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1 Introduction

1.1 Overview

We will discuss two topics in this thesis. The first topic is the HRT conjecture
while the second topic is XA-quantization. Our fundamental contributions
concern the HRT conjecture so the introduction will focus overwhelmingly on
expositing the HRT conjecture, its difficulties and the techniques we used on

it. The Y A-quantization material has been dealt with in section 7.

1.2 Description of the HRT Conjecture
1.2.1 Statement

Let A = {(au, Br)}7_; = R? where each (ay, () is distinct. Whenever we write
a set of this form it is assumed that all elements are distinct. We define a finite

Gabor system to be
G(f,A) = {e F(t = Br) iy

Given the ubiquitous usefulness of Gabor frames in harmonic analysis, it is nat-

ural to ask if such a set is linearly independent. We define the HRT conjecture.

Conjecture 1.1. For all nonzero f € L*(R) and for all A = {(cu, Br)}2_,,

{e ™ f(t = Br) o

1s a linearly independent set.

This conjecture, introduced in 1996 by Heil, Ramanathan and Topiwala in
[1], is straightforward to solve in several simple situations that we are about to
elaborate, but has so far proven intractable for even slightly more general cases.
A variety of exceedingly technical methods have been applied from functional
analysis, number theory and harmonic analysis, but the problem remains un-

solved. It is unsolved even in special cases of the conjecture when the functions

1



are very smooth and have fast decay or the sets, A, have four points.

In general, there are two methods for proving the HRT conjecture: The
function approach and the point approach. The function approach is to take
some function, f, and to demonstrate for all A whether or not {e"*** f(t— ;) }7_,

is linearly independent. We formally state this in the following definition.

Definition 1.2. Let f be a complex valued function on R. We say that f

satisfies the HRT conjecture if for all {(au, Br)}i_, < R?,

{e ™ f(t = Br) iy

1s a linearly independent set.

Note that we have placed no assumptions on f. We will in several places
discuss functions that are not necessarily members of L?(R), but still satisfy
the HRT in the above sense.

Alternatively, the point approach to the HRT conjecture is to take some set
of points, A, and show that for all nonzero functions f € L*(R), {e"'f(t —

Bk)}i_; is linearly independent. We state this in the following definition.

Definition 1.3. Let A = {(ay, Bx)}7_, = R%. We say that A satisfies the HRT
congecture if for all f € L*(R)\{0},

{e s f(t = Bi) iy

15 a linearly independent set.

Note that while in definition 1.2, there is no restriction on the sort of func-
tions we draw from, there is a restriction on which functions we use in definition
1.3. The reason is that every set of points, A = {(ax, Bk)}7_;, will fail to satisfy
the HRT conjecture for some function that is not a member of L*(R). To take a

simple example, it will be demonstrated below that {(0,0), (0, 27)} satisfies the



HRT conjecture when we deal with L?(R) functions, but this fails for functions

in general. Let f(t) = sin(¢). Then,

{f(t), f(t —2m)} = {sin(t),sin(t — 27)} = {sin(t), sin(¢)}

which is a linearly dependent set.
The following is a hybrid statement that will help us to describe special
cases of the conjecture when we have assumptions on both the function and the

set of points.

Definition 1.4. Let f be a complex valued function and A = {(ag, Br)}r_; <

R%. We say that (f,A) satisfies the HRT conjecture if

{e s f(t = Br) e

1s a linearly independent set.

Here is a sample of some sets of points and functions for which the HRT

conjecture has been solved.

Theorem 1.5. Let f € L*(R) be nonzero and A = R?. (f, A) satisfies the HRT

conjecture in the sense of definition 1.4 if any of the following hold.
1. f is compactly supported [1].
2. f(t) = p(t)e ™ where p is a polynomial. [1].
3. lim, ., |g(x)|ee® =0 for all ¢ > 0 [2].

4. f is ultimately positive and A = {(ou, Bk)}r_y is such that {fi}}_, is

independent over the rational numbers [3].
5. A < A(Z?) + z where A is a full rank 2 x 2 matriz and z € R? [}].

6. A has four elements and two of the fours points lie on a line and the other

two lie on a parallel line [5],[6].



7. f is Schwartz and A has four elements and three points lie on a line [5].
8. A is collinear [1].
9. A has N points, N — 1 are collinear and equispaced [1].

10. f is real-valued and A = {(0,0),(0,1),(s,0), (a,b)} where at least of a,b

and ab is rational [7].
Here are classes of functions for which the HRT conjecture remains unsolved.

Conjecture 1.6. Let f € L*(R) be a complex valued function. In the sense of
definition 1.2, it is unknown whether f satisfies the HRT conjecture given any

of the following conditions:

1. f is ultimately positive.
2. f is a Schwartz class function.

3. f has faster than exponential decay in the sense that

lim e~ f(t) for all a € [0,00).

t—00

Here are classes of sets of points for which the HRT conjecture remains

unsolved.

Conjecture 1.7. Let A = {(au, B)}7_, = R?. In the sense of definition 1.5, it
1s unknown whether A satisfies the HRT conjecture given any of the following

conditions:

1. A is a set of four points.

2. A\ is a subset of two parallel lines.

3. All but one point of A is a subset of a line.

4. All but two points of A are a subset of a line and equidistant.

5. {(Bk)}r_y ts independent over the rationals.
4



1.2.2 Basic Results

Let us begin examining some basic results on the HRT conjecture. This will
help to illuminate not only what has been learned, but the limitations of the
techniques so far used.

We define the Fourier transform of a function f to be the following.

Definition 1.8. Let f € L*(R). The Fourier transform of f is

= JR f(t)e .

Given this definition, we have the following identities.

Proposition 1.9. Let f € L*(R), a, 8 € R. Then

detf()() = fy — )

and

Ft=8)(7) = e f(y).
Suppose that A = {(ax,0)}7_,. If A does not satisfy the HRT conjecture,

then we have that there exists f € L?(R) such that

{e s f(t = Br) o

is linearly dependent. This implies that there exists {cx}}?_; = C not all zero

such that

n

Zc ekt f(t — B) = 0.

We can rewrite this as
n
t) 2 cre’ ™t = 0.
k=1

Since > ;_, cxe' ! = 0 only a countable number of times, we have that f = 0

almost everywhere. By utilizing the Fourier transform, we can use this case to

b}



solve A = {(0, Bx)}7_, since

—_—

0= Z Ckf(t Z lﬁ”f
k=1 k=1

Difficulties start to arise only when we examine cases with both translation and
modulation. Why is this? Part of the reason is that the Fourier transform does
not in general reduce the problem to a simpler form. We see that if f is such

that

D e f(t) =0,

k=1

then taking the Fourier transform gives us

—_—

0= Z cpe R f(E = Br) (v 2 cke" e f(y — ay,).

k=1

This doesn’t improve our situation in this particular case, because all we have
done is shuffle the constants, but it does suggest one potential technique for solv-
ing the HRT: reduction of one (f, A) to another related (fi,A;). In the above,
we have already seen how the Fourier transform reduced (f,{(ou, fk)}r_;) to
(f,{(—=Br, ar)}?_, and in particular how it solved {(0,3)}?_; by reducing it
o {(Bk,0)}7_;. The more general technique takes advantage of metaplectic
transforms in order to reduce one case of the HRT conjecture to another.

The metaplectic transforms are the area-preserving affine transformations
of phase space and they preserve the linear independence of {e™*! f(t — ;) }7_,.
If the pair (f, {(ow, Bk)}i_;) satisfies the HRT conjecture, then the following

also satisfy the HRT conjecture:
1. Time translation and horizontal translations:(f(t — ), {(ax, Br + 8)}7_;)
2. Modulations and vertical translations: (e’ f, {(ay + «, Bk)}_).
3. Rescalings and dilation: (D, (f)(t) = |r|2 f(rt), {(%5,rB) b izt)

4. Modulation by a linear chirp and shears: (e f(t), {(a + 208, Br)}7_,).
6



5. The Fourier transform and rotation by 7/2: (f, {(—Bk, ax)}?_,).

These fundamental transformations can be utilized together to reach the fol-

lowing proposition.

Proposition 1.10. Let f € L*(R)\{0} be a complex valued function and A =
{(ag, Br)}i_, < R%. Let {e"™' f(t — Br)}7_, be a linearly independent set. For
every 2 x 2 matriz, M, with determinant one, and (o, 3) € R? there exists a
nonzero g € L*(R) such that (f,\) satisfies the HRT conjecture if and only if
(g, MA + (o, B)) satisfies the HRT conjecture.

This allows us to generalize the technique used to solve the pure translation

case to all A that are a subset of a line.

Proposition 1.11. Let A = R? be a subset of a line. Then, A satisfies the

HRT conjecture.

Proof. Since A is a subset of a line, there exists a matrix M and («, ) such that
MA + (o, B) is a subset of {(z,0)] x € R}. By proposition 1.10, we have that
there exists a nonzero g € L*(R) such that (f, A) satisfies the HRT conjecture
if and only if (g, MA + (o, B) = {(c,,0)}) satisfies the HRT conjecture. We

have already seen that

{eig ()i,

is a linearly independent set. Thus, (f, A) satisfies the HRT conjecture for all
nonzero f € L*(R). O

A difficulty that is incurred while using metaplectic transforms is that they
in general and shears in particular do not preserve crucial features of f. Decay,
continuity, real range, symmetry and other important features can be lost.
Nonetheless, metaplectic transformations are of great use while proving the
HRT conjecture for a given class of points where no assumptions have been

made on the functions.



Now we turn from the point formulation of the HRT to the function for-
mulation of the HRT and prove some simple cases that certain functions fail
to satisfy the HRT. It is straightforward to demonstrate that functions with

bounded support will satisfy the HRT.

Proposition 1.12. Let f be a nonzero function with bounded support. Then,

for all {(aw, Br) Y1,
{e" ™ F(t = Br)}roy (1)

18 linearly independent.

Proof. Let f be as above. Suppose that there exists A = {ay, B }}_; such that

(1) is linearly dependent. Thus, there exists {cx}}?_; < R not all zero such that

Z Ckemktf(t — ﬁk) = 0. (2)
k=1

Without loss of generality, we assume that all ¢; are nonzero and that Sy < Bry1.

We rewrite (2) as

D pit)f(t - Z e f(t—Br) =0
=1 P

where {37} —j = 1™ are the unique translations of A and p; are the correspond-
ing exponential polynomials. Since f has bounded support, the support has
a least upper bound, M € R. Consider the interval [M — (82 — 1), M]. Let

€ [M,M + 5 — p1]. Applying (2), we have that

—pr(8) f(t + 57) Z flt+8r) =

because for all 1 < 7 < n, we have that

t+ (B =P >t+ (B —B1) =M+ (6, - p57) =M



Thus,

p@)f(t+067) =0, forallte[M — (82— ), M].

p1(t) = 0 for at most a finite number of points so f is 0 almost everywhere on
[M — (B — (1), M]. But this would demand that M was not the lowest upper
bound on the support of f. Thus f has no lowest upper bound on its support,

demanding that the support is an empty set. O

We would like to generalize this to other forms of decay like faster than
exponential decay, but a major stumbling block for doing this is the case of
non-unique translations. We will find again later that nonunique translations
will cause difficulties in the techniques used in this dissertation but for radically

different reasons.

1.3 Results
1.3.1 Non-smoothness and the HRT

If (f,A) fails to satisfy the HRT conjecture, then we have that there exists

{ck}r_, not all zero, such that

n

Z Ckemktf(t - ﬁk) = 0.

k=1

Since this equation relates the value of a function to later and earlier values
of the function, it occurred to the author to ask “What if the function is not
smooth at some point?” Since the set of smooth functions is closed under
addition, we have that if a function lacked smoothness at a specific value,
then that lack of smoothness is perpetuated to later and earlier values of the
function. This suggests that f is not smooth at perhaps an infinite number
of points. In contrast to the standard approach of asking “If our function is
sufficiently smooth, will the HRT be satisfied?”” We have asked “If our function

does not satisfy the HRT conjecture and is not smooth, what further properties



does this function have?” We ask this, because if we have a function that is
not smooth but fails to have the additional properties, then we are forced to
conclude that f satisfies the HRT conjecture.

Let us demonstrate with a simple example. Let f be a real-valued function
and A = {(0,0), (a1, 1), (a2, f2)} where 0 < 51 < By and 0 # «ay, s and f be

such that

f(t) — e f(t — By) — €2 f(t — By) = 0.

Rewriting the above, we have that

f(t) = e f(t — Br) + e f(t — Ba). (3)

Suppose [ has a discontinuity at 0. Then, the right hand side must have a
discontinuity at 0 also. This demands that at least one of terms of the sum is
discontinuous which in turn demands that f is discontinuous at at least one
point in the set {f1, 52}. Additionally, we can also isolate either of the other

two terms to attain

e’ialtf<t —By) = —f(t) + emth(t — )

and

e f(t — By) = —f(t) + 1 f(t — By).

Since the the left hand side of each equation is discontinuous at ($; and (s,
respectively, an identical argument shows us that there exists at least one dis-
continuity on each of the sets {—f1, 52 — 1} and {—fs, 51 — (2}

We see that (3) can also be be applied to the newly discovered discontinu-
ities. More specifically, for every discontinuity ¢y, we can find a new discontinu-
ity on the sets {to + f1,t0 + 2} and {to — B2, to + 1 — P2} which are sets either
strictly greater or strictly smaller than ¢5. By an inductive argument we can

demonstrate that f must have an infinite and unbounded set of discontinuities.
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This suggest that if a function only has a finite number of discontinuities or a

bounded set of discontinuities, that would demand that it satisfies the HRT.
A major problem with this technique arises when one allows nonunique

translations. Let’s take an example where two of the shifts are the same: A =

{(0,0),(1,0),(0,1)}. Let f be such that

ft)y=e'ft) = f(t—1)=0.
We can rewrite this as
(1—e")f(t) = f(t=1). (4)

If f is discontinuous at some point in {n7},cz, then f(t — 1) is not necessarily
discontinuous at that same point. For example, f(t) = H(t)g(t) where g is a

continuous function and H = 1o ). Note that
(1= e") f()limo = (1 — ") H(t)g(t)]1=0 =

(1—e?)H(0)g(0) = (1 —1)(1)g(0) = 0.

Clearly, f is discontinuous at 0, but we see that

lim |(1 —e™)f(t) — (1 — ™) f(t)]i=0| =

t—0

lim (1 — ") H (t)g(t) — (1 = ") H()g(t) =0l = lim|(1 — ") H (t)g(t)| =

t—0

lim |H (1) lg(8) |1~ ¢] < lim 1]|g(0)[[1 — "] = 0.

Thus, in spite of the fact that f(¢) is discontinuous at 0, (1 — e®)f(t) is not
discontinuous. This suggest a serious problem for the propagation of disconti-
nuities in a function that does not satisfy the HRT conjecture.

One technique to handle this difficulty is to not merely consider discontinuity

11



but non-smoothness in general. Returning to our last example, notice that

(L—e™)ft) = (=) f ()= (L —e™)f(h)

= ; o
- 2 . 2

po G RN () b () BRgo(W)f()

h—0 h h—>0 h h—0 h

lim i () + lim hgo (k) f () = lim i H (R)g(R).

h—0

This last limit does not exist, so even though f was made continuous at 0 by
multiplication by the exponential polynomial, (1 —¢e%, it was not made differen-
tiable. This suggests that if a function is not smooth at a point, multiplication
by an exponential polynomial will not make it smooth. We show in section 2
that even though we cannot propagate discontinuities, we can propagate non-
smoothness.

This technique culminates in theorem 2.22 and is explicated in particular
important cases in corollaries 2.23, 2.24, 2.25 2.26. We summarize these results

in the theorem below.

Theorem 1.13. Let f be a continuous complex valued function and A be the
set of all points on f that are not infinitely differentiable. If A is nonempty and

has Beurling density of zero, then f satisfies the HRT conjecture.

Another way to handle the difficulty that nonunique translations introduces
is to avoid the problem altogether: assume the translation are unique. This
allows us to propagate the discontinuities, although it curtails which A we can
examine. On the other hand, if we also assume that f is real, then we will be
able propagate even further discontinuities.

To demonstrate this, let us return to our original example:

(f,{(0,0), (a1, Ba), (a2, B2)})

12



where 0 < 81 < (3 and 0 < a1 # ao. Let f be real and such that

f(t) = e f(t = Br) + e f(t = Ba).

We see that if f has a jump discontinuity at ¢g # 0, then the graph has a jump
along the real axis. This demands that the right hand side also has a jump
in the real direction. But at ¢, e f(t — 8;) and 2! f(t — 33) do not have
discontinuities in the real direction for all but a countable number of points.
Thus, both e f(t — ;) and €**' f(t — ;) are discontinuous and in such a way
that their sum is discontinuous along the real axis.

In order to generalize this insight, we define the notions of discrepancy and
the axis of discrepancy. The latter notion is rather difficult to make calcula-
tions directly for so further notions like condensation, jumps and jump phase
are defined in order to simplify the calculations. This results in the following

theorem.

Theorem 1.14. Let A = {(ay, Bx)}i_, be an HRT constellation where each oy
is unique and {Sx}}_, is rationally independent. Let f be a real valued function
that has a discontinuity on Dy. If there is an interval, [a,b], of length larger

than B, — By such that f is discontinuous only on a finite number of times on

that interval, then (f,\) satisfies the HRT conjecture.

Note that D, is a subset of R whose complement is countable.

In an attempt to consider the discontinuities of unbounded functions, we
define the flat extended complex plane. This extension of the complex plane
is distinct from the Riemann Sphere in that instead of adding a single infinite
point, we define a ring of infinities, each one with their own modulation. The
construction is similar to that of the extended real line in that the extended
real line has both a positive and negative infinity and the flat extended complex

plane includes such points as i00, —ic0, and 1—\;%’

13



1.3.2 Periodic Infinity

We also considered how the end behavior of f is affected by a failure to sat-
isfy the HRT conjecture. In previous treatments, the question was primarily
phrased as “If our function has sufficiently fast decay, will the HRT be satis-
fied?” We asked “Given our function fails to decay and does not satisfy the
HRT conjecture, what properties does this imply for our function?”

Just as in non-smoothness, we created a new set of analytic tools in order
to describe the end behavior of a function in a way that was conducive to
study of the HRT conjecture. The foundational concept in this approach is
the notion of periodic convergence. We define the notion in terms of a new
topology constructed on an extended version of the real number line in R,. In
essence, we say that a sequence {t,}>* , « R < R, converges to ooy in R,, if for

all M € [0,00) and for all € > 0, there exists N > 1 such that
t,>M and |e” — | < efor all n > N.

Using this notion of periodic convergence, we apply our notion of conden-
sation to see what values of f recur on sequences that converge periodically.

This development culminates in theorem 6.50 reproduced as follows.

Theorem 1.15. Let {(ay, B)}7_, < R? and {c}?_, be not all zero. Let f be
a real valued function such that there exists M such that f([M,0)) is bounded

and

Z Ckeiaktf(t - ﬁk) =0.

Then,
0 € cong(f)for all 6 € L%

Our application of this theorem to the HRT conjecture leads to the following

theorem.

Theorem 1.16. Let f be a real valued function, A = {ay, Br}r_, and {ck}}_;
14



be not all zero. If there exists € > 0, N € N such that for all t € [N, )

f(t()) ¢ BO(E)’

then, (f,\) satisfies the HRT conjecture.

15



2 Propagation of Non-Smoothness

We will be approaching the HRT from a pointwise perspective in this section

so we will assume that our function f is continuous.

Definition 2.1. Let f be a continuous complex valued function. We say that

[ satisfies the HRT conjecture if for all {(ay, Br)}i_, © R?,

{emktf(t — Br) it

1 a linearly independent set.
We define C* = C\{0}.

Proposition 2.2. Let f be a continuous complex valued function. f satisfies
the HRT conjecture if and only if for all {(ag, Br)}r_y, for all {cx}i_, = C*,

there exists t € R such that

n

ZC ewzktf t_ﬁk)

Proof. Let f be as above. Suppose that f satisfies the HRT conjecture. Let

{(ou, Br) i, and {cx}}_; = C*. Then, there exists ¢ € R such that

Z zaktf t— 5]@)

We have demonstrated the forward direction.

Suppose that f does not satisfy the HRT conjecture. Then, there exists
{(a, Br)}i_; such that
{e" f(t = Br) iy

is linearly dependent. This means there exists {c;};2, < C where not all ¢, are

zero such that
n

Z cre’ ™ f(t —B) =0 forallteR. (5)
k=1

16



Let {k;}°, be all indices such that ¢, # 0. Applying this to (5), we have that

ng n

Dot (=) = D™t =p) =0 forall R (6)

=1 k=1

Since {(a,, Br) 2y, {ck 12y © C* and (6) holds, we have demonstrated the

backward direction. O

Definition 2.3. Let = = {(cx, o, Br)}7_, = C x R?, {c;}7_, = C* and = is

nonempty. We call such a = an HRT configuration.

Definition 2.4. Let f be a continuous complex valued function and = be an
HRT configuration. We say that f satisfies the =-configuration if there exists
t € R such that

Z cre' ™ f(t — By) # 0
k=1
and that f does not satisfy the =-configuration if

n

Z e f(t—Br) =0 forallteR.

k=1

Proposition 2.5. Let f be a continuous complex valued function. f satisfies
the HRT conjecture if and only if for all HRT configurations, =, f satisfies the

=-configuration.

Proof. We will be using the equivalent condition in proposition 2.2 to charac-
terize satisfaction and dissatisfaction of the HRT conjecture.

Suppose that f satisfies the HRT conjecture. Let = = {(cx, a, Bx)} i, be
an HRT configuration. By definition of an HRT configuration, we have that
{(ag, Br) iy and {cr}r_; = C*. Since f satisfies the HRT conjecture, we have

that there exists ¢ € R such that

Z cre’ ™ f(t — Br) #0
k=1

Thus, f satisfies the Z-configuration.
17



Suppose that f does not satisfy the HRT conjecture. Then, there exists

{(a, Br)} 72—, and there exists {c;}7_,; = C*,
Z e f(t— ) =0 forallteR. (7)

Define Z = {(cx, a, Br) }i—;- We have that each (o, Bk) is distinct and {cx 7, <
C*. Thus, = is an HRT configuration and by (7), f does not satisfy the =-

configuration. O]

Lemma 2.6. Let = be an HRT configuration. There exists
{E; = {(Ckv 375 ) ;LJ1 ?01
such that > i g1 # Jas
;=2 and Z; nE;, = forallji # jo.

We call {=;}}_, the translation subsets of Z and {B};};2, the unique translations

of =.

Proof. Let = be as above. Define {37}7%, = {Bx};_, where each 3} is distinct.

Define
Zj = {(cron, Bx) €E| P = 5]*}

[

Let (ck, g, Br) € Then, there exists j such that 8 = 7. This demands

that (cg, ag, fi) € ;. Since this is true of all elements of =, = = U L X
Let j1 # j2. Then, 87 # [ which demands that for all 1 < 1 < ny,

of ¢ =;,. Thus, 25, N Ej, = . O

Lemma 2.7. Let = be an HRT configuration, {B;}°, be the unique translations

of Z and {Z;}72, be the translation subsets of =. Let f not satisfy the =-
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configuration. Then,
ij —B5) =0 forallteR.

where p;(t) = ", céew‘ft We call the set, {p;(t)}°,, the translation polyno-

Jj=b

mials of =.
Proof. Let f be as above. Then, we can write

0= cre f(t — B) =ZZ Gtf(t — B ij
j=11=1

k=1

We can break up the sum in this way, because lemma 2.6 gives us
o
UE = =, NEj, =& forall j; # js.

]

Lemma 2.8. Let f be a continuous complex valued function that is not m-times
continuously differentiable at ty. Let g € C*(R) and g(ty) = 0. Then, (1+ g)f

1s not m-times continuously differentiable at ty.

Proof. Let f and g be as above. Without loss of generality, we may assume
that to = 0. Suppose that 0 < [ < m is the highest integer such that f is

[-times continuously differentiable. Then,

(1+g)f ”+Z ( ) 1+ g)U=h 0 =
=1
O 4 g4 Z <k>g(1_k)f(k)' (8)
k=0

The third term in (8) is a sum of the products of continuously differentiable

functions, so it is continuously differentiable. Thus, the differentiability of
19



[(1+ g)f]® is entirely dependent on the differentiability of f® + fWg.

Note that

g 770+ h)g(0 + 1) — FO(0)g(0)
h—0 h h—0 h

0 _ _
%%M — ’lbii)r(l)f(l)(h)‘Q(mTo — }ligéf(l)(h)g(o - h})L 9(0) _

h—0 h h—0

This demands that

[(1+ ) f199(0) = [f© + fPg] V] =

h—0

i | 7900-41) 4 790+ g0+ 1)~ 10) - FI0)900)| -

h—0

mnépmm+h»—ﬂWm]+ggipww+hmm+h»—ﬂWmmm}=

1
i £ 700 -+1) = 700)| + 1005/0), )
The first term of (9) does not exist so [(1 + g)f]¢*(0) does not exist. Thus,

(14 g)f is not n times continuous differentiable at 0. O

Lemma 2.9. Let f be a continuous complex valued function that is not m-
times continuously differentiable at to. Then, (t — to)™f is not (m + n)-times

continuously differentiable at ty.

Proof. Let f be as above. Without loss of generality, we assume that ¢, = 0.
We proceed by induction. For the base case of [ = 0, we have by assumption
that t°f is not (m + 0)-times continuously differentiable.

We proceed to the induction step. Our induction assumption is that " f is
not (m + n)-times continuously differentiable at t;. We show that t"*! f is not
(m+n+ 1)-times continuously differentiable at ¢y. Suppose that 0 <1 <m+mn

is the highest integer such that ¢" f is [-times continuously differentiable. Define

20



g(t) =t"f(t). Thus,

EHY = (@ N = (tg)¥ = Y

(]i )t(k)gu—k) _
k=0

D <li>t<k>g<z—k) — gD 1 g0,

k=0
Thus,
n _ 1
(t +1f>(z+1) _ (ng(z n 4 tg(l))( ) _

[ng" =Vt +h) + (t+ h)gV(t + h)] = [ng" (1) + tgV (t)]

i h a
I [ng Dt + h) —ng™D(0)] + [(t + h)gV(t + h) —tgD(t)]
hlir(l) h B
(1-1) _ -1 U] _+40
lim ng (t+ h) —ng (t) lim (t+ h)g"W(t+ h)—tg\"(¢) _
h—0 h h—0 h
_hg® o gO+h)—gY()
@ s -
R

(n+ 1)gO () + ¢ 1im LR =600

h—0 h (10)

The first term is continuous at to by our induction assumption so the conti-
nuity of (#"+'f)(+1) at 0 is entirely contingent upon the continuity at 0 of the
second term. If the second term is not continuous at 0, then (#"*!f)(+1 is not
continuous and we have proven that ¢"*! f is no more than I-times continuously
differentiable. Since l < n+m < n+m+1, we would have proven the induction

step. Suppose that the second term is continuous. Then,

(1
(tn+2f)(l+1)(0> _ ((n + 1)g(l) (t) 4 t}ll_{% g(l) (t + h})L - g(l) (t)>

t=0

1
lim —H(n +1)gY(hy) + by lim

h1—0 1

gV (hy +h) — g(l)(hl)]_
h

[ 1900+ 0y 220D =0

O(h ) — 0) 0) W
i DY) = (04 1DgB(0) by g0 (et h) — g ()
h1—0 hl h1—0 hl h—0 h
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(n+ 1)gl+1(0) + hlimo gl+1(h1) =(n+ 2)gl+1.
1—)

By the induction assumption, ¢*! is discontinuous at 0 so (t"*2f)+1(0) is
discontinuous. we have proven that t"*1 f is no more than (I + 1)-times contin-
uously differentiable. Since [ +1 < n + m + 1, we have proven the induction

step. 0

Lemma 2.10. Let m,n € R and f be a continuous complex valued function that
15 not m-times continuously differentiable at ty. Let p be an analytic function
such that there exists 0 < k < n such that p® (ty) # 0. Then, p(t)f(t) is not

(n + m)-times continuously differentiable at t.

Proof. Let f and p be as above. Since p is analytic, there exists {¢;};2, = C

such that

0
p(t) = 2 at,
1=0

Let ko be the largest integer in {0,1,...,n — 1} such that p®(ty) = 0 for all
1 <1 < kyg. By our conditions on the derivatives of p, we have that ¢, = 0 for

all 0 <1 <n and ¢ # 0 for all n < [. This grants us

o0 [ee} 0 o0
plt) = Dlat = Y att =50 et = tho N ot =
1=0 I=ko I=ko =0

e} e¢]
C
tho (cn + chwﬁ) — (g 0 (1 +1) Mtl—l) — Ot (1 + h(t))

I=1 i=1 Cho
where h(t) = t>,°, %O“tl_l. Clearly, h is infinitely differentiable and h(0) =
0. and By lemma 2.8, we have that (1 + h)f is not m-times continuously
differentiable at ty. By lemma 2.9, we have that t*0)(1 + h)f is not (n + ko)-
times continuously differentiable at ¢y, which implies that it is not (n+ m)-times
continuously differentiable. Thus, p(t)f(t) = cx,t* (14 h(t)) f(t) is not (n+m)-

times continuously differentiable at t,. O

Lemma 2.11. Let {c;}}_; < C be not all zero and {ay}y_; = R where each ay
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1s distinct. Define

p(t) = Z cpe'
Then, for all t € R, there exists 0 <1 < n — 1 such that pt(t) # 0.

Proof. We proceed by contradiction. Suppose that there existed a ¢y such that

p®(ty) = 0 for all 0 < I < n — 1. Then, we have that

n )
0=pY(ty) = (Z ckew"“t> (to) = Z crliay) etorto, (11)
k=1

for all 0 <l < n — 1. Define

a1ty ity tanto

€ € € C1
iag eteito Tagete2to . iy, etonto Co

A= and v =
(Z'Oél)nflezalto (Z'OéQ)nflelagto . (ian)nflezanto Cn

Because of the n equations in (11), we can write the matrix equation, Av =
0. We also know that because {e™**}7_, is a linearly independent set, the

Wronskian W (et .. e@nt) £ ( for all t € R. We see that
det(A) = W(e™! ... e )|, # 0.

This demonstrates that A is nonsingular and taking this fact together with
Av = 0, we have that v = 0, contradicting our assumption that {c;}7_; is not
all zero. Thus, we reject our assumption and conclude that for all t € R, there

exists 0 < [ < n — 1 such that p®(¢) # 0. O

Lemma 2.12. Let f be a continuous complex valued function that is not in-
finitely continuously differentiable atty. Let Z be a HRT configuration and f not
satisfy the =-configuration. Let {0, 2, be the unique translations of =. Then,
for all 1 < j < ng, f is not infinitely differentiable on at least one element of

the set {to + B; — Bi}j2) j.1. if that set is nonempty.
23



Proof. Let m be an integer for which f is not m-times differentiable at ty. Let
n = #(Z) Fix 1 <1 < ng. Let {p;(#)}72, be the translation polynomials of f.

Since f does not satisfy the =Z-configuration, we can write

—pi(t)f(t = Bi) = Zn: pe(t) f(t = B;)- (12)

Jj=1,j#l

Notice that p; has fewer than ng terms in its sum so lemma 2.11 demands that
for all ¢t € R, there exists 0 < [ < n — 1 such that p(¢) # 0. Therefore, we
can apply lemma 2.10 to see that the left hand side of (12) is not (n + m)-
times differentiable at ¢ty + /5. Therefore, the right hand side of (12) is not
infinity differentiable at ¢;. Thus, at least one of {py(¢)f(t — Bk)}i>, is not
infinitely differentiable. Let ky be the index of said function. Since py,(t) is
infinitely differentiable, we have that f(¢ — (i) is not infinitely differentiable

at t[)"’ﬁl_ﬁk:o- L]

Lemma 2.13. Let f be a continuous complex valued function that is not in-
finitely continuously differentiable at ty. Let = be a HRT configuration and
{Br}r_, be the unique translation of =. Let n > 2. Let f not satisfy the
=-configuration. Then, there exists t; € (to + (85 — B1),to + (Bn — B1)] and
t_y € [to— (Bn— 1), to— (Bn— BE_1)) such that f is not infinitely differentiable

att; and t_q.

Proof. Let f, E and {fx}}_; be as above. We see that {t, + (Br — f1)}], <
(to,to-f— (Bn_ﬁl)] and {to—i-(ﬁk—ﬁl) [to—(ﬂn 51),&)). By lemma 212,
there exists t; € {tg + B — Bo}y and t_q € {to + B — Bo} = such that f is not

infinitely differentiable. m

Lemma 2.14. Let f be a continuous complex valued function that is not in-
finitely continuously differentiable. Let = be an HRT configuration with unique
translations {Br}}_,. Let n = 2. Let f not satisfy the =-configuration. Then,
for every closed interval, |a,b], such that b —a = 5, — By, there ezists t € [a, D]

such that f is not infinitely differentiable.
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Proof. Since f is not infinitely differentiable, there exists ¢y, such that f is not
infinitely differentiable at that point. Define inductively the following sequence
{tn}2_,. We have that ¢, is a point at which f is not infinitely continuously
differentiable. By lemma 2.13, we have that there exists a point in [t,, + (f2 —
B1),tn + (B — B1)] such that f is not infinitely differentiable. We will call this
point ¢, 1. Let M > ty. By the Archimedean property, there exists n € N such

that tg + nfy > M. Thus,
tn2tn_1+622t0+nﬁ>M.

So the set of all points that are not infinitely differentiable has no upper bound
and for all M e R, {t,}>_, n (0, M] is a finite set.

Define inductively the following sequence {t_,}*°_,. We have that t_,, is a
point at which f is not infinitely continuously differentiable. By lemma 2.13,
we have that there exists a point in [t_,, — (8, — 1), t—n + (Bn — Bn_1)) such that
f is not infinitely differentiable. We will call this point t_,,_;. Let M < t;. By

the Archimedean property, there exists n € N such that tg — nfy < M. Thus
tfn < tfnJrl - anl < tO - nﬁnfl < M.

So, the set of all points that are not infinitely differentiable has no lower bound

and {t_,}°_, n[M,0]) is a finite set. Thus, the set {t,}>___ has no upper or

n=—a

lower bound and for all a,b € R,
({0 [0,8]) = #({tab U (ki) 1 [a,0]) =

# (b 0 [ b)) O (tad2 0 [a,8]) =
# (b 0 [ ]) + # ({tahl e 0 [0,0]) <
# (1o o (=o0,01) + # ({tadit o o 0) ) < 0
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which is to say that there are at most only finite number of {¢,}__ in any
interval [a, b].
Suppose that there existed an interval [a, b] such that b—a > (5, — ;. Since

{t,}°__, has no lower bound, there must exist an M > 0 such that

{tnhneoo N la = M, a) = &.

We know that there are only finitely many elements in that intersection. Let %,
be the largest such element. We know that ¢, is such that 0 < t,,,41 — 5, <

Bn — P1. This gives us t, 11 > ty, and t, 11 € (tn,, ). It also gives us

tn()-i-l = tno + (tno-‘rl - tno) < to + (/BTL - /81) <

a+ (Bn—01)<a+(b—a)=0.

This shows us that t,,.1 € (00,b]. So, we have that ¢,,.1 € (¢,,,b]. We see that
tno+1 € (tng, @), because that would make it an element of {¢,}°___ n[a— M, a)

that is greater than the greatest element of that set, to. Thus, t,,.1 € [a,b]. O

Definition 2.15. Let A < R. We say that A is a tattered set if for all M,

there exists a,b € R such that b—a > M and [a,b] = A°.

Proposition 2.16. Let A < R. If there exists M > 0 such that for all closed
intervals |a, b] with length less than M and such that A n[a,b] = &, then A is

not tattered.

Proof. The condition on A is the direct logical negation of the definition of a

tattered set. O]
Proposition 2.17. Let A < R. If A is bounded, then A is tattered.

Proof. Let B be the upper bound of A. Then, for all M > 0, [B+1, B+1+m] c
AC. O

Corollary 2.18. Let A < R. If A is finite, then A is tattered.
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Proof. Since A is finite, A is also bounded. By proposition 2.17, A is a tattered

set. [
Proposition 2.19. The subset of a tattered set is tattered.

Proof. Let B < A < R where A is a tattered set. For all M > 0, we have that
there exists an interval [a, b] such that b —a > M

[a,b] c A® < BC.

Thus, B¢ is a tattered set. O
We note that the empty set is a tattered set.

Definition 2.20. Let A < R. We define the lower Buerling density of A to be

D~(4) = lim in mingeg #(A N [z, 2z + h])
h—0 h ’

Proposition 2.21. Let A c R. A is tattered if and only if D~ (A) = 0.

Proof. Let A be tattered. Fix h > 0. Then, there exists a closed interval [a, D]

of length greater than b —a > h such that [a,b] = A or [a,b] " A = . Thus,

minxeR#(Am [C(],[)S-f—h]) < #(Aﬁ [a7a+h]) #(@)
h A h

Since this is true of all A > 0, we have that

D~ (4) = lim in mingeg #(A N [z, + h))
h—o0 h

= liminf 0 = 0.
h—o0

We have proven the forward direction.

Let A not be tattered. Then, there exists My > 0 such that for all closed
intervals, [a,b], such that b —a > M, A n [a,b] # &. Let h > 0. Then, for all
z € R, we have that we can cover [z,z + h] by |4| disjoint intervals of length

M. Each of those intervals has at least 1 element of A in it, so there are at
27



least | 2| in every interval of the form [z, z + h]. Thus, Since each o Thus for

all x € R,

o v emingep #(AN [+ h]) g ]
Do) =l h SR TR
We have proven the backward direction. O

Theorem 2.22. Let f be a continuous complex valued function and A is the
set of all points on which f is not infinitely differentiable. If A is a nonempty

tattered set, then f satisfies the HRT conjecture.

Proof. Let f and A be as above. Assume that f does not satisfy the HRT
conjecture. Then by proposition 2.5, there exists an HRT configuration, =,
such that f does not satisfy the =Z-configuration. It is well known that if = has
only one unique translation, then the Z-configuration is satisfied for all nonzero
f. Thus, = must have at least two unique translations.

Let {Bk}}_, be the unique translations of =. Since A is nonempty, lemma
2.14 demands that for all intervals of length [, — (31, there exists t € A. By
proposition 2.16, A is not a tattered set, contradicting our assumption that A
is a tattered set. We reject our assumption and conclude that f satisfies the

HRT conjecture. O

Corollary 2.23. Let f be a continuous complex valued function that is not
infinitely differentiable only on a bounded nonempty set. Then, f satisfies the

HRT conjecture.

Proof. By proposition 2.17, we have that the set on which f is not infinitely
differentiable is a tattered set. By theorem 2.22, f satisfies the HRT conjecture.

]

Corollary 2.24. Let f be a continuous complex valued function. that is not
infinitely differentiable only on a finite set. Then, f satisfies the HRT conjec-

ture.
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Proof. By proposition 2.18, we have that the set on which f is not infinitely
differentiable is a tattered set. By theorem 2.22, f satisfies the HRT conjecture.

[]

Corollary 2.25. Let f be a continuous complex valued function and A be the
set of all points for which f is not infinitely differentiable. If A is nonempty
and D=(A) =0, then f satisfies the HRT conjecture.

Proof. Suppose that D~(A) = 0. By proposition 2.21, we have that A is a

tattered set. By theorem 2.22, f satisfies the HRT conjecture. n

Corollary 2.26. Let {f,}r_._ < C*(R) and {t,}*__, = R be a tattered set
with t,, < t,y1. Define the function f(t) = fu(t) if t € [tn,tny1). If there exists
n € Z such that f is not infinitely differentiable at t,,, then f satisfies the HRT

conjecture.

Proof. Let f and {t,}>_, be as above. Since each f, € C*, we have that the
only possible points on which f is not infinitely differentiable is {t,}r__ .. By
proposition 2.19, we have that the set of all points on which f is not infinitely

differentiable is a tattered set. By 2.22, we have that f satisfies the HRT

conjecture. O
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3 Basic Propositions

3.1 Discrepancy

Definition 3.1. The discrepancy of the complex valued function f(t) at ty is

discy,(f) =lim  sup  |f(z)— f(y)l.

6=0 g ye[to—d,to+9]

Note that discy, (f) may take on any value in [0, c0]. This notion of discrep-

ancy is entirely distinct from the one found in [8].

Example 3.2. Fiz a,b. Define

We will show that disco(f(x)) = |b— al.

Proof. We have that

disco(f(z)) = lim  sup |f(z) — fly)| < sup |b—a| =|b—al

6—0 z,y€[to—0,to+4] z,y€[to—1,to+1]

We also have that

disco(f(x)) = lim sup lf(z)— fly)| =

6—0 z,y€[to—0,to+0]
(lsl_r)r(l)\f(to—I—(S)—f(to—é)\ =%1_r)r(1)\b—a\ =|b—al.
The above inequalities demand that disco(f(x)) = |b — al. O

Example 3.3.
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Proof. We see that

1 1 1 2
disco(—=) = lim  sup |- ——]=lim-— — = lim -
T 550, elto—st0rs] T Y 6200 =4 6500

O

Proposition 3.4. Let f be a complex valued function. f has a discontinuity

at to if and only if disc,,(f) > 0.

Proof. First, we will show the forward direction. Let f have a discontinuity at
to. Then there exists a sequence {t,,}*°_; convergent to to such that f(¢,) fails to
converge to f(tg). This failure of convergence demands that there exists a fixed
¢ > 0 such that for all N > 1, there exists ny = N such that |f(ty) — f(t.)] > €.
Fix 0. The convergence of {t,}*_; demands that there exists N sufficiently

large that [ty — t,| < ¢ for all n > N. Thus,

sup | f(z) = f(y)| = [f(tny) — f(to)] = €

z,y€[to—0,to+4]

Since this is true of all ¢,

disc, (f) = lim  sup  [f(z) = f(y)| = €> 0.

6—0 x,y€[to—b,t0+6]

Now, we prove the other direction. Assume discy,(f) > 0. Let discy, (f) =

€o > 0. This means that

lim sup [f(x) = f(y)l =lm  sup  [f(z) = f(y)| = €. (13)

=90 3 velto—1/n,to+1/n) 6=0 4 yelto—b,to+5]

From (13), we see that for all n there exists x,,y, € [to — 1/n,tq + 1/n] such

that | f(z) — f(y)| > €/2. Define

T(n+1)/2, if nis odd
t, =

Yn/2, if n is even.
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We see that [t, —to| < 2/(n—1) for all n > 1 and thereby {t,}_; is a convergent

sequence. For all £ > 1,

|f (ap—1) = f(t2x)| = |f(2x) = fyr)] > €/2.
Thus, the sequence {f(tx)} fails to be Cauchy and thereby convergent despite
the convergence of {t,}, demonstrating that f is not a continuous function. [

Corollary 3.5. Let f be a complex valued function. f is continuous at ty if

and only if discy,(f) = 0.

Proof. 1f f is continuous at to then proposition 3.4 demands that disc,(f) is
zero. If discy, (f) is zero then proposition 3.4 demands that f is continuous at

to. [

Proposition 3.6. Let f be a complex-valued function and c € R. Then

discy, (cf (1)) = || disci, (f(1))-

Proof. We see that

discy, (cf) = lim sup lcf(x) —cf(y)| =

=02 ye[to—5,to+6]

lim sup el f(x) — f(y)| =

6=0 4 ye[to—d,to+5]

eltim s 1F() = F()] = eldise, ().

—0 z,yE[to—0,to+9

]

Proposition 3.7. Let f and g be complex valued functions and disc,,(f) =

discy,((g). Then

discto (f) - discto(g) < discto(f + g) < discto (f) + discto(g)'
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Proof. We show the first inequality. By definition 3.1,

discy, (f +9) =lim  sup |[f(z) +g(x)] = [f(¥) + 9(W)]| =

—0 z,y€[to—d,to+4]
lim  sup  |f(z) = f(y)| —|g9(x) — g(y)| =

6—0 x,y€[to—b,t0+6]

lim  sup If(x) — fly)| = lim  sup  |g(z) —g(y)| =
=0 4 yelto—6,to+5] 020 4 ye[to—0,to+0]

discy, (f) — discy, (g).

The second inequality is shown by a similar procedure. We have that

disc, (f +g) =lim  sup  [[f(z)+g(z)] = [f(y) + 9W)]| <

—0 z,y€[to—d,to+4]
lim  sup  |f(z) = f(y)| + |g9(x) — g(y)| <

6—0 x,y€[to—b,t0+4]

(lsim sup |f(z) — f(y)| + lim sup lg(z) — g(y)| =
—0 z,y€[to—5,t0+6] 6—0 z,y€[to—0,t0+6]

discy, (f) + discy, (9)-
[l

Corollary 3.8. Let f and g be complex valued functions with g continuous at

to. Then disc,,(f + g) = discy, (f).

Proof. By proposition 3.7, we have

discy, (f + g) < discy, (f) + discy, (g) = discy, (f) + 0 = discy, (f)

and

discy, (f + g) = discy, (f + g) + 0 = discy, (f + g) + disc, (—g) =

diSCt0<f +9— g) = diSCt0<f).
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Putting the above inequalities together, we have that

discy, (f + g) = discy, (f).

O

Proposition 3.9. disc, (f) is a pseudonorm on the set of all complex valued

functions.

Proof. Proposition 3.7 gives us the triangle inequality and proposition 3.6
gives us absolute scalability. Thus we have satisfied the two properties of a

pseudonorm. O

Proposition 3.10. Let V' be the set of all complex valued functions on R.

Define the binary operation dy, : V x V — R by

di, (f.9) = disce,(f — g)-

dy, is a pseudometric.

Proof. Since the constant function 0 is continuous, proposition 3.5 demands

di, (f, f) = discy, (f — f) = discy, (0) = 0.

d;, is symmetric as evinced by

di,(f,g) = discy, (f —g) =lim  sup  [[f(z) —g(@)] = [f(y) —9W)]| =

6=0 g ye[to—d,to+9]

lim — sup —[[f(y) = 9()] = [f(x) — g(@)]| = disci, (g = [) = di (9, f)-

6—0 z,y€[to—0,t0+9]

Proposition 3.7 gives us

dto(fa g) = diSCto(f - g) = discto((f - h) - (g - h)) <

discy, (f — h) + discy, (g — h) = di, (f, h) + diy (g, h).
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We have shown that d;, has all three properties of a pseudometric. O

3.2 Axis of Discrepancy

Definition 3.11. The axis of discrepancy of f(t) at to, called axisy,(f), is the
subset of {€?|0 € [0,27)} where each element, €0, is such that there exists a

real number € > 0 and two sequences {T,}r_i {yn}tr_, convergent to ty such that

|f(xn) — flyn)| =€, for alln,

and

f(xn) = f(yn) ibo_

lim =e

n=o | f(xn) = f(yn)l

In the pair of sequences, {z,}>_; and {y,

0

1, in the definition above we

demand that there exists € > 0 such that,

|f(xn) — flyn)| =€, for all n.

The following example demonstrates why we make this requirement.

Example 3.12. Define

Even though f(t) is continuous att = 0, we have for all § € [0,27), there exists

sequences {x,}2_ 1 {yn}, convergent to 0 and such that

f(@n) = F(yn) 0

lim =e".

n=o0 [f(2n) = f(yn)]

Proof. Let t, converge to 0. Fix € > 0. Then there exists N sufficiently large
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that |t,| = |t, — 0] < e for all n > N. Thus

0= f(t,)] = [tne”™| = |talle”t| = |tu| <€ forallm > N.

Since this is true of all €, f is continuous at 0.

Define

1 o0
{xn } and {yn — 07,

T 0+ n2n i

Both sequences obviously converge to 0, but we also have that

lim f(@n) = f(yn) _n f(9+22ﬂ-) — f(0)
= [f(en) = Flya)l = |f (i) — F(O)]

. (0+7’L27T)_1€i(9+n27r) -0 o 6i(0+n27r) o 0 0
nE{}O |(9 + n2ﬂ-)—16i(9+n2ﬂ') _ 0| - nE{}o |6i(9+n2ﬂ')| - nE{}Oe =€

for all 6 € [0, 27). O

The direct procedure for finding the axis of discrepancy of some function, f,
at some point, ¢y, generally consists of two steps. First, for each point € in the
axis of discrepancy, find two sequences {x,}>°_;,{yn}o_, with three properties:

they converge to tg, |x, — ya| = € > 0 for all n and

as n — 0.

Second, show that no other elements of {¢?|6 € [0,27)} belong to axis;,(f).
As can be plainly seen, this is a rather cumbersome procedure, but we feel it

necessary to exhibit it before supplanting it by other techniques later.

Example 3.13. Fiz a,be R such that a < b. Define

We have that azis,(f) = {—1,1}.
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Proof. Define the sequences {z,, = 1/n}r_, and {y, = —1/n}_;. We see that

these sequences converge to zero,

i |f(@,) = Flu)| = im [b—a| = [b—a] >0

and

fQ@n) = f(yn) _ (. b—a

lim = lim

= |f(2n) = flyn)| - now |b—al  nme

Thus 1 € axisy, (f).

Define {z,, = —1/n};~; and {y, = 1/n};_;. We have that these sequences
converge to zero,

lim () ~ £ ()] = lim Ja —b] = Ja— b,

n—o0

and
i S =S o a=b _a=b
n= | f(zn) = f(yn)

Thus —1 € axisy, (f). So {—1,1} < axis, (f).

3
!
8
B}
|
=
B}
|
=

Since the range of f(t) is {a, b}, we have that

{f(x) = f)| zyeR}={0,a-bb—a}.

This implies that
f(@) — fy)
[f(z) = f(y)]

equals either 1 or -1 for the values on which it is defined. Thus any limit on

(14)

a sequence of numbers of the form (14) will have to be either -1 or 1. So

axisy, (f) < {—1,1}. We conclude that axis;, (f) = {—1, 1}. O

Example 3.14. Fiz 6, € [0,27). Define



Then, axisy, (f) = {0, eillo+m,

Proof. Define the sequences {x,, = 1/n}?_; and {y, = —1/n}>_;. We have that
these sequences converge to zero,

lim |f(z,) — f(y,)| = lim |e? — 0] =1,
—00 n—o0

n

and

_ 0o __ 0o ]
lim J(xn) = J(Yn) = lim —6.9 y —
n—o | fzn) = flyn)|  noefe® =0 1

Thus, e € axisy, (f).

Define {z,, = —1/n}°_, and {y, = 1/n}r_,. We have that these sequences

converge to zero,
lim |f(x,) — flyn)| = lim |0 — €| =1,
n—00 n—0o0

and

_ _ 6 0, )
lim f(xn) f(yn) — lim 0 e _ e _ 61(90+7T)‘

Thus %+ e axis,, (f). So {e, e!%+™} < axis,, (f).

Since the range of f(t) is {0, e!%}, we have that

{f(@) = f(y)lz,y € R} = {0, "™, —e}.

This implies that
f(z) - f(y)
[f(z) = f(y)]

equals either e or —e® for the values on which (15) is defined. Thus any limit

(15)

on a sequence of numbers of the form (15) will have to be either e or —e#.
So axis, (f) € {e?, —e'% = %)} We conclude that axis, (f) = {e'%, (%)}

]

Example 3.15. Let f(t) = e/t fort # 0 and f(t) =1 at t = 0. Then azisy(f)

equals the unit circle.
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Proof. Fix 6y € [0,27). Let

1 1

Tp=-——— and y, =
Oy + 2mn Y

Oy — 1 — 21
Clearly, x,,y, — 0. We also have that

1 1
0o + 27m)7f(90 — 7 — 27N

)| _ |ei(90+27rn) *ei(GO—W—Qﬂn)| _

[ (@n) = f(yn)| = [/(

|€i90 . ei(eo—ﬂ)| _ |e7ﬁ90 + ei90| _ 2|€7j90| — 27

which gives

lim [f(zn) — f(yn)| = 2.

n—o0

Finally, we have

_ i(6o+2mn) __ i(p—m—27n) 2 6o )
hm f(‘rn> f(yn) — hm € € — € — 6290
A TP ) = )] e 2 2

So, €% e axisg(f), and thereby, all the unit circle belongs to this axis of dis-

crepancy. 0

Proposition 3.16. Let f be a complex valued function. If €% € axisy, (f) then

e+ e agis, (f).

Proof. Let € e axis, (f). Then, there exists a real number ¢y > 0 and two

sequences {x,}%_; {yn}_, convergent to ¢y such that

|f(xn) - f(yn)| = €0, for all n

and
i L&) = F(ya) ey
n=0 [ f(z) = f(yn)]

Define z] = y,, and y] = x,. We see that z] and y] are convergent to t,

[F @) = F)l = [ (yn) = f(@n)] = €, for all n,
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and

i @) = fn) o fYe) = f2)

w1 Fag) = Fpl w1 ) — J()]

~ lim f(xn) - f(yn) _ _eieo _ 6i(00+7r)‘
n—oo |f(~’17n) - f(xn)’
Thus %+ e axis,, (f). =

By an abuse of notation, if the axis of discrepancy is a set with two elements
{xg, —x0}, then we will refer to the axis as x.

So that we can more effectively describe the variety of limits possible on the
complex plane, we will define an extended form of the complex plane, but not

as a Riemann sphere where there is only one infinite point.

3.3 Flat Extended Complex Plane

Definition 3.17. We formally define the infinity ring to be the set of elements
T, = {0 6€[0,2m)}.
Definition 3.18. We define the flat extended complex plane, C/, by
C/=CuT,.

Elements in Ty, are called infinite and elements in C are called finite.
Ifa,be C, the algebra is the same as in C. We partially define the operations

on the infinite elements of Cf in the following way:

1. If a is finite, then

0 +a=e%0, —— =0;
efoo

i0
e o (i(0-9).
€0 ’
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leoo| = 0.

Addition between infinite elements and multiplication between finite and infinite

elements are left undefined.

We note for future use that if @ is finite then

e —a  elo P,

o0 —a| — |ePo| o

We denote the closed unite ball in the complex plane as B;(0)).

The following subsets of C/ will be useful in defining a topology on C/.

Definition 3.19. Let r > 0 and «, f € R. Define the wedge of radius r from «
to B to be
Wb = {sew‘ se (r,0],0¢€ (a,ﬁ)}.

Note that W# ~ C is an open subset of C. This demands that if O is an

open subset then
OnW =(O0OnC)n W™ =0 n (W A C).

Thus, O n W# is open in C.

Also, note that we did not assume that o < 8. If a = 3, WP = .

Proposition 3.20. Let r1,r2 > 0 and oy, as, By, B € [0,27) be such that oy <
B1 and ag < By Define a = max(ay, as), 8 = min(fy, B2) and r = max(ry, 7).
We have that

W;‘)ilvﬁl A ngﬁz _ WTQ’B.

Proof. We have that

at,B1 az,B2 _
Werh e

{se”| se(ri,o],0€ (a,B)} n{se”| se(rp0],0€ (azf)} =
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{se”| se(r,m],0e(a,pB)}=W>"

Proposition 3.21. Define the following collection of sets
B={0| O isopeninC}u{W*>"| «a,BeR,r=0}

B is a basis on C/.

Proof. Tt x € C/\{0} then x € W3**" € B. If # = 0, then z € B,(0) € B. Thus,
all elements of C are contained in some element of B.
If B; and B are both open sets in C then B; n By is an open set in C and
By n B; € B. If By is an open set and Bs is a wedge set, then By n B, is an open
set in C and By n By € B. If both B; and B, are wedge sets, their intersection
is also a wedge set and By n By € B. Thus, for all By, B, € B, By n By € B.
Let By, By € B have nonempty intersection. We see that if x € B; n B,

then z € By n By € B. We have shown that B is a basis. O

We define the topology of C/ to be the topology induced by the basis B.

Proposition 3.22. The topology of C and the subspace topology C/ n C are

equivalent.

Proof. Let O be an open set in C. Then, O € B and O = O n C is open in the
subspace topology of C/ n C.

Let O; be an open set in the subspace topology C/ n C. Then there exists
an open set Oy < C/ such that Oy, n C = O;. O, equals the union of some
collection of basis elements, {O,}jes, U {W;};es, where O; is an open subset of

C, W; is a wedge set and J; and J, are index sets. Thus,

onc= (o)« () e-

je J€J2

(Yore)- (e -(yo)-(Yrn)
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W; nCis open in C, so O is the union of a collection of open sets, making O,

open in C. O

Definition 3.23. We say that a real nonnegative sequence, {x,}_,, converges
to infinity or

lim |z,| = o
n—0o0

iof for all M > 0 there exists N such that
|z, = M, foralln > N.

This definition will primarily be applied to the absolute value of complex
sequences.
We will use the following criterion to determine if a sequence in C/ converges

to an infinite element.
On

Proposition 3.24. Let {z,}7_, < C/ be a sequence. We can write z,, = r,é’

where v, = |x,| and 0, € Tor. {T,}°, converges to e if and only if

lim r, =0 and lim 6, =0.
n—aoo n—aoo

Proof. Let {z, = r,e'"}*_ < C/ be such that

lim r, =00 and lim 6, =0.
n—ao n—0oo

Let B € B be such that e??cc € B. B is either an open subset of C or a wedge
set. Since B has an infinite element, B = W#. There exists a sufficiently
large Ny such that for all n > Ny, r, > r. Define ¢ = max(|0 — «f, |0 — f]).

There exists sufficiently large Ny such that for all n = Ny, |0, — 0| < e. Thus,

) — )
0 0 0—e,0+e¢ a,f
rpe”™ € B.(0)  and 71, e W c Wy

43



for all n > N = max(Ny, Ny). Thus,
T, = rpen e BT(O)C N Woa’ﬁ =W>*P foralln> N.

Since this is true of all basis elements, we have that {z,,}*_, converges to ¢?oo.
Now to prove the other direction. Let {z, = r,e?"}* , < C/ converge to

0

eoo. Fix € > 0 and M € N. We have for all basis elements, B, containing

e®co, there exists an N > 1, for all n > N, such that z,, € B. W/=<f*¢ is a

basis element that contains e?co. Let Ny be such that for all n > N,

C

i0n, 0—e,0+ 0—e¢,0+¢
Ty =rpem e W7 = B.(0) nW, :

So, for all n > N,

rn € B.(0)  and 6,€ (0 —¢€0+e¢).
Since this is true of all m € N and all ¢ > 0, we have that

limr, = and lim 6, =86.
n—0 n—a0

]

The following proposition will be important for the calculation of limits to

infinite numbers.

Proposition 3.25. Let a # b e C/ where at least one of the two is finite. Let

{a,}*_; and {b,}>_, converge to a and b respectively. Then

an, — by, a—2b

li _ .
o a, — by a— b

Proof. Let a,be C. Since a, and b, both converge in the conventional sense,

lim a, — b, = a —b.

n—ao0
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Since a and b are distinct, the above limit is nonzero and so is
lim |a,, — b,| = |a — b].
n—0oo

Thus the limit can pass through the quotient in the following since limits exist
for both the numerator and denominator and the limit of the denominator is

Nnonzero.

n— b , : —b
lim —r "% _ hman—bn/ lim |a, — b,| = a
n—0o0

n—00 ‘an_bn‘ n—00 \a—b‘

Now we turn to the case where at least one of a, b is infinite. Without loss

of generality, we assume it is b = €. Fix € > 0. We know that

lim b—n = ¢
n—o ’bn‘

This implies that there is N; sufficiently large that

bn 30

< €
[bn]

3 for all n > Ny.

Let M > 0 be large enough that M{";"a' < €/3. Let Ny be sufficiently large such

that for all n > Ny, |b,| > M. Let N3 be sufficiently large such that for all

n = Nj, |a,| < 2|a|. Define N = max (N, Ny, N3). Then if n > N,

an + by, i0 p N b, 0
—— — €| < —e
|an, + by an, + by an, + by
2|al bn 0| _ € bn 0| _
M2l lan+ b T3 flan b €
€ | b by, o | €| b bo | [ bn ol
sttt €| < s+ |/ = — —€
3 |lan +ba|  |ba|  |bnl 3 |lan + b bl by, |
€ 1 € lbn| — (lan +0,])| 2
s+l = o=+ 5 < by - =
3+ 1l lan +0a]  [bal| " 3 n] b, l[cn + bnl 3
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s ap, N 2¢ an, 2¢  Jay N 2¢
! |bn| (|an =+ bnl) 3 [ 3 \an, + by 3
|| 2¢ 2|al 2 € 2

Thus,

]

Proposition 3.26. Let a be finite and fir e?oo. If there exists sequences {a,}*_,
and {bp}>_, such that
i0

lima, =a and lim b, =" 0,
n—ao0 n—0oo

then

lim (a,, + by,) = 0.

n—0o0

Proof. Fix M > 0. Since |b,| converges to infinity, we have that there exists
Nj such that

|by| > M + 2|a|, for all n > Nj.

There exists Ny sufficiently large that |a,| < 2|a| for all n = Ny. Thus
\an, + by| = |bu| — |an] > M + 2]a] —2|a| = M, for all n = max(Ny, Na).

Thus, |a, + b,| converges to infinity. Since a is finite, proposition 3.25 demands

that
lim " = e
n—0 |a, + by

Therefore, we have that

lim (a,, + by,) = 0.

n—0o0

[]

Proposition 3.27. Every complex sequence has a limit on the flat extended
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complex plane.

Proof. Let {z,,}°_; be a complex sequence. If it is bounded, then the sequence
is contained by some closed ball of radius M, and by Bolzano-Weierstrass has
a convergent subsequence.

If the sequence is unbounded, then there exists a subsequence {z,, }7_, such
that |z,,| > k and thereby

lim [z, | = oo.

o0
)
|35nk| k=1

This is a sequence in the unit circle. The unit circle is a closed and bounded set,

Consider the sequence

so there is a convergent subsequence which we will call {y; = x,, }7,. Since
J
y; is a subsequence of z,, , there exists 6, such that
y] 6o

lim |y;| =0 and lim-—= =e
jo = [y

Thus, we have that every complex sequence converges to some element of the

flat extended complex plane. n

3.4 Condensation

Definition 3.28. We define the condensation points of f at to, called cony,(f),
to be the set of all points x € C/ such that there exists a sequence {t,}**_, such
that

lim ¢, =ty and lim f(t,) = x.

n—o0 n—oo

Example 3.29. Since the set of complex points of the form q, + iqe where
¢1,92 € Q is countable, we can enumerate it by {z,}r_,. Define the sequence

{yn = x;}°_, where | is the smallest positive number in the set

0

b2
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which is to say that {y,}>_, is the sequence x1, 1, xo, X1, Ta, T3, .... Define

Yn, te(=2,%], neN

n+1l’n

0, otherwise.

We have that
cong(f) = C.

Proof. Let x € C. Then, since the set of all complex number with rational real
and imaginary parts is dense in C, there exists a sequence {py + iqx}r-, that
converges to x. For all k, py + ig recurs infinitely in {y,}°_, there exists a

subsequence {y,, = pi + iqx}_,. We see that

1
li — | = 1li = li Qe = T.
it () = fmy v = i o

This demands that = € cong(f) and thereby C < cong(f). O

Proposition 3.30. Let f be a complex valued function. Then,

[es}
cony(f) = () F([to = 1/n,to + 1/n]).
n=1
Proof. Let x € cony,(f). Then, there exists {t,}~_, such that

lim ¢, =ty and lim f(t,) = x.

n—o0 n—ao0

We will take a subsequence {t,,};2, such that |tg — t,,| < 7. Then, f(t,,) €

f([to — 1/m,to + 1/m]) for all k = m. x is the limit of {¢,, };2,, so

v e {f(tn)}izm < f([to — 1/m, to + 1/m]).
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Since this is true for all m,

0

x € ﬂ f([to — 1/m,to + 1/m])

m=1

which immediately implies that

cong, (f) < () F([to — L/n to + 1/n]).

Now to prove the other direction. Let = € f([to — 1/n,to+ 1/n]) for all

n = 1. Then for all n, there exists t,, € f([to — 1/n,ty + 1/n]) such that

Flt) — 2] <~

n

Thus, we both have that

lim ¢, =t and lim f(¢,) = .

n—00 n—0o0

Thus z € cony, (f) and

() F([to — 1/n,to + 1/n]) < cony, ().

We have the statement.

m
Proposition 3.31. Let f be a complex valued function. Then,
f(to) € comy, (f).
Proof. Let {t, = to};°_;. Then,
lim ¢, = lim tp =ty and lim f(¢,) = lim f(¢o) = f(to).
n—aoo n—00 n—a0 n—00
Thus, f(ty) € cong, (f). O
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Proposition 3.32. Let f be a complex valued function. f is continuous at t
if and only if
con, (f) = {f(to)}-

Proof. Assume that f is continuous at to. By proposition 3.31, f () € cony, (f).

Let x € cony, (f). We have that there exists a sequence {t,}r_, such that

lim ¢, =ty and lim f(t,) = xo.

n—ao0 n—o0

From the continuity of f at ty, we have that

zo = lim f(t,) = f(to).

n—a0

Since this is true of all elements of cony, (f), {f(to)} = cony,(f).

Now to prove the opposite direction. Suppose that

cong, (f) = {f(to)}-

Let {t,}°_, be a sequence convergent to ty. Then by proposition 3.27, there
exists a subsequence {t,, }?_, the converges to some element of C/, . Clearly,
x € cong, (f) = {f(to)} making x = f(ty). So, every convergent subsequence of

{t,}>_, is such that it converges to f(to). Thus,

lim f(t,) = f(to).

n—o0

O

Proposition 3.33. Let f be a complex valued function. f is continuous at tg

if and only if cony,(f) has only one element.

Proof. Let f be continuous at t,. By proposition 3.32, cony, (f) = {f(to)} and
we have proven the forward direction.

Let f be discontinuous at ty. By proposition 3.31, f(0) € cong,(f)). Since
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f is discontinuous, there exists {t,}*°_; the converges to to, but {f(t,)}*_; does
not converge to f(tp). Thus, there exists € > 0 for all £ > 1, there exists ny > k

such that
|f(tny) — f(to)] = €

By proposition 3.27, {t,, }{~, has a limit, =, but the above demonstrates that
x # f(to). Thus, x € cony, (f)\{f(0)}. Thus, we have at least two elements in

cony, (f) when f is discontinuous. O
Corollary 3.34. Let f be a complex valued function. Then cony,(f) is closed.

Proof. By proposition 3.30, we have that

cony, () = () F(lto — 1/ to + 1/n]).

The closure of a set is closed so f([to — 1/n,to + 1/n]) is closed. The infinite

intersection of closed sets is closed so cony, (f) is closed. O

Proposition 3.35. Let f be a complex valued function, ty € R and C' € C.
Then,
cong, (C'f) = Ccomy, (f).

Proof. Let x € cony, (C'f). Then there exists {t,}°_; such that

lim t, =ty and lim Cf(t,) = x.

n—oo n—ao0
This grants us
. C .. 1 . 1
7}1_{130 fta) = C T}l_l}c}o ftn) = C 7}1_{?0 Cf(tn) = ot

Since {t,,}*_; converges to ty, £ € cony, (f) and x € Ccony,(f). Thus, con,, (Cf) <
n=1 C 0 0 0

Ceony, (f).
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Let x € Ccony,(f). Then, & € cony,(f) and there exists {t,},_, such that

lim ¢, =ty and lim f(¢,) =

n—o0 n—o0

Al

Thus
: , x
7}1_1)1;100]0(15”) = C’Al_r)rolcf(tn) = C’a = .
We conclude that x € cony, (C'f) and Ccony,(f) < cong (Cf). O
3.5 Jumps

Definition 3.36. We define the jumps of [ at ty to be

Jumpy, (f) = {z —y| 2,y € cony(f) 0 C} U (conyy (f)/C).

An alternative definition to jump, (f) that was considered was the following.

jumpy (f){z —y| z,yecon,(f) (z,y)e€ C/ x C/\Ty x T} (17)

In other words, jumpy (f) is the set of all differences between z,y € cony,(f)
where at least one of x and y is finite. This definition is problematic in the case
that all condensation points are infinite. We believe that definition 3.36 gives

a more alternative result in the following definition.

Example 3.37. Let f(t) = 1/t. Then,

jump,, (f) = {o0, —0} and  jump,(f) = .

Proof. We will first calculate cong(f). Since f is real, cong(f) < R. Let {¢,}>_,
be a sequence convergent to 0. Fix M > 0. Then there exists N sufficiently
large that for all n > N,

o] = [t — 0] < —
n| — |Yn M'
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Since this is true of all M > 0, we have that cong(f) = R®. This demands that

cong(f) = {00, —0}. Since

1 1
lim — and lim f(—) = lim n = o,
n—oo M, n—0o0 n n—0o0

o0 € cong(f). Since

—1 —1
lim — and lim f(—) = lim —n = —0,
n—o M n—0oo n n— 00

—0 € cong(f). Thus,

cong(f) = {00, —0}.

Since cong(f) is composed only of infinite elements,

jump (f) = {z —y| @,yecony(f) (z,y)eCl x C\Ty x To} = &.

On the other hand,
jump, (f) = {z —y| = #ye cony(f) N C}u (cony,(f)/C) =

& v {0, —0} = {00, —0}.
0

Proposition 3.38. Let f be a complex valued function and cony,(f) is bounded.

Then, jump, (f) is closed.

Proof. Fix x € jump, (f). Then, there exists {z,};_; < jump, (f) convergent
to z. Since x,, € jump, (f), there exists a,, b, € cony, (f) such that z,, = a, —b,.
Since cony, (f) is bounded, {a,};"_; and {b, },_, have subsequences, {a,, };~, and

{bn, }_1, convergent to some a,b € C. Since cony,(f) is closed, a,b € cony, (f).
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We have that

r = limzx, =1
k

m z,, = lim (a,, — by, ) =
n—00 k—o0

i
—00

lim a,, — lim b,, = a —b € jump, (f).
k—o0 k—o0

This is not necessarily the case when cony,(f) has infinite elements.

Example 3.39. Define

2n, n=2k keN

Ty =
2"+ n=2k+1, kel

Define the sequence vy, = x; where | is the smallest natural number in the set
m 0
{n — Z k} )
k=1 m=1
For clarity, we mention that the first ten vy, are x1, 1, xa,x1, To, X3, L1, T, T3, Tyq.

Define

0, otherwise.

We have that

n

gumpo(f) = {2"ne N} u {—=2"ne N} U {2" + i T 2™In,m € N}u

n +

fon —gm _;
m

+1|n,meN}u{2”—2m|n,meN}.

This is not a closed set since i € jumpy(f), but i & jumpy(f).
Proof. We first calculate cony,(f). We have that

([t — %,to + %]) _ {0} U {2 e N} U {2" + il € N},
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By proposition 3.30,

1

n

)= ){0} v {2"lne N} U {2" +ilne N} =

n=1

cong(f) = ﬂ f([to — %,to +
n=1

{0} U{2"ne N} U{2" +ine N} = Ay u A; U Ay

where

AO = {0}, A1 = {2” le and AQ = {2” + Z'};O:I.

Note that

jumpy(f) = {z — ylr,y € cong(f)} = {z —ylr,y € Agu Ay U Aa} =

2
U {33 _y’:E € Amay € An}

m,n=0
To calculate jump,(f), we will calculate individually each of the nine sets in

the union above:

1.
{z —ylz e Ao,y € Ao} = {0};
2.
{r —ylz e Ap,y € A} = {—2"|n e N};
3.
n+1l n
— A Ay} ={-2"—1 ;
{v —ylre Ao,y e A} ={ — n+1|neN},
4.
{x —ylre A,y e Ay} = {2"|n € N};
d.

{r —ylre A,ye A1} = {2" — 2™|n,m € N};
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{r —ylre Al,ye Ay} = {2"—2m—imni1]n,meN};
7.
r—ylv e Ay e Ao} = 2"+ i———In e N}
8.
{r —ylre Ayye A} = {2”+z’n+1 —2™|n,m € N};
9.

{r —ylr e Ay,y e Ay} = {2" — 2™ |n,m € N}.

Taking the above together, we have that

jumpg(f) = {£2"|n € N} U {+£2" + Z S)ln € N} U {27 = 27n,m e Nju
n
{on +z’ni =2 me Np U {2 = 2" —i———|n,m e N},

We see that i ¢ jump,(f). At the same time, we see that the sequence

n

to—i — o4 9
{th =i+ i = 2"} < jumpy(f)
and that
lim ¢, =i ¢ jumpg(f).
n—a0
Thus, jump,(f) is not closed. O

Corollary 3.40. Let f be a complez-valued function. Then if jump, (f) = {0}

then f is continuous at tg.

Proof. Let jump, (f) = {0}. Let z,y € cony,(f). Then, z—y € jump, (f) = {0}.
Thus, z = y and all elements of cony, (f) are the same. Thus, cony, (f) a set with
only one element. Consider the sequence {t, = to}>_,. Clearly, this sequence

converges to ty and the sequence {f(t,) = f(to)}°_; converges to f(ty) making
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f(to) an element in the singleton cony, (f). Thus, {f(to)} = cony,(f) which by

proposition (3.32), demands that f is continuous at . O

Proposition 3.41. Let f be a complez-valued function. If z € jump, (f) then

—z € jumpy, (f).

Proof. Let z € jump, (f). Then there exists x,y € cony,(f) such that z = x —y.

Thus —z = y — x € jump, (f). O

3.6 Jump Phase

Definition 3.42. We define the jump phase of f at ty to be

phase () = { =

. ejumpto(f)/{()}}-

Proposition 3.43. Let f be a complex-valued function. Then,

phase, (f) S azis,(f).

Proof. Let x € phase, (f). Thus, there exists y € jump, (f)\{0} such that
x = y/ly|. y may be either finite or infinite. Assume that y is finite. Then,

there exists a, b € cony, (f) such that
y=b—a

and at least one of a,b is finite. There exists sequences {t,}>_;, {s,}>_, con-

vergent to t; such that

lim f(¢t,) =a and lim f(s,) = 0.

n—00 n—0o0
There exists Ny, Ny sufficiently large that if ny > Ny or ny > Ny, then

(1) —al < P20 7(s) 0l <

o7

b—a
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Thus we have that for all n > N = max(Ny, Ny),

|f(tn) = f(sn)| = |f(tn) —b+b—a+af(s,)| = [b—a|—|f(t,) —b| —|a— f(sn)| >

b—al |b—aq| |b — al
— — = >

b_
b~ al 4 A 2

0.

We also have that

lim f(tn)_f(sn) _ b—a _ Y
n—oo [f(tn) — f(sn)]  |b—al |yl

= X.

The sequences {t,}°_; and {s,}>_; are the necessary ones to demonstrate that
x € axisy, (f).
Let y be infinite. We can write y = €0 for some 6, € [0,27). We have

that there exists {t,}_, convergent to ty such that

lim e 0.

n—0oo
Define the sequence {s,}_; such that s, equals the first ¢, such that |f(¢;)| >
(n+1)|f(t,)] + 1. Since {s,}>_, is a subsequence of {t,}*_,, it converges to to.

n=1»

We have that

[f(sn) = f(E)l > [ (sn)| = LF ()| > nlf(Ea)] + 1= [f(En)] = 1,

for alln > 1. Fix € > 0. Let N; be sufficiently large that for all n > Ny, - <

3=
wlm

Let N, be sufficiently large that for all n > N,

pifo _ f(sn) ’
|f (sn)]

Then, for all n = max(Ny, Ny),
6' . 0o f<8”




ot _ f(Sn) f(tn) <
FGn) — P | 00 D f () + 1= FCE)]| S
ifo f(sn) f(sn) _ f(sn) f(tn)
PGl 1 Gl G = 1) al7 ]|
pifo _ f(sn) f(sn) B f(sn) €
Pl 1G]~ G — fl| T3S
|~ | S
3 PTGl TfGw) = Flt]| T3 S
o[ = P = LGl 26 [1F(se) = )] = (s 26 _
" |f(3n)||f(3n) - f(tn)| 3 ’f(sn) - f(tn)| 3
Flt) 2 £ ()] 2 _€ 2
FGu) — FED] 3 STt Dfta) + - F(6)] 3 3 3

So we have that

o S0 = F) gy €m0y

n [ f(50) — f(tn) oo Jy[

Since the pair of sequences above satisfy the necessary properties, we have that
x € axisy, (f). Now, that we have demonstrated the proposition for both when

y is finite or infinite, we are finished. O

It does happen that axis,(f) is a proper subset of

=
lz —y|

as demonstrated in the example below.

T #YE conto(f)}

Example 3.44. Define

i/t 1 1 0
1+€Z/, te [%7—(2n+1)ﬂ]’ neN

ft) =

0, otherwise.

We have that

phase, (f) = {10 € [0,2m)}/{i, —i}
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which s not a closed set.

Proof. We see that

1 1 .
f([to — E,to + E]) ={1+e*te|0,n]} foralln=> 1.

By proposition 3.30, we have that

1

n

cong, (f) =[] F(lto - %,to +

n=1

=

({1 +€"[te[0,2m)} = {1+ e[t e [0,7)}.

n=1
Lets find some elements of jump, (f) so as to determine phase, (f). Since

0 and 1 + €™ for t € [0, ) are elements of cony, (f), we see that
{1 + eit‘t € [077)} v {_1 - eit‘t € (Oaﬂ-)} =

{1+ 0l e [0,m)} U {0~ (1+ et e [0,7)) < jump, (/).

Let 6 be the phase of 1+ ¢ = 1+ cos(t) +isin(t). Then tan(h) = 222U Note

sin(t)

that
T

{1+C—Os(t)'te [0’5)} = [0, )

sin(t)
We have that

{6 €]0,2m)| 0 is the phase of 1 + ¢ t € [0,7/2))} =

{arctan (”C—()S“)) It e [0, g)} ~ arctan([0,) = [0, 3).

sin(t)

This demands that

[0, g) — {¢| {0 e [0,27)|where 6 is the phase of 1 + ¢, t € [0,7/2)} =
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1+e"
|1+ et
Similar calculations on {—1 — ¢"|t € (0,7)} < jump, (f) demonstrate that

[, %) < phase, (f).

Since 2 and 1 + €% for t € [0, 7) are elements of cony, (f), we see that

te [O,W)} C phase, (f).

{—1+efte0,m}pufl—e’lte(0,m}=

{(T+e") —2)tef0,m)}uf{2—(1+e)|te[0,m)} < jump, (f).

Similar calculations as were done above demonstrate that (3, 7] u (3F,2n7]

phase, (f). Thus
{e"]0 € [0,2m)}/{i, —i} = phase,, (f).

Let x,y € cong (f) = {1+ €|t e [0,7)}. fx =ythenx-y=0. Ifz#y

then z = 1+ ¢* and y = 1 + € where § # ¢. Then
r—y=(1+e%) —(14¢?) =e? -

This implies that

Re(x —y) = cos(f) — cos(¢) # 0.

So no element of jump, (f) is purely imaginary and thereby no element of

jump,, (f) has modulus equal to ¢'3 or €5 . Thus

T

€'z, ei's ¢ phase, (f).

Thus

{¢"]6 € [0.20)}/{i. i} = phase,, (/).
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Proposition 3.45. Let f be a complex-valued function. Then if O is an isolated

point in jump, (f) then phase, (f) is closed.

Proof. Since 0 is an isolated point in jump, (f), there exists ¢ > 0 such that

Bc(0) n (jump,, (f)/{0}) = &. Thus we have that

jumpto (f) N BE(O>C = jumpto (f)/(jumpt0<f) N BG(O)) = jumpto (f)/{O}

We note that jump, (f)/{0} is closed since jump, (f) is closed by proposition
3.38 and jump, (f) N Bc(0)“ is the intersection of two closed sets.

The function T'(z) = ra defined on C/{0} is a continuous function. On the
set C/B.(0), T is uniformly continuous. Thus the image of any closed set under

T is also closed. By definition of phase we have that

X

T(umpy, (£)/{0}) = {—

|z

ve jumpmm} _ phase,, (/)

which gives us

T (jumpy, (f) N Be(0)°) = T(jump,, (f)/{0}) = phase, (f).

Thus, phase, (f) is a closed set. O

3.7 Local Boundedness

Definition 3.46. A function is locally bounded at ty if there exists 0 > 0 and
M=0
|f(z)] < M, forall x € (ty — 0,1y + 0).

Proposition 3.47. The following are equivalent:
1. f is locally bounded at t.
2. disc,(f) is finite.
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3. cong, (f) is bounded.
4. jump, (f) is bounded.

Proof. We first show that (1) < (2). Let f be locally bounded at ¢3. Then

there exists dg > 0 and M >0

|f(x)] < M, forall xe (tg—d,ty + 9).

This implies that

sup  |f(z)=fly)l < swp |f(@)[+ sup [f(y)l < M+M =2M

z,y€[to—0,to+4] TE€[to—0,t0+0] y€e[to—0,t0+4]

for all § < &yg. Thus,

lim sup \f(z) — f(y)| < lim 2M = 2M.

6—0 z,y€[to—0,to+4] d—00

We see that discy, (f) < 2M.

Let f not be locally bounded at ty. Then for all § > 0 and for all M > 0,
there exists t € (to — 0,%p + 0), such that |f(¢t) > M.

Fix M > 0 and § > 0. Let ¢; € (to—d,to+0) be such that f(t1) = M; > M.

Let t5 € (to — d,to + d) be such that f(t) > 2M;. This implies that

sup | f(z) = fy)| = [f(t2) = f(t)] > [2My = My = My > M.

x,y€[to—8,t0+4]

Since this is true of all M, we have that

sup [f(2) = fy)] = .

x,y€[to—0,to+0]

Since this is true of all §, we have that

disc,(f) =1limd — o0 sup |f(x) — fy)| = oo.

x,yE[to—0,to+4]
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By contraposition, we have that if disc,,(f) = M be finite, then f is locally
bounded at tg.

Now, we show that (1) < (3). Let f be locally bounded at #,. Then there
exists M > 0 and N > 2 such that |f(t)] < M for all t € (to — 55,0 + 75)-

This gives us

cony, (f) = ﬂ f(to—%,tOWL%) = ﬂ f(to—%,toJr%) = ﬂ Bu(to) = Bu(to)
n=1 n=N n=N

where By (to) is the open ball of radius M centered at ¢y. Thus cony,(f) is
bounded.

Let f not be locally bounded at t5. Then for all M, for all n > 1, there exists
M e (ty — L,to + ) such that |f(¢,)] > M. Consider the sequence {t2}%_.
It converges to to and |f(t")| > n for all n which means that {|f(t")|}>_,
converges to infinity. By proposition 3.31, {f(¢!)}>_, must have a subsequence,
{f(tnx)}y-, convergent to some element a € C/. Since {| f ()|}, converges to
infinity, @ must be infinite. Thus cony,(f) has an infinite element and cannot be
bounded. By contraposition, if cony, (f) is bounded then f is locally bounded
at tp.

Finally, we show that (3) < (4). Let con(f) be bounded. Let z €
jump, (f). Then there exists a, b € cony, (f) such that x = a —b. Since cony,(f)
is bounded, there exists M greater than the absolute value of any element of
cony, (f). Thus

|z| = [b—a| < |b| + |a| = 2M.

Since this is true of every element of jump, (f), jump, (f) is bounded.
Let jump, (f) be bounded. Then all elements of jump, (f) are finite and
there exists M > 0 such that jump, (f) < Bu(to). From proposition 3.31,

con, (f) is nonempty. Fix z € cony, (f) which we know to be a finite element.
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Then for all y € cony, (f),

ly| = |y — @0 + xo| < |y — 20| + 20| < M + |20].

Thus cony,(f) S Btz (0) and cony, (f) is thereby bounded.
Let cony, (f) be bounded. Then there exists M > 0 such that for all elements
of x € cony,(f), |x| < M. Since for all elements of z € jump, (f), there exists

x,y € cony, (f) such that z = x — y. Thus

1z = |z —y| < |z| + |y < M + M = 2M.

Thus all elements of jump,, (f) are bounded by 2M. O

We define addition between two sets A and B to be

A+B={a+b| acAbe B}

We also define addition between a set A and a complex number [ to be

A+B8=A+ {8} ={a+ 5| ac A}

Proposition 3.48. Let f and g be complex valued functions. If comy,(f) and

cony,(g) are locally bounded at to, then

cony, (f + g) S congy(f) + congy(g)-

Proof. Let x € cony(f + g) n C. Then, there exists {t,}r_; convergent to t,
such that

lim ¢, =t and lim (f(t,) + g(t,)) = 2.

n—aoo0 n—a0

Since , there exists My, My = 0 61,00 > 0 such that if ¢t € By, (t9) then f(t) €

By, (0) and if t € By, (ty) then f(t) € By, (0). Thus the sets {f(¢,)}°; and

n=1
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{g(t,)}>_, are subsets of a closed bounded set and thereby both have limit
points in xy,x9. There are subsequences {f(t,,)}r—; and {g(tn,)}r=, which
converge to x7 and xy. Since the subsequences of convergent sequences have

the same limit as the sequence, we have that
lim ¢, =to, lim f(tx) =21 and lim f(tx) = x.
k—o0 k—0o0 k—o0

Thus, x; € cony, (f) and x5 € cony,(g). We conclude that

Ty = T}EIC}O f(tn) +g(t,) = kh—I»rolo f(tnk) + g(tnk> = 71 + T € cong,(f) + cong,(g).

O

Proposition 3.49. Let f be a complex valued function. If f is locally bounded

at ty, then

phase, (f) = axisy(f).

Proof. Given proposition 3.43, we only need to prove that

axisy, (f) < phase, (f).

Let € e axis,, (f). By definition of the axis of discrepancy, there exists
a real number € > 0 and two sequences {t,}*_;,{s,}>_, convergent to t, such
that
|f(tn) — f(sn)| =€, foralln

and
) = f(s)
1 = i,
noon | f(tn) = flsm)]

Since f is locally bounded at tq, the sequences {f(t,)}>°_; and {f(s,)}>, are

n=1

bounded. This demands that there exists convergent subsequences { f (., )},
convergent to some x € C. Also since f is locally bounded, {f(sy,)}r_; is

bounded and there exists another subsequence {f(sy, )}7, that converges to
J
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some element y € C. Both z,, and y,, converge to t; and are such that
J J

lim f(tnkj) =z and lim f(tnkj) =y.

j—0 Jj—o

Thus, x,y € cong, (f). We also have that
|f(tnkj> — f(snk])| > efor all j € N,

so r # y, and

pey () = flsw) ()~ fsn

J

gl T [ () — £ ()| 0 [f () — (50,

IOEFICORS

lim =e

n—w | f(t,) = f(sn)]

We see that

z —y € jump, (f)\{0}.

This demands that

0 _ ﬁ e {%\ 2 € jump,, (f)\{0}} = phase,, ().

Thus,

axisy, (f) < phase; (f).

3.8 Calculation of the Axis of Discrepancy

Proposition 3.50. If f has a discontinuity at to then, azis,(f) is nonempty.

Proof. By proposition 3.33, cony, (f) has at least two distinct elements, = and
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y. Then, x — y € jump, (f)\{0}. This grants us

l’_
|z — |

€ phase, (f) < axisy, (f).

Thus, axis,(f) is nonempty. O
Proposition 3.51. If f is continuous at to, then axis, (f) = .

Proof. Since f is continuous, cony,(f) = {f(t9)}. This demands that

jump,, (f) = {z =yl @,y e cony(f)} = {z -yl =ye{f(to)}} = {0}.

Since f is continuous at tg, it is locally bounded. By propositions 3.49, we have

that

axisy, (f) = phase, (f) = &.
[

Proposition 3.52. Let f be a complex valued function. Then the following are

equivalent:
(1) f is discontinuous at t.
(2) discy,(f) > 0.
(3) axisy,(f) # .

Proof. (1) <= (2) by proposition 3.4, (1) = (3) by proposition 3.50 and

(3) = (2) by proposition 3.51. O

Proposition 3.53. Let f and g be a complex valued functions locally bounded

at ty. Let g be continuous at ty. Then,

cony, (f + g) = congy (f) + 9(0).
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Proof. By propositions 3.48 and 3.32, we have that

cony, (f + g) € cony,(f) + cony,(g) = cong, (f) + {g(0)}.

We also have that
cong, (f)+{g(0)} = cony (f+9—9g)+{9(0)} < cony,(f+g)—cony(g)+{g(0)} =

cong, (f +9) —{9(0)} + {g(0)} = cony, (f + 9)

Thus,

con (f + g) = con (f) + {9(0)} = cony () + 9(0).
O

Proposition 3.54. Let f and g be a complex valued functions be locally bounded

at ty. Let g be continuous at ty. Then, axis,(f + g) = azisy, (f).

Proof. By proposition 3.53, we have that
jumpy, (f +9) ={z -yl z,yecony(f +9)} =

{x—yl xyecony(f)+g(to)} = {(z+g(t)) —(y+9{to))| =,y € cony,(f)} =
{z—yl 2,y econy(f)} = jump, (f +g).
Since f is locally bounded proposition 3.49 gives us

T

axisy, (f + g) = phase, (f +g) = |z ejump, (f +9)} =

|

{‘j—“ v jump,, (f)} = phase,, (f) = axis,, (f).
]

Proposition 3.55. Let f be a complex-valued function locally bounded at tg.
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and z € C/{0}. We can write z = re'® where r > 0 and ¢ € [0,2m). Then,

azisy, (2f) = € azis,, (f).

Proof. By proposition 3.35, we have that
jumpy, (f) = {z =yl x,yecony(2f)} ={z —y|l x,ye€ zcony} =

{z(x —y)| w,yecon,}=z2{(xr—y)| =z,ye€con,}=_zump,/(f).

Since f is locally bounded, proposition 3.49 grants us

axisy, (zf) = phase, (zf) = {i‘ x ejumpto(zf)} = {i‘ T € zjumpto(f)} =

7| z|

22w jumpy, ()} = {e? 5| @ e jump, ()} =
[22] B
ei0{|j—|\ v € jump, ()} = e“phase, (/).

O

Proposition 3.56. Let f be a real valued function locally bounded at ty that

has a discontinuity at ty. Then the axis of discrepancy will be {1,—1}.

Proof. Let x € cony,(f). Then, there exists {t,}>_; such that
lim t, =ty and lim f(t,) = z.

n—o0 n—0o0

Since f is real valued {f(¢,)}>_; < R and 2 € R. Thus, con, (f) < R. This in

turn demands that

jumpy, (f) ={z —y| z,yecon,(f)} = {zr—yl z,yeR}=R
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By proposition (3.49), we have that

axisy, (f) = phase,, (f) = {|§—|| z € jump,, (f)\{0}} <

x
{m! z e R\{0}} = {1,-1}.

By proposition 3.33, the discontinuity of f demands that cony (f) has at

least two distinct elements, x, y € R\{0}. We see that t—y # 0 and y—z # x—y

so jump, (f) has at least two elements. Without loss of generality, we assume

that x — y is positive. This demands that y — z is negative. We see that

{-1,1} = {é:;, ’z:i} < phase, (f) = axis, (f).

]

Lemma 3.57. Let [ be a real valued function that is locally bounded at ty. Let

g be a function that is continuous at ty and g(ty) = 0. Then, cony,(gf) = {0}.
Proof. There exists a M > 0 and 6 > 0 such that | f((to — 0,t0 + 0))| < M. Let

{tn}>_, converge to ty. Then,

lim [£(t)g(t)| < M Tim [g(to)| = 0.

n—ao0

This demands that for all sequences {t,}°_, convergent to %o,

lim f(t,) = 0.

n—o0

We see that cony,(gf) = {0}. O

Proposition 3.58. Let f be a real valued function that is locally bounded at

to. If €™ f(t) has a discontinuity at to, then

azvis, (f) = {0, —e'o},
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Proof. Since ¢ — ¢ ig continuous and equal to 0 at ¢y, proposition (3.57)

demands that

cony, (" f(t)) = cong, ('™ — ™) f(t) + € f(t)) =

cony, (e f(t)) = e cony, (f).
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4 Discontinuity and HRT

4.1 Real HRT Conjecture

For this section, we will exclusively deal with real valued functions. We state

the real version of the function formulation of the HRT in the following.

Definition 4.1. Let f be a real valued function. We say that f satisfies the

real HRT conjecture if for all {(ay, Bk)}i_, < R,

{e ™ f(t = Bi) o

1s a linearly independent set over the real numbers.

We assume without loss of generality that ;. are increasing, although not

perhaps strictly increasing.

Proposition 4.2. Let f be a real valued function. f satisfies the real HRT
conjecture if and only if f is such that for all {(ay,Br)}r_, = R?, for all
{Ck}zzl < R*,

n

Z cre ™ f(t — Bi) # 0.

k=1
Proof. Let f satisfy the real HRT conjecture. Let {(ag, 5%)}7_, = R? and
{ci}?_, = R*. From the linear independence of {e**'f(t — B;)}7?_,, we have

that
Z cre ™ f(t — Bi) # 0.
k=1

Let f not satisfy the real HRT conjecture. Then there exists { (o, k) } i <
R? such that {e’*! f(t — (3;,)}%_, is linearly independent. This means that there

exists {cx}7_; < R where not all elements equal zero such that

Z Ckemktf(t — Bk) = 0
k=1

Let {k;}7., be all indices such that ¢, # 0. We have that this is a nonempty
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set. Thus,

Z wckt t_ﬁkj> _

where each coefficient is nonzero. OJ

= {(ck, an, Br)}7_y, = R x R?* where each (ag, By) is

(11

Definition 4.3. Let
distinct, {cx}i_; < R* and Z is nonempty. We call such a = a real HRT

configuration.

Proposition 4.4. Let f be a real valued function. f satisfies the real HRT con-

jecture if and only if for all real =-configurations, f satisfies the =-configuration.

Proof. Let f be a real valued function. Suppose f satisfies the real HRT con-
jecture. Let = = {(cg, au, Bk)}i_; be a real HRT configuration. By proposition

4.2, we have that
Z cre" ™ f(t — By) # 0
k=1

Thus, f satisfies the =Z-configuration.
Let f not satisfy the real HRT conjecture. By proposition 4.2, there exists
{(ak, Br)}r_; < R? and {c}}?_, < R* such that

n

Zc ekt f(t — B) = 0.

We see that = = {(cx, o, Bk)}7—; is a real HRT configuration. Thus, f does

not satisfy the =-configuration. O

Definition 4.5. Let A = {(a,B)}7_, = R? be an HRT constellation and

= = {(ck, ag, Br) }1_q be a real HRT configuration. We call = a real A-set.

4.2 Propagation of Discontinuities

Definition 4.6. Let A = {(ay, B1)}7_, = R? be an HRT constellation. Define




We call this set the A-domain.

Proposition 4.7. Let A = {(ax, Bx)}7_, = R? be an HRT constellation. Dy is

closed under any By.-shift.

Proof. Fix 1 < kg < n. We see that

(DA + Broy)® = (Da) + By, =

n n
Ty
{ 2 — + Z m;6k| mhk,m;ﬂ € Z} + ﬁko =
sk M T k=1

n

n
UL
{> oo T (M + 1By, + > miBl mug,mi e Z} = DY,
I>k=0 " k k=1,k+ko

Thus, Dy + Sk, = Da. O

Proposition 4.8. Let A = {(ay, B)}7_, = R? be an HRT constellation. Then,

ekt ¢ fetont ettt for all k # 1, for all t € Dy.

Proof. Suppose that there exists [ # k and ¢t € R such that

eiakt ¢ {eialt7 _eialt}'

Then,
eilar—ar)t — 41

This demands that there exists n € Z such that (ay — ax)t = nw. From this we

see that
™

¢ Dy.
ap — O

Thus, if t € Dy, then

eiakt ¢ {eialt’ _eialt}'

)



Lemma 4.9. Let A = {(ag, Br)}i_; be an HRT constellation where each oy, and
each By is unique. Let = = {(ck, ou, Br) }r—y be a real A-set. Let f be a real valued
function that does not satisfy the =-configuration and have a discontinuity at

to € Dp. Then, for all 1 < k < n, f has at least two other discontinuities on

the set {to — Br + Bi}ioimn-

Proof. Fix 1 < k < n and ¢, € R. Consider t; = ty + Bk,. Since f does not

satisfy the =-configuration, we have that

Z e f(t—p) =0 forallteR.

=1
We rewrite the above as

n

fle-p) = Y Letmewrp—g). (18)
=1k ©
We note that
axisy, (f (t — By,)) = axis( Y D giterenlt (¢ — By)). (19)
1=k K

The discontinuity at t, on the left hand side of (18) demands a discontinuity at
tr, on the right hand side. Since the linear combination of functions continuous
at the point ty, is itself continuous at t,, at least one of the functions e f(t —
B1) is discontinuous at ty,.

Suppose that only one such function in the sum on the right hand side of
(18) is discontinuous at t;. Let its index be . We rewrite (18) with this

function separated from the sum in the following.

£l =) = Loty — )+ Y Loty —p). (20)

I#£klo K

Consider the axis of discrepancy at t; for both sides of this function. Because
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the left hand side is fully real, we have by proposition 3.56 that

axisy, (f(t — Br)) = {1, —1}.

On the right-hand side of (20), we have the sum of a function discontinuous
at ?; that is the modulation of a real-valued function and the sum of functions

continuous at t;. By propositions 3.54 and 3.58, we have that

axisto <Cﬁei(°‘lo_ak0)tf(t o ﬁlo) + Z ?ei(al_ako)tf@ _ BZ)) =

Ck Lkl F
axisy, (Cﬂei(azo—ako)tf(t _ 6lo)> = etlag—ary)tr, {1,-1} =
Ck

{ei(alo _ako)tko , _ei(alo —Qkg )tko }‘

Since tj, € Dy, proposition (4.8) demands that

n

axisy, (f) N axisto(cﬁei(o”ofa’“)tf(t — Bi,) + Z ﬂei(aﬁak)tf(t —B1) =
Ck

T
{1’ _1} a) {ei(alo _ako)tko’ _ei(alo_ako)tko} — @

This means that

n

. . C : _ Cl if
axisy, (f) # ax1st0(—cl° el ak)tf(t — Bi,) + E C—lel(az ak)tf(t —B)).
%

Ik ly F

This contradicts (19). We reject our assumption that there is only one function
discontinuous at tx, in the linear combination in (18). Let the distinct indices
l1, 15 correspond to those two functions. Since e*®* is continuous and never zero,
we have that f(t — Bkll) and f(t — ﬁklz) are discontinuous at t;, = to + 5. We

conclude that f is discontinuous at ty + S — (), and to + B — fi,- H

Corollary 4.10. Let A = {(ag, Br)}7_; be an HRT constellation where each

ay s unique and each By is unique. Let = be a real A-set. Let f not satisfy
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the Z-configuration and have a discontinuity at to € Dp. Then, f has at least
two discontinuities in each of the intervals [ty — B, + P1,to — Bn + Bu_1] and

[to + B2 — B1,to + Bn — Bi].

Proof. By lemma 4.9, f has at least two discontinuities on the set D~ = {t, —
B+ Bi}ioen- Since By is strictly increasing —3, + 81 and —f3, + (3,1 are the
least and greatest elements of D~ so D~ < [, + 1, —Bn + Bn_1]. Thus, [ is
discontinuous at at least two points of [— 3, + 81, =5, + Bn_1]

By lemma 4.9, f has at least two discontinuities on the set Dt = {tq — 51 +
,6’1}?:0#,6. Since [} is strictly increasing —f3; + B and —f; + (3, are the least
and greatest elements of D" so Dt < [y — (1, 5, — f1. Thus, f is discontinuous

at at least two points of [y — S1, B — S1- O

Theorem 4.11. Let A = {(ag, Br)}i_; be an HRT constellation where each
ap and each By is unique. Let = be a real A-set. Let f not satisfy the =-
configuration and have a discontinuity at to € Dy. Then f has a discontinuity

in every interval of length B, — Bp.

Proof. We proceed by contradiction. Suppose that there exists an interval [a, ]
with b —a > 3, — [p.

Suppose that ty5 < a. Let D~ be the set of all points on which f is dis-
continuous and that are less than a. Since ty < a, D~ is nonempty and has a

supremum. Let t; € D~ be such that

b sup(D)| < min (52 — (b—a) - (B, —m)_

2 2

We have by corollary 4.10 that f has at least one discontinuity on the interval
[to + o — P1,to + By — B1]. Call it t5. ty cannot be smaller than a, since then it
would belong to D~ while at the same time being greater than the supremum
of D™ as demonstrated by

B2 — B
2

to =t + P — 1 >sup(D™) —
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Bo — B

sup(D™) + 5

> sup(D7).

So ty = a. ty cannot be greater than b since
t2<t1+(ﬁn—ﬁl) <t1—|—(b—a) <a—|—(b—a) =b.

So a = ty = b which implies that there exists a discontinuity within the
interval [a, b] violating our assumption that there exists an interval longer than
f on which f has no discontinuities. Applying the identical argument to f(—t),
we can show that having a discontinuity larger than the interval b demands the
existence of a discontinuity on the interval [a, b]. Thus, for every interval longer
than 3, — (1, f has a discontinuity.

]

Definition 4.12. Let f be a complex valued function and to € R. We denote

We define the (f,to)-lattice to be
L{O ={(m1,....,m,) € Z"|  f(>p_, Bxmg) is discontinuous}.
We define the (f,to)-mesh to be
MY, = {to + S el (mr,ma) € Lu(D)
k=1

Corollary 4.13. Let A = {(ag, Br)}7_; be an HRT constellation where each
ar and each By is unique. Let = be a real A-set. Let f not satisfy the =-
configuration and have a discontinuity at to € Dy. If m = (mq,...,m,) € L{O

then L{O also contains at least two elements of
LI ={m—e;+ el}?zt),l#j ={(my,....om; — 1, omp +1,....,my) 1£]

foralll<j<m.

Proof. Let m = (my,...,m,) € L{O. Then, there f is discontinuous on xy =
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to+ Dopy Ml € Mt]; By Lemma 4.9 the discontinuity of f at xg implies that

for all 1 < 7 < n there exists two other discontinuities on the set
n
{xo—Bj+ B =1t + Z myBr — B + /Bl}?:o’l;ﬁj'
k=1

This implies that for all 1 < 7 < n, L{O contains at least two elements of the

set
LI {m + e; — 61}?:0,#]' ={(my,...omj =1, ,myu +1,..., mn)}?:07l¢j.

]

Theorem 4.14. Let A = {(ag, Br)}7_; be an HRT constellation where each oy
is unique and {Bi}7_, is rationally independent. Let = be a real A-set. Let f
not satisfy the Z-configuration and have a discontinuity at to € Dy. Then, f(t)
has an infinite number of discontinuities in every interval of length greater than

or equal to B, — P1.

Proof. We proceed by contradiction. Fix the interval [a,b] with length larger
than 3, — 8;. We know from theorem 4.11 that there exists at least one dis-

continuity in [a, b] of the form

to + Z miBs, where my, € Z. (21)
k=1

Assume that in the interval [a, b] there are a finite number, N, of discontinuities
of this form. Define the function g on this set of discontinuities in [a, b] of this

form by
g(to + Z myBe) = —mi + Z My
k=1 k=2

g is well defined since {f;}7_; is rationally independent, making every repre-
sentation above unique.

Since we have assumed that the set of discontinuities on [a, b] of the form
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(21) is finite, g has a maximum, M,, and maximizer, t;. By corollary 4.10,
there exists distinct 1 < l1,ls < n such that f is discontinuous on ¢; + 3, and
t1+ B, since [ and [ are distinct, we know one of these will not be /3,,. Without

loss of generality, assume it is ;,. We see that

gltr + By, — 1) = g<t0 + ) B + B, — 51) -
k=1

g<t0 + (ml - 1)ﬂ1 (ml + 1 Bh Z mkﬁk) —

k=2,k#l1

—(my—1)+ (my+ 1 Z =

k=2k

—my + Y my +2 = My +2> M.
k=2

This implies that ¢; + 5, does not belong to [a, b] since g(t; + ;) > g(t1) which
is the max of g in [a,b]. So b < s¢ + f;.
By corollary 4.10, for any discontinuity of the form (21) there exists discon-

tinuities of the form

n
to + Z mpfBr — Bn + B, where my, € Z
k=1

for at least two distinct /. Since they are distinct, at least one of them does not

equal 1. Inductively define s, by

tl? ]CIO

Sk =
Sk—1 — ﬁn + 5lk7 k> 0.

where (3, is one of the discontinuities that does not equal 3; and must exist by

the above. We see that
9(s0) = g(t1) = My + 2
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and

9(sk41) = g(sk — Bu + B1,) = g(sx) — 1+ 1 = g(s).

Taking the above equalities together, we have that

g(Sk) = M() + 2.

By definition of s, we have that

Sk = Sp—1 — Bn + B, < Sp—1 — Bn + Bn_1.

By induction, we have that

Sk < So — k’(ﬁn — Bn—l)-

There exists ko such that sg, < so — ko(5n — Bn—1) < b. Since sy is a strictly
decreasing sequence of isolated points, there exists a greatest k, called ki, such
that si, < b. This demands that si,_; > b. Given that b —a < 3, — By, we

have that

Sk’l = Skl—l - ﬁn + /Blk > Sk’l—l - ﬁn + /82 > slﬁ—l - Bn + 61 >

b—fn+ i =b—(b—a)=a.

So, a < S, = b and s;, € [a,b]. So s, is in [a,b], of the form in (21)
and g(sg,) = Mo + 2 which is larger than M, the maximum of g. This is a
contradiction so, we reject our assumption that there are only finitely many
discontinuities of the form (21) in the interval [a,b]. Thus, f has an infinite
number of discontinuities in any interval of length larger than 3, — (.

]

Theorem 4.15. Let A = {(ag, Br)}}_, be an HRT constellation where each oy

is unique and {Bx}}_, is rationally independent. Let f be a real valued function
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that has a discontinuity on Dy. If there is an interval, [a,b], of length larger
than B, — By such that f is discontinuous only on a finite number of times on

that interval, then (f, A) satisfies the HRT conjecture.

Proof. Let f be as above. Suppose that (f,A) did not satisfy the real HRT
conjecture. By proposition (4.4), there exists a real Z-configuration that is a
real A-set that f does not satisfy. By theorem 4.14, no such interval of length
B, — 1 with finite discontinuities exists. By contraposition, (f, A) satisfies the

HRT conjecture. O
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5 HRT on Real Functions

Lemma 5.1. Let a,b € R be nonzero and such that for all g € Q, ¢ # Q. The
set

Ay = {na+ mb| neZ/{0},meN}

1s dense in R.

Proof. Define a = g Clearly, the density of Ay is equivalent to a nonzero

multiple of Ay,
A= {n + ma

neZ/{0},me N}.

Note, that if A is dense then so is the set in question. We have that a and
ma ¢ N for all m # 0. So, if ny + mia = ny + maay, then (my —mg)a = ny —ny
which is only possible when m; —my = 0 and ny — ny = 0. Thus every n + ma
is a distinct number.

Fix € > 0. For all m € N | there exists at least one n,, € Z\{0} such that
Ny + ma € [0,2]. Since the m is distinct in every n,, + ma, each n,, + ma is
distinct. Since there is an infinite number of distinct n,, + ma € [0, 2], there
exists mq, mg € N such that |(n,, +mia) — (n,, + mea)| < e. By renaming,
let my > mgy. Define ng = ny, — N, and my = my — mge. We see that
Ing — moat| = |[(nm, + mia) — (N, + maar)| < € and since mg = my; —mg > 0,
ng + moa € A.

Let x € R. If ng + amy < 0, define

A = {[z] + k(no + amyg) = ([z] + kno) + kmoa}

xT

- [] -
k=1 =121
Clearly, ([z]+kng) € Z and kmg € N, so AS < A. Each element of A¢ is equally

spaced by (ng + amg) < €, except for —%mg so every element in (—oo, [z]] is

less than 2e away from an element of A < A. Thus A is dense in R. [Fix above

to be below | Since k # i:], ([z] + kno) € Z\{0}. Since k,my > 0, kmgy € N.

n

This shows us that if a € A5, then a € A. Each element of AS is equally spaced
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[]

by (no + amg) < €, except for —=mg so every element in [|x], 0] is less than
2e away from an element of A5 < A. Since this is true of all € > 0, A is dense
in R.
If ng + amgy > 0, define
A = {|z| + k(no + amy) = (|| + kno) + kmoar}

. L]
k=1,k# =L

Since k # %:J, (|z] + kng) € Z\{0}. Since k,my > 0, kmy € N. This shows
us that if a € AS, then a € A. Each element of Af is equally spaced by
[]

(no + amg) < €, except for —7=mg so every element in [|z], 0] is less than 2e

away from an element of A < A. Since this is true of all € > 0, A is dense in
R.

Since A is dense in R in both cases, we have the statement. O

Theorem 5.2. Let [ be a real valued continuous function. Let {ay}i_s, {Br}ioy ©

R where oy = oz and &2 ¢ Q and 0‘37& ¢ Q. Let ¢q,cq,c3,¢4 € R/{O}. If

C1f(t) + C2f(t - 52) + C3€ia3tf(t - 53) + C46m4tf(t - 54) =0, (22)

then f = 0.

Proof. We will use an inductive argument to show that

f(t)=0 forallte {25—; + M B4 tnez/f0},men

and then use the continuity of f to deduce that f = 0.
We will begin with the base case, m = 0. Note that c;f(t) + cof (t — 52) is

real for all ¢t € R. We can rewrite (22) as

crf(t) + cof (t — B2) + c3e f(t — B3) = —cae' ™ f(t — By). (23)

Let t € {2}z Then, €3 f(t — fB3) = f(t — B3) which is real. So the left
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hand side of (23) is real for all t € {%}nez. Since 54 ¢ Q, €1 = exp(ioz;;(%))
clearly has a nonzero imaginary component for all n € Z\{0}. This demands
that the right hand side of (23) is not real if f(t — 54) is not zero so f(t — f,)

must equal 0. Thus,
f(t) =0 forallte {zr—;}nez/m}'
We now move to the induction step. Fix m € N. Assume that
f(t)=0 forallte {25—; — mPBs}nez/io}- (24)

Let t € {Zr—; — (m + 1)Bs}nez/q03- By (3), we have that

f(t—ﬁ4)=f<2§—n+(m+1)54—54> =f<2§—:+mﬁ4) =0.

3

Using this, we can rewrite (23) as

le(t) + Cgf(t - 52) = —Cgeia3tf(t) for all t e {2;:—; — (m + 1)53}ngz/{0}. (25)

Notice that

¢ist — expl(ias (25_” + (m + 1)ﬁ4)> = exp(i(2mn + (m + 1)asfs)).

Since we have assumed that 0‘3754 ¢ Q, we have that ¢3! has a nonzero imaginary
component.. Since the left hand side of (25) is real, the right hand side must
be real and thereby f(t) = 0. Thus

f(t) =0 forallte {22+ (m+1)B1}nez/j0)-
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We can now induce that

f(t) =0 forallte {2 +mBy}nez/(0)men-

Since 0‘3764 ¢ QQ, we have that i—;r and [, are relatively irrational. Lemma 5.1
demands that the above set is dense in R. Since f is continuous, we have that

f=0. 0

Theorem 5.3. Let f € L?*(R)\{0} be complex valued. Let 1 < m < n,
{ag, Brti_, © R* where oy, = oy for alll < k < m—1, a = o, + 1 for

allm <k <n, a; # a,. There does not ezist any {c,}p_; < R\{0} such that

n m—1 n
Z Ckemktf(t — Bk) = 6mlt Z Ckf(t — 6k) + eiamt Z Ckf(t — 6k> = (. (26)
k=1 k=1 k=m

Proof. Let f € L*(R) be real valued and satisfy (26) for some fixed {c,}?_, €
R/{0}. Dividing both sides of (26) by e™*!, we have that

> uf(t— ) = Y f(t— ). (27)
k=1 k=m

The left hand side (27) is purely real while the right hand side is non-real for all

te R\{}nez if D3, e f(t — B) # 0. Thus 350 e f(t — Bx) = 0 for almost

all t € R. It is well-known that f must be identically zero. O]
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6 Periodic End behavior

6.1 Alpha Ring

Definition 6.1. We formally define the points
g, forall® e R and o0y = Ogior, for alln e Z.

We call each of these points a periodic infinity and denote the set of all periodic
infinities as

O = {0y 0e[0,27)}.

We define intervals on © to be
(91,92)00 = {OO@‘ 0 e (61, 92)}
Proposition 6.2. Let 0 < < 7, 0, < 0, € R. Define

as = rnax(&l — (51, 92 — (52), b3 = min (01 + (51, 92 + 52),

a4 = Mmax (91 + 271'—51,92 —(52), b4 = min (91 + 27T+(51,02 +(52),

b by — b by —
932613;—3’ 5y = 3 — as and 9426144—4 5y = 42a4‘

Then,
(91 — 51, 91 + (51)00 N (92 — (52, 92 + 52)00 = ((93 — (53, 93 + 53)00 U (94 — (54, 94 + 54)00.
Proof.
(6 — 61,01 + 61)oo 0 (O3 — 62,05 + 02) o =
(((91 — (51,01 + 51)00 M (92 — 52,92 + 52)00) M (92 — 52,61 + 51)00U

((91 — 51,91 + (51)00 M (92 — (52,92 + (52)00) M (271' + 01 — 51,92 + (52)00 =
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(a3, bs) U (aq,by) = (03 — 93,03 + 03)o0 U (04 — 04,64 + 04) 0.

Definition 6.3. The a-ring is the set

R,=Ru®©

endowed with the topology induced by the basis, B, defined below.

Definition 6.4. Let0 e R, 0 <6 = w and N € N. We define a periodic interval

to be

Y

« (0%

B = (0-6.0+0)s0 | (27m+9f5 2m+0+5)'

n=N

We note that for all periodic intervals, P(;-f‘ ]’3, ng ]’\9, N R is open. We see this
from
a0
2rn+60—§ 2mn+0+0
P(?}@GR=U(M ’7m )
: it Q@ «

which is a union of open intervals and thereby open.

Proposition 6.5. Let ; < 0, € R, 0 < 61,05 < 7 and Ny, Ny € N. Define

(91—51 92—(52) . (914-51 02-{—(52)
a3z = max , , bz =min , ,

(% « « 0%

(91+27T—(51 92—52) . (91+27T+(51 (92+52)
a4 = max , , by =min )

a a a T«

CL3+b3 5_[)3—@3 64_@44‘[74 5_[)4—&4
5 3= T 5 - 4 =

Os = — 9 9 9

and

N = maX(Nl, NQ)

Then,
Pt o P = Pt u PR
Proof. We see that
P AP AR =
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ay ’ ay Qs ’ Qo

6 (27TTL+91—51 27m—|—91+(51>m® <27m+92—(52 27?714‘62“‘52)

n=N1 n=Ny

(651 7 (€51 (%) ’ 6%)

G <27T7”L+61—(51 27Tn+91+51)m(27rn+92—§2 27Tn+02+(52>
U

n=N

Y Y

U <27rn+1 )+ 6 — 0y 27r(n+1)+91+51>m(27m+02—52 27m+02+52)

N aq Q2 o5
0 o0
U (a37 b3 U Qy, b4
n=N n=N

a,03 a,04
(P(53,N o P(54,N) N R.
Taking this with proposition 6.2, we have
a,01 a2 a,01 a,02 a,01 a,02 _
P517N1 a P52,N2 - (P51,N1 a P52,N2 n R) v (P517N1 a P52,N2 a 6) -

(P v ngﬁ@) AR) U ((ngs U P;;%) NnO) = Pgﬁs U ngfj@.

Proposition 6.6. Define the following collection of sets
B, = {P§;§| d>0,NeN,#eR}u{OcR| O is open}.

This is a basis on R,.

Proof. 1f x € R, then either x € R or x € ©. If x € R, then since R is open,
reReB,. If v €O, then we can write x = 00y and oogePf‘ € B,. Thus, all
elements of R, belong to some element of B,.

Let B1,B, € R and By n By # J. Let t € By n By. If x € R, then
xe (BinBy)nR = (B;nR)n (BynR) € B, because all open set of R belong
to B,. If x € ©, we can write it as o0y. Clearly, this demands that both B,
and B, are periodic intervals so we can write B; = Py ’3\1,1 and By = Pj, ’3\2,2.
Without loss of generality, we assume that 6, > 6,. By proposition 6.5, there
exists Py, ’3\3}3 and Pj, ’3{‘, such that Pj ’3\1,1 n Py ’3@2 = Py, ’3\3} u Py % Thus, x is an
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element of a periodic interval which is a subset of By n By. We have satisfied

both conditions of a basis. m
We endow R, with the topology induced by the basis B,,.

Proposition 6.7. The topology of R and the subspace topology on R induced

by R, are equivalent.

Proof. Let O < R be open in R. Then, O € B,, making O = O n R open in
the subspace topology.

Let O < R, n R be open in the subspace topology induced by R,. Thus,
there exists open O; < R, such that O; = O nR. Since O, is open in R, it is

the union of some collection {B,},e; < B, where J is an index set. Thus,

O=0,nR= (ﬂBj)mRzﬂ(Bij).

jedJ jedJ

Since B; is either an open set in R or a periodic set, B; n R is open. We

conclude that O is the union of open sets in R, making it open in R. O

Proposition 6.8. Let {t,}*; € R < R, be a sequence. The following are

equivalent:
1. {t,}>_, converges to oog.

2. For all periodic intervals, P(sa’e, that contain o0y, there exists N € N such
that

mneng’g, for alln > N.

0

ity _ ei ]

limt¢, =0 and lime
n—o0 n—o0

Proof. First we prove (1) < (2). It is well-known that a sequence in a topology
induced by a basis, B, will converge to some element, x, if and only if for all
B € B containing x, there exists N > 1, for all n > N such that t,, € B. B, is
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the basis of the topology of R,. The only elements of B, that contain infinite
elements are the periodic intervals. Thus, {z,}°_; converges to o0y if and only
if for every periodic set, Pg‘ 1’3, containing o0y, there exists N > 1 such that for
alln > N, xePg;\?.

Now, we prove (2) = (3). Suppose that {t,}°_; satisfies (2). Then, for all
M e N, there exists N > 1 such that

tn € Pfj}\iﬂwﬂ/aﬂ c [M,o) forallm> N.

This gives us lim,, ., t, = . We also have that for all ¢ > 0, there exists
N > 1 such that

ty € Pgl’e c [M,x) foralln>N.

This gives us
|efotn — )2 — |eiatn=0) _ 112 — cos?(at, —6) —2 cos(at, —6) + 1 +sin®(at, —0) =

2 —2cos(at, —0) <2 —2(1— (at, — 0)%/2) = (at, — 0)* < €.

Thus, lim,,_,o, e = e%.

Finally, we prove (3) = (2). Suppose that {t,}~_, does not satisfy (2).
Then, there exists Pg j& containing o0y such that for all N > 1 there exists
n > N such that ¢ ¢ P. We see that there exists a subsequence {¢,, };2; such
that t,, ¢ Ps 0 Suppose that lim,_, e = ¢, Then, there exists K such

that

t,, €

k

U <9+27Tm—5 0+ 2mm + 6

)
[0 [0

), for all k > K.

meZ

Since, {t,, }i_; N P(;O‘]’& = ¢, we have that

2mn — 2
- U (9+ ™m 5’9+ 7m+6>’ for all k> K.

n<M a «

Thus, {t,}r_, does not converge to infinity and does not satisfy (3). O]
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6.2 Alpha Rings

Definition 6.9. Let o € R". We formally define the a-ring to be
©" = {(w0y,, gy, ..., 0y, )| g, €O forall 1 <k < nj.
Definition 6.10. Let o € R™. Define the a-periodic reals to be
R, =RuB".

We endow this set with topology induced by the basis, By, defined below.

Proposition 6.11. Fiz a € R™. Define the collection of sets, Be, to be all

sets, O, of the form

O = (Rmﬁok>u >n<(0km@)

k=1 k=1
where O < R, s open in R,, for all1l <k <n. By is a basis on R,,.

Proof. Let x € R,. By definition, if z € R, then x € R or x € ©™.

Let x € R. Let O < R be an open set containing x. By proposition 6.7, we
have that the topology R is a subset of R, so O is open in R, for all £k making
re0O=Rn(,_,0eBsuFeB.

Let x € ©". We can write x = (o0g,, 0g,, ..., 0, ). For all k, there exists an

open O, < R, such that o0y, € O. Thus,

ze X(Okm@ (RmOOk) >i< (O N O)

k=1

which is an element of B,. We have satisfied the first property of a basis.
Let O',0% € B, have nonempty intersection. Let x € O!' n O%. Since

O',0? € B,, there exists {O}7_,,{O2}?_, such that

(]RmOOk) >n_<o,1m@) and 02:<Rmﬂ0k> - X (0?1 O).
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We have that

where O} = O}, n O? for all k. Clearly, for all 1 < k < n, O} is open in R,, so

O'n0?eBy. If 1€ 0 1 O?, then x € O 1 O? € B,. O

We endow R, with the topology induced by the basis defined in proposition
6.11.

Proposition 6.12. The subspace topology on R N R, is equivalent to the topol-

ogy on R.

Proof. Let O be a subset of R under the subspace topology of R,. Then there
exists open O! c R, such that R n O' = O. By the characteristics of a basis,

for all x € O' N R there exists {Of}7_; such that Oy is open in R,, and

0" = <Rmﬂ0k>u X (Of N O) € Ba,
k=1

k=1

x € O < O'. Clearly, x € O* nR and by proposition 6.7, we have that O "R

is open in R,,. We see that

o' = U{x}c UO”CC UOzO.

zeO! ze0 €0

Let O be an open subset of R. By proposition 6.7, we have that O is also
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an open subset of R, for all £. Thus

o (20 10) w3 (20 (10) X OnoreE.

All basis elements are open in the topology of R, so O is open. O

Proposition 6.13. Let a = (ay,...,aq), 0 = (01,...,0;) € R? and {t,}*_,
R < Ry. The sequence {t,}>_; converges to g in Ry if and only if {t,}*_,

converges to g, 1 R,, foralll <k <d.

Proof. Let e, 8 and {t,}*_; be as above. Fix 1 < k < d. Let {t,}°; not
converge to oy, in R,,. Let O € B, contain og. Since O is a basis element,

there exists open O; < R, for all 1 <[ < d such that

(Rmﬂ()l> X (Op " O) € O

k=1

Since {t,,}*_, does not converge to 0y, we have that for all N > 1 there exists
n = N, such that t,, ¢ O,. This demands that for all N > 1, there exists n > N

such that

tn¢OkD<RmﬁOk)u ;<(0,m@).

k=1 k=1

Thus, {t,}r_, does not converge to wg.
Let {t,}7_, converge to oy, in R,, for all 1 <k < d. Let O € B, contain

a0g. Since O is a basis element, there exists open Oy < R,, such that

= (RmﬂOk) U X (Opn©) and o0y, € O.

k=1

Since {t,, };°_, converges to oy, for all 1 < k < n, we have that for all Oy, there
exists IVy such that for all n > N, t,, € O. Let N be such that for all n > N,

tn, € Ok. Let N = max(Ny, ..., N,,). Thus, for all n = N, t,, € Oy and thereby

95



tn € (p—; Ok. This demands that

d d
tne(RmﬂOk)u X (0yn©)=0 foralln=N.

k=1 k=1

Since this is true of every basis element, {t,}*°_; converges to o0g. ]

Corollary 6.14. Let o = (g, ...,0q),0 = (01,...,04) € R:, 1 < dy < d and
{nk}iozl c {n}¢_,. Define o = (anl,...,ando) and ' = (Qm,...,@ndo). Let

{tn}>_, be such that

Then

. 1
lim ¢, = cog: .
n—o0

Proof. By proposition 6.13, we have that {¢,}_, converges to oog:zk

in R,, for
k

all 1 < k < dy. By the same proposition, we have that {t,}r_, converges to

1
oog1 . ]

Corollary 6.15. Let a = (g, ...,aq),0 = (01,...,04) € RE Let {t,}*, < R
such that

lim ¢, = oo
n—:0o0

Then,

tagtn

lim ¢, =00 and lime =% foralll <k <d.

n—00 n—0o0

Proof. By proposition 6.13, we have that for all for all 1 < k£ < d,

lim ¢, = o0p,in R,, .
n—0oo

By proposition 6.8,

oty

limt, =0 and lime =% foralll <k<d.

n—0o0 n—o0
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Definition 6.16. Let a = (..., aq) € R, We define
d
a,0 a0
P&N = ﬂpaﬁr "
k=1

Proposition 6.17. Let a = (ay,...,aq) € R The sequence {t,}°_, = R
converges to o0g if and only if for all 6 > 0 and N > 1, there exists N,,

sufficiently large that if n > N,,, then t, € P(;l]’\?.

Proof. Let {t,}*_, < R converge to o0§. Let w0§ € Pg]’\? = N¢, Pgﬁ;ek. By
proposition 6.13, we have that {¢,}7, converges to oy, in R,, for all k. By
proposition 6.8, we have that for all k, there exists Ny, for all n > N, such
that t, € Pgﬁ,’ek. Define N = max(Ny,..., Ng). Then, for all n > N, t, €
M, P = P

Let {t,}*_; < R be such that for all § > 0 and N > 1, there exists N,,
sufficiently large that if n > N,,, then t,, € ng;?. Fix 1 <m < n. Let Pgﬁ’em

contain c0g™. We have that there exists M > 1 such that
d
t, € U Pf}ve’“ c P(SC“}G’@"‘ for all n > M.
k=1

Since this is true for all 6 > 0 and N > 1, we have that lim,_, ¢, = o0y, for

all 1 <m < d. By proposition 6.13, we have that {¢,}>_, converges to wo§. [

6.3 Condensation at Infinity

Definition 6.18. Let f be a complex valued function. Then, the condensation
of f at infinity, called cony(f), is the set of all points x € C! such that there

exists {t,}>_, that

lim ¢, =00 and lim f(t,) = x.
n—00 n—0o0

Proposition 6.19. Let f be a complex valued function. Then cony(f) is

nonempty.
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Proof. Let {t,}*_, converge to infinity. By proposition 3.31, we have that the

sequence {f(t,)}_, has a subsequence {f(t,,)}° , convergent to some z, € C7.

Thus,
lim ¢, =0 and lim f(t,,) = xo
k—0o0 k—o0
which is to say that xg € cong(f). O

Definition 6.20. Let f be a complex valued function. We say that f is bounded

at infinity if there exists M > 0 such that [ is bounded on [M, ).

Proposition 6.21. Let f be a complex valued function that is bounded at in-

finity. Then, cong(f) is bounded.

Proof. Let N be as above and let M be the bound on f for the interval [V, o).

Thus
0 0
cony (f ﬂ ﬂ < By (0).
n=1 n=N
Thus cong(f) is bounded. O

Corollary 6.22. Let f be a complex valued function bounded at infinity. Then,
cong(f) n C # 0.

Proof. Let f be as above. By proposition 6.19 con,(f) is nonempty and by

proposition 6.21, cony,(f) < C. m
It will be useful to define the following function.

Definition 6.23. Let f be a complez-valued function. By proposition 6.22, we

are assured that cony(f) is nonempty. Let xo € cony(f). Then,

SUES A

Zo t=0.

Lemma 6.24. Let f be a complex-valued function bounded at infinity. Let

xg € cong(f). Then,

cony (f) = cong(fz,)-
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Proof. Let x € cong(f). Then there exists {t,}>°_; such that
lim ¢, =00 and lim f(¢,) = .

n—0o0 n—0o0

We see that

and

. « (1 ) 1 ' '
A (5) ) r}ﬁof(u/m) = i () = Jim () =2

which is to say that x € COHO(f(ﬁ).
Now to prove the opposite direction. Let x € cong(f(1/[t|)). Then, there

exists {t,}°_, such that

. . 1
nll_{rolotn =0 and 7}1_r>rolof(m) = x.
Define {s,, = ﬁ}le' Then,
) 1
lim s, = lim — = @
n—00 n—00 ’tn|

and

lim f(s,) = lim f(|1/t]) = .
Thus, = € cong(f). O

Proposition 6.25. Let f be a complex valued function and C € C. Then,

cong (C'f) = Ceony(f).
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Proof. Let xy € cong(f). Define

By lemma 6.24 and proposition 3.35, we have that
cong (C'f) = cong(C f*) = Ccong(f*) = Ccong(f).

O

Proposition 6.26. Let f and g be complex valued functions that are bounded

at o0. Then,

cong (f + g) < cong (f) + cong(g).

Proof. By proposition 3.47, cony(f) and cony,(g) are bounded. Let xy €

cong(f). Then there exists {t,}°_; such that

lim ¢, =00 and lim f(t,) = z;.
n—a0 n—a0

Since {g(t,)}_; is a bounded sequence, it has a limit point z5. Let {g(t,, )}y

be a subsequence converging to z5. We have that
Ic11—r>§o tn, = 0 and 131_{210 g(tn,) = 22
which gives us x5 € cony(g). We also see that
fim £, =00 and - lim (f +9)(tn,) = lim f(t,,) + lim g(tn,) = 21 + 2.

So &1 + 23 € cong(f+g). We are now allowed to define f7 , g% and (f+g)% ...

x1?
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We see that

(F+ )k e®) =+ =F(E) +9(3) =) +g5,1), t#0

(f 4 9 4as(8) = 21+ 22 = f7,(0) + 7, (0) = f3, () + 3, (), =0,

Thus, (f + 9)%, 10, = fa, + g5, By lemma 6.27 and proposition 3.48,

cong,(f + g) = cono((f + 9)z,+,) = cono(fz, +9,) <

cong( fy,) + cong(g;,) = cong(f) + cong(g).

Lemma 6.27. Let f be a complex valued function. Then,

Proof. Let x € cong,(f). Then, there exists {t,}r_; such that

lim ¢, =00 and lim f(¢,) = .
n—00 n—0o0

So, for all m, there exists N,, sufficiently large that if n > N then t, > m.

Thus, for all m € N,

v e {f(t)}iin,, < f(Im,®))

which in turn demands that

Let x € (\_, f([n, ). Because x € f([m,0), we have that there exists t, €

[n, 0] such that |z — f(t,)| < +. By this means, we define the sequence {t,,}7*_;.
We see that
lim ¢, =c0 and lim f(¢,) = «.

n—0o0 n—00
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Thus, = € cong(f). O

Proposition 6.28. Let f be a complex valued function. Then, cony(f) is

closed.

Proof. By lemma 6.27, cony(f) is the infinite intersection of closed sets. Thus,

f is closed. O]

Proposition 6.29. Let f be a complex valued function. Then

cones (| f]) < [0, 0]

Proof. Let x € cony(|f]|). There exists {t,}°_; convergent to infinity such
that {|f(t,)|}2, converges to x. Since {|f(t,)|}r_; < [0,0), we conclude that

x € [0, ]. O

Proposition 6.30. Let f € L*(R) be a complex valued function. Then,

0 € cong(f).

Proof. Let f e L*(R). By Markov’s inequality, we have that

11

m({te[n,o)| [f(t) =€) <m({teR] [[()=e}) <=

¥l

€

Since, is finite and m([n,o0)) is infinite, we have that there exists t,, €

[n,00) such that |f(t,)] < e. We see that

lim ¢, =00 and lim f(¢,) = 0.

n—o0 n—o0

Thus, 0 € congy(f). O

Proposition 6.31. Let f be a continuous and bounded complex valued function.

Then cony(f) is a connected set.
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Proof. Suppose cony(f) is disconnected. By definition, there exists & #
A, B < cong(f) such that An B = & = An B and AU B = cony(f).
Clearly, both A and B are closed. By proposition 6.28, cony(f) is bounded
and so are its subsets A and B. Thus, A and B are compact. The compactness

and disjointedness of A and B demand that dist(A, B) = r > 0. Thus,

A" = U By/s(a) and B" = U B, 4(b)

acA beB
are open sets with nonempty intersection and such that dist(A", B") = ¢ which
in turn makes them separate sets. Let ag € A and by € B. There exists
sequences {t,}*_; and {s,,}>°_, convergent to co and such that

lim f(t,) = a9 and lim f(s,,) = by.

n—o0 m—Q0

There exists N, M > 1 such that for all n = N and for all m > M, |ag— f(t,)| <
7 and |bp — f(sm)| < 7. Inductively define the following subsequences. Define
the first elements as

ny=N and m; = M.

Define all later elements as
ni = min({n > ng_1|t, > Sy, }) and my = min({m > my_1[Sm, > €, }).

For simplicity, we rename the above sequences as {t,}o_, and {s,}r_,. We see
that

{titnoy © Brjalag) € A" and  {s,},_, S B,(bo) < B".

and that ¢, < s, <t < Sp,,, forall k > 1.

Nk+1
Since f(t,) € A", f(s,) € B", f is continuous and A" and B" are separated
sets, there exists u, € (t,, s,) such that f(u,) ¢ A" U B" 2 cong(f). {u,};

converges to infinity since w, > ¢, and limnt, = 0. {u,}_; is a bounded
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sequence since f is bounded by some M > 0. Thus, f(u,) € Ba(0)n (A" U B")¢
which is the intersection of two closed sets and therefore itself closed. Since

Ba(0) n (A" U B")Y is bounded, it is compact and {f(u,)}*_, has a limit

xo € By(0) which demands that

zo € By (0) n (A" U B")Y < (A" U B") < (cony(f))°. (28)

But since zg is a limit point of {f(u,)}>_,, there exists a subsequence {u,, }¥_,
such that

li = d L = x.
i and  lim f(un,) = 2o

This demands that zg € cony (f) contradicting (28). We reject our assumption

and conclude that cony(f) is connected. O

Proposition 6.32. Let f € L*(R) be complex valued and continuous. If zg €

cong (| f), then [0,20] S cony (| f]).

Proof. Since x € cong(|f|), there exists a sequence, {t,}>°_; convergent to in-
finity such that {f(t,)}*_, converges to x. Since f € L*(C), proposition 6.30
demands that 0 € cony (| f|) which in turn demands that there exists a sequence,
{sn}w_, convergent to infinity such that {f(s,)}r_, converges to O.

Fix y € (0, ). This demands that there exists € > 0 such that y € (e, z —¢).
There exists N such that if n = Np, then |z — f(¢,)] < € and in turn that
|f(tn)| > ©—e. There exists Ny such that if n > Ny, then |f(¢,)]| = |0— f(t,)]| <
€. Thus if n = N = max Ny, Ny, then we have that y € [f(s,), f(t,)]. Since f
is continuous, we have by the intermediate value theorem that for all n > N,

there exists r,, € [f(sn), f(t,)] such that f(r,) = y. Since s, < r, foralln > N,

lim r, > lim s, = o0,
n—00 n—a0

and that

lim f(r,) = lim y = v.
n—aoo n—aoo
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Thus y € cong(|f]).

6.4 Alpha Condensation

Definition 6.33. Let f be a complex valued function and o, € R,

Then,

the o, @-condensation of f at o, called cong(f), is the set of all points x € C/

such that there exists {t,}>_, such that

lim ¢, =009 and lim f(t,) =

n—0o0 n—0o0

If a, 0 € R! then we denote the (o, 0)-condensation of f at «o as cony(f).

1

Lemma 6.34. Let f be a complex valued function and a = (o, ...,a%) € R,

Then,

cong(f) = () () F(P5a )

m=1M=1

Proof. Let x € cong(f). Then, there exists {t,}_; < R such that

lim ¢, = ooy and lim f(t,) =

n—o0 n—o0

By proposition 6.17, we have that for all m, M > 1, there exists N >

that

tn GPSON forallm > N.

That implies that

ze {f(t,)}", )}nlcf( im M) for all m, N > 1.

Thus,

and thereby,
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Let 2 € (N, _; Myi= 1f< 1/mM) Thus,

ve () () AP0, = F(PL) foralln>1.

m=1M=1

Thus, there exists ¢, € f(PO‘H ) such that |z — f(t,)| < L. We see that

lim t, = ooy and lim f(t,) =

n—00 n—0o0

Thus, = € cong(f). O

Lemma 6.35. Let f be a complex valued function and a = (o, ...,a?) € R4,

Then,
o (9) = (1 () conatipe OFON0)) 0 (corr) o f0)

Proof. Let x € cong(f)\{0}. Then, there exists {t,};_; < R such that

lim t, = oy and lim f(t,) =z foralln > N.
n—00 n—00

This demands that lim,,_, t, = o0 and for all m, M > 1, we have that there
exists IV such that

tn ePlo/‘oM for alln > N.

This implies that

m 1pae  (tn)f(t,) = lim f(t,) =

n—o0 1/m,M n—0

Since = # 0, we have that x € cong (1pae (t)f())\{0} for all m, M > 1. Thus,

1/m, M
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This gives us

Let
ze [ [ conwl Logo  ()f(t))\{0}.

m=1M=1

Since z € cong(Lpae () f(£))\{0}, there exists {t7}* | < R such that

1/m,M

lim t™M =0 and lim f(t™Y) = a.
n—oo n—a

Since x # 0, there exists N™™ such that
fmMy £ 0 forall n > N™M,
This demands that t™ e P*® for all n > N™M_ This demands that

1/m,M

lim ¢™M = o0f.
n—ao0

Thus, « € cong (f) and
N Mﬁ cons(Lpee (SO0} < cong (N0}
which in turn grants

con () = [ f} cono(Lpme (D F()\0)
We conclude that

con () = (cong (PO} (con ()~ {0)) =

(17 () conatige, O5000)) o congr) o (0
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]

Proposition 6.36. Let f be a complex valued function, @ = (64, ...,0,), a0 =
(a1, ...,an) €R™ and C € C. Then,

cong (C'f) = Ccong (f).

Proof. By lemma 6.34, we have that

]

Proposition 6.37. Let f and g be a complex valued function that is bounded
at infinity and @ = (61, ...,0,), ¢ = (o, ..., ) € R™. Then,

cong(f + g) < cong (£) + con (g).
Proof. Let x € cong(f + g). Then, there exists {t,}~_; such that

lim t, = ooy and lim f(¢,) + g(t,) = z.

n—o0 n—0o0

Since f and g are both bounded at infinity, there exists By, Bs > 0 and Ny, Ny >

1 such that
|f(t)] < By foralln>N; and |[f(t)] < By foralln>= N.

Thus, {f(t,)};, has a convergent subsequence {f(t,,)}7~; with limit z; and
{g(tn,)}72;1 has a convergent subsequence {g(ty, )};2; convergent to zs. We see
that

n—00 l—>
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x1 + Ty € cong (f) + cong(g).

Since this is true of all z € con§(f + g), we have that

cong (f + g) < cong(f) + cong(g).

]

Lemma 6.38. Let f be a complex valued function bounded at infinity and
0= (01,..,0,),a = (a1, ...,a0p) € R". Let g be a uniformly continuous complex
valued function and g((wl + 0)/cy) = 0 for all l € N and for all 1 < k < n.
Then,

cong (9f) = {0}.

Proof. Fix ¢ > 0. Let B > 0 and Ng > 0 be such that for all ¢t > Np,

|f(t)] < B. Because ¢ is uniformly continuous, there exists § > 0 such that
lg(t) — g(s)] < % for all ¢, s € R such that |t — s| < .

Let = € cong(gf). Then, there exists {t,}~_; < R such that

lim ¢, = ooy and lim g(¢,)f(t,) = .

n—0o0 n—0o0
This demands that there exists N > 1 such that

tnePgl’o for all m > N.

Since every t € P(;”‘l’g is less than § away from (7l, + 0)/ay for some 1, € N, we

have that

|g(tn)f(tn)‘ = |g(tn)||f<tn)| < B’g(tn” = B|g(tn> - 0| =

iy + 6

)|<B£:e.

Blg(t,) — g( 5
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Thus cong (gf) < By(e). Since this is true of all €, we have that

cong(gf) < {0}.

Since cong (g f) is nonempty, we have that cong(gf) = {0}. O

Proposition 6.39. Let f be a complex valued function bounded at infinity and
0= (0,..0,),a=(ay,..,a,d) e R: Then,

cong (¥ f) = e cong (f) for all 1 < k < d.

Proof. Fix 1 < k < d. Since e — et is zero on %2 for all [ € N and is

uniformly continuous, we can apply lemma 6.38 to attain
cong ("% — et f) — {0},
This grants us
cong (e f) = cong (e f + (e’ — et )

cong (e f) 4+ {0} = e cong(f).

Let z € econg(f). Clearly, there exists y € cong(f) such that y = e®z. We
have that there exists {¢,}7_; such that
lim t, = 0? and lim f(t,) = y.

(o7
n—oo n—oo

By lemma 6.13, this demands that

lim e'r = ¢,
n—00

Thus,

lim e’ f(t,) = lim e lim f(t,) = ey = .
n—00 n—o0 n—0o0
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Thus, x € cong (e’ f). O
Proposition 6.40. Let f be a complex function. Then cong(f) is a closed set.

Proof. By lemma 6.34,
0 0
a T pad
cong (f) = () [) /(P »)-
m=1N=1

Since cong(f) is an infinite intersection of closed sets, cong(f) is closed. [

Definition 6.41. Let f be a complex valued function. Then the a-condensation

graph of f is a subset of (X"[0,27)) x C/ where each element is of the form
(0,2) where x € cong(f).

Proposition 6.42. Let f be a complex valued function, a = (ay, ..., 0q),0 =
(01,....02) e R4, 1 < dy < d and {n}L, < {n}l_,. Define a' = (ay,, ey Oy )
and 0" = (0,,, ...,Hndo). Then,

cong (f) < congf(f).
Proof. Let x € cong(f). Then, there exists {t,};_; < R such that

lim ¢, = ooy and lim f(¢,) =

n—0o0 n—0o0

By proposition 6.13, ¢, must also converge to cog . Thus,

lim ¢, = oog‘l1 and lim f(t,) = .

We conclude that = € cong‘f(f) and cong (f) S cong; '(f). O

Corollary 6.43. Let f be a Complex valued function, o = (ay,...,qq),0 =

(61,....,00) € RY, P = {P, = {nk )i be a partition of a subset of {n}?_

l= 1
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Define ! = (s ...,anzdl) and 0 = (01 ""9"31)' Then,

do

cong (f) < ﬂ cong‘ll(f).

=1

Proof. By applying proposition 6.42 to each element of the partition, P =

{Pe = {nl}i, 721, we have that

cong (f) < cong:(f) forall 1 <k < n.

Thus
do l
cong (f) < ﬂcong‘l (f)-
=1

]

Corollary 6.44. Let f be a complex valued function, a = (o, ...,0q),0 =

(01, ...,04) e R, Then

Proof. This is an immediate application of corollary 6.43 using {{n}}izl as the

partition of {n}d_,. O

Proposition 6.45. Let f be a complex valued function, o = (aq,...,aq),0 =

(01, ...,04) e R and B e R. Then

cong (f(t — B)) = cong,5(f)

where @ + 5= (61 + B,...,04+ B).

Proof. Let x € cong(f(t — 3)). Then, there exists {t,},_, such that

lim t, = 0? and lim f(t, — B) = z.
n—o0

(o4
n—o0
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Define {s, = t,, — B}r_,. We see that
«,0 o0+
sn=1tn— BET3(Psy) = Psy forall § >0,N > 1.

This implies that lim,, .« s, = 20§, ;3 which demands that = € cong, 43(f). This

gives us

cong (f(t = f)) = cong, 5(f)-

Let x € cong, 5(f). Then, there exists {t,},”_; such that

7}1_1}101015” = wg,5 and 7}1_{130 f(ty,) = .

Define {s, = t,, + B}r_,. We see that
o,0—p3 «,0
spn =1ty +BeT3(Psy ") =Py forallé>0,N=>1
This implies that lim,,_,, s,, = 00g which demands that

lim s, = o0y and lim f(s, — fB) lim f(¢,) = .
n—00 n—0o0 n—w

Thus, = € cong (f(t — 5)). We conclude that

cong. 5(f) © con (f(t — 5))

and

cong (f(t = f)) = cong, 5(f)-

Lemma 6.46. Let f be a complex valued function bounded at infinity, o =

(a1,...,0n),0 = (04, ...,0,) e R Then,

n

00“3(2 e f(t— Br)) S Z cre' cong', 5, (f)-
k=1 k=1
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where Y. is set addition.

Proof. By propositions 6.37), (6.36, 6.39 and 6.45, we have that

cong‘(z cre ™ f(t — Br)) < Z cong (cpe™ ' f(t — Br)) =
k=1

k=1

Z creong (e * f(t — By)) Z ke’e’“con (t—Br)) =

n

Z ckeie’“cong‘wk (f)-

k=1

]

Theorem 6.47. Let = = {cx, o, Be}i_, be an HRT configuration. Let f
be a complex valued function bounded at infinity that does not satisfy the =-

configuration. Then,
d

0e 2 cpe cong, 5 (f).

k=1
Theorem 6.48. Let {t,}r_, converge to w0§. Since f does not satisfy the

=-configuration, we have that
d
: ot o . _
7}1_1}1010 Z ke f(t, — Br) = 7}21300 = 0.
k=1
The above and lemma 6.46 gives us

0€ cong‘(z e’ f(t — B)) < Z cwe cong 5 (f).

k=1 k=1
Definition 6.49. Define the set of nearly linear elements, L%, to be all vectors,
0 = (01, ...,0,), such that there exists 1 < k < d such that

e ¢ (e e} forall j # k

and

b e (e~ for all §,1 # k.
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We call this k the abnormal index of @ and we call the other indices the normal

indices of 6.

Theorem 6.50. Let = = {cg, oy, B }i_ be a real HRT configuration. Let f be a
real valued function bounded at infinity that does not satisfy the Z-configuration.
Then,

0 € cong (f)for all @ € L°.

Proof. Let @ € L¢ with abnormal index ko and K; is a normal index. We see

that

d d

Z Ckewkconngﬁk (f) = Z Ckewkl Cong+ﬁk<f) =

k=1,k#ko k=1,k+ko
d
e Z creong, g (f) © e R
k=1,k#ko
and
Cro €0 cong, B (f) < xR, (29)

By theorem 6.47, we have that

d d

0e > e cong, s (f) = cxe™ocong, s (F)+ D) e cong, s (f)
k=1 k=1,k#ko

Cro €%k cong, By (f) + emR.

Taking the above and (29), we have that

0c con, s, (f):

because if a € %R, b e e R and a + b = 0, then a,b = 0. O

Theorem 6.51. Let = = {cg, au, Br}p_; be an HRT configuration. Let f be a
real valued function bounded at infinity that does not satisfy the Z-configuration.

Then, for all @ € L%, for alle >0, 6 > 0, N € N, there exists ty € such that

f(to) € By(e).
115



Proof. By theorem 6.50, we have that 0 e Conngﬁko (f). Thus, there exists

{t,}°_; < R such that
lim ¢, = ooy and lim f(¢,) =0.

n—0o0 n—o0

Thus, for all nonempty periodic intervals Py ]’VH there exists a t,, such that

f(tn) € Bo(e).
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7 Sigma Delta Quantization

For the sake of storing and transmitting various messages, it is impractical to
represent any given function in the traditional, input-output fashion or a point
by its decimal representation. Therefore, we instead represent the signal not
in terms of its value at any given point but rather in terms of other relevant

functions, i.e.,

T = Z Cn€n,

n

where e,, are other functions or points which constitute an alphabet by means
of which we represent our signal, and ¢,, are real or complex coefficients.

This has simplified the problem of storage and transmission but not suffi-
ciently as the coefficients are drawn from a continuous range. Quantization con-
verts this continuous representation to a corresponding sum with coefficients,
qn, drawn from a discrete set. ¥ denotes the resulting finite sum of {e, } using g,
as coefficients. Naturally, the measure of the quality of the quantizer, the map
between the continuous coefficients to their discrete approximations, is the ap-
proximation error ||z —Z|| where the norm is chosen for the situation. The most
obvious construction for the quantizer, called pulse code modulation (PCM),
is to choose ¢, as close to ¢, as possible. This method is optimal when our
alphabet is orthonormal, since the independence of the elements makes better
estimates impossible, but is less than optimal when our alphabet is redundant

as PCM fails to take advantage of the resulting interdependence.

7.1 Basic Frame Theory

7.2 Introduction

In order to move further, we must have some understanding of the nature
of the alphabets, particularly redundant alphabets, that will be used in our

quantizations.
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Definition 7.1. A collection F' = {e,}nen in a Hilbert space H is a frame for

H if there exists 0 < A < B < o0 such that

Allz||* < Z [z, e.)|* < Bl|x||*, forallze H.

ney

The constants A and B are called the frame bounds and the frame is tight when

A = B.

Definition 7.2. Let e,,n € A be a frame for a Hilbert space H with frame

bounds A and B. The analysis operator

L:H —*(A)

(Lx)g = (x,ep).
The operator S = L*L is called the frame operator, and it satisfies
Al < S < BI,

where I is the identity operator on H. S~ is called the dual frame operator,

and it satisfies

Blr<St<AllL

We may interpret L as a map that sends an element of H to its representa-
tion in the frame.
Note that the earlier frame bounds, A and B, here result in the injectivity

and continuity of L, respectively.

Theorem 7.3. Let {e,}nen be a frame for H with the frame bounds A and B,
and let S be the corresponding frame operator. Then {S™ e, }nea is a frame for

H with frame bounds B~ and A™t. Further, for all x € H

r = (z e (S en) = D (@, (S en)en

neA neA
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with unconditional convergence of both sums.

Note that when the frame is tight with bound A then x is equal to its frame

expansion divided by A.

Corollary 7.4. A set of vectors {v,}N_, in H = R"™ or C" is a tight frame with

frame bound A if and only if its associated matriz L satisfies S = L*L = Aly.

In the special case of finite unit norm tight frames, the frame constant is

N/d. Notice that when we have a basis, our constant is one.

7.3 PCM and Bennett’s White Noise
In the normalized tight frame {e,}_,, z € R? has the frame expansion
g
T = ;xnen,xn = (x, en).
We define the PCM quantizer with step size § as

([xn/0] —1/2), if |x,] <1
@ = () = 4 6([1/0] —1/2), ifx,>1
—6([1/8] — 1/2), if 2, < —1.

The PCM quantizes x such that we get the immediate estimate

N d I §.d Y dé
||x_x||:NH?;(]nean(é)(N)T;HenH:7'

This error is far from optimal since it does not make use of the redundancy of

the frame.
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7.4 YA Algorithm

Before defining the algorithm, let us first define where we will draw our esti-

mates from. The midrise quantization alphabet is defined,
A% = {(—=K +1/2), ..., (K — 1/2)8}.

From it we select the coefficients of our alphabet for our estimate, the 2K-level

midrise uniform scalar quantizer with step size 9,

Q(u) = arg min |u — q|.
Ad

Q€AY

Definition 7.5. Given the above, a permutation on n elements, p, and the

{z,}N_| to be quantized, the XA quantizer is defined
Up = Up—1 + Tp(n) = qn

n = Q(un—l + xp(n))

where ug s a preset constant, usually zero in this dissertation. q, is the quan-

tized sequence while u, s an auxiliary sequence.

It is natural to ask what is the role played by the auxiliary sequence. In
essence, u, keeps track of how much we have over or underestimated up to that
time by how negative or positive it is, respectively. To see this let us work

through an example.

Example 7.6. Suppose we wanted to quantize {1/2,1/4,—1/8} with 6 = 2,
K =1, our permutation os the identity and ug is set to 0. The PCM and XA

quantizations are listed below:

120



n| x, | PCM’sq, | XA°s q, | u,
0| - - - 0
1] 1/2 1 1 -1/2
2| 1/4 1 -1 3/4
3| -1/8 -1 1 -5/8

For the first quantization, we have agreement between the two methods, but
the fact we have an overestimation is captured by the negativity of uy. uy in turn
results in the next iteration of LA being an underestimate rather than PCM’s
overestimate. This underestimate results in a positive us and an overestimation,
in contrast to XA’s underestimate.

Notice that this discrepancy was only possible by decreasing the size of x,,.
This could not be done in perpetuity, since it would require an indefinitely precise

digitization.

So PCM and XA may differ radically, but in what situations is this useful?

When our frame has high redundancy.

Example 7.7. We wish to approzimate (3, ) using the frame {(sin 22, cos 219

and the quantization alphabet {—1,0,1}. The resulting estimates by the two

methods are
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n Tn PCM’s q, | XA's q,
1] 0551 1 1
2| 0.5739 1 0
3| 0.3772 0 1
4 | 0.0364 0 0
5| -0.3183 0 -1
6 | -0.5514 -1 0
71 -0.5739 -1 -1
8 | -0.3372 0 0
9 | -0.0364 0 0
10 0.3183 0 0

The difference in the L? norms to {x"} is 0.1731 and 0.0435, clearly in favor

of the XA estimate.

But this method is actually a hindrance when we have a low redundancy

frame such as an orthogonal basis.

Example 7.8. Let us estimate the randomly generated vector x whose entries

are between zero and ten with an integral quantizer.

presented below.
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n Tn PCM’s q, | ¥XA's q,
1] 4.5054 5 5
2 10.8382 1 0
3 | 2.2898 2 3
4 | 9.133 9 9
5 | 1.5238 2 1
6 | 8.2582 8 9
7| 5.3834 5 5
8 |9.9613 10 10
9 |0.7818 1 1
10] 4.4268 4 4

The difference in the L* norms to {x™} is 1.0219 and 1.6347 in favor of
PCM. The ancillary term in XA resulted in an unnecessary bias in various

quantizations, such as in steps two, three, five and siz.

This example demonstrates that the positivity or negativity will tend to bias
us towards or against an under or overestimation, but it does not demonstrate
why we want this. In fact, XA is at a disadvantage compared to PCM when our

frame is a basis. The advantage only comes forward when we have redundancy.

7.5 Basic Error Estimates

Before we take our first error estimates, we will need to use the correct rep-
resentation and introduce the notion of frame variation. We represent x with

{e,}N_,. Thus,

N
T = Z TS ey, 1, = (1, e,).
n=1

Definition 7.9. Let F' = {e,}"_, be a finite frame for R% and let p be a
permutation of {1,2,....n}. The variation of the frame F with respect to p
1s defined as

N-1
o(F,p) = D llepm) — epmn]l
n=1
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Variation may roughly be interpreted as the amount of oscillation between

the elements. Our first estimate will be done using {S~'e,} as our alphabet.

Theorem 7.10. Given the finite, normalized frame for RY, F = {e,}"_,, per-
mutation p, |ug| < §/2, and x € R? such that ||z|| < (K — 1/2)6, the approxi-

mation error ||x — Z|| satisfies
g . 4
[l =2l < 157 llop(o (£, p)5 + fun] + uol)-

Proof. We have that

N
rT—T=I= E(Ip(n) — qn)S_lep(n)} =

3
Il
_

N
Dt = tn1)S ™ ey =

n=1

Z Uy S ep(n — (n+1)) + UNS p(N) — UOS (1)-
Our bound on z gives us an identical bound on {z, e, ) so we have
N

lz =&l < —HS Hlop < Nlepmy — epmenl| + [un] 1187 lop + luol [[S™Hlop =

n= 1

_ )
1S~ lop(o (F.p)5

5 + |uo| + |un])-

]

We can further refine this estimate by considering the case of a tight frame

of frame bound N/d and realizing the bounds on our ancillary sequence, the

Up,. This results in |[S7],, = ||£1|[op = d/N and [|u,|| < §. So our new
bound is
ad
—z|| < F, 2
e & < S (o(Fip) + 2)

We can yet further refine our estimate by setting ug to 0 and imposing the

zero sum condition on our frame, such as when roots of unity are used.
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Theorem 7.11. Given the XA scheme, a normalized tight frame of frame

N

bound with zero sum condition N/d, F = {e,},_1,

a permutation p of N ele-

ments, and ||z|| < (k — 1/2)4, the approximation error satisfies

e — | < Mo (F,p), if N even

S (o(F,p)+ 1), if N odd.

Proof. Using the iterative definition of our ancillary sequence and that ug = 0,

we have
N N
T S
n=1 n=1

The definition of z,,, linearity and the zero sum condition demand that

Z Ty = Z<x,en> = (x, Z eny = 0.

Since each ¢, is an odd integer multiple of §/2 , the above demands that uy
is also. An odd sum of odd multiples is an odd multiple and an even sum of
odd multiples is even. This combined with the bound |uy| < 6/2 demands
lun| = 0/2 when we have an odd frame and uy = 0 when we have an even
frame. This in conjunction with our approximation bound from theorem 7.10

gives the desired result. O

7.6 Families of Frames of Bound Variation

Looking at the bound obtained in theorem 7.11, one obvious way to decrease
our error is to decrease ¢ and thereby have a higher resolution quantization
alphabet. The major flaw in this approach is that in applications, such as
Analog-to-Digital conversion, such increased accuracy is quite costly and thus
infeasible.

The next obvious way is to increase N which is to say increase the redun-
dancy of our frame. The major issue that that brings up is that this may

increase our frame variation and thus undermine any gains from redundancy.
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Thus, we must find families of frames of uniformly bounded variation. A clear

candidate is the roots of unity.

Example 7.12. For N > 3, define Ry = {e)}N_| be the Nth roots of unity in
R?. Note that this family satisfies the zero sum condition. Since the distance

between any two adjacent roots is less than their angle apart, ||le, — eni1]] <
27/N and thereby

o(F,p) < 2m.

Applying this to theorem 7.11, we have

~ 21 if N even
|z — 2| <

Zo z|e

(2 + 1) if N odd.

The most natural generalization of this example to n-dimensions is the har-

monic frames.

Example 7.13. The harmonic frame HY = ejN L is defined differently for the

odd or even dimensional case. If d = 2 is even, let

2 2mj 2my 2%%]’ . 2%%3’
e;j = d[COST smT,...,cos ,sin ].

If d = 2 1s odd, let

2 ity omdry
\/7[1/\/5 cosﬂ sin%,...,cos 2 j,sin J].

The frame variation when d is even is bounded by

\f (H.p) \fZ ~2lle; — ¢ + 1|

27(j + 1)

) — COS(T))Q]
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k=1 N
N—2 d/2 d/2
< Y2 (%)2]% < 2mV2[) KR <
j=0 k=1 k=1
d(d/2+1)(d+ 1)1 d
212 (d/ +12)( i )]5 <27 6(d+ 1)

Proceeding in a similar fashion when d is odd, we have

\/ga(H%p) < 27T\/§(d +1).

Taken together, this inequalities yield

2m(d + 1)

o(Hy,p) <

Applying theorem 7.11, we have

od 2m(d+1) .
||x_:ﬂ| - WT ’lfN@’U@n
W[—\/g + ] Zf oaa.

The significance of the order provided by our permutation has so far been
unexplained; the order is central to the way in which XA estimates utilize
redundancy.

Suppose we have a heavily redundant frame such as

{(cos(2mn/N),sin(2mn/N))}N_,.

Each element will differ only slightly to the elements in adjacent indices. Recall
that YA quantization using its ancillary sequence keeps a record of its total
over or underestimation and that this will thereby bias the next estimation
towards under or overestimation, respectively. This means that we will tend

to overestimate coefficients for elements when we have recently been taking

127



underestimates and vice versa. When we apply this to our frame with the
identity permutation, this translates into tending to draw overestimates on
elements when we have drawn underestimates on similar elements. The hope
is that these contrary over and under estimates on similar elements will cancel
out and that an ordering with minimal discrepancy uses XA to the greatest
advantage.

Note that if one wanted to use the YA to the greatest disadvantage, one
method would be to maximize discrepancy, or equivalently, have the nearest

element to the negative of the former follow it in the sequence, such as in
{(cos(2mn/N + 7(1 — (—=1)")),sin(2rn/N + (1 — (=1)"))},
where N is odd.

7.7 Refined Estimate

Numerical simulations suggest that our lower bound can be improved signifi-
cantly for the even case.

Let {F, = /67];//2[:1} be a family of normalized tight frames for R, with
{zN}N_ the corresponding sequence of frame coefficients with respect to F,
Let {¢)}N_, be the quantization obtained from the ¥A scheme and {u®}N_,

the corresponding ancillary sequence. The resulting quantized expansion is

We can rewrite the approximation error to be

) g /N
x_xN:N(Z uﬁ(eﬁ—e%ﬁ—i—uﬁeﬁ) =

n=1

N N N N N _N
fn - fn—i—l) + UN—lfN—l + Uy, €n>
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where we have defined

Definition 7.14. Let f € Bq and let {z; ;‘:1 be the finite set of zeros of f’

contained in 0, 1]. We say that f € Mg if f' € L™, and if
["(z;) #0  foralll < j<n*

Definition 7.15. Let {u,}Y_, = [~1/2,1/2). The discrepancy of {u,})_, de-
fined

#({un}fz\[:l A [) _ |I|'

Disc({un}p_y) = sup N

IcT
The Erdés-Tturan inequality provides estimates of discrepancy in terms of

exponential sums:

, . 1 181
Disc({ur} 1) < — + 7 2 T

Koksma’s inequality states that any function f :[—1/2,1/2) < R of bounded

variation,

‘% S flu) = | @)t < Var(f) Disc(u, ).

Theorem 7.16. Suppose x € R? satisfies ||z|| < (K —1/2)6, and {z,}_, be the
frame coefficients with respect to Fi. If, for some Q > 0, there exists h € Mq
such that

N = h(n/N) forall N,1<n <N,

n —

and if N is sufficiently large, then

op | < 5(1\7 + Ni logN> < 6N7log N.
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The implicit constants are independent of N and 9, but they do depend on x

and hence h. The value of what constitutes a sufficiently large N depends on d.

Proof. Define @) = u! /5. Using Koksma’s inequality, one has

v | = =jo|—= Y a, —
! jnzl

—-1/2

J
~N
2, G
n=1

ydy'

< joVar(z)Disc({aX}y _).
O
Using the Erdgs-Ttran inequality, we can estimate DY = Disc({a}3_,) as

J

Z 62m’ka{;’

for all K.

The problem is now reduced to estimating Y _, e>mkan’

We know from [9],
VN, 3 analytic Xy € Bq such that ) = Xy(n) modulo [—d/2,0/2]

and
| XN (t) = h(t/N)| < 1/N.

Bernstein’s inequality gives

2% (1) — %h’(t/N)] < 1/N2

Let {z;}"%, be the set of all zeros of h in [0,1], and let 0 < a < 1 be a fixed

constant to be specified later. Define the intervals I; and J; by
Vj=1,...,n% I; =[Nz — N Nz + N“|,

Vj: 1,...,n*—1, Jj = [NZj+Na,NZj+1—Na]
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and

Jo=[1,Nz; — N®] and Jp» = [Nz,» + N¢ NJ.

Note that for large enough N, the union of these I; and J; is [1, N].

1
Thus,
k k
Yne NN Jj, (SZVTO‘ < ‘EXX[(TL)‘
Notice that since h belongs to L®,
VneNn Jj, %X]’V(n) < g

Using these last two inequalities, we have that for all £k > 1,

Z p2mikiy | _

neNnJj;

Z 627ri(/c/5)X1\;(n)

neNnJ;

<

§EN1—% EV2NI-5 |

Using the trivial estimate,

We have that

Set a = 3/4 and K = N'*. By our earlier bound on DY, if N is sufficiently

large compared to d, then
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3/4 3/4 1/4 3/4
1 +N log(N) N n < 1 +N lég(N)‘

: ot —
Ni J 625 65 T N J

Applying this to our bound on v, we have

On
[on'l < iz + ONY*log N < ON*/log N.

Our result is reached when this is used on our initial identity of x — Zx:

Corollary 7.17. Let {Fx}%_, be a family of normalized tight frames for R?,
for which each Fy = {eN}N_| satisfies the zero sum condition. Let x € R?
satisfy ||z|| < (K —1/2)6, let {xN}N_| be the frame coefficients of x with respect
to F, and suppose there exists h € Mg, ) > 0, such that

YN and1<n <N, 2z~ =h(n/N).

N =
Suppose that fY = el — el | satisfies

1 1
1f2 115 5 and |12 = Ll s 5z for ol N, foralll <n <N

and set ull = 0 in the following LA estimate. If N is even and sufficiently

large, we have
0log N

|z —ZN]| < N

If N is odd and sufficiently large, we have

o . od
< lla = il € 5 (o (Fv,p) + 1)

The implicit constants are independent of 0 and N, but do depend on x and

hence h.

Proof. By the previous theorem,

2 (& dlog(N)
HN< Zlvi\[(ffzv— ﬁi—l))H S i
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If N is even, then
0log N
N5/A4

|z =2l <

If N is odd, then
O _ 2uy] [ley|

N N5/4

By theorem 7.11, the above fact gives us our bound. O]

7.8 Gintiirk’s Approximating a bandlimited function us-

ing very coarsely quantized data

The basic means by which we draw an approximation on a given m-bandlimited

function x(t) is by first sampling our function with

Sy : C(R) — R”

(S} = 2(3).

We then quantize the coefficients with () and reconstruct using an interpolator

operator,

T)\7¢ : loo - COO(R)

1
S Xanqﬁ(t—g)

neZ

This results in our defining our estimate on x as

7y = Th.sQ5n.

Since ¢ is defined to be Schwartz, we have a uniform bound on the average
of its shifts, for all A > Ay. This and the fact that the difference between
S(x) — QsS(x) is bounded in L* by § gives convergence of T to = in L* as
0 — 0.

Of course, this convergence relies in costly quantizations, so again we turn
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to XA. Defining u,, and g, as before with our quantizer, Q) = Heaviside(t —1).

After some work, we find that
- 1
o~ lle < +Var(o)
Given various empirical estimates, £A is hoped to have the decay rate of A=3/2.

[9] makes progress towards this goal with

Theorem 7.18. For all € > 0, there exists a family {¢x}r=1 of reconstruction
kernels such that for all pi-bandlimited functions x with range in [0,1], and for

all t for which x'(t) # 0,
|2 (1) — EA(t)] Keariry A7V

We use the following results in order to attain this bound.

Lemma 7.19. There exist two absolute constants Cy,Cy > 0 such that for all

t at which 2'(t) # 0, and for all intervals I and numbers \ satisfying I
[—C1|2' (1), Ci|2' (t)|], and X > max(|I|~t, Cy|2’(t)|71), one has

1 1 1

+ .
AVE T/ [ (] A2

d(t,I,\) «

Proposition 7.20. For each \ > 1, there exists an analytic function X, such
that

u) = X\(n)(mod 1)

n

and

X ()| oo
[|X3 w(A>HL

Corollary 7.21. There exists two absolute constants Cy,Cy > 0 such that for
all t at which 2'(t) # 0, and for all T and X satisfying |5 — t| < C1|2'(t)| and

A > Cola! ()],

12/ (0)]
2 A

3
< |X}(n)l <5
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The former theorem can be improved significantly for constant functions in

the following.

Theorem 7.22. Given the assumptions of theorem 1, if x(t) is a constant
function, then

||6>\‘ |Loo o /\_2(10g )\)2+€.

7.9 Yilmaz’s Stability analysis for several second-order
YA methods of coarse quantizaion of by bandlimited

functions

Let 0 < 5 < 1, f as before, and define the first order finite (leaky) memory

scheme as follows:
Up = Bunfl + fr)L\ - (L){

qﬁ = sign(Su,_1 + fﬁ)

This is equivalent to the previous XA scheme when g = 1, but when we
have 8 < 1, the memory of the previous over and underestimations is lost.

This could be interpreted as a recognition that later elements of the frame
are related to previous elements of the frame but not perfectly. Thus although
it may be useful to compensate for an earlier over or underestimation by bias-
ing the next estimate to the opposite tendency, the dissimilarity of the frame
elements makes the bias less relevant. Reducing the bias by a multiplication of
[ reflects this fact in the new procedure.

Let g be such that

Ll <0
ge) =4 v

0, if|¢] = AQ.

Theorem 7.23. Let f € L*(R) be bandlimited with suppf < [—m, 7| and
| fllze < 1. Let g be a function satisfying the above with Q0 = mw. Let the
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leakage factor be 3 = e~x. Assume that the sequence (v,) generated by our
finite memory scheme is bounded. Then if (q)) is the output of the first-order

leaky XA-quantizer given above, then

[0l

70— fo)l < =2

(1g'llzr + cCy)

where Cy is as before with Q = 7, and f(t) = %Zig(t -3

The second order finite memory scheme is defined as

Up = 5un—1 + fr,i\ - qé

Up = ﬁvn—l + Up,

C]i; = Sign(F(ﬁun—la 6”71—1))'

Theorem 7.24. Let f,g and  be as in Theorem 7.11. Assume that (v,),
generated by the above scheme is bounded. Then if (q)) is the output of the

second-order leaky XA-quantizer given above, then

i Ulfie0 " /
170 701 < 100 lg s+ 26100 + 2%,

where Cy is as before and f(t) = Tt —%).

We define the tri-level finite memory second-order Y A-quantizer as we did

the finite memory scheme above except for the last line which we make

Q:L\ = m(nF(Bun—1, fvn_1)).

where n > 0 is fixed, and F' and 7n are chosen in such a manner that the

sequences u and v stay bounded.

Proposition 7.25. Consider the tri-level finite memory second-order XA -quantizer

with F(u,v) = u + yv. Let the input sequence (x,,) be identically equal zero for
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alln = N for some N, qny =0 and

1-p
|UN_1| < —.
20733

Then, q, =0 for alln > N.

Let us rewrite our sequence as

( ) Slan(un—lavn—l) = (Un—l — Oy Up—1 + Vpq — 5n)a ifg, =1
Up, Up) =
Sl(sn (Un—lvvn—1> = (un—l + 5naun—1 + Up1 + 6n)7 if dn = —1

¢n = Sign(F(tup-1,0n-1)),

which may be alternatively written as

(una Un) = S(“n—la Un—1, 571)

Define the functions

—ﬁ(u—%‘)z%—%‘%—a ifu>=0
By (u) = < 5 5
k—é(u—%?%—%%—a if u < 0.
—%(u—k%)Q—%—C’, ifu>=0
Bs(u) = <
—%(u—i—%)Q—%—C, if u < 0.

Define

R=R1UR2.

Theorem 7.26. Let P, = (uy,vy) be the intersection point of the line L, defined
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by F(u,v) =u+~yv =0, and T, i.e. P, =(LnTp ). Suppose

UO+5+ <u < —5_,..

Then, S (Ry) € R, for any § € [6_,6,].
We will need the following conditions for the following theorems

1+«
1—a’

=2

The range of ~ for a given C' > 2}4_F—Z is:

1 [200- a®)]V? + 2aC

77 2{[20(1 = )] = (1+ a)}

and

1 -1+«

7S T
Theorem 7.27. Let S be the mapping defined above with the rule F(u,v) =
u + yv. Suppose C' and vy satisfy the conditions just stated for some o < 1.
Then, the set R is positively invariant under S(-, ¢,0) for any 6 € [1 —a, 1+ a.

Equivalently, S(u,v,0) € R for any (u,v) € R and § € [1 —a, 1 + a].

Corollary 7.28. Let (x,) be an arbitrary sequence such that |z,| < o < 1.
Suppose (ug,vo) € R and (un,v,) are obtained via the standard second order
scheme with F(u,v) = u+~v. If C' and vy satisfy the above conditions, (u,, v,) €

R for all n; thus |v,| < C for all n.

Theorem 7.29. Let F(u,v) = u + yv be a given quantization rule with -~
satisfying the above conditions with strict inequalities for some C > 211“—3. Let
ug be such that 64 —0 < By(u—0)—By(u—0dy) and let (uy,v1) be the intersection

of L with I'p,, as in theorem 7.18. Take € such that

le| < min{u(a,y, C) —up(a, C) — (1 + a); —ui(a, v, C) — (1 + a) },
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with

up(a, C) = —[2C(1 — a®)]"?

and

. ’Y+2_ v+2, 2C 112

Then, the second-order XA-scheme with the quantization rule F€(u,v) = u +

Yv + € 15 stable with the positively invariant set R.
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