

In this chapter, a new method for bi-objective feasibility robust optimization
is proposed. The formulation utilized the surrogate model and its predicted standard
deviation using the expected improvement criterion to optimize sampling to improve

a set of candidate robustly feasible non-dominated optimal points. This was staggered
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with a worst-case scenario search and a relaxation of the frontier to allow for
increasingly robust and conservative solutions to be found. The proposed method was

then compared against existing methods in the literature, AA-MORO and MORO-KS.

The proposed method appears promising, especially from the point of view of
finding robust feasible designs for very low numbers of function evaluations. In most
of the examples, AA-MORO provided a more optimistic set of non-dominated
solutions. However, when the non-robust solutions were removed the proposed
approach had better HD in three of the four examples and better OS in all four. The
primary shortcoming of the proposed approach is the lower number of solutions. AA-
MORO provided greater numbers of solutions which could be useful to a decision
maker with better SP values in three of the four examples. This is an aspect that could
be improved in the proposed method. As seen in the fifth example, larger problem
sizes caused AA-MORO to produce increasingly conservative results, but the
proposed approach was less susceptible to this.

The next chapter seeks to expand the techniques developed in this chapter to

optimization problems of greater than two objective functions, addressing RQ3.
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Chapter 4: Multi-Objective Robust Optimization with
Surrogates

This chapter proposes a method for robust optimization under interval
uncertainty for multi-objective problems, particularly for those with more than two

objective functions.

The organization of this chapter is as follows. First, the problem is defined in
Section 4.1, with emphasis on the differences with bi-objective robust optimization.
Next, in Section 4.2 the proposed method is presented. In Section 4.3, several
example problems are detailed along with its results. Finally, in Section 4.4, the

concluding remarks on the efficacy of the proposed method are provided.

4.1 Problem Statement

The multi-objective robust optimization problem under interval uncertainty
has the same form as Eq. (3.1), but the number of objective functions I is no longer

limited to two as seen in Eq. (4.1).

min f;(x) i€el,..1I

s.t. gj(x,u) <0 jel,..,J (4 1)
vu € [u;, u,]
x € [x;,x,]

The two main effects that this has on multi-objective solvers are on the size of the
problem and the relationship in the ordering in solutions with respect to each

objective.

78



The first challenge for solving the problem in Eq. (4.1) is that as the number
of objective functions increases from two to three and beyond, the geometry of the
non-dominated frontier (the solution set for the multi-objective problem) increases
from a curve (or piecewise linear) to a surface and hyper-surface. In Figure 4.1(a), an
example of a solution set to a bi-objective optimization problem is shown. The
optimal, non-dominated solutions in this case are all along the black piecewise line.
Moving to a three-objective optimization problem in Figure 4.1(b), the solution set is
represented by the grey surface. As such, the numbers of samples needed to
approximate these geometries goes up exponentially as the number of objective
functions is increases. Keeping the number of function evaluations low for such

problems becomes even more imperative.

! 1 7 )

(a) (b)

Figure 4.1: (a) A set of optimal solutions along (a) a curve in a two-objective space
and (b) a surface in a three-objective space.

The second challenge that is faced by problems with more than two objective
functions is the lack of ordering or arrangement of the solutions. In a bi-objective

optimization problem, sorting the non-dominated solutions by one objective

79



automatically sorts them by the second objective in reverse order. Beyond two
objectives, this property no longer holds and integration of acquisition functions over
the non-dominated space requires a more sophisticated programmatic approach.

The next section will discuss two current acquisition functions for finding the

next location to sample in a Bayesian optimization scheme.

4.1.1 Multi-Objective Centroidal Acquisition Functions

The framework of Algorithm 3.1, as presented in Chapter 3, is applicable to
robust optimization problems of any number of objective functions. However, the
acquisition function used in Chapter 3, the centroidal method, adapted from [12] only
applies to problems with two objectives. Variations of the centroidal method and
other acquisition functions are thus sought.

Expansion of the centroidal method to higher numbers of objectives has been
discussed before [46] and shown [54] but the formulations are not readily available.
These existing methods require a partitioning of the non-dominated space, as seen in
Figure 4.2, which can become intractable at higher dimensions. The most
straightforward method partitions the space into (v + 1) cells over which the
improvement metrics are calculated. Here, v is the number of non-dominated
solutions, and I is the number of objectives [79]. This expression for the number of
cells comes from dividing the non-dominated space by every combination of
objective function values from the current non-dominated set. A demonstration in a
two-objective space is shown in Figure 4.2 for a minimization problem. Here, there
are six non-dominated solutions shown as black dots and two reference points B and

G shown as empty circles. These are the “bad” point and the “good” point
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respectively. The bad point should be chosen to be dominated by every solution, and
the good point should dominate every solution. These are generally taken to be

(o, ...,) and (—oo, ..., —0). Each non-dominated solution defines the lower bound
for a region in each dimension and the upper bound for a region in each dimension.
The number of upper bounds on partitioned regions is then equal to the number of
non-dominated solutions plus one for the bad point or v + 1. This is true for each
objective function. The partitioned regions (or cells) are then the intersections of the
regions bounded by the non-dominated solutions and the good and bad point. For m
objective functions this gives us (v + 1)™. For the six non-dominated solutions in
Figure 4.2, with two objective functions, there are (6 + 1) = 49 regions. Note that
this process partitions the entire objective space. It must then be established which of
the cells are in the dominated and non-dominated regions. Faster partitioning methods
have been developed to reduce the number of partitions needed [54], [55], [57], [80]

as well as an approximation that ignores less impactful partitions [79].
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h

O
G
Figure 4.2: An example of a partitioning of the objective space based on the current

non-dominated solutions and a “good” point G and a “bad” point B. The number of
partitions is (v + 1)! = (6 + 1)? = 49

One method to avoid dependency on the partitioning is with a Monte Carlo

sampling. A method for doing so is discussed in Section 4.2.

4.1.2 Multi-Objective Expected Hypervolume Improvement

Another acquisition function which has received much attention is the
expected hypervolume improvement. The Walking Fish Group (WFG) method was
originally developed as a means of efficiently calculating the hypervolume difference
[57], but has also been adapted for partitioning the non-dominated region [54]. It
utilizes a branch-and-bound procedure based on the principle that cells which
dominate a non-dominated cell will also be non-dominated. This allows for cells to be

grouped to form fewer, larger cells without explore each one.

82



4.2 Methodology

The proposed methodology adopts the robust optimization scheme with non-
dominated relaxation from Section 3.2.3, shown in Figure 3.4 and Table 3.1.
Algorithm 3.1 is combined with a general Monte Carlo version of the centroidal
expected improvement acquisition function, termed Centroidal Monte Carlo (CMC),
is presented here for multiple objectives. Instead of integrating the probability
distribution function over the entire non-dominated domain with exponentially
increasing numbers of cells, a finite set of samples can be taken using CMC as
described here.

e (Given training sets of designs X and objective function values F;, a GP model is
trained for each of the objective functions.

e The optimizer then generates a candidate design x to be evaluated.

e Samples are drawn from the multi-variate normal distribution described by the
predicted output of the surrogate models of the objective functions at point x,. as
in Eq. (4.2).

fcandiclate"'N(ﬂ(xc): O'(XC)) (42)

Here, u(x) and o(x) are I dimensional vectors of the mean prediction and error
prediction of the surrogates for the I objective functions at a given configuration
of designs x. These random samples are demonstrated in Figure 4.3 as the small

points (both black and red).
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These samples are filtered according to their relationship to the existing non-
dominated frontier as either “non-dominated” or “dominated”. In Figure 4.3, the
non-dominated random samples are shown in red.

Integrating the positions of the non-dominated samples gives the centroid of the
improvement region. This the indicated by the black square labeled ( fi, f_z) in
Figure 4.3.

The probability of improvement (probability that the predicted mean value will be
on the non-dominated frontier) is the fraction of samples that are non-dominated.
The expected improvement is calculated as in Eq. (3.12) as the product of
Euclidean distance between the centroid and the closest existing non-dominated

solution, (£;¥7, £,7) in Figure 4.3, and the probability of improvement.

f

Figure 4.3: Demonstration of the centroidal Monte Carlo method for multi-

objective expected improvement
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This can then be combined with Algorithm 3.1, Table 3.1, to find robust
multi-objective solutions by replacing the previous expected improvement
calculations. Recall, Algorithm 3.1 iteratively trains surrogate models, solves the
robust optimization problem for the known scenarios, updates models and estimates
of feasible points, then repeats. The resulting method uses Gaussian process
surrogates, trained on the previously gathered data, to approximate the objective and
constraint function values at a candidate design. Constraints are handled using the
strategy in Eq. (3.14), relaxing the mean constraint value in proportion to the
prediction uncertainty of the GP. Optimizing the CMC acquisition function, a point
which will be feasible for all known scenarios and is expected to improve the non-
dominated set the most is sampled. The approximated worst-case constraint violation
is then solved for producing a design and scenario pair. The models are retrained with
the new sample point (the design and scenario pair) and the scenario is added to the
list of worst-case scenarios. The updated models are then used to estimate which of
the current feasible points are not robust and expected to dominate a robust point.
These are removed for the current iteration. The expected centroidal improvement
over the remaining non-dominated points can then be calculated, starting the
procedure over.

Several examples and their results for the above method and some from the

literature are provided in the next section.
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4.3 Examples

In this section several examples are provided for optimization problems with
multiple objectives and parameters with interval uncertainty in the constraint
functions. The first two problems in Subsections 4.3.1 and 4.3.2 are examples from
[64], which can be tested at varying numbers of decision variables and/or objectives
and constraints. Here, both problems are taken to have three objective functions. The
third problem in Subsection 4.3.3 is a modification of the engineering example from
Subsection 3.3.4, the optimization of a three-bar truss. The methods being compared
are the robust optimization loop described in Algorithm 3.1 with the proposed CMC
acquisition function, as proposed in this chapter, an exact calculation of the centroidal
method (EC)[12], [49] for multiple objective functions [54], and the expected
hypervolume improvement (EHVI) using the Walking Fish Group (WFG) algorithm
[57]. Additionally, AA-MORO [21] and the deterministic MORO [21] are used to

solve the robust optimization problems.

Solutions of problems with three or more objectives are difficult to compare
by visual inspection, so instead several quality metrics are used to describe the
results. The metrics used here are the same as those described in Section 3.3, namely
HD to measure convergence based on the size of the non-dominated region [76], OS
to measure spread as the hypervolume contained between the furthest end points [76],
and SP to measure the regularity of the spacing as the standard deviation of the
distances between subsequent non-dominated solutions [77]. Additionally, the

number of non-dominated robust solutions is reported for each method. All values are
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reported with their mean and standard deviation over the five independent runs of
each method. The mean and standard deviation were then used to perform a two-
sample z-test with a significance level of 0.05 to test if the differences in performance
between the metrics for the proposed CMC and other tested methods were statistically
significant. Except where otherwise stated, the differences were statistically
significant.

The deterministic MORO [21] method used MATLAB’s ‘gamultiobj’ [59]

function with all default values to solve the robust optimization problem. All four

(2n+1)(2n+2)

surrogate methods used an initial sample size equal to: + 1, where n is

the total number of design variables and uncertain parameters. Each method was run
for five iterations, adding five new sample points each iteration. Verification was also
performed for all results by testing the constraints for feasibility against 10,000
random scenarios. Results from the verification study are omitted because all

solutions for all methods tested were found to be fully feasibly robust.

4.3.1 Example 4.1: DTLZS8

The DTLZS problem is the first of two constrained variable-size test problems
introduced in [64] which can be solved for different numbers of objective functions
and design variables. There are I objective functions, I constraints, n variables, and n
uncertain parameters. It has been modified here to have uncertainty in each of the
design variables. The formulation is provided in Eq. (4.3). The constant c is the

uncertainty in the design variable. Here the value of ¢ is 0.1.
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7]

mxinfi(x)z% z X, i€el,..lI
[TJ n=|G-n9
s.t.gixuw)=1—-f(x) —4f;(x) <0, i€el,..,.0-1)

gGw) =1-2f,® ~ min [, + /@] <0

ni€[11-1]

(4.3)

u; € [—c,cl,x; €[0+c¢,1—c]

J?izxi+ui

The DTLZS8 problem was solved for three objective functions and three
constraints. Tests were performed for the case with five variables and five uncertain
parameters (uncertain variables) and the case with ten variables and ten uncertain
parameters (uncertain variables). The results are given in Table 4.1 and Table 4.2

respectively.

Table 4.1: Quantitative results for Example 4.1 as mean (standard deviation) for 5

variables
Approach # Solutions HD oS SP
CMC 52 (3.35) 0.73 (0.01) 2.39 (0.10) 0.09 (0.01)
EHVI [57] 34.4 (4.45) 0.69 (0.03) 2.05(0.36) 0.14 (0.01)
AA-MORO [21] 68.6 (2.3) 0.70 (0.01) 2.56 (0.13) 0.08 (0.00)
MORO [21] 67.8 (1.72) 0.65 (0.01) 2.41 (0.15) 0.07 (0.01)

Recalling that for HD lower values are better, for OS higher values are better,
for SP lower values are better, and more solutions are better, the proposed CMC
approach combined with Algorithm 3.1 had the worst HD value and second worst
values for the other quality metrics. The second method tested, EHVI combined with
Algorithm 3.1 performed similarly but with better HD. The two methods entirely

from the literature, AA-MORO and MORO, generally performed the best.
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Table 4.2: Quantitative results for Example 4.1 as mean (standard deviation) for 10

variables
Approach # Solutions HD OS SP
CMC 74.8 (7.93) 0.61 (0.01) 0.56 (0.04) 0.05 (0.01)
EHVI [57] 44 (6.4) 0.61 (0.01) 0.47 (0.05) 0.06 (0.01)
AA-MORO [21] 68.8 (1.85) 0.58 (0.03) 0.76 (0.12) 0.05 (0.01)
MORO [21] 69.6 (0.8) 0.57 (0.01) 0.83 (0.01) 0.05 (0.00)

For the ten-variable case, we see two general trends. First, differences in
performance for all methods decreased for all parameters except OS. The second
general trend is that OS values for all of the methods are an order of magnitude
smaller, suggesting a clustering of the solutions for all methods. Other than the
number of solutions and the spacing metric, the proposed CMC method again
performed worse in comparison. One possible explanation of this performance could
be due to DTLZ8 being the least complex of the provided examples. The emphasis on
balancing exploration and exploitation in Algorithm 3.1 may not be paying off in a

region that is easier to exploit.

4.3.2 Example 4.2: DTLZ9

The DTLZ9 problem is the second of the constrained, variable-sized test
problems from [64]. A version of this problem was previously modified to include
uncertainty in [10], but it was used in a single-objective optimization setting. The
form used here has I objectives, I — 1 constraints, n design variables, and n uncertain
parameters. The uncertainty is added to the design variables. The amount of
uncertainty c is set to 0.1. Results for the three objective, five variable case are shown

in Table 4.3, for the three objective, ten variable case are shown in Table 4.4.
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Table 4.3: Quantitative results for Example 4.2 as mean (standard deviation) for 5

variables
Approach # Solutions HD oS SP
CMC 26.4 (3.35) 0.92 (0.01) 3.37 (0.36) 0.03 (0.01)
EC 18.4 (5.00) 0.93 (0.00) 3.86 (0.04) 0.06 (0.02)
EHVI 20 (1.67) 0.91 (0.00) 3.57 (0.07) 0.04 (0.01)
AA-MORO 70 (0) 0.93 (0.01) 3.78 (0.08) 0.02 (0.01)
MORO 70 (0) 0.93 (0.00) 3.22(0.39) 0.01 (0.00)

Compared to DTLZS8, the DTLZ9 problem is more complicated due to its

nonconvex constraints. In this case, the HD, OS, and SP metrics were all very close.
However, the three acquisition functions used with Algorithm 3.1 all produced low
numbers of solutions compared to MORO and AA-MORO.

Table 4.4: Quantitative results for Example 4.2 as mean (standard deviation) for 10

variables
Approach # Solutions HD OS SP
CMC 41.67 (11.79) 0.81 (0.00) 2.24 (0.03) 0.03 (0.01)
EC 15.5 (4.03) 0.77 (0.01) 1.9 (0.01) 0.14 (0.03)
EHVI 25.8 (5.9) 0.81 (0.00) 2.22 (0.03) 0.06 (0.01)
AA-MORO 70 (0) 0.79 (0.01) 2.00 (0.04) 0.02 (0.01)
MORO 70 (0) 0.79 (0.00) 1.97 (0.02) 0.01 (0.00)

Moving to the ten-variable case, the EC outperformed the others in terms of
HD. The proposed approach shows an advantage in OS but the improvement over
EHVT is not statistically significant. MORO had the best SP value while EC had the
worst. The number of solutions is again low for the methods used with Algorithm 3.1,

but the CMC method performed better than the other two such methods.
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Next, the DTLZ9 problem is expanded to four objectives and 10 variables and
the results are shown in Table 4.5. The HD values show CMC on par with AA-
MORO and MORO performing slightly better. The proposed CMC performed the
best for OS and only trailed behind AA-MORO at a level that was not statistically
significant. Compared to the previous, smaller, cases the relative performance of
CMC is noticeably improved. Similar to the bi-objective case, this starts to hint at
advantages in problems of increased size or complexity and needs to be investigated
with more problems of larger sizes.

Table 4.5: Quantitative results for Example 4.2 as mean (standard deviation) for 4
objectives and 10 variables

Approach # Solutions HD OS SP
CMC 112.5(17.89)  0.89 (0.00) 0.98 (0.01) 0.04 (0.01)
AA-MORO 71.4 (2.8) 0.89 (0.00) 0.96 (0.02) 0.04 (0.00)
MORO 70 (0) 0.88 (0.01) 0.91 (0.01) 0.05 (0.01)

4.3.3 Example 4.3: Three Bar Truss

The three-bar truss problem is detailed in Subsection 3.3.4 with the
formulation given in [73]. It has been modified here to allow for a third objective to
be optimized. In addition to minimizing the horizontal tip deflection and the volume
of members 1 and 3, the stress in the first member should also be minimized. The
corresponding constraint on the stress in the first member is also removed. The new
formulation is provided in Eq. (4.5) with three objective, four constraints, two design

variables, and two uncertain parameters.
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gl;glﬁ =u(A,0)
gll{glfz =V(A4.,0)
min f; = 01(4,,0)

s.t. g, = 0y < ineld

(4.5)
g2 =V = Vmax
g3 = [u(4,0) —u(A; + 44,0 + 46)| < Af;
ga=1V(A1,0) — V(A + 4A,,0 + 46)| < Af,
2<A,<10cm? 30<6<40°
—0.1 < AA, < 0.1cm?, —5° < 46 < 5°
The definitions of all calculated values are given in Eq. (4.6).
. V21Pcos(0)
ALE
V21Psin(60)
" T (A +V2A,)E
_ P [cos(0) sin(6) (4.6)
NEGTA T A 24,
B V2Psin(6)

%2 7 (A, +24,)

V =2V2A4,1 + A,l

The results for the three objective three-bar truss problem are provided in

Table 4.6. The CMC and EHVI methods produced the greatest number of solutions

and had the greatest OS values. The EHVI acquisition function combined with

Algorithm 3.1 also had the best average HD value. Other than more irregular spacing

of the solutions, EHVI appears to have generally performed the best for this example.

Table 4.6: Quantitative results for Example 4.3 as mean (standard deviation)
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Approach # Solutions HD OS SP
CMC 77.6 (1.85) 0.11 (0.01)  2.66 (0.01)  0.05(0.01)
EHVI [57] 74.5 (2.5) 0.004 (0.03) 2.66 (0.01)  0.09 (0.02)
AA-MORO [21] 70 (0) 0.11 (0.03)  2.45(0.04) 0.05(0.01)
MORO [21] 70 (0) 0.10 (0.02)  2.61(0.04)  0.05 (0.00)

4.4 Conclusions

The results in the previous section show that there is little difference in
performance between the CMC, EC, and EHVI methods for most cases. For the
simplest of the examples, DTLZS, the methods from the literature, AA-MORO and
MORO, performed the best. For DTLZ9 and the three-bar truss engineering problem,
the three methods based on Algorithm 3.1 started to show relative improvement over
MORO and AA-MORO, particularly with respect to the HD metric. Based on that
trend, and the results of Chapter 3, it seems likely that the proposed methods would

show improved performance for problems of greater dimension and complexity.

It is worth noting that all of the quality metrics can only give insight into the
specific values that they measure. Different decision makers and applications may
value some metrics over others. Although this dissertation generally considers
computational cost in terms of function calls, it should be mentioned that the CMC
method took substantially less wall-clock time to complete than the EC and EHVI
methods employed.

In the next concluding chapter, this dissertation is summarized, the

contributions listed, and some future directions for the research are given.
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Chapter 5: Conclusions
In this dissertation, methods were sought for efficiently solving robust
optimization problems under interval uncertainty for single-, bi-, and multi-objective
problems. Surrogate modelling techniques were employed to decrease computational

costs in the form of numbers of function calls.

In Chapter 2, a method for solving single-objective problems was introduced,
using surrogate modelling to search for worst-case scenarios while alternating with a
deterministic solver. In Chapter 3, a method for solving bi-objective optimization
problems Bayesian optimization surrogate techniques was presented and compared
with existing techniques from the literature. Lastly, in Chapter 4, the robust
optimization procedure previously developed for bi-objective problems was extended
to multi-objective optimization problems using several different acquisition functions

for comparison.

In the next section, some highlights from these chapters are given.

5.1 Summaries

5.1.1 Chapter 2: Single-Objective Robust Optimization with Surrogates

A robustly feasible optimum solution, as shown in this chapter for several
engineering problems, can be obtained at a lower computational cost than an existing
method [10]. This cost savings is accomplished through the introduction of a
surrogate model for the constraints during the solution of a subproblem wherein the

constraints are maximized to determine the worst-case feasibility. Using this
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subproblem to evaluate feasibility robustness is a popular technique in optimization
problems with interval uncertainty [58], [81], [82]. Within the area of multi-objective
robust optimization, this has been done using surrogate models of both the decision
variables at the top-level subproblem and uncertain parameters at the bottom-level
[58], but it has not been shown advantageous before by isolating the second (or
‘feasibility’) subproblem (bottom-level). It is shown here that iterative solving of the
approximated feasibility subproblem and discarding of old surrogate models can more
efficiently produce feasibly robust optimum solutions compared to an existing
method. A further computational cost savings was accomplished by adding a nominal
scenario to initialize the feasible region search as is done in methods such as that by
[58] but removing it after the first iteration to reduce the number of scenarios closer

to that of [10].

Many approaches used to solve robust optimization problems quickly become
prohibitively more computationally expensive with increasing problem size [1], [61].
For small problem sizes, some of these methods can perform well, but that
performance drops off as the number of variables, constraints, and/or scenarios
increases. A variable-sized example was used to demonstrate that the use of
surrogates in the proposed SFTC-RO enables better performance than an existing
method when the number of variables in and uncertain parameters in the problem

Increases.

In addition to exploring the computational advantages of the proposed SFTC-

RO, a thorough random scenario-based verification study was performed on the
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solutions produced by SFTC-RO and by another method in the literature. Comparing
the robust optimal solutions against randomly generated scenarios enables a
comparison of trade-offs in computational savings from the use of a surrogate and

any resulting loss of robustness.

5.1.2 Chapter 3: Bi-Objective Robust Optimization with Surrogates

Firstly, this chapter presented a new bi-objective robust optimization
algorithm which utilizes the expected improvement criteria in the context of Bayesian
methods. Outside of the robust optimization literature, multi-objective optimization
problems with computationally expensive-to-evaluate functions have been presented
before using Bayesian methods [12], [45]. Bayesian methods, unlike the direct
substitution methods mentioned earlier, utilize not only the surrogate prediction, but
also some statistical properties of the surrogate models to optimize the selection of a
new point to sample. The proposed method here seeks to incorporate the expected
improvement Bayesian optimization criterion into a new bi-objective robust

optimization algorithm with constraint cuts.

A modified formulation of the expected improvement was proposed that
augments the non-dominated set to improve the diversity of the solution set. This
overcomes one of the major drawbacks of the bi-objective expected improvement
acquisition function, which is small solution set size. Using this formulation, the
search space is expanded to include nondominated regions between points on the
frontier. This encourages the solver to find more non-dominated optimal points

providing the designer with more robust options to choose from.
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As part of the proposed method, a new technique for facilitating robust
optimization with surrogates, termed “non-dominated relaxation”, was introduced.
This replaces the usual filtering out of all infeasible points, enabling more efficient
use of the expected improvement acquisition function in the two-level robust

optimization loop.

Finally, conditions under which the proposed approach performs better than
previous methods from the literature on AA-MORO and MORO-KS were
demonstrated. As can be seen in the examples, the variable-sized example in
particular, the proposed approach maintains its performance for larger problems

better than the other existing methods considered in this chapter.

5.1.3 Chapter 4: Multi-Objective Robust Optimization

In this chapter a Monte Carlo method for calculating the centroidal
improvement acquisition function was presented. The Monte Carlo approach does not
rely on a partitioning of the non-dominated domain. This is beneficial because the
partitioning alone can be computationally expensive.

Secondly, a comparison of multiple different acquisition functions in the
context of robust multi-objective optimization was performed. The acquisition
functions considered are the proposed centroidal Monte Carlo, an exact centroidal
method, and the expected hypervolume improvement. Each of these was inserted into
Algorithm 3.1 and applied to several example problems. These methods were also
compared with two methods from the literature, AA-MORO and MORO. Insight is

thus gained into their applicability in the robust optimization setting.
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5.2 Contributions

5.2.1 Chapter 2 Contribution

Addressing Research Question 1: How can surrogate modelling be introduced
to single-objective robust optimization under interval uncertainty to reduce the
computation burden of the worst-case scenario search?

A new method for surrogate modelling was used to perform the worst-case
scenario search in a bi-level feasibility-based robust optimization scheme under
interval uncertainty. Based on the test results, it was observed that one of the key
features of the proposed approach was its improved performance over an existing
method as the number of variables and uncertain parameters is increased in the

optimization problem.

5.2.2 Chapter 3 Contribution

Addressing Research Question 2: How can Bayesian optimization techniques
be included to improve over current surrogate modelling methods for bi-objective
robust optimization under interval uncertainty?

An improvement over the current methods from the literature was made in the
form of a robust optimization scheme with a non-dominated solution relaxation. This
enabled the integration of an iterative Bayesian optimization technique and iterative
robust optimization technique. For smaller problems, it was seen that the proposed
method with a balanced exploration and exploitation did not perform as well as

exploitation focused methods from the literature. However, the test results showed
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improved performance for problems with larger numbers of design variables and

robust feasibility over existing techniques.

5.2.3 Chapter 4 Contribution

Addressing Research Question 3: How can Bayesian optimization techniques
be included in robust optimization under interval uncertainty for problems with more

than two objectives?

A new method of approximating improvement in a Bayesian optimization
scheme was presented for problems of more than two objectives that improved the
computational overhead of partitioning the objective space. This new approximation-
based acquisition function was combined with a robust optimization strategy for the
first study examining robust optimization in multiple objective problems. The
proposed approach performed worse than the other methods in most cases. However,
as was seen with the bi-objective method, there appears to be an improving trend as
the number of variables, uncertain parameters, and objective functions increases. In
the largest example tested in Chapter 4, the proposed approach appeared on par with
the other methods being compared. More study is required, but it suggests that

problems above this size will favor the proposed approach.

5.3 Directions for Future Work

The problems in this dissertation pertain to the increasing dimensions of
robust optimization problems of multiple objectives. One area of future study would

be further increasing of the problem sizes and as such improving performance of the
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proposed methods for more competing objectives, constraints, variables, and

uncertain parameters.

A second area for future study would be the consideration of different types of
uncertainty. Interval uncertainty was considered for all of the methods in this
dissertation because it makes no assumption on the distribution. If there is available
distributional information, then interval uncertainty could be overly conservative.
Allowing for some parameters to be interval and some distributional (or mixed

uncertainty), could expand the applicability of the presented methods.

A third direction for future work would be exploration of different acquisition
functions. The more common acquisition functions were utilized in the presented
methods, but they all have strengths and weaknesses. Other acquisition functions, or
combinations of them, could be better suited for the class of problems used in this
work.

A final direction for future work would be the consideration of time as a
parameter. This would allow for the developed methodologies to be used for optimal
planning. The goal would be to create an optimal trajectory that is feasible for all

times within a range while limiting the evaluations of a time varying simulation.
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Appendix A: Example Problem Formulations

A.1 Example 2.1: Circle Problem

The circle problem is a simple numerical problem with a single objective, one
constraint, two variables, and two uncertain parameters. It was formulated in [10]
with uncertainty to demonstrate the progression of constraint cuts to the feasible
region. The position of a point, described by the design variables, is maximized away

from the center, but constrained by a circle. The circular constraint has a fixed radius

size of v/5, and the origin is centered at an unknown position described by the two

uncertain parameters. This formulation is provided in Eq. (A.1)

min —x? — x2
X1,X2

s.t. (A.1)
glou) = (x; —up)®+ (x; —uy)* =520

X1, X2 € [_5)5]

vull u2 € [_1r1]
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A.2 Example 2.2: Welded Beam Design with Uncertainty

The design of a welded beam problem originated by [60] where it was
described as choosing the thickness and breadth of a bar for welding along with the
weld thickness and length. The cost of the beam is minimized, and the design must
satisfy constraints on the dimensions, normal and shear stresses, buckling load, and
maximum tip deflection. The number of design variables is 4, uncertain parameters is
8, and constraints is 6. The problem has been modified to include uncertainty in the
design variables, applied load, distance between the load and support, maximum
allowed shear stress, and maximum allowed normal stress [10]. The formulation is

given below in Eq. (A.2).
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min(1 + ¢c3)x2x, + cax3x4(L + x)

X1,X2
S.t.
\/T,Z + 27't" (x5 + uy) .
2R _1<0
(tqg +uy) - 16(F + us)(L +ue)®
6(F + us)(L + ue) 1<0 B(xs +u3)* (x4 + 10a)

(g +uy)(x3 +uz)?(og + ug) - <0

X1+ uy 1<0
4.014VElae 1 —x3—u3 E—l PR <
Ia

F+us)/ Cr 7 X 20+

<0 8Cn vy o
where:
;L F + us
t T \/E(x1 +u)(x2 +up)

x2+u2
(F +us) (L +u + 252) R

2 (J% (1 +ug) (%2 +uyp) ((xz -1|_2u2) + X3+ Us -2Fx1 + ul) >

n

1
1 Xz 4 Uz + X7 + U\ 2 I =— (%2 4+ uz)(xs +uy)?
R=jz(xz+uz)2+<3 32 ! 1) 12 (s ¥ us) (xs +uy)

1
Q= §G(x3 + u3) (x4 + uy)3

01 <x,x,<2 Yue € [—0.2,0.2]
0.1 < x,, %3 < 10 Y, ug € [—1000,1000]
Vg, Uy, Us, Uy € [—0.05,0.05] F = 6000,L = 14,c; = 0.1047,c, = 0.0481,
Vus € [-500,500] 4 = 13600,0, = 30000, E = 30 x 106,
G =12 x10°
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A.3 Example 2.3: Enhanced Speed Reducer

The speed reducer problem from [65] was modified to include uncertainty by
[11] and further modified by [10]. The seven design variables include face width of
the gears, the teeth module, the number of teeth on the pinion, and the length and
diameter of the two shafts. The objective function to minimize is the weight of the
speed reducer. In addition to constraints on the dimensions of the gears and shafts, the
bending stress of the gear teeth and both shafts, the compressive stress in the gear
teeth, and the deflection of the two shafts. The uncertainty introduced is uncertainty
in the design variables. The functions m, (x, u) and ms(x, u) appear in both the
objective and constraint functions. However, since this work focuses on feasibility
robustness, uncertainty is assumed to only exist in the constraints. Therefore, when
m,(x,u) and ms(x, u) are evaluated in the objective function it is assumed the
uncertainty in the design variables is zero. The formulation is provided below in Eq.

(A.3).
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. my(x,0) +m3(x,0) (A.3)
mn 1000
s.t.gj(x,u) <0, j=1,..,13; vueuU,,

where

g1(x,u) = ((x1 +ug) (x +up)? (x5 + us)z)_l — 39771

g2(x,u) = ((x1 +uy) (g +up)?(xs + u3))_1 - 2771

g3(,w) = (g +ug)? (g + 1) (x5 + 13) (6 + 1)) — 1,937
ga(x,u) = (x5 + u5)3((x2 + uy) (3 +ug)(x7 + u7)4)_1 —1.9371
gs(x, ) = —(x4 + uy) + (x6 + ug) — 0.3

ge(x, ) = —(x5 + us) + (x; + u;) — 0.3

g7(x,w) =5— (g +uy)(xp +uy)™t

gs(x,u) = (g +uy)(x, + uy) 1 —12

go(x,u) = (x5 + uy)(x3 + uz) — 400

g10(x, u) = m;(x,u) — 1400

g11(x,u) = my(x,u) — 1800

912(x,u) = m3(x,u) — 1100

9130, u) = ((xg +uy) — (x6 + ue))z + (s + us) — (7 + uy ))2 —0.3%

10(x3 + u3)?

3 + 14.933(x3 + u3)

ml(x, u) = 0.7854’(x1 + ul)(xz + uz)z <

- 4’3.0934) - 1.508(2(1 + ul)((x6 + u6)2 + (x'7 + u7)2)

+7.477((xg + ug)® + (x; + uy)?)
+ 0.7854((x4 +uy) (%6 + ug)® + (x5 + us) (x; + u7)2)

j( 754(xs + Us) )2 +1.69 X 107

(x2 +up)(x3 + u3)

ma(x,u) = 0.1(xg + ug)?
754 (x5 + us) )2
+ 1.575 x 107
J((xz + uy) (x3 + uz)
ms(x,u) =

0.1(x7; +uy)3
1<x <1501<x,<158<x; <2803<x,,
xs <123,1<x,<8,1<x, <8

—0.01 < uy,up <0.01, -1 <u; <1,
—0.1 < uy, us, ug < 0.01, —0.05 < u, < 0.05
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A.4 Example 2.4: Angle Grinder

The angle grinder problem originated in [63]. The original objective function
is an expression for the cost derived from the current consumption, power output, and
weight of 20 existing angle grinder products. The full formulation from [63] is

reproduced here. The single objective optimization problem is provided in Eq. (A.4).

min o + 11 + S, (£> +e
x W

s.t.

g1(x) =B, <15T

g,(x) =B, < 15T

g3(x) =B; < 15T

g.(x) = K, < 10,000 (A4
gs(x) = K, < 10,000
L
= =< 5
ge(x) G

g-(x) = N, = integer
gs(x) = Ng = integer
Jo(x) = Ny, < 10,000
J10(x) = 0, < 145 MPa
g11(x) = 0f < 720 MPa
J12(x) = v, <3658m/s

where:
[0) N
B, = A_a Noye = 7
¢ _ KaKmFi
B, = Op =
24, mJ
Bg = i p— KoKmFi(dy, + D,)
flgl A 4Dy
c
Ks = 7 Vg = T[Nlr

The design variables are defined in Eq. (A.5). Values used here are calculated

using motor design calculations in Eq. (A.6) and gear calculations in Eq. (A.7).
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Pinion pitch diameter D,, (m)
Current I (A)

Gap thickness lgqp, (M)

Stack length L (m)

Armature turns N, (# of turns)
Stator turns N (# of turns)
Gear ratio r

Stator outer radius R, (m)
Stator thickness t (m)

Armature diameter L.(m)
Armature Section 4, (m?)
Wrap length 1., (m?)

Wire resistivity p (Am) 20 awg
Wire area 4,, (mm?) 20awg
Armature resistance R, (Q)
Stator resistance R (£2)
Resistance losses Propper (W)
Brush coefficient a (V)
Brush losses Py, sn (W)
Voltage V (V)

Power in P;,, (W)

Motor output P,,,; (W)
Density steel ps (kg/m?)

Density copper peopper (kg/m”3)

Stator mass M (kg)
Armature mass M, (kg)
Windings mass M,, (kg)
Motor mass M,,, (kg)
Motor constant K
Magnetomotive force J
Mean stator path [, (m)
Stator cross section A (m?)

Armature section 4, (m?)

D, € [0.009,0.03]

I €[6,12]

Lyap € [0.0005,0.07]
L € [0.01,0.02]

N, € [20,300]

N, € [10,200]

r € [0.2,4]

R, € [0.01,0.1]

t € [0.0001,0.1]

L-=2(Ry —t —lgap)

Ay = (ml7)/4

lw =2L, + 2L
p=0.0360m

A,, = 0.504 mm?

Ry = (pNclrw)/Aw

Rs = 2(pNl,y) /Ay

Pcopper = IZ(RS + Rq)
a=2

Pyrusn = al

V=120V

Py, =1V

Pout = Pin — Pprusn — Pcopper
ps = 8000 kg/m3

Pcopper = 8900 kg/m3

M, = (RZ — (R, — )L,
My = A, Lp;

My, = L, (N + ZNS)AWpcopper
M, = Mg+ M, + M,

K =N./m

3 = Nyl

l.=m(2R, +t)/2

A =Lt

A, =LL,
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Gap cross section A, (m?)
Permeability of steel pgtee;
Permeability, free space u,
Stator reluctance R
Armature reluctance ‘R,
Air gap reluctance Ry,
Total reluctance R ¢

Flux ¢

Torque T (N m)

Revolutions per minute N

Pinion torque (load rpm) T;, (N m)
Gear torque (load rpm) T, (N m)
Pressure angle ¢,

Cone distance C (m)

Face width b (m)

Gear pitch diameter D, (m)
Tooth loading intensity F; (N)
Elasticity factor (carbon steel) Z,
Zone factor Zy

Pinion pitch angle 6

Shaft angle y

Gear pitch angle 6,

Pinion cone depth d,, (m)

Gear cone depth D,, (m)

Amplification (light/med. shock) K,

Load distribution (precision gears) K,

Geometry factor J
Number of pinion teeth N
Module (pinion) m

Pinion mass M,, (kg)

Ag = LI,
Usteer = 1000
Uo = 4 X 1077

Rs = lc/2(UsteerttoAs)
Ry = 1/ (UsteettoAa)
ERg = gap/(:uOAg)
Reor = Rs + Ry + 2Ry
¢ =3/Reot

T =K¢/I

N = 9.549 P, (kw)/T (N m)

T, = 9.459P,,, /6500
Ty =Typr

¢, = 20°

C = D,/2sin(¢,)
b =0.008m

Dy = D,r

F; = 2T,C/(D,b(C — b))

Z, =189

Zy = 4/sin?(2¢,)
8, = Asin(D,/C)
y =90°

0g=v —6p

d, =D, sec(ep)
D, =D, sec(Hg)

K, =1.35
K, =12
J=0.25
N, =11

m = D, /N,

Mp = (T[ngpsteel)/zl'
Mg = (T[D,gbpsteel(/zl'
Mbg =M, + Mg

Gear mass My (kg)
Bevel gears mass My, (kg)

108



The angle grinder problem was modified for multi-objective optimization with
uncertainty in [58]. The objectives there are minimization of the total mass and
maximization of the output power. The integer constraints on the number of armature
turns N, and stator turns Ny was removed, allowing them to be positive real numbers.
Uncertainty appears as a +10% variability in several variables and parameters,
namely, the voltage V, stator outer radius R,, stack length L, brush coefficient a, wire
area A,,, gear face width b, the fixed assembly mass My, wire resistivity p, and the
density of the steel pgtee;- These uncertain parameters were also used in the single

objective problem in [62]
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A.5 Example 2.5/4.2: DTLZ9

DTLZ9 is a numerical test problem originally for multiobjective solvers [64].
A single objective version was created with added uncertainty by [10]. The single
objective version takes the objective to be the sum of the multiple objective functions

from the original multiobjective problem. For a selected value of n, the problem has

n variables, n uncertain parameters. The other parameter M is set to be M = % and

there are M — 1 constraints. The uncertain parameters are uncertainty added to the
decision variables. The formulation of DTLZ9 is provided here in Eq. (A.8). The

multi-objective formulation shown in Eq. (A.9) minimizes the f;(x) functions and

does not summate them. Additionally, in the multi-objective formulation the
parameters n and M are set separately by the user. The fraction of the decision
variables that is uncertain is expressed as 7. In [10], this value is set to r = 0.1, and
the summed values of the variables and parameters are restricted to the interval

[0.01,0.99] instead of [0,1].

mn ),
Jje(1,...M}

where f;(x) = z x)? (A.8)

i=|G-0(57)]
sit.ge(ew) = fd(x+w)+ fPx+u)—1=0
vk e{l,..,M—1}
x; €[r,1—r]
Yu; € [—r,7]
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min f; j=1,..,. M

Xi

where fj(x) = z X;

i=|G-0(57)]
sit.ge(cw) =fd(x+w)+ fPx+u)—1=0
vk e{l,..,M—1}
x; €[r,1—r]
Yu; € [—r,7]
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A.6 Example 3.1: TNK

The TNK example was first formulated in [72] and is named for the author
Tanaka. A robust adaptation was presented in [21] and is provided in Eq. (A.10).

There are two variables, two objectives, two constraints, and two uncertain
parameters.
min x;
X
minx,
X

s.t. (A.10)

x
—x? —x2+1+0.1cos (16 atan x—l) + 0.35sin(uy) cos(uy) <0
2

2(X1 - 0.5)2 + Z(XZ - 0.5)2 - 1 S 0
1073 < xq,x, < 3.14

—ZSHISZ, _1Su2S1
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A.7 Example 3.2: CTP

The problem Constrained Test Problem (CTP) was formulated in [74]
originally without uncertainty. It was modified to include uncertainty in [21]. The
formulation is provided below in Eq. (A.11), with 10 design variables, two objectives,
one constraint, and two uncertain parameters.

min f; = x4
X

, —nl1 X1
mxmz— o

s.t.

alsin(br(sin (8)(f2(x) — e) + cos(8) f1(x))9)|* < 0
0 =—-02mr+40,a = 0.2,b = 10,
c=1d=6+A4d,e=1

10 0.25

e(Yn)

k=2

(A.11)

h=

—02<40<02,-2<A4d<2

0<x,<1,-5<x;<5,i=2,..,10
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A.8 Example 3.3

This example is used in multiple locations, including [38] and [71]. It was
originally formulated with two objectives, two constraints, two variables, and one
uncertain parameter. In that formulation there was uncertainty in the constraints and
objectives. For feasibility robustness, variability of the objective functions was
constrained to be below 0.3 and 0.6 respectively. The objective constrained
formulation is provided in Eq. (A.12).

min f; = px;
X1

, p+Xx;
min f, =
X1,X2 X1
S.t.

g1=6—-—9x, —(p+4p)x, <0
g2=1-=9x; + (p + 4p)x, (A.12)
93 =Ipx; — (p + Ap)x1| — 4f; < 0

_|ptx @+ 4p)x|

= —Af, <0
94 | X X | fz
01<x <1, 0<x,<5
-03<4p <03

p=1A4f, =03,4f, = 0.6
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A.9 Example 3.4/4.2: Three-bar Truss

The three-bar truss problem is an engineering design example originating
from [65]. The single objective formulation was modified to include uncertainty in
[61]. This was then modified into a bi-objective problem in [38]. The bi-objective
formulation is provided in Eq. (A.13) with values defined in Eq. (A.14) . There are
two objectives, minimizing the horizontal displacement of the truss joint, and the

volume of the members. The diagram in Figure 3.6 is reproduced here in Figure A.1.

Figure A.1: Three-bar truss example
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r/ﬁ{gfl =u(4,,0)

min f, = V(4,,0)

s.t.

91 = 01 < Oyielq

92 = 02 < Oyiela (A.13)
93 =V < Vpay

gs = |u(4,,0) —u(A, + 44,0 + 40)| < 4f;

gs = [V(4,,0) —V(A; + 44,0 + 40)| < Af,

2<A, <10cm? 30<6 <40°

—0.1 <44, <0.1cm? —-5°< 40 <5°

V21Pcos(6) V2IPsin(6)
T AE T (4 +V2A)E
_ P [cos(0) sin(0)
Y | TR, i & (A.14)
_ V2Psin(6)
%2 = (A, +V24,)

V = 2V24,1 + A,l

A three-objective variation of the problem is also presented in Eq. (A.15). The
stress in the first member is also minimized, and the corresponding constraint is
removed.

lel:g*fl =u(4,,0)
r/ﬁ{gfz =V (A, 6)
Tll:g]% =0,(4,,6)

S.t. g1 = 03 < Oyjeiq (A.15)

92 =V = Vpax

gs = |[u(4,,0) —u(A, + 44,0 + 40)| < 4f;
ga = |V(A4,,0) —V(A; + 44,,6 + A6)| < Af,
2< A, <10cm?, 30<6 <40°

—0.1 < 44, £0.1¢cm? —5°< 40 < 5°
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A.10 Example 3.5: ZDT3

This is a scalable test problem, allowing varying numbers of design variables,
produced originally in [78] and is named after the authors, Zitzler, Deb, and Thiele.
Uncertainty was added in [58] and the formulation is provided in Eq. (A.16). There
are two objectives, n variables, and two uncertain parameters. A single constraint is
added as a variability constraint on the second objective function. The nominal
scenario U, used in the objective functions is the mean of the two uncertain parameter

ranges, u, = [0.05,0].

min f;(x,u,), min f,(x, ugy)
S.t.

g = 1f2(cw) — fo(x, up)| < 4f,
where

fl(x'u) =x1 +4x4
fo(x,u) = h(x,up)p(x,uy)
p(x,u) =1 +ni+1<z x; + Ax, _,_sz) (A.16)

i=2

o h Ry
h(xu) =1- ﬁ— (5) sin(107f;)

VAx, € [0,0.1]; 4x, € [0.2,0.2]
0<x<li=1.,n
Afz = 0.5
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A.11 Example 4.1: DTLZ8

The DTLZS problem is similar to DTLZ9 and originated in the same work
[64]. Uncertainty is added to the decision variables. The fraction of the decision
variables that is uncertain is described by a constant value c¢. The formulation is
provided in Eq. (A.17). There are d variables, d uncertain parameters, I objective

functions, and I constraints.

1
minfi(x)zT z X, i€el,..lI
x —
[1 J n=|G-n9

stgow)=1-f® -4 <0, i€1,..,0—-1)
gxw) =1-2f@ - min [f@ +f@®] <0

ni€[11-1]

(A.17)

u; € [—c,cl,x; €[0+¢,1—c]

J?izxi+ui
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Appendix B: Surrogate Model Selection

Some of the decisions behind the proposed SFTC-RO were informed through
empirical testing. Namely, the budget parameters, N, s and N;f, the number of initial
samples and the number of infill samples respectively, and the choice of surrogate
model were selected based on the results of a comparison study among multiple
alternatives which will be discussed in this section. First, the budget parameters, N, ¢
and N;¢, were determined by comparing the results of applying ten different values
for the parameters and selecting the best performing value. Testing was done for pairs
of (Nys, Nis) =
(5,5),(7,8),(10,10), (12,13),(15,15),(17,18), (20,20), (22,23), (25,25). These
parameter pairs were evaluated by solving Example 2 and comparing the total
function evaluations for 10 independent runs, and the results are shown in Figure
B.1(a). It can be seen from this figure that the total number of function evaluations is
largely insensitive to these parameters. However, there is a slight jump in function
evaluations after Ny s + N; = 30. To see the impact this has on the solution, Figure
B.1(b) shows the maximum constraint values for the verification. All of the results
except for Ny s + N;r = 10 demonstrate low constraint values. The first experiment to
have all four quartiles below zero (omitting outliers) is N, s + N; = 30. Because
there is little improvement but increasing cost beyond this one, N, s + N;r = 30 was
selected for the examples. Based on the above results, it seems that this was a

reasonable budget for all of the examples.

The choice of surrogate model was similarly determined through
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experimentation. Four methods were examined. Two of the methods utilized
MATLAB?’s integrated surrogate optimization functions surrogateopt and bayesopt.
The other two used MATLAB surrogate functions fitrsvm and fitrgp to build SVR
and GP models, respectively. These models were then optimized as was described in
the method proposed in this article. Examples 1-4 were all performed 10 times using
each of these methods and the results are shown in Figure B.2. SVR performed well
in the first example, Figure B.2(a), poorly in the second example, Figure B.2(b), and
could not be used in the third and fourth examples due to insufficient data at the
selected function evaluation budget. This suggests that it is not the appropriate
technique for problems of this type, where the goal is to limit the function
evaluations. Of the other techniques, the GPs performed the best in terms of both
constraint values and function evaluations for Examples 1,2, and 4, Figure
B.1(a)(b)(d). Although for Example 3, the GPs had higher function calls on average,
it performed significantly better in terms of constraint values, Figure B.2(c). Thus, the

GP surrogate model was selected for the proposed SFTC-RO methodology.
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