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Deep neural networks have become the state-of-the-art tool to solve many computer vision problems.

However, these algorithms face a lot of computational and optimization challenges. For example,

a) the training of deep networks is not only computationally intensive but also requires a lot

of manual effort and parameter turning, b) for some particular use-cases, such as adversarial

deep networks, it’s even challenging to optimize to achieve good or stable performance. In this

dissertation, we address these challenges by targeting the following closely related problems.

First, we focus on the problem of automating the step-size and decay parameters in the training

of deep networks. Classical stochastic gradient methods for optimization rely on noisy gradient

approximations that become progressively less accurate as iterates approach a solution. The large

noise and small signal in the resulting gradients makes it difficult to use them for adaptive step-size

selection. We propose alternative “big batch” SGD schemes that adaptively grow the batch size

over time to maintain a nearly constant signal-to-noise ratio in the gradient approximation. The



high fidelity gradients enable automated learning rate selection and do not require stepsize decay.

Also, big batches can be parallelized across many machines, reducing training time and efficiently

utilizing resources.

Second, in the similar pursuit of automated and efficient training of deep networks, we explore the

use of L-BFGS for large-scale machine learning applications. L-BFGS, a very successful second-

order optimization method for convex problems, is not even considered an algorithm of choice

for these applications. Recent work has shown that a stochastic version of L-BFGS can perform

comparably to the current state-of-the-art solvers such as SGD or Adam for classification tasks.

However, their work is limited to deep networks that do not use batch normalization. Since batch

normalization is a de facto standard and essential for good performance in practical industrial-

strength deep networks, this renders their work somewhat less practical. To this end, we propose a

new variant of stochastic L-BFGS, which can work for deep networks that use batch normalization.

We demonstrate the effectiveness of the proposed method by providing both convergence analysis

and empirical results on standard deep networks and image classification. The proposed method

outperforms Adam and existing approaches for L-BFGS by a large margin (10% in some cases)

and is comparable to carefully tuned SGD for some cases. Although we do not surpass the

generalization performance of carefully tuned SGD, this work marks another significant step towards

considering L-BFGS as an effective algorithm for large-scale machine learning.

Third, we propose a stable training method for adversarial deep networks. Adversarial neural

networks solve many important problems in data science, but are notoriously difficult to train.

These difficulties come from the fact that optimal weights for adversarial nets correspond to saddle

points, and not minimizers, of the loss function. The alternating stochastic gradient methods



typically used for such problems do not reliably converge to saddle points, and when convergence

does happen it is often highly sensitive to learning rates. We propose a simple modification of

stochastic gradient descent that stabilizes adversarial networks. We show, both in theory and

practice, that the proposed method reliably converges to saddle points, and is stable with a wider

range of training parameters than a non-prediction method. This makes adversarial networks less

likely to “collapse”, and enables faster training with larger learning rates.

Finally, we propose to efficiently compute the Neural Tangent Kernel (NTK) by establishing (both

theoretically and empirically) that for most practical use-cases, NTK can be replaced by the well-

known Laplace kernel, which is computationally much cheaper than NTK. NTK is interesting and

important because it can reasonably well approximate the solution of a massively overparameterized

neural network that is trained using SGD. So, another advantage of this finding is that one can get

more insight into infinite width real neural networks by analyzing the Laplace kernel, which has a

simple closed form (which NTK does not have).
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Chapter 1: Introduction

Deep neural networks [2, 3] have become indispensable tools in computer vision and emerged

as a clear winner in many important applications such as image classi�cation [2, 4, 5], object

detection [6, 7], Generative Adversarial Networks [8, 9], etc. Despite their enormous success, one

faces a lot of computational and optimization challenges to apply deep networks [10] successfully.

For example: a) For image classi�cation, one has to empirically decide many hyper-parameters

such as the number of layers, �lter size, batch size, training algorithm, learning rate schedule,

and the list goes on. And deciding even a single factor from this list is quite challenging due

to the large manual effort and computation involved, b) Adversarial deep networks [9, 11, 12]

solve many signi�cant problems in computer vision, but are dif�cult to train because their training

involves alternating minimization and maximization operations on a multi-task objective function,

c) Recent works have shown that in�nite width deep networks are equivalent to Neural Tangent

Kernels (NTK) which makes it possible to approximate the function learned by an in�nite width

deep network using an equivalent NTK-regressor. However, memory and time requirements for

NTK computation grow linearly with the number of layers (because of its recursive de�nition),

which makes it expensive especially for large-scale data. This hinders the further exploration and

application of NTK for large-scale datasets to some extent (For example, 5x time and memory

computation is needed for a 5 layered in�nite width deep network equivalent NTK).
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In this work, we target the problems mentioned above using principled optimization methods for

deep networks. In particular, Chapter 2 focuses on ef�cient and automated �rst-order training

methods that are empirically comparable or better performing than other standard methods, but

without requiring an expert user to choose learning rates and decay parameters. In a similar

direction, in Chapter 3, we propose a new version of L-BFGS, a second-order method for the

training of deep networks for classi�cation tasks. In Chapter 4, we present a simple modi�cation

to the alternating stochastic gradient descent (SGD) method, called a prediction step, that improves

stability in the training of adversarial deep networks. In Chapter 5, we establish that NTK is

equivalent to the classic standard Laplace kernel for most of the practical use-cases, thus for those

use-cases, one can compute the Laplace kernel, which is computationally cheap as compared to

NTK. Finally, in Chapter 6, we summarize the current work and suggest some possible future

directions.

1.1 Big Batch SGD: First-order method

In Chapter 2, we study a “big batch” strategy for the SGD methods [13] and its impact in the

ef�cient and automated training of deep networks. It is common practice to progressively reduce

the step size (learning rate) while using SGD methods, especially while training deep networks [14,

15], but �nding the right learning rate and decay schedule is manual and inef�cient. Rather than

decreasing the step size, we let the minibatchadaptively growin size to maintain a constant signal-

to-noise ratio of the gradient approximation. This approach has two main advantages: 1) Big

batches can be parallelized across many machines, reducing training time and ef�ciently using

resources, 2) Using this batching strategy, we can keep the step size constant, or let it adapt using
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a simple Armijo backtracking line search [16], making the method much more manageable to

automate and requiring much less user oversight than classical small batch SGD. Recent results

[17] have shown that large�xed batch sizes fail to �nd good minimizers for non-convex problems

like deep neural networks. Adaptively increasing the batch size over time overcomes this limitation:

intuitively, in the initial iterations, the increased stochasticity (corresponding to smaller batches)

can help land the iterates near a good minimizer, and larger batches, later on, can increase the

speed of convergence towards this minimizer. The proposed automated methods are empirically

comparable or better performing than other standard methods, but without requiring an expert user

to choose learning rates and decay parameters.

1.2 Frozen-Batch L-BFGS (FbLBFGS): Second-order method

In Chapter 3, we explore and promote the use of second-order methods for large-scale machine

learning applications in a stochastic setting. L-BFGS, a second-order optimization method, has

had much success and been celebrated in convex optimization because of "ease of training" (For

example, one can use line search to choose learning rates that need almost no parameter tuning,

and it converges reliably even for poorly conditioned objectives where SGD fails). But it is

not even considered an algorithm of choice for large-scale machine learning applications, and

hence is not explored compared to existing �rst-order methods such as SGD and Adam. Recent

work [18] has shown that a new stochastic version of L-BFGS can get comparable or even better

results than SGD or Adam for classi�cation tasks. However, that can only work when batch

normalization (BatchNorm) is not used. Since BatchNorm is a de facto standard and important for

good performance in practical deep networks, this still limits the use of L-BFGS in these scenarios.
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This motivates and warrants further exploration of L-BFGS for more practical deep nets.

In particular, we propose to freeze and reuse the same batch twice for a stable curvature pair update

in the stochastic L-BFGS method for deep networks with BatchNorm. This approach is generic

enough to be applied to any L-BFGS method that employs a �nite gradient differencing approach,

making it even more appealing as one can borrow existing tricks and trades of the existing L-BFGS

variants. We also provide convergence proof and empirical results on the classi�cation task. The

proposed approach performs consistently better than existing L-BFGS approaches and Adam by a

large margin (more than10%generalization accuracy for some problems) and also achieves results

that are on par with carefully manually tuned SGD (SOTA). Although the proposed method is not

able to surpass the state-of-the-art results achieved by SGD, this work marks another signi�cant

step towards making L-BFGS competitive for large-scale machine learning.

1.3 Stabilizing Adversarial Nets With Prediction Methods

In Chapter 4, we propose a simple modi�cation of stochastic gradient descent that stabilizes

adversarial networks. Adversarial networks are widely used in many applications such as image

generation [11, 19], domain adaptation [20, 21, 22], fair representation [12, 23], etc. One widely

used instance of adversarial networks is the generative adversarial network (GAN [9], Figure 1.1).

Adversarial networks are dif�cult to train because adversarial nets try to accomplish two objectives

simultaneously; weights are adjusted to maximize performance on one task while minimizing

performance on another. Mathematically, this corresponds to �nding asaddle pointof a loss
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Figure 1.1:An example of Adversarial Networks (Generative Adversarial Network).

(a) (b)

Figure 1.2:A schematic depiction of gradient methods. (a) Classical networks are trained by marching
down the loss function until a minimizer is reached. Because classical loss functions are bounded from
below, the solution path gets stopped when a minimizer is reached, and the gradient method remains
stable. (b) Adversarial net loss functions may be unbounded from below, and training alternates between
minimization and maximization steps. If minimization (or, conversely, maximization) is more powerful,
the solution path “slides off” the loss surface and the algorithm becomes unstable, resulting in a sudden
“collapse” of the network.

function and can be written as the following optimization problem

min
u

max
v

L (u; v) (1.1)

for some loss functionL and variablesu andv: A schematic depiction of the difference between

�nding a minimizer and �nding a saddle point is shown in the Figure 1.2.
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In this work, we present a simple “prediction” step (1.2) that is easily added to many training

algorithms for adversarial nets. We present both theoretical analysis as well as experiments to

show the ef�cacy of the proposed method.

Prediction Method

uk+1 = uk � � kL 0
u(uk ; vk) j gradient descent inu; starting at(uk ; vk)

�uk+1 = uk+1 + ( uk+1 � uk) j predictfuture value ofu

vk+1 = vk + � kL 0
v(�uk+1 ; vk) j gradient ascent inv; starting at(�uk+1 ; vk) :

(1.2)

1.4 Similarity between the Laplace and Neural Tangent Kernels

In Chapter 5, we �rst show that Neural Tangent Kernel (NTK) has the same set of functions as

the Laplace kernel for an overparameterized fully connected neural network. The underlying

assumptions are that the activation function used in the neural network should be ReLU, and

data should be distributed on the hypersphere. These assumptions are realistic because most

practical neural networks use ReLU activation and normalize the dataset. Experiments show the

similar performance of NTK and Laplace, and indicate a slight advantage to the more general
 -

exponential kernel achieving state-of-the-art results for well-known102UCI data sets. This work

has two direct implications: 1) one can replace Neural Tangent kernel with Laplace kernel and thus

can avoid expensive NTK computation, 2) one can also gain much insight about neural networks

from analysis of the well-known Laplace kernel, which has a simple closed form.
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Figure 1.3: Left: An overlay of the NTK for a 6-layer FC network with ReLU activation with the
Laplace and Gaussian kernels, as a function of the angle between their arguments. The exponential
kernels are modulated by an af�ne transformation to achieve a least squares �t to the NTK. Note
the high degree of similarity between the Laplace kernel and NTK. Right: eigenvalues as a function
of frequency inS1. The slopes in these log-log plots indicate the rate of decay, which is similar
for both the Laplace kernel and for NTK for the FC network with 6 layers. (Empirical slopes are
-1.94 for both Laplace and NTK-FC.) The eigenvalues of the Gaussian kernel, in contrast, decay
exponentially.

1.5 Summary

Deep learning has become an almost essential algorithm to solve many computer vision problems.

Training is still cumbersome and needs a lot of manual effort to tune many knobs. In this work, we

try to make it easier by focusing on automated and ef�cient training methods. Ef�ciency matters

because of the considerable energy consumed by deep networks, and automation matters because

of much manual effort involved. Automatic parameter tuning further reduces the computation

required to reach similar results.

Keeping this broad picture in mind, we �rst focus on ef�cient and automated �rst-order methods

for training deep networks for the classi�cation task and then also explore the most popular

second-order method, L-BFGS in a similar direction. Then we focus on different types of deep

networks: adversarial networks and fully connected networks with in�nite width. For adversarial
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networks, we propose a novel training algorithm based on prediction methods which improves

stability in the training of adversarial deep networks across a wide range of learning rates. For fully

connected deep networks with in�nite width, recent works have shown that those are equivalent to

kernel regressors that use Neural Tangent Kernels (NTKs). However, the computation of NTK is

expensive in terms of memory and time. Thus, we focus on ef�cient methods for the computation

of NTK and show that NTK can be replaced by classic standard Laplace kernel for most practical

use-cases. The computation of the Laplace kernel, which has a simple closed-form, is way cheaper

than NTK kernels. Another added bene�t of this �nding is that one can gain more insight by

leveraging existing literature on the well-known Laplace kernel. In the following chapters, we

discuss these research works in detail.
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Chapter 2: Automated Inference using Adaptive Batch Sizes

In this chapter, we focus on �rst-order stochastic gradient methods. Classical stochastic gradient

methods for optimization rely on noisy gradient approximations that become progressively less

accurate as iterates approach a solution. The large noise and small signal in the resulting gradients

make it dif�cult to use them for adaptive stepsize selection and automatic stopping. In this chapter,

we propose alternative “big batch” SGD schemes that adaptively grow the batch size over time

to maintain a nearly constant signal-to-noise ratio in the gradient approximation. The resulting

methods have similar convergence rates to classical SGD, and do not require convexity of the

objective. The high �delity gradients enable automated learning rate selection and do not require

stepsize decay. Big batch methods are thus easily automated and can run with little or no oversight.

This work [24] is in collaboration with Soham De, David Jacobs, and Tom Goldstein.

2.1 Introduction

We are interested in problems of the form

min
x2X

`(x) :=

8
>>><

>>>:

Ez� p[f (x; z)];

1
N

P N
i =1 f (x; zi );

(2.1)
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wheref zi g is a collection of data drawn from a probability distributionp: We assume that` andf

are differentiable, but possibly non-convex, and domainX is convex. In typical applications, each

termf (x; z) measures how well a model with parametersx �ts one particular data observationz:

The expectation overz measures how well the model �ts the entire corpus of data on average.

WhenN is large (or even in�nite), it becomes intractable to exactly evaluate`(x) or its gradient

r `(x), which makes classical gradient methods impossible. In such situations, the method of

choice for minimizing (2.1) is the stochastic gradient descent (SGD) algorithm [13]. On iteration

t; SGD selects a batchB � f zi g of data uniformly at random, and then computes

x t+1 = x t � � t r x `B(x t ); (2.2)

where `B(x) =
1

jBj

X

z2B

f (x; z);

where� t denotes the stepsize used on thet-th iteration. Note thatEB[r x `B(x t )] = r x `(x t ); and so

the calculated gradientr x `B(x t ) can be interpreted as a “noisy” approximation to the true gradient.

Because the gradient approximations are noisy, the stepsize� t must vanish ast ! 1 to guarantee

convergence of the method. Typical stepsize rules require the user to �nd the optimal decay rate

schedule, which usually requires an expensive grid search over different possible parameter values.

In this chapter, we consider a “big batch” strategy for SGD. Rather than letting the stepsize vanish

over time as the iterates approach a minimizer, we let the minibatchB adaptively growin size to

maintain a constant signal-to-noise ratio of the gradient approximation. This prevents the algorithm

from getting overwhelmed with noise, and guarantees convergence with an appropriate constant

stepsize. Recent results [17] have shown that large�xed batch sizes fail to �nd good minimizers

for non-convex problems like deep neural networks. Adaptively increasing the batch size over

10



time overcomes this limitation: intuitively, in the initial iterations, the increased stochasticity

(corresponding to smaller batches) can help land the iterates near a good minimizer, and larger

batches later on can increase the speed of convergence towards this minimizer.

Using this batching strategy, we show that we can keep the stepsize constant, or let it adapt using

a simple Armijo backtracking line search, making the method completely adaptive with no user-

de�ned parameters.

Big batch methods that adaptively grow the batch size over time have several potential advantages

over conventional small-batch SGD:

• Big batch methods don't require the user to choose stepsize decay parameters. Larger batch

sizes with less noise enable easy estimation of the accuracy of the approximate gradient,

making it straightforward to adaptively scale up the batch size and maintain fast convergence.

• Higher order methods like stochastic L-BFGS typically require more work per iteration than

simple SGD. When using big batches, the overhead of more complex methods like L-BFGS

can be amortized over more costly gradient approximations. Furthermore, better Hessian

approximations can be computed using less noisy gradient terms.

• For a restricted class of non-convex problems (functions satisfying the Polyak-�ojasiewicz

Inequality), the per-iteration complexity of big batch SGD is linear and the approximate

gradients vanish as the method approaches a solution, which makes it easy to de�ne automated

stopping conditions. In contrast, small batch SGD exhibits sub-linear convergence, and the

noisy gradients are not usable as a stopping criterion.

• Big batch methods are much more ef�cient than conventional SGD in massively parallel/distributed

settings. Bigger batches perform more computation between parameter updates, and thus
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allow a much higher ratio of computation to communication.

For the reasons above, big batch SGD is potentially much easier to automate and requires much

less user oversight than classical small batch SGD.

2.2 Related work

In this section, we focus on automating stochastic optimization methods by reducing the noise

in SGD. We do this by adaptively growing the batch size to control the variance in the gradient

estimates, maintaining an approximately constant signal-to-noise ratio, leading to automated methods

that do not require vanishing stepsize parameters. While there has been some work on adaptive

stepsize methods for stochastic optimization [25, 26, 27, 28, 29], the methods are largely heuristic

without any kind of theoretical guarantees or convergence rates. The work in Tan et al. [27] was a

�rst step towards provable automated stochastic methods, and we explore in this direction to show

provable convergence rates for the automated big batch method.

While there has been relatively little work in provable automated stochastic methods, there has

been recent interest in methods that control gradient noise. These methods mitigate the effects

of vanishing stepsizes, though choosing the (constant) stepsize still requires tuning and oversight.

There have been a few papers in this direction that use dynamically increasing batch sizes. In

Friedlander and Schmidt [30], the authors propose to increase the size of the batch by a constant

factor oneveryiteration, and prove linear convergence in terms of the iterates of the algorithm. In

Byrd et al. [31], the authors propose an adaptive strategy for growing the batch size; however, the

authors do not present a theoretical guarantee for this method, and instead prove linear convergence

for a continuously growing batch, similar to Friedlander and Schmidt [30].
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Variance reduction (VR) SGD methods use an error correction term to reduce the noise in stochastic

gradient estimates. The methods enjoy a provably faster convergence rate than SGD and have been

shown to outperform SGD on convex problems [32, 33, 34, 35], as well as in parallel [36] and

distributed settings [37]. A caveat, however, is that these methods require either extra storage or full

gradient computations, both limiting factors when the dataset is very large. In a recent paper [38],

the authors propose a growing batch strategy for a VR method that enjoys the same convergence

guarantees. However, as mentioned above, choosing the constant stepsize still requires tuning.

Another conceptually related approach is importance sampling, i.e., choosing training points such

that the variance in the gradient estimates is reduced [39, 40, 41].

2.3 Big Batch SGD

2.3.1 Preliminaries and motivation

Classical stochastic gradient methods thrive when the current iterate is far from optimal. In this

case, a small amount of data is necessary to �nd a descent direction, and optimization progresses

ef�ciently. As x t starts approaching the true solutionx?, however, noisy gradient estimates frequently

fail to produce descent directions and do not reliably decrease the objective. By choosing larger

batches with less noise, we may be able to maintain descent directions on each iteration and uphold

fast convergence. This observation motivates the proposed “big batch” method. We now explore

this idea more rigorously.

To simplify notation, we hereon user ` to denoter x `. We wish to show that a noisy gradient

approximation produces a descent direction when the noise is comparable in magnitude to the true

gradient.
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Lemma 1. A suf�cient condition for�r `B(x) to be a descent direction is

kr `B(x) � r `(x)k2 < kr `B(x)k2:

This is a standard result in stochastic optimization (see the Appendix A.1). In words, if the error

kr `B(x) � r `(x)k2 is small relative to the gradientkr `B(x)k2, the stochastic approximation is a

descent direction. But how big is this error and how large does a batch need to be to guarantee this

condition? By the weak law of large numbers1

E[kr `B(x) � r `(x)k2] =
1

jBj
E[kr f (x; z) � r `(x)k2]

=
1

jBj
Tr Var zr f (x; z);

and so we can estimate the error of a stochastic gradient if we have some knowledge of the variance

of r f (x; z): In practice, this variance could be estimated using the sample variance of a batch

fr f (x; z)gz2B : However, we would like some bounds on the magnitude of this gradient to show

that it is well-behaved, and also to analyze worst-case convergence behavior. To this end, we make

the following assumption.

Assumption 1. We assumef hasL z-Lipschitz dependence on dataz, i.e., given two data points

z1; z2 � p(z), we have:kr f (x; z1) � r f (x; z2)k � L zkz1 � z2k:

Under this assumption, we can bound the error of the stochastic gradient. The bound is uniform

with respect tox; which makes it rather useful in analyzing the convergence rate for big batch

methods.
1We assume the random variabler f (x; z) is measurable and has bounded second moment. These conditions will

be guaranteed by the hypothesis of Theorem 1.
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Theorem 1. Given the current iteratex, suppose Assumption 1 holds and that the data distribution

p has bounded second moment. Then the estimated gradientr `B(x) has variance bounded by

EBkr `B(x) � r `(x)k2 := Tr Var B(r `B(x))

�
4L2

z Tr Var z(z)
jBj

;

wherez � p(z). Note the bound is uniform inx:

The proof is in the Appendix A.2. Note that, using a �nite number of samples, one can easily

approximate the quantityVarz(z) that appears in our bound.

2.3.2 A template for big batch SGD

Theorem 1 and Lemma 1 together suggest that we should expectd = �r `B to be a descent

direction reasonably often provided

� 2kr `B(x)k2 �
1

jBj
[Tr Var z(r f (x; zi ))] ; (2.3)

or � 2kr `B(x)k2 �
4L2

z Tr Var z(z)
jBj

;

for some� < 1: Big batch methods capitalize on this observation.

On each iterationt, starting from a pointx t ; the big batch method performs the following steps:
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1. Estimate the varianceTr Var z[r f (x t ; z)]; and a batch sizeK large enough that

� 2Ekr `Bt (x t )k2 � Ekr `Bt (x t ) � r `(x t )k2

=
1
K

Tr Var zf (x t ; z); (2.4)

where� 2 (0; 1) andBt denotes the selected batch on thet-th iteration withjBj = K:

2. Choose a stepsize� t .

3. Perform the updatex t+1 = x t � � t r `Bt (x t ):

Clearly, we have a lot of latitude in how to implement these steps using different variance estimators

and different stepsize strategies. In the following section, we show that, if condition (2.4) holds,

then linear convergence can be achieved using an appropriate constant stepsize. In subsequent

sections, we address the issue of how to build practical big batch implementations using automated

variance and stepsize estimators that require no user oversight.

2.4 Convergence Analysis

We now present convergence bounds for big batch SGD methods (2.5). We study stochastic

gradient updates of the form

x t+1 = x t � � r `Bt (x t ) = x t � � (r `(x t ) + et ); (2.5)

whereet = r `Bt (x t ) � r `(x t ), andEB[et ] = 0. Let us also de�negt = r `(x t ) + et .

Before we present our results, we �rst state two assumptions about the loss function`(x).
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Assumption 2. We assume that the objective function` hasL-Lipschitz gradients:

`(x) � `(y) + r `(y)T (x � y) +
L
2

kx � yk2:

This is a standard smoothness assumption used widely in the optimization literature. Note that a

consequence of Assumption 2 is the property:

kr `(x) � r `(y)k � Lkx � yk:

Assumption 3. We also assume that the objective function` satis�es the Polyak-�ojasiewicz

Inequality:

kr `(x)k2 � 2� (`(x) � `(x?)) :

Note that this inequality doesnot require` to be convex, and is, in fact, a weaker assumption than

what is usually used. It does, however, imply that every stationary point is a global minimizer

[42, 43].

We now present a result that establishes an upper bound on the objective value in terms of the error

in the gradient of the sampled batch. We present all the proofs in the Appendix A.
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Lemma 2. Suppose we apply an update of the form(2.5)where the batchBt is uniformly sampled

from the distributionp on each iterationt. If the objectivè satis�es Assumption 2, then we have

E[`(x t+1 ) � `(x?)] � E
�
`(x t ) � `(x?)

�
�
� �

L� 2

2

�
kr `(x t )k2 +

L� 2

2
ketk2

�
:

Further, if the objectivè satis�es the PL Inequality (Assumption 3), we have:

E[`(x t+1 ) � `(x?)]

�
�

1 � 2�
�
� �

L� 2

2

� �
E[`(x t ) � `(x?)] +

L� 2

2
Eketk2:

Using Lemma 2, we now provide convergence rates for big batch SGD.

Theorem 2. Supposè satis�es Assumptions 2 and 3. Suppose further that on each iteration the

batch size is large enough to satisfy(2.4) for � 2 (0; 1). If 0 � � < 2
L� ; where� = � 2+(1 � � )2

(1� � )2 ; then

we get the following linear convergence bound for big batch SGD using updates of the form 2.5:

E[`(x t+1 ) � `(x?)] � 
 � E[`(x t ) � `(x?)];

where
 =
�
1 � 2� (� � L� 2 �

2 )
�
. Choosing the optimal stepsize of� = 1

�L , we get

E[`(x t+1 ) � `(x?)] �
�
1 �

�
�L

�
� E[`(x t ) � `(x?)]:

Note that the above linear convergence rate bound holds without requiring convexity. Comparing it

with the convergence rate of deterministic gradient descent under similar assumptions, we see that
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big batch SGD suffers a slowdown by a factor� , due to the noise in the estimation of the gradients.

2.4.1 Comparison to classical SGD

Conventional small batch SGD methods can attain onlyO(1=t) convergence for strongly convex

problems, thus requiringO(1=�) gradient evaluations to achieve an optimality gap less than� , and

this has been shown to beoptimal in the online setting (i.e., the in�nite data setting) [44]. In

the previous section, however, we have shown that big batch SGD methods converge linearly in

the number of iterations, under a weaker assumption than strong convexity, in the online setting.

Unfortunately, per-iteration convergence rates are not a fair comparison between these methods

because the cost of a big batch iteration grows with the iteration count, unlike classical SGD. For

this reason, it is interesting to study the convergence rate of big batch SGD as a function ofgradient

evaluations.

From Lemma 2, we see that we should not expect to achieve an optimality gap less than� until

we have:L� 2

2 EBt ketk2 < �: In the worst case, by Theorem 1, this requiresL� 2

2
4L 2

z Tr Var z (z)
jBj < �; or

jBj � O(1=�) gradient evaluations. Note that in the online or in�nite data case, this is an optimal

bound, and matches that of other SGD methods.

We choose to study the in�nite sample case since the �nite sample case is fairly trivial with a

growing batch size: asymptotically, the batch size becomes the whole dataset, at which point we

get the same asymptotic behavior as deterministic gradient descent, achieving linear convergence

rates.
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2.5 Practical Implementation with Backtracking Line Search

While one could implement a big batch method using analytical bounds on the gradient and its

variance (such as that provided by Theorem 1), the purpose of big batch methods is to enable

automated adaptive estimation of algorithm parameters. Furthermore, the stepsize bounds provided

by our convergence analysis, like the stepsize bounds for classical SGD, are fairly conservative and

more aggressive stepsize choices are likely to be more effective.

The framework outlined in Section 2.3.2 requires two ingredients: estimating the batch size and

estimating the stepsize. Estimating the batch size needed to achieve (2.4) is fairly straightforward.

We start with an initial batch sizeK; and draw a random batchB with jBj = K: We then compute

the stochastic gradient estimater `B(x t ) and the sample variance

VB :=
1

jBj � 1

X

z2B

kr f (x t ; z) � r `B(x t )k2

� Tr Var z2B (r f (x t ; z)) : (2.6)

We then test whetherkr `B(x t )k2 > VB=jBj as a proxy for (2.4). If this condition holds, we proceed

with a gradient step, else we increase the batch sizeK  K + � K ; and check our condition again.

We �x � K = 0:1K for all our experiments. Our aggressive implementation also simply chooses

� = 1. The �xed stepsize big batch method is listed in Algorithm 1.

We also consider a backtracking variant of SGD that adaptively tunes the stepsize. This method

selects batch sizes using the same criterion (2.6) as in the constant stepsize case. However, after

a batch has been selected, a backtracking Armijo line search is used to select a stepsize. In the

Armijo line search, we keep decreasing the stepsize by a constant factor (in our case, by a factor
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Algorithm 1 Big batch SGD: �xed stepsize
1: initialize starting pt.x0, stepsize�; initial batch sizeK > 1, batch size increment� k

2: while not convergeddo
3: Draw random batch with sizejBj = K
4: CalculateVB andr `B(x t ) using (2.6)
5: while kr `B(x t )k2 � VB=K do
6: Increase batch sizeK  K + � K

7: Sample more gradients
8: UpdateVB andr `B(x t )
9: end while

10: x t+1 = x t � � r `B(x t )
11: end while

of 2) until the following condition is satis�ed on each iteration:

`B(x t+1 ) � `B(x t ) � c� tkr `B(x t )k2; (2.7)

wherec is a parameter of the line search usually set to0 < c � 0:5. We now present a convergence

result of big batch SGD using the Armijo line search.

Theorem 3. Suppose that̀ satis�es Assumptions 2 and 3 and on each iteration, and the batch size

is large enough to satisfy(2.4) for � 2 (0; 1). If an Armijo line search, given by(2.7), is used, and

the stepsize is decreased by a factor of 2 failing(2.7), then we get the following linear convergence

bound for big batch SGD using updates of the form 2.5:

E[`(x t+1 ) � `(x?)] � 
 � E[`(x t ) � `(x?)];

where
 =
�

1 � 2c� min
�
� 0; 1

2�L

� �
and0 < c � 0:5. If the initial stepsize� 0 is set large enough
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such that� 0 � 1
2�L , then we get:

E[`(x t+1 ) � `(x?)] �
�

1 �
c�
�L

�
E[`(x t ) � `(x?)]:

In practice, on iterations where the batch size increases, we double the stepsize before running

line search to prevent the stepsizes from decreasing monotonically (algorithm is listed in the

Appendix A.6).

2.6 Experiments

In this section, we present our experimental results. We explore big batch methods with both

convex and non-convex (neural network) experiments on large and high-dimensional datasets.

2.6.1 Convex Experiments

For the convex experiments, we test big batch SGD on a binary classi�cation problem with logistic

regression:minx
1
n

P n
i =1 log(1+exp(� bi aT

i x)), and a linear regression problem:minx
1
n

P n
i =1 (aT

i x�

bi )2.

Figure 2.1 presents the results of our convex experiments on three standard real world datasets:

IJCNN1 [45] and COVERTYPE [46] for logistic regression, and MILLIONSONG [47] for linear

regression. As a preprocessing step, we normalize the features for each dataset. We compare

deterministic gradient descent (GD) and SGD with stepsize decay (� t = a=(b+ t)) to big batch

SGD using a �xed stepsize (BBS+Fixed LR) and with backtracking line search (BBS+Armijo),

as well as the growing batch method described in Friedlander and Schmidt [30] (denoted as

SF; while the authors propose a quasi-Newton method, we adapt their algorithm to a �rst-order
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 2.1:Convex experiments. Left to right: Ridge regression on MILLIONSONG; Logistic regression
on COVERTYPE; Logistic regression on IJCNN1. The top row shows how the norm of the true gradient
decreases with the number of epochs, the middle and bottom rows show the batch sizes and stepsizes used on
each iteration by the big batch methods. Here `passes through the data' indicates number of epochs, while
`iterations' refers to the number of parameter updates used by the method (there may be multiple iterations
during one epoch).

method). We selected stepsize parameters using a comprehensive grid search for all algorithms,

except BBS+Armijo which require no parameter tuning.

We see that across all three problems, the big batch methods outperform the other algorithms. We

also see that the automated method (BBS+Armijo) is always comparable to or better than �xed

23



stepsize methods. The automated method increase the batch size more slowly than BBS+Fixed LR

and SF, and thus, this method can take more steps with smaller batches, leveraging its advantages

longer. Further, note that the stepsizes derived by the automated method is very close to the optimal

�xed stepsize rate.

2.6.2 Neural Network Experiments

To demonstrate the versatility of the big batch SGD framework, we also present results on neural

network experiments. We compare big batch SGD against SGD with �nely tuned stepsize schedules

and �xed stepsizes. We also compare with Adadelta [29], and combine the big batch method with

AdaDelta (BB+AdaDelta) to show that more complex SGD variants can bene�t from growing

batch sizes. In addition, we had also compared big batch methods with L-BFGS. However, we

found L-BFGS to consistently yield poorer generalization error on neural networks, and thus we

omitted these results.

We train a convolutional neural network [48] (ConvNet) to classify three benchmark image datasets:

CIFAR-10 [49], SVHN [50], and MNIST [48]. Our ConvNet is composed of4 layers, excluding

the input layer, with over 4.3 million weights. To compare against �ne-tuned SGD, we used a

comprehensive grid search on the stepsize schedule to identify the optimal schedule. Fixed stepsize

methods use the default decay rule of theTorchlibrary: � t = � 0=(1+10� 7t); where� 0 was chosen

to be the stepsize used in the �ne tuned experiments. We also tune the hyper-parameter� in the

Adadelta algorithm. Details of the ConvNet and exact hyper-parameters used for training are

presented in the supplemental.

We plot the accuracy on the train and test set vs the number of epochs (full passes through the
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Figure 2.2: Neural Network Experiments. The three columns from left to right correspond to results for
CIFAR-10, SVHN, and MNIST, respectively. The top row presents classi�cation accuracies on the training
set, while the bottom row presents classi�cation accuracies on the test set.

dataset) in Figure 2.2. We notice that the big batch SGD with backtracking performs better than

both Adadelta and SGD (Fixed LR) in terms of both train and test error. Big batch SGD even

performs comparably to �ne tuned SGD but without the trouble of �ne tuning. This is interesting

because most state-of-the-art deep networks (like AlexNet [2], VGG Net [51], ResNets [5]) were

trained by their creators using standard SGD with momentum, and training parameters were tuned

over long periods of time (sometimes months). Finally, we note that the big batch AdaDelta

performs consistently better than plain AdaDelta on both large scale problems (SVHN and CIFAR-

10), and performance is nearly identical on the small-scale MNIST problem.
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2.7 Summary

In this chapter, we analyzed and studied the behavior of alternative SGD methods in which the

batch size increases over time. Unlike classical SGD methods, in which stochastic gradients

quickly become swamped with noise, these “big batch” methods maintain a nearly constant signal

to noise ratio of the approximate gradient. As a result, big batch methods are able to adaptively

adjust batch sizes without user oversight. The proposed automated methods are shown to be

empirically comparable or better performing than other standard methods, but without requiring

an expert user to choose learning rates and decay parameters.
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Chapter 3: Making L-BFGS Work with Industrial-Strength Nets

In chapter 2, we discussed �rst-order SGD methods, and now we will explore second-order methods.

L-BFGS has been one of the most popular second-order methods for convex optimization. However,

good performance by L-BFGS in deep learning has been elusive. Recent work has modi�ed L-

BFGS for deep networks for classi�cation tasks and shown performance competitive with SGD

and Adam (the most popular current algorithms) when batch normalization is not used. However,

this work cannot be applied with batch normalization. Since batch normalization is a de facto

standard and essential to good performance in deep networks, this still limits the use of L-BFGS.

In this chapter, we address this issue. Our proposed method can be used as a drop-in replacement

without changing the existing code. The proposed method performs consistently better than Adam

and existing L-BFGS approaches and is comparable to carefully tuned SGD. We show results on

three datasets, CIFAR-10, CIFAR-100, and STL-10, using three different popular deep networks

ResNet, DenseNet, and Wide ResNet. This work marks another signi�cant step towards making

L-BFGS competitive in the deep learning community. This work [52] is in collaboration with Tom

Goldstein and David W. Jacobs.
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3.1 Introduction

Second-order methods like L-BFGS [53] (perhaps the most commonly used second-order method

in machine learning) have a proven track record of performance for simple classi�ers. They

automatically select learning rates and provide fast convergence along with several other advantages

over SGD [54]. Recently, several attempts have been made to explore L-BFGS for deep networks

as well [18, 55, 56]. For example, Bollapragada et al. [18] proposed a new stochastic version

of L-BFGS that can get comparable or even better results than SGD or Adam for classi�cation

tasks. One would expect that the advantages of L-BFGS should have popularized the use (or

at least promoted further exploration) of the method for training deep networks. However, the

applicability of L-BFGS has been limited because it does not play well with the state-of-the-art

networks [57, 58, 59] that rely on Batch Normalization [60, 61, 62].

Batch Normalization (BatchNorm) is an integral component of almost all modern deep networks

(Ioffe and Szegedy [60] has more than15; 000 citations according to Google Scholar). To put

things in perspective, without BatchNorm the classi�cation accuracy of deep networks drops to

almost70% [18] from 92% [14] on CIFAR-10 using ResNet [57], and one can notice a similar

drop in accuracy for many other popular deep networks and datasets. This discourages researchers

from trying L-BFGS on deep networks without BatchNorm.

In this work we show how to get L-BFGS to work well with BatchNorm, obtaining performance

comparable to SGD. Our method is general enough to apply to a wide range of L-BFGS variants [63,

64, 65], assuming only that curvature pair updates are done using �nite gradient differencing.

These updates consist of estimating a component of curvature by taking the difference between the

gradient at different locations. Hopefully, our results will encourage more use of L-BFGS in deep
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learning, and more research on how to further improve its performance.

Contributions: We describe a novel scheme for stable curvature pair updates in the stochastic

L-BFGS method for deep networks, in a way that is robust to the presence of BatchNorm. The

scheme is generic enough to be applied to any variant of L-BFGS that employs a �nite gradient

differencing approach. This makes our method even more appealing, as it opens the possibility

of borrowing other existing L-BFGS variants and their tricks. An additional advantage is that

the method needs almost no parameter tuning, which is one of the bene�ts of using L-BFGS,

and very important while training deep networks. Our numerical experiments show that the

method proposed in this chapter – which we call the Frozen-Batch L-BFGS (FbLBFGS) method

– outperforms existing L-BFGS approaches by a large margin (more than 10% in generalization

accuracy for some problems) and also achieves performance comparable to SGD on standard large

scale networks such as ResNet [57], DenseNet [59], and Wide ResNet [58] as demonstrated on

standard datasets including CIFAR-10 [66], STL-10 [67], and CIFAR-100 [68].

Frozen-Batch L-BFGS (FbLBFGS) Method: In this chapter, we study how to design a stable

curvature pair update in a stochastic setting when BatchNorm is used. We �rst note that it is crucial

to take two gradient steps with the same training batch to obtain a consistent curvature estimate

to use in updating the inverse Hessian. If two different batches are used, the gradient noise may

dominate the curvature computation, destabilizing the update. In the frozen batch method, each

time we select a new batch, we freeze it and take two gradient steps before making the Hessian

update. This is a simple trick, and has been used before in a closely related method for online

L-BFGS [69], namely oLBFGS, which also computes the �nite difference of gradients using the

same batch. The key difference is that oLBFGS always uses a fresh batch to take the actual descent

gradient step (the recycled batch is only used for the Hessian update), whereas the proposed method
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uses the recycled batch for both the Hessian update and gradient step. This subtle difference has a

huge impact on performance when BatchNorm is used.

3.2 Background and Related Work

Second-order methods have been studied in both convex and non-convex optimization, for more

details see [1, 18, 24, 55, 65, 69, 70, 71, 72, 73, 74, 75]. Schraudolph et al. [69] proposed an online

L-BFGS (oLBFGS) method to ensure a stable quasi-Newton curvature pair update by computing

gradients on the same batch at the beginning and end of the iteration. Since this results in an

extra computation of the gradients, Berahas et al. [72] proposed to use overlapping batches that

share a subset of their data samples. In this case, the Hessian is updated using only samples that

are shared between two adjacent batches, while the graident descent step uses all samples in a

batch. This idea was further explored for large scale machine learning problems by Berahas and

Taká�c [55] and Bollapragada et al. [18]. Wang et al. [1] further extended oLBFGS and proposed

a damped version (SdLBFGS) of it to maintain stable convergence in stochastic setting. Other

approaches approximate curvature using the Fisher information matrix [76, 77, 78]. Krishnan

et al. [79] approximately computes the inverse Hessian by expanding the matrices as the Neumann

power series.

3.2.1 Multi-Batch L-BFGS

Let us consider the problem

min
x2 Rd

F (x)
4
=

1
N

NX

i =1

Fi (x) =
1
N

NX

i =1

f (x; zi ); (3.1)
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whereFi (x) = f (x; zi ), f is a function (parametrized byx), and(zi ) is a collection of data drawn

from an unknown probability distributionP(z). A stochastic quasi-Newton method is given by

xk+1 = xk � � kHkgSk
k ; (3.2)

where the batch gradient is

gSk
k = r FSk (xk)

4
=

1
jSk j

X

i 2 Sk

r Fi (xk); (3.3)

the setSk � f 1; 2; � � � g indexes data pointsf zi g sampled from the distributionP, andHk is a

positive de�nite approximation to the inverse Hessian.

3.2.2 Stable Quasi-Newton Updates

In the L-BFGS methods, the inverse Hessian approximation is updated using the following recursive

formula,

Hk+1 = V T
k HkVk + � k � k � T

k

� k = ( yT
k � k)� 1

Vk = I � � kyk � T
k

(3.4)

where� k = xk+1 � xk andyk = r FSk +1 (xk+1 ) � r FSk (xk) is the difference in the gradients at

xk+1 andxk . When the batch changes from one iteration to the next (Sk+1 6= Sk), yk is computed

using different samples and the updating process (which is very sensitive to noise) may be unstable.

To �x this, one approach is to repeat the same batch twice [1, 69] to compute gradient at both the
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iterates (xk andxk+1 ), given by

yk = gSk
k+1 � gSk

k : (3.5)

However, this comes at the additional cost of wasted gradient computation. To avoid this, Berahas

et al. [72] and Bollapragada et al. [18] propose to use overlapping batches, and compute Hessian

updates using only the overlapping samples using the formula

yk = gOk
k+1 � gOk

k ; (3.6)

whereOk = Sk \ Sk+1 . This needs no extra computation since the two gradients in this case are

subsets of the gradients corresponding to the samplesSk andSk+1 .

3.2.3 Stochastic Line Search

Historically, L-BFGS is combined with a line search method that automatically selects a stepsize

by checking that the objective decreases suf�ciently on each iteration, and cutting the stepsize if

not. Bollapragada et al. [18] propose to perform a backtracking line search that aims to satisfy the

Armijo condition

FSk (xk � � kHkgSk
k ) � FSk (xk) � c1� k(gSk

k )T HkgSk
k ; (3.7)

where0 < c1 < 1. This condition checks whether the observed decrease in the loss function is

at leastc1 times the decrease predicted by a local linear approximation. This condition guarantees

convergence in the deterministic setting, but not in the stochastic setting. The initial value of� k is
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given by,

� k =

0

B
@1 +

Var i 2 Sv
k
f gi

kg

jSk j





 gSk

k








2

1

C
A

� 1

; (3.8)

whereVar i 2 Sv
k
f gi

kg = 1
jSv

k j� 1

P
i 2 Sv

k






 gi

k � gSk
k








2
, andSv

k � Sk .

Other authors suggest using a decaying learning rate such as1=
p

k [1, 69]. This decaying learning

rate is more theoretically justi�ed in that convergence is guaranteed if the Hessian approximation

is constant, but in practice this may be slow.

3.2.4 Batch Normalization

Batch normalization1 (BatchNorm) normalizes the activation outputf l (xk ; zi ) of a given layerl as

follows:

� Sk  
1

jSk j

jSk jX

i =1

f l (xk ; zi )

VarSk  
1

jSk j

jSk jX

i =1

(f l (xk ; zi ) � � Sk )2

f l (xk ; zi ; � Sk ; VarSk )  
f l (xk ; zi ) � � Sk

p
VarSk + �

� BNSk (f l (xk ; zi ))

(3.9)

wherezi 2 Sk , Sk is the batch at iterationk, � is a small number used for numerical stability andf l

is the transformation function of the layerl . From Eq 3.9, it is evident that the BN transform does

not independently process each training example. Rather, BNSk (f l (xk ; zi )) is a function of both

the training example and the other examples in that batch. For more details refer to [80].

1For clarity, we omit the learnable parameters
 and� , which produce an af�ne transformation applied on top of
the batch-norm layer. This is just another trainable layer, not affecting the proposed analysis. See [80] for more details.
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3.3 Proposed Method

3.3.1 Stable Quasi-Newton Updates With BatchNorm:

We now explain the challenges BatchNorm poses for existing L-BFGS approaches and then we

discuss our proposed solution. As per the overlapping batch approach suggested by Bollapragada

et al. [18], Berahas et al. [72], the stochastic gradient differenceyk with BatchNorm can be written

as:

yk =
1

jOk j

X

i 2 Ok

r Fi (xk+1 ; BNSk +1 )

�
1

jOk j

X

i 2 Ok

r Fi (xk ; BNSk );

(3.10)

where BNSk represents the batch normalization statistics for the batchSk . From (3.10), it is clear

that because of the different BatchNorm parameters, the gradients used to computeyk are not

consistent; even though only overlapping samples are used, the batch norm statistics depend on the

non-overlapping samples. This breaks the gradient consistency for the overlapping approach.

To address this issue, one obvious solution is to repeat the same batch twice [1, 69]. However,

this requires that the gradient be evaluated twice for every batchSk at xk andxk+1 . We make

use of the extra gradient computation by actually taking another gradient step. We update the

Hessian only using gradients from the same batch. Speci�cally, we propose to freeze the batch

for two consecutive iterations, take two gradient steps, and then update the curvature pair (yk ,

� k). The newly updated Hessian is applied to a gradient from the same batch. Then in the next

iteration, when changing the batch fromSk to Sk+1 , we do not update the curvature pair. Put

another way, we compute two gradients for each batch, and we take a gradient descent step using

both of these gradients. We �nd that this approach works signi�cantly better than the existing
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approach SdLBFGS [1], improving L-BFGS performance by a large margin. We believe this is

due to the fact that the gradient direction in our method gets pre-conditioned by a Hessian that was

updated on the same batch. While with Wang et al. [1], one takes a (consistent and probably stable)

Hessian update on one batch, and then use it to pre-condition on another.

Algorithm 2 Frozen-Batch L-BFGS (FbLBFGS)
Input: x0 (initial iterate),D = f (zi ; t i ), for i = 1; : : : ; ng (training data),m (memory parameter),
U = False (Flag to control curvature update).

1: Create initial batchS1

2: for k = 1; 2; ::: do
3: if k == 1 then
4: Set the search directionpk = � gSk

k
5: else
6: Calculate the search directionpk = � HkgSk

k {Using L-BFGS Two-Loop
Recursion (Procedure 3.1 in [1])}

7: end if
8: Normalize the search directionpk = pk

jj pk jj 2

9: Set� k = 1
10: while the Armijo condition (3.7) not satis�eddo
11: Set� k = � k=2
12: end while
13: Computexk+1 = xk + � kpk

14: if U is Truethen
15: Compute the curvature pairs� k = xk+1 � xk andyk = gSk

k+1 � gSk
k

16: Replace the oldest pair(� i ; yi ) by � k ; yk

17: Create the next batchSk+1

18: SetU = False {Do not update curvature in next iteration}
19: else
20: SetU = True {Update curvature in next iteration}
21: SetSk+1 = Sk {Freeze the sample in next iteration}
22: end if
23: end for

3.3.2 Line Search:

The stochastic line search (eq 3.7) proposed by Bollapragada et al. [18] requires computation of

the initial value of� k , which in turn requires computation of the variance of the gradient for
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Figure 3.1: A side-by-side schematic depiction of curvature pair (yk , � k) update scheme in
SdLBFGS [1] and FbLBFGS (ours). Here, the dotted box represents the batch used for a curvature
pair update and the solid box represents the batch used for the gradient step. The SdLBFGS method
computes an auxiliary stochastic gradient atxk using the sampleSk� 1 from the(k � 1)-st iteration,
which is used for gradient differencing only (to updateyk). Then a gradient step is taken on a
new batchSk and the process repeats. On the other hand, FbLBFGS (proposed) does not compute
any auxiliary gradients but skips the �rst curvature pair update (k-th iteration), takes a gradient
step, and in the next iteration ((k + 1) -st) the same frozen batchSk is used both to update the
curvature pair and to take another gradient step. In the following next iteration (xk+2 ), when the
batch changes toSk+1 , the Hessian update is skipped, and the process repeats.

each example. This is not possible when using BatchNorm, since estimation of the variance of

the gradient requires a forward pass for each example one by one, which will change the batch

statistics.

In the stochastic case, sometimes the norm of the search direction can be too large, causing the

algorithm to be very unstable. To cater to this, we propose a heuristic: we normalize the search

direction (-HkgSk
k ) before doing the standard Armijo line search. This heuristic works surprisingly

well in practice for all the datasets and all the models we tried.

3.3.3 On Convergence

In this section, we discuss the convergence of the proposed mehtod (FbLBFGS). The main challenge

in designing a stochastic L-BFGS method for non-convex problem lies in the dif�culty in preserving

the positive-de�niteness of the inverse Hessian approximationHk , due to the non-convexity of the

problem and the noise in gradient estimation. Wang et al. [1] proposed to address this issue by
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using damped curvature pair update. We leverage the convergence proof by Wang et al. [1] and

show that we do not break their convergence conditions.

When frozen batch is used, we update the inverse Hessian approximation following [1]:

Hk+1 = V T
k HkVk + � k � k � T

k

ŷk = � kyk + (1 � � k)H � 1
k � k

� k = ( ŷk
T � k)� 1

Vk = I � � k ŷk � T
k ;

(3.11)

where� k = xk+1 � xk andyk = r FSk (xk+1 ) � r FSk (xk) is the difference in the gradients atxk+1

andxk . The damping factor� k is give by,

� k =

8
>>><

>>>:

0:75� >
k H � 1

k � k

� >
k H � 1

k � k � � >
k yk

; if � >
k yk < 0:25� >

k H � 1
k � k ;

1; otherwise.

(3.12)

When the batch is changed, we do not update the inverse Hessian approximation, i.e., we skip

the update and setHk+1 = Hk . So, this ensures that the inverse Hessian approximation always

remains positive-de�nite.

3.4 Experiments

In this section, we empirically demonstrate the proposed method's effectiveness on three benchmark

datasets: STL-10 [67], CIFAR-10 [66], and CIFAR-100 [68]. Our results show three main points.

First, without �ne tuning, FbLBFGS can obtain generalization performance competitive with
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carefully tuned SGD using practical state-of-the-art architectures that use BatchNorm [80]. Second,

FbLBFGS outperforms existing adaptive optimizers that automatically set the learning rate with

minimal or no user supervision. Third, we show that our simple approach substantially outperforms

existing L-BFGS methods.

It is impressive that FbLBFGS's performance approaches that of highly tuned SGD. For each

model and dataset, untold grad student hours have been spent on grid search for good hyperparameters.

Often these are chosen based on performance on the test set, instead of a separate held out dataset,

over�tting the data [81]. To get a better sense of this, we also test SGD with a standard method

of automatic parameter tuning. S1 and S2 are de�ned as follows: the learning rate starts with

0:1 for S1 or1 for S2 and is reduced by1=10 after every100; 200; 300epochs. FbLBFGS often

outperforms these approaches.

We also compare our method against Adam [28]. Adam is the most popular and effective adaptive

optimizer. We �nd that other adaptive optimizers [29, 82] perform similarly. FbLBFGS always

signi�cantly outperforms Adam.

Finally, we also compare the proposed method with existing L-BFGS methods. Speci�cally, we

compare against the overlapping batch approach by Bollapragada et al. [18] and the stochastic

damped L-BFGS (SdLBFGS) method by Wang et al. [1]. We use our line search with both of

these so that we can compare our approach of freezing batches to prior approaches that address the

same issue.

In all experiments, the batch size used is128, history size is5, and default parameters for Adam

and other L-BFGS methods are used. We ran all the methods for350epochs. It is observed that

as the optimizer reaches towards the solution, the gradients might be too noisy, and to get high

�delity gradients its recommended to increase the batch size [18, 24]. To address this issue, we
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set the batch size to25%of the dataset towards the end of the training, for all the experiments.

The deep networks used are WRN-28-10 [58], ResNet-18 [57], and DenseNet-40-12 [59]. The

computational cost of FbLBFGS is increased because it makes two passes from the same frozen

batch twice for each epoch. For a fair comparisons, we ran all other methods with a similar frozen

batch as well (but did not notice any change in the performance as compared to using the batch only

once per epoch). We report results over5 different random seeds, as shown in Table 3.1, Table 3.2,

and Table 3.3, for STL-10, CIFAR-10 and CIFAR-100, respectively. Figures 3.2, 3.4, and 3.6 show

the training and test accuracy for STL-10, CIFAR-10, and CIFAR-100 on the deep networks Wide

ResNet, DenseNet, and ResNet, respectively2.

From the results, one can observe that our approach (FbLBFGS) always outperforms all the adaptive

methods. Its performance compared with tuned SGD is comparable; sometimes it performs better

than tuned SGD, sometimes about the same, and sometimes a bit worse. This shows the effectiveness

of our approach to BatchNorm and also the practical usefulness of L-BFGS when applying deep

networks to problems in which SGD has not been carefully tuned, since FbLBFGS has no free

parameters.

Figures 3.3, 3.5, and 3.7 show the number of function evaluations per line search for each L-BFGS

method. The overlap and SdLBFGS methods take nearly10times more backtracking steps than our

method, which is likely due to a better Hessian approximation by our method. We also observed

that the Armijo condition almost always accepts step-length1, which means there is little overhead

for using the line search. We believe normalizing the search direction before doing a line search

is an effective heuristic. Without normalizing the search direction, all L-BFGS methods perform

poorly. Hence, we ignored those results.

2All the training curves are in the Appendix B.1
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ResNet DenseNet Wide ResNet
Method Train Test Train Test Train Test

SGD? 99.9 73.7� 0:3 99.9 73.5� 0:2 99.9 77.1� 0:5
SGD(S1) 99.8 68.0� 0:2 99.9 63.9� 0:2 99.9 71.1� 0:2
SGD(S2) 99.9 72.5� 0:3 99.9 71.9� 0:3 99.9 71.8� 0:6

Adam 99.9 69.5� 0:1 99.9 70.2� 0:2 99.9 69.2� 0:2
Bollapragada et al. [18] 95.8 65.8� 0:1 98.2 67.2� 0:4 93.2 62.5� 0:7

SdLBFGS [1] 96.7 66.8� 0:3 96.7 69.8� 0:2 94.8 65.1� 0:8
FbLBFGS (ours) 99.8 75.1� 0:1 99.9 73.4� 0:5 99.9 76.4� 0:4

Table 3.1: Comparison of train/test accuracy for STL-10 on ResNet, DenseNet, and Wide ResNet
respectively. The results are shown in the format of `mean� std' computed over 5 random seeds.
Higher are better.? denotes highly tuned SGD with grid search and potentially over-�tting the test
set for a particular model. We report these results for complete perspective.

ResNet DenseNet Wide ResNet
Method Train Test Train Test Train Test

SGD? 99.9 92.1� 0:2 99.6 91.2� 0:3 99.9 95.2� 0:5
SGD(S1) 99.8 90.6� 0:3 99.5 89.9� 0:4 99.9 93.2� 0:4
SGD(S2) 90.6 89.2� 0:2 99.9 93.1� 0:1 99.9 94.8� 0:2

Adam 97.1 91.4� 0:5 95.2 89.2� 0:1 95.1 90.1� 0:3
Bollapragada et al. [18] 93.7 84.6� 0:6 95.0 85.6� 0:4 95.8 90.1� 0:3

SdLBFGS [1] 94.5 86.2� 0:2 95.5 87.4� 0:3 96.1 88.1� 0:2
FbLBFGS (ours) 99.9 92.9� 0:4 99.5 91.2� 0:1 99.8 94.2� 0:3

Table 3.2: Comparison of train/test accuracy for CIFAR-10 on ResNet, DenseNet, and Wide
ResNet respectively. The results are shown in the format of `mean� std' computed over 5 random
seeds. Higher are better.? denotes highly tuned SGD with grid search and potentially over-�tting
the test set for a particular model. We report these results for complete perspective.

ResNet DenseNet Wide ResNet
Method Train Test Train Test Train Test

SGD? 96.5 66.6� 0:2 97.1 68.4� 0:1 99.9 79.4� 0:3
SGD(S1) 93.1 63.5� 0:3 97.9 67.5� 0:3 99.9 76.7� 0:4
SGD(S2) 96.0 66.2� 0:4 96.9 67.0� 0:2 99.9 79.4� 0:3

Adam 94.9 63.2� 0:5 97.5 63.4� 0:2 97.4 67.0� 0:4
Bollapragada et al. [18] 89.6 58.8� 0:3 72.1 62.2� 0:5 91.2 66.4� 0:3

SdLBFGS [1] 89.1 59.5� 0:3 75.3 64.8� 0:3 95.8 66.6� 0:1
FbLBFGS (ours) 93.8 65.2� 0:3 95.2 67.9� 0:3 99.5 75.4� 0:2

Table 3.3: Comparison of train/test accuracy for CIFAR-100 on ResNet, DenseNet, and Wide
ResNet respectively. The results are shown in the format of `mean� std' computed over 5 random
seeds. Higher are better.? denotes highly tuned SGD with grid search and potentially over-�tting
the test set for a particular model. We report these results for complete perspective.
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Figure 3.2: Overview of the performance of STL-10 on Wide ResNet. The solid lines represent
train accuracy and dashed lines represent test accuracy, respectively.

Figure 3.3: The number of function evaluations per line search for STL-10 on Wide ResNet. The
average of every consecutive100iteration is plotted for display purpose.
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Figure 3.4: Overview of the performance of CIFAR-10 on DenseNet. The solid lines represent
train accuracy and dashed lines represent test accuracy, respectively.

Figure 3.5: The number of function evaluations per line search for CIFAR-10 on DenseNet. The
average of every consecutive100iteration is plotted for display purpose.
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Figure 3.6: Overview of the performance of CIFAR-100 on ResNet. The solid lines represent train
accuracy and dashed lines represent test accuracy, respectively.

Figure 3.7: The number of function evaluations per line search for CIFAR-100 on ResNet. The
average of every consecutive100iteration is plotted for display purpose.
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3.5 Summary

It has proven challenging to effectively apply L-BFGS training methods to neural networks with

batch normalization. In this chapter, we have shown how to make a simple and extremely effective

modi�cation to L-BFGS that makes it competitive with well-tuned SGD on classi�cation tasks with

BatchNorm. Our approach uses a frozen batch to ensure that all elements of the Hessian update

are based on the same batch statistics. Along with a new approach to line search that reduces the

number of expensive backtracking steps, we achieve results that considerably improve on previous

L-BFGS implementations for training neural networks with batch normalization.

We �nd it a bit surprising to see L-BFGS compete with tuned SGD; the community often assumes

that L-BFGS is overly aggressive, and line search methods get stuck in local minima. Interestingly,

when applied to high-performance networks with BatchNorm (with the proposed modi�cations

to maintain stability), L-BFGS does not suffer from these problems. This further supports the

intuition that BatchNorm, while not understood theoretically, promotes more well behaved loss

functions.
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Chapter 4: Stabilizing Adversarial Nets With Prediction Methods

Adversarial neural networks solve many important problems in data science, but are notoriously

dif�cult to train. These dif�culties come from the fact that optimal weights for adversarial nets

correspond to saddle points, and not minimizers, of the loss function. The alternating stochastic

gradient methods typically used for such problems do not reliably converge to saddle points, and

when convergence does happen it is often highly sensitive to learning rates. In this chapter, we

propose a simple modi�cation of stochastic gradient descent that stabilizes adversarial networks.

We show, both in theory and practice, that the proposed method reliably converges to saddle points,

and is stable with a wider range of training parameters than a non-prediction method. This makes

adversarial networks less likely to “collapse,” and enables faster training with larger learning rates.

This work [83] is in collaboration with Sohil Shah, Zheng Xu, David Jacobs, and Tom Goldstein.

4.1 Introduction

Adversarial networks play an important role in a variety of applications, including image generation [11,

19], style transfer [19, 20, 84, 85], domain adaptation [20, 21, 22], imitation learning [86], privacy [23,

87], fair representation [12, 23], etc. One particularly motivating application of adversarial nets is

their ability to form generative models, as opposed to the classical discriminative models [9, 88,

89, 90].
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While adversarial networks have the power to attack a wide range of previously unsolved problems,

they suffer from a major �aw: they are dif�cult to train. This is because adversarial nets try

to accomplish two objectives simultaneously; weights are adjusted to maximize performance on

one task while minimizing performance on another. Mathematically, this corresponds to �nding

a saddle pointof a loss function - a point that is minimal with respect to one set of weights, and

maximal with respect to another.

Conventional neural networks are trained by marching down a loss function until a minimizer is

reached (Figure 1.2a). In contrast, adversarial training methods search for saddle points rather

than a minimizer, which introduces the possibility that the training path “slides off” the objective

functions and the loss goes to�1 (Figure 1.2b), resulting in “collapse” of the adversarial network.

As a result, many authors suggest using early stopping, gradients/weight clipping [91], or specialized

objective functions [9, 91, 92] to maintain stability.

In this chapter, we present a simple “prediction” step that is easily added to many training algorithms

for adversarial nets. We present theoretical analysis showing that the proposed prediction method

is asymptotically stable for a class of saddle point problems. Finally, we use a wide range of

experiments to show that prediction enables faster training of adversarial networks using large

learning rates without the instability problems that plague conventional training schemes.

4.2 Proposed Method

Saddle-point optimization problems have the general form

min
u

max
v

L (u; v) (4.1)
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for some loss functionL and variablesu andv: Most authors use the alternating stochastic gradient

method to solve saddle-point problems involving neural networks. This method alternates between

updatingu with a stochastic gradientdescentstep, and then updatingv with a stochastic gradient

ascentstep. When simple/classical SGD updates are used, the steps of this method can be written

uk+1 = uk � � kL 0
u(uk ; vk) j gradient descent inu; starting at(uk ; vk)

vk+1 = vk + � kL 0
v(uk+1 ; vk) j gradient ascent inv; starting at(uk+1 ; vk) :

(4.2)

Here, f � kg and f � kg are learning rate schedules for the minimization and maximization steps,

respectively. The vectorsL 0
u(u; v) andL 0

v(u; v) denote (possibly stochastic) gradients ofL with

respect tou andv. In practice, the gradient updates are often performed by an automated solver,

such as the Adam optimizer [28], and include momentum updates.

We propose to stabilize the training of adversarial networks by adding apredictionstep. Rather

than calculatingvk+1 usinguk+1 ; we �rst make a prediction,�uk+1 ; about where theu iterates will

be in the future, and use this predicted value to obtainvk+1 :

Prediction Method

uk+1 = uk � � kL 0
u(uk ; vk) j gradient descent inu; starting at(uk ; vk)

�uk+1 = uk+1 + ( uk+1 � uk) j predictfuture value ofu

vk+1 = vk + � kL 0
v(�uk+1 ; vk) j gradient ascent inv; starting at(�uk+1 ; vk) :

(4.3)

The Prediction step (4.3) tries to estimate whereu is going to be in the future by assuming its
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trajectory remains the same as in the current iteration.

4.3 Background

4.3.1 Adversarial Networks as a Saddle-Point Problem

We now discuss a few common adversarial network problems and their saddle-point formulations.

Generative Adversarial Networks(GANs) �t a generative model to a dataset using a game in

which a generative model competes against a discriminator [9]. The generator,G(z; � g); takes

random noise vectorsz as inputs, and maps them onto points in the target data distribution. The

discriminator,D (x; � d); accepts a candidate pointx and tries to determine whether it is really

drawn from the empirical distribution (in which case it outputs 1), or fabricated by the generator

(output 0). During a training iteration, noise vectors from a Gaussian distributionG are pushed

through the generator networkG to form a batch of generated data samples denoted byDfake : A

batch of empirical samples,Dreal ; is also prepared. One then tries to adjust the weights of each

network to solve a saddle point problem, which is popularly formulated as,

min
� g

max
� d

Ex�D real f (D (x; � d)) + Ez�G f (1 � D (G(z; � g); � d)) : (4.4)

Heref (:) is any monotonically increasing function. Initially, [9] proposed usingf (x) = log( x).

Domain Adversarial Networks(DANs) [22, 23, 93] take data collected from a “source” domain,

and extract a feature representation that can be used to train models that generalize to another

“target” domain. For example, in the domain adversarial neural network (DANN [22]), a set

of feature layers maps data points into an embedded feature space, and a classi�er is trained
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on these embedded features. Meanwhile, the adversarial discriminator tries to determine, using

only the embedded features, whether the data points belong to the source or target domain. A

good embedding yields a better task-speci�c objective on the target domain while fooling the

discriminator, and is found by solving

min
� f ;� y k

max
� d

X

k

� kL yk

�
xs; � f ; � yk

�
� � L d (xs; x t ; � f ; � d) : (4.5)

HereL d is any adversarial discriminator loss function andL yk denotes the task speci�c loss.� f ;

� d; and� yk are network parameter of feature mapping, discriminator, and classi�cation layers.

4.3.2 Stabilizing saddle point solvers

It is well known that alternating stochastic gradient methods are unstable when using simple

logarithmic losses. This led researchers to explore multiple directions for stabilizing GANs;

either by adding regularization terms [91, 92, 94, 95], a myriad of training “hacks” [96, 97],

re-engineering network architectures [92], and designing different solvers [98]. Speci�cally, the

Wasserstein GAN (WGAN) [91] approach modi�es the original objective by replacingf (x) =

log(x) with f (x) = x: This led to a training scheme in which the discriminator weights are

“clipped.” However, as discussed in Arjovsky et al. [91], the WGAN training is unstable at high

learning rates, or when used with popular momentum based solvers such as Adam. Currently, it is

known to work well only with RMSProp [91].

The unrolled GAN [98] is a new solver that can stabilize training at the cost of more expensive

gradient computations. Each generator update requires the computation of multiple extra discriminator

updates, which are then discarded when the generator update is complete. While avoiding GAN
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collapse, this method requires increased computation and memory.

In the convex optimization literature, saddle point problems are more well studied. One popular

solver is the primal-dual hybrid gradient (PDHG) method [99, 100], which has been popularized

by Chambolle and Pock [101], and has been successfully applied to a range of machine learning

and statistical estimation problems [102]. PDHG relates closely to the method proposed here -

it achieves stability using the same prediction step, although it uses a different type of gradient

update and is only applicable to bi-linear problems.

Stochastic methods for convex saddle-point problems can be roughly divided into two categories:

stochastic coordinate descent [103, 104, 105, 106, 107, 108, 109] and stochastic gradient descent

[110, 111]. Similar optimization algorithms have been studied for reinforcement learning [112,

113]. Recently, a “doubly” stochastic method that randomizes both primal and dual updates

was proposed for strongly convex bilinear saddle point problems [114]. For general saddle point

problems, “doubly” stochastic gradient descent methods are discussed in Nemirovski et al. [115],

Palaniappan and Bach [116], in which primal and dual variables are updated simultaneously based

on the previous iterates and the current gradients.

4.4 Interpretations of the prediction step

We present three ways to explain the effect of prediction: an intuitive, non-mathematical perspective,

a more analytical viewpoint involving dynamical systems, and �nally a rigorous proof-based

approach.
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4.4.1 An intuitive viewpoint

The standard alternating SGD switches between minimization and maximization steps. In this

algorithm, there is a risk that the minimization step can overpower the maximization step, in which

case the iterates will “slide off” the edge of saddle, leading to instability (Figure 1.2b). Conversely,

an overpowering maximization step will dominate the minimization step, and drive the iterates to

extreme values as well.

The effect of prediction is visualized in Figure 4.1. Suppose that a maximization step takes

place starting at the red dot. Without prediction, the maximization step has no knowledge of

the algorithm history, and will be the same regardless of whether the previous minimization update

was weak (Figure 4.1a) or strong (Figure 4.1b). Prediction allows the maximization step to exploit

information about the minimization step. If the previous minimization step was weak (Figure 4.1a),

the prediction step (dotted black arrow) stays close to the red dot, resulting in a weak predictive

maximization step (white arrow). But if we arrived at the red dot using a strong minimization

step (Figure 4.1b), the prediction moves a long way down the loss surface, resulting in a stronger

maximization step (white arrows) to compensate.

4.4.2 A more mathematical perspective

To get stronger intuition about prediction methods, let's look at the behavior of Algorithm (4.3) on

a simple bi-linear saddle of the form

L(u; v) = vT Ku (4.6)
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(a) (b)

Figure 4.1: A schematic depiction of the prediction method. When the minimization step is powerful
and moves the iterates a long distance, the prediction step (dotted black arrow) causes the maximization
update to be calculated further down the loss surface, resulting in a more dramatic maximization update. In
this way, prediction methods prevent the maximization step from getting overpowered by the minimization
update.

whereK is a matrix. When exact (non-stochastic) gradient updates are used, the iterates follow

the path of a simple dynamical system with closed-form solutions. We give here a sketch of this

argument: a detailed derivation is provided in the Appendix C.1.

When the (non-predictive) gradient method (4.2) is applied to the linear problem (4.6), the resulting

iterations can be written

uk+1 � uk

�
= � K T vk ;

vk+1 � vk

�
= ( �=� )Ku k+1 :

When the stepsize� gets small, this behaves like a discretization of the system of differential

equations

_u = � K T v; _v = �=�Ku

where _u and _v denote the derivatives ofu andv with respect to time. These equations describe a
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simple harmonic oscillator, and the closed form solution foru is

u(t) = C cos(� 1=2t + � )

where� is a diagonal matrix, and the matrixC and vector� depend on the initialization. We can

see that, for small values of� and�; the non-predictive algorithm (4.2) approximates an undamped

harmonic motion, and the solutions orbit around the saddle without converging.

The prediction step (4.3) improves convergence because it producesdampedharmonic motion that

sinks into the saddle point. When applied to the linearized problem (4.6), we get the dynamical

system

_u = � K T v; _v = �=�K (u + � _u) (4.7)

which has solution

u(t) = UA exp(�
t�
2

p
�) sin( t

p
(1 � � 2=4)� + � ):

From this analysis, we see that the damping caused by the prediction step causes the orbits to

converge into the saddle point, and the error decays exponentially fast.

4.4.3 A rigorous perspective

While the arguments above are intuitive, they are also informal and do not address issues like

stochastic gradients, non-constant stepsize sequences, and more complex loss functions. We now
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provide a rigorous convergence analysis that handles these issues.

We assume that the functionL (u; v) is convex inu and concave inv. We can then measure

convergence using the “primal-dual” gap,P(u; v) = L (u; v?) �L (u?; v) where(u?; v?) is a saddle.

Note thatP(u; v) > 0 for non-optimal(u; v); andP(u; v) = 0 if (u; v) is a saddle. Using these

de�nitions, we formulate the following convergence result. The proof is in the Appendix C.1.1.

Theorem 4. Suppose the functionL (u; v) is convex inu; concave inv; and that the partial gradient

L 0
v is uniformly Lipschitz smooth inu (kL 0

v(u1; v) � L 0
v(u2; v)k � L vku1 � u2k). Suppose further

that the stochastic gradient approximations satisfyEkL 0
u(u; v)k2 � G2

u; EkL 0
v(u; v)k2 � G2

v for

scalarsGu andGv; and thatEkuk � u?k2 � D 2
u; andEkvk � v?k2 � D 2

v for scalarsDu andDv:

If we choose decreasing learning rate parameters of the form� k = C�p
k

and � k = C�p
k
; then the

SGD method with prediction converges in expectation, and we have the error bound

E[P(ûl ; v̂l )] �
1

2
p

l

�
D 2

u

C�
+

D 2
v

C�

�
+

p
l + 1
l

�
C� G2

u

2
+ C� L vG2

u + C� L vD 2
v +

C� G2
v

2

�

whereûl = 1
l

P l
k=1 uk ; v̂l = 1

l

P l
k=1 vk :

4.5 Experiments

We present a wide range of experiments to demonstrate the bene�ts of the proposed prediction

step for adversarial nets. We consider a saddle point problem on a toy dataset constructed using

MNIST images, and then move on to consider state-of-the-art models for three tasks: GANs,

domain adaptation, and learning of fair classi�ers. Additional results, and additional experiments

involving mixtures of Gaussians, are presented in the Appendix C.2.
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4.5.1 MNIST Toy problem

We consider the task of classifying MNIST digits as being even or odd. To make the problem

interesting, we corrupt 70% of odd digits with salt-and-pepper noise, while we corrupt only 30%

of even digits. When we train a LeNet network [48] on this problem, we �nd that the network

encodes and uses information about the noise; when a noise vs no-noise classi�er is trained on the

deep features generated by LeNet, it gets 100% accuracy. The goal of this task is to force LeNet

to ignore the noise when making decisions. We create an adversarial model of the form (4.5) in

which L y is a softmax loss for the even vs odd classi�er. We makeL d a softmax loss for the

task of discriminating whether the input sample is noisy or not. The classi�er and discriminator

were both pre-trained using the default LeNet implementation in Caffe [117]. Then the combined

adversarial net was jointly trained both with and without prediction. For implementation details,

see the Appendix C.2.1.

Figure 4.2 summarizes our �ndings. In this experiment, we considered applying prediction to both

the classi�er and discriminator. We note that our task is to retain good classi�cation accuracy while

preventing the discriminator from doing better than the trivial strategy of classifying odd digits as

noisy and even digits as non-noisy. This means that the discriminator accuracy should ideally be

� 0:7. As shown in Figure 4.2a, the prediction step hardly makes any difference when evaluated

at the small learning rate of10� 4. However, when evaluated at higher rates, Figures 4.2b and 4.2c

show that the prediction solvers are very stable while one without prediction collapses (blue solid

line is �at) very early. Figure 4.2c shows that the default learning rate (10� 3) of the Adam solver

is unstable unless prediction is used.
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(a) (b) (c)

Figure 4.2:Comparison of the classi�cation accuracy (digit parity) and discriminator (noisy vs. no-noise)
accuracy using SGD and Adam solver with and without prediction steps.� f and� d refers to variables in
eq. (4.5). (a) Using SGD with learning ratelr = 10 � 4. Note that the solid lines of red, blue and green
are overlapped. (b) SGD solver with higher learning rate oflr = 10 � 3; and (c) using Adam solver with its
default parameter.

4.5.2 Generative Adversarial Networks

Next, we test the ef�cacy and stability of our proposed predictive step on generative adversarial

networks (GAN), which are formulated as saddle point problems (4.4) and are popularly solved

using a heuristic approach [9]. We consider an image modeling task using CIFAR-10 [118] on

the recently popular convolutional GAN architecture, DCGAN [88]. We compare our predictive

method with that of DCGAN and the unrolled GAN [98] using the training protocol described in

Radford et al. [88]. Note that we compared against the unrolled GAN with stop gradient switch1

andK = 5 unrolling steps. All the approaches were trained for �ve random seeds and 100 epochs

each.

We start with comparing all three methods using the default solver for DCGAN (the Adam optimizer)

with learning rate=0:0002and� 1=0:5. Figure 4.3 compares the generated sample images (at the

100th epoch) and the training loss curve for all approaches. The discriminator and generator

loss curves in Figure 4.3e show that without prediction, the DCGAN collapses at the45th and

57th epochs. Similarly, Figure 4.3f shows that the training for unrolled GAN collapses in at

1We found the unrolled GAN without stop gradient switch as well as for smaller values ofK collapsed when used
on the DCGAN architecture.
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least three instances. The training procedure using predictive steps never collapsed during any

epochs. Qualitatively, the images generated using prediction are more diverse than the DCGAN

and unrolled GAN images.

Figure 4.4 compares all approaches when trained with5� higher learning rate (0:001) (the default

for the Adam solver). As observed in Radford et al. [88], the standard and unrolled solvers are

very unstable and collapse at this higher rate. However, as shown in Figure 4.4d, & 4.4a, training

remains stable when a predictive step is used, and generates images of reasonable quality. The

training procedure for both DCGAN and unrolled GAN collapsed on all �ve random seeds. The

results on various additional intermediate learning rates are in the Appendix C.2.4.2.

In the the Appendix C.2.4.2, we present one additional comparison showing results on a higher

momentum of� 1=0:9 (learning rate=0:0002). We observe that all the training approaches are

stable. However, the quality of images generated using DCGAN is inferior to that of the predictive

and unrolled methods.

Overall, of the25 training settings we ran on (each of �ve learning rates for �ve random seeds),

the DCGAN training procedure collapsed in20 such instances while unrolled GAN collapsed in

14 experiments (not counting the multiple collapse in each training setting). On the contrary, we

�nd that our simple predictive step method collapsed only once.

Note that prediction adds trivial cost to the training algorithm. Using a single TitanX Pascal, a

training epoch of DCGAN takes 35 secs. With prediction, an epoch takes 38 secs. The unrolled

GAN method, which requires extra gradient steps, takes 139 secs/epoch.

Finally, we draw quantitative comparisons based on the inception score [96], which is a widely

used metric for visual quality of the generated images. For this purpose, we consider the current

state-of-the-art Stacked GAN [119] architecture. Table 4.1 lists the inception scores computed
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on the generated samples from Stacked GAN trained (200epochs) with and without prediction at

different learning rates. The joint training of Stacked GAN collapses when trained at the default

learning rate of adam solver (i.e.,0:001). However, reasonably good samples are generated if the

same is trained with prediction on both the generator networks. The right end of Table 4.1 also list

the inception score measured at fewer number of epochs at higher learning rates. It suggest that

the model trained with prediction methods are not only stable but also allows faster convergence

using higher learning rates. For reference the inception score on real images of CIFAR-10 dataset

is 11:51� 0:17.

Table 4.1:Comparison of Inception Score on Stacked GAN network with and w/oG prediction.

Learning rate 0:0001 0:0005 0:001 0:0005(40) 0:001(20)

Stacked GAN (joint) 8:44� 0:11 7:90� 0:08 1:52� 0:01 5:80� 0:15 1:42� 0:01
Stacked GAN (joint) + prediction 8:55 � 0:12 8:13 � 0:09 7:96 � 0:11 8:10 � 0:10 7:79 � 0:07

(a) WithG prediction (b) DCGAN (c) Unrolled GAN

(d) With G prediction (e) DCGAN (f) Unrolled GAN

Figure 4.3:Comparison of GAN training algorithms for DCGAN architecture on Cifar-10 image datasets.
Using default parameters of DCGAN;lr = 0 :0002; � 1 = 0 :5.
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(a) WithG prediction (b) DCGAN (c) Unrolled GAN

(d) With G prediction (e) DCGAN (f) Unrolled GAN

Figure 4.4:Comparison of GAN training algorithms for DCGAN architecture on Cifar-10 image datasets
with higher learning rate,lr = 0 :001; � 1 = 0 :5.

4.5.3 Domain Adaptation

We consider the domain adaptation task [21, 22, 120] wherein the representation learned using

the source domain samples is altered so that it can also generalize to samples from the target

distribution. We use the problem setup and hyper-parameters as described in [22] using the OFFICE

dataset [120] (experimental details are shared in the Appendix C.2.3). In Table 4.2, comparisons

are drawn with respect to target domain accuracy on six pairs of source-target domain tasks.

We observe that the prediction step has mild bene�ts on the “easy” adaptation tasks with very

similar source and target domain samples. However, on the transfer learning tasks of AMAZON-

to-WEBCAM, WEBCAM-to-AMAZON, and DSLR-to-AMAZON which has noticeably distinct data

samples, an extra prediction step gives an absolute improvement of1:3� 6:9%in predicting target

domain labels.
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