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similar to those found in natural atoms. We show how such spectral properties can be
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Preliminary results suggest that this gate can be used to entangle two fluxonium qubits with
high fidelity. We also discuss experimental techniques employed to characterize the qubits,

and present a perspective on future fluxonium-based quantum technologies.
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Chapter 1

Introduction

There are only two ways to live your life.
One is as though nothing is a miracle.

The other is as though everything is a miracle.

Albert Einstein

1.1 The Second Quantum Revolution

In 1620, Francis Bacon argued in his philosophical and scienti ¢ work “The New Instru-
ment” that knowledge gives us power and enables us to do new things. The idea sounds
exceedingly simple, but the connection between science and technological renovation was
in fact revolutionary at the time. Prior to the 16th century, science and technology were
separate elds: new tools were usually discovered by craftsmen instead of scholars, and
hardly any ruler or business person bothered nancing research to gain power or wealth.
Through trials and errors, people might have realized the usefulness of the circular wheel,
come up with lightweight paper, or invented bricks to construct buildings. However, the
spread of their usage was slow, innovations were few and far in between, and design and

material used largely remained the same for centuries. The later marriage between science
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and technology gave birth to the Scienti ¢ Revolution which has changed our way of life
forever [1].

The Scienti ¢ Revolution is a historical process in which humankind came to believe
in the importance of scienti ¢ research, realizing that they could increase their capabilities
through investment in such venture. It started with their willingness to admit their own
ignorance, to realize that there are questions unanswered and problems unsolved. They
then became inquisitive and set out to obtain answers through observation and mathemati-
cal tools, and subsequently gained new insights via their acquired knowledge. Wealthy and
powerful people became willing to invest part of their resources in researches which they
believed would give them the power to gain more resources.

Prior to the 1500s, people were used to the idea that the golden age was in the past, life
was a zero-sum game, and the world was stagnant. For example, the conversion of energy
depended primarily on muscle power for most of human history: the sun and nutrients in
the soil give energy to plants, animals and human gain energy by eating plants or other ani-
mals, and energy is converted from food to work via metabolism. This process is inef cient,
yet hardly anyone thought twice about improving the situation.

Modern culture, on the other hand, embraces the future, in technological innovations
and scienti ¢ research. There has been plenty of evidence in recent history to support this
belief in the future. In a short span of time, less than 0:1% of humankind's entire history,
we have not only gured out how to convert energy much more ef ciently, starting with
the Industrial Revolution but are also learning how to do it in more sustainable fashions.
Within one century, humankind has not only built ying machines but also successfully
commercialized the aviation industry. People can now routinely cross the Atlantic in just a
few hours, a fact that would have startled Christopher Columbus and other early European
explorers.

There is no doubt that the Scienti ¢ Revolution has resulted in tremendous progress
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and unprecedented growth in the modern world. In fact, the modern economy relies sig-
ni cantly on technological advances, on unicorn startup companies and ingenious business
ventures of tomorrow. Therefore, there is a constant need for humankind to acquire new
knowledge and transform it to novel technologies.

The fundamental power human has over other species is our ability to store, communi-
cate, and process information. In order to go from nomadic bands of foragers to kingdoms
and empires, human progressively developed new tools and methods to obtain and analyze
necessary data. While societies require the storage and processing of huge amount of infor-
mation such as laws and taxes, the human brain is, unfortunately, not designed by nature to
store and analyze information ef ciently. The brain's capacity is limited, its lifespan is too
short, and it is only adapted to store and process speci ¢ types of information. For example,
hunters might only need to remember and identify animals' footprints, whereas gatherers
had to distinguish between edible and poisonous vegetables. The arrival of writing systems,
numbers, and algorithm-like information organization technigues helped change the game.
Laws could be passed down, tax records could be kept and catalogued, large structures
could be built with the help of trigonometry and algebra, and empires started popping up
around the world. To build more powerful countries, stronger economies, and advance
scienti ¢ frontiers further, we need more ef cient computing devices and information pro-
cessing techniques.

Humankind made a giant leap in the last century with the arrival of the modern com-
puters. While sophisticated computing ideas had been developed at earlier times, with
evidence dating back to as early as c. 1750 B.C., the knowledge was lost in the sands
of time. The modern notion of computing as we know it took form in 1936, when Alan
Turing constructed the model for a programmable computer now known as the Turing ma-
chine He showed that the machine is universal meaning that it is able to perform any
computational task computable by any other device. This assertion is known as theChurch-

Turing thesis It is this work that laid much of the foundation for modern computer science.
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Soon after, the very rst computers were built based on John von Neumann's model for
the Turing machine. Despite the great breakthroughs, those rst computing machines were
hardly programmable, and they were bulky, often taking up the entire room. For example,
the ENIAC (Electronic Numerical Integrator and Calculator) took up 1800 square feet, con-
sisted of 18000 vacuum tubes, weighed 50 tons, and was used solely for calculating missiles'
trajectories. Things really took off only after John Bardeen, Walter Brattain, and Williams
Shockley invented the transistor in 1947, and accelerated after Jack Kilby and Robert Noyce
invented the integrated circuit independently in 1958 and 1959, respectively. Computing
power has been growing at an amazing pace ever since, a trend predicted by Gordon Moore
in 1965, and neatly coined into what we now refer to as Moore's law It states that comput-
ing power will double every other year at a constant cost. Interestingly, the law has held
true until now. Today, a modern handheld device that ts in one's palm may wield tremen-
dous power: it can perform billions of calculations per second, store valuable information,
and moreover can connect the user to the internet and cloud services. Much of human
knowledge, ranging from nutrition facts for sriracha sauce to machine learning algorithms,
is just a mouse-click, or more conveniently, a tap on the phone, away.

Yet, there are computational problems that even these powerful machines cannot solve
ef ciently. What does “ef cient” mean if the computers are so much faster than us anyway?
Well, computers typically solve problems following sets of instructions or rules called algo-
rithms. In computational complexitylanguage, an ef cient algorithm runs in time polyno-
mial to the size of the problem, while an inef cient algorithm runs in time super-polynomial
in time. Roughly speaking, there are problems that no existing algorithm can solve in time
polynominal with respect to the size of the problems. Even if our computers become twice
more powerful every other year, it will never be good enough to solve these hard problems
ef ciently! On top of that, Moore's law cannot hold true forever, and it is widely believed
that we will soon be at the breaking point where it's impossible to scale the transistors

smaller and pack more of them into a single chip [2].



CHAPTER 1. INTRODUCTION 5

So, can such hard problems be solved more ef ciently at all? In the late 1960s and early
1970s, it seemed that a Turing machine was as powerful as any other possible computing
device. This observation was codi ed as thestrong Church-Turing thesiswhich states that
any computing process can be performed ef ciently using a Turing machine. A major chal-
lenge to the thesis wasrandomized algorithm, which gives answers in a probabilistic, instead
of deterministic, manner. This motivated David Deutsch to look into quantum mechanical
laws to derive a stronger Church-Turing thesis. This led to the conception of the quantum
circuit model, which is more generally known as gate-based quantum computing. In 1985,
he showed a simple example, demonstrating what is now known asDeutsch algorithm[3],
suggesting that a quantum computer may solve certain problems more ef ciently than clas-
sical computers. This small rst step was followed by a wave of enthusiastic researchers,
culminating in Peter Shor's factorization algorithm in 1994 [4], which caused widespread
excitement, rst, because nding prime factors of a number could not be done ef ciently by
any known classical algorithm, and second, because implementing such algorithm would
have far-reaching applications in modern cryptography and information security [5]. An-
other potential application for a quantum computer is optimization, spear-headed by Lov
Grover. In 1995, he showed, via what is now known as Grover's algorithm|[6], that un-
structured search can be sped up by such computer. Although the algorithm only provides a
guadratic speedup, this is still considerable when the size of the problem is large. A number
of quantum algorithms have since been developed [7, 8].

The most intuitive application of quantum computers is to simulate quantum systems,
as Richard Feynman rst suggested in 1982. A system of N qubits interacting with each
other must be described by a state living in a Hilbert space of dimension2N . Equivalently,
simulating the dynamics of such state involves2¥ 2N matrices, which is a hard task for
conventional computers. Feynman suggested that a computer that functions according to

the principles of quantum mechanics may allow us to complete this task more ef ciently.
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Following this hint, several researchers began working out approaches to simulate quan-
tum systems using quantum computers and have shown that it is in fact possible to do so
more ef ciently than it would be on a classical computer. Ultimately, quantum simulations
may have profound impact on our understanding of complex quantum systems and future
discovery of new medicines and chemicals [9].

Why don't we have a quantum computer yet?

Let us rst recall that the notion of quantum mechanics is not new, and physical prop-
erties resulted from quantum mechanical effects have been understood and utilized exten-
sively in the modern technological world. Our ability to harness these quantum mechanical
effects and use them to our advantage is often referred to as therst quantum revolution .
The quintessential example is the transistor, which has made our experience with the com-
puting world almost seamless. Everyday we use our phones, surf the internet, or write
emails without thinking about the physics inside the transistors which made up the process-
ing unit. Broadly speaking, all electronic equipment around us rely on various integrated
circuits to function.

Quantum mechanics also gave us the laser. Until the 1960s, light was simply made of
random waves. By exploiting stimulated emission in atomic systems, scientists could con-
trol the radiation precisely, being able to select the frequencies and intensity as desired, and
laser technology was born. Lasers are used in a wide range of applications today, from trans-
mitting signal in optical cables over long distances to controlling atomic quantum systems.
With recent breakthroughs in photonic research, it is believed that further technological
advances using lasers will occur [10].

Another important technology enabled by quantum mechanics is Nuclear Magnetic Res-
onance (NMR). The magnetic moments inside the atoms' nuclei, following quantum me-
chanical laws, are quantized. For a spin-half nuclei, the Z-projection of the spin can take
only two different orientations: up or down. This can be controlled by an applied mag-

netic eld and radio-frequency pulses. We are probably most familiar with this technology
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through its application, the Magnetic Resonance Imaging (MRI) technique. During an MRI
scan, a magnetic eld is used to align the protons within the tissues of the patient. Radio-
frequency pulses and eld gradient are then applied, and the response from the nuclei is
detected. The amount of energy released and the time it takes depend on the density of
the protons and their environment, so the extracted data can be analyzed and used to re-
construct an image of our internal organs. This approach has been used widely to diagnose
certain medical conditions and help countless patients [11]. NMR is important also because
the techniques developed in NMR have been adapted to other quantum systems.

While machines whose working principles are based on quantum mechanical phenom-
ena have been successfully constructed, what we need in order to build a quantum computer
is the ability to coherently control individual quantum systems and their interactions, and
the capability to measure them. To ful Il these challenging requirements, we must satisfy
two seemingly contradicting conditions: keeping the qubits isolated from the noisy envi-
ronment, and at the same time retaining a high degree of controllability of the quantum
degrees of freedom. Moreover, as we scale up to a large number of computing elements,
the level of coherence and addressability must be retained. With the technological advances
in the last two decades, scientists around the world have gradually become more adept at
this. Our demonstrated ability to coherently control quantum systems and their interac-
tions is at the heart of the second quantum revolutionan era in which we seek to harness
our knowledge to construct and operate useful quantum computers. A summary of notable

advances in quantum hardware can be found in ref. [12].

1.2 Fluxonium Qubit: Preview

Among the currently available quantum systems, superconducting circuits based on Joseph-
son tunnel junctions have become a leading platform in the pursuit of quantum computing.

The history of these arti cial atoms could be said to have started with the observation of
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guantized energy levels in a macroscopic circuit in the 1980s [13, 14]. However, coherent
control of Josephson circuit was achieved only in 1999 when Nakamura et al. successfully
performed Rabi oscillation experiment in a Cooper-pair-box [15, 16]. This breakthrough
was followed by various superconducting qubit designs [17, 18].

Superconducting circuits inherit certain advantages from other technologies. They can
be printed on chips in large numbers [19, 20], wired together for strong interactions [21],
and precisely manipulated and readout by radio-frequency electronics [22, 23]. The Joseph-
son tunnel junction provides the necessary non-dissipative non-linearity required to turn
linear electrical circuits into quantum bits and strong circuit-circuit coupling into fast log-
ical operations. They inherit the advances in cryogenic technology and the robustness of
superconductivity [18], both of which have a rich history of innovation. This platform
has ushered in the era of noisy intermediate scale quantum processing [24] and quantum
supremacy over classical computation [25, 26].

However, superconducting circuits also have some disadvantages. Since they are macro-
scopic in size, they can be surrounded by multiple noise sources and impurities [27, 28].
The most persistent problems come from dielectric loss [29, 30] and1=f ux noise [31, 32,
33], which are due to microscopic two-level defects and the spin-1=2 impurities residing in
the interface oxide layers around the device. These material imperfections persist even at
low temperature and are challenging to get rid of. As a result, superconducting qubits have
relatively short coherence times compared to microscopic quantum systems.

Decoherence is detrimental to quantum operations. It is a process through which the
information about the quantum states is lost to the environment (see section 2.3), and is
a fundamental barrier between the classical and the quantum worlds [34]. In quantum
computing, decoherence introduces errors during gate operations [35] and constrains the
number of qubits that can coherently tunnel in a quantum annealer [36, 37]. Improving co-
herence of superconducting qubits without sacri cing their controllability remains a central

problem in the quest to build complex quantum processors [38, 39, 40, 41, 42, 43].
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Material imperfections are the major obstacles in improving the coherence of supercon-
ducting qubits. Engineering circuit materials to improve performance is challenging [44,
45, 46, 47, 48]. Alternatively, coherence can be improved by designing noise-insensitive
circuits. The most successful approaches to date all sacri ce qubit anharmonicity: the
transmon qubit [49, 50, 51] and the C-shunt ux qubit [52, 53, 54] are derived from the
Cooper-pair-box [15, 16] and the original ux qubit [55, 56, 57] by shunting the circuit with
a large capacitance. The coherence was improved at the cost of a reduction in anharmonic-
ity to about 5%. Such low anharmonicity adds challenges in scaling up the system. Since
nonlinearity enables logic, reducing it too much will slow down gate operations. For exam-
ple, exciting multiple qubits creates nearly resonant conditions for state leakage outside of
the computational subspace [58], an error which is dif cult to correct algorithmically.

This dissertation work describes progress in quantum computing with uxonium su-
perconducting arti cial atoms [59]. The uxonium qubit is designed to evade decoherence
due to material imperfections without sacri cing non-linearity, ux-tunability, or microwave
controllability [60, 61].

We report long relaxation time T in the millisecond regime, enhanced by selection rules
engineering, which is the equivalent of bit- ip quantum error correction at the hardware
level [60]. At the ux symmetric point, coherence time T, in uxonium approaches half
a millisecond, still limited by energy relaxation (Fig. 1.1). This is the stepping stone for
high performance quantum computing with uxonium qubits [61]. Our results indicate
that the current limit is due to our fabrication and material selection, implying that even
longer coherence times are expected upon upgrading our fabrication techniques [30]. This
achievement also sets the stage for further development of more complex superconducting
circuit designs with additional protection from decoherence.

Finally, the thesis discusses our ongoing work on a uxonium quantum processor con-
structed from two capacitively coupled qubits which can be entangled via a microwave-

activated controlled-Z gate (see Fig. 1.2). We use the gate to create Bell states which are
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Figure 1.1: Coherence result highlight . Variations of coherence time T, and relaxation
time T1 of qubits A, C, and | (see table 6.1). The strong correlation suggests that improve-
ment in T would further enhance T».

highly entangled. Benchmarking of the gate shows that the delity is approaching the fault
tolerant threshold, with the best delity Fcz 0:975 0:015 obtained from interleaved
randomized benchmarking. With the tools developed and integrated into current experi-
mental setup, we expect further optimization of the gate. This achievement is a necessary
step toward constructing more complex, high performance uxonium-based quantum ar-

chitectures.

1.3 Thesis Outline

This thesis is organized as follows.
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Figure 1.2: Two-qubit gate result highlight . Quantum process tomography matrix of
the controlled-Z gate, with process delity F  0:88.

Chapter 2 introduces fundamental concepts in quantum computing, starting with the
postulates of quantum mechanics in section 2.1. We then discuss in section 2.2 the simple
yet ubiquitous theory of spins and springs, which we respectively use to model ideal two-
level system and harmonic oscillator. We ends the chapter by discussing the formalism
describing open quantum systems and decoherence processes in section 2.3.

Chapter 3 introduces the readers to the eld of superconducting circuits. We start by
reviewing in section 3.1 the physical concepts that allow these macroscopic qguantum system
to be treated as qubits, namely the phenomenon of superconductivity and the Josephson

effects. Armed with this knowledge, we move on to review circuit quantization formalism.
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Common decoherence mechanisms in superconducting qubits are discussed in section 3.2.
The chapter ends with a brief description of quantum gates and readout techniques in
superconducting circuits in section 3.3.

The rest of the thesis focuses on uxonium qubits and the experiments done in the
Superconducting Circuits Lab at the University of Maryland in the past six years. Chapter
4 establishes the theory which the experiments described in Chapter 6 are based on. We
start with a discussion of uxonium spectrum and selection rules in section 4.1. Specic
decoherence mechanisms in uxonium are analyzed in section 4.2, and dispersive readout
with uxonium is described in section 4.3. Relevant properties of coupled uxonium circuits
are discussed in section 4.4.

The quantum realm can only be explored if great care is taken to (i) isolate a quantum
system from the environment, and at the same time (ii) retain coherent control of quantum
degrees of freedom. We discuss the necessary experimental techniques to ful Il these re-
guirements in Chapter 5, starting with cryogenic engineering concepts employed to setup
the experiments in section 5.1. We follow with a discussion on cavity designs and simula-
tion in section 5.2, and a description of our room temperature electronics in section 5.3.
The chapter ends with an overview of relevant fabrication techniques in section 5.4.

Numerous experiments have been done throughout the course of this dissertation work.
First, we discuss the tune up experiments done with aluminum cavities in section 6.1. The
focus of the thesis are the coherence experiments, discussed in sections 6.2 and 6.3. We re-
port our preliminary results on the microwave-activated controlled-Z gate in section 6.4. We
conclude the chapter with a description of tune-up and auxiliary measurements in section
6.5.

Chapter 7 rst discusses the importance of our experimental results in the context of
guantum computing with superconducting circuits in section 7.1. We then present a per-

spective on quantum computing with uxonium-based architectures in section 7.2.



Chapter 2

Concepts in Quantum Computing

and Quantum Optics

Those who are not shocked when they rst
come across quantum theory cannot possibly

have understood it.

Niels Bohr

This chapter serves as the introduction to fundamental and essential concepts that we
will use in the rest of thesis. We rst start with concepts from quantum computing and
guantum information [2, 5] in section 2.1. We follow by discussing the simple yet ubiqui-
tous physics of spins and springs [10] in section 2.2 to build our intuition for later chapters.
Section 2.3 discusses the formal approach used to model open quantum systems and deco-

herence, ending with a brief discussion on quantum process tomography [5, 10].

13
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2.1 Fundamental Concepts

2.1.1 State Space

An isolated quantum system is completely described by astate vector A state vector is a
unit vector that lives in an associated state spacewhich is a complex vector space, referred
to as the Hilbert space of the system.

The basic building block of quantum computers is the quantum bit, or qubit. It is also
the simplest isolated quantum mechanical system. A qubit lives in a two-dimensional state
space. Suppose, using Dirac's notation, that the ground statg0i and excited statejli form
an orthogonal basis for the qubit's state space, then an arbitrary state vector in the state
space can be written as

i i = a0+ bli; (2.1)

where a and b are complex numbers. The condition for the state vectorj i to be a unit
vector is that it satis es the normalization condition, h j i = 1, which requires jaj?+jb2 = 1.
The statesjOi and jli are analogous to the classical bit) and 1 in a digital register. However,
instead of being only in one state or the other, a qubit can be in any superposition stateas
generally described by Eq. 2.1. When the qubit is in a superposition state, it cannot be
determined with certainty whether it is in one of its basis states. Instead, it has probability
jaj2 of being in jOi and probability jb? of being in jli. Thus, a and b are referred to as
probability amplitudes. For example, the state

jOi +J1i

: (2.2)

is a superposition of the basis state§0i and jli, with amplitudes a = b = 1=p 2, which
means there is a 50% probability for the state to be injOi and a 50% probability for it to be
injli.

The state vector of a qubit can be conveniently visualized on aBloch sphergFig. 2.1).
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Figure 2.1: Bloch sphere visualization . (a) Bloch sphere with an arbitrary superposition
state, where the state vector's end point lies on the surface of the sphere, its direction and
polarization are de ned by angles and . (b) Bloch sphere with superposition states
aligned along the X and Y axes.

It is a sphere with unit radius, and the state vector of a qubit is represented as a unit vector
with the tip lying on the surface of the sphere.

The state vector can then be rewritten in terms of the angles and as
j 1 =cos 2j0I € sin 2Jll, (2.3)

which is very useful when we want to describe simple quantum operations on the qubit,
although this visualization is limited to the single-qubit case, as there is no generalization
for multiple qubits.

Note that the normalization condition is automatically satis ed with trigonometric iden-
tity of sine and cosine in Eqg. 2.3. The factor 1=2 for angle is chosen so that = 0 corre-
sponds tojOi state, = corresponds tojli state,and =2 correspondsto | Oi state, so
the qubit is actually 4 periodic. This global phaseis, however, not important for the qubit,

as it is not possible to probe it in a single qubit. For a single qubit, the important physical
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guantity is the relative phasebetween the j0i and j1i components. We will con rm this after
introducing the measurement postulate, and come back to the4 periodicity in the case
of multiple qubits coupled to each other, where this property allows us to do multi-qubit

entangling gate.

2.1.2 Quantum Evolution and Gates

The evolution of an isolated quantum system from time t; to time ts is described by aunitary
operator U,

Jo(te)i = Uit )] (6)i (2.4)

The unitary operator U de ned above is abstract. Its form depends on the particular system
under consideration. An important practical consideration is how the state varies continu-

ously in time, which is described by the Schibdinger equation
ih——=Hj i; (2.5)

where h is the Planck's constantand H is the Hamiltonian of the closed quantum system.
If we know the Hamiltonian of a system, we can then understand its dynamics and predict
its time evolution.

The Hamiltonian is a Hermitian operator with spectral decomposition

X
H= EJEIhE]; (2.6)
E
with eigenvalues E and corresponding normalized eigenvectorsjEi. Physically, the states
JEi are the energy eigenstates of the system with corresponding eigenenergie€. The
eigenstate with the lowest eigenenergy is conventionally de ned as theground state Eigen-

states of a closed quantum system are also referred to astationary statesbecause their

evolution in time is simply a change in phase, which can be readily deduced from Eq. 2.5
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and Eq. 2.6,
JE(t)i =exp( iEt=h)JE(t=0)i: (2.7)

The unitary operator U that acts on a quantum statej i to evolve it from time t; to time t;
can be formally written in terms of the time-independent Hamiltonian as

iH(t  t;)

U(ts;ti) =exp h

(2.8)

In quantum computation and quantum information, we often work with abstract uni-
tary operations, leaving the details of the Hamiltonian H to be determined separately. For
example, in the quantum circuit model, the qubit can be manipulated using speci ¢ unitary
gate operations which only take into account the initial and nal states. To proceed further,
let us introduce the Pauli operators in matrix forms. They are used extensively in quantum
computation and quantum information. There are two equivalent notations frequently used

in literatures written below,

0 1 0 1
1 0
I = %) 0& X 1&
0 1 10
0 1 0 1 (2.9)
. ov= 0 IX ; , %1 O
i 0 0

The action of the Pauli matrices on a qubit state is straightforward. The identity operator
| leaves the qubit state unchanged, while the other operators ip it around the respective

axis. The Pauli matrices can further be used to describe arbitrary rotations around the X, Y,
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Z axes via therotation operators,

Rx() e!*2= cosl isinsX; (2.10)

Ry() e iYzz:cosél isinSY; (2.11)

Rz() e iZ=2=cosél i sinSZ: (2.12)
Note that we have used the Pauli matrices identity ; j = | +i jk « after expanding the
exponential in our derivation. In quantum computing, the angles = =2 are often used
to rotate the qubit onto and away from the X-Y plane, so we often write Rx ( = =2) and
Ry( = =2)as X=2and Y=, respectively.

2.1.3 Measurement

Quantum measurements are described by a set ofneasurement operatoré M g acting on
the state space of the system being measured. Itis a complete set of operators which satis es
the completeness relation

MYMp = I: (2.13)

If the state of the system isj i before the measurement, then after the measurement, the
system is left in

Mmj i
h iMHMpj i

j mi= g (2.14)
with probability
p(m)=h jMYMnpj i: (2.15)

From the completeness relation, we can deduce that the probabilities sum up to one,
m P(m) = 1. For many applications, we will be concerned with an important class of
measurements known asprojective measurementdn this case, the measurement operators

M are orthogonal projectors, MmM o =  qnmoMpy. The measurement is then described
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by an observableM with spectral decomposition

X
M = mMPp; (2.16)

m

where Py, is the projector onto the eigenspace ofM with eigenvalue m. When measuring

statej i, the probability of getting result m is
p(m) = h jPmj i: (2.17)

For example, when measuring a qubit along theZ -axis, the observable is ; Z. We can
write

Z = j0ih0j | 1ihdj: (2.18)

Thus, if we measure the superposition statej i = (jOi + jli)=p 2 along Z, we would get
(+1) with probability h jOihQj i =1=2and ( 1) with probability h jlihlj i =1=2.

We can also measure the qubit along X and Y. From Fig. 2.1, we can infer that we would
gethXi = h jXj i =1 andhYi = h jYj i =0. Indeed, we can check by direct matrix
multiplication that hXi = 1 for superposition state . More generally, we can de ne

jOiz +jliz jOiz j liz

jOix = — P jlix = — P (2.19)

so it's also possible to write the superposition state%%ﬁ in the Z-basis asjOix in the
X-basis. While the decomposition of a state vector varies according to the different bases,
the measurement is independent of the choice for the bases.
A practical problem in quantum computing is to determine the observables X and Y
when the system can only be measured along Z. To accomplish this, we simply perform
= 2rotations right before the projection measurement. This transformation converts what

we measure along Z to the expectation valueshX i and hYi, as shown in Table 2.1.
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Table 2.1: Qubit rotations and Z-projection measurements to determine expectation values
of Pauli matrices.

H Rotate‘ Measure H

I hZi
X2 hY'i
Y/2 -hXi
-X/I2 -hY'i
-Y/2 hXi

We can now examine the importance of the global phase and the relative phase of a
qubit state. Consider two different statesj i and € j i. Suppose that we measure it with
an arbitrary observable corresponding to the measurement operatorM ,,. The expectation
value of such observable for these states aré jMHMpj iandh je ' MyMmn€ | i, which
are equivalent. Thus, it is not possible to tell these states apart by any kind of measurement.
We may say that they are equivalent states.

It's quite a different story with the relative phase. For example, consider the states

j0ix

jLix

= Joﬁ;zjﬂ; (2.20)

_ J0iz j2 1iz:
The probabilities of the two available expectation values when we measure the states in the
Z basis are the same, and we cannot tell them apart. However, the relative phase difference
in the Z basis is equivalent to a different state in the X basis, and we can measure the
difference when we determine hX i, with jOix giving 0 and jlix giving 1. Thus, the relative
phase is basis-dependent, and the difference between the phases in one basis can result in
physically distinguishable states in another basis. Therefore, states with different relative

phases are not physically equivalent.
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2.1.4 Composite Systems

When multiple individual systems are prepared separately and used to construct a compos-
ite system, the state space of such a composite system is the tensor product of the state
spaces of the component systems. The joint state of the total system can be written as the

tensor productof the constituent state vectors

joi=ja ) 2 i opls (2.21)

In this case, any manipulation on one part does not affect the others. Unitary operations on
composite system when the operation is applied to only one of the individual systems can
simply be written as the tensor product as well. For example, when we ip the rst qubit of

a two-qubit system while leaving the other qubit untouched, the corresponding unitary can
be written as

U=Xx I (2.22)

However, it is not always possible to write the state vector representing a composite
system as the tensor product of the state vectors of individual systems. For instance, it's not
possible in the case where two systems are allowed to interact and form arentangled state

As an example, let us consider the two-qubit state

.. jO0 + j11
ji= 10409217: (2.23)
We can readily check that there are no single-qubit state§ 1i, 2i suchthatj i =j ji

j 2.

Such entangled states play a crucial role in quantum physics, quantum computation, and
guantum information. Unlike product composite states, when we measure one constituent
gubit, we also project the other qubit onto the respective basis. For example, if we measure

the rst qubitin j i and project it onto jOi (with 50% probability), then the second qubit
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collapses ontoj0i with certainty (100% probability).

The state de ned in Eq. 2.23 is called aBell state There are four of them:

jOOi + j11i
4p§7
jo0i j 11
4p§7
joli + j10i
4p§7
joli j 100
TP

J ool =

j ol
(2.24)

j 10l
j 1 =

Just as there are non-trivial (non-product) composite states, there are also non-trivial
unitary operations which cannot be written as the tensor products of individual unitary
gates of constituent systems. These are called multi-qubit entangling gates, and they are
required to construct universal sets of quantum gates. A universal set of gates is required
to synthesize any arbitrary operation on a quantum computer. A set composed of any two-
gubit entangling gate and all single-qubit gates is universal [2].

A two-qubit gate is an entangling gate if for some input product state, the output after
applying the gate is an entangled state. An important entangling gate is the controlled-NOT
(CNOT) gate, de ned by the unitary matrix

0 1

Ucnot = (2.25)

o O O Bk
o O +» O
r O O O
o

We can easily check its action on the basis states: the gate ips the state of the second qubit

if the rst qubit state is jli. Thus, the rst qubit is referred to as the control qubit and the
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Figure 2.2: Quantum circuit to create Bell states using CNOT gate . (a) Quantum circuit
diagram showing the creation of Bell states using a single-qubit gate and the controlled-
NOT two-qubit gate. If the initial state j oi is jOOi, then the nal state j »i is the Bell state
j ool. Other Bell states can be created starting from different initial states (see Table 2.2).
(b) Equivalent representation of the single-qubit gate X=2 and the CNOT gate in a quantum
circuit.

second qubit is referred to as thetarget qubit,

UcnoT jOOi = jOOi,
Ucnot jO1i = jOi;

(2.26)
Ucnot j100 = j11i;

Ucnot j11i = j10i:

The CNOT gate can be used together with single-qubit gates to generate entangled
states, as shown in Fig. 2.2. The circuit shown is often referred to asquantum circuit
diagram, the input and output are quantum states, and the gates are drawn as rectangular
blocks. Two different representations of the gates are shown. The state of the system is

changed by the gates as follows,

. . joo +j10 . j00i + j11i
Jo|=JOOI;Jll‘jﬂ31712 J‘PJ;‘JOOI (2.27)

Other Bell states can be created depending on the initial states, as shown in Table 2.2.
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Table 2.2: Creation of Bell states from different initial states using the quantum circuit
diagram in Fig. 2.2.

Initial state | jOOi | jOo4 | jiOi | jld
Final state j ooi j 1oi j 01i j 11i

Another important two-qubit gate is the controlled-Phase (CU) gate, de ned by the

unitary matrix 0 1
1 00 O
010 O
Ucu = (228)
0 01 O
0 0 0¢€
When = ,€ = 1, the CU gate becomes what we often call the controlled-Z (CZ) gate,
0 1
100 O
1 0 O
Ucz = (2.29)
001 O
0 00 1

The action of the CU (and CZ) gate is also straightforward. If the two-qubit state isj11i, the

unitary Ucy would apply a phase factorée' to it.

Ucujoa = jOOi;
UcujOJ.i = jOli;
(2.30)
Ucujl0 = j10i;
Ucujlli = € j1ii:

The CZ gate can also be combined with single-qubit gates to create entangled states. For
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Figure 2.3: Quantum circuit to create Bell states using CZ gate . Quantum circuit dia-
gram showing the creation of Bell states using single-qubit gates and controlled-Z two-qubit
gate. Different Bell states can be created starting from different initial states, as summarized
in Table 2.3.

Table 2.3: Creation of Bell states based on different initial states using the quantum circuit
diagram in Fig. 2.3.

Initial state | jOGi | jO4 | j1Oi | j1di
Final state | j 10i | ] 112i | ] o1l | ] ool

example, we can create different Bell states using the quantum circuit shown in Fig. 2.3.

The circuit's input-output relations are summarized in Table 2.3.

2.2 Spin and Mass On A Spring

Cavity quantum electrodynamic$CQED) physics is elegant and ubiquitous. Part of its appeal
comes from the simplicity of the model: a two-level system is represented as a spin, and a
guantum eld is described as a mass on a spring. Despite its simplicity, the model displays
a wide variety of phenomena, the breadth of which can be explored in references such
as [10]. This section introduces the basic concepts which have been adopted for use in
superconducting circuits to give birth to the eld of circuit quantum electrodynamic{cQED)

[22, 62]. We will explore cQED physics in more details in section 3.1.
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Realistic quantum systems can often be simpli ed to include just two states, with com-
plications from other states eliminated by appropriate approximation. The physics involved
is then reduced to two-level system con guration, which can be effectively modeled as a
spin-half, with the spin pointing up representing one state and the spin pointing down
representing the other state. The dynamics of the spin obeys the Bloch equations [10].

When many quanta of energy are involved, a mass on a spring model is better suited to
capture the physics. A harmonic oscillator with its Hamiltonian quadratic with respect to
the system's conjugate coordinates provides a good description of low lying states in such
system. Note that interactions which are too strong can introduce non-linear phenomena,
and the approximation fails. Therefore, we shall not consider that regime here.

In this section, we start with a description of the two-level system as a spin, and review
how it can be manipulated by an external eld. We then move on to analyze the Hamilto-
nian of a quantum harmonic oscillator which models an electromagnetic eld, and de ne
the state of a driven oscillator in equilibrium. Finally, we explore the coupled spin-spring
system in the dispersive limit. This formalism is expanded to explore gates and readout for

superconducting circuits in section 3.3.

2.2.1 The Spin System

A two-level system with eigenstatesjOi and jli is equivalent to a spin one-half aligned
along the Z-axis. Let the difference in its eigenenergies beh! o1, then the Hamiltonian for
this system can be written as

Hs= — 2 (231)

With this de nition, jOi andjli correspond to the ground and excited states with eigenener-
gies h! g1=2 and h! 91=2, respectively. Let us introduce the raising and lowering operator
, de ned as

. = j1ihoj; = j0ihyj; (2.32)



CHAPTER 2. CONCEPTS IN QUANTUM COMPUTING AND QUANTUM OPTICS 27

which can be written in terms of the Pauli matrices x.y as
1 ,
= 5( x 1y): (2.33)
We can attempt to drive the two-level system with a classical oscillating eld written as
E=Eg ge '(d" a4 4 latt o (2.34)

where E4 is the amplitude of the eld, ! 4 is the angular frequency, 4 is the phase, and~ is

the complex polarization vector. The eld can be coupled to the spin via a dipole moment
D=d(s ++s ), (2.35)

where d is the dipole matrix element and ~ is the spin's polarization. The coupling Hamil-
tonian can then be writtenas Hg = E D, with H = Hg + Hg. We can simplify the driving
scheme by letting 4y w = 1. We can then use therotating wave approximationin the
interaction representationto get the interaction Hamiltonian of the system rotating at the

eld's frequency ! 4 [10],

H|=h72+7(eid++ei°' )
h h (2.36)
= 5 z+ 5 (cos( ) x *sin( q) v)
where = ! !4isthe spin-eld detuning, and =2 dEg=h is the Rabi frequencyof the

driven system, which is intuitively proportional to the matrix element of the spin d and the
amplitude of the eld Eg4. However, that is not always the exact rotation frequency of the

spin, due to the nite detuning between the drive and the transition frequency. In general,
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we can write the driven Hamiltonian as
H, = ~ A (2.37)

where

0= 24+ 2 (2.38)
is the effective Rabi frequency, and

Hz + COS g4tx + Sin gty
0

A= (2.39)

is a unit vector in the Bloch sphere, the direction of which is determined by the ratio be-
tween the detuning  and the Rabi frequency .

The Hamiltonian in Eqg. 2.37 thus describes the Larmor precession around an effective
axis along A at frequency © This is also known asRabi oscillation The time evolution of
the spin on the Bloch sphere under the driving eld can be visualized by simulating Eq. 2.5
in the rotating frame,

ih@@j( = Hj i (2.40)

Time evolution of the spin in different detuning scenarios is plotted in Fig. 2.4. For sim-
plicity, we can set 4 = 0, and vary the detuning . In the resonant case, the spin vector
rotates around the X -axis. In the detuned case, the axis of rotation is tilted away from the
X -axis by an angle that increases with the detuning. From Eq. 2.39, we can deduce that
the tangent of this angle is equalto = .

Rabi oscillation provides a simple way to prepare the qubit in any arbitrary state. The
most important cases are for rotation angles of and =2, where a combination of the eld

amplitude E4 and the interaction time is tuned to rotate the spin precisely by these angles.
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Figure 2.4. Qubit rotation . A qubit rotating in the drive's frame when the drive is (a)

on resonant with qubit's frequency = 0 , (b) somewhat off-resonant = =2, and (c)
far-detuned from qubit's frequency =4 . The qubit's trajectory is described by the blue
arrow tracing the blue line. The red arrow represents the axis of rotation.

2.2.2 The Field Oscillator

Generally speaking, harmonic motion can be characterized by a particle of massn moving
in a 1D quadratic potential V(x) = m! 2x?=2. The motion of the particle in a phase space
of complex variable x + ip is a rotation at angular frequency ! . In quantum physics, the
position and momentum are operators satisfying the commutation relation [x; p] = ih, and
the Hamiltonian of the system can be written as

ml 2x2  p?

H = + 2. 2.41
2 2m ( )

Next, we can introduce the natural units for x and p as [10]

r

h m! h

o PoT (2.42)

Xo =

then normalize x°= x=2xo, p°= p=2po to get

H = h! (xoz+ poz): (2.43)
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Quantum harmonic oscillator formalism can be conveniently and elegantly written in
terms of the ladder operators namely the annihilation operator a = x°+ ip®and its complex
conjugate @Y. The commutation relation between x and p leads to [a;&] = |, and the

spring's Hamiltonian can be written as

H=nh aa+ (2.44)

NI =

where N aYa is the number operator satisfying[a;N] = a, [a¥;N] = &, and the term
h!= 2 represents the vacuum uctuation energy. We can check thathx?i = x3 and hp?i = p3
(or x®i = hp®i = 1=4) satisfy the vacuum condition N = 0, H = h!=2. Thus, Xxo and pg
are also referred to aszero point position and momentum r.m.s. uctuations, respectively.

We shall use this formalism in deriving the corresponding zero point coordinates for an LC
oscillator in section 3.1.

Within a constant vacuum energy h!= 2, the eigenvalues of the Hamiltonian of an os-
cillator are then h!N , with denoted eigenstates jni, where n is a non-negative integer.
These are calledFock statesof the harmonic oscillator, such that Njni = njni. The ladder
operators' effect on the Fock states is to move the system up or down in the ladder (see
Fig. 2.5(b)),

ajni = Ioﬁjn li; ani= IOn+1jn+1i: (2.45)

An electric eld in a cavity can be expressed as a linear combination of the creation and

annihilation operators,
E(;t)= Eq fae " fave't ; (2.46)

where Eg is the electric eld amplitude, and f~ describes the position dependence of the

eld, obeying elds equation and boundary conditions.
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Figure 2.5: Harmonic oscillator concepts . (a) A harmonic oscillator is representﬁdﬁa
massm connected to a spring with spring constantk. Its resonant frequency is! = k=m.
(b) Energy spectrum ladder of a harmonic oscillator. The levels are equally spaced, with
the lowest state having the vacuum energy ofh!= 2.

Since the Fock states are equidistant in the energy space, the electric eld has an indef-
inite phase and does not correspond to an oscillator excited by a classical eld. When an
oscillator is driven by a classical eld, it is instead put into a state described by well-de ned
amplitude and phase. For example, we can drive a mechanical oscillator into such state by
giving it a momentum kick p, while for an LC oscillator, we can drive it with a current or

voltage source. We call the resulting statecoherent statg i, de ned as
j i=D()j0i; (2.47)

where D( ) = el2” @ js the displacement operator, satisfyingDY( ) = D( ) and

D (0) = I. The coherent state can be expressed in terms of Fock states using the expression
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Figure 2.6: Fock state representation of coherent state . Coherent states represented by
the Poisson number distribution (Fock basis) for an average of (a) 1 photon, and (b) 10
photons.

D( )= d I’?2ea”e 2 Explicitly writing out a"j0i, we get
o, X n
ji=ei™  p_jni: (2.48)
., n
The square of the probability amplitude gives the probability of nding the excitation num-

bern asp (n) = jcaj?, which has Poisson statistics,

_ el i
p(n=-¢ ! I

(2.49)

From this, we can deduce that a driven harmonic oscillator is in a superposition of number
states, with the average number of excitationsn = j j?, and standard deviation n =
P o hniz= Yo

Figure 2.6 shows the probability distribution in the number states basis for 1 and 10
guanta of excitation on average. Note that the relative width of the distribution, n=n
becomes progressively smaller as the amplitude of the eld increases. This is consistent
with our de nition. The coherent state is ill-de ned for a harmonic oscillator in vacuum

state, and becomes more classical as we increase the driving strength.
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2.2.3 Coupled Spin-Spring System

From the derivations of spin and eld mode previously explored, we can now write the

atom-cavity coupling Hamiltonian as
Heoupling = d(=s + +~ ) Eo —a+ ~a (2.50)

Terms like aand .a¥ correspond to highly non-resonant processes and play a minor
role compared to the other two terms ,aand &Y, which correspond to photon emission
and absorption processes. Neglecting those non-resonant terms, we can approximate the
coupling Hamiltonian as

Hcoupling = hg(a + + @ ); (2.51)

where g = dEpj~ ~¢ Is the vacuum Rabi frequency, which represents the strength of
the atom-cavity eld coupling. It is proportional to the dipole moment of the atom, the
amplitude of the eld across the atom, and the polarization alignment between the atom
and the eld. The rst term describes the absorption of energy by the atom from the cavity,
and the second term describes the emission of energy from the atom to the cavity. The
Hamiltonian describing the coupled system is called theJaynes-Cumming Hamiltonian

|
Hyc = h! . a’a+ % + hf z+hg(a++a ) (2.52)

The rst term represents the energy of the electromagnetic eld inside the cavity, the second
describes a spin one-half, and the last term is the coupling given by Eqg. 2.51. Physical
phenomena involving this atom-cavity coupled system has been investigated in atom and

superconducting circuit systems [22, 62, 63, 64].
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Dispersive Case

When the detuning between the atom and the cavity is large, = jl¢ !gj g, there
is negligible energy exchange between the subsystems. This regime is called thdisper-
sive limit of the Jaynes-Cumming model. Expanding the Jaynes-Cumming Hamiltonian in

powers of g= to second order gives

's
+h (2.53)

g2

NI =

The rst term describes a harmonic oscillator with resonant frequency dependent on the
state of the atom, ! 9 = |, g?= . This frequency shift is called the dispersive shift It
can be used to measure the state of the spin in a Quantum Non-Demolition (QND) fashion
[10]. This physics has been utilized to realize cavity quantum electrodynamics paradigm
in superconducting circuits [22, 23, 62], where a spring (cavity) is used to probe a spin
(qubit). Note that the dispersive approximation is only valid at suf ciently low photon
number. If the number of cavity excitation exceeds the critical value n =  2=4g?, this
approximation breaks down.

The Hamiltonian can also be written to emphasize the dependence of the spin on the

number of excitations in the cavity,

2
+ D ls+ Ziaya+

g2
E =2

H h'. aa+

NI =

(2.54)

The spin's effective frequency is dependent on the Lamb shifig?= and the Stark shift
2g°n= . The Stark shift depends on the number of photons in the cavity, which leads to
measurement-induced dephasing in qubits [63, 65]. Moreover, under the dispersive strong
condition where the dispersive shift 2g°= s larger than the qubit's spectroscopy linewidth
and dephasing rate, we can use the qubit to query exactly how many photons are in the

cavity [64]. This allows QND measurement of the photon number [66].
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2.3 Open Quantum Systems

So far we have only discussed ideal, isolated systems for which we have complete knowl-
edge. The state of the system is then said to be g@ure state However, that is not always
the case, as the system can have interaction with the outside world, and its coherence can
be destroyed via the leakage of information to the environment. In this case, the system is
in a so-called mixed state

In this section, we discuss the formalism to describe open quantum systems. We rst
introduce the density operator also known as the density matrix, and its properties. The
formalism is completely equivalent to the state vector approach, and provides a convenient

language to describe a more general quantum state.

2.3.1 The Density Matrix

The density operator language provides a convenient means for describing quantum system
that we do not have complete knowledge about. If we have an ensemble of pure quantum
statesj i with corresponding probabilities p;, then the density operator for the system can
be de ned as
x . - .
pij iih ij: (2.55)
i

If the state is known exactly to be in statej i, then the density operator can be simply
written as = j ih j. This can also be done by rewriting Eqg. 2.55 with one of thep; equal
to 1. Otherwise, when p; < 1, the system is in a mixture of states. The decomposition of

in Eq. 2.55 also requires to be positive and have unit trace,
Tr( )=1: (2.56)

P
We can show thatTr( 2)=  p? 1, with the equality condition only satis ed when is a

pure state.
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Other important notions in quantum mechanics can be rephrased in density operators
language in complete analogy to the state vector approach. The evolution of a system

following the unitary operator U obeys
X . . . X - . .
= pjih ! ()= pUj b ju=UUY: (2.57)

A measurement following operator M, will give result m with probability
p(m) =Tr( M{Mp, ); (2.58)

leaving the system in a state described by a density matrix

MM m

R v VR (2.59)

If we have multiple quantum systems prepared in state ;, then the joint state of these
can be described by the density matrix = 1 2 i 5. Now, suppose we have physical
systemsA and B, and the state of the composite systemis ag = a g. The subsystem

A can be analyzed through the reduced density operator » de ned via the partial trace

A Tre( as); (2.60)

where the partial trace Trg is de ned as

Tre( A B)= aTre(B)= A: (2.61)
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Density Matrix of a Qubit

Let's consider the case of a two-level system with basis statg®i and jli. The density matrix
isthena2 2 Hermitian matrix which generally takes the form

0 1
-B° "% (2.62)
10

11

Its real positive diagonal terms o9 and 11, called populations are the probabilities of
nding the qubit in jOi and jli, and thus sum up to unity oo+ 11 = 1. The off-diagonal
terms ppand 10= o1 , called coherencesare important in determining whether the state
is pure or mixed.

The density matrix of a qubit can be expanded onto the Pauli basis as
1
= E(I + £ ~); (2.63)

where * is the Bloch vector for state . Following the de nition of a pure state, Tr( 2)=1,
we can deduce thatjjj  (rZ + r+ r2)z = 1 only for pure states and jjjj < 1 for mixed
states. Thus, the tip of the Bloch vector lies on the surface of the Bloch sphere for pure
states, and inside the Bloch sphere for mixed states. The center of the Bloch sphere would
then correspond to the maximally mixed state = 1=2.

While the Bloch sphere is a great way to visualize the state of a qubit, it is not possible
to generalize it to multiple qubits. An alternative approach is to plot the density matrix
of the system in a matrix histogram, as shown in Fig. 2.7 for single-qubit and Fig. 2.8 for
two-qubit states. Hinton diagrams are also used to describe matrices in the literature. We
show some examples of Hinton diagrams in Fig. 2.9, where the density matrices correspond

to the four Bell states.
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