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Chapter 1

Introduction

In every day life we are used to properties which can not be dealt with satisfac-
torily on a simple yes or no basis. Whether a house is “small” for example is
perhaps best indicated by a shade of gray rather than by the black or white of a
simple dichotomy. In 1965 Lotfi Zadeh [Zad65] suggested a modified set theory
in which an individual could have a degree of membership which ranged over a
continuum of values rather than being 0 or 1. He showed how set operations such
as union and intersection could be defined for these “fuzzy sets” and developed a
consistent framework for dealing with them. His system allows fuzzy sets to be
manipulated in a consistent and reasonable intuitive way.

In [H4j98] Hajek presents a systematic treatment of deductive aspect and struc-
ture of fuzzy logic. He gives a set of axioms for fuzzy predicate logic which he
calls BLV-axioms and defines a BL-chain to be a residuated lattice L = (L, +, =
,<,0,1)). In particular, the framework is general enough to include all three
“classical” fuzzy predicate logics, namely Lukawsiewicz, Godel and product log-
ics. In [LS02], Shashoua and Laskowski algebraically classified BL-chains to be
an ordinal sum of certain ‘basic forms’ derived from ordered Abelian groups.

In this paper we investigate the interplay between fuzzy predicate product logic



IV and embeddings of ordered Abelian groups. In the context of predicate fuzzy
logic, for a fixed BL-chain L and countable relational language £, an L-structure
M consists of a non-empty universe M together with functions r, : M" — L
for each P € £. We define truth evaluation by ||p(a@)||5; = r,(@) for atomic for-
mulas, [lo&el|% = [l + 1el[5, ke — wlIE = el = [0l and [[Vael | =
inf{||¢(a)|[ly | a € M}, ||Fzellr, = sup{|je(a)||f; | a € M} provided the infimum
and supremum exist. A L-structure, M, is called safe, if ||o||L is defined for all
@. a is called an L-tautology if and only if HCYHIM = 1, for all safe L-structures

M. Héjek’s Completeness Theorem (Theorem 4.2.17) says:

If T is a theory over any extension of BLYV by finitely many axioms,
then a sentence « is provable from T if and only if |||l = 1y, for all

BL-chain L and safe L-structure M.

In this paper we strengthen H&jek’s Completeness Theorem for predicate
product logic, IV, substantially. Let L(R%) be the BL-chain consisting of the
extended negative cone of R? followed by a single point. We proved (Theorem

6.1.6):

Let T be a theory over 11V and « a sentence. Then T" proves « if and

only if HaHl@I(RQ) = 1pro), for all closed L(R?)-structures M.

A closed L-structure is a structure where ||Jzyp| |§ﬂ = ||90(C>||{1\7J1 for some c € M
and ||[Vzoll = |le(d)|[5; for some d € M, provided ||Vzo|[l; # 0. We were
actually able to strengthen this result even further. Let L(R®) be a BL-chain
consisting of the extended negative cone of R, where S is not initially scattered
(see Definition 2.1.18, followed by a single point. Then for 7" a theory over IIV

and « a sentence we have (Theorem 6.1.7):



T proves « if and only if ||« |§ﬂ(RS) = 11(R¥), for all closed L-structures

M.

That is the set of sentences provable from IIV is the same as the set of tau-
tologies for any L = L(R®), where S is not initially scattered. Hence, this set
of tautologies are recursively enumerable. On the other hand, in Chapter 7 we
extend Montagna’s result for L(R!) tautologies [Mon01] and we show that if S is
initially scattered, then the set of L(R?)-tautologies is not arithmetical (Theorem
7.3.9).

In order to get our results we show that if L is a [IV-chain then L consists of an
extended negative cone of an ordered Abelian group followed by a single point,
L(G) (Theorem 5.1.6). Therefore we concentrate on ordered Abelian groups. To
prove the above results, we extensively use coinitiality preserving embeddings of
ordered Abelian groups. We show that the embedding provided by the Hahn
Embedding Theorem (Theorem 3.3.6) f : (G,<,+) — (R® <, +), where S is
the set of Archimedean classes of N(G), the negative cone of G, is coinitiality
preserving. On one hand, we prove that if S is countable, then there exists a coin-
tiality preserving embedding or R® either into R® or R!*@. On the other hand,
we show that if S is initially scattered then there exists a coinitiality preserving
embedding h : R — RS. Tt is also proved that if f: (G, <,+) — (H,<,+) is a
coinitiality preserving embedding of ordered Abelian groups, then if « is not an
L(G)-tautology then « is not an L(H)-tautology (Theorem 5.5.3).

Our Completeness Theorems for fuzzy predicate product logic by combining
a modification of Henkin’s method with our results on embeddings of ordered
Abelian groups We conclude that if S, the set of Archimedean classes of N(G),

is initially scattered then L(R%)-tautologies are not arithmetical. If S is not ini-



tially scattered then L(R®)-tautologies coincide with consequences of 11V and are
recursively enumerable.

Only the notion of initially scattered and Lemmas 2.2.4,2.2.5,2.2.6,2.2.7,2.2.8
in Chapter 2 are original. In Chapter 3, only the lemmas concerning coinitiality
preserving embeddings are original. Material in Chapter 4 is all due to Hajek,
Laskowski and Shashoua. The bulk of the original results are in Chapter 5 which
is the heart of the thesis. The material in Chapters 6 and 7 follow from Chapter
5 and illustrate the difference between the two cases. Chapter 8 is self contained

and is not used anywhere else in the paper.



Chapter 2

Preliminaries for Linear Orderings

In this chapter we will first go over some preliminary definitions and results
about linear orderings. Then we will give some specific results for countable

linear orderings. The majority of the material in section 2.1 comes from [Ros82].

2.1 Linear Orderings

Definition 2.1.1 (Definition 1.1 of [Ros82]). A linear ordering of the set A

is a binary relation R on A satisfying the conditions
1. if (z,y) € R and (y, 2) € R then (z,z) € R;
2. if & # y, then either (x,y) € R or (y,z) € R, but not both;
3. (z,z) ¢ R.
Example 2.1.2. Here are some examples of linear orderings.
1. A, ={0,1,2,....,n—1} and R, = {(4,7) | i < j}.
2. w the set of natural numbers and R, = {(4,j) | ¢ < j}, the natural ordering.

3. w the set of natural numbers and R, = {(i,j) | i« > j}, the backward

ordering.



4. ~ any ordinal and R, = {(4,7) | i < j}, the natural ordering.

5. v any ordinal and R~ = {(4,) | ¢ > j}, the backward ordering.

6. Z the integers and Rz = {(¢,7) | i < j}, the natural ordering.
For any ordinal v, lety denote (7, R,) and ~* denote (7, R,+).

Definition 2.1.3 (Definitions 1.8 and 1.9 of [Ros82]). Let R be a linear
ordering of A and let S be a linear ordering of B. An isomorphism of (A, R) onto

(B, S) is an order preserving function f from A onto B which satisfies
fla1) <s f(az) if and only if a1 <g as.

Example 2.1.4. Let B = {2n | n € w} and Rp the natural ordering. f :
w — (B, Rp) defined by f(z) = 2z is an isomorphism of w onto (B, Rp) and
w~ (B, Rp).

Definition 2.1.5. We say (A, r) and (B, S) have the same order type if (A,r) ~
(B,S).

Lemma 2.1.6. Having the same order type is an equivalence relation on the class

of all linear orderings.
Proof. Obvious. |

Definition 2.1.7. We say that a linear ordering (A, R) has type order T if T is

a representative of the equivalence class of (A, R).

Definition 2.1.8. Let (A, R) and (B, S) be linear orderings and assume A and

B are disjoint. We define the sum

(A,R) + (B, S)



to be the linear ordering (C,T'), where C'= AU B and

¢ <rcg ifand onlyif (¢; € Aand ¢y € B) or
(e Aand o € Aand ¢ <p ) or

(c1 € Band cs € band ¢; <g ¢3).

It is easily verified that (C,T') is a linear ordering. Intuitively adding (B, S)
to (A, R) means to place the entire linear ordering (B, S) to the right of the linear
ordering (A, R).

Example 2.1.9. 1. Z has the order type w* + w.

2. 14+ Q is a linear ordering with a first element followed by a copy of Q (the

rational numbers ordered naturally).
We now turn to the definition of generalized sums of linear orderings.

Definition 2.1.10 (Definition 1.38 of Rosenstein). Let (I, R) be a linear
ordering and for each i € I let (A;, R;) be a linear ordering. We assume that
{A; | i € I} are pairwise disjoint. We define the generalized sum > {A; | i € I}
to be the linear ordering (C,T") where C' = U{A; | i € I} and

x<py if (forsomei € I,z € A; and y € A; and x <g, y) or

(for some i # j,x € A; and y € A; and i <g j).

Intuitively, imagine I stretched out as a line. Replace each element ¢ € I by

a miniature version of A;. The resulting linear ordering is > {A; | i € I}.

Definition 2.1.11. Let A be a linear ordering with more than 1 element. We
say A is dense if and only if, given any two elements a;, as € A such that a; < as,

then there exists az € A such that a1 < az < as.



Example 2.1.12. Q, the rational numbers are dense and Z, the integers are not.
Definition 2.1.13. Let A be a linear ordering and let X be a subordering of A.

1. We say X is cofinal in A if and only if for all a € A there is an x € X such

that a < z.

2. We say X is coinitial in A if and only if for all a € A there is an x € X

such that x < a.
Example 2.1.14. 1. Z is both cofinal and coinitial in R.
2. N is cofinal and not coinitial in R.

Definition 2.1.15. Let A and B be two linear orderings and f : A — B be an
order preserving map. We say f is cofinality (coinitiality) preserving if and only

if f(X) is cofinal (coinitial) in B when X is cofinal (coinitial) in A.

Definition 2.1.16. A linear ordering S is called scattered if it does not contain

a dense subset.
Example 2.1.17. 1. w,w" are scattered.
2. Q,R are not scattered.

Definition 2.1.18. Let (7', <) be a linear ordering. We say 1" is initially scattered

if and only if there exists ¢ € T such that {s € T | s < t} is scattered.
Example 2.1.19. 1. Any scattered set is initially scattered.

2. Q is not initially scattered but 1+ Q is.



2.2 Countable Linear Orderings

In this section we will focus on countable linear orderings and obtain a few results.
For the rest of this section we assume (7, <) is a countable ordered set and let Q

denote the ordered set of the rational numbers.

Definition 2.2.1. Let X and Y be ordered sets. Let f : X — Y be any
order preserving map. We say f preserves cofinality (coinitiality) or is cofinality
(coinitiality) preserving if and only if whenever {x; | i € I} is cofinal (coinitial)

in X then {f(x;) | i € I} is cofinal (coinitial) in Y.

Example 2.2.2. 1. Let [ : (R, <) — (R? <) defined by f(x) = (x,0) (R? is

ordered lexicographically). Then f is cofinality (coinitiality) preserving.

2. Let f: (R, <) — (R?, <) defined by f(z) = (0,x). Then f is not cofinality

preserving.

The following lemma is a well known result that any countable linear ordering

may be embedded into Q.
Lemma 2.2.3. There exists f : T — Q which is order preserving.

Proof. Let {t, | n € w} be an enumeration of 7. We will define f inductively.
Let f(to) = 0. Suppose we have decided f(tg),..., f(t,) in an order preserving
fashion. We need to decide f(t,+1). Observe the the relation of ¢,,,1 to tg, ..., t,.
Since Q is dense and without end points, there exist a € Q \ {f(to),..., f(t.)}
such that a has the same relation to f(ty),..., f(t,) as t,+1 has to tg,...,t,. Let

f(tny1) = a. By construction f is order preserving. O

The following lemmas gives criteria for existence of cointiality preserving maps

between countable linear orderings.



Lemma 2.2.4. If T does not contain a minimal element, then there exists f :

T — Q which is coinitiality preserving.

Proof. We will prove this lemma in a very similar fashion to Lemma 2.2.3. Let
{t,, | n € w} be an enumeration of T'. We will define f inductively. Let f(to) = 0.
Suppose we have decided f(ty),. .., f(t,) in an order preserving fashion. We need
to decide f(t,41). Observe the the relation of ¢,1 to to,...,tn. If t,q < t;,i =
1,...,n, thenlet f(t,41) = min; f(¢;)—1. Otherwise let a € Q\{f(to),..., f(tn)}
such that a has the same relation to f(to),..., f(t,) as t,41 has to to,...,t,. In
this case let f(t,.1) = a. By construction f is order preserving and cointiality

preserving. ]

Lemma 2.2.5. Let T and S be countable sets. Suppose T' has a minimal element
tg. Let f:T — S be an order preserving map. Then f is cointiality preserving

if and only if S has a minimal element sy and f(ty) = So-

Proof. —: Suppose f is coinitiality preserving. t, < t for all ¢ € T, therefore

f(to) < s forall s € S. Hence, f(ty) = so the minimal element of S.

«—: Suppose g is the minimal element of S. Suppose X is a coinitial subset of
T'. Since ty is the minimal element of T, ty € X. Since f is order preserving
and f(tg) = sp < s for all s € S we have f(X) is coinitial in S.

The proof is complete. O

Lemma 2.2.6. Let T be a not initially scattered linear ordering. Then for all

t € T there exists s € T such that s <t and (s,t) VT contains a dense subset.

Proof. Fix t € T. Since T is not initially scattered, {s € T' | s < t} contains
a dense subset X. Let s € X be arbitrary. Then (s,¢) N'7T contains a dense

subset. O

10



Lemma 2.2.7. Let T be a countable not initially scattered linear ordering. Then

there is {s, | n € w} C T such that

1. Spy1 < Sy foralln € w;
2. ForallteT, s, <t for somen € w;

3. (Spa1sSn) NT ={t €T | spy1 <t < s,} contains a dense subset.

Proof. Let {t, | n € w} be an enumeration of 7. Let sy = ty. By Lemma 2.2.6
there is s < so such that (s, s9)N7T contains a dense subset. Let s; = min{t;, s§}.
Suppose we have chosen sg, . .. s, satisfying the requirements. We need to choose
Spt1. By Lemma 2.2.6 there is s < s, such that (s¥,s,) N T contains a dense
subset. Let s,41 = min{t,41,s5}. Then by construction {s, | n € w} satisfies

the requirements. |

Lemma 2.2.8. Let T' be a countable not initially scattered linear ordering. Then

there exists a cointiality preserving embedding h : Q — T.

Proof. We first make the following observation that

Q= U(—n—l,—n)U(O,oo)U{—n]nEw}

new

and (—n — 1,—n) = (0,00) =2 Q for n € w. It is a well known fact that Q
has an order preserving embedding into any countable dense linear ordering. Let
{sn | n € w} C T be as in Lemma 2.2.7. Then (s,41,8,) NT ={t € T | $p41 <
t < s,} contains a dense subset. Let f, : (—n — 1,—n) — (Spi2,Sp41), 0 € W

and f : (0,00) — (s1,80) be order preserving embeddings. Define h : Q — T as

follows:
Spy1 ifg=-—n, new
h(g) =<4 fulq) ifge(—n—1,-n), n €w
flg) ifg>0.

11



By construction, h is cointiality preserving and this completes the proof. |
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Chapter 3

Ordered Abelian Groups

In this chapter we will investigate different notions of embedding of ordered
Abelian groups. We will show that any ordered Abelian group may be embedded
into R”, a lexicographic function space, in a coinitiality preserving manner. But
first we will discuss some properties of countable ordered sets which we will utilize

in our embedding discussions.

3.1 Ordered Abelian Groups

Definition 3.1.1. An ordered Abelian semigroup (G,<,+) is a linear ordering

(G, <) with a commutative and associative operation + which satisfies
xr <y implies z+2<y+ 2.
for all z,y and z € G.

Definition 3.1.2. (G, <,+) is said to be an ordered Abelian group if and only if

(G,+) is an Abelian group, (G, <) is a linear ordering and for all x,y and z € G

x <y implies z+z<y+ z.

13



Note that an ordered Abelian group is either trivial G = {0} or G is infinite
with no element of finite order. That is, (G is torsion free. For the rest of the this

paper we will exclude the trivial case.

Definition 3.1.3. Let GG be an ordered Abelian group.
1. Let N(G) ={g € G| g <0g}. N(G) is called the negative cone of G.
2. Let P(G) ={g9g€ G|g>0g} P(G) is called the positive cone of G.

The negative cone of an ordered Abelian group will be used extensively in the
following chapters when we deal with predicate Product Logic. There we would
like to to get a “universal” ordered Abelian group. This will be provided by R

which is a lexicographic function space. We define this term formally now.

Definition 3.1.4. Let (T, <) be any non-empty ordered set.
RT :={f:T —R|{teT: f(t) #0} is well-ordered}

RT is called a lexicographic function space (LFS) and it is ordered lexicographi-

cally.
Example 3.1.5. 1. Let T = {¢}, then RT @ R.
2. If T is well ordered then RT = R for some ordinal «.

Definition 3.1.6. Let T be an ordered set and let t € T. Let 1; € RT be defined
by

1 i=t

0 i#t.

1; is called the characteristic function at t.

(L) =

14



Definition 3.1.7. Let (G, +, <) be an ordered Abelian group and let a,b € G.
1. We write a < b if and only if a < nb for some n € w \ {0}.
2. We say a ~ b if and only if a < b and b < a.
3. For ease of notation we write a < b if and only if @ < b and a ~ b.
Definition 3.1.8. Let G be an ordered Abelian group
1. Let [a] = {b € G | a~ b}. [a] is called the Archimedean class of a.

2. Let T be the collection of Archimedean classes of G. We define order on T’
by t < s if and only if a < b, for some a € t and b € s. (This is well defined

by basic properties of <.)

Example 3.1.9. 1. (1,1) < (1,0) and (1,0) = (1,1), hence they belong to

the same Archimedean class of R,
2. (0,1) < (1,0), hence they belong to different Archimedean classes of R

Definition 3.1.10. Let (G, +, <) be an ordered Abelian group. We say G is

Archimedean if and only if N(G) consists of a single Archimedean class.
Example 3.1.11. 1. (R,+, <) is an Archimedean ordered Abelian group.

2. (R?, +, <) where < is the lexicographic order is not Archimedean; n-(0,1) <

(1,0) for all n € w.

It is easy to see that, for an ordered Abelian group G, the set of Archimedean

classes with < form a linear ordering.

Lemma 3.1.12. Let G and H be ordered Abelian groups. Let f : G — H be an

order preserving group homomorphism. If [g1] < [ga], then [f(g1)] < [f(g2)]-

15



Proof. Suppose [g1] < [g2]. Then ng; < go for alln € w. Therefore f(ng;) < f(g2)
for all n € w. Hence, [f(g1)] < [f(g2)]- O

Lemma 3.1.13. Let T be an ordered set. Define f : N(RT) — T by f(x) =t
where the first non zero component of x appears at t. For all x,y € n(RT), we
have f(x) = f(y) if and only if [x] = [y]. Hence, we may identify Archimedean
classes of N(RT) with the set T.

Proof. Suppose x = (2;);,y = (v;); € N(RT) so that z < y < 0.

f(x) = f(y) Then z; =y; =0for j < f(x) and f) < Yfz). R is Archimedean,
so there exist n a positive integer such that nysu) < xy,). Hence, ny < x

and [z] = [y].
f(z) # f(y) Then nz < y for all positive integer n, hence [z] < [y].

Let X be the collection of Archimedean classes of N(R”). Then the map g :
X — T defined by g([z]) = f(z) is a well defined order preserving bijection and

we have the result. O

3.2 Embeddings of Ordered Abelian Groups

In this section we will investigate certain embeddings of ordered Abelian groups.

Note if f: G — H is a linear embedding then we have f(0g) = Og.

Definition 3.2.1. Let G and H be ordered Abelian groups. Let f: (G, +,<) —
(H,+, <) be an order preserving map. We say f is an embedding that preserves
cofinality (cointiality) or a cofinality (coinitiality) preserving embedding if f has

the following properties:

16



1. fis a group homomorphism, i.e., f(g1 +¢ 92) = f(g1) +1 f(g2).and
2. f:(G,<) — (H,<) is cofinality (coinitiality) preserving.
In the following lemma we show that the notion of cofinality preserving and

coinitiality preserving coincides for ordered Abelian groups.

Lemma 3.2.2. A cofinality preserving embedding, f is coinitiality preserving and

vice versa.

Proof. Suppose f : G — H is cofinality preserving embedding. Let {z, | n € I}
be coinitial in G. Then {—=x,, | n € I} is cofinal in G and hence {f(—z,) | n €
It = {—f(x,) | n € I} is cofinal in H. Therefore {f(x,) | n € I} is coinitial in

H. The opposite direction is symmetric. |

Example 3.2.3. 1. Let f: (R, +,<) — (R? +, <) defined by f(z) = (z,0).

Then f is a cofinality preserving embedding.

2. Let f: (R, +,<) — (R? +, <) defined by f(z) = (0,z). Then f is not a

cofinality preserving embedding.

We now turn our attention to the embedding of R” into R®. We will give
criteria for existence of coinitiality preserving map between RT and R®. We first

make the following definition:
Definition 3.2.4. Let T" and S be two ordered sets. Let h: T"— S be an order
preserving map. Define fj, : R — R® by

fu((9i)ier) = (o) jes

where

0 otherwise.
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fn is called the canonical map induced by h.

Lemma 3.2.5. Let T and S be two ordered sets. Then there exist a cointiality

preserving map h : T — S if and only if there exists a coinitiality preserving

embedding f : RT — R®

Proof. —: Let f : RT — R be the canonical map induced by h. We need to
show f is a cofinality preserving embedding. It is very easy to check that
f is a group homomorphism. We will show f is order preserving. Let
(9i)ier (ki)ier € RT. Suppose (g;); < (k;);. Say the first component where
they differ is at position %y, that is g, < k¢, and g; = k; = 0 for 57 < %o.
Then by construction the first position f((g;);) is different from f((k;);) is
to. h being a order preserving map, gives us h(gy) < h(ky,) and hence
f((g1)i) < f((Ki)i)-

We now show f is cofinality preserving. Let X = {z; | j € I} be a cofinal
sequence in RT. Let k = (k;)ies € RS. We need to find j, € J such
that f(z;,) > k. Let s be the first non-zero position of k. Since h is
coinitiality preserving there is a t € T such that h(t) < s. Then we have
nolpey > k, for some ny € w and where 1, is the characteristic function

at h(t). Since X is cofinal in R”, there is a jo such that x;, > ngly, so

f(zi0) > f(nols) = nolnw > k.

«: Suppose there exists f : RT — R which is coinitiality preserving. Define
h:T — S by h(t) = ts, where ¢ is the first non-zero position of f(1;), 1; is
the characteristic function at t. We need to show h is coinitiality preserving.
h is obviously order preserving. Let X = {z, | n € w} be coinitial in T". Let
s € S. We need to find x € X so that h(z) < s. Since X is coinitial in T,

{1, | z € X} is coinitial in RT. Therefore, since f is coinitiality preserving,
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there exists * € X such that f(1,) < 1. Now h(x) = the first non-zero
position of f(1,), hence h(z) < s and the proof is complete.
[

Lemma 3.2.6. Let T be a countable linear ordering. Then T does not contain

a minimal element if and only if there exist a coinitiality preserving embedding

f:RT - RQ

Proof. —: If T' does not contain a minimal element then by Lemma 2.2.4, there
exists h : T'— Q which is coinitiality preserving and by Lemma 3.2.5, the

canonical map induced by h is cofinality preserving.

«— If T contains a minimal element, then by Lemma 2.2.5, there are no coinitial
preserving map h : T — Q since Q has no least element. Hence there is no
coinitiality preserving map f : R” — R2.

O

Lemma 3.2.7. Let T' be a countable linear ordering with a minimal element.

Then there exists a cointiality preserving embedding f : RT — RFQ,

Proof. Let ty be the minimal element of 7" and let h : T'\ {tx} — Q be order
preserving. Let g : T'— 1+ Q be defined by g(z) = f(x) if x # ty and g(t5) = 1.
Then ¢ is coinitiality preserving.

O

Lemma 3.2.8. Let T be a countable linear ordering. Then either there exist

f:RT = RQ or f: RT — RY™Q which is coinitiality preserving.
Proof. This is a direct corollary to Lemmas 3.2.6 and 3.2.7. |

Example 3.2.9. Let T'= {1} and S = {1, 2}.
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1. Define h : T"— S by h(1) = 1. Then h is cointiality preserving and the
corresponding map f : R — R? defined by f(z) = (x,0) is order and

cofinality preserving.

2. Note if we define h : T" — S by h(1l) = 2, then the corresponding map

f: RT — RS defined by f(z) = (0, ) is not cofinality preserving.

3.3 Hahn Embedding of G into an R’

The Hahn Embedding Theorem asserts that any ordered Abelian group (G, +, <)
can be embedded into a lexicographic function space (R, +, <), where T is set of
Archimedean classes of N(G). This embedding is taken place in two steps. First
G is embedded into a ordered vector space and then the ordered vector space is
mapped into a lexicographic function space. We will state the results and give
references for their proofs. We will show that at each step the embedding is

coinitiality preserving. Hence, (G, +,<) — (RT, +, <) is cointiality preserving.

Definition 3.3.1. Let G be an ordered Abelian group. Let Vg = {(z,n)|z €

G,n a positive integer}. We define equality by
(x,m) = (y,n) if and only if nz = my,
and addition and Q-scalar multiplication by

(x,m)+ (y,n) = (nx+my,mn)

(z,m) = (pz,qm).

Proposition 3.3.2. Let G be an ordered Abelian group. Then
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1. V¢ is a vector space over the rational numbers, Q. Furthermore, if we
define

(x,m) > (y,n) if and only if nx > my

then Vg becomes an ordered vector space.

2. Vg is dwisible as an ordered Abelian group, i.e., for any v € Vg and

positive integer n, there exists x € Vg such that nx = v.
3. Vg is dense.

Proof. 1. Showing V¢ is an ordered vector space over Q is a routine exercise.

We just note that Oy = (0,1) and —(z,m) ~ (—z,m).

1

2. First note that n(x,m) =~ (nm" 'z, m") for (z,m) € Vs and n a positive

natural number. Let v = (¢,k) € V and n € N. Let x = (g, kn). Hence

nx & (n(kn)""'g, (nk)") = (n"k""'g,n"k") = (g, k).

3. Any ordered divisible Abelian group is dense. Let v,vs € Vg such that
v < vy. Since Vi is divisible, 4% € V; and furthermore v; < %52 < v;.
Hence, V¢ is dense.

O

We now show that there exists a natural embedding of G — V which is

coinitiality preserving.

Theorem 3.3.3. Let G be an ordered Abelian group. Let f: G — Vg be defined

by x +— (x,1). Then f is a coinitiality preserving embedding.

Proof. 1. f(x+y)=(x+y,1)=(x,1)+(y,1) = f(z)+ f(y), for all x,y € G.
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2. z <yifand only if f(z) = (z,1) < (y,1) = f(y), for all z,y € G.

3. Let X = {x; | i € I} C G be coinitial in G. Let (y,n) € Vg. There is
x;, € X such that z;, < z. Therefore, (x;,,1) < (z,n) and f is coinitiality
preserving.

O

The next lemma shows that the set of the Archimedean classes of V4 can be

identified with that of G.

Lemma 3.3.4. In the above construction every Archimedean class of Vg contains
an element of G. Hence we may identify the set T of Archimedean equivalence

classes of V with that of G.

Proof. Let [(x,m)] be an equivalence class of V. We have

(x,m) = %(aj, 1).

Le., (z,1) ~ (x,m) and therefore (x,1) € [(x,m)]. We need to show if z,y in G
are in different Archimedean classes of G, then (z,1) and (y, 1) are in different
Archimedean classes of Vi . Without loss of generality assume x < y. Then for
all n € w,nz <y, hence (nz,1) < (y,1) for all n € w. Therefore

(x,1) < (y,1). Hence we may identify the set T" of Archimedean equivalence

classes of Vg with that of G. O

We will now state the Hahn embedding Theorem as proved by Clifford [Cli54].
In 1907 Hans Hahn showed that every ordered Abelian group can be embedded
in a lexicographically ordered real function space. His proof is very lengthy. In
1952, Hausner and Wendel [HW52] gave a much shorter proof of the same theorem

for an ordered real vector space. Their work was slightly modified by Clifford

22



[Cli54]to get the same result for an ordered rational vector space. This provides
a more accessible proof of Hahn’s fundamental theorem. We will show that the
embedding provided in the Hahn embedding Theorem is cofinality preserving.
We first need to make a definition so we can give the statement of the Hahn

embedding Theorem in full.

Definition 3.3.5. Let RT an LFS be given. Let C;, : RT — R be a linear
transformation defined by Cy (f)(t) = f(t) for t < to and Cy (f)(t) = 0 for

t > ty. Cy, is called the cut determined by t.

Theorem 3.3.6 (Hahn Embedding Theorem). Let V be an ordered vector
space over Q, let T be the set of Archimedean classes of N(V), and for each
t € T let a representative e, € t be selected. Form the vector space RT, denoting
the characteristic function of the point t by 1,. There is a mapping F : V — RT

satisfying the following requirements:
1. F is a group homomorphism;
2. F s 1-1;
3. F' 1s order preserving;
4. Fgey) =q-1;,,t€T,qeQ;
5. If f € F(V) and C is any cut, then Cf € F(V).

We will forgo the proof. The proof can be found in several places including
in [Cli54] and [Fuc63]. We have shown that any ordered Abelian group G can
be embedded into a vector space V4 over the rationals and that we can identify

the set T" of Archimedean equivalence classes of V5 with that of G. Clifford uses
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these facts in [Cli54] and modifies the proof of the Theorem 3.3.6 to get Hahn’s
embedding Theorem for rational vector spaces, hence he has the fundamental
Theorem of Hahn that any ordered Abelian group may be embedded into a

lexicographically ordered, real function space.

Theorem 3.3.7. Let G be an ordered Abelian group and let T be the set of
Archimedean classes of N(G). Let F : G — R be the mapping given by the

Hahn embedding Theorem. Then F' is a coinitiality preserving embedding.

Proof. The fact that F is a group homomorphism and order preserving is part of
the Hahn Theorem. We need to show F' is coinitiality preserving. Let X = {z,, |
n € I} be a coinitial set in G. We will show that {F(x,) | n € I} is coinitial in
RT.

For each t € T, select e, € T, a representative so that by condition 4 of Hahn
Theorem we have F(e;) = 1;. Let g € RT, then there is a t and m a positive
integer such that (—myg)1l; < g. Since X is coinitial in G, for each e; there is an

T, such that x,, < (—mg)e;. We have

Tny < (—my)e; implies F(x,,) < F((—mg)er) = (—mg)1; (F is order preserving)

(—mo)1ly < g implies F(xp,) < g.
We have shown that F' is a coinitiality preserving embedding. |

Definition 3.3.8. Let G be an ordered Abelian group. Let R and F be from

the Hahn embedding Theorem. (R, F) is called a Hahn representation of G.
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Chapter 4

Fuzzy Logic

In this chapter we give background information about Fuzzy logic. In section
4.1 we go over the classification of BL-chains. In section 4.2 we introduce fuzzy

predicate logic.

4.1 Classification of BL-chains

BL-chains arise naturally in Hajek’s analysis of the proof theory of propositional
logics. In her Ph.D. thesis, Yvonne Shashoua gave an algebraic classification
of BL-chains. The following comes mostly from her thesis [Sha02], [LSar| and
[LS02] At the end we will forgo the the rather lengthy proof of the classification

of BL-chains theorem.
Definition 4.1.1. M = (M, +,<,0,1) is a BL-Chain if it satisfies the following:

e The relation < is a linear order on A with 1 as the top and 0 as the bottom

element;
e (M,+,<) is an ordered Abelian semigroup;

e 1 is the identity of (M, +); and
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e For all y < x, there is a largest z such that z + z = y.
In particular, this means that BL-algebras form an elementary class.

Definition 4.1.2. Let M = (M, +, <) be given. Let z,y € M, then we define
xr = y := z, where z is the largest element of M such that x + 2 =y if y <z
and r = y := 1 if v < y. Hence = is definable from + and <. We will use =
extensively in our work. It makes the notation and discussions to come have a

smoother flow.
Example 4.1.3. The following are the three main examples of BL-chains:
1. Lukasiewicz Logic [0, 1]y,
r+y=max{0,x +y— 1}

1 it <y
T =y =
l—z+4+y if 2>y

2. Godel Logic [0, 1]

T+ y = min{z,y}

1 if z<y
T =Yy =

y if x>y

3. Product logic [0, 1]y
rt+y=xr+y

1 it <y
r=y=

y/r if x>y

Definition 4.1.4. Let (G, +, <) be any ordered Abelian group.
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1. The extended negative cone (N_o(G),+, <) is an extension of N(G) with
the universe N(G)U{—oo}, where + and < are extended by the definitions:
T+ (—00) = (—0) + & := —oo for all ¥ € N_(G), —c0 < x for all

x € N(G).

2. Choose and d € N(G). The truncation of N(G) at d is the structure
(T(G,d), +4, <q) with universe {x € N(G) : © > d}, where <, is inherited

from <5 and +, is defined by:

r4qgy fr+qgy>d
Ttay=

d ifr+qy<d

Definition 4.1.5. Let C := (C, +, <) be an ordered Abelian group. We say that

C is a basic form if one of the following holds:
1. C is a singleton {p}, where p+p =p and p < p.
2. C = N(G) for some ordered Abelian group G.
3. C = N_o(G) for some ordered Abelian group G.
4. C =2 T(G,d) for some ordered Abelian group and some d € N(G).

Definition 4.1.6. A tower of basic forms is a sequence 7 = (C; : i € I) indexed
by a linearly ordered set (I, <) with a first and a last element each such that each
C; == (C,+, <) is a basic form, C; N C; = 0 for all 7, j € I such that i # j, Cprst

has a least element, and Cy, is a singleton.

Associated to any tower of basic formulas is a canonical BL-chain Az built

from 7 defined by:

o Ar = (A +.9)
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A={C;:i eI}

For x € C;, y € C},

x <ryifandonlyif i <;jor (i=jand x <¢, y)]

07 := the least element of Cj.s, and 17 := the unique element of Cj,g;

For z,y € A

T +c, Y for x,y € C; for some ¢ €
rT+ry=

min{z,y} forx e C,,yeCji#j

Theorem 4.1.7 (Classification of BL-Chains). For any tower T of basic
forms, the structure Az constructed as above is a BL-chain. And every BL-chain

is isomorphic to Ar for some tower T of basic forms.

Here is the application of the classification theorem to the three “classical” BL-

chains.

Example 4.1.8. 1. [0,1]y & Az, where 7;, = (Co,C1), where (Cp,+,<) =

(T(R,—1),+,<) and C is a singleton.
2. [0,1]¢ = Az, where T = (C; : i € [0, 1]), where C; is a singleton.

3. 10,1]n & Ag,, where 71 = (Cy,C1) where (Co, +, <) = (N_o(R), +, <) and

(] is a singleton.

Shahshoua shows that there is only obstruction to the uniqueness of a de-
composition. Specifically, whenever a singleton is followed by a copy of N(G)
we may “fuse” them together and have N_ . (G) instead. Hence, we may assume

that whenever a singleton is the first component of a tower it is either followed
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by another singleton or a copy of T(G, d) for some ordered Abelian group. This

will be crucial when we investigate models of predicate product logic.

4.2 Fuzzy Predicate Logic

We would like to investigate fuzzy predicate logic. Most of the following material

come from Hajek [H4j98].
Definition 4.2.1. A predicate language contains the following:

e Predicates: P,Q, R, ... each together with a positive natural number, its

arity

Object constants: ¢, d, ...

e Object variables: z,y, z, . ..
e Connectives: &, —
e The truth constants: 0, 1

e Quantifiers V, 4.

Definition 4.2.2. Terms and formulas of predicate logic are defined in the fol-

lowing way:
e Object variables and object constants are terms.

e P(ty,ts,...t,) where P is a predicate of arity n and t,...t, are terms is

an atomic formula.

o If 1) are formulas, then so are & and ¢ — 1.
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o if ¢ is a formula and z is an object variable, then (Vz)p(z) and (3z)p(x)

are formulas.
e 0 and 1 are formulas.

We will assume that predicate languages that we work with are countable
and contain only relation symbols and constants. The only place we will deal
with the cardinality of £ is when we consider a single sentence in the context
of completeness theorem. Since a sentence has finitely many symbols from the

language we may already have assumed that £ is countable.

Definition 4.2.3. We define other connectives as follows:

© A denotes p&(p — ).

¢ V¢ denotes ((¢ — ) — ) A (¥ — @) — ¢).

— denotes ¢ — 0.

¢ = denotes (p — )&( — ¢).

©" denotes p& ... &p.
—_——

n times

Definition 4.2.4. Let £ be a predicate language and let L be a BL-chain. An

L-structure M = (M, (rp)p, (m.).) for £ contains the following:
e Non-empty domain M;
e rp: M" — L, for each n-ary predicate P;

e m. € M for each constant object c.
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Example 4.2.5. Let £ have one binary predicate R and one object constant c.
L is the BL-algebra [0, 1]y. M = (M, rg, m.) where M = {1,2,3}, m. = 1 and

rg is given by the following matrix.

1 2 3
111 3 .8
205 1 2
312 1 3
Definition 4.2.6. 1. An evaluation of £ into M an L-structure, is a map v

from the set object variables into the domain M of M, v : {z,y,...} — M.

2. Given an evaluation v we define for every formula o, the truth value ||o||%; ,

in the following inductive manner (= and + denote the operations of L):

o ||P(xy,... ,:Cn)HI];IV =rp(v(x1),...,v(x,)), P and n-ary predicate;

L L
lp&eibllyr,, = Nl + 119117,

L L L
o = Pllar, = el = 10l

AL 1L
1015, = 05 [, = 15

e Let E(v,z) denote the set of all evaluations which coincide with v on

all variables different from z. Then

L . L L L
HvxSOHM,u =, inf HSOHM,V' and HEleOHM,u = Sup HSOHM,I/
V'eE(v,x) V' €E(v,x)

provided the infimum/supremum exists, otherwise the truth value of the

formula in question is undefined.

If the free variables of ¢ are among x1,...,x,, and ay,...,a, € M, then for
all v and v/ such that for i = 1,...,n, v(z;) = v/(2;), we have ||¢||,,,, = [l@l] .-
Thus we will write [|¢(ar, ..., an)l|,, to mean [[o]],, -
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Definition 4.2.7. The structure Ml is L-safe if all the needed infima and suprema

exist, i.e. H@th is defined for all ¢, v.

In particular, each finite structure (with finite domain) is safe. Every L-
structure M where L = [0, 1], [0,1]g, [0,1]y is safe, since [0, 1] contains the

limit points of every monotone sequence.

Example 4.2.8. We verify that in example 4.2.5
MaR(z, o)l = 0.2

and

Ba=R(e, )|y, = 0.

In his work, [H4j98], Hajek uses safe models. In this paper we define a new

class of models which has more restrictions than the class of safe models.
Definition 4.2.9. 1. |[¢]|5; = inf{HcpHINjHW | v M — evaluation}

2. A formula ¢ of a language L is an L-tautology if and only if |]<p||;jJI =1 for
all Ml safe L-model. That is, ||g0||11§,ﬂ7y = 1 for each safe L-structure M and
each M-valuation v of object variables. Let L,-TAUT denote the set of

L-tautologies for the language L.

We will drop the subscript £ from L-TAUT, whenever the language is clear

from the context.

Example 4.2.10. Vxp(x) — Jzp(z) is an Lg-tautology for any L and £. This

is true since for all M safe L-structures we have

3 . < i .
ot lle(@lhe < sup [lo(as)
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Definition 4.2.11. Let £ be a predicate language. For any formulas ¢, ¥, x of

L, the following are azioms of basic fuzzy predicate logic:
(A1) (p =) = (¥ = x) = (¢ = X))

(A2) (p&et)) — ¢

(43) (p&t)) — (&)

(A44) ((p&e(o — 9)) = (&(¥ — ¢))

(A5a) (¢ = (¥ = x)) = ((p&t) — X)

(45b) ((p&etp) — x) = (¢ — (¥ = X))

(46) ((p = ¥) = x) = (¥ = ¢) = x) = X)
(A7) 0 — ¢

(V1) Vap(z) — o(t) (¢ substitutable for = in o(z)
(31) ¢(t) — Jwp(z) (¢ substitutable for = in o(z)
(V2) Va (v — @) — (1 — Yay) (2 not free in )
(32) Va(p — ) — (3zp — ) (z not free in )
(V3) Va(p V1) — (Yo V 1) (z not free in )

(V1) — (32) are called Logical axioms on quantifiers:. We usually denote (A1) —

(V3), the logical axioms of quantifiers, by BLV.

Definition 4.2.12. 1. An aziom schema given by a formula ®(py,...,p,) is

the set of all formulas ® (¢4, ..., p,) resulting by the substitution of ¢; for

pi(i=1,...,n)in ®(p1,...,pn).
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2.

3.

A logical calculus CV is a schematic extension of BLY if it results from BLV

by adding some (finitely or infinitely many) axiom schemata to its axioms.

Let CV be schematic extension of BLY and let L be a BL-chain. L is a

CV-chain if all axioms of CV are L-tautologies.

Definition 4.2.13. Let CV be a schematic extension of BLV.

1.

A theory over CV is a set of formulas. Elements of T" are axioms of T'.
The deduction rules of Basic Predicate Fuzzy Logic are

- modus ponens: From ¢ and ¢ — 9 infer 1.

- generalization (from ¢ infer Vzy).

A proof from theory T (over CV) is a finite sequence of formulas ¢y, . .., @,
such that for each ¢ = 0 to n, ¢; is either an element of 7"U CV or follows
from some earlier ¢; and ¢y, (j, k < i) by modus ponens or ¢; = Vzyp; for

some earlier ¢;.

A formula ¢ is provable from T if there exists a proof from T : ¢y, ... p,

with ¢ = ¢, the last line of the proof.

. Let M be a safe L-structure. M is called an L-model of T if ||¢|[}; = 1

for each p € T'.

Example 4.2.14. The following are three examples of theories:

Lv

GV

IV

= {BLV-axioms} U {——¢ : ¢ is a formula of BLV}
= {BLV-axioms} U {¢ — (p&y) : ¢ is a formula of BLV}
= {BLV-axioms} U {(¢ A =) — 0) :  is a formula of BLYV}

U {=x = ((p&x — &x) — (p — 1)) : ¢, 1, x are formulas of BLV}

34



Specifically, we shall be interested in IIV (predicate Product Logic) in the

later chapters.

Lemma 4.2.15. The axioms (V1) — (32) are all L-tautologies for each BL-chain
L.

Proof. Lemma 5.1.9 of [H4j98]. O

Theorem 4.2.16 (Deduction Theorem). Let T' be a theory over CV and let
o, ¥ be closed formulas of the language of T. Then (T U{p}) F 9 if and only if

TF o™ — ¢ for some positive integer n.

Theorem 4.2.17 (Completeness). Let CV be the predicate calculus given by
schematic extension C of BL, let T be a theory over CY and let o be a formula
of language of T. Then T F « if and only if for each C-chain L and each safe
L-model M of T, ||04||II§,JI =1 .

Lemma 4.2.18. For all ¢, and x we have b (¢ — ) — ((p&x) — (V&x)).

Proof. By the Completeness Theorem it suffices to show

(e = ¥) = ((p&x) = (V&) = 1x

for all BL-chain L and safe L-structure M. Hence it suffices to show, for all

a,b,ce L, (a=0)= ((a+c¢c)= (b+¢)) = 1r.

a <b: In this case, a + ¢ < b+ ¢, hence a = b= (a+¢) = (b+¢) =1 and

l=1=1.

a > b: In this case a4+ ¢ > b+c. If a and b are in the same component of L then
a+ cand b+ ¢ would too. Thena=b=b—aanda+c=b+c=1or

b+c—a—c=1b. Then, both (b—a)=1and (b—a)=1=1. If a and
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b are in different components of L, then a = b = b. Considering different
position of ¢ with respect to a,b we get (a+c¢) = (b+¢) = b or 1. We have

both b= b=1and b= 1= 1. And the proof is complete.
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Chapter 5

Predicate Product Logic

In this chapter we will focus on predicate Product Logic. We will use Shashoua’s
(Classification of BL-Chains extensively. Her algebraic classification of BL-chains
lets us focus on ordered Abelian groups and their properties. In his work [H4;j98],
Hajek uses safe structures. We would like to define a new class of structures
(called closed) with more restraints. The Completeness Theorem for IIV as stated
by Héjek (Theorem 4.2.17) says IIV - « if and only if for each IIV-chain L, and
M safe L-structure |||l = 1. We will be able to improve this theorem to get
L = L(R®) a lexicographic function space and M a closed L-model. We will
actually improve the theorem so that S is Q. We will first classify IIV-chains and

then define closed structures and motivate their definition.

5.1 Classification of [IV-Chains

In this section we will investigate the possible IIV-chains. As noted by Laskowski
and Shashoua BL-chains are a sequence of basic forms (singleton, extended neg-
ative cone of an ordered Abelian group and T(G,d) for some ordered Abelian
group). We will show that if L is a ITV-chain then L consists of an extended neg-

ative cone of an ordered Abelian group and a singleton. Remember from chapter
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4 that

[V := {BLV-axioms}U {(¢ A —¢) — 0) : ¢ is a formula of BLV}

U {=x — ((p&x — &x) — (p — 1)) : ¢, 1, x are formulas of BLV}
and a BL-chain, L, is called a IIV-chain if all axioms of IIV are L-tautologies.
Lemma 5.1.1. Let L be any BL-chain. Then for all z,y € L, z + (x = y) =
min{z, y}.

Proof. f t < ythenx =y=1landz+ (r = y) =+ 1 =2 = min{z,y}.
If y < x then x = y = 2z where z is the largest such that x + z = y, then

z+ (z = y) =y =min{z,y}. O

Lemma 5.1.2. Let L be a I1V-chain. Then for all x € L we have min{z,z =

0} =0.

Proof. 1IV F o A =p — 0 for all p. Let L a IIV-chain and M a safe L-structure.
Then ||()p A — O”I%AI = 1. Hence, ||()p&(p — —mp)“{l\;ﬂ = 0. Therefore by Lemma

5.1.1 for all x € L, we get min{x, ~z} = min{z,z = 0} = 0. O

Lemma 5.1.3. Let L be a IIV-chain, where L = Az for some tower T. Then

(T(G,d),+, <) is not a component of T for any Abelian group G and d € G.

Proof. By way of contradiction suppose (T'(G,d),+,<) € 7T, for some Abelian

group G and d € G.

Case 1: T(G,d) is the first component. Note Oy = d. Let x # d € T(G,d). Then
-z =2 = 0, = d — z, hence min{z, -2} # Op, which is a contradiction to

Lemma 5.1.2.
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Case 2: T(G,d) € T but it is not the first component. Let a > b > d € T(G, d).
We have that a +d = b+ d = d. Since L is a ¢-chain we have -y —
((p&x — Y&x) — (p&1))) is an L-tautology.

—d= ((a+d—=b+d)=(a=0b) =1
l=(d=d=(a=0)) =1
l=(a=b) =1

a=b = 1.

But a=b=0b—a <1 and we have a contradiction.

O]

Lemma 5.1.4. Let L be a IIV-chain, where L = Az for some tower T. Then

none of the components are singletons except for possibly the first and last ones.

Proof. Suppose {p} € T is neither the first or last component. Then ——p = 1
and p+p = p. Since L is a [IV-chain, we have ==y — ((p&x — v&x) — (p&)))
is an L-tautology. Hence
—p=(l+p=p+p)=(1=p) = 1
1= ((p=p =p =1
p=p)=p =1
l=p =1
p = 1.
But p < 1 and we have a contradiction. |

Lemma 5.1.5. Let L be a IIV-chain, where L = Ay for some tower T. If C;,C;

are components of T and neither is the last component, then i = j.
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Proof. Without loss of generality, assume j < ¢. By Lemma 5.1.4, we know C;
and C; are not singleton. Let a,b € C; so that a > b and let ¢ # 0 € C;. Since

L is a ITV-chain, we have ==y — ((p&x — »&x) — (p&))) is an L-tautology.

Hence
——c= ((a+c=b+c)=(a=0b) = 1
1= ((c=c¢)=(a=b) = 1
(c=c)=>(a=b) =1
l=(a=b) =1
a=b = 1.
But a = b =0b— a < 1t which is a contradiction. Therefore ¢ = j. O

Theorem 5.1.6. Let L be a IIV-chain, where L = Ax for some tower T. Then
T = (Cy,Cy) where Cy = (N_oo(G),+, <), for some ordered Abelian group G and

Cy 1s a singleton.

Proof. This is a direct corollary of the preceding lemmas. If the first component is
a singleton by the decomposition theorem it has to be followed either by another
singleton or an T'(G, d). Lemmas 5.1.4 and 5.1.3 imply that this can not happen.

Now Lemma 5.1.5 gives us that 7 has two components (Co,C;), where Cy =

(N_o(G), +, <), for some ordered Abelian group G and C; is a singleton. O

In order to make the notation easy to follow we make the following definition.

Definition 5.1.7. Let G be an ordered Abelian group. Let L = Az, where

T = (Cy,Cy) and Cyp = (N_oo(G), +, <). We write L(G) for L.

Corollary 5.1.8. Let L be a IIV-chain. Then L = L(G) for some ordered Abelian

group G.
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Proof. Theorem 5.1.6. [

5.2 Closed Structures

We first remind the reader of the definition of safe structures (Definition 4.2.7).
Given L a BL-chain, the structure M is L-safe if all the needed infima and

suprema exist, i.e. ||¢] ]}M is defined for all ¢, v.

Definition 5.2.1. Given L a BL-chain, the structure M is called L-closed if and

only if for every ¢ a formula

13ee(@)|l = 11e(e)]|g: for some ¢ € M;

(IVzp(z)|lry = |le(c)||i; for some ¢ € M, provided ||Vzp(z)||r; # 0.

Note that a closed L-structure is a safe L-structure. The following example
and discussion motivates our definition of closed models, that we may not assume

that if 0 is the infimum of a sequence then it is actually an element of the sequence.

Example 5.2.2. 0 := (VaP — Q) — Jz(P — Q) is not a tautology of IIV.
Let L = L(G) for some ordered Abelian group, G. Let {x,, | , € N_(G), n €
w, inf, z, = 0,2, # 0}. Let M = (M, rp,rg) where M = w and rp(n) = x,, and

ro(n) =0 for n € w. Then

ol = (igf:cn = y) = sup(z, = y)
= (0=0) = sup(z, = 0)
= 1= sup(0)

n

= 1=0=0
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In the above example, assume z,, = 0 for some ny € w. Then we would

actually have ||o||ly = 1.

llollm = (i%fxn = y) = sup(z, = y)
= (0= 0) = sup(z, = 0)
= 1=1

= 1.

Here we have a sentence which is not an L(G)-tautology, but it will evaluate
to 1 if we assume that 0 is attained by a point in the sequence. We shall later
see that the obstacle we face in predicate Product Logic is exactly sequences
approaching zero. We will divide our IIV-chains, L(G) into two collections. One
collection contains those L(G)’s that N(G) contains an element with minimal
Archimedean class, like L(R'®). The other collection contains those L(G)’s
that N(G) does not have an element with minimal Archimedean class, like L(R©).
We will finally see that in evaluating a sentence a in some L(G) and M L(G)-
structure, if we do not encounter a sequence approaching zero such that zero is
not one of its elements then we may assume that L(G) is in the second collection

and is actually L(R®).

5.3 Some Results for [IV

In this section we will prove some preliminary result for IIV. For the rest of

section we fix £ a countable predicate language.
Lemma 5.3.1. For each natural n > 1 and formula ¢,

1. IIVE (Vap(z))" = Vo™ (z),
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2. IV E (Fzp(x))" = o™ ().

Proof. 1. Theorem 4.2.17 implies IIV F (Vxp(x))™ = Vo™ (z) if and only if for
all TIV-chains L and L-safe structure M, we have ||(Vzp(2))" = Voo™ ()| |1, =
1. We have shown that if L is a [IV-chain then L = L(G) for some or-
dered Abelian group. Let L(G) and M an L(G)-safe structure be given.
Let ||¢(m;)|lm = a;, for each m; € M and some a; € N(G). Then since +

is continuous in L(G) we have
inf na; = n(inf a;).
50 [|(Vap(e))" = Yo" (@) = 1r.

2. We have the same proof as above, replacing infimum with supremum.

Lemma 5.3.2. For each natural n > 1 and formulas ¢ and 1),

LIVE (o= ¢)" = (" = 4¢"),

2. IV - (p&t)" = ("&y™).
Proof. Again we will use the technique of Lemma 5.3.1. We need to show
(e — )" = (" = ")y = 1 and [|(p&t))" = (p"&ey)[ly¥ = 1 for all or-
dered Abelian groups, G' and all L(G)-safe structures M. Fix n > 1, a,b € N(G)

for G an ordered Abelian group. We need to show n(a = b) = na = nb and

n(a + b) = na + nb.

1. If a < b then we have na < nb, hence n(a = b) = nl = 1 and na = nb = 1.
If @ > b, then n(a = b) = n(b — a) = nb — na = na = nb. In both cases,

n(a = b) = na = nb.
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2. Trivial.

[J

Lemma 5.3.3. Let ¢ be an arbitrary formula, v a formula not containing x,

then
1. FVx(p(x) = v) = (Fre(x) — v),
2. IIVE Jz(v — o(z)) = (v — 3zp(x)).

Proof. 1. (—)is (32).
(), F pl) — Fwp(o);
o (Brp(r) = v) = (p(z) — ;)
o FVa((Brp(e) — v) — (p(z) — v)) (generalization);
. F (Brp(z) — v) — Ya(p(z) — v) by ¥2.

2. (=), F (v = () = (v — Fap(r));
S EVz((v — o(z)) — (v — Jzp(x))), (generalization);
S 3x(v — p(x)) — (v — Jze(x)) by applying (32).
(<), Let L(G) be a IIV-chain, where G is an ordered Abelian group. It
suffices to show a = sup,; b; < sup,(a = b;), for a,b;,supb; € N(G). If
there is a j such that a < b; then a < sup;b;. Therefore we get, a =
sup, b; = 1 = a = b; = sup,(a = b;). On the other hand, if @ > b, for all ¢
we get a = sup; b; = sup, b; — a = sup,(b; — a) = sup,(a = b;).

O

Lemma 5.3.4. For each theory T and closed formulas o, @, 1, if T ¥ o then

either TU{p — ¥} ¥ a or TU{ — p} ¥ a.

44



Proof. Suppose TU {p — ¢} F a and T U {¢p — ¢} F a. Then by Deduction
Theorem, for some n a positive integer T+ (¢ — )" - aand T F (¢ — ¢)* —
a,thus TH ((¢p — )"V (¥ — p)") — a. But - (¢ — )"V (¥ — ¢)", hence
T F « a contradiction.

Let 7" = T'U {¢ — ¢} in the former case and 7" = T'U {¢) — ¢} in the latter

case. T" is an extension of T' deciding (¢, %) and keeping « unprovable. O

Lemma 5.3.5. Let T be a theory over IIV and assume T ¥ « for some closed

formula . Let ¢ be a new constant symbol. Then T U {Jxx(z) — x(c)} ¥ a.

Proof. By way of contradiction suppose T'U {Jzx(x) — x(c)} F a.

- T+ (Brx(r) — x(c))* — ), for some positive integer k (Deduction Theorem);
ST 3rx(x) — x(y)* — a), replacing ¢ by y a new variable;

ST HVy((Brx(x) — x(y))* — a)) generalization;

T+ 3y@aex(z) — X)) — a, (32);

ST 3y@ry(x) — x(y))* — a, Lemma 5.3.1;

ST 3ry(x) — Jyx(y))* — o, Lemma 5.3.3;

.. T F «, which is a contradiction.

Hence, T'U {3zx(z) — x(c)} ¥ a. O

Lemma 5.3.6. Let T be a theory over IIV and assume TU{x(c) — (Vz)x(z)} F «

for some new constant symbol c. Then T'U {Jy(x(y) — Vrx(z))} F .

Proof. T U{x(c) — (Vz)x(2)} - o

= (x(c) = Vax(z))* — a, Deduction Theorem;
(

= (x
=T HYy((x(y) — Yax(z))k — a), generalization;
ST 3y(x(y) — Vox(z))* — «, Lemma 5.3.3;

y) — ¥ax(x))* — a, replacing ¢ by y:
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T+ (By(x(y) — Yax(x))* — a, Lemma 5.3.1;
T U{Jy(x(y) — Yax(x))} F a, Deduction Theorem. O

Theorem 5.3.7. Let T' be a theory over IIV and suppose T U{Vxx(z) — 0} F «

and T U{x(c) — (Vx)x(z)} F a (¢ a new constant symbol). Then T F «.

Proof. Let L be a BL-chain and let M be a L-model of T.We need to show

lledly = 1.

Case 1: ||Vax(z)||f; = 0. Then |[Vaox(z) — 0||f; = 1. Therefore, M = T U
{¥ox(x) — 0} and [|allf = 1.

Case 2: ||Vax(z))|[l; # 0. Therefore, ||3y(x(y) — Yax(z))||k; = 1 On the other
hand TU{x(¢) — (Vz)x(z)} F a which implies TU{3y(x(y) — Vax(z))} -
a (Lemma 5.3.6).
oo T By(x(y) — Yox(z)))® — a (Deduction Theorem).

- 1Gy(x(y) — Yax(x))F — all; = 1. But

13y(x(y) — Yax(@)* — ally = |1 — allf;

L
= llafly = 1r.
In both cases we have shown that ||«| |& = 1 and this completes the proof of the

theorem. ]

Corollary 5.3.8. Let T be a theory over IIV and suppose T' ¥ «. Let x(z)

be a formula of the language of T and ¢ a new constant symbol. Then either

TU{Vax(z) = 0} F a or TU{x(c) = (Vo)x(z)} F o .

46



5.4 Completeness Theorem For IIV

In this section we will strengthen Hajek’s Completeness Theorem for predicate
product logic. We will use techniques used in [H4j98]. We will expand our
language and go through a Henkinization process. We then provide a closed

L-model for T" which is the collection of classes of T-equivalent closed formulas.

Definition 5.4.1. ([H4j98]) Let T" be a theory over CV a schematic extension of

BLV.

1. T is consistent if there is formula ¢ unprovable in 7.

2. T is complete if for each pair ¢,1 of closed formulas, T' F (p — ) or

TH (W —p).

3. T is Henkin if for each closed formula of the form Vxy(x) unprovable in T
there is a constant ¢ in the language of T" such that ¢(c) is unprovable in

T.

Definition 5.4.2. Let CV be a schematic extension of BLV. Let T be a theory
over CV. For each closed formula ¢ let [p]r = {¢ | T F ¢ = ¢}. Let Ly be the

set of all the classes [p]r. We define

[l + [W]r = [p&y]r.
[l = [Y]r = [¢ = Y]r

Lemma 5.4.3. 1. If T is complete then Ly is a BL-chain.

2. If T is Henkin then for each formula ¢(x) with just one free variable ,

Voplr = nflp(c)lr
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[Fzolr = Sgp[so(C)]T

(c running over all constants of T').

Proof. 1. We order Ly by
[olr < [W]r if and only if T F ¢ — 4.

(a) Since T is complete the definition of < is well defined on Ly and
[1]T = 1LT and [O]T = OLT-
(b) It is a very straightforward application of the definitions to show

(Lr,+) is a semigroup ([p&|r = [&p]r). We now need to show

for all ¢, and x formula the following holds.

[plr < [Y]r if and only if [p]r + [X]r < W7 + [X]7-

Suppose [¢|r < [¢]r, then T+ ¢ — 1. But by Lemma 4.2.18 we have

(e — ) — ((p&x) — (V&x)), therefore T F (p&x) — (Y&x).
Hence [¢]r + [x]r < [¥]r + [X]r-

Now suppose [¢]r £ [¢]r. Then [¢]r < [¢]r. A symmetric argument

shows that [¢]r + [x]r < [¢lr + [X]7-

(¢) [¢lr + [¢ — ¥]r = []r by definition.
Therefore Ly is a BL-chain.

2. Obviously, [p(c)lr < [Bre(z)]r for all c. Assume [¢(c)]r < [y]r for all c.
We need to show [Fxp(x)]r < [v]r.
By way of contradiction, suppose [Fzo(z)]r £ [Y]r. . T¥ (Fze(z)) — 7.
ST HFYz(e(x) — 7).
. T ¥ o(c) = v (T is Henkin).
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lo(0)lr £ [7]r a contradiction. Therefore [zp|r = sup,e(c)]r. A
similar argument shows that [Vay|r = inf.[p(c)]r.

O

Lemma 5.4.4. For each theory T over IIV and each closed formula «, if T ¥ «

then there is theory T such that
1. TCT;
2. T is Henkin and complete;
3. {3xx(z) — x(cy)} € T for all x formula and some constant Cys

4. Either {Vax(z) — 0} € T or {x(dy) — (Vz)x(x)} € T for all x formula

and some constant d,,;
5. T¥F a.

Proof. We first extend the language £ of T to L' = LU {¢; | i € w}, where ¢;’s
are new constant symbols. In our construction we need to ensure four properties:
completeness, the Henkin property, the 3 and V properties. Fix a countable
enumeration {(p, ) | ¢, ¢ formulas of L'} of pairs of £'-formulas. For n € w, at
4n steps we will decide on (¢ — ) and (» — ¢) (completeness). At 4n+ 1 steps
we will take care of formulas of the form Vxx(x), at 4n + 2 steps we will process
the d property and at 4n + 3 we will process the V property.

Let To =T, ag = . Assume T},, av,, have been constructed so that Ty, C T},, T,, -
a — ap, T, ¥ a,. We want to construct T}, 41, o, 41 so that Ty, 11 F o,y — aypa1,

Thi1 ¥ apyq and T, satisfies the nth task.

Case 1: The nth task is deciding (¢, v). By Lemma 5.3.4 let T}, ; be the exten-

sion of T, deciding (¢, ), keeping «,, unprovable. Let a1 = ay,.
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Case 2: The nth task is deciding Vaxx(x). Let ¢ be one of the new constant

symbols of £' not appearing in T,,.

Subcase (a) T, ¥ a, V x(c), then T, ¥ x(c), hence T,, ¥ Vxx(x). In this

case, let Tp,11 = T,, and ay, 11 = o, V x(c).

Subcase (b) T, - a, V x(c).
o Tk an V x(z) (¢ does not appear in Ty).
Ty F Va(an V x(z)) (generalization).
T F (o V VaX(2) ((V3)).
But (an V Vax(z)) = [(an — Vax(z)) — Vax(@)] A [(Vox(z) — o) —
Vax(z)].
- TU{Vax(z) — an)} F an (Deduction Theorem).
o T U {a, — Yox(z)} ¥ an (Lemma 5.3.4) and
TU {a, — Vax(z)} F Voy(@).

In this case, we let T),41 = T'U {a,, — Vax(2)} and a1 = .

Case 3: The nth task is deciding 3 property. Let 1,41 = T,,U{3zx(x) — x(c))}

and a1 = a,,. Note T),11 ¥ a,,.1 by Lemma 5.3.5.

Case 4: The nth task is deciding between {Vxx(z) — 0} and {x(dy) — (Vz)x(x)}.
Then by corollary 5.3.8 either T,, U {Vaxx(z) — 0} ¥ « or T,, U {x(c) —
(Vz)x(z)} ¥ o . In the former case let T,,11 = T,, U {Vxx(z) — 0} and in

the latter case let 7,41 = T,, U {x(c) — (Vz)x(z)}.
Let T = U,, T We show T has the desired properties.

T is complete: By construction (¢, ) was decided at one of the steps. Hence

cither p €T orp —peT.
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T is Henkin: Suppose T ¥ Vay(z) and suppose Yy (z) was handled in step n.
Then T,, 41 ¥ Vxx(x), so we can apply subcase (2a) and 1,11 ¥ a,, V x(c).
So, T'¥ x(c).

T ¥ a: Suppose T+ «. Then T, + « for some n. But T,, F o« — «,,. Therefore

T, - «,, a contradiction.

We have {3zx(z) — x(cy)} € T for all y formula and some constant ¢, by

construction;

Similarly by construction, either {Vzx(z) — 0} € T or {x(dy) — (Vz)x(z)} € T

for all x formula and some constant d,;
L]

Theorem 5.4.5. For each theory T over IV satisfying the conditions (2) — (4)
of Lemma 5.4.4 and each closed formula o such that T ¥ «, there is a I1V-chain

L and closed L-model M of T such that ||a||5; < 1v.

Proof. Let L be the language of T. Let L = Ly Which is a BL-chain by Lemma
5.4.3 . Let M = (M, (rp)p, (mc).), where M is the set of all constant symbols of
L, m. = ¢ and for each predicate P define rp(¢) = [P(7)]r.

Claim 1: [|[[%, = [¢]:-

Proof of the claim 1: We will prove this by induction on the formulas. If ¢ is an

atomic formula the claim follows from definition.

ool = lplheo Il
= [olro Wlr
= [podlr
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where o = &, — and ¢ = +, =.

IVep(@)lhy = inflle(e)lh
= inflp(c)]r, induction

= [Vzgﬂ(m)]:r, Lemma 5.4.3.

1Bee@)lhy = sup lle(c)]ly
= sup|p(c)]r, induction

= [Jzy(x)]r, Lemma 5.4.3.

This completes the proof of the claim 1.
Claim 2: M is a closed L-model. Let x(x) be a formula with one free variable

we need to show:

L. 3¢ such that ||3ex ()| = [[x(¢)] |

2. If [|[Vax(z)||f # 0 then 3d such that ||Vax(z)||5 = ||x(d)|[5.

Proof of claim 1:Since {Iy(z) — x(cy)} € T, we have ||Fzx(z) — x(c)|i = 1.
That is |[B2x(@)ll% < Ilx(elll. On the other hand, [[x(e)ll% < [Box (@)l

hence we have ||x ()|l = |Bex (@)
Either {Vzyx(z) — 0} € T or {x(dy) — (Vz)x(z)} € T. If |Vx(z)|[l # 0, we
have {x(d,) — (Vz)x(z)} € T. We have
[ (dy) = (Va)x(@)] |y = 1.
Then
(@)l < (V) x (@) 5

But ||(Var)x ()|l < |[x(d)llyz- Therefore, [|(Vz)x(2)[[3; = [Ix(dy)|[;- Hence M

is a closed L-model and the proof of claim 2 is complete.
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We have shown that M is a closed model of T, i.e., for every axiom ¢ of T" we
have ||¢||5; = [¢]r = 1i. However, ||al|f; = [a]r # [1]r = 1. This completes

the proof of the theorem. |

Notice in the above theorem by construction M and L are countable since we
are working with countable languages. We are now ready to tackle Completeness

Theorem.

Theorem 5.4.6 (Completeness Theorem for IIV (A)). Let T' be a theory
over 1IV. Let ¢ be a formula of the language of T. Then T & ¢ if and only if

||90||1%41 = 1y, for every countable L a IIV-chain and every countable closed L-model

M.
Proof. This follows immediately from Theorem 5.4.5 and Lemma 5.4.4. [

Theorem 5.4.7 (Completeness Theorem for IV (B)). Let T' be a theory
over IIV. Let ¢ be a formula of the language of T. Then T & ¢ if and only if

||90||11<41 = 1pq) for every countable ordered Abelian group, G, and every countable

closed L(G)-model M of T

Proof. The proof follows from Theorem 5.4.6 and the fact that if L is a IIV-chain

then L = L(G) for some ordered Abelian group. O

5.5 Transfer Results to R? or R11Q

In this section we will show IIV - « if and only if for all M closed L-structures
o[y = 1, where L = L(R?) or L(R'*?). This will be done in several steps.
We will first show that if a is not an L(G)-tautology then « is not an L(R%)-

tautology, where (F,S) is a Hahn representation of G. This will be done using
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the fact that F'is cointiality preserving. We will then show that « is either not
an L(R'Q)-tautology or not an L(R?)-tautology. This will be achieved using
the fact that for any ordered set S there is a coinitiality preserving embedding of

R into either RQ or R*Q,

Definition 5.5.1. Let G and H be two ordered Abelian groups and let f : G —

H be a coinitiality preserving embedding (hence f : N(G) — N(H)) . Let

f: L(G) — L(H) be defined by f(—00) = —00 f |n@= f and f(1) = 1.

Theorem 5.5.2. Let G and H be two ordered Abelian groups and let f : G — H
be a coinitiality preserving embedding. Let M = (M, (rp)p, (m.).) be a closed
L(G)-model. Let f be from Definition 5.5.1 and let M = (M, (7p)p, (1)),

where #p(m) = f(rp(m)) and . = m.. Then

L 3 L
ellgr,, = fUlelly,)

for all v evaluation and ¢ a formula and M is a closed L(H)-structure.
Proof. . We prove this by induction on the formulas.

125, = v(@) = [[@l,;

~

el s = 7te = me = [[cllyg;
1P, = () = Fere(lll,) = FUP@E )

For connectives we have

leovlli, = lellf, o ¥,
= f(lellir,) o F(1¥ll,,) (induction)

= f(leovll,)
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where o = &, — and ¢ = +, =-.

For quantifiers we have

FUBzelly,) = Fllelc)lly,) for some ¢ (M is a closed model)
= |l¢(e)|%,, (induction)

L
= sup |p(2)]]g,,
V'eE(v,x)

The last equality holds since f(llp(0)lk,) = Fle(@)ll%,) ( is order pre-

serving) and Sup,ep(q |lo(@)ll,, = sup f(lle(d)|ly, ). Hence [|Frelly, =
F(13elh,)-
If ||Vaplly, # 0, then

f(||Vx<,0||II§LV) = f(||<p(c)||§'mu) for some ¢ (M is a closed model)
= lle(@)llz,, (induction)

—  inf L
V/Glg(u,z) ‘ |SO| ’M’V/

The last equality holds since f (| |g0(c)||11\‘ﬂvy) < (| |<p(d)||11\‘ﬂvy) (f is order preserving)

. L e F L L 7 L
and infyre g [|0(2)] I, =t f([[e(d)]ly,) Hence [[Vaollg, = f(I[Veell,):
If HVx(pHII\“,H’U — 0, then since f is coinitiality preserving we have ||ng0||§ﬂ7y =0.

This complete the proof of the claim and that M is a closed L(H)-model. [

Corollary 5.5.3. Suppose f : G — H 1is a coinitiality preserving embedding. Let

M be a closed L(G)-model such that ||g0||1§H(G) < 1. Then ||g0|]§ﬂ(H) < 1.
Proof. This is a direct corollary of Theorem 5.5.2. O

Corollary 5.5.4. Let G be a countable ordered Abelian group and let M be a
closed L(G)-structure. Suppose HgoHI@I(G) < 1. Then there exist an ordered set S

such that Hg0||IL\7H(RS) <1
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Proof. Let (RS, F) be a Hahn representation of G. We have shown that F is
coinitiality preserving. Therefore by corollary 5.5.3, ¢ is not an L(R®)-tautology.
O

Lemma 5.5.5. Let S be a countable linear ordering and let M be a closed L(R)-

R1+@)

structure. Suppose ||<p||§ﬂ(RS) < 1 Then either ||@||IL\7H(R@) <1 or ||<p\|§/ﬂ( < 1.

Proof. By Lemma 3.2.8, we have that for any countable ordered set S, R® there
exists a coinitiality preserving embedding f : R® — R? or R!*@. This gives the

desired result. |

So far we have shown that if o is not an L(G)-tautology for some countable
G, then either « is not an L(RY)-tautology or « is not an L(R'*Q)-tautology.
The next two Completeness Theorems follow directly from our earlier versions of

Completeness Theorem and the results in section 5.5.

Theorem 5.5.6 (Completeness Theorem for IV (C)). Let T be a theory
over IIV. Let ¢ be a formula of the language of T. Then T + ¢ if and only if
o] [5 = 1r, where L = L(RS) for all lexicographic function space RS (S countable)

and every countable closed R%-model M of T.

Proof. (—) Suppose T F « then for every L, a IIV-chain and every closed L-
model M, [|¢[|f; = 1n. We have shown that L = L(G) for some countable
ordered Abelian group. And certainly, R is an ordered Abelian group.

(<) Suppose T' ¥ «. Then there is an L(G) for some ordered Abelian group and
a closed L(G)-model M such that ||Oz||1§,ﬂ(G) # 1. Now by corollary 5.5.4 we may
assume that L = L(R®), where (R, F') is a Hahn representation for G. And the

proof is complete.
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Theorem 5.5.7 (Completeness Theorem for IV (D)). Let T be a theory
over IIV. Let ¢ be a formula of the language of T. Then T + ¢ if and only if

o] |[5 = 1, where L = L(RR) or L(R'™®) and every countable closed Li-model M
of T.

Proof. The result directly follows from Theorem 5.5.6 and Lemma 5.5.5. [
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Chapter 6

L(R®)-Tautologies When S Is Not Initially Scattered

In this chapter will show that if « is not provable from IIV, then « is not an
L(R%)-tautology, where S is not initially scattered. We will go through a very
similar Henkenization process as in 5.4. We will conclude that L(RS)-TAUT is

recursively enumerable if S is not initially scattered.

6.1 Main Result

Again for the rest of this section let £ be a countable predicate language. We
need to deal with sequences that approach but do not equal 0 in evaluation of

sentences.

Lemma 6.1.1. Let T be a theory over I1IV and a a sentence of L, the language
of T. Let L be a IIV-chain and M a closed L-model of T such that |||l < 1.
Let x(x) be an L-formula with one single variable and let ¢ € M. Suppose there

exists b* € M such that ||x(b*)||5; < m||x(c)||ty for all m € w. Then
TU{x(e) = x"(c) :m € w} ¥ a,

where e is a new constant symbol.
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Proof. Note by assumption we have T' ¥ «. By way of contradiction suppose
T U{x(e) = x™(c) : m € w} F a. Since proofs have finite length, we may
assume there is a single m such that TU{x(e) — x™(c¢)} - a. Now by Deduction
theorem T F (x*(e) — x™*(c)) — «, for some positive k. Since e is a constant
not appearing in 7' we may replace it by z and get T F (x*(z) — x"*(c)) — «a.
Hence by generalization we get ||(x*(b*) — x"™*(c)) — ozHII{ﬂ = 1. However, we
have ||x*(b*) — ka(C)H& — 1. Therefore, ||a||t; = 1 a contradiction and we

have the result. O

Lemma 6.1.2. Let T be a complete Henkin theory over 11V, where L 1is the

language of T. Suppose T' ¥ «. Then there exists L' DO L and T' O T such that

1. T" is a complete Henkin theory over L';
2. TV «;

3. For all L-formulas x(x) with one free variable, there ezist ¢ € L' such that

{Jzx(x) — x(c)} € T';

4. For all L-formulas x(z) with one free variable, either there is d € L' such
that {x(d) — Vax(x)} € T" or for all ¢ € L there is d. € L' such that

{x(d.) = x(c)" |new}eT.

Proof. We first extend the language £ of T to L' = LU {¢; | i € w}, where ¢;’s
are new constants. The proof of this theorem is almost identical to the proof of
Lemma 5.4.4. The only slight difference is in ensuring property 4. This is how
we do it. If the nth task is deciding between {x(d) — Vxx(z)} and {x(d.) —
x(e)" | n € w}. By corollary 5.3.8 we have either T,, U {Vzx(z) — 0} ¥ « or
T, U{x(c) — (Vz)x(z)} ¥ a . In the former case let T,,11 = T,,U{x(d.) — x(c)" |

n € w} and in the latter case let 1,41 = T, U {x(d) — (Vx)x(x)}.
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Let 7" = |J,, T,,. Verifying T" has the desired properties is identical to the
proof of Lemma 5.4.4.
O

Theorem 6.1.3. Let T be a theory over IIV in the language L. Suppose T ¥ «,
a an L-sentence. Then there is L* O L, L a IIV-chain, M a closed L-structure

such that

1. M is an L-model of T, i.e., ||o||m = 1p for alloc € T
2. M is super-closed, i.e.,

(a) For all L*-formula ¢(x) with one free variable there is ¢ € L* such

that ||e(c)|lm > ||Fze(x)||m (hence we have equality);

(b) For all L*-formula p(x) with one free variable such that ||Vxe(x)||m #
0, there is d € L* such that ||¢(d)||m < ||Vxo(x)||m (hence we have

equality).

(¢) For all L*-formula p(x) with one free variable such that ||VYxe(x)||m =
0, but ||e(c)|lm > 0 for all ¢ € L*, there exists d. € L* such that

llo(de) |l < [lp(e)™||m for alln € w and ¢ € L*.

Proof. Given T, L and « let Ly O £ U Henkin constants. Let Ty be a complete
Henkin theory in Lq such that Ty ¥ «a. Iterate Lemma 6.1.2 w times. At step n
let Thoy1 = (10). ape1 = . Let L5 =U{L,, :n €w}and T*U{T, : n € w}.

Claim: 7™ is a complete Henkin theory in £* such that
1. T"F o

2. For all L-formulas ¢(z) with one free variable, there exist ¢ € £’ such that

{Frp(r) — p(e)} € T
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3. For all £L-formulas ¢(z) with one free variable, either there is d € £ such
that {o(d) — Vap(x)} € T' or for all ¢ € L there is d. € L' such that

{p(de) — ()" [new}eT.

Proof of the claim: The completeness and Henkin properties of T% is proved
exactly as in 6.1.2. By way of contradiction suppose T* + «, then T, - « for
some n € w a contradiction to Lemma 6.1.2. By construction we have the other
3 properties involving quantifiers.

Let L be the IIV-chain and M be the closed L-model we produced in theorem

5.4.5. We claim that M has the properties needed by the theorem.

By construction M is a model of T*. Again by construction |||y < 1.

Let ¢(x) be an £* formula with one free variable. Since ¢ has finitely many
symbols we may assume ¢ is an L,-formula for some n € w. Then by
Lemma 6.1.2, there exists ¢ € L£,11 € L£* such that {Jzp(z) — ¢(c)} €

To1 C T Hence ||[Fao(z) — o(c) |l = 1, that is [|0(0)]ae > [|3re(@)]]se

Let p(z) be an L£* formula with one free variable. Again we may assume
is an L,-formula for some n € w. Then by Lemma 6.1.2, either there is
d € L,+1 C L* such that {¢(d) — Vap(x)} € T,y CT* or for all c € L,
there is d. € L,,1 such that {¢(d.) — ¢(c)" | n € w} € T,pn CT* In
the former case ||p(d) — Vzp(x)||m = 1, hence ||o(d)||m < |[[Vze(z)||m. In
the latter case ||p(d.) — ¢(¢)"|lm = 1 for all n € w, hence ||p(d.)||m <

[le(e)™ [l = nl[(c)|u for all n € w.
And the proof is complete. O

Definition 6.1.4. Let £ be a predicate language. Let L be a IIV-chain and let

M be a closed L-structure over £. We say there is a threat present at M if and
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only if for some L-formula with one free variable, p(z), ||Vmgo(x)||§‘,ﬂ = 0, but
llo(e)[y; # 0 for all ¢ € L.

LED - 1 then ||a|[E®Y < 1. We will

Now we would like to show if ||cy;
use Theorem 5.5.2 which requires a coinitiality preserving embedding. However,
we note that if there are no threats present at M, it suffices to have an order

preserving embedding f : S — Q.

Lemma 6.1.5. Let T' be a theory over 1IV. Suppose T ¥ « for some sentence a.

Then « is not an L(R?)-tautology.

Proof. There exist S an ordered set and M an L(R®)-structure such that
L(R®
o™ < 1.
There are two cases. Either there is a threat present at M or not.

Case 1: Suppose there is no threat present at M. Let h : S — Q be any order
preserving map. Let f : RY — R? be the canonical map induced by h.

Since there are no threats present at M as in the proof of theorem 5.5.2 we

L(RQ L(RS
get ||l = F(lalli™ ).

Case 2: Suppose there is a threat present at M. Hence there exists a ¢ such
that [[Voe(z)|[E®) = 0, but [Jo(c)|[X®) £ 0 for all ¢ € £. Therefore by
part 2(c) of 6.1.3, we have that L(R¥) does not contain a smallest non-zero
Archimedean class. Therefore S does not contain a smallest element. Let
h : S — Q be an order and cointiality preserving map given by Lemma
2.2.4. Let f : R — RQ be the canonical map induced by h which is

coinitiality preserving. Then HaHéﬂ(R = f(||a HL(RQ))
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This completes the proof of the theorem.
O

Theorem 6.1.6 (Completeness theorem for IIV (E)). Let T' be a theory
over IIV. Let ¢ be a formula of the language of T. Then T + ¢ if and only if

||a||§ﬂ(RQ) = 1), for every countable closed L(RQ)-structure M of T

Proof. This is a direct result of Lemma 6.1.5 and our other completeness theo-

rems. ]

Theorem 6.1.7. Let T' be a theory over 1IV. Let ¢ be a formula of the language
of T'. Let S be a countable, not initially scattered linear ordering. Then T F ¢ if
and only if HaHéﬂ(RS) = 1ps), for every countable closed L(R®)-structure M of

T.
Proof. — Theorem 5.5.6.

«— Suppose T' ¥ ¢, then by Theorem 6.1.6 HaH@RQ) < 1pre), for every countable
closed L(R?)-structure M. By Lemma 2.2.8 we have a coinitiality preserv-
ing map h : Q — S. Therefore by Theorem 5.5.2, ||a||IL\7ﬂ(RS) < 1pgs), for
every countable closed L(R®)-structure M.

O]

Corollary 6.1.8. Let S be a countable not initially scattered linear ordering.
Then L(R%)-TAUT is recursively enumerable. In particular L(RY)-TAUT=L(R?)-
TAUT.

Proof. o € L(R%)-TAUT if and only if IIV I ¢ if and only if 0 € L(R®)-TAUT.

Hence, L(R®)-TAUT is recursively enumerable. O
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Chapter 7

L(R%)-Tautologies When S Is Initially Scattered

In [Mon01], Montagna proves that the set of L(R!)-tautologies of predicate Prod-
uct Logic is not arithmetical. We will extend his proof to show that the set of

L(RT)-tautologies is not arithmetical when T is initially scattered.

7.1 Preliminaries

Let Ly be a predicate language containing {Z, S, E, L, A, P}, and let £L = L,U{U}

where

e 7 and U are unary predicates, Z(x) to be read as x = 0 and U(x) has no

arithmetical interpretation;

e S, F and L are binary relations. S(z,y) to be read 4+ 1 =y, E(z,y) to be

read v =y and L(z,y) to be read x < y;

e A and P are ternary relation symbols, A(x,y, z) to be read x + y = z and

P(z,y,2) toberead z -y = 2.
Definition 7.1.1. For every Lo-formula ¢(x) , we write ¢(0) for

Va(z =0 — ¢(x)),
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and for k a positive integer , we write ¢(x + k) for

Vg .. mG((/_\(xz +1l=mzi)A(r1=24+1)) = @(x})).

i=1

Definition 7.1.2. Let P denote a finitely axiomatizable system of arithmetic (in

the language L), whose axioms are:

e The axioms of Robinson’s Q, including the axioms of equality.

— Va(=S(z) = 0);

— VaVy(S(z) = S(y) — z = y);

— Va(z 4+ 0 = z);

— VaVy(z + S(y) = S(z + y));

— Va(z -0 =0);

— VaVy(z - S(y) =2 -y + 2);

— Va(—z < 0);

— VaVy(z < S(y) =z <yVaz=y);
— VaVy(z <yVa=yVy < );

e Axioms representing that < is a strict linear order, compatible with + and

with -.
e The axiom Vz(r < x4+ 1A -Ju(x <uAu<x+1)).
Let © be the conjunction of the axioms of P.

Definition 7.1.3. For every L-formula ¢ we let ¢° denote the formula obtained
from ¢ by replacing every atomic formula a of the language £y by ——a and

leaving other atomic formulas unchanged.
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The above definition basically says in a formula ¢ of the language L, replace

Z,S,FE,L,A and P by =—~Z,——=S5,~—F,—~—=L,——A and -—P.
Example 7.1.4. 1. (U(x) — Z(x))° =U(z) — -~Z(z).
2. M2(ByS(z,y) — U(@))]° = Ya(@y-S(z,y) — U(z)).

In the next section we will utilize some properties of non-standard models
of Robinson’s Q. We will now go over some properties that we will need. For
the rest of this chapter let 91" be a non-standard model of Q. A non-standard
model of Q, ¥, contains a copy of the natural numbers and an element which is
larger than all natural numbers and models axioms of Q. Note, 91" is an ordered
Abelian semigroup. For 0 < a < b we write a < b if and only if na < b for all

n € w and we write a ~ b if there is a positive integer n such that b < na.
Lemma 7.1.5. a~a+n forall0 <a €MN* andn € w.

Proof. By the structure of 91", dm € w such that a +n < ma. O
Lemma 7.1.6. For a,b € N, ifa < b thena+n <K b for alln € w.

Proof. Follows immediately from Lemma 7.1.5. O
Lemma 7.1.7. For a,b € N, if a < b then a K€ aTer < b.

Proof. By way of contradiction suppose there is n such that ‘ITH’ < na. Then
b < (2n — 1)a, which is a contradiction to @ < b. Hence a < 2. Similar

argument shows that “TH’ < b. O

Lemma 7.1.8. Let b € " be a non-standard element and let m be positive

integer. Then % +1 0™ foralln € w.
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Proof. % + 1 < b™ if and only if nb™ + 0™ ! +n+1 < (n+1)b™ if and

only if ™~ 4+ n + 1 < b™ which is always true by Lemma 7.1.6. O

Lemma 7.1.9. Let b € N* be a non-standard element and m a positive integer.

Consider the set

(28 — 1)pm 4 !

B = (5" 4" U >

+ 1|k a positive integer}.

Then

1 bm+bm—l Bbm_'_bm—l

2k — 1)bm 4 b
<! >2k Hl<.. <V +1.

Furthermore, B,, is dense.

M#ﬁ‘l—kbm-‘rl (2k+1—1)bm+bm71
Proof. We observe that — = SETT + 1. I.e., each

middle term is the average of the previous term and ™ + 1. Therefore B,, is

dense and the other result follows from Lemma 7.1.7. O

7.2 Montagna’s Technique

The basic idea for this section comes from [Mon01], where he focuses on L(R!).
We were able to extend his result to L(RT)’s (for initially scattered sets T') which
are IIV-chains. Our technique to prove theorem 7.3.5 is new. In his paper, he
basically uses the fact that any coinitial sequence in [0, 1] converges to 0. For
the rest of this section suppose T is a linear ordering and M is a closed L(RT)-

structure. For ease of notation let || - ||, = | - HNL/H(R ),

Lemma 7.2.1. 1. Let v € L(RT) such that x > 0. Then ——z = 1 and

==0 = 0.
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2. Let x,y € L(RT) such that v >y, then v = (y + z) < z for all z € L(RT).
Proof. 1. -—2=0=(0=2)=1ifz#0and -—0 = 0.

2. x>y >y+zforall z. Therefore, = (y+2)=y+z—r=z2z+y— 2.
y—x <0implies z+y—zr<zandz= (y+2) <=z

O]

Lemma 7.2.2. Let v be an M-evaluation. Then for every formula ¢ of the
language of P

16l = 0 07 1.

Furthermore, ||¢°[[y;,, = 1 if and only if |[¢|[y,, > 0.

Proof. By Lemma 7.2.1, =—x is either 0 or 1. Now since U does not appear in ¢,
©° involves atomic formulas of the form ——a, whose evaluations in M is either 0
or 1. So we have

||900||M,V = 0if and only if ||30||M,u =0

and

|1¢°[lpg,, = 1 if and only if |[p[[y;,, > 0.
]

Lemma 7.2.3. Suppose ||©°||y; = 1 and ||E(a,b)°||y; = 1 then ||L(a,b)°|ly,; =0
and |[L(b,a)" ]}y = 0.

Proof. Since ||©°||,; = 1, we have ||E(a,b) — —L(a,b)||,; > 0. By way of contra-
diction suppose ||L(a,b)||,; > 0. Then ||=L(a,b)|l,; = 0 and ||E(a,b) — O|f; > 0
implies ||E(a,b)|l,; = 0 which is a contradiction. Therefore, ||L(a,b)|,; = 0.

Switch the place of a and b and we have ||L(b, a)||,; = 0. O
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Lemma 7.2.3, intuitively implies that if a and b € M have a positive chance of
being equal, they have zero chance of not being equal and hence we can not define

a linear ordering just yet. To remedy this problem, we define a new relation on

M.
Definition 7.2.4. Suppose ||©°||,; = 1. For a and b € M let

a~b if and only if |[E(a,b)°|; =1

if and only if ||E(a,b)||; >0
Lemma 7.2.5. 1. ~ is an equivalence relation of M.
2. The ~-equivalence classes are convex.
3. M°:= M/ ~, < is a linear ordering, where
la] < [b] if and only if ||L(a,b)|ly > 0.

Proof. 1. a ~aif and only if ||E(a, a)||y; # 0, which is true since ||©°|],; = 1.
Suppose a ~ b, we need to show b ~ a. Again since ||©°||,; = 1, we
have that ||E(a,b) = E(b,a)|l,; # 0. By way of contradiction suppose
||E(b, a)||; = 0 then since ||E(a,b)||,; # 0 we would get

1E(a,b) = E(b,a)ly = 0,

which is a contradiction.

Suppose a ~ b and b ~ ¢, we need to show a ~ ¢. We have ||E(a,b)||,; # 0,
|E(b, c)||y; # 0 and ||E(a, b)&E(b,c) — E(a,c)||y # 0. By way of contra-
diction suppose ||E(a, ¢)||y; = 0. This would imply ||E(a, b)&E (b, c)||,y =0
which in turn implies either ||E(a,b)|lm = 0 or ||E(b, ¢)||y; = 0,a contradic-

tion. Hence a ~ c. This completes the proof of part 1.
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2. Let a ~ b and suppose ||L(a, ¢)||y; # 0 and ||L(c, b)||y; # 0, we need to show
a ~ ¢ (Intuitively we have a ~ b and a < ¢ < b. We want to show a ~ ¢).
Since ||©°||y; = 1, we have ||E(a,b)&L(a,c)&L(c,b) — E(a,c)||y # O.
Therefore, we have ||E(a,c)||y; # 0 and a ~ c.

3. First we show < is well defined. Suppose a ~ a',b ~ V' and ||L(a, b)||y; > 0.
We have ||E(a,d’)||y; > 0 and ||E(b,0)||; > 0. Since ||©°||; = 1, we get
|| L(a’, )|y > 0. (Read a = a’,b=1V,a < bthena <¥.)

We also need to show if ||L(a,b)|,; > 0 then a ~ b. Suppose a ~ b then
by Lemma 7.2.3, ||L(a,b)||; = 0. Showing < is a linear ordering of M/ ~

follows immediately from the definition.

[J

Lemma 7.2.6. Let Ml and M° be as in Lemma 7.2.5. For every a € M let [a]
denote the equivalence class of a modulo ~. For every v an M-evaluation, let [V]

be an M°-evaluation defined by [v|(x) = [e(z)] for all variable x.

1. Then for every formula ¢ of P and for every M-evaluation e, we have
M®, [V] = ¢ if and only if [|¢°[[y, =1

2. If M° is isomorphic to the standard model N of natural numbers, then for

every sentence p in the language of P we have
N = ¢ if and only if ||¢°|]y = 1.

Proof. Immediate from Lemma 7.2.5. [

7.3 Main Result

Definition 7.3.1. We introduce the following formulas:
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Uy = VU (x).

Uy = VavyVz((U(2)&U(2)) — (U(y)&U(2))) — (U(z) = U(y))).

Uy = Ve—-U(x).
o Uy= (Va(U(x+1) — (Vz((z <) = U(2)))?)°.
o U =0%VU kW &Vy&Vs.

Intuitively, ¥y says the infimum of U(q;) is 0, ¥y is one of the axioms of the
Product logic. ¥y says no U(a;) is 0 and W3 controls the speed at which U(a;)
decreases to 0.

For the rest of this section we will suppose ||¥||yy > 0. Therefore, we have M° is

a model of P. So it makes sense to talk about <M° <™.

Proposition 7.3.2. Let M be a closed L(RT)-structure such that ||U||y > 0. Let
M® be defined as before. Then there exists b € M such that for all ¢ € M, if
MC = [B] < [d], then

V(e Dlha <2(_int (106
Proof. First note that since ||¥||y > 0 we have ||©°||y = 1. Hence M° = P. Let

B={ae M@+ 1)k >(_ inf 1U(2)1lne)*}-

Suppose by way of contradiction that for all a € M, there is b(a) € B such that
[a] <M [b(a)]. Then by Lemma 7.2.1
|U(a+1))||m=>3( inf ; U(2)|lm) < inf ; U (2)]|na-

[21<M° b(a [21<M° [b(a

Since ||Wo||y = 1 we have inf,cps [|U(a)||lm = 0. It follows
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0= inf ||U(a = inf inf Uz >
g U@ = inf, it V()] >

U@+ Dl =3(  inf  |U(2)|lm) = [|Ws]]n-
(1< [b(a)]

So, ||¥s||lm = 0. This is a contradiction to ||¥||y > 0. O

Lemma 7.3.3. Let M be a closed L(RT)-structure such that |||y > 0. Let M°

be defined as before. Let b be from proposition 7.3.2 . Then for alln € w
U+ 1)l < 2°([U(b)]]na-

Proof. By proposition 7.3.2 we have [[U(b+1)[ly < 2(inf|,jcuey [|U(2)|Im) <

2||U(b)||m- Inductively, we get the result
U6+ 1)l < 27(|U(6)]]ps-
[

Lemma 7.3.4. Let M be a closed L(RT)-structure such that ||¥||y; > 0. Let M°
be defined as before. Let b be from proposition 7.3.2. Then for all ¢ € M such
that [b] <™ [c], [|U(c)|la < [|U(D)]]ae-

Proof. First note that [b+n] < [c] for all n € w by Lemma 7.1.6 ([b+n] <M [¢]).

Therefore for all n € w we have

1U(c+ Dlle < 2(_inf (U (2)][n) < 2[1U b+ n)ls < 27U ()] |na-

[2]<M°[c]
We conclude that for all n € w, ||U(c+ 1)||m < 2" H|U(D)||m, hence ||U(b)||p >

1T ()] lna- O

Theorem 7.3.5. Let T be an initially scattered set. Let M be a closed L(R™)-
structure such that || V|| > 0. Let M° be defined as before. Then M° is isomor-

phic with the standard model of natural numbers.
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Proof. By way of contradiction, suppose that M° contains a non-standard ele-
ment [d]. Without loss of generality we may assume [d] = [b] from proposition
7.3.2. Since inf,ep ||U(a)|lm = 0, without loss of generality we may assume
inf, e, ||U(0")||m = 0. Consider the set

(2F — 1)p™ + -t

B = U " ud o + 1|k a positive integer}.
mew\{0}

B = Unew\{0yBm, By from Lemma 7.1.9. Then by Lemma 7.1.9, for each m, we

have
b4t 36m + pmt
bm*1<<f+1<<f+1<<
2k — 1)pm 4 b
<<( ) +l1< ... <b+1

ok
and B,, is dense. Lemma 7.3.4 implies for each m, that

U ®™ )l > [[U (= 4 D > (U= + 1)l .

> ||U( (2F— 1)bm+bm !

+ D> ... [ UG™ + 1) |
Furthermore,
(T @™l NUB™ + 1)}
U{||U((2klb¢ml + 1)||m | m, k a positive integer}

is a coinitial dense subset of N(RT), the negative cone of R”. Hence

{NU @™ nal, (1T ™ + 1)l }

U0 (E= 4 1) ] | m, ke a positive integer}

is a coinitial dense subset of Archimedean classes of N(R”) which has the same
order type of T. However, T" is an initially scattered set, and we have arrived at
a contradiction. Henceforth, Then M° is isomorphic with the standard model of

natural numbers.
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Corollary 7.3.6. Let T be an initially scattered set.

1. If ® is a sentence of arithmetic which is true in the standard model of

natural numbers, then ¥ — ®° is an L(RT)-tautology.

2. If ® s a sentence of arithmetic which is false in the standard model of

natural numbers, then ||[&®°||yy # 1 for any M closed L(RT)-structure.
Proof. Let M be a closed L(RT)-structure.
Case 1: ||¥||pm =0, then ||V — ®°||yy =1 and || W&D°||yy =0

Case 2 ||¥||yy > 0. Then by Theorem 7.3.5 M is isomorphic to the standard
model of natural numbers. So, if M° = ®°, then ||®°||y = 1 and hence
[|U — ®°||p = 1. If M° ¥ ®°, we have ||®°||p = 0 and hence || W&P°||y =

0.
This completes the proof. |

Notice that the choice of formula ¥ is independent of the set T" in corollary
7.3.6. That is we use the the same VU for different initially scattered sets. Hence

we have the following generalized corollary.
Corollary 7.3.7. Let {T; | i € I} be a collection of initially scattered sets.

1. If ® is a sentence of arithmetic which is true in the standard model of

natural numbers, then W — ®° is an L(RT)-tautology, for alli € I.

2. If ® s a sentence of arithmetic which is false in the standard model of
natural numbers, then ||U&®°||lym # 1 for any M closed L(RY)-structure,

el
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Theorem 7.3.8. Let T be an initially scattered set. Then there exists a closed

L(RT)-structure M such that |||y = 1. Hence:

1. If ® is a sentence of arithmetic which is true in the standard model of

natural numbers, then ¥ — ®° is an L(R")-tautology.

2. If ® is a sentence of arithmetic which is false in the standard model of

natural numbers, then ||W&®°||y # 1 for any M closed L(RT)-structure.

Proof. Let w the set of natural numbers be the universe of M. For every atomic

Lo-formula ¢(xq,...,x,) and every ay, ..., a, € w let
llo(ar, ... an)|lm =1 if and only if N = p(ay,...,a,).
For k € w, If T is well ordered let ||U(k)||m = (7i)ier, where
v = —3%and v, = 0,7 # 0.

If T is not well ordered, then {t_4 | k € w} C T, where t_,_y < t_y for all k € w.

In this case let ||U(k)||m = (74)ier, where
Ve, = —3%F and v; = 0 otherwise.

Claim 1: [|©°||m = [|Vo|lm = |[¥1]|m = [|Va||lm = || P3| = 1.

Proof of the claim 1:
1. ||©°||m = 1 by definition.
2. infie, [|U(K)||m = 0, therefore ||Wo||lm = —infre, ||U (k)| = 1.

3. Wy = VavyVz((U(2)&U(2)) — (U(y)&U(z))) — (U(x) — U(y))) is an

axiom of ITV hence and || W[y = 1
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4. [[lU(k)|lm > 0 for all k, hence ==||U(k)|lm = 1. Therefore, ||¥s|lm =
infe (<l [0 () ) = 1

5. |s| I = [|(Ve(U(z + 1) — (V2((z < ) — U(2))?))°||m- For I < k+1 we
have ||U(k + 1)||m = ||U(1)||m, for both cases of T'. An tedious computation

notation-wise shows that || W3]y = 1.

Claim 2: M is a closed L(R”)-structure.
Proof of claim 2: First note ||3zU(x)||m = [|U(0)||m. By construction, M is

closed. The rest of the theorem is a direct corollary to 7.3.6. [

Theorem 7.3.9. Fiz L(RT), T initially scattered. Then for every sentence ® of
arithmetic U — ®° is an L(RT)-tautology if and only if M = ®. Hence L(RT)-

TAUT, is not arithmetical.
Proof. This is an immediate result of Theorem 7.3.8 and corollary 7.3.6. |
Example 7.3.10. L(R'*@)-TAUT is not arithmetical.

Again we have a generalized result since the choice of ¥ is uniform for all T’

initially scattered set.

Theorem 7.3.11. Let {T; | i € I} be a collection of initially scattered sets. Then
(L®R])-TAUT
el

are not arithmetical.

On one hand the Completeness Theorem for IV implies that L(R®)-TAUT
NL(RYQ)-TAUT is recursively enumerable. On the other hand, in this chapter
we have shown that L(R2)-TAUT is not arithmetical. Consider the following

example.
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Example 7.3.12. Let o be a sentence of arithmetic so that 9 = o but Q ¥ «.
Let § = W&o°. Then, 0 is an L(R'*Q)-tautology. On the other hand, ITV ¥ 6.
Hence 6 is not an L(R%)-tautology. In fact, we have 6 is an L(RT)-tautology if

and only if T is initially scattered.
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Chapter 8

Scattered Subsets of Ordered Abelian Group

Remember in chapter 2 we defined a linear ordering S to be scattered if it does
not contain a dense subset. In this chapter we will show that if A and B are two
convergent and scattered subsets of an ordered Abelian group then A+ B is also
convergent and scattered. We will formally define A+ B and convergent later in

thin chapter.

8.1 Main Result

Definition 2.1.16 tells us what a scattered linear ordering is by telling us what it is
not. The following definition gives a more positive description of scattered linear
orderings by a providing a prescription of how to construct it from “simpler”

scattered linear orderings.

Definition 8.1.1. We define the class L of ranked linear orderings by presenting

inductively for each ordinal « a class L, and then by setting L = UL,
1. 0,1 € L.

2. Given a linear ordering I of type 7, v* for some ordinal v and for each i € I

a linear ordering L; € U{Lg | f < a}, then Y {L; |i € I} € L,.
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The rank of L, a ranked linear ordering, is the smallest ordinal « such that

LeL,.
Example 8.1.2. w,w* are ranked linear orderings of rank 1.

Theorem 8.1.3 (Hausdorff). A linear ordering is in L if and only if it is

scattered.
A proof of Hausdorff Theorem may be found in [Ros82].

Definition 8.1.4. Let G be an ordered Abelian group. A scattered linear order-
ing S C G is convergent if and only if every countable increasing or decreasing

sequence of elements of S has a limit point in G.

Lemma 8.1.5. Let A and B be two convergent scattered linear orderings of G

an ordered Abelian group. Then AU B is also convergent and scattered.

Proof. Scattered: By way of contradiction suppose X C AU B is dense. Then
we claim either X N A or X N B contains a dense subset. Without loss
of generality assume X N A contains at least two elements a; < as. It
suffices to show there exists a3 € X N A such that a; < az < as. Let
(a1,a2) = {x € X | a1 < = < ag}. By way of contradiction suppose
(a1,a2) N X N A is empty. Then (ay,as) is a dense subset of B which is a

contradiction to B being scattered.

Convergent: Let {z,, | n € w}, without loss of generality be an increasing
sequence in AU B. Then either {z, | n € w}NAor{z,|n cw}nBisan
infinite increasing sequence. By assumption either one has a limit point in

(. This completes the proof.

79



Definition 8.1.6. Let G be an ordered Abelian group. Let A and B be subsets

of G. Then A + B denotes
{a+bla€ A, be B}.

Example 8.1.7. Let G = R and let {¢,,n € w} be an enumeration of Q N[0, 1].
Let A={10"+¢, |n € w} and B={—-10" | n € w}. Then {10" + g, + (—10") |

ne€w}lC A+ B. Thatis QN [0,1] € A+ B. Hence A + B is not scattered.

The above gives an example of two scattered sets where their sum is not
scattered. The problem turns out to be that A and B are not convergent. In the
next few theorems we will show that if A and B are scattered and convergent

then A + B will be scattered and convergent.

Definition 8.1.8. Let o be an ordinal. Let A=) {A; |i € a} and B= ) {B; |
J € B} where either = a or § = a*.

Let @[ =

A+ B; convergent scattered for all j
= A+B is convergent and scattered.

A; + B convergent scattered for all ¢

We will show that ®, holds for all ordinals o. We will show ®,, holds and
then prove ®,, (w < @ < wy) holds by induction. But we first need a preliminary

lemma.

Lemma 8.1.9. Let o be an ordinal. Let A=) {A;|i € a} and B =) {B; |
J € B} where either f = a or § = a*. Suppose A;+ B and A+ B; are convergent

and scattered for alli € o and j € 3. Then A and B are convergent and scattered.

Proof. We will show A is convergent and scattered. The proof for B is symmetric.

Let 7 € f and b € B;. Then by assumption A + B, is convergent and scattered,
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hence A+ b C A+ B; is convergent and scattered. Now A 4+ b = A, hence A is

convergent and scattered. |

Note if ®, holds then ©g holds for all 3 < «. This is true since we may
let A; = B; = 0,8 < j < «a (0 is assumed to be scattered and convergent).
Assume ®, holds and (3 is an initial segment of a. Suppose A = > {A4; |i € a}
and B = > {B; | j € B} where either § = o or § = a*. Also suppose that
Ai+ B,i € aand A+ Bj,j € pis convergent and scattered. Then A + B is

convergent and scattered. This is again done by inserting () into B.
Lemma 8.1.10. ©,, holds. Hence ®,,n € w holds.
Proof. There are 2 cases to consider. a = w, =w* and a = w, f = w.

Case 1: (0 =w, [ =w") Let sup(A) = a € G and inf(B) = b € G. Consider
the interval I = [min(Ap) + b, a + max(By)]. We have A+ B C I and
I = U [min(Ag) + b, min(Ag.1) + b)

kew
UUkeo (@ +max(Byy1),a + max(By)]

U {a+0b}

First we will show that the intersection of A+ B with any of these disjoint
intervals is scattered.

Claim 1: Fix k. (A+ B) N [min(Ag) + b, min(Ax41) + b)) C U<k (A: + B).
Proof of Claim 1: If ¢t > k + 1, then for all x € A;, x > min(Ag,1). So
for all y € B since y > b, we have x +y > min(A) +b. Soift > k+1

then A; + B N [min(Ag) + b, min(Ax.1) +b) = 0. So we have shown that

(A+ B) N [min(Ag) + b, min(Ax+1) +b) C U<k (Ar + B).
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Ui<k(A; + B) is a finite union of scattered sets hence it is scattered.

Claim 2: Fix k. (A+ B) N (a+ max(Byy1),a+ max(By)| C U<k (A + By).
Proof of Claim 2: The proof of claim 2 is symmetric to that of claim
1. So we have A + B is scattered. We need to show A + B is convergent.
Without loss of generality suppose {z,, | n € w} is an increasing sequence
in A+ B. Then either z,, converges to a + b or for all but finitely many x,,
is in one of the above intervals. Now since the intersection of A + B with

any of those intervals is convergent, {z,} converges to a point in A + B.

Case 2: (0« =w, f=w) Let a =sup(A), b = sup(B).

Claim Let d < a + b, then (A + B) N (—o00,d) < U;<q(A; + B) for some
Qe w.

Proof of the Claim Let ¢ = %‘_d and choose ) € w such that if i, 7 > Q
then

min(A4;) > a —c¢ and min(B;) > b—c.

So if 4,5 > @ we have min(A4;) + min(B;) > a —c+ b — ¢ = d. Therefore, if
A, + B; intersects (—o00, d) non-trivially, at least one of the ¢ or j is less than
(). Without loss of generality assume i < ). Then (A + B) N (—o0,d) <
Ui<q(A; + B) which is convergent and scattered. This implies that A 4+ B
is scattered. To show A + B is convergent is exactly the same argument as

the previous case.

Lemma 8.1.11. ®g holds for all 6 < wy .

Proof. Since we have already shown ©,,, it suffices to show ©s, § < w;. There

are two cases:
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0 is a countable limit ordinal > w: Then § = U, 0,, w < B, < 6 and [, is
strictly increasing. Suppose ®g holds for all v < 0 . We have A = > {4, |
i€d}and B=) {B;|je€dord}. Weneed to show A+ B is convergent
and scattered. Let g = By and v; = 3;\;_1. Then 0 is a disjoint union of

Y,1 € w. We may rewrite A and B as follows:
A= Z{C’n | n € w} where C,, = Z{AZ | i€}

B=>) {D,|n€cuw}where D, =Y {B;|i€}

Now induction hypothesis applies to C,, and D,,. We have (C,,)r + B and
A+ (Dy,) convergent and scattered for all k& by the induction hypothesis.
Therefore, showing A 4+ B is convergent and scattered which has been re-

duced to showing ®,,, which we already have. Therefore A+ B is convergent
and scattered. The case where A =) {A; |i € d}and B=) {B;|j € §*}

is identical.

0 + 1 is a successor ordinal: Suppose ©, holds for all p < 6 + 1. We have
A=Y {A;|ied+1}and B=) {B,|j€d+1}. We may rewrite A and
B as follows

A= {Ai|i€b}t+As
B=> {B;|j€d}+Bs.
Now we have
A+B = O {Ailiedt+) {Bjljed})
() {Ai|i€d}+ Bs)

U (As+ ) {Bj|j€d})U(4s+By).

-
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Each part of the above decomposition is convergent and scattered by the
induction hypothesis. A + B being a finite union of convergent scattered
sets is convergent and scattered. The case where A = Y {4, | i € a} and
B =>{B;|j€ a*}is again identical.
]
Theorem 8.1.12. Let G be an ordered Abelian group and let A and B be count-

able convergent scattered subsets of G. Then A+ B is countable, convergent and

scattered.

Proof. Let G be an ordered Abelian group. We call A C G ccs if and only if A
is countable, convergent and scattered. Let for a and (3 countable,
(*)(a,8y = [if Ais ccs of rank < a and B is ccs of rank < 3] =
A+ B is ccs;

(#)a = v(ﬁ<wl)(*>(a,ﬁ)

= (VB ccs)(Ais ces of rank < a = A+ B is ccs).

To prove the theorem we need to prove (x)(,g) for all countable a, # which is

equivalent to showing (#), for all countable cv. We will do this by induction:

a = 0: There are no scattered sets with rank smaller than 0, so (#), is true

trivially.

a a limit ordinal: Assume for § < a, (#)s holds. Suppose rank(A) < «, then
rank(A) < rank(A) +1 < a and by the inductive assumption (#)rank(4)+1

holds. That is (VB)(A + B) is countable, convergent and scattered.

a + 1 a successor countable ordinal: Assume (#)s holds for all 6 < o + 1.

We need to show (#),+1. Choose A of rank less than a+1. We may assume
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rank(A) = a. So A has the form A = > {A; | i € 0} where rank(4;) < «
for all 7. Note since A is countable, § < w;. We need to prove A + B is
convergent and scattered for all B. We will do this by induction on the
rank of B.

Let

(+)s :== VB ccs of rank < 3, A+ Bis ccs

B = 0: Trivially true.
(3 a limit ordinal: Assume for § < 3 (4)s holds. If rank of B is less than

[ then rank(B) < rank(B)+1 < 3. Therefore by induction hypothesis

(+)rank(B)+1 holds. Hence A + B is convergent and scattered.

B + 1 successor ordinal: Assume (+)s holds for all § < §+ 1. we need
to show (4)s41. Choose B of rank less than 5+ 1. We may assume
rank(B) = . We need to show A + B is convergent and scattered.
Say B has the form B = ) {B; | j € v} where rank(B;) < ( for all
J and v < wi. Now we have both ©s and ©, holds. Without loss of
generality suppose 0 < . Then by the observation from before and

inserting ) into A we get A + B is scattered.

This completes the proof of (+)s+1, which in turn completes the proof of
(#)a+1- This concludes the proof of the double induction and we have the theo-
rem.

O

We now relax the the countability requirement for A and B in Theorem 8.1.12.

Theorem 8.1.13. Let G be an ordered Abelian group and let A and B be con-

vergent scattered subsets of G. Then A + B is convergent and scattered.
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Proof. The proof mimics the proof of Theorem 8.1.12. We first show ©®, holds for
all ordinal . We have previously shown that ©, holds if « is countable. Let «
be an uncountable ordinal. Suppose A=) {A;|i € a}and B=) {B;|i€ a}
satisfy the assumptions of ®, but A + B is not a convergent scattered subset of
G. Let X be a dense subset of A+ B. We may assume X is countable. Collect
all A; and B; represented in X and add all the limit points (and corresponding
factors) needed from A and B. Call these sets A’ and B’ respectively. A’ and
B’ are countable subsets of A and B respectively. Then X is a dense subset of
A’ + B" which by the countable case is scattered. Hence we have a contradiction.
Let {z, | n € w} be an increasing sequence in A + B. Collect all A; and B;
represented in {z,, | n € w} and add all the limit points (and corresponding
factors) needed from A and B. Call these sets A’ and B’ respectively. Since
the sequence is countable, A" and B’ re countable and {z,, | n € w} C A"+ B'.
Therefore the sequence has a limit point in A’ + B’ C A + B by the countable
case. Therefore {z,, | n € w} is convergent in A+ B. This completes the proof of
®g for all ordinal a. Now we go through the proof of Theorem 8.1.12 and leave

out any reference to countability. This shows gives the desired result. 1
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