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Abstract

The problem of parameter estimation and blind deconvolution of AR systems with in-
dependent nonstationary binary inputs is considered. The estimation procedure consists
of applying an MA filter (equalizer) to the observed data and adjusting the parameters
of the filter so as to minimize a criterion that measures the binariness of its output.
The output sequence itself serves as an estimate of the unobservable binary input of
the AR system. Without assuming stationarity of the inputs, it is shown that the pro-
posed method produces a consistent estimator of the AR system, not only in the sense
of converging to the true parameter as the sample size increases, but also attaining the
true parameter of the AR system for sufficiently large sample size. For noisy data, the
estimation criterion is modified based upon an asymptotic analysis of the effect of the
noise. It is shown that the modified criterion is also consistent (in the usual sense) and its
variability depends upon the filtered noise. Some simulation results are also presented to
demonstrate the performance of the proposed method for parameter estimation as well

as for blind deconvolution.

Abbreviated title: AR Estimation and Deconvolution.
AMS 1980 subject classifications: Primary 62M10; secondary 60G35, 93E12.
Key words and phrases: AR system, binary sequence, nonstationary, parameter estima-

tion, blind deconvolution, system identification.






1 Introduction

In digital communication systems, the transmitted signal usually takes values in a finite
set of alphabet. A special case is where the signal is binary (Proakis, 1989). Using
this property, the author has recently proposed a method of blind identification and
deconvolution (Li, 1992a) that seeks to estimate the communication channel and to
recover the transmitted signal simultaneously, by imposing a linear filter (or equalizer)
to the received time series and adjusting its parameter so as to produce a binary sequence
at the output. This method has been shown to be able to handle nonstationary signals
and nonminimum phase channels, without assuming the availability of any information of
the signal other than binariness and independence. For parametric channels, this method
is shown to provide a consistent estimator for the channel parameters under certain mild
conditions. Extensions of these results to multilevel signals are also possible (Li, 1992b).

In this paper, we would like to address two aspects of the problem in the special case
where the channel can be modeled as an autoregressive (AR) system. First, we shall
show that for an AR system with binary inputs, the estimator suggested in Li (1992a) is
consistent, not only in the usual sense of converging to the true parameter of the system,
as guaranteed by Theorem 3 of Li (1992a), but also in the sense of altaining the true
parameter for sufficiently large sample size. In other words, one can obtain the ezact
value of the true parameter by the method of Li (1992a), provided that a sufficiently
large output sequence of the AR system is available. This result strengthens Theorem 3
of Li (1992a) when applied to the AR system.

We shall also consider the effect of the additive noise in the received data on the
estimation criterion. Based on an asymptotic analysis, the estimation criterion will be
modified appropriately so as to eliminate the bias caused by the noise. We shall show
that the modified criterion based on the noisy data still produces a consistent estimator
that converges to the true parameter as the sample size increases without bound. Finally,
we shall present some simulation results to demonstrate the performance of the proposed

method for parameter estimation as well as for blind deconvolution.



2 Problem Formulation

Let {V1,...,Y,} be the output sequence of an AR(p) system (channel) with an unob-

servable input sequence {X;} (transmitted signal), i.e.,
K + al)/t—-l +-e ap}/;f—p = bOXt- (2-1)

Suppose that {X;} is binary and independent, with X; ~ v(ai,az;p;) and 0 < p, < 1
for all ¢, where v{a;, as; q) stands for the distribution of a binary random variable taking
on values a; and a; with probabilities ¢ and 1 — ¢, respectively. The probabilities p; are
assumed unknown, while a; and a, are known constants with a3 # a2. In addition, we

assume that the following conditions are satisfied:
a) The order p of the AR system is a known positive integer;

b) The AR system is stable, i.e., all of the zeros of the polynomial £ + a7~ +- -+ a,

appear inside the unit circle of the complex plane; and
¢) The parameters of the AR(p) system satisfy a, # 0 and bg =1+ a; +---+a, # 0.

The ultimate objective is to estimate the parameters {aj,... ,a,} of the AR system and
to reconstruct the input signal {X,}, based entirely on the observed data {Y;}.

Notice that assumption (c) is equivalent to assuming that the summation of the
impulse response sequence of the AR system is equal to 1, meaning that the AR system
does not generate or absorb energy for constant (d-c) signals. This assumption is imposed
merely in order to remove the scale ambiguity in the solution of the problem, especially
when oy = —az (Li, 1992a). The same goal can also be achieved by assuming the
availability of the value, or simply the sign, of this summation with a slightly different
parametrization. We use assumption (c) in the present paper only for the purpose of
convenience.

Obviously, the linear prediction approach serves as a solution to the problem if the
input signal is stationary (ii.d.), namely, if p, = po for all ¢ and 0 < po <« 1. We

assume in this paper that {X;} could be nonstationary. In this case, one cannot use
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those procedures, such as the linear prediction and some other methods (Benveniste et
al., 1980; Cheng, 1990; Lii and Rosenblatt, 1981; Shalvi and Weinstein, 1990), that rely
upon the moments of {Y;}, since {Y;} is nonstationary in general.

Under assumption (b), the AR system (2.1) is stable, and its inverse is an MA(p)

system of the form
Zy=hoYi + hiYi g+ -+ hYi, (2.2)

with the true parameters given by hg := 1/bo and k¥ := a;/bo (j = 1,...,p). Therefore,
the original AR estimation problem is equivalent to the problem of estimating the coef-
ficients {h}} of the MA system (2.2). It is evident that if {h;} coincides with {h}}, we
would observe a binary output sequence {Z;} = {X;} from (2.2). This gives rise to the
idea of applying the MA filter (2.2) to the received data {Y;} and choosing the coefficients
{h;} so as to produce a binary sequence {Z;} at the output. If this can be done, the
output sequence {Z;} of (2.2) serves automatically as an estimate of the unobservable
signal {X,}. Therefore, this method provides an approach to blind deconvolution.

The motivation of using this method is twofold. Since the probabilities p; are unknown
and possibly dependent on t, it is therefore difficult, if not impossible, to construct
similarity tests for {Z;} based upon the moments or other distributional information of
{X:}, as done in many procedures of blind deconvolution. The binariness is the only
a priori knowledge available in this problem about the signal {X;}. A simple way of
utilizing this information is clearly to make {Z;} binary as well, upon adjusting the
coeflicients of the MA filter (2.2). Moreover, in digital communication systems, the
output sequence {Z;} is usually subject to quantization that classifies Z; as oy or oz by
a hard-limiting operator (Proakis, 1989). Making {Z;} as binary as possible would help
reducing the ambiguity for the classification.

Notice that if (2.2) is the true inverse of (2.1), assumption (c) would imply that
hohp#o and h0+h1+"'+hp= 1. (2.3)

This relationship can be utilized in estimating {h}} by imposing the restriction (2.3) on

{h;}. If so doing, only p parameters among the h; are free to choose. Therefore, without
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loss of generality, we can take h := [ho, b1, -+ , h,_1]7 as the parameter vector and denote

by h* its true value for which the data were produced.

3 Estimation Criterion for Noiseless Data

In adjusting the parameter h of (2.2) to make the output sequence {Z;} binary, a criterion
is certainly required in order to describe quantitatively how far a finite-length sequence
is from being binary. A simple criterion of binariness can be taken as
Bu(h) = —— 3 {4(k) — aa{Zu(h) — e’ (3.)
=P t=ph1
where {Z,41(h), ..., Z,(h)} is the output sequence of (2.2), corresponding to the param-
eter h and depending solely on the observed sequence {Yi,...,Y,} of length n. Notice
that a slightly different criterion has been used by the author in dealing with the blind de-
convolution problem for general linear systems (Li, 1992a). For the AR system, however,
(3.1) is a more natural choice because of the causality of the system.
It is readily seen that B,(h) > 0 with B,(k) = 0 if and only if {Z;(h)} is a binary
sequence (taking on values o and a3). Asin Li (1992a), a reasonable estimator of h* is

taken to be the minimizer of the binariness criterion B,(h), that is,
h, := arg min{B,(h): h € 0} (3.2)

where © is a bounded and closed neighborhood of h*.

In the following, we would like to show that the identity h, = h* holds for any non-
stationary binary sequence {X:} satisfying inf{p;(1 — p;)} > 0, at least with probability
tending to one as the sample size n increases without bound. This result strengthens the

consistency results given by Theorem 3 of Li (1992a) when applied to the AR system.

Theorem 1 Let the input sequence {X;} be independent with X; ~ v(ay, az;p;) for all t
and inf{p;(1 — p;)} > 0. Then, with probability tending to one as n — oo, the estimator
b, defined by (3.2) exists in the interior of a closed neighborhood © of h* and satisfies the
system of equations OB,(h)/0h = 0. Furthermore, as n tends to infinity, h, = h* with
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probability tending one. If {X;} is stationary in the sense that p, = py and 0 < pp < 1,

these results hold almost surely, provided that the sample size n is sufficiently large.

PRrOOF. Following the same lines of the proof of Theorem 3 in Li (1992a), we are
able to obtain the same results, namely, that h, exists and satisfies 0B,(h)/0h = 0
with probability tending to one (or almost surely for large n if the input sequence is
stationary), and that k., converges to h* in probability (or almost surely) as n — oo.
In fact, under (a)—(c), the same arguments as given in Section V of Li (1992a) validate
(H1)-(H3) required by Theorem 3 of Li (1992a).

To prove the identity h, = h*, it is crucial to observe that the gradient vector of

B, (h) vanishes at the true parameter h*. In fact, from (3.1), we can write

0B, (h) = 2 Zn: Zyu(h) Zip(h) {Zu(h) + Za(h)} Yy (3:3)
Oh; n=Pi—pn1

where Zy(h) := Zy(h) —ay (I =1,2) and Vy; :=Y;.; =Y, (: = 0,1,... ,p—1). For
h = h”, the partial derivatives become zero, since {Z;(h*)} = {X}} is a binary sequence
and hence Z;;(h*) Zw(h*) = 0, V t. Moreover, since the gradient vector of B,(h) also
vanishes at fAzn, evaluating at this point the second-order Taylor series expansion of the

gradient vector about h* gives rise to the equation
(@, +Ry) (o —h*) =0

where ®,, is the Hessian matrix of B,(h) at h*, and R,, is a matrix that tends to zero
in probability as n — oco. In Lemma 4 of Li (1992a), it was shown that the smallest
eigenvalue of ®,, is bounded below by a positive constant A > 0 with probability tending
to one. Therefore, it can be concluded that with probability tending to one as n — oo,
the random matrix ®, + R, is nonsingular and hence izn = h*. The assertion for
stationary signals follows from a similar argument, since, in this case, Theorem 3 and
Lemma 4 of Li (1992a) guarantee that R,, converges to zero almost surely and that the
smallest eigenvalue of ®, is almost surely bounded below by A for sufficiently large n.

The theorem is thus proved. &



A

REMARK 1. As seen from Theorem 1, minimizing B, (h) produces an estimator h,
which is consistent in the sense of not only converging but attaining the true parameter h*
of the AR system. This stronger conclusion is due to the fact, besides the independence
assumption of {X,}, that h” is the unique minimizer of B,(h) in its neighborhood, at
least with probability tending to one. More importantly, this conclusion holds for both
statlonary and nonstationary binary input.

REMARK 2. Under certain conditions about the geometric structure of the alphabet
of {X;}, this theorem can be extended to the cases where {X;} takes on K discrete values
{ai,... ,ak}, where 2 < K < co. In this case, {X;} is known as the K-ary signal and
the estimator hn can be taken as the minimizer of the criterion

1 n K
— > [IH{z(h) — o}

n—p t=p+1 j=1

This extension is based upon a general result similar to Theorem 1 of Li (1992a). More

details concerning the extension can be found in Li (1992b).

4 Modified Criterion for Noisy Data

Suppose that the observed data are contaminated by additive noise and let {ff},} denote

the noisy data. Then we can write
Y=Y, +e (4.1)

where {Y;} is defined by (2.1), and {e,;} is assumed to be independent of {X;} and i.i.d.
with mean zero and variance o?. With the noisy data {Yt} as inputs, the output sequence

of the MA filter (2.2) becomes
Zy(h) = hVithYii 4+ hYiep
= Zy(h) +e(h) (4.2)

where {Z;(h)} is given by (2.2) based on the noiseless data {Y;}, and {e,(h)} is the
filtered noise as specified by

Et(h) == hQEt + h](it_l R hpé‘t_p. (43)
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In this section, we would like to investigate the effect of the noise on the criterion B,(h).
Based on the investigation, we would like to modify the criterion appropriately so as to
improve the performance of estimation.

It is easy to verify using (4.2) that if {Z,(k)} is replaced by {Z;(h)} in (3.1), the
resulting criterion, denoted by Bn(h), can be written as
3 ()~ aaPHAR) - )’

=P i—pt1

= Bu(h)+An(h) (4.4)

B.(h) :=

where B,(h) is the binariness criterion defined by (3.1) for the noiseless data {Z;(h)},
and A,(h) is an additional term, due to the presence of the noise, as specified by

1 n
Y [2Zu(h) Zea(h) {Zu(h) + Zia(h)} i(h)

" =Dt

+ {Z}(h) + Z}4(h) + 4Zu(h) Zo(h)} €i(h)
+ 2{Zu(h) + Zin(h)} €} (h) + i (R)].

An(h) =

Let E{An(h)|X} be the conditional mean of A, (k) given X := {X;}. Then E{A,(h)|X}
admits the same expression as A, (h) except that the e¥(h) are replaced by my(h) :=
E{e¥(h)} for k = 1,2,3,4. Note that my(h) = 0. Since {Z;(h)} is bounded for h € ©
and {e,(h)} is zero-mean and p-dependent, it is readily shown, by assuming E(e%) < oo,
that the variance of A,(h) — E{A,(h)|X} is of order O(n~!). Therefore, we can write
An(h) = E{A(h)|X} + Op(n~/?). Now define

Da(h) 5= —— 3 ({ZA(R) + Zh(h) + 42 (k) Zua(h)} ra(R)

=P t=pt1
+ 2{Zu(h) + Zia(h)} ms(h)]

— 6m2(h) 4+ my(h) (4.5)

where th(h) = Zt(h) —oq (I =1,2). By inserting (4.2) into (4.5) and carrying out the
algebra, it can be shown that D,(h) = E{A.(h)| X} + Op(n~/?) by a similar argument
as before. Consequently, we can write A,(h) = D,(h) + Op(n~'/?) and hence

Bn(h) = Bn(h) + Dn(h) + fn(h) (4°6)
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where &,(h) := Ay (h) — D,(h) = Op(n~1/?).

Since £,(h) is negligible for large n, this expression suggests that the criterion to
be minimized in the case of noisy data should be modified by subtracting Dy(k) from
Bn(h), that is, the modified criterion should be taken as

Bu(h) = Bu(h) — Da(h). (4.7)

Notice that the quantity D, (h) in (4.5) depends on the moments of the noise up to the
fourth order. If these moments are known, we can define the estimator iln to be the
minimizer of B,(h), namely,

A

h, := arg min{B,(h): h € 0}. (4.8)

In particular when {¢;} is Gaussian and o2 is known a priori, the filtered noise {e;(h)} is
Gaussian with mean zero and variance 02 3" h?. It is readily shown that ma(h) = 0* % h?,
m3(h) = 0, and m4(h) = 3m2(h). In this case, (4.5) is simplified as

L 3 ZA(R) + 2R + 12 (h) Za(R)} mah) — 3md(R). (49)

N =P i=ph

Dn(h) =

To investigate asymptotic properties of k., defined by (4.8), we first note that B, (k) =
B.(h) + £.(h) and &, (h) £ 0. It can also be shown by a careful study that &,(h) and
its derivatives converge to zero uniformly in h € © (see Section 6). Since h* is the
unique minimizer of B,(h) in its vicinity with probability tending to one, this implies
that h, & h* namely, that h, is a consistent estimator of h*. Strong consistency of
h, can also be established when {X:} is stationary, based upon the almost sure and
uniform convergence of ¢, (h) and its derivatives as shown in Section 6, and the fact that
for stationary {X;}, h* is the only minimizer of B,(h) in its vicinity almost surely for

large n, as indicated by Theorem 1. Moreover, evaluating at h,, the second-order Taylor

expansion of the gradient of B,(h) about h* gives
(8, + 0(1)) (hn — k™) =,

where ,, is the negative gradient vector of &,(h) at h*, that is, ¢, := —0¢,(h")/0h. It
can be shown (see Section 6) that ¢, = Op(n“l/z). Hence, h, = b* + Op(n~%). The
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LOWPASS

Figure 1: Squared gain functions of AR(2) systems.

variability of h,, is clearly determined by that of 4,,, which in turn relies on the behavior
of the filtered noise {e;(h*)}. To summarize the above results, we have the following

theorem.

Theorem 2 Let {X;} be the nonstationary binary sequence in Theorem 1. Then, with
probability tending to one as n — oo, the estimator h, defined by (4.8) exists in the
interior of a closed neighborhood © of h* so that Bf?n(iln)/ah =0 and h, 5 Rh*. If
{X:} is stationary, these results hold almost surely for sufficiently large n and h, 5 h*.
In both cases b, = h* + Op(n~1%),

5 Numerical Experiments

To demonstrate the performance of the proposed method and to test especially the effec-
tiveness of the modified criterion for noisy data, we considered estimating three different
AR(2) systems, which are, respectively, highpass with (g, A7) = (0.48,0.42), bandpass
with (h§, k}) = (0.625,0.0), and lowpass with (A, A7) = (1.5, —1.1). Their gain functions

are shown in Figure 1.



Two types of binary sequences with a; = 0 and ay = 1 were used as the input {X;}
of these systems. They are (i) the stationary input with p; = 0.6 for all ¢ and (ii) the
nonstationary input with p; = ®(sin(3#t/128)) for 1 <t < n, where ®(-) stands for the
distribution function of the standard normal random variable. Gaussian white noise was
added to the output {V;} to obtain the noisy data {¥;}.

Tables 1-4 present the simulation results for parameter estimation. All of the ensem-
ble averages in these tables were calculated based upon 100 independent trials with n =
256. The mean-squared error (mse) was computed according to mse := E||h, — h*||?/p

and the signal-to-noise ratio (SNR) was taken to be

sample variance of {Y;}

SNR := 10log

sample variance of {¢;}"

To make the SNR equal to the desired values, the sample variance of the noise was
adjusted in each trial according to the sample variance of the noiseless data {Y;}.
Newton’s method was employed to minimize the original criterion B,(h) (denoted
by OC) and the modified criterion B, (h) (denoted by MC). The derivatives required by
Newton’s method were analytically derived by differentiating By(h) and B,(h). First
derivatives of B,(h) can be found in (3.3). For minimizing E’n(h), the iteration termi-

nated according to the stopping criterion
BB <107 or [BW _ BED| < BED x 1075

where k is the iteration index and B®) is the value of B, after k iterations. A similar
stopping rule was also used for minimizing B,(h). To initiate Newton’s method, we
employed the estimates of linear prediction (LP) calculated by the standard Levinson-
Durbin algorithm (Brockwell and Davis, 1987). These initial estimates are also included
in these tables for comparison.

Several conclusions can be drawn immediately from these simulation results. (i) Both
MC and OC provide extremely accurate estimates for high SNR. MC also gives very
accurate estimates for moderate and low SNR, especially for highpass and bandpass

systems. (ii) The variances of MC and OC are comparable but MC has a much smaller
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Table 1: BANDPASS AR(2) WITH STATIONARY INPUT

SNR(dB) | Method E(ho) % var(ho) E(hy) £ var(hy) mse
30 MC 0.6250 + 4.93x10~7 0.0000+ 1.33x10~° | 9.13x10~7
0oC 0.6241+ 4.85x10~7 0.0010+ 1.31x 1075 | 1.28x10~°
LP 0.6319+9.79x10~* | —0.00324+ 1.11x1073 | 1.07x 1073
20 MC | 0.6252+6.03x10~% | 0.00024 1.47x1075 | 1.04x107°
OC 0.6160+ 5.51x10~° 0.0093 & 1.33x1075 | 9.32x 1075
LP 0.6343+1.03x107% | —0.0032+ 1.11x1073 | 1.11x1073
15 MC 0.6253 &+ 2.66x 1075 0.0005+ 5.87x 1075 | 4.28x10~°
oC 0.5967 + 2.28 x 10~° 0.0288 + 4.58x10~% | 8.49x10~*
LP 0.63954+ 1.10x10~3 | —0.0030 £ 1.12x1073 | 1.22x 103
10 MC 0.6260+ 1.77x10~* 0.0005+ 3.63x10~* | 2.71x10~*
oC 0.5390 4 1.84x 10~* 0.0858 + 2.38x10~* | 7.58x 103
LP 0.6545+ 1.26x10~3 | —0.0023 +£1.18x10~3 | 1.66x 1073

Table 2: BANDPASS AR(2) WITH NONSTATIONARY INPUT

SNR(dB) | Method E(ho) + var(ho) E(hy) £ var(h,) mse
30 MC 0.6250 4 5.64x10~7 0.0000+ 1.17x 1076 | 8.68x10~7
LP 0.7462 4+ 2.31x1073 | —0.0909 %+ 1.92x 1073 | 1.36x 10~?
20 MC 0.6251 4+ 5.85%x 10™° 0.00024 1.36x107° | 9.74x10~°
LP 0.747742.35x1073 | —0.09004+ 1.98x1073 | 1.37x10?
15 MC 0.6252 4 2.20x10~% 0.0003 + 5.56x 105 | 3.89x 1075
LP 0.7513+ 2.41x 103 | —0.0876 £2.07x 1073 | 1.41x 1072
10 MC 0.6257+ 1.37x 104 0.0003 + 3.54%x10~* | 2.46x10~*
LP 0.7620 4 2.59%x 103 | —0.0809 %+ 2.23x1073 | 1.51x 102
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Table 3: HIGHPASS AR(2) WITH NONSTATIONARY INPUT

SNR(dB) | Method |  E(ho) % var(ho) E(hy) % var(hy) mse
30 MC | 0.480146.63x10~7 | 0.4200+ 1.07x10~7 | 3.91x10~7
LP | 0.6135+3.11x1073 | 0.3958 + 2.65x10~* | 1.09x 102
20 MC | 0.4805+8.87x107¢ | 0.4201+1.38x107¢ | 5.26x107°
LP | 0.6195+3.06x1073 | 0.393742.65x10~* | 1.17x1072
15 MC | 0.4813+4.74x10~5 | 0.4204+8.76x10~¢ | 2.90x 10~°
LP | 0.6333+3.05x1073 | 0.3888 +£2.72x10"* | 1.39x 1072
10 MC | 048404+ 4.00x10~* | 0.421247.49% 1075 | 2.46x 10~*
LP | 0.6708+43.17x1073 | 0.3740+ 3.09x10™% | 2.10x 102

bias (see Table 1). It is due to the bias reduction that MC has smaller mean-squared
error than OC. (iii) MC works equally well for both stationary and nonstationary signals
(see Tables 1 and 2), and improves LP if the SNR is not too low. The improvement is
quite significant for high and moderate SNR and for nonstationary signals.

Figure 2 presents some results of blind deconvolution using the modified criterion for
the lowpass system with the stationary input of length n = 1000. The segments shown
in the figure correspond to 100 <t < 300. The notation PD stands for the percentage of
correct detection using the hard-limiting operator {sgn(Z; — 0.5) + 1}/2. The iteration
started with the initial value ﬁn = (0.5,0.0). After one iteration, the estimate was ftn =
(0.901585, —0.803160), and after four iterations it became h, = (1.49651,—1.08929).
Similar results of blind deconvolution for the bandpass system with the nonstationary
input are shown in Figure 3, where the initial value was h, = (1.5,-1.0), and the
estimates after the first and the second iterations were iln = (0.625251,0.001313) and

h, = (0.624579,0.000004), respectively. The improvement on correct detection after the

deconvolution is clearly shown in these figures.
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Table 4: Lowpass AR(2) wITH NONSTATIONARY INPUT

SNR(dB) | Method E(izo) + var(izo) E(izl) + var(ill) mse
30 MC 1.4998 £ 2.59x 1073 | —1.0996 £ 7.10x10~% | 4.86x10~°
LP 2.47424+1.27x10"1 | —2.1073 +1.36x10~! | 1.11301
20 MC 1.4991+3.30x10~% | —1.0991 +8.23x10~* | 5.77x10~*
LP 2.4533+1.23x10~1 | —2.0482+ 1.28x10~1 | 1.02946
15 MC 149914+ 1.79x1073 | —1.1009 + 4.33x 10723 | 3.06x10~3
LP 240754+ 1.15%x1071 | —=1.9197+1.10x10~! | 8.61x10!
10 MC 1.51614+1.98x10"2 | —1.1380+4.81x 1072 | 3.48x 1072
LP 2.28214+9.55%10"2 | —1.6025+ 7.31x1072 | 5.16x 107!
(a)
(b)
(c)
(d) M

Figure 2: Blind deconvolution of lowpass system with stationary input. (a) Input sig-

nal. (b) Observed signal (SNR=20dB, PD=88%). (c) Recovered signal after 1 iteration

(PD=90%). (d) Recovered signal after 4 iterations (PD=100%).
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Figure 3: Blind deconvolution of bandpass system with nonstationary input. (a) Input
signal. (b) Observed signal (SNR=20dB, PD=89%). (c) Recovered signal after 1 iteration
(PD=100%). (d) Recovered signal after 2 iterations (PD=100%).

(c)

6 Proof of Uniform Convergence of ¢,(h)

A careful study shows that £,(h) can be written as

€n(h

5tk
TP t=pt1 k=1

where e (h) = e¥(h) —my(h), and Bu(h) = g cu(h) Z{(h) for some constants cx(h).
Using the definitions of Z;(h) and ¢;(k), we can further write

Z Etk E Z auv ntu Ctv

uePlyePk

In this expression, u := {uy,... ,w}, v :={vi,... ,ox}, P:={0,1,... ,p}, and

Buo(R) = huy - hughoy -+
Nt = K—ulu'n——u,

Ctv 1= Et—vy " Ctmpy — E(Ctmny * - E1—y)-
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Therefore, we obtain
4 4
&.(h) = Z Z cri(h) 0y, (h) Uy (u,v)

where

! Xn: Ntu G- (6°1)

n—p t=p+1

Un(u,v) :=

Since c(h)0,,(h) can be uniformly bounded in magnitude, it suffices to show that
U,.(u,v) converges to zero in probability for any fixed » and v. This can be established
by showing that the variance of U,,(u,v) is of order O(n~1), based upon the fact that {n:, }
and {(;,} are independent and that {(;,} is m-dependent with m := max{vy,... ,vx}.

It can also be shown that £,(h) converges to zero almost surely and uniformly in
h € © as n tends to infinity. In fact, based upon the above discussion, it suffices
to show that U,(u,v) in (6.1) converges to zero almost surely for each given v and
v. This can be done with the help of the strong law of large numbers for martingale
differences (see, for example, Feller, 1971, Theorem 3, p. 243). A close examination
reveals that for each fixed u and v, M; := 9w can be written as a sum of certain
martingale differences. For instance, when k = 3, (;, takes one of the following forms:
(1) el_,, — E(e2_,)); (1) EtvyEtvy€tmvy With v1 < v < w35 (iii) €10, 67, With v1 < vy
and (iv) €2, €1—v, with v; < vy. In Cases (i)—(iii), it is easy to verify that the M;
are martingale differences with respect to the filtration {F;}, where the F; are o-fields
generated by {¢;,7 <t — v} U{X;,Vj}. Since E(M?) = E(n2,) E(¢}) can always be
bounded above by a constant, then we have 3572, ; t2E(M?) < oco. Invoking Theorem 3
of Feller (1971, p. 243) yields

1 ~ a.s.
Un(u,0) = —— > M, *30. (6.2)
n-— p t=p+1
In Case (iv), we can write M; = My + Mo, where M, := mu(sg_vl — 0%)g4_,, and

My = nwo?ecsy,. Clearly, the M;; are martingale differences with respect to {F;}
defined above, and the M,, are martingale differences with respect to {F,.}, where the
Fiz are o-fields generated by {e;,7 <t — v} U {Xj,Vs}. Applying the same proof to
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{My;,} and {M,,}, respectively, verifies (6.2). Similar arguments can be used for other
cases.

Finally, the above discussion can be easily applied to show that all of the derivatives
of £,(h) converge uniformly to zero in probability as well as with probability one. In
particular, it can be shown that cov(t,) = O(n™') and hence v, = Op(n~/?). Condi-
tioning on X, a central limit theorem can also be established for 4,, using the CLT for
martingale differences (see, for example, Brown, 1971). We are not going to present this

result here since the derivation is straightforward but quite tedious.
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