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A Josephson junction (JJ) is known as a weak link connecting two superconductors,

in which the non-dissipative supercurrent flows. More than two superconductors also can

form a single composite JJ, called a “multi-terminal JJ”, by being connected through a

common weak link. The supercurrent in multi-terminal JJs may depend on multiple super-

conducting phase differences defined across the junction. The multi-phase-dependence of the

supercurrent is attributed to the sub-gap quasiparticle bound states, called Andreev bound

states (ABSs), which carry the supercurrent across the junction. First, we investigate the

supercurrent of three- and four-terminal JJs fabricated on hybrid two-dimensional Al/InAs

(superconductor/semiconductor) heterostructures. The critical current of an N -terminal

junction is given as a (N − 1)-dimensional hypersurface of the DC bias currents, which can

be reduced to a set of critical current contours (CCCs) in low dimensional space. Non-trivial

modifications of the geometry of the CCCs in response to magnetic field, electrical gating

and phase biasing can be understood in the presence of the multi-phase-dependent ABSs.

Second, we demonstrate the multi-phase-dependent ABSs in three-terminal JJs by tunnel-

ing spectroscopy measurements. Multi-loop superconducting quantum interference devices

(SQUIDs) are realized to detect the multi-phase-dependence. The ABS energy spectrum



mimics electronic band structure in solid, which makes multi-terminal JJs provide a new

platform to study band topology in higher dimensional parameter space. Moreover, spin-

splitting of ABS energies induced by the multi-phase and gapless energy spectrum facilitated

by the presence of a discrete vortex, a nonzero winding of the superconducting phases, are

investigated.
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Chapter 1

Introduction

1.1 Multi-terminal Josephson junction

Josephson effect is known as a phenomenon that occurs between ‘two’ weakly coupled super-

conductors due to the macroscopic quantum coherence of the superconducting states. As a

result, the supercurrent flows across a Josephson junction even if a weak link connecting two

superconductors of the junction is not made of a superconducting material. The Josephson

supercurrent depends on the superconducting phase difference across the junction [1], known

as DC Josephson effect, which can be commonly described by the following formula,

I = Ic sin (φ1 − φ2) . (1.1)

Here, Ic is the maximum supercurrent that can flow across a Josephson junction and each of

the superconducting phases (φ1 and φ2) is the argument of the macroscopic superconducting

wavefunction of the corresponding superconductor (see Fig.1.1.a).

More than two superconductors also can together form a ‘multi-terminal’ Josephson

junction by being connected through a common weak link, as shown in figure 1.1(b). Due to

the presence of more than two superconducting terminals, multiple superconducting phase

differences are defined across the junction, which gives rise to distinct properties of multi-

terminal Josephson junctions. Then, it naturally leads to the following question: "what is

the Josephson supercurrent in a multi-terminal Josephson junction?". Or one may rephrase

1



Figure 1.1: Schematic of (a) a (conventional) Josephson junction and (b) a ‘multi-terminal’

Josephson junction. The superconducting phase is assigned to each of the superconductors

in Josephson junctions.

the question into a more specific and clearer one: "What is the supercurrent in the i-th

(i≤N) terminal at given phases of (φ1, φ2, ..., φN)?". A naive answer would be that the

supercurrent is given as the sum over all the supercurrent flowing between all the pairs of

terminal 1 and the other remaining terminals because terminal 1 and every other terminal

(e.g. denoted by i) can form a conventional (two-terminal) Josephson junction through the

common weak link. Thus, one may write the supercurrent I1
J in terminal 1 as

I1
J =

NX
i 6=1

I1i
c sin (φ1 − φi), (1.2)

where I1i
c represents the individual Josephson coupling between terminal 1 and i. However,

the Eq. (1.2) may not be always true, and the supercurrent may include more complicated

terms of multiple independent superconducting phase differences across the junction. For

example, such terms may include sin(φ1−φ2 +φ3−φ4), sin(φ1 +φ2− 2φN), etc. This is due

to the supercurrent-carrying quasi-particle bound states lying within Josephson junctions,
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which are known as Andreev bound states. Given that the positive energies of Andreev

bound states in a two-terminal Josephson junction are EA(φ) as a function of the phase

difference across the junction, the supercurrent contribution from those Andreev bound states

in the ground states is IA = −1
2

P @EA(�)
@�

at zero temperature. In multi-terminal Josephson

junctions, the Andreev bound states that depend on multiple independent phase differences

across the junction give rise to the multi-phase-dependent Josephson supercurrent.

Moreover, the energy spectrum of multi-terminal Josephson junctions provides a way

to explore higher dimensional band topology. Since the superconducting phase differences

play a role of quasimomenta due to their 2π periodicity, the Andreev energy spectrum of

a N-terminal Josephson junction forms the band structure on the (N-1)-dimensional space

spanned by the superconducting phase differences, which mimics the electronic band struc-

tures in solid. While numerous theoretical studies on multi-terminal junctions have already

predicted topological band properties such as Weyl nodes [2, 3] and the second Chern num-

bers [4], one of the advantages for those realizations is that there is no need for topological

materials to realize topological systems. Moreover, multi-terminal Josephson junctions of

more than two topological superconductors can serve as a integral building block for braid-

ing operations on the zero-energy Majorana bound states, as those operations are essential

for realization of topologically protected quantum computation [5, 6, 7].

1.2 Dissertation overview

This dissertation concerns two major experimental works on multi-terminal Josephson junc-

tions: (1) the characterization of multi-phase-dependent Josephson supercurrent (i.e. multi-

terminal Josephson effect) and (2) the tunneling spectroscopy of multi-phase-dependent An-

dreev bound states. Before discussing those two experimental results, theoretical back-

grounds on Josephson junctions and Andreev bound states will be addressed in Chapter

2. We begin with the Bogoliubov-de Gennes Hamiltonian to understand superconducting

systems with spatially inhomogeneous superconducting pair potential. Beenaker’s scatter-
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ing matrix formalism is introduced to capture the essence of Andreev bound state formation

within Josephson junctions. The scattering matrix approach is also applied to multi-terminal

Josephson junctions, which allow us to more easily understand the multi-phase-dependent

Andreev bound states.

After that, Part I focuses on experimental studies of multi-terminal supercurrent in

multi-terminal Josephson junctions with the support of numerical simulations, which in-

cludes Chapter 3, 4 and 5. In Chapter 3, we first define the multi-dimensional critical

current, e.g. the (two-dimensional) critical current contour which will be discuss later, a

novel characteristic for the multi-terminal supercurrent. Along with that, the two-current

bias measurement is introduced to study the critical current contours in multi-terminal

Josephson junctions. Moreover we discuss What this newly defined property tells us about

the multi-terminal supercurrent.

Chapter 4 includes both experimental and theoretical work on supercurrent transport in

multi-terminal Josephson junctions. Devices are fabricated on novel hybrid two-dimensional

superconductor/semiconductor (Al/InAs) heterostructures [8]. We implemented several dif-

ferent types of multi-terminal Josephson junctions. 1) Three-terminal Josephson junctions

2) Four-terminal Josephson junctions 3) Four-terminal Josephson junctions with one super-

conducting loop. The critical current contours are constructed from the two-current bias

measurements of each device. We demonstrate that the peculiar behaviors of the critical

current contours are attributed multi-phase Andreev bound states.

Josephson junctions fabricated on the hybrid superconductor/semiconductor material

allows us to tune the devices by gating. Detailed study on the gate-tunable multi-terminal

Josephson junctions both in experiment and theory is discussed in Chapter 5. In general,

the Josephson supercurrent in multi-terminal Josephson junctions can be de-composed into

two parts. One is conventional two-terminal supercurrent depending on one independent

superconducting phase difference, and the other one is multi-terminal super-current, which

depends on two or more independent superconducting phase differences. In this chapter, we

describe how to distinguish those two different Josephson supercurrent by controlling top
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gate voltages.

Part II focuses on the energy spectrum of Andreev bound states in multi-terminal

Josephson junctions. Chapter.6 describes tunneling spectroscopy experiment on three-

terminal Josephson junctions. First, the measurement principle of tunneling spectroscopy

and device implementation are discussed. Next, we show the multi-phase-dependence of An-

dreev bound states revealed in the bound state energy spectrum of three-terminal Josephson

junctions. For the phase-controlled tunneling spectroscopy measurements, the junctions are

implemented in the multi-loop SQUID structures. Lastly, the bound state energy formula

based on the minimal three-terminal scattering model is investigated by comparing with the

experimental results.

In Chapter 7, the nearly complete energy spectrum of Andreev bound states in three-

terminal Josephson junctions is studied. Those energy spectrum forms multi-dimensional

band structures which resemble the electronic band structures in solids. The Andreev band

structures in three-terminal Josephson junctions are constructed on the two-dimensional

space spanned by two independent superconducting phase differences. By individually con-

trolling the two independent superconducting phase differences, we can explore the entire

Andreev band structures.
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Chapter 2

Josephson effect and Andreev bound

states

The basic goal of this chapter is to understand the formation of Andreev bound states in

multi-terminal Josephson junctions based on the Bogoliubov-de Gennes formalism [9]. We

begin by discussing the Bardeen-Cooper-Schrieffer (BCS) theory that provides the micro-

scopic understanding of superconductivity [10]. At low temperatures, electrons in a normal

metal pair up to create superconducting electron pairs called cooper pairs in the presence of

an effective attractive interaction, which is normally due to lattice vibrations (i.e. phonons).

The Cooper pairs condense into the quantum collective wave that exhibits superfluidity. The

superconducting wavefunction, often called the superconducting order parameter, which is

a macroscopic variable characterizes superconductivity ∆(r) = ∆ei�, where φ is the conju-

gate of the number of Cooper pairs. In a spatially homogeneous system, the single-particle

excitation spectrum above the ground state develops an energy gap ∆ [11]. Those gapped

excitations are superpositions of propagating electrons and holes, which are called bogoli-

ubov quasiparticles. However, if the superconducting order parameter varies in space, ∆(r),

‘subgap’ (energies lower than ∆) excitations may develop. Those subgap states are called

Andreev bound states, which are of our main interest. Particulary, Josephson junctions are

a good example of such an inhomogenous superconducting system.
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2.1 Bogoliubov de-Gennes (BdG) formalism

The BdG formalism is useful to discuss mesoscopic superconductivity where the supercon-

ducting order parameter varies over the space. First, we recall the effective BCS Hamiltonian

in a continuum model, which reads

H =

Z
dr [

X
�=";#

ψy�(r) {− h̄
2∇2

2m
− µ+ U(r)}ψ�(r) + ∆(r)ψy"(r)ψ

y
#(r) + ∆�(r)ψ#(r)ψ"(r) ].

(2.1)

Here ψ� (ψy�) is an fermionic annihilation (creation) field operator of spin σ, h̄ is the planck

constant divided by 2π, m is an electron mass, µ is the chemical potential. U(r) is the

potential energy and ∆(r) is a superconducting pair potential. The BdG transformation of

the effectiv BCS Hamiltonian gives the BdG Hamiltonian,

H =
1

2

Z
drΨy(r)HBdGΨ(r), (2.2)

with the four-component Nambu spinor field:

Ψ(r) =

0BBBBBBB@
ψ"(r)

ψ#(r)

ψy#(r)

−ψy"(r)

1CCCCCCCA
. (2.3)

In a spin-degenerate system with the s-wave superconducting pairing potential, the BdG

Hamiltonian becomes simplified as

HBdG(r) =

0BBBBBBB@
H0(r) 0 ∆(r) 0

0 H0(r) 0 ∆(r)

∆�(r) 0(r) −H�0 (r) 0

0 ∆�(r) 0 −H�0 (r)

1CCCCCCCA
, (2.4)
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where H0(r) = −�h2r2

2m
− µ + U(r) is the single particle Hamiltonian. Due to the double

counting of the BdG Hamiltonian, a factor of 1
2
is given as shown in Eq.2.2. Because ψ" (ψ#)

couples only to ψy# (ψ
y
") in this Hamiltonian, the BdG Hamiltoinan matrix can be decomposed

into two of the same 2x2 matrix. Thus, the eigen-energies and eigen-wavefunctions are given

as the solutions of the following spin-independent BdG equation,

0@H0(r) ∆(r)

∆�(r) −H0(r)

1A0@u(r)

v(r)

1A = ε

0@u(r)

v(r)

1A , (2.5)

where u(r) and v(r) represent the electron and hole wavefunctions with energy ε.

In the presence of the spin-orbit interaction, which will be discussed in Chapter 7, one

needs to consider a generalized version of the 4x4 BdG Hamiltonian, which reads

HBdG(r) =

0BBBBBBB@
H""(r) H"#(r) ∆"#(r) ∆""(r)

H#"(r) H##(r) ∆##(r) ∆#"(r)

∆�#"(r) ∆�##(r) −H�##(r) −H�#"(r)

∆�""(r) ∆�"#(r) −H�"#(r) −H�""(r)

1CCCCCCCA
, (2.6)

with the spin-dependent components of the single particle Hamiltonian H��0(r) and the

superconducting pair potential ∆��0(r). For example, the spin-flipping process results in

non-zero H"# and H#" terms while ∆"" and ∆## terms still remain zero. Here, the BdG

Hamiltonians always have the particle-hole symmetries. In addition, other discrete symme-

tries such as the time-reversal symmetry and the spin-rotation symmetries may exist on the

BdG Hamiltonian. All those discrete symmetries are important to study symmetry-protected

topological phases of the superconducting systems.

Homogenous systems

Now, let’s solve the BdG equation (Eq.2.5) analytically. For simplicity, we neglect the

potential energy V (r) in the following discussion. First, in a spatially homogeneous system,
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where ∆(r) is constant all over the space (i.e. ∆(r) = ∆ei�), the eigen-solutions of the BdG

equation are the plain waves ψ+
k (r) and ψ+

k (r),

ψ+
k (r) =

0@uk
vk

1A e�ikx, ψ�k (r) =

0@−v�k
u�k

1A e�ikx (2.7)

with both positive and negative energies of ±Ek respectively. Here, Ek =
p
ξ2
k + ∆2 and

ξk = �h2k2

2m
− µ. The coefficients uk and vk are

uk =

r
1

2
(1 +

ξk
Ek

)ei
�
2 , vk =

r
1

2
(1− ξk

Ek
)e�i

�
2 . (2.8)

which satisfy the normalization condition (|uk|2 + |vk|2 = 1). The quasi-particle exciations

of the superconducting system have energies larger than the superconducting energy gap ∆,

which is consistent with the gapped spectrum of superconductors. As the superconducting

pair potential becomes spatially inhomogeneous, the sub-gap states can exist, which are

called Andreev bound states.

Inhomogenous systems (S-N junction)

The best example to understand inhomogenous systems is where a normal metal and a

superconductor are in contact (see figure 2.1). When the interface between two is formed at

x=0, the solutions in the normal region (x<0) are given as

0@1

0

1A e�ikex ,

0@0

1

1A e�ikhx (2.9)

where ke (kh) is the wave number,
√

2m(�+�)

�h
(
√

2m(���)
�h

). The former represents the electron

wavefunction while the latter represents the hole wavefunction. When the excitation energy

ε is less than the superconducting gap ∆, the wavefunction in the superconducting region is

given as the evanescent wave that decays exponentially far from the interface,
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x

|Δ(x)|

|Δ0eiφ1|

0

normal metal superconductor

Figure 2.1: The superconducting pair potential of a S-N junction.

Ψevanescent =
1√
2

0@ ei�=2

e�i�=2

1A ei�x, (2.10)

where κ =

√
2m(�+i

p
�2��2)

�h
and η = φ1+cos�1( �

�
). An incoming electron can be reflected as a

hole (or an electron) at the same time the evanescent wave propagates in the superconducting

region, which is described as follows,

Ψ = Θ(−x)[

0@1

0

1A e+ikex +

0@re
0

1A e�ikex +

0@ 0

rh

1A e�ikhx] + Θ(x)
C√

2

0@ ei�=2

e�i�=2

1A ei�x (2.11)

where Θ(x) is the step function. The continuation of the wavefunction and its derivation

determines all the unknown coefficients in the above wavefunction. The process that an

incoming electron is reflected as a hole is known as Andreev reflection. In the limit of ε� µ,

the perfect Andreev reflection occurs, i. e. re = 0 and rh = e�i�. The Andreev process

conserves not only charge but also energy, momentum and spin. As a result, one Cooper

pair is transmitted into the superconductor. The reflected hole has the opposite spin of the

electron and is following the same trajectory of the electron in the opposite direction with

the same excitation energy of the opposite sign. In the opposite case of a hole transmitting

into the superconductor from the normal metal, it is reflected as an electron at the interface
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vice versa. In case of the potential energy difference not being zero, there exist non-zero

re, which means that both Andreev reflection and normal reflection process simultaneously

occur at the interface.

2.2 Formation of Andreev bound states (ABSs)

Now, let’s consider a Josephson junction in which a normal metal is sandwiched by two

superconductors (see figure 2.2). Due to the Andreev reflections occurring at the interfaces

between the normal metal and superconductors, electrtons and holes within the supercon-

ducting energy gap can not escape from the junction, thus forming bound states called

Andreev bound states. The wavefunctions of those bound states are given as a combination

of the hole- and electron-wavfunctions localized within the junction which are entangled

due to the Andreev reflections. Although similar type of Andreev bound states exist where

the superconducting order parameter varies continuously over the space, e.g. superconduct-

ing vortex structures, we’ll focus on the Andreev bound states existing within weak links

sandwiched by superconductors.

Given the following superconducting pair potential that describe a Josephson junction,

∆ = Θ(x− L

2
) ∆ei�1 + Θ(x+

L

2
) ∆ei�2 , (2.12)

x

|Δ(x)|

|Δ0eiφ1|

0

|Δ0eiφ2|

N SS

Figure 2.2: The superconducting pair potential of a S-N-S junction.
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the wavefunction for the bound states within the Josephson junction can be written as,

Ψ(x) =

0@A
B

1A e+ikx +

0@C
D

1A e�ikx; |x| < L

2

= ai

0@ ei�i=2

e�i�i=2

1A e�i�(x�L=2); |x| > L

2

(2.13)

where ηi = φi + cos�1( �
�

) (i=1,2). The eigen-energies of the above wavefunction are simply

given from the phase matching equation as below,

φ1 − φ2

2
= kL+ cos�1(

E

∆
) (2.14)

In the limit of kL → 0, the bound state energy is EABS = ±∆ cos (
�1��)

2
). In addition to

the bound state energies, we note that the wavefunctions of the Andreev bound states decay

into the superconductors and are not completely localized within the normal region. In order

to get more realistic solutions for Andreev bound state energies in Josephson junctions, one

needs to include nonzero potential energy V (r). However, solving directly inhomogeneous

BdG equation is not trivial. Thus, one can use the scattering matrix approach to calculate

the Andreev bound state energies.

2.3 Scattering matrix approach

The scattering matrix approach is a straightforward method to understand the formation

of Andreev bound states in Josephson junctions. One can get more technical descriptions

from the Beenakker’s original paper [12]. In order to describe the formation of the bound

states within Josephson junctions more realistically, Not only the Andreev reflections but

also normal scattering processes of electrons and holes in weak links need to be taken into

account. In the BdG equation, the presence of a spatially inhomogenous potential V (r) is the

cause of those normal scattering processes in the weak links from the viewpoint of the scat-

tering matrix approach. In the above-mentioned paper, Beenakker derived the determinant
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equation to obtain the bound state energies as follows:

SA(E)SN(E)Ψ = Ψ, (2.15)

where SA (SN) describes for Andreev reflection (normal scattering) and Ψ consists of the

coefficients of the propagating wavefunction describing both electron and hole in the weak

link. First, the normal scattering matrix SN can be written as

SN(E) =

0@S0(E) 0

0 S�0(E),

1A (2.16)

where S0(E) is the scattering matrix between the electron propagating wavefunctions. Due

to the particle-hole symmetry of the system, the normal scattering matrix for holes is given as

S�0(E). Here, S0 (as well as SN) is an unitary matrix to describe proper scattering processes.

For example, when the weak link contains a single channel connecting two superconductors,

S0 can be simply written as

S0 =

0@r11 t12

t21 r22

1A (2.17)

where rii represents the reflection coefficient and tij represents the transmission coefficient

through the weak link. In the short junction limit, where the junction length is much smaller

than the superconducting coherence length (i.e. the Thouless energy Eth is much larger than

the superconducting energy gap) [12], the normal scattering matrix SN(E) can be assumed

as an energy-independent matrix. The Andreev reflection matrix SA is given as a block

off-diagonal matrix,

SA(E) = e�i cos�1(E
�

)

0@ 0 rA(E)

r�A(E) 0

1A , rA(E) =

0@ei�1 0

0 ei�2

1A . (2.18)

Here, rA describes the Andreev reflection from electrons to holes while r�A describes the

opposite Andreev reflection in which holes are converted to electrons. Eq.2.15 results in the

Beenakker’s determinant equation that provides the bound state energy formula [12]:

det[1− e�2i cos�1(E
�

)r̂AŜ�0 r̂
�
AŜ0] = 0. (2.19)
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Figure 2.3: The phase-dependent energy spectrum of Andreev bound states in a Josephson

junction at different T ’s.

As a reulst, the bound states energies depend on the superconducting phase difference φ

(=φ1− φ2) across the Josephson junction. Then, the Andreev bound state energies EABS in

the junctions is simply described as

EABS = ±∆

r
1− Tsin2

φ

2
, (2.20)

where ∆ is the superconducting energy gap, T is the transmission coefficient of the mode. In

the presence of the time-reversal symmetry, S0=S�0 and t12=t21 in the above S0. Thus, we can

write T=|t12|2. In this case, EABS has a maximum value of ∆ at ϕ=0 and a minimum value

of ∆
√

1− T at ϕ = π. EABS goes down to zero only at T=1. For example, even with a very

high transmission coefficient T=0.99, the minimum energy is still 0.1∆. Thus, except for

topologically protected reflectionless (perfect transmission) channels, it is almost impossible

to achieve zero-energy Andreev bound states. We note that the whole supercurrent of the

junction is carried by Andreev bound states in the short junction limit as the continuum

states do not contribute to the supercurrent flowing through the junction [12].
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2.4 Multi-phase-dependent Andreev bound states

The formation of Andreev bound states in multi-terminal Josephson junction can be also

understood based on the scattering matrix formalism [2, 3, 13]. Let’s consider a three-

terminal Josephson junction as an example. First, the simplest scattering matrix describing

an weak link of a three-terminal Josephson junction can be written as a 3 × 3 matrix,

S0 =

0BBB@
r11 t12 t13

t21 r22 t23

t31 t32 r33

1CCCA , (2.21)

where {rii}’s are reflection coefficients and {tij}’s are transmission coefficients. Here, each

superconducting terminal has a single transport channel. The Andreev scattering matrix

contains all the superconducting phases (φ1, φ2 and φ3 = 0). Using Beenakker’s determinant

equation, the Andreev bound state energies are given as

εABS(φ1, φ2) = ±∆
p

1− |t10|2sin2(φ1)− |t20|2sin2(ϕ2)− |t12|2sin2(φ1 − φ2). (2.22)

In the presence of the time reversal symmetry, the scattering matrix is a symmetric matrix

Figure 2.4: The multi-phase-dependent energy spectrum of Andreev bound states in a 3-

terminal Josephson junction
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(i.e. S0 = S�0): t12 = t21, t13 = t31, and t23 = t32. It is worth noting that this seemingly

general formula can not be extended to other N -terminal (N > 3) Josephson junctions [14].

In addition to the 3D energy spectrum shown in Fig.2.4, 2D slice cuts of the energy

spectrum along some directions in the 2D phase space are useful to analyze the spectrum more

thoroughly (see figure 2.5). The three plots in the upper row shows the energy dispersion

when the two-terminal junction condition is satisfied (φ1 = 0, φ2 = 0 or φ1 = φ2). Two

out of the three superconducting phases defined across the junction are equal so that there

exist only one independent phase variable. Thus, the Andreev energies can be described by

Figure 2.5: The energy dispersion of the Andreev band structure along highly symmetric

directions on the two-dimensional phase space. (T1 = |t10|2, T2 = |t20|2, and T3 = |t12|2)
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the two-terminal bound state energy formula-EABS = ±
q

1− T sin2 �
2
. Next, in the lower

row, the first two plots shows the cases when one of the phase differences equals to π. For

example, in the case of φ1 = π, φ2 couples φ3 = 0 and φ1 = π. Depending on the individual

strength, the band dispersion is shifted by π. Due to the π-coupling between φ1 and φ3, the

maximum energy is reduced from ∆. The last plot in the lower row shows a special case

when φ1 = −φ2. Along this direction, the phase difference φ1 − φ2 is oscillating twice faster

than other two phase differences. One can observe the double oscillation within the one

period of φ1 (or φ2) in some cases. In this simple case of a three-terminal Josephson junction

with a single channel per lead, we can estimate the elements of the scattering matrix up to

some phases by investigating the 2D cuts of the Andreev energy spectrum.

2.5 Spin-orbit splitting of Andreev bound states

While the above equation (2.17) explains the formation of Andreev bound states in the

absence of the spin-flavor, the spin-dependent scattering process requires a modification of

the scattering matrix representations. Because the spin-orbit interaction breaks only the

spin-rotation symmetry but not the time-reversal symmetry, there is a different restriction

on the scattering matrices to satisfy the above symmetry conditions. First, we define Z as a

2N × 2N matrix as

Z = 1N ⊗ (iσy) =

0BBBBBBBBBB@

0@0 −1

1 0

1A 0

. . .

0

0@0 −1

1 0

1A

1CCCCCCCCCCA
, (2.23)

which plays an important role of describing the broken spin-rotation symmetry under the

presence of the time-reversal symmetry. Here, 2N is the total number of spin non-degenerate

channels in a given Josephson junction. Then, Andreev scattering matrix is modified as

r̂A ⊗ (iσy), which gives rise to the π-phase shift between spin-up and spin-down particles.
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Now, Ŝ is a unitary matrix of the symplectic ensemble (Ŝ = −ZŜTZ) to describe spin-

dependent scattering processes. Figure 2.6 shows the Andreev energy levels of Josephson

junctions described by the scattering matrix of the circular symplectic ensemble. However,

this modification of scattering matrices does not affect the the Andreev energies in two-

terminal Josephson junctions. The ABS levels still do not have any spin-splitting as the

junction length vanishes [15]. Only in multi-terminal Josephson junctions, the spin-orbit

interaction gives rise to the spin-splitting of the ABS energies, which will be discussed more

in chapter 7.

Figure 2.6: The Andreev energy levels in (left) a two- and (right) a three-terminal Josephson

junction described by the scattering matrix of the circular symplectic ensemble. Adapted

from Van Heck, et al. (2014) [13]. The superconducting phase difference φ = 2e�
�h

in the two-

terminal Josephson junction. 2e�1

�h
= −2e�2

�h
= φ in the three-terminal Josephson junction.

Superconducting rings (gray) allow for controlling the superconducting phase differences by

the magnetic flux Φ, Φ1 and Φ2.
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2.6 Random scattering matrix approach

A scattering matrix describing a mesoscopic normal metal can be classi�ed into three distinct

classes based on its symmetry [16]. One is circular unitary ensemble, another one is circular

orthogonal ensemble, and the other one is circular symplectic ensemble while all scattering

matrices must satisfy their unitarity. When a system preserves the time reversal symmetry

as well as the spin rotation symmetry, a orthogonal matrix can describes the system. When

a system preserves the time reversal symmetry, but breaks the spin-rotation symmetry, a

symplectic matrix can describes the system. Other than that the scattering matrix is an

unitary matrix. Depending on the symmetry class of a scattering matrix describing the

weak link of a Josephson junction, the corresponding Andreev energy spectrum changes

regardless the randomness.
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Part I

Supercurrent in multi-terminal

josephson junctions



Chapter 3

Characterization of multi-terminal

Josephson supercurrent

One of the most distinct features of multi-terminal Josephson junctions is multi-terminal

supercurrent. Multi-terminal supercurrent is de�ned as the supercurrent in a Josephson

junction that is attributed to the multi-terminal Andreev bound states, therefore, depend-

ing on two or more independent superconducting phase di�erences across the junction. To

appropriately characterize the multi-terminal supercurrent, we introduce the concept of the

multi-dimensional critical current. In this chapter, we discuss how it tells us about informa-

tion on the multi-terminal supercurrent.
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3.1 Current-bias measurement of multi-terminal Joseph-

son supercurrent

In DC Josephson e�ect, the critical current and the current-phase relation are the two most

important properties of a Josephson junction. The critical current can be simply obtained

from a simple I-V curve under the current bias measurement; while applying DC bias current

to a given Josephson junction, the voltage across the junction is measured. The zero-voltage

region in the I-V curve indicates the supercurrent �owing through the Josephson junction.

The multi-terminal Josephson supercurrent can also be detected in a similar but slightly

di�erent current-bias measurement. In aN -terminal Josephson junction, (N � 1) terminals

can be biased by independent current sources while all currents drain into the remaining

terminal. All the voltages across the junction are simultaneously measured as (N � 1)

bias currents are independently controlled. Under such a multi-current bias, the junction is

superconducting when all the voltage across the junction equal to zero, i.e. the junction is in

the zero-voltage state. On the contrary, the junction is in the �nite-voltage state when there

is non-zero voltage across the junction. Interestingly, a multi-terminal Josephson junction

in the �nite-voltage state can be partially superconducting, which means that supercurrent

�ows only between some of the terminals. Then, the supercurrent and the dissipative current

coexist simultaneously in one junction [17]. This coexistence will be also discussed later with

experimental data.

A N -terminal Josephson junction's voltage state is determined as a function of (N � 1)

independent bias currents, which forms kind of a phase diagram. Thus, we can de�ne

(N � 2)-dimensional critical current as the boundary between the zero-voltage state and the

�nite voltage state in the (N � 1)-dimensional current space. In other words, the multi-

dimensional critical current of anN -terminal junction is given as a (N � 2)-dimensional

hypersurface in the (N � 1)-dimensional space of bias currents as shown in Figure 3.1. For

example, a general two-terminal Josephson junction has a single current value (two current

values, one positive and one negative, in the case of the Josephson junctions with broken
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Figure 3.1: (N � 2)-dimensional critical currents de�ned in aN -terminal Josephson junction

as a function of the (N � 1)-dimensional bias currents. (a) the case of N=2, (b) N=3, and

(c) N=4

current-inversion symmetry) for the (zero-dimensional) critical current. As shown in the

�gure, a three-terminal Josephson junction has the one-dimensional critical current contour

and a four-terminal Josephson junction has the two-dimensional critical current surface.

The de�nitions of the multi-dimensional critical currents provide important information on

the multi-terminal Josephson supercurrent. We will show our observations in which the

geometric features of the multi-dimensional critical currents reveal the multi-terminal nature

of supercurrent in the multi-terminal Josephson junctions.

3.2 Free energy description of a current-biased Josephson

junction

The zero-voltage state of a current-biased Josephson junction can be investigated using the

free-energy description. The free energyF of a (two-terminal) Josephson junction driven

with a bias current I bias is given as
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F (� ) = EJ (� ) �
�hI bias

2e
�; (3.1)

where� is the superconducting phase di�erence across the junction andEJ is the Josephson

energy given as a function of� . �h is the Planck constant divided by2� and e is an electron

charge. In general, one can assume that the Josephson energyEJ (� ) is given as

EJ (� ) = �
�hI c

2e
cos�; (3.2)

whereI c is the critical current of the given Josephson junction. The free energyF is plotted

in �gure 3.2 with di�erent values of the bias current, which is widely known as the so-called

tilted washboard potential [18].

Figure 3.2: The dynamics of a phase particle in the tilted washboard potential with di�erent

bias currents

Here, the superconducting phase di�erence� across the Josephson junction can be treated

as a classical variable, and the phase dynamics is described as a motion of a classical particle

moving in this tilted washboard potential. If the phase particle is moving along the wash-

board potential, the AC Josephson e�ect (d�
dt = 2eV

�h ) gives rise to the �nite voltage across
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the junction. On the contrary, if there is a stable equilibrium position for the washboard

potential (i.e. free energyF ), and the phase particle stays there,� is �xed and the volt-

age across the junction is constant in time. The absence of any stable equilibrium position

means that the phase particle is moving downwards, which is the so-called running state.

The phase changes in time and, as a result, the junction is in the �nite-voltage state. As

shown in �gure 3.2, the Josephson junction is in the zero-voltage (�nite-voltage) state if the

bias current is less (larger) than the critical current.

For a more realistic model of current-biased Josephson junctions, one can add a resistor

and capacitor connected to the junctions in parallel [19, 20]. Such a circuit of resistively and

capacitively shunted Josephson junction is described as the RCSJ model. Or, in the absence

of the shunting capacitor, this model reduces to the RSJ model. Moreover, this model is

equivalent to a mechanical system of a pendulum under a constant driving force described in

a classical way. The dynamics of the superconducting phase di�erence� can be understood

based on the analogy. The capacitor plays a role of nonzero mass (= 1
C ) of the pendulum

and the resistor plays a role of the retarding force (= � 1
R

d�
dt ). However, since capacitors and

resistors do not play a role in the determination of the critical current, both are ignored in

the following discussion.

The zero-voltage state conditions of a Josephson junction can be re-written as the fol-

lowing equations,

dF
d�

= 0 ,
dEJ

d�
= I bias; (3.3)

d2F
d� 2

> 0 ,
d2EJ

d� 2
> 0: (3.4)

As a result, the critical current (I c) can be de�ned using the above two conditions as the

maximum value of dE
d� > 0 while d2E

d� 2 > 0. In two-terminal Josephson junctions, unsurpris-

ingly, the critical current does equal to the maximum value ofdEJ
d� . In the general case of

a N -terminal junction, the Josephson energyEJ is a function of (N � 1) phase-di�erences

across the junction (here,� N is set to zero). When the junction is driven with bias currents
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I 1, ... I N � 1 (at each of terminal 1 to (N � 1) while terminal N is grounded), the free energy

F is given as

F (� 1; :::; � N � 1) = EJ (� 1; :::; � N � 1) �
�h
2e

N � 1X

i =1

I i � i : (3.5)

For the junction to be in the zero-voltage state, there should exist a stable equilibrium

position of the free energy.

~r ~� F = 0 ,
@EJ
@�i

= I i ; (3.6)

@2F

@~� 2
> 0 ,

@2EJ

@~� 2
> 0; (3.7)

The second equation (Eq.3.7) means the positiveness of the hessian eigenvalues ofEJ . Then,

the multi-dimensional critical current, or critical current hyper-surface, is obtained from

a boundary of the allowed bias currentsI 1, ... I N � 1. This is equivalent to the (N � 1)

dimensional tilted washboard potential problem. Unlike calculating the critical current of

two-terminal Josephson junctions, the second-derivatives of the free energy need to be inves-

tigated to construct the multi-dimensional critical current in the multi-terminal Josephson

junctions.

3.3 De�ning critical current contour

As we discuss in the previous section, the multi-dimensional critical current of aN -terminal

Josephson junction forms a hyper-space in (N � 1) dimensional space of bias currents.

For better analysis of the multi-terminal Josephson supercurrent, we focused on the two-

dimensional critical current, which we callcritical current contour . The critical current

contour can be obtained from any multi-terminal Josephson junctions by limiting the number

of independent current sources to two. And we call ittwo-current bias measurement . In

three-terminal Josephson junctions, it is straight-forward to have two current sources for two

terminals while the remaining terminal is grounded. However, in the case of four-terminal

Josephson junctions, one constraint on bias currents is given for the two-current bias mea-
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surement. For example, we paired up two terminals and feed the same amount of current

but in di�erent directions. As a result, the critical current is de�ned in the two-dimensional

space of bias currents. InN -terminal (N >3) Josephson junctions, the critical current con-

tour is equivalent to an intersection between a 2D plane along a certain direction and the

(N � 1)-dimensional critical current. In the next chapters, we construct the critical cur-

rent contour of multi-terminal Josephson junctions from the two-current bias measurements,

which allows us to characterize the multi-terminal Josephson junctions.

27



Chapter 4

Multiterminal Josephson e�ect

Most parts of this chapter are adapted from "Multiterminal Josephson junction", Phys. Rev.

X 10, 031051 (2020). Here, transport measurements of various Josephson junctions devices

are discussed.
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4.1 Background

While the realizations of multi-terminal Josephson junctions have been reported in several

literatures, there have been a lack of study on the multi-terminal supercurrent. Along with

our study, multi-terminal supercurrents were �rst reported in graphene-based Josephson

junctions [17]. However, this study focused primarily on a heating e�ect of coexisting diss-

pative currents on supercurrent transport rather than the multi-terminal supercurrent itself.

Also, there were demonstrations of a special kind of multi-terminal supercurrent from a

couple of research groups. It is the so-called quartet supercurrent that transport two entan-

gled Cooper pairs of charge 4e simultaneously through multiple superconducting. But, the

quartet supercurrent is only notable in the out-of-equilibrium state as non-zero voltages are

biased across the junctions [21, 22], which can not explain a general multi-terminal supercur-

rent transport.Other researches on multi-terminal Josephson junctions including nanocross-

based junctions were limited to measuring two-terminal supercurrent properties [23]. Lastly,

metallic three-terminal Josephson junctions exhibited the phase-controlled superconducting

proximity e�ect by using a spectroscopic method while there is no clue on the multi-terminal

supercurrent [24]. Thus, the importance of this study is showing the existence of the multi-

terminal supercurrent, which demonstrates the mesoscopic superconducting phase-coherence

simultaneously between multiple terminals of multi-terminal Josephson junctions.

4.2 Devices/ Materials

We implemented three species of hybrid semiconductor/superconductor multi-terminal Joseph-

son junction devices in order to demonstrate the existence of multi-terminal supercurrent

and understand their multi-terminal nature: a three-terminal junction (Fig.4.1.a,b), a four-

terminal junction (Fig.4.1c), and a multi-terminal superconducting quantum interference

device, nicknamed �multi-SQUID" (Fig.4.1d). The multi-SQUID is derived from a four-

terminal junction by short-circuiting terminals 3 and 4 with a superconducting wire, and it

can be viewed as a �ux-controlled three-terminal junction. Junctions with sub-micrometer
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Figure 4.1: Scanning electron microscope (SEM) images of various multi-terminal Josephson

junction devices. (a,b) Three-terminal Josephson junctions (c) A four-terminal Josephson

junction (d) Multi-SQUID: a superconducting loop interrupted by a four-terminal Joseph-

son junction. It acts as a phase-dependent three-terminal Josephson junction. (e) Junction's

schematic cross section revealing the material stack and composition of each layer of the het-

erostructure (top) along with a TEM image of the semiconductor-superconductor interface

(bottom).

dimensions are fabricated in a top-down fashion from an epitaxial heterostructure of the

III-V-group materials [8, 25]. By properly engineering the material stack, a high-mobility

two-dimensional electron gas (2DEG) is con�ned near the crystalline interface between InAs

semiconductor and a superconducting Al �lm (See Figure 4.1.e). More information on the

heterostructure material can be found in the other references [26, 27, 28]. The supercon-

ducting terminals are electrically isolated from each other by mesa etching as shown in the

�gure. The Josephson junctions are de�ned by removing the Al layer. Device fabrication

recipes can be found in Natalia Pankratova's dissertation [29]. An important feature of our
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material is that the carrier density in the exposed semiconductor can be tuned all the way

to a complete depletion using an electrostatic top-gate, which will be discussed in chapter 5.

4.3 Transport in three- and four-terminal Josephson junc-

tions

Experiments were performed in dilution refrigerator under 20mK. More details on the mea-

surement setup can be found in Natalia Pankratova's dissertation again [29]. In the absence

of a top-gate, the exposed 2DEG in the junction region has the following approximate param-

eters, obtained through bulk transport measurements on a similar wafer [25]: Fermi wave-

length � F � 25nm, velocity vF � 106m/s, mean free pathle � 200nm, and phase-breaking

length l � � 1 �m . For our devices with sub-micrometer dimensions, such parameters trans-

late into the short-junction transport regime involving between10 and 100 channels per

terminal.

The chips were wirebonded to a printed circuit board with built-in discrete-element �lters,

which was mounted to the copper probe of a bottom-loading dilution refrigerator. We start

with the simpler caseN = 3 (devices similar to those shown in Fig.4.1(a,b)). Transport in

three-terminal junctions is characterized by grounding the third terminal, and simultaneously

measuring the voltageV1 and V2 of terminal 1 and 2, as well as the di�erential resistance

dV1=dI1 and dV2=dI2, as a function of the bias currentI 1 and I 2.

The data can be exhaustively summarized by three prominent features (see �gure 4.2).

The junction's zero-voltage state in the(I 1; I 2)-plane can be graphically obtained as the

intersection of the (blue-colored) regions in Fig.4.2(a,b), de�ned by the conditionsdV1=dI1 =

0 (and V1 = 0) and dV2=dI2 = 0 (and V2 = 0), respectively. The CCC surrounds the zero-

voltage region, as indicated by a white dashed line. The second feature consists of the three

radial directions along which the di�erential resistances of both terminals are reduced. This

feature represents the special combinations of bias currentsI 1; I 2, such that either V1 = 0,

or V2 = 0, or V1 = V2, and this is a generic property of dissipative transport in devices with
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multiple superconducting terminals.

Figure 4.2: Transport measurements (a,b) Di�erential resistance maps of the device shown

in Fig.4.1(a); terminal 3 is grounded. (c,d) Same measurement for the device shown in

Fig.4.1(b). The CCCs of both junctions are indicated by a dashed white line as a guide for

the eye. The radial features in the resistance corresponding to the three conditionsV1 = 0,

V2 = 0, and V1 � V2 = 0. Some of the MAR conditions eV1 = 2� =n (a,c) and eV2 = 2� =n

(b,d) are shown as the black lines obtained using independently measured voltagesV1 and V2

(n = 1; 2; :::; 5). The third set of MAR corresponding to e(V1 � V2) = 2� =n is not marked.

The induced gap� is about 180� eV for both devices.

The third feature is multiple Andreev re�ection (MAR) resonances [30, 31] at positions in

the (I 1; I 2)-plane given by ejV1j = 2� =n, ejV2j = 2� =n, and ejV1 � V2j = 2� =n, respectively,

where n is an integer and� � 180 � eV. Example equipotential lines corresponding to

n = 2; 3 in Fig.4.2(a) and n = 4; 5 in Fig.4.2(b) are plotted on top of thedV=dI-data using
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independently measured voltageV1 and V2.

The presence of high-order MAR resonances along with the induced gap� being close to

the gap of aluminum �lm indicates a nearly ballistic transport in the exposed semiconductor

region and a high-transparency superconductor/semiconductor interface. Thus, the �nite-

voltage data con�rms the high-quality of both the heterostructure and the fabricated devices.

Transport in the narrower leads junction (Fig.4.1.b) has all the same features described above

(Fig.4.2.c,d). The normal state conductance and the size of the zero voltage region are

reduced proportionally to the width of the leads. The MAR features are notably smeared,

which may be the e�ect of scattering at the imperfect fabrication-de�ned edges. Nevertheless,

a few lowest-order resonances are resolved and they give a similar value of the induced gap

� � 180 � eV.

Having understood all the transport features of the three-terminal junctions, we move on

to interpreting the more complex resistance maps of the four terminal junctions (Fig.4.3).

Formally, the zero-voltage state of such devices (similar to the one shown in Fig.4.1.c) should

be represented by a three-dimensional manifold in the space of the three independent bias

currents (assuming one of the terminals is grounded). Instead, we pair the four terminals

into three possible combinations((1; 2); (3; 4)), ((2; 3); (4; 1)), and ((1; 3); (2; 4)) and apply

symmetric currents to each pair, i.e.I 1 = � I 3 = I 13 and I 2 = � I 4 = I 24, etc. Consequently,

the zero-voltage state can be characterized by three two-dimensional CCCs de�ned in the

planes of the currents(I 12; I 34), (I 23; I 41), and (I 13; I 24), respectively. The latter biasing

con�guration is particularly interesting, because the two currentsI 13 and I 24 are forced to

�ow across each other in the central junction region. We use the di�erential resistance data

taken in the (I 13; I 24)-plane in order to review the generic transport features encountered in

our four-terminal junctions (Fig.4.3).

Immediately outside the CCC, there is an intricate structure in the di�erential resistance.

We believe most of this structure can be also explained by MAR involving the voltage

drops across the six possible terminal-pairs. For example, using independently-measured

voltages, we indicate the equipotential lines in the(I 13; I 24)-plane corresponding to the (n =
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5) MAR conditions directly on top of the data in Fig.4.3(c,d). Notably, we found evidence

for the 8th-order MAR involving the more separated terminal pairs(1; 3) and (2; 4). Such an

observation con�rms that every pair of terminals in our four-terminal junction is connected

by transparent channels across the semiconductor.

Figure 4.3: Transport measurements in a four-terminal Josephson junction. (a,b) Di�erential

resistance across the terminal pair (2,4) and (1,3) in the device shown in Fig.4.1(c). (c,d)

Zoom-in onto the zero-voltage region. The CCCs are marked by a white dashed line as a

guide to the eye. The six radial features represent the conditionsV12 = 0, V23 = 0, etc., as

marked directly on the plots. The colored lines represent some of the MAR conditions: (c,

red) eV24 = 2� =n; (c, yellow) eV23 = 2� =n; (c, green) eV34 = 2� =n; (d, red) eV13 = 2� =n;

(d, yellow) eV41 = 2� =n; (d, green) eV12 = 2� =n. Here � � 160 � eV and n = 5.
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