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We consider the problem of transmitting data from a continuous-amplitude,
discrete-time source over a bandlimited waveform channel using a block-structured
digital communication system. Our objective is to design the source encoder-
decoder pair, the channel encoder-decoder pair and the modulator-demodulator
pair so as to minimize a squared-error distortion measure between the source
sequence and its replica in the receiver, subject to constraints on the transmitted
signal power and bandwidth. We formulate the proBlem in a general sense and
derive necessary conditions for optimality for the design variables, namely, the
encoder map, the decoder map and the modulation signal set. We then consider
two systems for which the necessary conditions for optimality hold.

The receiver of the first system consists of an unquantized soft-decision de-
modulator followed by a linear estimator-based decoder. We solve the necessary
conditions for optimality using an iterative solution technique. We then study
the performance of this class of systems as the encoding rate increases, for a fixed
bandwidth. Performance comparisons are made against a reference system as

well as bounds from information theory. Significant improvements over the ref-



erence system are demonstrated and the performance is shown to coincide with
an information-theoretic bound in two cases.

The receiver of the second system consists of a quantized demodulator followed
by an optimum decoder. For a fixed signal set; the optimal encoder and decoder
conditions are solved using an iterative solution technique. Performance compar-

isons are made against the linear estimator-based system, the reference system

and bounds from information theory. We then study the quantized demodulator-

based system as the encoding rate becomes large, for a fixed bandwidth. We
demonstrate that this system converges to a linear analog modulation system in
some cases and to a nonlinear analog modulation system in others.

Finally, we study the performance of the two systems to channel mismatch.

We demonstrate that both of these systems are more robust to channel mismatch

than the reference system.
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Chapter 1

Introduction

1.1 Motivatibn for Combined Source-Channel

Coding
— | Source Channel
Encoder Encoder » Modulator
<«—o| Source Channel
Decoder Decoder Demodulatorr+

Figure 1.1: Communication System Model.

In this dissertation, we consider the problem of communicating information from

a continuous-alphabet source over a noisy waveform channel using a digital com-



munication system. Consider the block-structured communication system model
depicted in Fig. 1.1. The transmitter is composed of a source encoder, a channel
encoder and a modulator. The decoder is composed of a demodulator, a chan-
nel decoder and a source decoder. The modulator and demodulator serve as an
interface between the digital part of the communication system and the analog
channel. Together, the modulator, demodulator and waveform channel can be
viewed as a noisy discrete-alphabet channel. The source encoder maps the se-
quence of continuous-alphabet source symbols to a string of bits having a given
rate (measured in bits/sec). The function of the source encoder is that of data-
compression, i.e., to represent the source to within a specified accuracy or fidelity,
at as low a rate as possible. The channel encoder maps the sequence of bits at |
its input to another sequence of bits. Its task is to reintroduce redundancy, in a
structured fashion, into the bit stream that is presented at its input. The reason
for doing so is to allow the channel decoder to detect and correct errors that
the discrete-alphabet channel may introduce in the transmitted sequence. The
source decoder maps the sequence of bits at the output of the channel decoder
to a sequence of symbols that take values in a subset of the source alphabet.
Until quite recently, the standard practice in digital communications has been
to design the source encoder and decoder, the channel encoder and decoder and
the modulator and demodulator independently, i.e., the source encoder and de-
coder have been designed without any knowledge of the channel statistics while
the channel encoder and decoder and the modulator and demodulator have been
designed without any knowledge of the source statistics. Typically, the distortion
measure between the source sequence and its replica in the receiver, has only been
incorporated into the design of the source encoder and decoder. The motivation
for the above design philosophy is provided by information theory.

The theoretical foundations of reliable digital communication were laid down

by C. E. Shannon [1], [2] in 1948. Shannon showed that the discrete-alphabet



channel has associated with it a parameter called the channel capacity, measured
in bits/sec. The significance of channel capacity is brought out in Shannon’s main
result which states that it is the maximum rate for which there exists a.‘cha.nnel
encoder-decoder pair that can achieve error-free reconstruction in the channel
decoder of the binary sequence at the input to the channel encoder. Note that in
order to prove this result it is necessary to allow the channel encoder and decoder
to operate on sequences that are infinitely long. Now assume that the source
encoder can represent the source by a binary sequence having a rate no larger
than the channel capacity and assume that the source decoder can reconstruct
the source sequence perfectly from this sequence of bits. Then, since the rate at
the input to the channel encoder is no larger than the channel capacity, it follows
that the source decoder can also reconstruct the source sequence perfectly, based
on the output of the channel decoder.

For a continuous-alphabet source, it is not possible to represent the source
exactly by a sequence of bits having a finite rate which implies that perfect
reconstruction of the source is impossible in the receiver. However, Shannon
[3] showed that there exists a function associated with the source, called the
distortion rate function, which determines the minimum distortion that must be
tolerated in order to represent the source by a sequence of bits having a given rate.
This function, evaluated at the channel capacity, yields the minimum distortion
that can be achieved over the noisy channel. Therefore, in order to design an
optimal digital communication system, in ti1e sense of minimizing a distortion
measure between the source sequence and its replica in the receiver, it suffices
to design a source encoder-decoder pair that operates at a rate no larger than
the channel capacity and achieves a distortion equal to that predicted by the
distortion rate function at the channel capacity. Note again that in order to
prove this result, it is necessary to allow for source encoders and decoders that

operate upon sequences that are infinitely long.
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The fundamental fact implicit in the above result is that the source coding
and the channel coding functions are asymptotically separable, i.e., they can be
designed independently of each other and when connected together will not result
in a loss in optimality, provided they operate on sequences that are infinitely long.
It is this result that has been used to justify digital communication system design
philosophy.

In many real-world situations it is not possible to encode sequences that are
infinitely long due to limitations on the computing power and memory available,
or because the user is impatient. In such a situation one should not expect to
achieve optimality by connecting together separately designed source and chan-
nel encoders and decoders and the correct approach would be to design them
jointly. In this dissertation we consider a joint source-channel coding problem for
a continuous-alphabet source and a noisy waveform channel.

We will restrict our attention to a source coding technique known as vec-
tor quantization. Vector quantization is a block source coding technique that is
known to be asymptotically optimal in the limit of infinite block length, in the
sense of achieving, for a given rate, the average distortion predicted by the rate
distortion function. It has become an extremely popular source coding technique
with applications in low bit-rate image and speech coding. In keeping with the
traditional philosophy of digital communication system design, vector quantizers
have until recently been designed without taking into account the effects of chan-
nel errors. However, since many real situations involve a noisy channel or storage
medium (which is also regarded as a channel), it is important to incorporate the
channel error statistics into the design equations for the vector quantizer. This
fact has been recently recognized by several researchers [4], {5] and has led to de-
sign algorithms for the optimization of the vector quantizer structure for a given

source and discrete-alphabet channel.

Many real channels are actually waveform channels and the discrete-alphabet



channel that results from using a modulator and demodulator is under the con-
trol of the system designer. The modulator and the demodulator are an impor-
tant part of the digital communication system. The objective of the modulator-
demodulator pair is to present to the channel encoder and decoder a “good”
discrete-alphabet channel while using as small a bandwidth and as little power as
possible. The definition of a “good” discrete-alphabet channel has been a source
of much debate in the communications literature. Traditionally the probability
of error criterion has been used, though it is by no means clear that this is the
correct thing to do. Since our objective is that of minimizing a distortion mea-
sure between the source and the user, it is most natural to design a modulation
system for which this distortion measure is minimized.

With the above as motivation we are now in a position to state our problem.
We consider a vector quantizer whose output is encoded by a channel encoder and
transmitted across a waveform channel by a modulator. The receiver consists of a
demodulator, a channel decoder and a source decoder. Our objective is to design
jointly the vector quantizer, channel encoder, modulator, demodulator, channel
decoder and the source decoder so as to minimize a distortion measure between
the source sequence and its reproduction in the receiver, subject to constraints
on the transmitted power and bandwidth.

The rest of this chapter is organized as follows. We briefly describe previous
work related to our problem in Section 1.2. In Section 1.3, we provide an outline
for the dissertation and in Section 1.4, we describe the main contributions of this

dissertation.

1.2 Previous Work

The idea of jointly designing the source and channel encoders is not a new one.

Recent interest interest in the area of joint source-channel coding appears to have



begun with the ﬁork of Modestino and Daut [6], in which it was demonstrated
that for noisy channels the joint design of a source and channel encoder and
decoder can lead to dramatic performance improvements. These imprdveménts
were obtained by loweﬁng the rate of the source encoder (thus increasing the
distortion introduced by the source encoder), and using the available bandwidth
to judiciously provide channel error protection.

The optimization-based approach to combined source-channel coding has its
origins in the excellent paper by Fine [7] that appeared in 1964. Fine considered a
model for a real-valued input and output digital system without feedback from the
system output to the system input. He derived necessary conditions for optimality
for the digital system. The model that he considered was general enough to
include a digital system operating over a noisy discrete-alphabet channel. This
work was extended by Gibson and Fischer [§] to include delayed encoding and
preposterior analysis in the problem formulation.

Kurtenbach and Wintz [9] considered a simple zero-memory quantizer and a
binary synimetric channel (BSC) for which optimum quantizer thresholds and
reconstruction levels were determined for a fized codeword assignment to the
quantization levels. The mean squared-error (MSE) criterion was used in both
these papers.

It was later shown in [10] that the algorithm proposed in [9] need not converge,
and that it is necessary to impose a realizability constraint on the quantizer
thresholds in order to guarantee convergence. Further, in [10] the codeword
assignment problem was also solved. A key observation here was that not all the
available codewords are used for transmission in an optimal system. On the one
hand this can be interpreted as a form of channel coding, but on the other it can
be interpreted as a weakness of the discrete-alphabet channel that results from
the signal constellation being used. The work in {10] has been extended to vector
quantizers (VQ) in {4].



Ayanoglu and Gray [5] applied the generalized Lloyd algorithm to design joint
source and channel trellis and predictive trellis waveform coders for a variety of
distortion criteria. They demonstrated significant improvements in performance
over a codebook designed for a noiseless channel, and improvements in highly
noisy situations over separately optimized source and channel coding schemes
connected in tandem. They noted that the jointly optimized trellis coding system
is simpler to implement than a trellis source coder connected in tandem with a
convolutional channel coder.

Massey [11], based on work done by Ancheta [12], considered using linear
block codes for joint source-channel coding of binary sources over binary channels.
He concluded that when the goal is the noiseless reproduction of the source,
there is no loss in optimality in using linear block codes for joint source-channel
coding. On the other hand, in order to reproduce the source to within a non-
negligible distortion, he argued that linear block codes result in a significant loss
in optimality.

All the work that we have made reference to so far, considers the joint design
of source and channel encoders, but assumes a fixed modulation system. One of
the contributions of this dissertation is the inclusion of the modulation signal set
in the joint design process.

A majority of the work on modulation signal design has considered the prob-
lem of optimizing the signal constellation so as to minimize a probability of error
criterion, e.g., [13], [14], [15] to name a few. It is usually assumed that the sig-
nificant error event is a demodulation error to the closest signal in the signal
constellation. Such an assumption becomes necessary because of difficulties in
integrating Gaussian densities over irregular regions of multi-dimensional space
and is good only for relatively high values of the channel signal-to-noise ratio
(CSNR). It is also usually assumed that signals in the signal set are used with

equal probability. This assumption is debatable since most real source coding



schemes do not produce equally likely symbols.

The major deficiency with the probability of error criterion within the context
of our problem is that minimizing the error probability is not equivalent £o mini-
mizing the overall mean squared-error. Further, as we will see later, the optimum
demodulator is one that makes infinitely soft decisions. As Massey notes in [16],
the error probability criterion is useless when designing a demodulator to make
soft decisions.

The use of the cutoff rate as a sensible criterion for modulation system design
was first proposed by Wozencraft and Kennedy [17] in 1966. Later, Massey [16]
gave an argument in favor of using the cutoff rate for modulator/demodulator
design for combined coding and modulations systems. HF proved, for the first
time, the optimality of the simplex signal set with respect to the cutoff rate
criterion.

A third design criterion for signal set design is adopted in [18], motivated by
the study in [19] on the implications of the cutoff rate for the optical channel.
In (18], signal sets are designed for additive noise channels so as to maximize
the minimum distance between the signals, subject to constraints on the average
energy and peak amplitude.

Several authors have considered the problem of designing signal sets in order
to improve the MSE performance of zero-memory quantizers over a noisy wave-
form channel. Bedrosian [20] assumes a linear PCM system and a uniform source
distribution in which each bit of the PCM codeword is transmitted by an antipo-
dal signal set whose energy varies with the significance of that bit. He considers
single bit errors as the significant error events. For 7-bit linear PCM, he reports
an extension of 1.9 dB in the usable CSNR. Sundberg {21] extended this work to
include general source distributions and nonlinear PCM and more general mod-
ulation formats such as QAM. His approach is to define for each transmitted bit

position, an A-factor, which is a measure of the sensitivity of that bit position



to a specific channel error pattern averaged over all possible source outputs. By
varying the energy allocated for the transmission of each bit, it is possible to
reduce the error probability for the highly sensitive bits at the expense of the less
sensitive bits in such a way that the overall distortion is minimized. He reports
extensions in usable CSNR of 1.85 dB for 8-bit speech PCM. He also reports
larger gains for higher dimensional signal constellations such as 16-level QAM
(16-QAM) than for antipodal signaling. Note that the results presented in [21]
assume a high CSNR so that only single bit errors are significant. The A-factor
analysis mentioned earlier is accurate only when binary signaling is employed.
Specifically, the problem arises in non-binary signaling formats because the prob-
ability of a specific bit error pattern depends on the signal transmitted and hence
on the source symbol.

In order to overcome this problem, the so called D-factors were introduced
by Steele, Sundberg and Wong in [22] and employed to derive weighted QAM
constellations for 8-bit PCM in [23]. In [23] extensions of 3 and 5 dB in usable
CSNR are reported for 8-bit logarithmic PCM transmitted using 16-level and
256-level weighted QAM, respectively.

It turns out that the problem we treat here has close links to a series of
amplitude modulation and block filtering problems that have appeared in the
literature. The similarity arises primarily because the MSE distortion measure
suggests the use of estimation-based demodulation rather than detection-based
demodulation in the receiver. Lee and Peterson [24] consider (what we refer to
as) a block pulse amplitude modulation system (BPAM) in which information
from a vector source is to be communicated over a noisy vector channel. The
encoder and decoder are assumed to be linear transformations from the source
space to the channel space and vice versa, respectively. An energy constraint is
imposed on the transmitted signal, and the encoder and decoder maps are jointly

optimized for a weighted MSE criterion.



Tufts considers a classical PAM system [25] in which it is assumed that the
information from a discrete-time source is to be communicated over a noisy wave-
form channel. Two cases are treated, the first being the design of transmitter
and receiver filters subject to a constraint on the transmitted power and an ad-
ditional constraint of zero intersymbol interference (ISI). The second case treats
the same problem as the above, except that the restriction of zero ISI is dropped.
The joint optimization problem is solved for the restrictive case of time limited
transmitter signals. Berger and Tufts [26] consider the same problem as in [25]
without any constraints on the ISI, and develop a general solution for the joint
design problem. They also make comparisons against the optimum performance
theoretically attainable (OPTA), which is obtained by using information .theo-
retic arguments. A key observation is-that for the special case of an independent
and identically distributed (i.i.d.) Gaussian source, transmitted over an ideally
bandlimited, additive white Gaussian noise chax;nel, at a signaling rate equal to
the Nyquist rate of the channel, the OPTA and PAM performance curves coin-
cide. To the best of our knowledge, a similar comparison to the OPTA has not
been made for BPAM systems and correlated sources. We present such results
here.

The methodology adopted in this work is closest in spirit to a series of non-
linear optimization techniques that have appeared in the data-compression liter-
ature. The first to appear were the scalar quantization optimization algorithms
of Lloyd [27] and Max [28]. It has not been possible, so far, to directly apply
these techniques to vector quantizer design, since their implementation requires
the integration of a probability density function over an irregular region in a
multi-dimensional Euclidean space. In order to overcome this problem, a train-
ing sequence-based approach was introduced by Linde, Buzo and Gray [29] in
1980. The fact that this algorithm—known variously as the generalized Lloyd
algorithm or the Linde-Buzo-Gray (LBG) algorithm—does not require a prob-
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abilistic characterization of the source has proved to be tremendously useful in
applications to speech coding [30]. It has also been applied towards the design of

numerous vector quantizer, tree and trellis encoder systems [31].

1.3 Outline of the Dissertation

This dissertation is divided into seven chapters. In Chapter 2, we carefully for-
mulate the problem as a constrained optimization problem and analyze the con-
straints placed by the channel bandwidth on the signal set. In Chapter 3, we
derive the necessary conditions for optimality for the encoder, decoder and the
modulation signal set, with constraints on the transmitted signal power and band-
width. The solution to the necessary conditions in their most general form is a
difficult problem and so in Chapters 4 and 5 we solve the problem with certain
restrictions on the system structure.

In Chapter 4, we first demonstrate that the class of linear estimator-based
decoders is asymptotically optimal as the ratio of the transmitted power to the
channel noise power tends to zero. We then restrict the decoders to be linear
and analytically solve the necessary conditions for the optimal signal set and
decoder assuming that the encoder is fixed. Next, an iterative design algorithm
is presented for jointly solving the necessary conditions for the optimal encoder,
signal set and the decoder. Convergence of this algorithm is proved. We then
study the performance of the class of systems considered in this chapter in the
limit of infinite encoding rate while keeping the transmitted signal bandwidth
fixed. Finally performance results are presented for the linear decoder-based
system.

In Chapter 5, we first study a simple Linde-Buzo-Gray vector quantizer based
system. The problem here is to determine a good assignment between the signals

of the signal set and the codewords of the vector quantizer. We develop a heuristic
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signal assignment algorithm and demonstrate that it performs well as compared
to randomly selected signal assignments. We then return to our original problem.
A restriction is placed on the demodulator structure and the modulation signal
set is fixed. An algorithmr for solving the necessary conditions of optimality with
respect to the encoder and the decoder is developed and convergence is proved.
Performance results for this system are then presented. Finally we study the
limiting behavior of the system studied in this chapter as the encoding rate goes
to infinity for a fixed bandwidth.

In Chapter 6, we briefly study the issue of channel mismatch. Since the
systems studied in Chapters 4 and 5 are designed assuming perfect knowledge of
the channel statistics it is important to study the performance of these systems
under channel mismatch conditions and we do so here.

In Chapter 7, we present a summary and conclusions and discuss open prob-

lems and directions for future research.

1.4 Contributions of the Dissertation

We have derived the necessary conditions for optimality with respect to the en-
coder, decoder and the modulation signal set in Chapter 3. While the necessary
condition for optimality with respect to the decoder is not new and is well-known
from estimation theory, the necessary conditions for optimality with respect to
the encoder and the signal set are new and have never appeared before. An im-
portant observation is that the expectation and the derivative of the expectation
of the decoder output, conditioned on the event that a specific signal is trans-
mitted, play a key role in the necessary conditions for optimality with respect to
the encoder and the signal set, respectively. A similar statement is true for the
expected value of the norm of the decoder output, conditioned on the event that

a specific signal is transmitted.



In Chapter 4, we have restricted the decoder to be a linear map. We have
shown that this is a reasonable restriction when the channel is Gaussian and
extremely noisy. With this restriction on the decoder we have been able to de-
termine signal sets that are optimal for a given source and channel. We have
done so by showing that the signal design problem can be reduced to an opti-
mal energy allocation problem among the components of the signal vectors. We
have also studied the constraint that the linear decoder assumption places on the
encoder cell structure. We have been able to demonstrate that the optimal cell
structure is insensitive to information contained in the null space of the transpose
of the linear decoder map. By studying the performance of the class of linear
decoder-based digital systems as the encoding rate goes to infinity for a fixed
bandwidth, we have shown that the mean squared-error performance of the dig-
ital system is bounded from below by that of a linear analog modulation system
that we call block pulse amplitude modulation (BPAM). Our performance re-
sults indicate that significant performance improvements can be achieved over a
Linde-Buzo-Gray (LBG) VQ-based system. For example, for a first-order Gauss-
Markov source model, a CSNR of 0 dB, source block size L = 8, encoding rate
R, = 1.0 and a bandwidth expansion of 0.5 our system gains 2.0 dB and 3.7
dB over the LBG VQ-based system for source correlations of 0.0 and 0.9, respec-
tively. Compared to bounds from information theory, we demonstrate that for an
i.i.d. Gaussian source and a bandwidth expansion of unity our designs perform
within 0.15 dB of the optimum performance theoretically attainable (OPTA). For
a first-order Gauss-Markov source with a correlation coefficient of 0.9, a band-
width expansion of unity, a block size of 8 and a CSNR of 0.0 dB our system
performs within 3.6 dB of the OPTA. For the same system parameters but with
a bandwidth expansion of 0.25, our system performs within 2 dB of the OPTA.

In Chapter 5 we have assumed that the demodulator is suboptimal and that

the signal set is fixed. We have developed a design-algorithm to solve the nec-
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essary conditions for optimality for the encoder and the decoder without any
restrictions on the decoder structure. We have demonstrated that the system de-
signed with this algorithm complements the linear decoder-based systerﬁ in the
sense that it performs well in situations where the linear decoder-based system
performs poorly. We have also demonstrated significant performance improve-
ments over the LBG VQ-based system. Specifically, this system gains in excess
of 4 dB for a first-order Gauss-Markov sourée with a correlation coeﬁicient of 0.9,
a source block size of 2, a bandwidth expansion of 0.5 and an encoding rate of
4.0 bits/sample. An interesting result of this chapter has been the realization
that as the encoding rate tends to infinity, for a fixed channel bandwidth, the
system converges to the BPAM system when the BPAM system is optimal, and
to a nonlinear analog modulation system that outperforms the BPAM system
when the BPAM system is not optimal. Nonlinear analog modulation system
designs are exhibited for specific cases. Further, we have demonstrated that the
structure of the encoding region of the nonlinear analog modulation system that
is associated with a given signal is dependent on the structure of the matrix that
represents the derivative of the decoder output, conditioned on the event that
the given signal is transmitted.

Finally, in Chapter 6, we have demonstrated that the designs presented in

Chapters 4 and 5 are more robust to channel error mismatch than the LBG

VQ-based system.
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Chapter 2

Problem Formulation

2.1 Preliminaries and Notation

— ] _Source Signal
Encoder »1 Selection —» Modulator
RL I Unit S
Z(t)

L,[0,T)

RE U

S:;ré::r “ Demodulatorte
X Y U

Figure 2.1: General System Block Diagram.

We consider the block-structured communication system model illustrated in

Fig. 2.1. We have a continuous-amplitude, discrete-time source, which emits

one sample every T, seconds and is represented by the random process {X.},

n € ZZ. It is assumed that {X,} is a zero-mean, finite-variance, stationary and
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ergodic random process. Let {X,}, be an L-dimensional vector random process,
constructed from {X,} according to X, = (Xaz, XnL+1s--, X(ne1yz-1)7. As-
sume that X, has a known L-fold probability distribution Px and density px.
We regard the vector rather than the scalar source as our primary source, and
assume that a vector is produced at a fixed rate of one every T' = L7, seconds. A
block source encoder maps the L-dimensional source vector X, to an index I, that .
takes values in the index set T = {1,2,...,/N}. The rate of the source encoder
is given by R, = log, N/L bits/source symbol. The signal selection unit selects
a signal point from the signal set S = {s;, ¢ = 1,2,..., N}. Each signal point
in § is assumed to be a K-dimensional vector. As we will soon see, this restric-
tion on the dimension of the signals in the signal set arises due to a bandwidth
constraint. The output of the signal selection unit is represented by the random
vector S. The modulator, based on the output of the signal selection unit, con-
structs a waveform s(t), ¢t € [0,T), by forming a linear combination of a set of
orthonormal functions. More specifically, if {¢i(t), 1 <:< K, t € [0,T)} is a set
of orthonormal functions and if s = (s',...,s%)7 is the output of the signal se-
lection unit, then the signaling waveform at the output of the modulator is given
by s(t) = TX, s°¢:i(t). The output of the modulator, represented by the ran-
dom process S(t), is transmitted over an additive white Gaussian noise (AWGN)
waveform channel having a one-sided power spectral density Ny Watts/Hz. The
received waveform, U(t) = S(¢t) + Z(t), t € [0,T), is operated upon by a demod-
ulator, the output of which is represented by the random quantity U, that takes
values in the set &{. We will be more precise about the demodulator in Chapters
4 and 5 but we will always assume that U is only a function of the received
waveform in the interval [0,T). The source decoder, based on the demodulator
output, makes an estimate of the transmitted source vector. The decoder output
is represented by the L-dimensional random vector X.

In general a block communication system includes a channel encoder, the
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function of which is to introduce redundancy in the transmitted sequence in
order to facilitate error correction in the receiver. Our system model is general
enough to include such systems i.e., those with block channel encoder/decoder
pairs. In fact as we now justify, the channel encoder and decoder are built into
our system model. A system with a channel encoder has associated with it a

primary signal set or signaling alphabet. The channel encoder plays two roles.

1. It constructs from the primary signal set a coded signal set that occupies
a higher number of signal space dimensions than the primary set. The
structure of the coded signal set depends on both the primary signal set

and the structure of the channel code used.

2. It selects a signal from the coded signal set, based on the input to the

channel encoder.

Our signal set S is equivalent to the coded signal set and in our model, the role
of the channel encoder is played by the signal selection unit and the signal set S.

The basic objective in the design of such a communication system is to achieve
as small an end-to-end (source-to-user) distortion as possible given a power lim-
ited transmitter and a constraint on the channel bandwidth that can be utilized.
After studying the bandwidth constraint in the next section, we will proceed to
state precisely the optimization problem that arises due to our design objectives.

Before proceeding any further, we describe the notation that will be used
in the sequel. We will mainly be concerned with finite dimensional Euclidean
spaces, the elements of which will be represented by boldface characters. The K-
dimensional Euclidean space will be denoted by R¥. All vectors will be assumed
to be column vectors. We will use ||-|| and (-, ) to denote the Euclidean norm and
the inner product, respectively; the dimension of the Euclidean space in which
these operations are carried out will be clear from the context. Matrices will be

represented by boldface uppercase characters; again, it is easy to differentiate
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between vectors and matrices from the context. We will denote the transpose
of a matrix A by AT and the trace of a square matrix A by tr(A). The null
space and the range space of a linear map I will be represented by A(T') and
R(T'), respectively. The superscript L will denoté the orthogonal complement
of a Euclidean subspace and the operator @ the direct sum of two Euclidean
subspaces. We will use 0 for both the vector as well as the scalar zero; the
meaning will be clear from the context. We will write x > 0 if each component
of x is nonnegative and x < oo if each component of x is finite. Upper case
characters will be used for random quantities. The expected value of a random
vector X, will be denoted by E(X). Rxy will be used to denote the covariance
matrix of two random vectors X and Y. |r] will be used to denoté the largest
integer that is no larger in magnitude than a real number r. ZZ will be used
to denote the set of integers. Finally, a word about the usage of the terms set
and alphabet. We will use the word set, say, for the signal set S. If § can be
expressed as the M-fold cartesian product of another set Sp, for some positive

integer M, we will call Sy the signaling alphabet.

2.2 Bandwidth Constraint

Most real waveform channels restrict the bandwidth of the signaling waveforms
that are used to transmit information over them. This may be due to the physi-
cal nature of the channel itself, or it may be that the medium has to be divided
into non-overlapping frequency slots so that it may be shared between several
independent users. For this reason we would like to restrict the bandwidth oc-
cupied by the signals in the signal set S. Since these signals are time-limited
they cannot be strictly bandlimited, and it thus becomes necessary to define the
notion of a bandwidth constraint carefully. Several methods of imposing band-

width constraints do exist in the literature. In [32] it is suggested that a signal
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set be designed subject to a constraint on the fractional out of band energy, i.e.,
if S(f) is the Fourier transform of a transmitted signal s(t), 0 <t < T and H(f)
(h(t)) is the frequency (impulse) response of a given bandpass filter, then the
bandwidth constraint should have the form

JIEEGEGR

~=r% 2, (2.1)
[ 1s(rd

where 0 < 7 < 1 is a suitably chosen constant. We use a modified version of the
above bandwidth constraint, which will now be described as well as justified.

The response of a general bandpass filter to a time-limited signal is not time-
limited. However, our decoder uses only that portion of the channel output
which lies in the same interval as the transmitted signal. Hence, assuming that
the transmitted signal lies in the interval [0,T), the received SNR will be maxi-
mized if the energy of the channel filter response that lies in [0, T'), is maximized.
Therefore, rather than maximize the energy in the frequency band as in (2.1), we
seek to maximize the energy of the filter output that lies in the interval [0, T). In
the case that the bandpass filter is ideal, the two definitions are equivalent, but
they are different when the filter is nonideal.

We will now proceed to show that for this viewpoint of the signal bandwidth,
it suffices to consider a finite dimensional signal set, and that the bandwidth
increases as the dimension of the signal set increases. Qur development is based
on Theorem 8.4.1 in [33].

Define h(t, ) by

h(t—T1 , I, TE O,Tv
h(t,7) = (=) (0.7) (2.2)
0, elsewhere,
and define R(m,72) by
T
R(ri, 1) = [ h(t,m)h(t, m2)ds (23
0
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TT
Assume that [ [ h%(¢,7)dr dt < oo, i.e., h(t,T) is square integrable. There exists
00
a sequence of orthonormal functions ¢;(t), i € Z*, t € [0,T) and a sequence
of real numbers 1 > p; 2 p2 ... > 0, in one-to-one correspondence wifh these

functions, such tha:t
T
/ R(ry,72)i(m)dms = idi(m), i € Z*. (2.4)
0

Further, there exists another sequence of orthonormal functions 6;(t), ¢t € [0,T),

such that r
/ h(t, 7)bi(r)dr = JEBi(t), i€ Z*. (2.5)

It follows that if any signal s(t),t € [0,T) can be expressed as

K
s(t) = L S4l), (26)

then the output of the filter y(¢) in the interval [0, T), corresponding to an input

s(t), can be expressed as

K
y(t) = ; s‘\/ﬁ{&.-(t). (2.7

For a given input signal s(t), t € [0,T), expressed by (2.6) and having energy
Ein, let £,y be the energy at the output of the filter in the interval [0,T). Then,

K ;2
6.out ’;13 Hi ’
S > . (28)
in Z g

i=1
Hence if we restrict the signal set to lie in the span of {¢i(t), i = 1,2,..., K },‘
it is guaranteed that the fraction px of the signal energy will be recovered in
the interval {0,T). Hence for a given value of T, the bandwidth occupancy of
a K-dimensional signal set will increase with K in the sense that inf(Eout/Ein),
with the infimum taken over all K-dimensional signals, will increase. For a given
value of K, on the other hand, the bandwidth is inversely proportional to the

signaling interval T'. Since T is proportional to L, we will use the ratio & /L as
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a measure of the signal bandwidth and refer to it as the bandwidth expansion
factor. We emphasize at this point that the ratio K/L is not a linear measure of
the signal bandwidth expressed in Hz. '

We note here that, in the sequel, we will ignore the effects of ISI by assuming
that a ‘genie’ provides the receiver with the actual interfering portion of the filter
output, thus allowing the receiver to subtract off the effects of ISI. In the real
world the ‘genie’ can take the form of any'of the ISI cancellation algorithmis
available [34]. The bandwidth constraint that we have imposed does, in a sense,
restrict the effect of ISI since it minimizes the energy in the filter output that lies
outside the signaling interval. Further, if 1/T is small as compared to the filter
bandwidth, we would expect the effects of ISI to be small.

To summarize, we have shown that if we choose the eigenfunctions corre-
sponding to the K largest eigenvalues of R(7,72) as the basis functions used by
the modulator in constructing the signaling waveform, then a suitably defined

bandwidth constraint is satisfied.

2.3 Problem Statement

In Section 2.2, we studied the bandwidth constraint carefully and were able to
indicate how the basis functions ¢;(t), that are used in the modulator, should
be selected. We also showed that in order to satisfy the bandwidth constraint
it suffices to place an upper bound on the dimension of the signals in the signal
set. We will now proceed to formulate the optimization problem that we wish to
solve. |

For the purposes of the optimization problem, it is convenient to combine the
source encoder and the signal selection unit together and to represent it by the
map v : RE — S. We will refer to the combination as the encoder. We represent

the source decoder by the map g : U — RE. We will refer to the combination
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of the modulator, waveform channel and the demodulator as the channel. The
input to the channel will consist of signal vectors or signal points taken from the
set S. The output of the channel is represented by the random quantitf U. Let
us assume that the structure of the demodulator is précisely known, as a result
of which we have available a probabilistic description of the channel.

The objective, in this dissertation, is to minimize the average squared-error

distortion E||X — X||?/L, subject to an average energy constraint,

1

E(S) = =E(STS) < &,, (2.9)

t~|

and the bandwidth constraint
dim(S) < K, (2.10)

by suitably selecting the encoder 4(:), the signal set S and the decoder g(-), for
a given value of N, the cardinality of the signal set. In (2.9) it is assumed that
& = P,T/L, where P, is the available transmitter power.

In the following chapters we will derive necessary conditions for optimality
for the above problem and, since the general problem is hard to solve, we will
develop solutions to certain systems that approximate the optimum system. Be-
fore proceeding any further, we would like to mention that one is accustomed to
interpreting R, as a measure of the bandwidth required to transmit the source
data. This is not the case here since for a fixed ratio K/L, the bandwidth is

independent of R,.



Chapter 3

Necessary Conditions for

Optimality

3.1 Introduction

X S U X
- 7() »  Channel a() f—
RE S U RE

Figure 3.1: System Model for the Optimization Problem.

The communication system model that we now consider is illustrated in Fig. 3.1.
The block labeled ‘Channel’ represents the combination of the modulator, wave-
form channel and demodulator as shown in Fig. 2.1. Our goal is to minimize
E{]|X = X||?}/L by suitably selecting the encoder v(-), the signal set S and the
decoder g(+), subject to a constraint on the transmitted energy and given that

has cardinality N. It is assumed that we have a precise probabilistic description
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of the channel, and that the value of K, the dimension of the signals in the sig-
nal set, has been determined in order to satisfy the bandwidth constraint. The
encoder map partitions the source space R” into N cells or regions. We denote
by A, the set of all source vectors mapped to s;. The collection of encoder cells
is denoted by A = {A;, A;,..., An} and is referred to as the encoder partition.
Let P; be the probability of the cell A; under the source distribution Px.

The MSE of our system is given by,

= 317 (Rxx - 2Ry + Ryg)

N
= %tr (Rxx -2Y PEXIS =s)EXT|S=s;)

i=1

N I~
+Y PEXXT|S = s;)) ) (3.1)

i=1
The terms E(XT|S = s;) and E(XXT|S = s;), ¢ = 1,2,..., N, depend on
the decoder map, g, and play an important role in the necessary conditions for
optimality. Hence we define the functions f,(s) = EX|S = s) and hy(s) =
E (AXiTIS = s). The MSE can now be expressed in terms of these functions and
is given by,

1 N N

D=t (Rxx -2 ; P.E(X|i) fo(si)T + Z_‘; P;h,(s;)) , (3.2)

where we write E(X|¢) for E(X|S = s;). For completeness we state the energy

constraint:

%E(STS) <& (3.3)

The encoder map «(-) can be expressed as
N
v(x) = I4,(x)si, (3.4)
=1
where I4, is the indicator function of the set A;. From (3.4) it follows that the
encoder is completely specified by the partition A = {A4;, 1 = 1,2,..., N} and

the signal set S = {s;, i = 1,2,..., N}. We therefore consider the partition

24



A, the signal set S and the decoder g to be the independent variables in our
optimization problem. In the sequel, the MSE per source sample and the average
energy per source sample for the system in Fig. 3.1 will be denoted by D(A, S,9)
and £(A, S), respectivelyl. In the rest of this chapter we will derive the necessary
conditions for optimality with respect to the encoder partition, the signal set and
the decoder. It is a difficult task to solve these necessary conditions for the
most general case. We will, therefore, close the chapter by describing, briefly,
additional system constraints under which the optimization problem has been

solved in this work.

3.2 Optimum Encoder Partition

Assume that the signal set S and the decoder g are fixed. Our goal is to minimize
(3.2) subject to the energy constraint (3.3), by suitably choosing an encoder
partition A. Note that the encoder partition affects the energy constraint through
the probabilities of the sets A4;, ¢ = 1,2,..., N; hence the energy constraint must
be imposed.

In order to make the discussion in this section clear, we make explicit the
functional dependence of the transmitted signal vector on the source vector by

writing s(x). The first step is to construct the Lagrangian
L('A7 IB) = D(A) + ,B(g('A) - ga)r (35)
which can be written in integral form as

LA 8 =1 [ FoxBpxix)dx, (3.6)
]R.L

1For notational brevity we will frequently suppress the fixed arguments of D and £. For

example, if the signal set and decoder are fixed, we will use the notation D(A) and £(A) to

represent the MSE and the average energy, respectively.
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where
F(x,8) = E(tr(x - X)(x = X)T|X = x) + B(tr(s(x)s(x)T) = LE,). (3.7

A well-known sufficient condition for optimality [35], states that if there exists a

partition .A* and a multiplier 3* > 0, which together satisfy
L(A*,B) S L(A%,B") S L(A,B7), VB=20, VA, (3.8)

then A* is a globally optimum partition subject to the imposed energy constraint.

For a given value of 3 > 0, we will determine in Theorem 3.1, a partition .A(3),
for which
L(A(B),B) < L(A,B), VA. (3.9)

We will then prove in Theorem 3.2, that 3 8* > 0 such that

L(A(B"),B) < L(A(F"),87), VB 20. (3.10)

Therefore, upon defining A* = A(B3*), where 3° is chosen to satisfy (3.10), it
follows that (3.8) is satisfied by the pair (A*,3*) and hence A" is a globally

optimum partition.

Theorem 3.1: Given § > 0, define A;(8),:=1,2,...,N, by

Ai(B) = {x:2(x,fy(si) = fo(s;)) 2
tr(hy(s:) = he(s;)) + B(lsill® = lIs;I?), Vi #i}.  (311)

Let A(8) = {4:(B), i=1,2,..., N}. Then A(B) and 3 together satisfy (3.9).

Proof: For a given 8 > 0, we wish to determine a partition A that minimizes
L(A, B). Since px(x) = 0 for all x, it suffices to minimize F (x,B) forall x € RE.
For each x € R, F(x,8) can take on one of N different values depending on

the signal to which x is mapped by the encoder®. Denote by Fi(x, 3) the value of

2We assume here that the map from the source sample to the modulation signal is non-

random; it is easy to show that the optimum map is deterministic.
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F(x, B) under the assumption that x is mapped to s;. Since the optimum encoder

must map X to s;, where ¢ is the index that minimizes F;(x, £), it follows that
Ai(B) = {x: Fi(x,8) < F}'(x,ﬂj, Vi #i} (3.12)
It is easy to see that Fi(x, 8) is given by,
Fi(x, 8) = [IxII* = 2(%, £,(s0)) + tr(hy(s)) + Bl — LE).  (3.13)

Simple algebra then yields (3.11), thus proving the theorem.

It can be proved using (3.13) that the sets A;(8) are convex sets that are

separated from each other by hyperplanes. To see this, define A;;(3) by

Ai(B) = {x: 20, fy(s:) = fals5)) 2 tr{hg(si) — hy(s;)) + Blllsill* — lls;%)}-

(3.14)
Then
N
48 = ) 44(8), (3.15)

and A;;(8) as defined in (3.14) is an open half space of R”, the separating hy-
perplane, H;;(3), of which is defined by,

H(B) = {x + 20%, £y(s:) = fu(5,) = trihy(s:) = ho(s5)) + Bllsdl” = 1s;1)} -

(3.16)
Since the A;;(B) are convex, it follows from (3.15) that A;(3) is also convex.
Eq.ua.tion (3.16) is the eéua.tion of a hyperplane that is perpendicular to the line
joining the points f,(s;) and f,(s;) and whose shortest distance to the origin is
given by (tr(ho(s:) — hy(s;)) + BUIsilI2 — lIs;12))/211fo(5:) = fo(s;)>. Hence, for
a fixed decoder and signal set, the only effect that the multiplier § has on the
separating hyperplane H;;(8) is that of moving the hyperplane without changing
its orientation, i.e., H;;(8) and H;;(8’) are parallel hyperplanes separated by a

distance that is proportional to (5 — ).
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We now wish to prove the existence of a 8 > 0 for which (3.10) holds.
This result is proved in Theorem 3.2, but in order to prove this theorem we will
need the following Lemma. For a given S, g and 8 > 0, let £(8) and D(B) be
the average transmitted energy and the MSE, respectively, conespondiﬁg to the

partition A(3).

Lemma 3.1: £(f) is a non-increasing continuous function of the Lagrange mul-
tiplier B, under the assumption that the source distribution Px is absolutely

continuous.

Proof: (i) (£(3) is non-increasing in 3.)
For a fixed signal set S, let 8 > B'. Since (A(B), 8) and (A(B'), B') satisfy (3.9),
it follows by using (3.5) that

D(B) + B(£(B) - &) < D(B) + B(E(F') = &), (3.17)

and that
D(B') + B'(E(B') - &) £ D(B) + B'(£(B) — &.)- (3.18)

Equations (3.17) and (3.18), in turn, imply that

B(E(B) - E(B)) 2 B'(E(B) — £(8)), (3.19)

and since 8 > B’ it follows that £(8') > £(B), which proves that £(8) is a
non-increasing function of 5.
(Remark: This result is useful in the implementation of an algorithm to determine

the optimum partition.)

(ii) (continuity of £(8).)

"It suffices to prove that the probabilities of the partition sets A;(3) are continuous
functions of 5.

The proof proceeds as follows:
|P(Ai(B)) = P(Ai(8)] < P(A:(B)AAL(B), (3.20)
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where A denotes the symmetric difference between two sets. Then, it follows

from (3.15) that |
Ai(B)AA(B) ¢ U(4i;(B)AA;(BY). (3.21)

I#i
Ai;(B)AA;(B) is a region in R’ sandwiched between two parallel hyperplanes
whose separation, as we have already mentioned, is proportional to (38— §’). It is
easy to see, assuming that Px is absolutely continuous, that for a given ¢ > 0, a
§ > 0 can be chosen such that |[3—0’| < é§ implies P(A;;(8)AA;;(8)) < e/N, vy #
i. Hence from (3.20) and (3.21) it follows that |P(A4;(8)) — P(A:(8"))| < ¢, thus
proving continuity of P(A;(B)) w.r.t. B.

Theorem 3.2: Assume S is such that gréig Isl|? < L&, and that the conditions
of Lemma 3.1 hold. Then 33 > 0 that satisfies (3.10).

Proof: For B = 0, either £(8) < & or £(B) > &. If £(0) < &, then (3.10)
holds for 8* = 0. If £(0) > &,, then 3 8y > 0 such that £(Fp) < &. In order to
prove this fact assume that k is the index of the minimum energy signal in S.
To simplify the details of the proof we will assume that no other signal in & has

the same energy; this assumption is not necessary for the theorem to hold. By

Theorem 3.1,

Ae(B) = {x: 2(x, fo(s;) = fo(sk)) <
tr(hy(s;) = hy(se)) + B(lIs; |1 = lIsell®), Vi # £} (3.22)

Define?

, nin (t(hy(55) = hy(e)) + Bl = lsel)
A@={x: I < T 7;(55) = Fol }
(3.23)

3We assume here that max; [|f,(s;) — fo(si)|l > 0. If this were not to hold, it is possible to

prove that the optimum encoder simply assigns every source sample to the lowest energy signal

independent of 3, hence proving that (3.10) holds for 8 = 0.
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It is clear that Ax(8) C A(8). Further, since (||s;]|2 = ||sil[?) > 0, ¥j # k, it
follows that for any § > 0, 3 8(6) such that 8 > B() implies P(A(B)) >1-46
and hence LE(B) < |[|si|? + 8(max; [|s;]|?). Since [|si]|* < LE,, it is possible
to find a 6 > 0 such that (||sk]|> + 8(max; ||s;||?)) < LE&,, which implies that
E(B) < &, for B > B(6). This establishes the existence of a G, > 0.

Since £(B) is continuous and £(0) > &, > &(Bo) for some fo, it follows
that 3 B8* € (0, fo) such that £(B*) = &,. For this value of 8%, L(A(B*),8) =
D(A(B™)) = L(A(B*), 8*) and hence (3.10) holds.

3.3 Optimum Signal Set

Assume that the partition A and the decoder g are fixed and that f, and A, are
differentiable. We wish to minimize the average distortion given by (3.2) subject
to constraint (3.3), by suitably choosing the signal set S. The Lagrangian for the

optimization problem is given by

L(S,¥) = D(S) + $(£(S) - &)
N N
= 14 (Rxx — 23 PEXIi)fy(s)T+ 3 P.-hg(s;))

L =1 =1

+¥ (tr (% % R-s;s?) - &,) : (3.24)

t=1
Differentiate L(S,) with respect to s;, ¢ = 1,2,..., N, and set the derivatives!
to zero in order to arrive at the following necessary conditions for optimality

(assuming P; # 0):

dfy(s:)T oy _ dir(By(si))T _
2‘;—8 E(X]i) = — + 2¢s;, (3.25)
p20 (3.26)

*Instead of writing df,(s;)/ds; for the derivative of f,(s;) w.r.t. s; evaluated at the point

s;, we consider f, to be a function of a generic variable s and write df,(s;)/ds.
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and

¢(tr(%i PisisT) — £) =0. - (327)

=1
The optimum signal set for a given encoder partition and decoder is seen to

depend on the derivatives with respect to s of the two functions, f,(s) and h,(s).

3.4 Optimum Decoder

Assume that the encoder partition A and the signal set S are fixed. The choice of
the decoder does not affect the energy constraint, hence we have an unconstrained
optimization problem to solve. The solution to this problem is well-known in

estimation theory and is given by,
g(u) = E(X|U = u). (3.28)

The optimum decoder simply computes the conditional mean of the source output
based on the demodulator output u. If we assume that & = R*, the decoder
will, in general, be a nonlinear map from RX to RL. However, as is well known,

if X and U are jointly Gaussian, then the optimum decoder map will be linear.

3.5 System Classification

We have derived necessary conditions for optimality under a general system
framework. We have, so far, been imprecise about the nature of the demodulator.
It turns out that the choice of the demodulation scheme plays an important role
in determining the class of decoders for which the optimization problem remains
tractable.

It is an almost trivial fact that the optimum demodulator should be “in-
formation lossless”, i.e., the source decoder should have access to the unpro-

cessed or “raw” channel output. It, therefore, suffices to consider a demodulator
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that projects the received waveform onto the orthonormal functions {¢;(t), i =
L,2,...,K; t € [0,T)}. More specifically, the optimum demodulator output
K )T

u = (ul,u?,...,u¥)7, is given componentwise, by,

= /OTu(t)qS,-(t)dt, 1<i<K. (3.29)

We refer to the above form of demodulation as “projection” demodulation. The
decoder of an optimum system that uses projection demodulation must compute
the conditional mean of the transmitted source vector based on the demodulator
output. We will refer to such a system as the BPCE system (Block encoder-,
Projection demodulation-, Conditional Expectation decoder-based system). Un-
fortunately, the optimization problem remains intractable for the BPCE system.
Hence, in Chapter 4, we restrict the decoder to lie in the class of linear de-
coders and refer to such a system as the BPLE system (LE stands for the Linear
Estimator decoder).

A second approach is to approximate the optimum demodulator by consid-
ering minimum-distance (MD) demodulation. MD demodulation consists of a
projection demodulator followed by a quantizer. The quantizer output takes val-
ues in a discrete demodulation alphabet which is a subset of RX. The term
“minimum-distance” describes the operation of the quantizer which selects as
its output the symbol from the demodulation alphabet that is closest in the Eu-
clidean sense to its input. For the Gaussian channel, maximum-likelihood demod-
ulation falls within this class of demodulators. This choice of the demodulator is
sub-optimal, however, it allows us to compute the functions f; and h,; without
placing any restrictions on the class of the decoders. We refer to such a system
as the BDCE system (Block Encoder-, Detection demodulation-, Conditional
Expectation decoder-based system). This system is studied in Chapter 5. Note
that even though the conditional expectation is computed in the decoders of the

BPCE and the BDCE systems, the decoders are quite different from one an-
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other. In the BPCE system the decoder is a map from R¥ — RE, whereas in
the BDCE system it is a map from a finite demodulation alphabet, /, into RL.
Hence, the functions f; and k, are also different in-the two cases and even though
our notation does not reflect this fact, it is clear from the context.

Our classification of demodulation systems is nonstandard. Demodulation
is conventionally classified into hard-decision and soft-decision demodulation.
Hard-decision demodulation is used when the demodulation alphabet and the
signal set are identical, whereas soft-decision demodulation is used when the de-
modulation alphabet is larger in number than the signal set. This classification
does not suit our needs as can be seen from the fact that MD demodulation could
be described as either hard-decision or soft-decision demodulation depending on

whether the demodulation alphabet is identical to or larger than the signal set.
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Chapter 4

Linear Estimator Decoder-Based

Systems

4.1 Introduction

In Chapter 3 we have developed necessary conditions for optimality for a gen-
eral block-structured communication system. However, the exact evaluation of
the functions f, and h,, for the optimum decoder g, is a formidable task when
optimum demodulation in the sense described in Chapter 3, is used. In this
chapter we will consider the first approximation to the optimum receiver. The
demodulator will be assumed to be optimum, i.e., it is information lossless and
simply projects the channel output waveform onto the set of orthonormal func-
tions {#i(t), 1 <i < K, t € [0,T)}. The output of the demodulator, represented
by the random vector U, will take values in the set U = RX. We will then
restrict the decoder to lie in the class of linear estimators. With this restriction
" on the decoder we will be able to solve all the necessary conditions for optimality

that were developed in Chapter 3. However, before we proceed with the study
of linear estimator-based systems, we will provide justification for doing so in

Section 4.2. In Section 4.3, necessary conditions for optimality will be derived for
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the particular case being studied here. In Section 4.4, necessary conditions for
the optimum signal set and the optimum decoder, for a given encoder partition,
will be solved simultaneously. A design algorithm for the design of systems that
simultaneously satisfy all three necessary conditions will be presented in Section
4.5. In Section 4.6, the performance of the systems designed in this chapter will
be studied as a function of the encoding rate, and it will be proved that the SNR
performance of finite encoding rate systems is bounded from above by that of
a linear analog modulation system that we call Block Pulse Amplitude Modula-
tion (BPAM). A set of performance results will be presented in Section 4.7. The

chapter will then be summarized in Section 4.8.

4.2 Optimum Decoder and Approximations

The objective of this section is to provide justification for studying the class of
linear estimator-based decoders. From estimation theory it is well-known that for
the squared-error distortion criterion, the optimum decoder must compute the

conditional expectation of the source vector based on the channel output, i.e.,
g(v) = E(X|U =u), (4.1)

and that the optimum estimator is unbiased, i.e., E(g(U)) = E(X) = 0.

By conditioning on the event that s; is transmitted, it is easy to see that
g(u) can be expréssed as a convex combination of the centroids of the encoding
regions, i.e., N

g(u) = 21 E(X[5)P(si|u), (42)
where E(X]|i) is the centroid of the region A; and P(s;|u) is the probability that

s; is transmitted, given the channel output u. Equation (4.2) can further be

expressed as

o(u) = ZE(X[ ”(“és; , (4.3)
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where the lower case p’s are used to represent probability density functions.

The variance of i, is given by

varX) = E(s"(U)g(V)) |
= / Z Z E(XIZ)TE(X[])p(uls')p(ulsj)RP,du

RX i=1 j=1 p(u)
- T3 EXRETEXRE [ PR gy gy
i=1 j=1 ]RK P(u) )

The evaluation of the integral in (4.4) is the main bottleneck in evaluating the
estimator variance. |

It turns out that for very noisy Gaussian channels, the optimum nonlinear
estimator can be well approximated by a linear estimator. We now prove a result
which is motivated by an earlier result due to Gardner [36], in order to make the

above statement precise.

Theorem 4.1: Assume that E(X) = 0, E(S) = 0 and E(STS) = £. Let
Z be a zero-mean, Gaussian, K-dimensional noise vector with autocovariance
matrix (No/2)I. The optimum estimate of the transmitted vector X, based on

the received vector u, can be expressed as,
g(u) = GTu + o(VE, ), (4.5)

where ||o(vE,u)||/VE — 0 as € — 0, and GT is a linear map, GT : RX — R

Proof: Rewrite (4.3) as

™Mz

: E(xli)PuIS¢(u|Si)R
g(u) = =g : (4.6)
J§1 Puls, (uls;)FP;

where we use the subscript on p to identify the density being used and we assume,
without loss of generality, that P, > 0, i = 1,2,...,N. Now use the fact that
Pujs;(ulsi) = pz(u — s;) and expand pz(u —s;) in a Taylor series around u to get

pus(uls) = pa(u = 50 = polw) = Ehsr ko), @)
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where |o(s;,u)|/|si]l = 0 as ||si]| — 0. Since Z is Gaussian with covariance

matrix (No/2) I, it follows that

dp;flu) = (-—7\%) pz(u)uT. (4.8)

Now substitute (4.8) and (4.7) into (4.6) and use the fact that E(X) = 0 and
E(S) =0 to get,

N N :
2% P.E(X]i)sTu/N, + & PE(Xli)o(si, u)/pa(u)

g(u) = N
1+ .z=:1 Pio(si,u)/pz(u)

= 2% P.E(X[i)sTu/No + o (\/E, u) . (4.9)

=1

By identifying GT = 2§RE(XIi)s?/No, the theorem is proved. The details
that lead to the last ste;)_have been proved in Appendix A.

We also present evidence to support our claim in Fig. 4.1. We consider a
uniformly distributed scalar source (L=1) encoded by an N-level uniform scalar
quantizer and transmitted by an N-level PAM signal set (K=1). The map from
the quantizer output to the signal set preserves the order, i.e., the leftmost quan-
tizer output is mapped to the leftmost signal and so on. In both Figs. 4.1a and
4.1b the optimum estimator output, as given by (4.2), is plotted as a function
of the channel output over a region having a probability of 0.99. The estimator
output was obtained by computing its value at 25 equally spaced points in the
above mentioned region. In Fig. 4.1a we have set N = 4 and g¢(-) is presented for
three values of the CSNR (= 10log,o(£/No)). It is clearly seen that the optimum
estimator tends to become linear as the CSNR decreases. In Fig. 4.1b, we have
set the CSNR= 7.0 dB and curves are plotted for N = 2, 4 and 8. Here we notice
that the optimum estimator tends to become linear as /N increases. The results
of this section provide us with the motivation for restricting attention to the class

of linear-estimator decoders.
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4.3 Necéssary Conditions for Optimality

Z

—_— 7(+) >+ > GT ——
X S U X
RE RX RE

Figure 4.2: System Block Diagram

The combination of the modulator, waveform channel and the demodulator can
be represented by an additive vector Gaussian channel as depicted in Fig. 4.2. We
will now proceed to develop necessary conditions for optimality for the problem
as stated in Chapter 2 with the restriction that the decoder be a linear map
GT : RX — RRL. In order to do so, we first state, without proof, some useful
formulae that are simple to derive, and write a general expression for the MSE
in terms of the parameters to be optimized.
With reference to Fig. 4.2, assume that X and Z are independent and have
zero means. The following relationships are easily verified:
N
Rxu = Rxs = )_ P.E(X|:)sT, (4.10)
i=1

R;z =RxsG, (4.11)

Ruvu = Rss + Rzz, (4-12)
Ry = GTRyuG = G7(Rss + Rzz)G, (4.13)
and
N
RSS = Z P"S,'S‘T. (4.14)

=1
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The MSE is given by
LE@r (X - D)X - X)) = 1er (R 2 Ry
FEGr(X - X)(X - X)7) = 7#r (Rxx - 2Ryg + Rgg)
1 N . ‘N
= Ztr (Rxx -2y PEX[)sTG+GT (Z Pis;sT + Rzz) G) . (4.15)
t=1 t=1

For completeness we state the energy constraint
%E(STS) <E&,. (4.16)

In Chapter 3, we were able to characterize the optimum encoder partition for a
given decoder and signal set in terms of the functions f, and h,. Similarly, the
optimum signal set for a given encoder partition and decoder was characterized
in terms of the derivatives of the above functions. It now remains to derive these

functions when the decoder is assumed to be linear. The function f; is given by,
fo(s) = E(9(U)|S = s) = E(GT(S+ Z)|S =5) = GT's (4.17)
and hy is given by,

hy(s) = E(g(U)g(U)T|S = s) = E(GTUUTGIS = s) = GTss7G + GTRzzG.

(4.18)
Further,
dfy(s) T
— = 4.1
ds G ] ( 9)
which is independent of s, and,
dtr(hy(s) _ 97gaGT, (4.20)

ds
a linear function of s. It is precisely the simple form of these derivatives that

allows us to solve the necessary conditions for optimality.

4.3.1 Optimum Encoder Partition

Assume that the signal set S and the decoder G7 are fixed. Our objective is to

determine the optimum encoder partition.
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Theorem 4.2: Define A;(8),:=1,2,...,N, by

AiB) = {x:2(x,GT(si—s;)) 2

IGTsi|? = IGTs; 12 + Bl = lIss1?), ¥ 5 #i}.  (4.21)

Let A(B) = {AiB), i = 1,2,...,N}. Let 8" be such that either 3~ > 0 and
(4.16) is satisfied with equality or 8* = 0 and (4.16) is satisfied. Then A(8") is
a globally optimum encoder partition for the given decoder and signal set.
Proof: The proof follows directly from Theorem 3.1 by substituting (4.17) and
(4.18) in (3.11) and from Theorem 3.2.

It is instructive to study the constraint that the linear decoder places on the
optimum encoder partition. As we prove in the next theorem, it turns out that
in some cases the optimum partition is unable to encode information contained
in a subspace of RE.

Theorem 4.3: For a given decoder GT and signal set S, let .A(3) be the optimum
partition for a suitably chosen 8 > 0. Then the null space of G, N(G) C A;,

where : is the index that satisfies
IGTs:||? + Blls:|l* < IIGTs;l1* + Blisill*, Vi # i. (4.22)

Further, if x is mapped by the encoder to s;, then so is x + x/, Vx’' € N (G), Vj.
Proof: Assume x € N(G). Then since (x, GT(s; — s;)) = (Gx, (si —s;)) = 0,
it follows from (4.21) that x € A;(8), for the index ¢ which satisfies (4.22).
Further, assume that x € A and let X’ € N(G). Since (x + x', GT (s — s;)) =
(G(x + X'), (s — 5;)) = (Gx,(sk —s;)) = {x,GT(sk —s;)) it follows by using
(4.21) that x + x’ € Ax(B).

This theorem indicates that the encoder partition is insensitive to variations of
the source vector along vectors that lie in the subspace N'(G), i.e., it is impossible
to cross the boundary of any of the encoding regions by traversing a path parallel

to vectors in N(G). As we will see later this constraint on the structure of the
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encoder partition can lead to a significant loss in performance in some cases.
On the other hand it is possible to significantly reduce the computation required

during the encoding procedure in cases where dim(ANV(G)) is large, as the following

example illustrates.
Suppose we wish to design an encoder for a source vector of dimension 2 and
a signal set of dimension 1. Then N(G) has a dimension of 1. Assume that

it is oriented as shown in Fig. 4.3. The above theorem implies that the encoder

A/_
o~

Encoder Cells

/ ,
v
L

Figure 4.3: Optimum Encoder Partition

partition boundaries are lines parallel to N(G), i.e., in this case the source encoder
partition is equivalent to that of a scalar quantizer operating on one component of
a source vector that has been transformed using a linear transformation. Hence

a less complex search is required in the encoder than would be for a general 2-D

VQ.



4.3.2 Optimum Signal Set

Assume that the partition .4 and the decoder G7 are fixed. We wish to minimize
the average distortion given by (4.15) subject to the energy constraint (4.16), by
suitably choosing a signal set S.

The Lagrangian for the optimization problem is given by

L(S,9) = D(S) + ¥(E(S) — &)

N
= %tr (Rxx -2 Z P,~E(X|i)s?G + GT(Rss + Rzz)G>

=1

+ (tr (-IL- f: P;s.-s?) - &) : (4.23)

=1
Differentiate L(S,) with respect to s;, 1 = 1,2,..., N, and set the derivatives

to zero in order to arrive at the following necessary conditions for optimality:
(GGT + yI)s; = GE(Xi), i =1,2,...,N, (4.24)

Y20, (4.25)
and

1 N

¥ (tr (-L- 3 P,-s;s,-T) - 8,,) =0. (4.26)
f=1

It is important to note that E(X]|:) is the centroid of A; and hence (4.24)

implies that the optimum signals used to transmit the source vectors in A; are

linearly related to the centroid of the region A;. Hence there exists a linear map!

T: RY — RX, such that,
s; =TE(X]:), i=1,2,...,N. (4.27)

Thus in order to determine the optimum signal set it suffices to determine an

optimum linear map I'. From (4.24), it follows that it suffices to select (T, %) such

}This is a non-trivial statement. If ¥ > 0, then (GGT + ¢I) is nonsingular, hence invertible,
and the existence of T follows. If ¥ = 0, then (GG7 + %I) may not be invertible. However,
it is possible to show that there exists an optimal signal set that lies in A (GT)* from which

existence of T follows.
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that (GGT + ¢I)T' = G, % > 0 and ¥(tr(3 TN, PTE(X[))E(X[i)’TT) - £,) =
0. We also note here that the optimum encoder can be factored into a vector
quantizer (VQ) followed by a linear map from the VQ centroids to the modulation

- signal set, thus allowing us to depict the optimum systeni as in Fig. 4.4. Note

Figure 4.4: Optimﬁm System

that as a consequence of (4.27), the signal set lies in the range space of the linear
map I'. Since the dimension of the range space of T satisfies dim(R(T")) < L, it
follows that if we had chosen K > L then at least K — L dimensions of the signal
space would not be utilized, which in turn implies that the optimum signal set is
incapable of resulting in a bandwidth expansion. Needless to say, this restriction
on the bandwidth arises due to the linear decoder assumption. In the sequel, we

will therefore assume that K < L.
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4.3.3 Optimum Decoder

Assume that the encoder partition A and the signal set S are fixed and that
we wish to determine the optimum decoder GT.. Note that the choice of the
decoder does not affect the energy constraint, hence we have an unconstrained
optimization problem to solve. The solution to this problem is well known in
linear estimation theory and is obtained by using the orthogonality principle

which states that
E(X-GTu)(cu)) =0, (4.28)

for any L in the space of linear maps from R* to R’. The optimum decoder

matrix is obtained by solving (4.28), and is given by
GT = quRﬁlU, (4.29)

from which it follows by using (4.10) and (4.12) that
GT = Rxs(Rss + Rzz)™". (4.30)

Our next goal is to simultaneously solve the necessary conditions developed in
Sections 4.3.14.3.3, in order to determine a solution to the necessary conditions
for optimality. It turns out that the necessary conditions for the optimum signal
set and decoder can be solved analytically; we shall do so in the next section,
following which we will describe an iterative algorithm for determining a system

that satisfies all the necessary conditions for optimality.

4.4 Simultaneous Solution: Optimum Signal

Set and Decoder

In this section we will simultaneously solve (4.24)-(4.26) and (4.30). We will do so

by first stating and then solving a problem which has an identical solution. With
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Figure 4.5: An Equivalent System

reference to Fig. 4.3, let Y be an L-dimensional random vector which takes values
in the discrete set {E(X]i), ¢ = 1,2,...,N} with corresponding probabilities
P, 1 =1,2,...,N. We wish to determine an optimum linear encoder I" and a
linear decoder GT so as to minimize E(tr(Y — Y)(Y —Y)T), subject to an energy
constraint tr(ITRyyT') < LE,.

Theorem 4.4: Let I' and G7, as described above, minimize D' = E(tr(Y —
Y)(Y - Y)T) subject to tr(TTRyyT) < LE,. Then I and G7 simultaneously
satisfy (4.24)-(4.26) and (4.30).

Proof: We can write

1
D= -L-tr (Ryy - 2RY’? + *?) , (4.31)
which simplifies to

N N

D= %tr (Ryy -2Y REX[)sTG+GI (Y PsisT + Rzz)G) . (4.32)
i=1 i=1

where s; = TE(X|{), i = 1,2,...,N. Except for the first term, tr(Ryy), which

is a constant with respect to I and G, (4.32) is identical to (4.15). Further, the

average transmitted energy is identical for the two problems. Hence I' and G

simultaneously satisfy (4.24)—(4.26) and (4.30), thus proving the theorem.

We will now proceed to determine the optimum linear encoder map I' and

decoder G7 that ‘minimize E||Y — Y|? for the system in Fig. 4.5 subject to
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an average energy constraint. For future reference, the MSE expression for the

system in Fig. 4.5, is given by

1 |
D' = st (Ryy = 2RyyI”G + G'(TRyyI” + Rz2)G), (4.33)

where D and D' are related by

1
D=D+ z—tr (Rxx — Ryvy). (4.34)

We define the channel distortion by D’ and the source encoder distortion by
D-D.

The energy constraint is given by
1 T
Ftr (TRyyI7T) <&, (4.35)

The optimum encoder map, for a given decoder G7 is obtained by solving

(GGT +¢I)T =G, (4.36)
% >0, (4.37)

and
¢ (tr (RyyI7T) - L&) =0. (4.38)

The optimum decoder map for a given encoder is given by
GT = Rys(TRyyI'T + Rzz)™. (4.39)

Our goal, now, is to solve (4.36)-(4.38) and (4.39) simultaneously. In order
to solve these equations we will proceed as follows. We will first show that
R(G) = R(T') and N(G) = N(T'), where T is the optimum encoder for a given
decoder GT. This fact and (4.36) will enable us to show that there exist bases
for R¥ and RZ, called the singular bases of G7, in which GT, GGT and T, the
optimum encoder for the given decoder GT, have zero off-diagonal terms. Finally,

we will prove that if GT is the optimum decoder map, the singular basis for RE
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is the set of eigenvectors of Ryvy. This will enable us to express the overall
distortion as a summation, each term of which is a convex |J function of the
average energy transmitted on a given channel dimension. By determining the
optimum distribution of energy among the channel dimensions, we will be able
to determine the optimum encoder map, following which the optimum decoder
map will be determined. The solution to the optimization problem is developed
in the lemma and the sequence of theorems that follow.

Lemma 4.1: For a given linear decoder GT, 3 an optimum encoder map I' that

satisfies:

(i) M(T) c N(G) = R(GT)*, (4.40)

and

(i) R(T) Cc R(G) = N(GT)*. (4.41)

Proof: (i) Based on (4.36) we can write
(GGT + yI)I'x = Gx . (4.42)

Let x € N(T'). The left side of (4.42) is zero, from which it follows that Gx =0
and hence V(T') C N(G). The equality in (4.40) is a well known fact in linear
algebra and hence is not proved here.

(ii) It is always possible to decompose the encoder map as I' = I' + I'", where
R(I°) C N(GT)* and R(T*) € N(GT), since R = M(GT)* @ N(GT). We
now prove that if I is replaced by I'°, the MSE remains unchanged and the energy
constraint continues to be satisfied. Substitute I' = (I'° 4+ I'") in the expression

for the MSE given by (4.33). Thus

D = %tr (Ryy — 2Ryy(L° + ") G+

GT(I° + I")Ryy(I° + I")* G + GTRzzG) . (4.43)

Since R(I'™) € N(GT), it follows that GTT™ = 0 and hence I'""G = 0 which
implies that D’ in (4.33) is unchanged when T is replaced by I'°.
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The energy constraint states that tr(TRyyI'T) < LE,. But tr(TRyyI7T) =
tr(lTTRyy) = tr(T°"T°Ryy) + tr(I"" T"Ryy), the terms containing I*" T
and I'"" I being zero because R(I°) C R(I™)* = N(I™) and similarly R(T™) C
N(T°"). Finally, tr(I"" T"Ryy) = t~(T"RyyI"™") > 0 since Ry is positive
semi-definite, hence LE, > tr(TRyyI7) > tr(I‘°Ryy1"°T). We therefore do not

lose optimality if we replace I by I'°, which, by construction, satisfies (ii).

An immediate consequence of Lemma 4.1 is that, R(I') = R(G) and N (T') =
N(G). This is so because,

dim R(T') + dim M(T) = L = dim R(G) + dim M(G), (4.44)
which implies that
dim R(T') - dim R(G) = dim M(G) - dim A(T), (4.45)

which can be true only if R(T') = R(G) and M(T') = N(G).

As we mentioned earlier, a natural set of basis vectors for RX and RZ are
the so-called singular bases associated with the decoder map G7, since both G
and GGT have a convenient representation with respect to these bases. We now
construct the singular bases with respect to GT. Details and proofs can be found
in basic linear algebra texts such as [37].

GGT is a positive semi-definite operator, hence it has an orthonormal set
of eigenvectors {ey,...,ex} that span R¥. Let {g?, i = 1,2,..., K} be the
associated set of eigenvalues and assume, without loss of generality, that g2 >
93> ...2g?>0and that g2, = ... = g% = 0, for some t, 0 < ¢t < K. Then
{e1,..., e} lies in and spans A(GGT)* and hence also N(GT)*, whereas,
{et+1,...,ex} spans N(GT). Let v; = GTe;/g; ,1 <i < t. Then {v;,1 <i <t}
forms an orthonormal basis for R(GT) ¢ RL. To complete the construction of
an orthonormal basis for RY choose {Vtt1,--.,vL} as an arbitrary basis that

spans R(GT)*. Here {e,,...,ex} and {vi,...,v.} are called the singular bases
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of GT. With respect to the singular bases, the map GT has the representation

- -

[}

GT = T, ©(4.46)
: gt

and GGT has the representation

GGT = : (4.47)

i 0]
Theorem 4.5: For a fixed decoder map G, an optimum encoder map I" which
satisfies Lemma 4.1 has a zero off-diagonal (ZOD) representation with respect to

the singular bases of G7, i.e., I" is of the form,

v .
0
r= . (4.48)
RL
L 0 0.
Proof: From (4.36) it follows that
IT[GGT + yIle; = GTe.. (4.49)

Now use the fact that for 1 < i < t, GGTe; = g?e; and GTe; = giv; to get
ITe; = g;/(g? + ¥)vi, 1 i <t. Fort < i < K, TTe; = 0 since ; € N(GT)
which equals V(IT) as a direct consequence of Lemma 4.1. Hence if we define
~i = gi/(g? +¥), 1 < i < t, it follows that I' has a representation of the form
(4.48).

So far we have succeeded in deriving a representation for an optimum T for a

given GT in terms of the singular bases of GT. However, the optimum decoder
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map GT is itself unknown, hence we do not as yet have a representation for the
singular bases of G7, in terms of absolute bases for R¥ and R%. We now derive
a representation for the basis vectors {vi,...,vz} for RY with respect to an
absolute basis i.e., the eigenvectors of Ryy. We 'will at this point assume that
Rzz = (No/2)1-

Theorem 4.6: 3 an optimum decoder G for which the basis vectors {vy,..., v}
are the eigenvectors of Ryvy, the covariance matrix of Y.

Proof: Rewrite (4.39), using the fact that Rzz = (No/2)I, as,
T r, M
G (TRyyI" + ?I) = Rys. (4.50)

Postmultiply (4.36) by RyyI'7, premultiply (4.50) by G and use the fact that
Rys = RyvI7T to get

YTRyyIT = %QGGT . (4.51)
Substitute (4.51) in (4.50) and postmultiply by e; to get (assuming ¥ # 0),
GT (%‘:GGT + 1—\2[21) e; = Ryse; = RyyI7Te; . (4.52)
Now use the facts that I'Te; = y;vi, GGTe; = g?e; and GTe; =g;v;, 1 <i < ¢,
to get
Ryyv; = %‘: (‘(;—‘2 + 1) givi, 1<i<t. (4.53)

Hence, {vi, 1 < i <t} are eigenvectors of Ryy. For t < ¢ < L, v; was chosen
arbitrarily so that {v;, ¢ =1,2,...,L} spanned RL. Hence it suffices to choose
Vi, t < 2 £ L as the remaining eigenvectors of Ryvy, since Ryy is positive
semi-definite and thus has an orthogonal set of eigenvectors that span RE.

To recapitulate, we have proved so far that if we use the eigenvectors of Ryy
to represent RY, 3 a basis for R¥X and optimum maps GT and I’ which have
ZOD representations with respect to the chosen bases for R* and RX. Note that
the covariance matrix of the noise process is unaffected by the choice of a basis

for R¥ because of the white noise assumption. Even though we do know that it
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suffices to choose the set of vectors {vy,...,v.} as the eigenvectors of Ryy, we
do not know how the correspondence between this set and the set of eigenvectors
is to be made. This is equivalent to determining how the eigenvalues of Ryvy
should be indexed. For the moment we will a.ssumé that the eigenvalues of Ryy
have been indexed arbitrarily. It is not possible to deduce the best indexing of the
eigenvalues of Ryy based solely upon the necessary conditions of optimality. The
reason is that there exist locally optimal solutions for every possible indexing of
the eigenvalues. In order to determine the best indexing it is therefore necessary

to evaluate the objective function at the locally optimum solutions and then -
choose the indexing that results in the globally optimum solution.

Since we have chosen the eigenvectors of Ryy as the basis for R”, the matrix
representation of Ryvy in this basis is
Ay 5

Az
Ryy = . . (4.54)

I AL
Further, we use the fact that K < L and that GT and I have ZOD representations

in the chosen bases for RX and R’ to write

01 -
GT = ' , (4.55)
9K
X 0 i
and
M
T = 0. (4.56)
IK

Now use the fact that Rys = RyyI'7 and substitute (4.54)-(4.56) in (4.39) (the

optimum decoder condition) to obtain,

Aivi : , -
= NN 19 K 4.57
SN 30
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Use (4.57) in the expression for the distortion (4 33) to get

L 2
= E A — 2 4.58
=1 i=1 /\37', + N /2 ) ( )

The energy constraint states that

K
Yo Af < L&, (4.59)

=1

and we wish to minimize (4.58) subject to (4.59), by suitably selecting v;, ¢ =
1,2,...,K. Upoﬁ defining & = A\;4? (the average énergy in dimension i), (4.58)

becomes

LD E/\ ZS +No/2

i=1 =1

and (4.59) becomes

K
S &< LE, . (4.61)
=
0 & —_—
-2 / I
N
aLy
o&;
-2Az
N
-2
N

Figure 4.6: LD'/0E; vs. &;.
The problem has thus been reduced to an energy allocation problem. The
optimum solution can be arrived at in a very intuitive way by using an incre-

mental energy allocation technique quite similar to the incremental bit allocation
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techniques used in block transform coding systems. The derivatives, dLD’/9¢;,

given by,
OLD'  —X\lNo/2
0¢; (E + No/2)?’

are sketched in Fig. 4.6 and are convex N, nonpositive, increasing functions of

i=1,2,...,K, © (4.62)

&. If we start off with a zero energy assignment to every signal (or channel)
dimension and assign an infinitesimal amount of energy along the coordinate 2
for which the derivative &= M‘D has the largest magnitude until the total allocated
energy equals LE,, we should arrive at an optimum energy allocation. At this
point the following conditions would be satisfied by &, 1 < ¢ < K for some
v20:

/
59%7- ==, i:&>0 (4.63)
/
_agg >, i:&=0, (4.64)
and
1 K
I Y &=E.. (4.65)
=1

Theorem 4.7: An energy allocation &, ¢ = 1,2,..., K, that satisfies (4.63)-
(4.65) minimizes (4.60) subject to (4.61).

Proof: The proof follows from the fact that £X;/(& + No/2) is a convex N func-
tion of &;. Let D’ be the average distortion corresponding to the energy allocation
that satisfies (4.63)-(4.65), and let D' be the average distortion corresponding to
some other energy allocation & i=1,2,...,K, such that vk, & < LE,. Then

K LD’ K
L(D-0)=Y ——(E -&)2—-yd (&-&)20, (4.66)
i=1 =1
thus proving our claim.
The solution that satisfies (4.63)-(4.65) is an optimal solution for a given
indexing of the eigenvalues and is only a locally optimal solution for the problem

we set out to solve. We now prove that the globally optimum solution is obtained
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by computing the optimum energy allocation using the K largest eigenvalues of

Rvyvy.

Theorem 4.8: Let the eigenvalues be indexed such that the first K eigenval-
ues are the K largest eigenvalues of Ryy. The globally optimum distortion is
obtained by determining the optimum energy allocation for this indexing of‘ the
eigenvalues.

Proof: It suffices to prove that if the eigenvalues are arranged in such a way that
A; < A; for some i < K and some j > K, the optimum distortion will decrease
by exchanging A; and A;. Without loss of generality and to avoid generating
unnecessary notation assume that A\; < Agi;. Let D' be the corresponding
optimum distortion and &, i =1,2,..., K, the corresponding energy allocation.
Define the reordering, j(i), by (1) = i, i # 1, K+1; j(1) = K +1 and j(K+1) =
1. Let D" be the distortion corresponding to the same energy allocation and the

reordered eigenvalues, Aj(;). From (4.60) it follows that

K AilNo/2 L
L(D'=D") = 3 -2iofe Y
LENr X,
N
S~ Zierere A
Z&'-{-No/? Z 3(3)

i=1 1=K +1
= _MNo/2 + Apaq — Ak1No/2 A
E+Noj2 TR T E T N2 T
(Ak+1 — M)
= 4.67
&+ No/2 >0 (4.67)

thereby proving our claim.

An explicit solution for the optimization problem can now be developed as
follows. The first step is to arrange the eigenvalues of Ryy in descending order,
ie, A1 2 Ay 2 ... 2 A > 0. Let t be the number of dimensions to which
strictly positive energies have been allocated. From (4.63) and (4.64) it follows
that if £ > 0 then & > 0 for i < j, which in turn implies that for some integer
t>0, & >0,1< 1<t Further, from (4.64) it follows that if £,; = 0, then
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- < OLD'[9& s le,,,=0 and since £, increases as — increases, it follows that
the value of &, that corresponds to —¢) = LD'/9E, 4, le,,,=0 is the largest value
of the energy constraint for which &, is zero. Define this value of the energy
constraint to be the ¢-th energy breakpoint denoted by .

Since LD’ [0&141 lg,,1=0= =M+1/(No/2), we can use (4.62) to determine
£, 1 £ j < t, where &} is the energy &; corresponding to the slope —¢ =

—At+1/(No/2). Hence

Ny A; .
t "_'7__ <7<t .
EJ 9 ( Ats1 )7 1<;<¢ (4 68)

By summing (4.68) over j, 1 < j <t we then obtain

£ = %Z(\/_ Vi) - (4.69)

For £ < L&, < &, exactly t channel dimensions are allocated positive energies

and we have
oLD
0¢;

Use (4.70) in (4.62), multiply the result by — (&; + No/2)? for each i, compute

=—¢, 1<i<t. (4.70)

the square-root of both sides and sum over 7, 1 < ¢ < ¢, using Z: & = L&, to

i=1
get . t . .
PIRVAY
Y= Mol _&” , (4.71)
2 | L& +tNg/2
from which it easily follows by using (4.62) that
1/2
Mo \/T(1+2L£/tNo)_1 l<i<e (0.12)

TV = /Al

The optimum decoder can then be determined using (4.57). Finally for £~ <
LE, < £, the minimum MSE is obtained by using (4.72) in (4.60) to get

t
' _ NO (igl \/A—') 1 L -
D= Lavgrsiey Y I .2, (4.73)
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Note that the MSE for the overall system (VQ, encoder, decoder) is given by
(4.34).

Unfortunately it is not possible to jointly determine the optimum V.Q parti-
tion along with the optimum signal set and the optimum decoder and we must
therefore use an iterative algorithm for solving the necessary conditions for op-
timality for the encoder, decoder and signal set. The algorithm is presented

next.
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4.5 The Design Algorithm

The basic idea is to iteratively solve the necessary conditions for optimality, suc-
cessively decreasing the MSE at each step until the algorithm reaches a stationary

point. The algorithm is stated below.

1. Initialization: Set D® = A (a large constant). Select an initial encoder
partition A, Set the termination threshold § > 0. Set iteration index
Jj=0.

2. Compute the partition set probabilities E(j) , t=1,2,...,N and the cen-

troids y,w, t=1,2,...,N and the covariance matrix R@Y.

3. Compute the optimum linear encoder I''Y) and the optimum linear decoder

GO using (4.72) and (4.57) respectively.

4. Set j « j + 1. Compute the average overall distortion D) using (4.73)
and (4.34). If (DU-Y — DU))/DU-1) < §, then stop, else continue.

5. Compute the optimum partition A using (4.21). Return to Step 2.

The algorithm converges since it produces a sequence of nonincreasing dis-
tortions, which are bounded below by zero. Due to computational problems in
integrating functions over irregular regions of multidimensional Euclidean space,
it is necessary to use a training sequence approach in order to compute the opti-
mum partition using (4.21) and its associated probabilities and centroids. This
is a commonly used technique in vector quantizer design [29] and we will not
elaborate on the details here. We will refer to the system designed using the
above algorithm as the BPLE system (Block encoder-, Projection demodulator-,

Linear Estimator decoder-based system.).
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4.6 A Bound on the System Performance

Z
X S U X
]R.L RK RL

Figure 4.7: BPAM System

Our main goal in this section is to study the performance of the BPLE system
as a function of the encoding rate (or equivalently, the signal set cardinality)
while maintaining a bound on the average transmitted energy, for fixed K and
L. Further, we wish to make comparisons against a simple analog modulation
scheme, which we call BPAM (Block Pulse Amplitude Modulation). This system
is illustrated in Fig. 4.7 and is described below. A source vector X of &imension L
is mapped by the linear encoder I': RX = R¥ to a K-dimensional signal S. The
received vector U = S + Z is mapped by the decoder G7, to form an estimate
X of X. An optimum BPAM system is a pair (I', GT) that minimizes the MSE,
" E(]|X — X||?)/L subject to the energy constraint E(STS) < LE,. The MSE of
the optimum BPAM system will be denoted by Dg(&,, L, K). We denote the
performance of the BPLE system with energy constraint &,, source dimension L,
channel dimension K and signal set cardinality N, by D(&, N, L, K). It turns
out that the MSE obtained by the BPAM system forms a lower bound to the
MSE of any BPLE system. This result is proved in the next theorem.

Theorem 4.9: For a given and fixed source dimension L, channel dimension K
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and energy constraint ., the following results are true:

(i) D(&,N,L,K) > Dg(&,L,K), VN,

(ii) D(&,N,L,K) > D(&,,M,L,K), N<M,
and . |

(i11) imy—oo D(&, N, L, K) = Dg(&,, L, K).
Proof: (i) The main idea behind the proof is the fact that the signal set cardi-
nality imposes a constraint on the signal set. Hence, if we remove this constraint
while assuming that the decoder is linear and determine the optimum encoder,
the performance so obtained will form a lower bound to D(&,, N, L, K). As we
will see, the system obtained by removing the cardinality constraint is a BPAM

system, and, assuming for the moment that this result is true, it follows that,
Dp(&,L,K) £ D(&,N,L,K), VN. (4.74)

It now remains to prove that for a given linear decoder, GT, the optimum
signal set obtained after removing the cardinality constraint is linearly related
to the source output. This is equivalent to proving that the optimum map, (),
from the source output space to the channel space, is linear. The MSE for a

system with a decoder G7 and encoder v(-) is given by
p=1u (/ E ((x - X)(x ~ R)7|X = x) dP)
L R*
= %tr ( /IR" [xxT — 2x7T(x)G + GTy(x)77(x)G + %QGTG]dPx) . (4.75)
We wish to determine the encoder map +(-), that minimizes (4.75) subject to
E(v"(X)v(X)) < LE.. (4.76)

The Lagrangian for the optimization problem, L(v,%), is given by

L) =7 fpu [tr (60 = 2x97(0G + GT1(x)77 ()G + 2GTG)
+9 (Y7 (x)y(x) = &) dPx, (4.77)
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and it suffices to minimize

F(y(x),%) = tr (xx? — 277 (x)G + GTy(x)77 (x)G) + ¥ (v (x)7(x) — &) ,
(4.78)
for all x € RE. Differentiate (4.78) with respect to v(x) and set the derivative

to zero in order to arrive at the result,
(GGT +¢1) 7(x) = Gx, Vx, (4.79)

thus proving our claim that 4(x) is linear in x.

(ii) The proof of this statement is straightforward. The class of cardinality M
linear decoder-based systems includes the class of cardinality V linear decoder-
based systems, for N < M. Since the minimum distortion over a given class

of systems cannot exceed the minimum distortion over a subset of this class, it

follows that D(&,, N, L, K) > D(,, M, L,K), N < M.

(iii) Let (T', GT) constitute an optimum BPAM system. The MSE for this system,
Dg(&,, L, K), is given by,

Dg(€a, LK) = % /]R" tr (xxT — 2xx’TTG + GTTxxTT7G + %QGTG> dPx.
(4.80)

Define the set E by
E={x: x| <r}. (4.81)

Since Dg(&,, L, K) < o0, it follows that for any € > 0,3 r such that

% A tr(xx? — 2xxTT7G + GTrxx'TTG + %GTG)dPx < % . (4.82)

The integrand in (4.80) is a continuous function, E is a bounded set; hence
the integral of the last three terms over E can be approximated by the inte-

gral of a step function on E. In other words, for N sufficiently large, 3 a grid
A= {A;,i =1,2,...,N}, where A; C E, that partitions E such that the step
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N N

functions tr (Z: x.-x?IA_.(x)I"TG> and tr (GTI‘ ) x;x?IAi(x)I‘TG), X; € A;
i=1 =1

satisfy,

I /E tr (xxT - 2xxTI7G + GTTxx'TTG + -]—VzﬂGTG) dPx

N N
—/Etr (xxT -2 (Z X,'X,-TIA'- (x)) I'"G +G™T (Z X;X?IA‘-(X)) e
i=1 i=1

Le

+ %GTG) dPx |< 5 (4.83)

Now consider a system in which the encoder imposes a partition {E°, A;, ¢ =
1,2,...,N} on R” and in which if x € E¢, it is transmitted using signal sy+; = 0.
If we set x; = E(X|X € A;)?, the average distortion for this system is given by
the second integral on the left hand side of (4.83) 3. Further, this system satisfies
the energy constraint as we now prove. It suffices to prove that
N

tr /;3 (FxxTI‘T -T (g xixT IA,.(x)) rT) dPx >0, (4.84)
where x; = E(X|X € A;), 1 £¢ < N. To do this, consider the inequality

tr ( /E r (fj(x - x:)(x — x;)TIAi(x)) I‘TdPx) >0, (4.85)

i=1

which holds because the integrand is always non-negative. Equation (4.83) can

be written as

tr (/;I‘ix(x - x;)TL4,(x)I'TdPx — /;;1" (i %i(x = x;)T1,, (x)) I‘TdPx) >0.
= = (4.86)

2We have used the definition of the Reimann integral over a bounded region here, rather

than the definition of the Lebesgue integral. The reason is that in the definition of the Lebesgue
integral the sets of the partition of IRF may not be convex in which case E(X|X € A;) need not
lie in A; due to which the approximation in (4.83) need not be true with x; = E(X|X € A;).

N
31t is necessary to prove that ||E(X|X € E¢)| is finite. But E(X) = ¥ E(X|X €
i=l

A;)Pr(A)+E(X|X € E°)Pr(E°) and since E(X) < v andsois E(X|X € 4;), i =1,2,..., N,
it follows that ||E(X|X € E¢)|| < co.



It is easily verified that the second term in (4.86) is zero and that the first term
is identical to (4.84) which proves our claim. Hence we have now determined a
(possibly non-optimal) ‘system which satisfies the energy constraint and whose
distortion, D, satisfies,

|D — Dp(&, L, K)| <e. C o (4.87)

But by part (i) of this theorem we know that D > Dg(&,, L, K), hence by using
the fact that the distortion for the BPLE system, D(&,, N + 1, L, K), satisfies
Dp(&.,L,K) < D(&,,N +1,L,K) < D, it follows that,

0 < D(&,N+1,L,K) - Dg(&,, LK) < ¢, (4.88)

which proves (iii).

The proof of part (iii) indicates that when the encoding rate is high enough,
the precise selection of the encoder partition is relatively unimportant. It also
demonstrates clearly that the BPLE systems that we design are finite rate ap-
proximations of the BPAM system.

The second result (part (ii)), though straightforward, is somewhat surprising,
for, by studying simple detection-based demodulation systems one might have
expected otherwise. To be specific, consider a system in which source samples are
encoded by a scalar quantizer which has a rate R, bits/sample and are transmitted
using a 2R*-PAM modulation system. Let T be the modulation symbol duration
and assume we have a transmitter with an average power constraint 6f P,. Symbol
error probabilities for this signal constellation are given in terms of energy per bit
E,, ([34], Fig. 4.2.24) which in this case is given by E, = P,T/R,. For fixed P,
and T, as R, increases, F; decreases. Further since the symbol error probability
tncreases with increasing number of signals in the signal constellation and with a
decrease in CSNR [34], it follows that the average symbol error probability will
have increased. Hence we can expect the contribution of the channel error to the

overall mean squared-error to increase as the encoding rate increases. In fact, it
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is fairly simple to verify this fact by direct computation. Based on this one might
have expected the MSE of our system to increase, or at least eventually increase,
as the encoding rate is increased. For the BPLE system, since the signal in the
signal set is optimally chosen, it turns out that the rate of increase of the channel
MSE can be made smaller than the rate of decrease of the source encoder MSE.

This explains why the MSE does not increase as the encoding rate is increased.

4.7 Performance Results

We present a complete set of performance results for the BPLE system proposed
in this chapter. Results are presented for a first-order Gauss-Markov source for
a variety of correlation coefficients, channel-signal-to-noise ratios, encoding rates
and bandwidths. Comparisons are made against the BPAM bound as described
in Section 4.6, against a Linde-Buzo-Gray (LBG) vector quantizer-based system
and against the OPTA obtained by evaluating the distortion-rate function of the

Gaussian source at the channel capacity.

4.7.1 Source and Channel Description

The source is assumed to be modeled by a zero-mean, unit-variance, stationary,
first-order, Gauss-Markov random process with correlation coefficient p, described
by

Xp=pXn1 4+ W,, neZ, (4.89)

where W, is an i.i.d. Gaussian process with variance EW? = (1 — p?). For the

above source the L x L covariance matrix, Rk, is given by

-1 p pL-1 -
L-2
p 1 e p
Rix=| , (4.90)
.pL-l pL—Z 1 i



where the entry in the (i,j) position is EX;X;. We will denote by {XL} a
Gaussian independent vector process of dimension L, with covariance matrix
R& ., and will simply refer to this source as the vector source. The dimension of
the vector source will be obvious from the context.

The channel is modeled by a zero-mean, stationary, independent vector Gaus-
sian random process of dimension K, with a covariance matrix (Ng/2)I. Perfor-
mance results are presented for various values of the CSNR, which is described
by

CSNR = 10log,o(ESTS/LNy). (4.91)

4.7.2 BPAM Bound

Let Ay > A2 > ... > AL > 0, be the eigenvalues of Rkyx. Let Dg(&s, L, K)
denote the MSE per source sample of a BPAM system that maps source vectors
of dimension L to channel vectors of dimension K and uses an average energy £p
per source sample. From (4.73) the MSE is given by

Ds(€s,L,K) = = (4.92)

Seris T Z Al

i=t+1

where, from (4.69), t = min(X,t') and ¢’ is the smallest integer which satisfies

No/2 (&
T (,Z (\//\—, - \/,\m)) > LEs. (4.93)

=1
In order to make comparisons against bounds from information theory, it is
more convenient to express the MSE and average energy parametrically. From
(4.60), (4.62), (4.63) and (4.64) it follows that, the distortion Dp and the average

transmitted energy £p can be expressed parametrically? in terms of § as follows:

1 K L
Ds(6,L,K) = T (Z min 6, A]+ 3 /\;) (4.94)

4 A derivation is provided in Appendix B



and

53(01 Lv K)

MK
2L

Vi Zmax [Ai/6,1] - 1) | (4.95)

i=1

4.7.3 Optimum Performance Theoretically Attainable

The optimum performance theoretically attainable (OPTA) is determined by
evaluating the distortion-rate function of the source at a rate equal to the channel
capacity. The channel capacity of a Gaussian vector channel of dimension K and

covariance matrix (No/2)I, for an average energy per source sample &,,, is given

by [33],
K

2LE,
C =318 (1 &N,

The distortion-rate functions for the Gauss-Markov source described by (4.89)

) , bits/source sample. (4.96)

and for the Gaussian vector source {XL} having covariance matrix Rky are

denoted by D,,:(R) and Doy(R, L), respectively. As is well-known [38],
l}i_{];lo Dopt(R, L) = Dopg(R). (4.97)

Both D,y (C, L) and D,pe(C) serve as upper bounds on the SNR performance of
the BPLE system and the BPAM system operating on a channel with capacity
C, where it is assumed that both systems operate on source vectors of length L.
The rate-distortion function for the vector source can be described paramet-
rically in terms of 6 by [3§],
D, (8,L) = me [0, \], (4.98)
LI

and

Rop:(8,L) = I Z max [ =log, /; ] bits/source sample. (4.99)

=1

By equating the channel capacity given by (4.96) to R,p:(8, L) as given by (4.99),

the OPTA for the vector source is given parametrically in terms of § by,

Dope(8,L) = me 8, \], (4.100)

t—l
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opt(e L I{) NOI‘ ((H rna.x /\ /0 1]) - 1) . (4.101)

=1

Let ®(w) denote the power spectral density of the first-order Gauss-Markov
source. The rate-distortion function for this source is evaluated by applying
a theorem on the asymptotic distribution of the eigenvalues of a Toeplitz form
(39] (hereafter referred to as the Toeplitz distribution theorem, following [40])
to evaluate the limits of (4.98) and (4.99). The rate-distortion function for the

Gauss-Markov source can also be described parametrically in terms of 8 by [38],

k4

Dopt(8) = 2% / min [8, &(w)] dw, (4.102)

-

and

R,:(0) = /ma.x [O log, Q(aw)] dw, bits/source sample. (4.103)

Analogous to the procedure used for the vector source, the OPTA for the first-
order Gauss-Markov source is obtained by equating the channel capacity given

by (4.96) to R.p:(8) as given by (4.103) and can be expressed parametrically as

follows: i

Dop(6) = 2i7r' / min [0, ®(w)] duw, (4.104)

-

@(w)
Eo(6,B) = 2 2B (2%]1 max [log, 2 O]d“’—l), (4.105)

where B, the bandwidth expansion factor, is the number of channel dimensions

and

per source dimension.

4.7.4 The Reference System

For purposes of comparison, we consider a simple communication system in which
the source encoder consists of a VQ designed optimally for the given source (and a

noiseless channel) using the Linde-Buzo-Gray algorithm [29]. It is assumed that
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the source encoding rate and the source vector dimension are the same as for
the BPLE system. The output of the VQ is then transmitted across a Gaussian
waveform channel. Standard signal constellations as listed below in Table 4.1 are
used in the transmitter. Here, (M PAM)K denotes the K-fold cartesian product
of the M-ary PAM signaling alphabet. The receiver consists of a conventional
maximum-likelihood detection-based demodulator followed by a source decoder,
that maps the decoded signal back to the centroid of the corresponding cell. It
turns out that a critical part of this communication system is the mapping from
the VQ codewords to the signals in the modulation signal set. We have developed
a heuristic algorithm for determining this mapping, details for which can be found
in Chapter 5. Results for the LBG VQ-based system have been computed based
on mappings obtained via this algorithm. In cases where not all the signals in
the signal set have the same energy, the average transmitted energy depends on
the probability of usage of the signals. In these cases, the levels of the PAM
signal set have been scaled so as to satisfy the energy constraint. In all cases
the performance results presented are based on the actual average transmitted

energy. We will refer to the system described in this section as the LBGDC

system.
K 8 4 2 1
K/L 1.0 0.5 0.25 0.125
Signal
Constellation | (2 PAM)® | (4 PAM)* | (16 PAM)? | (256 PAM)

Table 4.1: Modulation Signal Constellations for 1 bit/sample LBGDC Systems.

4.7.5 Description of the Graphs.

BPLE systems have been designed for all possible combinations of the source

correlation p = 0.0, 0.5, 0.9 and 0.95, source vector dimension L = 1,2,4 and 8§,
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channel signal-to-noise ratio, CSNR = —6.0 dB to 15.0 dB in steps of 3 dB and
various source encoding rates with the restriction that the number of signals in
the signal constellation given by N = 2LPs satisfies N < 256. All results have
been computed based on a training sequence of .length 48,000 source vectors.
The restriction N < 256 was imposed because it was felt that larger constellation
sizes would result in a loss of accuracy due to the restricted size of the training
sequénce. We have considered bandwidth expansions of 1.0, 0.5, 0.25 and 0.125.

We will use the term “performance” for the output SNR® of the communica-
tion system. Performance results are presented in graphical form in Figs. 4.8—4.18.
A bandwidth expansion of 1.0 is assumed for Figs. 4.8-4.11. In Figs. 4.12-4.15
various values of bandwidth exl;ansion are considered, but the source block size is
held fixed at L = 8. In Figs. 4.16 and 4.17 comparisons are made against LBGDC
systems, for L = 8, R, = 1.0 and various bandwidth expansions. In Fig. 4.18
the variation of the source, channel and overall MSE is plotted as a function of
the source coding rate R,. Finally, in Fig. 4.19 optimum signal constellations are
displayed for L =2, K/L = 1.0 and various source correlation values.

The curves in the performance graphs have been labeled in the following man-
ner: OPTA and OPTA(L) correspond to the OPTA for the Gauss-Markov source
and the L-dimensional vector source respectively. BPAM stands for the perfor-
mance of the BPAM system and LBGDC for the performance of the LBGDC

system.

4.7.6 Discussion of the Results

We now discuss the performance of the BPAM system relative to the OPTA and
the performance of the BPLE system relative to the BPAM system, the LBGDC
system and the OPTA.

5The output SNR is given by 10log,, D/o>, where D is the per-sample distortion and o? is

the source variance.
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Comparisons of BPAM Performance to OPTA

We begin by discussing the performance of the BPAM system for a bandwidth
expansion of unity (Figs. 4.8-4.11). If we compare the parametric represéntations
for the BPAM system performance (4.94-4.95) with those of the OPTA for the
vector source with the same dimension (4.100-4.101) under the assumption that
K = L, we notice that for a given value of the parameter 8, the average distortion
achieved is the same in both cases. However, the average transmitted energy
in the case of BPAM is a function of the arithmetic mean of the terms J;/4,
t=1,2,...,L, whereas the OPTA has exactly the same functional form in terms
of the geometric mean of the above terms. Hence, with L = K, the BPAM
performance and the OPTA will coincide for all values of the CSNR only when
all the eigenvalues of the source are equal or when L = K = 1. For all other cases
with K = L the energy required for a given distortion with a BPAM system is
strictly greater than the energy an that optimum system would require.

Hence, when the source correlation p = 0 and K/L = 1.0, the BPAM bound
for any value of L > 1 coincides with the OPTA for the vector source for all values
of CSNR. We remark that in this case the OPTA for the vector source is identical
to the OPTA for the Gauss-Markov source. It is perhaps surprising that the
OPTA for the i.i.d. Gaussian source can be achieved by encoding source samples
one at a time. As the source correlation increases the bounding curves begin to
separate. For example, when p = 0.95 the BPAM curve lies approximately 6 dB
below the OPTA for the Gauss-Markov source and approximately 5 dB below
the OPTA for the vector source.

We now consider more restricted bandwidth expansion factors, i.e., K/L <
1.0. The parametric representations for the BPAM system performance and
the OPTA for the vector source point to yet another case in which the two

coincide, though only over a range of CSNR values. This case occurs when
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K =1 and the CSNR is low enough so that X;/8 < 1, i > 1, or, equivalently, for
CSNR< 10log;g((A1/A2 — 1)/2L). In this case again the BPAM system provides
an optimal code. For example, from Fig. 4.15 (p = 0.95), when K/L = 0.125,
we see that the BPAM system is optimum for CSNR values below 0 dB. As
the source correlation decreases the value of the CSNR below which the BPAM
system becomes optimal, decreases.

For K/L < 1.0 and high values of the CSNR, the BPAM curve saturates.
This is because the BPAM system becomes dimension limited. As is evident
from (4.94), the second term in the parentheses represents the residual distortion
due to the uncoded source dimensions. While the first term can be made arbitrar-
ily small by increasing the transmitted energy (i.e., by increasing 6), the second
term remains unchanged and determines the saturation value of the BPAM per-
formance as the CSNR becomes large. The saturation value of the CSNR is given
by 10log,o(S 5% k41 Ai/ Lo?), where o2 is the source variance. The dimension lim-
itation is severe when the source correlation is low, since the residual term in
(4.94) is large. This fact is also evident from from Figs. 4.12-4.15. For example,
from Fig. 4.12 (p = 0.0), when K/L = 0.25, the BPAM performance curve is
saturated for CSNR values above 6.0 dB. However, from Fig. 4.15 (p = 0.95),
and for the same value of K/L, the BPAM curve begins to saturate for CSNR

values above 9 dB.

Performance of the BPLE System

Even though the BPAM system performance serves as an upper bound on the
performance of the BPLE system our results indicate that BPLE systems can
achieve a performance which is quite close to that of the BPAM system. For
example, when p = 0.0, L = 1 and K/L = 1.0, it is possible to design, for any
given value of the CSNR in the range that we consider, a scalar quantizer with

R, = 8.0, that performs within 0.15 dB of the BPAM bound (and in this case the
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OPTA as well). For a highly correlated source with p = 0.95, our computations
indicate that we can design a BPLE system whose performance is within 0.5 dB of
the BPAM bound for CSNR= 0.0 dB. The difference between the performance of
a BPLE system and the BPAM system gets sma.llef as the block size is increased
for a given R,, CSNR and p. A similar trend can be observed as the source
correlation is increased for a fixed block size L and encoding rate R, and when
the bandwidth is reduced for a fixed rate, block size and source correlation. For
example at a CSNR of 0 dB, L = 8 and R, = 1.0, there is a 2 dB difference
in performance for p = 0 whereas for p = 0.95 this difference is less than 0.5
dB. At high values of the CSNR, the performance of a BPLE system becomes
rate-limited, rather than capacity-limited and hence it saturates.

It is interesting to note that for low block sizes, significant improvements in
performance can be obtained by increasing encoding rate beyond the capacity of
the channel. For example, with p = 0.0 and K = L =1 and at a CSNR of 9.0
dB, the channel capacity is approximately 2 bits/source sample. From Fig. 4.8a,
we see that roughly 5.5 dB can be gained by increasing the encoding rate above
2 bits/source sample.

For K/L < 1.0, the BPLE system is subject to both a dimension limitation
and a rate limitation and it is easy to tell, by inspection, which effect is the
dominant one. For example, from Fig. 4.14 (p = 0.9), we see that the R, = 1.0,
L = 8 BPLE system becomes rate-limited before it becomes dimension limited,
when K/L = 0.5, since it saturates at a lower value than the BPAM system
does. However, when K/L = 0.25 it is the dimension limitation, rather than the
rate limitation, that determines the saturation performance of the digital system,
since the performance of the two systems stay close together over the entire range

of CSNR values considered.
Relative to the LBGDC system, the BPLE system can result in significant

performance improvements for low CSNR values. For example, at a CSNR of 0
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dB, K/L = 0.5, L =8 and p = 0.0 and p = 0.9, the BPLE system results in gains
of 2.0 dB and 3.7 dB, respectively. For intermediate values of CSNR, we note
that the LBGDC system outperforms the BPLE system. Clearly, for these CSNR
values, the linearity assumption for the decoder is a poor one, especially for the
uncorrelated source and for K/L < 1.0. We would like to note that when L = K
and the channel is relatively noiseless, the performance of the BPLE system is
very close to that obtained by the LBGDC system.

In Fig. 4.18, curves are presented for the overall MSE, the source coding MSE
and the channel MSE as a function of the encoding rate, for fixed L and CSNR.
These curves bring out a major difference in the mechanism by which good per-
formance (and sometimes the OPTA) is attained when the block size is restricted.
Information theory suggests that for an optimum system that encodes sequences
of infinite length, the overall MSE is made up entirely of the source coding MSE.
Here, we see that exactly the reverse happens and the total distortion is made
up almost entirely of the channel distortion.

The optimum signal constellations displayed in Fig. 4.19 are irregular in na-
ture, and they certainly do not coincide with any previously known constellations
that the authors are aware of. As the source correlation is increased for fixed N,
the signal constellation begins to stretch out along one dimension and flatten out

along the other. A similar trend has been observed for a fixed source correlation

as the CSNR is decreased.

4.8 Summary

In this chapter we have considered the problem of designing block source codes
and modulation signal sets that are both energy and bandwidth constrained. We
have demonstrated that the class of linear estimator based decoders is asymptot-

ically optimal in the limit of low CSNR. Based on this fact, we have derived nec-
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essary conditioﬁs for optimality for the encoder, decoder and modulation signal
set. An algorithm that jteratively solves these necessary conditions to converge
to a locally optimum solution has been developed.

By studying the performance of the above class of digital communication
systems in the limit of infinite encoding rates, we have demonstrated that the
MSE of a bandwidth and energy constrained digital system is bounded from below
by that of a block pulse amplitude modulation system. This bound is readily
computable in terms of the eigenvalues of the source and channel covariance
matrices.

Our performance calculations indicate that it is possible to design digital
systems whose performance is close to that of the BPAM bound in selected cases.
We have demonstrated that in selected cases good performance can be achieved,
as compared to the OPTA, and that significant improvements in performance can

be achieved as compared to an LBGDC system.
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Figure 4.8: Performance Results for the BPLE System; Memoryless Gaussian

Source, K/L = 1.0; R,: Encoding Rate of the BPLE System (bits/sample).
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Figure 4.11: Performance Results for the BPLE System; First-Order Gauss-
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Figure 4.13: Performance Results for the BPLE System; First-Order Gauss-
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(c) K/L =0.25. (d) K/L = 0.125.
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Figure 4.14: Performance Results for the BPLE System; First-Order Gauss-
Markov Source, p = 0.9, L = 8, R, = 1.0. (a) K/L = 1.0. (b) K/L = 0.5.
(¢) K/L =0.25. (d) K/L =0.125.
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Chapter 5

Minimum-Distance

Demodulation-Based Systems

5.1 Introduction

In Chapter 3, we derived necessary conditions for optimality without specifying
the structure of the demodulator. We then remarked that the optimum demod-
ulator output would be the vector obtained by projecting the received waveform
onto the set of orthonormal basis functions used in the modulator. In Chap-
ter 4, we assumed that the demodulator was optimal in the above sense, but
realized that this makes it difficult to analyze optimum nonlinear decoders. For
this reason we restricted the class of decoders to be linear.

In this chapter we will restrict the demodulator to perform minimum-distance
(MD) demodulation. MD demodulation consists of a projection demodulator fol-
lowed by a quantizer. The quantizer output takes values in a discrete demodula-
tion alphabet which is a subset of RRX. The term “minimum-distance” describes
the operation of the quantizer which selects as its output the vector from the
demodulation alphabet that is closest in the Euclidean sense to its input. MD

demodulation is sub-optimal, however, this approach allows us to determine the

87



optimum nonlinear decoder?, thereby leading to another class of approximations
to the BPCE system. By investigating this class of approximations relative to the
class of approximations that led to the BPLE system we will identify situations
in which the two classes of approximations lead to good performance.

We will explore several issues in the design of systems that use MD demod-
ulation. In Section 5.2 we will briefly and precisely describe the system to be
considered in this chapter. In Section 5.3, we will consider a standard source
encoder called a Linde-Buzo-Gray vector quantizer. For a given VQ and sig-
nal set an important issue is that of deciding which signal should be used to
transmit source vectors that lie in a given encoder cell, in order to reduce the
effect of channel errors on the overall MSE. We will present a signal allocation
algorithm to address this issue. In Section 5.4, we will consider the design of
a more sophisticated system (the BDCE system) obtained by solving the neces-
sary conditions for the optimal encoder partition and decoder, simultaneously.
Performance results will be presented and comparisons will be rendered against
the BPAM, BPLE and LBG-based systems as well as against the OPTA. In Sec-
tion 5.5 we define and then study the absolutely optimal block communication
system (AOBCS) that fits into our general system model. It is shown that the
structure of the encoder cell corresponding to a given signal s is related to the
structure of the linear map df,(s)/ds. We then argue that the BDCE system
approximates the AOBCS system as the encoding rate becomes arbitrarily large
for a fixed bandwidth. The BDCE system design is, thus, able to provide some
insight into the nonlinearities of the AOBCS. Explicit designs for the BDCE sys-
tem are then presented to justify this point. A summary of the chapter will be

provided in Section 5.6.

1Here, the decoder is optimum given that we are using MD demodulation.
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5.2 System Description

The system studied in this chapter is depicted in Fig. 5.1. It is essentially
the same as the one in Fig 2.1, except that here we have been more specific
about the demodulator. The demodulator first projects the received waveform
onto the set of orthonormal functions {¢;(t), ¢ = 1,2,...,K}. Then a vec-
tor from a finite demodulation set that is closest in the Euclidean sense to the
projected channel output is selected as the demodulator output. More specif-
ically, let U 2 {u1,usy,...,un} be the demodulation set, where N’ is some
positive integer. Let v = (v!,v?,...,v%)7T be the vector obtained by project-
ing the channel output waveform on the orthonormal basis functions, i.e., v =
ST u(t)gi(t)dt, i =1,2,...,K. The demodulator output is given by U = u;, if ¢
satisfies ¢ = argmin;||lu; — v].

- The modulator, demodulator and waveform channel, together, constitute a
discrete-alphabet channel which can be characterized by the transition probabil-
ities {P(jli), j =1,...,N’; i = 1,..., N}, where P(j|i) £ P(U = u,|S = s)).
There is one important difference, however, between the discrete-alphabet channel
that is considered here and the discrete-alphabet channels that have been consid-
ered in [10] and [5]. There, two signal constellations that result in the same set of
transition probabilities were considered to be equivalent, whereas here they are
not since the transmitted energy could be different in the two cases. The source
encoder, signal selection unit and the source decoder operate exactly as described
in Chapter 2. Note that MD demodulation is equivalent to ML demodulation
when U = S and the channel noise is Gaussian.

We will now proceed to consider one of the simplest systems that falls within

the above framework.
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5.3 The LBGDC System

X I S Di 18) X
1screte
— LBG VQ w(-) » Alphabet g()  p—»
RE T S Channel U RE

Figure 5.2: The LBGDC System.

The LBG vector quantizer is a VQ designed to minimize a distortion criterion for
a specific source and a noiseless channel. We consider such a source encoder in
tandem with a modulator and an MD demodulator, in which the demodulation
‘alphabet and the signal set are identical?. The system is illustrated in Fig. 5.2.
The L-dimensional source vector X is mapped by the LBG-VQ to an index I
which takes values in the index set 7 = {1,2,..., N}. Based on the value of I, a
signal from the set S is transmitted. The output of the discrete-alphabet channel
is mapped by the decoder, g(-), to a set of reconstruction vectors. We denote
the j** reconstruction level, g(u;), by X;, 7 = 1,2,...,N. The reconstruction
vectors are simply the centroids of the cells of the encoder partition, i.e., X; =
E(X|X € A;). It is easy to check that this choice of the reconstruction vectors
is optimum in the minimum MSE sense when the channel is noiseless. We refer
to this system as the LBGDC system (D as in Detection demodulation, C as in
Centroid reconstruction vectors). The signal selection unit is an important factor
in determining the noisy channel performance of the above system. For a given
value of the LBG-VQ output, say i, the signal selection unit selects the signal

Sw(i), ¢ € Z. Our objective is to design the signal selection mapping judiciously.

2We will, therefore, assume that w; =s;, i=1,2,..., N
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A precise statement of the objective is provided in Section 5.3.1.

Good signal allocations arise quite naturally when a binary signaling alphabet
is used and the VQ is designed using the splitting algorithm [29]. The splitting
algorithm assigns a binary codeword each encodiﬁg region of the VQ. The allo-
cation that results by mapping a “1” to (say) the positive polarity signal and a
“0” to the negative polarity signal has been shown to perform well as compared
to signal allocations obtained using simulated annealing [41]. However this ap-
proach does not generalize to non-binary signaling alphabets and is restricted to
VQ’s designed using the splitting algorithm.

A more general approach is to start with a pre-designed VQ and then deter-
mine a good signal allocation. This approach has been followed in [42], where a

heuristic signal allocation algorithm has been proposed.

5.3.1 A Heuristic Signal Allocation Algorithm

We introduce a small change in notation for Section 5.3.1. Since our goal is to
determine the signal selection map w(-), it is more convenient to define the cell
A; as the set of source vectors mapped by the LBG-VQ to the index 7 in T in
contrast to our previous notation where A; is the set of source vectors mapped
to the signal s;.

The MSE for the LBGDC system is given by,

p=13R (E(uxn X € 4) - 23 %%, P(j (i) + zfc’”ﬁ,P(nw(z)))
L3 =1 = (1)
Add and subtract %, PRTR;/L to (5.1) and use the fact that E(||X||*|X €
A;) = [I%:? = E(IX - Kil’|X € A)), to get,

1 (& N N
"I (Z PE(IX = %P IX € A)+ 33 I%i - %M?P(ilw(i))ﬂ) . 52)

i=1 i=1 =1
The first term in the parentheses is the distortion that would result if the

channel had been noiseless and does not depend on the mapping w(-). The second
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term, on the other hand, depends on the mapping w(:). The ultimate objective of
signal allocation design is to minimize the second term subject to a constraint on
the transmitted energy. However, no solution exists for this problem, and since
there are N! possibilities for w(-) a full search is not feasible either. The second
term in the parentheses suggests that when the channel error is such that only
nearest neighbor errors are significant, a “good” mapping w(-) will try and map
neighboring centroids to neighboring signals, i.e., if X; and X; are close together
then the signals s,(;) and s,(j) should also be close together, thereby resulting in
small error events in the squared-error sense. This is the objective of our signal
allocation algorithm.

We will consider only the family of signal sets that lie within a hypercube on
the integer lattice in a given number of channel dimensions. Let the signal set
S, consist of N, K-dimensional signal points. We assume that N = M¥X, for
some positive integer M. Thus, the signal set is the K-fold cartesian product
of an M-ary PAM signaling alphabet. We assume that the signals in the PAM
signaling alphabet are indexed in a conventional manner, i.e., the i** signal is
2%—-M-1,i=1,...,M. Let s; = (s},...,s%)7 lie in S. Here, s{ can take any
one of M values in the PAM signaling alphabet. The signals in S will be indexed

as follows. The i** signal is the one for which,
, i—1 . .
sf=2(l_—M?1-J (mod M)) - M +1,i=1,...,N; 7=1,...,K. (5.3)

The construction of w(-) is equivalent to indexing the cells (or the centroids) of
the VQ with the understanding that the i** signal will be used to transmit source
vectors that lie in the i** cell.

The signal allocation algorithm operates by successively sorting and group-
ing the centroids. At each stage the size of each group as well as the maximum
distance within each group decreases and the algorithm terminates when each

group has exactly one centroid in it. The reason for sorting the centroids is to
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ensure that when they are divided into groups, the maximum distance within
each group will decrease. The covariance matrix of the centroids gives us the in-
formation required for sorting the centroids. Assume that the centroids have been
transformed so that the coordinate axes lie along the eigenaxes of the covariance
matrix. It is intuitively clear that two centroids which come close to achieving
the largest distance between any two centroids are those for which the difference
between the major eigenaxis (the eigenvector that has the largest eigenvalue)
components is the largest. Assume that we have N centroids which are sorted
in such a way that the major eigenaxis components are in increasing order and
assume that we wish to form M groups at the first stage of the algorithm, where
M divides N. Then if we place the first N/M centroids in the first group, the
second N/M in the second and so on, the maximum distance within a group will
have decreased by a large amount as compared to a situation in which the sorting
was done along any other linear dimension. It is for this reason that the covari-
ance matrix is important in the algorithm that we propose. Before we proceed
to precisely describe the details of the algorithm we will illustrate its operation
by a small example.

Let us assume that we have a 2-D VQ with 9 cells and a QAM signal set with
9 signals as shoWn in Fig. 5.3. Note that the signals have been indexed according
to (5.3). The first step is to compute the eigenvectors of the covariance matrix
R = TN PxxT. The coordinate axes are then transformed to the eigenaxes
of the above covariance matrix, and the representations for the centroids are
transformed accordingly. The signal set is then divided into three subsets B},
B! and B}, each of which contains three signals with the same abscissa. The
centroids are then sorted so that the major eigenaxis components are in increasing
order and three subsets, B!, B} and B}, consisting of three centroids each, are
constructed. Here, B! contains the first three centroids, B} the next three and

so on. Centroids from B} will be transmitted using signals from Bi. In order to
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complete the indexing of the centroids, the above procedure is repeated for each of
the signal and centroid subsets. For example, Bll will be split into B2, 1 =1,2,3
as shown. Note that the index ¢ now increases as the ordinate of the signals
contained in B! increases. The centroids in B! are now sorted in ascendjng order
of either the major or the minor axis. This decision depends on the correlation
of the source. In this case, assume that we sort according to the minor axis
component. The centroid with the lowest minor axis component is then assigned
to B}, the next one to B? and so on. The centroid in B? is then transmitted
by the signal in B2. A similar procedure for the signals and the centroids in the
other subsets yields the desired indexing of the centroids and the cells of the VQ.

We now proceed to formally describe the signal selection algorithm.

Preliminaries: Compute the eigenvalues and the eigenvectors of the covari-
ance matrix R = T P%;%7. Let A be a matrix whose columns are the L
orthonormal eigenvectors of R, the i** column being the eigenvector corre-
sponding to the :** largest eigenvalue. Let y; = ATR;, i =1,2,...,N. We
refer to the y;’s as the transformed centroids. Assume that N = MK 6 M
a positive integer. Denote the set of transformed centroids by BY. Let ¢(-)
be a pre-selected map from the set of integers into itself. We will indicate

how to choose ¢(-) in 5.3.2.
Step 1: k — 0,7 « 1,1 — q(k).

Step 2: Sort the centroids in BF such that the I** coordinate is in ascending

order. Construct sets B("iﬂ) M+j» Where,

)N N ,
%+15m<—1—+1},]=1,,M.

k.
Bécitll)M-(-j = {ym € B; : M+
(5.4)

Step 3: If (i < M*) then, i « i + 1, return to Step 2; else if (k < K — 1),

ke—k+1,1i 1,1« q(k), return to Step 2; else, assign index 7 to the
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centroid contained in the set B¥, i =1,2,...,N. Stop.

The value of g(k) in the above algorithm is the index of the transformed
coordinate according to which centroids will be sorted for a given value of k. Our
experience indicates that the choice of ¢(k) is important in determining the MSE
performa.née, and, in the next section, we will describe the different choices of

the ¢(-) function that have been used.

5.3.2 Performance Results

Performance results for the algorithm just described have been presented in
Figs. 5.4 and 5.5. We have considered LBG VQ’s designed for L = 2 and L = 8§,
having rates of 4.0 and 1.0 bits/sample, respectively. First-order Gauss-Markov
sources with correlation coefficients p = 0.0 and p = 0.9 have been assumed, and '
we have considered bandwidth expansion factors of 1.0 and 0.5.

Comparisons have been made against one-to-one, onto mappings that have
been randomly generated. In all cases the CSNR refers to the channel signal-to-
noise ratio based on the actual value of the average transmitted energy. In each
case, ten mappings were generated and we have plotted the best, average and
worst case results so obtained. The performance variations among the randomly
generated mappings are surprisingly small.

Performance comparisons of our algorithm against the randomly generated
mappings indicate the importance of allocating signals to the VQ cells carefully,
especially for highly correlated sources and high encoding rates. An important
part of the algorithm is the function g(k). We have experimented with various
mappings and have tabulated those that work best in Table 5.1. q(k) determines
the component of the transformed centroid according to which the sorting in Step
2 of the algorithm is done. When the source is memoryless, all the components (or

dimensions) are equally important which explains why q(k) = k works best. On
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the other hand, when the source is highly correlated, only the first few components
are important because the variance of these components is far greater than that

of the remaining components.

L|K/L|p=00| p=09

2| 05 k k

2| 1.0 k k

8| 0.5 k 1 + (k mod 2)
8| 1.0 k|14 (kmod2)

Table 5.1: g(k) for Selected Values of L, Bandwidth Expansion Factor and p.

97



| .
/1 Bl = {AIBIC}
F\ G % g 1
\D . Bz = {D,E,F)
®
. 7 H 1
NEl - B, = {G,H,1}
K @ > 3 X
7
e - F B2= (C)
B, \
- @ Q ,
@ \ B= (A}
7 C \
s, A )
Bs= {B}
VQ Centroids — — > Eigenaxes
A
® ® o ={1,47)
7 8 9 .
, = (2,5.8)
B = (3.6,9)
2 ® ® 3
a2
5 6 )
a2
82 = {4}
@ ) ® .2
' 2 3 B, = (7)

QAM Signal Set

Figure 5.3: A Diagram to Illustrate the Signal Allocation Algorithm.

98



15 11 [T T T rTo1 30 ULLL L LR Y BRI
T — s 7 [ —— saa N
Best h 25 - Best —
—=—— Average - —-—-— Average -
— [— Worst —_ - ——— Worst -
m 10 I— -— m 20 — —
Z L N A C Z
= - 4 £ C -
77} 0 15 — —
3 [ 1 3 F ]
2, - 4 a - ]
ey - - .
8 5 3 10— —
— -
B - i
B 7] 5 [— —
(a) O | /1 pa g (®) © i AT T it
0 S 10 15 20 25 30 35 40 45 50 55 60
Channel SNR (dB) Channel SNR (dB)
15 1 [TT T T TTTT 30 I IR L L L T
- —— saA ] - —— saa N
- Best 25 — Best —
——— Average - ——— Average 5
— Worst — - ——— Worst -
N _ 2 ~ n
& 4 £ u -
n n 15 p— —
E El - S
2 . 2 - .
- < L -
8 5 — 8 10| —
- - ]
B 7] 5 [— / ]
= ]
n _ i L y ]
() oLl NEERE NN (@) 0 Tmlmllmﬁy/(nlulduu|uu|1117
0 5 10 15 20 25 30 35 40 45 50 55 60
Channel SNR (dB) Channel SNR (dB)

Figure 5.4: Performance of the Signal Allocation Algorithm (SAA) vs. Best,
Average and Worst Case Randomly Generated Mappings, K/L = 0.5. (a) L =8,
p=00,R =10 (b)L=2p=00, R, =40. (<)L =8, p=09, R, =1.0.
(d) L=2,p=0.9, R, =4.0.

99



18 111 I lll T T roT 30 LLANNLARENRARATRARA LARRRRRRRE

T —— s ] - —— sa N

Best 25 [— Best -

—=—— Average - ——— Average -

— ——= Worst — — ——= Worst n

m 10 — — m 20—

o ) - ~

~ L . ~ - -

s [ 1 = F :

n n 15 — —

) = N -t ~ 7

= =] o =1

a, - - a, - -

prery w,ed - P

8 8 10| -

sk =

(a) 04 EEEENERE NN (b) O_IIHIHII]HH'I"lhl!l[[lll—

0 5 10 15 0 5 10 15 20 25 30
Channel SNR (dB) Channel SNR (dB)

15 TT T T[T T T T [ TTTT 30_11n||lulunlulllmllnu_

i 7 - —— saA ]

25 — Best —

— ——— Average -

—_ — - ——— Worst -

m 10 — m 20— —

Z B 2 C ]

& - & C -

n n 15 |— -

E] — saA E - -

B" Best 1 B. [ N

=] = N

5 — 10 — —

© ——— Average © » -

-~ Worst - -

5 — —

(c) o""l coa b oy (d) 0—Illlll!lllllllll./llllllIlllr

0 5 10 15 0 5 10 15 20 25 30
Channel SNR (dB) Channel SNR (dB)

Figure 5.5: Performance of the Signal Allocation Algorithm (SAA) vs. Best,
Average and Worst Case Randomly Generated Mappings, K/L = 1.0. (a) L =8,
p=00, R, =10. (b) L=2,p=0.0,R, =4.0. (c) L=8,p=09, R, =10
(d) L =2, p =09, R, =4.0.

100



5.4 The Channel Optimized System

We now return to the basic system model of Chapter 3. The source encoder
and the signal selection unit are combined together and represented byAthe map
4(-) : R* — S. The modulator, waveform channel and demodulator are com-
bined together and represented by a discrete-alphabet channel as described in
Section 5.2. We also return to our original notation for the encoder cells, i.e., A;
is the set of source vectors mapped to the signal s;. As we have mentioned ear-
lier, by restricting the demodulator to be sub-optimal, we gain an advantage in
that we can now compute the optimum decoder as well as the optimum encoder
partition, without having to restrict the class of decoders. It was shown in Chap-
ter 3 that the functions f, and A, are of central importance in determining the
encoder partition, whereas df;/ds and dtr(h,)/ds are important in determining
the optimum signal set for a given decoder and encoder partition. The evaluation
of these derivatives remains intractable however; hence we will fix the signal set
and only solve the necessary conditions for optimality for the encoder partition
and the decoder.
The optimum decoder operates upon a finite set &/ and is given by,
g(uj) = a(XIU = u;)

= Y E(X|U=u;,S=5;)Pr(S =s;|U = u;)

i=1

ad _ _\Pr(U=uy,|S =s;)

= ;RE(ms =s;) Pr(C - ™
= P(jli)

= ; =s; : 5.5
gp’E(X'S s‘)zk”=1 P(jlk) Py (5:5)

As can be seen, the optimum decoder is readily evaluated in terms of the cen-
troids of the encoder partition, the cell probabilities and the channel transition
probabilities.

The function f, can similarly be evaluated in a form that is simple to compute
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and is given by,'

fi(s:)) = E(g(U)IS =)

N’ .
= Y E(g(U)|U = u))P(jli)

=1

NI
Y %;P(jl), (5.6)

Jj=1

where X; = g(u;) is the jth reconstruction level; i.e., the level that the demodu-

lator output u; is mapped to. Similarly, &, is given by,

hy(s:) = E(g(U)g(U)TIS = s:)

= g_ji,-ifp( l8). (5.7)

=1

For a fixed decoder and signal set we can directly apply Theorem 3.1 in order
to determine the optimum encoder partition 4. The cell A; for a given value of
B, is therefore given by

NI
AiB) = {x : 2(x, 3 %e(P(kli) — P(k))) 2

k=1
N
t"(kX_:l ik (P(kli) = P(k|7))) + Bllsill* = llsl|*), Vi # i } - (88

It is easy to derive an expression for the MSE, when the encoder partition and

the decoder are both known. The MSE is given by,

1 N N' N N!
D=ztr (Rxx ~ 23" REXE) X KTPGE) + 3 A(T ijfcfP(jli))) . (59)

L i=1 j=1 i=1 j=1
We are now in a position to state an algorithm to solve the necessary conditions

for optimality with respect to the encoder partition and the decoder.

5.4.1 The Design Algorithm

We assume that we are given a.signal set S, based on which we can determine

the transition probabilities {P(j|i), j = 1,2,...,N’, i =1,2,...,N}. The basic
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idea behind the algorithm is to iteratively solve the two necessary conditions
for optimality, (5.5) and (5.8), after beginning with a suitably chosen set of
reconstruction vectors. Convergence is guaranteed since the algorithm produces
a non-increasing sequence of average distortions, v‘}hich, being bounded below by

zero, must converge. The algorithm is stated below.

Step 1. Initialization: Set the iteration index j = 0. Select an initial set of
reconstruction vectors {)'cf’ ), 1=1,2,...,N’}. Set the distortion D) = A,
where A is a large positive real number. Set the iteration termination

threshold, §, to some small positive real number.

Step 2. Encoder Update: j «— j + 1. By successively encoding vectors from the
training sequence using (5.8), determine the optimum encoder partition
for the given decoder. Compute the cell probabilities, R‘j), and the cell
centroids, E(X|S =s;)V), i =1,2,...,N.

Step 3. Decoder Update: Use the values of PY) and E(X|S = s;)!¥) to determine

the optimum decoder using (5.5).

Step 4. Compute the average distortion DU) using (5.9). If (DU-1—D@))/Dl-1)
< 4, then stop; else return to Step 2.

We will refer to the system obtained by the above design algorithm with N = N/,
as the BDCE system.

5.4.2 Performance Results for the BDCE System

We consider the design of BDCE systems for the QAM family of signal constel-
lations. We will, therefore, assume that N/ = N in all the results presented here.
Note that in this case MD demodulation and ML demodulation are identical. We
have assumed that the source is a first-order Gauss-Markov source with correla-

tion coefficient p = 0.0 and 0.9. The aim here is to present performance results for

103



those cases where the performance of the BPLE system as determined in Chapter
4 is unsatisfactory. Towards this end, we have considered only those situations
where a gap exists between the performance of the BPAM system and the OPTA
for the independent vector source. This immediateiy rules out the situation where
we have an independent Gaussian source and the bandwidth expansion factor is
unity, since the BPAM performance and the OPTA coincide. Therefore, in the
case of a memoryless Gaussian source we will focus attention on the cases where
K/L < 1.0, for here the BPAM system becomes severely dimension limited, lead-
ing to a large gap between the BPAM performance and the OPTA for most of
the range of CSNR’s that we have considered in Chapter 4. Further, since for
a fixed bandwidth expansion factor and CSNR and for a memoryless Gaussian
source, the BPAM performance does not change as L is increased, we consider
only that value of L which results in X = 1. Hence, for example, when p = 0.0
and K/L = 0.25, we will present performance results only for L = 4.

We also present results for a correlated Gaussian source with p = 0.9. The
situation is a little different in this case for here we need to consider even the
unity bandwidth expansion factor case since the BPAM and the OPTA curves
do not coincide. For bandwidth expansion factors strictly smaller than one, the
dimension limitation on the BPAM system performance is less severe than for the
memoryless Gaussian source and only makes a significant difference towards the
high end of the range of CSNR’s that we have considered. Table 5.2 summarizes
the cases for which performance results have been obtained. Note that in each
case for a given value of L, we are evaluating the performance for the maximum
rate possible for the limited length of the training sequence, corresponding to a

codebook size of 256.

There is one additional design parameter that can be chosen when we have a

signal constellation in which not all the signals have equal energy. Our design al-

gorithm seeks to attain with equality, a given value of the average transmitted en-
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o | K/L=10 K/L =05 K/L=025 | K/L=0.125
0.0 - L=2 R =40|L=4, R =20|L=8 R, =10
09|L=2R =40|L=2 R, =40 - -
09|L=4, R =20|L=4R =20|L=4, R =20 -
09|L=8R,=10|L=8 R =10|L=8 R, =10|L=8 R, =10

Table 5.2: Selected Parameter Values for BDCE Performance Results.

ergy. It is easy to see that there is a range of factors by which all the signals in the
signal set can be scaled for which the design algorithm will be able to achieve the
desired energy constraint with equality. More specifically, let § = {si,s2,...,sn5}
be a signal set and consider the scaled signal set S, = {cs;,cs,...,csn}, c € RY.
Let &, be the desired average energy per source symbol and define &, and Epaz
by Emin 2 min; ||s;]|2/L and Emge £ max; [|si||?/L. Then, in order that our algo-
rithm achieve the desired energy constraint with equality, we must choose ¢ so
that it lies in [ﬁa /Emazs \/8., /Emin). It is more convenient to define the param-
eter v, instead of ¢, by v = 10log,o(c*£./E,), where E. = T, ||s:|[?/LN is the

=1

average transmitted energy per source sample corresponding to the signal set S,
assuming a uniform probability distribution on §. For a given value of v in the
above range, it is possible to design a BDCE system. It remains to select the
value of v so that the best performance is obtained.

Our experiments have revealed that » = 3 dB yields the best performance in
most cases and this is the value that we have used throughout our performance
computations, except when the signals in the signal set all have the same energy.

The performance results for the BDCE system are presented in Figs. 5.6-
5.12. For the memoryless Gaussian source (p = 0.0) the performance of the
BDCE system exceeds the BPAM performance in virtually all cases. Performance
improvements can be quite large, e.g., for K/L = 0.5 and L = 2, BDCE gains 5.5

dB at a CSNR of 15 dB. It is important to note that for a memoryless Gaussian
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source, the BDCE system performs well in those cases where the performance of
BPAM (and therefore BPLE) is unsatisfactory.

For the highly correlated source (p = 0.9) the relative performance of BDCE
and BPAM depends on the bandwidth expansion factor K/L. With K/L = 1.0,
the BDCE system never performs better than BPAM, though the performance
is extremely close between CSNR’s of —6 dB and 3 dB for L = 2. For the same
bandwidth, BDCE only outperforms BPLE for L = 4 and L = 8, as can be
seen from Fig. 5.7(b) and (c). As the bandwidth decreases, the BDCE system
begins to perform better than the BPAM system for the high end of the CSNR’s
considered and the range over which this performance gain occurs increases as
the bandwidth is reduced. In particular, when K/L = 0.125 and L = 8, BDCE
gains 2 dB over BPAM at a CSNR= 15 dB. For highly correlated sources the
general conclusion is that BDCE performs better than BPAM in exactly those
cases where BPAM (and hence BPLE) performance is unsatisfactory.

An interesting observation, based on the performance presented here is that
for p = 0.9, a given value of L and with K = 1.0, the performance of the BDCE
system is extremely close to OPTA(L) for a certain range of the CSNR values.

One rather surprising fact is that for a fixed value of L and for a fixed CSNR,
the performance of the BDCE system actually degrades in some cases as the
bandwidth is increased. For example, at CSNR=-6.0dB, L = 8, R, = 1.0
and for p = 0.9 the SNR’s for the BDCE system are 2.79 dB and 3.82 dB
for bandwidth expansions of 1.0 and 0.5, respectively. Note that the number of
signals in the signal constellations are identical in both cases. It can be argued on
thé basis of the above result that for a given fixed number of signals in the signal
set, the QAM signal constellation becomes less suited to transmitting information
from a correlated source as the dimension of the constellation grows.

Performance comparisons against the LBGDC system have been presented in

Figs. 5.11 and 5.12. The BDCE system results in large performance improvements
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over the LBGDC system, especially when the channel is very noisy or when the
encoding rate is high. For example, BDCE gains at least 4.0 dB for p = 0.9,
L=2,K/L=0.5and R, = 4.0 over the entire range of CSNR’s considered hére.

A general conclusion is that the BDCE system becomes more attractive as
compared to the BPLE system as the bandwidth expansion decreases for a fixed
block size. These improvements are more in the case of the i.i.d. Gaussian source,
for it is here that the BPLE system performs poorly due to the linearity constraint
imposed by the decoder.
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5.5 The Absolutely Optimal Block Communi-
cation System

We have studied several systems that fall under the general framework established
in Chapter 3. These systems have all been suboptimal, e.g., in the BPLE system
a linearity constraint has been imposed on the decoder and a finite encoding rate
constraint has been placed on the encoder. In the BDCE system,‘a. suboptimal
demodulator has been assumed and again a constraint has been placed on the en-
coding rate. We would like to study the absolutely optimal block communication
system (AOBCS) possible within the general framework. Even though we cannot
explicitly determine thé AOBCS, we can study its properties under certain as-
sumptions. We do so in the initial part of this section. It turns out that some of
the properties that we derive for the AOBCS are exhibited by the BDCE system
in certain situations. Further, we believe that by studying the structure of the
BDCE system in some cases, we can obtain valuable insights into the nonlinear
structure of the AOBCS. These cases are identified and the claims that we have

just made about the BDCE system are justified in the latter part of this section.

N
() D = () p———
X S U X
RE RX RE

Figure 5.13: Block Diagram for the AOBCS.

It is a trivial fact that the AOBCS is the solution to an optimization problem,
similar to the one posed in Chapter 2, in which the only constraints on the system

are the energy and bandwidth constraints. Such a system is depicted in Fig. 5.13
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and is described below. The receiver consists of an optimum demodulator (as
described in Section 3.5) followed by an optimum estimator and is represented
by the mapping g(-). The transmitter signal set satisfies S = IR¥, and the
encoder 7(-), is allowed to be a general map from R* to RX subject to the
energy constraint. This system would quite easily fit into the general system
model of Chapter 3 except for the fact that the signal set S is a continuum.
However, this is not a major problem and the necessary conditions for optimality
are almost identical to those derived in Chapter 3. Only a small change in
notation is required. The encoder partition, now, instead of consisting of cells
that are indexed by the integers, will consist of cells that are indexed by an
uncountable set; in this case it is most convenient to use R¥ as the index set.

Define
As(B) = {x € R* : 7(x) =s}. (5.10)

The encoder partition, the collection of all the encoder cells is given by

A(B) = {As(B), s € S}. (5.11)

Here, S is the Lagrange multiplier that arises due to the energy constraint imposed
on the transmitter.
Analogous to the derivation carried out in Chapter 3, for a given value of

and for a given decoder g, the optimum encoder partition is given by,
As(B) = {x : 2(x, fo(s) = fu(s)) 2
tr(hg(s) — hy(s")) + B(IslI* = lIs'l|*), ¥s' # s}, (5.12)
for each s € R¥. The optimum decoder for a given encoder partition is given by,
© g(u) = E(X|U = u). (5.13)

Notice that since we are assuming that S = R, the signal set is not a

design variable any longer and hence it is only necessary to solve (5.12) and
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(5.13) simulta,néously. This is in contrast to the case in which the signal set has
a finite number of signals as a result of which S itself becomes a design variable.
Howev;er, even though it would not be used during the process of system deéign,
it is useful to derive a necessary condition that the signal to be used to transmit a
given source vector x should satisfy. The derivation of this equation is analogous
to the derivation for (3.25) and we will just state the final result here. Let s(x)
be the signal by which source vector x is transmitted and let 1 be the Lagrange
multiplier. Then, assuming that f, and h, are differentiable, (s(x),%) must

satisfy,

o Ha(s()T _ dtr(hy(s(x)))”

= = + 2s(x) (5.14)

and
¢(%E(STS) -&)=0. (5.15)

Equation (5.14) is the dual of (5.12). In (5.14), for a given source vector x, we
determine the optimum value of s, whereas in (5.12), for a given s we determine
the optimum set of source vectors that are to be mapped to it by the encoder.
The two equations are equivalent in the sense that from a knowledge of 45(3), Vs,
we can determine s(x), Vx and vice versa.

Since we are dealing with a signal set that is a continuum, we can be more
specific about the nature of the cells of the optimum encoder partition than we
have been in the discrete signal set case. Basically, the idea is to study the
local properties of the optimal encoder partition, i.e., those properties of a cell
corresponding to a given signal that arise due to constraints placed on it by
neighboring signals, where the neighboring signals are assumed to be arbitrarily
close.

Towards this end, let s’ = s + h. Then (5.12) can be written as

As(B) = {x : 2(x, fy(s) = fy(s + h)) 2
tr(hg(s) — hy(s + h)) + B(lIs]|* = lIs + h[|*), Vh # 0}. (5.16)
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Now assume that g is such that f; and h, are differentiable at s and use the

definition of the derivative to write,

f,(s+h) = £,(s) + df;is)h +oi(h) (5.17)
and
tr(hy(s + h)) = tr(hy(s)) + 51"(—;‘:—(5—)111 + o0z(h), (5.18)
where, [|o;(h)||/||h]| = 0 as h — 0, i = 1,2. Substitute (5.17) and (5.18) in (5.16)
to get
As(B) = {x + —2(x, Loy o LrhalD)y,
~26(s,h) — 02(h) + 2(x, 01(h)) — B|[h||?, ¥h # 0}. (5.19)

Now df,(s)/ds is an L x K matrix and can be written as

dfy(s) _ [ dfy(s)  dfs(s) dfy(s) ] (5.20)

ds ds! ds? 7 dsK

h

where s is the i*® component of the vector s and df,(s)/ds' is an L-dimensional

column vector. Similarly dtr(hy(s))/ds, a 1 x K matrix, can be expressed as

dir(hg(s)) [ dir(hy(s)) dir(hy(s)) dir(hy(s))
ds - [ ds! ds? o ds¥ ] . (521

Set h = ae;, a > 0, where to be consistent with our.notation of Chapter 4, we
use e; to represent the itB basis vector of RX. Substitute for h in (5.19) and

divide by a to get,

As(B) C {x : —2(x, iif—;gf'—)eg) + ﬂ'-(dh:ﬂe; >
—2B(s, &;) — °’((1“) +2i% o;(a)) — Ba, Va > 0}. (5.22)

Now set h = —ae;, a > 0, substitute for h in (5.19) and divide by —a to get,

As(ﬂ) - {X : —Q(X, df;ﬁs) e,-) + dtr(:;:(s))e,' S
—23(s, ;) + ozc(la) - 2(x, o;(a)) + fBa, Ya > 0}. (5.23)
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By taking the intersection of the limiting sets obtained by letting a — 0 in (5.22)
and (5.23), we obtain,

d dtr(h -
As(ﬁ) C {x s _2<x’ _f&eﬂ + __r(_g@.).ei = -—2,3(5,8;)}. (5.24)
ds ds
Since (5.24) must hold for ¢ = 1,2,..., L, we can write (5.24) more compactly as
df,(s)T | ditr(h,(s)T
As(B) C fx + %o ATGENT _ppgy (5.25)

Equation (5.25) is quite illuminating about the nature of the encoder partitions

in the optimum system. For any value of s, the equation,

T T
- 2df;is) X + dtr(::(s)) = —20s (5.26)

will have a solution iff dtr(h,(s))7 /ds + 28s, lies in the range space of the linear
map df,(s)” /ds. Further, if a solution does exist, it will be unique iff df,(s)7/ds
has full column rank, in which case As(8) can at most be a point in RY. On
the other hand if df,(s)7/ds does not have full column rank, Ag(8) will be the
subset of a hyperplane that is parallel to the null space of df,(s)7/ds. As a simple
illustration of this fact consider a system designed for L = 2 and K = 1. In this
case, assuming that (5.26) has a solution, the encoding region for a given value of
s, will be a subset of a straight line in IR?, the line being orthogonal to df,(s)7 /ds.

We had earlier derived (5.14), which is the equation that a signal used for
transmitting a specific source vector, X, must satisfy. Let us restrict our attention
to the case where L = 2 and K = 1. It turns out that if for every x, (5.14) has
a unique solution and if d fy(s)/ds is continuous, then the optimum system is
linear, i.e., the encoder and the decoder are both linear. To see this fact, let s be
a solution to (5.14), for a given x. Then s will also be a solution for x+axe, where
o € R and X, is orthogonal to d f,(s)/ds, and, by our assumption of uniqueness
it follows that s is the only value of the signal for which (5.14) is satisfied for

source vector X + aXo. This in turn implies that,
As = {x + axg, @ € R}. (5.27)
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Now since As N Ay = 0, Vs # &, it follows that Ag || As. Further if every value
of s is in the range space of the encoder mapping and if df,(s)/ds is continuous,
it will follow that dfy(s)/ds is a constant with respect to s, which in turn implies
that f,(s) = E(g(U)|S = s) = GTs® for some linear map G7.

At this point we have derived some properties of the encoder structure of
the AOBCS under suitable differentiability assumptions on the functions f, and
hg. It has not been possible to determine the AOBCS, however, so we do not
as yet have any idea about what the optimum nonlinear encoder and decoder
mappings look like. We feel that the answer to this question is provided in some
cases by studying the BDCE system because we believe that the BDCE system
is an approximation to the optimum system when the number of signals in the
signal set is large. The reason for this becomes intuitively clear when we study
the behavior of ML detection in the limit as the signal set cardinality goes to
infinity in such a way that the signals lie in a bounded set, say, a sufficiently
large sphere centered at the origin. Since the signals must move closer to one
another as the cardinality increases, in the limiting situation ML detection and
optimum demodulation as described in Chapter 3 will be identical, since every
received vector will be arbitrarily close to a signal in the signal set. For this
reason if a BDCE system were to be designed for a sufficiently ‘dense’ signal set,
it should closely approximate the optimum system.

In our computations for the BDCE system, we have limited ourselves to 256
signals as result of which a close enough signal packing can only be achieved
in one channel dimension. Hence we have chosen K = 1. Further, for a given
number of codewords, the highest source encoding rate is obtained when the
source dimension is the smallest. For this reason we have chosen L = 2, since

it is the smallest source dimension for which the linear system is not optimum.

3Actually we may only conclude that fy(s) = GTs + b for a constant vector b € RE.

However, we know that the optimum decoder is unbiased, hence b = 0.
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The L =2, K =1 case is also interesting since it will allow us to verify some of
the analytical results that we have derived above.

We study in some detail the three BDCE designs listed in Table 5.3. Of the
three cases selected, one corresponds to a value of the CSNR for which the BPAM
system is optimum, and the other two correspond to cases where the BPAM
system is not optimal, as can be seen from the BPAM, BDCE and OPTA(2)

results presented below. Graphical results corresponding to each of the three

p | CSNR | BDCE | BPAM | OPTA(2)
Case1|0.0| 0.0dB | 2.72dB | 2.22dB | 3.49 dB
Case 2 |0.9| 3.0dB | 8.01 dB | 8.07dB | 8.07dB
Case 3| 0.9 | 15.0 dB | 12.96 dB | 12.41 dB | 14.13 dB

Table 5.3: Selected values of p and CSNR for which BDCE designs are presented.
L=2 K=1and R, =4.0 in all cases.

cases in the above table have been presented in Figs. 5.14-5.16. Each figure
consists of four graphs. Parts (a) and (b) are plots of the functions f,(s) and
g(u), plotted as curves in the range space of these maps, parametrized by s and
u, respectively. To be more specific, the left endpoint of the curve corresponds
to the most negative value of s (u) and as we traverse the curve towards the
other endpoint, the value of s (u) increases. Part (c) displays the centroids of
the encoder and part (d) is a graph of tr(hy(s)) as a function of s. All of the
above results have been obtained by encoding a sequence of 43,000 source vectors.
Finally in Fig. 5.17, we present the encoding regions that correspond to specific
signals in the signal set overlaid on f,(s), for a memoryless Gaussian source.
These encoding regions have been obtained by encoding a sequence of 18,000
source vectors. The first and perhaps most surprising fact is that the centroids
of the encoding regions come close to lying on a one-dimensional curve in two

dimensions. Contrast this with encoder centroids observed for standard 2-D VQ’s
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which appear to fill in an elliptical or circular region in two-dimensional space.
The observed behavior of the centroids, therefore, matches that which would
have been expected for the AOBCS. The main thing to note from Fig. 5.14 is
that f,(s) and g both appear to lie on a straight line and hence the BDCE system
appears to converge to a linear system. This supports our observation that BDCE
closely approximates AOBCS when the encoding rate is high and the signal set
sufficiently dense, since AOBCS and BPAM are identical in this case. Further
support of the above observation is provided by Fig. 5.17, in which the encoding
regions corresponding to two signals in the signal set have been displayed. The
first encoding region indeed appears to be the subset of a straight line, exactly
as we have predicted for the AOBCS. The second encoding region, which covers
a two-dimensional region, corresponds to the first signal of the signal set. Since
this signal lies at the edge of the signal set, our derivation for the shape of the
encoding region does not hold, hence we would not expect the encoding region to
be the subset of a straight line. From Fig. 5.15 and Fig. 5.16, the BDCE system
appears to converge to a nonlinear system. The main thing to notice about
the nonlinear encoder and decoder mappings is that the nonlinearity allows us to
encode information from both the source dimensions onto one channel dimension.
This is as one would expect, since if a nonlinear system is to exceed the BPAM
performance, it must be able to encode information from both the major as well
as the minor eigenaxes.

We have provided evidence that the BDCE system converges to the AOBCS
when the encoding rate is high. However, a rigorous mathematical proof needs to
be given in order to support this claim. The results presented here are preliminary
in nature and much work remains to be done in order to fully understand the

nonlinear nature of the AOBCS.
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5.6 Summary

In this chapter we have studied block communication systems that are based
on minimum-distance demodulators. We have first considered a simple system
which consists of an LBG VQ in tandem with a modulator that uses a QAM
signal set. For this system an important issue is that of determining good signal
allocations to the encoder centroids. We have developed a heuristic algorithm
for this purpose and demonstrated that it performs well compared to randomly
chosen one-to-one signal allocations.

We have then considered the design of a more sophisticated system in which
the encoder partition of the block encoder and the decoder are simultaneously
optimized. This system, referred to as the BDCE system, has been shown to
perform well in situations where the BPAM system performs poorly. Signifi-
cant performance improvements over the LBG VQ based system have also been
demonstrated. V

Finally we have studied the AOBCS. We have derived a result regarding the
structure of the optimal encoding regions and hav’e demonstrated experimentally
that, in certain cases, the BDCE system closely approximates the AOBCS. By
studying the BDCE system structure in these cases we have been able to gain

some insight into the nature of optimal nonlinear encoder and decoder mappings

of the AOBCS.
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Chapter 6

Channel Mismatch Issues

In Chapters 4 and 5, we have designed block communication systems based on
perfect knowledge of the channel statistics and comparisons have been made
against the LBGDC system. It may be argued that this is an unfair compari-
son since the LBGDC system is designed without any knowledge of the channel
statistics. Further, in many real communication systems the channel statistics
may be unknown due to varying channel conditions. For this reason it is im-
portant to study the performance of the BPLE and the BDCE systems under
channel mismatch conditions. We address this issue in this, rather brief, chapter.
The objectives are to (i) determine the performance of a given BPLE and BDCE
system under channel mismatch conditions, (ii) study the resulting performance
loss and (iii) make comparisons against the LBGDC system.
We begin with (3.2), the basic expression for the MSE derived in Chapter 3,
which is given by
1 N N
= tr (Rxx -2 ); PEX|i)f,(s)T + ; P;hg(s;)> : (6.1)
The mismatch performance for the BPLE and the BDCE systems is easily com-
puted by using (6.1). Note that since the encoder partition, A, the signal
set S and the decoder g(-) are held fixed, the terms Rxx, E(X|:) and F,
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= 1,2,..., N, remain fixed. We, therefore, need to recompute only f, and
hgy as the channel error vé.ria.nce, No/2, is changed.

For the BPLE system f,(s;) = GTs;, a constant with respect to Ny, and

he(s:)) = GTs;sTG + (No/2)GTG. Hence, for the BPLE system the MSE is

linearly related to Ny, and after some manipulation can be expressed as follows:

No

= %tr (Rxx —~2RyyI7G + GTTRWITG +

GTG) (6.2)

where, I' is the linear map that relates the encoder centroids to the signals in the
signal set and Ryvy is the covariance matrix of the encoder centroids.

For the BDCE and the LBGDC systems it is necessary to recompute the
transition probabilities, P(j|i), 7,7 = 1,2,..., N, for a given value of the CSNR.
The MSE of the BDCE system is given by

D= %tr (Rxx —2éP;E(XI gx P(jli)) E J};x, % P(jli ))
(6.3)
Note that (6.3) is also used for computing the LBGDC performance by using the
appropriate values for the encoder centroids, cell probabilities and reconstruction
levels.

We present mismatch performance results for the three cases listed below.
1. Memoryless Gaussian source, L = 8, K/L = 1.0, R, = 1.0 (Fig. 6.1).

2. First-order Gauss-markov source, p = 0.9, L = 8, K/L = 1.0, R, = 1.0
(Fig. 6.2).
3. First-order Gauss-markov source, p = 0.9, L = 8, K/L = 0.5, R, = 1.0

(Fig. 6.3).

In each of the above figures, part (a) displays the performance of BPLE sys-
tems designed for the CSNR value as indicated on the graph. For example, the
curve labeled “BPLE(3.0 dB)” is the performance of a BPLE system designed
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for CSNR=3.0 dB. The curve labeled “BPLE” is the performance of the BPLE
system designed for the given value of CSNR. Similar remarks hold for part (b),
except that, here, the system studied is the BDCE system. In part (c), the per-
formance of the most robust BDCE and BPLE systems presented in part (a) and
(b) is compared to that of the LBGDC system.

A measure of the robustness of any of the above systems over the range of
CSNR’s considered, is the maximum loss in SNR as compared to the optimum
SNR. Specifically, let D(c, c?) be the distortion of (say) the BPLE system designed
for a CSNR= ¢? dB and operated on a channel with CSNR= ¢ dB. Let ¢ € C.
Here, we have, C = {—6.0,-3.0,0.0,3.0,6.0,9.0,12.0,15.0}. Let Apmgg(c?) £
max.ec 10 log,o(D(c, c?)/D(c,¢c)). Amaz can be similarly defined for the BDCE
and the LBGDC systems. Note that for the LBGDC system, we have used for
D(c,c), the MSE of the optimum BDCE system designed for a CSNR= ¢ dB. We
have tabulated values of Aq, for the BPLE, BDCE and the LBGDC systems in
Table 6.1. Note that A, for the LBGDC system is given by the entry for the
BDCE system corresponding to a CSNR design value of co dB, since the BDCE
system and the LBGDC system are identical when the CSNR is arbitrarily large.

Amaz (dB) CSNR Design Value(dB)
—6.0} 0.0 [ 3.0 | 6.0 | o©
K/L=10|p=0.0] 275|094 (194|255} -
BPLE | K/L=10{p=091| 3.98 [093|1.62}208| -
K/L=05|p=09]393 |093|1.62]204] -
K/L=10|p=0.0} 226 | 0.75]1.34 | 2.31 | 2.40
BDCE | K/L=1.0|p=09 | 5.41 | 2.86 | 2.06 | 3.42 | 3.56
K/IL=05]p=09]4.73 | 273|172 | 2.64 | 3.11

Table 6.1: A.. for BPLE and BDCE Systems for Various Parameter Values.
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The results that we have presented indicate that for the range of CSNR’s
considered, we can choose the design value of the CSNR for the BDCE and the
BPLE systems so as to provide robust alternatives to the LBGDC system. With
Anmer as the robustness criterion, we see that for the uncorrelated soﬁrce and
a given CSNR design value, the BDCE system is more robust than the BPLE
system, whereas for the highly correlated source (p = 0.9) the reverse is true. We
note that A,z is only an indicator of robustness and is computed relative to the
best performance attainable by that system. Hence, while it shouid be used to
select the best CSNR. design value for a given type of system, it should be used
along with the true system performance in order to decide between the BPLE
and the BDCE systems.

The results bresented in this chapter are preliminary in nature. The systems
that have the minimum loss in Table 6.1 are not minimax systems, i.e., they do not
minimize the maximum loss since we have not computed the system performance
for enough design values of the CSNR. While it is a simple problem to analytically
determine the minimax solution for the BPLE system, the same is not true for
the BDCE system. In order to further reduce the loss for a channel with varying
or unknown statistics, it would be interesting to study the performance of an
adaptive receiver which forms an estimate of the CSNR in order to improve its

estimate of the transmitted source vector.

131



15 1 1 I I 1 I ] 1 I 1 L I i l T L] I I
B ——— BPLE ]
i ————  BPLE(-8.0 dB) ]
. i -——-— BPLE(0.0 dB)
) | —— BPLE(B0dB) = e =
2 0~ ..~ BPLE(6O dB) — e — ]
= -
z -
721
- e TR e e —_————— e e ——
= - o - -
fe) =
3 Sp=zost L= 7
) o K/L=1.0 -
- R,=1.0 -
(a) ol o v by by b b by
-6 -3 0 3 6 9 12 15
Channel SNR (dB)
15 LI 1 I } I ) i I 1 { | 1 1 l 1 i l I T
" —— BDCE ]
B —=—=—~  BDCE(-6.0 dB) T
. [ -—-— BDCE(0.0 dB) -
8 [ —— BDCE(3.0 dB) ]
T r BDCE(6.0 dB)
o L ————— e . ]
% = .7—./ .
) B .
3 o A
5 sk L=8 —
S - - K/L=1.0 -
L~ ~ P R=1.0 :
7// - -
(b) 0 P el r TS NN T B | 1 L1 L
-6 -3 0 3 6 12 15
Channel SNR (dB)
15 v L [ I i I T i I i ¥ l T 1 [ T 1] l |
i BDCE(3.0 dB)
| —— BPLE(0.0 dB) ]
. - - - LBGDC .‘__,..._._._._._.-._.E
S 10+ i p——
= N —— -
z - -
0
“ L i
g‘ - -
2 5+ L=8 —
© e K/L=1.0 4
- R,=1.0 -
'/. -1
(c) o If"{ 1 1 l 1 1 l 1 L L 1 1 l 1 L l L 1
-8 -3 0 12 15

Channel SNRe(dB)
Figure 6.2: Performance Results Under Channel Mismatch, 1st-Order Gauss-
Markov Source, p = 0.9, K/L = 1.0; BPLE(X dB), BDCE(X dB): BPLE,
BDCE Designed for CSNR= X dB, Respectively; BPLE, BDCE: BPLE, BDCE
Matched to the CSNR, Respectively.

133



15 1 Tl 1 1 ] v T j T { ] ] 1 1 l 1§ i
[ —— BPLE ]
~——~—  BPLE(-8.0 dB) ]
i ~—-.~ BPLE(0.0 dB)
%‘ o ~—— BPLE(3O dB) e e S
NS — - BPLE(8.0 dB) e s e T T
-4 r - . 7]
= - .
w
2 L T ]
= = - -
& =
] S — //, L= i
& .7 K/L=0.5 =
Z R,=1.0 .
(a) ol v v v b b by b ]
-8 -3 o 3 6 9 12 15
Channel SNR (dB)
15 1 1 ]—r ]—[ 1 i ] 1 i ] i 1 _]—l T ] T 1
B —— BDCE
————  BDCE(-8.0 dB) i
= i -——-—  BDCE(0.0 dB) !
8 oL —— BDCE@BOdB) = _=rmo———eeoo— ]
= BDCE(8.0 dB) —
' = e - s + — — ——— + e + ']
z - - -
n L .
El L e feemm T T 2
)
g °C K/1=0.5 B
./ - = —
? //,-’ R,=1.0 -
®) ol v b v by b by ey
-6 -3 0 3 6 12 15
Channel SNR (dB)
15 T 1 ] T Ij 1 T T 1 ] i T ] 1L h i
N BDCE(3.0 dB) ]
N ——— BPLE(0.0 dB) ]
C - - LBGDC e -
& = |
I — T -
g [ ]
m —
-
2 L F ]
3 — =8 -]
°© = K/L=0.5 i
- R,=1.0 ]
© P i IR RTINS DAV SUTTI SR B
-8 -3 0 9 12 15

3 8
Channel SNR (dB)

Figure 6.3: Performance Results Under Channel Mismatch, 1st-Order Gauss-
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Chapter 7

Summary and Future Work

7.1 Summary

We have studied the problem of combined source-channel coding for bandlimited
waveform channels. We have considered a general model for a block-structured
digital communication system that is used for transmitting continuous-alphabet,
discrete-time source data over a noisy waveform channel. In our model, the trans-
mitter consists of a digital block encoder having a given rate, and a modulator for
transmitting information over the noisy waveform channel. The decoder consists
of a demodulator and a decoder. The design variables in the combined source-
channel coding problem are the encoder map, the decoder map and the signal
set associated with the modulator. The combined source-channel coding problem
has been posed as an optimization problem in which the objective is to minimize
the MSE between the source sequence and its replica in the receiver, subject to
constraints on the transmitted power and bandwidth. Necessary conditions for
optimality with respect to the encoder, the decoder and the modulation signal
set have been derived in Chapter 3. We have not made any assumptions about
the structure of the demodulator in order to derive the necessary conditions for

optimality. This has given us the generality of being able to study different kinds

135



of systems under a common framework. The solution of these necessary con-
ditions for the most general system that conforms to our system model (The
BPCE system) is a difficult task. Instead, in Chapters 4 and 5 we have studied
two systems that approximate the BPCE system.

In Chapter 4, we assume that optimum demodulation is performed and demon-
strate that the class of linear estimator-based decoders is optimum as the ratio
of the signal power to the noise power tends to zero. With this as motivation
we have restricted the decoder to be linear. In this case we have analytically
solved the necessary conditions for optimality for the signal set and the decoder.
We have thereby shown that the signal design problem in this case is essentially
similar to the encoder design problem in linear analog modulation systems. In
order to solve the necessary condition of optimality for the encoder jointly with
those for the decoder and the signal set we have developed an iterative design al-
gorithm and have proved convergence. We have then studied the performance of
this system (the BPLE system) in the limit of infinite encoding rates for a fixed
channel bandwidth. We have shown that the SNR performance of the BPLE
system is bounded from above by that of a linear block analog modulation sys-
tem called the BPAM system. The performance of the BPAM system is readily
computable in terms of the eigenvalues of the source covariance matrix and the
channel variance. Finally, in Chapter 4 we have presented performance results
for the BPLE system and have made comparisons against the BPAM system, the
OPTA and an LBG VQ-based system.

In Chapter 5, we have considered a suboptimal demodulation scheme known
as minimum-distance demodulation. The suboptimality of the demodulator has
the advantage that it makes it possible to determine the optimum decoder and
the encoder. For a fixed signal set, we have developed an algorithm for solving
the necessary conditions of optimality for the encoder and the decoder. This

system (the BDCE system), serves as the second approximation to the BPCE
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system. Performance results for this system have been presented along with
performance comparisons against the BPLE, BPAM and LBG VQ-based systems
as well as against the OPTA. We have then studied the absolutely optimal block
communication system (AOBCS). This system differs from the BPCE system
in that no restrictions are placed on the encoding rate even though the same
bandwidth is utilized. Under suitable differentiability assumptions we have shown
that the structure of the encoder cell corresponding to a given signal is related
to the structure of the derivative of the expected value of the decoder output
conditioned on the event that the given signal is transmitted. For certain values
of the source dimension, bandwidth and CSNR, the AOBCS coincides with the
BPAM system. In this case we demonstrate that the BDCE system converges to
the BPAM system-and hence the AOBCS system-as the encoding rate goes to
infinity. We then consider two cases in which the BPAM system is not optimal
and show that the BDCE system converges to a nonlinear analog modulation
system. Further, the cell structure of the BDCE system, in the limit of large
encoding rates, behaves exactly as was predicted for the AOBCS system. In
Chapter 4, we have also considered a system that consists of an LBG VQ as
the encoder, a QAM signal set and a ML demodulator. This system has been
studied in order to serve as a reference system aga.ir;st which the performance of
the BPLE and the BDCE systerﬁs can be compared. The performance of this
system can be extremely poor unless the codewords are properly assigned to the
signals in the signal set. We have developed an algorithm for doing so.

In Chapter 6, we study the issue of channel mismatch for the BPLE and
BDCE and the LBG VQ-based system. Through performance computations we
demonstrate that both the BPLE and the BDCE systems are more robust to
channel mismatch than the LBGDC system.
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7.2 Future Work

We have made performance comparisons for the BPLE, BDCE and the BPAM
system under the assumptions of a first-order Gauss-Markov source model. We
have shown that in certain cases the performance of the BPAM system coincides
with that of the OPTA for an independent vector source that has the same
L x L covariance matrix as the Gauss-Markov source; L being the dimension of
the source vector that the BPAM system operates upon. It is an open problem
whether there exists a block-structured communication system with a given block
length L, that achieves the OPTA for the L-dimensional independent vector
source. In other words does the AOBCS system proposed in Chapter 5 achieve
the OPTA for the independent vector source in all cases? This is a challenging
problem, especially in the case where the bandwidth expansion is unity, for we
have not been able to outperform the BPAM system in this case. The obvious or
brute force approach to this problem is to~try and determine the AOBCS system
and then compare its performance against the OPTA for the vector source. This
approach has its merits, however, since it would then be possible to design good
finite rate approximations to the AOBCS system. Another approach to solving
the above problem would be that of determining optimal signal sets for the BDCE
system and then studying the performance of the resulting system in the limit of
large encoding rates.

In Chapter 5, we have displayed system designs for high rate BDCE systems
that outperform the BPAM system. We have studied a simple system which
maps 2-dimensional source vectors onto 1-dimensional channel signals. The main
feature of the encoder map is that it is able to code information from two source
dimensions onto one channel dimension without having to entirely ignore infor-
mation contained in any one of the source dimensions. We feel that it is important

to develop an understanding into the nature of the optimum nonlinear encoder
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and decoder mappings.

We have shown that the BPLE system performance can approach that of
the BPAM system provided we allow the rate of the BPLE encoder to be high
enough. For channels that are not extremely noisy, this rate is high and it is
not possible to design BPLE systems for these rates with the computing power
available today. For high CSNR’s one method of achieving performance close
to that of the BPAM system using a digital communication system is to use an
approach similar to that of block transform coding. Such a system would consist
of a Karhunen-Loeve transformation followed by a bank of scalar quantizers in
the encoder. The vector of the scalar quantizer output would then be mapped to
a sigﬁal in the signal set. The design issue here would be that of determining the
optimum rate assignment to the scalar quantizers and the linear mapping from
the vector of quantizer outputs to the signal set.

Most of the work to date in the area of combined source-channel coding has
been on simple channel models, either discrete memoryless channels or as in
this dissertation, the white Gaussian channel. Many real channels of interest
today are not well modeled by these simple models. It would be of tremendous
interest to extend the design principles of combined source-channel coding to
bursty and fading channels. Specifically, it may be useful to study finite state
channel models with a view to designing a receiver that tracks the channel state.
Applications range from mobile radio systems to satellite communications. We
have also neglected the effects of inter-symbol interference (ISI) in our work. It
would be interesting, from a practical standpoint, to study the effects of ISI with
a view to improving the performance of block communications systems over the

ISI channel.
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Appendix A

Final Step of Theorem 4.1

Our goal is to prove the last step of Theorem 4.1. Specifically, we wish to prove
that (see 4.9).

N
llg(u) =2 & PE(X[i)siu/Nol|

1_13(1) Tz =0 (A.1)
Proof: From (4.9) it follows that
N
llg(w) =2 & RE(X[i)sTu/No|
=1 —_ (A-?)

VE
| £ PEX)o(si0)/ps() = 2 E PEXE)ST)(E Pro(si, w)/ (Nop. ()]

1+ I Polss, u)/po(w)|VE

(A.3)
N N , N
£ PIEXI o5, 0l +2 £ PUEKISTul) (£ Plots ) /0
= N
P-(u)VE(L + T Pio(si, u)/p=(u)l
(A4)
It suffices to prove that |o(s;,u)]/v€ — 0 as £ = 0, Vi and Vu. But
IO(S;, U)I IO(S,’, u)' ”S,”
= A5
VE Tl Ve (A3)
lO(S,’, u)l 1 ;
< 00 - A.6
=TIl VP (A9
Hence %ing °(5“;'." = 0, and this proves the last step of Theorem 4.1.
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Appendix B

Parametric Representation of

BPAM Performance

We derive a parametric representation for the MSE of a BPAM system as a
function of the transmitted energy. The MSE of a BPAM system, Dp(&p, L, K),
for average transmitted energy £g, is given by
K L

Dp(€g,L,K) = (; 5/\+NR,/02/2 ’_%l /\,‘) , (B.1)
where YK, £;/L = £ and &; is the optimum value of the average energy trans-
mitted along channel dimension i. Let —i be the value of OLD/JE;, where
& > 0. Then, given a value of ¥ > 0, & > 0 iff 2X;/No > %, in which case
U = A\ No/(2(&; + No/2)?) holds. Equivalently, we can write

w2 (B.2)
otherwise.

. { TN _ Mo if o) /N > 9,
o

which in turn can be written more compactly as & = max ( %’—Jf‘l %‘L, 0) . Sub-

stitute this expression for & in (B.1) and define parameter § = \/A;Noy/2, in

order to arrive at the desired parametric representation, namely,

Y L
Dg(8,L,K) = % (}A: min[0,\] + 3 ,\,-) , (B.3)

i=1 i=R+1
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and

Es(6,L,K) =

No](
2L

(

= f:
— ) _max[A;/0,1] -1
I( i=1

).

(B.4)



Appendix C

Tables of Performance Resﬁlts

Tables of performance results are presented for the BPLE, BDCE and LBGDC
systems for a first-order Gauss-Markov source model, for various values of the
source correlation, p, channel signal-to-noise ratio, CSNR, source block size, L

and bandwidth expansion, K/L.

CSNR(dB)
—60|-30|00|30]|60] 90 |120] 150
BPLE(R, = 8.0) | 1.77 | 3.01 | 4.77 | 6.97 | 9.50 | 12.23 | 15.07 | 17.96

BPAM 1.77 | 3.02 | 4.77 | 6.98 | 9.52 | 12.28 | 15.15 | 18.08
OPTA(L) 1.77 | 3.02 | 4.77 | 6.98 | 9.52 | 12.28 | 15.15 | 18.08
OPTA 1.77 | 3.02 | 4.77 | 6.98 | 9.52 | 12.28 | 15.15 | 18.08

Table C.1: Performance Results for the BPLE System; Memoryless Gaussian -
Source, L =1, K/L =1.0.
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CSNR(dB)
-6.0}1-301 0.0 | 3.0 } 6.0 9.0 12.0 15.0
BPLE(R, = 4.0) | 1.73 | 2.95 | 4.64 | 6.75 | 9.10 | 11.50 | 13.81 | 15.80

BPAM 1.77 | 3.02 | 4.77 { 6.98 | 9.52 | 12.28 | 15.15 | 18.08
OPTA(L) 1.77 | 3.02 | 4.77 | 6.98 | 9.52 | 12.28 | 15.15 | 18.08
OPTA 1.77 | 3.02 | 4.77 | 6.98 | 9.52 | 12.28 | 15.15 | 18.08

Table C.2: Performance Results for the BPLE System; Memoryless Gaussian
Source, L =2, K/L = 1.0.

CSNR(dB)
-6.0|-3.0]00{30|60] 90 | 120 | 15.0
BPLE(R, = 2.0) | 1.54 | 2.58 | 3.95|5.47 | 6.93 | 8.16 | 9.01 | 9.56

BPAM 1.77 | 3.02 | 4.77 { 6.98 [ 9.52 | 12.28 | 15.15 | 18.08
OPTA(L) 1.77 | 3.02 | 4.77 | 6.98 | 9.52 | 12.28 | 15.15 | 18.08
OPTA 1.77 | 3.02 | 4.77 1 6.98 | 9.52 | 12.28 | 15.15 | 18.08

Table C.3: Performance Results for the BPLE System; Memoryless Gaussian
Source, L =4, K/L =1.0.

CSNR(dB)
-6.0|-30]00| 30|60 90 | 120 | 15.0
BPLE(R, = 1.0) | 1.12 | 1.80 | 2.62 | 3.42 | 4.04 | 4.45 | 4.67 | 4.79
LBGDC(R, = 1.0) | -0.88 | -0.06 | 1.37 | 3.41 | 4.76 | 4.95 | 4.96 | 4.96

BPAM 1.77 | 3.02 | 4.77 | 6.98 | 9.52 | 12.28 | 15.15 | 18.08
OPTA(L) 1.77 | 3.02 | 4.77 | 6.98 | 9.52 [ 12.28 | 15.15 | 18.08
OPTA 1.77 | 3.02 | 4.77 | 6.98 | 9.52 | 12.28 | 15.15 | 18.08

Table C.4: Performance Results for the BPLE and LBGDC Systems; Memoryless
Gaussian Source, L =8, K/L = 1.0.
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CSNR(dB)
~6.0|-30] 00 |30 |60]090][120] 150
BPLE(R, =1.0) | 1.11 | 1.54 | 1.93 | 2.22 | 2.39 | 2.49 | 2.54 | 2.57
LBGDC(R, = 1.0) | -1.08 | -0.70 | -0.10 | 1.05 | 2.92 | 4.55 | 4.94 | 4.96

BPAM 1.25 | 1.76 | 2.22 | 2.55 | 2.76 | 2.88 | 2.94 | 2.98
OPTA(L) 1.51 | 2.39 | 3.49 | 4.77 | 6.14 | 7.58 | 9.04 | 10.53
OPTA 1.51 | 2.39 | 3.49 | 4.77 | 6.14 | 7.58 | 9.04 | 10.53

Table C.5: Performance Results for the BPLE and LBGDC Systems; Memoryless
Gaussian Source, L = 8, K/L = 0.5.

CSNR(dB)
-60|-30]| 00 | 3.0 | 6.0 | 9.0 | 12.0 | 15.0
BDCE(R, =4.0) | 1.24 | 1.93 | 2.72 | 3.87 | 491 | 5.74 | 7.07 | 8.59
LBGDC(R, = 4.0) | -2.48 | -1.73 | -1.20 | -0.86 | -0.65 | -0.53 | -0.43 | -0.31

BPAM 1.25 | 1.76 | 2.22 | 2.55 | 2.76 | 2.88 | 2.94 | 2.98
OPTA(L) 1.51 | 2.39 | 3.49 | 4.77 | 6.14 | 7.58 | 9.04 | 10.53
OPTA 1.51 | 2.39 | 3.49 | 4.77 | 6.14 | 7.58 | 9.04 | 10.53

Table C.6: Performance Results for the BDCE and LBGDC Systems; Memoryless
Gaussian Source, L =2, K/L = 0.5.

CSNR(dB)
—6.0|-30(00 |30 60|90 |120]150
BDCE(R, = 2.0) | 0.81 | 1.17 | 1.69 | 2.25 | 2.86 | 3.48 | 3.96 | 4.69

BPAM 0.79 | 0.97 | 1.09 | 1.16 | 1.21 | 1.23 | 1.24 | 1.24
OPTA(L) 1.20 | 1.75 | 2.39 | 3.07 | 3.79 | 4.52 | 5.27 | 6.01
OPTA 120 | 1.75 | 2.39 | 3.07 | 3.79 | 4.52 | 5.27 | 6.01

Table C.7: Performance Results for the BDCE and LBGDC Systems; Memoryless

" Gaussian Source, L =4, K/L = 0.25.
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CSNR(dB)
60|30 00 | 30 | 60 | 9.0 | 120|150
BDCE(R, =1.0) | 0.57 | 0.78 | 1.02 | 1.30 | 1.61 | 1.91 | 2.21 | 2.52

LBGDC(R, =1.0) { -1.86 { -1.84 | -1.81 | -1.78 | -1.73 | -1.66 | -1.56 | -1.41

BPAM 0.46 | 0.51 | 0.54 | 0.56 | 0.57 | 0.58 | 0.38 | 0.58
OPTA(L) 0.88 | 1.19 | 1.54 | 1.90 | 2.26 | 2.63 | 3.01 | 3.38
OPTA 0.88 | 1.19 | 1.54 | 1.90 | 2.26 | 2.63 | 3.01 | 3.38

Table C.8: Performance Results for the BDCE and LBGDC Systems; Memoryless
Gaussian Source, L =8, K/L = 0.125.

CSNR(dB)

-6.0|-3.0( 0.0 3.0 6.0 9.0 | 12.0 | 15.0

BPLE(R, =4.0) | 2.71 | 4.26 | 6.10 | 8.22 | 10.65 | 13.17 | 15.64 | 17.86

BDCE(R, =4.0) | 2.61 | 4.24 | 6.31 | 8.36 | 10.56 | 12.74 | 14.75 | 16.62

LBGDC(R, = 4.0) | -1.52 | 0.41 | 2.44 | 4.45 | 6.40 | 8.23 | 9.96 | 11.75

BPAM 2.81 | 4.36 | 6.21 | 8.42 | 10.96 | 13.71 | 16.58 | 19.52
OPTA(L) 3.27 | 542 | 8.08 | 10.59 | 13.13 | 15.88 | 18.75 | 21.68
OPTA 7.83 | 9.90 | 11.97 { 14.19 | 16.74 | 19.49 | 22.36 | 25.29

Table C.9: Performance Results for the BPLE, BDCE and LBGDC Systems;
1st-Order Gauss-Markov Source, p = 0.9, L =2, K/L = 1.0.
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CSNR(dB)

-6.0; -3.0| 0.0 3.0 6.0 9.0 | 12.0 { 15.0

BDCE(R, =4.0) | 278 | 4.34 | 6.16 | 8.02 | 9.67 | 10.94 | 11.86 | 12.96

LBGDC(R, =4.0) | -2.45 [ -0.43 | 1.53 | 3.38 | 5.00 | 6.31 | 7.31 | 8.04

BPAM 2.81 | 4.36 | 6.20 | 8.07 | 9.74 | 11.02 | 11.89 | 12.41
OPTA(L) 281 | 436 | 6.20 | 8.07 | 9.74 | 11.18 | 12.65 | 14.13
OPTA 7.27 | 8.96 | 10.53 | 11.97 | 13.35 | 14.79 | 16.26 | 17.74

. Table C.10: Performance Results for the BDCE and LBGDC Systems; 1st-Order
Gauss-Markov Source, p =0.9, L =2, K/L = 0.5.

CSNR(dB)

—6.0 | -3.0f 0.0 3.0 6.0 9.0 | 12.0 | 15.0

BPLE(R, =1.0) | 4.47 | 5.88 | 7.35 | 8.63 | 9.70 | 10.45 | 10.90 | 11.16

BDCE(R,=1.0) | 2.78 | 428 | 6.29 | 8.58 | 10.66 | 11.47 | 11.48 | 11.48

LBGDC(R, = 1.0) | -0.78 | 0.51 | 2.80 | 6.65 | 10.59 | 11.43 | 11.44 | 11.44

BPAM 4.53 | 6.11 | 7.94 | 10.15 | 12.70 | 15.45 | 18.32 | 21.25
OPTA(L) 6.55 | 8.78 | 11.02 | 13.29 | 15.84 | 18.59 | 21.46 | 24.39
OPTA 7.83 | 9.90 | 11.97 | 14.19 | 16.74 | 19.49 | 22.36 | 25.29

Table C.11: Performance Results for the BPLE, BDCE and LBGDC Systems;
1st-Order Gauss-Markov Source, p = 0.9, L =8, K/L = 1.0.
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CSNR(dB)

—-6.0| -3.0| 0.0 3.0 6.0 9.0 12.0 | 15.0

BPLE(R, =1.0) | 4.47 | 5.88 | 7.35 | 8.63 | 9.71 | 10.44 | 10.87 | 11.11

BDCE(R,=1.0) | 3.81 | 525 | 6.38 | 8.06 | 9.83 | 10.78 | 11.46 | 11.48

LBGDC(R,=1.0) | 0.71 | 2.17 | 3.63 | 5.49 | 8.21 | 10.75 | 11.42 | 11.44

BPAM 453 | 6.11 | 7.90 | 9.72 |} 11.31 | 12.52 | 13.31 | 13.78
OPTA(L) 5.95 [ 7.76 | 9.46 | 11.01 | 12.45 | 13.89 | 15.36 | 16.84
OPTA 7.27 | 8.96 | 10.53 | 11.97 | 13.35 | 14.79 | 16.26 | 17.74

Table C.12: Performance Results for the BPLE, BDCE and LBGDC Systems;
1st-Order Gauss-Markov Source, p = 0.9, L = 8, K/L = 0.5.

CSNR(dB)
~6.0| 30|00 (30| 60 | 9.0 [ 120 | 15.0
BPLE(R, =1.0) | 447 | 5.90 | 7.21 |8.22 | 8.91 | 9.31 | 9.54 | 9.66
BDCE(R, = 1.0) | 4.30 | 5.68 | 6.97 | 7.97 | 8.78 | 9.45 | 10.15 | 10.82
LBGDC(R, = 1.0) | 1.55 | 2.93 | 4.09 | 5.06 | 5.95 | 6.93 | 8.27 | 9.94

BPAM 4.53 | 6.00 | 7.36 | 8.43 | 9.14 | 9.56 | 9.80 | 9.93
OPTA(L) 5.14 | 6.51 | 7.75 | 8.87 | 9.85 | 10.74 | 11.55 | 12.32
OPTA 6.49 | 7.81 | 8.96 |9.98 |10.89 | 11.71 | 12.48 | 13.22

Table C.13: Performance Results for the BPLE, BDCE and LBGDC Systems;
1st-Order Gauss-Markov Source, p = 0.9, L = 8, K/L = 0.25.
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