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I. Introduction

An instrument that measures the line integrals of the electron velocity distribution function
of a space plasma is an attractive alternative to the conventional method of measuring individual
points on the distribution function itself. Y. Zhang, M. Coplan, J.H. Moore and C.A. Berenstein
in their paper "Computerized tomographic imaging for space plasma physics” explained the
fundamental principles and suggested a simple two-dimension magnetic field model instrument.
They also point out that there are a variety of electric and magnetic field configurations upon which
the design of a tomographic plasma probe can be based. In this report, we consider a number of

different configurations upon which instruments for line-integral measurements of electron velocity
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distribution functions could be based along with the mathematical principles and algorithms to

reconstruct image functions from the line integrals.

II. Instrument Configurations for Line-Integral Measurements of Electron
Velocity Distribution Functions
A. Consider a box B inside of which a constant electrostatic field E is present. Assume the

field has intensity E and the direction of E is parallel to the x-axis (Fig. 1).
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The motion of an electron entering the box through the aperture O is describe by the equations

2
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x(t)

y(t) = vy,t (1)
where a = eE / m , m is the electron mass, -€ the electron charge, (vx,, V)'o) the velocity of an
electron entering the aperture. Now assume that the side of the box at x = 0 is a detector consisting
of independent collectors that count the number of electrons that impinge upon them. If an electron

hits a collector with coordinate (0,£) at time t,, from equations (II 1) we obtain
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From (II 2), we obtain
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Finally we get
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In (vxo, Vyo) space, the equation (Il 3) is a hyperbola. Using this idea, we can obtain the line

integrals of the electron velocity distribution function along families of hyperbolas. Suppose the

width of the pixel is AZ, the velocity (vx,, vy,) of the electrons that impinge upon the collector

must lie within the strip S (Figure 2).
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The width of the strip S is Avx, = <o (I 4)
2vy,

The number of electrons counted per second by the collector located at (0,£) with width AZ is
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where ng is the electron density, and A is the area of the entrance aperture. Let ds be the

differential of the arc length of the hyperbola (II 3), we have
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So we may rewrite eq. (Il 7) in the following form
dN _ Anea 2ent J-f( Va,vy) 2vx ds
dt 'Jsz + Vy2
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Where Cf denotes the line integral along the hyperbola vyvy = — (vx, vy > 0). Therefore,
a
2
X ¢ the generalized Radon transform of the function f(¥x» Vy)——mms-  glong the hyperbol
. 1s the generalized Radon transform of the function I(Vx,Vy)——=——==along the hyperbola
dt g [sz + Vy2 g Yp

VxVy = % If we rotate the instrument by an angle 0, in the new coordinate system (x', y")
2 .

(Figure 3), we have
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Vx' = vxC0s0-vysin
vy' = vxsin + vycos0 (I19)
vx'vy' = (vxC0s0 - vysin@)(vxsind + vycos0)
= (vx2 - vy?) sin29 VxVyc0s28
- %(vx2 —vy?)cosd + Vevysing (1110)

The hyperbola vy'vy' = in the (x',y') coordinate system corresponds to the hyperbola (vy2 -

ot
2
vy2) o8 0 + 2vyvy sin ¢ = in the (x,y) coordinate system (denoted by Coy ¢). For different £
and ¢, we get families of curves that will be considered in more detail in Il A. We can reconstruct
the velocity distribution source function by the method of conformal mapping suggested in IIIA.

There still remains one problem; the output of the collector is the Radon transform of the function,

Vx

f(vx,vy) __\/v_z‘:;—z‘ when we rotate the instrument through an angle 6. The factor \/Vx‘z +vy?
X TVy

in the denominator does not present any difficulties, because vx? + vy2 is invariant under the

rotation of the coordinate system:



V2 +vy2 = V2 + v'y2 a1 11)
On the other hand, the factor v in the numerator can cause difficulties. From eq. (II 9), as we
rotate the instrument through the angle 8, we obtain the generalized Radon transform of
along the hyperbola Coyz,¢ (denoted by Rf 1). So that, for an angle 8, we get the Radon transform
of different functions. We cannot reconstruct the velocity distribution function from such data. We
can overcome this problem by using a second box B (Figure 4) is perpendicular to the first box

(denoted by Bj).
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Figure 4

The collectors of the second box, give the generalized radon transform of the function along

hyperbola vxvy = % . When we rotate the box B through an angle 6, we get the generalized

Vvx sin@ + vy cosO
Radon transform of f(vx,vy) \/ Ty 2 along hyperbola Cyj ¢ (denoted by Rf 2).
Vx Vy

Obviously, we have

Vx

Vx2 + Vy2

cosORf1 + sinBRf2 = J f(vx,vy) ds

Cot,0 (I12)

These are not the data we need to reconstruct the velocity distribution source function.



B. Consider a more general case. The constant electrostatic field presented has an

arbitrary direction ¢, and the collector D is placed at (€.1).
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Let g1 = cEx , o2 =e—y, o4 =EI-3——, £ =RcosB, 1 =Rsind
m m m
then

Ex =Ecos¢, Ey =Esing, o) =acos, o) =sing

Now the motion of electron is described by the equations

2
ot
x(t) = —-‘2— + vyt
2
y(t) = %L + vyt (Im13)

If an electron hits the collector with coordinate (§,1) at time to, by eq (II 13), we have

g = T + Vil
n= %t + vt
2 a (Il 14)

eliminating to from (II 14), we obtain

2 2 1 2
aaMvx” + 1EVy? - (02€ + M) vx vy + =(02€ -am)“ =0
Nvx & y 3 M)VxVy > €-am (I 15)



or
sin¢sin BvxZ + cosdcos Ovy2 = (sin¢cosO +cosdsinB)vxvy + Bzg(sin ¢cosO — cossin 6)2 =0
(I 16)

If we take the special case ¢ = §+ 0 , then (II 16) reduces to
(vx2 - vy2) sin 20 + 2vxvy cos 20 =Ro.

T
The special case we have considered in IIA. If we take the case 0 = 5 then (II 16) reduces to

2

. Ra
vi2 sing —vxvycosd + —2—cos2 0=0

{17
This is also a family of hyperbolas, but non-equilateral hyperbolae. The conformal mapping
method suggested in IIB fails for this case. Although we can use "Algebraic Reconstruction
Technique" (ART) to recover the image function, it requires a great deal of computing time, and
gives a poor image. The establishing of a simple and accurate algorithm to reconstruct the image
function from this kind of generalized Radon transform (G.R.T.) is an interesting and valuable

mathematical problem.

C. Magnetic Field in Three Dimensional Case
Consider a box C, inside of which there is a constant magnetic field. The field has intensity B in

the Z-direction. The motion of an electron entering box C through the aperture O is described by

the equations
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Figure 6

where M, e, (vx, vy, v;) are the mass, charge and velocity of the electron respectively, and ¢ is the

speed of light. Solving these equations, we obtain

x(t)= —i—[vXo SNyt — vy, cosyt] +Xg

1 .
y(t) = ?[on COSYt + Vy, Sin Y(] + Yo

z(t) = Vg, t (I119)
where y=eB/mc, (vx,, vy, Vz,) are the velocity components of the electron at the aperture, and

1 . ) .
Xo = —Vyy,¥Y0 = —?on . Now assume an electron hits a collector with coordinates (0,1,%) at

v

ti.ne to, we have

1 :
0= y[vxo SInYt — vy, cosyt] +Xo

1 .
‘n = ?[on COSY[ + Vyo Sln'yt] + Yo

C=vz,t (1120)

Eliminating t, from the above equations, we obtain

Vxg ==

° 2
Vyo = "Yz'n Cot(—;yc—)

ZVZQ

(1121)



Let 1 be fixed, { varies from -eo to oo, (that means the collector is a long strip). It is easy to verify

that the velocity of the electrons which impinge upon the collector, constitute the plane vx, = --an-

in the velocity space. If the collector has a width An, then the number of electrons counted by the

collector per unit time is
-‘% = AnevxAvx [ [£(vx,vy,v2)dvydv,
—oo (1122)
where f(vyx,vy,Vz) is the electron velocity distribution function, ne is the electron density, and A is
the area of the entrance aperture. By rotating the box in space, the three dimensional Radon
transform of f(vx,vy,v;) is obtained. By the method suggested of IIIC we can therefore

reconstruct the velocity distribution function f(v,vy,vz) from the recorded data.
D. Combination of Electro-static and Magnetic Fields

Consider the general case where electric and magnetic fields are presented simultaneously. The

motion of an electron entering box C through the aperture O is described by the equations

z A
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Lety= E—’, o1 = e___1_, a2 = =2 , then solving these equations, we obtain,
mc m m

x(t) = :YI-IZVXO sin‘yt — (Vyo — %1—) CosYt [+ Xxq

1 o, . o1
y(t)=—[v o COSYt + (Vy, ——)sinft |+ yo +—t
L oy °Ty

2
ozt
2(t) = Vgt — —2—

2 (I124)
where (Vxo, Vyo, Vzo) 18 the velocity of the electron at the aperture, and

1 (1.1 1 2vZo .
Xo = ;(VYo - 7), Yo= ‘; Vxo» to = ) Then for the electron striking the collector at

(0,n,0),
1 o 1 . o
"‘Y'(Vyo —7 = -Y-I:on sinto — (Vy, “"Y")COSYYO]
n+ VA - mg‘ = “l‘[VXO CosYtg + (Vyo - El')Sin'YtO:I
Y Y2 v Y (I1 25)

Eliminating t, from the above equations, we obtain
o] 201Vz, 2 a1.2
(vyO - _'Y—.)Z + (’le + vXo - a_ZZO) = onz + (Vyo - —"')

Y
simplifying, we obtain
40,12 4a. 4o
12 Vz°2 - _1VZ0 Vxo — lYn Vzo + 2mVx° +‘an2 =0
a2 o2 0] (I1 26)
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This is also family of hyperbolae which depends upon the three parameters o, o and y. This
suggests the possibility of different line-integral measurement instruments, but there is also the

issue of inverting the G.R.T. as discussed in IIB.

1. INVERSION OF THE RADON TRANSFORM—MATHEMATICAL FOUNDATIONS
AND COMPUTER IMPLEMENTATION

A. The Method of Filtered Back projection.

The filtered back projection reconstruction algorithm is the most important algorithm for
inversion of the classical Radon transform. The key to the implementation of the selection of this
method is a suitable filter function. Let f(x, y), (X, y) € R2 — Euclidean plane, and g(0,1), (6,1
€ [0, 2m; -o0, o] are functions of Schwartz class, i.e. rapidly decreasing smooth functions. T, g

denote the Fourier transforms of f and g:

s 1 —i(x@), +yo
f(wl,w2)=2f”-”f(x,y)e e +ve2) dxdy

-~ — _1__ —iax
§(6,0) = zﬂj g(8,0)e7*dt )

The Radon transform is R: f(x,y)-->R f(q, t) = If (tcos@—ssin 6, tsin 6 +scos 8)ds.

The back projection operator R¥ is defined by

2
R¥: g(0,1) --> R¥ g(x, y) = = [ g(8,xcos 0 + ysin 6)d6. (11 2)
0

(We call R* back projection because it integrates all lines £ o =XC0sO+ysin@ =t , passing

through point (x, y). The convolution of two functions f1, f3 or g1, g2 is defined by



f*f,(x,y) = J. jfl(x—u,y—v)fz(u,v)dudv

00 —00

£*2,(0,0) = [g,(8,t—5)g,(6,5)ds )

It is easy to verify the following relation between the Radon transform, back projection and
convolution operations

(R*¥g) * f(x,y) =R* (g *R D (x,y) (M 4)

Assume f(x, y) is b band limited: [f(e,,@,)=0],/w? + @ 21 or essential b band limited

[ [F@,.o,)|dodo, <e. Let hy (8,1) be a suitable filter function that depends on b, so
Jol+aizb

that
Hp (%, y) = R¥ hy (x, Y) {1 s
Then, by relation (III 4), we have

Hp * f(x, y) = R¥hp) * f(x, y) =R¥ (hp * R ) (x, y) (I 6)
If Hp(x, y) = 8(x,y) (Dirac 8 function), then we have the inversion formula
f(x,y) =8 * f(x,y) =Hp * f(x, y) =R¥ (hy * Rf) (x,y) (UI7)

So the problem becomes the representation of hy, by Hy. It can be proved that, if Hy, is a radial

function, we have

h,(6,0)=h, (@)= (11 8)

1 -~
—|w|H .
amiam @)
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It is more convenient to select Hp than hy , because, by (ITl 7), we see that the

inversion formula is controlled by Hy, directly.

Let ¢(t) satisfy: 0<@(@)<1, $(0)=1,|¢(w)|=0, ||>1. We may set

iy (0) = By (o] +0f )= ()

For example, take

O(w)

1+¢€

1, 0<w<l1

&)e(w)=(l+1)—2, lIsw<l+e¢
€

0, w>l+¢
P, (-0)=d ()

Then

be (@) d

he(s)= = [

1 b(l+¢€) . I(OI -
=— |lo@, | — [e“dw
8n’ -b(‘ﬂe)lcb ( b )

(11 9)

= [b/4n2S - (1+€)b/4n2eS +b/4n2eS-2/472eS3b] sin(bS)

+ [1/472S - (1+€)/4n2eS -2/472eS2)

14
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+ [2/4n2€S3b] sin(1+€)bS
+ [-(1+€)/4w2eS2] cos(1+€)bS - 1/4n282, S #0
hpe(0) = b2/2412(3 + 3¢ + €2) (111 10)
for the special case € = 1, we have
np1(0) = 7b2/24n2,
hy1(S) = 1/472[-2/S3b sinbS + 1/S2 cosbS + 2/83b sin2b$ - 2/S2 cosbS - 1/S2] (I 11)
To implement this numerically we need a discrete version of the filter back projection
method. Suppose f(x, y) is supported within x2 + y2 < R2 and is essentially b band limited, then
its Radon transform Rf(8, t) is also supported within x2 + y2<R2. If Rf(6, t) is sampled at
8 =2rn/pG-1,j=1,2,..,p (11 12)
tk = R/l (k), k=0,%1,%2, .., %]
According to the Shannon Sampling Theorem here R/l = h, h = w/2b, and p = [xl]. (Because the
filter function is 2b band limited)
7b2/24n2,k =0
b2/rn4k2 - 4b2/n5k5, k =4n =1
hp1(t) = -4b2/ntk2, k = 4n + 2
4b2/m3k3 + b2/mtk2, k =4n + 3
-2b2/m4k2, k = 4n

Now the discrete filter operator takes the form:

R . o
" =—1—-Zhb1(tk —t)RE(6,t,)  8j=2m/pG-1),j=1,2,..,p

tk=RAK), k=0, 1,22, .., 4l (III 14)

and the discrete back projection takes the form:

p

f(x,y) = %’52[(1 —w)v, vy, (III 15)

j=1



here u=sj/h-k, k<sj/h<k+1, sj = x cos B + y sin 0;
(II 14) and (III 15) are just the formula we need for numerical computation. For model examples,

see IV.

B. Inversion of Generalized Radon Transform — Method of Conformal Mapping.

Given two functions u(x, y), v(xX, y) on the Euclidean plane, let Cg: u(x, y) cos 6 + v(x,
y) sin 6 =t denotes the family of curves which depends upon the two parameters 8 and t. If
f(x, y) is a given function, we call the line integral of f(x, y) along the family of curves Cg

Rfg(6,1)= [f(x,y)ds (I 16)
Coy ,

The Generalized Radon Transform. (G.R.T.)
It is different to invert the G.R.T. for arbitrary u and v. We have suggested a Conformal Mapping
method that can be used to invert the G.R.T. when u and v are a pair of conjugate harmonic
functions. It is accurate and convenient for numerical computation. Foru=x2-y2,v=2xy,
it is a pair of conjugate harmonic functions, exactly the case we have considered in II.

Let function z = F(w) map domain D on the w (= u +1i v) plane to domain D on the
z (=X +iy) plane conformally. Under this mapping, the family of straight lines lg ¢ on the w
plane: lgt: ucos 0 + v sin 6 = t maps to the family of curves Lg; on the z-plane.

Lot: u(x,y)cos0+v(x,y)sinf=t

Let the G.R.T. of function f(x, y) along Lo be

(RE)(6,1)= [f(x,y)do (III 17)

Lo.n
here do is the differential of the arc length of Lg;. Let the differential of arc length of the straight

line lg¢. Then, according to the theory of functions of complex variables, we have

do = ’adi ds (111 18)

w

16



so that

dz
(Rf) (g = Lj f(x,y)do = | j F(F(w))—ds
i)
R{E(E(W))— t (8,1)
dwl ], (I 19)

This is the classical Radon transform (along families of straight lines
lg,t: ucos 8 +vsin 8 = t) of the function fu,v)=f(w)=f (F(w))lg—zl. We can reconstruct the
w

function f(u, v) by the method of III A, then the inversion of G.R.T. can be obtained easily.
- dz
f(x,y)=£(2) = f(w(z))/‘al (111 20)

Let us consider some mapping functions z = F(w), G.R.T. along various kinds of curves
Example 1 z=Fw)=(r+iw)/(Ti+w),orw=n(l-1iz)/(z-1)
sou=2nx/(x2+(y-1)2),v=n(1-x2-y2)/(x2+(y-1)2),Idz/dwl = x2+(y- 1)2/2n
Log: 2mx/(x2+(y-1)2)cos 0 +m (1 -x2-y2)/ (x2+(y-1)2)sin B =1t.

These are circles, with centers at (T cos q/(t+msin q), t/ (t + « sin 0)) with radii equal to

nt /I sin 6 + 1I. All these circles pass through the point (0, 1)).

dz 1
Example2 w=2z2,sou=x2-y2, v=2xy, I-—l=
dw 2;}x2 +y?

Lot (x2-y2)cos O +2x ysin 0=t This is just the case we have considered in II.

C. Inversion of Radon Transform for the Three Dimensional Case (Surface integral of a function
along planes)

Let P(0,p) be the plane perpendicular to unit vector 6 = (a, b, ¢) and lying at a (signed) distance p
from the origin. f(x, y, z) is a function of three variables, and the Radon transform Rf(6, p) is

then




z
0= (ub,c)
P
0 <\ >
ds y
P@®, p)
X
Figure 9
REO.p)= [[fxy,2)d8 (I 21)
P(8.p)

here dS is the differential of the surface area of plane Pgp, 6 is unit vector a2+b2+c2=1..

Using the Fourier Slice Theorem.
o~ +m .
f(w,0)= [RE(8,p)e™dp
and the Fourier inversion formula, it is easy to derive the following inversion formula for the

Radon transform in three dimensions.

I*Rf(6,p)
apz

here S2 is the unit sphere. To implement the inversion formula (Il 22) numerically one must

-1
fxy) =2 & dé (ITT 22)
SZ

d°Rf(8,p)
apz

difference methods are unstable with respect to noise but the Spline Fit Method works well.

calculate second derivatives from the observed Rf(8,p) data. Ordiriary finite

18



D. Inversion of the Radon Transform for Linear Combinations of Gaussian Distributions.

Consider the problem of determining the velocity distribution function of electrons in a
space plasma, where the function we need to reconstruct is a linear combination of Gaussian
functions. For these types of functions, there is a simple method for the reconstruction of the
image functon.

x2+y? 4o (tcosO-ssin 8)2 +(tsin 8+s cos )2

Let f(x,y)=Ae ® ,then Rf(G,p)=AJe B ds

4o t24s? 12

=f(x,y)=A[e » ds=ABVme » (IT1 23)

Now, let fj (x,y) =f(x - X0, ¥ - y0)

£(0,t)= in[(tcose —ssin 8) + (tsin 8 + scos 8)]ds

= Jf(tcose—ssin 0 —x,,tsin @ +scos B —y,)ds

Lettg=1t- (xp cos 8+ ypsin ), S=s+(x,sin8 —y,cos )

We obtain Rf,(8,1) = [£(t, cosf - sin 6, ¢,sin 6 +Scos 6)d5 = RE(H,t,) (III 24)
_ _(x=%0)* +(y~y0)? [t—(xg cos B+y,sin 8]
So, if f(x,y)=Ae B? , Rf(6,t)= ABV7e B? (I125)

for fixed q, Rf(8, t)takes the maximum value ABV7 at t=xgcos 6+ yo sin 6.. The function is

’ 2 + 2
a circle in the (t, G)plane with center at (%’——yi‘)-) and radius ——&-2——213— It is easy to determine xg,

yo and AB directly from the Radon transform of f.

Let 9=tg_1%—)—’ \/(x"xo)z—(y—}'o)z =u

0

Then

19



RE(6,t) = ABV7e »
x=tcosf, y=tsin@

u, = —\/(tiCOSG'—Xo)2 +(t,sin0-y,)*

Let
J,=ABY7, J,=ABv7me ¥
J'0
B =%
ln—J—‘—
T
For practical computation
1S —u?
B=— i
N ; lnL
Jo

IV. NUMERICAL EXAMPLES

(IIT 26)

A. Inversion of the classical Radon transform (line integral along families of straight lines)

using Method of Filter Back-Projection (F.B.P.) We have used a filter function (I1I 9) (III 13),

which has a gentle cut off to improve the quality of the reconstructed function at the edges.

Fig. IV (1). A three dimensional log plot of the test function representing a velocity distribution

function with an anamolous component far in the tail of the main distribution.

2 2 2 2
X“+ x—4.4)" +
y )+exp(_( ) +y )

2.0 12.5

£(x,y) = exp(-

w(x,y) + logf(x,y) + 10.771
z(x,y) = 0.5[w(x,y) + Abs(w(x,y))]

Fig. IV (2). A three dimensional log plot of the image of the function f(x,y) in IV (1)

k4

reconstructed from 900 line integrals by method of F.B.P., using the filter
function (II1 9) (III 13).

20



Fig. IV (3). A three dimensional log plot of the image of the function f(x,y)in IV (1),

reconstructed from 900 line integrals after the introduction of uniform distributed random noise

(with standard deviation 0.02/ /3, mathematical expectation 0) on the data, by method of F.B.P.,
using the filter function (IIT 9) (III 13).
Fig. IV (4). Two dimensional sections (y = 0) of Fig. IV (1) and Fig. IV (2).

Fig. IV (5). Two dimensional section (y = 0) of Fig. IV (1) and Fig. IV (3).

B. Inversion of Generalized Radon Transform (G.R.T.) (line integrals along family of
hyperbolae) by the Method of Conformal Mapping.

Fig. IV (6). A three dimensional plot of the test function

f(x,y)=exp{-?[<x—«/§/2>2 +y—3/27)

Fig. IV (7). A three dimensional plot of the image of the function f(x,y) in IV (6), reconstructed
from line integrals of Xf(x’y)/\/T_*_—2 along families of hyperbolae: (x2 - y2) cos 6 +2 x y sin 8
Ty

=t using the method of conformal mapping.

Fig. IV (8). Same as Fig. IV (7), but after the introduction of uniformly distributed random noise

(with mathematical expectation 0 and standard deviation 0.02/ \3) superimposed on the line

integral data.

Fig. IV (9). Two dimensional section (y = NE) /2)0f Fig. IV (6) and Fig. IV (7)
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Fig. IV (10). Two dimensional section (y = +/3/2)of Fig. IV (6) and Fig. IV (8)

C. Inversion of the three dimensional Radon transform (Surface integrals along family of planes)

Fig. IV (11). A two dimensional section (y = 0, z = 0) of the test function

w(X,Y,Z) = exp— (x2 + y2 + zz)









