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ABSTRACT

The parameter estimation of damped sinusoidal signals is an important issue in spectral
analysis and many applications. The ezisting algorithms, such as the KT algorithm[8]
and the TLS algorithm([13], are based on the low-rank approximation of prediction matriz,
which ignores the Hankel property of the prediction matriz, We will prove in this paper
that the performance of parameter estimation can be improved if both rank-deficient and
Hankel properties of the prediction matriz are exploited in the matriz approzimation. Based
on this idea, a modified KT (MKT) algorithm and a super-resolution algorithm-damped
MUSIC (DMUSIC) algorithm are proposed. Computer simulation results demonstrate that,
compared with the original KT algorithm, the MKT and DMUSIC algorithms have about
5dB lower noise threshold and can estimate the parameters of signal with larger damping
factors.
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SP3.1.1 Spectral Analysis: Single-channel Time Series;

SP3.6.1 Parameter Estimation: Single-channel Time Series;
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I Introduction

The problem of parameter estimation of damped sinusoidal signals in the presence of additive
noise is very important in spectral analysis and many applications, such as magnetic reso-
nance spectroscopy and radioastronomy. The parameter estimation of one-dimensional (1-
D) sinusoidal signals also plays a key role in the parameter estimation of higher-dimensional
(H-D) sinusoidal signals[1, 3, 16].

The difficulty of this problem stems from the fact that the damped sinusoidal signal is
nonstationary and the correlation matrix can not be found. Hence, many efficient traditional
approaches[15] are not applicable. There are several model-based algorithms being devised
to cope with this problem. The Prony method[5] is one of the widely used algorithms, but
it is sensitive to measurement noise. The forward-backward linear prediction algorithm[21]
is one of the well-known algorithms for the frequency estimation of pure sinusoidal signals,
and the backward linear prediction algorithm (or Kumaresan-Tufts (KT) algorithm)[8] for
damped sinusoidal signals can attain the Carmer-Rao bound if the peak signal-to-noise ratio
(SNR) is high and the damping factors of signals are small. But for the signals with lower
SNR or large damping factor, the KT algorithm is unable to estimate the signal parame-
ters effectively. Several algorithms have been proposed to improve the high noise threshold
problem in the KT algorithm. Two of them are the total least square (TLS) algorithm [13]
based on the rank approximation and the maximum likelihood (ML) algorithm [2] based
on iterative optimization. A singular value decomposition (SVD)-based information theo-
retic criteria[14] have recently been presented to detect the number of damped/undamped
sinusoids and parameter estimation.

The existing parameter estimation algorithms for damped sinusoidal signals use only
the rank-deficient property of the prediction matrix -and ignore its Hankel property. In
this papper, we prove that the parameter estimation of sinusoidal signals from noisy data
is equivalent to the low-rank Hankel matrix approximation of data matrix (or prediction
matrix) and that the performance of parameter estimation will be improved significantly if
both rank-deficiency and Hankel properties of the prediction matrix are exploited in matrix
approximation. Based on this idea, a modified KT algorithm and a novel super-resolution
algorithm-damped MUSIC (DMUSIC) algorithm are proposed, which use both the Hankel

and the rank-deficiency properties of the prediction matrix. This paper is organized as



follows. In Section II, the matrix approximation in the KT algorithm and TLS algorithm
is analyzed. Then, a modified Kumaresan-Tufts (MKT) algorithm is developed in Section
ITI. Next, a novel super-resolution algorithm-DMUSIC algorithm is presented in Section

IV. Finally, computer simulation results are presented in Section V to demonstrate the

performance of MKT and DMUSIC algorithms.

II Matrix Approximation in KT and TLS Algorithms

A sequence z(n) consists of K damped sinusoidal signals can be expressed as

K
z(n) = Z cpe® ™, (2.1)

k=1
where cj’s are nonzero complex amplitudes, sy = —ay + Jwk, and o € RY, w € [-m,7]

for k=1, 2,---, K. o is called the damping factor of the damped sinusoid with angle
frequency wg. The larger the damping factor, the faster the amplitude of the sinusoid
decays. The observed sequence y(n) is obtained from z(n) corrupted by additive noise w(n)
which is assumed to be complex white Gaussian process. Normally, we have to make sure

that N(N > 2K). The observed data can expressed as

y(n) =z(n) +w(n) for n=0,1, 2,--- N—-1 (2.2)

The Kumaresan-Tufts (KT) algorithm[8] and the total least square (TLS) algorithm[13] are
two effective algorithms for parameter estimation of damped sinusoidal signals. We will
briefly discuss the KT algorithm and the TLS algorithm in this section and then reveal how

the matrix approximation is done in both algorithms.

A. KT algorithm and TLS algorithm

Due to the nonstationarity of damped sinusoidal signals, we first set up an (N — L) x L



(min(N — L, L) > K) conjugate backward prediction matrix

y*(1) y*(2) eyt (L)
y*(2) y*(3) ey (L+1)
An_LL = , (2.3)
\ y'(N-L) y*(N-L+1) --- y*(N-1)

and an (N — L)-component column vector

y*(0) \
y*(1)

hy_p = ' , (2.4)
y(N-L-1)

where “+” stands for the complex conjugate. From A and h, we can get an (N —L) x (L+1)
augmented matrix

By_rr+1 = (hy_r,An-L,). (2.5)

To find the frequencies of the damped sinusoids, a L-component prediction coefficient vector

c should be found such that

Ac = —h, (2.6)
where
C1 \
c2
c= , 2.7
\ )
is the backward linear prediction coeflicients. Then, e %k for k =1, 2,---, K can be



estimated by calculating the roots of the prediction polynomial
Cle)=1l4+cz7 4. +cpz L. (2.8)

Hence, the performance of an algorithm relys on how accurate the estimation of the predi-
cation polynomial is.

The KT algorithm estimates ¢ by

M
c=-— Z o7 H(uf h)vy, (2.9)
k=1

where oy’s (01 > 09 > -+ > o) are the singular values of A, and u; and vy are the left
singular vector and the right singular vector of A corresponding to the singular value oy,
and “H” stands for the conjugate transposition. To obtain optimum performance, the L
(L > K) is chosen to be larger than N — L, usually 3N/4[15]. It has been proved in [8] and
[6] that if ¢ is estimated using (2.9), then only K of C(z)’s zeros are outside the unit circle,
which are signal zeros e~% for k=1, 2,---, K. The rest of the L — K zeros are inside the
unit circle. By means of this property, the desired zeros can be easily identified to estimate
the parameters.

The TLS algorithm, on the other hand, tries to find a 1 x L vector ¢ and an (N — L) x

(L + 1) matrix D with minimum norm || D ||r subject to

1
(B + D) =0, (2.10)
c
where || . || denotes the Frobenius norm given by
IDle= (303 1d5 D2 (2.11)
i

For the TLS algorithm, one usually picks (N — L) > (L + 1). Unlike the KT algorithm,

some of the L — K extraneous zeros of prediction polynomial may lie outside the unit circle,



which makes it difficult to distinguish the signal zeros from those extraneous zeros outside
the unit circle. The difference in estimating the prediction polynomial gives rise to their

performance difference.

B. Matriz Approzimation Point of View

If there is no noise, the rank of Ay_y 1 or By_p 141 will be K. However, Ay_; 1 or
By_r,L+1 I8 )usually full rank due to the measurement noise. Hence, a low-rank matrix
approximation to Ay_z, or By_r 141 is used in both KT algorithm and TLS algorithm.

According to [10], the optimum rank K matrix approximation of Ay_r 1 can be ex-

pressed as
R K
An_LL = Z akukvf. (2.12)
k=1
To make the system equations
Ac=-h (2.13)
have solution, either h must be in span{u;, ug,---,ug} or ﬁ, the projection of h on
span{u;, ug,---,uk}, must be used instead of h in (2.13). In either case, (2.13) can be
written-as
Ac = —h, (2.14)
where
K
h=> (ufh)u. (2.15)
k=1

Since rank(A) = K < L, (2.14) is an underdetermined system of equations about ¢, and
there are multiple solutions. The solution minimizing || ¢ || is given in (2.9), which is the ¢
in the KT algorithm. The minimum norm solution of ¢ makes the extraneous zeros of the
prediction polynomial lie inside the unit circle[6].

If (N~L) > (L+1) in By_r 1+1, then rank(By_z,1+1) is uaually equal to L+1 because
of noise. Let B N—L,L+1 be the optimum rank L matrix approximation of By_r,L+1, then
ﬁN—L,L+1 is the matrix that minimizes || By_r +1 —ﬁN—L,L+1 |z and makes (2.8) have a

unique solution. Hence, the TLS algorithm first makes the low-rank matrix approximation



to BN_1,L+1, then finds D by

D =By_1141 —By-L,141, (2.16)

and finally obtains the estimation ¢ by solving
(B + D) =0 (2.17)

where O is a zero matrix with an appropriate dimension.

From the above discussion, both the KT algorithm and the TLS algorithm use the low-
rank matrix approximation to reduce the noise effect. When the signal to noise ratio (SNR)
is high and enough data are available, the rank approximation in the KT algorithm will
reduce the measurement noise significantly, hence KT algorithm in this case will almost
attain the Cramer-Rao bound[8]. However, if the SNR is reduced to certain degree, the
rank approximation in the KT algorithm is unable to reduce the noise effect efficiently
and moreover, it may introduce an extra perturbation. In that case, the noise threshold
appears. Since the TLS algorithm only makes a one-order lower rank matrix approximation
to By_L,1+1, it only gives rise to smaller perturbation under low SNR. Therefore, it has
lower noise threshold than the KT algorithm does.

Since the noise threshold of the KT algorithm is due to the low-rank matrix approx-
ﬁnation, to reduce the noise threshold, the matrix approximation approach employed in
the KT algorithm must be improved. We will show in the next section that if the Hankel
structure of the backward prediction matrix can be preserved while performing the low-rank

approximation, the noise threshold can be significantly reduced.

IIT Modified Kumaresan-Tufts Algorithm

From (2.3), we can see that the prediction matrix of a data sequence is of Hankel form.

Indeed, there is a very interesting property which can be summerized in the following



theorem.

Theorem 3.1 : If a data sequence z(n) consists of K distinct sinusoids as in (2.1), then
for any L(L > K), the L x L prediction matriz Py = [z(1 + ])]zL,J;lO i8 a singular Hankel
matriz with rank K and full rank K x K principle minor Pg = [z(i + 7) fj_:lo. Conversely,

for any L x L singular Hankel matriz Pr, = [z(i+j) f:_;:lo with rank K, if its K x K principle

minor Pg = [z( +])]{f L is full rank, then x(n) forn =0, 1,---,(2L —2) can be uniquely

expressed as the summation of K distinct sinusoids as given by (2.1).

Proof: The first part of the theorem is easy to prove and it is much more clear after the
derivation of the DMUSIC algorithm in the next section. Its proof is thus omited. Only
the proof of the second bart is given here.

Let Py, = [z(¢ + J)]f:];lo be a L x L singular Hankel matrix with rank K and Pg =
[z(i + j)]{fj_:lo be its K x K principle minor with full rank. Then Pj, can be viewed as a

singular extension of Pg. According to [4], there exists a unique set of complex numbers

ag, a1,--+,ak—1 such that
K-1
z(n) =Y aiz(n—1) for n=K, K+1,---, (2L -2). (3.1)
=0
Therefore, z(n) forn =0, 1,---, (2L —2) can be uniquely expressed as the summation of

K distinct sinusoids if £(0), z(1),---, (K — 1) are given.
(]

The above theorem reveals a one-to-one correspondence between a data sequence con-
sisting of damped sinusoidal signals and rank-deficient Hankel matrix. Therefore, parameter
estimation of damped sinusoidal signals from noisy data is equivalent to performing the low-
rank Hankel matrix approximation. More specifically, let Py, be an L x L prediction matrix
of noisy data y(n),

PL = [y(i + )]0 (32)

If we can find an L x I Hankel matrix P = [§(i + ) £]— ! with rank K and a full rank K x K

principle minor, then the parameters of the signal can be uniquely determined from P.



For both the TLS and the KT algorithms, only the rank-deficiency characteristics of the
prediction matrix is used in matrix approximation. The approximated matrix A N-L,L in
(2.12) or By L,L+1 in (2.17) unfortunately loses the Hankel property. If both the rank and
Hankel properties of the matrix are used in the matrix approximation to reduce the noise
effect, the performance of the estimation will be improved siéniﬁcantly. The modified KT
algorithm introduced here will exploit both properties.

To use the low-rank Hankel matrix approximation to reduce the measurement noise, we

first set up a square prediction matix from the observed noisy data:
P =[y(i + )l (3.3)
L Yy +J 4,j=0" .

To make full use of the given data, let L = [N/2] here. Since there is no analytical low-rank
Hankel matrix approximation approach available, an iterative approach for low-rank Hankel
matrix approximation is used here. First, an optimum rank K matrix approximation to Py,

is made using the SDV.

K
Pr = [i;)520 = D oxuevy, (3.4)
k=1
where o for k = 1, 2,-.-, K are the K largest singular value of Py and u, v are

corresponding left and right singular vectors. Py, is uaually not Hankel. Then a Hankel

matrix Py, is found to minimize I P,-P, |7, where Py, is given by
P =[5 + )52, (3.5)

and

N 1 _
Givi = 3 > Tn,ms (3.6)
0<n,m<L-1, m+n=i+j

with N being the number of the elements in matrix Py, satisfying n +m = i + j in (3.4).
After this step the rank of Py, is not necessarily K. A low-rank approximation is used
again. The procedures are repeated until a Hankel matrix with only K dominate singular
values is obtained. From the approximated Hankel matrix P L, a better noise-reduced data

7(n) can be found. Then by using the KT algorithm, the parameters of the signal can be



Table 1: Modified KT algorithm

Step 1 | Form square prediction matrix Pp,,

Step 2 | Find P, by (3.4)

Step 3 | Find Py, by (3.5)

Step 4 | Repeat Step 2 and 3 to get estimation of 7(n)

Step 5 | Estimat parameters using the KT algorithm to g(n)

obtained from %(n). The algorithm is summerized in Table 1. The proof of the convergence
of the above iteration remains open although it always converges in our simulation. In what
follows, we will prove that the proposed low-rank Hankel approximation can indeed achive

better performance.

Theorem 3.2 Let Pyrye = [z(i + j)]ij=0 be the true prediction matriz, then
” f’L - Ptrue “FS” 1?)L - Ptrue ”F . (37)

The equality holds only if Py, is Hankel.

Proof: From (3.6), we have

> e —gi (3.8)

i+j=n, 0<i,j<n

2|~ 2|

| (z(n) = §(n)) + F(n) — §ig) I*
i+j=n, 0<i,5<n

. 1 . _
= |a(n) - g(n) * +% >, | §(n) — i
N
irkj=n, 0<i,j<n

Y el - §)E) - 5" + @) = 50) @) - 5}

i+j=n, 0<4,j<n

~ 1 ~ _
P LD DI O Y.
i+j=n, 0<i,j<n

| z(n) - g(n) I%,

v

where N is the number of elements in matrix Py, satisfying i + j = n. The third equality is

based upon the assumption in (3.6).



Using the above inequality, a direct calculation yields that

” 13L ~ Ptrue ”%‘
= | PL—Prl} +1Pr—Porue I}
“ f’L = Prye ”%‘ . (3.9)

v

O

The above theorem demonstrates that Py is always more accurate than P L. If the
SVD in the iteration procedures can reduce the noise effect efficientely, a better estimation
of P¢ye can be obtained by preserving the Hankel form after each iteration. Hence, the
performance of the modified KT algorithm is better than that of the original KT algorithm.

Even though we emphasize the modified KT algorithm in this section, the similar pro-

cedures can also be used for the TLS algorithm.

IV Damped MUSIC Algorithm

The rank-deficiency and the Hankel properties of the prediction matrix can be directly used
in the parameter estimation as in the DMUSIC algorithm developed in this section. Since
there is no correlation matrix for damped sinusoidal signals, different from the conventional
MUSIC algorithm, the DMUSIC algorithm can be derived only if the data matrix is set up
in a structural way.

To derive the DMUSIC algorithm, we will set up a new L x L prediction matriz:

y(0) y(1) y(L-1) )
A~ y(1) y(2) y(L) 1)
\ ¥(L-1) y(L) - y(2L-2) )

The prediction matrix to DMUSIC algorithm is as the correlation matrix to MUSIC algo-

10



rithm. From (2.1) and (2.2), A can be written as

K
A= cir(sp)rf(sy) + W =scsT + W, (4.2)
k=1

where r(s) and S are signal vector and signal matriz that are defined as

()
r(sg) = .e and S = [r(s1),r(s2),:-,r{sk)], (4.3)
elL—1)sk }

respectively, C is a K x K diagonal matrix with diag(C) = (¢1, ¢g,++,cx) and W =
[w(i +7) iL,j—=10 is the noise matriz.

If si’s are distinct, then r(sg) for k = 1, 2,---, K are linear independent and hence S
is of full column rank. Since the rank of C is K, the rank of A is equal to K if there is
no measurement noise. Now, assume that there is no noise. By means of singular value

decomposition, A can be decomposed into the product of three matrices[10]

A =UDVH, (4.4)

where U and V are unitary matrices, D is a diagonal matrix and

diag(D)=(01, 02, OK, Oa"'aO), 012022 2 0K. (45)

According to (4.4),
AV =UD (4.6)

11



Denote v; the i-th column of V. span{v,---, vk} is called signal subspace for

span{vy, -+, vg} = span{r(s1),---, r(sk)}, (4.7)

where span{} refers to the subspace that is defined by the set of all linear combinations of

the vectors.

From (4.5) and (4.6), we have the following orthogonality relations

AV, =0, or Avp=0 fork=K+1,---, L. (4.8)
where Vi = [vk41,: -+, vL]. From (2.4),
SCSTvy =0 fork=K+1,---,L. (4.9)

Since both S and C are of full rank, STvy = 0for k = K +1,---,L, i.e. rT(sp)v =0
fork=K+1,---,Landn =1, 2,--- K. Hence, Vp'r(s) = 0 only when s = sy, - -, sx.
Therefore, s, can be obtained by finding s which makes || VoZr(s) ||= 0.

When noise exists, the orthogonality relations (4.8) no longer hold. In this case, we can
search for signal vectors that most closely orthogonal to the noise subspaces. Hence, s; can

be obtained by finding the peak of the following spectrum

1
) 4.10
1 (s)Vp* Vi E(s) (4.10)
where
F= oL (4.11)
fI x|l '

The algorithm is summerized in Table 2.

The algorithm discussed above is called the damped MUSIC (DMUSIC) algorithm for it
looks like the MUSIC algorithm'. But, there are several crucial differences between DMUSIC
algorithm and MUSIC algorithm in that DMUSIC algorithm is for the parameter estima-

tion of the damped sinusoidal signal which is nonstationary. Since the correlation matrix

12



Table 2: Damped MUSIC algorithm

Step 1 | Forming data matrix A using (4.1)
Step 2 | Finding Vy by making SVD to A
Step 3 | Estimating sx by find the peaks of (4.10)

is not available for nonstationary signals, the prediction matrix is used in DMUSIC algo-
rithm. DMUSIC algorithm searchs on (e, w) so that these two parameters can be estimated

simultaneously.

Remarks:

e In the derivation of the DMUSIC algorithm, the prediction matrix A in (4.1) is set
up to be square. By similar argument, it is easy to show that the DMUSIC algorithm

can also work when A is not square.

e In order to obtain the noise space and the signal space, the model order should be
known in advance. We may determine the model order by observing the number of
the dominate eigenvalues. Since the problem of order determination is an important
topic in spectrum analysis itself, we shall simply note the existence of various effective

methods [9], [14] and [19].

o At the first glance, the DMUSIC algorithm has nothing to do with the Hankel matrix
approximation. But it exploits the rank-deficiency and Hankel properties implicitly.
By searching s = a+ jw to maximize (4.10), the DMUSIC algorithm find the complex

frequencies s, S2,+,Sk such that

A ~ScsT, (4.12)

where S is as in (4.3). SCST is a Hankel matrix with rank K. Hence, the DMUSIC
algorithm directly finds the low-rank Hankel approximation of the prediction matrix
A.

13



V  Computer Simulation Examples

In this section, we will test the performance of the MKT and the DMUSIC algorithms and
compare them with the KT algorithm by two computer simulation examples.

In our examples, the damped sinusoids is corrupted by complex white Gaussian noise
with zero-mean and variance o2. The SNR used in the examples is the peak signal-to-noise
ratio defined as

1

The performance of the algorithms is measured by the mean square error (MSE). For com-
parison, we also simulate the performance of Kumaresan-Tufts (KT) algorithm[8] and cal-
culate the Cramer-Rao bound using the formula in [8]. In our simulation, N = 24, L = 18
for K-T algorithm and MKT algorithm and L = 12 for DMUSIC algorithm.

Ezxample 1:

The simulated data are given by
z(n) = e’ + w(n). (5.2)

where s = —a + jw, and w(n) is complex white Gaussian noise and with variance o2.

When we fix s = —0.20+727(0.52) and change the SNR, the simulation results are shown
in Figure 1 (a) and (b), for the MSE of damping factor « and frequency w, respectively. From
this figure, the performance of the KT algorithm and the MKT algorithm are near Cramer-
Rao (CR) bound if SNR is high. The MSE of DMUSIC is a little bit larger than the CR
bound, but the noise threshold of DMUSIC algorithm is the lowest of the three algorithms.
We can see that the performance of both MKT and DMUSIC algorithms follow closely to
the CR bound in estimating damping factor «, and the noise threshold in estimating the
frequency is about 6-7dB below that of the KT algorithm.

When we fix SNR = 20dB and change the damping factor . The MSE’s of o and w
are shown in Figure 2 (a) and (b). From these, we can see that when the damping factor
is less than 0.2, the performance of KT, MKT and DMUSIC algorithms is near CR bound.
If & > 0.55 (Figure 2 (b)), KT algorithm is unable to estimate the parameters while MKT

and DMUSIC algorithms can still estimate the parameters effectively. In particular, the

14



MKT algorithm outperforms the DMUSIC algorithm for large damping factor.
Ezample 2:
The simulated data are generated by

y(n) = €™ + " + w(n), (5.3)

where 57 = —0.24+727(0.42), so = —0.1+727(0.42+ A), and w(n) is complex white Gaussian
noise with variance o2.

When SNR = 40dB, A = 0.1. the spectrum of the DMUSIC is shown in Figure 3 (a)
and the contour in Figure 3 (b). From the figures, the damping factors and frequencies of
the signal can be easily estimated simultaneously by finding the peak on the spectrum. But
if SNR = 40dB, A = 0, i.e. two exponentially damped signals with the same frequency,
the spectrum has just one peak (see Figure 3 (c) and (d)). Hence, the damping factors of
the signals can not be correctly estimated by the DMUSIC algorithm. However, if SNR
is increased to 60dB, both the damping factors and the frequencies of the signals can be
estimated again as demonstrated by Figure 3 (e) and (f).

The zeros of prediction polynomials are shown in Figure 4. From the figure, it is clear
that the MKT algorithm has less bias and smaller variance than the KT algorithm.

If we fix A = 0.1 (in this case, the example is the Experiment 1 of [8]), the MSE’s of
ay,w1, a9 and wo for KT algorithm, MKT algorithm and DMUSIC algorithm are shown in
Figure 5 (a)-(d). From these figures, the noise threshold of MKT algorithm and DMUSIC

algorithm is about 5dB lower than that of KT algorithm.

VI Conclusions

The reduced-rank matrix approximation has been an effective tool in many branches of
signal processing. In this paper, we show that if we can also preserve the matrix structure,
such as the Hankel structure for the case of parameter estimation of damped sinusoidal
signals, the performance can be further improved. Specifically, we presented the MKT
algorithm and the DMUSIC algorithm to estimate the parameters of damped sinusoidal
signals. The MKT algorithm and DMUSIC algorithm exploit both reduced rank and Hankel

15



properties of the prediction matrix. Compared with the original KT algorithm, they have
about 5dB lower noise threshold and are able to estimate the parameters of signal with
large damping factors. Hence, preserving the Hankel structure in reduced-rank matrix
approximation does improve the performance significantly. The proposed approach and
concept presented in this paper can also be extended to the general area of redeuced rank
signal pvrocessing [17) where structural low-rank approximation can be very effective in

performance improvement.
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