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Interacting Rydberg excitations in cold atomic ensembles can exhibit large

quantum nonlinearities that enable engineering of strong interactions between in-

dividual photons. Consequently, Rydberg ensembles are a promising platform for

quantum information applications and the study of more fundamental physics of

few- and many-body phenomena with interacting photons. This thesis presents a

series of experiments that study and exploit different regimes of Rydberg-mediated

interactions.

We report the realization of an efficient on-demand single-photon source.

The strong long-range Rydberg interactions allow the excitation of only a single

collective Rydberg state within the entire atomic medium. The collective exci-

tation can be subsequently retrieved as a single-photon. We use this scheme to

generate highly pure and highly indistinguishable photons, which are suitable for

scalable quantum information applications. These photons can be compatible

with other atomic systems due to their narrow bandwidth, which makes building



practical hybrid quantum systems feasible. Here, we demonstrate high visibility

two-photon quantum interference between our Rydberg-produced photons, and

photons emitted by a remote single-trapped ion.

We also study Rydberg atoms under electromagnetically induced trans-

parency conditions, where coherent superpostions of photons and Rydberg ex-

citations propagate through the atomic medium as lossless dark-state polaritons.

In the experiment, we use the external control fields to tune the interactions to a

many-body regime where we can observe resonant scattering of dark-state polari-

tons to lossy channels. We show that the enhanced scattering process arises as a

pure three-body effect.
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Chapter 1: Introduction

Photons are ideal carriers to encode and transmit information in their quan-

tum states as qubits, due to their weak interaction with the environment. This

property allows preserving the �delity of the stored information over long propa-

gation distances while traveling at the speed of light. Additionally, their degrees

of freedom, such as frequency, bandwidth, polarization, and spatial mode, can be

manipulated with great control [1]. On the other hand, processing the informa-

tion requires interactions among photons [2]. Interacting photons would enable

the development of di�erent applications for quantum information [3,4], quantum

communication [5], quantum metrology [6], and exploring many-body physics in

correlated states of light [7,8].

Photon-photon interactions can be mediated through light-matter interactions.

An ideal light-matter interface would exhibit a strong nonlinear response at the

single-photon level with controlled dissipation. In other words, the response of

a nonlinear quantum medium would signi�cantly depend on the photon number

of the propagating light pulse. At the same time, the ability to control dissi-

pative processes is important to suppress unwanted decoherence e�ects, or �lter

determined quantum states.

The optical response of a medium is characterized by the complex suscepti-

bility � , where the real part describes dispersive properties such as phase shifts
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or propagation velocities, while the imaginary part characterizes the absorption

of the light as it propagates through the medium. The light-matter nonlinear

response can be expanded as a power series of the incoming electromagnetic �eld

E [9]:

� = � (1) + � (2) E + � (3) E 2 + � � � : (1.1)

Here, the power of the �eld modi�es the optical response of� . However, typical

nonlinear e�ects are very weak in conventional media, so they pose a challenge

at the single photon level. Nonetheless, Chuang and Yamamoto proposed to use

Kerr-nonlinearities � (3) for quantum computation [10], where cross-modulation

with a pair of photons produces a conditional phase gate. Later theoretical work

demonstrated that the noninstantaneous response of a medium with entirely local

nonlinearities imposes hard limits for these protocols, in which phase noise impedes

high-�delity operations [11]. It is possible to increase the Kerr nonlinearities of

a medium, for example, using electromagnetically induced transparency (EIT)

in ultra-cold atomic ensembles [12]. In this con�guration,� (3) can take values

of � 10� 7 m2/V 2 [13], which is 15 orders of magnitude larger than fused silica.

However, the limitations due to the local nature of the nonlinearities remain.

There are many challenges to realize quantum nonlinearities. First, let us

consider a single two-level atom in free space, which has a highly nonlinear response

(see Fig. 1.1). Suppose it has a ground statejgi , and an excited statejei , with

decay rate �, and a transition frequency! a = 2�c=� . If the atom is initially in jgi ,

a photon with frequency! a can excite the atom tojei . Then, if a second photon

arrives, it cannot be absorbed. Although the response of a single atom can be

saturated with a single photon, there are two problems with this simple system.
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Figure 1.1: Two-level single atom in free space. (a) Two-level atom with
a ground state jgi and an excited statejei with a lifetime 1=�. Once an atom
absorbs a photon at resonant frequency transition! a, it can not absorb a second
photon. (b) The beam waist size of the driving light is limited by di�raction
resulting in a low interaction probability with the atom.

First, the nonlinearity coherence time is fundamentally limited by the lifetime 1=�

of the excited state. However, by coupling to a third long-lived atomic state, the

coherence time can potentially be increased. The second major problem is that the

photon-atom coupling in free-space is very weak. The probability of interaction is

proportional to the ratio of the resonant atomic cross-section� a = 3� 2=2� , and the

area of the photon beamA = � w2 � � 2, where di�raction prevents that the beam

waist w to be smaller than� . Given that the interaction probability p = � a=A � 1,

N � 1=p photons are required to saturate an atom, or conversely,N atoms are

needed to observe single-photon nonlinearities [2]. Despite such limitations, there

have been important demonstrations using a single atom in free-space, including

single-photon generation [14], Bell-test experiments [15], high-�delity quantum

gates [16], or high-�delity remote entanglement [17,18].

Over the years, many di�erent approaches have been developed to increase

light-matter interaction. Here, we will consider atomic-based systems in the opti-

cal domain: cavities, atomic ensembles, and interacting Rydberg atoms; the latter

is the focus of this thesis.
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Figure 1.2: Two-level system coupled to n photons in a cavity. (a) Dressed
atomic states of the Jaynes-Cummings ladder. The doublets are separated by
2
p

ng0, whereg0 is the single-photon Rabi frequency. The bare resonant frequency
is ! a. (b) The coupling to the cavity shifts the doubly photon excited state o�-
resonance, so only one photon can be transmitted at a time.

An emitter con�ned in a high-�nesse optical cavity enhances the light-matter

interaction by increasing the number of times a photon interacts with the emitter

(in general, it can be a single atom, an atomic ensemble or a solid-state \arti�cial

atom"). A high �nesse F ensures that the photon repeatedly bounces back and

forth between the cavity mirrors before it �nally leaks. Moreover, if the mode

volume of the light is small, the electric �eld per photon can increase as well. The

cooperativity � / F � 2=w2 measures the strength of the interaction, if� � 1, then

the interaction probability p ! 1 [2]. The cavity �eld dresses the atomic levels

(see Fig. 1.2(a)). When the laser �eld is tuned to the �rst excited state resonance

(corresponding to the manifold of a single-photon excitation), a second photon is

not resonant with the doubly-excited state and is re
ected from the cavity, so only

one photon is transmitted at a time [19]. This results in a strong quantum nonlin-

earity, as shown in Fig. 1.2(b). This description can be extended to a three-level

system in which the transitions are driven between two ground-states, allowing

an increase in the coherence time, as opposed to being limited by the excited
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state lifetime. There have been numerous realizations for quantum information

applications using cavities, to mention a few: e�cient single-photon sources [20],

quantum gates [21], two-node quantum networks [22], as well as the study of many-

body physics [23,24]. A recent platform consists of interfacing atoms with tightly

Figure 1.3: Nanophotonic waveguides. (a) Atom coupled to an \alligator"
waveguide with sub-wavelength structure. Image taken from Ref. [25]. (b) Prop-
agating dispersion mode relation indicated by the blue lines from the waveguide
in (a). The gray rectangle indicates the frequency bandgap, the red-dashed line is
the derivative near the bandgap edge, the group velocityvg = d!

dk

con�ned light in nano-photonic structures, like sub-wavelength nano�bers [26,27]

or photonic crystal waveguides [28] (Fig. 1.3(a)). Nano-structure devices can be

engineered to make the photon mode area smaller than the atomic cross-section

A < � a. Moreover, the mode dispersion relation in waveguides can have bandgaps,

where speci�c frequencies destructively interfere and do not propagate. If the light

frequency is near the edge of the bandgap it will experience a reduced group ve-

locity approaching zero (see Fig. 1.3(b)). When the bandgap edge is near the

atomic resonant frequency, it increases the interaction time and the interaction

strength [29]. The development of these systems is a promising approach to build

scalable integrated quantum devices.

A di�erent approach to enhance light-matter interactions involves using more
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Figure 1.4: Write-read pulse sequence for DLCZ. (a) All atoms in the en-
semble are prepared in thejg1i state. The write pulse detuned from the excited
state induces an spontaneous emitted Stokes photon and results in a spin wave
N � 1 atoms in jg1i and a single atom injg2i . (b) The read pulse retrieves the
spin wave as a anti-Stokes photon.

atoms while remaining in the single-photon and single excitation regime. One of

the pioneer ideas to use atomic ensembles as a light-matter interface with an en-

hanced coupling originated with the proposal of Duan, Lukin, Cirac and Zoller, the

DLCZ protocol [30]. Figure 1.4 illustrates the protocol sequence. Let us consider

a medium composedN three-level atoms, with two non-degenerate ground-states

jg1i ; jg2i , and an excited statejei , where all the atoms are prepared injg1i . A

\write" pulse on the jg1i ! j ei generates an emitted Stokes photon fromjei ! j g2i

with some probability. Detection of the Stokes photon in a particular direction,

heralds the creation of aN -atomic spin wave that is a coherent superposition

of all the possible combinations where one atom is injg2i and N � 1 atoms are

in jg1i . The spin wave is phase-matched to the write-Stokes process and can be

retrieved as an emitted Anti-Stokes photon by a \read" pulse. The read pulse

drives jg2i ! j ei with an
p

N -enhanced coupling arising from the coherent super-

position. The emitted photon has a well-de�ned propagation mode as a result of

collective, constructive interference, as long as the phase coherence is preserved
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during the write-read process [31]. This protocol is useful to realize quantum

networks with distributed entanglement [32]. Modi�cations of this approach with

other schemes like EIT [33] and photon-echo have been used to realize quantum

memories [34]. However, there is a trade-o� between the �delity of heralding a

single-Stokes photon and a high repetition rate arising from the �nite multi-photon

emission probability. Due to the Poissonian statistics of laser light, the incoming

write pulse must have, on average, much less than a photon at a time, resulting

in a very low emission probability of a Stokes photon [31]. Despite the enhanced

coupling, the system exhibits a linear behavior at the few-photon level. An al-

ternative to observe quantum nonlinearities is by embedding the ensemble into a

cavity [35{37].

Another scheme to achieve quantum nonlinearities that does not require a cav-

ity consists of exploiting long-range interactions of Rydberg atoms, which is the

focus of this thesis. Rydberg atoms are in highly-excited states, in which the va-

lence electron is far from the core [38]. A very large dipole moment arises from the

large orbital radius, which results in strong long-range dipole-dipole interactions

(see Fig. 1.5(a)). One manifestation of these interactions is the blockade e�ect,

where only a single atom can be excited to the Rydberg state within a blockaded

volume. This e�ect arises from the dipole-dipole interaction, which induces an

energy shift for multiply excited-Rydberg states, meaning that the shifted reso-

nance can no longer be excited [39], Fig. 1.5(b) depicts this e�ect. The quantum

nonlinearities are signi�cant since the response of the medium to the single-photon

level, changes in the presence of a single excitation within the blockaded volume.

For su�cient high principal quantum number n, the blockade radius can be up to

7



tens of microns.

Figure 1.5: Rydberg atoms long-range interactions. (a) Two-body interac-
tion strength as a function of their separationR. The purple line indicates van der
Waals interaction, and the blue line represents magnetic dipole-dipole interactions
for Rb ground-state atoms. The red line indicates van der Waals interactions for
Rb 100S1=2 Rydberg state. The yellow line is the Coulomb interaction of charged
ions. (b) Schematic of the Rydberg blockade e�ect. In each blockade volume with
radius rb (orange) contains a single Rydberg excitation and many ground-state
atoms. Images taken from Ref. [39].

Rydberg atoms embedded in atomic ensembles present several advantages as

a light-matter interface. It exhibits the coupling enhancement from the collective

excitation, as well as the strong-quantum nonlinearities arising from the dipole

interactions. Rydberg states also posses long lifetimes allowing for long coherence

times. Moreover, current cooling and excitation techniques enable to manipulate

the optical and atomic properties of trapped atoms with great control, making

this system very versatile to engineer interactions among optical photons.

Lukin et. al [40] in 2001 theoretically investigated using the blockade e�ect for

quantum information storage and processing by creating a single-collective exci-

tation in an atomic ensemble. Another pioneering work from Friedler et al. [41] in

2005, considered combining Rydberg interactions with the nonlinearities of EIT to

realize a� -photon phase shift. The �rst experimental observation of the coherent

coupling of Rydberg states in an EIT-atomic medium was done by Mohapatra et al.
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in 2007 [42]. Gorshkov et al. [43] in 2011, proposed to use Rydberg-EIT to map

the strong atomic interaction into photon-photon interactions to generate non-

classical states of light, quantum gates and studying strongly-correlated states of

light. A year later, ground-breaking experimental works demonstrated these ideas

by observing single-photon quantum nonlinearities [44{46]. Since then, there have

been numerous theoretical studies and experimental realizations of quantum infor-

mation applications, to mention a few: a single-photon switch [47], a single-photon

transistor [48{50], atomic phase gates [51{53] and photonic phase gates [54], as

well as strongly-correlated states of light [55{57].

1.1 Thesis Outline

This dissertation describes a series of experiments using Rydberg states in

atomic ensembles to engineer e�ective interactions among photons. It is organized

as follows:

� Chapter 2 reviews some of the properties of Rydberg atoms, detailing the cal-

culation of dipole matrix elements to estimate the magnitude and behavior

of the Rydberg atom's properties and interactions. The resulting long-range

van der Waals interactions give rise to the Rydberg blockade e�ect.

� Chapter 3 outlines the theoretical framework for Electromagnetically In-

duced Transparency with Rydberg atoms, where the tunable Rydberg inter-

actions can be coherently mapped to a quantum electromagnetic �eld.

� Chapter 4 describes the schemes used to characterize our single-photon

source based on a Rydberg ensemble. It also introduces new metrics to
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benchmark the performance of single-photon sources, which are used in

quantum information protocols that require single photons in a well-de�ned

fully-single-mode. We describe them in this Reference [58]. The formulation

of these metrics was done in collaboration with Elizabeth Goldschmidt.

� Chapter 5 details the design and construction of the experimental apparatus

to make cold atomic ensembles and perform controllable, coherent excita-

tions of Rydberg atoms.

� Chapter 6 presents the characterization of our Rydberg-based single-photon

source producing highly pure and indistinguishable single photons, with gen-

eration e�ciencies of up to 0.4 after the atomic cloud. It also includes the

study of contaminant states limiting the e�ciency of the source under cer-

tain conditions. The calculations used to estimate the retrieval probability

of our system were carried out by Yidan Wang. This chapter is based on

the following publication [58]:

Ornelas-Huerta, D.P., Craddock, A.N., Goldschmidt, E.A., Hachtel, A.J.,

Wang Y., Bienias P., Gorshkov A.V., Rolston, S.L. and Porto, J.V., 2020.

On-demand indistinguishable single photons from an e�cient and pure source

based on a Rydberg ensemble. Optica 7, p. 813-819.

� Chapter 7 reports the experimental realization of high-visibility in a time-

resolved two-photon quantum interference between our photons and photons

produced from a remote single-trapped ion. This chapter is based on the

following publication [59]:

Craddock, A.N., Hannegan, J., Ornelas-Huerta, D.P., Siverns, J.D., Hachtel,
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A.J., Goldschmidt, E.A., Porto, J.V., Quraishi, Q. and Rolston, S.L., 2019.

Quantum interference between photons from an atomic ensemble and a re-

mote atomic ion. Physical review letters, 123(21), p.213601.

� Chapter 8 discusses the theoretical analysis of resonant three-body scattering

process in Rydberg polaritons, as well as the experimental probing of this

phenomenon through the measurement of two- and three-photon correlation

functions. This work is still in progress.

� Finally, Chapter 9 summarizes the relevant results in this thesis, describes

some current and possible experimental upgrades, and discusses future re-

search work.

1.1.1 Contributions to the experimental work and results

All the results presented here are a product of the collective e�ort and par-

ticipation of several people. During grad school, I was in charge of designing the

overall vacuum system con�guration, including the in-vacuum elements for the Ry-

dberg states �ne control. I designed, built, and initially aligned the main optical

systems around the science chamber (probe, control, dipole, optical pumping, and

imaging systems). I also built various hardware and electronic components. Along

with Mary Lyon and Sandy Craddock, we assembled together the vacuum system,

set up the laser systems, and developed the overall construction and maintenance

of the experimental apparatus.

With this setup, I optimized our Rydberg system to generate single photons

with the highest �delity reported to date compared to other atomic-based single-

photon sources. I extensively analyzed and processed all the data. I recti�ed the
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theoretical predictions of the writing e�ciency and contaminant creation model

that Sandy originally initiated.

In collaboration with John Hannegan and James Siverns from the group of

Qudsia Quraishi at the Army Research Laboratory, we demonstrated high-visibility

quantum interference between our high-�delity photons and photons generated by

a single ion. This hybrid quantum interference experiment was led by Sandy and

John, where I contributed to collect data and performed some preliminary data

analysis.

Finally, we reported the observation of three-body scattering in Rydberg-

polaritons, where I collected and analyzed the data, and performed various numer-

ical simulations. Michael Gullans wrote the numerical code, and I helped to debug

and modify the code for our purposes. Przemyslaw Bienias and Michael Gullans

developed the theoretical framework to understand the experimental observations.
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Chapter 2: Rydberg Atoms

Rydberg atoms have one electron excited to a state with a high principal

quantum number, n. In this state, the electron is weakly bound since it lies far

from the atomic core, where the distance to the atomic core increases withn2 [38].

For example, the average orbital radius of an electron in the staten = 139S1=2 is

1.5 � m, which is about 5,000 times larger than the orbital radius of the ground

state1.

The average orbital size sets many properties as it gives rise to a large induced

dipole moment. For instance, Rydberg atoms exhibit exaggerated polarizabilities,

since external electric �elds can easily perturb the electron's weakly bound state;

or long radiative lifetimes due to the small overlap between the excited and ground-

state wavefunction. This thesis focuses on the study of the long-range interactions

resulting from the large dipole moment. One consequence of these interactions is

the blockade e�ect, where multiple Rydberg excitations within a volume of radius,

rb, called the blockade radius, are suppressed. This suppression is due to the Van

der Waals dipole-dipole interaction shifting the excitation of neighboring Rydberg

atoms out of resonance within the blockade radius [40, 61]. The length scale of

this interaction is typically longer than the interatomic distance and can reach up

to tens of microns.
1These numbers and the following in this chapter are explicitly quoted for87Rb atom, where

the average orbital radius of the ground state is 5.63a0 [60].
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Such long-range interactions give rise to some interesting behavior. For exam-

ple, the observation of quantum non-linear e�ects to the single-photon level [43,44],

or the emergence of collective e�ects where many individual absorbers behave as

a single two-level atom, referred as a superatom [62]. Platforms using Rydberg

excitations have become common for di�erent quantum information applications

demonstrations, as well as in the study of fundamental physics like few-body sys-

tems or quantum electrodynamics.

This chapter describes the quantum defect theory and the Schr•odinger equation

for an electron in a Rydberg state to �nd its energy and wavefunction. The

wavefunction allows us to calculate the dipole matrix elements, which determine

the properties of Rydberg atoms and their interactions.

2.1 Rydberg Atom properties

2.1.1 Quantum Defect Theory

Since Rubidium is an alkali metal, we focus on describing the properties of

Rydberg atoms for this group of elements. Alkali atoms in their ground state

have all their inner orbitals fully occupied with a single outermost electron in

a S-orbital. The electronic con�guration of alkali atoms with a single valence

electron and a positively charged core resembles a hydrogen atom. We can describe

the alkali spectral properties the same way as a hydrogenic system, adding some

corrections that take into account the more complex alkali core structure.

The Rydberg formula is an empirical equation for the energy of the staten,

and is used to determine the spectral lines for hydrogen-like atoms. As originally
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stated by Johannes Rydberg, the binding energy spectrum is well described by,

En = �
Ry

n2
; (2.1)

this formula was later supported by the Bohr model and from the Schr•odinger

equation of a simpli�ed Hydrogen atom (with an in�nitely heavy nucleus, and no

relativistic corrections, spin interaction or angular momentum coupling). In Eq. (2.1)

n is the principal quantum number, and,Ry is the Rydberg constant; in terms of

fundamental constants,Ry is given by,

Ry =
mee4

8� 2
0h2

= 13:605 eV: (2.2)

Taking into account that the mass of the nucleus is not in�nite compared to the

mass of the electronme, the Rydberg constant for an atomic massM is modi�ed

to,

RM = Ry

�
1 �

me

M

� � 1
: (2.3)

The outer electron of the alkali atom interacts with an e�ective positively

charged core, due to the screening of the electrons of the inner �lled orbitals.

Moreover, the elliptical orbits for valence electrons with angular momentuml � 3,

can penetrate the closed electron shells interacting with the unscreened nuclear

charge. The proximity to the ionic core can also polarize the electrons of the inner

shells [63]. These two interactions deviate from a pure Coulomb potential between

the positively charged core and the valence electron, which e�ectively increase the

binding energy compared to the hydrogen atomic states. This deviation is de-
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scribed by including a term� n;l;j , known as a quantum defect [38]. Equation (2.1)

is modi�ed as follows,

En;l;j = �
RM

(n � � n;l;j )2
= �

RM

n� 2
; (2.4)

here,n� = n � � n;l;j , is the e�ective quantum principal number, which is no longer

an integer. The quantum defect,� n;l;j , depends on the principal quantum number,

n, the orbital angular momentum,l, and, the total orbital angular momentum, j .

It is obtained using the Rydberg-Ritz formula,

� n;l;j = � 0(l; j ) +
� 2(l; j )

(n � � 0(l; j ))2
�

� 4(l; j )
(n � � 0(l; j ))4

+ ::: (2.5)

where the coe�cients � i depend on the angular momentum state of the valance

electron, as shown in Table 2.1. For low angular momentum states, the quantum

defects strongly depend onl, and to a minor extent on j ; however, they are

negligibly small for states with l > 3. Quantum defects have been determined

from di�erent spectroscopic measurements [64{66]. They have also been calculated

theoretically using the WKB approximation [67] and variational methods [68].

Many properties of Rydberg atoms are well described by scaling laws of the

e�ective quantum number, n� , for example, recalling that the binding energy

scales as, (n� )� 2, the energy di�erence between consecutive Rydberg states is,

(En � En� 1) / (n� )� 3.

Similarly, the �ne structure arising from the interaction of the electron spin

and the orbital angular momentum, � nP = EnP3=2
� EnP1=2

, � nD = EnD 5=2
� EnD 3=2

and, � nF = EnF 7=2
� EnF 5=2

scale as (n� )� 3 for large n� .
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State Value Ref.
ns1=2 � 0 3.131 180 4(10) [64]

� 2 0.1784(6)
np1=2 � 0 2.654889(10) [64]

� 2 0.2900(6)
np3=2 � 0 2.6416737(10) [64]

� 2 0.2950(7)
nd3=2 � 0 1.34809171(40) [64]

� 2 -0.60283(26)
nd5=2 � 0 1.34646572(30) [64]

� 2 -0.59600(18)
nf 5=2 � 0 0.0165192(9) [65]

� 2 -0.085(9)
nf 7=2 � 0 0.0165437(7) [65]

� 2 -0.086(7)

Table 2.1: Quantum defects values for 87Rb..

The hyper�ne splitting coming from the magnetic interaction of the total angu-

lar momentum and the nuclear spin also scales as (n� )� 3. However, this splitting

is typically negligible compared to relevant energy scales, particularly asn� in-

creases since the interaction becomes weaker as the electron is further away from

the nucleus. For this reason, the quantum numbersJ and mJ are used as an

appropriate basis to compute the electron wavefunction.

2.1.2 Rydberg atom wavefunction

The valence electron wavefunction is obtained by solving the Schr•odinger equa-

tion with the Hamiltonian Ĥ0 = T̂ + V̂ :

�
�

~2

2�
r 2 + V(r )

�
 n;l;m (r; �; � ) = En;l;m  n;l;m (r; �; � ); (2.6)

whereV(r ) is the interaction potential between the core and the electron, assuming

the potential has no dependence on the� and � coordinates. The radial part
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Rn;l;m (r ) of the wavefunction can be written as,

�
�

1
2�

�
d2

dr 2
+

2
r

d
dr

�
+

l(l + 1)
2�r 2

+ V(r )
�

Rn;l;m (r ) = En;l;m Rn;l;m : (2.7)

It is necessary to make a proper choice for the potentialV(r ) to accurately

describe the electron wavefunction. The model potential proposed by Marinescu

et al. [69], adds some modi�cations to the Coulomb potential,

VC (r ) = �
Znl (r )

r
�

� c

2r 4

�
1 � e� ( r

r c )6 �
; (2.8)

Znl (r ) = 1 + ( Z � 1)e� a1 r � r (a3 + a4)e� a2 r :

Znl accounts for the l� orbit of the electron penetrating the core, where each

coe�cient ai ; r c has a di�erent value for eachl � 3. The detailed de�nition of

these values is given in Ref. [69]. The second part of the equation accounts for the

core polarization, and its strength is given by the core polarizability� c.

The spin-orbit coupling that causes the �ne-structure splitting and adds the

relativistic description to ensure the correct behavior closer to the core, can also

be included [67,70],

VSO(r ) =
1

1 � � 2VC

�
� 2

2r
@VC
@r

j (j + 1) � l (l + 1) � 3
4

2

�
: (2.9)

The total radial potential is,

V(r ) = VC (r ) + VSO(r ): (2.10)

With the proper choice of the potential,V(r ) and knowing the eigenenergies
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using quantum defect theory2, the radial di�erential equation can be solved nu-

merically using, for example, the Numerov method, described by Zimmermanet

al. [72]. We need to make a change of variables to transform Eq. (2.7) into the

standard Numerov form,

d2X
dx2

= g(x)X (x): (2.11)

It is known that the solution to a di�erential equation with V(r ) = 1 =r is an

oscillating function, where the frequency of the oscillation increases closer to the

origin. Therefore, the number of grid points per period should remain fairly con-

stant to correctly solve the di�erential equation (2.11). Bhatti et al. [73] proposed

a square root scaling,x =
p

r as a change of variable to achieve this. In addition,

changing the radial wavefunction toX (x) = Rn;l;m r 3=4, transforms Eq. (2.7) to:

d2X
dx2

= �
�
8�x 2(En;l;m � V (x)) �

(2l + 3=2)(2l + 1=2)
x2

�
X (x); (2.12)

Following the method described in [72,73]3, the equation is integrated inwards

to minimize numerical errors, since the boundary conditionX (x ! 1 ) = 0, must

be satis�ed. Starting at an outer point rmax = 2n(n + 15)a0 and �nalizing the

integration at rmin = 5 � 10� 3a0.

The importance of knowing the radial wavefunctions lies in the need to compute

the dipole matrix elements. These are necessary to calculate the main properties

of the Rydberg states that govern their properties, and interactions with external

2We found that quantum defect theory is not accurate to predict the energies for states,nP ,
with n � 10, in order to get more accurate results calculations for the dipole matrix elements
calculations, the energies for these states were taken from [71].

3Zimmerman et al. used a logarithmic scalingx = log( r ), X (x) = Rn;l;m
p

r , Pritchard [63]
found that the square root scaling leads to a smaller numerical error for largen states.
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Figure 2.1: Numerical results for the radial wavefunction and the prob-
ability density of 18S1=2 and 43S1=2 Rydberg states. (a) Radial wavefunction
amplitude for 18S1=2 and 43S1=2. (b) Probability density for 18S1=2 and 43S1=2.
Note that hr i is 331a0 and 2384a0 for 18S1=2 and 43S1=2, respectively.
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�elds and other atoms, such as, lifetimes, polarizabilities, and Van der Waals

coe�cients.

Since the hyper�ne splitting is negligible, we choose the �ne basis,n; l; j; m j to

compute the dipole matrix elements


n0; l0; j 0; m0

j

�
� d̂1

q

�
�n; l; j; m j

�
. Here the dipole

operator d̂q = er̂ 1
q is a tensor operator of rank 1, and it is de�ned in the spherical

basis [74], whereq 2 f� 1; 0; 1g:

d̂1
� 1 =

r
4�
3

d̂Y1
� 1(�; � ) =

1
p

2
(d̂x � i d̂y)

d̂1
0 =

r
4�
3

d̂Y1
0 (�; � ) = d̂z;

d̂1
1 =

r
4�
3

d̂Y1
1 (�; � ) = �

1
p

2
(d̂x + i d̂y);

(2.13)

The Wigner Eckart theorem allows us to break down the dipole matrix elements

as a product of two components: the �rst one contains information about the

geometry of the system imposed by the rotational symmetries; and the second one

is the reduced matrix elementhn0; l0; j 0jj d̂jjn; l; j i ,



n0; l0; j 0; m0

j

�
� d̂1

q

�
�n; l; j; m j

�
= ( � 1)j 0� m0

j

0

B
B
@

j 0 1 j

� m0
j q mj

1

C
C
A hn0; l0; j 0jj d̂jjn; l; j i ;

(2.14)

where the parentheses indicate the Wigner-3j symbol. This symbol vanishes unless

the selection rules are satis�ed,j 0 � j = 0; � 1 and q = mj 0 � mj . Meanwhile, the

reduced matrix element is independent of the projection of the angular momentum
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and is given by [74],

hn0; l0; j 0jj d̂jjn; l; j i = ( � 1)j +3 =2+ l>
p

l> (2j 0+ 1)(2 j + 1)

�

8
>><

>>:

l0 1 l

j 1=2 j 0

9
>>=

>>;
hn0; l0; j 0jd̂jn; l; j i ;

(2.15)

wherel> is the larger ofl0and l, and the braces indicate the Wigner-6j symbol that

obeys the selection rulesj 0� j = 0; � 1, andl0� l = � 1, . Here, hn; l; j jd̂jn0; l0; j 0i is

the expectation value of the radial scalar part of the dipole operator, and depends

only on the radial wavefunctions of the two states:

hn0; l0; j 0jd̂jn; l; j i =
Z 1

0
r 2 drR �

n0;l 0;j 0(r )d̂Rn;l;j (r ) (2.16)

The following sections describe some of the relevant properties of Rydberg

atoms and show the calculated values for somenS-Rydberg states. These values

are obtained from the dipole matrix elements after solving numerically Eq. (2.12).

2.1.3 Rydberg states lifetimes

Any atom in an excited state experiences a decay to other energy states. For

Rydberg states,n; l; j , this decay depends on two di�erent processes: spontaneous

emission and induced transitions due to black-body radiation.

The process of spontaneous emission originates from the coupling to vacuum


uctuations, which leads an excited state to decay to lower energetic states. The

radiative transition rate between two states,ji i , and, jf i , is determined by Fermi's

golden rule,
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� i ! f =
3�! 3

if

4c2
jhf j r̂ ji ij 2 ; (2.17)

where, 3�! 3

4c2 is the radiation �eld density of states in free-space,hf j r̂ ji i is the dipole

matrix element, and~! = ( E f � E i ) is the energy di�erence between the �nal and

initial state. Using the Wigner Ekart theorem and applying the normalization of

3j -symbols [74], each transition rate in the �ne structure basis is given by,

� n0l0j 0! nlj =
3�! 3

if

4c2

�
�
� hn0; l0; j 0jj d̂jjn; l; j i

�
�
�
2

2J 0+ 1
: (2.18)

Here, the factor 2J 0+ 1 takes into account the degeneracy of the �nal state. The

total spontaneous decay is obtained by carrying the sum over all dipole allowed

transitions,

� SPD =
X

n0l0j 0;n0� n

� nlj ! n0l0j 0; (2.19)

As a result of the close spacing of nearby Rydberg eigenenergies, the interaction

with black-body radiation at room temperature is not negligible. The black body

radiation at temperature T induce transitions to lower (higher) neighboring states

due to stimulated emission (absorption). The contribution to the black-body decay

rate depends on the number of black body photonsN (! ) per mode atT,

� BBR =
X

n0l0j 0

� nlj ! n0l0j 0

e~!k B T � 1
: (2.20)

Following the derivation from Ref. [38], Eq. (2.20) can be approximated as:

� BBR =
4� 3kB T
3~n� 2

: (2.21)
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Figure 2.2: Histogram of decay channels transition rates for Rydberg
states 18S1=2 and 43S1=2. The blue bars correspond to transitions due to spon-
taneous decay, whereas the magenta bars correspond to black-body induced tran-
sitions. (a) Decay rates for 18S1=2 with a calculated linewidth of 48:5 kHz and
a lifetime of � = 3:28�s at T = 300K , where black body radiation accounts for
about 20% of the decay rate. (b) Decay rates for 43S1=2 with a calculated linewidth
of 3:75 kHz and a lifetime� = 42:48�s at T = 300K , where black body radiation
accounts for about 48% of the decay rate.
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The total lifetime for a given Rydberg state, including the contributions for

both spontaneous emission and black-body radiation (BBR) is,

� = � SPD + � BBR =
1

� SPD

+
1

� BBR

: (2.22)

Figure 2.2 shows that the spontaneous emission rate is dominated by transi-

tions with the highest energy di�erence, in particular from thenS Rydberg states

to the 5P states. From Eq. (2.18) these contributions scale as� (n� )� 3, since the

dipole matrix element h5Pjj d̂jjnSi goes as (n� )� 1:5. In contrast, spontaneous emis-

sion to nearby states has a minor contribution as it scales as (n� )� 5, this scaling

arises from the energy of neighboring states! / (n� )� 3, while the dipole matrix

elements/ (n� )2. It is also evident that asn� increases, the black-body transitions

to neighboring states increase as well, due to the large coupling strengths and the

thermal distribution of the BBR.

2.1.4 Static Polarizability

The atom eigenenergies get split and shifted in the presence of an external

electric �eld, an e�ect known as the Stark e�ect. First, let us consider an applied

�eld E oriented along thez-axis, the total Hamiltonian can be written as:

Ĥ = Ĥ0 � E d̂z: (2.23)

For the case that the �eld is small, such that the Stark shift is smaller than the

bare eigenenergies separations, the energy shift �E can be calculated by means

of perturbation theory. Due to the odd-parity operator ẑ, the �rst-order correc-
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tion vanishes. Using the spherical basis de�ned in Eq. (2.13), the second-order

correction is

� E =
X

n0;l 0;j 0;mj 0

�
�
�


n0; l0; j 0; m0

j

�
� d̂1

0

�
�n; l; j; m j

� �
�
�
2

En0;l 0;j 0;mj 0 � En;l;j;m j

E 2

= �
1
2

�E 2;

(2.24)

where� is the polarizability of the state jn; l; j; m j i , and the sum is over all dipole

allowed transitions. The largest contributions to the polarizability come from the

nearby states since the energy di�erence is the smallest, and the overlap of the

wavefunctions is the largest. Thus, the scaling for the static polarizability to a

good approximation goes as (n� )7. Rydberg states with large principal quantum

number are very sensitive to electric �elds. Table 2.2 shows the polarizability

values for somenS1=2 Rydberg states.

State Calculated Quoted value Ref.
43S1=2 17.3 17.7 [75]
60S1=2 172.9 171.1 [76]
80S1=2 1306 1340 [76]

Table 2.2: Polarizabilty values for di�erent Rydberg states. Calculated
polarizability values compared to the ones found in the literature. Units for po-
larizability are MHz/(V/cm) 2.

Second-order perturbation theory, as used in Eq. (2.24), is suitable to calcu-

late the polarizability. However, if the �eld cannot be treated in a perturbative

manner, it is necessary to diagonalize the full Hamiltonian̂H0 + Eẑ to �nd the

new eigenenergies and eigenstates.
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2.1.5 Summary of Rydberg properties scaling

Table 2.3 provides a summary of the scaling of Rydberg state properties with

the e�ective quantum number n� . It also shows a comparison between the ground

state 5S1=2 properties [75], and the calculated values of 43S1=2 used with the Nu-

merov method.

Property Scaling Rb 5 S1=2 Rb 43S1=2

Binding energy En � (n � ) � 2 4.18 eV 8.56 meV
Level spacing En � � En � � 1 (n � ) � 3 6.05� 105 GHz (5S-6S) 100.07 GHz (43S-44S)
Orbit radius hr i (n � )2 5.632 a0 2384 a0
Polarizability � (n � )7 79.4 mHz/(V/cm) 2 17.3 MHz/(V/cm) 2

Lifetime � (n � )3 5P3=2 � 5S1=2 : 26:2 ns 42:5 � s at 300 K
Dipole moment h5P3=2 j d̂ jnS1=2 i (n � ) � 3=2 4.227 ea0 0.0101 ea0

Van der Waals coe�cient C6 (n � )11 6:76 � 10� 7 Hz� m6 2.02� 109 Hz� m6

Table 2.3: Summary of Rydberg properties scaling. Comparison of the 5S1=2

ground state and the 43S1=2 Rydberg state.

2.2 Rydberg interactions

Due to their large dipole moment/ n� 2a0, Rydberg atoms interact strongly

by the dipole-dipole interaction. Assuming that two atoms labeled byA and B

with dipoles d̂A , d̂B , are far enough so their wavefunction does not overlap, the

interaction potential is

V̂dd =
1

4�� 0

d̂A � d̂B � 3(d̂A � R̂ )( d̂B � R̂ )
R3

: (2.25)

Let us consider that both dipoles are aligned along the quantization axisz,

then Eq. (2.25) simpli�es to:

V̂dd =
1

4�� 0

d̂A;x d̂B;x + d̂A;y d̂B;y � 2d̂A;z d̂B;z

R3
: (2.26)
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Changing Eq. (2.26) into the spherical basis de�ned in Eq. (2.13):

V̂dd = �
1

4�� 0

d̂A; 1d̂B; � 1 + d̂A; � 1d̂B; 1 + 2d̂A; 0d̂B; 0

R3
; (2.27)

Since we are interested in the long-range interactions, we make the case that the

dipoles are far enough that the interaction is smaller than the eigenenergies of the

statesA and B. Under this circumstance, the shift � Edd of the bare atomic pair

state can be calculated with perturbation theory. Otherwise, at short distances,

the dipole-dipole interaction mixes the eigenstates, and the total Hamiltonian,

H = Ĥ0 + V̂dd needs to be diagonalized.

The second-order correction to the energy shift using perturbation theory [77]

is given by,

� Edd =
X

ij

�
�
�h A  B j V̂dd j i  j i

�
�
�
2

EA + EB � E i � E j

=
1

9� 2
0R6

X

i;j

�
�
�h A  B j d̂2 j i  j i

�
�
�
2

� ABij
D (i;j )(�; � )

=
1

R6

X

� =( i;j )

C �
6 D � (�; � )

=
1

R6
C6(�; � );

(2.28)

where, E i are the unperturbed eigenenergies,� ABij = EA + EB � E i � E j is

called the F•orster defect, andD � (�; � ) consists of the angular couplings that follow

the selection rules, whileC �
6 contains the radial integrals between the coupled

states and is independent of the angular projectionsmj . Here, the pair state of

 A = jn; l; j; m j i A and  B jn; l; j; m j i B , is coupled to a set of virtual intermediate

states  i =
�
�n0; l0; j 0; m0

j

�
and  j =

�
�n00; l00; j 00; m00

j

�
, these interaction channels
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are indicated by � . The Van der Waals coe�cient C6(�; � ) is the sum of the

interactions from all the possible channels withj A  B i .

In particular for a nS1=2nS1=2 pair state, the possible interaction channels

are: nS1=2nS1=2 ! n0P1=2n00P1=2, nS1=2nS1=2 ! n0P1=2n00P3=2 and nS1=2nS1=2 !

n0P3=2n00P3=2. Furthermore for nS1=2-pair states the dipole-dipole interaction is

nearly isotropic and the angular dependence can be neglected [63], thus we can

write the van der Waals shift as,

� Edd =
C6

R6
(2.29)

The Van der Waals coe�cient is a measure of the strength of the interaction,

and it increases dramatically withn� . From Eq. (2.28) the numerator scales as

(n� )8, while the energy di�erence in the numerator goes as (n� )� 3, which yields

C6 / (n� )11. Table 2.4 shows theC6 coe�cients for some nS1=2 states, where is

evident the rapid growth with the principal quantum number.

State Calculated Quoted value Ref.
43s1=2 2.53 2.44 [75]
60s1=2 139.3 137.5 [78]
70s1=2 853.7 815 [79]
100s1=2 5334 5600 [80]

Table 2.4: Van der Waals coe�cient values for di�erent nS1=2. Calculated
values using Eq. (2.28) are compared to the ones found in the literature. Units
are GHz� m6.

2.2.1 Dipole Blockade E�ect

This section focuses on the e�ects arising from the long-range dipole-dipole

interactions. The energy shift for a pair state depends on their relative distance
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Figure 2.3: Dipole-induced shift as a function of the relative distance
between two atoms. In the caseR is large such that � Edd � 0, the two atoms
can be excitedjggi ! j rr i . If the distance is shorter than the blockade radius
(indicated with the gray dashed line), the interaction energy tunes out of resonance
the doubly-excited statejrr i .

R, as demonstrated in Eqs. (2.29). If the atoms are far away from each other,

such that � Edd ! 0, the atom-pair is resonantly excited from the ground state

jggi to the doubly-excited statejrr i with a coupling strength 
. However, as the

atoms get closer together this shift increases and tunes the double excitation out

of resonance [40,61]. This e�ect is known as the dipole blockade and is illustrated

in Figure 2.3 for a pair state. The characteristic length of the interaction is

determined by the Rydberg blockade radiusrb, and it depends on the energy scale

of the system (See next chapter for details). In particular, for the weakly excited

limit where the coupling strength 
 is less than the linewidth of the excitation

process
 , the blockade radius is

rb =
�

2jC6j



� 1=6

: (2.30)
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The blockade radius scales as/ (n� )11=6 for a �xed excitation linewidth. The

blockade radius for high principal quantum numbers can reach up to tens of mi-

crons with typical alkali atom linewidths.

2.2.2 Superatom: Rydberg blockade and collective excitation

The pair-excitation blockade e�ect [81{83], can be extended to an ensem-

ble of N -atoms where only one excitation is allowed within the blockaded vol-

ume [44{46,84{86]. Assuming all the ground-state atoms can be coupled equally

to the Rydberg state, the single excitation shared among theN atoms inside the

blockaded volume can be written as a symmetric Dicke state [62],

jSi =
1

p
N

NX

j =1

eik cx j jg1; g2 : : : gj � 1; r j ; gj +1 : : : gN � 1; gN i ; (2.31)

wherekc is the wavevector of the coupling �eld andx j is the position of thej -th

atom. The quantum state in Eq. (2.31) is a superposition of all collective states

jg1; : : : r j ; : : : ; gN i , where the j -th atom is in the Rydberg state while the others

are in the ground state.

Because of the blockade e�ect, theN atoms can be described as a two-level

super atom, with a ground statejGi = jg1; : : : gN i and excited statejSi . Moreover,

the coupling between these two levels exhibits a
p

N enhancement:

hGjd̂jSi =
1

p
N

NX

j =1

hgj jd̂jr j i hg1; : : : gj � 1; gj +1 ; : : : gn jg1; : : : gj � 1; gj +1 ; : : : gn i

=
p

N hgjd̂jr i :
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The strong long-range interaction of Rydberg states and the collective nature of

the superatom provide a system where nonlinearities at the single-photon level

are strong. Here, due to the blockade e�ect, a single photon can saturate the

absorption of the atomic medium, while the shared collective excitation enhances

the coupling to the �eld by
p

N .

These qualities make the superatom a powerful tool for di�erent quantum

applications, and it constitutes one of the main pillars of this thesis. For instance,

this coupling can be used to realize a single-photon source [45, 62], which we

discuss extensively in Chapter 6 and in Ref. [58]. Other relevant applications

are single-photon transistors [48{50], collective qubits [51,87,88], quantum phase

gates [49,51], and is thus a promising platform for quantum networking [59,89{92].

2.2.2.1 Single-photon retrieval

Figure 2.4(a) shows the creation of a super atom using a two-photon excitation

to the Rydberg state. Here, the phase matching condition is crucial to retrieve

the super atom spin wave into a single photon in a well-de�ned mode. For writing

the spin wave where a photon is stored as a collective excitation in the statejS;0i ,

the initial phase imprinted by the two-excitation lasers is:

jS;0i =
1

p
N

NX

j =1

ei (~k1+ ~kw )�~xj jg1; g2 : : : gj � 1; r j ; gj +1 : : : gN � 1; gN i 
 j 0i ; (2.32)

where ~k1; ~kw are the wave vectors of the excitation lasers, then the spin wave

vector is given by~ks = ~k1 + ~kw . To retrieve the spin wave as a single photon,

we drive the Rydberg state to the intermediate state with a �eld having a wave
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Figure 2.4: Retrieving a super atom spin wave as a single photon.. (a)
Writing the spin wave with two excitation �elds having wave vectors~k1 and ~kw .
After a pi-pulse the blockade e�ect allows for a single spin wave excitation in
the Rydberg state. (b) A retrieving �eld with wave vector ~kr maps the stored
excitation into a single photon.

vector ~kr (Fig. 2.4(b)), which results in the state

jG; Ei =
1

p
N

NX

j =1

ei (~ks � ~kr )�~xj jg1; g2 : : : gj � 1; gj ; gj +1 : : : gN � 1; gN i 
 j 1i : (2.33)

The probability of emitting a photon j1i with a wave vector~kp is proportional to

P1 /
1
N

�
�

NX

j =1

ei (~ks � ~kr � ~kp )�~xj
�
�2

; (2.34)

this probability is maximized when the phase matching condition is satis�ed:

~ks � ~kr � ~kp = ~k1 + ~kw � ~kr � ~kp = 0; (2.35)
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thus, all the terms in Eq. (2.33) interfere constructively. For the case where

~kw = ~kr , then ~k1 = ~kp, the retrieved photon is in the same forward propagating

mode as the input excitation laser. Although, backward retrieval where the photon

propagates in the opposite direction as the input �eld (by setting the proper

propagation direction of ~kw and ~kr ), can lead to a higher directional emission

probability due to decreased re-absorption from the atoms [93].

Another important consideration is the number of atoms participating in the

collective excitation. The addition of the phase terms in Eq. (2.33) during the

constructive interference into a well-de�ned mode is more e�ectively enhanced

with a larger number of atoms [93].

There are factors that can reduce the photon retrieval like dephasing mech-

anisms, for example, atomic motion, atom loss, decay of the Rydberg state into

other state, or that the ground state and Rydberg state acquire di�erent phase

shifts due to light shifts from the trapping light.
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Chapter 3: Rydberg-EIT Polaritons

Electromagnetically induced transparency (EIT) is a an interference phenom-

ena that occurs in atomic physics when di�erent transitions pathways in a mul-

tilevel system interfere with each other [12]. This e�ect can drastically change

the dispersive and dissipative optical properties of a medium. For instance, the

interference results in a transparency window combined with a steep dispersion

around the resonance frequency of a transition.

First, we discuss EIT for a classical and a quantized electromagnetic �elds in an

atomic ensemble. For both cases, the input �eld can experience an absorption-free

propagation with a reduced group velocity through the medium. For the quantum

�eld, quasi-particles, called dark-state polaritons arise as the �eld couples with a

collective spin-excitation [94]. The analysis and derivation for a classical and a

quantum �eld presented in this Chapter are based on the References [12,94,95].

Later, we analyze Rydberg atoms and their interactions in the presence of

EIT, where Rydberg-dark-state polaritons are described as bosonic �elds that are

a coherent superposition of a quantum photonic �eld and a collective Rydberg-

state excitation. By changing di�erent parameters of the system, we are able

to control and tailor the dissipative or coherent attributes of Rydberg-polariton

interactions.

The goal of this chapter is to introduce the theoretical framework needed to
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describe the scattering processes that arise due to the few-body Rydberg-EIT

interactions derived in Reference [96].

3.1 EIT features

Let us consider an ensemble of three-level atoms in a ladder con�guration,

where jgi is the ground state, jei , is a state with decay rate, �, and, jr i , is a

long-lived state with decay rate,
 , as shown in Figure 3.1. Suppose the atom

is driven by two monochromatic electromagnetic �elds a weak probe �eld and a

control �eld. The probe is a weak �eld tuned close to resonance of,jgi ! j ei

with a frequency ! p, a detuning � p, and a Rabi frequency 
p; while the control

�eld couples the states,jei ! j r i , with a frequency ! c, a detuning � c, and Rabi

frequency 
 c.

The Hamiltonian of the bare atom (without the kinetic energy term) and the

dipole interaction under the rotating wave approximation is given by,

H =
~
2

0

B
B
B
B
B
B
@

0 
 �
p 0


 p � 2� p 
 �
c

0 
 c � 2�

1

C
C
C
C
C
C
A

(3.1)

where � = � p + � c is the two-photon detuning. For the case of single- and two-
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photon resonance �p = 0; � = 0, the Hamiltonian (3.1) has the eigenstates [12]:

jD i = cos� jgi � sin� jr i ; (3.2)

j+ i =
1

p
2

(sin � jgi + jei + cos� jr i ) ; (3.3)

j�i =
1

p
2

(sin � jgi � j ei + cos� jr i ) ; (3.4)

with eigenenergies:

~! D = 0;

~! � = �
~
2

q

 2

c + 
 2
p;

(3.5)

where� is the mixing angle,

cos� =

 cp


 2
c + 
 2

p

; sin� =

 pp


 2
c + 
 2

p

:

The �rst eigenstate has no contribution from the short-lived statejei and has a

zero eigenenergy. Since this state is a superposition of the ground and the long-

lived state only, it can not absorb or scatter light from the probe �eld, jD i is

known as a dark state. On the other hand, the other two statesj�i have anjei

component and are called bright states.

This dressed-state basis provides another picture to explain the EIT e�ect.

In the case � p = 0 and 
 p � 
 c, the dark state is approximately the ground

state jD i � j gi ; the bright states j�i = ( jr i � j ei )=
p

2 have an equal energy

shift but with opposite sign, and acquire a� -phase shift with respect to each

other. The phase shift causes destructive interference between these two decay
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Figure 3.1: Three level ladder system for EIT. Relevant states are the ground
state jgi , excited state jei with decay rate �, and the metastable state jr i with
decay rate
 . The resonant frequency transition forjgi ! j ei is denoted by! ge

and the frequency transition for jei ! j r i is denoted by ! er . The weak probe
�eld with frequency, ! p, couplesjgi ! j ei with a detuning � p = ! p � ! ge. A
strong control �eld with frequency, ! c, drives the atomic states,jei ! j r i with a
detuning � c = ! c � ! er .

channels preventing the absorption of the probe light, making the atomic system

transparent.

It is convenient to use the density matrix � , for a comprehensive and gen-

eral description that takes into account the e�ects of dissipation and decoherence

processes. We use the master equation formalism to compute the non-unitary

dynamics of the system:

_� = �
i
~

[Ĥ; � ] + L [� ]; (3.6)

whereL is the Lindbland operator:

L =
X

n

�
Cn �C y

n �
1
2

f �; C y
nCng

�
: (3.7)
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Here the sum is carried out for all possible decay channels. For a particular decay

channel from ji i to jj i , the jump operator is given by,C =
p


 ij jj i hi j. Using

Eqs. (3.6)-(3.7), we get the coupled di�erential equations for the density matrix

elements:

_� gg = � � ee +
i
2

�

 p� eg � 
 �

p� ge
�

; (3.8)

_� ee = � � � ee + 
� rr +
i
2

�

 �

p� eg � 
 p� ge + 
 c� re � 
 �
c� er

�
; (3.9)

_� rr = � 
� rr +
i
2

(
 �
c� re � 
 c� er ) ; (3.10)

_� ge = �
1
2

(� + 2 i � p) � ge +
i
2

�

 �

p (� gg � � ee) + 
 c� gr
�

; (3.11)

_� gr = �
1
2

(
 + 2 i� ) � gr +
i
2

�

 �

c� ge � 
 �
p� er

�
; (3.12)

_� er = �
1
2

[� + 
 + 2 i � c] � er +
i
2

[
 �
c (� rr � � ee) � 
 p� gr ] : (3.13)

Solving Eqs. (3.11)-(3.13) in the weak probe limit 
p � 
 c, and asssuming

that most of the atomic population is in the ground state� gg � 1, we obtain the

steady-state solution to the excited state and ground state coherence,

� eg = �
i 
 p (
 � 2i� )

(� � 2i � p)( 
 � 2i� ) + j
 cj2
:

The coherence element� eg along with the dipole momentdeg = hejdjgi are

related to the linear susceptibility of the medium at the probe frequency� (! p),

� (! p) =
2%d2eg� eg

~� 0
 p
; (3.14)

=
%�0
kp

i � ( 
 � 2i� )
(� � 2i � p)( 
 � 2i� ) + j
 cj2

; (3.15)
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where %is the atomic density of the sample,kp = 2�=� p is the probe angular

wavenumber, and� 0 = 2jdeg j2

h� 0 � � p
is the absorption cross section for the transition

jgi ! j ei . The susceptibility is related to the refractive indexn, which determines

the optical properties of the medium. This relation is given byn =
p

1 + � �

1 + �= 2, where this approximation is valid forj� j � 1.

After propagating through an atomic ensemble of lengthL assuming a constant

density for simplicity, the relation between the output probe �eld and the input

�eld is determined by n as,

Eout

E in

= eink p L

= e� Im f � gkp L=2ei (1+Re f � g=2)kp L :

(3.16)

The �rst term, which contains the imaginary part of � , describes the attenuation

from the absorption of the input �eld. The second term with the real part of�

takes into account the dispersion manifesting as a phase shift in the output �eld

with respect to the input �eld. Figure 3.2 shows the transmission and phase shift

in the presence and absence of the control �eld, illustrating the drastic changes in

the optical properties arising from EIT.

Let us �rst analyze the case for a resonant-control �eld (�c = 0). The trans-

mission at� = 0 changes from exponentially decreasing as a function of the optical

depth OD= %�0L, with T = e� OD to (�rst-order in 
 ):

T = e
� OD

1+
 2
c =� 
 : (3.17)

The medium becomes transparent for 
2c=� 
 � OD. Furthermore, the transmis-
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Figure 3.2: Probe transmission and phase shift after propagating through
medium of length L. (a)-(b) Probe transmission spectra whereT = I out =I in =
e� Im f � gkp L for � c = 0 and � c = � 1:5�. (c)-(d) Acquired phase shift � =
Ref � gkpL=2 for � c = 0 and � c = � 1:5�. The dark-blue dashed line corre-
sponds to a two level atom susceptibility, ie, without control �eld; light-blue solid
line shows when the control �eld is present. The parameters used are: 
c = 1:5�,

 = 0:02�, and OD = 20.

sion window width � ! as shown in Fig. 3.2a can be approximated as,

� ! =

 2

cp
8OD�

; (3.18)

this width sets an upper-bound on the bandwidth of the input pulses. Pulses with

� � � � ! � 1 can propagate without absorption through the sample.

Another consequence arising from EIT is the change in the dispersion of the

medium, as shown in Fig. 3.2c-(d). Around resonance �p = 0; � = 0, there is
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a steep slope with opposite sign respect to the refractive index of the two-level

system. The propagation velocity of the pulse inside the ensemble is related to

the derivative of n as,

vg =
c

1 + ! p
dn
d!

: (3.19)

If the derivative is large and positive, then the group velocityvg is drastically

reduced compared to the speed of lightc. This e�ect is known as slow light. If


 � �, the group velocity in an EIT-medium is approximately,

vg �
L 
 2

c

OD�
: (3.20)

The time that takes for the pulse to emerge from the sample corresponds to the

time delay given by� d = L=vg = OD� =
 2
c.

The spatial extent of a pulse inside the medium is compressed by a factor of

vg=c. This compression arises because the front end of the pulse is traveling much

slower than the back end that has not entered the sample. During this process,

the atomic system takes most of the input pulse energy, with a fraction ofvg=c

remaining as electromagnetic energy. This mechanism imposes another constraint

for a loss-free propagation: the time delay needs to be much longer than the pulse

width � �

� d

� �
�

p
OD: (3.21)

The more optically thick the sample is, the better the input pulse bandwidth �ts

into the �nite EIT bandwidth, while at the same time compressing the pulse into
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the medium. However, for a non-negligible
 , the loss is not minimized for an

unbounded OD.

Similarly, for a control �eld detuned o�-resonance with � c > �, the transmis-

sion and phase shift are di�erent than the two-level case as shown in Fig. 3.2(b)

and (d). The transmission reaches a maximum on two-photon resonance� = 0,

followed by a narrow absorption dip at the two-photon Raman resonance with

� � 
 2
c=4� c. As for the dispersion, the group velocity is also reduced with a steep

phase di�erence around� = 0.

3.2 Dark-State Polaritons

We review in this section the EIT problem with a quantized probe �eld in an

ensemble of atoms and generalize the concept of a dressed-dark state to a dark-

state polariton (DSP). This polariton can be described as a form-stable quasi-

particle composed of a coherent superposition of an electromagnetic �eld and an

atomic excitation. For the mathematical description of the polariton picture, we

use the methods in [94{96].

Let us start by describing the quantized probe �eld as a continuous-mode

operator. In the paraxial approximation1, a beam propagating along the z-axis

with polarization x is given by,

Êp(z) = x

r
~! p

4�c� 0A
e� i! p (t � z=c)

Z
d! â! ei!z=c + c.c.; (3.22)

here, c.c stands for complex conjugate,A is the transversal area of the beam; ^a! is

the bosonic operator for modes of di�erent frequencies around! p. This operator

1jk j � k z � ! p =c in the paraxial approximation
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follows the commutation relation [â! ; ây
! 0] = � (! � ! 0).

Additionally, we can de�ne the control �eld (coupling jei ! j r i ) as a classical

plane wave:

Ec(z; t) = xEc(t � z=c)
�
e� i! c (t � z=c) + ei! c (t � z=c)

�
; (3.23)

whereEc(t � z=c) is the real and slowly varying amplitude, and! c is its frequency.

The bare Hamiltonian Ĥ0 is

Ĥ0 = Ĥ l + Ĥa

= ~

" Z
d!! ây

! â! +
NX

j =1

�
! ge�̂ j

ee + ! er �̂ j
rr

�
#

;
(3.24)

whereN is the number of atoms in the ensemble,! ge is the transition frequency

jgi ! j ei , ! er is the transition frequency jei ! j r i , and � j
mn = jmi hnj is the

internal state operator between statesjmi and jni for the j th atom.

Using the dipole and the rotating-wave approximations, the interaction Hamil-

tonian,

V̂ = �
NX

j =1

d̂ i �
h
Êp + Ec

i
;

= �
~
2

NX

j =1

h
g

r
L

2�c
e� i! p (t � zj =c)

Z
d! â! ei!z j =c�̂ j

eg

+ 
 c(t � zi =c)e� i! c (t � zj =c) �̂ j
er + c.c.

i
:

(3.25)

Here, d̂ is the dipole operator, 
 c = hejd̂ � x jr i Ec=~, and g0 = hejd̂ � x jgi
q

2! p

~� 0AL

is the coupling constant between the atoms and the probe. We have assumed

that the coupling is the same for all atoms and choose the length of the quantized

volume to be the length of the sample.
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We rede�ne the slowly varying atomic operators averaged in a cross section

with thickness �z containing Nz � 1 atoms (to take into account the position

dependence of the atoms alongL), while being driven by the probe and control

�elds,

�̂ ii (z; t) =
1

Nz

N zX

j =1

� j
ii (t);

�̂ eg(z; t) =
1

Nz

N zX

j =1

� j
eg(t)e

� i! p (t � zj =c) ;

�̂ er (z; t) =
1

Nz

N zX

j =1

� j
er (t)e

� i! c (t � zj =c) ;

�̂ rg (z; t) =
1

Nz

N zX

j =1

� j
rg (t)e� i (! p � ! c )( t � zj =c) :

These atomic operators satisfy the commutation relations:

[�̂ jk (z; t); �̂ lm (z0; t)] =
1

Nz
[� kl �̂ jm (z; t) � � mj �̂ lk (z; t)] � (z � z0): (3.26)

Similarly, it is more convenient to rede�ne the probe �eld as the slowly varying

operator,

Ê(z; t) =

r
L

2�c

Z
â! (t)ei!z=c d!; (3.27)

which follows the commutation relations:

h
Ê(z; t); Êy(z0; t)

i
= L� (z � z0);

h
Ê(z; t); Êy(z; t0)

i
=

L
c

� (z � z0): (3.28)
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We can rewrite the atom and interacting Hamiltonian,

Ĥa = � ~
Z L

0
dzn(z) [� p�̂ ee(z; t) + � �̂ rr (z; t)] ;

V̂ =
~
2

Z L

0
dzn(z)

h
g0Ê(z; t)�̂ eg(z; t) + 
 c(t � z=c)�̂ er (z; t) + c.c.

i
;

(3.29)

wheren(z) is the linear atomic density distribution alongz, � p = ! p � ! ge is the

single-photon detuning, and� = ! p + ! c � (! ge + ! er ) is the two-photon detuning.

We use Eqs. (3.29) and (3.6) to determine the dynamics of the polarization

operator P̂ =
p

N �̂ ge(z; t), and the spin wave operatorŜ =
p

N �̂ gr (z; t) (with a

decay rate
 s = 
 r ). The operatorsP̂ and Ŝ describe collective excitations shared

amongN atoms in the medium. Assuming that most of the atoms remain in the

ground state, the equations of motion are,

@t P̂ = �
1
2

(� � 2i � p) P̂ +
i
2

� p
Ng0Ê + 
 cŜ

�
; (3.30)

@t Ŝ = �
1
2

(
 s � 2i� ) Ŝ +
i
2


 cP̂ : (3.31)

Note that there is a collective enhancement of the coupling constantg0 by a factor

p
N .

Similarly, we can calculate the time evolution of the operator̂E(z; t) using the

commutators de�ned in Eq. (3.28),

@t Ê = �
i
~

h
Ê; Ĥ l + V̂

i
;

= i

 
g0n(z)L

2
�̂ ge �

r
L

2�c

Z
!e i!z=c â! d!

!

:
(3.32)

Since Ê is de�ned with the paraxial approximation, we only include the spatial
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derivative @zÊ. The equation of motion reads,

(@t + c@z) Ê = i
g0n(z)L

2
p

N
P̂

De�ning g = g0

p
N as the collective coupling and assuming an uniform medium

N = nL , the equations of motion read:

@t P̂ = �
1
2

(� � 2i � p) P̂ +
i
2

�
gÊ + 
 cŜ

�
; (3.33)

@t Ŝ = �
1
2

(
 s � 2i� ) Ŝ +
i
2


 cP̂ ; (3.34)

(@t + c@z) Ê =
i
2

gP̂ : (3.35)

This set of equations generally describes the propagation and dynamics of the

electromagnetic quantum �eld with the collective excitations in the medium. We

use Eqs. (3.33)-(3.35) to determine the evolution of a dark-state polariton, as

well as the quantum retrieval e�ciency of a stored spin wave in a medium (see

Chapter 6).

We can further simplify the Eqs. (3.33)-(3.35) by assuming that
 s � 0, and

that both the probe and control �elds are on resonance �p = � = 0. By rear-

ranging (3.33) and (3.34) considering that 
c(t) has only time dependence and is

slowly varying [94], we �nd:

P̂ = �
2i

 c

@t Ŝ; (3.36)

Ŝ = �
g

 c

Ê; (3.37)

(@t + c@z) Ê =
g

 c

@t Ŝ: (3.38)
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We introduce the quantum �eld operator 	̂( z; t) in terms of the mixing angle

� :

	̂( z; t) = cos � (t)Ê(z; t) � sin� (t)Ŝ(z; t); (3.39)

where,

cos� =

 c(t)p


 2
c(t) + g2

; sin� =
g

p

 2

c(t) + g2
: (3.40)

Note that these de�nitions are similar to the dark eigenstate in Eq. (3.2), with

	̂ accounting for the collective coupling enhancement and quantum nature of the

probe �eld.

Using the de�nitions in Eq. (3.39) and Eq. (3.40) in (3.37) and (3.38), the

quantum �eld 	̂ follows the wave equation:

�
@t + ccos2 �@z

�
	̂( z; t) = 0 ;

where the DSP propagates through the medium loss-free with a velocityvg =

ccos2 � . Thus, we can treat the DSP as a quasi-particle consisting of a coherent

superposition of an electromagnetic �eld and a collective spin excitation with a

controlled propagation. The admixture and propagation are mediated by the

mixing angle � , which depends on the atomic density and the strength of the

control �eld. For example, if � ! 0, the DSP is almost purely electromagnetic and

propagates close to the speed of light. The opposite limit happens when� ! �= 2,

where the DSP is mostly composed of the atomic excitation and propagates much

slower than c. If the control �eld is adiabatically turned o� such that vg ! 0,

the quantum �eld can be mapped to a stationary atomic excitation. It then can
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be converted back to a photon by turning on the control �eld. Note that the

collective enhancement ofg is critical to get into the � ! �= 2, whereg � 
 c=.

Nevertheless, when adding corrections for the non-adiabticity of 
c(t), it is

found that there is a spectral narrowing for the quantum �eld in the DSP due to

the �nite bandwidth of the EIT-transparency window (in a similar fashion as the

classical problem). Thus, for negligible losses in the propagation of a quantum

�eld with pulse width � � , the following condition should be satis�ed [94]:

g2� �
�

� 1 (3.41)

Let us study a more general case with �p 6= 0 and � 6= 0, but with the

assumptions that the control �eld is changing adiabatically _
 c � 0, and 
 s � 0.

Changing to the dark- and bright-polariton, and polarization basisf 	̂ ; �̂ ; P̂g,

where the bright polariton is given by,

�̂ = sin � Ê + cos� Ŝ;

the equations of motion (3.33), (3.34) and (3.35) become,

@t 	̂ = ( i� sin2 � � c@z cos2 � )	̂ � (i� + c@z) cos� sin� �̂ ;

@t �̂ = ( i� cos2 � � c@z sin2 � )�̂ � (i� + c@z) cos� sin� 	̂ +
i
2


 eP̂ ;

@t P̂ = �
1
2

(� � 2i � p) P̂ +
i
2


 e�̂ ;

here, 
 e =
p


 2
c + g2 is the e�ective Rabi frequency. SinceP̂ and �̂ are weakly

coupled, we can adiabatically eliminate these states by assuming_̂P � 0 and _̂� � 0.
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The time evolution of the DSP is determined by the equation:

@t 	̂ =

 

i� sin2 � � c@z cos2 � +
cos2 � sin2 � (i� + c@z)2

c@z sin2 � � i� cos2 � + 
 2
e=2

�+2 i � p

!

	̂ :

In the regime of a slowly-varying polariton alongz (low momentum), and small

two-photon detuning, we can expand the third term and obtain:

@t 	̂ = i� sin2 �

 

1 + 4
vg

c
� ~�

 2

e

!

	̂

� ivgk

 

1 + 8 sin2 �
� ~�

 2

e

!

	̂ + 4 ik 2cvg sin2 �
~�


 2
e
	̂ ; (3.42)

where ~� = � p + i � =2, and @z = ik in momentum space. The �rst term arises

from an energy shift due to a �nite � , the second term describes the propagation

of the polariton with group velocity vg = ccos2 � , and the third term is a second-

order correction accounting for deviations from the slow-light propagation. In the

regime where� � 
 c; � p; g then Eq. (3.42) becomes,

@t 	̂ = � i
�

vgk +
~k2

2m

�
	̂ ; (3.43)

here, the mass term is given by,

m = � ~

 2

c(
 2
c + g2)

8~� v2
gg2

: (3.44)

We can write the dispersion relation of the polariton as,

~! (k) = ~vgk +
~2k2

2m
: (3.45)
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For low momentumk, the group velocity is proportional to the �rst-order deriva-

tive of the energy dispersion, while the mass dictates the curvature through the

second-order derivative aroundk = 0.

3.3 Rydberg polaritons in EIT media

Figure 3.3 shows the con�guration for Rydberg-EIT. Note the change in nomen-

clature of the atomic levels and detunings from the previous sections to make it

consistent with the nomenclature used in Reference [96] and Chapter 8. Here, the

weak probe �eld with collective couplingg, couples the ground statejGi with an

intermediate statejPi , and a strong-classical control �eld with Rabi frequency 
c

couplesjPi with the Rydberg state jSi . For simplicity, we reduce the dimension-

ality of the system to the �eld propagation axis where the paraxial approximation

is a good approximation.

Figure 3.3: Atomic levels and physical setup for Rydberg-EIT. (a) The
relevant states are the ground statejGi , excited statejPi with decay rate �, and
the Rydberg statejSi with decay rate 
 s. The resonant frequency transition for
jGi ! j Pi is ! gp and the frequency transition forjPi ! j Si is by ! ps. The weak
probe �eld with frequency ! p, couplesjGi ! j Pi with a detuning � + � s = ! p � ! gp.
A classical control �eld with frequency! c, drives the atomic states,jPi ! j Si with
a detuning � = ! ps � ! c, and strength 
 c. (b) The probe photons propagate along
the z-axis through a cloud of optical densityOD and length L. The collective

coupling strength of the probe isg =
q

OD � c
L .
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Let us introduce the bosonic �eld operators ̂ y
e;  ̂ y

p and  ̂ y
s. The bosonic oper-

ator of the incoming electromagnetic quantum �eld ̂ y
e(z) is given by Eq. (3.22),

and the atomic operators ̂ y
p(z) and  ̂ y

s(z) are associated with the creation of a

spin-excitation of P and S at position z, respectively. The Hamiltonian of the

system is,

H =
Z

dz

0

B
B
B
B
B
B
@

 ̂ y
e

 ̂ y
p

 ̂ y
s

1

C
C
C
C
C
C
A

0

B
B
B
B
B
B
@

� ic@z g=2 0

g=2 � � � � s 
 c=2

0 
 c=2 � � s

1

C
C
C
C
C
C
A

0

B
B
B
B
B
B
@

 e

 p

 s

1

C
C
C
C
C
C
A

; (3.46)

where � + � s is the probe �eld single-photon detuning and� s is the two-photon

detuning.

It is also of importance to consider the e�ect of decoherence using the density

matrix operator � with the master equation in (3.6)-(3.7). However, the dynamics

evolution is simpli�ed in the limit where the probability of N + 1 excitations is

much lower than the probability ofN excitations (either atomic or photonic). This

condition is satis�ed when the number of excitations is limited by the few-photon

input �eld. Discarding the correlations betweenN and N + 1 by truncating the

Hilbert space to N excitations, and introducing the non-Hermitian Hamiltonian

H0:

H0 =

0

B
B
B
B
B
B
@

� ic@z g=2 0

g=2 � � � � s � i � =2 
 c=2

0 
 c=2 � � s � i
 s=2

1

C
C
C
C
C
C
A

; (3.47)

we �nd that the time evolution from the Schr•odinger equation usingH0 is equiv-

alent to the dynamics described by Eq. (3.6) [96]. The non-Hermitian part of the
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e�ective Hamiltonian (3.47), includes � the decay rate of jPi , and 
 s the decay

rate for jSi . Nevertheless, the use of this e�ective Hamiltonian is inappropriate

when considering dephasing (from mechanisms that decrease the coherence ele-

ments of � , but without decreasing the populations), and needs the full rigorous

approach using the Master equation. We assume that dephasing can be neglected

for the rest of this section.

It is convenient to rewrite Eq. (3.47) in momentum-space to calculate the

energy-dispersion relations of the eigenstates ofH0, where the momentumk �

� i@z. For simplicity, we also make the approximation
 s = 0 (this is a valid ap-

proximation since the typical time scales of the system are much shorter than
 � 1
s ).

The new eigenstates of the system consist of three branches of polaritons, which

are composed of the electromagnetic quantum �eld and atomic-spin excitations.

There are two bright polaritons indicated by the subscript� = � 1, and a dark

state polariton (DSP) with � = 0, the latter does not have contributions from the

lossyP-state and hence is called dark. These new �eld operators are

~ � (k) =
X

i = f e;P;Sg

U i
� (k) i (k)

whereU is the matrix that diagonalizesH0. Similarly the creation operators are

written as ~ y
� (k) =

P
i

�U i
� (k) ̂ y

i (k), here �U = U� 1.

The diagonalized Hamiltonian takes the form:

H0 =
X

� =0 ;� 1

� � (k) ~ y
� (k) ~ � (k) (3.48)

where � � denotes the energy spectrum of each of the polaritons branches. Fig-
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Figure 3.4: Real and imaginary parts of the dispersion relation for the
three polariton branches with no interactions. Upper bright state (blue),
lower bright state (green) and dark-sate polariton (black). (a) Real and (b) imagi-
nary components of the eigenenergies for the parameters (g � 104� ; 
 = 3 :9� ; � =
0; � r = 0) with single- and two-photon resonance. (c) Real and (d) imaginary
components of the eigenergies for (g � 104� ; 
 = 3 :9� ; � = 4:1� ; � r = 0). Around
k � 0, the DSP consists mainly of theS-spin-wave excitation with the real and
imaginary part of the energy� 0 ! 0. For larger momentum, the DSP photonic
part starts to dominate and experiences losses as it gets further away from the
resonant-EIT condition.

ure 3.4 shows the energy spectrum for di�erent set of parameters. Of particular

interest is the dispersion relation of the dark-state energy, for low momentum
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Figure 3.5: DSP polariton dispersion behavior for k � 0. The speed of
light in vacuum is indicated by the dark-grey vertical line. For low momenta
k � 0, the velocity at which the DSP propagates trough the medium is given by
vg = @!=@k(pink dashed line), and it is proportional to the slope of the dispersion.
Additionally, the dispersion has a quadratic contribution from the real component
of the massm (dotted-dashed light-blue line), which determines the curvature.
The curvature will be negative (positive) for� > 0 (� < 0).

(near the EIT-two-photon resonance) is given by,

� 0(k) = ~vgk +
~2k2

2m
: (3.49)

The behavior of this dispertion relation for low-momenta DSPs is illustrated in

Fig. 3.5, wherevg has a linear contribution, and the mass has a quadratic con-

tribution. As we found in the previous section,vg the group velocity, andm the

e�ective mass are de�ned as,

vg =

 2

c

g2 + 
 2
c
c m = � ~
 2

c

 2

c + g2

8� g2v2
g

; (3.50)

where, � = � + i � =2 is the complex detuning. More generally, by evaluating

the determinant Det[I! � H0], we can also obtain the dispersion relation for the

55



momentum as a function of the energy:

ck(! ) = !
�

1 +
g2(1 + � s=! )

4(� + � s + ! )( ! + � s) � 
 2
c

�
: (3.51)

where � s = � s + i
 s=2 is the two-photon complex detuning. From this relation,

we can obtain the general expressions for the group velocity and e�ective mass for

� s 6= 0 and 
 s 6= 0 are [97],

vg(! ) = c
�

@k
@!

� � 1

=
[4(! + � s)( ! + � + � s) � 
 2]2

g2(4(! + � s)2 + 
 2
c)

c (3.52)

1
m(! )

= � c2 @2k
@!2

�
@k
@!

� � 3

= �
8v2

g

4(! + � s)2 + 
 2
c

�
4(! + � s)3 + (� + � s + 2� s + 3! )
 2

c

4(! + � s)( ! + � + � s) � 
 2
(3.53)

Finally, we de�ne the characteristic energy scale of the system! c = min( j� j; 
 2
c=j4� j)

and the characteristic momentumkc = ! c=vg. These units are used to de�ne the

energy and momentum scale of Fig. 3.4.

3.4 Interacting Polaritons

The interaction between two Rydberg atoms has the following quartic form in

the one-dimensional limit,

H int =
1
2

Z
dz

Z
dz0 y

s(z) ̂ y
s(z

0)V(z � z0) s(z0) s(z); (3.54)

here,  y
s(z) is the bosonic �eld operator that creates as-excitation at position z,

and V(z) = C6=z6 is the interaction potential, where the van der Waals coe�cient

C6 determines the strength of the interaction.
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The scattering process due to the interaction in Eq. (3.54), where the total

energy~! , and center of mass momentum~K are conserved, can be described by

the T-matrix formalism. The only non-vanishing matrix elements of theT-matrix

correspond to the ones describing the interaction between Rydberg states. TheT-

matrix of the Rydberg states,Tkk 0(K; ! ) of two incoming polaritons with relative

momentum~k to two outgoing polaritons with relative momentum~k0 is given by

the recursive integral equation [96,98],

Tkk 0(K; ! ) = ~V(k � k0) +
Z

dq
2�

Tkq(K; ! )� q(K; ! ) ~V(q � k0); (3.55)

where ~V is the Fourier transform of the potential, and� q(K; ! ) is the Green's

propagator of the two polaritons:

� q(K; ! ) =
X

�;� 2f 0;� 1g

Sp
� Sp0

�

~! � � � (p) � � � (p0) + i�
(3.56)

Sp
� = �U�

s (p)Us
� (p) is the overlap of the� -branch polariton with the Rydberg state

at momentum p, with p = K=2 + q and p0 = K=2 � q. The full propagator

in Eq. (3.56) consists of terms with poles due to the propagation and scattering of

the polariton pair, and a term that accounts for the polariton saturation at large

momentum for q ! �1 ,

�� (! ) =
4� 2 + 6� ! + 2! 2 � 
 2

2(� + ! )( ! (2� + ! ) � 
 2
c)

; (3.57)

for a �nite two photon detuning � s 6= 0 and/or Rydberg decay rate 
 s 6= 0, then

! ! ! + 2� s. This saturation term renormalizes the van der Waals interaction
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Figure 3.6: Real and imaginary parts of the e�ective potential Ve� (r ). (a)
Real and imaginary components of the e�ective potential in the dissipative regime
for the parameters (C6 � 106� ; 
 = 3 :9� ; � = 0; � r = 0) with single- and two-
photon resonance. The real part shows the blockade e�ect with a potential barrier
around r = rb, and a large imaginary component inside the barrier. In addi-
tion, the e�ective mass is purely imaginary on-resonance. (b) Real and imaginary
components of the e�ective potential in the dispersive regime for the parameters
(C6 � 106� ; 
 = 3 :9� ; � = 4:1� ; � r = 0). Here, the mass is negative and the
e�ective interactions between polaritons are attractive. Note that the height of
the imaginary component of the potential is lower, and therefore, less lossy than
in the dissipative case.

potential to an e�ective potential,

Ve� (r ) =
V(r )

1 � �� (! )V(r )
; (3.58)

Ve� (r ) converges to� 1=�� (! ) as the relative coordinater = z � z0 � rb, whererb

is the blockade radius and is de�ned by the saturation term of the propagator as,

V(rb) =
C6

r 6
b

=
1

j �� (! )j
; (3.59)

here, 1=�� (! ) sets the relevant energy scale forrb. If the relative coordinater > r b,

the e�ective potential exhibits a long-range van der Waals tail. Note that �� (! )
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modi�es the attributes of the polaritons interaction for r < r b. Thus, by changing

the macroscopic parameters 
; �; � s, we can adjust the potential along with the

sign of the mass, so the interactions are repulsive or attractive, as well as the

dispersive and dissipative properties (see Fig. 3.6). Using the e�ective potential

reduces Eq. (3.55) for theT-matrix to:

Tkk 0 = ~Ve� (k � k0) +
Z

dq
2�

�� q(!; K ) ~Ve� (k � q)Tqk0; (3.60)

where �� q is the part of the propagator that contains the pole structure and its

analytical expression is in Ref. [98].

The two-Rydberg excitation wavefunction can be written in terms of theT-

matrix as,

' ss(r )V(r ) =
Z

dk0

2�
eik 0r Tkk 0: (3.61)

The full propagator and T-matrix allow us to calculate other properties from

the scattering process such as the scattering length [97{99], or the transition rate

� from the incoming to the outgoing states. The latter can be calculated using

Fermi's Golden Rule as,

� =
2�
~

jMj 2� (E); (3.62)

where � (E) is the density of �nal states, and M is the transition amplitude be-

tween the incoming states and the outgoing states. As we show in Chapter 8,

we use� to quantify the three-body scattering rate in a regime where weak in-

teractions and energy and momentum conservation allow for an enhancement of

resonant three-body loss.
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Chapter 4: Characterizing single-photon sources

Single photons are promising for encoding and communicating quantum infor-

mation as qubits, where the information can be stored in the quantum state of

the photon. There are many reasons why a single photon is an ideal candidate for

di�erent quantum information applications: its degrees of freedom can be easily

manipulated with high control; it can travel over long distances while interacting

weakly with the environment (reducing noise and loss of the information); and in

free-space, it travels at the maximal speed allowed by physical laws [1].

The realization of many quantum information protocols with photonic qubits

requires high quality single-photon sources. An ideal source would produce pho-

tons on-demand with 100% e�ciency at a high repetition rate, emitting one, and

only one photon at a time, and with all produced photons identical to each other.

Despite the numerous platforms used to build a single-photon source, an ideal

source is still lacking, and any imperfections hinder the �delity and practical-

ity for scaling quantum information protocols. In this context, it is crucial to

characterize the properties of a single-photon source: e�ciency, repetition rate,

multi-photon suppression, and indistinguishability.

Single-photon detectors are the basis for nearly all photon-based quantum mea-

surement schemes. However, since single-photon detectors display non-ideal prop-

erties such as dark counts, after-pulsing, dead time, non-linearities, and limited
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single-photon detection e�ciency, one has to take into account these features to

obtain an accurate measurement of the single-photon source e�ciency and gen-

eration rate [1, 100]. Since most quantum information applications require single

photons in a single mode, in this thesis, we consider the �bered brightness [101]

or �bered e�ciency as the relevant measurement to characterize the probability of

obtaining a photon in a single transversal spatial mode with a single polarization

mode.

The multi-photon emission is described by the photon-number distribution of

the source. A photon-number-resolving detector can measure the photon-number

distribution, but this kind of detector is not widely commercially available. By

far the most common measurement for multi-photon emission probability is done

by characterizing the second-order autocorrelation functiong(2) of the produced

light using click/no-click detectors, which yield the same result for one or more

photons.

The �delity or purity of the quantum state of a photon can be reconstructed

from the Wigner function for a single-photon Fock state [102]; however, this pro-

cedure is involved and susceptible to losses. The indistinguishability characterizes

if the photon is in a statistical mixture or in a pure state with a single spectro-

temporal, spatial and polarization mode. The most prevalent scheme to quan-

tify the indistinguishability is by measuring the visibility of the Hong-Ou-Mandel

(HOM) interference1. In the particular case of time-resolved HOM-interference, it

also provides a measure of the temporal coherence or coalescence of the interfering

photons [104,105].

1A recent work [103] proposes a scheme where the e�ciency, the multi-photon component and
the indistinguishability of a single photon source are determined by using two photon-number
resolving detectors in a single measurement.
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In this Chapter, we review the most commonly used schemes to characterize

a single-photon source. First, we discuss the measurement outcome when us-

ing click/no-click detectors. Next, we examine the de�nition and properties of

the second-order correlation function. Then, we analyze the quantum mechan-

ical description of a beamsplitter with single-photons to deriveg(2) and HOM-

interference. The discussion of this material is based mainly on References [100,

106{108].

Finally, we conclude by introducing metrics to describe the probability, rate,

and �delity of producing a single photon in a fully single mode (spectral, tempo-

ral, spatial, and polarization). The purpose of these metrics is to benchmark the

performance of on-demand single-photon sources for quantum information proto-

cols that require single photons in a fully single mode. They are de�ned in terms

of the �bered e�ciency, repetition rate, multi-photon emission suppression, and

indistinguishability.

4.1 Source E�ciency, Generation Rate, and Detection

The source e�ciency P is de�ned as the joint probability that the source

generates one or more photonsPg, along with the probability Pt that these photons

are transmitted to the detection system at any given time:

P = PgPt : (4.1)

where Pt includes the optical losses such as absorption/re
ection from optical

collection elements and/or �ber coupling (but not detection losses), since any
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component that �lters the photon (either in frequency or spatially) is considered

part of the source. In particular for pulsed sources,P is the photon probability

within a pulse; here the e�ective source rateRe� in terms of the pulse rateRp is:

Re� = PRp: (4.2)

A careful analysis is required, to take into account the properties of the detec-

tion system while characterizing the source e�ciency. Let us start by representing

the photon states generated from a light source with the density matrix operator

in the basis of the number states (Fock states) [100]:

�̂ =
X

n

Pn jnihnj (4.3)

wherePn is the probability that the �eld is in the number state jni , and is given

by,

Pn = Tr f �̂ jnihnjg = hnj�̂ jni : (4.4)

The probabilities Pn are in the diagonal elements of� in this basis, which satisfy

the condition,
1X

n=0

Tr f �̂ g = 1: (4.5)

The mean photon number of the source is found by taking the trace:

�n = Tr f �̂ n̂g =
1X

n=0

nPn : (4.6)

For a good single-photon source, the probability that the output �eld occupies a
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single photon number-state should be much greater than the probability of the

�eld occupying higher-number statesP1 � Pn> 1.

The measurement of the diagonal elements of ^� depends on the type and de-

tection e�ciency of the photon-counting device. The outcome of the measurement

will be di�erent if it is done with a photon-number resolving (PNR) detector or

a click/no-click detector. In the absence of losses, dark-counts, or afterpulsing,

a PNR detector can identify the photon number state, whereas a click/no-click

detector can only discriminate between zero and non-zero photon number states.

For the rest of the discussion, we assume that the detector has not dark-counts or

after pulsing, but has a single-photon detection e�ciency less than one.

We use the POVM (Positive-Operator-Valued Measure) operator to describe

the measurement of ^� with a particular detection system. The POVM ^� m in the

number-state basis is de�ned as [100],

�̂ m =
1X

n= m

P(mjn) jnihnj ; (4.7)

where P(mjn) is the conditional probability of detecting m photons given that

the input state has n photons. We trace ^� m to obtain the measured probability

of detecting m photons:

Pmeas = Tr f �̂ �̂ mg =
1X

n= m

P(mjn)Pn : (4.8)

For a click/no-click photon counting device with detection e�ciency � det , the
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POVM for a \no-click" or null event outcome is [109],

�̂ 0 =
1X

n=0

(1 � � det)n jnihnj ; (4.9)

and the POVM for a click detection event is:

�̂ 1 =
1X

n=1

[1 � (1 � � det)n ] jnihnj ; (4.10)

where the conditional probabilities areP(no-clickjn) = (1 � � det)n and P(clickjn) =

[1 � (1 � � det)n ]. The de�nition of the POVM for a PNR detector is in Refs. [100,

109].

Tracing Eq. (4.10) we get that the measured probability of detecting the output

of a light source is given by,

Pmeas = � det [P1 + (2 � � det)P2 + (3 + � det(� det � 3))P3 + � � � ] : (4.11)

When � det ! 1, the measured probability is the source e�ciency. If� det < 1,

we can not simply extract the single-photon source e�ciency asP1 = Pmeas=� det ,

except when the probability of multi-photon states are negligibly smallP1 � Pn> 1.

4.2 Correlation functions

Correlation functions give a measure of the coherence and 
uctuations of an

electromagnetic �eld, yielding important bounds about the properties and statis-

tics of both classical and quantum light sources. The theory of optical coherence

was originally developed in the �fties and sixties by Wolf and Glauber [110,111].
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The n-th normalized auto-correlation function characterizes the degree of tem-

poral coherence of an electric �eld up to 2n time positions [108],

g(n)(t1; � � � ; tn ; t0
1; � � � ; t0

n ) =
hE � (t1) : : : E � (tn )E(t0

n ) : : : E(t0
1)i

Q n
i =1 hE � (t i )E(t i )i

; (4.12)

whereE �
i (t) is the complex conjugate ofE i (t) at a given time t, and the braceshi

indicate a time average. The most general form of Eq. (4.12) can also depend on

spatial coordinates and measure the correlation betweenn di�erent �elds. How-

ever, we will focus only in the time variable and auto-correlation function for the

rest of the discussion.

The �rst-order auto correlation function, n = 1 is related to the change in the

visibility obtained from interfering the �eld at two di�erent points in time t1 and

t0
1, where� = t0

1 � t1:

g(1) (� ) =
hE � (t)E(t + � )i

hE � (t)E(t)i
; (4.13)

since g(1) (� ) characterizes the temporal coherence and 
uctuations of the �eld

itself, it requires an interferometer (such a Mach-Zehnder) where it is possible to

get a time delay that generates a relative phase change in the electric �elds.

Higher-order correlation functions involve intensity and not �eld measure-

ments. An array of n � 1 beamspitters (BS) that splits the light equally among

n detectors as shown in Fig. 4.1, can be used to characterize then-th correlation

function in a generalized Hanbury Brown and Twiss (HBT) interferometer.

The second-order correlation function is a conditional measurement, which

gives the conditional probability of a detection event at a timet + � given a de-

tection event at t. However, this correlation function evaluated at zero time delay
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Figure 4.1: Interferometer con�guration to measure the n-th correlation
function g(n) . (a) Standard HBT interferometer used to measureg(2) (0). (b)
The light is split equally with n � 1 BS amongn detectors in a generalized HBT
interferometer.

� = 0 is of particular interest, since it characterizes the statistical properties of an

electromagnetic �eld by measuring its intensity 
uctuations. These 
uctuations

are dictated by the variance, so we can infer the classical or quantum nature of

a light source by identifying its statistics: super-Poissonian (classical), Poissonian

(coherent), or sub-Poissonian (quantum).

It also provides a measure of the multiphoton-emission probability for a single-

photon source when measuring with click/no-click detectors. Due to the opera-

tional mode of these detectors, every instance there is photodetection event, there

is a �nite time where the detector cannot respond to subsequent photons [1], this

time is know as \dead time". As a result, click/no-click detectors are unable to

discriminate between one or multiple photon events occurring in a time interval

shorter than the dead time, so two or more detectors are needed to characterize

the multiphoton-emission probability with g(2) (0).

Finally, in the context of Rydberg-EIT, the n-correlation function can provide

information about the dynamics and the nature of the interactions forn-polaritons

in the atomic medium, as discussed in Chapter 8.
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4.2.1 Classical �elds

The second-order correlation function for a stationary classical �eld is given

by,

g(2) (� ) =
hI (t)I (t + � )i

�I 2
; (4.14)

where the intensity I (t) = E � (t)E(t), and �I = hI (t)i is the time-average intensity.

Note that g(2) (� ) is even since the intensity is real and positive:

g(2) (� ) = g(2) (� � ):

The correlation function typically converges to one for long enough delays,

since the �eld is not correlated with itself at long delay times. The time scale

whereg(2) (� c) ! 1 determines the coherence time of the light.

Sinceg(2) (0) provides the relevant information to characterize a light source

by its statistical properties [108], let us rewrite Eq. (4.14) at� = 0, in terms of

the intensity 
uctuations � (t) = I (t) � �I ,

g(2) (0) = 1 +
h� (t)2i

�I 2
; (4.15)

where the average 
uctuationsh� (t)i = 0. Necessarily the quantity h� (t)2i � 0,

and

g(2) (0) � 1: (4.16)
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This equation is equivalent to the Cauchy-Schwarz inequality:

hAB i 2 �


A2

� 

B 2

�
; (4.17)

which we can expand for� 6= 0

hI (t)I (t + � )i 2 �


I (t)2

� 

I (t + � )2

�
;

for stationary systemshI (t)2i = hI (t + � )2i . The inequality becomeshI (t)I (t + � )i �

hI (t)2i [107], yielding to

g(2) (� ) � g(2) (0): (4.18)

The inequalities in Eqs. (4.16) and (4.18) are always satis�ed for classical light

sources such as thermal light and coherent light, withg(2) (0) = 2 and g(2) (0) = 1,

respectively.

4.2.2 Quantized �elds

We use the bosonic creation and annihilation operators to describe the quan-

tized electromagnetic �eld. Without loss of generality, let us assume that the

electric �eld operator is well de�ned in a single mode of frequency! :

Ê y = âye� i!t Ê (t) = âei!t : (4.19)
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The second order correlation function in terms of the creation and annihilation

operators is given by,

g(2) (� ) =



ây(t)ây(t + � )â(t + � )â(t)

�

ĥay(t)â(t)i hây(t + � )â(t + � )i
; (4.20)

where it is written in the normal and time ordering of the operators. Using the

number operatorn̂ = âyâ, and the commutation relation

�
â; ây

�
= 1; (4.21)

it is possible to de�ne g(2) (� = 0) as a function of the number operator2,

g(2) (0) =
ĥn(t)( n̂(t) � 1)i

ĥn(t)i 2 : (4.22)

Rewriting the correlation function in terms of the variance� 2
n = hn2i � �n2, where

�n is the mean photon number, Eq. (4.22) becomes,

g(2) (0) = 1 +
� 2

n � �n
�n2

: (4.23)

It is possible to get g(2) (0) < 1 for �elds with a distribution where the mean

photon number is greater than the variance �n > � 2
n . Non-classical light can vi-

olate the Cauchy-Schwartz inequality in (4.16) de�ned for classical �elds. Note

that g(2) (� ! 1 ) = 1 is true for any stationary �elds. For quantum �elds, the

inequality (4.18) can also be violated.

2This de�nition is only satis�ed at � = 0 , becauseâ; ây do not commute with each other, we
cannot rewrite the numerator of Eq. (4.20) asĥn(t)n̂(t + � )i
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For example, number states are the eigenstates of the operator ^n, and consti-

tute a complete set for a single mode �eld [106]. Since there is no uncertainty

in the photon number, the variance vanishes� 2
n = 0, the second-order correlation

function for number states takes the form,

g(2) (0) = 1 �
1
n

; (4.24)

which exhibits anti-bunching with g(2) (0) < 1 and ag(2) (� ) > g (2) (0), which is in

complete contradiction with Eq. (4.16) and (4.18).

In particular, for a single-photon state in a pure state where �n = 1, we �nd

g(2) (0) = 0, which is a lower bound ong(2) (0) for non-classical light. At zero time

delay, the second-order correlation function is also a measure of the multi-photon

nature of a light source. For this reason,g(2) (� = 0) is an important metric that

determines the quality of a single-photon source.

Note that Eq. (4.23) is not limited to the description of non-classical states.

Table 4.1 shows the statistical properties andg(2) for thermal (classical), coherent

(semi-classical) and number states (quantum).

States Statistics P(n) � 2
n g(2) (0)

Thermal Super-Poissonian 1
�n+1

�
�n

�n+1

� n
�n + �n2 2

Coherent Poissonian �n
n!e

� �n �n 1

Number (n = 1) Sub-Poissonian 1 0 0

Table 4.1: Probability distribution P(n), variance � 2
n and g(2) for di�erent

classical and non-classical states of light.

We can relate the photon-number probabilitiesPn to g(2) (0), by using the
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density matrix operator de�ned in (4.3), and the equations (4.22) and (4.6) as,

g(2) (0) =
Tr f �̂ n̂(n̂ � 1)g

Tr f �̂ n̂g2 (4.25)

=
P 1

n=0 n(n � 1)Pn

�n2
: (4.26)

For a photon source whereP1 � P2 � Pn> 2, Eq. (4.26) becomes,

g(2) (0) �
2P2

P2
1

; (4.27)

g(2) (0) provides a direct measure of the multi-photon probability for single-photon

sources.

4.3 A photon and a beamsplitter

Figure 4.2 shows a basic setup with two click/no-click detectors after the out-

put ports of a beamsplitter to characterizeg(2) (0) and the indistinguishability.

Both characterizations require to measure the conditional probability of one de-

tector registering an event given that the other detector registers another event

simultaneously.

The relation between the inputs and outputs of a beamsplitter is given by the

scattering matrix S as [112],

S =

0

B
B
@

t1 r2ei� 2

r1ei� 1 t2

1

C
C
A ; (4.28)

where r1 (r2), t1 (t2), without loss of generality are the real re
ection and trans-
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Figure 4.2: Setup schematic to characterize g(2) (0) and HOM-visibility.
(a) Standard HBT interferometer, if a single photon is incident at port one, and
the vacuum state is in port 2. The single photon can only exit one output path
at a time. (b) HOM-interferometer, two photons are incident at each BS port. If
both photons are indistinguishable, both photons will exit the same port.

mission amplitudes with a relative phase� 1 (� 2) for port 1 (2) as shown in Fig. 4.2.

In terms of the creation and annihilation bosonic operators, and ignoring any

frequency dependence of the re
ection/transmission amplitudes, the input-output

(BS) relation is: 0

B
B
@

â3

â4

1

C
C
A =

0

B
B
@

t1 r2ei� 2

r1ei� 1 t2

1

C
C
A

0

B
B
@

â1

â2

1

C
C
A ; (4.29)

here ây
i (âi ) creates (annihilates) a photon in thei -port of the BS. In the most

general case, the scattering matrix,S, is not symmetric and/or unitary. The non-

unitarity is characteristic of a lossy BS, where the total energy of the output �elds

is lower than the energy of the input �elds, and the following inequality holds:

p
T1R2 + R1T2 + 2t1r1t2r2 cos� �

p
(1 � T1 � R1)(1 � T2 � R2); (4.30)

where Ti = t2
i , Ri = r 2

i are the transmission and re
ection coe�cients, and� =

� 1 + � 2 is constrained by energy conservation. The phase� can have an important

e�ect on two-photon interference by setting an upper-bound on the visibility if

� 6= � (assumingg(2) is negligibly small) [112]. For the following discussion we
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assume� = � .

Using Eq. (4.29), we can write the BS input-output relations in terms of the

number operators as,

n̂3 = T1n̂1 + r1t2(ei� 2 â1ây
2 + e� i� 2 â1ây

2) + R2n̂2; (4.31)

n̂4 = R1n̂1 + t1r2(ei� 1 â1ây
2 + e� i� 1 â1ây

2) + T2n̂2; : (4.32)

In the case for a lossless BS the photon number is conserved ^n3 + n̂4 = n̂1 + n̂2, this

is equivalent as energy conservation for classical �elds. The cross term is ^n3n̂4:

n̂3n̂4 = T1R1n̂1

�
n̂1 �

t2r2

t1r1

�
+ T2R2n̂2

�
n̂2 �

t1r1

t2r2

�
(4.33)

+ ( T1T2 + R1R2 � 2t1r1t2r2)n̂1n̂2

� T1R1n̂1(n̂1 � 1) + T2R2n̂2(n̂2 � 1)

+ ( T1T2 + R1R2 � 2t1r1t2r2)n̂1n̂2; (4.34)

where we assumet1r1 � t2r2 in the approximation of Eq. (4.33).

It follows that the normalized probability for a simultaneous coincidence event

at the detectors is

PN (13; 14) =
ĥn3n̂4i

ĥn3i hn̂4i
; (4.35)

where the value ofPN (13; 14) will depend on the initial state at the input ports of

the BS. Let us consider the state where the vacuum state is at port 2, and there

are at most two photons at port 1, where the probability of a single photon is

much great than the probability of a photon pairP1 � P2. The density matrix of

74



this state is

�̂ in = P0 j01; 02ih01; 02j + P1 j11; 02ih11; 02j + P2 j21; 02ih21; 02j ; (4.36)

whereP0 = 1 � P1 � P2 is the probability of the vacuum state occupation.

The normalized coincidence probabilityPN (13; 14) for �̂ in is,

PN (13; 14) =
Tr f �̂ in n̂3n̂4g

Tr f �̂ in n̂3gTr f �̂ in n̂4g
(4.37)

=
T1R1 Tr f �̂ in n̂1(n̂1 � 1)g

T1[Tr f �̂ in n̂1g]R1[Tr f �̂ in n̂1g]
(4.38)

=
2P2

P2
1

; (4.39)

where the only non-zero elements correspond to the operators ^n1 and n̂1(n̂1 � 1).

Note the equivalence between Eq. (4.38) and (4.25), and Eq. (4.39) and (4.27).

4.4 Indistinguishability

The indistinguishability characterizes the similarity of the spectro-temporal,

spatial, and polarization mode between two photons. This characterization can

be done for photons from di�erent sources or two subsequent photons from the

same source. The indistinguishability is determined by measuring the visibility

of the Hong-Ou-Mandel (HOM) interference, which is a quantum phenomenon

that is observed for identical particles. If two indistinguishable photons arrive

simultaneously, one at each input port of an ideal 50:50 BS, then the photonic

�elds constructively interfere if they exit the same output port, and destructively

interfere when they take opposite paths.
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An HOM-interferometer is shown in Figure 4.2 (b), where two incident photons

are spatially and temporally overlapped at a 50:50 BS, and there is one detector

at each output port. The two-photon interference is characterized by the absence

of simultaneous coincidence between the two detectors. If both photons are iden-

tical to each other, then the coincidence probability vanishes. In contrast, if the

photons are distinguishable, there is a 50% probability of a coincidence that cor-

responds to the classical limit. The HOM-visibility is obtained by comparing the

coincidence probability when the photons are in the same modes, and when they

are in orthogonal modes after the beam splitter.

An input state j11; 12i , where the photon at input 1 is identical to the photon

at the input 2 of an ideal 50:50 BS, becomes the following output state after

HOM-interference

j11; 12i !
1

p
2

(j23; 04i + j03; 24i ) (4.40)

where we used Eq. (4.29). In this case, the probability of a coincidence detection

is zero and the HOM visibility is one. However, the following factors reduce the

visibility from its maximum value [100]:

� one or both photons are not in the same spectro-temporal, spatial and po-

larization mode,

� there is more than one photon at either BS input port,

� an imperfect 50:50 BS.

Let us analyze the e�ect of the last two conditions: multi-photon events and

imperfect BS. Assuming that the probability of states with more than two photons

is negligible and that the probability of a single photonP1, and the probability of
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two photonsP2 are the same at both input ports, the incoming state is represented

by the density matrix:

�̂ in = P0 j01; 02ih01; 02j + P1 j11; 02ih11; 02j + P1 j01; 12ih01; 12j

+ P2
1 j11; 12ih11; 12j + P2 j21; 02ih21; 02j + P2 j01; 22ih01; 22j :

(4.41)

Using Eq. (4.33), we �nd that the coincidence probabilityP(13; 14) for �̂ in is

P(13; 14) � Tr f �̂ in n̂3n̂4g

� Tr f �̂ in [T1R1n̂1(n̂1 � 1) + T2R2n̂2(n̂2 � 1)

+ ( T1T2 + R1R2 � 2t1r1t2r2)n̂1n̂2]g

= ( T1R1 + T2R2)2P2 + ( T1T2 + R1R2 � 2ct1r1t2r2)P2
1 ;

(4.42)

wherec is the mode overlap in all degrees of freedom of the two incident photons,

and it is present in the term where the photons exit the same output port of the

BS. Here, the mode overlap is the parameter that describes the indistinguishability

obtained from a HOM-interference measurement, and its value can range from zero

to one.

Following the assumption that the probability of states with more than two

photons is negligible, we use Eq. (4.27), and rewrite the two-photon probability

as P2 � g(2) (0)P2
1 =2. The coincidence probability becomes:

P(13; 14) �
�
T1T2 + R1R2 + ( T1R1 + T2R2)g(2) (0) � 2ct1r1t2r2

�
P2

1 : (4.43)

We determine the visibility by comparing the coincidence probability when

both photons have the same polarization, and when both photons are in di�erent
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polarization states (a convenient way to switch between indistinguishable and fully

indistinguishable photons). For the more general case, where the BS coe�cients

are not the same for the orthogonal polarizations,H , and V, the HOM-visibility

V is

V =
P(13; 14)HV

�
�
c=0

� P(13; 14)HH

�
�
c= c

P(13; 14)HV

�
�
c=0

(4.44)

=
�
T1V T2H + R1V R2H � T1H T2H � R1H R2H

+ ( T1V R1V � T1H R1H )g(2) (0) + 2 ct1H r1H t2H r2H

�

�
�
T1V T2H + R1V R2H + ( T1V R1V + T2H R2H )g(2) (0)

� � 1

; (4.45)

where we assume that in the case ofP(13; 14)HV , the photon at port 1 has H -

polarization and the photon at port 2 hasV-polarization, similarly for P(13; 14)HH ,

both incoming photons haveH � polarization.

In the particular case of a BS with symmetric ports,T1 = T2 = T and, R1 =

R2 = R, the visibility reduces to:

V =
2c

T=R+ R=T + 2g(2) (0)
: (4.46)

If T = R = 1=2 and g(2) (0) = 0, then the visibility is equal to the incoming

photons mode overlapc.

4.4.1 Time-resolved two-photon quantum interference

So far, we have focused on the probability of coincidence for� = 0. In this

section following the discussion from Ref. [104], we analyze the time dependence
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of the joint probability of detecting a photon in port 4 at time t0 + � , conditioned

on the detection of a photon in port 3 at a timet0. The �eld associated with the

incoming wave functions of the photons at port 1 and 2 of the BS are de�ned as,

Ê1(t) = � 1(t)e� i! 1 t â1 Ê y
1(t) = � 2(t)ei! 1 t ây

1; (4.47)

Ê2(t) = � 2(t)e� i! 2 t â2 Ê y
2(t) = � 2(t)ei! 2 t ây

2: (4.48)

where we assume that both photons have the same spatial and polarization mode.

Using the input-output relations in Eq. (4.29) for an ideal 50:50 BS:

Ê3(t) =
1

p
2

[Ê1(t) + i Ê2(t)]

=
1

p
2

[� 1(t)â1 + i� 2(t)â2]

Ê4(t) =
1

p
2

[i Ê1(t) + Ê2(t)]

=
1

p
2

[i� 1(t)â1 + � 2(t)â2];

(4.49)

here, � i = � i (t)ei! i t are the temporal mode functions. The coincidence probability

for the input state j11; 12i = ây
1ây

2 j0i is given by,

P13 ;14 (t0; � ) = h11; 12jÊ y
3(t0)Ê y

4(t0 + � )Ê4(t0 + � )Ê3(t0)j11; 12i

=
1
4

j� 1(t0 + � )� 2(t0) � � 2(t0 + � )� 1(t0)j2:

(4.50)

The instantaneous joint probability P13 ;14 (t0; � = 0) vanishes, no matter how di�er-

ent the temporal mode or the frequency of each photon. By integrating Eq. (4.50)
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over all possible values oft0, we obtain the joint probability as a function of � :

P13 ;14 (� ) =
1
4

Z
dt0j� 1(t0 + � )� 2(t0) � � 2(t0 + � )� 1(t0)j2; (4.51)

thus, the width �t HOM of the temporal envelope ofP13 ;14 (� ) is determined by

the convolution of the amplitudes� i (t). Moreover, if the photons have di�erent

frequencies, quantum beats with frequency�! = ! 2 � ! 1 also arise modulating

the envelope ofP13 ;14 (� ). To illustrate this, let us consider a Gaussian amplitude

for the photon wave packet as

� i (t) =
1

(2� )
1
4 � i

e
� ( t � t i ) 2

4� 2
i e� i! i t : (4.52)

Using Eq. (4.51) and integrating over all possible values oft1 or t2, the coincidence

probability becomes

P13 ;14 (� ) =
1
2

 

1 � e
� 1

8

�
1

� 2
1

+ 1
� 2

2

�
� 2

cos�!�

!

: (4.53)

Figure 4.3 shows thatP13 ;14 (� = 0) ! 0 in Eq. (4.53) for photons with di�erent

temporal modes and frequencies.

In practice, detectors have a �nite temporal resolution�t res, and measuring

P13 ;14 (� = 0) ! 0 or quantum beats, require that the detectors resolution is the

smallest time scale of the system�t HOM � �t res, and 1=�! � �t res. If this condition

is satis�ed, then both photons are indistinguishable by projecting them in the same

spectro-temporal mode for a time-bin�t res. However, these observations become

challenging for short pulses or large frequency di�erences even if the temporal
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Figure 4.3: HOM-dip for di�erent photon wave packets. The HOM-width
is determined by� 1; � 2 and �! .

resolution of the detector is short enough, since the integration time for a su�cient

signal to noise ratio forP13 ;14 (� ) is inversely proportional to �t res.

4.5 Fully single-mode e�ciency, brightness, and �delity

Optical quantum information schemes are susceptible to errors if they are not

implemented with highly pure and indistinguishable single photons. In addition,

scaling up quantum information protocols requires high generation e�ciency, since

any ine�ciency leads to an exponential decrease of the success probability with

system size. Finally, the rate of single-photon production provides a limitation on

the practicality of any protocol. To that end, we de�ne three metrics that quantify

these properties:F , the single-photon �delity, which is the fraction of emission

that consists of a single photon in a single spectral, temporal, polarization, and

spatial mode; P sm
1 , the probability of generating a single photon in the desired

mode; andR, the fully single-mode rate, which is the rate of photon production

in the desired mode.
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Assuming that the probability of multi-photon events greater than two is neg-

ligible, the only outcomes from a source are: single photons in the desired mode

with probability P sm
1 , single photons in an undesirable mode with probabilityP0

1,

two photons in any mode with probability P2, and null events with probability

P0. Experimentally, the following quantities are measured: the detector-corrected

�bered e�ciency P; the HOM visibility, V; and the second-order autocorrelation

function, g(2) (0). These are given by:

P =
1 � P0

� det
� P sm

1 + P0
1 + (2 � � det)P2; (4.54)

V =
P sm

1

P sm
1 + P0

1
; (4.55)

g(2) (0) �
2P2

(P sm
1 + P0

1)2
: (4.56)

Here we used Eq. (4.11), where we have assumed that the measurements are taken

with standard click/no-click detectors with e�ciency � det . In Eq. (4.55) we have

assumed that the visibility V is corrected for multi-photon events (see Eq. (4.45)).

Solving the system of equations forP sm
1 to second order ing(2) (0), we get the

fully single-mode e�ciency:

P sm
1 = PV

�
1 �

Pg(2) (0)
2

(2 � � det)
�
1 � Pg(2) (0)(2 � � det)

�
�

: (4.57)

This �gure of merit characterizes the e�ciency of a fully single-mode single-photon

source, including the spectro-temporal coherence measured from the HOM visibil-

ity. For many quantum information applications that demand pure indistinguish-

able single photons, the success probability scales withP sm
1 rather than other

commonly reported metrics, such as the �bered e�ciency,P.
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We report the source fully single-mode single-photon rate asR = Re� P sm
1 ,

whereRe� is the clock rate weighted by the experimental duty cycle. Apart from

source rate, the fraction of emission in the desirable mode, quanti�ed by the �delity

F , also matters for applications:

F = 1 �
P0

1 + P2

P
=

P sm
1

P
: (4.58)

4.5.1 On-demand single-photon sources performance

Figure 4.4 showsP sm
1 , F , andR for a sample of di�erent single-photon sources3.

The sources considered are listed in Table 4.2 and in Table 4.3, for solid-state-based

sources, and atomic-based sources respectively. In this data collection, we used the

quoted � det to determine the detector corrected e�ciencyP, but assumed� det = 1

in Eq. (4.57) to obtain P sm
1 . Thus, for sources with a non-negligibleg(2) (0), P sm

1 is

an upper bound. Narrow-bandwidth sources naturally compatible with coherent

atomic systems are indicated with �lled symbols in Fig. 4.4.

Type Ref
R
(MHz)

P V g(2) (0) P sm
1

R � 106

(s� 1)
F

SPDC [113] 76 � 0.01 0.91 0.09 0.009 0.69 0.910
SPDC [114] 80 0.049 0.962 0.03 0.047 3.74 0.961
MUX [115] 10 � 0.002 0.91 � 0.2 0.002 0.02 0.910
MUX [116] 0.5 0.667 0.91 0.269 0.562 0.28 0.843
QD [117] 82 � 0.02 0.996 0.0028 0.020 1.63 0.996

QD
[118]

80 � 0:08 0.7 0.013 0.056 4.47 0.699

QD [119] 76 0.337 0.93 0.027 0.312 23.71 0.926
QD [120] 76 0.10 0.94 0.006 0.094 7.14 0.940
QD [121] 76 0.24 0.975 0.025 0.233 17.77 0.972
QD [122] 81 0.11 0.92 0.05 0.101 8.17 0.918

Table 4.2: Performance of solid state single-photon sources. Spontaneous
parametric down conversion (SPDC), multiplexed-heralded-single-photon source
(MUX) and, quantum dot (QD). Values estimated from available data.

3There are much more sources in the literature, but we concentrated on those that reported
su�cient measurements to calculate P sm

1 , R and F
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Figure 4.4: Performance of a sample from di�erent single-photon
sources. Solid-state systems considered are spontaneous parametric down-
conversion (SPDC) [113, 114], multiplexed-heralded-single-photon source (MUX-
HSPS) [115, 116] and quantum dots (QD) [117{122]. Atomic systems considered
are single atoms in free space [15,123], atoms in cavities [124{127], and Rydberg is
the source developed in this thesis work and detailed in Chapter 6. (a) FidelityF
vs. fully single-mode single-photon e�ciencyP sm

1 . (b) Single-mode single-photon
rate R vs. fully single-mode single-photon e�ciencyP sm

1 .
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Type Ref
Duty
Cycle
(%)

R
(MHz)

P V g(2) (0) P sm
1

R �
103

(s� 1)
F

Yb ion [123] 80 8 0.003 0.86 � 10� 3 0.003 18.16 0.860
Rb Atom [15] 33 0.052 0.003 0.9 � 10� 3 0.003 0.05 0.899
Ensemble
in
cavity

[124] � 1:8 0.05 0.08 0.9 0.05 0.072 0.06 0.898

Atom in
cavity

[125] � 2 0.7 0.2 0.7 � 10� 2 0.140 1.96 0.699

Atom in
cavity [126]

0.1 1 0.21 0.87 0.02 0.182 0.18 0.868

Atom in
cavity [127]

100 0.01 0.39 0.64 0.02 0.249 2.49 0.637

Rydberg � 60 0.2 0.100 0.982 5 � 10� 4 0.098 11.8 0.982
Rydberg � 60 0.5 0.4 0.99 � 10� 4 � 0:4 120 0.99

Table 4.3: Performance of di�erent atomic single-photon sources. HereR
is weighted by the duty cycle of operation. Values estimated from available data.
� Rydberg source developed in this thesis work see Chapter 6 for details.

As is evident from Fig. 4.4 and Table 4.2- 4.3 that show the wide variety of per-

formance from di�erent sources, an ideal single-photon source is still lacking, there

are sources that have developed a high quality in one parameter while compromis-

ing in another. This is in general the case for solid-state sources where �delity can

be compromised for e�ciency, although quantum dots have increasingly improved

over the years to decrease this trade-o� [101].

The main limitation for atomic sources is their rate due to their narrow band-

width. As there is a deeper understanding of dephasing mechanisms hindering �-

delity, with better cooling and manipulation techniques and enhanced light-matter

coupling, we can also expect improvement for atomic sources.
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Chapter 5: Experimental Apparatus

This chapter describes the design and implementation of the experimental

apparatus to produce87Rb cold Rydberg ensembles for the experiments reported

in Chapter 6 to Chapter 8. The design was based on previous setups investigating

Rydberg interactions in dense cold-atomic mediums [63,75,80].

First, we discuss the physical requirements to study Rydberg atoms. The

second section describes the vacuum system components, along with the in-vacuum

elements to coherently manipulate Rydberg atoms with �ne control. The last

section outlines the experimental sequence and details of all the di�erent parts

and systems to probe Rydberg interactions in a cold atomic medium.

5.1 Experimental requirements

As discussed in Chapter 3, the collective coupling strength scales with
p

OD,

and we require a dense atomic medium where the van der Waals interaction among

the Rydberg atoms is the largest energy scale dominating over dephasing mecha-

nisms such as Doppler broadening. These conditions allow us to observe quantum

nonlinearities, interacting slow-light polaritons, or collective spin-wave excitations.

High optical densities improve the collective coupling of the probe light with

the atoms. The ratio of the resonant absorption length of the mediumla = 1=(�� 0)

to the blockade radius measures the interaction strength, parametrized by ODb =
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rb=la. Typically strong Rydberg interactions occur for ODb > 1.

Dephasing between the ground-state and Rydberg-states and Doppler broad-

ening can reduce the range and coherence of the blockade e�ect by canceling the

energy shift from Rydberg interactions. Low temperatures allow us to dimin-

ish dephasing due to motional dynamics, largely neglect the motional degrees of

freedom, and coherently manipulate the internal state of the atoms.

Using standard laser cooling and trapping techniques, we produce dense cold

ensembles of87Rb atoms, reaching densities� � 1012 cm� 3 with mean temper-

atures of � 10 � K in an optical dipole trap. This con�guration allows us to

investigate the dispersive and dissipative dynamics of Rydberg interactions. Fur-

thermore, we can modify the dipole trap geometry to study di�erent regimes. For

example, single-photon generation requires a single Rydberg spin-wave excitation,

which is achieved in a fully blockaded ensemble, where the blockade volume is

larger than the trapped atom cloud. On the other hand, probing few-body physics

involves investigating the interactions of multiple Rydberg excitations inside an

elongated atomic medium with longer interaction times.

Throughout this thesis, we study the longitudinal nature of the interactions, re-

ducing the dimensionality of the system by focusing the probe waist much smaller

than the blockade radius over the length of the cloud.

5.2 Vacuum system

The main components of our vacuum system are an ion pump, bellows con-

taining a natural Rb source, and various electrical feedthroughs that provide high-

voltage and low-voltage for the in-vacuum electrodes. Figure 5.2 shows all these
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Figure 5.1: Vacuum system components. (1) Stainless-steel spherical-octagon
chamber. (2) Ion-pump with magnetic shielding. (3) Metallic bellows containing
Rb ampule is connected to the cross with a zero-length reducer. (4) HV electrical
feedthroughs connected by CF multiplexer. (5) 9 pin D-Sub 2.75" CF feedthrough
for low voltage. Viewports with optical access are indicated by light-grey CF

anges.

components are connected through crosses to the main chamber. An all-metal

gate valve lies behind the ion pump (not shown), which was used for the initial

pumping of the system.

The main chamber is a Kimball Physics spherical octagon compatible with

knife-edge con
at CF components for ultra-high vacuum (UHV). It is made of

316L non-magnetic stainless steel (ss) with 8" of inner diameter, 8" CF 
anges on

top and bottom, and eight 2.75" CF 
anges. All of these ports have optical access
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