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Chapter 1: Introduction

1.1 Overview of quantum computing

Richard Feynman once proposed the idea of using quantum computers (QCs) to simulate

quantum systems which can outspeed classical computers [11]. It was unclear how to actually

achieve a quantum speed-up until a few quantum algorithms were discovered [12–16]. Peter Shor

proposed an algorithm for integer factoring which is computationally dif�cult for large integers

in a classical computer and is the basis of the standard encryption via the internet [12]. Thus,

the security of widely used cryptosystems could be potentially broken by QCs [14]. Grover's

algorithm solved the problem of searching through unstructured data and showed a potential

improvement of operation numbers fromO(N ) to O(
p

N ) [16]. In the near future, we might

not see the above two algorithms running since they require millions of qubits with very high

�delities [17]. However, some algorithms have potential if we could reach hundreds of qubits.

For example, quantum approximate optimization algorithm (QAOA) was proposed to improve

the computation time of problems such as Max-Cut and the max-independent set [18]. More-

over, quantum simulation of chemistry problems with quantum processors could potentially have

practical consequences in the near-term [19,20]. As a result, cryptography, chemistry simulation,

optimization, and machine learning have been signi�cantly impacted by this technology.

The fundamental of computing is a bit, which is the smallest unit of classical information
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and can be in one of two discrete values (0 or 1). A classical bit is relatively robust to all sorts of

noise, such as physical motions, temperature �uctuations, magnetic �elds, etc, within a reason-

able margin. Even if an error occurs, well-developed error correction codes can rectify it [21].

A quantum counterpart of a bit is called “qubit”. A qubit has states in the basis ofj0i andj1i ,

and can represent an in�nite set of values. Unlike classical bits, qubits are highly vulnerable to

environmental noises [22,23]. Based on quantum mechanics, any unwanted interactions with the

environment will cause a quantum state to collapse into a spurious state. Moreover, imprecision

in qubit control would propagate forward during operations, and there is nothing to prevent the

accumulating errors from building up. The problems lie in the con�icting demands which re-

quires tremendous efforts to achieve together: a highly isolated quantum system on one side, and

fast manipulations and rapid readouts on the other side.

Many schemes of quantum error correction are proposed to correct errors [24–27]. When

multiple connected qubits have their gate error per operation below a certain threshold value,

then we could bundle many imperfect qubits together into one near-perfect “logical” qubit. In the

simplest example, a bit-�ip code copies the information multiple times and corrects the error if

disagreement happens, while the phase-�ip error correction is more complex [24]. A more com-

plicated error-correcting process (i.e. surface code) attempts to use a number of two-dimensional

physical qubits array as one fault-tolerant logical qubit [27].

In principle, any quantum system with distinguishable energy states can be operated as

a qubit. Many physical implementations have been proposed and developed: polarization op-

tics [28, 29], nuclear spin [30], spins trapped by crystal defects or within quantum dots [31, 32],

ionized atoms [33], superconducting qubit [34–36], etc. There are strengths and weaknesses

in each approach, and none has convincing advantages to set itself apart as the only candidate.
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Superconducting (SC) qubits meet most of the requirements of building QCs in the future: long-

lived qubits, purity of two-qubits entanglement control, qubit state readout, scalability, etc. SC

qubits utilize the Josephson effect to realize arti�cial atoms [37] and the well-controlled Joseph-

son junction (JJ) barrier thickness guarantees the accuracy of designed qubit frequencies. A

“quantum Moore's law” shows an increase in their lifetime by �ve orders of magnitude [22,36].

The improvement of qubit quality comes from many aspects. First of all, researchers learn to

avoid the loss mechanisms from (1) two-level systems (TLSs), which are located in disordered

interfaces or dielectric materials [38–40], or (2) quasiparticles generated by high-energy parti-

cles [41,42]. Moreover, new superconductor materials, such as Ta [43], Nb [44], or TiN [45,46],

are found to have low loss and replace the traditional metal Al to improve the qubit lifetime.

Third, quantum-limited ampli�ers utilizing the nonlinearity from JJs [47, 48] or the kinetic in-

ductance of superconductors [49] provide a large signal gain with a small added noise and en-

hance the readout �delity. Fourth, noise insensitive designs are proposed to protect qubits from

decoherence i.e., transmon [35], �uxonium [50] or 0-� [51] qubits, which have delocalized wave-

functions either in charge or/and in phase. Lastly, SC qubits are relatively easy to scale compared

to other systems. Due to the compatibility with the well-developed complementary metal-oxide

semiconductor (CMOS) techniques, one can design quantum systems on two or three chips with

high-density qubits and attach them together [52,53].

However, when the qubit processors are made more compact, complicated crosstalk be-

tween qubits would be an issue that is hard to be classi�ed and be prevented. Moreover, the

problems of heating from readout pulses, complex coax cables for qubit frequency control, or

insuf�cient spacing for cryogenic microwave components in cryostat cast a few daunting chal-

lenges. In current standard decoherence time (T1 � 100 � s), the requirement of an arbitrary
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quantum algorithm would be millions of qubits and would pose challenges for cryogenic engi-

neering [17]. Additionally, even though the physical size of a qubit is small, it is still larger

than that of its classical counterpart. These problems present challenges to the manufacture of

high-quality qubits with scalability to ful�ll the advantage of quantum computing. In this thesis,

we aim to understand TLSs, the dominating loss source, in aluminum oxide, especially their mi-

crowave properties and microscopic information. The technique we used would be powerful for

future TLS characterization on other materials as well.

1.1.1 The Bloch sphere

As mentioned above, the qubit can be described by two levels, the ground statej0i and the

excited statej1i . A general expression for a qubit state in the basis ofj0i andj1i is

j	 i = � j0i + � j1i ; (1.1)

where� and� are two complex numbers. The probabilities ofj0i andj1i arej� j2 andj� j2,

respectively, which can be con�rmed in measurements. As expected, the probabilities follow the

normalization rule of

j� j2 + j� j2 = 1: (1.2)

It is useful to imagine the state as a vector on a sphere, also called the Bloch sphere, as shown in

Fig. 1.1. We de�ne that two orthogonal basis states,j0i andj1i , are on north and south poles on

the z-axis, respectively, andj0i + j1ip
2

points to the positive x-axis on the Bloch sphere. Each vector

on the sphere can also be represented by two real value bases:� and� . � is the angle between
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Figure 1.1: The Bloch sphere provides a visualization of a single qubit state. Any point on
this sphere can be represented by a linear combination of thej0i and j1i states with complex
coef�cients as mentioned in Eq. 1.3. A�2 -pulse 'rotates' a qubit from thej0i -state toj0i + j1ip

2
along

the y-axis. Figure is from Ref. [1]

the vector and the z-axis.� is the angle between the vector and the positive x-axis measuring

counter-clockwise. The state can be rephrased as

j	 i = cos
�
2

j0i + ei� sin
�
2

j1i : (1.3)

1.1.2 Density matrix

A state is called “pure” if it can be represented by a vectorj	 i . For a pure state, the density

matrix

� = j	 i h	 j =

0

B
B
@

� 00 � 01

� 10 � 11

1

C
C
A =

0

B
B
@

j� j2 �� �

� � � j� j2

1

C
C
A : (1.4)

However, it is insuf�cient if we want to describe qubits in “mixed” states by a vector. Mixed states

cannot be represented as linear superpositions of normalized state vectors. Traces of the square

� 2 is smaller than 1,Tr (� 2) < 1, for a mixed state. HereTr (A) is the sum of all elements on the

5



diagonal. Mostly, the off-diagonal term,j� 01j, is smaller thanj�� � j due to the decoherence or the

measurement. For example, due to the nature of a quantum mechanical system, the qubit state

would collapse or project on the measurement axis after the measurement. The post-measurement

state becomes a mixed state and

� 0 =

0

B
B
@

j� j2 0

0 j� j2

1

C
C
A (1.5)

after measuring in z-axis.

1.1.3 Qubit gate and Pauli matrices

For accurate qubit controls, fast operations of a set of quantum gates are essential to max-

imizing the operation number within the qubit lifetime. Theoretically, all single qubit gates can

be comprised of Pauli matrices

� x =

0

B
B
@

0 1

1 0

1

C
C
A ; � y =

0

B
B
@

0 � i

i 0

1

C
C
A ; � z =

0

B
B
@

1 0

0 � 1

1

C
C
A (1.6)

and

� + =

0

B
B
@

0 2

0 0

1

C
C
A ; � � =

0

B
B
@

0 0

2 0

1

C
C
A (1.7)

in the basis ofj0i andj1i . Operators describing the angle� of rotation about three axes areRx ,

Ry, andRz, where

Ri (� ) = e� i �
2 � i = cos

�
�
2

�
Î � i sin

�
�
2

�
� i (1.8)
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for i = x; y; z. A � pulseRy (� ) or �
2 pulseRy ( �

2 ) (see Fig. 1.1), for example rotates the qubit

state along the y-axis, is one of the most common gates. A�
2 pulse rotates the state fromj0i to

the positive x-axis and is shown in Fig. 1.1.

1.1.4 Qubit decoherence

Classically, a bit of 1 that gradually switches to 0 due to noise can be protected by thresh-

olding [21]. However, unlike classical bits, thresholding does not help qubits since qubits no

longer carry quantum information after measurements. Additionally, qubits lose their informa-

tion exponentially via environmental interactions and collapse into a random axis. One kind of

noise is “bit-�ip” errors that switch the ground state to the excited state and vice versa. Another

noise acts on� and causes “phase” error corresponding to the unstable energy of a qubit, which

has no analogy to the classical one. It is unique because it involves no energy loss.

To incorporate the dissipative environment, one would need to know the Hamiltonian and

density operator of the complete system consisting of both the qubit and the environment. This

approach is not feasible due to the size of the computation basis. However, this problem can be

mitigated by explicitly adding a dissipation term for incoherent interactions with the environment

to the qubit HamiltonianH. The resulting equation is the so-called Lindblad master equation [54]

d�
dt

= �
i
�h

[H ; � ] +
X

k

� kD L̂ k
(� ) ; (1.9)

where the jump operatorŝL k describes the exchange of single quanta with the environment at

an interaction rate� k for the decoherence channel “k”, and the Lindblad operatorDM (� ) =

M�M y � 1
2(M yM� + �M yM ).
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For instance, the energy relaxation from a bip-�ip error is encoded in the operatorL1 =

j0i h1j = � � =2 at a decay rate� 1 = 1=T1. And the dephasing process from a phase error has

operatorL2 = � z=
p

2 at a dephasing rate� � . Inserting these two error types into Eq. 1.9 yields

d
dt

0

B
B
@

� 00 � 01

� 10 � 11

1

C
C
A = �

i
�h

[H ; � ] +

0

B
B
@

� � 1 � 00 �
�

� 1
2 + � �

�
� 01

�
�

� 1
2 + � �

�
� 10 � 1 � 11

1

C
C
A : (1.10)

Following standard convention, I de�ne the off-diagonal decay rate (or decoherence rate)� 2 =

� 1
2 + � � = 1=T2.

In a relaxation measurement, we apply a� pulse and readout the qubit of the z-axis after a

certain waiting time. An exponential decay is expected and� 11(t) = e� t=T1 for a state initialized

in j1i . After measuring on the z-axis several times, we access� 11(t) by counting the number

of the states inj0i andj1i . In order to measure the decoherence or the� decay, we change the

measurement axis by applying two�2 pulses with waiting time in between. We determine the

performance of a single qubit by these two measurements in Chapter 4.

1.2 Wave and Quantum electrodynamics

Cavity quantum electrodynamics (cQED) is a physics sub�eld that describes a quantum

system (with quantized energy levels such as atoms or electrons) interacting with discrete har-

monic modes (photons, electromagnetic �elds, etc). The quantum electrodynamics of microwave

�elds and quantum bits implemented in superconducting circuits is called circuit QED (also ab-

breviated as cQED). cQED plays an important role in superconducting qubit readout [55, 56]

and quantum simulations [57]. Following standard methods, I start with the quantized electro-
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magnetic �eld by collective harmonic modes. Second, I will describe the quantization of the

�eld of superconducting LC circuits as a harmonic oscillator or a resonator. Finally, I will use

the Jaynes-Cummings (JC) model to describe the whole system including a qubit (atom) and a

resonator.

1.2.1 Quantization of the electromagnetic �eld

The �rst one to describe radiation and matter was Dirac who came up with the idea of the

quantization of the electromagnetic �eld as an ensemble of harmonic oscillators and introduced

the concept of creation and annihilation operators of particles [58]. He was able to describe

the spontaneous emission probability of an atom. One of the standard strategies to describe a

light-matter system involves quantization of the electromagnetic (EM) �eld. It is convenient to

consider an EM �eld without a source as a collection of in�nite harmonic oscillator modes. From

Maxwell equations, I can write the electrical �eld (E ) and magnetic �eld (B ) which must satisfy

the vector potential (A ) and scalar potential (� ) as

E = �
1
c

@A
@t

� r �

B = r � A

r � E = 0

r � B �
1
c

@E
@t

= 0

(1.11)
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For the total �eld in a volumeV supposing periodic boundary conditions, we can perform a

Fourier expansion onA over a collection of these modesk:

A (r ; t ) =
1

p
V

X

k

A k (t) ei k �r ; (1.12)

where
Z

d3r ei k �r e� i k 0�r = V �kk 0: (1.13)

Two potentials are put in the radiation gauge such that any set of the potential has the properties

� = 0 andr � A = 0 resulting ink � A k = 0. From Eq. 1.11, the vector potential satis�es a wave

equationr 2A � 1
c2

@2A
@t2 = 0 and we can further chooseA k (t) = A k e� i! k t and! k = jk jc. In

the case of a standing wave in a box, the standing wave is a combination of positive and negative

wavevectork and we obtain a new equation from Eq. 1.12:

A (r ; t) =
1

2
p

V

X

k

A k ei k �r � i! k t + A � k e� i k �r + i! k t : (1.14)

SinceA � = A , we getA � k = A �
k . The energyH EM in the space contains energy from the

electric �eld and magnetic �eld, and

H EM =
1

8�

Z
d3x(E 2 + B 2) =

1
8�

Z
d3x

"
1
c2

�
@A
@t

� 2

+ ( r � A )2

#

: (1.15)

SubstitutingA from Eq. 1.14 yields

H EM =
1

8�

X

k

! 2
k

c2
jA k j2 + k 2 jA k j2; (1.16)
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which looks similar to the Hamiltonian of a classical harmonic oscillator. Inspired by Dirac and

harmonic motions, we can introduce annihilation operators,ak anda� k , for thek and -k mode.

Sincek � A k = 0, there are two transverse unit vectors corresponding to photon polarizationê� ,

where� = 1, 2. Therefore, we obtain

A k =

s
4�c 2�h

! k

X

�

ak� + ay
� k�p

2
ê� ; (1.17)

and

H EM =
�h
4

X

k �

�
ak � ay

k � + ay
k � ak � + a� k � ay

� k � + ay
� k � a� k �

�
= �h

X

k �

�
ay

k � ak � +
1
2

�
:

(1.18)

We can recastA (r ; t) as

A (r ; t) =
1

2
p

V

X

k �

ê�

" s
4�c 2�h

! k

 
ak � + ay

� k �p
2

ei k �r � i! k t +
a� k � + ay

k �p
2

e� i k �r + i! k t

!#

:

(1.19)

Finally, E andB are quantized as

E (r ; t) = i

r
2� �h
V

X

k �

p
! k ê�

�
ak � ei k �r � i! k t � ay

k � e� i k �r + i! k t
�

(1.20)

B (r ; t) = i

r
2� �hc2

V

X

k �

k � ê�p
! k

�
ak � ei k �r � i! k t � ay

k � e� i k �r + i! k t
�

: (1.21)
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1.2.2 Quantization of LC circuit

An LC circuit is also a harmonic oscillator (resonator), and, therefore, can be quantized

using the same methods as mentioned in Chap. 1.2.1. Quantizing resonators are important to

understand the fundamental of our quantum system. To begin with, I will start from the classical

LC circuit. From currentI and voltageV relationship in inductorL and capacitorC, we have

I (t) = C
dV(t)

dt

V(T) = L
dI (t)

dt
d2

dt2
I (t) +

1
LC

I (t) = 0

(1.22)

with the angular resonant frequency! = 1p
LC

. The energies store inC andL areUC = 1
2CV2

andUL = 1
2LI 2, respectively, and the Lagrangian

L =
1
2

CV2 �
1
2

LI 2: (1.23)

Choosing a more convenient pair of variables (branch �ux� and branch chargeQ) [59] by the

de�nition that

Q(t) =
Z t

�1
I (� )d� (1.24)

and

� (t) =
Z t

�1
V(� )d� =

Z t

�1

Q(� )
C

d�; (1.25)

I get

L =
Q2

2C
�

� 2

2L
(1.26)
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or

L =
C _� 2

2
�

� 2

2L
: (1.27)

Since� L
� _�

= L _Q = � , � andQ are a pair of conjugate variables . Therefore, the HamiltonianH LC

in terms of� andQ is

H LC =
� 2

2L
+

Q2

2C
: (1.28)

The transformation from classical to quantum mechanics is similar to the Hamiltonian of a me-

chanical oscillatorH mec = p̂2

2m + m! 2

2 x̂2 throughp̂ ! Q̂, x̂ ! �̂ , m ! C andm! 2 ! 1
L . The

annihilation operatora for LC circuit can be written asa = 1p
�h!

�
�̂p
2L

� i Q̂p
2C

�
such that

�̂ =

r
�hZ
2

(ay + a) (1.29)

and

Q̂ = � i

r
�h

2Z
(ay � a); (1.30)

whereZ =
q

L
C . A useful expression of voltage operatorV̂ = Q̂

C = � i
q

�h!
2C (ay � a) [60]. The

amplitude ofV̂ is Vzpf =
q

�h!
2C and is frequently used in later chapters for calculation of the Rabi

frequency or the coupling strength of TLS-resonator. For example, the zero-point electrical �eld

of a tri-layer capacitanceC in an LC resonator is

Ezpf =
Vzpf

d
=

q
�h!
2C

d
=

r
�h!
2"V

; (1.31)

where the dielectric has a thicknessd, a dielectric constant" and a volumeV.
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Figure 1.2: Left: Illustration of the Jaynes-Cummings model. An atom with two states sits
inside a cavity. Figure is from Wiki (link). Right: The cavity resonant frequency depends on
qubit's state and the frequency shift is 2� . To obtain high readout �delity, it is important to have
2� > � tot , where� tot is the total decay rate of the resonator. Figure is from Ref. [2]

1.3 Jaynes-Cumming model

The Jaynes-Cumming (JC) model describes the system of a two-level atom interacting with

a quantized mode of a harmonic oscillator (or a bosonic �eld) shown in Fig. 1.2. The JC model

is particularly important in describing qubit-resonator systems due to the readout scheme. The

full Hamiltonian is

H = H f ield + H atom + H int ; (1.32)

which consists of the �eld HamiltonianH f ield , the atom HamiltonianH atom , and the interaction

of atom-�eld HamiltonianH int . Here,H f ield = �h! caya, H atom = �h! a
2 � z andH int = �hg(a +

ay)( � + + � � ), whereg is the coupling strength,! c is the harmonic mode frequency, and! a is

atom frequency.

The special case where the detuning� = ! c � ! a is much larger thang gives the so-

called dispersive regime. In this limit, the qubit and the cavity do not exchange energy, meaning
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the eigenstates of the system can be well approximated by the product states of the qubit and

the cavity. Starting from the JC model, I apply a unitary transformationD̂ = exp ( �X � ) =

exp
�� g

�

�
� � ay � � + a�

��	
onH and expand the dispersive Hamiltonian

H disp = D̂ yHD̂ = H + � [H; X � ] +
� 2

2
[[H; X � ] ; X � ] + O(� 3); (1.33)

where� = g
� is a small value. I further simplify the equation while considering only the �rst

order of� and

H disp =
1
2

�
! a +

g2

�
aya

�
� z + �h! caya (1.34)

or

H disp =
1
2

�h! a� z + �h
�

! c +
g2

�
� z

�
aya: (1.35)

The above Eq. 1.35 indicates the possibility of quantum non-demolition (QND) measurements.

A QND measurement would leave the qubit in its measured eigenstate, e.g. if one measuresj1i

the state will remain inj1i upon repeated measurements. Mathematically, it means that a QND

measurement operator̂M is commuting with the full Hamiltonian:[H disp ; M ] = 0. We can realize

QND measurement by probing the cavity frequency which yieldsM̂ = aya. Experimentally,

we will observe that the cavity frequency! c � � is depending on the state of a qubit, where

� = g2

� . The illustration of the state-dependent resonator frequencies,! j0i
c and! j1i

c , is shown in

Fig. 1.2. A high-�delity readout is shown when the two times the dispersive shift larger than the

total decay rate� tot of a resonator:2� > � tot [56].
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1.4 Overview of thesis

In our group, we try to understand the loss mechanisms of superconducting devices which

could direct a path for further improving the single qubit performance. My thesis is divided

into three parts: (a) characterization and analysis of TLS individually in bulk dielectrics, (b)

fast-switching behavior of Al surface TLS, and (c) measurement of all-optical lithography made

transmons. The goal of the thesis is to increase the understanding of nanoscale TLS defects.

In Chapter 2, I describe the standard tunneling model of TLS together with the design of

my defect sensors. In Chapter 3, I describe the experimental setup along with the equipment

for device fabrications. In Chapter 4, I introduce transmons solely made by optical lithography.

In Chapter 5, I introduce the TLS spectrum in two structural phases of alumina. In addition, I

describe the factors that prevent dipole extraction. Chapter 6 describes vacuum-gap resonators

which provide evidence of interacting TLS. Finally, I summarize the thesis in Chapter 7.
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Chapter 2: Superconducting Devices and Nanoscale Two-Level Defects

2.1 Quantum engineering

Exploiting the ultralow resistance of superconductors makes high-quality resonators pos-

sible. In 1911 Heike Kamerlingh Onnes discovered the �rst superconductor. He measured the

disappearance of the resistivity of mercury at temperature below 4.25K. In the 1950s, the theory

proposed by Bardeen, Cooper, and Schrieffer (BCS) microscopically describes the superconduc-

tivity [61]. They �nd that a weak attractive interaction between electrons and phonons can cause

the formation of bound pairs of electrons which they called Cooper pairs.

Resonators made by superconductors will have very small energy loss from Joule heat-

ing and, therefore, secure high-quality factorsQ. For example, bulk niobium resonators used

in particle accelerators reach quality factors of1011 [62]. In superconducting circuit, clean su-

perconducting materials such as aluminum and niobium can be grown easily by a physical va-

por deposition method and are compatible with the standard lithography fabrication processes.

Moreover, the Josephson effect, describing Cooper pairs tunneling between two superconductors

separated by a thin insulator, provides the nonlinearity for superconducting qubits [63].

In this section, I will introduce the concepts of lossless transmission lines and LC circuits

as resonators for material characterization.
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Figure 2.1: Schematic of a two-port network characterised by its scattering matrix.

2.1.1 Two-port network and scattering matrix

A two-port network shown in Fig. 2.1 is an electric circuit with two pairs of terminals.

Mathematically, a two-port network is fully described by a 2 by 2 scattering matrix of complex

numbers

Ŝ =

0

B
B
@

S11 S12

S21 S22

1

C
C
A : (2.1)

De�ning the incident voltage waves asV +
k and the re�ected (output) wave asV �

k from port k,

S11 =
V �

1

V +
1

and S22 =
V �

2

V +
2

: (2.2)

Similarly,

S12 =
V �

1

V +
2

and S21 =
V �

2

V +
1

: (2.3)

For instance, a lossless ideal transmission line mentioned later in Chap. 2.1.2 has magnitudes

of S12 andS21 equal to 1 and that ofS11 andS22 equal to 0. The scattering matrix is particu-

larly important for resonator measurements as they directly re�ect the properties such asQ and

accessible through the measurement from a vector network analyzer (VNA).
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Figure 2.2: Left: Microstrip transmission line. It consists of 3 layers, conducting strip, dielectric
and ground plane. Right: Coplanar waveguide transmission line. It is formed from a center trace
separated from a pair of ground planes, all on the same plane, atop a substrate.

Figure 2.3: Lossless transmission line model: A lumped element representation of in�nitesimal
sections of inductors and capacitors. A unit is comprised of a small inductor in wave transmission
direction and a capacitor to ground.

2.1.2 Transmission line

Transmission lines are one-dimensional waveguides and form an important part of quantum

circuits since they provide channels for transmitting signals. Microstrips, which have a center

trace and ground plane separated by dielectrics, and coplanar waveguides (CPW), which have

a center trace and ground planes on the same level, are two of the transmission line types (Fig.

2.2). CPW is more widely used due to the fewer fabrication steps and lower loss per meter

than microstrips. Both types can be described by a model of in�nitesimal sections along two

conductors in the transverse direction of propagation [64]. In a simple case, we only consider the

lossless transmission line for CPW since the loss per meter is generally close to 0. The illustration
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of a lossless model is shown in Fig. 2.3.

In the case of a uniform capacitance and inductance per length,Cl andL l , respectively,

the n-th in�nitesimal section with length�x contains a small capacitor�C = Cl �x and inductor

�L = L l �x . The Lagrangian is given by the sum over the energies of all nodes or sections,

L T L =
X

n

�
1
2

�C _� 2
n +

1
2

(� n � � n� 1)2

�L

�
; (2.4)

where� n is the �ux of the n-th node and is de�ned in Eq. 1.2.2. Further, if�x ! 0, we yield

L T L =
Z L

� L
dx

�
Cl

2
_� (x; t )2 �

1
2L l

(� 0(x; t ))2

�
: (2.5)

The equation of motion for this Lagrangian is

Cl
•� (x; t ) =

1
L l

@2� (x; t )
@x2

: (2.6)

The phase velocity with which a signal propagates through the CPW structure is given by� ph =

1p
L l Cl

, and electromagnetic waves propagating along a transmission line depend only onCl and

L l [65]. This model can build open systems, resonators, or semi-in�nite systems with one or two

shorted ends. The differences are given by the boundary condition of the circuit con�guration.

Next, I will describe CPW transmission lines with one or two openings as a common type of

resonator.
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Figure 2.4: Lumped element representations of RLC circuit. Left: a series RLC. Middle: a par-
allel RLC. Right: a RLC circuit inductively couples to a transmission line. Energy is exchanged
through the mutual inductance between the transmission line and the resonator.

2.1.3 Overviews of superconducting resonators

In superconducting quantum information, LC oscillators are typically used to control and

read out the state of a qubit. Generally, LC oscillators cannot be used as a qubit solely, (exceptions

see [66]). Energies with�h! could excite the ground state to the �rst excited state but also lead

to the excitation of the �rst excited state to the second state as! 10 = ! 12. One can avoid this by

using a non-linear element, which is the Josephson junction and will be mentioned in Chapter 4,

to change the energy potential from harmonic to anharmonic:! 10 6= ! 12.

Electrical circuits comprising inductive and capacitive elements have a resonance frequency

due to the opposite phase shift between their impedance. The most general model here is an RLC

circuit, named after its components: resistor (R), inductor (L), and capacitor (C). These can be

arranged in series or parallel (see Fig. 2.4). The model we used the most in our group is the

one in the right panel where the resonator is inductively coupled to the transmission line. The

effective input impedanceZ in of our resonators is

Z in =
�

1
R

+
1

i!L
+ i!C

� � 1

: (2.7)
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Z in becomes a purely real value, when! is the resonance frequency! 0 = 1p
LC

.

Resonators or cavities made with superconductors show a high total quality factorQ =

! 0
� ! 0

, where� ! 0 is the bandwidth. The quality factor can be characterized into two groups,

external or internal quality. The internal quality factor is de�ned as

Qi = ! 0RC: (2.8)

Qi describes the energy loss into the resistance which represents an environmental bath (TLSs,

quasiparticles, etc). TheQi of the resonators relates to similar superconducting structures, e.g.

coplanar shunting capacitors [67], and the qubit relaxation time

T1 �
Qi

! 0
: (2.9)

Loss due to the coupling to the transmission line is characterized by the external quality

factor Qe. A moderateQe is important for qubit measurements. IfQe is too small, noise or

thermal photons would easily accumulate and reduce the coherence time [68]. IfQe is too large,

it takes too long for readout photons to ring up. Lastly, the total decay rate� tot is the sum of the

external decay rate� = ! 0
Qe

and the internal decay rate� r = ! 0
Q i

, and

� tot =
! 0

Q
= � + � r =

! 0

Qi
+

! 0

Qe
: (2.10)
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Figure 2.5: Images of different types of resonators. (a) Lumped element resonator. Distinguish-
able inductance part in a meander shape on the bottom and capacitance part in an inter-digital
shape on the top are shown. (b) Coplanar waveguide resonator. The length of the resonator
determines the resonant frequency. Panel (a) and (b) from Ref. [3]. (c) 3D cavity containing a
transmon on a Si chip measured in Chap 4.

2.1.4 Types of resonators

The common resonator types include “2D” and “3D” geometries and are shown in Fig.

2.5. For planar or 2D geometry, lumped-element (LE) resonators and coplanar waveguide (CPW)

resonators are two well-known types. In an LE resonator, the inductive region is a thin length

of wire in a meander or spiral shape, and the capacitor is two pads of metal separated by a gap.

Generally, there is only one fundamental resonance! 0 which equals 1p
LC

. an LE resonator can

couple to the transmission line inductively or capacitively and usually has the same coupling

strength to two ports (� 1 = � 2). On the other hand, CPW resonators have an in�nite number

of standing wave modes and the resonance depends on the boundary condition of whether the

resonator has one or two openings. No current can �ow at the open ends which leads to voltage

anti-nodes and current nodes. Oppositely, closed ends require the voltage relative to the ground

must be zero. The opening of the transmission line is an anti-node for voltage and a node for
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current. A resonator with two openings is called�
2 resonator and needs to ful�ll the boundary

condition: � n = 2
n l , where� n is the wavelength,n is an integer andl is the length of CPW. A

resonator with one opening is called�= 4 resonator and the resonant condition is� n = 4
2n+1 l .

Generally, the dielectric loss is larger when the distance between two superconductor planes

is closer due to the larger �lling factor in the dielectric. It means the trade-off between the res-

onator's physical size and its internal loss. Long single-photon lifetimes on the order of millisec-

onds are observed in 3D cavities, whose size is thousands of times larger than the size of a 2D

resonator [69]. In recent years, 3D cavities attract considerable interest because of the increased

coherence times of qubits within a 3D cavity [70] and the proposals of bosonic qubits [71,72]. A

3D cavity can have rectangular or cylindrical shape and its dimension de�nes the modes. For a

rectangular waveguide terminating both sides, we can compute the modes as [64]

f kmn =
c

2�
p

� r � r

s �
� � k

la

� 2

+
�

� � m
lb

� 2

+
�

� � n
lc

� 2

; (2.11)

wherec denotes the speed of light in vacuum,� r is the relative magnetic permeability and� r is

the relative permittivity of the material inside the cavity,la, lb andlc are the dimensions of the

cavity, andk, m andn are integers.

� 1 and� 2 can be set differently in CPW and 3D resonators by choosing different input and

output capacitorsCin andCout . It is favorable to make the output capacitor large for maximizing

the signal power sent into the output port which connects to the ampli�cation chain for readout.

The total external quality factor

Qe =
C

! 0Z0(C2
in + C2

out )
; (2.12)
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whereZ0 is the impedance of the line and usually equals 50
 .

2.1.5 Resonator transmission equation

The quality factor of a resonator can be determined by the transmission rate of two ports as

a function of frequency,S21(! ). I de�ne a, ai;in andai;out as the annihilation operators for the

cavity, the input wave from port i and the output wave to port i, respectively. According to the

input-output theory [73], I can get

da
dt

= � i (! � ! 0) �
� 1 + � 2 + � r

2
a +

p
� 1a1;in +

p
� 2a2;in ;

a1;out = a1;in �
p

� 1a;

a2;out = a2;in �
p

� 2a;

(2.13)

where� 1 and� 2 are the coupling rate to port 1 and port 2, respectively. If assuming a symmetric

coupling� 1 = � 2 = k
2 , I obtain a Lorentzian function

S21 =
a2;out

a1;in
= 1 �

k
2

i (! � ! 0) + k+� r
2

= 1 �
Q
Qe

1 + 2iQ
�

! � ! 0
! 0

� ; : (2.14)

In reality, the resonator response usually is not symmetric in! due to impedance mis-

matches. Mismatches can be from the cables, the printed circuit board (PCB) of the sample box,

or CPW on a chip. The correction is derived in Ref. [74], where I replaceQe in Eq. 2.14 by a

complexQ̂e = jQ̂ejei� and� = ! � ! 0:

S21 = 1 �
Q
Q̂e

1 + 2iQ� =! 0
= 1 �

Q
jQ̂ej

e� i�

1 + 2iQ� =! 0
: (2.15)
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Figure 2.6: An example of transmission dataS21 and �tting curve. (a) Magnitude ofS21 vs
frequency. (b) Real and imaginary part ofS21. The red line is the �tting of Eq. 2.16. The black
line represents the scaling of amplitude and the rotation from (1,0). The yellow line represents a
� rotation from a small impedance mismatch. We plot the data with a normalized amplitude and
an electric delay correction on the right hand side of this �gure.

We denote a new de�nition forQ� 1
i = Q� 1 � Re(Q̂� 1

e ).

The amplitude and phase of transmission signal after a series of attenuation and ampli�ca-

tion are usually not normalized. A more general case is

S21 = Amp � ei� �

 

1 �
QjQ̂� 1

e je� i�

1 + 2iQ� =! 0

!

: (2.16)

We show an example of �t in Fig. 2.6 in red, where the magnitude ofS21 and IQ data in panels (a)

and (b), respectively. In panel (b), we observe a small impedance mismatch rotation� = 5:66�

in the yellow line (on the lower left). The� -corrected and normalizedS21 is displayed with its

opening facing (1,0).
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2.1.6 Number of photon in resonators

In quantum physics, the electromagnetic �eld inside the resonator can be quantized. There-

fore, it is convenient to express the energy (microwave power) as an average number of photon

nph. When the resonator is probed with an applied powerPin at frequency! , the average num-

ber of input photonn1;in = hay
1;in a1;in i = Pin =�h! . From Eq. 2.13 and a real external coupling

� = 2� 1 = 2� 2, we have

p
�= 2a1;in = ( i � + ( � + � r )=2) a

nph =
�
2�

� +� r
2

� 2
+ � 2

n1;in :
(2.17)

In the case of! = ! 0,

nph = 2
Q2

Qe

Pin

�h! 2
0
; (2.18)

which agrees with Ref. [75].

2.2 Two-level systems

In 2005, it was the �rst time Martinis et al. [34] reported that dielectrics were the dominant

loss mechanism in their superconducting qubits. They observed that dielectric loss was saturated

by high-power microwave in resonators. Similar phenomena had been previously understood

as arising from resonant absorption of the acoustic wave by a bath of two-level systems (TLS)

possessing a strain dipole moment [76, 77]. Likewise, TLSs with electric dipole moment would

couple to qubits or resonators and absorb their energy. This chapter will start with the history

and background of amorphous glass studied in the 1970s and then the re�nements of models
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Figure 2.7: (a) Thermal conductivity of vitreous (amorphous) quartz and crystal quartz at low
temperatures. The vitreous quartz shows a much smaller thermal conductivity and has a different
temperature dependency (/ T2) at very low temperatures compared to the crystal one (/ T3).
Data from Ref. [4]. (b) speci�c heat of vitreous quartz and crystal quartz at low temperatures.
Below 0.5 K the speci�c heatCp of the vitreous quartz is proportional toT1:3, deviating from the
Debye model. Data from Ref. [5]

including TLS-TLS interaction.

2.2.1 Amorphous glass behaviors in low temperature

Amorphous materials are referred to as glassy materials. Below 1 K, glassy materials, re-

gardless of the structure or composition, are quantitatively very similar in the phonon scattering

properties including the speci�c heat [78], thermal conductivity [79] and the resonant ultrasonic

attenuation [80]. It has been known for some time, but the explanation is mainly phenomenolog-

ical.

In crystals, long-wavelength phonons from the collective excitation of the lattice are re-

sponsible for both the transport of heat and the speci�c heat of crystals. In the Debye model, we

introduce! = vq, where the phonon frequency! , the speed of sound in the crystalv, and the
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wave numberq. The phonon density of statesD(! ) is related to the volumeVn of the solid and

is given by

D (! ) d! =
Vn

2� 2

! 2

v3
d!: (2.19)

The heat capacityCV can be calculated from the small change of internal energyU over temper-

ature at a �xed volumeV and

CV =
�

@U
@T

�

V

=
@

@T

Z ! D

0
�h!D (! ) f (!; T ) d!; (2.20)

where Bose-Einstein distribution

f (!; T ) =
1

e
�h!

k B T � 1
: (2.21)

Since the total number of atomsN is the integral ofD (! ) from 0 to a cut-off! D , we get

N =
Z ! D

0
D (! ) d!: (2.22)

For low temperatures, Eq. 2.20 can be solved analytically, and I obtain the well-knownT3-

dependency of

CV =
12� 4

5
N kB

�
T
�

� 3

; (2.23)

where Debye temperature� = �h! D
kB

. The thermal conductivity� th can be treated within the

framework of the kinetic theory of gases considering the transport processes of a phonon gas

� th = 1
3CV v l, whereasl is the mean free path of the phonons. At low temperatures, the phonon-

phonon scattering is negligible. In the case of a crystalline solid, the mean free path is limited by
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Figure 2.8: (a) Drawing of a double-well potential.Vp is the barrier height separating the two
wells, � is the asymmetry energy (energy difference between right and left well),� 0 is the
tunneling energy, andd is the spatial separation of the potential minima. The tunneling object
has a massm in an isolated single harmonic well	 L=R . (b) A TLS with the dipole moment
p = qd=2, under an external AC electric �eld~Eac.

the sample's diameter itselfl � constant. AT3-dependence of the phononic heat conductivity

� th is expected as well.� th / T3 is observed in a crystal quartz as shown in Fig. 2.7 left panel.

However, speci�c heatCp / T1:3 and� th / T2 are seen in vitreous quartz which is a disordered

material.

2.2.2 Standard tunneling model

Several models are proposed to explain these discrepancies. Among them, a microscopic

model proposed independently by Phillips [77] and Anderson et al. [76] is the most successful.

The theory is known as the standard tunneling model (STM) [76, 77], describing a tunneling

object might be a single atom or a group of atoms with massm. The tunneling object lives in two

equilibrium isolated well states (left welljL i and right welljRi ) which differ by the energy�
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and are separated by the potential barrier heightVp. Since the transition energy to the �rst excited

state from the ground state in each isolated well is far larger than any other energy scale, we can

ignore any excited states in single well. The barrier height is chosen to be general soft-potential

such that the overlap of the two well's wavefunction is considered as perturbation. Therefore, the

HamiltonianH 0 = H L + H R + Vint , whereH L andH R are the Hamiltonian of left and right

well, respectively, andVint is the interaction of two wells. It is equivalent to

H 0 =

0

B
B
@

"L + hLj Vint jL i hL j H 0 jRi

hL j H 0 jRi � "R + hRj Vint jRi

1

C
C
A (2.24)

in the basis of the ground states of the two wells (jL i andjRi ).

It is convenient to assumehLj Vint jL i andhRj Vint jRi = 0. One typically uses the expres-

sionhLj H 0 jRi =2 = � 0 = �h
 e� � p obtained from the WKB approximation. Here


 = 4
�

2V 2
p

�h2md2

� 1
4

and � p �
d
2�h

p
2mVp (2.25)

and the distance of two wells isd. Therefore, a simpli�ed Hamiltonian

H 0 =
1
2

0

B
B
@

� � � 0

� 0 �

1

C
C
A ; (2.26)

where asymmetry energy� = "R � "L .

In the STM, the TLSs are believed to have a uniform spatial distribution in a bulk amor-

phous dielectric. Also, the TLS spectral distributions in� andVp / log (� 0) are assumed to be
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uniform as well. Therefore, the energy distribution of TLSs per volume can be written as

d2n = P0 d� d(log(� 0)) = P0
d� 0

� 0
d� ; (2.27)

whereP0 is a material-related constant denoting the TLS spectral and spatial density and has a

typical value of1044J � 1m� 3. It is useful to write the distribution in the basis of TLS energy

E tls =
p

� 2 + � 2
0:

d2n = P0

�
�
�
�

@�
@Etls

�
�
�
� dEtls d� 0 = P0

E tls

� 0

1
p

E 2
tls � � 2

0

dEtls d� 0: (2.28)

The integration over� 0 yields the density of states

D(E) =
Z E

� 0;min

d2n = P0 ln (
2E

� 0;min
) � D0: (2.29)

Here,� 0;min is the low energy cutoff andD(E tls ) is usually approximated as a constantD0 over

our measurement range.

2.2.3 Field absorption by TLSs

If charges are involved in a tunneling process of a distance, the system owns a dipole

moment which I denotedp = qd
2 . For small �elds, one can use the �rst order perturbation theory

and add the perturbationH 1 = �H 0 into the unperturbed HamiltonianH 0:

H = H 0 + H 1 =
1
2

0

B
B
@

� (� + � �) � 0 + � � 0

� 0 + � � 0 � + � �

1

C
C
A : (2.30)
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Under the �eld F, it is assumed that the modi�cation on the barrier heightVp is ignorable so

that j� � j � j � � 0j � 0. The �eld changes� linearly as� � = 2 p � F = 2jpj jFj cos� , where

� is the angle betweenp andF. Experiments like [9, 81] strongly support this assumption. For

convenience, here we discuss electrical dipoles and there is no change of the concept fromp to a

strain dipole moment [81] or a magnetic dipole moment. However, the effect of magnetic dipole

moment is less studied [82,83]

Applying an unitary matrix to diagonalizeH 0, the new Hamiltonian isH 0 = H 0
0 + H 0

1,

where

H 0
0 =

E tls

2
� z; (2.31)

H 0
1 =

�
�

E tls
� z +

� 0

E tls
� x

�
p � F; : (2.32)

If F is oscillating with frequency! and F = Fac cos!t , H 0 is equivalent to a classical spin-

1
2 rotating under a magnetic �eld~B: H spin = � 
 e

~B � ~S, where
 e is the gyromagnetic ratio

and ~S is the spin vector. We can mapH 0 to H spin by a total magnetic �eldB (t), which is a

combination of a strong static �eldB0;z in z-direction and an oscillating perturbation �eldB1 (t)

in x- and z-direction:

B (t) = B0;z + B1 (t) =

0

B
B
B
B
B
B
@

B1;x cos (!t )

0

B0;z + B1;z cos (!t )

1

C
C
C
C
C
C
A

: (2.33)
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The relationship of between the magnetic �elds and TLS parameters is

� 
 e�hB0;z = E tls

� 
 e�hB1;x (t) = 2
� 0

E tls
p � F(t)

� 
 e�hB1;z (t) = 2
�

E tls
p � F(t):

(2.34)

The dynamics of the spin is described by the well-known Bloch equations [84]:

d
dt

hSx i = 
 e [hSy i Bz (t) � h Szi By] � � 2hSx i

d
dt

hSy i = 
 e [hSzi Bx (t) � h Sx i Bz] � � 2hSy i

d
dt

hSzi = 
 e [hSx i By (t) � h Sy i Bx ] � � 1 (hSzi � h Szi eq) :

(2.35)

HerehSi i is the ensemble average of the spin operator,� 1 and� 2 are the relaxation and decoher-

ence rate of the spin, respectively, andhSzi eq is the spin z-component whent ! 1 . With a new

set of de�nitions

F =
1
2

Fac
�
ei!t + e� i!t

�

� =
� 0

E tls

�h
 0 = jpjjFac j cos� = p Fac cos�

! 0 =
E tls

�h
;

(2.36)

we simplify Eq. 2.34 to


 eB0;z = � ! 0


 eB1;x (t) = � � 
 0
�
ei!t + e� i!t

�


 eB1;z (t) = �
p

1 � � 2 
 0
�
ei!t + e� i!t

�
:

(2.37)
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Substituting Eq. 2.35 by Eq. 2.37 andm0 = hSzi eq = 1
2 tanh ( �h! 0

2kB T ), I have

d
dt

hSx i = ! 0hSy i � � 2hSx i

d
dt

hSy i =
h
! 0 +

p
1 � � 2 
 0

�
ei!t + e� i!t

� i
hSx i � � 2hSy i � � 
 0

�
ei!t + e� i!t

�
hSzi

d
dt

hSzi = � 
 0
�
ei!t + e� i!t

�
hSy i � � 1 (hSzi � m0) :

(2.38)

To solve the Bloch equations, I write all three components,hSx i , hSy i andhSzi , in a sum of

frequency components at! k = k � ! for k 2 Z andhSi i =
P

k Si;k ei! k t andSi;k = S�
i; � k for

i = x; y; z .

Comparing the existing! term, only the terms withk = -1, 0, and 1 survive. In addition,

since whent ! 1 , Sx;0 andSy;0 are irreverent,Sx;0 = Sy;0 = 0. Along withS�
1 = Sx;1 � iSy;1,

I obtain

d
dt

S+
1 = i [(! 0 � ! ) + i � 2] S+

1 � i� 
 0Sz;0 (2.39)

and

d
dt

Sz;0 = � 
 0 Im
�
S+

1

�
� � 1(Sz;0 � m0): (2.40)

The stationary solution

S+
1 =

� 
 0 (! � ! 0 � i � 2)m0

(! � ! 0)2 + � 2
2 + � 2 
 2

0 � 2 � � 1
1

: (2.41)

Eq. 2.41 can be seen as a single dipole being polarized by the �eld. Since the dipole moment

after unitary transformation in the off-diagonal part of Eq. 2.32 is now� p, we de�ne the dipole

operator�̂ = jpj cos� � S +
1 [85]. The collective effect of the polarizationPd =

P
T LS �̂ is the

summation of all TLSs and the polarization energy isPdFac. The power dissipation densityPtls
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is given by the time average of the imaginary part of the polarization energy, and

Ptls = Im

*
!
2

Fac

X

T LS

�̂

+

: (2.42)

The ratio ofPtls to the storage power density in the dielectric �lm12 �F 2
ac is the de�nition of loss

tangent

tan � =
Ptls

!
2 �F 2

ac
=

1
�

X

T LS

p cos� � 2 
 0
Fac

� 2 m0

(! � ! 0)2 + � 2
2 + � 2 
 2

0 � 2� � 1
1

=
1
�

X

T LS

p2 cos2 � � 2 � 2 m0

(! � ! 0)2 + � 2
2 + � 2 
 2

0 � 2� � 1
1

:

(2.43)

In the assumption of uniform TLS density in� , log � 0, andcos� (i.e., isotropicp andjpj = p,

the integration of Eq. 2.43 over all TLSs is

tan � =
P0 p2

�

Z � max

� min

d�
Z � 0;max

� 0;min

d� 0

� 0

Z 1

� 1
d(cos� )

cos2 � � � 1
2 m0

1 + ( ! � ! 0)2� � 2
2 + � 2 
 2

0 � � 1
2 � � 1

1

:

(2.44)

Eq. 2.43 is an approximation of Eq. (G.2) in Ref. [86] when! + ! 0 � � 2. Proven in Ref. [86],

the integration over� is solely associated top and is equivalent to replacingp2 by averaged

hp2i = p2

3 .

According to Ref. [76], the energy decay of a TLS is only via TLS-phonon coupling (i.e.,

phonon emission and absorption), and

� 1 =
�

� 0

E tls

� 2

� 1;min (2.45)

� 1;min = � 1;0 E 3
tls coth

�
E tls

2kB T

�
; (2.46)
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where� 1;0 is a constant depending on the material intrinsic properties such as sound velocity and

mass density of the material [76, 86]. When TLS-TLS interaction is ignorable,� 1 = 2� 2, I can

simplify Eq. 2.44 to the well-known power-dependent loss tangent

tan � =
�P 0 p2

3�

tanh ( �h!
2 kB T )

r

1 +
�


 0

 c

� 2
; (2.47)

where
 c =
p

3 � 1 � 2. WhenFac is an electrical �eld, we haveFac = Eac = h� j Ezpf (ay +

a) j� i = 2
p

nphEzpf , wherej� i is a coherent state (and� is a real number) andnph = � 2 is

the photon number mentioned in Chapter 2.1.6. Sincenph is generally more accessible thanEac

which can be geometric-dependent (especially in planar resonators), it is useful to transfer the

equation from
 0 to nph by

�

 0


 c

� 2

=
�

4p2 E 2
zpf nph

3 �h2 � 1 � 2

�
=

nph

nc
(2.48)

and

nc =
3 �h2 � 1 � 2

4p2 E 2
zpf

: (2.49)

The TLS loss at a small �eld (nc � n) is called “single-photon” loss

tan � 0
tls =

�P 0 p2

3�
: (2.50)

However, there are differences between the approximated solution Eq. 2.47 and a full

numerical integration of Eq. 2.44 when� 1 � � 2. The calculations of the full integration at
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Figure 2.9: Power-dependent loss tangenttan � derived from a full numerical integration of Eq.
2.44. The color represents different values ofT2 (sec) and all curves have a constantT1T2 =
10� 11(sec2). The constant value ofT1T2 ensures the
 c is the same for all curves. WhenT2 is
close toT1, tan � can be approximated to Eq. 2.47, e.g., the violet curve.

variousT2 (sec) are shown in Fig. 2.9. A constantT1T2 (sec2) ensures the
 c is the same for all

curves. WhenT2 is small andT1 is large (e.g. the red curve), we observe the loss tangent would

deviate from Eq. 2.47 at large
 0. Only if T2 � T1 as shown in the violet curve, Eq. 2.47 is a

good approximation of Eq. 2.44.

2.2.4 TLS loss in microwave resonator

Several different mechanisms can contribute to the loss of energy in a superconducting

resonator. To quantify these losses, we characterize the different contributions and the general

expression for the internal quality factor is given by

1
Qi

=
1

Qtls
+

1
Qqp

+
1

Qrad
+ :::; (2.51)
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whereQtls is TLS-related and a function of power and temperature,Qqp is quasiparticle-related

and a function of power and temperature, andQrad is radiation-related. Since only the TLS

loss decreases with power and most of other loss mechanisms are power-insensitive or slightly

increasing with power, we can determine the TLS loss

tan � tls =
1

Qi;tls
�

1
Qi;L

�
1

Qi;H
; (2.52)

whereQi;L andQi;H are the internal quality factor at low (or single-photon) and high power.

Since TLSs are generally located in dielectric, TLS loss is called dielectric loss as well.

The geometry of superconducting qubits or resonators contains dielectric loss from var-

ious materials or componentsk. TLS loss contribution from region with a volumeVk can be

understood by the �lling factorFr;k times its loss tangenttan � k and

Fr;k =

R
Vk

" (r ) jE0(r )j2 dr 3

R
"(r ) jE0(r )j2 dr 3

; (2.53)

where"(r ) is the dielectric constant,E0 is the electric �eld andr is the position. The total loss

tangent is written as

tan � tls =
X

k

Fr;k tan � k : (2.54)

In Ref. [87], they characterize intrinsictan � k
0 from different interfaces and substrate by

various resonators designs. They realize the limitation ofQi is from the superconducting surface

or substrate surface which hastan � � 10� 2 � 10� 3 and the loss from Si substrate is usually

small withtan � Si = 2:6 � 10� 7 � 4 � 10� 8.

A strategy to lowertan � tls is loweringFr;k by the geometry of the resonators. For instance,
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Figure 2.10: The pumping tone! p causes the original resonator frequency! c to shift to the �nal
resonance! 0

c

due to a large vacuum volume in the 3D cavity, most of the energy is stored in the lossless vacuum

and the �lling factor on the metal surface is minimized. It results in a highQi > 107 and the

photon lifetime� 100� s [70].

2.2.5 TLS two-tone spectroscopy

Here, I will introduce the technique [88,89] to extract the TLS's Rabi frequency from two-

tone spectroscopy and derive the equations of frequency and loss tangent shifts in the resonator.

The two-tone technique uses a second strong pumping tone to saturate the TLS asymmetrically

to cavity resonance. For a saturation tone detuned� ! p = ! p � ! c > 0 from the original resonator

frequency! c, both the resulting resonance! 0
c and internal quality factorQ0

i would increase be-

cause of the reduced TLS ground-state population on the upper side of! c. See Fig. 2.10 for

illustration of the tones.

First of all, I start by deriving the small complex frequency shift due to a single TLS. From

the Jaynes-Cummings Hamiltonian and a pumping tone at frequency! p, we have

H = �h! caya +
�h! tls

2
� z + �h g

�
ay� � � a� +

�
+ �hJ

�
aye� i! p t � aei! p t

�
; (2.55)
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wherea is the annihilation cavity operator,! c is the cavity frequency,! tls is the TLS frequency,

g = 

2 is the TLS-cavity coupling strength,~� is the TLS spin operator, andJ is the strength of

the pumping tone. To cancel out the rotating partei! p t , I apply a unitary operatorU = ei! p ta ya

and the Hamiltonian in the rotating frame is

eH (t) = i
dU
dt

Uy + UHUy: (2.56)

Since

ei�a yaae� i�a ya = e� i� a; (2.57)

ei�a yaaye� i�a ya = ei� ay; (2.58)

and

dU
dt

Uy = i! paya; (2.59)

I have

eH (t) = ( ! c � ! p) aya +
�h! tls

2
� z + �h g

�
ay� � ei! p t � a� + e� i! p t

�
+ �hJ

�
ay � a

�
: (2.60)

A second rotating unitaryU0 = ei! p t � z
2 is applied toeH (t) with rules of

ei� � z
2 � � e� i� � z

2 = e� i� � � (2.61)

and

ei� � z
2 � + e� i� � z

2 = ei� � + : (2.62)
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I have

eH 0(t) = ( ! c � ! p) aya +
�h(! tls � ! p)

2
� z + �h g

�
ay� � � a� +

�
+ �hJ

�
ay � a

�
: (2.63)

The dissipation of TLS density matrix� is described by the Lindblad equation [54] men-

tioned in Eq. 1.9:

d�
dt

= �
i
�h

h
eH 0; �

i
+ � 1D � (� ) +

� �

2
D � z (� ) + � r Da(� ); (2.64)

where� 1 and� � are the relaxation and the dephasing rate of TLS,� r is the cavity photon decay

rate. Using the fact thathAi = Tr( A� ), we yield equations similar to Eq. 2.38:

d
dt

hai =
�

� i � r �
� r

2

�
hai � igh� � i + J (2.65)

d
dt

h� � i = ( � i � tls � � 2) h� � i � igha� zi (2.66)

d
dt

h� zi = � 2ig
�
hay� � i + ha� + i

�
� � 1(h� zi � m0); (2.67)

where� tls = ! tls � ! p and� r = ! c � ! p. Note thatm0 = tanh
�

�h! tls
2kB T

�
. From the derivation of

the Bloch equations in Chapter 2.2.3, we know only the terms of! m with m = -1,0,1 are impor-

tant. I decomposehai to a semi-classical stationary components (� ) and modulated components

�a (t)ei � r t , where�a (t) is a slow varying function:

hai = � + �a (t)ei � r t : (2.68)
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The same decomposition process applies toh� � i andh� zi :

h� � i = � � ;0 + �� � (t)ei � r t (2.69)

and

h� zi = � z;0 + �� z(t)ei � r t : (2.70)

From the hindsight of the Bloch solution,h� zi has no oscillating term whent ! 1 and�� z(t) =

0. The semi-classical stationary solutions are

0 =
�

� i � r �
� k

2

�
� � ig� 0 + J (2.71)

0 = ( � i � tls � � 2) � � ;0 � ig�� z;0 (2.72)

0 = 2ig
�
� � � � ;0 + �� �

� ;0

�
� � 1(� z;0 � m0): (2.73)

We obtain

� � ;0 = �
ig�� z;0

i � tls + � 2
(2.74)

and

� z;0 = m0

 

1 �
4� 2� � 1

1 g2 npu

� 2
tls + � 2

2

�
1 + 4g2npu� � 1

1 � � 1
2

�

!

; (2.75)

where we denote the photon number in the cavity from pumping tone isnpu = j� j2. The Rabi

frequency is given by


 = 2 g
p

npu = 2
� 0

�h2! tls
p Ezpf cos�

p
npu: (2.76)

For considering only the oscillating terms and a slow TLS dynamic, I can adiabatically
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eliminate d
dt (�� ) = 0 and get

� _� = �
� r

2
�� � ig�� � (2.77)

and

�� � =
� ig � z;0 ��

� i (! c � ! tls ) � � 2
: (2.78)

Eventually, the small amplitude of�� is depending on the TLS state� z;0 by substituting Eq. 2.78

into Eq. 2.77:

� _� =
�

�
� r

2
+

g2� z;0

i (! c � ! tls ) + � 2

�
��: (2.79)

The second term in parenthesis is a complex pull from the TLS

�! =
g2� z;0

i (! c � ! tls ) + � 2
: (2.80)

Noted that the real part of�! is a frequency shift and the imaginary partIm( �! ) = 2 � � r .

After integrating�! over TLS distribution (� 0, ! tls , cos� ), I obtain the equations of res-

onator frequency shift� ! = ! c0 � ! c and a new internal qualityQ0
i [88] related to
 :

� !
! c

=
3� tan �

4
p

2

� ! p


 0

q
1 + 
 2

0
2� ! 2

p
� 1

q
1 + 
 2

0
2� ! 2

p
+ 1

(2.81)

and

Qi

Q0
i

=
�

� ! p


 0

� 2
8
<

:
6 + 3

s

1 + 2
�

� ! p


 0

� 2

ln

0

@1 +
�

� ! p


 0

� � 2
2

41 �

s

1 + 2
�

� ! p


 0

� 2
3

5

1

A

9
=

;
;

(2.82)

where the maximum Rabi frequency�h
 0 = 2p
3
pEzpf

p
npu (considering the averaging factor of
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Figure 2.11: TLS ground state polulation� z;0 calculated from Eq. 2.75 versus TLS frequency
over various TLS Rabi frequencies
 . A detuned tone pumps is at 4.99GHz and the resonator
frequency is at 5GHz. The color represents the strength of pumping related to
 . On the top,
arrows represents the shifted resonator frequency at different
 .

p
3 for p). npu can be obtained from the pumping powerPin (see Chapt. 2.1.6) by

npu =
2�

4� ! 2
p + � 2

tot

Pin

�h! p
: (2.83)

Here� tot and� are the total and external decay rate of the resonator.

� z;0 and resonator frequency shift from the calculations at various Rabi frequency are

shown in Fig. 2.11. I plot� z;0 vs ! tls over different
 0 (/
p

npu) with a detuned pump at

! p = 4.99GHz. On the top of the �gure, I show! 0 from its original resonance! c = 2� � 5 GHz.

Fig. 2.12 shows� ! versus the pump frequency. Each color represents a different
 . On the top

of Fig. 2.12, I show the maximum of� ! at each
 0, and there is a saturate phenomenon in the

maximum of� ! which depends on the TLS single photon loss tangent obtained in Eq. 2.50.
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Figure 2.12: Frequency shift of the resonator� ! = ! 0
c � ! c versus the pump frequency. Each

color corresponds to a different TLS Rabi frequency
 0, which positively related to the pumping
power, ranging from105 to 108 Hz. Points correspond to the calculation from Eq. 2.81. On the
top, I show the maximum resonance shift for each
 0.

Figure 2.13: Left: The cross section of the simulatedEzpf of IDC. IDC has width and gap = 0.5
� m. Right: The probability ofpEzpf in substrate-metal or substrate-air interfaces. Since the wide
spread of values, a single valuenc is not preferred.
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2.3 Puzzles in loss tangent

Sometimes, researchers �nd dif�cult to interpret their experiments in terms of Eq. 2.47. A

phenomenological approach is adding a free �tting parameter� (typically = 0.15� 0.4) [38,90–

93] in the denominator part of Eq. 2.47 and yields

tan � = tan � 0
tls

tanh ( �h!
2 kB T )

�
1 +

�



 c

� 2
� � : (2.84)

The motivation of� comes from the non-negligible interactions between TLSs leading to fre-

quency drifts of near-resonant TLSs caused by far-detuned TLSs such that stronger �elds are

required to saturate TLSs (see Chap. 2.3.1). However, those resonators with� added are pla-

nar resonators which have position-dependent electric �eld distribution [94], and dielectric �lms

may exhibit a wide spread ofp [9, 95], resulting in non-uniformnc which is a function of both

parameters (Eq. 2.49). A simulation ofpEzpf over interdigital-capacitor (IDC) with dipole mo-

mentp = 2 Debye is shown in Fig. 2.13. As a result, instead of using a singlenc, we need to

consider the different TLS effects (located in bulk or at the metal-air, substrate-air, and metal-

substrate interfaces) contribute to the total loss tangent1=Qi [38,90,94]. Therefore, for scienti�c

understanding, it is important to verify the correct explanation by some means. In the next two

sections, I will provide the details for each explanation.

2.3.1 TLSs with mutual interactions

TLS models incorporating TLS interaction exist for describing the low temperature glassy

material properties [96,97]. A recent development in understanding TLS loss is that the TLS en-
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Figure 2.14: Interpretation of a coherent TLS (cTLS) coupled to thermal TLSs and quantum
systems. A cTLS in red which has energy close to a certain quantum system, e.g., a resonator,
interacts with low-frequency thermal TLSs in yellow. The quantum system is directly affected
by the cTLS but not thermal TLSs. This cTLS energy is �uctuating over time depending on the
states of thermal TLSs.

ergies are not stationary in time. Observations of phenomena induced by mutual TLS interactions

such as TLS spectral diffusion [98] and TLS-TLS avoided crossings are reported recently [99].

Speci�cally, high-frequency TLSs (coherent TLSs or cTLSs) are near-resonant to the resonator

resulting in dissipation. A bath of thermally activated low-frequency (LF) TLSs leads to �uc-

tuations of cTLS energies and consequently alters the observedQi value and resonant frequency

in the time domain. Figure 2.14 illustrates a red cTLS interacts with a bunch of yellow thermal

TLSs and the quantum systems. The cTLS energy is jittering at a rate
 . The �uctuations of the

TLS energy in the time domain have an important consequence on the TLS loss. When the TLS

energy shifts away from the resonator frequency, then it cannot absorb microwave photons from

the resonator. In this case, Faoro shows that the power dependence of the TLS loss tangent is

weak and becomes logarithmic [85]. In the condition that
 > 
 � � 2, the logarithmic power
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dependence loss tangent is formally given as

tan� tls = tan � 0
tls P
 tanh(

�h!
2kB T

) ln(

 max



+ C1); : (2.85)

Here, the TLS jitter rate ratioP
 = 1=ln(
 max =
 min ), 
 max and 
 min are the maximum and

minimum rate of TLS jitter respectively, andC1 is a constant accounting for power-insensitive

loss.

In a different region that
 � � 2 > 
 2, one can obtain

tan� tls = tan � 0
tls P
 tanh(

�h!
2kB T

) ln(

 max � 2


 2
+ C1): (2.86)

2.3.2 Multiple contributions from different material interfaces

In typical planar resonator designs, the loss from TLSs (located in bulk or at the metal-

air, substrate-air, and metal-substrate interfaces) contribute differently to the total loss tangent

1=Qi [87]. This yields an equation considering the �lling factor for analyzing different material

volumes with TLSs [38]:

1
Qi

= tanh
�

�h!
2kB T

� X

i

Fr;i
tan � 0

iq
1 + nph

nc;i

: (2.87)

In volumeVi , the TLS loss properties (p, Ezpf , and� 1;2) are assumed to be the same. Another

expression in Ref. [90], on the other hand, uses an integration but the concept is similar to Eq.

2.87 and we obtain

1
Qi

=

R
"(r ) jE0(r )j2 tan � tls (r ) dr 3

R
"(r ) jE0(r )j2 dr 3

: (2.88)
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In the rest of this thesis, I will call Faoro's model a fast-switching (FS) TLS model, and

call the model including differentnc as a multi-contribution (MC) model. To our knowledge,

there is no systematic study to verify which explanation is more convincing. In Chapter 6, we

show the evidence that only the fast-switching TLS model is consistent with our data but not the

MC model. Moreover, the absence of such a logarithmic power dependent loss in the alumina

samples even with the observed TLS energy jitter is inspiring and more detail will be discussed

in Chapter 5.
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Chapter 3: Experimental Setup and Fabrication Tools

In this chapter, I will provide detailed information about the experimental methods used

within this thesis. The chapter starts with a brief introduction about performing measurements at

a millikelvin environment. I specify the microwave setup for measuring the resonator's response

of the aluminum oxide samples. Next, I will introduce fabrication tools and steps for resonators.

This chapter also contains the speci�c DC voltage bias line setup that are of importance for the

observation of individual TLSs.

3.1 Cryogenic setup

3.1.1 Dilution refrigerator

Superconducting quantum devices require a low temperature much lower than their su-

perconducting transition temperature to suppress the quasiparticles and take advantage of low

resistance. Another bene�t of low temperature is suppressing thermal noise and thermal excita-

tions in a quantum state [100]. For example, an common transition energy is equivalent to 250

mK (� h�5GHz
kB

) and the thermal populationtanh
�

�h!
2kB T

�
is very low at 10 mK. In this thesis, all

the samples are measured in the CF-650 cryogen-free dilution refrigerator (DR), manufactured

by Leiden Cryogenics BV, and the working temperature is at tens of mK. The image of DR, the
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