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Abstract

In this paper, we introduce a new method that enables us to prove that given any
finite family of LTI (linear time-invariant) systems, there exists a continuous time-
varying feedback law that simultaneously globally exponentially stabilizes this family.
We then derive sufficient conditions for the simultaneous asymptotic stabilizability of
countably infinite families of LTI systems. In both cases we provide simple design
procedures as well as explicit controls.

Keywords: Continuous time-varying feedback, simultaneous stabilization, count-
able families of LTI systems.

1 Introduction

The simultaneous stabilization problem was first introduced in [12] and consists in
finding a controller that stabilizes each one of the systems of a finite collection of sys-
tems. In [12, 13], tractable necessary and sufficient conditions for the simultaneous
stabilizability of two linear systems by means of linear feedback, are given. Necessary
and sufficient conditions for the existence of a linear feedback law that simultaneously
stabilizes three linear systems are proposed in [2, 5, 13], but none of them is tractable.

To overcome the limitation of LTI controller, the design of time-varying feedback
laws that simultaneously stabilize or simultaneously steer to the origin each one of the
systems of a finite family of systems has been investigated in several papers. In [9],
Khargonekar, Poolla and Tannenbaum consider finite collections of discrete time linear
systems that individually admits a dead-beat controller. They show that given any
such family, there exists a periodic linear time-varying (LTV) controller that simulta-
neously steers the systems of the family to the origin. In fact, the constructed feedback
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law periodically switches between the dead-beat controller of each system in order to
steer each one of them to the origin. Along the same lines, Olbrot [10] proves that given
any finite collection of continuous time or discrete time systems which are controllable
in finite time to the origin, there exists a periodically time-varying feedback law that
simultaneously steers each one of the systems of the family to the origin. Besides,
discrete time LTV systems described by autoregressive moving average are considered
in [6] and a procedure for the design of a simultaneous asymptotic stabilizer is proposed.

In the context of simultaneous stabilization of finite families of LTI systems by
means of time-varying feedback, there exist three main results in the literature: In
[7], Kabamba and Yang establish the simultaneous asymptotic stabilizability of such
families by means of open loop periodically time-varying feedback. The controller that
they find involves both the sampled output of the system and a periodic function of
time. The resulting closed loop systems are therefore periodic linear systems whose
asymptotic stability can be studied by means of Floquet Theory. On the other hand,
Zhang and Blondel [14] propose a sufficient condition for the simultaneous asymptotic
stabilizability of finite families of LTI systems by controllers based on LTI feedback
laws together with zero-th order hold functions and samplers. While both of the two
aforementioned design procedures comprise a sampling scheme, Khargonekar et al. 8]
adopt a method that does not involve any discretization strategy and prove that any
finite family of stabilizable LTI systems can be simultaneously asymptotically stabi-
lized by a periodic LTV controller which is piecewise continuous with respect to the
time. Although a design procedure can be deduced from [8], neither the simultaneous
stabilizer nor the rates of convergence of the closed-loop systems are explicit.

In Section 3, we consider finite families of LTI systems that can be asymptotically
stabilized by means of LTI feedback. Given any such family, we establish the existence
of a continuous time-varying feedback law that simultaneously globally exponentially
stabilizes the family. Because our approach does not comprise a discretizing scheme,
it should be compared to that used in Khargonekar et al. [8]. There are actually two
main differences between the results derived in [8] by Khargonekar et al. and ours: First
their controller is discontinuous and linear while ours is continuous and nonlinear. Sec-
ondly, we obtain explicit controllers as well as a lower bound on the exponential rate of
convergence, while neither the controller nor the rates of convergence are explicit in [8].

In Section 4, we derive sufficient conditions for the simultaneous asymptotic stabi-
lizability of infinite families of LTI systems. We do not know of any work that directly
addresses the simultaneous stabilization of countably infinite families of LTI systems.

This paper is organized as follows: We review in section 2 a few definitions. The
case of finite families is discussed in Section 3 while that of countably infinite families
is presented in Section 4. In Section 5 we illustrate these results with some examples.
Finally, Section 6 contains some technical results.



2 Definitions

In this section, we review a few definitions that will be needed in the sequel.

For z in R", we let ||z|| denote its Euclidean norm, and for 7 > 0 and zo in R"
we let B, (xo) denote the set B,(zp) £ {x € R" : ||z — o] < r}. Further, given an
autonomous (resp. time-varying) dynamical system, we let z(-,zq) (resp. z(-, Zo, to))
denote its trajectory that starts at zo at time ¢ = 0 (resp. t = tp), for each zp in R”
(resp. for each z¢ in R™ and each #g > 0).

Definition 2.1 (Stability of autonomous systems) Let f : R” — R" be a con-
tinuous mapping with f(0) = 0. The system (S) : & = f(z) is

i) stable if for each € > 0, there exists § > 0 such that for each t > 0 and each
solution (., o) of (S), we have ||z(t,z¢)|| < € whenever ||zof < 6.

ii) 4s locally asymptotically stable if it is stable and if there exists 6p > 0 such that
each solution x(.,xo) of (S) satisfies z(t,zg) = 0 as t — oo whenever ||zo] < do.

iii) is globally asymptotically stable if (ii) holds for all 69 > 0.

Definition 2.2 (Stability of time-varying systems) Let f : [0,00) x R™ — R" be
a continuous mapping such that f(¢,0) = 0 for each t > 0, and let z(-,zo,to) denote
the trajectory of the system (S) : £ = f(t,z) for any given zo in R™ and tg > 0. The
system (S) is

i) stable, if for each € > 0 and each ty > 0, there ezists 6(e,to) > 0 such that
||.’I:(t,.’l)0,t0)“ <g t=2ty, € BJ(e,to)(O)'

ii) uniformly stable if (i) holds with § independent of to.
iii) globally asymptotically stable, if it is stable according to (i) and for each tg > 0,
we have

Jim_a(t,20,8) =0, =0 €R".

iv) globally uniformly asymptotically stable if it is uniformly stable according to (ii),
and such that z(t, o, to) converges uniformly in zo and ty to the origin as t tends
to +oo, for each zg in R™ and each ty > 0.

v) globally exponentially stable if there exist some positive reals v and L such that
|(t, 70, to)| < Lllzolle™ ™), ¢ >,
for each to > 0 and each zp in R™.

We now let Z be a countable set (finite or infinite) and we let {S;, i € I} be a
collection of control systems

Si H T = f,;(.’I?,’u,),
where the state z is in IR™, the input u is in R™ and f;(0,0) = 0.
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Definition 2.3 (Stabilization) Let i be in I.

i) A feedback law u : R™ — R™ stabilizes (resp. asymptotically stabilizes) the
system S; if the closed-loop system = = fi(z,u(z)) is stable according to Definition
2.1 (i) (resp. locally asymptotically stable according to Definition 2.1 (ii)).

ii) A feedback law u : [0,00) x R® — IR™ respectively globally asymptotically,
globally uniformly asymptotically, and globally ezponentially stabilizes S; if the closed-
loop system = = fi(x,u(t,z)) is respectively globally asymptotically, globally uniformly
asymptotically, and globally exponentially stable according to Definition 2.2 (iii), (iv),
and (v), respectively.

In the sequel, we will often omit the term “locally” and unless otherwise stated
“asymptotically stable” will mean “locally asymptotically stable”.

Definition 2.4 (Simultaneous stabilization) A feedback law u simultaneously sta-
bilizes (resp. asymptotically stabilizes) the family of control systems {S;, i € I}, if u
stabilizes (resp. asymptotically stabilizes) each one of the system of the family, accord-
ing to the appropriate definition.

Given a positive definite matrix M, we let A\ (M) and Apqez (M), denote respec-
tively its smallest and largest eigenvalues. As usual, the infimum of a mapping over
the empty set is taken to be equal to +00. Further, we let IR and Z denote the set of
reals and integers respectively.

For a given integer £ > 1 and two Banach spaces X and Y, a mapping f: X =Y,
is said to be C* if it is k times continuously differentiable on X. Further f is said to
be CO if it is continuous on X, while it is said to be “smooth” or equivalently C*° if it
is C* for all k > 0.

Assume that U is a neighborhood of the origin in IR", and let k¥ > 0 be an integer.
A mapping f : U = Y is said to almost C* if it is C* on U\{0}.

Because, we extensively use the concept of Lyapunov functions, we now define them.

Definition 2.5 (Lyapunov function) Let U be a neighborhood of the origin in R™.
A mapping V : U — [0,00) is said to be a Lyapunov function if it is C* and if the
following holds :
e V(z)=0 ©z=0.
e There exists a continuous mapping f : U = R™ such that f(0) =0 and VV(2)f(z) <
0 for each z in U\{0}.

If in addition U = R™ and V(z) converges to +oo as ||z|| tends to +oo, the Lyapunov
function V is said to be radially unbounded.

Throughout, we consider solely time-invariant feedback laws v : R® — IR™ (resp.
time-varying feedback laws v : [0,00) x R™ — IR™) such that we have u(0) = 0 (resp.



v(t,0) = 0 for each ¢ > 0). This is a usual and natural requirement imposed on feedback
laws that are used for stabilization purpose. Indeed, if the feedback law v stabilizes
or asymptotically stabilizes a control system & = f(z,u) satisfying f(0,0) = 0, then
the previous assumptions on v means that no control energy is necessary in order to
maintain the corresponding closed-loop system at the the origin once it has reached
this state.

We finally introduce a notation that is extensively used throughout this paper.

Definition 2.6 Let {z,,, m = ...,—1,0,1,...} be a sequence of positive integers.
Further, for each i = 1,...,z, and each n in Z, let QF} belong to a given class of
mathematical objects. Then, {QF, i = 1,...,z,}5%,, {QF, i = 1,...,2,},2;, and
{QF, i=1,...,2,},7 denote respectively the sequences

1 1 2 2 3
Qla""leana "'anzana"“
— -2 — -1 —
"')Qm?le 7"')Qm_22’Q1 7"'an}]’

and

-1 -1 1 1
---)Ql 7"'an_1aQ(1)v"'anoaQ1,---a lea--- .

We now look at the simultaneous asymptotic stabilization of finite families of LTI
systems.

3 Finite families
Throughout this section, we consider a finite family {S;, i = 1,..., I} of linear systems
Si: = Az + Bju, i=1,...,1,

where I > 2 is a positive integer, the state z lies in R", the input » is in R™ and

for each 1 = 1,..., I, the matrices A; and B; belong to R™*™ and IR™*™ respectively.

Finally, for each i = 1,...,I, we assume that there exists K; in R"*™ such that the

linear feedback law u; : R®™ — IR™ given by u;(z) = K;z asymptotically stabilizes S;.
Our goal is to prove the following theorem.

Theorem 3.1 Assume that for each i = 1,...,1, there exists a linear feedback law u;
that asymptotically stabilizes the linear system S;. Then, there exists a time-varying
feedback law v : [0,00) x R® — R", continuous on [0,00) x R", C® on [0,00) x
(R™\{0}), and which simultaneously globally exponentially stabilizes the family {S;, i =
1,...,1}.

The general lines of the proof of this theorem are as follows: For each i =1,...,1,
we let V; denote a Lyapunov function for the system = = (A4; 4+ B;K;)z. We introduce
a sequence {b7(-), ¢« = 1,...,I}, .7z of mappings defined from [0,00) into (0,+00),
decreasing to 0 as { tends to +oo, and such that for each ¢t > 0, the sequence of
neighborhoods {V;}([0,52(t)) )}ncz is a base at the origin. We then design a time-
varying feedback law v(¢,z) such that for each ¢ > 0 and each i = 1,...,I, we have
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v(t,z) = u;(z) for all z in V,"}(b?(t)). Finally, we show that for each i = 1,...,T
and each to > 0, each trajectory of the system z = f;(x,v(¢,z)), that starts in the set
V;71([0,b7 (to)]) at time t = to, remains in the set V; ([0, b7 (¢)]) for all ¢ > #o. For each
1t =1,...,1, we conclude that v asymptotically stabilizes the system .5;, upon noting
that the mapping b} converges to 0 as ¢ tends to +oo for each n in Z.

We now present a technical lemma which is used to prove that the trajectory
(-, 2o, tp) of the system S; lies in V,;7*([0,bP(t)]), for each ¢ > to, whenever o be-
longs to V;1([0,b7(¢)])-

3.1 Invariance criteria

The following lemma is the key to prove the invariance of the set V;([0, b} (¢)]) for each
t > 0. It is also used in Section 4.

Lemma 3.1 Let D be a bounded neighborhood of the origin in R"™ (resp. D = R")
and let V : D — (0,00) be a Lyapunov function (resp. a radially unbounded Lyapunov
function). Further, let the mapping f : [0,00) x D — R™ be continuous, and let the
mapping b : [0,00) — (0, iG%fD V(x)) be C'. Finally, for each 8> 0 set
x
WP 2 {zeD: V(z) <8},
and assume that

VV(z) f(t,z) < bt), zeaw®™ ¢>o0. (1)

Then, for each tg > 0 and each zqy in _W_b(t"), the trajectory z(-,zo,%0) of T = f(t,z)
starting from xq at time ty satisfies

2(t, m0,t0) € WO, ¢> ¢,

Proof: Fix ¢ty > 0 and z5 in Wb(to), and let z(-,zq,%) denote the trajectory of £ =
f(t,z) that starts from zy at time .
For the sake of clarity, we split the proof into that of two claims.

Claim 1: Let t3 > to be such that z(t,zo,to) lies in D for each t in [to,t3). Then,
V(z(t, z0,t0)) < b(2), t € [to,t3)

Assume that Claim 1 does not hold. Then, there exists 3 in [tg, f3) such that
V(z(t2, %o, 20)) > b(t2)

Because V(z(tg,zo,t0)) — b(to) < 0, continuity of the mapping V (z(-,zo, %)) — b(:)
yields the existence of ¢; in [tp, t2) and h; in (0,¢3 — ¢1) such that

V(z(t1, %0, %0)) — b(t1) =0, (2)

and
V(z(t1 + h,zo,t0)) —b(t1 +h) >0, he€(0,h). (3)
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By assumption z(t1, zo, fp) belongs to D, and we obtain from (2) that
.’L‘(tl,wo,to) € GW"(“). (4)
This, together with Assumption (1) yields

%h:th(m(t,mo,to)) = VV(z(t1, 20, t0)) f(t1,2(t1, 20, t0)) < b(t1),

and continuity of the mappings VV (), f(,-) and b(-), combined with (2) yields
V(z(t1 + h,z0,t0)) < b(t1 +h), for h >0 small enough,

a contradiction with (3). The proof of Claim 1 is thus complete.
Claim 2: z(t,zo,to) lies in D, for each t > tg.

Because Claim 2 clearly holds if D = IR, we assume that D is bounded.
Suppose that the claim does not hold. Because zj is in D, Lemma 6.5 (iii) yields
the existence of ¢£; > t3 such that

o(t1, @0, to) € 8D, (5)
with
z(t,0,t0) € D, tE€ [to,t1)- (6)
This last relation combined with Claim 1, implies that
V(.’L‘(t,wo,to)) < b(t), A= [to,tl). (7
On the other hand, from (5) and the definition of b, we get

V(m(tlam(]atO)) 2 mle%fDV(w) > b(tl)’

and continuity of the mapping V(z(-,zo,%0)) — b(:) at ¢; yields the existence of hy in
(0,t1 — to) satisfying

Viz(t, — h,xo,to)) > b(t1 - h), he (0, hl),

which contradicts (7). Hence Claim 2.

Let t3 > tg. By Claim 2, the point z(t, zg, tg) lies in D for each ¢t > tg, and it follows
from Claim 1 applied with 3 that

V(z(t, 2o, t0)) < b(t), tE€ [to,l3).

The proof of the lemma, is completed upon noting that this last argument holds for all
t3 > tg, all zg in Wbt and an to > 0. ]

We are now able to prove Theorem 3.1.
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3.2 A proof of Theorem 3.1
Proof of Theorem 3.1 :

For eachi =1,...,I, because the system z = A;z+ B;u;(x) is linear and asymptot-
ically stable, it admits a Lyapunov function V; : R™ — (0, 00) such that V;(z) = 2! P;x
where P; is a positive definite matrix. For each ¢ = 1,...,1, let Q; be the positive
definite matrix defined by

VVi(z) (Aiz + Biui(z)) = —z'Qiz, z€R".
For eachi=1,...,I and each n in Z, we let Wf denote the set
w2 v7H((0,.8))-

For each : = 1,...,1, let §; and 7; satisfy the assumptions of Lemma 6.1. Further let
{of, i=1,..., I}z, {6}, i=1,..., I}, cz and {4}, i =1,..., I}, .7 be defined by
the formulas (29)-(32) given in the statement of Lemma 6.1. Thus, by Lemma 6.1, for
each n in Z we have

‘/;:1([07(1?——1)) D ‘/’1_‘1([0’7?]): i=2,"'aIa (8)
vilo,ed) o VH([0,4tY), 9)

and for each i = 1,...,1 we have
B =0 as n—>o00 with g =00 as n— -0

Construction of the simultaneous stabilizer :

We now seek a C! mapping h : [0,00) — (0,00) such that, the mapping b7 :
[0,00) — (0,00) given by
bi(t) = Brh(t), t=0,

satisfy )
VVi(e) (Aiz + Biui(z)) < b}(t), = eV (0}(1), ¢2>0, (10)
or equivalently .
-z'Qiz < bMt), eV 'P(®), t>0, (11)
foreachi=1,...,I and each n in Z. In what follows, we fix i =1,...,I, nin Z and

t > 0. Let z be such that z!P; z = b?(¢). Then, by elementary linear algebra, we get

b7 (t)
_wtm < _._i___
T Ama(B)
and because we also have —z'Q; < —Apin(Q;) ¥z, inequality (11) will be satisfied if
)\min(Qi) ;
_ 2mini) pngy o (), 12
el ip) < i) (12)



Because we require that h(t) > 0 and b (t) = BPA(t), inequality (12) will hold if
M) o Amin(Q)

T > 13
A " Amaa(P) 19
We now set p 2 min (;‘"LL((Q’% and we deduce from (13) that the desired assertion
1=1,..., max [
(10) will be satisfied for each i = 1,...,I and each n in Z, if
h(t)
— - t>0.

Let the mapping b : [0,00) = (0, 00) be given by
h(t) = e 7%, t>0,
where 7 is a fixed constant in (1,00). It is plain that h satisfies (14) so that for each
i=1,...,I and each n in Z, the mapping b} : [0,00) — (0, 00) defined by
BR(t) = BTh() = BRen', 20,

satisfies the desired assertion (10).

Next, for eachi = 1,...,I and each n in Z, we define the mappings a?, ¢ : [0,00) —
(0,00) by setting

ci(t) = v h(t) and al(t) = ol h(t), t>0.

2

For each t > 0, because we have
b (t) = 0;c}(t) with al(t) = b7 (), i=1,...,I, neZ,
and
At) = ma}(t) with cP(t) = mal ((t), i=2,...,I, neZ,

it is easily checked that the sequences {c'(t), i = 1,..., I}, 7z, {b](t), i=1,...,I}, 7
and {al(t), i =1,...,1},c7, satisfy the assertions of Lemma 6.1. This together with
the fact that h(-) decreases to 0 as ¢ tends to oo, yield for each t5 > 0

supb;(t) =0 as n—+o0, i=1,...,1, (15)
t>to
b (tp) = +o0 as mn— —oo, i=1,...,1I. (16)

It also follows from Lemma 6.1 that for each ¢ > 0, we have a double-sided sequence
of neighborhoods

wii® 5 wi®

C1 1 al c1 al

Wli(t) > Wf;(t) > Wll(t) > sz“’ S ..o W,;“) > a7
chl(t) 5 Wlbl(t) 5 Wlal(t) . W2c2(t) 5 .0 ;lf(t) 5



such that each neighborhood contains the closure of the neighborhood that follows. In
view of this comment, for each ¢ = 1,...,I and each n in Z, we define the mapping
g’ : [0,00) x R™ — [0,1] by setting

(Vs (z)=bT (1))
OO i Vi(a) € (a (), b (1)
" (t,z) = (V; (&) =7 (1))
e Vi@=b O —(FO-br ) if Vi(z) € (b2(2), (1))
0, otherwise

and we let the mapping v : [0,00) x R™ — IR™ be given by

I
o(tz) =Y 3 w@)gl (o), (5,) € [0,00) x R™.

i=1lpcZ

We note that v(¢,0) = 0 for each ¢ > 0 and we show that v is continuous on [0, co) x R™
and C* on [0,00) x (R™\{0}).

The feedback law v is continuous on [0,00) x R" and C* on [0, 00) x (R™\{0}):

Let (¢,z) be in [0,00) x R™\{0}. It is easily checked from (17) that there exists a

unique pair of integer (i,n) in {1,...,I} x Z such that either one of the following two
assertions holds:

o We have Vi(z) € [a(¢),c}(t)]. In that case (17) together with the continuity of
the mappings Vj, aj* and ¢} for each j = 1,...,I and each m in Z, yield the
existence of a neighborhood U of (¢,z) in [0,00) x (IR®\{0}) such that

o(r,y) = w(y) g (r,y), (r,y)el. (18)

e We have V;(z) € (a?(t), c(t)) where the mapping ¢ denotes either ¢f*! if i = I or
otherwise c;, ;. In that case the continuity of the mappings V;, 7", c]* for each
j=1,...,] and each m = 1,2,..., yields the existence a neighborhood U of (¢, z)
in [0,00) x (R™\{0}) such that V;(y) € (a?(7),c(7)), (7,y) € U and it follows
that

v(r,y) = 0, (ry€el. (19)

Because ¢ is C* on [0, 00) x R™ [follows from Lemma 6.8} and u; is C* on R™ for
eachi=1,...,I and each n in Z, (18) and (19) imply that v is C* on [0, oo) x R"™ \ {0}.

Moreover, because the mappings ¢ take values in [0, 1], the equalities (18) and (19)
together with the fact that v(¢,0) =0, ¢ > 0 yield

lo@t, o)l < max (ua(@)l,..., lur(@)l), (¢ =) €[0,00) x R,

and continuity of u; for each ¢ = 1,...,1, implies that v is continuous at each point
(¢,0), t > 0. Therefore, v is continuous on [0, c0) x R™.

Global exponential stability :
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Throughout the rest of the proof, we fix ¢ = 1,...,I. From the definition of v, it is
not hard to see that

(t,z) = ui(z), t>0, zeV (b)), neZ.
Therefore, from (10) we get
VVi(z) (Aiz + Bio(t, @) < bF(t), 2€V;'(B}(t), t20, neZ,
and upon recalling that W’ = V,"(8) and Wf = V:71([0, B]) for each B > 0 [follows
from Lemma 6.6 (i)], Lemma 3.1 implies that for each ¢¢ > 0 and each n in Z, the
trajectory z(-, zo,to) of £ = A;z + Bjv(t, z) starting from zg at time ¢ = ¢o, satisfies
Vi(a(t, z0,t0)) < BI(t), t>to, moE€Wo o, (20)

Recall that from the definition of the sequence {4}, .z, we have
Btk = (my---m02-..0H%68, nez, k=0,1,....

Upon setting T £ —% log(my ... mr6%...6%), the previous equality translates to

pre” T = prtk pez, k=0,1,..., (21)
which in turn easily yields
VMt +KT) = bPT(t), t>0, neZ, k=0,1,.... (22)

Let zp be in R™. Because the sequence {b7(0) = 8'},,cz is strictly decreasing and
converges to 0 and +00 as n tends to +oo and —oo respectively, there exists an integer
71 such that

it (0) < Vi(wo) < b0). (23)

Let tg be in [0, 00). Then, there exist an integer k and ¢j in [0, T') such that to = kT +1,.
By combining (22) with the fact that the mapping b7 is decreasing for each n in Z, we
get

bP(0) = FH(k+1)T) < 0FF (),

so that (23) yields zo € V;72([0,b7*~1(to)]. Thus, assertion (20), implies that
Vilz(t, z0,t0)) < B}7FTNE), 121,
and from the expression of b?~*~1(¢) we obtain that
Vi(z(t, 2o, t0)) < ﬂzﬁ—k—l e—%(t—to+t{)+kT), t> t.
Next, using (21), we can rewrite this last inequality as

Vi(:(:(t,xo,to)) < /8?_1 e—%(t—to+t6), t2> t07
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and from the non-negativeness of t;, we get
Vi(z(t,z0,t0)) < B Le n™0) >4, (24)

The identity (21) yields 67! = eg#Tﬂ?"'l, so that the inequality P! < e%%TV}(a:o)
follows from (23). Thus, (24) implies that

Vi(z(t, 20, t0)) < (eg"ETV;(zO)) e Tt > ¢,

or equivalently

VVi(@(t, 30, t0)) < ent1/Vi(mo) e 2T ¢ > ¢,

Because ¢7° is a constant and the mapping z — /V;(z) is a norm on IR", we obtain
from the equivalence of all norms on R™ that v globally exponentially stabilizes S;
[according to Definition 2.2 (v)]. The proof of the theorem is complete upon noting
that the previous argument holds for each ¢ = 1,...,1.

We note the rates of convergence of the closed-loop systems corresponding to S; is
greater than 2%, foreachi=1,...,1I.

We now extend this result and we establish the simultaneous asymptotic stabiliz-
ability of a class of countably infinite family of stabilizable LTI systems.

4 Infinite families

Throughout this section, we consider a countably infinite family {S;, i = 1,2,...} of
linear systems

S;: = Az + Bju, 1=12,...,

where the state = lies in IR", the input v is in R™ and for each i = 1,2,..., the
matrices A; and B; belong to IR™*™ and IR™*™ respectively. We assume that for each
1=1,2,..., there exists K; in IR™*" such that the linear feedback u; : R® — IR™ given
by u;(z) = K; z for each z in IR", asymptotically stabilizes S;. For each ¢ = 1,2,..., we
let P; be a positive definite matrix in R"*" and we let V; : R" — [0, c0) be a Lyapunov
function for the system % = (A; + B;K;) z given by V;(z) = z* P,z for each z in R™.
Further, we let ); be the positive definite matrix defined by

VVi(z) (A4; + BiK;)z) = —2'Qiz, z € R".

The purpose of this section is to prove the following theorem. The proof is based
on the same ideas as those of the proof of Theorem 3.1. The main difference lies in the
structure of the sequence of mappings {b?} that must be considered here.
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Theorem 4.1 Assume that, in addition to the enforced assumptions, the following
holds:

i) There ezists a positive real M such that |K;|| < M, i =1,2,....
ii) The real p = inf (———mm °~ ) is strictly positive.
) P= s \Dnaa (B yp
Then, there exists a time-varying feedback law v : [0,00) x R® — R™, contin-
uous on [0,00) x R", C* on [0,00) x (R"\{0}), and which simultaneously globally
asymptotically stabilizes the family {S;, i =1,2,...}.

Proof:
Throughout, we let Wiﬂ denote the set

wl & V7Y[0,8), B>0, i=12,....

Let 41 be a given positive real. By applying Lemma 6.2 with 5} and the family
{Vi, i = 1,2,...}, we obtain three sequence of positive reals {7%, i = 1,...,n}%,,
{8, i=1,...,n}, and {af, i =1,...,n}3, converging to 0 as n tends to co and
satisfying the assertions of the lemma.

Now by applying Lemma 6.3 with v} as defined in the sequence {77, i = 1,...,n}%,,
we obtain three sequences {7}, ¢ = 1,...,|n|};2>,, {6 i = 1,...,|n|},>°, and
{a?, i=1,...,|n|},2] converging to +00 as n tends to —co and satisfying the asser-
tions of the lemma.

Amin(Qi)

Let p £ inf (—) and let ¢ > 1. We note that by Assumption (i) of
i=1,2,... \ Amaz(P;)
Theorem 4.1, the real p is positive and we let the mapping h : [0,00) — (0,00) be
given by ,
h(t) = e7¢, t>0.
For each ¢ = 1,2,... and each n in Z\{0}, we now define the mappings ¢, b?,a? :
[0,00) = (0,00) by setting

af(t) £ ofh(t), () 2 BFh(t) and () 2 Wfh(t), t20.

It is not hard to see from Lemmas 6.2 and 6.3 that for each ¢ > 0 we have

M,

a7 (t) > ¢i(t) and alT:z:11|(t) > i), n=...,-2,-1,2,3,...
Mn—1|
together with
M.
a?(t) > =P ), i=1,...,|n|-1, n=...,-3,-2,2,3,...,

i
and
c(t) > bl (t) > af(t), i=1,...,|n|, neZ\{0}.

13



Thus, for each ¢ > 0, we have a sequence of nested neighborhoods

chfa(t) : :

Wflﬂ(t) > Wflﬂ(t) D Wfl_2(t) D W;52(t) D W;’;Q(t) » W§52(t) D
Wff&) ) Wf?“) ») WT?“) )

L, (OIS IO

wfﬂ” 5 W@ﬂﬂ 5 Wﬁﬂ” 5 Wqﬁﬂ 5 Wgﬁﬁ 5 Wg%ﬂ 5

(25)
such that each neighborhood contains the closure of the neighborhood that follows.
Moreover, for each ¢ = 1,2,..., because af, G and 9] tend to 0 and +oo as n tends
respectively to +00 and ~oo, we obtain

al(t), b(t), () - 0 as n — oo, t2>0,
al(t), b2(t), c¢(t) - +o00 as n — -oo, t>0.
In view of (25), we define the mapping ¢7* : [0,00) x R™ — [0, 1] by setting

(Vi (=) =P (£))?
e Vi@-bTO)Z-CFB-aT®)?  if Vi(z) € (a?(t), b} (1)]

a(t,2) = (e ., (26)
e(vi(”)_bi (€)= (T (£) b (¢)) if Vl(.'B) € (bzn(t), c;‘(t))
0, otherwise

foreachi =1,2,... and each n in Z \ {0}. Finally, we let the mapping v : [0, 00) xIR"™ —
IR™ be given by

+oo n —oc0 |n}
v(t,z) = Z Zui(x)q?(t, z) + z Zui(x)q?(t, z), (t,z) €[0,00) x R™.
n=14i=1 n=-11i=1

Because the supports of the mappings of the collection {¢*, i = 1,... ’"}neZ\ {0} are
disjoint [follows from (25)], we have

ot ol < inf @l < (nf 1Kl sl (89) € [0,00) x R,

=1,4,...

so that Assumption (ii) of Theorem 4.1 yields the continuity of v at any point (¢,0), ¢ >
0.

Further, in view of (25) and by using exactly the same argument as that used in
the proof of Theorem 3.1 to show that v is C* on [0,00) x (R™\{0}), we obtain that
v (as defined here) is C* on [0,00) x (R™\{0}).

Stability :
We now fix ¢ = 1,2,... and n in Z\{0}. Recall that by definition, we have

B(t) = Bre <, t>0,

14



A . .
with( > 1and p= i_ilng' (Am—m((%%) Using the inequalities
T halene max 7

'Qit > Amin(Qi)z'z  and 2 Pz < Apas(P)2'z,

together with an argument similar to that used in the proof of Theorem 3.1 to construct
the mapping h, we obtain

VVi(z) (Aiz + Biui(z)) < b7(¢), z€V'(b(t), t>0,
and because v(t,z) = u;(z) whenever z € V7! (b?(t)), we get
VVi(z) (As z + Biv(t,z)) < bP(t), =€V, (bP(t), t>0. (27)

Next, we fix ¢ = 1,2,... and we show that v stabilizes S;: Let ¢ > 0 and tg > 0
be given. Because b7 (to) converges to 0 as n tends to +00, there exists an integer n
such that Wi.’?“") C B.(0). Let § > 0 be such that B;(0) C W?“t") and let zg be in
B;s(0). In view of (27) and Lemma 3.1, for each ¢ > ¢y, the trajectory z(t,zo,t) of
% = A;xz + B;v(t, ) lies in the set Wf?“’. Thus, because b7(-) is a decreasing function
of time, it follows that this trajectory remains in B.(0). In short v stabilizes S;.

Convergence to the origin :

First, we fix 1 = 1,2,.... Let zg be in R®\{0} and let ¢y > 0. As b?(¢y) converges
to +00 as n tends to —oo, there exists an integer n such that zg € W?‘ (to), so that (27)
yields

o(t, 30, t0) EWe O iLe. Vi(a(t,z0,t0)) < BP(t), ¢20.

Thus, it follows from the convergence to 0 of the mapping b}*(f) as ¢t tends to +oo
together with the positive definiteness of V;, that z(t, zo,fy) converges to 0 as ¢ tends
to +00. The proof of Theorem 4.1 is complete upon noting that the previous argument
holds for each ¢ = 1,2,.... ]

We stress that in order to extend to countably infinite families of LTI systems, the
method introduced in Theorem 3.1 for finite families of LTI systems, two additional
assumptions are needed: Assumption (i) of Theorem 4.1 ensures that the simultaneous
stabilizer is continuous at any point (¢,0), ¢ > 0, while Assumption (ii) is necessary
for the construction of the sequence of mappings {b}'}.

To the contrary of the finite case, our construction does not yield uniform stability
and uniform asymptotic stability in general. On the other hand, the stabilizing feed-
back law v that we obtain through the previous construction depends on the sequences
{m}s, {ki}ES, {mi}i and {r;}1%. Because these sequences are not uniquely de-
fined we may consider that they are design parameters. It would be interesting to find
what conditions should be imposed on these design parameters and on the systems
Si, 1=1,2,..., in order that the system & = f;(z,v(¢,z)) be uniformly asymptotically
stable for each ¢ = 1,2,.... This is an issue that we do not investigate in the context
of this paper and that we leave for further research.
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5 Examples

We now present a few examples that illustrate Theorem 3.1 and 4.1.

In the following example, we consider a linear system in the plane S that is asymp-
totically stabilizable by a linear feedback law. Given a Lyapunov function for the
corresponding closed-loop system, we follow the construction of the proof of Theorem
3.1 and we produce a mapping b : [0,00) — (0,00) and a feedback law v : [0, 00) X R?
such the following holds: For each 3 > 0 and each z( such that V(zg) < b(¢p), the
trajectory of S satisfies V (z(t, zo, to)) < b(t) for each ¢ > to.

Example 1 :
We consider the system

To = 1 +

g {:{;1=x2+u

VIS

where u is a scalar input and we let f : R? x R — IR? denote the vector-field of S.
Further, we let P and ¢} denote the matrices

1.5 —0.5 10
PZ(—0.51 > Qz(o 1)'

It is easily checked that the feedback law u : R? — IR given by u(z) = —2z5, asymp-
totically stabilizes the system S. Moreover, the mapping V : R? — [0, 00) defined by
setting V(z) = z! Pz for each z in R™ is a Lyapunov function for the corresponding
closed-loop system S and we have VV (z)f(z,u(z)) = —z‘Qz for each z in R2. We
note that the largest eigenvalue of P is equal to 1.8090 and we set p = TS%TQU Next,
we define the mappings a, b, ¢ : [0,00) — (0,00) by setting

a(t) = 9e%, b(t) = 10e%’, and ct) = 11 et

9

for each t > 0 and we let zy = (1,1). Finally, we let the mapping v : [0,00) x R" =+ R
be given by

’U(t, 1‘) = —2z9 Q(t7 CU), (t,.’E) € [Oa OO) x R™,
where g(t,z) is obtained by replacing V;, al, b2, ¢ by a, b, c respectively, in the
formula (26). From the proof of Theorem 3.1, it should be clear that for each ¢ > 0,
the trajectory z(-,zg,0) of & = f(z,v(t,z)) satisfies

V(z(t, zo,t0)) < b(t), t=>0,

since V(zp) < b(0). Because b(t) converges to 0 as ¢ tends to 400 it follows that the

state (z1,z2) converges to the origin as ¢ tends to +oco. The simulation results in Fig.
1 confirm these facts.

We now give an example where we consider two stabilizable linear systems S; and S
with Lyapunov functions V; and V; respectively. Using the construction of Theorem

3.1, we then construct two mappings b1, by : [0,00) — (0,00) and a feedback law
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Figure 1: Linear system in the plane



v : [0,00) x R = R such that for each ty > 0 and each zo in V;1([0,51(¢)) (resp.
Vs ([0, b2(t0))) the trajectory z(-,xo,to) of Si (resp. S) satisfies

Vi(2(t, zo, o)) < bu(t), (resp. Va(z(t, 2o, to)) < ba(t)), t = to.

The feedback law v will actually represent two terms of the infinite sum that appears in
the expression of the stabilizing feedback law v constructed in the proof of Theorem 3.1.

Example 2 :
We consider the pair of scalar systems

Si: T =zxz—u and Se: = =zx4u,

where u is a scalar input, and we let fi,fo : RxIR — IR denote the dynamics of
S1 and S3 respectively. It is plain that the two linear feedback laws ui(z) = 2z and
ug(z) = —2z stabilizes S; and S, respectively, and that there exists no continuous
feedback law that simultaneously asymptotically stabilizes S; and S;. However, by
Theorem 3.1, there exists a time-varying feedback law that simultaneously stabilizes
Sl and Sg.

We let the Lyapunov function V; and V, be both equal to the mapping V' given by
V(z) = 22, and we note that

VV () fi(z,ui(z)) = VV(2)fa(z,u2(2)) = —a?, z€R.
Further, we let the mappings a1, b1, ¢1, a2, b, ¢z be given by

1 2

al(t) = 3e_t7 bl(t) = (3 + g)e_ta C1 (t) = (3 + g)e—ta t> 07
w) =27, bl)= 2+ al)= @+ 120

and we define the mapping v : [0,00) x R — IR by setting
v(t,z) = 2zqi(t,z) — 2zq2(t,z), (t,7) €[0,00) X R,

where ¢;(t,z) and g¢o(t,z) are obtained by replacing V;, o, b2, ¢} by respectively
a1, by, c1 and ag, be, ¢z in the formula (26). Set zg £ 2. For each i = 1,2, because
V(zo) is less than b;(0), the trajectory z(t,zo,0) of the closed-loop system obtained
once v is fed-back into .9; satisfies

Vi(z(t,20,0)) < bi(t), t>0.

The curves in Fig. 2 show the evolution of the Lyapunov function V;, the state = and
the control v(t,z). Although the curve {(Vi(z(t,z0,0),t), t > 0} crosses the curve
{(b2(t), %), t > 0}, it remains below the curve {(b1(¢),t), t > 0} as desired. In Fig. 3
are presented the simulation results for the system So.

We present in the next section, a technical lemma that was used in the proof of
Theorem 4.1.
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Figure 3: Scalar system Sy
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6 Technical lemmas

Lemma 6.1 Let I > 2 be an integer. For each i = 1,...,I, let P; be a positive
definite matriz, let I\_}IT and an, denote respectively its smallest and largest eigenvalue,
let Vi : R* — [0,00) denote the mapping given by V;(z) = z* P;z, and let 6; be in
(0,1). Furthermore, let m; be in (0, Aﬂ,/;) and let m; be in (0, m}\’l—:l) foreachi=2,..., 1.
Assume that

(mymr) (67 67) < 1 (28)

and let 1 be an arbitrary positive real. Finally, let the sequences of positive reals

W i=1... ez, {BF, i=1,..., I}, cz and {of, i=1,...,I},.7 be defined by
setting on one hand

’){)z:)\'ls ﬁznz i’ana a?=9i ‘?a 7:=1,...,I, n=0)1"'°a (29)
with
At = ma? and P =mal,, i=2,...,I, n=0,1,..., (30)

and on the other hand

,yn+1 ,),n
of = 1 and of =" i=7-1,...,1, n=-1,-2,... (31)
m 41
with
ol ﬁ" .
,3}"”:—9% and 7{‘=—9%, i=1,...,1, n=-1,-2,.... (32)
1 1
Then, for each n in Z we have
V;:}([O’a?—l)) D ‘/1_1([0’7;”])’ Z=2,,I, (33)
Vi (o,ef)) 2 Vi ([0, (34)

and for each i =1,...,I we have

B =0 as n — oo,

Bf — o0 as n — —oo.

Proof:
In what follows we fix n = 1,2,.... Let § > 0. It is well known that for each
i=1,...,1, the set V,"1([0,6]) is the volume bounded by an ellipsoid centered at the

origin with smallest axis v/m; § and largest axis +/M; . Thus, (33) and (34) will hold
if we have

mi—1 1 my
v < A}_ia?—l and A* < M of
. my . m;—1 . .
Because 7 is in (0, ﬁ) and the real 7; is in (0, Mo ) for each 1 = 2,..., I, we obtain
2
(33) and (34).
Further, it is easily checked from the assumptions that for each i = 1,..., I we have

IBZH-l = (7‘-17‘-1)(0%0%):3;”7 neZ,
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and it follows from (28) combined with the definition of o and 4P that for each

i=1,...,1I, the sequences {1]'},c7, {6'},cz and {0}z converge to 0 and +00 as
n tends to +00 and —oo respectively. |

The following two technical lemmas were used in the proof of Theorem 4.1.

Lemma 6.2 For each i =1,2,..., let P, be a positive definite matriz, let M and -
denote respectively its smallest and largest eigenvalue, let V; : R™ — [0, oo) denote the
mapping given by Vi(z) = o' Pz, and let 0; be in (0,1). Further, let 51 be a given
positive real and let the sequences of positive reals {m;}2, and {k;}2, be such that

mi—1 1

0 < < min(E-, @), 1= 2,3, ceny (35)

with
ki > 1  and kM192 <1, i=12,.... (36)
Finally, let the sequences of positive reals {}*, i=1,...,n}2, {6, i=1,...,n}%

and {0, i=1,...,n}2, be defined by settmg

1441

M=EY B =00, o =68, i=1..,n n=12..

with
n — Mn-1 n—1 n — ] — =
Y= " 1M1a"“1’ v =mar , i1=2,...,n, n=23,....
Then, for each n=12,3,... we have
Via(0,6571)) D vH([0,97)), (37)
Voi(0ein)) > Vi), i=2....m, (38)

together with

Y2, B, af -0 as n = o0, 1=1,2,....

Proof:
In what follows we fix n = 1,2,... and we let § > 0. It is well known [1, p. 44] that
for each i = 1,2,..., the set V;1([0, §]) is the volume bounded by an ellipsoid centered

at the origin with smallest axis v/m; ¢ and largest axis v/M; §. Thus, (37) and (38) will
hold if we have

mp—1 _ mi;—1 .
v < 1\121 a7 and 1P < A}—ia?_l, 1=2,...,n, n=23,....
. mi—1
B h < f; hn=1,2,. d the real m; 1 0, —
ecause we have kn—ﬂ— ]Wu or each n = , an e real 7; lies in ( M, )
for each ¢+ = 2,...,n and each n = 2,3,..., we already obtain the inclusions (37) and

(38).
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Next, we set

A 2

a

Un = l(

- Mlol)+1n( 7903) + ... +In(m,02), n=23,....
It follows from (35) together with (36) that the reals In(m;6?) and ln(m—e ) are
negative for each 7 = 2,3,... and each i = 1,2,... respectively. Thus, we have

yn < In(mb2), n=23,.... (39)

We now fix i = 1,2,.... It is not hard to check from the definition of v}, n = i,i+1,.. .,

that

In(v™) = ity F v +In(y), 1=12,....

Therefore, (39) combined with the fact that In(m262) < 0 yield the convergence to 0 of

'y:“ as [ tends to oo, which completes the proof of the lemma. [ ]

Lemma 6.3 For each i = 1,2,..., let P; be a positive definite matriz, let M and
denote respectively its smallest and largest eigenvalue, let V; : R™ — [0, oo) denote the
mapping given by Vi(z) = z! Pz, and let §; be in (0,1). Further, let v} be a given
positive real and let {n;}2, and {n-}ggl be sequences of positive reals such that

r; > max(1, M, 02) with 1; > max( n’;l,o,?), i=1,2,.... (40)
Finally, let the sequences of positive reals {7}, i =1,...,|n|}, 22, {8, i=1,..., 0|}, 22,
and {of, i =1,...,|n|},2%, be defined by setting

ooyl =% an o B i=1,...,|n|, n=-1,-2,...,

;’ 0;
with
M1’1" -
n—1 =1 n = -1 —
aln 1 —,’—an_—ll—")’l, n= 1, 2,
o = mYh, t=1,...,n+1, n=-2,-3,....
Then, for each n = —2,-3,... we have
0,07) D V;H[0,42]), i=1,..,|n+1], (41)
together with
|n 1|([0 a|n 1|)) o Vl—l([oa’)’?]), n=-1,-2,..., (42)
and
Y > 400 as n — -00, 1=12,.... (43)
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Proof: By using the fact that for each i = 1,2,... and each § > 0, the set V~1([0, §)
is the volume of an ellipsoid, it follows that the inclusions (41) and (42) will hold if
Mi_n

m; Yit+1-

M,
ol > —— with o >
|n—1] Min—1| )

Thus, because r; > 1 and 7; > %Zﬂ for each 2 = 1,2,..., we obtain that (41) and (42)
hold.

Next, we set

Miri

y = In( )-}—ln(ﬂ)-}-...—l—ln(n—l—), l1=12,....

67

It is not hard to check that for each : = 1,2,..., we have

2
eH_lmH—l

(7Y = g4y + o+ v FIn(yY), 1=1,2,...,
and because the definition of y;, [ = 1,2, ... together with (40) yield

u 2 ln(Z—é) >0, [=1,2,...,
1

we obtain that In(y;*~!) converges to +oco as ! tends to +oco. Hence, (43) and the
lemma. |

We now present more general facts, that are more or less easy to prove.

Lemma 6.4 Let D be a bounded neighborhood of the origin in R™ (resp. D = R")
and let V : D — [0,00) be a Lyapunov function (resp. a radially unbounded Lyapunov
function), let WP denote the set W5 S {z € D: V(z) < B}. Then, the family
{W#} 50 is a base at the origin such that W C W# whenever o < B.

Proof: By definition, {W#} 45 is a neighborhood base at the origin if and only if for
each & > 0, there exists 8 > 0 such that W# C B,(0). Suppose now that the assertion
of the Lemma does not hold. Then, there exists £ > 0 and a sequence {z,}52; such
that

Tn € Wi  and zn € B:(0), n=12,.... (44)

By definition of W%, the sequence {z,}52, is included in the set D and in the set Wl.
By assumption, either D is bounded and in this case D is bounded or D = R™ and in
this case the set W is bounded because V is radially unbounded. It follows that in
both situations {z,,}32; is included in a compact set so that there exists a subsequence
{n, }$2, which converges to some point zo in D. In view of (44), we have

1
Vign,) < —, k=12,...,
Nk

and the continuity of V' yields V' (z¢) = 0. We conclude from the positive definiteness of
V that z is the origin, a contradiction with (44) and the fact that z,, = 0 as k — oo.
Furthermore, it is plain that W C W7 for a < 8, which completes the proof. W
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Lemma 6.5 Let D be an open subset of R™ and let U and F be respectively open and
closed subsets of R" included in D. Let f : [0,00) x D — IR"™ be continuous and let
(S) denote the system & = f(t,x). Throughout, let z(-,zo,to) : [to,00) =& R" denote
the trajectory of (S) starting from a given point zo in D at a given time tg > 0.

i) Let to > 0, let 2o be in D and let t be in [ty,00). If z(t,z0,t0) lies in U then
there exists h > 0 such that
z(t+ h,20,t0) €U

for each h in (—h,h) if £ > to or for each h in [0,h) if t = t,.

ii) Let top > 0, let zg be in F and assume that the trajectory z(+, o, to) of (S), does
not remain in F for ever. Then, there exists t > tg and h > 0 such that

z(t,20,8) €OF and z(t+h,20)€F, he(0,h).

iii) Let to > 0, let zo be in U and assume that the trajectory z(-,zo,t0) of the
system (S), does not remain in U for ever. Then, there exists t1 > to such that

z(t1, o, to) € OU, with z(t,zo,t0) € U, t€ [to,t1)-

Proof: (i) Let top > 0, let 2o be in D and let ¢ be in (t9,00). Further, assume that
z(£, xo, ) lies in U. Because z(-,zo,t) is continuous we obtain that 2~ (U, zo, to) is
open in [tg, 00) and it follows that 2~1(U, zo,%o) is an union of open disjoint intervals
in [tp, 00) i.e.,
m—l(U’ mOatO) = [t07b0) U U (0,)‘, b/\)
AEA
Because z(f,z0,ty) € U, we either have € (to,by) or there exists A in A such that
t € (ax, by). This yields the existence of A > 0 such that £+ h € 271(U, zo, %) for each
h in (—=h, h). In other words, z(f + h,zo) lies in U for each h in (—h,h).
If t = tp, the argument above can be easily modified in order to prove the claim.

(ii) Let tp > 0 and let z¢ be in F. If we assume that the trajectory z(-,zo,%p) of
(S) does not remain in F, then there exists £ > ¢y such that z(Z, 2o, ty) € F°. Because
the set £ ~1(F°, g, o) is the union of open disjoint intervals in [to, 00) i.e.,

x_l(Fc,xO’tO) = U(a’/\ab)\)7 (45)
AEA

there exists X in A such that £ € (ay, b5). From (45), z(ax, o, to) lies in F, and there
exists h > 0 such that

z(as + h,z0,t0) € F°, he€(0,h).

By (i), this implies that z(a3,zo,t0) & int(F) and it follows that z(a3,zo,t) € OF.
Therefore (ii) holds with £ = aj.
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(iii) Let to > 0 and let zo be in U. Then, z7}(U, 79, o) is an union of open disjoint
intervals in [tg, 00) i.e.,

w—‘l(U’ $07t0) = [tO)bO) U U (a')nbk))
AEA
and it follows that z(bg,zo,%0) lies in U® with z(by — h,x0,%) in U for k > 0 small
enough. By (i), this implies that z(by, zo, tp) lies in U\int(U*®) or equivalently in oU
(follows from elementary topology [11, Proposition 2, pp. 172]), which completes the
proof. | |

Lemma 6.6 Let D be a bounded neighborhood of the origin in R™ (resp. D = R")
and let V : D — [0,00) be a Lyapunov function (resp. a radially unbounded Lyapunov
function) for some arbitrary system (S) : # = g(x), where the mapping g : D — R"
is continuous on D. Let 8 be in the interval (0, zie%fD V(z)) and define the set U by

setting U2 DNV~1([0,8)). Then, the following holds:
i) U=DnVv7([0,4)).

ii) Let 2o be in U and let the mapping f : IR™ — IR™ be continuous. If the trajectory

xo) of the system (S') : & = f(z) does not remain in U forever, then there exists

117(-,
t>0 and h > 0 such that

z(t,zo) € U with V(z(t,xo)) = B,
z(t+h,20) & VH((0,8), he(0h)
g+ h,z0) € D, he(0,h).
Proof: (i) : From the definition of U and elementary topology we find
U c DnV-I([0,0)). (46)

We now show that U C D. Because, this inclusion trivially holds if D = IR", we
assume that D is bounded and we prove the claim by contradiction. If the inclusion
U C D does not hold, then because U C D, there exists y in (0D) NU. Thus, we get

Viy) > xg}?fDV(w) > B,

a contradiction with the fact that V(y) < 8 [follows from (46)]. Therefore, we have

U C D and it follows from [3, Proposition 5 pp. 24] combined with the definition of U
that

U = Dnv-([0,8)). (47)
On the other hand, it is easily checked from the continuity of V that

DnV-I[0,8) ¢ DnVTY([0,A]). (48)
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We now show that these two sets are actually identical, by proving first that
DnVv~YB) c DNV-I([0,B)).

If DNV~YB) = B, the inclusion trivially holds. Otherwise, let 2o in D N V~-1(B) and
consider the trajectory z(-, o) of (S) starting from zo at time ¢t = 0. Because V is a
Lyapunov function for the system (.5), we have

%V(m(t,mo)) <0, t>0,
so that
V(z(t,30)) < V(zo) = 6, t>0. (49)

By continuity of the mapping z(:,z¢) : [0,00) — R", the sequence {w(}t,xo)}g":l,
converges to zo as n tends to co. Since xg lies in the open set D, there exists an integer
N such that x(%, o) belongs to D for each n = N,N +1,... . This together with (49)
yields

1
w(ﬁ,a:o) € DNV7Y([0,8), n=N,N+1,...,

and it follows that z¢ belongs to D NV ~1([0,8) ). In view of (47), this implies that zq
lies in the set DNV —-1([0,0)) and we get

DnVv7i(B) c DNV-I([0,4)). (50)

Because we clearly have DNV ~1([0,8)) ¢ DnV-I([0,8)), we conclude from (50)
that

Dnv=H([0,8)) ¢ DNV-[0,A)).
The assertion i) follows from this last inclusion, (47) and (48).
(ii) : Let zo be in U, and assume that the trajectory z(-,zo) of (S) that starts

from z¢ at time ¢t = 0, does not remain in U forever. Then, by Lemma 6.5, there exists
t> 0 and A > 0 such that

z(t,z9) € AU (51)
and
z(t+h,z0) € U, he(0,h). (52)
From (i) and the definition of U, we find
oU = pn(V=(0,A\V([0.8)), (53)
so that (51) yields ~
V(z(t,z0)) = B. (54)

Moreover, in view of (51) and (53), z(t, ) lies in the open set D. Thus, by Lemma
6.5 (ii), there exists h in (0, k) such that

s +h,z0) € D, he(0,h) (55)
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Finally, upon noting that from (52) we have
a(t+h,z0) & DNVH0,6), he(0h),

relation (55) yields
s(t+hmo) & VH[0,8), he(0,h). (56)
The assertion (ii) now follows from (51), (54), (55), and (56). [

We note that the previous proof does not yield the assertions (i) and (ii) of Lemma
6.6 if the mapping V is only a positive definite mapping without being a Lyapunov
function for some system.

Lemma 6.7 The mapping q : R x IR x(0, 00) x (0,00) — [0, 1] defined by
:c—a.—a!z
e(z—a—a)i—a

Q(ZIJ,(I, «, ﬂ) = Jﬂ—ﬂg—)i‘f

ele~a—a)?-p if z€lat+a,a+a+p8)’
0, otherwise

if z€(a,a+a)

is C™ on its domain of definition.

Proof: Let the mappings h,g : R x R x(0,00) be given by

0, if y<a
_ (y—a—a)?
h(y,a,0) = e(y—a—a)2—a? , if ye(aa+ a) o
1, if y>a+a
and
1, f y<b
—p)2
9W,5,8) =3 T if ye(bb+f) o

0, if y=>b+p

respectively. Because we have

q(y,a,0,6) = h(y,a,a)+9(y,a+a,B) — 1,

for each (y,a,0,3) in R x R x(0, 00) x (0, 00), it suffices to show that h and g are C*
in order to prove that g is C*°.

The mapping h is C® :
We fix (z',a',o’) in R x IR x (0, 00) and we study the local behavior of the mapping
h around (z',a’,o'). For each positive reals dz, da and da, with o in (0, cr), we set

Iy = (3’ — dz,2" + 61),
Is, = (a' — Sa,a’ + da),
Isa = (o —ba,d +ba),
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and
Usz,ba,50 £ (z' - 0z,2' + 8z) x (o' — ba,a’ + ba) X (a/ — be, o + a).

We now distinguish several cases:

i) If 2’ < d/, then the positiveness of a’ — 2’ yields the existence of dz and da such
that

7'+ 6z < o —da,

and it follows that for all (z,a) in Is; X I, we have £ < a. By picking da in (0,0/),
the previous comment yields

h(z,a,@) = 0, (z,a,a) € Iy X I X Isq,
so that h is C™ on the neighborhood Uy 54,56 of (2', 0, ¢').
ii) If 2’ > @’ + o/, by a similar argument, we find éz, da and da satisfying
t > a+a, (z,0,0)€ Ussisa-

Thus, we get
h(m, a, a) =1, (iL‘, a, a) € Uéz,da,éa,

and it is plain that h is C*° on Usz 56.6a-
iii) Similarly, if ' is in (a’,a’ + &), there exists a neighborhood Usy 44,50 such that
z € (a,a+0a), (z,0,0)€ Usssasas
and we obtain from the definition of h that it is C° on Usg 56 6a-
iv) If 2/ = d/, we pick dc in (0,a’). Then, we select dz and da satisfying
'+ 0z <ad —da ie. dz+da < o —da.
This implies that for each (z,a,a) in Usz sasa, We have £ < a + o and we get
0, , if r<a
Az, 0,0) = { e(w-ma—-aa—)g-aﬁ, if 1>a
We now let the mapping A : R x(0,00) — R be given by
_ 0, , if <0
hla ) = { e(z-za_)az-az, if £>0

It is readily seen from this definition that A is C* on both sets (o0, 0) x (0, +00) and

(0, +00) X (0,+00). Next, we fix n = 1,2,... and @ > 0. Because, Elme_?f converges
to 0 as z tends to 01, for each m in Z, we easily obtain that for each & > 0, each
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r—a)2

n-th order partial derivative of the mapping (z,a) — e@-®?-<%  converges to 0 as
(z,a) tends to (0T, &). Therefore, we can extend by continuity each n-th order partial
derivatives of h at the point (0, &), and it follows from [4, Lemma (8.12.8) pp. 185], that
h is C* on R x(0,00). Because h(z,a,a) = h(z — a,a), the previous result implies
that h is C*° on UJm,&a,da-

(v) If &' = d' + &, we pick dc in (0,¢') and we select da and dz such that
a+éa < -6z ie. Jdatdz<d.

This implies that a < z for each (x,a, @) in Usg 6,50 and it follows that

h(z,a,a) = { e@-e-a)=a® if g€ (a,ata)

1, if z2a+a

Let the mapping & : R? — [0, 00) be given by

22
h(y,z) = e?-w=%, if z<0
1, if z>20

It is then easily seen that for each n = 1,2, ... and each § in R, every n-th order partial
derivative of h converges to 0 as (y, z) tends to (7,07). We now extend by continuity
each n-th order partial derivatives of h and we obtain that A is C°° on IR%. Because

h(z,a,a) = h(z — a,z — a — a) for each (z,a,a) in Usz saba, it follows that h is C*
on this neighborhood.

We conclude from (i), (ii), (iii), (iv) and (v), that h is C*° on R x R x(0, c0).

The mappings g and q are C* :
It is not hard to check that we have

g9(z,a,a) = h(—z,—a—a,a), (z,a,a) € R xR x(0,00),

which implies that g is C* on R x R x(0, 00).
Therefore, the mapping q is C*® on IR x R x(0, 00) x (0, 00). [ |

The following result is a direct consequence of the previous lemma.
Lemma 6.8 Let the mappings a,b,c : [0,00) — R be C* on [0,00) with
a(t) < b(t) < c(t), teR,

and let V : R® — R be a C*¥ mapping. Then, the mapping q : [0,00) x R™ — [0,1]
given by
(V (=) —b(2))?
eV@-2-C0—@?  if V(z) € (a(t),b(t))
= (V(z)~b(t))>
q(ty x) e(V(z)—b(t))t(c(t)-—b(t))Q Zf V($) € [b(t),c(t)) b (57)

0, otherwise
for each (t,z) in [0,00) x R™, is C* on [0,00) x R™.
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