U< xPyx)t <1
such that

Ye)y
Each min/max problem is an LMI convex programming problem and can be solved
effectively. We hope that after iterations 1 < y and [ — 1. It is shown in [16] that

this simple algorithm does not work very well. In order for the min/max algorithm to

work, two properties need to be true

e The sets X and Y need to be closed

e Forany X € A, weneed kX € X Vk >1 ForanyY € Y, we need Y €
YVO0<k<l.

To satisfy these two properties, we need to modify A and Y as

X ={(X,a) ER™* xR :Cx < —I} (2.18)
Yy ={(r.8) eR™" xR:Cy < -1} (2.19)
where
By|* [AX + XA +7%aB,B;, XCi][By]*
Cx(X,a) = (2.20)
D1 i 01X —aI_ _D1
ot 0] [AY+YA+pBCC, YB | [Ct o
Cy(Y,B) = (2.21)
0 I] BlY —28I| | 0 I

It can be shown that X and Y have the following properties.

Lemma 2.2 Given the sets shown in (2.18) and (2.19), we have the following prop-

erties

(X,0)eX=k(X,a)eX V £>1 (2.22)

Y, eyY=rl,f)eEY V 0<k<1 (2.23)

Proof. Assume that (X,a) € X. Therefore for any « > 1

Cx(kX,ra) = kiCx(X,a) < =kl < -1
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This assures that (kX,ka) € X. Similarly, assume (Y,3) € Y. For any 0 < k < 1, we
have

Cy (Y, k0) = kCy (Y, B) < =&~ (6B)T < —(kB)*1
This implies that (kY,x3) € Y also. q

The significance of Lemma 2.2 means that the min/max algorithm can be used to

find a (P, 6) € P where
P = {(P, ) eRVMxR™:P>0,0<0<1, (P!, 67) € X,(P, 6) € ¥} (2.24)

Algorithm 2.1 The min/max algorithm for solving He, problem: constant output

feedback case

1. Choose € to be a sufficiently small constant and nitialize Y(® > 0 and 8© > 0

and k=1.

2. Solve the convez optimization problem

(X<k> o<k> <k>Y = g min {MII < y<k-1>12xy<ko151/2 ol

1

N

1< Pagy, (X,a)eX}) (225

3. Solve the convex optimization problem

(Y<k> g<k> 1<k>) .= grg max {I|iI < x<k>1/2y <k>1/2 <1
Y1 ’

ISa*>p<1, (vA eV}  (226)

4. If p<F> —1<k> < ¢, then stop; the algorithm is successful. If Amin(Y <¥>) < € or

B < €, then stop; the algorithm failed. Otherwise let k =k + 1 and go to step 2.
Lemma 2.2 assures that if P is not empty, we will have the following result as k — oo.

X=Y1 a=p"", p=i=1
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Therefore (Y, 3) € P. It is proved in [16] that the min/max algorithm has the following

properties.
I < s <IM < s < S1 V2
Y<k> 2 X<k+1>—1 2 Y<k+1> Z X<k+2>—1 2 o V k Z 1,
1 1
<k>~ - <k+1>
ﬂ Za<k+1>2ﬂ ->—a<k+2> Z-.. VkZI,

The two minimization problems in our algorithm are LMI problems, therefore they
can be solved effectively. It is obvious that (2.25) is an LML It is not so obvious that
(2.26) is an LMI because of the 32 on the right hand side of (2.19). (2.19) can be
made into an LMI by applying the Schur complement as

Cy pBI

<0

Bgr -I

So (2.26) is also an LMI optimization problem.

After finding a (P, ) € P using the previous algorithm, we have the following

main theorem

Theorem 2.2 Let (P, 8) € P, then P := P/ satisfies the inequalities (2.13) and
(2.14).

Proof. Because (P, ) € P, we have Cy (P, 6) < —6°I, i.e.

eyt 0] ' [AP+PA+6C,Cy PB | [Cyt 0
i} < —671.
L0 I | 1P -y 0I| | 0 I
ot o]’ A48 +Ea+cie, EB[Cit 0]
= _ < —6I.
Lo I | B L -y | 0 I]
(ot 07 [AP+PA+CCi PB[Cit 0]
= _ <-01.<0
o 1] B{P -y | 0 I

Thus shows that (2.14) is true. We also have Cy (P!, 671) < I, i.e.

By [AP-1+ P14' +4~29-1B,B, P-1C!] [By]*
<-I

D, C,p-1 -0~

D,
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! — — .
(B, " [A60P7' +6P7'A' +4~2BB, ¢P7'C!] [B,]*
= . < -0
D | C.0P -1 D;
- - l! -
B,]* [AP~'+ P 1A' ++72B,B, P-1C}][B;]"
= <-0I<0
-D1J i CIP“I -1 Dy

This shows that (2.13) is true. Therefore P solves problem (2.6) for some G having
the form in (2.9). 9
The G obtained from (2.9) will make the Ho, norm of the closed-loop static output

feedback system

12w (G)lloo < ¥

2.3 Example 2.1

In this section we will present an example to demonstrate the min/max algorithm for
finding a static output feedback controller such that the closed-loop system has Ho,
norm smaller than 4. The system matrices are as follows.
[—0.0366 0.0271 0.0188 —0.456]
0.0482 —-1.01 0.0024 —4.02

A= ,
0.1 0.368 —0.707 1.42

) 0 1 0 |
1 0 0 0] £ 0.442  0.176 ]
0100 354 —7.59

Bl= )BQ=
0010 —5.52  4.49
0 0 0 1] |0 0
10 0 07 0 0

Ci=(0 10 0{,D;=]|1 0{,C3=[0 1 0 0]
0 0 0 O] 0 1

Here we are looking for a static output feedback G so that the closed-loop H, norm

is less than v = 13.
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k=1 | k=2 | k=3 | k=4 | k=5
p<k>1 6.006 | 1.866 | 1.035 | 1.003 1

a<k> | 6.096 | 50.16 | 51.93 | 52.07 | 52.09
I<k> | 0.2267 | 0.825 | 0.9908 | 0.9992 | 0.9999
B<¥>10.03719 | 0.01993 | 0.01926 | 0.0192 | 0.0192

Table 2.1: Result of the first five iterations of the min/max algorithm applied to

Example 2.1

Using the min/max algorithm starting from Y = I and 8 =1 and € = 178,
we achieve convergence in 9 iterations. Table 2.1 shows that at k = 4 the x and [ are

already very close to 1, and S~ o land Y ~ XL

[ 0.196 —0.0549 -0.0886 —0.0735]
—0.0549 0.114 0.0362 0.065
y@ =
—-0.0886 0.0362  0.0968 0.044
L —0.0735  0.065 0.044 0.116 |
[ 0.196 —0.0549 —0.0886 —0.07357
1 —0.0549 0.114 0.0362 0.065
x@7 =
—0.0886  0.0362 0.0969 0.044
| —0.0735  0.065 0.044 0.116 |
Eventually, we obtain Y as
0196 —0.0549 —-0.0886 —0.07357
—0.0549 0.114 0.0362 0.065
Y= ,
—0.0886 0.0362 0.0968 0.044
| —0.0735  0.065 0.044 0.116 |
With p =1 and L = 0, we obtained G from (2.9) as
1.06
G =
1.44

We have ||Tow(G)|loo = 12.4751 < 7.
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2.4 The Gradient of the y-contour

Consider the following system with state feedback

= Az + Biw + Byu
z = Clz + Dlu (2'27)
u=Kz

Definition 2.1 vy-contour

The y-contour is defined as as the subset of the set of stabilizing state feedbacks K,

such that ||Tpy(K)||eo = . We denote it as
Ky = {K[|Tw(K)lloo = 7} (2.28)

Lemma 1.4 showed that all the optimal solutions of the Hy/H will lie on the
boundary of the Hoo constraint. For any K such that || 15y (K)|leo = 7, the eigenvalues
of the associated Hamiltonian matrix

A+ ByK 7_23131
H:= (2.29)
—(01 + DlK)’(C1 + DlK) —(A + BzK)’
will include pure imaginary defective eigenvalues. It is of interest to study the local
behavior of these pure imaginary eigenvalues along the y-contour X,,.

We need to discuss the properties of the eigenvalue derivative of a repeated eigen-

value first.

2.4.1 The Derivative of Repeated Eigenvalues/Eigenvectors

The local behavior of an eigenvalue has strong connection with the derivative of the
eigenvalue and its corresponding eigenvector derivative. Usually the eigenvalue deriva-
tive can be computed easily. However difficulties will occur if a matrix has repeated
eigenvalues. It becomes even worse when the repeated eigenvalue is defective and the

eigenvalue is on the imaginary axis. In this section, we will discuss only the eigenvalue
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behavior of a real matrix. The eigenvalue A of a real matrix is defective if the Jordan

block of the matrix contains the sub-block

A 1 0 ... 0]
0 X 1 0

0 ... 0 X 1
0 ... ... 0 ]

The eigenspace corresponding to the defective eigenvalue is one-dimensional.

The eigenvalue A is non-defective if the corresponding Jordan sub-block is

A 0 0 ... 0]
0 A 0 0

0 ... 0 X 0
0 ... ... 0 A

The eigenspace corresponding to the non-defective eigenvalue is m-dimensional if the
multiplicity of A is m.

We summarize this property as follows.

e If a one parameter non-defective matrix has repeated eigenvalues, the repeated
eigenvalues are not differentiable with respect to that parameter. However the
derivative in the neighborhood of the repeated eigenvalue does exist. Or we can
say that the eigenvalue derivative at the repeated eigenvalues has a multiple

derivative.

e If a one parameter matrix has defective repeated eigenvalues, these eigenval-
ues are not differentiable. The derivative in the neighborhood of the repeated

eigenvalue approaches oo as it gets closer to the defective repeated eigenvalue.
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Derivative of a Repeated Eigenvalue [5, 7, 18, 28, 40, 41]

Given a one parameter(p) eigenvalue problem with repeated eigenvalues of order m at
p=0.
(H(p) = A(p)) u(p) =0 (2.30)

where H(p) is an n x n matrix depending on the scalar parameter p, A(p) is a repeated
eigenvalue of H(p) of order m, and u(p) is the eigenvector of H(p) corresponding to
A(p). We know that the dimension of the invariant space corresponding to the repeated
eigenvalue will be m. Let U; and V; be n X m matrices that span the right and left
invariant space respectively. If these repeated eigenvalues are non-defective at p = 0,
U; and V; can be chosen such that V{U; = 1. Any vector in the right invariant space

can be represented as

a(p)
u(p) = Ui(p)e(p) = Ur(p) | (2.31)
em(p)
So (2.30) can be rewritten as
(H(p) — Mp)I) Ur(p)e(p) = 0 (2.32)
Taking the first derivative of (2.32) gives
0H 09\ oUic
(a—p - 5;1) Use+ (H = A7 = 0 (2.33)
Multiplying (2.33) in front by V{, we have
dH(p) . dA . adH(p)  dA
(V1 dp Ul dp Vl U1)C = (Vl dp U1 dp I)C = 0. (234)

(2.34) is an eigenvalue problem of size m. The m eigenvalues of (2.34) are the eigenvalue
derivatives at the repeated eigenvalues A when p = 0. There are m derivatives because
when parameter p of the matrix is perturbed, the repeated eigenvalues at p = 0

will split into m distinct eigenvalues. Each eigenvalue derivative we get from (2.34)
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evaluated at p = 0 describes how each eigenvalue split. When the eigenvalues split,
the eigenspaces will also split into m distinct 1-dimensional eigenspaces corresponding
to each eigenvalue.

The reason that a defective repeated eigenvalue has an oo derivative, is that the
left and right invariant spaces must be orthogonal. One simple example reveals this.

Given a matrix

-1 1 0
0 -1 1
0 0 -1
The matrix has right and left eigenspaces spanned by Up,V; where
1 0
Uh=({0] W={0
0 1

So (2.34) can not be true unless dA/dp is oo because V{U; = 0.

One interesting observation for defective and non-defective repeated eigenvalues is
shown in Figure 2.1. For non-defective repeated eigenvalues, the perturbed eigenvalues
will cross each other at the repeated eigenvalue. For defective repeated eigenvalues,
the perturbed eigenvalues will move face to face and meet at the repeated eigenvalue

then changed direction abruptly in the opposite way.

Derivative of a Repeated Eigenvector

Next we would like to obtain the derivative of the eigenvector U;c corresponding to the
repeated eigenvalue where c is one of the eigenvectors of (2.34). Assume the following

normalizing condition is satisfied, i.e. we let U;c be a unit vector.
dUUic=1 (2.35)

The eigenvector derivative can be expressed as d(Ujc)/dp = U¢, where U = [Ul, ﬁg],

U, = U;(0) and Uy = Uy(0). U, is the basis of the eigenspaces evaluated at p = 0

45



Im(\) Im(\)

Re()\) Re()\)

non-defective eigenvalue Defective eigenvalue
A(p) when p perturbed A(p) when p perturbed

Figure 2.1: Repeated eigenvalues(defective/non-defective) movement when perturbed

corresponding to A(0). and £ is an n x 1 vector. To determine ¢ is equivalent to
computing the eigenvector derivative.

First we know that H — A is of rank (n — m) and that (2.33) has the structure

- 51 -
A . R 3
(%—H - ?I) Ui+ [(H=ADO, (H-AD]|
p p §m+l
L &
- él -
O0H 0O\ )\ - . &m
_ (— - —I) Orc+ [Onxm  (H = DT ] ~0 (2.36)
3p 3p £m+1
L &,
It is obvious that one can determine {41, - -, {5 by solving equation (2.36) because
(H— I )(72 is of full column rank, n — m. Ug[£m+1, .-+, &) is sometimes called the
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homogeneous solution of the eigenvector derivative. The following derivation shows
how we can obtain the particular solution of the eigenvector derivative.
To determine &;,---,&, one has to take the second derivative of our eigenvalue

equation to obtain

0’H 9%\ 0H 0X .\ d(Uyc) 9 (Urc)
(ap 621)U1c+2<ap—551> =AY =0 (240

Let V = \A Vg] be the span of the left eigenspace with V; torresponding to the
repeated eigenvalues evaluated at p = 0, i.e. V/(H(0) — A(0)I) = 0. Multiply V; in

front of (2.37), we have

&1 Em+1
FH_ O frosany (a—H-QI)U w2 (-2 o, ’
ap? ap2 ) T 8p T Bp 1\ 3p ~
ém fn
(2.38)

Observe that (2.38) ism equations. We have already determined dA/dp, ¢, &1, - 5 én-
We have &1,---,¢&n and 3 to be determined. We need an additional equation to be
able to solve for the total of m+1 unknowns. This will come from taking the derivative

of the normalizing equation (2.35) and evaluated at p = 0. It gives

Em+1 &1
OO, | ¢ | +d0i0 | ¢ | =0 (2.39)
€n £m
Combining (2.38) and (2.39) we can solve for &;,---,&, and %ﬁ} in a quadratic form.

We will omit the details of solving them. Or one can go to the listed references. One
other point is that this algorithm can be extended to suit the case when the repeated

eigenvalue is complex.

2.4.2 The Gradient of the y-Contour With Respect to K

In this subsection we concentrate on the case where H has two pairs of complex

conjugate pure imaginary eigenvalues. We will treat the case where H has two zero
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@ Two pairs of repeated pure imaginary
eigenvalue of H(K, \)

@ Two pairs of repeated pure imaginary
eigenvalue of perturbed H (K, \)

Re())
__- Eigenvalue perturbation direction of H

# corresponding to perturbation of element
...... < of K )

. N = Digenvalue perturbation direction of H
‘\/. corresponding to perturbation of ~y

Figure 2.2: Perturbed imaginary eigenvalues of H corresponding to the perturbation

of v and element of K.

eigenvalues later. Our primary goal in this section is to obtain the perturbation of v
corresponding to perturbation of each element of K. These perturbations form the
gradient of v with respect to K. We will define the gradient of the «y-contour with
respect to K as [dy/dk;;] where k;; is the (4, j) entry of K. [dvy/dk;;] is a column vector
with entries dvy/dk,; in lexicographic order.

The gradient gives us a tangent plane along which to search for better performance
without drifting too far away from the H constraint. The idea behind this is the
simple fact that the Hamiltonian matrix for an arbitrary K and its corresponding vy
always has at least two pairs of pure imaginary eigenvalues. But we will assume that
the Hamiltonian matrices have exactly two pairs of pure imaginary eigenvalues for all
stabilizing K.

So when we perturb K along the «y-contour, the associated Hamiltonian matrix
must also be perturbed in such a way that the perturbed H continues to have two

pairs of pure imaginary eigenvalues as illustrated in Figure 2.2. It is easy to see from
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Figure 2.2 that

dX dx

Re(&kiy g + A ) =0 (2.40)

where ) is the pure imaginary eigenvalue of H. Here we make use of the eigenvalue
derivative discussed in previous subsection.

Given a nominal pair (K ,y), consider the following eigenfunction equation.
(H(K,v) — M)u=0; (2.41)

A perturbation of Ak;;, Ay will lead to the following first-order approximation.

dH dH dA d\
(H(K ’y) dkw Ak‘ + EA’)‘ - ()\ + d—kz;Akz] + EA’)’)I)

du du
Ay} =0 (2
(u koAk,J+d 7) 0 (2.42)

We choose A = jw be the pure imaginary eigenvalue of H. In order to remain on the
imaginary axis, (2.40) must be true. This in turn gives a simple representation of the

perturbations of v vs k;; as

A'y _ —Re(d)\/dkij)
Ak  Re(d\/dv)

(2.43)

(2.43) requires us to compute the eigenvalue derivative of A with respect to k;; and to
v. As we mentioned, the pure imaginary eigenvalues of H are defective. So we have
a problem in obtaining the eigenvalue derivative of a defective repeated eigenvalue
because the derivative of this particular eigenvalue is not defined.

Because of these defective eigenvalues, (2.34) can not be directly applied in order to
obtain the eigenvalue derivative. The derivative of the eigenvalue blows up. However
the eigenvalue derivative in the neighborhood of the defective repeated eigenvalue
still exists. And our interest is to find dy/dk;;. So we investigate the derivative in the

neighborhood of the repeated defective eigenvalue with respect to  and k;; separately.
(2.34) gives us
V4,

&=V, (2.44)
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d ViU
dkij - Vll U;
Let Vi(p) and U (p) be denoted as the neighborhood of V; and U; respectively. Then

(2.45)

Vi(p)'Ui(p) # 0 ;%W(P)'Ul () =0 (2.46)
Putting (2.44) (2.45) into (2.43) and taking the limit, we have the following lemma.

Lemma 2.3 Given a system as in (2.27), a stabilizing K which makes the norm of
the closed-loop system ||T,w(K)|loo = v and a Hamiltonian matriz H defined as in

(2.29). Then

d
L =[] (2.47)
1 dH
¢y __Fe(Vidivn) (2.48)

where Uy and Vy are the right and left eigenvectors corresponding to the defective re-

peated pure imaginary eigenvalue of H and Re(.) denotes the real part of the argument.

Proof. The proof is done by means of the previous construction q
This Lemma gives an efficient way to compute the gradient of v with respect to
K. In Chapter 5, we use it to provide a direction for perturbing the K so that the

closed-loop Hoo norm will be strictly smaller than +.
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Chapter 3

Solving the H,/H., Problem Using a BMI

Our original approach for solving the mixed Hz/Ho, optimization problem was to
solve the highly coupled Riccati and Lyapunov type equations using a continuation
method as described in Chapter 1. Due to the difficulties in applying the continuation
method, we use the bilinear matrix inequality approach in this chapter to solve the
H2/Ho optimization problem. To obtain the corresponding BMIs, we need to first

introduce the following concepts.

3.1 Dissipative Systems and the Riccati Inequality

In [47, 50], Trentelman and Willems showed that the concept of dissipative system for
a linear, time-invariant, finite-dimensional system with a quadratic supply rate and
storage function gives a natural interpretation for studying the Riccati inequality for
many control problems. It leads to the solvability of the Riccati inequality and the

associated linear matrix inequality. We will briefly review the subject.

Dissipative System [47]

Consider a time invariant dynamic system X. Let z represent all accessible entries of
Y. In other words, z is all the measurable inputs/outputs of the dynamic system. The

s(z) is called a supply rate, as a function of z it represents the "performance” of £
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such as power rate or energy consumption of the system. s(z) is not limited to those
performance measures, it can be any function that is of interest regarding the system.
A precise definition of supply rate is complicated and unnecessary here because we
will always use quadratic supply rates. A definition can be found in [47]. We define
(3, s) to be dissipative if

/0 % s(e(t))dt > 0 (3.1)

for any periodic 2(t) with period ¢;.

Internal Dissipative Systems [47]

Given a time invariant dynamic system in state space form X; with supply rate s(z)
and a function V(z)(function of state z), (£s,s,V) is called internal dissipative if for

allt; >0

VEO) + [ stet)dt > V(o) (3.2)

Any function V(z) which satisfies the inequality (3.2) is called a storage function.
From the definition of (3.2), it is clear that if a V is a storage function thén V+C'is
also a storage function for any C' € R. It is convenient to define a normalized storage
function at some particular z* such that V(z*) = 0.
Assumed that we normalize the storage function such that V(0) = 0, there exist

two special storage functions that are important in optimization theory.
ty
Va(z) = sup (— / s(z(t))dt|tr > 0,¥(z, z),2(0) = 7, 3(t1) = o) (3.3)
z 0

Ve(z) = irzxf (/Otl s(z(t))dt|t1 > 0,V¥(z,z),z(0) = 0,z(t;) = m) (3.4)

V. is the available storage of 5. V; is called required supply ¥;.

Two important properties of V [47]

o V,(z) < V(z) < V.(z) where V is any normalized storage function.
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e The set of all normalized storage functions V is convex.

Existence Condition of V for L.T.I Systems [47]
Given a linear time invariant controllable system

T = Az + Bw
Spy = (3.5)
z=Cz+ Dw

Let s = z’Mz be a quadratic supply rate, where M = M’. It can be shown that if
there exist a storage function such that the system is internal dissipative then there
exists at least one quadratic storage function of the form V = 2'Qz. The following

Lemma describes the details

Lemma 3.1 [47] Given the system Lpy and supply rate s, the following statements

are equivalent:
1. There ezists V : R* = R such that (Epv,s, V) is internally dissipative.

2. There ezists a symmetric Q € R™ " such that if we define V(z) 1= 2'Qx then

(Zpv,s, V) is internally dissipative.

3. For all (z,z) and for all T > 0 such that (0) = z(T) = 0 we have fOT s(z(t))dt >
0

4. If, in addition, Ypy is minimal then (Xpv,s) is dissipative.

Proof. Please refer to [47] 9

The set of all quadratic storage functions V = z'Qz such that (Xpy,s,V) is in-
ternal dissipative can be characterized as the symmetric solutions of a linear matrix
inequality by the following derivation. From the definition of internal dissipative sys-

tem, we have

/Otl (—%(m'Qm) + z'Mz) dt>0 or (3.6)
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[zl [-4Q-QA+C'MC -QB+C'MD] [z
/ >0 (3.7
0 |z -B'Q+D'MC D'MD z
Because z, z are arbitrary, (3.7) implies
-A'Q-QA+C'MC -QB+C'MD
>0 (3.8)
-B'Q+D'MC D'MD

Let G(s) = D+C(sI—A)~! B, then internal dissipativeness of (Xpy, s, V) is equivalent
to ‘

G(jw)"MG(jw) > 0, Yw such that jw & o(A) (3.9)
where G(jw)"™ is the conjugate transpose of G(jw) and o(A) is the set of all eigenvalues
of A.

The existence condition of a nonnegative storage function is described by the fol-

lowing lemma.

Lemma 3.2 [47] Given the LTI system (8.5) and a predefined quadratic supply rate

s = 2’ Mz where M is symmetric matriz, the following statements are equivalent.

1. There ezists a storage function V. > 0 for (£,s). In particular, a quadratic
storage function V. = z'Qz > 0 where Q € R"*™ is symmetric and positive

semi-definite.
2. Given 2(0) =0 and T > 0, [T s(2(t))dt > 0 Yw € L]0, T)

3. There exists a @ > 0 such that the following LMI holds
-A'Q-QA+C'MC -QB+C'MD

>0
-B'Q+D'MC D'MD

4. G(s)"MG(s) >0Vs,s €o(A),Re(s) >0

Proof. Please refer to [47] q
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Relation between LMI’s and Riccati equations [47]

Assuming D'M D > 0O(regularity assumption), and letting F' denote the matrix on the
left hand side of the LMI (3.8).

e Due to the regularity assumption, the Schur complement formula guarantees that
there exists a symmetric matrix @ such that F > 0 if and only if the following

Riccati inequality is true.

R(Q) := —A'Q-QA+C'MC—(—QB+C'MD)(D'MD)"}(-B'Q+D'MC) > 0
(3.10)

o Let @+ and - be the maximum and minimum solutions of the Riccati equation
R(Q) = 0. Corresponding to the quadratic supply rate z'Mz, the required

supply V; and the available storage V, of the LTI system Xpy are

V, =2'Quz, V,=2'Q_x. (3.11)

3.2 Application

Using the concept of dissipative system, several famous lemmas in control theory can
be described easily by properly choosing the supply rate function s and applying the

lemma, in the previous section.
3.2.1 Positive Real Lemma

Consider a single-input/single-output linear time-invariant system

T = Az + Bu
Iy = (3.12)
y = Coz + Dou

with the regularity assumption that D} + Dy > 0. Let Go(s) = Dy + Co(sI — A)™'B

be the transfer function of ¥;. The Positive Real Lemma gives the conditions for a
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lossy system, i.e. f;° u'ydt > 0 with £(0) = 0. By defining

0 I
2=Cz+Du= z+ u (3.13)
Co Dy
a supply rate s = v’y can be rewritten as
110 I
s=2Mz=2(= )z (3.14)
211 0

Using Lemma 3.2 , the following statements are equivalent.

1. There exists a quadratic storage function V > 0 such that (Z,,s, V) is internal

dissipative.
2. Let (2,7) of £, Vu € L,[0,T] such that 2(0) =0 and T > 0, fOT u'zdt > 0.

3. The following LMI has a real symmetric solution Q > 0
-AQ-QA -QB+C)
-B'Q+Cy D6 + Dy

4. G5 (s) + Go(s) >0 Vs such that s & o(A), Re(s) > 0 because

I 1~y J0 11 1
G™(s)MG(s) = 5[ H }=(G5(8)+Go(s))20

Go(s) I 0} |Gols)

5. The following Riccati inequality has a symmetric solution Q > 0

>0 (3.15)

—A'Q - QA - (-B'Q+Co)'(Dy + Do) (-B'Q+ Cp) 2 0 (3.16)

Items 1, 2, 3 and 4 are obvious by choosing M as in (3.14). Item 5 is equivalent to

item 2 through the Schur complement formula and regularity assumption.

3.2.2 Bounded Real Lemma
Consider the following linear time-invariant system

T = Az + Bw

5, = (3.17)

y = Cox + Dow
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with the assumption v2I — DjDg > 0. Let Go(s) = Dy + Co(sI — A)~1B denote the

corresponding transfer function . By choosing

0 I
z2=Cz+Dw= z+ w (3.18)
Co Dy
A supply rate s = y?w'w — ¢’y can be rewritten as
v, 0
s=2'Mz=2( )z (3.19)
0 _Ip ‘

Again, using Lemma 3.2, the following statements are equivalent.

1. There exists a quadratic storage function V' > 0 such that (2,,s, V) is internal

dissipative.

2. Let (2,z) of 5,, Yu € £3[0,T] such that £(0) = 0 and T' > 0, f0T(72w’w——z'z)dt >
0.

3. The following LMI has a real symmetric solution Q > 0
~A'Q-QA-CiCy QB-CyDy
>0 (3.20)
B'Q — DyCy v2I — D}y Dy
4. v2I — Gy(s)Go(s) > 0 Vs such that s & o(A), Re(s) >0
5. The following Riccati inequality has a real symmetric solution Q > 0.

—A'Q - QA-CyCo ~ (B'Q - DyCo)'(v*I — DyDo) " (B'Q — DyCo) > 0 (3.21)

Item 1, 2 and 3 are again from the definition of internal dissipative system. Item 2
describes the requirement of the Bounded Real Lemma, i.e. ¥?||w||2 - ||y||3 > 0 and
z(0) = 0. Item 4 can be derived as

"4, O I
I ols

I
Go(s)

G~ (s)MG(s) =

Item 5 is from item 3 through the Schur complement formula and regularity assump-

tion.
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3.2.3 #, Control Problem

The H,, problem can also be explained within the concept of dissipative system and
solved by the standard LMI solver. Both the state feedback and dynamic case can
be easily explained. The dynamic controller case can be seen in [11]. The parameter
dependent case can be seen in [10]. We will discuss only the state feedback case.
This problem is equivalent to the synthesis problem of the bounded real lemma.

Given a standard H, state feedback setup

T = Az + Byw + Byu
z1 = Ciz + Diu (3.22)
y=2r

with the following assumptions

Assumption 3.1

a. (A, By) is stabilizable.

b. D; is of full column rank.

The closed-loop system using state feedback is

z=(A+ BK)r + Byw
(3.23)
21 =(C1+ D1K)zx

This is a closed-loop system without the direct feedforward term from disturbance w.

So the regularity assumption is satisfied automatically. We seek a K such that
Y llwli ~ 2113 2 0 (3.24)

where v is a predetermined constant. The problem can be interpreted as finding a

control K such that

|21l
llwll2

<7
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Yw € Ha.
Applying the bounded real lemma previously discussed, (3.21), without the direct

feedforward Dy, we are looking for ) > 0 and K such that
(A+ByK)Q+Q(A+ ByK) ++v72QB1B)Q + (C1 + D1 K)'(C1 + D1K) <0 (3.25)

Completing the quadratic term in K and choosing K = —D~Y(D{C) + B4Q), gives

the familiar Riccati inequality
A'Q+QA+Q(%B\B, - B,D'By)Q + C{(I - D1D~'D})C; <0 (3.26)

where D = DD, and A=4- ng‘lDi C;. However (3.26) cannot be transformed
into an LMI because (y~2B, B} — BD~!B}) is not non-negative. For convenience, let
Dit be a full column rank matrix such that DL D' = (I—D,D~'D}) and D' D; = 0.
As will be discussed in Chapter 4, if the size of z; is larger than the size of u then @
is guaranteed to be positive. If we assume that @ > O then defining P = Q™! gives

the Riccati inequality
PA' + AP + (y"%B,B} — B,D™'B}) + PCiD{ D' C1P <0 (3.27)

(3.27) is equivalent to
AP+ PA' + (v®B,B, - B,D"'B}) PC|D{
, <0 (3.28)
Di'c,P ~I
Given each P > 0 such that (3.28) holds, there exists a K = —D~}(D,C) + B,P~!) =
—D~Y(D}C, + BLQ) such that (3.24) is satisfied. This means the Ho, norm of the

closed-loop triple (A + B2 K, By, Cy + D1 K) will be less than +.

Hoo central solution

The solution of the Riccati inequality (3.26) may not be unique. One special solution

of the above H, control problem is obtained by minimizing the objective Tr(B;B{ Q).

minTr(B1B1Q) (3.29)
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where @ satisfies (3.26). This is equivalent to
minTr(B, B, P~!) (3.30)

where P satisfies (3.27). Using the Schur complement, we have the following LMI

eigenvalue problem.

min(Tr(A))
A B
subject to >0

| B, P
[AP + PA' 4+ (y"2B,B} — BD"'B}) PCiD{

and , <0
i Di'CP ~I

and P>0 (3.31)

Instead of solving this LM eigenvalue problem numerically, we can also solve the
optimization problem through analyzing the Riccati inequality (3.26). It turns out

that the minimum solution is the ) > 0 satisfying the the Riccati equation
A'Q+QA+Q(y2B1B, - B,D'By)Q + C{D{-Di'C1 = 0 (3.32)

This is called the central controller in [15]. It also coincides with the solution of the

minimum entropy problem [29].

3.2.4 Solving the LQ Problem

The state feedback LQ problem is to find a constant feedback control of the form
u = Kz such that the energy of the output is minimized given an initial condition zg

and with no disturbance input, i.e. w = 0, for the following system

¢ = Az + Byw + Byu
(3.33)
20 = Co(l? + Do'u.

subject to the following assumption

Assumption 3.2
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a. Dy is of full column rank.

b. (A, Bs) is stabilizable.

If we close the loop with state feedback K, the problem becomes

: 2
min o3
I = (A + B2K)$
such that
20 = (Co + DoK)zx
and z(0) = z¢ (3.34)

We temporarily remove Bow from the closed-loop system because it plays no role un-
der the condition that w = 0. It is known that there exists a quadratic storage func-
tion(Lyapunov function) for any observable system such that the closed-loop system
is internal dissipative. Here we choose z = 2z and the supply rate s = ||z||> = 2120
with M = I. Using this concept, the LQ problem is equivalent to finding the mini-
mal positive storage(Lyapunov) function over K that bounds ||z||3. In fact, ||2o||3 is
exactly the available storage V,(zo) = z;Q~ zo with opposite sign. That is, the LQ

problem is equivalent to
min z3Qzo
such that Q>0
and  70Qzo > |l20]13 (3.35)
where zj is as in (3.34). Equation (3.35) can be rewritten as
o0
/ P'Qr + 7' QT + zyzo dt
0

= /Ooo z'[(A+ B2K)'Q + Q(A+ B2K) + (Co + DoK)' (Co + Do K))z dt

<0
This can be true if and only if

(A+ BoK)'Q + Q(A + BoK) 4+ (Co + DoK)' (Co + DoK) €0 (3.36)
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This gives us an inequality version of the problem of obtaining a minimal quadratic
cost. If one is interested in obtaining the H2 norm of the output instead of a quadratic

cost, we can solve the following minimization problem.
min Tr(B{QBy)
such that Q>0
and  (A+ B:K)'Q+ Q(A+ B2K) + (Co + DoK)'(Co + DoK) <0 (3.37)
This is because that H2 norm of a system is the sum of the quadratic costs corre-
sponding to each initial condition generated by an impulse on each separate input.
(3.37) is a matrix inequality with coupled K and @ terms, and a quadratic term in

K. If there is no other constraint, the solution of this optimization problem is straight

forward. Rearrange (3.37), so that K appears in the quadratic terms as
A'Q+ QA+ C\Dg Dy Co — QB2DoByQ
~ !~ ~
+ (K +DfCo+DoB3Q) Dy' (K +D§Co+DoByQ) <0 (3.38)

where (DgDg') = I — Do(DyDy)™'D}y , Dy = (DyDo)~t, Df = DD}y and A =
(A — B{D¢ Cp). Define the Riccati operator R(Q) as

R(Q) := A'Q + QA + CyD§- D Co — QB2 Dy B4Q (3.39)
and
N := (K + DfCo + (DGDO)‘IBQQ)' Dy (K + D§Co + (DyDo) ™ ByQ)

(3.38) can be written as

R(Q)+N+M=0 (3.40)

for arbitrary symmetric M > 0. (3.40) remains a Riccati equation but differs from
R(Q) = 0 only in the constant terms. It is well known that the nonnegative solution

Q is a monotone increasing function of the constant term of (3.40) [23]. That is K
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can be chosen as K = —Dy(D})Co + B4Q) to make N = 0 thereby produce a smaller

nonnegative (). The LQ problem is thereby transformed into

min z5Qzg
such that Q>0

and  R(Q) <0 (or R(Q) + M =0) (3.41)

Using the same argument one can also choose M = 0. The solution for the problem

(3.41) is therefore the Q > 0 such that
R(Q)=0 (3.42)

We have obtained the familiar LQ solution (3.42) from the concept of dissipative
system.

The solution of the optimization problem (3.41) can also be computed by an LMI
solver. Defining P := Q~!, we transform R(Q) < 0 into an LMI by applying the Schur

complement. We have the following optimization problem.

min A
([ A z;
20
on P

s.t. { P>0
[PA' + AP 4+ B,DB} PC}D¢
<0

L[ Dg'CoP -1
The trick of the previous derivation is that we can choose K to eliminate the
coupling between K and ). However, in case there is another constraint containing

K, choosing such a K can complicate the additional constraint considerably. Our

H2/H o optimization problem is one such example.
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3.3 Bilinear Matrix Inequality

Bilinear matrix inequalities are important to the mixed H2/H problem because of
the following facts. It is not possible to eliminate the controller parameters K from
the matrix inequality derived from the Bounded Real Lemma while trying to obtain an
inequality in LMI form because K is coupled with equations arising from the second
criterion. If K can not be eliminated, then there will always be coupling between the
controller parameters K and the Lyapunov function pé,rameters. Therefore, it is not
possible to find a way to transform the original equation into LMI form.

If we give up pursuing an LMI form and allow coupling between any two variables
but do not allow quadratic terms in the variables, it is possible to derive a general
form for the controller synthesis problem. This general from is usually called a Bilinear
Matrix Inequality(BMI). The BMI is generally not a convex function. However it does
provide an attractive property in that it is a convex function for each variable when the
other variables are fixed. So far there is no good algorithm to solve the BMI problem.

Several simple algorithms [13] have been tried such as (a) fix some variables and
use an LMI solver to solve the convex subproblems alternately, (b) use the eigenvalue
derivative to make the smallest eigenvalue of the BMI greater than 0, (c) use an
interior point algorithm similar to the algorithm that solves the LMI problem, and
(d) branch and bound method. The first and second algorithms have proven to be
not so useful. The third algorithm is able to find a local solution but suffer from
discontinuity problem under certain conditions. The fourth algorithm is attractive for
finding a global solution but requires a massive amount of computation.

In [19, 25], it is shown that many robust control synthesis problems may be reduced
to BMI feasibility problems. We will formulate our mixed H2/H problem into a BMI

problem and use the interior point algorithm to solve it.

Definition 3.1 The Biaffine Matrix Inequality, BMI feasibility problem
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Given matrices Fij = Fj; € Ryxm for i € {0,...,nz}, j € {0,...,ny} Define the

biaffine function F : R™ x R™ — R™*™ .

Ny Ny ng Ny
F(z,y) == Foo+ Y z:iFo+ Y wiFo; + Y > z;F (3.43)
=1 i=1 i=1j=1
Find, if it exists,(z,y) € R™ x R™ such that
F(z,y) 20 (3.44)

Definition 3.2 The Bilinear Matrix Inequality feasibility problem
Given matrices Fij = Fj; € Ryxm for i € {1,...,nz}, j € {1,...,ny} Define the

bilinear function F : R™* X R™ — Rpnxm :

nge My

F(z,y) ==Y ziy;F; (3.45)

i=1j=1
Find, if it ezists, (z,y) € R™ x R™ such that

F(z,y) 20 (3.46)

The matrix inequality feasibility problem is usually solved by finding an (z,y)
such that the smallest eigenvalue of F(z,y) is larger than 0. Defining a function

A(z,y) = —A(F(z,y)), an (z,y) is feasible for F(z,y) > 0 if and only if
0 2 min(A(z,y))

is nonempty. A(z,y) exhibits an interesting property of biconvexity [19]. That is,

given a BMI A(z,y) >0, if A(zy,y1) > 0 and A(z2,y2) > 0 we have
Alza,yp) < (1=-a)(1=B)A(z1,y1) +(1—a)BA(z1,32) +a(1- ) A(z2, y1) +aBA (22, y2)

for o8 € [0,1] and (za,ys) = (1 — @)1 + vz, (1 — B)ys + Byz). However the
biconvexity doesn’t imply that one can obtain a global solution. As a matter of fact,
the feasible domain may not even be connected. For example the feasible domain of
zy < -1 is not connected. One other problem of using the smallest eigenvalue A(z,y)

to determine the positiveness of F' is that A(x,y) may not be continuous.
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3.3.1 Interior Point Methods

We will attempt to solve the BMI using interior point methods which are commonly
used in many constrained optimization problems, e.g. the LMI eigenvalue problem.

Given a BMI as defined in (3.43), a feasible set X is defined as
X := {(z,y) € R***™|F(z,y) 2 0} (3.47)

First we have to find a barrier function such that the function is defined and analytic
for all z € X and unbounded for x ¢ X. There are many way to choose the barrier
function. The most suitable choice for a matrix inequality is defining the barrier

function as
log det(F(z,y))™!  (z,y) € X
$(z,y) = (3.48)
00 (z,9) € X
The function ¢ is finite if and only if (z,y) € int X; otherwise ¢ will be unbounded.
So the feasibility problem of finding an (z,y) such that (3.47) holds can be solved by

solving the following problem

(¢%,9") = arg min(¢(z,y)) (3.49)
For a BMI problem, ¢ is not a convex function. However if
e the set X is nonempty,
e ¢ is continuous function and bounded below

then a local minimum is guaranteed. Many search algorithms can be used to obtain
such a local minimum. We use a modified Newton’s method to perform the optimiza-
tion because the first and second derivatives can be easily computed.

One can compute the first and second derivatives of ¢ using the facts that

gg = Tr(F‘lg—Z) =Tr (F“I(Fio + Z.Fijy]‘)) (3.50)

J
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g—;; = TT(F—IZ_;:)zTr< (Foj + ZF,J%) (3.51)
afjg;j = Ir(F ‘lgfiF‘lgfg (3.52)
GZZ:;; = Tr(F‘lg—ZF‘lg—Z) (3.53)
af:c';pyj - Tr(F_ngF_lgi)+T’”(F'132j§;/j) (3.54)

For many BMI problems, the function ¢ will not be bounded below or continuous. So
there are still difficulties when using Newton’s method as well as search algorithms.
Our H2/H optimization problem has this problem. We will discuss our treatment

of this problem in Chapters 4 and 5.

3.3.2 BMI eigenvalue problem

If we are given a minimization problem with linear objective and BMI constraint, we
will show that an algorithm similar to that which solves the feasibility problem can be
applied. This problem is also called the BMI eigenvalue problem and has the following

form

: !
r;lgl cx+ CyY
s.t. F(z,y) >0 (3.55)

where F(z,y) is defined as in (3.43). ¢; € R",c; € R™ are constant vectors. The

problem (3.55) is equivalent to

min A
A=cz—-cy>0
s.t. =AY (3.56)
F(z,y) >0
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The simplest way to find a minimum of the optimization problem (3.56) is to employ

the Method of Centers as in the LMI eigenvalue problem [4]. Define ¢ as

log det(F(z,y))~! —log(\ — ¢,z — cyY)
¢(z,y, ) := if (z,9) € X and A > cpz + ¢y (3.57)

00 otherwise

Note that ¢ is the barrier function as we defined earlier corresponding to the inequality

_[F 0
F= >0

0 A—cpz—cuy

Algorithm 3.1 Method of centers: For solving BMI eigenvalue problem
1. Initialize X<9>, x<Y>, 4y<0> guch that the constraints are satisfied. Set k = 1.

2. Find the center of ¢(x,y, \<*¥"1>) with \<k=1> fized by solving the optimization

problem

k—
(:1:<k>, <lc>) /\< 1>)

y="7) = argmin (s, y,

3. Let

AHK> = (1 0)(cpz<F> + y<F>) + oA<k—1> (3.58)

for some 0 < 0 < 1.

4. If | A<k—1> — X<K>|| is sufficiently small then stop. Else set k = k+1 and repeat

from step 2.

Because in step 3 we have A<¥=1> > ¢/ z<F> 4 ¢/ y<F> and 0 < 6 < 1. We have
ASO> 5 S AR 5 <>

The optimization can be achieved if a limit point of A<¥> exists as k — oco. In [9], it

is shown that if A(z,y) is bounded below, then the limit point A<*¥> exists.
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3.4 Hy/He problem

Now we are ready to solve the mixed H2/H, optimization problem using the BMI

solver. Consider the static state feedback problem of a one-input/two-output system.

(

T = Az + Bywy + Bywy + Bou

2o = Cpz + Dou
0T T (3.59)
2 = Ciz + Dyu

\ yzx

and the closed-loop system with a static feedback K

T = (A + BQK).’E + Bowy + Biw;
29 = (Co + DoK)z (3.60)
21 =(C1+ D1K)z

We will use the following notation occasionally for abbreviation.
A=A+ BK, Cig =C1+ D1 K, Cox =Cy+ DyK,
The Hy/Ho Optimization problem is to find a stabilizing K such that
min [ T3
s.t. 1Tz w; lloo <y (3.61)

By applying the Bounded Real Lemma (3.20) without the direct feed forward term
and replacing 4, B, Cy an Dy in (3.20) with (A + ByK), By, (C1 + D;K) and 0
respectively, the following inequality has to be satisfied for P, > 0.
—(A+ B;K)'P, — P(A+ B3K) — (C1 + D1 K)'(C1 + D1 K) P B
>0 (3.62)
B'Pl ’)‘2I

Using the reverse Schur complement we have

,[(Pl + PiAk + PlBl(’sz)_lBlp1 + C{KCU( <0 (3.63)
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If we define Q1 := P 1 we also have

Q1A% + Ak Q1 + Bi1(Y*I)7!B; 4+ Q101 xC1k @1 < 0 (3.64)

(3.63) and (3.64) can be transformed into BMIs as _
—(A+ B;K)'P, - Pi(A+ B;K) P B (C)+DiK)

B'P, I 0 >0 (3.65)
(01 + DK 0 I
Q1A% + AxkQ1 + Bi(2I)"'1B; Q:1Cig
(3.66)
Cixk@1 -1

Both (3.65) and (3.66) do not contain any purely quadratic term but do contain cross

coupled terms.

As shown earlier, computing the Hy norm of the closed-loop system can also be

transformed into the optimization problem of finding Py > 0 such that

min Tr(ByPoBo)

(A+ B3K) Py + Py(A+ BoK) + (Co + DyK)'(Co + DgK) <0 (3.67)
We can also transform (3.67) into a BMI optimization problem as

min T'r(ByPyBy)
(A+ B2K)' Py + Py(A+ BoK) (Cop+ DoK)'

<0 (3.68)
(Co + DyK) -1

We can also choose Qg := PO_1 to have a BMI optimization problem in terms of Qg as

min Tr(A)
A B
>0
| Bo Qo
[Qo(A+ B2K) + (A+ BK)Qo  Qo(Co + DoK)'}
<0 (3.69)
i (Co+ DoK)Qo -1

For the H2/H optimization problem, we can add either constraint (3.63) or

(3.64) to the optimization problem (3.68) or (3.69). As a result we have four different

70



ways to transform the Hz/H optimization problem into a BMI eigenvalue problem.

Specifically, choosing P;, Py we have

min Tr(ByP,By)
[ (A+ B:K)'Py+ Po(A+ BoK)  (Co + DoK)'

<0
| (Co + DOK) I
-—(A+BzK)’P1 —Pl(A+B2K) PB (4 +D1K)’
B'P v 0 >0
| (C1 + D1K) 0 I
P>0, P>0 (3.70)

Choosing @1, Py we have

min Tr(B{PyBy)

(A + BoK)' Py + Py(A+ BaK) (Co+ DoK)'
<0
| (Co + DoK) I
[ Q1A% + AkQ1+ Bi(v*I)™'B; Q:1Clg .
<
i Cix@h -1
@120, P20 (3.71)
Choosing P;, Q¢ we have
min Tr(A)
[A B
>0
| Bo Qo
-Qo(A + BzK)' +(A+ B;K)Qq Q(](C(] + D()K)'
<0
| (Co+ DoK)Qo —-I
[—(A+ BKYP, - Pi(A+ B;K) PB (C+ D K)
B'P ¥2I 0 >0
i (Ci + D1K 0 I
PL20, Q=0 (3.72)

Choosing @1, Qo we have

min Tr(A)
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A B

>0
| Bo Qo
[ Qo(A + B:K) + (A+ B2K)Qo  Qo(Ch +D0K)'] .

<

i (Co + DoK)Qo —I
[ Q1A% + AkQ1 + Bi(v*)"!B1  Q:1Cik
| Cik@ -1 |
@120, Q=0 (3.73)

The variable K cross-couples with two different variables in any of the four opti-
mization problems. The removal of K by completion of the square as in the pure LQ
problem is not possible. So we have to apply a BMI solver to solve the BMI eigenvalue
problem.

We summarize the BMI setup as follows. Here we choose the variables Q; and Qg

as in (3.73)
e min \
Qo(A+ BoK) + (A+ B2K)Qo  Qo(Co + DoK'
[ ] F11= - 2 0
(Co + DyK)Qq -1
A B
o [h:= >0
By Qo
Q1A% + AkQ1 + Bi(v*I)"1B; QlC{K]
o F3:= — >0
Cik@h —I
e Fy=0Q;1 >0

o Fs:=A-Tr(A) >0
Define ¢ as

— log det(Fy) — log det(Fy) — log det(F3) — log det(Fy) — log det(Fs)
¢= ifFlaFZ,F3)F47F520

00 otherwise
(3.74)
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To solve this problem, the following algorithm similar to the interior point method

of centers in the LMI eigenvalue problem is used.
Algorithm 3.2 Method of centers: Solving H2/H BMI eigenvalue problem
1. Initialize A<9>, A<%9> Q59> Q59> to satisfy the constraint. Set k=1.
2. Let (A<k> Q%> Qsk> K <k>) = argmin ¢(A<k-1>).
3. Let A<F> = (1 = )Tr(A<k=1>) + OA<K~1> for some 0 < 8 < 1.
4. Set k =k + 1. Repeat step 2

It has been proposed in [25] that if the minimizer in step 2 is global, then the
algorithm is also global. The function ¢ is a convex function if all the F},’s are LMI’s.
However in our case the Fy,’s are BMI’s. Therefore the global minimizer of ¢(A<*¥>) in
step 2 using Newton’s method is generally not guaranteed. But if the set of all feasible
Q1 and Qg is bounded and closed, we can obtain a local minimum. The following
theorem gives the conditions such that Algorithm 3.2 will at least converge to a local

minimum.

Theorem 3.1 The function ¢ defined in (3.74) with fized X\ is bounded below if

(Ax,Cok) and (Ak,Cik) is observable for all stabilizing K.

Proof. It suffices to prove ¢ is bounded below by showing F; i = 1,...,5 are bounded
above for all feasible K, Qp, @; and A with A fixed.

The H2 norm of the closed-loop system needs to be bounded above by the fixed
A. The full column rank of Dy guarantees the boundedness of all feasible K, i.e.
IIK|| < € < oo for some sufficient large £ for all K satisfies F;’s.

Because (A, Cox) and (Ag, Cik) is observable, it is well known that Py, > 0 and
Py > 0. Moreover, we can find a sufficient small positive ¢y and ¢; such that Py > egf

and P; > €1 because K is bounded.
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Fy is bounded above because @1 = P;! < eI < co.

F; is bounded above because F; > 0 assures that A > 0 and A — Tr(A) < co.

e F, < oo is equivalent to A — B)Qy'Bo < 0o and Qg < co. The former is due to

F5 >0 and Q5! > 0 The latter is because Qo = Py ! < €51 < oo.
e F] < 0o can be assured because both Qg and K is bounded.

F3 < 0o can be assured because both ¢); and K is bounded.

9

We end this section by summarizing the solvability of the BMI optimization prob-
lem (3.70)-(3.73) using the method of centers. They can be proved similarly to Theo-

rem 3.1.

e (3.70) is solvable if both (Ag, By) and (Ag, B;) are controllable for all stabilizing
K.

e (3.71) is solvable if (Ag, By) is controllable and (Ag,Cik) is observable for all

stabilizing K.

e (3.72) is solvable if (Ag, B;) is controllable and (Ag, Cok) is observable for all

stabilizing K.
e (3.73) is solvable if both (Ak,Cox) and (Ak,Cik) are observable for all stabi-
lizing K.
3.4.1 Numerical Example
Example 3.1

We will demonstrate an example with po = 2 and p; = 2 and the number of control

inputs my = 1. As will become clear in Chapter 4 in this case, because p; > m, and
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K, Koo K K*

| Teowll3 | 13.0072 | 17.4275 | 72.8759 | 14.7106

| Towlloo | 43593 | 27779 | 21940 | 3

Table 3.1: Performance comparison of Example 3.1 with v =3

p2 > mo, we will not have an unobservable subspace on either output 2z; or z;. Our

BMI solver is straight forward. We have

( —0.0825 0.089 0 0.935 0.519
= 0.187 043 0|z+ [0.384 | w+ [0.831{ u
0 0 1 1 1
0.167 0.487 1 1 (3.75)
1= z+ U
_0.179 0.435 -0.116 -1
—0.946 0.324 -1 -1
Zp = T U
. i 0.0194 0.331 -0.465 1

We have the H, optimal solution and the H, controller for v = 3 as
K;=1[082 322 -62] K, =[236 7.93 -13.6]

In practice, we will use K, as the initial solution for our BMI solver. However we

choose to use an initial solution as far as possible from the optimum to demonstrate

our algorithm. We choose

Ko=[163 484 -79.9]

Our algorithm gives an optimal solution at

K*=[178 526 —9.64]

The result in Table 3.1 shows that our optimal solution K* represents a relatively

good trade-off between Ko and K. It has H3 norm relatively closer to the LQ result.

At the same time it fulfills the constraint that its H., norm be less than or equal to .
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k | A% | | Topw(E<*)|3 | 172w (K<*>)|loo | Newton’s iterations
1 | 72.6828 22.0692 2.49803 49
2 | 30.0294 18.6622 2.60147 8
3 | 21.2932 16.78 2.71415 10
4 | 17.6106 15.7044 2.82579 10
5 | 15.8932 15.1327 2.91517 10
6 | 15.2904 14.9241 2.95653 9
7 | 14.8319 14.7664 2.99199 12
8 | 14.7485 14.7361 2.99849 18
9 | 14.7436 14.7319 2.99858 25
10 | 14.7403 14.7253 2.99824 33
11} 14.7355 14.7212 2.99834 22
12 | 14.7299 14.7181 2.99864 16
13 | 14.7248 14.7158 2.99897 17
14 | 14.719 14.7135 2.99938 13
15 | 14.7149 14.712 2.99967 11
16 | 14.7125 14.7112 2.99985 13
17 | 14.7112 14.7108 2.99995 9
18 | 14.7108 14.7106 2.99998 10
19 | 14.7106 14.7105 3 17

Table 3.2: Numerical iterations of BMI solver of Example 5.1
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The details of the interior point algorithm of this problem are shown in Table 3.2.
This numerical experiment takes approximate 35 seconds using Matlab 4.2c running on
a Sun Sparc-20 workstation. The second column is the value of A<*> as computed by
our algorithm. The third is the actual H2 norm of the closed-loop system of T}, given
K<*>_ The fourth column is the o, norm of the closed-loop system given K <*>. The
fifth column is the number of inner iterations for minimizing ¢ of a given A Our BMI
solver behaves relatively well as indicated in Table 3.2. It takes 19 outer iterations to
converge to the optimal solution. However the solution is very close to optimal after
iteration 7. Each outer iteration takes an average of 10 inner iterations except for the
first iteration. The reason the first iteration takes more inner iterations is because of
the way we initialize ¢; and Q)¢ which makes the second and third inequality of the
problem (3.73) very close to the boundary. The interior point algorithms is slow in
minimizing ¢ because of the poor conditioning due to the heavy penalty for nearing

the boundary.

3.4.2 Numerical Difficulties Due To Unobservability

We will show the difficulties of our BMI algorithm caused by the unobservability of the

closed-loop system. Consider (A4, B,C) be a stable unobservable triplet, in particular

I
,C=[Cl 0],:15-:-': :I

Z2

An O By

, B=

A A 2
Let (A4, B, C) have H norm < 7. Because z2 is unobservable from output, it doesn’t
play any role in computing the Ho, norm. There exists a P;; > 0 satisfying the Riccati

inequality of Bounded Real Lemma of the subsystem corresponding to zi, i.e.

A4 Py + P11 ++472P,B1B|P;; +CjC; <0
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Py 0

It can be verified easily that P = is feasible to the inequality

0 0
An 0[Py O Py 0]JAn O CiCy 0
A A 0 0 0 0 Ajp Ay 0 0
P, 0

+772 <0

BlBi B1B& P; 0
B;B] BB 0 0

0 0

i.e P satisfy the Riccati inequality
A'P+PA+~72PBB'P+C'C<0

or there exists a Q = P! with infinity eigenvalue satisfying
QA + AQ+~7?BB' +QC'CQ <0

Similar arguments apply to the Lyapunov inequality.

In our numerical experiment, we had the problem that either @; or Q¢ would
become unbounded for our interior point algorithm if the dimension of z; or zy was
larger than the dimension of u. The reason that @; becomes unbounded can be
explained using the previous argument.

Given a state feedback K such that (A + BoK,Cy + D1 K) is unobservable, there
exists a feasible @; to the Ho, inequality that has at least one eigenvalue at infinity.
Because the barrier function ¢ contains a term — log det(Q)), therefore ¢ = —oco when
evaluated at this particular unobservable closed-loop system. With an ¢ that is not
bounded below, the minimizer of our interior point algorithm tends to be attracted
to the K that will make the closed-loop system unobservable. This will cause our
algorithm to fail.

Qo is unbounded if there exists a K such that (4 + B2 K,Cy + DyK) becomes
unobservable. We will have a feasible @y that contains at least one eigenvalue at
infinity. Because the barrier function ¢ contains the term —logdet(Qy), therefore

¢ = —oo when evaluated at this particular unobservable closed-loop system.
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Similarly, we have feasible and unbounded P; or P, if there exists K such that
(A + ByK, B;) is uncontrollable or (A + B2 K, Bp) is uncontrollable.

In the next chapter, we will show the conditions such that the closed-loop system is
observable or controllable for all possible K. Under this conditions, the boundedness
of Py, Py, Q1 or Qg is guaranteed. We will present a solution when these condition

are not met.
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Chapter 4

Invariant /Unobservable Space .

In the previous chapter, we discussed the difficulty of solving the BMI eigenvalue
problem. The unobservability (or uncontrollability) caused by some state feedback is
the reason that our interior point algorithm sometimes failed. One way to remedy
this problem is to parameterize, in advance, each particular subset of state feedback
that will result in unobservability (uncontrollability) of the closed-loop system. The
unobservable (uncontrollable) closed-loop system can be represented by a lower order
state space system by ignoring the unobservable (uncontrollable) part of the system.
The H,/H optimization on this subset of state feedbacks can be solved using the
interior point algorithm without any problem provided that the variables involved
are bounded. The solution of the lower order problem can be easily perturbed into
a larger sub-problem as an initial solution. The new sub-problem is larger in the
sense that we allow a larger state feedback parameterization that may produce an
unobservable (uncontrollable) subspace containing in the previous problem. Because
we obtained the initial solution of the larger problem from the optimal solution of
a problem corresponding to this particular subspace we can expect that the interior
point algorithm will not run into that unobservable (uncontrollable) subspace. If we
gradually enlarge the sub-problems, we can eventually obtain a solution for the full

problem.
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However this algorithm is not applicable if the the unobservable (uncontrollable)
subspace is not finite. In order to achieve the parameterization of state feedback for
those finite unobservable or uncontrollable systems, we have to study the geometric
theory first. The topic was pioneered by Wonham [51] and most recently discussed
by Basile and Marro [2]. Many of the algorithms and concepts in this chapter can be
found in more detail from the materials cited above. We will also make use of the
algorithms and MATLAB code developed by the latter authors to obtain the special

structure for the state feedback linear system of our Hy/H problem.

4.1 Invariants

In this section, we review some basic concepts of the geometric theory of linear sys-
tems due to Wonham, Basile and Marro. Studying the various invariants allows the
elimination of some of the coordinate dependency of linear systems. We will start
with the most basic A-Invariant which is crucial to the forming of finite unobservable

controlled invariants.

Definition 4.1 [2, 51] A-Invariant
Consider a linear transformation A : X — X with & := R™. A subspace V C X is
called A-invariant if

AVCV (4.1)

From the definition above, an A-invariant subspace V has the following property. There
exists a matrix A such that

AV =VA (4.2)

where V' contains the vectors that span V, i.e. V = im(V). Moreover, let T =

[V V<] where V4 is the matrix containing the vectors that span the orthogonal

81



subspace to V. A simila;rity transformation using T' has the following form

A A”] (4.3)

T-YAT =
0 A

From the previous property of an A-invariant subspace, we can also conclude that
given a state equation

= Az (4.4)

and that V is A-invariant, then any state trajectory with nonzero initial condition
zg € V will remain in V.

Intuitively, we know that the largest invariant subspace of A € R™*" is R"*™,
We can also define the smallest invariant subspace of A as @. To study the invariant

subspaces in between these two extremes, we need the following concepts.

Definition 4.2 Partial Ordering

Given a set X, a binary relation C in X is a partial ordering if
o it is reflerive, i.e. x Cx for allz € X;

e it is antisymmetric, i.e. cCy, c#y =>y < x;

e it is transitive, i.e. tCyandy Cz =z C 2;

Definition 4.3 Lattice
A lattice L is a partially ordered set in which for every pair z,y € L there exists a

least upper bound and greatest lower bound.

Throughout this thesis, we will use the following convention
e C is the partial order relation;
e U: the smallest upper bound;

e N: the largest lower bound;
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With these definitions, we can define the lattice of all A-invariant subspaces. Let A

have the following similarity transformation

Ay ... 0 ... 0]
PAP={0 ... A; ... O (4.5)
|0 0 Ay |
P=[W ... Vi ... V)] (4.6)

where A, is the 4y, Jordan block of A with V; its corresponding eigenvector or gener-

alized eigenvectors and p < n. Here A; can be

and V; can have column rank 1,2 or more.

Lemma 4.1 Any space spanned by V; or V;’s is an A-invariant subspace. Moreover,
all the A-invariant subspaces and O form a lattice with O as the universal lower bound

and R™ ™ as the universal upper bound and V; i = 1,...,u as the elements.

Figure 4.1(a) shows such a lattice with s = 3. Let a A-invariant subspace {V;} be
corresponding to a defective eigenvalue block, with the eigenvector and generalized

eigenvectors defined as vy, vj1, .. ., Vir_1, such that

Avip = vjpA

Av,-j=v,~j/\+v,~j_1 i=1...,k-1

{vio}, {vio vi1}-..{vio...vik—1} form a chain of A-invariant subspace within {V;} as
shown in Figure 4.1(b). Any element within the chain can form a larger invariant

subspace with others to be part of the lattice. For the case associated with a pair
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{vio Va1 ... vik—1} = {V3}

{vio Uﬂ}

{vio}

(a) (b)

Figure 4.1: (a)Diagram describing the lattice of A-invariant subspaces with u = 3.

(b) A-invariant subspaces chain of a defective eigenvalue block

complex conjugate eigenvalues, the elementary invariant space is the space spanned
by the real and imaginary part of their eigenvectors.
Knowing the definition of A-invariant subspace, it is often necessary for us to know

whether these A-invariant subspaces are contained in or contain another subspace of

X.

4.1.1 Minimal A-Invariant Containing X

Let K C X be a subspace of X. We will use the symbol 7(4;K) to denote an A-
invariant containing . Obviously, the max 7(A4;K) is X. To find the min T (4;K),

the following algorithm can be used.

Algorithm 4.1 [2]Finding the minimal A-invariant containing K, denoted min 7(4; K).

2. Z,=KUAZ;_;.
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3. i =1+ 1 and repeat step 2 until Z; = Z;_,

Suppose the algorithm stops at 2. It is easy to see that Z; contains K. Also because

of the stopping condition, we have
Z,:=KUAZ, = AZ;, C Z. (4.7

So Zj is an A-invariant that contains K. The minimality can be proved by assuming
that there is an A-invariant space ) that contains . We have Y D K = Z;. By

induction, if Y O Z;_;, we have
YOK+AYDK+AZ, 1 =2

for all i. This means YV 2 Z; and shows that Z; is minimum.
We can also study the controllability of the pair (A4, B) from the concept of A-

Invariant.

Lemma 4.2 The pair (A, B) is controllable if and only if
min7 (4;8) =X (4.8)

where B := im(B) denotes the image space spanned by the columns of B.

Proof. [if part]Assume (4, B) is controllable. If im(V) := minT(A4;im(B)) # X

B
ol

The 0 in A is because im(V) is A-invariant. The 0 in B is due to V+ ¢ im(B). It is

there exists a matrix 7 = [V V<] such that

A A

A:=T AT = [ B:=T"'B=

0 Ay

easy to see (fl, B) is not controllable which contradicts the assumption.

[only if part]Assume (4.8) is true. From the algorithm 4.1,

B+ AB+ A*B+...A"'B:=X (4.9)
This is equivalent to the rank of matrix [B AB ... A" !B] being equal to the
dimension of X, which is n. So (A, B) is controllable. q
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4.1.2 Maximal A-Invariant Contained in £

L is any subspace of X. We will denote an A-Invariant contained in £ as S(4;L).

min S(A; L) is clearly §. To obtain max S(A; L), we can use the following algorithm.

Algorithm 4.2 [2] Finding the maximal A-invariant contained in £ , denoted max S(A4; L),

when A is invertible

2 Z:=LNA"1Z;_,.
3. i =1+ 1 and repeat step 2 until Z; = Z;_
Alternatively, using the facts
AVCY & AViDVE
L2V & [rcvt
the max S(A; L) can also be derived from the algorithm that computes min77(;) as
max S(4; £) = (min T (4; L))+ (4.10)

The duality is most useful when A is not invertible.
We can use the concept of maximal A-invariant to define the observability of a

linear system.

Lemma 4.3 The pair (A,C) is observable if and only if
max S(A; ker(C)) =0 (4.11)

Proof. [if part]Assume that V = maxS(4;ker(C)) is not empty. There exists a
transformation matrix T = [V V1] where V = im(V) such that

. An Ajp .
T YAT = A = , CT=C=[0 C;] (4.12)

0 Axp
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The 0 in the A matrix is due to the fact that V spans the A-invariant. The 0 in C
is due to V being contained in ker(C). Obviously, (4, C) form an unobservable pair
similar to the pair (A, C). This contradicts the assumption that (A, C) is observable.
[only if part]Assume max S(4;ker(C)) = 0. From (4.10), this implies

min 7 (A'; ker(C)1) = min T(A';im(C")) = X.

From the construction of min7(;) in algorithm 4.1, this implies the rank of matrix
[C' A'C’" ... (A")"71C'] is the dimension of X, which is n. This implies that
(A, C) is observable. q

One of the important applications of max S(;) and min7(;) is to investigate the

controllability and observability of a linear time-invariant system. Given

= Az + Bu
(4.13)
z2=Cz
Let Q@ = maxS(A4;ker(C)) and R = minT7 (4;im(B)). We can choose a similarity
transformation matrix T := [T} Ty T3 Ty] satisfying im(T1) = QNR, im([Th T3})) =R
and im([T1 Tz]) = Q. Applying this transformation gives a new system matrix showing

the controllability and observability of (4.13) completely. The new system matrix triple
(A, B, C) has the following form.

[A1n A Az Ay [ B ]

. 0 Ay 0 Ay . 0

i = o B=|_ (4.14)
0 Azz Az B;
[0 0 0 Ayl | 0 |

C =10 0 C Cy (4.15)

This is usually called the Kalman canonical decomposition. The above result can be
checked by expanding AT = TA, TB = B and € = CT directly. The 0’s in A are
because im([T} T» T3)) is an invariant of A. The 0's in € are because im([T} T3]) is

in ker(C). The 0’s in B are because im([T3 Ty)) is not in imB.
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A further simplification of the Kalman canonical decomposition can be achieved.

But we need the following preliminary results.

4.1.3 Complementability of an Invariant

Let A: X < X be a linear map and let V C X be an A-invariant subspace. A subspace
U C X is the complement of V if VOU = X and U is also A-invariant. We will denote
the complement of V as VU,

The similarity transformation of A using the matrix [V U], where V,U are the

bases of V and U respectively, possesses the following form
. An 0
[VUTAV U= A= 3

0 A

Lemma 4.4 Let A : X < X be a linear map. Let V be a basis of the A-invariant
subspace V. Let T = [V T3] and

T AT =A= (4.16)

Ay Ap

0 1‘122} .
Then U = im(U), which is the complement of V, exists if and only if the Sylvester
equation

ApX — XAy = —Ap (4.17)

admits a solution X. Moreover U =V X + T5.

1 x
T =
0 I

Applying similarity transformation on A with T', in order for the (1,2) sub-matrix to

Proof. Let

be zero, (4.17) has to be true. q
Note that it is well known that the Sylvester equation (4.17) has a unique solution

if and only A;; and A2 have no common eigenvalue.
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Using the above facts, it is possible to further reduce the Kalman canonical form by
choosing the new coordinate T' = [T, T», T3, Ty] where [T1, T] span max S(A4; ker(C)),
[Ty, T3] span minS(A4;im(B)), T} = max S(A; ker(C)) N min T (A;im(B)), T> spans
a subspace that is A-invariant and contained in ker(C), T3 spans a subspace that is
A-invariant and containing im(B). T, T5, T3 and Ty are complement to each other
with respect to A matrix. In other words the subspaces spanned by 17, T5, T35 or T}

are all A-invariant. We will have

A, 0 0 07 [ B ]

- 0 Ap O 0 . 0

A = } B=|_ (4.18)
0 0 A 0 Bs
[ 0 0 0 Ayl L 0 ]

C =100 & Ci (4.19)

provided that Au, Azg, 12133 and Ay in (4.15) mutually satisfy the solvability condi-
tions of the corresponding Sylvester equations.
This particular form will be used later in our BMI algorithm for solving mixed

Ho/Heo problems.

4.2 (A, B)-Controlled Invariant

The concept of A-invariant can be extended to the so-called controlled and conditioned
invariant. They are useful tools for linear system synthesis problems. We will be
mainly interested in the concept of controlled invariant. However, the conditioned
invariant can be derived in a dual manner.

Given a linear system £ = Az + Bu and a subspace V, in order to confine the state
trajectory z(t) € V we must have £(t) € V also. From the state equation, this means
that whenever z(t) € V, (t) = Az(t) + Bu(t) = v(t) € V, i.e. Az(t) = v(t) — Bu(t)
for any u(t) and v(t) € V. This implies AV C V + im(B). The reverse is also true.

For each V having this property, we have the following definition.
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Chapter 1

Introduction

1.1 Motivation

Two of the most important measures of system performance in optimal control theory
are the Hy and Ho norms. Given a stable multi-input multi-output transfer function

matrix G(s), they are defined as

6t = (5 ZTrace[G(jwrG(jw)]dw)1/2

Gl = 5UpOma(G i)

where ~ denotes the complex conjugate transpose operator and o,,q; is the maximum
singular value.

In the context of H control theory, it is well known [8, 54] that, using the small
gain theorem, the robustness of the system can be guaranteed to a certain degree, either
in the sense of system variation or under exogenous inputs as long as the perturbation
is under a certain bound. Let v = ||G.pl|lec , Where G, is the transfer function
from w to z as in Figure 1.1 with A = 0. The system will remain stable as long
as ||Alle < v~!'. This is the so-called worst-case stability. So the smaller v is,
the more tolerant to the disturbance. In classical SISO(single input single output)
control this is comparable to obtaining a larger stability margin in terms of phase/gain

margin. It is intuitive that something has to be compromised in order to obtain a larger
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Figure 1.1: Illustration of the use of the small gain theorem for robustness

stability margin. Therefore, it is also well known that H, control designed is generally
conservative. That is, in designing a controller that makes ||G,|lco small one may
drive the performance of other input/output pairs out of the performance specification.
In practice, the performance of the system can be conveniently expressed in terms of its
H2 norm as in LQG design. Therefore we have the so-called mixed Hy/Hoo control,
the idea of which is to trade some performance in terms of the H2 norm for some
robustness in terms of the Ho, norm. This can be interpreted as designing the control
to produce the fastest response for the nominal plant while maintaining the stability
of the system as long as the perturbation of the system or the noise input is limited to
a certain extent. At first glance, these two objectives may seem to be contradictory.
However, as shown in [15] the solution of the Ho bound problem is not unique.
All solutions of the Ho, bound problem can be parameterized as LFT (Ko, Q) where
Ky is a stabilizing controller satisfying the bound, LFT denotes Linear Fractional
Transformation and @ is an arbitrary Ho, transfer function. This gives us an extra
degree of freedom to make the Hs objective as small as possible.

The two different performances can appear in different block diagrams as shown in
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Figure 1.2: The mixed H2/H o problem where both H2 and H objectives appear on

the same input-output pair; The problem is to mI}n NTowll3, st | Towlloo < -

Figures 1.2-1.4 where the plants are assumed to be centralized. A similar scheme can
be seen in the p-synthesis problem which is also a multiple objective problem design

except that all the objectives involved are in the Ho norm.

1.2 Background

Several different mixed Hy/H o problems have been studied during the past few years.
Bernstein and Haddad [3] pioneered this topic by considering the system in Figure 1.3
with output feedback dynamic control. They reduced the mixed Hy/H control
problem to a suboptimal control problem by replacing the H2 norm objective with
an upper bound on the #2 norm. Using the Lagrange multiplier method, they found
the solution of two coupled Riccati equations to be a necessary condition for sub-
optimality. The coupled equations can be further reduced into four smaller coupled
equations (two Riccati type and two Lyapunov type) similar to the optimal projection
equations used in the reduced order LQG problem [12]. A continuation method [35)
was suggested to solve these coupled equations. In [53], it was proved that the above

coupled equations are indeed a necessary and sufficient condition for obtaining solution
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Figure 1.3: The mixed M2/ problem where #, and Hy objectives appear on

different outputs but share the same input; The problem is to m}%n ITeowll, st
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Figure 1.4: The general mixed H2/H problem with different exogenous inputs and
different outputs for the H2 and H, objectives; The problem is to rr}én 1 Tzgwo |]% subject

to [| Tz w; lloo < -



of the suboptimal mixed H2/Hoo problem.

In Mustafa and Glover [29], the solution for the minimum entropy problem of
the system in Figure 1.2 was proved to be equivalent to the solution for the mixed
H2/Hoo suboptimal problem. This solution is usually called the central solution of
the Ho problem and can be easily derived using the four-Riccati equations approach
that appeared in [15].

Rotea [21] found that under certain conditions the state feedback case of the system
in Figure 1.4 can achieve simultaneous H2/H o optimal control by means of a dynamic
controller. The simultaneous Hz/H optimality means that its H2 performance is as
good as that obtained using the LQ optimal gain matrix. At the same time, its Hoo
norm constraint is met.

In [22], Rotea and Khargonekar gave a convex optimization method for solving
the mixed Hz/H suboptimal problem for a system with one input/two outputs as
shown in Figure 1.3. They showed that for a state feedback case, the problem can be
rewritten as a problem with a convex constraint set and a convex objective function
which can be solved efficiently by many existing algorithms. They also show that the
dynamic output feedback case can be solved by transforming it into a state feedback
type of problem.

For the one-input/one-output problem, the H2/Ho, suboptimal controller gives a
relatively good result. For example, in [37] Rotea concludes that by properly choos-
ing the v, more specifically choosing 7 = V27, Where 7o is the smallest Ho, norm
the closed-loop system can achieve, the H2 norm of the closed-loop system using the
suboptimal solution will be no worse than v/2 times the respective LQ optimal values
for the one-input/one-output problem. However the numerical result in [33] shows
that the H2 norm gap between the optimal and suboptimal solutions can be signifi-
cant for the one-input/two-output problem or two-input/two-output general problem.

This shows the importance of looking for an optimal solution for the mixed Hy/Hoo



problem.

We attempted to solve the mixed H2/H problem by modifying the objective of
the problem into the sum of an optimal objective and a suboptimal objective weighted
with A and 1 — X respectively, where 0 < A < 1 is an artificial parameter. Using
the Lagrange multiplier method, we obtained 4 coupled equations similar to (1.8),
(1.13), (1.15) and (1.16) with an additional parameter A. When X = 0, the problem
is the suboptimal #2/H problem which has an analytic solution. When A = 1
we have the mixed Hy/Hoo problem. Applying the continuation method by varying
A from 0 to 1, we move the solution from the suboptimal solution to the optimal
solution. The first problem with this method is that the solution is not guaranteed to
be global. A second problem is that the continuation method is relatively expensive
computationally. Another problem is that for the general mixed H2/Ho problem,
even the suboptimal solutions require solving the coupled Riccati equations. So the
advantage of obtaining the initial solution by solving a Riccati equation for a one-
input/one-output system or a convex programming algorithm for a one-input/two-
output system is lost. We have had limited success for the state feedback case when
the suboptimal solution is not too ”far” away from the optimal solution. However for
the fixed order dynamic controller case the continuation method has difficulty to move
from A = 0 to A = 1. In [6, 36], Ridgely also used a similar algorithm to solve the
mixed Hy/Hoo problem.

One of the most significant findings is due to Megretski in [27]. He showed that the
optimal solution for the mixed H2/H optimization problem for the dynamic control
case does not have a fixed order solution like the LQG problem. The optimal controller
has infinite order and does not have a stabilizing state space representation.

At the same time Sznaier in [44, 45] obtained a procedure via convex programming
that can approximate and converge to this infinite dimensional controller to arbitrarily

large order for both SISO and MIMO discrete time problems.



Other developments on the topic include the singular control problem, reduced or-
der suboptimal problem, discrete time suboptimal problem, and decentralized mixed
‘H2/Ho problem, all of which are only slight variants of our original problem. Notice-
ably, Stoorvogel [43] studied another type of mixed H3/Hoo problem in which one tries
to minimize the Hz norm of the input/output pair among all the possible perturbation
constraints. In other words, one intends to find the control which will produce the
best H2 norm with all possible perturbations present. This contrasts with the original
case where one tries to minimize the Hs norm of the nominal plant.

Many of the problems mentioned above involve solving coupled Riccati/Lyapunov
equations. Other than the continuation method, there was not any efficient way to
solve these equations. Recently, the linear matrix inequality (LMI) é,pproach, as in
[4] has been found useful in solving many control problems. Gahinet developed an
LMI toolbox which further makes the LMI approach attractive. Although the LMI
approach is able to solve some multi-criteria optimization problems, we were not able
to reformulate the mixed H2/Hoo problem into LMI form. The best that can be
done is to make our problem into a biaffine matrix inequality (BMI) as proposed by
Goh and Safonov et al in [19]. They discussed the bi-convex property of BMI and its
geometrical interpretation. They also suggested solving BMI's by alternating solution
of 2 LMI problems similar to the D-K iteration for solving the u-synthesis problem.
However, the alternating LMI method doesn’t always give a solution. The main result
of our research is an algorithm that can solve the BMI eigenvalue problem of the mixed
H2/Hoo problem.

The recent trends in mixed Hz/Hoo optimization can be categorized in two broad
directions. The first direction is due to the maturation of the techniques for solving
an LMI problem. Many attempts were made in previous years to transform differ-
ent varieties of the upper bound mixed H2/Ho problems into LMIs, especially for

the dynamic controller case which can not be solved easily [22]. Another direction



is to extend the mixed.’Hg/’Hoo problem to linear time-varying systems and linear
parametrically varying systems.

In [32], Paganini obtained a condition for the so-called Robust H2 performance
problem by extending a condition from the Robust H, performance problem of a one-
input/one-output system as in Figure 1.2 with structured uncertainty. This was done
by approximating the white noise signal with a set of finite energy signals. The Robust
H, performance problem then can be obtained using the Robust H performance
condition by finding the worst case among that particular set. The result is an LMI
that depends on frequency w and an energy bound constraint. A test can be performed
by gridding the w-axis to produce a set of LMIs. However for the synthesis problem a
D-K iteration type of solution is suggested.

For H 2 or He state feedback synthesis problems, a common practice for obtaining
an LMI is to eliminate the coupling between the state feedback and Lyapunov/Riccati
variable. This can be done by substituting the state feedback K with VQ~!. Scherer
[38] shows that for a fixed order dynamic controller case, i.e finding an (A, B, C, D.),
there exists a similar transformation of variables that can eliminate the coupling be-
tween the control variables and Lyapunov/Riccati variables. For an upper bound
mixed H2/Hoo problem, these transformations result in a set of LMIs that can be
solved efficiently.

The linear time-varying (LTV), linear parametrically-varying (LPV) version of the
upper bound mixed H2/Hoo problem is studied also by Scherer in [39]. The LTV
problem can be easily transformed into a differential linear matrix inequality (DLMI),
e.g. using the concept of internal dissipative system. For the DLMI problem, he
proposed solving an initial value problem of a purturbed Riccati differential equation
to test the solvability of the DLMI. For the LPV problem, the solvability by means of
LMTI’s depends on the complexity of the parameter space. If the parameter space is

smooth and of moderate dimension, the parameter dependent LMI can be scheduled



and solved as in the LTI case. This approach is especially useful if the parameter space
is convex and has finite extremes.

The fundamental difference between their developments of the mixed Hy/H o the-
ory and ours is that we are pursuing the non-conservative solution instead of an upper
bound. There is no known way that will yield an LMI optimization problem for the
non-conservative case. However, their approaches for the dynamic controller case may
be useful when we extend our solution of the current constant output feedback case.
Furthermore, their treatments for the LTV and LPV system offered a good mathemat-
ical insight in terms of the proof of sufficiency when a simplification or specialization

1s assumed. This is valuable to us if a similar extension is to be made.

1.3 Introduction to the Mixed H;/H, Problem: State

Feedback Case

A finite-dimensional linear time-invariant system, such as the system G shown in

Figure 1.4, can be described by the following state-space equation.

4

T = Az + Bywgy + Byw; + Bau
29 = Coz + Dou

z1 = Ciz + Dyu

| v=2
where all the matrices in (1.1) are constant real matrices of compatible dimensions,
Le.

A = Rnxn, BO e Rnxmo, Bl € Rnxml, B2 c Rnxmz’

Cp € RPOX™ () € RPYX™, Dy € RPOX™0 D) € RP1*™

u is the control input and wy and w;, are unmeasurable disturbances. For simplicity,

we will assume w; € £3[0, 00] and wy is white noise.



The following standard assumptions [15] are made.
Assumption 1.1

a. (A, By) is stabilizable.

b. Dy and D; are of full column rank. We will occasionally use the stronger
assumptions DyDy = I, DyCy = 0, D{D; = I and D|C, = 0 to simplify

the computations.

A— JUJI B2

c. has full column rank for allw € R.
Co D,
A-— ij Bg

d. has full column rank for all w € R.
Cy D,

Assumption 1.1a assures that there exists a stabilizing controller. Assumption 1.1b
means the control weighting is nonsingular and implies that the optimal controls are
finite. Another implication of assumption 1.1b is that the number of outputs must be
greater than or equal to the number of control inputs u, i.e. pg > mg and p; > m;.
The relaxation of assumption 1.1b leads to a singular control problem and is discussed
in [42]. Assumptions 1.1c and 1.1d guarantee the solutions of the Riccati equations
associated with H2 and H, problem exist.

For the static case, we want to find a constant matrix gain X € R™2*" je. u = Kz

such that K solves the following constrained optimization problem

Problem (P;) :

. 2
min | Teguwo I3
Ko (1.2)
subject t0  [[Tsyu o < 7
where Ty, is the closed-loop transfer function matrix from wg to 2o and T3, 4, is the

closed-loop transfer function matrix from w; to 2;.

Let K1 g be the LQ optimal control for 75,4, and 2 = || Ty w0 (K1Q)llco- Let Koo

be the Ho, optimal control for Ty ., With Yoo = ||T2pwe(Koo)lloo- If the Hoo norm

10



constraint parameter vy is chosen to be larger than 7, then Kyq is also the optimal
solution of the mixed H2/H o optimization problem. If y is chosen to be smaller than
Yoo then we will have no solution for our problem. To avoid these trivial results we

will assume that

Assumption 1.2

Yoo SV <72 (1.3)

In the following discussion, we will consider the problem as shown in Figure 1.3. It
is the special case of the general mixed Hz/Hoo optimization problem with By := B
and w := wyp := w;.

By applying constant state feedback u = Kz, the closed-loop system in Figure 1.3

becomes
T = (A -+ B2K)a) + Biw

20 = (Co + DoK)z (1.4)

z1 = (C1 + D1K)z
We need to formulate the H2 norm and H, constraint first before proceeding.
The definition of the Hz norm of a strictly proper stable system T3, := (A, B, C) can

also be expressed in the time domain as

12l = 5 ([ mttymieyat)

where h;(t) is the response of the system to an impulse on the 4, input (i.e. w,(¢) = §(t)
and w;(t) = 0 j # ). We know that an impulse input at w; gives the system states

an initial condition z¢ = b; where b; is the 7;; column of B. So we have

& !
17l = 3 ([ tieHtc'octiar) 15)
~ \Jo
1
It is well known [20] that for stable A

o 1
Y = / At O CeAldt
0

11



where Y > 0 is the observability grammian satisfying the following Lyapunov equation
LY):=AY+YA+C'C=0. (1.6)
So the Hy norm shown in (1.5) can be expressed as
| Tzwllz = Tr(BB'Y)

Using the above fact, the stabie triple (A + B2 K, B;,C; + D1K) in (1.4) has the
‘H2 norm

|1 T w(K)II3 = Tr(B1BY) (1.7)
where Y > 0 and satisfies the following Lyapunov equation
(A+ B3K)'Y + Y(A+ BoK) + (C1 + D1K)'(C1 + D1K) =0 (1.8)

To satisfy the constraint (1.2), we need the bounded real lemma of H,, theory. The

version given below is a modification of Lemma 4 in [15].

Lemma 1.1 Given a strictly proper stable transfer function matriz G(s) = C(sI —
A)"'B and v > 0, define the Hamiltonian matriz
A y7°BB
H:=

-c'c A

The following conditions are equivalent
L [|Glleo £ -

2. There ezists a nonnegative(positive if (A, B) is controllable) definite symmetric

solution X for the following equation
AX+XA4+42XBB'X +C'C=0. (1.10)

Moreover, A+~ 2BB'X has all its eigenvalues in the closed left half plane and

has at most one conjugate pair of pure imaginary eigenvalue.

12



Proof. The strict inequality part of this lemma has been shown in [15] where it
is shown that ||G||cc < <y if and only if X > 0 solves (1.10) and the eigenvalues of
A+~72BB'X are in the open left half plane. We need to prove that ||G]jo = = if and
only if X > 0 solves (1.10) and A + y"2BB’X has exactly one conjugate pair of pure
imaginary eigenvalue.

Let G(s) be the transfer function of a stable system (A, B, C, D) such that |G|l =

4. It is easy to check that the transfer function (y2] — G~G)~! has the following

representation.
A ~2BB'| B
Y I-G~G) Ys)=| =C'C A 0 (1.11)
0 B’ l vI
where the notation 418 is shorthand for the transfer function D+C(sI—A)~ !B
C|D

of a linear system and the A-matrix of (y2I — G™~G) is the Hamiltonian matrix H
defined in (1.9). ||Glleoc = ¥ means oymez(G(jw)) = 7 at a finite number of w’s, say
wi, ©=1,2,... m and ope(G(jw)) < 7y for all other w. This in turn implies that
(v?I — G~G)71(s) has poles at jw;. Therefore, the eigenvalues of H contain jw;. We
also know that there exists a symmetric X > 0 that solves the Riccati equation (1.10)
associated with the Hamiltonian matrix H as long as (A, B) is stabilizable. Applying
a similarity transformation to H as
I 0 I 0 A++972BB'X ~~2BB’
H = (1.12)
{—X I] [X I} { 0 —(A+~72BB'X)
we conclude that the eigenvalues of A+ 2BB’'X are in the closed left plane. Among
these eigenvalues, jw; must be on the imaginary axis.
The proof of 2 — 1 can be done in reverse fashion. One more point worth men-
tioning is that because of the particular structure of the Hamiltonian matrix H, any

eigenvalue jw, must be of even multiplicity and defective. q

13



Using Lemma 1.1, we know that ||T,y,(K)|leoc < 7 if and only if the following

Riccati equation
(A+ByK)'X + X(A+ BoK)+ 7 2XB1 B, X + (Co + DoK)'(Co + DyK) = 0 (1.13)

has a non-negative symmetric solution X.

To optimize (1.7) subject to the constraints (1.8) (1.13), form the Lagrangian
J(K,P,Q,X,Y)=Tr (B;B\Y +(1.8) x P+ (1.13) x Q) (1.14)

where the Lagrange multipliers P and @) are nonnegative symmetric matrices which

are not both zero. Taking partial derivatives of J with respect to K, X and Y, yields

oJ

o = (A+ BoK +772B1BiX)Q + Q(A+ BoK + 4 2B Bi X)' =0 (1.15)
g}i, = (A+ ByK)P+P(A+ByK)' + BB, =0 (1.16)
% S —BYXQ+YP)P+Q)l =K (1.17)

It can be readily seen that 5 coupled equations (1.8), (1.13), (1.15), (1.16) and (1.17)
have to be solved in order to solve the optimization problem. An additional difficulty
may be seen from the fact that equation (1.15) implies that (4 + BoK + v"2B; B} X)
is singular when K makes the H, norm of the closed-loop system equal to v, i.e. has

an eigenvalue on the imaginary axis. To summarize, we have the following Lemmas.

Lemma 1.2 If K is an optimal solution for the mized Ha/Hoo optimization problem
(Ps), there exist nonnegative symmetric matrices X, Y, P and Q that solve (1.8),

(1.18), (1.15), 1.16) and (1.17)

Proof. The Lagrange multipliers method used in the previous derivation assures that
(1.8), (1.13), (1.15), 1.16) and (1.17), are the necessary conditions for the optimality
of Problem (P;). q

14



Lemma 1.3 If K,X,Y,P > 0,Q > 0 solve (1.8), (1.13), (1.15), 1.16) and (1.17),
then (A 4+ BoK + v 2B1B}X) has all its eigenvalues in the closed left half plane.

Moreover, at least one of the eigenvalues is on the imaginary azis.

Proof. Define A := (A + ByK +~~2B1B}X). X being the stabilizing solution of
(1.13) guarantees A has all its eigenvalues in the closed left half plane. (1.15) can be
vectorized as

(A®I+I®A)g=0; (1.18)

where q = vec[Q)] is the vectorization of Q by piling each column of @ into a big column
vector. (1.18) implies that (A ® I + I ® A’) must have at least one zero eigenvalue.
It is known that the eigenvalues of (/1 QI+I®A ) are A, + A; where ); is the 4y,
eigenvalue of A. At least one combination of A; + A; must be equal to zero. Because
Re();) < 0 Vi, this is only possible when at least one of the eigenvalues of Ais0or

one pair of complex eigenvalues of A are pure imaginary. q

Lemma 1.4 If K, X,Y,P > 0,Q > 0 solve (1.8), (1.13), (1.15), (1.16) and (1.17),
then ||T2)wo(K)”oo =7.

Proof. From Lemma 1.3, we know that eigenvalues of (A + BoK + v 2B; B{X) are
in the closed left half plane. The nonnegativeness of the solution, P, of Lyapunov
equation (1.16) assures the stability of A+ By K. Lemma 1.1 shows that the Ho, norm
of (A + ByK, B;,Cy + DyK) is equal to 7. q

Lemma 1.4 says that the optimal solution derived from solving the 5 coupled equa-
tions should be at the boundary of the constraint ||7%||cc < 7. The even multiplicity of
the imaginary eigenvalues of the Hamiltonian matrix H provides the crucial algebraic
property of this particular boundary.

In the next section, a continuation algorithm is proposed to solve 5 coupled equa-

tions

15




1.4 Mixed Hz/ ’Hoo Optimal Control:Continuation Method

For simplicity, we will work on the one-input/one-output system shown in Figure 1.2,
i.e. By = By, Cy = Cy and Dy = D;. We also assume that D; has been normalized,
ie. D{D; = I and D{C; = 0. The results can be easily extended to the one-
input/two-output case. One advantage to working on the one-input/one-output case
is that we have a suboptimal solution as the initial solution for our numerical procedure
immediately by choosing the %o central solution. For the one-input/two-output case
we will need another procedure as in 3, 22] to obtain the suboptimal solution. Qur
initial approach to solve the optimal problem is to use a continuation method to solve

the coupled Riccati equations.

1.4.1 State Feedback Case

A simple system with state feedback will be used to demonstrate the procedure for
obtaining a static/dynamic controller for the mixed Hy/Hy, problem. Difficulties with
the algorithm will be pointed out as a topic for further research.

In Lemma 1.2, we have derived five coupled equations as the necessary conditions
for solving the Problem (Ps). To solve these five equations, Newton’s method usually
doesn’t work because these equations are highly coupled. If the initial solution is out
of the contractive region, Newton’s method will not converge to a solution. To improve
the chance that the initial solution will be contractive, a continuation method with
suitable choice of continuation parameter is usually useful.

Consider the system
T = Az + Byw; + Bou
21 = Ciz + Dyu (1.19)

y==z
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with the closed-loop system when applying constant state feedback u = Kz as

I = (A + ByK)z + Byuy
(1.20)
21 =(Cy + D1K)z

A continuation method can be used to solve the equations by modifying the objective

of problem P; as
Jo(K,X,Y,\) = ATr(BB;Y) + (1 — \)Tr(B1B; X) (1.21)
where Y is the nonnegative symmetric solution of
(A+ BK)'Y +Y(A+ B3K) + (C, + D1K)'(C; + D1K) =0 (1.22)
and X is the nonnegative symmetric solution of the Riccati equation.
(A+BoK)X + X(A+ BK)+~v72XB1B/X + (C1 + D1 K)'(C, + D1 K) = 0 (1.23)

Then (1.15),(1.16) and 1.17) will be modified as

dJ _
5)?2 = (A+ByK+~72BB/X)Q

+Q(A+ ByK +472B1B/X)'+ (1 - A)B;B; =0 (1.24)
%{,—2 = (A+ BK)P+ P(A+ B:K)' + ABB; =0 (1.25)
g:’KZ S —BYXQ+YP)P+Q) =K (1.26)

This defines a new optimization problem for a fixed A

Problem (P;)) :
in, J2(K, X, Y, ) (1.27)

where K, X and Y satisfy (1.22), (1.23), (1.24),(1.25) and (1.26).

It has been stated in 3] that

Tr(B1B{X) > Tr(B,B}Y). (1.28)
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We can prove the above statement by subtracting (1.22) from (1.23) to obtain
(A+BK)' (X -Y)+ (X -Y)(A+ ByK)+ v 2XB,B|X =0

This is a Lyapunov equation in (X — Y) with stable (A + B2K) and nonnegative
v~2XB; B! X. 1t guarantees that (X —Y) is nonnegative.

When A = 0 the problem (P;)) reduces to a performance bound problem. The
Lyapunov equations for Y and P (1.22) and (1.25) can be ignored. The reduced

solution for the performance bound problem can be computed analytically as
K, = -ByX, (1.29)
where X, is the solution for the following equation.
AX + XA+ X(y 2B B, - ByBy)X +C;C1 =0 (1.30)

This solution is exactly the so-called central controller for H, problem for a perfect
state observation(full information) system [15]. It has been proven in [30] that the
central controller described in [15] is a solution for the performance bound problem
for the suboptimal problem.

Having derived the coupled equations for the problem (P;y) :, we are ready to
solve our problem by applying continuation methods, by varying A from 0 to 1, using

(1.29) as the initial solution. A primitive algorithm is described below
Algorithm 1.1

1. Choose A =0, P<0> =0; Solve for Q<% and Y<°> using K<% in (1.29); Set
[=1;

2. Choose AX > 0 and A = A + A); Stop the procedure if |A<P> — A<I1>|| < €

where ¢ is the intended precision;

3. Solve for Y<!> and P<'> with fized K<!~1> from (1.22) and (1.25) respectively;
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4. Obtain X<'> by solving the Riccati equation

(A+ BQK<1——1> + 7_2BlBiX<l"l>)'X +X(A+ BZK<l-—1> + 7_ZBlBix<l_l>)

—’)’_2XBlBiX + (01 + D1K<l—1>)l(01 + D1K<l-l>) =0 (131)

5. Solve for Q<> from

A+BZK<I—1> +’Y—2BlB’X<[> Q + Q A+B2K<l—1>
1 <

+ 7Y ?BiBjX<"*) +(1- BB =0
6. Compute K<t>

K<l> — —Bé(X<l>Q<l> + Y<I>P<l>)(P<l> + Q<l>)—1

7. Let AK<!> = |[K<I> — g<I-1>

o If the sequence AK<'> > ¢ for the intended precision £ but is improving

then setl=1+1 and go to step 3;

o If the sequence AK<"> > ¢ but is not converging, reduce X; Set | = 1 and

go to step 3;

o IfAK<> < ¢, set X<0> = X<WH1> | =1 and go to step 2;

The loop between step 3 and step 7 is to solve the problem P;) and is sometimes
called the corrector stage of the continuation method. The corrector stage solves
the five coupled equations with A fixed. The outer loop starting at step 2 is called
the predictor stage in which we increase A to a degree that the corrector stage will
converge. A more sophisticated projection method is actually used to predict the best
step size A) and the initial values of the other variables in this numerical experiment.

Several difficulties with this algorithm will be summarized. They are as follows
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e Overall performance can be described as inefficient especially when A is close to
1. However the convergence is guaranteed provided that the continuation step

size, A\, is small enough.

e The Riccati equation (1.31) in step 4 of the algorithm guarantees a non-negative
solution, X <* only when A + BoK<!> 4 472B1 B{ X <!> is a stable matrix [50].
However, as we mentioned earlier, the solution will fall on the boundary of the
H, constraint. This means that A4 + ByK <!> +~2B; B X <!> will have imagi-
nary axis eigenvalue(s). Therefore, during the corrector stage of the continuation
method, the stability will not be assured. And the iteration may fail because

the Riccati equation does not have a non-negative solution.

e It is suspected that the homotopy path will have a turning point at A = 1.
When the continuation approaches a turning point, the Jacobian of the equa-
tions(operator) will become singular which poses difficulties during the corrector
stage of the continuation method. This means that only small increments of the
continuation parameter A are allowed when it approaches the critical point and
the continuation eventually fails. Our equation has to be augmented [31, 34] in

order to have smooth progress.

1.4.2 Dynamic Controller Case

Having found a method for the solution of the mixed Hz/H optimization problem
using static feedback, we are ready to pursue further the dynamic controller case
because, in general, full state information is not available. It is also worth mentioning
that our approach (to be) works as well for a reduced order controller which can be an
alternative for an expensive full order controller. The reduced order controller gives

up a small amount of performance.
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Now let us consider the following system.

T = Az + Byw + Bou
Z=01$+D1'U.

y = Coz + Dyw

Following the standard assumptions for LQG problems and by suitable transformation,

we are able to normalize D, and D9 as follows

DiDy=1 DiCy =0
DyDy =1 DyCr=0
The purpose of the problem is to design a controller K. of order n,
Ze = Acze + Bey

u = Cex,

to achieve the following objectives.

Problem (Pg) :

r%,icn”Tzwllz (1.32)

st [Toulloo <7 (1.33)

where T, is the closed-loop transfer function matrix from w to z. As introduced

previously, several works have been published on performance bounds of the mixed
H2/Ho problem.

In our approach, the Ho dynamic central controller defined in [15] will be used
as the initial solution. The continuation method is used for the problem Pg. When
the continuation starts, the formulation for the performance bound is used. The

formulation will be given later. Before we do that, the closed-loop transfer function
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matrix will be given. Let A, B and C form the (A,B,C) triplet of the closed-loop

system.
T A Bch x Bl
= + w
T B.C; ;46 T B.D, (1.34)
z = [Cl DICC]
Zc

Similar to the state feedback case in (1.8), the Hy performance can be written as
J(Ac, B, Ce) = | Tewll3 = Tr(BB'Y) (1.35)

where Y is the observability grammian of A, C, ie. Y > 0 satisfies the following
equation

AY +YA+C'C=0 (1.36)

To assure that || T,y satisfies the constraint v, there should exist a non-negative X

that is the solution of the following Riccati equation.
AX +XA+~+2XBB'X+C'C=0 (1.37)

As in (1.28), Tr(BB'X) > Tr(BB'Y), therefore Tr(BB'X) is an upper bound for
J(Ac, B¢, Cc). An analytic solution for the LQG bound problem is also given in [30].

This gives us the motivation to modify the performance (1.35) as

J1(A¢, Be, Coy ) = ATr(BB'Y) + (1 — A)Tr(BB'X) (1.38)

Problem (Pgk») :
min J] (AC7 Bc, Cc, A) (1-39)
st |Twlle < (1.40)

Then the solution in [30], i.e. the central solution of H, problem, solves the problem
Prx when A = 0. Pk, is equivalent to Px when A = 1. Using the continuation

method by varying A from 0 to 1, one may be able to solve the problem Pg.
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To solve the problem Pg) using a Lagrange multiplier method similar to the one
used in [3], we modify the performance by adding two non-negative symmetric mul-
tipliers P and . Then derivatives are taken with respect to X, Y, A., B, and
C.. Then make the derivatives equal to 0. The following equations result after some

straightforward calculations.

J2(Ac, B, CeyA) = Tr[ABB'Y + (1 - \)BB'X)

+(1.36) x P + (1.37) x Q] (1.41)

o = AP+ PA+)BE =0 (1.42)
%‘ZXZ = (A4+~42BB'X)Q+QA+~+72BB'X) +(1-NBB' =0 (1.43)
gjzc —  P,Y19+ PyoYor + Q15 X12 + Q22X20 =0 (1.44)
ggi = By(Ya2 + X15Qu X12 + X02Q19X12 + X15Q12X20 + X20Q22X20)

+C2(P11Y12 + PiaYas + QuX12 + Q12X22) + Do Bi(AY12 + (1 — M) X12)

+D2 B (X11Q11X12 + X12Q12X12 + X11Q12X22 + X12Q22X22) = 0(1.45)
gézc = (PpY11 + PuY + Q1aX11 + Q22 X1,) B2

(Ply + Q12)C1D1 + (P2 + Q22)Ce =0 (1.46)

Note that A., B, and C, are contained in A, B and C respectively as in (1.34). In the

above equations, we partition X, Y, P and @ accordingly with order n and n., i.e.
X1 X2 Yin Yo Qun Q2

X = Q= P =
Q2 Q2

X2 Xn
From (1.45) (1.46) B, and C, can be calculated if P, Q, X and Y are known. To solve

Py P

?

Y, Ya

P, Py

for A in terms of X,Y, Q, P, we do the following mathematics on portions of (1.36)
and (1.37) as

Py x (1,2) of (1.36) + Py x (2,2) of (1.36)

+ Qi x(1,2) of (1.37) + Q22 x (2,2) of (1.37)
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The A, will have the following form provided X922 and P,9 are invertible.
X35 Yoo Ae + AcQPyt + W =0 (1.47)
where

W=-X5! (P{z(A’le + C4BlYz + Y11 B2C,) + Pao(CLBLYip + Y{,B2C: + CLC.) +
Qu2(A'X12 + O3B Xpp + X11BaCe) + Qa2(CeByXy2 + X15B2Cc + CiCo) +
v 2(Q2(XuB1B{ X12 + X19B. B X3) +

!
Q22(X12B1B1 X1z + XzchBéXzz))) Py (1.48)

A, can be solved using a Kronecker product.

It may appear that the above setup for solving the problem is complicated. A
lot of computation is needed for the numerical solution to determine A., B, and C..
However, two simple facts will reduce the problem considerably. One can observe that
the input-output behavior of the controller is invariant under similarity transformation.
That is, given a controller A., B, and C, that solves the mixed Hy/H optimization
problem Pk, the controller R"!A.R, R™1B, and C.R also solves the same problem.
This suggests that we find a canonical form to describe the structure of the controllers.

We choose a canonical form introduced in [48] for fixed order compensators as follows.

AC]. e 0 Bcl
Ac = ; Bc = s CC = [Ccl e Cc%c] (1.49)
0o ... Ac"—zc Bc%g
where
0 1 1 =z ... x
A = ,  Beii= full matriz, Cg:= . (1.50)

A, is formed by putting Ag i = 1,2,...,n./2 on its diagonal, B, is a full matrix and
C.=[Ca ... Cu ...]1i=12,...,n./2. zisascalar parameter to be determined

by the optimization procedure. If n. is an odd number, an additional one dimensional
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block will be added, i.e.
Agneqny = [x], Byzeqry:=[z], Cyaeyyy=[1]. (1.51)

The number of parameters of the controller to be determined is n + (pc X nc — &) +
Tie X M.
There are problems when we use a fixed structure for the controller triplet (A, B, C.).

If we use the fixed point algorithm, i.e. to solve for A., B¢, C. and P, @, X, Y alterna-
tively during the corrector stage, the new A., B, and C, will be of different structure.
Therefore it is likely that the fixed-point algorithm will not work. So we choose to use
Newton’s method to solve the minimization problem on J as in (1.41). We solve the
following zero finding problem

F(z,\) =0 (1.52)

where

Jy 0Jy O0Jy 8Jy O0Jy 0Jy 8J,
F :=vec — = < _]

z = vec[Ac, B¢, C., @, P, X, Y].

The continuation algorithm is basically parallel to what we used for the static
controller case. Unfortunately, we also have similar difficulties while we doing the
numerical experiment. The attention then turn to other alternatives such as eigenvalue

derivatives method and BMI eigenvalue problem.

1.5 Thesis outline

In Chapter 2, we will present several tools that will be needed in finding the solution
for the mixed Ha/Hoo problem. One of the tools is to find a solution for the Hoo
control problem with constant output feedback. We need this solution as an initial

solution for our BMI algorithm for solving the mixed Hz/H o problem after the state
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feedback parameterization. An alternating LMI algorithm will be employed to solve
this problem.

Another tool is the gradient of the H norm with respect to the controller pa-
rameters. Using the fact that Hamiltonian matrices are related to Riccati equations
by the Bounded Real Lemma, one can derive this gradient effectively. The positive
definite solution of the Riccati equation is related to the eigenspace corresponding to
the stable eigenvalues of the Hamiltonian Matrix. In H2/Hs, optimization problems,
it is proved that the optimal solution for mixed Hz/Hoo problems will occur at the
boundary of the Ho, constraint. It can also be proved that the Hamiltonian matrix
will have dual defective pure imaginary eigenvalues when a control is on the boundary
of the Ho, constraint. We will discuss the properties of the eigenvalue derivative near
the imaginary axis of a Hamiltonian Matrix [24]

In Chapter 3 we will formulate mixed H2/Hoo problems as BMI eigenvalue prob-
lems using the concept of dissipative system. We will apply an interior point algorithm
to solve the BMI eigenvalue problem. We also discuss the problem with this interior
point algorithm caused by the unobservability /uncontrollability of the closed-loop sys-
tem.

The concept of controlled invariant of an LTI system [51] will be discussed in
Chapter 4. We will discuss how to obtain unobservable and uncontrollable subspaces.
We will parameterize the set of state feedbacks that cause the closed-loop system to
become unobservable/uncontrollable. We also discuss the existence condition for these
unobservable/uncontrollable subspaces and how these finite subspaces form a lattice
structure. A dual lattice structure which we need to solve the mixed H2/H, problem
will be studied.

In Chapter 5, the BMI problem that appeared in chapter 3 will be partitioned
into a lattice of constant output feedback 2/ sub-problems according to the dual

lattice structure of the unobservable spaces for each output. Modifications of the BMI
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eigenvalue problem will be made for the reduced sub-problem. We also discuss how
to obtain the complete mixed Hz/Hoo problem by traversing through the dual lattice
of sub-problems from the top down. We will show how the algorithm of Chapter 2
helps us eliminate many of the sub-problems or gives us an initial solution for the
sub-problems or perturbs the optimal solution of one subproblem as an initial solution
of its child subproblem. The constant output feedback case of the mixed Hz/Ho
problem will also be presented. Several simple examples using this algorithm will be
presented. We will also comment on the globality of the sub-problem.

In chapter 6, we apply our algorithm to solve a F-14 flight control problem. Finally

conclusions and recommendations for further research are given in Chapter 7.

1.6 Contributions

The major contributions of this work are considered to be:

e Formulation of the mixed H2/H o optimization problem into a BMI optimization
problem for both constant state feedback and constant output feedback cases.
An interior point algorithm is proposed to solve the BMI eigenvalue problem.
The condition such that the interior point algorithm will converge to at least a

local minima is given.

e Finding that the difficulty with the BMI algorithm is due to the unobservability
of the closed-loop system when the dimension of the output is equal to the

dimension of the control input.

¢ Construction of the lattices of unobservable (A, B)-controlled invariants and cor-

responding feedback parameterizations.

e An algorithm to traverse through the lattice of sub-problems corresponding to

the lattice of feedback parameterizations in order to obtain the solution of the
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full #2/He optimization problem and avoid the difficulty caused by the unob-
servability of the closed-loop system when the dimension of the output is equal

to the dimension of the control input.

e An efficient algorithm to solve the constant output feedback #, control problem

using alternating LMI.

e Demonstration of the advantages of an H2/Hoo controller which provides a good
compromise between two competing criteria through a robust F-14 flight control

problem.

1.7 Notation

RMXT: real matrix of size m x n
Lolty, ta): square integrable function on [t;, 5]
Yoo smallest possible He norm of a given system.
! Hoo norm of the system using Ho controller.
1/2
1G]lo: H2 norm of G; (517; I Trace[G(jw)NG(jw)]dw) /
G lloo: SUPp,, Omaz |G (jw)]
Omaz (M): largest singular value of matrix M
o(A,V): eigenvalues restricted to the linear eigenspace V
A|B
D + C(sI — A)~!B, transfer function of system matrices (4, B, C, D)
Ci{D
A(M): ith eigenvalue of matrix M
Tow: transfer function from w to 2
G G2
LFT(G,K): Linear Fractional Transformation; given G :=
Ga1 Ga
LFT(G,K) =G + Gi2K(I — G22K)—1G21
Tr(M): trace of the matrix M
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M is positive definite matrix

M is nonnegative definite matrix

M — N is positive definite

make matrix M into vector

kth element of vec(M)

image space spanned by vectors V

null space of V1, {y :< y,z >=0,Vz € V}‘
the matrix containing the vectors that span im(V)*
complement vector space of V with respect to A
the matrix containing the vectors that span V=(A4)
VvVt = (V'V)"V for a full column rank matrix V

direct product of A and B

For a symmetric matrix, * is short for S’.
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Chapter 2

Ho Sub-Optimal Problem with Static Output
Feedback

In most cases it is not possible to observe all the internal states of a system. Usually
the observations consist of combinations of subsets of states. In the case that the
internal states can not be fully measured, it is possible to obtain an estimate of the
states through a dynamic filter. However, if the feedback is restricted to have constant
gains, we have a static output feedback problem.

Many control problems for systems with complete state feedback, such as the linear
quadratic problem, the stabilizability problem, the Ho, control problem or the sub-
optimal Hz/H problem are convex problems. They can be solved effectively using
existing algorithms such as LMI or by solving a Riccati equation.

Unfortunately, for the static output feedback problem it is not possible to obtain
such a convex setup. In [49], necessary conditions for solving the static output feedback
LQR were obtained through coupled Lyapunov equations. Since then little research
[1] on the necessary and sufficient conditions for optimality of static output feedback
problems has been done. Until Skelton, et al. in [13, 14, 16], there was no efficient
algorithm for solving these problems. In particular, in [14], the LQ suboptimal control

problem for static output feedback feedback systems was solved by solving two LMIs
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alternatively using a min/max algorithm.
We found that a similar algorithm can be applied to solve the suboptimal H

version of the static output feedback problem. The reasons that we want to study this

particular problem are

e We will partition the original H2/H optimization problem into a lattice of
sub-problems. Each subsystem is a system with partial state feedback which is a
special case of a static output feedback system. Obtaining ‘the ‘Hoo static output
feedback suboptimal solution will give us an initial solution for the Hy/Hoo

sub-problem.

o A partial state feedback H2/H oo sub-problem can be dropped from the optimiza-
tion procedure if it does not have an o sub-optimal solution. The min/max
algorithm is not only useful in finding a sub-optimal H solution, but also indi-
cates that no sub-optimal H, solution exists whenever the algorithm fails. With
this property, many of the sub-problems can be eliminated. This greatly reduces

the amount of effort for the complete procedure.

e Our Hy/Hs static state feedback optimization can also be applied to solve
the Ho/Hoo static output feedback optimization. Such problems can also be

partitioned into a lattice of static output feedback problems.

e An H2/Hoo dynamic feedback problem can be transformed into a static output
feedback problem with a special system structure. Knowing the H, suboptimal

solution can also help in solving the dynamic controller problem.
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2.1 Problem Setup

Consider the following system

= Az + Byw + Bou
z=Ciz+ Dyu (2.1)
y= C3.’E

The Hoo static output feedback problem is to seek a gain matrix G, i.e.
u= Gy (2.2)

such that the Hoo norm of the closed-loop system is smaller than a pre-specified value

7, 1.e.

Problem (P,y) :

1 T2w(GYlloo <7 (2.3)

From the Bounded Real Lemma, we know that when applying (2.2) to the system,

(2.3) implies the following Riccati inequality has to be true.

(A + ByGC3)'F + P(A+ B2GC3) + 7~ 2PBB| P + (Cy + D1GC3)'(Cy + D1GC3) <0

(2.4)
Or using the Schur complement formula, we have
(A + B2GC3)'P + P(A+ B,GC3) (C1+D1GC3)' PB;
(C1+ D1GCS) -1 0 <0 (2.5)

BiP 0 —y2I

We will make use of the following lemma to obtain the main theorem.

Lemma 2.1 (Iwasaki and Skelton [46]). Let B € R™™, C € RP*" and © = ©' €

R™%" where m < n and p < n. Then there exists a matriz G € R™*P satisfying

BGC + (BGC)'+©<0 (2.6)
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if and only if the matrices B, C and © satisfy

Bt'eBt <, (2.7)

c't'ec* <o (2.8)
If (2.7) and (2.8) hold true, the set of all G that satisfy (2.6) can be ezpressed as
G = —pB'®C'(COC')! + pS 2 L(CBC") 712, (2.9)

where L is an arbitrary matriz such that |L|| < 1, p is an arbitrary positive scalar

such that
P> Pmin,  Pmin = Amaz|BT(© — ©BL(B+'©BY)"1BY'0)BY), (2.10)
and positive definite matrices ® and S are defined by
®:=(pBB'-0)7!, S:=pI-B'[®-oC'(CPC")'CP|B (2.11)

Proof. Please refer to [46]. q

To apply Lemma 2.1, we need to rewrite (2.5) in the form of (2.6) by the following

derivation

[(A+ B2GC3)'P + P(A+ B,GC3) (Cy+ DGC3)' PB

(C1 + D1GCs) -I 0

i BiP 0 —2I

'PB;GC; 0 0 PB,GC3; 0 071" [AP+PA C, PB
= | D'GC; 0 O0(+| D1GCs 0 0O} + Cy -I 0

L 0 0 0 0 0 0 B,P 0 —92I

" PB, PB, " TAP+PA C| PB
= | Dy |G[C3 0 0]+ || D1 |G[Cs 0 0]] + o -1 0

L 0 0 B!P 0 —I

< 0.
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So we have

B=|D |, C=[Cs 0 0]

A'P+PA C! PB
0= C -1 0 (2.12)
B\P 0 —42I

Now we are ready to state the main theorem.

Theorem 2.1 Given the system in (2.1) with the feedback as in (2.2). The following

8 statements are equivalent
1 | Tow(G)lloo <y

2. There ezists a P and its inverse P~! such that

By [AP-' 4 P14 +42BB, P-'C}] [B,]*
<0 (2.13)
D, CIP_I -1 Dy
cit 0)' [AP+PA+ClC, PB[C: 0
<0 (2.14)
0 I B,P Il 0o I
3. P # 0 where

P o= {PER"X”:P>O, P‘leX,Pey}

B, 1" [AX + XA'+4~2BB, XC!]1[B,]*

X =< XeR"™": <0
| D, C1X —-I||D
[cit 0] [AY+YvA+cCici YB[Cit o

Y =Y eR"".: <0
0 I BY —2I{l 0 I

Proof. The proof of the equivalence between 1 and 2 can be derived directly from

(2.6) by applying Lemma 2.1. From the facts that

cit oo
[Cs 0 0)*=]| 0 I o (2.15)
0 0 I
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and

PB;1t [P! 0 07[B;]*t
Di| =] 0 I o]|D (2.16)
[ 0 0 0 I 0
(2.16) can be checked by the following derivation.
P! 0 0][B2]* [PB; By1Y' [P 0 07 [PB,
{l o 1 ol|D| VY| D |=|D 0 I of| D
0 0 I]JLO 0 0 0 'O I 0

B,1Y' 1B,
= |p D, | =0

0 0
Also we have
B2 + Bz +
0
0 I
0

So (2.7) is the same as

"B, 1Y [P1A'+ AP PTIC! By 1 [B1*t
D CIP_I -1 0 Dy
[. U Bi 0 —')/2I 0
B,1* _, [P'A+APTT Pl B B 1t
0 0
= D, C1P"1 -1 0 Dy }
0" I 00 I
B 0 —y2I
B 1Y [AP 1+ P4 P¢i] [B]* [B. 1Y [B:
-1 _
— Dl CIP N I Dl Dl 0 < 0.
B,
(Bl 0] 2
1

The reverse Schur complement formula gives

B, 1% [ap'+ P4 P'Cl][B]Y [B2]Y [BiBL 0] [B.]*
+ 4"
O'1P_1 —=I Dy D, 0 0 D,
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!
B,1?

D, CIP_I -1

APl + P14' + 42B B! P-1C1] [B,]"
<0
D,

This proves (2.13). (2.14) can be obtained in similar way. 3 is just another way of
stating 2. q

We know that the sets X and ) are convex because the inequalities are LMIs.
However, the set P is not convex. Our problem is to find an X € X and Y € Y such

that X = Y~!. The algorithm in the next section provides a way to find such an X,Y.

2.2 Algorithm

We will make use of the min/max algorithm proposed in [16, 17]. The min/max
algorithm finds a positive definite matri.x P such that P belongs to an open convex
set X and P~! belongs to another open convex set ).

The idea of this min/max algorithm is to augment each set X and ) with additional
LMI constraints and a minimization criterion and then use the LMI solver to solve the
minimization problem. For each iteration we modify the augmented constraint and
perform the minimization repeatedly. At the end of the algorithm X will approach
Y1 je.

lim ||X<k> _ (Y<k>)—1” =0
k—o0

One possible choice is to solve the following min/max problems alternatively
B
1<V’ xyl? < ur
such that = Thm1% k-1 2 4
XeX

max |
Y,
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Definition 4.4 (A, B)—Controlled Invariant
Consider a pair (A,B). A subspace V C X is said to be an (A, B)-controlled

tnvariant if

AV CV+ B with B:=im(B). (4.20)
A dual of controlled invariant on the pair (A, C) can be defined as followings.

Definition 4.5 (A, C)-Conditioned Invariant

Consider a pair (A, C). A subspace W is said to be an (A, C)-conditioned invariant

AWNC) CW with C:= ker(C); (4.21)

The (A, B)-controlled invariant will be denoted as V(A, B). The existence of
V(A, B) implies that there exists a state feedback F such that V is A + BF invariant,

ie.

Lemma 4.5 [2] Let V € X. Then there ezists a matriz F € R™*" such that
(A+BR)VCV (4.22)

if and only if V is an (A, B)-controlled invariant.

Proof. [if part]We will prove this by constructing such an F. Suppose that we
already found V(A, B) with V as a unitary basis. To find the desired F, we first

observe that (4.20) is equivalent to the existence of A and U such that

AV =VA+BU =[V B] A (4.23)
For any A and U that satisfy (4.23), we can obtain F as
F=-Uyv'v)v (4.24)
It is easy to see that V is (A + BF) invariant with this choice of F'.
(A+BF)W =(A-BU(V'V)"'V)V=AV —BU =VA (4.25)

90



This shows that V is (A + BF) invariant.
[only if part]If there exists an F' such that (A+ BF)V C V, there exists a A such
that (A + BF)V = VA. This implies

AV=VA-BFV=VA+BU (4.26)

by letting U = —FV. Eqn. (4.26) shows that V is an (A, B)-controlled invariant. ¢
In the proof of the previous lemma, for each controlled invariant V, there exists A
and U such that Eqn. (4.23) holds. Such a U will give a state feedback F such that
V is (A + BF)- invariant. From (4.25) we also conclude that A has the eigenvalues
of A(A + BF,V). Here we use \(A + BF,V) to denote the eigenvalues of A + BF
restricted to V.
However for each V, A and U are not necessary unique. If [V B] is square and

invertible, we can solve (4.23) by

o

If [V B]is a wide matrix and of full row rank ,

A AV
} (4.28)

z3

=[V B]ltav (4.27)

v B1!

U T} Io
where 71,75 and z3 are free variables that one can choose to fit the need. For example,
one can choose the z; so that A is stable. This property is very useful in the pole
assignment application.

If [V B]is a long matrix, it is not likely to have an F such that V is (A + BF)

invariant. The only possible condition is that the row rank of AV is less than or equal

to the column rank of [V B]. The details will be given later for this situation.

4.2.1 Parameterization of State Feedback F

Given an (A, B)-controlled invariant space V, we will show a way to parameterize F

such that V is (A + BF') invariant. We let V' denote an orthogonal basis of V and V+
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be its orthogonal complement,i.e.

v vV Vi]=[1 0}
0 I

Here A, B and V are real matrices of size n x n, n x m and n x g respectively.

We first perform the singular value decomposition of matrix [V B] in (4.23) as

uSyv' = svd([V B)). (4.29)
(4.23) becomes
AV = uS (4.30)
U

A
WAV =S, (v' [ :l) (4.31)
U

It can be proved that if V' is a controlled invariant, then S and u'AV will have the

AN
Sy = WAV = (4.32)
0 0 0

where 5, and n are of full row rank of size k x k and k X g respectively. Then the

-
v = (4.33)
U w

where W is an arbitrary (m + ¢ — k) X ¢ matrix.

MR
=v (4.34)
U w

Let v be partitioned as an (m,q) x (k,m + g — k) matrix

following form

solution can be derived as

v11 V12
v = (4.35)
V21 V22
We have the concise form
A = S+ oW (4.36)
U = vuSyin+uvpW (4.37)

92



Using (4.24) F has the form
F=—(nS'n+veW)(V'V)V' = —(v21 87 ' + v W)V’ (4.38)

Here, we have derived a set of F’s parameterized by W such that V is A+ BF invariant,
ie.

(A+ BF)V =VA. (4.39)

However this set of F’s is not the only such set that makes V be A + BF invariant.
We classify this set of F'’s as a particular solution. We will classify the other set of
F’s as a trivial solution. It can be obtained by the following derivation.

Given any particular solution F; which makes V be A + BFj invariant,
F=F +YVY (4.40)
will also make V be A + BF invariant, because
(A+B(F, +YVY )W =(A+BF)V +BYVYV = (A+BF)V =VA
where Y is an arbitrary matrix of the size m x (n — ¢). We have the following Lemma

Lemma 4.6 Let im(V) = V be an (A, B)-controlled invariant space. The set of

F € F such that V is A+ BF invariant can be parameterized as

F = {F :F = —(v 85I+ vpoW)V' + YV YW € RO™Ha-kixa vy ¢ Rmx("-q)}
(4.41)
with all the matrices defined as above and W and Y the free parameters. Moreover, if

m+q—k =0, then we will not have the free parameter W any more.

Proof. by construction as above. q
Lemma 4.6 is based on prior knowledge of an (A, B)-controlled invariant. It will

not be useful unless we have an effective algorithm to compute V(A4, B)
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We have discussed the properties of a controlled invariant and how to obtain its cor-
responding state feedback parameterization. We will proceed to discuss an algorithm

[2] for obtaining a controlled invariant.

Definition 4.6 (A, B)-controlled invariant contained in K
An (A, B)-controlled invariant contained in K will be denoted by V(A, B;K) and

mean

VCK and AVCV+B ‘ (4.42)
where B := im(B).

There exists a maximal (A, B)-controlled invariant contained in K denoted by

max V(A4, B; K). Assuming that A is invertible, it can be computed by

Algorithm 4.3 [2] Computing the maximal (A, B)-controlled invariant contained in

K, denoted max V(A4, B; K)
1. Vy:=K;i=0.
2. V;:i=KNnA-Y(Vi_1 + B).
3. i =1+ 1 and repeat step 2 until Vi = V41

Proof. First we need to prove that V, is a decreasing subspace. It can be proved by

induction. Let V; be defined as
Vi=VisiNAYVi_1 + B) and Vo = K

From the definition we know that V) is decreasing. Also Note that Vo = Vp and assume

that Vi_1 = V;_1. We have

~

Vi = VisiNA™'(Vio1 +B)
= KNA'W—e +B)NATY(V;_; + B)

= KNA'Vis1 +B) =V
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This shows that V; is equivalent to V; V i. Therefore V; is also decreasing. At the
termination condition Vi = Vi1, we have Vi, C K and Vi, € A7} (Vx+B) and it implies
AV, C Vi + B. Because V; is decreasing, the controlled invariant can be achieved in a
finite number of steps. In fact it can be achieved in at most n — 1 steps because V; is
a finite dimensional decreasing subspace and K is at least one dimensional.

To show that Vi is indeed maximal, let S be another controlled invariant contained

in K we have § C Vy and assume that S C V;_,
SCKNAYS+B)CKNA (Vi1 +B)=V;

The above equation is also true when i = k. Therefore S C V, proves that V; is

maximal for all controlled invariants that are contained in K. 9

Lemma 4.7 If the pair (A, B) is controllable and A is invertible, then max V(A, B) =
X and max V(4,B;K) = K.

Proof. maxV(A, B) is in fact max V(A4, B; X'). Using Algorithm 4.3 we know that in

at most n — 1 steps we can achieve the maximum. Also if X = X’ we will have
Using the recursive algorithm from Lemma 4.3

AW, = A" B+ A" ?B+...+B

or  Vp=AT"A"IB+AB+...+B) =X

The last equality is from the definition of controllability. maxV(A, B;K) = K is the
direct consequence of the above result for any arbitrary K. 9

Next, we discuss an important application of the maximum controlled invariant.
It is called the almost disturbance rejection problem and is essential to the mixed

H2/Ho problem.
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4.3 Almost Disturbance Rejection Problem Without a D

Matrix

We consider the following linear system without a D matrix.

z = Az + Bu
(4.43)
z2=Cxz
The almost disturbance rejection problem is to find a state feedback control F such
that as many states as possible can not be observed from the output. In other words,
any non-zero initial condition on these unobservable states will result in zero output.

This means that the closed-loop triple (A + BF, B,C) has a similarity transformation

of the following form

. Ay Ap . By
A = ) B=1| (4.44)
0 Ay By
C = [0 &) (4.45)
To obtain such an F', one can compute
V* = maxV(A4, B; ker(C)). (4.46)

Once we obtain V*, Lemma 4.6 will give the complete set of F''s.
However, not all the triplets (4, B, C) will have an unobservable (A, B)-controlled

invariant. The following theorem gives the condition for not having such an invariant.

Theorem 4.1 Consider a system triplet (A, B, C) with (A, B) controllable and (A, C)
observable. Let p be the row rank of C, m the column rank of B and A be n xn. B

and C are assumed to be of full rank. If m < p <n and ker(C) Nim(B) = 0 then
max V(A, B; ker(C)) = 0. (4.47)

Proof. Assume there exists an (A, B)-controlled invariant contained in ker(C),

namely V with the basis V. Let ¢ be the column rank of V. We have ¢ < n —p
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because ker(C) has the rank n — p. One can safely choose T = [V B [V B]'] because

VNB=0and ¢+m <n—p+m < n. Using T as a new basis, we can transform the

triplet (A, B, C) into

Ap A
A = IAT—[ Ay An |,
Ass
0 I
B = T7'B=|I|, C=CT=[0 C G], V=T"'v=|0
0 0

~

V remains an (A, B)-controlled invariant contained in ker(C). So there exists a

nonzero solution (A, U) for the equation

A
AV =V B] (4.48)
U
That is u
Ay I 0]
A
0 |=1]0 1 (4.49)
U
0 0 0]

must have a sclution. This is a contradiction to the assumption that (A4, C) is ob-
servable and U must be nonzero to make the state unobservable from the output.
9

This theorem says that if the number of outputs is larger than the number of
inputs, i.e. p > m and B and C are of full column rank, then it is not possible to find
a state feedback that will make the closed-loop system unobservable. This also means
that max V(A, B, ker(C)) = 0.

In the case that the number of outputs is equal to the number of inputs, i.e. p = m,

we also have the following essential lemma.

Lemma 4.8 Consider the linear system triplet (A, B, C) with (A, B) controllable. Let

p be the row rank of C', m be the column rank of B and A be nxn. B and C are assumed
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to be of full rank. If m = p < n and ker(C)Nim(B) = 0, then max V(A, B, ker(C)) =
ker(C)

Proof. We can prove this Lemma by showing that there exists a nonzero solution
(A,U) for (4.23) for V = ker(C). By the assumption ker(C)Nim(B) = 0 and p = m,

A
Aker(C) = [ker(C) B]

admits a solution because [ker{(C) B] is square and invertible. q

4.3.1 Lattice of Unobservable (A, B)-Controlled Invariants

In the previous section, we have demonstrated the almost disturbance rejection prob-
lem. As discussed earlier, the problem is actually to maximize the number of unob-
servable states. However the unobservable states are exactly the cause of the problems
we encountered with our BMI solver in Chapter 3. We need to investigate under what
conditions, by what control and on which state, a given LTI system will be made un-
observable. Theorem 4.1 shows that when p > m there exists no state feedback that
will make the output unobservable. In the case that p < m the set of unobservable
controlled invariants is not finite. For the case that p = m there exists a finite number
of unobservable (A, B) controlled invariants. Moreover the finite invariants form a

lattice relation. This is the main topic in this section.

Theorem 4.2 Assume that (A, B,C) are minimal. Let p be the row rank of C, m
be the column rank of B and A be n x n. B and C are assumed to be of full rank.
If m = p < n and ker(C) Nim(B) = 0 then the set of all unobservable (A, B)-
controlled invariants V(A, B, ker(C)) and @ form a lattice structure with the C, N and

U relationship.

Proof. Lemma 4.8 shows that ker(C) = maxV(A, B;ker(C)). Then there exists

a state feedback Fp from Lemma 4.6 such that (A + BFy, B,C) has the following

98




structure under the new coordinates T = [ker(C) (ker(C))*].

A Ap
T_I(A + BFy)T =

}, 7B =

By
}, cT=1[0 I,

0 A22 B2

Let S = [S1, ST'] where
Si .
5= ol ShAnSu=A

A is the Jordan form of A;; and ST is the complement of S with respect to (A+ BFp)

matrix. Under the new coordinates S we have

R A 0 .
A= |, B=
0 A

(5 is an invertible p x p square matrix. B> is an invertible p X m square matrix because

By

By

p = m. Under the new coordinates V* = ker(C) = max V(4, B; ker(C)) is

. In-p)x(n-p)
0

Because
M 0

A=
0 .. N

where the A;’s are elementary Jordan blocks. For simplicity, we demonstrate only the

case where the \,’s are simple blocks. Let e; be the unit basis corresponding to A;. We

~

have e, € ker(C) 1 =1,...u. We can prove that e, is also (A, B)-controlled invariant

because (4.23) admits a solution (A;,0) as
A0

The 0 associated with B has to be zero because B, is invertible. We prove that

~

e,1=1,...uis an (A, B)-controlled invariant contained in ker(C).
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The space spanned by a linear combination of e;s, i.e. Z €ie;, with more than one
i
nonzero €;s can not be a (A, B)-controlled invariant because there will be no solution

for (4.23), i.e
A Z €ie; 7+ Z €€+ BU
) )
for any nonzero (A, U).

However any space spanned by e;,i = 1,... u is (4, B)-controlled invariant because

B
10
By

There exist a total of 2 —1 (A, B)-controlled invariants contained in ker(C). Together

(4.23) admits solution as, e.g.
A1 0
0 0

-+

A1
[e1 e2] = [e1 €] {
0 X

0 ... A
0 Ag

with 0, these V(A, B, ker(C)) form a lattice £ with e; as the elements of the lattice, 0
as the root and [e; ez ... €] as its top.

The merit of this proof lies in the fact that because p = m, By has to be square
and invertible. In order to satisfy (4.23) the U in (4.23) has to be zero. [e; ... €] is
already an A invariant so it can accept that U = 0. The lattice of this (A, B)-controlled
invariant is exactly identical to the lattice of A-invariant shown in Figure 4.1. q

We just showed how to obtain the lattice of unobservable (A, B)-controlled invari-
ants. As a matter of fact, there are two other lattices involved. One is the lattice
formed by the combination of unobservable modes A; corresponding to each e;. The
other lattice is formed by the set of state feedbacks that will make e; an unobservable

(A, B)-controlled invariant. the set of state feedback F' that will

Theorem 4.3 With the assumptions as in Theorem 4.2, the set of state feedback
parameterizations corresponding to each V(A, B, ker(C)) in the lattice forms a lattice

itself.
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Proof. We follow the coordinate transformation to get the (4, B, ) as in Theorem
4.2. Because U = 0 for each V € £ with ¢ as its the column rank, the state feedback

parameterization is simply
FV)={FIF=YVvY vy eRrmn-9} (4.51)

where V = im(V). If V; C Vs, then F(V;) D F(V2). This means that F(V) form a
lattice of the same structure as £ with reverse partial ordering relationship. q

We recapitulate here the method to obtain the lattices of unobservable (A, B)-
controlled invariant, unobservable modes and their corresponding state feedback pa-

rameterizations for the case that p = m.
1. Obtain ker(C) = max V(A, B; ker(C)).

2. Obtain one state feedback Fy from the state feedback parameterization as in

Lemma 4.6.

3. Transform the triplet (A + BFy, B,C) into (4.50) using the similarity trans-
formation matrix T, S as in Theorem 4.2, ie A = S™IT~1(4A + BF,)TS ,
B=8"1'r"1B and ¢ = CTS.

4. Obtain the elements e;,7 = 1,...u of the lattice L£(e;). In the original coordi-
nates, the elements of the lattice can be computed as T'Se;. We can also form
the lattice of £(A;) at the same time. Be aware that e; can be two-dimensional

for complex A; and more for larger Jordan blocks.

5. Let V' € L(e;) with column rank ¢g. The state feedback parameterization corre-
sponding to V is F(V) as in (4.51). In the original coordinates before the Fy is

added to the system it is

FVSIT Y = {FlF =F+YWVsS T vye Rmx("—q)} (4.52)
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Example 4.1

Consider the following triplet

(4 -2 -3 -5 2] —1 4 1]
2 1 4 1 -1 -1 0 -3
A=|-3 2 2 3 -3 B=|3 0 -5
-5 4 2 -3 -3 4 -2 4
2 -2 1 -1 -2 -5 4 —5]
0 4 2 —57
cC=1]-2 0 -5 3 1
-3 -1 2 -4 3]

Using the algorithm 4.3 we can compute V* = ker(C) as
[—0.145 0.295]
—-0.548 0.591

|4 0.481 0.161

0.638 0.233

| 0.202  0.695 |
Lemma 4.6 gives the set of state feedback parameterizations corresponding to

ker(C) as

F = F+yvt
~0.24 —0.728 0.41 0536 —0.0406

-0.329 -1.15 0.886 1.17 0.259

—0.116 -0.448 0.406 0.538  0.182
-0.311  0.357 0.793 -0.28 -0.262

+Y3x3 | —0.433 0.466 —0.278 0.624 —0.358
-0.779 -0.0762 -0.191 -0.266 0.529

The closed-loop system (A + BFp,C) under the unitary basis T' = [V* V*1], ie.
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(T-'(A + BF)T,T~'B,CT), has the following form
[ 1.35 -3.68 4.45 4.64 2.53 1

-2.05 -0.624 2.83 -1.99 -3.08

T'(A+ BF)T = 0 0 283 501 -165
0 0 574 331 104
L 0 0 036 181 —1.55]

0 0 535 379 —4.24

CT = |0 0 —444 377 225

LO 0 25 -329 4.68
The top-left two by two subblock of T~1(A + BF)T is equal to A. If we transform

T~1(A + BF)T into Jordan form by matrix S we have
(328 0 0 0 0 ]

0 -256 0 0 0

STT-Y A+ BF)TS = 0 836 0 0 I,

0
0 0 0 —-0.403 0
0

] 0 0 0  -3.37
0 0 3.68 —143 —0.407

CTS = (0 0 0253 234 -1.55

[0 0 —0.004 0.135 2.28

In the new coordinates [e; ez, [e1], [e2] and @ form the lattice of unobservable (4, B)-
controlled invariants where e; = [1 000 0] and e = [0 1 0 0 0)'. And the lattice
of state feedback parameterizations is F([e; es]) = Yaxale: e2]*, F([e1]) = Yaxaler]t,
F([ea]) = Yaxa[e2]* and Y3xs respectively. Let Vi and V, be the e; and ez under the

original coordinates,

[ —0.266 T [ —0.115
—0.76 —0.0549
WV Vo], Vi=| 0351 |, Vo= | ~0.447 |, 0
0.456 —0.607
| —0.145 | | —0.644 |
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{2} F([w) F([Va))

F(®)

Figure 4.2: Lattices of (A, B)-controlled invariants contained in ker(C) and their

corresponding state feedback parameterizations of Example 4.1

form the lattice of unobservable (A, B)-controlled invariants. And their correspond-
ing state feedback parameterizations before the Fy is added are F([V} V3]) = Fy +
Yaxs[Vi Valt, (V1)) = Fo+Yaxa[Vilt, F([Va]) = Fo+Yaxa[Vo]* and F(0) = Fo+Y3xs
respectively.

Figure 4.2 shows the lattice of all controlled invariants contained in ker(C) under
the operation C U N and the lattice of their corresponding state feedback parameter-

izations under the operation 2 U N.

4.3.2 Uncontrollable (A4, B)-Controlled Invariant

Uncontrollable (A, B)-controlled invariant is a related problem to its unobservable

counterpart, Consider the following system with both (A, By) and (A, Bs) controllable
Iz = Az + Byw + Bou (4.53)

where w is an unmeasurable disturbance. The problem can be viewed as finding a
state feedback u = Kz so that disturbance w will affect the closed-loop system as
little as possible. Similar to the relationship between disturbance rejection and the
unobservability of the closed-loop system, the problem is related to the uncontrolla-

bility of the closed-loop system. It can be interpreted as finding the minimal (A, B2)
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controlled invariant containing ¢m(B;). Although the controllable (A4, Bz)-controlled
invariant will form a lattice similar to the unobservable (A4.B)-controlled invariant,
the uncontrollable (A, Bs)-controlled invariant does not have this property. However,

in our application, we only need the following lemma.

Lemma 4.9 Consider the system in (4.58) with (A, By) and (A, B2) controllable. Let
m; be the column rank of By, my the column rank of By and A be n x n. B and B;

are assumed to be of full rank. If ma +my < n and im(B1) Nim(Ba) = 0 then
min V(4, By; im(B1)) = X. (4.54)

Proof. Without loss of generalities, we assume B; = [I 0]’ and partition the closed-

Bo;
Bj;

In order for A + B2 K to be uncontrollable from w, there exists K such that

loop system matrices accordingly as

A+ B Ky Aip+ BoiKo I

A+BQK= , Bl= , Bg=

Ao + B Ky Az + BnK, 0

Az + By K; =0

This equation is solvable only if n — ms < my, i.e. Bgy is a long matrix. We conclude

that if m; + mg < n it is not possible to make (A + B2 K, B;) uncontrollable, i.e.
minV(A4, By;im(B;)) = X. q

4.4 Disturbance Rejection With D Matrix

In the case that a direct feed forward matrix D appears in the system matrix as

T = Az + Bu
(4.55)
z=Cz+ Du

the almost disturbance rejection problem is to find a maximal (A + BF)-invariant

contained in ker(C'+ DF'). Because of the unknown term F appearing in ker(C+ DF)
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this problem has to be solved by introducing a new state variable y such that y = z.

We have the augmented system

I A 0| |z B ) N
v C;) vl LD (4.56)
5=[0 I =Ci
y

Lemma 4.10 Apply u = Kz to both (4.55) and (4.56). The closed-loop system in
(4.55) is unobservable if and only if the closed-loop system in ({.56) is unobservable.

The closed-loop system in (4.55) is observable if and only if the closed-loop system in
(4.56) is observable.

Proof. The closed-loop system of (4.55) has the pair (A + BK,C + DK) and the

closed-loop system of (4.56) has the pair

A+BK 0
[0 1))

C+DK 0

The observability matrices of (4.55) and (4.56) are

) 0 I
I C+ DK T

(C + DK)(A + BK)

C + DK 0
.| (©+DK)A+BEK) 0

| (C + DK)(A + BK)"!

| (C+ DK)(A+ BK)"-1 0
respectively. Obviously, if the first matrix is of full column rank n, the second matrix
is of full column rank n + p and vice versa. If the first matrix loses column rank, the

second matrix will also lose column rank. q

Lemma 4.10 shows that y inherits the observability condition of z. So the problem

A A 0] [B
V* = maxV ([ ] , { ] yker([0 I])) . (4.57)
C o D
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After finding V* and a corresponding F using the procedure discussed earlier. we have

A A

(A+ BF)V* cV* (4.58)

V* C ker(C) (4.59)

Because ker([0 I]) contains only the space spanned by z , i.e. the y part must

be 0, the (A, B) controlled invariant V contained in ker(C) must have the following

?*:{[x] :a:EV*} (4.60)
0

One particular F' can be rewritten as

form

F = 0w vy-ve
= U v v 0]
= [-UV*V)TivY 0]

= [F 0] (4.61)

where F is the real state feedback that we are seeking. Also from the definition of

controlled invariant,

AV cV* + B. (4.62)
or equivalently
A o] [v* v:l]  [B].
= A+ U (4.63)
c 0 0 0 D
Putting (4.60) into (4.62) implies
AV*CV*+B (4.64)
CV* Cim(D) (4.65)

Applying F to the system and using (4.61) and (4.64), we have

(A+ BF)V* C V*. (4.66)
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Using (4.63), (4.64) and (4.65), we have
(C+DF)V* =CV* - DU =0, (4.67)
Using the augmented system, we can conclude with the follow theorems.

Theorem 4.4 Consider a system (A, B,C,D) with (A, B) controllable and (A,C)
observable. Let p be the row rank of C, m the column rank of B and A be nxn. B, C
and D are assumed to be of full rank. If m < p < n and ker(C) Nim(B) = @ then it

is not possible to find a state feedback that makes the closed-loop system unobservable.

Proof. It can be proved using Theorem 4.1 on the augmented system. q

Lemma 4.11 Consider a linear system (A, B, C, D) with (A, B) controllable and (A, C)
observable. Let p be the row rank of C, m be the column rank of B and A be n x n.
B, C and D are assumed to be of full rank. If m = p < n and ker(C) Nim(B) = 0,

then the largest unobservable (A, B) controlled invariant is X. The corresponding state

feedback is F = D™1C.
Proof. It can be proved using Lemma 4.8 on the augmented system. 9

Theorem 4.5 Assume that (A, B,C, D) are minimal. Let p be the row rank of C, m
be the column rank of B and A be n X n. B, C and D are assumed to be of full rank.
If m = p < n then the set of all unobservable (A, B) controlled invariants is finite and
forms a lattice structure with the C, N and U relationship.

The elements of the lattice are the spaces spanned by V1,...,V, where
(A+ BD7IC)V; = ViA; (4.68)

and A; is the elementary Jordan block of (A + BD~1C).
Any q dimensional space V spanned by the combination of V; is an unobservable

(A, B) controlled invariant.
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Moreover the set of state feedbacks that will make V unobservable can be parame-

terized as

F(V)={K|K =Fo+YV', VY e R™(-9} (4.69)

where Fyy 1s obtained from (4.61).

Proof. It can be proved using Theorem 4.2 on the augmented system. 9

Example 5.2

Using the system matrices in example 1 with additional D = I3 matrix, we can com-

pute the V*
[ —0.457 —0.441 0.158 —0.851 0.305 1
-0.0971 -0.255 -0.913 -0.0212 -0.12

v* 0.445 -042 0235 -0.168 0.462

0.393 0.41 0.163 0.287  0.593

| —0.655 —0.629 —0.245 —0.407 0.573 |

V* is actually the eigenvectors of A + BFy where Fy = D~'C. We can also obtain Fy

from (4.61).
0 -4 -4 -2 5

F=(2 0 &5 -3 -1

3 1 -2 4 -3
The closed-loop system under the basis V* happens to be

-384 0 0 0 0
0 348 0 0 0
VY A+ BF)Vx=1| 0 0 202 0 0
0 0 0 115 0

| o 0 0 0 —403

(C+ DF)V* = 03x5
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Moreover each column of V* is itself an invariant so any combination of columns of V*
is also. For example, Let V; be the first column of V*. Then we can find the following
set of F'’s
2.49 0.529 -242 -214 3.57
F = |[-0.359 -0.0762 0.349 0.309 -0.515

-0.54 -0.115 0.525 0465 -0.775
[ —0.89 0.0499 -—0.228 —0.202 0.337]

0 0.5 0.775 ~—0.199 0.332
+Y3><4
0 0.442 -0.199 0.824 0.294

| O -0.737 0332 0.294 0.511
In particular with Y = 0344 the closed-loop system under the basis V* has the form
[-38.4 -252 -183 -26  3.06 ]
0 —-148 -269 11 —-6.84

V*Y(A+BF)V*=| 0 393 162 278 —0.325

o

1.2 0.0218 0.701 3.97

o

—1.55 —3.64 0.586 —4.83 ]
0 —2.08 —3.04 -1.94 0.0432
(C+DF)V*= |0 407 -0974 354 —0.619

0 -2.06 -0.0699 0.691 —0.599
The set of F’s indeed makes V; unobservable from the output.

In this chapter we obtained the conditions that make some subspaces unobservable
from the output using the concept of (4, B) controlled invariant. We also obtained
parameterizations of the state feedbacks that make each particular subspace unobserv-
able. In particular when p > m there exists no unobservable subspace. When p = m,
the unobservable subspaces are finite and form a lattice structure. We will discuss

how to apply these properties to solve our mixed Hz/Ho problem using BMI when

p = m in next chapter.
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Chapter 5

Unobservable Mixed H,/H Problem: BMI

Solution

In the previous chapter we obtained a parameterization of all state feedbacks that
will result in unobservability at the output when the number of outputs is equal to
the number of control inputs. And the set of all unobservable subspaces forms a
lattice structure with the relation N, U and C. The state feedback parameterization
corresponding to each unobservable subspace forms a lattice structure with the relation
N, U and D. The unobservable modes of the closed-loop system also form a lattice
structure. All of them have the same structure.

As we will see, each state feedback parameterization corresponds to an Ha/Ho
constant output feedback problem. It may seem that that in order to solve our Ho/Hoo
optimization problem, we need to solve a lattice of sub-problems and this is not effi-
cient.

However, in control design, we require that the system be internally stable. So
we can ignore the part of the lattice that corresponds to any unstable unobservable
mode. Another reason for discarding the unstable unobservable space is due to the
nature of the interior point algorithm. We use it to solve the BMI eigenvalue problem.

Any solution obtained is guaranteed to be a stable closed-loop system even if the
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system becomes unobservable. In other words it is neither necessary nor allowed to
compute a subproblem with unstable unobservable mode. It is easy to see that the
set of all stable unobservable modes of the closed-loop system is a sub-lattice of the
original lattice as are the corresponding stable unobservable subspace and stable state
feedback parameterization. This fact may reduce the number of sub-problems we need
to solve considerably.

Some of these problems will not be feasible, i.e. the H,, norm of the output is
larger than the constraint «y for all possible feedbacks in each particular state feedback
parameterization. The state feedback parameterization may not even produce a stable
closed-loop system. This means that we don’t have to solve these H»/H subproblems
at all. The algorithm we discussed in Chapter 2, for obtaining an Hs, solution for
the constant output feedback system case can identify these infeasible problems at a
relatively efficient cost. This further reduces the number of Ho/H, output feedback

subproblems that we need to solve.

5.1 Dual Unobservable Subspace and Its State Feedback

Parameterization

In our Ha/Hoo problem, there are two outputs involved. The unobservable problem
we encounter while solving the BMI problem may occur in either output. Therefore
we have to take unobservable subspaces of both outputs into account.

Consider the following system

T = Az + Bowy + Byw; + Bou
20 = Coz + Dgu (56.1)
z1 = Ciz + Dyu

Let n, mp, m1, mg, p1 and pg be the dimensions of z, wp, wi, u, 21 and zy respec-

tively. From Theorem 4.1, if p; > mg and pg > my both z; and zg will not become
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unobservable for any state feedback. Therefore, we will not have an unobservability
problem. The algorithm in Chapter 3 is sufficient to solve the mixed H2/H o, problem
under these conditions. We will assume that p; = my and pg = m; in this chapter.
From the previous chapter let V' be the basis of the largest stable unobservable
subspace V} of the output z; with dimension ¢j. V;* contains the elementary sta-
ble unobservable vectors V* = [V} ... V] where g,; is the dimension of V; and
Zﬁzl gvi = q;. Each V; corresponds to an unobservable stable mode Ay; that is in
basic Jordan form. We also know that given any space V , spanned by some ele-
mentary stable unobservable vectors V;’s, is also a stable unobservable subspace and
V C V;, Let the dimension of V be g,. Each V has a corresponding state feedback

parameterization of the form
F(V)={FIF = Fo+ XvV* v X € Rmox(n-a)} (5.2)

Let U; be a basis of the largest stable unobservable subspace U] of the output
zg with the dimension g¢j. U; contains the elementary stable unobservable vectors,
U =[U; ... U] where gy; is the dimension of U; and E?:l qui = ¢q,,. Each Uj;
corresponds to an unobservable stable mode A,; that is in basic Jordan form. We also
know that given any space U spanned by some elementary stable unobservable vectors
U, is also a stable unobservable subspace and i C U;. Let the dimension of U be g,.

Each U has a corresponding state feedback parameterization of the form
FU) = {FIF = Fo+ YUY VY ¢ gmtn-a] (5.3)
For convenience, we will define the lattice structure as
e Ly: lattice of stable unobservable subspaces of z;

e Lrp,: lattice of stable unobservable state feedback parameterizations for z;

e L, lattice of stable unobservable modes for z;
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e Ly: lattice of stable unobservable subspaces of z,
e Lr,: lattice of stable unobservable state feedback parameterizations for zg
e Ly, lattice of stable unobservable modes for z,

Now given that V € Ly and V C V} with corresponding state feedback F(V') and
U € Ly and U C U} with corresponding state feedback F(U), we want to further
parameterize the state feedback so that the closed-loop system‘for z1 has the unob-
servable space V and z; has the unobservable space . The parameterization can be

easily done by re-parameterizing the equation
Fyo+ XV* = Fyo+ YUY (5.4)

Let g, be the number of columns of V and ¢, be the number of columns of U. By

rearranging (5.4), we have

vt
Fyo— Fyo=[X Y][ } (5.5)
UJ.

U.L
invertible), n — qu + n — g, must be larger than or equal to n, i.e. g, + ¢, < n. Using

vy
{ ) } is of the size n X (n — gy +n— ¢g,). In order for (5.5) to have a solution (right

singular value decomposition one can obtain a parameterization for X, Y as
X =Jv+ZHy;, Y =Jy+ ZHy; (5.6)

where Z is a free parameter of size ms X (n — g, — ¢u) and Jy, Jy and Hy and Hy
are constant matrices of proper size. We conclude that the set of all state feedbacks

that will make V unobservable from 2z; and U/ from zy can be expressed as

F = (Fvo+ va‘L,) + ZHyVY or

= (Fyo+ JyUY) + ZHyUY (5.7)
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(5.7) also shows two identities that we may need later
(Fvo+ WVY) = (Fuo+ JyUL) (5.8)
HyvY = HyUut (5.9)

We will define this set of state feedback parameterizations as

K(V,U)

{FIF = (Fyo+ JwVY) + ZHyVY VZ e R"f”‘("‘q”“q")} or

= {FIF = (Fyo + JuUY) + ZHyU* VZ € Rmzx(n-qv-m} (5.10)

We will also denote the set X(V,U) as K(Z) when needed.

We just obtained the state feedback parameterization that will make & unobserv-

able on zp and V unobservable on 2; at the same time. Let V = [V} ... V;] and
U; =[Up ... U] as defined above. We can define a lattice Ly whose elements
contain [Vi ... Vi Uy ... Ua]. The corresponding state feedback parameteri-

zation also form a lattice Li,, of compatible structure subject to the constraint of

Qv + g < n. We summarize the definition as
e Lyy: lattice of unobservable space formed by (V*,UY)
* Lp,,: lattice of state feedback parameterization for Lyy.

Figure 5.1 shows an example with ¢} = 2, ¢}, = 1 and n = 3. Ly and its correspond-
ing state feedback parameterization is a two-element lattice. Ly and its corresponding
state feedback parameterization is a one-element lattice. The combination of £y and
Ly makes a three-element lattice. However, because n = 3 it is not possible to make
three different elementary vector spaces unobservable, two for z; and one for zp, at

the same time so the lattice of Lg,,, is without the top node.
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(1 V2}

1 ®

Figure 5.1: Forming the lattice of dual unobservable space ¢; =2, ¢; =1 and n =3
5.2 Reduction into Sub-Problems

Now assume we are given the previous set of state feedbacks that will makes V unob-
servable from z; and U unobservable from 2y assuming that VNY = 0.
Applying the set of state feedbacks F' € K(V,U) to the system, we will have the

closed-loop system of z;

T = (A+B2F).’E+Bo’w0+B1’wl

2] (C1+ D1F)x

Substitute the parameterization in terms of Z to obtain

& = (A+ ByFyo+ BeJyVY )z + ByZHyV*Y z + Bywy + Bywy

21 = (Ci+DiFyo+DiJyV¥)z+ D ZHyVY z
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Under the new coordinates Ty = [V U [V U]°] such that
Av O 0
Ty A+ ByFyo+ BywVE )Ty = | 0 Ay 0

0 0 Az
(Cy + D1Fyy + D1JvV'LI)TV = [0 012 013]

where Ay is the matrix of unobservable closed-loop modes corresponding to V and Ay
is the matrix of invariant closed-loop modes corresponding to U. ‘Here [V U ]D is the
complementary matrix of [V U] with respect to the matrix (A + By Fy/ + By Jy V).

The first column of the transformed A matrix results because the basis V is (A+
ByFyg + BszVJ-I) invariant. The second column results because the basis U is
(A4 ByFyo + BoJyvU l’) invariant so it is also (A + BoFyg + BQJVVJ-') invariant due
to (5.4). The third column of A is because we choose the last part of the basis as the
complement of [V U].

The first column of the transformed C' matrix is zero because V is not only (A+
B2FVO+B2JVV~L') invariant but is also contained in the ker(Cy +D; Fy, +D1JvVll).

The term that contains the parameter Z can be also simplified as follows.

Ty B, ZHy V' Ty
= T;'BZ[0 HyVYU HyVY[v UP|
= Ty'BZ[0 HyUYU HyVY[v Up9]
= [0 0 Ty'B:ZHyVY'[V U7
= [0 0 Ty'ByZ]=[0 0 B,Z]
The second equality is from (5.9). It is easy to confirm that Hy VL' [V U ]° is of the

size (n — gy — qu) X (n — ¢, — ¢u) and is invertible, so we have the fourth equality by

defining Z = ZHyV*'[VU]L. Similarly we have

D1 ZHyVYTy =[0 0 D,Z)
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We will drop the Z and use Z because both are parameters of the same size. So the

complete closed-loop system of z; can be transformed to

) Ay 0 07[% By [ By I
2] = |0 Ay 0| |Z|+|Bu|w+|Bn|[0 0 Z]|z:|(5.11)
3 0 0 AzjlLZs Bis LBezs Z3
I K3
z2 = [0 6'12 013] Zo | + Dy [0 0 Z] T ‘ (56.12)
Z3 | T3

Using a similar derivation on the 2y system,

z = (A+ ByF)r + +Bywy + Biw; (56.13)

zg = (Co+ DoF)z (5.14)

under the new basis Ty :=[U V [V U]”] where [V U]" is chosen as the com-

plementary basis of [V U] with respect to A 4+ ByFyg, we obtain the transformed

system

o Ay 0 072 By, B,

] = |0 Ay 0| |&1|+|Boi|wo+|Bu|w

£ 0 0 Asllss Bos By
[ B2 &2

+{Bul[0 0 Z]|# (5.15)

| Bas Z3
[ £2 [ 2

20 = [0 Co Co3)|&1|+Do[0 0 Z]|& (5.16)
| 23 45

where Ay is the matrix of unobservable closed-loop modes corresponding to U.
We can see that #; will not affect 2; and £, will not affect z5. The modes of %,
Ay, will remain unchanged. The modes of £ , Ay, will remain unchanged. Both

are stable modes because we chose V C V; and V; C U;. Now the parameter Z can
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be treated as a partial state feedback on £3. In dealing with the Ho problem on
21, & can be ignored. In dealing with the H; problem on 2o, Z; can be ignored.
Therefore, system (5.1) with state feedback contained in K(U, V') can be reduced into

the following partial state feedback system.

4

#, = Ay#1 + Boywo + Bhywy + Bav

i‘? = Ayis + 30111)0 + Bmwl + Bgzv

i3 = Asads + Boywo + Biawi + Bagv

4 . ) (5.17)
2o = Co121 + Co3Z3 + Dov

z1 = Cro39 + Ci13%3 + Div

| ¥y =23v =2y

So the mixed Hz/H oo problem of system (5.17) can be reduced to

A~

!

By ) Bo
min_Tr(| _ o | . D (5.18)
QO’Qlyz _B03 'BO3
AyQo + QoAy

+Go [6'01 C‘og + DOZ]I [ém éos +DoZ]Qo <0 (5.19)

Q20 (5.20)
, L B [Bi2]
AvQr + Q1Ay + v . .
B3| | Bis
+Q1[Cr2 Cis+D1Z][Cr2 Ci3+D1Z]@Q1 <0 (5.21)
Q1>0 (5.22)
where ) .
Av By Z Ay By Z
Ay = ) Ay = )
0 A3+ BysZ 0 A3+ ByZ

(5.18)-(5.20) is the inequality form for obtaining ||Tsquwoll3. (5.21)-(5.22) are obtained
from the standard H., constraint inequality associated with the Bounded Real Lemma

by ignoring state ;. The equations can be transformed into BM1 form as

min A (5.23)

119



A=Tr(E) >0 (5.24)

[ E [Bh, Bis)

Boy >0 (5.25)
L. Qo

By o
r ] 01

AyQo + QoAy Qo ,

T 15+ 2'Dy| | <0 (5.26)
[[Co1 Cos + DoZ} Qo -1

>0 A - A 5.27
Qo 2 / , Bia) [B2Y 12 (5.27)

AvQi + Qidy +97° |, . Q] .
o B3| | Bis Ciz+2'Dy| | <0 (5.28)
[Cr2 Cis+D1Z]Qy ~I

Q120 (5.29)

Due to the fact that state feedback Z only affects the modes of z3, different Q¢ can
give the same Hy norm for zp. This means that the optimal solution is not unique,
This poses a difficulty for our BMI solver using interior point algorithm. We need to

find a way to reduce the Qg to solve the problem. Let Py = Qg 1 and partition both

into
Qo1 Qoi2 Poi1 Poiz
Qo = , Py = ,
Qo2 Qoze Fo12  Pox
The Hs norm of zy can be expressed as
mint’f'(BhPou.éu) + tT(Bi:iPémBn)
+tr(Bi, Por2Bis) + tr(Bl3Po22 Bis) (5.30)
Poi1 Porz ] [AV By Z } Ay Bnz 1 [Pou Po1o
Pjo  Pox ] 0 Asz+ BQ3Z 0 Asz+ E23Z P(;12 Pyao
061001 661(003 + DOZ)
+ R R R R <0 (5.31)
i (Cos + Do Z)'Co1 (Coz + DoZ) (Cos + Do Z) )
Py >0 (5.32)

From this equation, one can immediately determine the value of Py;; = N as the
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solution of the Lyapunov equation
NAy + AyN +C5,Co1 = 0; (5.33)

Because the (1,1) block of (5.31) is 0, in order for the inequality in (5.31) to hold, the
(1,2) and (2,1) blocks have to be 0, i.e.

NB11Z + Pya(As + Bys Z) + Ay Pora + Cgy (Cos + DoZ) = 0 (5.34)
B22Z R , R , P012
[Poi2  Pozz) . +[(B22Z) (As+ By32)']
A3+ B3 Z Pyoo
+(Cos + Do Z)'(Co3 + DoZ) < 0 (5.35)

After some manipulation using the identity Py = Q! and defining Qg1 = Qo12Qps0

we obtain an alternative form for (5.34),(5.35)
—N_IA’VNQAOQ - Q012(A3 + 323Z) + (BHZ + N_lé(’n (CA'o3 + DOZ)) =0 (5.36)
(A3 + B23Z) Qo2 + Qo22(As + B3 Z)’
+ Q022(Q012C01 + (Cos3 + DoZ)")(Co1Qor2 + (Cos + DoZ))Qoz2 < 0 (5.37)
(5.30) can also be expressed as

minTr(B}; NB11) + Tr((Bi1 — Qo12B13) N7 (B11 — Qo12B13))

+Tr(Bl3Q52B13) (5.38)

From this reduction of ()¢ we can express the BMI equation as

min A (5.39)

A=Tr(E) >0 o “ (5.40)
E (B11 — Qo12B13)'  Bi;

(B11 — Qo12B13) N 0 [>0 (5.41)
By 0 Qo22
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(As + B23Z)Qoz2 + Qoz2(As + BasZ)'  +
_ s . >0 (5.42)
(Co1Qo12 + Cosz + Do Z)Qoz2- -1
Qoz2 2 0 (5.43)

—N7AYNQo12 — Qoi2(As + Bz Z) + (B11Z + N71C},(Cos + Do Z)) = 0 (5.44)

, \ B [Bi2]
AvQ1 + Ay +v7°| | . *
- o B3| | Bis 20 (5.45)
[Ci2 Cs+D1Z]Qh -1
Q120 (5.46)

We will denote the objective of the above sub-problem as
A* = P(V,U) (5.47)

with the optimal solution Z* = arg P(V,U).

Problem P(V,U) is similar to the BMI problem in Chapter 3 except we have an
additional equality (5.44). We will again apply the interior point algorithm to solve
the problem. First we fix \. Then apply Newton’s method to minimize a barrier
function from the inequality constraint. Finally improve the value of A and repeat the
minimization procedure of the barrier function until A converges. We will need the
first and second derivative of the barrier functions from (5.40), (5.43), (5.46), (5.41)
and (5.42). The inequalities (5.40), (5.43), (5.46) are LMIs. The inequality (5.45) is a
BMI. The derivative can be derived easily using (3.54).

The only problem is the variable Q12 in equality (5.44) and its involvement in
(5.41) and (5.42). Fortunately, given a Z, (5.44) is a Sylvester equation for variable

Qo12- Qo12 can be computed easily as long as Ay and A3 + Bs3Z share no common

eigenvalue by means of
vec|Qorz] = (T®N AL N+(As+By3 2) ®I) " tvec|B11 Z+N 1 Cl1 (Cos+Do Z)] (5.48)

Therefore, for a given Z, we can obtain the derivative using the matrix derivative
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formula. Let q;9 = vec[Qo12), z = vec[Z], M(z) = (I ® N~'ALN + (43 + ByZ) @)
and I(2) = vec[B11Z + N1}, (Cos + Dy Z)] we have

qo = M7 (2)l(2)

9910 190 M

— - _ - -1

8zj M 3Zj M 3sz !
62q10 _ -1 6M -1 aM aM -1 aM —1 -1 3M -1 al
02;0z; = M szM O8z; t 9z M 0z; M~i-M B_zJ-M 0z;

given that 02M/0z;0z = 0 and 821/02;8z; = 0 in (5.48) due to both M and ! being
linear functions of Z.

E, Qo22, Q1 and Z are chosen as the variables of our interior point algorithm. Let
e = vec|E), g0 = vec[Qoz2), 1 = vec[@Q1],2z = vec[Z]; (5.49)

z = vecle, go, q1, 2] (5.50)

Define Fy, F», F3, Fy and Fs as the functions on the left hand side of (5.40), (5.41),
(5.42), (5.45) and (5.46) respectively. We ignore (5.43) because the (3,3) block of
(5.41) guarantees Qp22 > 0 already. We will obtain Q12 explicitly in terms of Z in

each iteration by solving the equality (5.43). Let the barrier function be defined as

¢ = log(det(F1)) + log(det(F3)) + log(det(F3)) + log(det(Fy)) + log(det(Fs5)) (5.51)

Given A, the method of centers is to solve

n;inqﬁ (5.52)
To solve (5.52) using Newton’s method we will need to compute the first and second
derivatives of the objective function ¢. The only problem in obtaining the derivatives

is the Q12 terms appearing in F» and F3. Fortunately, Q12 in F; is linear and Qoi2

appearing in Fj is bilinear with Qg22. So we have

8¢ _ Z Olog(det(Fy))

62:, % a:l:i
0%¢ _ 0%log(det(Fy))
0z;0x; - p 0z;0z;
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or in more detail the first derivatives are

o9
Oe;
0¢
0qo2i
0¢
dqu1i
)
Bzi

Olog(det(Fy)) = Olog(det(F3))
+
Oe; Oe;
dlog(det(Fy)) = Olog(det(F3))
0qo2; 0qo02i
Olog(det(Fy)) = Olog(det(Fs))
+
9q11: 0q11:
Olog(det(F3))  Olog(det(Fs))
+
0z 0z; ‘
3109 (det(F2)) Oqia Olog(det(F3)) Oqua
+ +
Z Oq12i 0z )+ 2. Oq121 0z )

The second derivatives are

{

0q02i0q121

% d%log(det(F))  0%log(det(Fy))
aeiaej - aeiaej + 6ei6ej
%¢ _ D%log(det(F))

deidqoa; 0Oe;0qp2;
0%¢ - 0
Oe;0q11;
0% _ ) 8%log(det(Fy)) Ograr
Oe;0z; ; Oei0q12 0z,
¢ _ B%log(det(F,)) | 8%log(det(F3))
8902i0q02;  O402:0q02; 0q02:0q02;
_.__6_24)___ = 0
8qo2i0q11;
(92925 _ Z 32log det(F3)) 0q121
0q02:02 0qo2i0q11 0%
+azlog(det(F3))
0q02i02;
0%¢ _ 0%log(det(Fy)) 0%log(det(Fs))
0q11:0q11;  Oqu1i0qu1; 0q11:0q11;
o%¢  _ > 8?log(det(Fy)) Oqra
0¢11i07; T Oqmudqia Oz

¢ 8%log(det(F3)) + 0%log(det(Fy))

aziazj 8z,-6zj Bz,-azj

+ Z 8log(det(F3)) Oqia

7 0zi0q1

0z;

124

Z 0%log(det(F3)) dqio1

0z;



8*log(det(F»)) 8q121 Oqiok
+
ZZ Oq12i0qz2x 0z 0z

ZZ 8%log(det(Fs)) 8121 Oqrok
Oqia0qiar Oz 0z;

After we obtain the derivatives, the method of centers can be obtained using the

following algorithm

Algorithm 5.1 Interior point algorithm: finding the center of ¢
1. Fiz X and 2<% and i=0.
2. Compute ¢p(\, z<*>), %g()\,z<i>) and g—i‘g()\,x<i>).
3. Az =—(£9)-19¢

4. Choose s such that 1 > s > 0 and £<*> + sAz is feasible. This means that

we have to choose s as close to 1 as possible such that A\, = + sAzx satisfies the

constraints (5.40), (5.41), (5.42), (5.44), (5.45) and (5.46).

5. If | 2(\, z<)||2 < le — 6 stop else let z<"*1> = z<¥> 4 sAz, i=i+1 and repeat

step 2.
We will denote the pass of center procedure as
z* =arg M(\ 1) (5.53)
Now we can present the complete solution for P(V,U).
Algorithm 5.2 Method of centers for solving P(V,U)

1. Given U, V and its corresponding state feedback parameterization (5.10), com-

pute the system matriz (5.17) and from the sub-problem P(V,U).

2. Initialize A< and £<9>, i=0.
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3. Solve the problem

$<1>* = a,,.gM()\<z>,$<z>).

4. Compute

Q.

2 02
H=[34 Zhlheoaeo-

5. Compute & = ker(H).
6. Find the largest t such that [z<*>*, X<*>]' 4 t¢ is feasible. and X is decreasing.

7. Ift < le — 6 then stop else
p<i+l> p<ix>
= t 5.54
}\<i+1> )‘<i> + é ( 5 )
and t =i+ 1 and repeat step 3

In steps 4 and 5, we use the prediction algorithm commonly used in the continuation
method to obtain an update of A<*> and z<*>. H is an m x (m + 1) matrix where m is
the number of parameters. The kernel ¢ of H provides a predictor direction to reduce
A. In step 6, we choose t as large as possible to maximize the improvement of A\. But
due to the interior point constraint, we need to check the feasibility of the prediction.
When the algorithm stops A<*> is the optimal objective of P(V,U) and z<>* and its

corresponding E, Qo12, Qo22, Q1 , Z are the optimal solution of P(V,U).

5.3 Perturbation into Larger Problem

Once we obtain an optimal solution of the H2/H ., sub-problem of a given V = im(V),

U = im(U) associated with state feedback parameterization

KU, V) : {KIK = Fyo+ 2V} or

]

{KIK = Fyo+ 2U*'}.
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we are ready to solve the larger problem by relaxing either V or Y. Relaxing either V
or { means we can remove one elementary unobservable space from either V or U and
obtain a new set of state feedback parameterizations. By relaxing the unobservable
space following the lattice, our final goal is to solve the full problem, i.e. when V =
and 4 = 0.

Assume that we are relaxing V to V_ by removing one elementary unobservable

subspace Vj. Now we have

v_-cCcV (5.55)
and
K(V,U) c K(V-,U) (5.56)
It is obvious that
P(V-,U) < PV,U) (5.57)

If we solve the sub-problem P(V_,U) from an arbitrary initial solution, it is still
possible that the solution might run into some unobservable space.

If we start from the optimal solution of sub-problem P(V,U), i.e. K*(V,U), with
a slight perturbation in the direction of improving the 72 norm, it is not possible to
make (V,U) unobservable again. This is because while we solve P(V_,U) X is always

less that A<%>. Therefore,

A < X =pPV,U)-¢
< PV,U) = |Toouo (K*(U, V)3

< || Tzowo (K(U, V))”%

where § is the improvement of the H; norm after the perturbation. So every K

corresponding to A has the property

K ¢ K(U,V). (5.58)
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This assures that K will not run into K(V,U). Therefore it will not make (U, V)
unobservable.

However while we perturb in the direction of improving the Hs norm, the H,,
norm constraint might be violated. So we choose the perturbation in a direction that
improves the H2 norm and reduces the #, norm at the same time. Both the #,
norm and #H., norm are locally differentiable functions with respect to Z, which is
the parameter of (V_,U) . The gradients of the 2 and H., norms with respect to

z = vec[Z] are

_ U Twollf _

d||T.
onll G T l(e) Ay =~ ATl

Ahg =
0 dz

=—-V ”Tzlwl ”oo(z)
(5.59)

where V7 is the gradient operator. Let Ah = Ahg + Ahw, then for sufficiently small

positive s
[ Tzqwoll3 (2 + sAR) < [ Tequ,lf3(2) (5.60)
1Tz w0, lloo(2 + sAR) < 172103 [l oo (2) (5.61)
So we can choose
A<0> = ”T20w0l|%|Z+SAh

250> = 2 + sAh

The corresponding g%, ¢5°> and ¢5°> can also be obtained by solving the Ric-

cati equation and Lyapunov equation with Z<%> fixed. We have a set of feasible
[A<9>,¢5%>, ¢5%>, 2<9>] and are ready to solve P(V_,U).

Figure 5.2 shows the way we perturb from the optimal solution of a sub-problem
indicated by dashed line. The direction Ah gives decreasing 2 norm and decreasing

Hoo norm.
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Z(2) |  Subproblem

e Optimal solution of subproblem
- - - = Perturbed direction

........... Hs norm contour

......... > H3 norm gradient

——  Hy norm contour

— o H,, norm gradient

_____ Subproblem

Z(1)
Figure 5.2: Illustration for obtaining perturbation direction
5.4 Solving the full problem

As we mentioned earlier our final goal is to solve the problem
P(0,0)

However in order to prevent running into any unobservable space that will stall our
BMI solver we need to solve the sub-problems that are its immediate ancestors in the
lattice structure Lyy first. And in order to solve any sub-problem P(V,U) we need
to solve the P(V;,U;) such that (V;,U;) are the immediate ancestors of (U, V) in the
lattice structure Lyy. This means we need to solve the sub-problem from the top level

of the lattice which has no unobservability problem first. We propose the following

algorithm.

Algorithm 5.3 Solving the full problem

e If py > my and pg > my use Algorithm 8.2 described in Chapter 8 to solve the

problem.
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e Ifmj+my <n and mo+mg < n solve BMI problem (3.73) described in Chapter

8 to solve the problem. This is due to Corollary 4.9

e If p1 = mg or pyp = mg follow the following procedure.

1. Find the mazimum stable unobservable subspace V; for z, and U] for zy and
their elementary stable unobservable subspaces. We also have to find the state

feedback parameterization for each unobservable subspace.

2. Create the lattice structure of all possible stable unobservable subspaces from
z1/z0 and the lattice of their state feedback parameterization. Remember that the

lattice structure can be a semi-lattice because of the constraint q, + ¢, < n.
3. Repeat from the top level down. Consider a (V,U) € Lyy

(a) Make sure the sub-problems corresponding to all the immediate ancestors of

(V,U) are solved if there are any.
(b) If the optimal solution ezists for its ancestors
o Pick one solution K that produces the least closed-loop Ho norm on z
from the optimal solution of all its ancestral sub-problems.

e Perturb the K within the current state feedback parameterization in the
direction of reducing the Ha norm on 2o while the Hoo norm on z;

satisfies the constraint.

(c) Else pick a K that satisfies the Hoo norm constraint on z;. We can make use
of the algorithm for finding a suboptimal Ho, problem with constant output
feedback in Chapter 2. If one can not find a K that is feasible, then skip

this sub-problem because this sub-problem will not have an optimal solution.

4. Solve the sub-problem P(V,U) with the initial solution just chosen.
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5. IfU =0 and V = () then stop else repeat from step 8 with its neighbor on the

same level. If all the neighbor sub-problems have been solved go to the next level.

We will present a few examples to demonstrate the algorithm. The first example
shows how to traverse through the lattice of unobservable subspaces to solve the full
problem. The second example is a simple example with state feedback K of size 1 x 2
in order to show all the sub-problems of our algorithm on the contour plot of the

K-plane.

5.4.1 Example 5.1

Consider the following system
( —0.0825 0.089 0 0.935 0.935 0.519
= 0.187 043 0| z+ 0384 | wo+ |0.384|w; + [0.831 ] u

0 0 1 1 1 1 (5.62)
20=[—0946 0324 -1]z—1lu

| 21 =1[0.167 0487 1]o+1u

where my = p1 = pp = 1. The problem is to find a state feedback that mlén ]|T20w0||§

subject to ||T%,w, |loo < ¥ where we choose v = 2.

First we have to find the maximum unobservable space for both output z; and 2.

The Maximum Unobservable Subspace

It is easy to find the maximum unobservable subspace. For z;

0.659 -0.946 —-0.217 —0.715 0 0
V* = [0.542 0.324 -0.771 Ay = 0 -0.113 0
0.522 -0.000762 0.599 0 0 ° 0.686

where V* spans the maximum unobservable subspace for z;. Each column of V*

or combinations of columns can span an unobservable subspace by itself with the
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corresponding unobservable modes as shown in Ay. The same applied to output zg,

gives
—0.636 0.0694 0.207 -0.787 0 0
U*=]-055 0.717  0.57 Ay = 0 0.456 0.2
—0.536 0.297 -0.155 0 —0.2 0.456

where U* spans the maximum unobservable subspace for zp and Ay are the corre-

sponding unobservable mode.

Stable Maximum Unobservable Subspace

Some of the columns of V* and U* have unstable unobservable modes. So we can
ignore these subspaces because they will result in an internally unstable system. So

we choose for z;

0.659 —0.946
—0.715 0
V)5 =10.542 0.324 Ay, =
0 —-0.113
0.522 —0.000762
—0.636
U = | —0.556 Ay, = —0.7868
—0.536
Form the lattice
Let
0.659 —0.946 —0.636
Vi = | 0.542 Vo = 0.324 Uy = | —0.556
0.522 —0.000762 —0.536

where V; and V; are from V' and U is from U;. Vectors V;, V2 and U; form the
lattice as in Figure 5.3 At the same time, the state feedback corresponding to each

unobservable subspace can be derived as

Kvivyu, == {K|K =[0927 2.7 -569]}
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Kviuy
Kv,u,
Kvivy

Kvw,

Kv,

Ky,

Ko

Figure 5.3: Lattice structure of Example 5.2

{K|K =[0.961 —1.45 —1.42]+ Z1x;[0.00409 —0.493 0.507]}
{K|K =[-0.276 —0.806 —0.623)+ Zix;[—0.136 —0.395 0.571]}

{K|K =[-0.264 —0.769 —0.584]+ Z1x1[~0.189 —0.552 0.812]}

—-0.542 0.823 —0.171
{K|K =[-0.59 —0.485 —0.467]+ Z1x2
—-0.522 —0.171 0.836
{K|K =[-8.0310~*% 2.7510™* —6.47 107"
0.324 0.946  1.27 10—4}}

+Z1x2
—7.6210~% 127104 1

—0.556 0.811 —0.182
{K|K =[-0.608 —0.532 —0.513]+ Zix2

—-0.536 -0.182 0.825
{KlK = le3}

The set of parameterizations for each unobservable subspace lattice forms a lattice of

the same structure.

Solving the Sub-Problems

After obtaining the parameterization of state feedbacks, we are ready to solve the

H2/Hoo sub-problem with each set of parameterizations. We solve the sub-problems

from the top of the lattice and then traverse through to the bottom.
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{01} 0

(1) - (2) K<0>=[31 9.04 -15]
(ML} - - 9.1287 K*=[2.83 823 -13.8]
(3) - (5) K<0>=[2.83 823 -13.8]
{n} - - 9.1208 K*=[276 8.16 —13.7]

(4) K< =[276 816 -13.7]| (6) K<®>=[265 7.73 —12.9]
(Va} | 87943 K*=1[265 7.71 -12.9] |8.7769 K*=[2.65 7.71 —129]

(M K< =[265 7.71 -129]| (8) K<®>=[265 771 —129]

0 8.7903 K*=[264 7.69 -12.9] |8.7538 K*=[2.64 7.65 -—12.8]

Table 5.1: K<0>, K* and \* for each sub-problem of Example 5.1 for v = 2

As we mentioned earlier, each sub-problem requires an initial solution. If any sub-
problem of the immediate ancestry of the current problem has an optimal solution,
we have to perturb the best optimal solution of the ancestral sub-problems to get the
initial solution for the current sub-problem. Otherwise we can pick any initial solution
that satisfies the Ho constraint.

Here Kyv,v,u, and Kv,y, are not feasible, i.e. for all Ky;v,u, and Kv,y, the Hoo
norm is larger than .

We show the details of solving each sub-problem as follows.

1. It can be skipped because Ky,v,y, results in a closed-loop system H,, norm

larger than .

2. Because the sub-problem (1) does not have an optimal solution, any initial so-
lution satisfies the Ho, norm constraint can be used. While solving this sub-
problem it is guaranteed that the solution will not run into the previous unob-
servable subspace. So we choose to start from K<0> =[3.1 9.04 -15]. We

obtain the optimal solution K* = [2.83 8.23 —13.8] with closed-loop system
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Ho norm 9.1281.

. This sub-problem again can be skipped because all the state feedback parame-

terizations are not feasible.

. This sub-problem is similar to sub-problem (2). We can choose an arbitrary

initial solution. We choose to start from K<0> = [2.76 8.16 —13.7] to obtain

K*=[265 7.71 -12.9] which gives an optimal closed-loop system H2 norm
8.7943.

. We need an initial solution from either sub-problem (2) or sub-problem (3).

Because sub-problem (3) has no solution we choose the optimal solution of sub-
problem (2) as the initial solution of this sub-problem. We also need to perturb
the K7,y, slightly to be away from the unobservable space in the direction that
will reduce the H, and H norms. Reducing the H, norm guarantees that
the solution won’t go to the unobservable subspace. Reducing the Ho norm

guarantees the initial solution is feasible.

. We need an initial solution from either sub-problem (2) or sub-problem (4). Be-

cause the optimal solution of sub-problem (4) is smaller than the optimal solution
of sub-problem (2) we choose it as our initial solution of this sub-problem. We
also need to perturb the solution slightly to guarantee it is feasible and won’t go

back to the sub-problem (2).

. We need an initial solution from either sub-problem (3) or sub-problem (4). Sub-

problem (3) has no solution. So we use the optimal solution of sub-problem (4)

as the initial solution of this sub-problem. Perturbation is also required.

. This is the general problem. The initial solution can be obtained from sub-

problem (5),(6) or (7). We choose the the optimal solution of sub-problem (6)
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K, .| K& K*

| Toowo ll% | 6.5926 | 10.4738 | 8.7538

I T2y lloo | 3.1884 | 1.8983 | 2

Table 5.2: Performance comparison of Example 5.1 with y =2

because it produces the least closed-loop H2 norm. Similarly perturbation is

required to steer away from the unobservable subspace.

Result

Table 5.2 again shows a reasonable trade off between the H, optimal result and the
H2/Heo suboptimal result. However, due to the parameterization of state feedback,

the computing effort increased dramatically.

5.4.2 Example 5.2

In this example, we present an example where our Hz/H optimal solution provides a
significant improvement in 2 norm over the Hz/H suboptimal solution. Consider
the following system
( —0.0825 0.089 0.935 0.935 0.519
= z++ wy + w + U
0.187 0.43 0.384 0.384 0.831

(5.63)
2 =[-0.946 0.324]z — 1u

| 21 =[0167 0.487]z+1u

The problem is to find a state feedback that mI}n”Tzowo“% subject to || Tz w,llo0 < 7
where we choose v = 0.5.
The lattice of unobservable subspaces has the same structure as in the previous

example. The maximum stable unobservable subspaces for z; and z; and their corre-
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{U1} 0
(1 -| (@ K< =[-0167 -0.487]
(iva} | - -|25.2854 K*=[-0.167 -0.487]
3 -| (68 K< =[-0167 -0.487]
v} - -| 2807 K*=[-0.193 -0.563]
(4) -| (6) K< =[-0.167 -0.487]
{Va} - -| 14350 K*=[-0.254 -0.591]
(M -| (8 K< =[-025¢4 -0.591]
0 - -] 13630 K*=[-0262 -0.610]

Table 5.3: K<0>, K* \* for each sub-problem of Example 5.2 for v = 0.5

sponding unobservable stable modes are

—0.943 -0.766 -0.111 0
Vs* = Agy =

0332 0.643 0 —0.0315
~0.885

Ut = Ay = [—0.4385]
—0.466

respectively.

1. This sub-problem can be skipped because the set of state feedback parameteri-

zations is (. This can also be seen from g, + g, = 3 which is larger than n=2.

2. This sub-problem need not be solved by our BMI solver because ¢, + q, = 2.

The free parameter Z € R?*? means that
K(i V»],8) = {K|K =[-0.167 —0.487]}.

K([Vi V2],0) contains no free parameter. It happens that the T},,, using the
feedback [—0.167 —0.487] has Ho, norm less than «. So [-0.167 —0.487] is
a feasible solution. It is also an optimal solution for this sub-problem because

K([Vy V2],0) has no free parameter.
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K, Ky K*

I Teowo |2 | 0.0430 | 3.8251 | 1.3021

[Ty, lloo | 06411 | 0.4321 | 0.5

Table 5.4: Performance comparison of Example 5.2 with v = 0.5

3. This sub-problem need not be solved by our BMI solver because the set of state
feedback parameterizations X(V},U) contains a single element. It has a closed-

loop system #H, norm larger than <. So it is not feasible.
4. It is the same as (3).

5. Use the optimal solution from (2) with slight perturbation as the initial solution

of this sub-problem:.
6. It is the same as (5).
7. The state feedback parameterization of this sub-problem is not feasible.

8. Use the smallest optimal solution among the sub-problem (5),(6) or (7) , which

is (5), with slight perturbation as the initial solution.

Result

In Table 5.4, K, is the LQ solution, K is an Ho, solution obtained by solving
the upper bound H2/Hs problem [22] and K* is our H2/Ho solution. The closed
loop Hoo norm with Ky is 0.6411 which is larger than the specification v = 0.5. Ky
produces a closed loop H, norm only slightly smaller than . However the closed loop
H2 norm is relatively large. K* has a closed loop H2 norm only 1/3 of the #2 norm
produced by K, without trading off too much on the Ho, norm. This demonstrates

the value of finding a mixed Hz/H o solution.
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K(2)
-0.45

-0.55

-0.65

-0.75
K(1)
— —-——  H, norm contour ® optimal solution for sub-problem
Ho norm contour B Ko Ha/He suboptimal soultion
_________ sub-problems X K*: Hs/H optimal solution

Figure 5.4: Ha/H contour plot of Example 5.2
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Figure 5.4 is the H2 and Ho norm contour plot with respect to the state feedback
K. The region within the solid line shows all feasible K, || T, w|/co < 0.5. The dashed-
dotted lines are the constant 72 norm contours. It shows that K* is at the position
where the H o norm constraint boundary contacts an H2 norm contour. It also shows
even though K* is not far away from the sub-optimal solution, it produces significantly
smaller H> norm than the sub-optimal solution. This is due the dense H> contour
lines in the neighborhood of K*. In other words, the H2 norm is ‘more sensitive to the
variation of control than the Ho, norm in the neighborhood of K*.

The figure also shows the set of state feedbacks that will make V; unobservable
from z, i.e. dash line (sub-problem (5)). And it shows the set of state feedbacks
that will make V5 unobservable from 21, i.e. dash line (sub-problem (6)). The set of
state feedbacks that will make U; unobservable from zp is out of the figure, therefore
it is evident that they are not feasible and can be ignored. The way we perform the
optimization starts from the sub-problem P([V}, V2], 0). This sub-problem (2) contains
the intersection of the above two lines. So no BMI solver is needed. After that, we
perform perturbation from the intersection along each line separately in the direction
that reduces the Hy norm. Then we perform the optimization along each line using
the BMI solver to solve P(V1,0) and P(Vz,0) separately. Finally, we pick the solution
of P(Va, ) because it has smaller optimal H, norm, perturb it, and use it as an initial

solution for solving P(8,0), i.e. the full problem.

5.5 The Mixed H;/H. Problem:Constant Output Feed-
back Case

One of the advantages of our BMI algorithm is that it can be extended to solve the

mixed Ho/Hoo problem for systems with constant output feedback. Consider the
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following system
.

T = Az + +Bywy + Biwg + Bau

2o = Coz + Dyu
(5.64)
z1 = Ciz + Dyu

L y=Csz

with the same assumptions as in the system (5.1) plus Cj is a full row rank matrix of
size p3 X n and p3 < n . Assuming that z is not accessible, one can apply feedback only
through y. It is known that by using a dynamic filter of order n — 1 or larger, one can
obtain an estimator of . However in our case, with the assumption of only constant
feedback allowed and C3 being a wide matrix, z can not be recovered completely. The
problem is to find a control of the form u = Gy such that ||Tyyu,[|3 is minimal and
1 Tornlloo < 7-

Compared to the constant state feedback case, the unobservability with respect
to both z; and zp remains the same. The lattice of unobservable (4, B)-controlled
invariants Lyy and their corresponding state feedback parameterizations Lr,, are
unchanged. The only difference lies in the fact that u = Gy = GCsz = Kz. We need
to extract a subset G(V,U) C K(V,U) so that any K € G(V,U) satisfies K = GCj for
some G. In other words, given (U, V), we need to make the parameterization (5.10)

equal to GCj , i.e. for some G, Z

(Fyo + WV )+ ZHyVY = GC; or (5.65)

(Fyo + JuUY) + ZHyUY = GCs (5.66)

where Z € R™2%("~%=4) and G € R™*P3, The equality can be rearranged as

, —HyVY
(Fyo+ JvV)=[2Z G][ } or (5.67)
Cs
, ~HyUY
(Fyo+ JyUt) =[2 G][ o ] (5.68)
3
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A solution exists if the (n — ¢, — ¢y + p3) X n matrices

~HyVY]l - [-HyUY
or
Cs Cs
are of full column rank. In general this means
P32 Qu+ qQu (569)

is sufficient and the solution can be parameterized as
Z=Jz+WHg (5.70)

where W € R™2%(P3=2~%)  We can thus define the set of constant output feedback

G(U,V) that will make U and V unobservable as

Gg(v,U)

{K|K = (Fyo + (Jv + JzHy)VY) + WHzHy VY W e R’"ZX(PS"%-M} or
= {K|K = (Fyo + (Juy + JzHy)U*) + WHzHyU* VW € R'"zx(m—'lv—qﬂ} (5.71)
Applying this set of feedbacks to (5.64) with u = Kz where K € G(V,U) we obtain
the closed-loop system for z; as
i = (A+ By(Fyo+ (Jy + JzHy)V )z + ByWHzHy VY 2 + Bowy + Bywy
21 = (CL+Dy(Fyo+ (Jy + JzHy)VY )z + DIWHZzHy VY z

El

Under the coordinate transformation Ty = [V U [V , we have
T (A + Ba(Fyo + (Jy + JzHy)VY)) 0 Ay
0 O
(C1 + D1(Fyo + (Jv + JzHv)VE )Ty = [0 Cys (3*13]

using the same reasons as for the constant state feedback case. The difference is the

term

Ty 'ByWHzHy VY Ty
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= Ty'BW[0 HzHyVYU HzHyVY(V U]
= T;'ByW[0 HzHyUYU HzHyVY[V U]
= [0 0 Ty'B.WHzHyVY [V UP)

= [0 0 B,WCs]

Here we define By = T,' By and C3 = HzHy VL[V U]P. C; is of the size (p3 — gy, ~
qu) X (n — gy — ¢y) which is not square and invertible in the output feedback case.

Therefore we can not incorporate Cs into W. Similarly we have
D\WHzHyVYTy =[0 0 D,WCs)

After applying a similar procedure to zp we have the reduced sub-problem as

r

&1 = Av#; + Borwo + Briw + Boyv

#9 = Aus + Boowo + Braw + Bagv

&3 = Assts + Boswo + Braw + Basv

{ 20 = Cu1 + Casis + Dov (5.72)
2z = Cia8s + Ci383 + Dy1v

y= 03573

| v= Wy
The only difference between the state feedback system and output feedback is the y
equation in (5.17) and the y equation in (5.72).

Let

0 As+ Bz3Wé3 0 Asz+ ngWég
the BMI of this problem only needs slight modification as

min A (5.73)
A—Tr(E) >0 (5.74)
E  [By Bg)
Bo: >0 (5.75)
. Qo
Bos
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A
: 01
AyuQo + QoAy Qo | . R
. ) Cos +CiW'Dy | | <0 (5.76)
[Co1 Cos + DgWC3]Qo I
20 5.7 [ E . 5.77
% 2 , , | Brz| | B ' Ciy (5.77)
AvQi + QIAV + v R R Ql )
.. By3 | | Bis Cia+CiW'D, | | <0 (5.78)
[Ci2 Cis+D1WC3]Q: =8
Q120 (5.79)

The procedure in the state feedback case can be applied to solve the output feed-
back BMI sub-problem without any problem, except that we need to take into account
the requirement of (5.69) to ensure the state feedback parameterization exists. (5.69)
means that when we solve for the full problem, we can ignore more sub-problems

because p3 < n.
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Chapter 6

Application

In this chapter we demonstrate how our algorithm can be used to solve a more realistic
problem. We chose the Grumman F — 14 benchmark flight control problem [26, 52]
for the following reasons.

The system is very sensitive to aircraft dynamic perturbation. In other words it can
be made unstable easily. Therefore to find a control that can reduce its sensitivity is
crucial. This can be interpreted as reducing the # o, norm of the closed-loop dynamics
if we use the A block in Figure 6.1 to represent the aircraft dynamic variation due to
modeling error or other reasons. At the same time, one needs to find a control that
will suppress external inputs such as wind gusts or observation noise. Minimizing the
‘H, norm of the closed-loop dynamic achieves the goal of suppressing the interference
induced by white noise. Our H2/H optimization problem is expected to be valuable
in trading off the two competing requirements. A second reason is that the problem
can be easily transformed into a standard H,/H constant output feedback problem
of moderate size. Finally, there exist several solutions [26, 52] for this problem that
can be used for comparison.

We first introduce the F-14 problem. Minor modifications of the problem will be
made to meet the Hz/Hoo control requirement. Next we partition the problem into

several sub-problems according to the lattice unobservable (A, B)-controlled invariant.
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Each sub-problem is solved by our Hz/H. BMI optimization algorithm provided that
a feasible solution exists. After that, we design a prefilter to meet the model-following
requirement. Finally, we compare several results produced by different controllers such
as a PID controller, optimal #2 controller , Ho, suboptimal controller and our Hz/Heo

controller.

6.1 Problem Description and Design Requirements

The Grumman F-14 model is obtained under the condition that the aircraft is flying
at 35,000 feet in straight and level flight at a speed of 690 ft/sec. The linearized time

invariant system shown in Figure 6.1 consists of the following components

e short-period longitudinal aircraft dynamics; This is a second order system with
stable poles at —0.6478 £ 2.0202:. It has two outputs a(angle of attack) and
g(pitch rate). The system parameters are

— Uy = 689.4 ft/sec: longitudinal velocity.

— M, = —0.00592 (ft sec)~!: pitching moment due to the vertical velocity.
~ M, = —0.6571 sec™!: pitching moment due to the pitch rate.

— Zy, = —0.6385 sec™!: force in vertical direction due to vertical velocity.

o tail surface actuator: The output is surface deflection J.. It is used to control
the aircraft dynamics. The parameters are

— 7o = 0.05 sec: actuator time constant

— Zs = —63.9979 ft/(rad sec?): force in vertical direction due to displacement

of tail surface

— M; = —6.8847 (rad sec?)~!: pitching moment due to displacement of tail

surface
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Figure 6.1: Block diagram of F14 control problem
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Figure 6.2: PID controller of F14 control problem

e Dryden wind-gust model: This models how vertical wind gusts affect the airplane
dynamics. Two external disturbance signals wy(vertical velocity wind gust) and
g (pitch rate wind gust) are generated by white noise 7; with their spectrum
modeled by the following parameters

— a = 2.5348 sec: gust correlation time
— b =64.13 ft: reference span

— Vo = 690.4 ft/sec: total air speed
— owg = 3.0 ft/sec: rms gust velocity

o desired o response Tys: This is a damped 2nd order model that we want the
angle of attack « of the airplane to follow in response to a stick step input where

— ¢ =0.707: damping ratio

— wy = 2.49 rad/sec: bandwidth
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e controller: PID controller consists of stick prefilter, proportional/integral com-
pensator, pitch rate lead filter and « filter command generator. The controller is
shown in Figure 6.2. One of the typical controllers (C,)[26], using the following
parameters w; = 2.9710, wo = 4.1440, K, = 0.8156, 7, = 0.3959, K, = 0.6770,
7. = 0.1, Kp = —1.7460 and K; = —3.8640, will be used to compare with the

Ha/Hoo controller.

Using this particular controller Cp, the response of angle of attack is able to fol-
low the damped 2nd order model well under the preséribed level of wind gust noise.
However this controller doesn’t suppress the wind gust noise 7; well. Especially, if the
vertical wind gust rms speed increases from 3 ft/sec to 150 ft/sec, a considerable
amount of noise will show up on the response. Moreover, if we use a feedback per-
turbation as the A block in Figure 6.1 to model the aircraft dynamic uncertainty, the
closed-loop system with the controller C, is very sensitive to A. In other words, for a
small variation of A the closed-loop system will become unstable.

Our mixed Hz/H o optimization algorithm offer a good alternative to find a con-

troller that remedy these deficiencies.

6.1.1 System Modification

The original F-14 example is modified as follows to suit the requirements of the mixed

H2/Hoo problem. Figure 6.1 shows the modified system.

e Instead of using the PID controller C,, we choose to find a constant output
feedback G that will satisfy the mixed Hz/Ho requirements on the system

specification that will be defined shortly.

e A prefilter P is used to solve the model-matching problem after a mixed Ha/Ho
solution G is found. The model to be followed is the step response of a second

order damped system.
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e The default rms vertical wind gust velocity o, = 3 ft/sec is too small to have
any effect even for the open-loop system. We deliberately exaggerate the wind
gust by choosing 0,4 = 150 ft/sec to show the noise suppressing capability of

various controllers.

e A white noise input 79 is added to the actuator. It is used for the measurement
of an additional performance requirement that the angle of attack o has a fast
response to the actuator. We choose the weighting V; = 0.25 so that noise level

is in the same order as the wind gust noise.

e We draw a 2 x 1 feedback block A between (g:pitch rate, a:angle of attack)
output and tail control surface to represent the variation of aircraft dynamic
due to modeling error , shift of operating conditions or other reasons. The
specification is to keep the aircraft model remain stable for all A such that

noisel|Alloo < 1/7 = 54z

6.1.2 Problem Specification
We need to find a controller that can achieve the following three objectives

1. The closed-loop transfer function between r and «, i.e. Tg, is to follow the
damped second order transfer function Ts
¥
§2 + 2fwns + w3

as close as possible.

2. The ’effects’ on o of the white noise imposed on 79 and 7; are to be suppressed.
If one chooses the variance of a to measure the ’effects’, this suppression can be

achieved by minimizing the H, norm of the transfer function between

mGin”Tzowo“% (6.2)
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where wy and zy are defined as

0
wg = } and 2=« (6.3)
m

3. Keep the airplane stable for any variation A such that |Alle < ¥~. The

sufficient condition for this requirement is

I Tzwi lloo < ¥ _ (6.4)

where w; and z; are defined as

a
wy =6, and 2z := (6.5)
q

6.1.3 Design Procedure

The structure of the intended controller contains the prefilter P and the feedback
controller G. We will assume P is a SISO stable proper transfer function and G is a
constant output feedback gain of dimension 2 x 1. We will partition our design into 2

steps.

1. We will first use our Hy/Hoo optimization algorithm to find a G such that the

closed-loop system will meet requirements 2 and 3, i.e.

i [ o1 (6.6)

such that T2 w0, oo < v (6.7)

2. Let the closed-loop system between a and the elevator actuator be Tpoq and Ty
be the intended model. We will use the model matching algorithm to find a P

such that the step response of TP and Ty, are close, i.e.

==l (6.8)

is as small as possible to meet requirement 1. The measurement of (6.8) can be

either the H2 or the Ho, norm. In fact, in this example, we can find a stable
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proper P that will match the model T)s exactly. Therefore it does not matter

which norm is used.

6.2 Hy/Ho Optimization Problem

First, we have to transform the system into our standard H2/H state space setup.

For the modified F-14 control system we obtain

(

T = Az + Bywy + Bywy + Bou

zg = Coz + Dyu

{ z1 =Ciz+ Dyu (69)
y=Csz
u=Gy
where
M, M, M; -M,-%%~ 0 -M,
o o = 0 0 0
A= ¢
0 0 0 =2 1 0
0 0 0 = 0
Lo 0 0 —(&)? 0 =Zyro|
2R F 0 0 [0 7
M; 0 0 0
0 Y 0 L
By = , Bi=|" , Bp=|"
0 0 bugy/2 0
0 0 0OygVad 0
L 0 . L 0 0 [ 0.
Co=[g; 0 0 0 0 0], Dop=[1] or Dp=][0.3]
- 00000 0]
Ci= ve , D=
0 10000 0
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Cs =

%= 00000
0 10 00 0}

Dy and D; are artificial parameters that we use to weight the control in the 2 or
Hoo norm. In the F-14 example, the control is the tail elevator deflection. Without
putting a weight on the control, H, or H2/H controllers are likely to produce a large
deflection on the tail surface which in reality can not be achieved. We will demonstrate
a case with high penalty cost on control, i.e. Dy = 1 as well as a case with low penalty
cost on control, i.e. Dy = 0.3. Because we choose nonzero Dy, the H; norm of T}y,
is not the H2 norm of the transfer function between o and noise wy. Let Zy be defined

as

20 = C():L‘ (610)

The actual noise suppression capability between o and noise wy can be measured by
the H2 norm of Tyy,. The ||Toouwell2 i8 | T2ow,ll2 Plus the control cost plus the cross

coupling cost .

6.2.1 H,/Ho Solution for Case With Dy =1

Wehaven=6,my=1,m; =1, me=1,py =1, p; =2 and p3 = 2. Because p; > my
we know that z; will not have any unobservable (A, B)-controlled invariant. However
po = mq, therefore there exist unobservable controlled invariants. Dy is nonzero and
of full rank, therefore the maximum unobservable controlled invariant is of dimension
n.

This problem is a constant output feedback problem, therefore the condition that a
state feedback parameterization exists for any unobservable (A, B)-controlled invariant
is subject to (5.69).

224q,+0.

This means that all possible unobservable (A, B)-controlled invariants are at most two

dimensional spanned by the following elementary unobservable controlled invariants.
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Elementary Unobservable Controlled Invariants for Dy = 1.0

U=

[ 0.787 1

[ 0.00738

r 0.994 7
—0.0371
—0.104
0
0

aU2=

0

0.000702
—0.00116
—0.574
-0.227

m o 0.993 1
—0.0115
—0.00249
0
0

| 0.119
0.0799 1

0.000895
—5.88e — 05
0.291
—0.46

—0.00465

with the corresponding unobservable modes

[ -1
0.00292
0.00166

—0.00221
0.00138

A1 = —19.7219, Ay = —8.455, A3 = —2.5471,

Ag = —0.3945, Agy = —0.3945, \¢ = 0.9734

Feasible Sub-Problem

Using the output feedback Ho, algorithm in Chapter 2, we can determine that only

the output feedback parameterization corresponding to the unobservable subspace Us

contains a feasible solution for 4 = 0.45. The reasons are as follows

e The output feedback parameterization for any unobservable controlled invariant

of dimension equal to 2 is constant. More specifically the parameterization

will make {U; Uz}, {Uy Uz}, ..., {Us Ug} unobservable. This particular feedback

produce a closed-loop system with unstable hidden mode equal to Ag. Therefore

K=[-00015 0 0 0 0 0].
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(ignored due to to constraint D3 —Qu—Gy > 0)
‘P(Us,Uz) [ PWULUS) | P(Ua,Us) | P(UnUs) | P(Us,Us) | P(Us,Us) . P(Us,Usy)

;" (Ignored due to
unstable mode)

P(U;)‘P(Uz) .

Figure 6.3: Lattice diagram of sub-problem for F-14 example with Dy = 1
the subproblems associated with these controlled invariants can be ignored.
e {Us} corresponds to an unstable unobservable mode. It can also be ignored.

o {Uyg} is a generalized space of {Uy} that can not be an elementary unobservable

controlled invariant by itself.

e The output feedback parameterizations Gy, , Gy, and Gy, of {U1}, {Uz} and {Us}

are all not feasible, i.e. they will produce closed-loop systems that have the Ho

norm of T} ,,, larger than 0.45.

The lattice diagram of the sub-problem corresponding to output feedback parameter-

izations for Dy = 1 is shown in Figure 6.3. The two parameterizations need to be

considered are

Gy, = {K|K=[—-0.000479 0332 0 0 0 0]
+W[-0.00119 —0.406 0 0 0 0] VWeRm} (6.12)
Go = {K|K=WC; VW € R'*?}. (6.13)

The output feedback parameterizations are obtained by following the procedure in

Section 5.5.
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AE> T o (K*)I2 | 1Ty, (K <F>)|loo | Newton’s iterations

k=1 | 4.4407 1.8029 0.43383 33
k=2 | 2.1772 1.6624 0.43956 7
k=3 | 1.7379 1.5558 0.44461 11
k=4 | 1.5692 1.4988 0.44763 10
k=5 | 1.5006 1.4731 0.44907 ‘ 10
k=6 | 1.4771 1.4642 0.44958 9
k=7 | 1.4609 1.4583 0.44992 10
k=8 | 1.4584 1.4574 0.44997 9
k=9 | 1.4575 1.4571 0.44999 16
k=10 | 1.4571 1.457 0.45 16
k=11 | 1.457 1.457 0.45 21

Table 6.1: BMI iterative steps for solving P(Us)

Solution for the Sub-Problems

Applying the oatput feedback parameterization to the system, we obtained two sub-
problems P(U3) and P(@). We first obtained an initial solution using the output
feedback H, algorithm in Chapter 2 for P(Us). Next we used the BM T algorithm to

solve for P(Us) and obtained the optimal solution K7,
Ky, =[0.0157 587 0 0 0 0]=[10.8 5.87]Cs.

The iterative steps of the BMI algorithm are shown in Table 6.1. This subproblem
was solved using Matlab 4.2c on a SUN sparc-20 running sun-os 5.5 in multi-users
mode. The execution time is roughly 50 seconds to achieve the precision indicated in
Table 6.1.

After we solved P(Us), we perturbed K7, slightly to obtain an initial solution for
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A2 N N Toguwo (KB | T2y wy (K <*>)|loo | Newton’s iterations
k=1 | 1.194 0.9924 0.4387 51
k=2 | 1.031 0.9269 0.4425 39
k=3 | 0.9377 0.8778 0.4449 37
k=4 | 0.8811 0.8487 0.447 24
k=5 | 0.8509 0.8336 0.4484 : 15
k=6 | 0.8328 0.8248 0.4493 12
k=7 | 0.8252 0.8213 0.4497 10
k=8 | 0.8212 0.8195 0.4499 9
k=9 ] 0.8192 0.8186 0.45 10
k=10 | 0.8186 0.8184 0.45 13
k=11 { 0.8183 0.8183 0.45 16

Table 6.2: BMI iterative steps for solving P(0); Dy = 1

P(B). We used the BMI algorithm to solve P(@) and obtained the optimal solution

for the full problem.
Ky =[-0.000399 3.79 0 0 0 O] or [-0.275 3.79]C;

where Kjj = G3C;. We will relabel Gjj as Gaooy- Table 6.2 shows the iteration steps

for P(0). The execution time is about 110 seconds under the same environment.

Result

The Hz/Hoo optimal output feedback gain Gy for the case Dy = 1 produced the

following performance.

T2y, (Gilloo = 045, || Taouo (GE)II3 = 0.8183, || Taowo (G512 = 0.0328  (6.14)
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The difference betweenilszowo(Ga)H% and Ingowo(Ga)H% is due to the fact that we

weight the control cost very high.

6.2.2 H,/H. Solution for Case With D, = 0.3

This is the same problem except that we reduced the weighting of the control from
Dy =1 to Dy = 0.3. We have the following unobservable controlled invariants for this

problem.

Elementary Unobservable Controlled Invariant for Dy = 0.3

[ 0.995 1 r0.998 i 1 T
—0.0353 —0.0121 —0.00802
—0.0947 —0.00836 —0.00678

Uy = ’ U2 = ) U3 =
0 0 0
0 0 0
5 0 i L 0.0649 L 0 J
r 0.188 1 r 0.0131 1 [ -1 7]
0.000827 —1.55¢ — 05 —0.00551
—0.000926 —1.76e — 05 0.00413
, Ug = ) U4g = , Ug =
-0.914 0.314 0
—0.36 —0.79 0
| 0.0117 | | —0.00549 | 0 J

with the corresponding unobservable modes
Ay = —18.985, Ay = —8.455, A3 = —5.736, Ay = Agy = —0.3945, Ag = 3.4254

Mg is unstable, A4 is a repeated unobservable mode from the Dryden wind gust model.

Uy, is the generalized eigenvector of Uy.

158



Feasible Sub-Problem

Similar to the case that Dy = 1, most of the sub-problems can be eliminated without
actually solving them. For the case of Dy = 0.3, even the sub-problem P(U3) is not
feasible. We only need to solve the problem P(@). The initial solution for P(#) can be

obtained by the algorithm in Chapter 2. The optimal solution of this problem is
K;=1[0.00145 4.04 0 0 0 0] or Goor := Gy =[0.997 4.04]

where Kj = G2001C3.
It can be obtained relatively fast as shown in Table 6.3. The execution time is 120

seconds. We will relabel Ga as GoooL

Result

The H2/Hoo optimal output feedback gain Gy for the the case Dy = 0.3 produces the

following performance.
|z 1n (Gg)lloo = 045, | T20o(Go) I3 = 0.1018, [Tz, (G}) 17 = 0.0182

Because of the reduced weighting on control, || Tyyw, (G§)lI3 and || Tzwe(G})|13 improve
to a lesser value. When comparing the performance for different values of Dy, only
| T0wo (G3)1I3 is meaningful because it excludes the penalty for the control cost and it

represents the true performance of the response to the inputs.

6.2.3 Output Feedback LQ Solution and Output Feedback Solution

We will compare the performance of our H2/H s solution with the performance of one
Hoo feasible solution G and output feedback LQ solutions Gog for Dy = 1 and Gof,
for Dy = 0.3.

To obtain G, we use the algorithm in Chapter 2 for v = 0.45. We have one such
controller gain

Goo = [—8.35 25.2]
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)\<Ic>

| Tewo (K<) 113

1Ty (K<) lloo

Newton’s iterations

k=1 | 0.5191 0.2517 0.3738 51
k=2 | 0.2668 0.1696 0.4359 51
k=3 | 0.1982 0.1566 0.4401 18
k=4 | 0.1628 0.1364 0.4409 24
k=5 | 0.1415 0.1238 0.4421 18
k=6 | 0.1275 0.1154 0.4434 14
k=7 | 0.1189 0.1104 0.4448 13
k=8 | 0.1124 0.1067 0.4462 13
k=9 | 0.1079 0.1044 0.4475 12
k=10 | 0.1048 0.1029 0.4487 13
k=11 | 0.1034 0.1024 0.4493 1
k=12 | 0.1025 0.102 0.4497 12
k=13 | 0.1021 0.1019 0.4499 11
k=14 | 0.1019 0.1019 0.45 11

Table 6.3: BMI iterative steps for solving P(@); Dy = 0.3
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*

Gaor | Gor | Gosow | Gom G
I Towlloo | 045 |0.9926 | 0.45 | 2.3470 | 0.3460

[ Teowo |l | 0.1019 | 0.0588 | 0.8183 | 0.1862 | 0.5715

| T5owoll3 | 00182 | 0.0129 | 0.0328 | 0.2033 | 0.0673

Table 6.4: Hy norm and H norm of F-14 example with various controllers

To obtain the output feedback LQ solution, we use the same algorithm as Ho/Ho
but with ~ large enough. We have the optimal output feedback LQ solution for both
D0=1andD0=0.3a.s

Goy =[-0.325 0.335] and Gor, =[2.4 1.04]

The performance produced by different controllers is presented in Table 6.4. The
Hoo norms of the closed-loop 73,4, With Gasor and Gaoor are 0.45, i.e. located on
the boundary of the H, constraint. The Ho, norm corresponding to the sub-optimal
solution G is less than 0.45. The LQ solutions Go7 and G2y produce large H oo norm.
It will be shown later that because of this, the corresponding closed-loop system can
be made unstable more easily. The table also shows that even though the mixed
Ha/Hoo solutions produce much better Ho performance, they do not yield much
‘Ho performance but T3, like the sub-optimal H, controller does. One interesting
observation from the table is that the || T;,u, |3 is actually larger than || Ty, |13 for the
controller Gog. This is not normal because ||Tsyu, ||3 is obtained without the control
cost and cross-coupling cost. It tells that the cross-coupling between the state and

control is negative.
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6.3 Model Matching

One of the objectives of the F-14 example is to match the step response of the angle of
attack o with a damped 2nd order model. Let T4 be the closed-loop transfer function
between d and « shown in Figure 6.1. Also let Tjs be the damped second order model

to follow. The purpose of model matching is to find a P such that
| TaaP — Talls ' (6.15)

is minimum. For the model matching problem of a step response we minimize

ToaP Ty
” P - T”z (6.16)

||.lli can be the Ho, or Hz norm. If one chooses the H o, norm to measure the difference,
the problem can be transformed into a Nehari problem by inner-outer factorization
on Tyq. Because, for the F-14 example, the model matching is SISO, the problem is
particularly easy to solve. Let T,4; and T,4, be the inner and outer factors of Tiyq.

(6.16) can be transformed as

Tadi TadoP _ _1_1_1\_/1_

- oo (6.17)

Use the fact that the Ho, norm of (6.17) will not be changed by pre-multiplying by

T;dlz( the inverse of an inner function is also inner). (6.17) becomes

TadoP _m-l1 T_M

= - T2 (6.18)
Let M, be the unstable part of T;dli%u and M_j be such that
T
TadliTM =M +M_
and define
13 — TadoP
s
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We have the Nehari problem
min |P - My — M_o|lo (6.19)
P

The solution of the Nehari problem (6.19) is to let P = M_g. The model matching
difference is therefore || M, ||oo.

We can recover P by computing
P=sT P : (6.20)

using the fact that the inverse of an outer function remains stable. The s in (6.20)

will be canceled by the pole at 0 contained in P. P will be a proper stable transfer

function.
If we apply Gaoor to the system, we have

—1.8566(s -+ 74.8207)

T.;=
™ (s +0.9722)(s + 10.1617 + 21.58297)(s + 10.1617 — 21.5829%)
Toai = 1
T —1.8566(s -+ 74.8207)
ad = (s +0.9722)(s + 10.1617 + 21.58291)(s + 10.1617 — 21.58207)
M+ = O
M, = T_M 5.5696

s s(s+ 1.7936 + 1.53381)(s + 1.7936 — 1.53381)

The solution to the Nehari problem is

5.5696

P= v+ 1.53384)(s + 1.7936 — 1.53381)

The prefilter P can be recovered as

—2.9999(s + 0.9722)(s + 10.1617 + 21.58293) (s + 10.1617 — 21.58295)

— -1 P =
P = sToqP (s 4 74.8207)(s + 1.7936 + 1.53381)(s + 1.7936 — 1.53381)

Because M = 0, the model matching problem turns out to be an exact match. Similar

prefilter design also applies to the cases with output feedback gain is Gosorr, Gor, Gonr

or Goo.
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In the next section we will denote the controller, the prefilter plus its corresponding

output feedback gain, as Cooor, Cor, Cocorrs C2H, and Coo.

6.4 Result and Comparison

In this section we will compare the performance of each controller for the following

situations

e The angle of attack « response to the step input command under heavy wind

gust noise(oyg = 150) and actuator noise(V; = 0.25).

e The response of a under only heavy wind gust noise (0,4 = 150) without com-

mand input.

e The response of a under only actuator noise (V;, = 0.25) without command

input.

e Closed-loop aircraft stability under feedback perturbation A where ||A|loo = 1/7.

6.4.1 Step Response

First we show the response of a produced by a step input from the stick command.
For the problem without noise each controller matches the model perfectly. We will
illustrate the results of the step response subject to wind gust noise with vertical rms
speed equal 150 ft/sec, i.e. 0y = 150 and actuator noise with variance V, = 0.25.

Figure 6.4 (a),(b),(c),(d),(e),(f) shows the step response of the Hz/H, controller
Cosor, H2 controller Cyr, Ho/Heo controller Conor, Ho controller Coy, Hoo controller
Cw and dynamic controller Cp respectively.

It can be seen that only the Caor and Cyz and Cp produce satisfactory results. As

expected Cor, produces a result slightly better than Couoy.
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Figure 6.4: Response of the indicated closed-loop system to a square wave of peak to
peak amplitude equal to one and period equal to 5 second with both wind gust noise

and actuator noise
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CoooL Cop | Cocor | Com Co Cp

o2 | 0.0054 | 0.0031 | 0.0077 | 0.0232 | 0.0375 | 0.0045

Table 6.5: The variance of a for all 6 controllers with only wind gust noise

CoorL | Car | Cocor | Com Coo Co

g

2 1 0.0011 | 0.0066 | 0.0023 | 0.0647 | 0.0002 | 0.0066

Table 6.6: The variance of « for all 6 controllers with only actuator noise

The tail elevator deflection for the different controllers is shown in Figure 6.5. The
deflections for Cooor and Copy are slightly smaller than those for Caoor and Cor. Because

we penalize the control, therefore the elevator does not have excessive deflection.

6.4.2 Wind Gust Noise Suppression

The wind gust noise(oyy = 150) suppression capability of all 6 controllers is shown
in Figure 6.6. Note that the stick command is inactive. The variance of o for all 6
controllers is displayed in Table 6.5. This shows that Coor , Cor, and Cp are better
at suppressing the wind gust noise. The variance is consistent with [Ty, |3 because
(a)the real performance of the closed-loop system is o := Z) = Cpz instead of zp =
(Co+ DoGCs)z. and (b)the square of the H2 norm can also be interpreted as the sum

of the variance in response to the white noise on each input.

6.4.3 Actuator Noise suppression

We turn the wind gust noise and stick command off in this simulation. We apply a
white noise of variance 0.0625 into the closed-loop systems for all 6 controllers. The

responses to the actuator noise are shown in Figure 6.7.
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Figure 6.5: Tail elevator deflection of the indicated closed-loop system for same input

as in Figure 6.4 and the same noise
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Figure 6.6: Angle of attack o of the indicated closed-loop system in response to wind

gust noise and without the command input
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Figure 6.7: Angle of attack « of the indicated closed-loop system in response to actu-

ator noise without the command input
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6.4.4 Closed-Loop Aircraft Stability

As mentioned earlier, the closed-loop transfer functions between wy and zp for Cooor,
Car, Casorts Caiy Coo and C, have Mo, norm of 0.45, 0.9926, 0.45, 2.3470, 0.3460,
and 0.9543 respectively. Therefore, for plant perturbation ||A|s less than 1/0.45,
1/0.9926, 1/0.45, 1/2.3470, 1/0.3460 and 1/0.9543 respectively, the closed-loop system
is guaranteed to remain stable.

In the following simulation, we chose four different A’s with the #o, norm(singular

value for constant matrix) equal to 2.2222=1/0.45 as
A =[-2.1828 -0.4158], [2.1828 0.4158], [—-0.4158 2.1828], [0.41568 —2.1828]

These are perturbations in 4 opposite directions. The simulation results shown in
Figure 6.8-Figure 6.11 are as expected in that the closed-loop systems using Csoop,
Cocorr Or Co remain stable by the Small Gain Theorem for all A’s. The closed-
loop systems using Car, Con, Cp are destabilized or close to being destabilized by
the perturbation A = [0.4158 —2.1828] and A =[-2,1828 —0.4158].

We have demonstrated the value of the H2/H o controller because it provide a good
compromise between two competing objectives. The BMI algorithm we developed is
able to solve the mixed H2/H optimization problem with a relatively low computing

cost.
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Figure 6.8: Response of the indicated closed-loop system to the same square wave

with A =[-2.1828 — 0.4158] and no noise
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Figure 6.9: Response of the indicated closed-loop system to the same square wave

with A = [2.1828 0.4158] and no noise
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Figure 6.10: Response of the indicated closed-loop system to the same square wave

with A =[-0.4158 2.1830] and no noise
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Figure 6.11: Response of the indicated closed-loop system to the same square wave

with A = [0.4158 — 2.1830] and no noise
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Chapter 7

Conclusions and Suggestions for Future

Research

In this dissertation, we presented a numerical algorithm to solve the mixed Hz/Ho
control problem for both constant state feedback and constant output feedback cases.
We showed the difficulties in solving the BMI optimization problem caused by the
unobservability of the closed-loop system. We proposed to partition the Hz/Hoo
problem into a lattice of sub-problems according to the lattice of unobservable (A, B)-
controlled invariants. Each sub-problem is a BMI optimization problem itself and
can be solved effectively using the interior point algorithm if started from an initial
solution obtained by perturbing the optimal solution of its ancestral sub-problems.
Eventually, we obtain the optimal solution of the full problem when we reach the
bottom of the lattice. We can ignore many of the sub-problems even for a realistic
example of moderate size such as the F-14 flight control problem.

Performance of the F-14 example using the H2/H output feedback gain shows
that the mixed Ho/Hoo solution offers a very good compromise between robustness
and noise suppression. This has not been an accomplished by the LQ controller or
Hoo sub-optimal controller and other benchmark controllers.

As a side product, we also developed an algorithm for finding an #, sub-optimal
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controller using alternating LMIs. This algorithm is useful for obtaining a feasible
solution for our mixed Hz/Hoo Optimization problem. It is also valuable in its own
right if only the output feedback #H, controller is sought.

Related topics to be done or for further analysis are listed below.

e It is not clear whether the solution we obtained is global although none of the
numerical experiments we've done contradicts the conjecture that the solution

is global.

e The dynamic controller case of the mixed H2/H o optimization problem may be

solved by transforming the problem into an output feedback problem.

e We use a Newton’s method version of an interior point algorithm to solve the
nonconvex BMI eigenvalue problem. Other efficient methods may be used to

obtain the global solution for each problem.

e BMI optimization can be obtained easily for many control problems. Other
multi-criteria control problems with Lyapunov or Riccati type inequality will
likely have the same problem as our Ha/Ho, problem and can be treated in the

same way.
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