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This dissertation presents a state-space formulation of a grid-free, wake-resolving aerodynamic

method, developed to enable mid-fidelity aerodynamics to be incorporated directly into flight-dynamics

and control analysis. In the hierarchy of rotorcraft aerodynamic models, the proposed approach occu-

pies an intermediate position between low-order finite-state inflow models, which offer computational

efficiency at the cost of physical fidelity, and grid-based computational fluid dynamics methods, which

resolve complex flow physics but carry substantially higher computational cost. Conventional wake-

resolving methods are typically cast as time-marching procedures, which restricts their compatibility

with equilibrium analysis, systematic linearization, and control-oriented simulation frameworks. The

present work addresses this limitation by reformulating a coupled panel and vortex particle method

into a nonlinear state-space representation, in which wake evolution and induced velocities are treated

as a unified set of dynamical states.



Within this framework, linearized aerodynamic models are derived using both numerical pertur-

bation and a novel analytical linearization approach, enabling efficient construction of linear models

suitable for trim and stability analysis. The formulation is first validated for fixed-wing configurations

by comparing results with DUST, an open-source aerodynamic solver, confirming the accuracy of the

nonlinear model under steady and unsteady conditions. The linearized models show strong agreement

with nonlinear responses to sinusoidal angle-of-attack perturbations in both time and frequency do-

mains. The analytical linearization reduces the cost of constructing the linear model byO(n2) relative

to perturbation-based approaches, where n denotes the number of system states, while maintaining

comparable accuracy.

The formulation is subsequently extended to rotary-wing configurations, where wake dynamics

are coupled with rotor motion. Validation against experimental data confirms that the method cap-

tures rotor wake behavior and radial load distribution with good agreement. That linearized models

closely match the nonlinear response to collective doublet inputs. To improve scalability for large

wake systems, the fast multipole method (FMM) is incorporated, reducing the cost of particle-particle

interactions fromO(N2
p ) toO(Np), where Np denotes the number of vortex particles. Results indicate

that octree construction and multipole evaluation introduce non-negligible overhead for small particle

counts, while substantial computational savings are achieved for larger wake systems. Viscous diffu-

sion is incorporated via the particle-strength exchange (PSE) scheme, which improves wake realism,

reduces thrust overprediction, and preserves the efficiency of analytical linearization. The formulation

is further extended to account for rotor operation in ground effect using the Method of Images.

Finally, the aerodynamic formulation is coupled with GenMR, an in-house flight-dynamics and

control framework, enabling a particle-based wake model to interact with rigid-body motion and con-

trol inputs within a unified simulation environment. Coupled simulations for representative config-



urations - including generic helicopter, tiltrotor, and electric vertical takeoff and landing (eVTOL)

- demonstrate the method’s capability to capture detailed wake dynamics within a flight-dynamics

setting. Collectively, these developments establish a mid-fidelity aerodynamic framework suitable

for integration within flight-dynamics simulations, and provide a foundation for future extensions to

closed-loop flight simulation, aeroelastic modeling, and distributed-propulsion aircraft.
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Chapter 1: Introduction and Background

Modern air vehicle operations increasingly demand aerodynamic prediction capabilities that ex-

tend well beyond the assumptions underlying simpli�ed aerodynamic models. Rotorcraft executing

shipboard landings in turbulent ship airwakes, tiltrotors transitioning between helicopter and �xed-

wing �ight modes, and urban air mobility vehicles operating in con�ned urban environments all in-

volve complex, time-varying wake interactions that directly in�uence vehicle stability and controlla-

bility. In each of these scenarios, the aerodynamic environment cannot be adequately characterized

by quasi-steady in�ow assumptions or prescribed wake geometries. Yet, the control systems govern-

ing these vehicles must be designed and certi�ed using computationally tractable models amenable

to systematic analysis. This fundamental tension between aerodynamic �delity and computational

practicality motivates the present work.

Accurate modeling of unsteady aerodynamic phenomena is central to the analysis, simulation,

and control of modern air vehicles [6, 7]. In �ight dynamics and control applications, aerodynamic

models must be repeatedly evaluated, integrated ef�ciently in time, and consistently coupled with

rigid-body and structural dynamics [8, 9]. These requirements arise naturally from trim analysis, sta-

bility assessment, control law development, and piloted simulation, all of which depend on reliable

predictions of aerodynamic forces and moments [9, 10]. As a result, aerodynamic models used in

�ight dynamics have historically emphasized computational ef�ciency, numerical robustness, and for-

mulations that can be incorporated directly into system-level dynamic representations [6,10,11].

Within this context, the mathematical structure of the aerodynamic formulation becomes as im-

portant as its physical �delity. For integration into comprehensive vehicle models, aerodynamic states

must evolve in a manner that is compatible with the governing equations of motion and amenable to
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systematic analysis. This includes the ability to represent aerodynamic effects, transient wake in�u-

ences, and in�ow dynamics through well-de�ned dynamical variables that interact consistently with

the vehicle states. Such structural properties are essential for stability, linearization, and control gains

scheduling across varying �ight conditions [9, 12]. However, many wake-resolving aerodynamic ap-

proaches are primarily time-marching �eld solvers and therefore do not naturally yield formulations

aligned with these system-oriented requirements. This creates a persistent gap between high-�delity

aerodynamic modeling and practical �ight-dynamics implementation.

To satisfy these structural and computational requirements, a wide range of low-order aerody-

namic models has been developed within the aeromechanics community. For rotary-wing applications

in particular, blade element momentum theory (BEMT) and its variants remain among the most widely

used approaches, owing to their conceptual simplicity and modest computational cost [6,11]. In these

models, aerodynamic loads are evaluated locally along the blade span using two-dimensional airfoil

characteristics. At the same time, the global in�uence of the wake is incorporated through momen-

tum theory, prescribed in�ow distributions, or empirically derived correction models [13]. Each blade

section is evaluated locally with spanwise coupling introduced through a modeled induced velocity

rather than an explicitly resolved wake. In this way, the inherently three-dimensional and unsteady ro-

tor �ow is approximated by a reduced set of spanwise-sectional equations, yielding a computationally

tractable representation of the aerodynamic loading. This structure enables rapid evaluation across op-

erating conditions and provides a practical foundation for performance prediction, trim analysis, and

preliminary control studies [9,10].

To address the limitations of quasi-steady in�ow assumptions, dynamic in�ow models were

developed to capture the transient evolution of the rotor-induced velocity �eld. Classical formulations

include the Pitt-Peters [13] and Peters-He [14] models, which approximate the wake-induced velocity
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using a small number of in�ow states governed by low-order differential equations. These models

preserve computational ef�ciency while improving the prediction of unsteady rotor response during

maneuvers, making them well-suited for �ight dynamics and control applications [10,11]. Their wake

representation, however, remains strongly simpli�ed, relying on assumed spatial distributions and a

limited number of degrees of freedom [6].

Beyond momentum-based approaches, lifting-line and vortex-lattice methods have been devel-

oped to capture spanwise loading variations and induced aerodynamic effects with greater physical

�delity. In lifting-line formulations, the lifting surface is represented by a spanwise distribution of

bound circulation known as the lifting line. The induced velocity �eld is computed from the bound

circulations and the trailing-vortex system shed behind the lifting surface using the Biot-Savart law.

Classical implementations, such as the Weissinger-L method [15], employ discrete horseshoe vortices

to represent the circulation distribution, providing an ef�cient means of predicting the lift distribution

for �nite lifting surfaces.

Vortex-lattice methods extend this concept by discretizing the lifting surface into a lattice of

panels, each carrying a vortex ring. The circulation strengths of these elements are determined si-

multaneously by enforcing the �ow tangency condition at a set of control points distributed across

the surface, yielding a linear system that governs the aerodynamic loading distribution [16]. This

panel-based representation allows a more detailed description of surface loading.

Because they capture spanwise loading and induced �ow effects at relatively modest computa-

tional cost, lifting-line and vortex-lattice methods have been widely applied to both �xed-wing and

rotary-wing con�gurations. These formulations serve as the aerodynamic foundation of several com-

prehensive aeromechanics tools and remain in broad use for performance prediction and preliminary

design studies [11,17].
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Further �delity improvements have been achieved by explicitly modeling the wake shed from

lifting surfaces. In vortex �lament formulations, the wake is represented by discrete �laments that

are convected downstream, with their induced velocities directly in�uencing the aerodynamic load-

ing of the lifting surface [6]. Prescribed-wake models assume a prede�ned wake geometry based on

empirical or analytical approximations. In contrast, free-wake methods compute the wake evolution

self-consistently by convecting vortex �laments according to the local induced velocity �eld [18, 19].

By allowing the wake geometry to deform in response to aerodynamic interactions, free-wake ap-

proaches provide improved predictions of rotor in�ow, wake distortion, and interactional aerodynam-

ics. However, tracking the wake over long time histories introduces substantial computational cost

and numerical stiffness, particularly as the number of wake elements grows during time-marching

simulations [7].

Many of these aerodynamic models have been incorporated into comprehensive �ight-dynamics

simulation environments. Tools such as GenHel [1], GenMR [20], and commercial platforms such

as FLIGHTLAB [21] integrate aerodynamic, structural, and rigid-body models into uni�ed vehicle

simulation frameworks. Within these environments, aerodynamic formulations must operate reliably

across wide �ight envelopes while remaining computationally ef�cient enough to support real-time or

near-real-time simulation [9, 10]. Consequently, aerodynamic models embedded in �ight-dynamics

solvers are typically cast in compact state-variable representations that integrate ef�ciently with the

vehicle equations of motion.

In parallel, comprehensive aeromechanics tools such as UMARC-II [22] and CAMRAD-II [23]

combine nonlinear lifting-line or free-wake aerodynamic models with blade structural dynamics and

trim algorithms to predict rotor performance, loads, and aeroelastic response across a broad range of

operating conditions. These solvers explicitly resolve wake evolution and offer signi�cantly improved
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predictive capability compared to lower-order engineering models.

However, comprehensive aeromechanics solvers are generally formulated as nonlinear time-

marching simulation tools rather than explicit dynamical systems. The aerodynamic states remain

embedded within the numerical solution procedure, and the resulting formulations do not naturally

admit equilibrium solutions or systematic linear models. Consequently, while these tools are highly

effective for performance analysis and design studies, their direct application in control-oriented �ight-

dynamics analysis remains limited.

These structural limitations are further compounded by the aerodynamic complexity introduced

by modern air vehicle con�gurations. Emerging concepts such as future vertical lift (FVL) and urban

air mobility (UAM) vehicles often involve multiple closely spaced rotors, variable-speed operation,

and frequent �ight near aerodynamic boundaries [24]. Capturing these effects requires explicit mod-

eling of wake evolution over extended time scales and with increased spatial resolution [18, 19]. As

aerodynamic �delity increases to represent such interactions, the associated computational cost grows

substantially, further complicating the integration of these models within system-level �ight-dynamics

simulations.

At the opposite end of the �delity spectrum, high-�delity computational �uid dynamics (CFD)

solvers resolve the governing �ow equations to capture detailed aerodynamic physics, including com-

plex vortical structures, viscous effects, and unsteady �ow phenomena [18, 19]. These methods are

typically formulated as nonlinear time-marching systems and yield high-accuracy simulations at sub-

stantial computational cost. The resulting formulations do not naturally yield compact dynamical

representations suitable for �ight-dynamics analysis [7,10].

This trade-off is summarized in Table 1.1. The comparison highlights a persistent structural

gap across aerodynamic modeling approaches. Low-�delity models offer excellent computational ef-
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�ciency and integrate naturally within �ight-dynamics frameworks, making them well-suited for sta-

bility analysis and control design. High-�delity CFD methods, by contrast, provide the most detailed

representation of �ow physics but remain impractical for �ight-dynamics applications due to their com-

putational expense and the absence of compact dynamical representations. Mid-�delity vortex-based

methods occupy an intermediate position, offering explicit wake modeling at manageable computa-

tional cost. However, as indicated in the table, these formulations typically lack an inherent state-space

structure and therefore do not readily admit systematic linearization [25–27].

Table 1.1: Comparison of aerodynamic modeling approaches commonly used in �ight
dynamics and aeromechanics applications.

Low-Fidelity Mid-Fidelity High-Fidelity

(BEMT, lifting-line,
in�ow models)

(VPM, VLM, free-
wake methods)

(RANS, LES, DNS)

Computational cost Real-time capable Seconds - minutes Hours - days

Predictive accuracy Limited for unsteady
�ows

Captures dominant
wake physics

Resolves detailed �ow
structures

Wake modeling Prescribed / empirical
in�ow

Explicit wake model-
ing

Fully resolved vortic-
ity �eld

Viscous effects Empirical corrections Modeled diffusion
mechanisms

Directly resolved

Flow representation Simpli�ed parameters Discrete vortical ele-
ments

Continuous �ow�eld

Grid dependency Grid-free Grid-free (La-
grangian)

Grid-based (Eulerian)

State-space compati-
bility

Natural formulation Possible through re-
formulation

Not tractable

Linearizability Direct Possible but expensive Not practical

This comparison highlights a fundamental modeling challenge within the aeromechanics com-

munity. No widely adopted aerodynamic formulation simultaneously provides explicit wake resolu-

tion, computational tractability, and compatibility with systematic linearization. This gap motivates

renewed attention to vortex-based formulations as a potential pathway for reconciling these competing
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requirements.

Vortex-based methods occupy an intermediate position within the aerodynamic modeling hier-

archy. By representing the vorticity �eld directly and evolving it according to the governing �ow

physics, these methods can capture unsteady wake dynamics and interactional aerodynamics at a com-

putational cost signi�cantly lower than that of high-�delity CFD solvers [28, 29], offering a promis-

ing compromise between physical realism and the computational ef�ciency required for system-level

simulations. Vortex-based wake models have accordingly been introduced into �ight-dynamics envi-

ronments for maneuvering �ight analysis, control evaluation, and piloted simulation [7,10], providing

more realistic rotor in�ow representations than classical engineering in�ow models while remaining

computationally tractable.

A notable example is the integration of time-accurate free-wake modeling into the GenHel simu-

lation framework through the CHARM Wake Module [1,30]. This module employs a constant vorticity

contour (CVC) formulation, in which equal-strength vortex �laments are shed along the full span of

each rotor blade [31]. When coupled with a vortex-lattice lifting-surface blade model, this approach

enables the computation of induced in�ow effects with substantially greater physical �delity than clas-

sical dynamic in�ow models [7], and its demonstrated feasibility for real-time simulation has led to

its adoption in Navy training simulators that include ship airwake effects [32]. However, the CHARM

formulation remains a time-marching procedure in which wake states are evolved numerically rather

than de�ned as explicit system variables. It does not naturally admit trim solutions in the classical

sense, nor does it yield Jacobian matrices suitable for linear stability analysis or control synthesis. Ex-

tending numerical perturbation-based linearization to systems with thousands of wake states quickly

becomes computationally intractable.

Among vortex-based approaches, vortex particle methods (VPM) represent the wake as a col-
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lection of �nite-core vortex elements that convect and diffuse in space. The method originates from

early Lagrangian vortex formulations developed in the 1970s, including the discrete-vortex work of

Chorin [33] and subsequent vortex-blob and particle formulations by Leonard [34]. Later develop-

ments in fast summation techniques, most notably the fast multipole method introduced by Greengard

and Rokhlin [35], enabled vortex particle methods to scale ef�ciently to large three-dimensional prob-

lems. Derived from the vorticity form of the Navier-Stokes equations, VPM naturally accommodates

viscous diffusion through techniques such as core spreading or particle strength exchange [28, 36],

providing improved numerical robustness in highly distorted wakes [37]. Modern implementations

such as DUST [3], FLOWUnsteady [38], ART [39], and CASSIOPEE [40] have demonstrated strong

predictive capability across helicopter, multirotor, tiltrotor, and distributed propulsion con�gurations

[41, 42]. Nevertheless, these solvers share the same fundamental limitation: aerodynamic states re-

main embedded within a nonlinear time-marching procedure rather than explicitly de�ned as system

variables, precluding equilibrium analysis and systematic linearization [7,28,43].

The objective of this dissertation is therefore to develop a vortex-based aerodynamic framework

that retains mid-�delity wake physics while being formulated explicitly as a system of state equations

admitting equilibrium solutions and systematic linearization. To appreciate why this is non-trivial,

consider that a representative rotor simulation may involve thousands of discrete vortex particles, each

carrying three vorticity components and three position coordinates, yielding state vectors with dimen-

sions on the order of tens of thousands. Constructing a Jacobian via �nite-difference perturbation re-

quires one full nonlinear evaluation per state perturbation; a cost that scales quadratically with system

dimension and introduces truncation errors that can corrupt the linearized model in regions of rapidly

varying induced velocity. These considerations establish a clear need for an analytical linearization

framework that can ef�ciently evaluate the system Jacobian.
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To this end, this dissertation introduces a uni�ed State-Space Panel and Viscous Vortex Particle

Method (SS-PVVPM). The principal contributions are as follows. First, wake position, vorticity, and

aerodynamic surface loading are represented as explicit dynamical variables governed by a system of

�rst-order ordinary differential equations. Second, an analytical linearization of this nonlinear system

is derived, providing exact Jacobian matrices without reliance on numerical perturbation. Third, fast

multipole method acceleration is incorporated directly into the state-space structure, enabling compu-

tational scalability for large wake con�gurations without compromising linearizability. Fourth, viscous

diffusion and ground-effect modeling are embedded within a single framework, broadening physical

�delity while preserving analytical properties. Finally, the framework is integrated within a �ight-

dynamics solver and demonstrated for coupled stability analysis and maneuver simulation. Collec-

tively, these developments address the structural gap identi�ed in Table 1.1, enabling wake-resolving

aerodynamics to be integrated directly into �ight-dynamics analysis and control-oriented simulation

environments.

The remainder of this dissertation develops and validates the proposed framework through a

sequence of progressively extended formulations and validation studies, organized as follows.

Chapter 2 presents the governing equations of the coupled panel and vortex particle method

and reformulates them as a system of �rst-order state equations. An analytical linearization of the

resulting nonlinear system is derived, establishing the theoretical foundation for stability analysis and

control-oriented modeling.

Chapter 3 applies the formulation to �xed-wing con�gurations. Numerical results validate both

the nonlinear and linearized models and demonstrate the accuracy and computational characteristics

of the state-space representation in a non-rotating reference frame.

Chapter 4 extends the framework to rotary-wing con�gurations, where wake dynamics are inher-
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ently time-periodic. The formulation is veri�ed for representative rotor cases, and linearization about

periodic equilibria is performed to assess its suitability for rotorcraft �ight-dynamics and control stud-

ies.

Chapter 5 addresses computational scalability by incorporating FMM acceleration into the state-

space formulation. The impact on computational ef�ciency and solution accuracy is evaluated for large

wake systems.

Chapters 6 and 7 further extend the physical �delity of the framework by incorporating viscous

diffusion and ground-effect modeling within the same linearizable state-space structure. Validation

studies quantify the in�uence of these effects on wake evolution and aerodynamic loads.

Chapter 8 demonstrates the integration of the aerodynamic formulation within an in-house �ight-

dynamics solver. Coupled simulations establish the framework's capability to support stability analy-

sis, maneuver prediction, and control-oriented simulations involving wake dynamics.

Chapter 9 summarizes the principal �ndings of the dissertation and outlines directions for future

research.

Parts of the work presented in this dissertation have been published in prior peer-reviewed publi-

cations by the author. The present dissertation integrates these contributions into a uni�ed framework.

All prior publications are properly cited, and the dissertation represents original work by the author.
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Chapter 2: Methodology: Coupled Panel and Vortex Particle Method

This chapter presents the general framework adopted in this work. The objective is to establish

the mathematical structure of the coupled panel and vortex particle method in a form suitable for state-

space representation and linearization. The resulting system is expressed explicitly in terms of state

variables, providing a consistent foundation for equilibrium computation, linearization, and subsequent

application to both �xed-wing and rotary-wing con�gurations.

2.1 Overview

The simulation model used in this work is an aerodynamic method based on the panel method

[16] and the vortex particle method [36]. Panels are used to model the wing/blade surface as well as

the near wake, whereas vortex particles are used to model the far wake. This setup is shown in Fig.

2.1. The present setup has six main variables: wing/blade panel doublets �b, wake panel doublets

� w, wake panel positions rrr w, wake particle vortical vector ��� p, and wake particle positions rrr p, and the

particle core radius/size �p.

2.2 Mathematical Formulation

The mathematical formulation of the aerodynamic solver relies on a vorticity-velocity formula-

tion of the aerodynamic problem based on Helmholtz's decomposition of the velocity �eld and on a

Lagrangian description of the vorticity �eld. The Helmholtz decomposition of the velocity �eld states

that the velocity �eld uuu(rrr; t) can be written as the sum of an irrotational �eld characterized by the

potential velocity uuu' = rrr' and a solenoidal �eld described by the rotational velocity uuu = rrr �    :
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wake particles
rrr p; ��� p; � p

wake panels
rrr w; � w

blade/wing panels
rrr b; � b

Figure 2.1: Simulation model schematic.

uuu(rrr; t) = uuu' (rrr; t) + uuu (rrr; t) (2.1)

Since the rotational velocity is a solenoidal vector �eld, the incompressibility constraint reduces to the

Laplace equation for the kinetic potential '''(r rr; t) in the �uid domain 
 F:

0 = rrr � uuu = rrr � uuu' + rrr � uuu | {z }
rrr�(r rr�   )�0

! �' '' = 0 (2.2)

Because the potential velocity is an irrotational velocity �eld, the vorticity �eld !!!(rrr; t) acts as a volume

forcing of the Poisson equation for the vector potential    (rrr; t):

!!! = r rr � u uu�| {z }
rrr�r rr'�0

+rrr � u uu ! ��   = ! !! (2.3)

given the vector identity �   = r rr(r rr �    ) � r rr � (r rr �    ) and the gauge condition rrr �    = 0.

Then, the Lagrangian description of the dynamical equation governing the vorticity �eld !!!(rrr; t) of an
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incompressible �ow is:

D!!!
Dt

= (!!! � rrr)uuu + � 1 �! !! (2.4)

where �1 is the �ow kinematic viscosity and the material derivative of the vorticity �eld D!!!=Dt

represents the material derivative of the vorticity associated with a material particle. In the initial

version of the governing equations, viscous effects are neglected for simplicity; in Chapter 6, they

are included, and their effects are studied. The differential problems de�ned in the �uid domain


 F are manipulated using Green's function method to obtain a grid-free volume formulation of the

aerodynamic problem.

2.2.1 Wing/Blade Panels

Morino's [44] method solves the Laplace equation, Eq. (2.1), using Green's functions. This

is done to recast the differential problem governed by Laplace's equation for the perturbation kinetic

potential, supplied with the appropriate boundary conditions, with an integral boundary problem [45].

Morino's method subdivides the surface of the solid bodies @
b and the potential part of the near-wake

@
w into panels of uniform doublet intensity, de�ned as ��� b, and those of the sources as ��� b. The source

term ��� b is then de�ned to enforce the non-penetration condition on the wing/blade surface [16]:

� b = � n̂nn � (uuub � UUU1 � uuu ) (2.5)

wheren̂nn denotes the outward panel normal, vvvb is the body velocity, UUU1 represents the free-stream

velocity, and uuu is the velocity induced by the vortex particles.
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A discrete formulation of the problem is given by:

AAAb��� b + AAATE
w ��� TE

w + AAAw��� w + BBB b��� b = 000 (2.6)

where AAAb 2 R Nb �N b , BBB b 2 R Nb �N b , and Nb is the total number of wing/blade panels. AAATE
w 2 R Nb �N s

is a rectangular matrix where Ns is the number of panels in spanwise direction. AAAw 2 R Nb �N w is a

rectangular matrix where Nw is the total number of near-wake panels excluding the trailing edge (TE)

wake panels. The elements of matrices AAA (AAAb;AAAw; and AAATE
w ) and BBB b represent the induced potential

of the kth doublet and the kth source panel at the point rrr i , respectively, except for the self-induction

potential aerodynamic in�uence coef�cient of a doublet:

A ik = �
Z

Sk

@G(r0r0r0; rrr i )
@̂nnnks

A i;i =
1
2

B ik = �
Z

Sk

G(r0r0r0; rrr i ) (2.7)

where G(r0r0r0; rrr i ) is the Green's function solution of the Laplace equation. A detailed formulation of

these coef�cients can be found in Ref. 46. At each time step, the intensity �ks of the sources is

provided by the non-penetration boundary condition as a function of the velocity of the body surface

uuub, and the rotational velocity uuu at the collocation points rrr 0. In contrast, the intensity �kw of the wake

doublet elements is known from previous time steps.

2.2.2 Wake Shedding

In inviscid �ows, lifting bodies release wakes from their trailing edges. The Kutta condition

represents the vorticity balance at the trailing edge and determines the intensity of the wake panel

shed into the domain. A row of implicit wake panels is introduced at the trailing edge of thick bodies
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modeled with surface panels to satisfy the potential jump condition [44,47]:

� TE
w = � +

b � � �
b (2.8)

This relation can be written in matrix form as follows:

��� TE
w =

8
>>>>>>>>>><

>>>>>>>>>>:

� 1

� 2

...

� N s

9
>>>>>>>>>>=

>>>>>>>>>>;
TE

=

2

6
6
6
6
6
6
6
6
4

�

1 0 � � � 0 �1

� �

0 0 � � � 0 0

�
� � �

�

0 0 � � � 0 0

� �

1 0 � � � 0 �1

�
� � �

� � � � � �
. . .

3

7
7
7
7
7
7
7
7
5

8
>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

8
>>>>>><

>>>>>>:

� 1

...

� N c

9
>>>>>>=

>>>>>>;

8
>>>>>><

>>>>>>:

� N c+1

...

� 2Nc

9
>>>>>>=

>>>>>>;

...

� Nb

9
>>>>>>>>>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>>>>>>>>>;
b

= K 5��� b

(2.9)

where KKK 5 2 I Nb �N b is the connectivity (sparse) matrix, Nc is the number of chordwise wing/blade

panels, Ns is the number of spanwise wing/blade panels, and Nb is the total number of wing/blade

panels.

2.2.3 Wake Panels and Wake Particles Connection

The transition from wake panels to wake particles is such that the intensities of the wake panels

��� w are transferred to the wake particles ��� p. To model the connection between panels and particles, two

extra �ctitious rows of wake panels are added: one row of ghost wake panels and one row of dummy
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wake panels. The setup is such that the position rrr p of the �rst row of wake particles represents the

geometric centers for the ghost wake panels. The particle intensities ��� p are connected to the ghost

panel strengths and locations as follows [2,48]:

��� p = JJJ L + JJJ R + JJJ E (2.10)

where:

JJJ S =

8
>><

>>:

R
s

1
2

�
� ghost

w;i � � ghost
w;i n

�
dlll if neighbor in present

R
s � ghost

w;i dlll if neighbor in absent
(2.11a)

JJJ E =
Z

s

�
� dummy

w;i � � ghost
w;i ghost

�
dlll (2.11b)

In these equations, the subscript S is used to denote side edges, which can be a left side edge, L, or

a right side edge, R, the subscript E is used to denote a shed edge, �w;i is the doublet intensity, lll

represents the lateral sides of the wake panels, and i indexes the panels of the ghost/dummy rows. This

methodology is illustrated through the schematic in Fig. 2.2. The x component of ��� p of the ith particle

in the �rst row of the vortex particles is presented:
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Ghost
Dummy

i+1

i

i-1

1

2 3

4

Figure 2.2: Panels to particles conversion schematic.

� x =
1
2

�
� ghost

w;i � � ghost
w;i�1

�
(x2 � x 1) +

1
2

�
� ghost

w;i � � ghost
w;i+1

�
(x4 � x 3)

+
�

� ghost
w;i � � dummy

w;i

�
(x3 � x 2)

= � ghost
w;i

�
x3 + x 4 � x 1 � x 2

2

�
+ � ghost

w;i�1

�
x1 � x 2

2

�
+ � ghost

w;i+1

�
x3 � x 4

2

�

+ � dummy
w;i (x2 � x 3)

= � ghost
w;i a1 + � ghost

w;i�1 a2 + � ghost
w;i+1 a3 + � dummy

w;i a4

(2.12)

where xi are the global coordinates of the ith panel vertex. In the case where the panel only has one

neighboring panel either on its right or left side, then the x component of ��� p becomes:

� L
x =

�
� ghost

w;i

�
(x2 � x 1) +

1
2

�
� ghost

w;i � � ghost
w;i+1

�
(x4 � x 3) +

�
� ghost

w;i � � dummy
w;i

�
(x3 � x 2)

= � ghost
w;i

�
x3 + x 4

2
� x 1

�
+ � ghost

w;i+1

�
x3 � x 4

2

�
+ � dummy

w;i (x2 � x 3)

= � ghost
w;i b1 + � ghost

w;i+1 b2 + � dummy
w;i b3

(2.13a)
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� R
x =

1
2

�
� ghost

w;i � � ghost
w;i�1

�
(x2 � x 1) +

�
� ghost

w;i

�
(x4 � x 3) +

�
� ghost

w;i � � dummy
w;i

�
(x3 � x 2)

= � ghost
w;i

�
x4 �

x1 + x 2

2

�
+ � ghost

w;i�1

�
x1 � x 2

2

�
+ � dummy

w;i (x2 � x 3)

= � ghost
w;i c1 + � ghost

w;i�1 c2 + � dummy
w;i c3

(2.13b)

Equations (2.12) and (2.13) can be transformed into a matrix form to yield:

��� p = KKK 6 ��� w (2.14)

where:

KKK 6 =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

2

6
6
4

�

0 � � � b1 b2

� �

0 � � � 0 b3

�
� � � � � � � � � 0

...
...

...
...

...
...

3

7
7
5

...
2

6
6
4

� � �
�

� � � 0 a1

� �

� � � a2 a3

� �

� � � 0 a4

�
� � �

...
...

...
...

...

3

7
7
5

...
2

6
6
4

0 � � � � � � � � �
�

0 � � � 0 c3

� �

0 � � � c1 c2

�

...
...

...
...

...
...

3

7
7
5

KKK y
6

KKK z
6

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

(2.15)
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2.2.4 Wake Particles

The vortex particle method assumes the following form of the vorticity �eld [36]:

!!! h(rrr; t) =
NpX

i=1

��� pi (t)� (rrr � r rr pi (t)) (2.16)

where rrr is the evaluation point position, rrr pi is the position of the ith particle, and ��� p is the intensity of

the pth particle. The rotational portion of this velocity �eld is:

uuuh
" (rrr; t) = KKK " (rrr; rrr p) � � �� p(t) (2.17)

In this work, the matrix KKK " (i.e., the Rosenhead kernel) is implemented as the regularised version of

the Biot-Savart kernel:

KKK " (rrr; rrr p) =

8
>>>><

>>>>:

�
1

4�
(rrr � r rr p)

R3
LOA

�
1

4�

(rrr � r rr p)
�
krrr � r rr pk2 + 2:5� 2

p

�

R5
i

HOA

(2.18)

where:

R =
q

krrr � r rr pk2 + � 2
p (2.19)

In the equations above, LOA is an acronym for Low Order Algebraic smoothing, while HOA is an

acronym for High Order Algebraic smoothing. The matrix [KKK " �] is assembled by taking advantage of

19



the skew-symmetric matrix that de�nes the cross product:

�
KKK " �

�
=

2

6
6
6
6
6
6
4

000 �KKK z KKK y

KKK z 000 �KKK x

�KKK y KKK x 000

3

7
7
7
7
7
7
5

3Nb �3N p

(2.20)

where Kx , K y, and Kz are the matrices containing the x, y, and z components of the Rosenhead kernel

evaluated for each particle on each surface panel control point. Each block matrix has dimension

(Nb � N p). The non-penetration condition is enforced on the panels:

uuup
b = (NNN � [KKK " �])� �� p (2.21)

where NNN is the matrix that contains the unit vectors normal to the body panels:

NNN =

2

6
6
6
6
6
6
4

2

6
6
6
6
6
6
4

...

n̂nni
x

...

3

7
7
7
7
7
7
5

2

6
6
6
6
6
6
4

...

n̂nni
y

...

3

7
7
7
7
7
7
5

2

6
6
6
6
6
6
4

...

n̂nni
z

...

3

7
7
7
7
7
7
5

3

7
7
7
7
7
7
5

Nb �3N b

(2.22)

Note: In the initial version of the state-space formulation, ��� p was used as a constant to avoid

singularity in Eqs. (2.16) and (2.19), however, in Chapter 4, a governing equation is introduced to

represent the dynamics of the particles' core radii.
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2.2.5 Summary of the Algebraic Equations

The algebraic equations that govern a single time step can be summarized as follows:

KKK 1��� b + KKK 2��� TE
w + KKK 3��� w + KKK 4��� p = BBB 0www (2.23a)

KKK 5��� b = ��� TE
w (2.23b)

KKK 6��� w = ��� p (2.23c)

KKK 7��� w + KKK 8��� TE
w = ��� t+1

w (2.23d)

where:

KKK 1 = AAAb (2.24a)

KKK 2 = AAATE
w (2.24b)

KKK 3 = AAAw (2.24c)

KKK 4 = �BBB b(NNN � [KKK " �]) (2.24d)

BBB 0 = �BBB b (kUUU1 k + kuuubk) n̂nn (2.24e)

wwwT =
�

cos (� � �) 0 sin (� � �)

� T

(2.24f)

� is the wing angle of attack and � is the wing incidence angle.
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2.3 Method of Lines (MOL)

Without any lack of generality, consider a free-wake model where the vorticity convects with

the local �uid velocity in a Lagrangian sense. Consider using vortex �lament elements to discretize

a �lament into a piece-wise continuous approximation, as shown in Fig. 2.3. The endpoints of the

�lament segments are known as collocation points and constitute the discrete set of variables in the

wake dynamics calculation. Then, the position dynamics of each collocation point (i.e., their speed) is

given by:

Drrr
Dt

= vvvind (2.25)

where D=Dt represents a total derivative, vvvind is the induced velocity at each collocation point of the

vortex �lament, and rrr represents the position of the collocation points. The velocity induced at a given

point is determined by integrating the Biot-Savart integral across all the free and bound vorticity. The

position of the collocation points is given by:

rrr T =
�

rrr T
1 rrr T

2 � � � rrr T
N

�
=

�

x1 y1 z1 � � � x N yN zN

�
(2.26)

where xi , yi , zi are the coordinates of the ith collocation point and N is the total number of collocation

points used to parametrize the vortex �lament. For traditional time-marching methods, the collocation

points are de�ned as Lagrangian �uid markers, so that their updated positions are found from simply

integrating Eq. (2.25). This is known as the kinematic approach. In this case, the points on a vortex

�lament convect with the local �uid velocity. Indeed, with every time increment, a new Lagrangian

collocation point is introduced at the location where wake vorticity departs from the blade. Over time,

this point moves downstream along with the �lament and is eliminated upon reaching the termination
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of the free-wake portion of the �lament. This behavior is shown in Fig. 2.4a. As such, the collocation

points have a time-varying behavior. It is important to note that this approach is not suitable for state-

space implementation, as, at each time step, one vortex �lament is created and another is destroyed.

Because the vortex �lament positions are effectively states of the system in Eq. (2.25), this is equivalent

to creating and destroying states at each time step. Thus, it is desirable to modify Eq. (2.25) in such

a way that: (i) states are not created nor destroyed, and (ii) the system of equations becomes time

invariant rather than time varying.

Vortex Filament ���

Collocation point rrr

Rotor blade

rrr 1

rrr 0

rrr 2

rrr 3

rrr N

Figure 2.3: Discretized vortex �lament.

A vortex �lament is geometrically de�ned as a space curve of two variables, RRR(s; t), where s is

an arc length parameter and t is dimensional time in seconds. In general, collocation points represent

discrete locations on the curve at constant values of the arc length parameter as rrr i (t) = RRR(si ; t). The

Lagrangian collocation points are de�ned at values of the speci�c parameterization RRR(�; t), where �

corresponds to the time that the collocation points are introduced into the wake at the upstream end

of the �lament. This is referred to as the Lagrangian parameterization [43]. Then, the wake age of a

Lagrangian collocation point is de�ned as � = t � � , which is the difference between the current time

and the time that a Lagrangian point was introduced into the �uid. It's important to recognize that a
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vortex �lament begins with a wake age of zero at the blade, which then increases up to a maximum

value determined by its length, and that the age of each Lagrangian varies over this full range. This

way, a time-invariant set of variables can be de�ned by using age as the arc length parameter, as shown

in Fig. 2.4. In fact, a collocation point de�ned at a constant wake age remains still in space under

steady-state conditions such that rrr i (t) = RRR(si ; t) = const. According to this parametrization, Eq.

(2.25) can be re-written as:

@rrr(�; t)
@t

+
@rrr(�; t)

@�
@�
@t

= vvvind (2.27)

Then, a system of time-invariant ordinary differential equations (ODEs) is de�ned by re-formulating

Eq. (2.27) as:

@rrr(�; t)
@t

= �AAA � rrr(�; t) + v vvind (2.28)

where @�=@t = 1 and AAA � is a �nite difference matrix such that @rrr(�; t)=@� = AAA � rrr(�; t). Within the

context of rotorcraft, this approach is known as periodic inversion [43] or the method of lines [49]. Note

that it is neither a Lagrangian nor an Eulerian (grid-based) method. Rather, this is a method that lies

at the intersection of the two and is grid-free. Not only does this state-space formulation yield vortex

wake dynamics that are self-contained and inherently linearizable, but it can also be used to augment

the aircraft's �ight dynamics. This way, the coupled fuselage and wake dynamics can be analyzed to

assess the aircraft's stability and control properties during wing-on-wing and wing-on-obstacle (e.g.,

ground) interactions. Note that the wake age term is arbitrarily de�ned. In the case presented, it was

chosen as a parameter with the units of dimensional time. However, it could be de�ned as a non-

dimensional time and a distance. For instance, Ref. 49 de�nes it as a non-dimensional term (i.e., an

angle in radians), such that @�=@t = 
.

Consider a discretization of @rrr(�; t)=@� that adopts �nite differences. For instance, a �nite
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rrr 3rrr 2 rrr N

t = t 0

rrr 2 rrr N�1

t = t 0 + �t

rrr 1

(N � 1)�

rrr N�2

t = t 0 + 2�t �
2�

rrr 1

rrr 0

rrr 1rrr 0

rrr 0rrr N+1

rrr N+1rrr N+2

(a) Lagrangian (kinematic) approach.

rrr 3rrr 2 rrr N

rrr 3 rrr N

rrr 3

(N � 1)�

rrr N

�
2�

rrr 2

rrr 2

rrr 1rrr 0

rrr 1rrr 0

rrr 1rrr 0

(b) Method of lines.

Figure 2.4: Comparison between the Lagrangian (kinematic) approach and the method of
lines.

difference approximation of this partial derivative is given by:

@rrr(� i ; t)
@�

=
rrr(� i ; t) � r rr(� i+1 ; t)

��
(2.29)

where �� is the wake age increment at each time step. If � is chosen as a parameter with units of
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dimensional time such that @�=@t = 1, then �� = �t, where �t is the simulation time step. Then:

@
@�

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

rrr 1

rrr 2

rrr 3

...

rrr N

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

=
1

�t

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

III 000 000 � � � 000

�I II III 000 � � � 000

000 �I II III � � � 000

...
...

...
... 000

000 000 000 �I II III

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

| {z }

AAA �

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

rrr 1

rrr 2

rrr 3

...

rrr N

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

(2.30)

where rrr i = rrr(� i ; t), III 2 R 3�3 , and 000 2 R3�3 . Note that other differentiation methods can be used for

enhanced numerical stability. For instance, Refs. 49, 50 use a �ve-point 5PBU4 scheme. It is worth

noting that AAA � is effectively a shifting matrix, in that it is responsible for shifting the wake variables

upstream the vortex �lament at each time step such that the variables corresponding to a particular

vortex �lament always have the same wake age.

To demonstrate that AAA � is a shifting matrix, consider the illustration in Fig. 2.4 depicting a

wing/blade immersed in an air�ow at UUU1 . Then, the position update of each collocation point at time

step k will be:

rrr 1(k) = known (2.31a)

rrr 2(k) = rrr 1(k � 1) (2.31b)

...

rrr N (k) = rrr N�1 (k � 1) (2.31c)
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In matrix form, the relationship above yields:

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

rrr 1(k)

rrr 2(k)

rrr 3(k)

...

rrr N (k)

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

=

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

000 000 000 � � � 000

III 000 000 � � � 000

000 III 000 � � � 000

...
...

...
... 000

000 000 � � � III 000

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

| {z }

AAAd

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

rrr 1(k � 1)

rrr 2(k � 1)

rrr 3(k � 1)

...

rrr N (k � 1)

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

(2.32)

Equation (2.32) is effectively a discrete-time system, where AAAd is the discrete-time system matrix.

In the traditional time-marching method, this is also known as the shifting matrix. To transform the

shifting matrix from discrete to continuous time, consider the following equation:

AAAc =
AAAd � I II

�t
= �

1
�t

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

III 000 000 � � � 000

�I II III 000 � � � 000

000 �I II III � � � 000

...
...

...
... 000

000 000 � � � �I II III

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

| {z }

AAA �

(2.33)

Thus, the matrix AAA � is the continuous-time equivalent of a discrete-time shifting matrix. While this

overall method is described for the speci�c case of a free-vortex wake, it is also valid for panel methods

and vortex particles.
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2.4 State-Space Formulation

The �rst objective of the current work is to formulate the wing/blade and wake dynamics as a

nonlinear system of ODEs in �rst-order form:

_xxx = fff (xxx;uuu) (2.34a)

yyy = ggg (xxx;uuu) (2.34b)

where fff are the nonlinear, coupled panel and vortex particle dynamics and ggg are the output equations.

Additionally, xxx 2 R n is the state vector, uuu 2 R m is the control input vector, and yyy 2 R l is the output

vector. The states of the system are the potential and particle wake nodes position (rrr w; rrr p), the vortical

particle vector ��� p, the potential wake doublet intensity ��� w, and the surface panel intensity ��� b:

xxxT =
�

��� T
w ��� T

p rrr T
w rrr T

p ��� T
b

�
(2.35)

For a 3-dimensional aerodynamic model, the total number of states is n = Nw + 3N p + 3N n
w + 3N p + N b

where Nn
w is the total number of wake nodes excluding the trailing-edge wake nodes. The control input

vector of the system is de�ned as the wing angle of attack:

uuu = � (2.36)

28



The outputs of the system are de�ned as the wing/blade surface pressure distribution and the total

wing/blade aerodynamic loads:

yyyT =
�

pppT FFF T

�
(2.37)

2.4.1 Position of Wake Panel Nodes and Particles

As previously discussed, the position of the wake panels and particles is found by using the

vortex transport equation, Eq. (2.25), where the induced velocity vvvind is calculated using Biot-Savart

law [16,49]. The induced velocity at each wake node is given by:

vvvind = vvv�
b + vvv�

b + vvvw + vvvp (2.38)

where:

vvv�
b = vvv�

b(��� b; rrr w) (2.39a)

vvv�
b = vvv�

b(��� b; rrr w) (2.39b)

vvvw = vvvw(��� w; rrr w) (2.39c)

vvvp = vvvp(��� p; rrr p; rrr w) (2.39d)

In the equations above, vvv�
b is the induced velocity contribution due to the body sources, vvv�

b is

the induced velocity contribution due to the body doublets, vvvw is the induced velocity contribution

due to the wake panel doublets. The expressions of these induced velocities can be found in Ref. 16.

Additionally, vvvp is the contribution due to the wake particles, Eq. (2.17). The transport equation is

transformed into a time-invariant system of ODEs by adopting the method of lines [49], resulting in
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Eq. (2.27). Then, the partial derivative of the wake node positions with respect to the wake age is dis-

cretized using a fourth-order 5-point biased upwind (5PBU4) scheme [49] where the �nite difference

matrix corresponding to this scheme is:

AAA � = �
1

12�t

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

�25 48 �36 16 �3

�3 �10 18 �6 1

1 �8 0 8 �1

�1 6 �18 10 3

� � � � � � � � � � � � � � �

�1 6 �18 10 3

3 �16 36 �48 25

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

(2.40)

2.4.2 Wake Panel Intensities

The dynamics of the wake doublets' intensity is obtained by approximating the �rst-order deriva-

tive with a forward difference scheme:

_��� w =
��� t+1

w � � �� w

�t
=

KKK 7��� w � � �� w

�t
+

KKK 8��� TE
w

�t
=

(KKK 7 � I II)
�t

��� w +
KKK 8

�t
��� TE

w = WWW 1��� w + WWW 2��� TE
w (2.41)
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where KKK 7 and KKK 8 are the shifting matrix de�ned as follows:

KKK 7 =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

2

6
6
4

000 � � �

III 000

3

7
7
5

(N t �N t )

2

6
6
4

000 � � �

III 000

3

7
7
5

...

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

(2.42a)

KKK 8 =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

2

6
6
6
6
6
6
4

1

0

...

3

7
7
7
7
7
7
5

(N t �1)

� � � � � �

� � �

2

6
6
6
6
6
6
4

1

0

...

3

7
7
7
7
7
7
5

� � �

� � � � � �
. . .

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

(2.42b)

Then, the wake doublet dynamics become:

_��� w = WWW 1��� w + WWW 2��� TE
w = WWW 1��� w + WWW 2KKK 5��� b

= WWW 1��� w � WWW 2KKK 5KKK 9 (KKK 3��� w + KKK 4��� p � BBB 0www)

= (WWW 1 � WWW 2KKK 5KKK 9KKK 3)��� w � WWW 2KKK 5KKK 9KKK 4��� p + WWW 2KKK 5KKK 9BBB 0www

(2.43)

where:

KKK 9 = (KKK 1 + KKK 2KKK 5)�1 (2.44)
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This is an operator that solves for the panel strengths with the Kutta condition folded in.

2.4.3 Wake Particle Intensities

A Lagrangian description of the rotational velocity and the vorticity �elds is provided by the

kinematic and dynamical equations of the trajectory of the material particles and the vorticity as fol-

lows (i.e., the transpose method):

_��� p = (��� p � rrr T)uuu = (��� p � rrr T
p)(UUU1 + uuu + uuu' ) � (� �� p � rrr T

p)(uuu ) (2.45)

where uuu = vvvp and uuu' = vvv�
b +vvv�

b +vvvw. The approximation used in Eq. (2.45) assumes that the variation

of ��� p with time is dependent only on the vortex particles. Velocity induction by the wing/blade and

wake panels is not signi�cant. The term (��� p � rrr T
p)(uuu ) can be expanded with respect to the particle

position:

(��� p � rrr T
p)(uuu ) = �

1
4�

NpX

j

�
cj ��� j

p � � �� p + d j �r rr j (�r rr j � ��� j
p � � �� p)

�
(2.46)

where �rrr j = rrr j � r rr, cj and dj are de�ned as follows:

cj =

8
>>>><

>>>>:

�
1

R3
i

LOA

�
krrr i

p � r rrk2 + 2:5(� p)2

R5
i

HOA

(2.47)

dj =

8
>>>><

>>>>:

3
R5

j
LOA

3
�

krrr j
p � r rrk2 + 3:5(� p)2

R7
j

�
HOA

(2.48)
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2.4.4 Wing/Blade Panel Intensities

Substituting Eq. (2.23b) into Eq. (2.23a) yields an explicit form for the wing/blade doublet

intensity:

��� b = �KKK 9 (KKK 3��� w + KKK 4��� p � BBB 0www) (2.49)

The dynamics of the wing/blade doublet intensities are computed by taking the time derivative of the

equation as follows:

_��� b =
1
�

[�KKK 9KKK 3��� w � KKK 9BBB 0KKK 4��� p + KKK 9BBB 0(uuub � UUU1 ) � � �� b] (2.50)

where � is the time constant of a �rst-order �lter, note that the wing doublet intensities do not have

inherent dynamics and are, in fact, static. However, the wing/blade doublet intensities are needed

for the computation of the other wake dynamics before they are computed themselves. Because the

current state-space, time-invariant formulation is self-contained and only relies on the state and control

vectors at the current time step, previous time steps cannot be used in the computation. As such, to

create memory, �ctitious dynamics are assigned to the wing/blade doublet intensities, so that they

are available at each time step as part of the state vector. This does not affect the overall dynamics

of the system as long as the time constant is chosen as suf�ciently small to yield dynamics that are

signi�cantly faster than the rest of the wake dynamics. In the present work, � is set equal to the time

step �t of the simulation.
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2.4.5 Aerodynamic Loads and Surface Pressure

The unsteady Bernoulli theorem is used to calculate the pressure at the center of the ith wing/blade

panel as follows:

ppp = p1 +
1
2

� 1 kUUU1 k2 �
1
2

� 1 kuuusurf k2 + � 1 uuub �
�
r� �� b + uuub

 

�
+ � 1 _��� b (2.51)

Additionally, _��� b is the time rate of change of the wing/blade doublets, Eq. (2.50), uuusurf is surface

velocity, � 1 is the free stream �uid density, and p1 is the free stream pressure. uuusurf is can be computed

as follows:

uuusurf = �r� �� b + VVV app (2.52)

where r� b is computed using constrained Hermite Taylor least-squares method (CHTLS) [51] and

VVV app is the apparent velocity at the center of the wing/blade panels [52]. Once all pressures are

computed, wing/blade loads can be calculated as follows:

FFF =
NbX

i

pi A innni = ÂAA ppp (2.53)

where Ai is the area of the ith wing/blade panel, nnni is the normal vector of the ith panel, and̂AAA is a

matrix including wing/blade panels' area vectors.
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2.4.6 Summary of State-Space Model

The system of governing ordinary differential equations is summarized as follows:

_��� w = (WWW 1 � WWW 2KKK 5KKK 9KKK 3)��� w � WWW 2KKK 5KKK 9KKK 4��� p + WWW 2KKK 5KKK 9BBB 0www (2.54a)

_��� p = �AAA � p

� ��� p �
1

4�

�
cj ��� j

p � � �� p + d j �r rr j (�r rr j � ��� j
p � � �� p)

�
(2.54b)

_rrr w = �AAA r w
� rrr w + vvvind (rrr w; rrr p; ��� p; ��� w; ��� b) (2.54c)

_rrr p = �AAA r p

� rrr p + vvvind (rrr w; rrr p; ��� p; ��� w; ��� b) (2.54d)

_��� b =
1
�

[�KKK 9KKK 3��� w � KKK 9BBB 0KKK 4��� p + KKK 9BBB 0(uuub � UUU1 ) � � �� b] (2.54e)

A summary of the output equations is provided below:

ppp = p1 +
1
2

� 1 kUUU1 k2 �
1
2

� 1 kuuusurf k2 + � 1 uuub �
�
r� �� b + uuub

 

�
+ � 1 _��� b (2.55a)

FFF = ÂAA ppp (2.55b)

2.5 Linearization

This section describes the theoretical and implementation aspects of linearizing the coupled

panel and wake dynamics using both numerical (�nite-difference) methods and a novel analytical

method.

35



2.5.1 Numerical Linearization

Consider the coupled panels and wake dynamics at equilibrium:

_xxx = fff ( xxx; uuu) (2.56a)

yyy = ggg (xxx; uuu) (2.56b)

wherexxx 2 R n , uuu 2 R m , andyyy 2 R l are the trim state, control input, and output vectors such that

the state dynamics_xxx and outputyyy are constant. Additionally, fff are the nonlinear, coupled panel and

vortex particle dynamics in Eq. (2.54), whereas ggg are the output equations in Eq. (2.55). Consider the

case where small disturbances are applied to the state, control input, and output vectors:

xxx = xxx + �x�x�x (2.57a)

uuu = uuu + �u�u�u (2.57b)

yyy = yyy + �y�y�y (2.57c)

Then, a Taylor series expansion is performed on the state dynamics:

fff ( xxx + �x�x�x; uuu + �u�u�u) = f ff ( xxx; uuu) +
@fff (xxx;uuu)

@xxx

�
�
�
xxx;uuu

�x�x�x +
@fff (xxx;uuu)

@uuu

�
�
�
xxx;uuu

�u�u�u + O
�
�x�x�x 2; �u�u�u 2

�
(2.58)

By neglecting those terms with order higher than �rst, and by re-organizing, one obtains:

� _x� _x� _x =
@fff (xxx;uuu)

@xxx

�
�
�
xxx;uuu

�x�x�x +
@fff (xxx;uuu)

@uuu

�
�
�
xxx;uuu

�u�u�u (2.59)
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where:

@fff (xxx;uuu)
@xxx

�
�
�
xxx;uuu

=

2

6
6
6
6
6
6
4

@f1 (xxx;uuu)
@x1

� � � @f1 (xxx;uuu)
@xn

...
...

...

@fn (xxx;uuu)
@x1

� � � @fn (xxx;uuu)
@xn

3

7
7
7
7
7
7
5

xxx;uuu

= AAA (2.60a)

@fff (xxx;uuu)
@uuu

�
�
�
xxx;uuu

=

2

6
6
6
6
6
6
4

@f1 (xxx;uuu)
@u1

� � � @f1 (xxx;uuu)
@um

...
...

...

@fn (xxx;uuu)
@u1

� � � @fn (xxx;uuu)
@um

3

7
7
7
7
7
7
5

xxx;uuu

= BBB (2.60b)

Similarly, a Taylor series expansion is performed on the output equation:

ggg (xxx + �x�x�x; uuu + �u�u�u) = g gg (xxx; uuu) +
@ggg (xxx;uuu)

@xxx

�
�
�
xxx;uuu

�x�x�x +
@ggg (xxx;uuu)

@uuu

�
�
�
xxx;uuu

�u�u�u + O
�
�x�x�x 2; �u�u�u 2

�
(2.61)

By neglecting those terms with order higher than �rst, and by re-organizing, one obtains:

�y�y�y =
@ggg (xxx;uuu)

@xxx

�
�
�
xxx;uuu

�x�x�x +
@ggg (xxx;uuu)

@uuu

�
�
�
xxx;uuu

�u�u�u (2.62)
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where:

@ggg (xxx;uuu)
@xxx

�
�
�
xxx;uuu

=

2

6
6
6
6
6
6
4

@g1 (xxx;uuu)
@x1

� � � @g1 (xxx;uuu)
@xn

...
...

...

@gp (xxx;uuu)
@x1

� � � @gp (xxx;uuu)
@xn

3

7
7
7
7
7
7
5

xxx;uuu

= CCC (2.63a)

@ggg (xxx;uuu)
@uuu

�
�
�
xxx;uuu

=

2

6
6
6
6
6
6
4

@g1 (xxx;uuu)
@u1

� � � @g1 (xxx;uuu)
@um

...
...

...

@gp (xxx;uuu)
@u1

� � � @gp (xxx;uuu)
@um

3

7
7
7
7
7
7
5

xxx;uuu

= DDD (2.63b)

Then, the linearized system can be written as:

� _x� _x� _x = AAA�x�x�x + B BB�u�u�u (2.64a)

�y�y�y = CCC�x�x�x + DDD�u�u�u (2.64b)

In practice, the partial derivatives are computed numerically using a central difference scheme.

For instance, the elements of the AAA matrix are found as follows:

A ij =
@fi (xxx;uuu)

@xj
�

f i (xxx + �x�x�x j ;uuu) � f i (xxx � �x�x�x j ;uuu)
2�x j

(2.65)

where the perturbations are performed one by one for each state, such that:

�x�x�x T
j =

�
xe1 � � � x ej + �x j � � � x en

�
(2.66)
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A similar procedure is adopted for �nding the elements of the BBB, CCC, and DDD coef�cient matrices.

Linearization via �nite difference is a O(n2) time-complexity approach, where n is the num-

ber of states. This is because it requires perturbing each governing ODE at each state. Moreover,

�nite-difference calculations of Jacobians can be problematic because they do not converge to the true

Jacobian as the perturbation size tends to zero, due to numerical round-off error in �nite-precision

calculations. While the latter shortcoming can be addressed via complex-step derivative approxima-

tion [53] or automatic differentiation [54], the computational cost requires novel methods.

2.5.2 Analytical Linearization

An analytical differentiation of the aerodynamic problem is investigated to reduce the computa-

tional cost of numerical linearization and to avoid numerical issues arising from perturbation size in

�nite differencing. As such, the objective of this section is to formulate an analytical formulation of the

system matrix (i.e., AAA) in Eq. (8.1), starting from Eq. (2.54). Note that the computation of the control

matrix BBB is negligible compared to that of AAA as the number of control inputs is signi�cantly smaller

than that of the states in typical aerospace applications, including the present investigation. The same

applies to the output and feed-through matrices, CCC and DDD, respectively, as the number of outputs is

substantially lower than that of the states. As such, consider the following analytical formulation of
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the system matrix:

d
dt

8
>>>>>>>>>>>>>><

>>>>>>>>>>>>>>:

�� �� w

�� �� p

�r rr w

�r rr p

�� �� b

9
>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>;

=

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

AAA � w
� w

AAA � w
� p

AAA � w
r w

AAA � w
r p

AAA � w
� b

AAA � p
� w AAA � p

� p AAA � p
r w AAA � p

r p AAA � p
� b

AAA r w
� w

AAA r w
� p

AAA r w
r w

AAA r w
r p

AAA r w
� b

AAA r p
� w AAA r p

� p AAA r p
r w AAA r p

r p AAA r p
� b

AAA � b
� w

AAA � b
� p

AAA � b
r w

AAA � b
r p

AAA � b
� b

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

8
>>>>>>>>>>>>>><

>>>>>>>>>>>>>>:

�� �� w

�� �� p

�r rr w

�r rr p

�� �� b

9
>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>;

(2.67)

Each submatrix of the AAA matrix will be derived next.

2.5.2.1 Wake Panel Intensities

Consider the wake panel intensity dynamics, Eq. (2.54a):

_��� w = [WWW 1 � WWW 2KKK 5KKK 9KKK 3(rrr w))] ��� w � WWW 2KKK 5KKK 9KKK 4(rrr w) ��� p

This equation can be written in the perturbation form as follows:

� _��� w � [WWW 1 � WWW 2KKK 5KKK 9KKK 3(rrr w)]�� �� w + WWW 2KKK 5KKK 9KKK 4(rrr p)�� �� p �
@

@rrr w

h
WWW 2KKK 5KKK 9KKK 3��� w

i
�r rr w

�
@

@rrr p

h
WWW 2KKK 5KKK 9KKK 4(rrr p)��� p

i
�r rr p + 000�� �� b

� AAA � w
� w

�� �� w + AAA � w
� p

�� �� p + AAA � w
r w

�r rr w + AAA � w
r p

�r rr p + AAA � w
� b

�� �� b

(2.68)
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where:

@
@rrr w

h
WWW 2KKK 5KKK 9KKK 3��� w

i
= WWW 2KKK 5KKK 9

@KKK 3

@rrr w
��� w (2.69a)

@
@rrr p

h
WWW 2KKK 5KKK 9KKK 4(rrr p��� p)

i
= WWW 2KKK 5KKK 9

@KKK 4

@rrr p
��� p (2.69b)

2.5.2.2 Vortex Particle Intensities

The differential equations governing the particle wake dynamics are given by Eq. (2.54b). Ne-

glecting the contribution of the wake panels (far �eld approximation), this equation becomes:

_��� p � � A AA � p
� ��� p + (��� p � r)uuu � _��� p (��� p; rrr p) (2.70)

By linearizing, one obtains:

� _��� p � 000 �� �� w +
�
�AAA � p

� +
@_��� p

@��� p

�
�� �� p + 000 �r rr w +

@_��� p

@rrr p
� �r rr p + 000 �� �� b

� AAA � p
� w

�� �� w + AAA � p
� p

�� �� p + AAA � p
r w

�r rr w + AAA � p
r p

�r rr p + AAA � p
� b

�� �� b

(2.71)

From this equation, one might think that AAA � p
� b ;AAA � p

r w ; and AAA � p
� w are zeros, however only AAA � p

� b is zeros; AAA � p
� w

and AAA � p
r w are computed from the connection between wake panels and wake particles as discussed in

Appendix A.
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2.5.2.3 Wake Panel Nodes

Consider the wake panel dynamics, Eq. (2.54c):

_rrr w = �AAA rw
� rrr w + vvvind (rrr w; rrr p; ��� p; ��� w; ��� b)

= �AAA rw
� rrr w + vvv�

b(��� b; rrr w) + vvv�
b(��� b; rrr w) + vvvw(��� w; rrr w) + vvvp(��� p; rrr p; rrr w)

(2.72)

The perturbation form of this equation can be obtained by expanding it into a Taylor series truncated

at the �rst order and by performing simple algebraic manipulations:

� _rrr w �
�

@vvvw

@��� w

�
�� �� w +

�
@vvvp

@��� p

�
�� �� p +

�
�AAA r w

� +
@vvv�

b

@rrr w
+

@vvvw

@rrr w
+

@vvvp

@rrr w

�
�r rr w +

�
@vvvp

@rrr p

�
�r rr p+

�
@vvv�

b

@��� b

�
�� �� b

� AAA r w
� w

�� �� w + AAA r w
� p

�� �� p + AAA r w
r w

�r rr w + AAA r w
r p

�r rr p + AAA r w
� b

�� �� b

(2.73)

��� b is not a state, since it depends on the inputs and the unit vectors normal to the wing/blade panels.

2.5.2.4 Vortex Particle Positions

The differential equation that governs the wake particle dynamics is given by Eq. (2.54d):

_rrr p = � AAA r p
� rrr p + vvvind (rrr w; rrr p; ��� p; ��� w; ��� b)

= � AAA r p
� rrr p + vvv�

b(��� b; rrr p) + vvv�
b(��� b; rrr p) + vvvw(��� w; rrr w; rrr p) + vvvp(��� p; rrr p)

(2.74)
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This equation can be written in perturbation form by expanding it into a Taylor series truncated at the

�rst order:

� _rrr p �
@vvvw

@��� w
�� �� w +

@vvvp

@��� p
�� �� p +

@vvvw

@rrr w
�r rr w +

�
�AAA r p

� +
@vvvw

@rrr p
+

@vvv�
b

@rrr p
+

@vvv�
b

@rrr p
+

@vvvp

@rrr p

�
�r rr p+

@vvv�
b

@��� b
�� �� b

� AAA r p
� w

�� �� w + AAA r p
� p

�� �� p + AAA r p
r w

�r rr w + AAA r p
r p

�r rr p + AAA r p
� b

�� �� b

(2.75)

2.5.2.5 Wing/Blade Panel Intensities

Consider the wing/blade panel intensity dynamics, Eq. (2.54e):

_��� b =
1
�

[�KKK 9KKK 3��� w � KKK 9BBB 0KKK 4��� p + KKK 9BBB 0(uuub � UUU1 ) � � �� b]

By linearizing, one obtains:

� _��� b � �
1
�

[KKK 9KKK 3(rrr w)]�� �� w �
1
�

KKK 9BBB 0KKK 4(rrr p; ��� p)�� �� p �
1
�

@
@rrr w

h
KKK 9KKK 3��� w

i
�r rr w �

1
�

@
@rrr p

h
KKK 9BBB 0KKK 4��� p

i
�r rr p �

1
�

�� �� b

� AAA � b
� w

�� �� w + AAA � b
� p

�� �� p + AAA � b
r w

�r rr w + AAA � b
r p

�r rr p + AAA � b
� b

�� �� b

(2.76)

Details of the analytical linearization are provided in Appendix A.
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2.5.2.6 Summary of Linearized Dynamics

Based on the calculations above, the system matrix AAA becomes:

AAA =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

AAA � w
� w

AAA � w
� p

AAA � w
r w

AAA � w
r p

000

AAA � p
� w AAA � p

� p AAA � p
r w AAA � p

r p 000

AAA r w
� w

AAA r w
� p

AAA r w
r w

AAA r w
r p

AAA r w
� b

AAA r p
� w AAA r p

� p AAA r p
r w AAA r p

r p AAA r p
� b

AAA � b
� w

AAA � b
� p

AAA � b
r w

AAA � b
r p

AAA � b
� b

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

(2.77)

This chapter established the mathematical and state-space formulation of the coupled panel and

vortex particle method (SS-PVPM), along with its numerical and analytical linearization procedures.

The next chapter applies this formulation to a �xed-wing con�guration to assess its implementation

and evaluate the analytical linearization results.
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Chapter 3: Fixed-Wing Application and Analytical Linearization

This chapter applies the SS-PVPM formulation developed in Chapter 2 to a �xed-wing con�g-

uration. The objective is to validate the nonlinear solver and verify the linearized dynamics. Both

time-domain and frequency-domain analyses are used to assess the analytical linearization, and the

associated computational speedup is evaluated.

3.1 Nonlinear Model Validation

The proposed SS-PVPM is implemented in MATLAB® with a time step of 0:00625s. The non-

linear dynamics are validated against DUST [2, 3], an open-source code, for the three cases reported

in Table 3.1 involving a �xed-wing in a free stream. The coupled panel and wake method is trimmed

at the conditions speci�ed in Table 3.1 by using the trim algorithm method described above. As a �rst

guess for the trim algorithm, the wake is assumed �at and with zero wing, panel, and particle inten-

sities. Fig. 3.1 shows the comparison in the pressure coef�cient for these three cases. The proposed

code shows good agreement with DUST for all three cases. The maximum difference in the coef�cient

of pressure between the two codes occurs in the �rst case, with the maximum value of approximately

0:02, corresponding to approximately a 3% error.

Table 3.1: Veri�cation cases.

Case Airfoil Aspect UUU1 [m/s] AoA [deg]
Ratio

1 NACA 0012 20 [100 0 0] 5
2 NACA 0012 4 [10 0 0] 5
3 NACA 2412 4 [10 0 0] 5

From Fig. 3.1c, it can be seen that at the trailing edge, the pressures of the upper and lower
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(a) Case 1 (b) Case 2 (c) Case 3

Figure 3.1: Pressure coef�cient validation against DUST [2,3].

surfaces don't match, which is not physical [55]. The reason for this mismatch is the use of the steady

Kutta condition at the trailing edge. Following are the implementation and the results of using the

unsteady Kutta condition provided in Ref. 55.

3.1.1 Unsteady-Kutta Relation

For potential �ow around lifting bodies with sharp trailing edges, the classical Morino-Kutta

relation, Eq. (2.8), enforces a �nite velocity at the trailing edge. However, this condition alone does

not guarantee equality of pressure between the upper and lower surfaces at the trailing edge. In un-

steady problems, this pressure mismatch can lead to nonphysical circulation behavior and numerical

instability.

To enforce physically consistent shedding of circulation, an unsteady Kutta condition is intro-

duced [55, 56]. The condition requires that the pressure difference between the upper and lower sur-

faces at the trailing edge remains below a prescribed tolerance:

k�pppk = kppp+
TE � ppp�

TEk < " (3.1)
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which is enforced iteratively by updating both the body doublets and the newly shed wake circulation.

To support this condition numerically, the trailing-edge wake panels are assigned a linear doublet

distribution [55,57]:

(��� TE
w )(n) (�) = � �� (n)

TE +
��� (n�1)

TE � � �� (n)
TE

lwx
� (3.2)

where ��� TE is the trailing-edge circulation, � is the chordwise coordinate on the wake panel, and lwx

is the panel chordwise length. This linear variation ensures continuity of circulation as vorticity is

transferred from the body to the wake, improving numerical stability for small time steps.

Consider a discretization with Nb body panels, Nw wake panels excluding trailing-edge panels,

and NTE
w trailing-edge wake panels. Applying the boundary integral equation, Eq. (2.6), at a general

collocation point yields:

�
1

4�

NbX

i=1

� Z

i
�

1
r

dS +
Z

i
�nnn � r

�
1
r

�
dS

�
+

1
4�

NwX

j=1

Z

j
�nnn � r

�
1
r

�
dS

+
1

4�

N TE
wX

k=1

� Z

k
� (n)

T Ennn � r
�

1
r

�
(1 � ��) dS +

Z

k
� (n�1)

T E nnn � r
�

1
r

�
�� dS

�
= 0

(3.3)

where �� = �=l wx . Evaluating this equation at each collocation point produces a linear system

that can be written in compact matrix form:

BBB b��� b + CCCb��� b + CCCw��� w + TTTL��� (n)
TE + TTTR��� (n�1)

TE = 000 (3.4)

Detailed expressions for the in�uence matrices can be found in Refs. 16,57,58.

The unsteady Kutta condition is enforced through an iterative update of the trailing-edge circu-
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lation:

��� (k+1)
TE = ��� (k)

TE � JJJ �1 �ppp(k) (3.5)

followed by a corresponding update of the body doublets:

CCCb���
(k+1)
b = RHSRHSRHS � TTTL��� (k+1)

TE (3.6)

where:

RHSRHSRHS = �BBB b��� b � CCCw��� w � TTTR��� (n�1)
TE

The Jacobian is obtained numerically as:

Jij =
@�pi

@�j
=

�p �
i � �p 0

i

� �
j � � 0

j

; (3.7)

with perturbation � = 0:01. The iteration proceeds until the pressure mismatch satis�es Eq. (3.1). The

initial guess for ��� TE is obtained from the Morino-Kutta relation.

Figure 3.2a shows the pressure coef�cient Cp for Case 2 in Table 3.1. In this �gure, a non-

iterative scheme is compared to an iterative scheme. Figure 3.2b is the zoomed version of Fig. 3.2a

at the trailing edge. Figure 3.2a shows that the pattern and the values for both schemes are almost

identical, whereas Fig. 3.2b is the proof of the importance of the iterative scheme, in which it is clear

that for the non-iterative scheme, Cpu , and Cpl are not equal at the trailing edge, however, this issue is

�xed with the iterative scheme.
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(a) Whole chord length (b) Trailing edge zoom

Figure 3.2: CP at the root section for iterative and non-iterative schemes.

3.2 Linear Models Veri�cation

The coupled panel and wake dynamics are linearized for a wing adopting a NACA 0012 airfoil,

with an aspect ratio 4, and at an equilibrium condition corresponding to an angle of attack � = 5 deg, a

free-stream velocity of 50 m/s. The wing is discretized using 20 chordwise and 12 spanwise elements.

The near wake contains 10 � 12 panels, whereas the far wake contains 30 � 12 vortex particles. This

discretization results in n = 3039 states, m = 1 control inputs, and l = 243 outputs. On a machine

equipped with an Intel® CoreTM i9-10980XE with 18 physical cores, the linearization approach based

on �nite differences takes approximately 12 hours to compute the system matrix. On the other hand,

it only takes approximately 20 seconds to perform the same task using analytical linearization. It is

important to mention that computing AAA numerically is the most expensive calculation of all four linear

matrices since it is an almost fully populated n � n matrix. Figure 3.3 shows the AAA matrix computing

cost versus the number of states for numerical and analytical linearization. From this �gure, it is

apparent that, when compared to perturbation methods, the proposed analytical linearization method
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abates computation cost by O(n2), where n is the total number of states.

Figure 3.3: Linearization cost vs. number of states of the coupled panel and vortex particle
dynamics.

3.3 Time-Domain Response Comparison

The linearized dynamics are subsequently compared to the original nonlinear dynamics. More

speci�cally, both the linearized numerical and linearized analytical dynamics are compared to the

nonlinear model for a simulation where the dynamics are excited with a sinusoidal input function in

the angle of attack:

�� = Asin(!t) (3.8)

where A is the amplitude of the perturbation in degrees and ! is the frequency in rad/s. To validate

and test the limits of the present work, several values of A and ! are studied. All models are time-

marched from an equilibrium condition using a fourth-order Runge-Kutta (RK4) integration scheme.

More speci�cally, the time history of the nonlinear dynamics is found by time marching Eq. (2.34b),

whereas that of the linearized models is found by time marching Eq. (2.64) with the system matrix

corresponding to either numerical or analytical linearization. Fig. 3.4 shows the wake geometry and
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wing surface pressure at the equilibrium condition speci�ed above for no trailing edge de�ection. The

wake roll-up and tip vortex formation are visible for this 5 deg angle of attack condition. Fig. 3.5 shows

two snapshots corresponding to the simulation with 
 = 10 rad/s. The oscillatory wake response is

visible, and the position of the nonlinear, numerical, and analytical wakes appears very close.

Figure 3.4: Wake geometry and wing surface pressure distribution for a NACA 0012 wing
with an angle of attack of � = 5 deg and a free-stream velocity of UUU1 = [50 0 0] m/s.

To better assess any mismatch between nonlinear and linearized wake dynamics, six variables

corresponding to the intensity on a wake panel, the position of a wake panel node, the intensity of a

wake panel, the intensity of a vortex particle in the near �eld, and the position of a vortex particle in

the far �eld are plotted for increasing excitation frequency. The panels/particles corresponding to these

variables are shown qualitatively in Fig. 3.6.

Figure 3.7 provides the time history of these variables in response to a 2 deg excitation in the

angle of attack at frequencies of ! = f5; 10; 31:4; 62:8g rad/s. While the match between nonlinear

and linear responses is suitable at low excitation frequencies, it progressively worsens as excitation

frequency increases. The ratio between the input and output signal decreases for increasing frequency,

highlighting the limitations of the linearized models. Nonetheless, the linearized models provide a
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(a) t = 36�t

(b) t = 140�t

(c) t = 260�t

Figure 3.5: Wake de�ection due to a 2 deg sinusoidal perturbation in the angle of attack at
a frequency of ! = 30 rad/s.
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Figure 3.6: Schematic of the panels/particles for which selected states are plotted.

good approximation for moderate-amplitude, moderate-frequency inputs.

Next, the responses of the nonlinear and linearized dynamics are compared as the excitation

amplitude increases. This is done to assess the range of validity of linearized dynamics. The wake

dynamics are time marched from the trim condition described above and subjected to a sinusoidal ex-

citation in the angle of attack with a frequency of 5 rad/s and amplitudes of A = f2; 4; 6; 8g deg. Figure

3.8 compares the resulting nonlinear and linear responses. Generally, the match between nonlinear and

linearized models is good for all selected states and loads, even for large perturbation amplitudes, ex-

cept the longitudinal position of the near wake rrr wx . The latter shows increasing distortions in the

nonlinear response that the linearized dynamics cannot match at high frequencies. Nonetheless, the

linearized dynamics are shown to be an accurate approximation of the nonlinear dynamics even for

quite large control input perturbations.

3.4 Frequency-Domain Analysis

To further validate the linearized models, the frequency responses of selected states and loads are

compared with those extracted from a frequency sweep [59] of the nonlinear dynamics. The frequency

sweep input injected in the angle of attack is shown in Fig. 3.9a, whereas the corresponding nonlinear
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(a) ! = 5 rad/s. (b) ! = 10 rad/s.

(c) ! = 31:4 rad/s. (d) ! = 62:8 rad/s.

Figure 3.7: Selected states and loads response due to a 2 deg. sinusoidal perturbation in
the angle of attack with varying frequency.

response of some selected states and loads (the same as those used for the time-domain analysis) is

shown in Fig. 3.9b. This nonlinear input-output data is used to compute the frequency responses from

the angle of attack to the selected states and loads using CIFER
®

[59]. These frequency responses are

then compared to those obtained from the state-space matrices of the linearized models, as shown in

Fig. 3.10. The general trend shown in this �gure is that the frequency responses from the linearized
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(a) A = 2 deg. (b) A = 4 deg.

(c) A = 6 deg. (d) A = 8 deg.

Figure 3.8: Selected states and loads response due to a sinusoidal perturbation in the angle
of attack at a frequency of ! = 5 rad/s and with varying amplitude.

models are accurate up to approximately 20-30 rad/s. Note that a 6 dB magnitude difference between

responses corresponds to a half/double (depending on whether the difference is positive or negative)

of the input-to-output ratio at that particular frequency. This substantiates the time-domain results

in that higher excitation frequencies will correspond to a deterioration in the prediction of the wake

dynamics response. Additionally, the frequency responses of the linearized numerical and analytical
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models nearly overlap, indicating the correct implementation of the proposed analytical linearization

methodology.

(a) Chirp input. (b) Nonlinear response of the selected states and
loads.

Figure 3.9: Frequency sweep.

The close agreement between the linearized numerical and analytical models is also evident in

the eigenvalues of the two systems, as shown in Fig. 3.11. Not only do the eigenvalues nearly overlap,

but the eigenvalue distribution has a representative “cloud” shape previously observed for rotary- and

�apping-wing wakes with a tip vortex only [50,60]. It is worth noting that all wake eigenvalues lie on

the right-hand side of the complex plane, indicating that the wake dynamics are stable.

3.5 Computational Cost Assessment

Upon validation of the linearized dynamics, the speedup from linearization is assessed for vary-

ing numbers of system states on a machine equipped with an Intel® CoreTM i9-10980XE with 18

physical cores. It is worth noting that, in the simulations performed, the nonlinear dynamics adopted

parallelization across all 18 physical cores, whereas the linearized dynamics used only one core. The
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(a) ��� w=��� 0 (b) rrr wx =��� 0

(c) ��� b=��� 0 (d) ��� y=��� 0

(e) rrr wz =��� 0 (f) FFF z=��� 0

Figure 3.10: Frequency response of some selected states.
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Figure 3.11: Eigenvalues comparison for numerical and analytical linearized systems.

number of states and the corresponding number of wing panels, wake panels, and vortex particles for

each case are reported in Table 3.2. Results are shown in Fig. 3.12 and also reported in Table 3.2.

These results show that the linearized dynamics are signi�cantly faster than the nonlinear dynamics,

even though the nonlinear dynamics ran in parallel. The resulting speed up is approximately two orders

of magnitude for the cases considered.

Table 3.2: Simulation speed up for varying number of states.

States Wing Wake Vortex 1 Time Step [s] � Real Time Speed Up
Panels Panels Particles tNL=tLTI

Nonlinear Linearized Nonlinear Linearized
282 80 48 120 0:1812 4:185e�4 28:992 0:067 432:99
674 120 72 180 0:3246 0:0018 51:936 0:288 180:33
1502 180 108 270 0:7173 0:0081 114:77 1:296 88:56
3039 240 144 360 2:2415 0:0497 358:64 7:952 45:10

3.6 Summary and Discussion

In this chapter, the SS-PVPM was validated against an open-source aerodynamic solver for

a �xed-wing con�guration under stationary and unsteady conditions. The linearized models were
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Figure 3.12: Simulation speed up for varying number of states.

veri�ed against the nonlinear dynamics in time and frequency domains, con�rming the feasibility of

state-space modeling for grid-free aerodynamic methods. This formulation allows linear systems tools

- including stability analysis, model order reduction, and control design - to be applied directly to

wake dynamics about an equilibrium point. Analytical linearization reduces the computational cost by

O(n2) relative to perturbation-based approaches. Unlike time-marching formulations, the state-space

structure is well-suited for identifying unstable equilibria through trim-solution methods.

The following chapter extends the formulation to rotary-wing con�gurations, where blade rota-

tion and wake periodicity introduce additional complexity, and presents the modi�cations needed to

maintain consistency within the state-space and analytical linearization framework.
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Chapter 4: Rotary-Wing Applications and Analytical Linearization

Chapter 2 established the state-variable formulation of the coupled panel and vortex particle

method, and Chapter 3 demonstrated its application and linearization for �xed-wing con�gurations.

The present chapter extends the framework to rotary-wing applications. To improve hover stability,

the evolution laws for the particle core size �p and the particle strength increment ��� p are revised

following Ref. 27.

4.1 Methodology

4.1.1 State-Space Formulation

The modi�ed states of the aerodynamic system are the wake panel positions rrr w, the vortex

particle positions rrr p, the vortex particle intensities ��� p, the wake panel intensities ��� w, the wing panel

intensities ��� b, and the vortex particle regularization parameters ��� p. Thus, the state vector is de�ned as:

xxxT =
�

rrr T
w rrr T

p ��� T
w ��� T

p ��� T
b ��� T

p

�
(4.1)

The total number of states of upgraded state-space formulation is n = Nw +3N p +3N n
w +3N p +

Nb + N p. Since the enhanced state-space aerodynamic solver is to be implemented on a rotary wing

application, the control input vector of the system is de�ned as the swashplate collective, lateral cyclic,

and longitudinal cyclic inputs:

uuuT =
�

� 0 � 1c � 1s

�
(4.2)
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The outputs of the system aren't modi�ed from the initial formulation:

yyyT =
�

pppT FFF T

�
(4.3)

4.1.2 Wake Particle Intensities

Following is the modi�ed governing equation for the particle intensities using the proposed

formulation by Alvarez [27] to provide better stability in hover �ight:

_��� p = (��� p � rrr T
p)(uuu ) �

g + f
1=3 + f

�
(��� p � rrr T

p)(uuu ) � �̂�� p
�
�̂�� p (4.4)

where�̂�� p = ��� p=k��� pk, and f and g are constants derived from a speci�c implementation of the con-

servation laws [27].

4.1.3 Wake Particle Core Radii

The dynamics of the core radii ��� p of the wake particles is computed using the expression in Ref.

27:

_��� p = �
g + f
1 + 3f

��� p

k��� pk

�
(��� p � rrr T

p)(uuu ) � �̂�� p
�

(4.5)
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4.1.4 Summary of the modi�ed State-Space Model

A summary of the modi�ed differential equations is provided below [61,62]:

_��� w = (WWW 1 � WWW 2KKK 5KKK 9KKK 3)��� w � WWW 2KKK 5KKK 9BBB 0KKK 4��� p + WWW 2KKK 5KKK 9BBB 0(uuub � UUU1 ) (4.6a)

_��� p = � AAA � p
� ��� p + (��� p � r) _rrr p �

g + f
1=3 + f

[(��� p � r) _rrr p � �̂�� p] �̂�� p (4.6b)

_rrr w = � AAA r w
� rrr w + vvvind (rrr w; rrr p; ��� p; ��� w; ��� b; ��� p) (4.6c)

_rrr p = � AAA r p
� rrr p + vvvind (rrr w; rrr p; ��� p; ��� w; ��� b; ��� p) (4.6d)

_��� b =
1
�

[�KKK 9KKK 3��� w � KKK 9BBB 0KKK 4��� p + KKK 9BBB 0(uuub � UUU1 ) � � �� b] (4.6e)

_��� p = � AAA � p
� ��� p �

g + f
1 + 3f

��� p

k��� pk
[(��� p � r) _rrr p � �̂�� p] (4.6f)

The output equations are modi�ed to include the compressibility effects using Prandtl-Glauert

compressibility correction [63]:

ppp = p1 + � 1

�
1
2

kUUU1 k2 �
1
2

kuuusurf k2 + uuub �
�
r� �� b + uuub

 

�
+ _��� b

�
=
p

1 � MMM 2 (4.7a)

FFF = ÂAA ppp (4.7b)

where MMM are the local Mach numbers computed at the centers of the wing/blade panels. In this context,

the compressibility effect is incorporated to enhance the accuracy of aerodynamic predictions as the

blade tip Mach number approaches 0.6, where compressibility effects become signi�cant.
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4.2 Linearization

4.2.1 Analytical Linearization

The modi�ed terms from the matrix AAA presented in Chapter 2 are provided here.

4.2.1.1 Vortex Particle Intensities

The differential equations governing the particle wake dynamics are given by Eq. (4.6b). Ne-

glecting the contribution of the wake panels (far �eld approximation), this equation becomes:

_��� p � � A AA � p
� ��� p + (��� p � r)uuu �

g + f
1=3 + f

[(��� p � r)uuu � �̂�� p] �̂�� p � _��� p (��� p; rrr p; ��� p) (4.8)

By linearizing, one obtains:

� _��� p � 000 �� �� w +
�
�AAA � p

� +
@_��� p

@��� p

�
�� �� p + 000 �r rr w +

@_��� p

@rrr p
� �r rr p + 000 �� �� b +

@_��� p

@��� p
�� �� p

� AAA � p
� w

�� �� w + AAA � p
� p

�� �� p + AAA � p
r w

�r rr w + AAA � p
r p

�r rr p + AAA � p
� b

�� �� b + AAA � p
� p

�� �� p

(4.9)

From this equation, one might think that AAA � p
� b ;AAA � p

r w ; and AAA � p
� w are zeros, however only AAA � p

� b is zeros;

AAA � p
� w and AAA � p

r w are computed from the connection between wake panels and wake particles. Details are

provided in Appendix A.
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4.2.1.2 Vortex Particle Core Radii

By neglecting the contribution of the wake panels (far �eld approximation), the evolution of

wake particles' core radii, Eq. (4.6f), becomes:

_��� p � �A AA � p
� ��� p �

g + f
1 + 3f

��� p

k��� pk
[(��� p � r) _rrr p � �̂�� p] � _��� p (��� p; rrr p; ��� p) (4.10)

By linearizing, one obtains:

� _��� p � 000 �� �� w +
@_��� p

@��� p
�� �� p + 000 �r rr w +

@_��� p

@rrr p
�r rr p000 �� �� b +

 

�AAA � +
@_��� p

@��� p

!

�� �� p

� AAA � p
� w

�� �� w + AAA � p
� p

�� �� p + AAA � p
r w

�r rr w + AAA � p
r p

�r rr p + AAA � p
� b

�� �� b + AAA � p
� p

�� �� p

(4.11)

From this equation, one might think that AAA � p
� b ;AAA � p

r w ; and AAA � p
� w are zeros; however, only AAA � p

r w is non-zero;

it is computed from the connection between wake panels and wake particles. Appendix A provides

further details.

Based on the calculations above, the modi�ed system matrix AAA becomes:

AAA =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

AAA � w
� w

AAA � w
� p

AAA � w
r w

AAA � w
r p

000 AAA � w
� p

AAA � p
� w AAA � p

� p AAA � p
r w AAA � p

r p 000 AAA � p
� p
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� w

AAA r w
� p

AAA r w
r w

AAA r w
r p

AAA r w
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AAA r w
� p

AAA r p
� w AAA r p

� p AAA r p
r w AAA r p

r p AAA r p
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� p
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� p
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r w

AAA � b
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� b
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� p

000 AAA � p
� p AAA � p

r w AAA � p
r p 000 AAA � p

� p
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7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

(4.12)
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Further details on the computations of these derivatives can be found in Appendix A.

4.2.2 Harmonic Decomposition

In this section, the notation is simpli�ed by dropping the � in front of the linearized perturba-

tion state and control vectors while keeping in mind that these vectors represent perturbations from a

periodic equilibrium. The state, input, and output vectors of the LTP systems are decomposed into a

�nite number of harmonics of the fundamental period via Fourier analysis:

xxx = xxx0 +
NX

i=1

�
xxx ic cos

�
2�it
Tp

�
+ xxx is sin

�
2�it
Tp

��
(4.13a)

uuu = uuu0 +
MX

j=1

�
uuujc cos

�
2�jt
Tp

�
+ uuujs sin

�
2�jt
Tp

��
(4.13b)

yyy = yyy0 +
LX

k=1

�
yyykc cos

�
2�kt
Tp

�
+ yyyks sin

�
2�kt
Tp

��
(4.13c)

As shown in Ref. 64, the harmonic decomposition methodology can be used to transform the LTP

model into an approximate higher-order linear time-invariant (LTI) model in �rst-order form:

_XXX = AAAXXX + BBBUUU (4.14a)

YYY = CCCXXX + DDDUUU (4.14b)
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where the augmented state, control, and output vectors XXX 2 R n(2N+1) , UUU 2 Rm(2M+1) , and YYY 2

Rl(2L+1) , respectively, are given by:

XXX T =
�
xxxT

0 xxxT
1c xxxT

1s : : : xxxT
Nc xxxT

Ns

�
(4.15a)

UUUT =
�
uuuT

0 uuuT
1c uuuT

1s : : : uuuT
Mc uuuT

Ms

�
(4.15b)

YYY T =
�
yyyT

0 yyyT
1c yyyT

1s : : : yyyT
Lc yyyT

Ls

�
(4.15c)

with AAA 2 R n(2N+1) � n(2N+1) , BBB 2 R n(2N+1) � m(2M+1) , CCC 2 R l(2L+1) � n(2N+1) , and DDD 2

Rl(2L+1) � m(2M+1) . Closed-form expressions for these matrices can be found in Ref. 64.

4.2.3 Model Order Reduction

The harmonic decomposition models described above may become of very high order depending

on the number of states and the number of state harmonics retained, resulting in execution times that are

signi�cantly slower than real-time. Reduced-order models are thus desired for improved runtime per-

formance. Reduced-order models decrease simulation time and remove reliance on higher-harmonic

state measurements or estimates, which are typically dif�cult to obtain for control-system design. Ide-

ally, these reduced-order models do not include higher-harmonic states but still retain some of their

response characteristics. This can be achieved through residualization, a portion of singular perturba-

tion theory that pertains to LTI systems [65]. Assuming that one or more states of the system achieve

stable dynamics faster than the remaining states, the state vector in Eq. (4.15a) can be partitioned into

fast and slow components:

XXX T =
�
XXX T

s XXX T
f

�
(4.16)
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Then, the system in Eq. (4.14a) can be re-written as:

2

6
6
4

_XXX s

_XXX f

3

7
7
5 =

2

6
6
4

AAAs AAAsf

AAA fs AAA f

3

7
7
5

2

6
6
4

XXX s

XXX f

3

7
7
5 +

2

6
6
4

BBB s

BBB f

3

7
7
5 UUU (4.17)

By neglecting the dynamics of the fast states (i.e.,_XXX f = 0), the equations for a reduced-order system

with the state vector composed of the slow states may be found by solving for XXX f from _XXX f equation

and substituting into_XXX s equation:

_XXX s = ÂAAXXX s + B̂BBUUU (4.18)

where:

ÂAA = AAAs � AAAsfAAA f
�1 AAA fs (4.19a)

B̂BB = BBB s � AAAsfAAA f
�1 BBB f (4.19b)

Note that AAA f must be invertible. This is guaranteed if AAA f is asymptotically stable, i.e., all eigenvalues

have strictly negative real parts. In this study, the slow states are chosen as the zeroth harmonic states,

whereas the fast states are taken as the higher harmonics:

XXX s = xxx0 (4.20a)

XXX T
f =

�
xxxT

1c xxxT
1s : : : xxxT

Nc xxxT
Ns

�
(4.20b)
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To retain the in�uence of the residualized (slow) dynamics on both the zeroth and higher output har-

monics, the output equations in Eq. (4.14b) are formulated as:

YYY =
�

CCCs CCCf

�
2

6
6
4

XXX s

XXX f

3

7
7
5 + DDDUUU (4.21)

It can be shown that the residualized output equations are given by:

_YYY = ĈCCXXX s + D̂DDUUU (4.22)

where:

ĈCC = CCCs � CCCfAAA f
�1 AAA fs (4.23a)

D̂DD = DDD � CCCfAAA f
�1 BBB f (4.23b)

If now the augmented output vector is selected to coincide with the augmented state vector, such that:

YYY T =
�
xxxT

0 xxxT
1c xxxT

1s : : : xxxT
Nc xxxT

Ns

�
(4.24)

Then, the residualized model will be able to predict the in�uence of the residualized dynamics on the

zeroth and higher-harmonic states.
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4.3 Validation of Nonlinear Rotor Dynamics

The enhanced SS-PVPM is implemented for a generic utility helicopter rotor blade similar to

that of a UH-60. The rotor blade characteristics are reported in Table 4.1. The time step of the

simulation is chosen as �t = 2�= (
� ) = 0:00625 seconds, corresponding to a rotor angular

speed of 
 = 27 rad/s and a non-dimensional time step of � = 10 deg. To �nd an equilibrium

condition, the coupled panel and vortex wake dynamics are time-marched for a swashplate setting

with � 0 = 19:7 deg, �1c = 0, and �1s = 0. The collective angle corresponds to the hover trim

condition for a UH-60 with a weight of W = 17; 000 lb. This trim condition was found with the

PSUHeloSim �ight dynamics code [66]. The simulation features 10 spanwise and 10 chordwise blade

panels, 10 spanwise and 5 chordwise near-wake panels, and 10 spanwise and 100 chordwise vortex

particles corresponding to approximately �ve wake revolutions. Fig. 4.1 shows a three-dimensional

representation of the converged wake after approximately 8 rotor revolutions for a single blade. In

this �gure, the wake is shown to contract below the rotor disk, as predicted by momentum theory [6].

Additionally, the particle's strength is greatest at the blade tip, where it forms a helical vortex. Based

on these observations, the coupled panel and vortex particle method appears to qualitatively capture

the well-known physics of a rotor wake.

Table 4.1: Characteristics of the UH-60-like main rotor blade [1].

Parameter Value Units
Radius, R 26:8 ft

Blade chord, c 1:73 ft
Blade twist, �tw �13 deg

Flapping hinge offset 1:25 ft
Spar length 2:25 ft

Angular speed, 
 27 rad/s
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Figure 4.1: Three-dimensional representation of the coupled panel and vortex particle
wake at hover for �0 = 19:7 deg for a single blade.

Next, the non-linear model is veri�ed against the open-source vortex particle method DUST

for the same blade as above. The same discretization is used in both codes. Figure 4.2 presents the

averaged thrust over one rotor revolution for incremental collective inputs. In Fig. 4.2, the maximum

collective angle is limited to 25 degrees, as per Ref. 1. Fig. 4.2 shows a good agreement between the

two solvers.

Figure 4.2: Comparison of the thrust vs. collective angle between the proposed nonlinear
model and DUST.

Next, the nonlinear model is validated against experimental data [67] for a UH-60A helicopter
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rotor operating at an angular speed of 27 rad/s in hover conditions. Note that, contrary to the case

presented above, this validation case involves four rotor blades rather than one. Lorber's study details

the performance of the UH-60A blade, which features two distinct airfoils, SC1095 and SC1094R8,

along with a non-linear twist and tip sweep. In contrast, the simpli�ed blade model used in this

analysis employs a NACA 0012 aerofoil consistently along the entire blade span, with no tip sweep.

Figure 4.3a shows a three-dimensional representation of the coupled panel and vortex particle wake

for the case under consideration. The wake is shown to contract below the rotor disk, as predicted by

momentum theory, and to form tip vortices. Additionally, the vortex particles corresponding to each

blade are pushed down by the subsequent blade. Figure 4.3b shows a comparison between the blade

loads corresponding to the nonlinear model and those obtained experimentally in Ref. 67. The results

exhibit a good correlation, particularly in the trend and magnitude of the blade load distribution. The

observed sharp drop near the blade tip is likely due to the tip vortex. Mismatches are attributed to

differences in the airfoils and the absence of tip sweep, as well as the fact that the current nonlinear

dynamics model does not incorporate CL , CD , and CM tables (typically used in �ight dynamics codes)

to re�ne the blade loads. Instead, blade loads are computed directly based on the NACA 0012 geometry

using potential theory from panel methods, which can lead to an overprediction of loads.

4.4 Veri�cation of Linearized Rotor Model

The nonlinear dynamics are linearized at incremental time steps over one rotor revolution, yield-

ing a set of LTI systems that together constitute an LTP system. In a subsequent step, harmonic

decomposition is applied to approximate the LTP system with a higher-order LTI model by retaining

up to the �rst state and output harmonics (i.e., N = L = 1 from Eqs. (4.13a) and (4.13c)). Only
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(a) Three-dimensional representation of the
coupled panel and vortex particle wake.

(b) Sectional thrust coef�cient validation against ex-
perimental data [67].

Figure 4.3: Simulation of a UH-60 rotor at hover.

the zeroth harmonic of the input is retained as this study only considers control inputs with frequency

considerably lower than the rotor angular speed (i.e., M = 0 from Eq. (4.13b)). This means only pre-

dicting the in�uence of low-frequency control inputs (i.e., primary �ight controls) on the averaged and

higher-harmonic content of the response. Note that one would have to retain control input harmonics

higher than the zeroth (i.e., M > 0) in the case of higher-harmonic control (HHC) [68]. The use of

different numbers of harmonics for the states, control inputs, and outputs at the outset of the de�nition

is an implicit form of model reduction. The states and outputs of the systems must have the same

number of harmonics in the approximation, i.e., L = N. The resulting LTI system has 22; 272 states,

3 control inputs, and 309 outputs.

Figure 4.4 shows the periodic equilibrium of the wake dynamics as computed with the periodic

trim algorithm brie�y presented above. Further in-depth discussion of the periodic trim algorithm,

including its convergence properties, is omitted for brevity. The interested reader is invited to consult

Refs. 60, 68 for details. Figure 4.4 shows the periodic equilibrium of the position of selected wake
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particles at different wake ages 90 deg apart. The wake position states are shown to be inherently peri-

odic (e.g., in equilibrium, the lateral position of a wake particle of a certain age oscillates at 1/rev, with

amplitude equal to the radius of the wake at that location). The 1/rev oscillation and expected phasing

are clearly seen. A truncated Fourier series readily approximates these kinds of waveforms. This al-

lows periodic wake dynamics to be approximated as time-invariant using the harmonic decomposition

method.

Figure 4.4: Periodic equilibrium of selected wake particles at different wake ages.

Figure 4.5a shows the comparison between the eigenvalues of the LTI system computed using

numerical linearization (i.e., �nite difference) and analytical linearization. In this �gure, the eigen-

values are shown to match quite closely, which indicates the soundness of the analytical linearization

approach. It is worth noting that computing the LTI dynamics using numerical perturbations took

approximately 10 days on a machine with an Intel® CoreTM i9-10980XE processor with 18 physical

cores. On the other hand, adopting analytical linearization only took only 32 minutes on the same

machine. The eigenvalues of the high-order, residualized, and averaged dynamics are shown in Fig.
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