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Chapter 1: Introduction

Causal Inference is a widely used technique in �elds such as economics, biomedical stud-

ies, behavior science, and political science. Its goal is to determine the actual effect of or more

causal variables (often referred to as treatments) on outcomes of interest. The primary challenge

in causal inference is identifying the true causal effect in real-world applications, where other

factors—such as confounding—can complicate the relationship. Researchers from various dis-

ciplines, including statistics [4], epidemiology [5], econometrics [6], and computer science [7],

have developed different methods to address these challenges. In statistics, causal inference has

been a signi�cant area of research over the past half-century (see a review in 8).

To date, the research of causal inference have been focusing on three major areas: causal

discovery based on graphical models [9, 10, 11, 12, 13], identi�cation problem answering the

question of if observational data can identify the causal effect (the g-formula, 14, the back door

criteria 15, etc.), and estimation problem (the g-computation 16, the inverse probability treatment

weighting 17, the marginal structural models 18, the targeted maximum likelihood estimation 19,

and etc.).
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1.1 Introduction of Causal Inference

The main goal of causal inference is to understand the effect of a certain causal variable(s)

on an outcome of interest. In real-world applications, identifying causal relationships can be

far more challenging than detecting associations, as demonstrated by phenomena like Simpson's

paradox [20]). One of the most widely used frameworks is the so-called “counterfactual” out-

come framework, �rst proposed by [21] and later developed by [22]. In this framework, letA

represents the exposure of interest (the treatment variable) andY be the outcome. The counter-

factual outcome is de�ned asY(A = a) representing the outcome we would have observed if the

exposureA were set toA = a. This differs from the observed outcomeYjA = a, which repre-

sents the outcome we observe in a real experiment whenA = a. The key distinction is that we

can only observe one outcome given a speci�cA = a, and we can never know the counterfactual

outcome under a different value ofA = a0. Causal inference is such a technique that seeks to

understand the underlying data generating mechanism, bridge the gap between the counterfactual

and real word, and �nd models to estimate the effects.

1.1.1 Causal Graphical Models and Identi�cations

In causal inference, the causal graphical models are a powerful tool that offer both visual

and mathematical approaches for studying the underlying causal relationships in data. Central

to these models are Directed Acyclic Graphs (DAGs) [23, 24]. A DAG consists of nodes (rep-

resenting variables) and directed edges (arrows that depict causal relationships between these

variables). A key requirement for DAGs is that they must be ”acyclic,” meaning they cannot

contain any loops, ensuring a one-way causal in�uence from one variable to another. Common
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relationships depicted in DAGs include confounders (Figure 1.1 (a)), mediator (Figure 1.1 (b)),

and collider (Figure 1.1 (c)). The arrowed lines represent causal relationships, while dashed lines

represent underlying relationships when conditioning on a variableZ (a property of colliders,

also known as Berkson's paradox 25). In this dissertation, I will focus on the estimation problem,

with a particular emphasis on applying causal inference to large-scale biomedical data.

A

Z

Y

A M Y

A

Z

Y
(a) Confounder (b) Mediator (c) Collider

Figure 1.1: Three major types of relationship in causal DAGs.

To bridge the gap between the counterfactual world and real world, we focus on the iden-

ti�ability of causal effects. Several key assumptions help achieve this identi�ability. First, we

assume consistency, meaning that the counterfactual outcomeY(A = a) is equal to the observed

outcome withA = a (i.e.,Y(A = a) = YjA = a). Second, we assume conditional ignorability,

which states that there is no unmeasured confounders betweenA andY given the observed co-

variates. LetZ represents the observed covariates, this assumption requires thatA j= Y jZ . Third,

we assume positivity, meaning that the probability of being exposed to any level ofA = a is

greater than zero given values of covariates, i.e.,P(A = ajZ ) > 0. Other assumptions, such as

the Stable Unit Treatment Value Assumption (SUTVA, 26), which requires no interference be-

tween subjects, and assumptions speci�c to Directed Acyclic Graphs (DAGs), like the the causal

Markov condition [27] and faithfulness [24, 28], also play a role. However, these assumptions

do not directly in�uence the common identi�cation of the average treatment effect (ATE), which

is the primary causal effect estimated in this dissertation. Therefore, we will focus on the three
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major assumptions: consistency, conditional ignorability, and positivity.

Here, we de�ne the ATE as following (for binary exposureA as an example):

ATE := E(Y(A = 1) � Y(A = 0)) : (1.1)

1.1.2 Mediation Analysis

One of the most important branches of causal inference is mediation analysis, an approach

used to understand and explain the mechanisms through which an independent variable in�uences

a dependent variable via one or more intermediate variables [29]. These intermediate variables,

known as mediators (M , Figure 1.1 (b)), help elucidate the pathways through which causal effects

operate. Mediation analysis is crucial for moving beyond simple causal relationships, enabling

researchers to explore the underlying processes and mechanisms driving these effects.

A

M

Y

Z3 Z2

Z1

4




� �

Figure 1.2: The illustration of the relationships, effects, and sources of confounders in mediation
analysis.Z � ; � = 1; 2; 3 represent subsets of confounders observed for corresponding paths (see
corresponding assumptions below).

Mediation analysis relies on several common assumptions, particularly regarding condi-

tional ignorability. Using the same counterfactual outcome framework and de�ning the observed
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confounders asZ , we assume the following:

(I) Y(A = a; M = m) j= A j Z

(II) Y(A = a; M = m) j= M j Z; A = a

(III) M (A = a) j= A j Z

(IV) Y(A = a; M = m) j= M (A = a0) j Z: (1.2)

We illustrated such confounding relationships in Figure 1.2. It is required that there should be no

unmeasured confounders between: (I) treatment and outcome (Z1); (II) mediator and outcome

(Z2); (III) treatment and mediator (Z3); and (IV) mediator and outcome, considering the path-

way affected by the treatment (path4 in the �gure). These conditions are known as sequential

ignorability assumptions [30]. The positivity assumption is adjusted as: (I) treatment positivity:

P(A = ajZ = z) > 0ifp (Z = z) > 0; (II) mediator positivity:P(M = mjA = a; Z = z) >

0ifP (Z = z) > 0. The consistency assumption remains the same as previously de�ned.

The causal effect ofA onY can be decomposed into two components: the direct effect and

the indirect effect. Speci�cally, we consider the natrural direct (NDE), which is the effect ofA

on Y that occurs directly, bypassing the mediator (�xedA, 
 in Figure 1.2). The indirect effect

(NIE), on the other hand, captures the effect ofA onY through the mediatorM (�xed M , �� in

Figure 1.2). For binaryA, we have the following decomposition:

ATE = [ E(Y(1; M (1))) � E(Y(1; M (0)))]
| {z }

NIE

+ [ E(Y(1; M (0))) � E(Y(0; M (0)))]
| {z }

NDE

(1.3)
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1.1.3 Causal Inference with Time-varying Covariates

Another challenging aspect of causal inference is estimating causal effects in longitudinal

data. In this context, the effect ofA on Y is dynamic, as it can be in�uenced by or interact

with covariates that change over time. This evolving nature of both treatment and covariates

adds complexity to the estimation process, requiring methods that can account for time-varying

confounders and interactions.

Z0 A0 Z1 A1 Y

U0 U1

(a) Sequential randomization

Z0 A0 Z1 A1 Y

U0 U1

Z0 A0 Z1 A1 Y

U0 U1

(b) Sequential conditional randomization (c) Unmeasured confounding

Figure 1.3: The illustration time varying exposures and covariates causal DAGs.

We illustrate three scenarios of causal relationships with time-varying confounders in Fig-

ure 1.3. In these scenarios,U represents unmeasured confounding, and the graphs are as follows:
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(a) sequential randomization trials with no covariates in�uencing the treatmentsA0; A1; (b) se-

quential conditional randomization, where only the observed confounders (Z0; Z1) in�uence the

treatments; and (c) unmeasured confounding, withU0; U1 in�uence the treatments. In practice,

scenario (b) is the most commonly studied, under the assumption of sequential exchangeability.

With �Ak = ( A0; A1; : : : ; Ak); �Zk = ( Z0; Z1; : : : ; Zk) being the treatment and covariates history,

the assumption states that :Y( �Ak = �ak) j= Ak j �Ak� 1; �Zk . The positivity assumption is adjusted

as: P(Ak = ak j �Zk ; �Ak� 1 > 0; k = 1; : : : ; K . Commonly used techniques in estimating the

causal effect under this scenario include G-computation [31], structural nested model [32], and

marginal structural model [18, 33, 34].

1.1.4 Unmeasured Confounding

Throughout the discussion, the identi�cation and estimation of causal effects rely on the

conditional ignorability assumption, which requires that there be no unmeasured confounding

between the variables of interest. However, this assumption is often violated in observational

studies [35], making it challenging to accurately estimate causal effects.

A

U

M Y A

IV U

Y A

U

Y

W

(a) Front-Door Model (b) Instrumental Variable (IV ) (c) Negative Control (W)

Figure 1.4: Three approaches resolving unmeasured confounding problem.

In recent years, several techniques have been developed to address the issue of unmeasured

confounding, denoted asU. Three commonly used methods, illustrated in Figure 1.4, are: the

front-door model [23, 36], which adjusts for unmeasured confounding through a mediator that is
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the sole path through whichA affects the outcome (i.e., complete mediation). The instrumental

variable method [37, 38], where an IV in�uencesA but is independent ofU. An important appli-

cation of the IV method is Mendelian randomization, which uses genes as IVs to estimate causal

effects [39, 40]. And lastly, the negative control variables [1, 41, 42], where the NC variable

is in�uenced byU and acts as a proxy for adjusting the effect ofU on the causal relationship

[43, 44]. However, these methods come with their own sets of assumptions, which may be more

or less reasonable depending on the application. For example, the front door model requires no

unmeasured confounding betweenA andM or betweenM andY. The instrumental variable

requires exclusion restriction assumption, meaning the IV in�uences the outcome only through

its effect onA [45]. The negative control variables, depending on whether they are NC exposures

or NC outcomes, require different exclusion relationships betweenA andY (see 1 for details).

All NC variables must also satisfy the condition of U-comparability, meaning they share a similar

confounding structure [41].

1.2 Large-Scale Biomedical Data

1.2.1 Human Connectome Project

The Human Connectome Project (HCP) is a collaborative research effort designed to com-

prehensively study how the brain's structural and functional network connections contribute

to cognitive and behavioral capabilities, ultimately in�uencing personality and mental health

[46, 47, 48]. Speci�cally, we focus on a subset of the HCP known as the Amish Connectome

Project (ACP, 49). It includes 450 participants aged 18-85 from the Amish population, which

is characterized by greater genetic homogeneity, a consistent lifestyle, lower exposure to envi-
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ronmental variation, and a reduced risk of substance misuse. Data collection follows the broader

guidelines of the HCP and includes standard demographic information, structural, functional, and

diffusion imaging scans, clinical data with genomic information, and behavioral data such as NIH

Toolbox assessments, diagnostic details, and genotypes. We provide a detailed description of the

cohort used in our study, along with the measurements and pre-processing procedures, later in

Chapter 2 and Appendix A.

1.2.2 Adolescent Brain Cognitive Development

The Adolescent Brain Cognitive Development (ABCD) study is the largest long-term study

of brain development and child health in the United States. It recruits over11; 000children cross

the country, following them from ages 9-10 into young adulthood. The primary goal of the study

is to understand how various factors, including genetics, environment, physical activity, and sub-

stance use, in�uence brain development and overall health during adolescence [50, 51]. The

study collects a wide range of data encompassing neuroimaing, genetic, behavioral and cognitive

assessments, environmental and lifestyle, and substance use and mental health data. Participants

�rst enrolled at ages 9-10 with a collection of comprehensive set of baseline data. This is followed

by annual behavioral and cognitive assessments, surveys, physical measurements, and environ-

mental data, with neuroimaging data acquired every other year. In this dissertation, we focus

primarily on the survey and questionnaire data, with further details provided in Chapter 3 and

Appendix B.
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1.2.3 UK Biobank

The UK Biobank (UKB) is a large-scale biomedical database designed to enhance our

understanding of the genetic and environmental factors that contribute to disease development. It

is a prospective cohort study of approximately500; 000individuals, aged 40 to 69 at recruitment,

from across United Kingdom [52, 53]. The UKB provides a comprehensive resource that allows

researchers to explore the interplay between genetics, environment, and lifestyle factors in the

development of diseases such as cancer, cardiovascular disease, diabetes, mental health disorders,

and neurodegenerative diseases. The study collects data from various sources, including genetic

information, lifestyle and environmental data, health records, biological samples, and imaging

data from a subcohort of around100; 000participants. It also provides some repeated assessments

on, for example, imaging, and questionnaire surveys. It also includes repeated assessments, such

as imaging and questionnaire surveys. In our study, we focus on structural brain imaging data

along with biological testing variables and demographic information. Further details on the data

and analysis are provided in Chapter 4 and Appendix C.

1.3 Overview

In this dissertation, I aim to address the application of causal inference in the context of

large-scale biomedical data, with a particular focus on the estimation of causal effects. Three

key research questions are explored: (i) the mediation analysis with the existence of multivariate

mediators and multivariate outcomes; (ii) the longitudinal causal effect estimation with high-

dimensional covariates; and (iii) the unmeasured confounding problem with multiple outcomes

and moderate exposures. The following subsections provide the summaries of the motivation,
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current challenges, proposed solutions, and brief conclusion for each project.

1.3.1 multivariate-mediator andmultivariate-outcome mediation model (MMO)

Multimodal neuroimaging data have attracted increasing attention for brain research. An

integrated analysis of multimodal neuroimaging data and behavioral or clinical measurements

provides a promising approach for comprehensively and systematically investigating the under-

lying neural mechanisms of different phenotypes. However, such an integrated data analysis is

intrinsically challenging due to the complex interactive relationships between the multimodal

multivariate imaging variables. To address this challenge, a novelmultivariate-mediator and

multivariate-outcome mediation model(MMO ) is proposed to simultaneously extract the latent

systematic mediation patterns and estimate the mediation effects based on a dense bi-cluster

graph approach. A computationally ef�cient algorithm is developed for dense bi-cluster struc-

ture estimation and inference to identify the mediation patterns with multiple testing correction.

The performance of the proposed method is evaluated by an extensive simulation analysis with

comparison to the existing methods. The results show thatMMO performs better in terms of

both the false discovery rate and sensitivity compared to existing models. TheMMO is applied

to a multimodal imaging dataset from the Human Connectome Project to investigate the effect

of systolic blood pressure on whole-brain imaging measures for the regional homogeneity of the

blood oxygenation level-dependent signal through the cerebral blood �ow.
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1.3.2 MarginalStructureEnsemble Learning Model (MASE)

Evaluating the effects of time-varying exposures is essential for longitudinal studies. The

effect estimation becomes increasingly challenging when dealing with hundreds of longitudinally

measured confounders. We propose aMarginal Structure Ensemble Learning Model(MASE) to

provide a marginal structure model (MSM)-based robust estimator under such longitudinal set-

ting. The proposed model integrates multiple machine learning algorithms to model propensity

scores and a sequence of conditional outcome means such that it allows many confounders with

potential non-linear confounding effects to reduce the risk of inconsistent estimation. Extensive

simulation analysis demonstrates the superiority ofMASE over benchmark methods (e.g., MSM,

G-computation), yielding smaller estimation bias and improved inference accuracy. We further

apply MASE to the adolescent cognitive development study to investigate the time-varying ef-

fects of sleep insuf�ciency on cognitive performance. The results reveal an aggregated negative

impact of insuf�cient sleep on cognitive development among youth.

1.3.3 Unmeasured Confounding with Multiple Outcomes and Exposures

A key challenge in applying causal inference to real-world data is the presence of unmea-

sured confounding. To address this issue, we propose a novel approach using the idea of proximal

learning. The proposed model leverage the information across multiple outcomes with the ex-

istence of multiple exposures based on linear structural equation models. Extensive simulation

studies demonstrates the superiority of our method. We apply the proposed method to the UK

Biobank data to study the in�uence of plasma metabolic dysfunciton on brain white matter. The

results identi�ed six brain regions in�uenced by metabolic biomarkers in the overall data, and
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four distinct regions in individuals who are non-carriers of the apolipoprotein"4 gene. A fur-

ther subgroup analysis on the spolipoprotein"4 carriers validate the effectiveness of our method.

Additionally, we provide a review of existing debiasing methods for handling unmeasured con-

founding in both methodology and comprehensive numerical experiments.

1.4 Organization of the Dissertation

In the remainder of this dissertation, we address the three key questions surrounding the

application of causal inference in large-scale biomedical data. In Chapter 2, we introduce the

model, estimation, and application of the multivariate-mediator and multivariate-outcome medi-

ation model, along with a thorough evaluation of its numerical performance. Chapter 3 presents

the framework for the marginal structure ensemble learning model, including application results

and numerical experiments. In Chapter 4, we present a proximal learning-based method for han-

dling unmeasured confounding with multiple outcomes and exposures. This chapter includes a

comprehensive numerical study, comparing our method to existing approaches in terms of both

experimental performance and methodological differences, alongside two illustrative data appli-

cations.

In general, this dissertation explores the application of causal inference in large-scale

biomedical data from three distinct but interrelated perspectives. The methods developed and

applied in these studies pave the way for future advancements in causal inference applications

and support clinical investigators in disease diagnosis and treatment selection.
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Chapter 2: multivariate-mediator and multivariate-outcome mediation model

(MMO)

2.1 Introduction

The joint analysis of multiple types of neuroimaging data (i.e., multimodal imaging) has

garnered increasing interest for brain research, as these data can characterize brain functions and

structure from different yet complementary angles [54]. For example, functional magnetic res-

onance imaging (fMRI) can capture neural responses to external stimuli. Resting-state fMRI

is commonly used to assess functional connectivity between neural populations from different

brain areas. Diffusion-weighted MRI evaluates the molecular function and micro-architecture.

Recently, regional homogeneity (ReHo) has been widely discussed in the resting-state literature

[55, 56]. ReHo is a measure of brain activity that evaluates the summarized functional connec-

tivity between a voxel and its nearest neighbors. It is based on the blood oxygenation level-

dependent (BOLD) signal. These imaging variables from multimodal datasets can be in�uenced

by peripheral and behavioral conditions simultaneously and, at the same time, interact with each

other.

The current research is a multimodal imaging study investigating cardiovascular disease

risks, such as the effects of systolic blood pressure (SBP) on ReHo via the in�uence of cerebral
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blood �ow (CBF). We develop the hypothesis based on previous �ndings of the physiological

effects of SBP on CBF [57], and CBF on ReHo [58, 59]. This study uses two brain imaging

modalities and thus, has two sets of spatially dependent multivariate variables. One way to sys-

tematically study the underlying mechanism of SBP! CBF ! ReHo is to use amultivariate-

mediator andmultivariate-outcome mediation model(MMO ). We use multivariate mediation

methods in the integrated analysis of SBP through multimodal imaging mediation.

Statistical mediation analysis has been widely applied in neuroimaging studies [60, 61, 62].

Certain models have been adopted for image-based mediators. For example, [63] proposed an

orthogonal mediator decomposition method and [64] used a sparse principal component analysis

in a multiple-mediator analysis. Advanced models have also been developed to handle mediation

analysis with multivariate exposures and multivariate mediators [65, 66]. However, there is still a

methodological gap in mediation analysis where the mediator and outcome are both multivariate.

To �ll this gap, we propose a novel mediation model to handle multivariate-mediators and

multivariate-outcomes. In our application, extracting the underlying mediation pathways is nat-

urally challenging because the mediation pathways are tangled between imaging modalities with

complex data structures. In our motivation data example, a small set of CBF mediators related to

the primary brain arteries can mediate most of the effects of peripheral blood pressure (exposure)

on localized ReHo measures (outcomes). Here, we mimic this neurobiological property (i.e., sys-

tematic mediation patterns) by introducing the concept of dense bi-clusters. We use the following

example to illustrate the concept of dense bi-clusters while referring the readers to Section 2.2.2.1

for the detailed introduction. In a dataset with 100 mediators and 100 outcomes, there exist10000

potential pathways, among which 200 (2%) are positive pathways, and9800are negative. If pos-

itive pathways are evenly distributed, a bi-cluter consisting of 10 mediators and 20 outcomes is
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expected to cover around four positive pathways (10� 20� 2%). The 10-mediator-20-outcome

bi-cluster is dense if it covers a large number (say 120) of positive pathways suggesting unevenly

distributed positive pathways. Thedensebi-clusters is particularly useful for our application

because they can reveal the underlying complex mediation pathways, which is required for me-

diation effect estimation. We develop a computationally ef�cient algorithm that is tailored to

extract the latent mediation pathways among multivariate mediators and multivariate outcomes

with guaranteed optimum convergence. Based on the extracted mediation dense bi-clusters, we

estimate mediation effects by performing an orthogonal transformation for the selected media-

tors. A new form of statistical inference is adopted to assess the signi�cance of the mediation

dense bi-clusters.

We apply this approach to the Amish Connectome Project, which is a subcohort of the Hu-

man Connectome Project, to investigate the in�uence of SBP on ReHo through CBF. Six CBF

regions are identi�ed as momentous mediators, and 59 ReHo regions are affected by SBP through

them. These CBF regions are analogous to those found in previous studies, which proved that

they can trigger changes to metabolism and higher-order information processing. Our �ndings

are aligned well with previous research in the literature, since a negative in�uence is observed

from SBP to the CBF latent factor, and there are positive effects between the CBF factor and

ReHo regions. Our method is among the �rst to use a mediation analysis with high-dimensional

mediators and outcomes. Unlike conventional multivariate three-step mediation inference (e.g.,

61) or a marginal mediation model with Benjamini–Hochberg false discovery rate (BH-FDR)

correction,MMO can substantially improve the statistical power and prohibit the �nding of false

positives by fully leveraging the latent organized mediation patterns. While the proposed frame-

work is applicable to causal mediation analysis for datasets with manipulable causal variables and
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mediators, we can also use it for pathway analysis in observational studies (i.e., causal variables

and mediators are not manipulable). In the neuroimaging statistics literature, pathway analysis

has been widely used to investigate the potential pathways among exposures - imaging variables -

behavior outcomes [66, 67]. We performed the pathway analysis as our data example is collected

from an observational study.

This chapter is organized as follows. Section 2.2 describesMMO and the steps for dense

bi-cluster extraction, mediation effect estimation, and inference. Section 2.3 applies our frame-

work to the Amish Connectome data and explains the identi�ed CBF regions and mediation

effects. Section 2.4 implements simulations to demonstrate the empirical performance of our

method. We conclude the chapter with a discussion in Section 2.5.

2.2 Methods

2.2.1 Multivariate mediation model

We consider a setup with a single-exposure, multivariate-mediator, and multivariate-outcome

mediation model, as illustrated in Figure 2.1. Our model includesp mediating imaging variables

from the �rst imaging modality andqoutcome imaging variables from the second imaging modal-

ity. To perform the mediation analysis on a sample ofn participants, letX = ( X 1; : : : ; X n )0 2 Rn

be the observed exposure vector for n subjects. LetM = f M (i )gp
i =1 denote the set of mediat-

ing imaging variables, whereM (i ) 2 Rn is thei -th mediator. Similarly, de�neY = f Y(j )gq
j =1

to be the set of imgaing outcomes, whereY(j ) 2 Rn is thej -th outcome. Then, the univariate

mediation analysis is denoted byX ! M (i ) ! Y(j ) . However, this may not reveal the systematic

mediation pattern nor lead to an accurate inference. Therefore, the goal of the current research is
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to developMMO to identify and estimate the underlying systematic mediation effects.

(a) Mediation model with observed data

(b) Mediation model with identi�ed (c) Mediation model with
systematic patterns mediating factors

Figure 2.1: We illustrate the multivariate mediator multivariate outcome mediation analysis: (a)
is the mediation model based on observed data with massive and complicated mediation patterns;
(b) is the mediation model with recognized systematic mediation patterns, showingX affect-
ing a subset of outcomes (Y1) through a corresponding set of mediators (M 1), the bold arrows
represent relations between sets; and (c) is the mediation model with factorized mediators for a
speci�c mediator set ~M c and outcome setYd.

The systematic mediation effects may involve only a subset of thep mediating imaging

variables and a subset of theqoutcomes. We further assume that the systematic mediation pattern

is in an organized structure. That is, the exposureX in�uences a subset of outcomesYd =

f Y(j )
d gJd

j =1 (d = 1; : : : ; D) only through the subset of mediatorsM c = f M (i )
c gI c

i =1 (c = 1; : : : ; C),

whereI c and Jd are the number of mediators and outcomes inM c and Yd respectively. For

example, in our real data analysis, we haven = 204; p = q = 107 as the input data, and
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D = C = 1; I 1 = 6; J1 = 59 based on Step 1 analysis (see Section 2.3). We denote a systematic

mediator-outcome-set pair byfM c; Ydg [Figure 2.1(b)],
S C

c=1 M c � M and
S D

d=1 Yd � Y . In

practice,fM c; Ydgpairs are unknown. We provide a graph model-based procedure for estimating

fM c; Ydg in Section 2.2.2. Here, we �rst present the mediation model with known mediation

patterns
S

fM c; Ydg.

Given a systematic mediation set pairfM c; Ydg, we can model the mediationX ! M c !

Yd. In practice, the mediators in imaging data are highly correlated and thus obscure the identi�-

cation of the mediation effect. To ensure the identi�ability, we calculate a set of orthogonal latent

factors ~M c = f ~M
(l )
c gL c

l=1 of M c by factorization model (see section 2.2.2.2), where~M c is a vari-

able set consisting ofL c orthogonal factors corresponding toM c. For example,~M
(l )
c ; ~M

(l0)
c 2 ~M c

(1 � l < l 0 � L c) are two orthogonal factors [Figure 2.1(c)].

Speci�cally, we present theMMO mediation model for eachf ~M c; Ydg by a linear struc-

tural equation model (LSEM) as:

E( ~M
(l )
c jX = x) = 
 l0 + � lx;

E(Y(j )
d jX = x; ~M c = f ~m(1)

c ; : : : ; ~m(L c )
c g) = � j 0 + � j x +

L cX

l=1

� lj ~m(l )
c ;

(2.1)

wherej = 1; : : : ; Jd andl = 1; : : : ; Lc. Lower-case variables (e.g.,x and ~m(l )) denote manipu-

lated values.

Our method can be applied for the causal mediation analysis when the causal variable (or

exposure)X and mediatorsM can be manipulated in experiments (see the speci�cation and

assumptions of causal mediation model in A.1.4). In most observational studies whereX and

M cannot be manipulated, we apply theMMO to identify the potential mediation pathways and
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estimate the mediation effects. In the neuroimaging statistics literature, this approach is often

referred to as pathway analysis [66, 67]. We consider mediation analysis and pathway analysis

as interchangeable terms for the rest of the chapter.

2.2.2 Model estimation

In this section, we estimate the parameters inMMO using a two-step procedure. In step 1,

we aim to extract potential mediation pairsfM c; Ydg from X ! M ! Y. Then, we estimate the

latent factors ~M c and the mediation effects in step 2.

2.2.2.1 Step 1: Mediation bi-cluster estimation

We estimate
S

fM c; Ydg by leveraging a graph model. Let bipartite graphG(U; V; E)

denote all potential marginal mediation pathways ofX ! M ! Y and letW be the weighted

matrix of the edges in G. The node setU represents the mediator imaging variables withjUj = p,

whereas the node setV denotes the outcome imaging variables withjV j = q. The edge set

E, wherejE j = p � q, refers to all potential mediation pathways. The weighted edge setW is

calculated with the sample data. For example,wij = � logpij , wherepij is thep-value for the

mediation modelX ! M (i ) ! Y(j ) [68]. The analysis ofX ! M (i ) ! Y(j ) can be considered as

a sure independent screening procedure for multivariate mediation analysis by [69]. In our model,

this procedure aims to extract the latent mediation patterns instead of estimating the mediation

effect.

When systematic mediation patterns exist, we de�ne a dense bi-clusterUc 
 Vd � G as the

Cartesian product ofUc � U andVd � V , andP(wij > w i 0j 0) = 1 for i andj from f Uc 
 Vdg and
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i 0 andj 0 not in f Uc 
 Vdg (see formal de�nition ofdensebi-cluster in the A.1.1). Our goal is to

extract all dense bi-clustersf Uc 
 Vdg from G based onW from the sample data. The node sets

of an extractedUc 
 Vd become the mediation pairfM c; Ydg for the above-mentioned mediation

analysis in section 2.2.1

Since the combinatorial off Uc 
 Vdg from G is in�nite, a sound heuristic is required to re-

coverf Uc 
 Vdg. Therefore, for the sample matrixW, we tend to assignwij with high values into

f Uc 
 Vdg while maximizing the proportion of high-value edges in each dense bi-cluster. This

heuristic can be translated into an objective function that maximally includes informative edges

with a set of subgraphs under minimal size. The maximal weight inclusion ensures high sensi-

tivity, whereas the subgraph size penalty prohibits the �nding of false positives. The objective

function is given by:

arg max
f Uc 
 Vd g

d� (Uc; Vd) = arg max
f Uc 
 Vd g

X

c;d

X

i 2 Uc ;j 2 Vd

[log(jwij j) �
1
2

� log(jUcjjVdj)]; (2.2)

where� is a tuning parameter for the size penalty term. When� is large, our approach tends to

extract more parsimoniousf Uc 
 Vdg with a reduced size and increased density.

Estimating Eq. (2.2) is an NP hard problem [70]. Thus, we translate the objective func-

tion into an adaptive dense directed subgraph detection problem using greedy algorithms [71].

Multiple dense bi-clustersf Ûc 
 V̂dg can be captured by an iterative procedure [70]. When imple-

menting the greedy algorithms, the choice of� is critical for extractingf Uc 
 Vdg [72]. To avoid

an ad hoc parameter selection and ensure maximal reproducibility, we develop a data-driven ap-

proach to automatically determine� based on the Kullback–Leibler (KL) divergence criterion

[73].
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Recall that the KL divergence is given by:

D(PjjQ) =
X

i;j

P(� ij ) log
P(� ij )
Q(� ij )

; (2.3)

which measures the discrepancy between two distributions. Speci�cally, for a systematic dense

bi-cluster, let� ij be an indicator variable for the edge setE. � ij = 1 if i 2 U andj 2 V are

connected, and� ij = 0 otherwise.P andQ are two distributions of� ij , which follows a mixture

Bernoulli distributionP(� ij ). If there are dense bi-clusters inG:

P(� ij ) =

8
>>><

>>>:

Bern(� 1); if f i; j g 2 f Uc 
 Vdg;

Bern(� 0); otherwise,

(2.4)

where� 1 > � 0 are the parameters of the two Bernoulli distributions. In contrast, whenf Uc 


Vdg = ; , � ij follows a Bernoulli distributionQ(� ij ), where

Q(� ij ) = Bern( � ); (2.5)

and� is uniform inG.

The KL divergence measures the discrepancy between the distributions of the systematic

dense bi-cluster mediation patterns (2.4) and the null model (2.5) [74]. The divergence reaches

a maximum when the estimatedf Ûc 
 V̂dg bi-cluster structures are the same as the underlying

true patternsf Uc 
 Vdg (Theorem 1). This can guide the tuning. As we assume that there are

systematic mediation patterns, a larger KL divergence indicates that the underlying systematic

patternsf Uc 
 Vdg are better recovered fromW [75]. Therefore, we maximize the KL divergence
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in (2.3) to objectively select the tuning parameter� by:

arg max
�

D(Pf Ûc 
 V̂d (� )gkQ)

= arg max
�

8
<

:

X

c;d

2

4
X

i;j 2 Ûc 
 V̂d (� )

�
� ij � 1 log

� 1

�
+ (1 � � ij )(1 � � 1) log

(1 � � 1)
(1 � � )

�

+
X

i;j =2 Ûc 
 V̂d (� )

�
� ij � 0 log

� 0

�
+ (1 � � ij )(1 � � 0) log

(1 � � 0)
(1 � � )

�
3

5

9
=

;
: (2.6)

In practice,� ij is unknown and can be approximated by~� ij = I (wij > r ) [76]. The choice

of the thresholdr depends on a prior distributionh0(r ) (such as the mixture binomial model, as

we assumed) and can be integrated out by
R

D(Pf Uc 
 Vd (� )gjjQ)h0(r )dr. Further,� 1, � 0, and� are

also unknown and can be estimated by maximum likelihood estimation based on the estimated

dense bi-cluster structures (2.4) (details are in the A.1.3 of Appendix). Last, we optimize� using

a grid search to maximize (2.6).

We integrate the objective function optimization and objective tuning parameter selection

in Algorithm 3 in the A.1.5. The output of this algorithm isf Ûc 
 V̂dg. By Theorem 1, we show

that the optimum can be attained under mild regularity conditions.

Theorem 1. Let f Uc 
 Vdg be the true underlying mediation dense bi-cluster pattern andf U0
c 


V 0
dg be the dense bi-cluster pattern different fromf Uc 
 Vdg. Then, we have

D(Pf Uc 
 Vd gjjQ) > D (Pf U0
c 
 V 0

d gjjQ): (2.7)

The proof of this Theorem is in the A.1.2 of the Appendix.
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2.2.2.2 Step 2: Mediation effect estimation

For each estimatedfM c; Ydg (i.e.,Uc
 Vd), we next estimate the mediation effects. We �rst

calculate the orthogonal mediating factors from a set of correlated mediating imaging variables

M c to ensure mediation identi�ability. As demonstrated in Figure 2.1(c), letM c 2 Rn� L c be the

observed matrix ofM c, c = 1; : : : ; C. For the orthogonal factor matrix~M c of ~M c, we apply the

following factorization model:~M c = M c� c+ � c. Here,� (c) 2 RI c � L c represents the corresponding

loading, and� c 2 Rn is the error term. The factorization model above can be solved with either

classical low-rank methods or using the direction of mediation method designed for multiple

mediators [63]. Although low-rank models are commonly used to estimate the aggregating effect

of correlated multiple mediators (e.g., orthogonal factorization and sparse princinple component

analysis by 64), the alternative approach (e.g., the weighted sum method) can also be applied (see

A.3.3).

Given the orthogonal mediating factors, we follow the commonly used imaging mediation

procedure to estimate indirect effect (IE) and direct effect (DE). Speci�cally, with estimated

fM c; Ydg, the estimated indirect and total effects are:

cIE d =
1
Jd

JdX

j =1

L cX

l=1

�̂ lj �̂ l ;

dTEd =
1
Jd

JdX

j =1

f
L cX

l=1

�̂ lj �̂ l + �̂ j g;

(2.8)

where�̂ lj and�̂ l are estimated using equation (2.1) based on the orthogonal factors. The media-

tion proportion then will be:
cIE d
dT E d

.

In practice, the numeric ranges of the mediating imaging variables and imaging outcomes
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can vary, the directly estimated mediation effects are less informative about the level of the me-

diation effect. Therefore, we adopt the commonly used partial correlation as the standardized

mediation effect size (77, see details in the A.1.6).

2.2.3 Inference for dense bi-clusters

The goal of our statistical inference is to test the systematic mediation pattern for each

estimated dense bi-clusterÛc 
 V̂d. SinceUc 
 Vd are not speci�ed before the data analysis, the

classical statistical inference methods for the �xed parameter(s) are not applicable. We consider

Ûc
 V̂d as a data-driven “cluster” object. In the large body of the neuroimaging statistics literature,

permutation test-based family-wise-error (FWE) methods are widely used to test the statistical

signi�cance of clusters [78, 79].

In our application, we implement the FWE-based inference procedure as follows. First,

we permute the labels of mediators and outcomes to generateB permutation datasetsDb =

(Xb; Mb; Yb), b = 1; : : : ; B, where, for example,B = 10000. Next, we apply theMMO Algo-

rithm 3 to each permuted dataset and the observed dataset. For each permutation datasetDb, the

test statistic is calculated by:

Tb = max
f Ûc ;V̂d g

P
i 2 Ûc ;j 2 V̂d

� log(pb
ij )

q
jÛcjj V̂dj

; (2.9)

wherepb
ij is calculated from the mediation analysisX b ! Mb(i ) ! Yb(j ) . The test statistic

integrates the mediation effect size, and the extent and the density of the mediation dense bi-

cluster, and thus, it is superior than the commonly used cluster extent [80]. Last, we calculate the

FWEq-values for the observed mediation dense bi-clusters based on the percentile ranks of their
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test statistics amongf Tbg from the permuted datasets.

2.3 Data Example

We applied the proposed method to the multimodal brain imaging data from the Amish

Connectome Project (ACP), which is a subcohort of the Human Connectome Project [49]. In this

study, there were94male and110female participants (i.e.n = 204) with ages39:3 � 16:9. One

goal of the Amish Connectome Project is to investigate the association between the risk factors

for cardiovascular disease and brain structures and functions (i.e., heart and brain). Multiple

clinical measurements for the risk factors for cardiovascular disease were collected, including

SBP and total cholesterol. Multimodal imaging data were also acquired, including CBF, which

was calculated from arterial-spin labeling imaging data [81], and ReHo, which was calculated

from resting-state fMRI data [55]. Speci�cally, ReHo was derived from the BOLD signal using

Kendall's coef�cient of concordance. In our data example, both mediators (CBF) and outcomes

(ReHo) are region-level brain imaging measures based on a commonly used brain atlas of 107

regions (JHU-MNI, 82). Previous studies have revealed signi�cant correlations between SBP and

CBF and between SBP and ReHo [83, 84]. Covariates (e.g., age and sex) were adjusted in the

analysis. However, it remains unclear how SBP can affect ReHo by in�uencing CBF, and this

naturally requires a complex mediation analysis with high-dimensional mediators and outcomes.

The details of the multimodal imaging data acquisition and preprocessing, and the validity of the

studied pathways are provided in the A.2.1 of the Appendix.

The two-step procedure (MMO ) was applied to the multimodal imaging data withn = 204

and p = q = 107. We �rst performed mediation analyses to obtain theW matrix and then
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extracted mediation dense bi-clusters using Algorithm 3. The KL criterion selected� = 1:8.

The results show one signi�cant dense bi-cluster with six CBF ROIs and 59 ReHo ROIs (i.e.,

C = D = 1; I 1 = 6; J1 = 59) with an FWE rate adjustedq-value of0:019. Figures 2.3(a)

and 2.3(b) illustrate the input matrix and outcome matrix for step 1, and Figure 2.2 shows CBF

and ReHo ROIs overlaid onto a 3D brain imaging template. Next, we applied the factoriza-

tion method to estimate the orthogonal vectors from the six CBF ROIs. Interestingly, only one

vector was extracted. It explains 88% of the variance of the six mediators. Last, we estimated

the systematic mediation effect. The mean of the mediation partial correlation coef�cients for

SBP! CBF component! 59 ReHo is� 0:094(a medium effect size, 85) with a standard devi-

ation of 0.015. The negative mediation effect suggests that SBP can decrease ReHo in multiple

brain areas by �rst reducing CBF in the six areas where CBF regions are positively associated

with ReHo. The partial correlations between pairs of SBP, CBF, and ReHo are shown in Fig-

ure 2.3(c). The average mediation proportion across all outcomes is88:30%.

The systematic mediation pattern discovered byMMO reveals the critical pathways for

CBF: cingulate gyrus left (CingGL), cingulate gyrus right (CingGR), supramarginal gyrus left

(SMG L), supramarginal gyrus right (SMGR), cingulum (cingulate gyrus) left (CGCL), and

inferior occipital gyrus right (IOGR) [Figure 2.2(a)]. Speci�cally, for the six CBF regions,

CingG L, CingG R, and CGCL are centred around the middle cerebral, while SMGL, SMG R,

and IOGR are close to posterior cerebral arteries, which play a central role in affecting ReHo.

Regional-speci�c changes partially in�uence ReHo scores related to neuropsychiatric illness and

CBF, where CBF is itself in�uenced by SBP. The 59 ReHo regions cover a large proportion of

the brain, including superior frontal gyrus left (SFGL), middle frontal gyrus right (MFGR),

etc. in the frontal lobe [Figure 2.2(b)]; superior corona radiata left (SCRL), CGC R, etc. in the
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