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Optomechanical systems have enabled a variety of novel sensors that transduce an external

force on a mechanical sensor to an optical signal which can be read out through different

measurement techniques. Based on recent advances in these sensing technologies, we suggest

that heavy dark matter candidates around the Planck mass range could be detected solely through

their gravitational interaction. After our understanding of the possibility of direct gravitational

detection of dark matter, a coalition of researchers came together to form a lasting collaboration

— Windchime — to explore the potential implementation and impact of this approach. With

this ultimate goal in mind, the Windchime collaboration is developing the necessary techniques,

systems, and experimental apparatus using arrays of optomechanical sensors that operate in the

regime of high-bandwidth force detection, i.e., impulse metrology. One of the key challenges

in achieving more sensitive measurements is to mitigate the noise which arises due to the

fundamental uncertainty principle while trying to precisely measure the variable of interest.



Today’s state-of-the-art sensors can be limited by this added noise due to the act of measurement

itself. One of the techniques to go beyond this limit involves squeezing of the light used for

measurement. The other technique is using backaction evading measurements by estimating

quantum non-demolition operators — typically the momentum of a mechanical resonator well

above its resonance frequency.

In our work, we have explored various backaction evading techniques based on this

principle. In the first part of the thesis, we present the impulse metrology task in the context of

gravitational detection of dark matter. In the next part, we present a practical way to achieve

backaction evading measurements in the optical domain. In the subsequent part, we analyze

the theoretical limits to noise reduction while combining different quantum enhanced readout

techniques for these mechanical sensors. In the last part of the thesis, we explore the possibility

of a microwave domain readout for maximizing the energy efficiency and noise reduction while

having a scalable system for our dark matter detection purpose.
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Chapter 1: Introduction

1.1 Introduction to Dark Matter Searches

The standard model of particle physics developed over the twentieth century has been

extremely successful in describing the fundamental constituents of nature and their interactions.

The standard model is a description of three fundamental interactions: strong, weak and

electromagnetic. The particle content of the standard model is made up of the elementary

particles: leptons and quarks, and the forces are mediated by gauge bosons [3].

Even though the standard model has been able to explain many basic phenomena and

predict the elementary particles such as top quark, Higgs boson etc., it has failed to explain a few

key cosmological phenomena [4, 5] and many astrophysical observations. The galactic rotation

curve [1, 6] is such an observation which traces the orbital speeds of the visible matter in a disc

galaxy as a function of the radial distance from the galactic center as in �g. 1.1b. It is seen that

the best estimates of the amount of ordinary matter inferred from the matter to luminosity ratios,

are always signi�cantly smaller than the inferred gravitational mass as per Newtonian gravity.

Another famous example is that of the bullet cluster [2]. As the two clusters collide and move

past each other, we observe that the dominant form of visible matter, the intercluster medium,

has fused together (inferred from X-ray observations) whereas the gravitating matter inferred by

gravitational lensing is well separated. Thus it can be seen that the gravitational contours in these
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systems do not match with the spatial center of the visible matter as in �g. 1.1c.

Scientists have pondered over how to possibly explain these observations. One approach

scientists took was postulating some modi�cation of Newtonian dynamics (MOND) to explain

these observations [7]. Even though still under consideration, it has been somewhat less

successful in explaining all the observations like Cosmic Microwave background (CMB) power

spectrum, which is a primordial black-body radiation coming from all possible directions [8].

The second approach is the more popular one. Before the era of CMB, photons and matter

particles (electrons and nucleus) were strongly coupled to each other as a primordial soup. On

the other hand, if there were other forms of gravitating matter that do not interact with light,

they will only interact with this primordial soup through gravitational interactions. From the

observation of CMB and large scale structure formation, we know that our universe contains

matter which doesn't interact with photons (or interacts extremely weakly) but nevertheless

gravitates. This matter is called Dark Matter.

For decades scientists have been searching for the candidates which would �t in to this

category of matter which makes up about 25% of the energy density of our universe [9]. From

various astrophysical probes, the energy density of the dark matter in the solar neighbourhood has

been determined to be around 0.3GeV=cm3, which is roughly the mass of a proton in every cubic

centimeter [10, 11]. The dark matter is distributed over a larger volume compared to the visible

matter in a halo like structure which is not co-rotating with our galaxy and the solar system is

moving through this halo around the galactic center at a velocity of roughly 220km=s [12].

However the exact mass of the dark matter is still unknown to us along with its nature i.e.

how it interacts with the visible matter or with itself or other dark matter. Roughly the mass

of a dark matter particle can lie anywhere in between10� 22 eV (assumingc = 1 as in particle
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Figure 1.1: Top: a) Energy content of universe (Sources: Max-Planck-Institute for Astrophysics
Garching and Pixabay) ; b) Galactic rotation curve [1] ; c) Bullet Cluster [2]; Bottom: Broad
classi�cation of dark matter (DM) theory classes according to mass.

physics convention) in the lower range to some 100 solar masses at the higher end as can be seen

in �g. 1.1. For masses below� 10� 22 eV, the dark matter (DM) wavelength is too large to �t

inside dwarf galaxies [13]. For DM with mass roughly below 10 eV, the number density of DM

is suf�ciently high that a volume (cube of Compton wavelength) contains more than one DM.

The large number of wavefunctions interfere with each other and the resulting con�guration can

be thought of as a classical superposition of coherent oscillations. On the other hand, above 10

eV, the individual wavefunctions do not interfere with each other and they can be thought of as

individual particles. For masses above Planck scalemPl � 1019 GeV , the candidate must also be

a composite state, primordial black hole, or an extended object (e.g a topological defect) [14–16].

Scientists have postulated a plethora of models in this huge mass range that dark matter can
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reside in. In most of the models, it has been assumed that the dark matter candidates would be

able to interact with the visible matter with some form of non-gravitational interaction which we

will be able to detect with ultra-sensitive devices. If these particles interact with standard model

particles, they can be produced when standard model particles collide with each other at high

energies. This particular way of producing dark matter and then detecting them is being pursued

at high energy experiment facilities like the Large Hadron Collider (LHC) etc.

To understand the properties of these candidates, researchers have not just looked into the

high-energy large-scale experiments, but have also proposed relevant smaller-scale experiments

which would be able to probe speci�c possible interactions of the dark matter candidates with

visible matter. Some of the popular models include WIMPs (Weakly Interacting Massive

Particles) in theGeV range where we are hoping to observe the weak interaction of these

particles with nuclei of noble gas [17,18]. Another well-motivated candidate being searched for

is axions, especially in the� eV � meV range which could interact with the electromagnetic �eld

to generate some detectable signatures in microwave cavity set-ups [19,20].

However, until now no dark matter candidate has been directly detected through any

laboratory based experiment. Even though researchers have been able to tighten the bounds on

these possible interaction strengths between dark matter and visible matter, the particle physics

community is yet to discover any direct experimental signature of dark matter.

One characteristic of dark matter which is guaranteed to exist, is its gravitational

interaction with the visible matter. Until now, it has been extremely dif�cult to directly probe the

gravitational interaction of any dark matter candidate because of the extremely small strength of

gravitational force and for the lack of suf�ciently sensitive technology. But recent advancements

in quantum sensing technologies have pioneered a way to do ultra-sensitive force measurements.
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This has set the stage for a promising new avenue to probe the gravitational interaction with

heavy dark matter candidates, which can ultimately lead to a direct detection or a conclusive

exclusion of dark matter, in the particular heavy mass regimes as pointed out in �g. 1.1 [21,22].

1.2 Noise Limits to Force Measurements Using Quantum Sensors

Ultra-sensitive force measurement is an ubiquitous problem in physics. Its applications

range from research in basic science like looking for particle physics targets or new kinds of

forces to more commercial applications with scopes from the tech sector to medical industries.

Over the decades, through improvements in devices and technologies associated with it, scientists

have been able to achieve an outstanding sensitivity, expressed in terms of attainable force

measurement over square root of bandwidth, in the range of10� 18 � 10� 22 N=
p

Hz [23–27]

with the state-of-the-art sensors in existence.

However, sensing an external force suffers from fundamental noise limits because of the

act of the measurement on the sensors itself. In most of the force measurement experiments,

researchers continuously monitor the position of the system to infer the forces acting on it. In

quantum mechanics, Heisenberg's uncertainty principle puts a constraint on how well we can

resolve the position of the system if we know the momentum of the system precisely, as they are

conjugate variables to each other. Thus we will �nd that if a non-trivial correlation is not present

between these conjugate variables and if the system Hamiltonian is dependent on the variable

which is conjugate to the observable we are interested in, we will not be able to measure the

desired observable with unbounded precision because the minimal uncertainty principle forbids

us from doing so [28].
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It is an instructive exercise to work through the example of a free particle Hamiltonian

and to look at the evolution of the position and momentum respectively [28]. Let us �rst

assume that we are going to monitor the position of the system. The uncertainty in position

and momentum measurements are related by the fundamental Heisenberg's uncertainty relation

leading to� x� p � ~=2. The free particle Hamiltonian isH free = p2=2m. Let us consider that

we start with an initial spread in the position state equivalent to� x and let the system evolve

for time � t. During the evolution time the system evolves under the in�uence of the unitary

operatorUfree = e� iH free � t . This leads to the position observable incurring an additional term

j[H; x ]j = p� t=m during the evolution period. For a subsequent measurement after time� t, the

uncertainty in the position will then acquire an extra term proportional to� p� t=m. Thus the

uncertainty in momentum gets fed back into the uncertainty of position and increases the overall

position uncertainty.

We can optimise this quantity with respect to the initial spread of the system to investigate

the limit of precision for this position measurement. If we do so, we would end up with,

� xSQL �
p

~� t=m (1.1)

i.e. we would not be able to resolve the position of the free particle better than the quantity

p
~� t=m. This is the standard quantum limit (SQL) benchmark of position measurement as is

illustrated in �g. 1.2. If we are continuously monitoring the position of a system and then trying

to infer the external forces acting on it, we will end up with an impulse SQL

� I SQL �
p

~m=� t: (1.2)
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Figure 1.2: Standard Quantum Limit (SQL) description for continuous position measurements
where we start from a initial spread in the position as� x and optimize the subsequent uncertainty
with respect to the initial spread to obtain the SQL.

1.3 Noise in Optomechanical Systems

In this section, we will discuss noises in an interferometric measurement in the case of the

simplest optomechanical system: a single-sided optical cavity which consists of a �xed partially

transparent mirror on one side and a movable perfect mirror on the other side as can be seen in �g.

1.3. The movable mirror acts as the desired mechanical system whereas the �xed mirror serves

as the input and output port. The basic principle of operation of these optomechanical systems

is the measurement of position dependent phase shift of the probing light through interferometry.

In general, a coherent source of light like a laser is used to probe the system. In more detail, the

length of the optical cavity is a function of the position of the mirror. Hence the cavity resonance

frequency changes as a function of the position of mirror, which results in accumulation of a

position dependent phase-shift of the probing light. This phase can be measured at the output

port by interfering the output �eld from the cavity with a local oscillator �eld of known phase

reference. More detailed description of the system can be found in section 2.2 and for reviews
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please refer to [29,30].

1.3.1 Shot Noise and Backaction Noise

Here we will discuss the two sources of noise in an optomechanical system because of the

act of measurement [31,32]. The �rst one is the shot noise which arises because of the statistical

counting error of photons at the output port. This is due to the �uctuations of the probing laser

power which gives rise to uncertainty in the number of photonsN as big as� N �
p

N . For an

electromagnetic �eld, the phase and the photon number follow a minimal uncertainty principle

i.e. � � � N � 1=2 . So we will not be able to resolve the phase better than� � � 1=
p

N and this

is the source of shot noise. We note that this noise decreases with increase in power i.e. number

of photons as we should expect in case of any kind of statistical error.

Figure 1.3: Schematic of a single-sided cavity optomechanics experiment. The cavity is driven
by a laser from outside. The light picks up a phase� / x(t) proportional to the position of
the moving end mirror, which is then read out through an interferometer after the light exits the
cavity.

On the other hand, the random �uctuations in the probing laser power generate random
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momentum kicks onto the mechanical system. This gives rise to radiation force noise or

backaction noise on the system. This effect is directly proportional to the number of photons in

the probing light and hence it increases with an increase in power. Now we can see that these

two sources of noise have opposite kinds of dependence on the power of the probing light, hence

a balance can be struck between them by optimising the laser power which gives rise to the

standard quantum limit (SQL) benchmark in the optomechanical measurement as shown in �g

1.4.

Figure 1.4: Figure depicting the dependence of shot noise and backaction noise on power (both
axes plotted in arbitrary units). Also represented here is the Standard Quantum Limit (SQL) noise
�oor.

We can now brie�y discuss how the SQL benchmark in the interferometric measurement

relates directly to the SQL discussed in the context of position measurement of a free

particle. If we are measuring a position dependent phase shift in an optomechanical system

interferometrically, then the position uncertainty relates to the phase uncertainty mentioned

above as [31],
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� xshot � � �
c

2n!

�
c

2n!
p

N
;

(1.3)

where the! is the angular frequency of light,c is the speed of light andn is the number of

re�ections which determines the path length. On the other hand, because of backaction noise, the

momentum uncertainty takes a form� p � 2~!n
p

N=c, which leads to the following form of

position uncertainty in subsequent measurements,

� xBA � � p
� t
2m

�
~!n � t

mc

p
N:

(1.4)

Now we can optimize the sum of these two noises with respect to the number of photons. If we

substitute back the optimized power in the expression of� x, we will obtain an optimal value

of the initial spread in position leading to� xopt �
p

~� t=m which gives us back the position

measurement SQL discussed in the previous section.

1.4 Quantum Noise Reduction

The good news is that the standard quantum limit benchmark mentioned in the previous

section can be circumvented with some ingenious techniques. The �rst point to be noted is

that we did not assume any non-trivial correlation between the conjugate quadratures when we

derived this limit in the last section. Here we will see how introducing correlations between the
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quadratures of the probing light and then measuring the appropriate quadrature, helps in reducing

the overall measurement-added noises for these systems.

1.4.1 Backaction Evasion

The measurement probes act back on the systems being measured which gives rise

to the backaction (BA) noise, as we have previously discussed. Backaction Evasion is a

particular resource through which we can negate or substantially reduce the backaction noise

from measurements. One of the ways to evade backaction noise is measuring a quantum

non-demolition (QND) variable like that of momentum of a free particle as we will discuss in

detail in the next section. Even in absence of a QND variable sensing protocol, we can measure

an appropriate combination of quadratures at the output port to get rid of the backaction noise

arising from the radiation pressure force. Alternatively we can build a device where the probing

light has the opportunity to interact with the oscillator from opposite sides, to make the net effect

of the random momentum kicks onto the oscillator sum up close to zero, thus nullifying the

effect of backaction noise. In Chapter 4 and 5 we will discuss such devices where because of the

optimised designs of the systems and readout techniques, we can evade the backaction noise in

the optomechanical measurements.

1.4.2 Quantum Non-demolition Measurements

The essence of quantum non-demolition (QND) measurement lies in being able to measure

an observable repeatedly without feeding back noise to the system from the conjugate quadrature

[28, 33]. This means if we only care about one particular observable of the system and it is a
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QND variable, then we will be able to measure this observable precisely repeatedly over time

without any additional error being introduced due to the measurement itself. Mathematically, if a

variableZ is a QND variable, then it must commute with the system Hamiltonian as[H; Z ] = 0,

so that the observable dynamics remains unaffected during the evolution of the system.

In a previous section 1.2, we observed how position of the system accumulates additional

noise during the evolution of the system as it does not commute with the free particle

Hamiltonian. On the contrary, if we start our measurement with monitoring the momentum of

the system which has an initial spread of� p, then during a subsequent measurement after time

� t, it will not suffer any additional uncertainty fed from position as the momentum observable

commutes with the free particle Hamiltonian,[H; p] = 0 whereH = p2=2m. This leads to the

uncertainty in momentum variable staying constant during subsequent measurements. This is an

example of a QND measurement of momentum in a free particle system.

We can now address a key objective of our works on noise reduction techniques. If

our quantity of interest is the momentum of a system, then we can design the measurement

probes in such a way, so that the probes can directly access the momentum or velocity of the

system. If this can be satis�ed, then the evolution of the system arising from the system-

probe interaction in between subsequent measurements, will not lead to an additional noise

fed from the position variable of the system. This can effectively give rise to a QND like

measurement of the momentum of a mechanical oscillator. Even though a mechanical oscillator

has a trapping potential which is dependent on the position variable, we can essentially consider

a free particle regime if we are working well above the mechanical resonance frequency. In our

works, we show how a velocity/momentum sensing protocol for a mechanical oscillator while

considering measurements at much higher frequencies than its natural resonance frequency, leads
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to backaction evasion by exploiting the QND structure of the momentum variable.

Figure 1.5: Schematics of continuous momentum measurement : the uncertainty in the
momentum variable does not increase over subsequent measurements for a free particle.

1.4.3 Squeezing

Previously, we have seen that the phase and number of photons of light obey the minimal

uncertainty principle where we can not determine any one of them with unbounded precision.

In the quantum mechanical operator description, light can be described by two conjugate

quadratures namely the phase (Y) and the amplitude (X) quadratures which follow similar

uncertainty relation� X � Y � 1. For coherent source of light these uncertainties are equally

distributed among the two quadratures. However, that need not be the case for every scenario. For

squeezed source of light, this uncertainty is unevenly distributed among the two quadratures [32]

as described in the �g 1.6. Because of this uneven distribution and non trivial correlation, if

we tune the squeezing strengthr and squeezing angle� properly and measure in the squeezed

direction, we can reduce the overall measurement added noise.

Squeezing has been studied and extensively used in the context of gravitational wave

(GW) detection. The �rst large GW detector to demonstrate squeezing was GEO600 [34]. The
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Figure 1.6: Figure depicting the phase space ellipse in the conjugate quadrature space. Here the
ellipse is squeezed in theX direction with squeezing strengthr and � sqz depicts the angle of
squeezing. The area of the ellipse must obey the minimum uncertainty.

advanced LIGO detectors also made use of squeezing as one of the ways to reduce the overall

noise �oor in order to be sensitive to gravitational waves [35].

1.5 Outline of This Thesis

In this thesis, we discuss how the advancements in quantum technologies aid in

ultrasensitive force measurements, especially in the context of searches for dark matter

candidates. The introduction gives an overview of the force sensing and noise limits concepts

that will be relevant for the subject matter discussed in this thesis. Chapter 2 provides a brief

review of the existing works on position measurements with optomechanical systems.

Chapter 3 is an overview of what is meant by impulse metrology and the noise associated

with impulse metrology using optomechanical sensors. We also discuss in detail about the
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gravitational impulse from the heavy dark matter candidates which inspired us to delve deeper

into the noise investigations laid out in this thesis. Here we discuss our proposal for direct

dark matter detection solely through their gravitational interaction. We suggest that a three-

dimensional array of a large number of quantum-limited mechanical impulse sensors may be

capable of detecting the correlated track of motion created by the gravitational interaction of a

passing heavy dark matter particle around the Planck mass range. This array setup would also

have the capability of providing exquisite directional information and background rejection as

the dark matter particle produces a track like signature through this array. The experimental

tasks at hand to realize this proposal in terms of scalability, noise reduction and data analysis are

enormous but exciting at the same time and the Windchime collaboration is extensively working

on making progress toward this ultimate goal.

In chapter 4 based on the dark matter search initiative, we have described how to go beyond

the current noise limits in order to be sensitive to such extremely weak interactions. Based upon

pioneering works by the gravitational wave community, we �nd that implementing a continuous

momentum measurement rather than a continuous position measurement can help us in reducing

the overall noise �oor as momentum is a quantum non-demolition variable in the free particle

limit. To showcase this, we have worked on a measurement protocol which allows for reduction

of added noise from measurement, by coupling an optical �eld to the momentum of a small mirror

in a double-ring optomechanical cavity, through an optimised design of the system. This leads to

signi�cant back-action noise evasion, yielding measurement noise below the standard quantum

limit in a broadband sense.

In chapter 5, along the same research objective, we have laid out how we can improve the
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sensitivities of these optomechanical sensors further. We have explored the theoretical limits to

noise reduction while combining the quantum enhanced readout techniques such as squeezing

and backaction evasion for these optomechanical sensors. We show that injecting squeezed

light indeed improves our power requirement budget. We also �nd that the noise reduction via

squeezing is compatible with the backaction evading mode of noise reduction through velocity

sensing and also that backaction evasion dramatically reduces the technical challenges of using

squeezed light for broadband force detection, paving the way for combining two different

quantum noise reduction techniques in the context of impulse metrology.

In chapter 6, we discuss another approach to the QND measurements in the microwave

domain. We have looked into the systems where the motion of a mechanical element can generate

a voltage or current in an associated electric circuit which can then be read-out by a parametric

cavity. In more detail, we have considered a parametric-cavity based readout system which

depends on the electric �eld or magnetic �eld generated in the detectors, through which the

mechanical motion is resolved by interrogating the changes in transition frequency of this cavity

system. We have been able to show that, for an electromechanical sensor, being sensitive to

the current generated in the circuit lets us directly access the velocity of the mechanical system

whereas we need to sense the voltage in the circuit for magnetomechanical systems to access the

velocity. This leads to the matching of the right kind of readout scheme with the right kind of

detector in order to maximize the sensitivity.
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Chapter 2: Position Measurements in a Single Sided Cavity

Part of the content of this chapter has been published as an appendix in Ghosh et al., Phys.

Rev. A 102, 023525 [36] with collaborators Daniel Carney, Peter Shawhan and Jacob M. Taylor.

This chapter describes previous works on position measurements with single-sided cavity based

on [29,37].

2.1 Position Measurement Imprecision with Optomechanical Sensors

Consider �rst a test mass with massM in the free particle limit. On a regular basis an

experimenter interacts with the test mass with a pulse of light, where the light develops a phase

shift as a function of the position of the particle. For simplicity, we take the default con�guration

as some optical (or microwave) cavity with a resonance at a center frequency! c and linewidth�

as depicted in �g 2.1. Our detection scheme is to look for a shift of the phase of the pulse due to

a length-dependent change in the center frequency.

For small displacements, we de�ne a length scaleL that characterizes this change, e.g.,

@x ! c � ! c=L. Then we can estimate the change of phase of the optical pulse with respect to

position by noting that in the single mode approximation, narrow-band light of frequency� has
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Figure 2.1: Schematic of a single-sided cavity optomechanics experiment. The cavity is driven
by a laser from outside. The light picks up a phase� / x(t) proportional to the mechanical
position, which is then read out through an interferometer after the light exits the cavity.

an output �eld given by [29]

aout = ain
� i (� � ! c) � �= 2
� i (� � ! c) + �= 2

� ainei� : (2.1)

This result comes from solving for the cavity �eld using the Heisenberg-Langevin equation

and then using the input output relation as depicted below and described in detail in section 2.2

aout = ain �
p

�a

_a = � i! ca �
�
2

a +
p

�a in :

(2.2)

The corresponding phase is� = 2 arctan(2(� � ! c)=� ). Thus we can see that a small

change in! c whenj� � ! cj=� � 1 leads to a phase shift that is proportional to the change in
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position�x as approximately:

��
�x

� @x � � 4
! c

L�
= 4

Qc

L
(2.3)

whereQc = ! c=� is the opticalQ factor.

With this simple analysis, we can ask what happens for estimating this phase shift when

using a coherent pulse of light with a �nite number of photons, which suffers from shot noise.

We expect that a pulse with bandwidth much less than� and a total ofN photons will be

able to resolve this phase shift with noise that is given by1=
p

N . The corresponding position

measurement imprecision is, in units of length:

� x �
L

4Qc

p
N

(2.4)

or N =
�

L
4� xQc

� 2

(2.5)

in terms of power. Taking the pulse bandwidth. � , we have a peak power of the pulseP �

� ~! cN = ~! 2
cN=Qc, as expected for the enhancement of a phase shift by a cavity.

2.2 Continuous Position Measurements with Optomechanical Sensors

In this section, we present a detailed formalism for detection of forces using a prototypical

single-sided optomechanical system implementing a continuous position measurement. Our

treatment borrows heavily from [37], and we refer the reader to that review for further details.

The optomechanical system consists of a partially transparent �xed mirror on one side and

another movable/suspended perfect mirror on the other side as in �gure 2.1, forming a cavity

whose frequency is a function of the positionx = x(t) of the movable mirror. The cavity mode,
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mirror, and their respective baths can be characterized by the total Hamiltonian

H tot = Hcav + Hmech+ Hbath: (2.6)

Both the cavity mode and mirror are modeled as harmonic oscillators,

Hcav = ~! (x)aya

Hmech =
1
2

m! 2
mx2 +

p2

2m
:

(2.7)

Here a denotes the annihilation operator for the optical cavity mode, and! and ! m are the

resonance frequencies of the cavity and resonator respectively. The cavity resonance frequency

! = ! (x) is a function of the length of the cavity and it changes as the mechanical resonator at

one end moves. This interaction couples the cavity and the resonator. For small displacements of

the mirror, we can Taylor expand the position-dependent cavity

! (x) = ! c

�
1 �

x
`

+ O(x2)
�

; (2.8)

where! c = 2�c=` is the cavity frequency when the mirror is at rest,` being the equilibrium

length of the cavity. Using this result, the optomechanical interaction can then be characterized

with the following Hamiltonian:

H int = ~g0
x
x0

aya: (2.9)

The interaction strength here is de�ned asg0 = x0
d!
dx = � x0! c=`. Herex0 is an arbitrary length

scale which we factor out so thatg0 has units of a frequency. This interaction couples the cavity

photons to the mechanical position and is the key to prepare and read out the mechanical motion
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through the output light.

Both the cavity and the mechanical system have their own baths. The cavity bath consists

of photons which are outside the cavity and can enter and exit through the �xed mirror. The

mechanical bath includes degrees of freedom like ambient gas particles which can collide with

the mechanics or phonons in the support structure suspending the movable mirror. Both baths

consist of a large number of modes. In general, we write the bath Hamiltonian and coupling to

the system as

Hbath = � p~! pAy
pAp + � p~� pB y

pBp

� i~� p
�
f payAp � f ?

p aAy
p

�
� i~� p

�
gpbyBp � g?

pbBy
p

�
:

(2.10)

Here theAp; Bp are the cavity and mechanical bath modes, indexed by an arbitrary labelp,

and ! p; � p are the frequencies of these modes. We have have also introduced the mechanical

annihilation operatorb, and the coupling constantsf p; gp.

The bath modes can be integrated out by solving their equations of motion explicitly in

terms of their initial conditions and the system variables. Within the Markovian approximation,

we can de�ne the bath “input operators” [37,38]

A in(t) =
1

p
2�� A

� pe� i! p (t � t0 )A p (t0 )

B in(t) =
1

p
2�� B

� pe� i� p (t � t0 )B p (t0 ) ;

(2.11)

where� A ; � B are the densities of states of the baths. Assuming the couplings are constant for

the modes of interestf p � f; g p � g, these quantities are related to the cavity and mechanical

energy loss rates via� = 2�f 2� A ; 
 = 2�g 2� B respectively. We then de�ne the input mechanical
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forceFin in terms ofB in andB y
in . The input force consists of the deterministic signalFsig(t) plus

random Brownian noise, which we model as usual thermal (Johnson-Nyquist) white noise (4.13).

The cavity mode, on the other hand, will be driven by an external laser. In other words,

we take the cavity input modes to consist of �uctuations around a classical background. This

effectively displaces the cavity operators bya ! (� + a)e� i! L t , with ! L the frequency of the

monochromatic laser and� /
p

P=~! L � the drive strength in terms of the laser powerP and

cavity energy loss rate� . We move to a frame co-rotating with the drive by applying a unitary

transformU = ei! L ayat to the Hamiltonian. This modi�es the cavity Hamiltonian to

Hcav = � ~� aya (2.12)

where� = ! L � ! c, is the detuning due to the drive. Here we will work on resonance when

� = 0 . For a strong drive, we can linearize the Hamiltonian in the �uctuations,

H int = ~g0�
x
x0

(a + ay) + ~g0� 2 x
x0

: (2.13)

The second term here is just a constant radiation pressure which shifts the equilibrium position

of the mechanical resonator. We can re-absorb this into the de�nition of the constants, thus we

drop this term in the following. De�ning the quadratures of the cavity to beX̂ = ( â + ây)=
p

2

andŶ = � i (â � ây)=
p

2, we have the commutation relation[X̂; Ŷ ] = i , and obtain the effective

optomechanical interaction Hamiltonian,

H int = ~GxX (2.14)
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where the effective optomechanical coupling strength is de�ned asG =
p

2g0�=x 0 which has the

dimension of frequency per length. Here we have chosen a gauge where the coupling is purely

between the mechanical positionx and optical amplitude quadratureX for notational simplicity.

All told, we can now write down the Heisenberg-Langevin equations of motion for the

optical and mechanical quadratures. These read

_X = �
�
2

X +
p

�X in

_Y = � Gx �
�
2

Y +
p

�Y in

_p = � ~GX � 
p + Fin � m! 2
mx

_x =
p
m

:

(2.15)

Here, the input optical quadratures are de�ned asX in = ( A in + Ay
in )=

p
2; Yin = � i (A in �

Ay
in )=

p
2. These represent the vacuum �uctuations of the light around the classical laser drive,

and are taken to satisfy white noise correlation functions of the form

hX in (t)X in (t0)i = hYin (t)Yin (t0)i = � (t � t0)

hX in (t)Yin (t0)i = 0:

(2.16)

Note that this assumes the �uctuations are not correlated; these relations are modi�ed in the

presence of non-trivial input states, for example squeezed light.

Each input �eld has a corresponding output �eld. These are related by the input-output
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relations

X out = X in �
p

�X

Yout = Yin �
p

�Y:

(2.17)

The output phase quadratureYout is what we have experimental access to, via an external

homodyne interferometer. Thus, we want to solve forYout in terms of the various input �elds.

This is trivial in the frequency domain since the equations of motion are linear. In terms of the

mechanical and cavity response functions (4.9), one �nds easily that

Yout = ei� c Yin + G� c� m [Fin � ~G� cX in] : (2.18)

Here we de�ned the “cavity phase shift”

ei� c = 1 �
p

�� c =
� i� � �= 2
� i� + �= 2

: (2.19)

To estimate the forceF on the mechanics given our observedYout , we can simply divide through

with the appropriate coef�cient and de�ne an estimator for the force:

FE =
Yout

G� c� m
: (2.20)

As we will discuss in chapter 4, the noise in the measurement protocol is characterized by

the noise power spectral density (PSD), de�ned as in (4.12). Here, using (2.18) and the various
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noise correlation functions, we obtain

N (� ) =
1

jGj2j� cj2j� m j2
+ NBM + ~2jGj2j� cj2: (2.21)

The �rst term here is the shot noise arising from the statistical counting errors of photons. The

middle term is the thermal noise. The last term denotes the back-action noise arising from the

light randomly pushing the mirror around while probing the system.

Here, we notice that the shot noise term is inversely proportional toG whereas the back-

action term is directly proportional toG. We can thus optimize these two terms with respect to

the optomechanical coupling strengthG which is in turn dependent on the laser power. Note that

this procedure is done at some particular, �xed frequency. Differentiating with respect toG one

�nds the optimum

jGopt j2 =
1

~j� cj2j� m j
: (2.22)

For a sinusoidal signal of frequency1=� and assuming a small damping coef�cient
 in the band

of � � ! m , the noise spectrum is well approximated by

N (1=� ) �
~m
� 2

+ NBM : (2.23)

The variance in the measured impulse with this measurement protocol would then be given by

� p2
noise = NBM � +

~m
�

= NBM � (1 + � 2) (2.24)

where� =
q

~m
� 2NBM

.
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Chapter 3: Impulse Metrology and its Application in Dark Matter Searches

Parts of this chapter have been published in Carney, Ghosh, Krnjaic, Taylor, Phys. Rev.

D 102, 072003 [21] with collaborators Daniel Carney, Gordan Krnjaic and Jacob M. Taylor.

Some of the other content is part of a manuscript in preparation with Jacob M. Taylor and with

contributions from the collaborators at the Windchime Project.1

3.1 Introduction

The quantum limits to the measurement of the position of an object have a long history,

going back to the birth of quantum mechanics. The advent of the concept of gravitational wave

detectors like LIGO required researchers to sharpen the mathematics of such measurements and

connect it to physical scenarios, leading to the de�nition of a `standard quantum limit' [28]. At

the same time, researchers realized that there are a variety of ways to go beyond these limits,

including the use of entanglement [39–41], squeezing [42, 43], and quantum non-demolition

measurements [44–46]. Today, groups around the world have realized that the sensing of forces

on masses, typically implemented by measuring their position over time, can yield new insights

and bounds on physics beyond the standard model, particularly with respect to dark matter [21,

47–52].

1I have speci�cally contributed to the analysis of the noise limits and signal to noise ratio (SNR) for the purpose
of gravitational detection of dark matter and to the writing of the Windchime manuscript in preparation.
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In order to measure and bound unknown physics, we must develop the tools for low cost,

large-scale systems of mechanical sensors that operate below the standard quantum limit. This

means balancing performance and scalability.

Figure 3.1: Schematic diagram of an optical cavity with a movable mechanical oscillator on one
side where the cavity resonance frequency! c is set by the wavelength of light. Here we represent
how a passing dark matter particle can exert an impulse which can be inferred from monitoring
the position of the mechanical oscillator.

3.2 A Toy Model for Impulse Detection

We now turn to our metrology task at hand: looking for a small impulse delivered to a mass.

Consider a series of pulsed measurements separated by a time� of the position of the particle,

x1; x2; : : :. Working for now in the free particle limit, we get a relationship:

x i = x i � 1 + vi � 1� (3.1)

vi = vi � 1 + I i =M (3.2)
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where I i is an impulse delivered just after the previous measurement,vi is the velocity of

the particle andM its mass. The impulses provide a way to account for backaction due to

measurements, heating due to interaction with the surrounding bath, and the actual signal

desired. This is overly simplistic, but helps us capture our overall goal for understanding.

Inverting the �rst equation yieldsvi � 1 = x i � x i � 1

� . Thus the double difference gives

I i � 1=M = vi � 1 � vi � 2 =
x i � x i � 1

�
�

x i � 1 � x i � 2

�
: (3.3)

That is, we get this impulse by taking the estimate of the second derivative ofx(t), which in turn

is the difference of the estimates of the velocity at two points in time.

Now we can ask, how well can we estimate the velocity of this mass by monitoring the

position over time? One approach is the quantum optics, continuous time measurement approach

using techniques of quantum non-demolition measurement [33, 36, 44, 46] and we elaborate on

these results in chapter 4.

In this chapter, we �rst investigate the impulse due to the gravitational interaction with dark

matter and then we address the question whether we can we approach thermal limits due to the

interaction of the detector with the surrounding bath for such measurements.

3.3 Gravitational Impulse from Dark Matter

Our basic problem is the detection of a passing DM particle via gravity. See �gure 3.2

for a diagram of the kinematics. We are interested in the Newtonian gravitational forceFN =

GN m� mdr̂ =r2 between a detector of massmd and DM particle of massm� . A lab at rest on Earth

sees the DM pass by with average “wind speed”v � 220 km=s. Thus the DM imparts momentum
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Figure 3.2: Kinematics of the long-range scattering event. A particle passes near the sensor, with
impact parameterband velocityv. This leads to an effective interaction time� � b=v.

to the detector on a very short timescale� . For a �ducial impact parameterbof approximately a

millimeter, we have� � b=v� 10� 8 s.

The fundamental limitation to force sensing is noise. The total force incident on the sensor

is

Fin (t) = Fsig(t) + Fth (t) + Fmeas(t): (3.4)

The �rst term is the signal. For the purpose of impulse detection which is the integrated

force over time, we only need to focus on the transverse component of the force, perpendicular

to the dark matter trajectory (see �gure 3.2),

Fsig =
GN mdm� b

(b2 + v2t2)3=2
: (3.5)

The noise termsFnoise = Fth + Fmeas are random variables. The measurement-added noiseFmeas

is a fundamental quantum limitation, and depends on the system observable we probe and how
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Figure 3.3: Detectable DM event rates, with a variety of detector con�gurations. Thick lines
correspond to number of events per year, assuming all DM particles have massm� . The1=m�

falloff in the rate is due purely to number �ux (see equation 3.11); by construction, all DM
candidates passing through the detector are detected with at least5� con�dence. Solid lines are
labeled by the array lattice spacing (mm, cm, or 10 cm) of the detector and individual sensor
masses (milligram in blue or gram in red). Dashed lines labeled by temperature (4 K or 10 mK)
demonstrate the increased sensitivity of our scheme with improved environmental isolation. Here
we are assuming background gas-limited environmental noise with the same �ducial parameters
as in 3.10.

precisely we perform the readout (see [30] for a review). Meanwhile, the thermal noiseFth is set

by the detector temperatureT and the nature of the thermal bath coupling to the detectors, but

independent of the measurement readout scheme.

The total impulse delivered to the detector is,

I =
Z t int =2

� t int =2
dt Fsig(t) ! 2GN mdm� �=b2 = 2F �; (3.6)

where t int is the integration time for the measurement,F is the average force, and
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we assumet int � � and suf�cient incoming velocity so that we can approximate the

DM as moving on a straight-line track. The noise is characterized by the variance

h� I 2i =
R R

dtdt0 hFnoise(t)Fnoise(t0)i . For stationary noise, this correlation function is

proportional to� (t � t0). Thus the noise grows as a square root in time

� I 2 = �t int ; (3.7)

for some constant� , characteristic of Brownian motion. Since the integrated signal strength

grows approximately linearly int int while the DM is nearby and the noise only grows as
p

t int ,

an appropriately chosent int � � serves to average out the �uctuations caused by the noise. We

can further improve the situation by letting a single DM particle interact withN > 1 sensors.

Assuming the noise is not correlated across these, the standard error decreases like1=
p

N . Thus,

in total, the signal-to-noise ratio (SNR) is given by

SNR2 = F
2
N�=�; (3.8)

taking the measurement integration timet int � � . It is critical that the signal here is the entire,

correlated track of moving detectors. This in particular means that our backgrounds –that is,

events other than passing DM which likewise trigger a correlated track of displacements– are

very different from traditional direct detection experiments. It also means that the signal includes

complete directional information.

Our basic result (3.8) can be used to estimate the SNR for any particular detector scheme.

Let us assume that thermal noise is dominant over measurement-added noise. We will return
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to this key assumption later. For detectors mechanically coupled to a support structure at

temperatureT, we have� mech = 4mdkB T 
 with 
 the detector's mechanical damping rate [30].

For freely-falling detectors, we are limited instead by the latent gas pressureP, which gives

� gas = PAd
p

makB T, whereAd is the cross-sectional area of each detector andma is the mass

of the gas atoms [53]. These results are discussed in detail in sections 3.6. Numerically, we thus

obtain the following estimates for the SNR:

SNR2 =
G2

N m2
�

v
L
d4

md

kB T 


� 10� 1 �
�

m�

1 mg

� 2 �
md

1 mg

� �
1 mm

d

� 4
(3.9)

in the case of detectors mechanically coupled to a support structure, and

SNR2 =
G2

N m2
�

v
L
d4

m2
d

PAd
p

makB T

� 104 �
�

m�

1 mg

� 2 �
md

1 mg

� 2 �
1 mm

d

� 4

;

(3.10)

for freely-falling detectors. Here for simplicity we assumed a cubical array of side lengthL (so

that the number of sensors nearest the DM path isN � L=d) with L = 1 m, and assumed dilution

refrigerator temperatureT = 10 mK, helium ion-pump vacuum pressuresP = 10� 10 Pa; ma =

4 amu, mechanical damping
 = 10� 6 Hz, and typical solid density� solid � 10 g=cm3 for the

detectors.

The signal-to-noise ratios (3.9), (3.10) represent our fundamental detection sensitivities. A

DM candidate of massm� passing through a detector will be detected with5� con�dence if the

detector parameters are such that SNR� 5. Clearly, detecting a heavier DM candidate is easier.

On the other hand, the number density of DM at high mass is low. The observed local DM energy
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Figure 3.4: Two-dimensional representation of the array of tethered mechanical sensors: a
passing DM produces a track through the array

density� � � 0:3 GeV=cm3 [11] means that, for a detector of cross-sectionAd, the rate of DM

passing through the detector is

R =
�vA d

m�
�

1
year

�
mPl

m�

� �
Ad

1 m2

�
: (3.11)

In �gure 3.3, we plot our predicted event rates with a variety of detector geometries. With a

billion detectors at the gram scale, Planck-scale (� 1019GeV ) gravitational DM detection is

achievable. Reaching heavier masses can be achieved with a sparse, larger array of detectors.

3.4 Windchime

Based on the detection scheme introduced in section 3.3 [21], a collaboration of particle

physicists and quantum physicists across many different universities and national laboratories

started exploring the idea of gravitational detection of DM [22]. The idea of the detector is based
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on the three dimensional array of force sensors introduced in the previous section 3.3 and as

depicted in Fig. 3.4. The signal of interest is the correlated track due to the long range interaction

with the dark matter particle passing through this array. To reach the desired sensitivity of

gravitational detection of Planck-scale DM, the collaboration members are working on different

categories of challenges. These include device developments, experimental demonstration of

ef�cient measurement protocols, advancing computational, and statistical analysis techniques

and theoretical developments of quantum-enhanced readout techniques along with exploring

searchable DM parameter spaces. A prototype set-up is being built as part of this vision. Beside

the ultimate Windchime goal of gravitational sensitivity, the same device can also be sensitive to

ultralight dark matter, such as through the B–L vector boson interaction [49]. In the near-term

the Windchime collaboration expects to demonstrate sensitivities to a wide range of dark matter

masses.

3.5 Achieving the Velocity SQL

How does the position SQL described in section 2.1, translate into a velocity SQL? We can

simply subtract adjacent position measurements and divide by the time between measurements.

Taking the position imprecisions to be uncorrelated, we get

� v;SQL �
1
�

� x;SQL =

r
~

M�
: (3.12)

This translates our above Windchime numbers into a velocity sensitivity of� 10� 12 m/s if and

when we achieve the SQL. We note, however, that increasing� improves this by
p

� . More
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generally, taking a sphere of density� � 20,000 kg/m3 and radiusR, we get

� v;SQL � 10� 17 m=s
�

1 s
�

1 cm3

R3

� 1=2

: (3.13)

To put this in context, we expect the change in velocity due to a dark matter particle with

impact parameterbto be approximately [21]

v1 � v�1 =
Gm�

bv�
<

Gm�

Rv�
� 6 � 10� 22 m=s

�
m�

mpl

1 cm
R

�
: (3.14)

Let us assume that we have access to some degree of backaction evasion. Let us de�ne

this improvement by the parameterQ� , such that� v;BAE = � v;SQL=
p

Q� . With this, we could

characterize the signal to noise ratio (SNR) for the Planck scale dark matter as,

SNR =
� v;planck

� v;SQL

� 10� 5
� �

1s

� 1=2
�

R
1cm

� 1=2 �
Q�

1

� 1=2

:

(3.15)

If we were only worried about measurement noise and backaction, we see that the best

strategy would be to use a large sphere and a long time, with improvements going as
p

�R . If

the mass and time scale together, the input power to achieve the SQL level resolution remains

the same, so we would not be power limited. However, we do eventually run into limits, with

both laser stabilization and mass size. For Planck mass dark matter, getting to an SNR ofO(1)

would require 1000 seconds between measurements and a radius of 1 meter and a reduction of

backaction noise by at least 40 dB if there were no thermal noise.
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3.6 Thermal Noise Limits

However, in practice a tethered mass will have a thermal background as well. For the same

integration time� , we expect the thermal noise in velocity to accumulate from a Brownian motion

bath as

_p � � 
p + FTh ! � v;Th �

r
4
k bT �

M
(3.16)

where
 is the mechanical damping rate,kb the Boltzmann constant, andT the temperature. Thus

the same long integration times that help for reducing the SQL hurt our ability to distinguish our

target from a thermal background.

If we de�ne the mechanicalQm = ! m=
 m , we �nd that the thermal noise at 10 mK goes

as:

� v;Th � 10� 12 m=s
r

! m �
Qm

�
1 cm3

R3

� 1=2

: (3.17)

Thus we see that short times, long frequencies, and highQs are all desired for the mechanical

system. Note that we are assuming� ! m � 1 (otherwise we are not in the `free particle' limit for

a tethered mass).

We would still be limited by an effective white noise due to gas atoms coming off the walls

of the cryostat leading to a background impulse noise calculated in section 3.3 [21] for free-

falling masses. The background impulse noise due to gas collisions at ultra high vacuum can be

characterized as follows,
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� v;gas �

"
PAd

p
mgaskbT

M 2
�

#1=2

� 10� 21:5 m=s
�

P
10� 15 Pa

� 1=2 �
T

1 K

� 1=4 � �
1 s

� 1=2
�

1 cm
R

� 1=2
(3.18)

where we analyse the collision of a He atom at10 mK with Ad being the cross-section area of

each sensor. This is one way to push the numbers using freely falling masses. Thus we can see

that if we are not limited by the measurement added noise for a freely falling detector and only

experience the noise due to background collision of gas particles, we would be able to achieve

the threshold necessary to detect Planck-scale dark matter particles with roughly anO(1) signal

to noise ratio.

3.7 Broad-band Measurements

Let us now consider signals which have a broad range in the frequency spectrum like the

gravitational impulse signal from dark matter which is almost like an instantaneous interaction.

To calculate the signal to noise ratio in these scenarios we will need to integrate the expected

noise over a large bandwidth in the frequency space. In this case, we generally have a �xed

mechanical resonance frequency and we tune the driving power to achieve the SQL at just one

target frequency and then scan over the broad frequency spectrum. Let us now discuss in detail

about some of the mathematical descriptions of noise we will use throughout this thesis.
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3.7.1 Noise Power Spectral Density

We usually represent the detector sensitivity to these external forces in terms of the noise

power spectral density (PSD) which we will introduce here brie�y. If we are measuring an

observable which gives us the time series of the total force, the force noise PSD is de�ned as,

SF F (� ) =
Z 1

�1
hF̂ y

T (t)F̂T (t0)i ei� (t � t0)dt

=
Z 1

�1
hF̂ y

T (� )F̂T (� 0)i d� 0:

(3.19)

Our goal is to measure the net impulse delivered to the detector. During an optical

measurement we interferometrically read out the output light phase as a time series, and then

process this data to infer the impulse. The simplest option would be to consider the observable

I (� ) =
Z �

0
F (t)dt; (3.20)

where� is some integration time we can choose, andF (t) is estimated from the output phase of

light. The noise in this signal is characterized by the variance,

h� I 2(� )i =
Z �

0
dt

Z �

0
dt0hF̂ y

T (t)F̂T (t0)i

=
Z 1

�1
d�

4 sin2 (��= 2)
� 2

SF F (� ):

(3.21)

This equation says that the RMS net impulse� I (� ) delivered to the device purely by noise is

calculable from the force noise PSD.
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3.7.2 Signal Processing and Optimal Filter Theory

Suppose we have some observed force signalF (t) as a time series, which we have

estimated from our output light. We want to test the hypothesis that there is a signalFsig(t) of

known shape in the data, occurring at some unknown event timete. We thus need to use a �lter

f (t � te) (“template”) to scan the data through convolution. We de�ne our estimator for the

signal

O(te) =
Z

f (te � t)F (t)dt: (3.22)

The noise in this quantity is independent of the event timete. Takingte = 0 for simplicity and

using the convolution theorem, we have

O(0) =
Z

f � (� )F (� )d�: (3.23)

The variance is thus

h� O2i =
R

jf (� )j2SF F (� )d� (3.24)

using our de�nition of the noise PSDSF F (� ). Thus the signal to noise ratio is

SNR2 =
j
R

f � (� )Fsig(� )d� j2
R

jf (� )j2SF F (� )d�
: (3.25)

The question is then: given a particular signalFsig(� ) and noise PSDSF F (� ), what is

the optimal choice of �ltering functionf (� ) which maximizes the signal-to-noise ratio? Let us
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rede�ne the integration variable

du = SF F (� )d�: (3.26)

SinceSF F (� ) > 0 is positive everywhere, this change of variable is a valid transformation. Using

this we can rewrite the SNR as

SNR2 =
j
R

f � (u)Fsig(u) d�
du duj2

R
jf (u)j2du

: (3.27)

We notice that we have an inner product off (u) with the functionFsig(u)d�=du. We want to

maximize this inner product while keeping the norm off �xed. This means that the functions are

necessarily going to be parallel. Thus the optimal choice is

f opt (u) = Fsig(u)d�=du: (3.28)

Inverting this back to frequency domain, we have the simple result for the optimal �lter

f opt (� ) =
Fsig(� )
SF F (� )

: (3.29)

Using this �lter, the signal-to-noise ratio is given by

SNRopt =
Z

jFsig(� )j2

SF F (� )
d�: (3.30)
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3.8 Narrow-band Measurements

For signals which have a narrow or monochromatic frequency characteristic, we can focus

on the noise at speci�c frequencies to maximize the signal to noise ratio. An example of such

a monochromatic signal is the sinusoidal force on the mechanical sensors generated due to the

B � L vector boson interactions with ultra-light dark matter candidates [50]. Here, the best

strategy is to tune the resonance of the mechanical sensors to gain the maximum sensitivity, if

we are limited by the measurement-added noise. However, it is practically dif�cult to search for

a monochromatic signal of unknown frequency by tuning into the resonance for every frequency

in the search regime. Thus a better pragmatic strategy is to have a �xed mechanical resonance

frequency and then adjusting the driving power to achieve the SQL level noise �oor at every

frequency for optical readout. We can also �x bins of frequencies and try to achieve the SQL for

the central frequency of such bins for experimental convenience. We will discuss these strategies

and results in detail again in chapter 5.
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Chapter 4: Backaction Evading Impulse Measurement with Double Sided

Cavity

The content of this chapter has been published in Ghosh et al., Phys. Rev. A 102, 023525

[36] with collaborators Daniel Carney, Peter Shawhan and Jacob M. Taylor1.

4.1 Introduction

The precision of any measurement is limited by noise. Beyond technical sources of noise

such as thermal backgrounds, quantum mechanics imposes a fundamental source of noise: the

act of measurement itself can disturb the system being observed. However, the noise added by

the measurement depends on how and what we probe, and in some settings can be reduced or

even removed by a judicious choice of measurement protocol.

In an optomechanical system such as a laser interferometer, the noise added by

measurement can be decomposed into two parts. The �rst is shot noise, coming from the

�nite counting statistics of the photons used to probe the mechanical system. The other is

measurement back-action noise, which arises because of �uctuations in the radiation pressure

of the light [31, 32]. Early on, it was realized that direct momentum measurements could be

used to reduce measurement-added noise [28,45]. In the context of gravitational wave detection,

1I have speci�cally contributed to the mathematical analysis of this system, noise limits and SNR calculations
along with writing the manuscript.
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Braginsky and Khalili proposed a concrete velocity-meter scheme in 1990 [46], and this idea

has recently been revisited [54–59], with a prototype experiment in progress [60]. Other recent

work has proposed using a discrete momentum measurement for noise reduction in sensing of

forces [61].

Our approach here is to examine the use of continuous momentum measurement to evade

back-action noise in the setting of broadband force sensing, i.e., the detection of rapid impulses.

For other approaches to back-action evasion, see for example [62–66]. We present a treatment

from a purely quantum optics perspective to demonstrate the bene�ts of a “speedmeter” design

for application in a wide variety of sensors beyond gravitational wave detection. The core idea

of our scheme is to monitor the momentum of a mechanical system by coherently integrating the

discrete time derivative of the position. In the limit of low optical losses, this becomes equivalent

to direct momentum measurement. In the ideal setting of a free-falling mirror without dissipation

or losses, such a measurement would enable a complete elimination of all measurement-added

noise, since one can further eliminate shot noise by ramping up the probe laser power. To examine

imperfections and experimental challenges, we study a practical implementation using a pair of

ring cavities, including loss and mechanical noise, which still allows for signi�cant reduction of

measurement-added noise.

The detection of rapid, small impulses is ubiquitous in physics, and these ideas should

have broad applicability. In metrology, our broadband approach for optomechanical sensing

enables applications such as detection of individual low-energy photons or gas collisions with

a mechanical element, which would enable quantum noise-limited pressure calibrations [67–72]

and force sensing [73–77]. In particle physics, low-threshold detection of energy deposition is of

crucial importance in many contexts, for example the detection of light dark matter candidates
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[78–81] and astrophysical neutrinos [82–85]. A concrete application which drove this work is the

detection of tiny gravitational forces generated by transient dark matter particles [21], and this

example is studied in detail in section 4.3.2.

4.2 Continuous Momentum Measurement

We begin with a conceptual outline of the advantages that momentum sensing can provide

over position sensing in the context of short signals. Consider the classic argument for the

“standard quantum limit” (SQL) in a position measurement [31,32]. By measuring the system's

position, we reduce the position uncertainty� x while increasing its momentum uncertainty� p.

Assuming the system Hamiltonian is essentially free between measurements, this state will spread

to an uncertainty� x0 = � x + � � p=mafter a short time� . Thus, a subsequent measurement of

the system will suffer this increased uncertainty. One could try to probe the system with more

measurements (decrease the shot noise), but this will increase the momentum spread� p (increase

the back-action). Position measurement then involves a fundamental trade-off between these two

effects; the optimization leads to the SQL uncertainty� x2
SQL = ~�=m.

Momentum measurement, on the other hand, does not suffer from this competition. If we

�rst measure the momentum of the system, this will decrease the momentum uncertainty� p. The

subsequent free evolution of the system will then preserve this uncertainty, since[H; p] = 0. One

can therefore monitor the momentum with arbitrarily low noise by increasing the rate or strength

of these momentum measurements. This represents the “quantum non-demolition” nature of the

momentum measurement [45]. If the measuring apparatus is not truly free but has an external

potential, for example a harmonic trap, the non-demolition behavior should hold as long as we
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perform measurements much faster than the internal dynamics of the device.

Figure 4.1: Top: Concrete realization of a velocity measurement, using a pair of optical ring
cavities separated by a delay line with a suspended mirror as the detector. Each probe photon
imparts a momentum+ k on the central mirror in the �rst cavity. After going through a short
delay line and into the second cavity, the photon then imparts a momentum� k on the mirror,
and is �nally read out by an interferometer. The net phase picked up by the light is� � /
x(t) � x(t + td) / v. The two impulses cancel and lead to zero net impulse on the mirror, which
amounts to a back-action evading measurement. Bottom: Quantum measurement-added force
noise (shot noise plus back-action) in typical position sensing and velocity sensing protocols.
Reduction of the back-action noise in the velocity protocol leads to substantial improvements in
force sensitivity over a broad band at low frequencies. See �gure 4.2 for detailed explanations of
the behavior in this plot as well as the relevant detector parameters.
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To illustrate this general idea, we now study a concrete optomechanical realization where

two ring cavities share a common mechanical element, a two-sided mirror (see �gure 4.1). The

light interacts with the shared mirror twice from opposite directions with a short time delaytd. In

the �rst interaction, the light picks up a phase shift proportional to the mirror positionx(t) at the

time of interactiont. After being run through an optical delay line and fed into a second cavity,

the same light then picks up an additional phase shift/ � x(t + td), the mechanical position at

the time of the second interaction. This imprints a discrete estimate of the mechanical velocity

onto the phase of the light� � x(t) � x(t + td), which can then be read out directly through an

interferometer. The same basic setup was proposed in [46, 58] as a “speedmeter”, with the goal

of searching for gravitational waves. Here we focus instead on the use of this protocol for direct

sensing of small impulses (momentum transfers) on a mechanical element.

From this picture, one can see the microscopic mechanism for evasion of the back-action

noise: �uctuations in the laser radiation pressure are equal and opposite between the two

subsequent light-mechanical interactions, leading to a total change in the mirror momentum that

approaches zero. In a practical setting, this cancellation is limited by optical losses. We now

study this model using the tools of quantum optics to understand the roles of imperfections and

noise in limiting this system for momentum measurement.

We remark that a short, sharp force applied to the system leads to a breaking of the quantum

non-demolition condition. Thus, measuring the effect of a sharp force over a short time would

best be done by monitoring the momentum before and after the event, such as a gas molecule

hitting the mirror. However, here we show that continuous momentum measurement provides a

similar bene�t in the free fall limit.

46



4.2.1 Detector Con�guration and Noise

Consider a pair of optical ring cavities which share a common mechanical element, taken

to be a harmonic oscillator (e.g. a high-quality mirror suspended as a pendulum) with natural

frequency! m , used here as a resonator. If we monitor the system much more rapidly than its

mechanical frequency, we can approximate the dynamics as those of a freely falling system with

! m ! 0. While ! m ! 0 can be achieved by simply dropping the system, keeping a mechanical

tether and thus a �nite! m allows us to track corrections from a con�ning potential to the quantum

non-demolition bene�ts that we can hope to realize.

The combined optomechanical system formed by the cavities, mechanical resonator, and

their baths can be characterized by the Hamiltonian

H tot = Hcav + Hmech + Hbath

Hcav = ~!a ya + ~! 0a0ya0

Hmech =
p2

2m
+

1
2

m! 2
mx2:

(4.1)

Herea anda0denote the annihilation operators for the optical cavities. The frequencies! and! 0

are the resonance frequencies of the cavities. These are functions of the lengths of the cavities,

which in turn depend on the mechanical displacementx of the resonator:! = ! (x); ! 0 = ! 0(x).

For small displacements, we can Taylor expand the frequencies, and obtain

Hsys = ~! c
�
aya + a0ya0

�
+ Hmech

+ ~
�
g0aya + g0

0a0ya0
� x

x0
:

(4.2)
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The �rst line contains the kinetic terms for the two cavities and the resonator, where we have

taken the two cavities to have the same frequency! c = ! (0) = ! 0(0) when the mirror is at

its equilibrium position. The second line encodes the optomechanical coupling with strength

g0 = x0
d!
dx = � x0! c=` = � g0

0, where` is the equilibrium length of the cavity andx0 is a

length parameter which transforms the coupling strength to a frequency. The key point is that the

two cavity-mechanical couplings differ by a relative minus sign, corresponding to the fact that

displacements of the resonator generate opposite frequency shifts in the two cavities.

We now examine the system using the input-operator formalism [38] (see section 2.2 for

a review in the case of a single-sided cavity). To understand the measurement procedure, we

consider driving the �rst cavity with a monochromatic laser. This effectively displaces the cavity

operators bya ! (� + a)e� i! L t , with ! L the frequency of the monochromatic laser and� /

p
P=~! L � the drive strength in terms of the laser powerP and cavity energy loss rate� . We

have factored out the drive-frequency time dependence in the light �uctuations (i.e. we work

in the frame co-rotating with the drive). We assume suf�cient drivingj� j � 1 so that we can

linearize the interaction Hamiltonian around the drive. We choose a gauge such that� is purely

real, and lock the laser to provide zero detuning� = ! L � ! c = 0. We then obtain the total

Hamiltonian for the system

Hsys = Hmech + ~GxX � ~G0xX 0: (4.3)

HereX = ( a + ay)=
p

2 and similarlyX 0 are the amplitude quadratures of the cavity modes.

The drive enhances the effective optomechanical coupling strengthG =
p

2g0
x0

� in the �rst

cavity which has the dimension of a frequency per length; in the second cavity, we haveG0 =
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�
p

1 � LG, whereL represents loss of photons as they traverse the delay line. We will justify

this shortly [see (4.6)].

The system is subject to dissipation via the bathHbath . The cavity bath consists of the

cavity photons leaking through the mirrors and the mechanical bath consists of, at least, ambient

gas molecules in the chamber and phonons in any support structure. Tracing out the bath with

the input-operator formalism, we can study the evolution of the system in the Heisenberg picture.

The equations of motion of the cavities and resonator are

_X = �
�
2

X +
p

�X in

_Y = � Gx �
�
2

Y +
p

�Y in

_X 0 = �
�
2

X 0+
p

�X 0
in

_Y 0 = G0x �
�
2

Y 0+
p

�Y 0
in

_p = � ~GX + ~G0X 0 � m! 2
mx � 
p + Fin

_x =
p
m

:

(4.4)

Here,
 is the mechanical energy damping rate,Fin is the external force (including noise) incident

on the resonator,Y = � i (a � ay)=
p

2 and similarlyY 0are the phase quadratures of the cavities,

andX in ; Yin ; X 0
in ; Y 0

in represent the vacuum �uctuations of the cavities. These satisfy the white

noise correlation functions of the form

hX in (t)X in (t0)i = hYin (t)Yin (t0)i / � (t � t0) (4.5)

and similarly for the primed correlators. The force noise will be discussed in detail when needed.
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Each cavity has both an input and output �eld associated to it. Ultimately we want to read

out the phase quadrature of the second cavityY 0
out . The output �elds are related to the input �elds

by the usual input-output relations (again see section 2.2 for a review). Here we also need to

model the delay line. Photons traversing the delay line can be lost, so we model the line as a

beam splitter with a dimensionless loss coef�cientL, leading to the input-output relations

X out(t) = X in(t) �
p

�X (t)

Yout(t) = Yin(t) �
p

�Y (t)

X 0
out(t) = X 0

in(t) �
p

�X 0(t)

Y 0
out(t) = Y 0

in(t) �
p

�Y 0(t)

X 0
in(t) =

p
1 � LX out(t � td) +

p
L ~X in(t)

Y 0
in(t) =

p
1 � LYout(t � td) +

p
L ~Yin(t):

(4.6)

Here ~X in; ~Yin are the input noise �elds associated with the loss in the delay line, taken again

to satisfy the vacuum noise correlations (4.5). The last two equations here justify the relation

G0 = �
p

1 � L G between the two driven coupling strengths.

We are interested in monitoring the external forceFin acting on the mechanical system.

This force is imprinted onto the mechanical displacementx(t). Working in the frequency domain,

we can easily solve the equations of motion (4.4), (4.6) to �nd the mechanical displacement:

x(� ) = � m (� )Fin(� ) + xn(� ); (4.7)
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where the term due to measurement noise is

xn = � ~G� m � c
��

1 + (1 � L)ei ( �t d + � c )
�

X in

+
p

L(1 � L) ~X in

i
:

(4.8)

Here we de�ned the cavity and the mechanical response functions and the phase,

� c =
p

�
� i� + �= 2

� m =
� 1

m(� 2 � ! 2
m + i
� )

ei� c = 1 �
p

�� c:

(4.9)

At very low frequency,� � 0 and with a small amount of lossL � 0, G0 ! � G andei� c ! � 1,

thus the term proportional to the input noiseX in in the position variable vanishes. This amounts

to back-action evasion in the low frequency part of the measurement: there is no net force from

the �uctuations in the radiation pressure. The noise from the delay loss~X in will also be negligible

in this limit.

The mechanical displacement is in turn imprinted onto the phase quadratureY of the light

through the optomechanical couplingH int � GxX . We then read out the output lightY 0
out from

the second cavity, from which we infer the external forceFin . The equations of motion (4.4),

(4.6) yield the output light phase

Y 0
out =

p
Lei� c ~Yin +

p
1 � Lei ( �t d +2 � c )Yin

+ G
p

1 � L� c
�
1 + ei ( �t d + � c )

�
x:

(4.10)

Given the measured output lightY 0
out , we estimate the force by simply dividing through with the
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appropriate coef�cient:

FE =
Y 0

out

G
p

1 � L� c� m (1 + ei ( �t d + � c ))
: (4.11)

In order to calculate our sensitivity to various signals, we need the noise in the force

estimator. We de�ne the force noise power spectral density (PSD) in the usual way,

hFE (� )FE (� 0)i = N (� )� (� + � 0) = SF F (� )� (� + � 0): (4.12)

We will see later how exactly this is used to determine sensitivities, but the intuition is

that for a broadband impulse signal, sensitivities are set by an integral ofN (� ) over the relevant

frequency band. Let us assume that the input forceFin is purely thermal (Johnson-Nyquist) noise,

so that

hFin (t)Fin (t0)i = NBM � (t � t0); NBM = 4m
K B T (4.13)

with T the temperature of the bath coupled to the resonator. Then the force noise PSD can be

computed directly using (4.10), (4.11), (4.12) and the vacuum noise correlation functions (4.5):

N (� ) =
1

4(1 � L)jGj2j� cj2j� m j2 cos2( �t d + � c
2 )

+ NBM + 2~2jGj2j� cj2
�
1 �

L
2

+
(1 � L)

� 2 + � 2=4
[�� sin(�t d) + ( � 2 � � 2=4) cos(�t d)]

�
:

(4.14)

The �rst term here is the shot noise arising from the statistical counting errors of the laser photons.

The middle term is the thermal noise. The last term denotes the back-action noise arising from
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the light pushing the mirror around while probing the system. At low frequency, the term in the

bracket is proportional toL=2 and thus the back-action noise vanishes to the lowest order of the

loss coef�cient. We plot this noise PSD in �gure 4.2. For comparison, we present the analogous

noise PSD for a standard single-sided cavity force sensor (2.21) in the same �gure (see section

2.2 for details).

In order to get some intuition about the noise in this protocol, �rst consider the high- and

low-frequency behavior of the noise PSD (4.14). At arbitrarily low frequencies� , the noise PSD

diverges:

N (� ) ��!
� ! 0

m2� 3! 4
m

4jGj2(4 + �t d)2

1
� 2

: (4.15)

Meanwhile, at very high frequencies we also have a divergence

N (� ) ���!
� !1

m2

jGj2�
� 6 : (4.16)

These two limits mean that for a given broadband force signal, the very low and very high

frequency parts of the signal will not be visible above our noise. Thus our protocol automatically

comes with an effective bandwidth. We will discuss this in detail in examples.

We will be particularly interested in signals of very short temporal duration� . If this is

short compared to the natural period of the mechanical resonator,! m � � 1, then the resonator is

essentially a freely falling body over the time period of integration. We thus focus on frequencies
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Figure 4.2: Force noise power spectral densities for position sensing in a standard single-sided
optomechanical cavity (top) and our velocity sensing protocol in a double ring cavity (bottom).
See equations (2.21) and (4.14), respectively. In addition to the spectrally �at thermal noise,
we have shot noise and measurement back-action curves. One can clearly see that back-action
noise in the velocity sensing protocol is substantially reduced in the range! m . � . � . The
spiky features at high frequency come from resonance effects in the two-cavity response function
/ ei [�t d + � c (� )] . Here in both cases the detector parameters are taken asm = 1 g; ! m = 1 Hz; 
 =
10� 4 Hz; � = 10 MHz, at bath temperatureT = 10 mK. In the position sensing protocol,
optomechanical couplingG is optimized as in equation (2.22) with� = 1 � s. In the velocity
sensing protocol, the delay line parameters are taken astd = 10 � s; L = 10 � 4, and the coupling
is optimized as in (4.20).
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satisfying

! m � � < �: (4.17)

In this regime, assuming that the damping of the mechanical resonator is small (
 � ! m ), we

can approximate the noise PSD as

N (� ) � ~NBM + � � 2: (4.18)

Here

~NBM = NBM +
4~2jGj2L

�

� = ~m
�

m� 3

4~jGj2(4 + �t d)2
+

4~jGj2(4 + �t d)2

m� 3

�
:

(4.19)

We see that there is a white noise contribution (i.e. a renormalization of the thermal noise) as

well as frequency-dependent contributions from both the shot and back-action terms. Above� &

p
�= 2td, the shot noise term begins to dominate. At these high frequencies, back-action evasion

is not effective, and the shot noise term is dominated by the cavity and mechanical response

functions.

For small lossL � 0, we can minimize the noise (4.18) with respect to the optomechanical

coupling strengthG, i.e. by varying the laser powerP. Differentiating, one �nds the optimized

coupling

jGopt j2 �
1
4

m� 3

~(4 + �t d)2
: (4.20)
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Using this, the noise PSD (4.18) becomes

N (� ) � NBM +
~m
t2
d

�
L + � 2t2

d

�
: (4.21)

We can compare our results to those of the speedmeters being developed for gravitational

wave detection, e.g. [58]. Since the force and position noise spectral densities are related

by a simple transfer function,Sxx = j� m j2SF F , it is clear that the back-action evasion our

protocol achieves is proportionally the same whether reported in position or force units. We

obtain a similar basic pattern of noise reduction as [58]: sub-SQL noise in a reasonable band of

frequencies, which must be targeted to the desired signal. For gravitational wave detection, the

frequencies of interest are near the audio band; here, we are focused on much higher-frequency

(radio band) signals, so we have chosen our system parameters accordingly. Moreover, we are

focusing here on substantially smaller devices–milligram scale, compared to the gravitational

speedmeter experiments with up to 200 kg mirrors, and accordingly smaller cavity lengths. In

practice this is a much easier regime for dealing with issues of loss. The basic ideas here could

potentially be demonstrated in a chip-scale device as proof of principle before being scaled to

macroscopic devices.

4.2.2 Impulse Inference

Our goal is to measure the net impulse delivered to the detector. We interferometrically

read out the output light phaseY 0
out (t) as a time series, and then process this data to infer the
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impulse. The simplest option would be to consider the observable

I (� ) =
Z �

0
F (t)dt; (4.22)

where� is some integration time we can choose, andF (t) is estimated from the observedY 0
out (t)

using (4.11). The noise in this signal is characterized by the variance,

h� I 2(� )i =
Z 1

�1
d�

4 sin2 (��= 2)
� 2

N (� ): (4.23)

This equation says that the RMS net impulse� I (� ) delivered to the device purely by noise is

calculable from the force noise PSD. As we have seen above,N (� ) has power law divergences

at both high and low frequencies. In (4.23), the sinc function will provide a cutoff on the high-

frequency divergence, but the low-frequency divergence is still present. This means that we would

naively infer that an in�nite random impulse was delivered to the device! Of course, the actual

physical impulse is �nite. The divergence comes from the shot noise, i.e. counting statistics in

our readout photons, and represents the fact that at low frequency this noise becomes arbitrarily

large.

This suggests that we use a more intelligent observable than simply the integrated force.

Suppose that we are looking for signals of a known shape in timeFsig(t). We want to test for the

presence of this signal in our dataF (t). To do this we construct an observableO(t) by �ltering

our data, where the �lter scans over different possible event timeste:

O(te) =
Z

f (te � t0)F (t0)dt0: (4.24)
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By the convolution theorem, for a �xed time (without loss of generality, we can assumete = 0),

the variance in this estimator is,

h� O2i =
Z

jf (� )j2N (� )d�: (4.25)

For example, a box �lterf (t) = �( t � � ) � �( t) reproduces the simple estimator (4.23). The

signal to noise ratio (SNR) is then de�ned by

SNR2 =
j
R

f � (� )Fsig(� )d� j2
R

jf (� )j2N (� )d�
: (4.26)

Now we need a speci�c �lter function which optimizes this signal to noise ratio. As we showed

in section 3.7.2 that the SNR is optimized by the �lter

f opt(� ) =
Fsig(� )
N (� )

: (4.27)

This is sometimes referred to as “template matching” [86, 87]. It says that the optimal �ltering

protocol is to scan for the expected signal shape renormalized by the noise model. With this

choice of �lter, the signal to noise ratio is given simply by

SNR2
opt =

Z 1

0

jFsig(� )j2

N (� )
d�: (4.28)

Here we see a more robust interpretation of the divergences in our noise PSD: the very low and

very high frequency parts of the spectrum make no contribution to the SNR.
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4.3 Example Signal-to-Noise Calculations

With our measurement protocol and corresponding noise PSD, we can now study our ability

to detect particular signals. We begin with an instantaneous force, and then move on to the case of

momentum transfer into a sensor by a passing object coupled to the sensor through a long-range

force, for example gravity.

4.3.1 Instantaneous Force

Consider an instantaneous force signal

Fsig(t) = � p� (t � t0): (4.29)

This is a �at function of frequency,Fsig(� ) = � pei�t 0 =
p

2� . To estimate the signal-to-noise ratio

achievable for such a signal, consider the optimal �lter result (4.28). As discussed above, our

noise PSD starts to diverge for� &
p

�= 2td. There is also a low-frequency divergence starting

around the mechanical frequency� � ! m . In practice, there can also be some low-frequency

cutoff set by a maximum integration time; for example, if we are trying to resolve individual

impacts to a sensor which occur at some rate� coll , the signal from an individual event can only

be obtained from frequencies� & 1=�coll . Given these limits, we can then approximate (in fact,
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lower-bound) the SNR, using (4.28) and (4.18), as

SNR2 &
� p2

2�

Z p
�= 2td

� � 1
coll

d�
~NBM + � � 2

�
� p2

4
p

� ~NBM

:

(4.30)

The approximation in the last line holds if
q

� �= 2 ~NBM td � 1 �
q

� = ~NBM � 2
coll . The �rst

condition says that the detector can move information between cavities fast, and the second says

that the collisions do not occur too rapidly, in comparison to the typical time scales occurring in

the noise.

As an example, consider the following problem: can we use this protocol to count

individual gas collisions with a sensor? Concretely, imagine that we place our sensor in a

vacuum chamber and continuously monitor it with our protocol. Let's assume that the sensor is

freely-falling, or at least that the mechanical damping
 is so low that we can ignore phononic

loss into the support, so that the only “thermal noise” comes from individual gas collisions

with the device. We would then view the noise PSD as coming strictly from the quantum

measurement-added noise, and the gas collisions are actually the signal we try to detect above

the noise. We thus haveN (� ) = ~m(L=t2
d + � 2), and the SNR for a single gas collision

transferring a momentum� p (taken to occur instantaneously) is then just the
 ! 0 limit of

(4.30),

SNR2 =
� p2tdp

L~m
: (4.31)

This simple answer has a satisfying interpretation: the factor~m=td is what one would naively
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obtain for a standard quantum limit on impulse sensing over a timetd (cf. the expression for SQL

position uncertainty� x2
SQL = ~t=m). We are then seeing a noise below the SQL by a factor of

the delay line lossL1=4, the limiting factor in our protocol. This represents the central idea in

this paper: inferring force through a direct measurement of the momentum out-performs use of a

position measurement. In the next section, we will see the same behavior for a different problem,

the detection of impulses from long-ranged forces.

Numerically, we have in this limit

SNR � 1 �
�

� p
10 keV=c

� �
1 fg
m

� 1=2 �
10� 4

L

� 1=4

; (4.32)

assuming a delay timetd � 10� 5 sec.2 Consider helium gas at room temperature. If the atoms

scatter elastically off the sensor, the typical momentum transfer should be of the order� p �

p
mgaskB T � 10 keV=c. Thus, with a femtogram-scale detector (e.g. [88–90]), we would have

the ability to resolve the individual gas collisions above the measurement noise.

Qualitatively, this calculation illuminates a fundamental limitation to momentum sensing.

When we look for our signal, we assume some kind of template �tting, as discussed in

the previous section. Naively, one might have expected that the best strategy to detect an

instantaneous force would be to use a template that is essentially itself a delta function in time.

But this is not right: if one only integrates the signal instantaneously, the detection will be limited

by shot noise, and in fact the SNR is strictly zero. Quantitatively, we can see that our optimal

�lter (4.27) has a bandwidth� � �
p

�= 2td, and thus �nite support as a function of time.

2This would require an extremely long optical �ber, but could also be achieved for example by using a third
cavity as the “delay line”.
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Figure 4.3: Kinematics of the long-range scattering event. A particle passes near the sensor, with
impact parameterband velocityv. This leads to an effective interaction time� � b=v.

4.3.2 Long Range Forces

Now we consider detection of some object approaching the sensor and interacting with it

through a long range force. Our primary motivation here is the gravitational detection of passing

dark matter [21], but the problem can be phrased more generally. We consider a1=r potential

between sensor and incoming particle

V(t) =
�

r (t)
: (4.33)

Here� is a constant with dimensions ofenergy� length which characterizes the long range force.

For example,� = Q1Q2=4� for the Coulomb force between two charges, or� = GN m1m2 for

the Newtonian gravitational force.

Consider a particle passing by the detector at a high velocityv and impact parameterb

interacting with a sensor via (4.33), as in �gure 4.3. For simplicity, we assume that the particle's

trajectory is a straight line. Almost all of the momentum is transferred to the sensor over a
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Figure 4.4: Signal to noise ratio for long range force detection, as a function of �y-by time� . We
see a clear improvement in the SNR obtained with our velocity sensing protocol (4.14) compared
to the result with position sensing (2.21), for fast signals. For slow signals (here,� & 1 ms),
the measurement-added noise becomes subdominant to the thermal noise, and our back-action-
evasion scheme does not help. To check our approximate result (4.37), we also display the exact
SNR calculated using the full noise PSD (4.14) and signal (4.35). Here we use the same detector
parameters as in �gure 4.2 and at optimized G for both cases [see (4.20),(2.22)], and use the
gravitational dark matter signal as in (4.41) with a very heavy dark matter candidatem� = 10 mg
and impact parameterb= 1 mm.

timescale� � b=vwhen the particle is nearest to the sensor. The force acting on the sensor

has pieces parallel and perpendicular to the particle track. The parallel component of the force

exerted over this time period transfers no net momentum to the sensor. Thus we focus on the

perpendicular component of the force,

Fsig =
�b

(b2 + v2t2)3=2
: (4.34)

The Fourier transform of this signal is

Fsig(� ) =

r
2
�

� j� j
v2

K 1

�
b
v

j� j
�

(4.35)
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whereK 1 is a modi�ed Bessel function. For the purposes of estimating a signal-to-noise ratio in

(4.28), we can approximate (in fact, underestimate) this signal using an exponential

F approx
sig (� ) =

r
2
�

�
bv

e(� � j� j=2): (4.36)

As discussed in the previous section, the noise PSD starts to diverge at frequencies above

� &
p

�= 2td. We can therefore approximate the signal-to-noise ratio (4.28) here as

SNR2 �
2� 2

�b 2v2

Z p
�= 2td

0

e� � �

~NBM + � � 2
d�

&
� 2

b2v2� ~NBM

1
(1 + � )

:

(4.37)

The approximation in the second line is good as long as�
p

�= 2td & 1. The dimensionless

parameter� is de�ned as

� =
q

� = ~NBM � 2 � 1; (4.38)

with this inequality holding in examples, to which we now turn. We have numerically veri�ed

that these approximations to the exact SNR calculated using the full noise PSD (4.14) and signal

(4.35) are highly accurate, see �gure 4.4.

We now use this formalism to show the central result of this paper: momentum monitoring

out performs position monitoring for measuring rapid impulses. Speci�cally, withG optimized as

in (4.20) and with small enough loss coef�cient so that~NBM � NBM = 4
mk B T, we can write

the parameter� 2 = ( ~m=� )=(NBM � ). If our measurement protocol had SQL-level measurement

64



noise (see section 2.2 for details), the variance in our measured impulse would be given by

� p2
noise = NBM � +

~m
�

= NBM � (1 + � 2): (4.39)

Here the �rst term comes from thermal noise and the second from the SQL measurement noise.

In contrast, reading off the denominator of (4.37), we �nd with our protocol that the noise is

� p2
noise = NBM � (1 + � ); (4.40)

thus we have a reduction in noise by a factor1=(1+ � ) � 1. This is the analogue in the long-range

detection problem to the noise reduction displayed in (4.31).

This result could be further improved by including the bene�ts of using squeezed light

for detection. The noise above arises from assuming that theX andY quadratures noises are

uncorrelated, which is an assumption that is broken for squeezed light. For position monitoring,

the appropriate quadrature and amplitude of light – necessary choices for using squeezing to

improve the measurement – depend sensitively on the bandwidth and target frequency of the

signal. That is, shot noise and back-action in those settings scale differently with frequency.

Here, however, the frequency dependence from! m up to � � is the same for both quadratures,

and thus broadband squeezed light suf�ces.

As a numerical example, we now consider explicitly the gravitational detection of a passing

particle, for example a heavy dark matter candidate [21]. The key scaling property in this problem

is that the signal strength scales linearly in both the sensor massms and dark matter massm� ,

and is enhanced by small impact parameters as1=b2. In contrast, the noise scales like
p

ms. In
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a terrestrial experiment, individual dark matter particles pass through the lab at the “wind speed”

vDM � 220 km=s. Considering a �ducial impact parameter on the millimeter scale then leads to

a very short �yby time� � 10� 8 sec. In this setting we obtain an SNR

SNR �
GN m� ms

bv
p

�N BM

1
p

(1 + � )

� 10� 3 �
�

m�

10 mg

� �
ms

1 g

� 1
2 � �

10 ns

� �
1 mm

b

� 2

;

(4.41)

where we take the thermal Brownian noise at dilution refrigeration temperatureT � 10 mK and

assumed a very high-Q, low-frequency resonant detector with
 � 10� 4 Hz. The scaling with�

in the numerical estimate here is valid for signals fast enough that� >� 1, in which case the SQL

level measurement added noise is greater than the thermal noise in the system~m=� 2 � NBM .

In this example, the crossover occurs around� � 1 ms, as can be seen from �gure 4.4.

From this estimate, we see that this measurement protocol is not yet sensitive enough for

gravitational detection of Planck scale (m� � mP � 10 � g) dark matter particles. A more

sophisticated protocol will be necessary to achieve the goals outlined in [21], for example, using

squeezed light. However, a device with the sensitivity given here could be used, for example,

to exclude dark matter models which couple through some other long range force a few orders

of magnitude stronger than gravity, for example the modi�ed gravity models in [91] or some

composite dark sector models coupled through a new light gauge boson (e.g. [92–94]). Bounds

on these types of dark matter models coming from impulse sensing detectors will be studied in

detail in a future publication.
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4.4 Slight Detuning

It is experimentally challenging to maintain both the ring cavities at the same equilibrium

resonance frequency. We can quantify the impact of a slight imperfection by introducing a small

amount of detuning to both the cavities. To get some intuition in a simple setting, we begin with a

single sided cavity to understand how a slight detuning affects the quadratures of interest and the

noise PSD. Then we move on to a qualitative discussion on the effects of detuning in our velocity

measurement protocol with a double ring cavity, and provide some numerical estimates.

4.4.1 Slight Detuning in a Single Sided Cavity

With the introduction of detuning in the system, the single sided cavity Hamiltonian gets

modi�ed to

H = � ~� aya + Hmech + H int : (4.42)

Let us �rst consider this scenario in terms of the phase picked up by the cavity �eld. We

are interested in the limit that the signal is much faster than both the mechanical period and the

delay time. Thus we can consider the phase shifts picked up in the limit that the mechanical

element is stationary. For a detuned single-sided cavity, the Hamiltonian is given in (4.42) where

the interaction term is proportional to~g0ayax=x0 before linearization. The quantum Langevin

equation for the optical �eld in the cavity is

_a = i (� � g0
x
x0

)a �
�
2

a +
p

�a in : (4.43)
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We can de�ne an effective detuning parameter

� e� = � � g0
x
x0

: (4.44)

Then for a steady state solution in the cavity, we obtain the phase shift of the light

a =
p

�
� i � e� + �= 2

ain : (4.45)

Following the input-output relation for the optical �eld we obtain the output �eld

aout = ain �
p

�a

=
� i � e� � �= 2
� i � e� + �= 2

ain

= ei� ain :

(4.46)

This phase shift formalism will be more important in our discussion of the double ring cavity

in the next section. We can also use the familiar quadrature formalism to describe our detuned

single sided cavity. The equations of motion from the above Hamiltonian are

_X = �
�
2

X +
p

�X in � � Y

_Y = � Gx �
�
2

Y +
p

�Y in + � X

_p = � ~GX � m! 2
mx � 
p + Fin

_x =
p
m

:

(4.47)

Note that the optical quadratures are now coupled through this detuning parameter.
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We can solve for these equations of motion and obtain the following expression for the

amplitude and phase quadratures in the cavity :

0

B
B
@

X

Y

1

C
C
A =

1
f

0

B
B
@

�
� c � m

�
p

� �
� m

G�

p
�

h
G2~ + �

� m

i
�

� c � m
� G

p
�

� c

1

C
C
A

0

B
B
B
B
B
B
@

X in

Yin

Fin

1

C
C
C
C
C
C
A

(4.48)

where

f =
1

G2~� + � � 1
m (�� � 2

c + � 2)
: (4.49)

Then we follow the input-output relations given in Eq. (5.24) to �nd the output quadratures.

Since� 6= 0 leads to mixing of the optical quadratures, the force signalFin is now imprinted

on bothX out andYout . We can choose an optimal quadrature to measure by linearly combining

these so that the signal is in a single quadrature. Let's de�ne

a =
� G�

p
�

G2~� + � � 1
m (�� � 2

c + � 2)

b=
G�� � 1

c

G2~� + � � 1
m (�� � 2

c + � 2)
:

(4.50)

Naively, we would like to consider the quadratures

Qout = aXout + bYout

Pout = bXout � aYout :

(4.51)

The P quadrature here has no dependence onFin, so all of the signal is encoded in theQ
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quadrature. We would then like to monitor theQ quadrature, but here the coef�cientsa; b are

functions of frequency! , so constructing the appropriate �lter would be exceedingly dif�cult.

Instead, we can just evaluate these coef�cients at our frequency of interest! sig � 1=� . Using

a(! sig); b(! sig), we de�ne the observed quadrature

Qmeas = a(! sig)X out + b(! sig)Yout : (4.52)

To convert this measured output to a force, we divide through by the appropriate coef�cient,

FE =
Qmeas

a2 + b2
; (4.53)

cf. equation (2.20). With these choices we can �nd the force noise PSD. Finally, we still have

the freedom to optimize the optomechanical couplingG. As before, we can �nd the optimized

optomechanical coupling strengthGopt by minimizing the contribution from the measurement-

added part of the noise, at the frequencies of interest around1=� . Doing so, and using the result

in the noise PSD, we obtain the optimized noise PSD for the slightly detuned single sided cavity.

See �gure 4.5 for a comparison of the resulting noise PSD with the noise PSD in the case of exact

cavity resonance (2.21).
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Figure 4.5: Comparison between noise power spectral densities in a single-sided cavity with
detuning and without detuning (2.21). We show that the features of the noise PSD curves are
similar when optimized. Here the detector parameters are the same as in �gure 4.2, and we
take detuning� � � . We plot the ratio in between the noise PSD of detuned and non-detuned
scenarios. Note that there is a frequency regime where the detuned noise PSD gives us lower
noise than the non-detuned case.

4.4.2 Slight Detuning in Double Ring Cavities

Similar to the single-sided cavity example illustrated above, we can introduce detuning to

both the cavities in the system and obtain the following equations of motion:

_X = �
�
2

X +
p

�X in � � Y

_Y = � Gx �
�
2

Y +
p

�Y in + � X

_X 0 = � G0x sin� �
� 0

2
X 0+

p
� 0X 0

in � � 0Y 0

_Y 0 = G0x cos� �
� 0

2
Y 0+

p
� 0Y 0

in + � 0X 0

_p = � ~GX + ~G0(X 0cos� + Y 0sin� ) � m! 2
mx � 
p + Fin

_x =
p
m

(4.54)
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where the optomechanical coupling strength of the second cavity is related to that of the �rst

cavity as

G0 = G
p

1 � L

r
� 0

�

s
� 2 + � 2=4
� 02 + � 02=4

(4.55)

and the phase� is de�ned as,

ei� =
� i � � �= 2
� i � 0+ � 0=2

s
� 02 + � 02=4
� 2 + � 2=4

: (4.56)

It is hard to get tractable analytical expressions for the double ring cavity given the complexity of

the coupled equations of motion. So, we will �rst qualitatively discuss the effect of introducing

detuning into both of the cavities and then demonstrate some numerical results.

In standard displacement sensing, the mechanical positionx(t) is imprinted onto the

light. Measurement of the light then causes backaction on the mechanics. Here, to avoid this

backaction, we have suggested instead that one wants to monitor the mechanical velocityv(t),

with no measurement of position. In our two-cavity system, the light picks up a total phase shift

� � = � 1 + � 2. The condition that we donot measure position then says that

d
dx

(� 1 + � 2) = 0 : (4.57)

We will show that this condition can be achieved by satisfying a simple constraint on the two

cavity detunings� ; � 0and couplingsg0; g0
0.

Following the phase shift formalism introduced in the section above, the �rst cavity picks
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Figure 4.6: Comparison between noise power spectral densities in a double ring cavity with
detuning and without detuning. Here the detector parameters are the same as in �gure 4.2, and
we take detuning� 0 � � � � � assumingg0

0 � � g0 and� 0 � � . The optomechanical coupling
strength is optimized for the non-detuned scenario as in (4.20) and the detuned case has been
plotted for the same circulating power as in the non-detuned case. We see that in the region
where we have optimized for backaction evasion, here for104 Hz < � < 106 Hz, the effects of
detuning are minor once we impose our coupling condition (4.60).The ratio plot at the bottom
shows the comparison in this zoomed in region.

up a phase proportional to,

aout = ei� 1 ain : (4.58)

Now with a second cavity, in the limit that we can ignore losses in the delay line and treat the

mechanics as stationary, the output light of the second cavity similarly picks up a phase shift

involving x. We �nd

a0
out = ei� 2 a0

in = ei ( � 1+ � 2 )ain : (4.59)

The total phase shift� 1 + � 2 is written in terms of the two effective detunings� e� ; � 0
e� .

For a backaction evading measurement, our main goal is to eliminate the position

dependence from this total phase. Mathematically this is just the statement of (4.57). Using

the above results for the phase shifts, at zero frequency of the mechanical oscillator, the phase
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matching condition reduces to

� 02 + � 02=4
� 2 + � 2=4

= �
g0

0

g0

� 0

�
(4.60)

which relates the detunings and couplings in the two cavities. In the �nal expression we have

assumed that forg0 � � � � , � 2
e� � � 2 (and similarly � 02

e� � � 02). If this condition

is satis�ed, the measurement will evade mechanical backaction, which is straightforward for

g0
0=g0 < 0 as in our double cavity design and forj! c � ! 0

cj � � � � 0.

Thus we can choose detunings in both the cavities to satisfy the above ratio in order to

evade the backaction noise. After doing this, we solve the equations of motion and choose the

optimal quadrature of the light coming out of the second cavity, similar to the description given

for the single-sided case (4.51) to account for the total phase shift given in (4.59). This gives the

noise PSD in the force estimator as before. This can be compared with the noise PSD in the case

of zero detuning, cf. equation (4.21). The resulting formulas are too cumbersome to write down

explicitly, but can be easily evaluated symbolically on a computer.

In �gure 4.6, we provide a numerical example comparing the noise in the detuned and non-

detuned cases. The noise PSD in the non-detuned case is optimized with the optomechanical

coupling strength given in (4.20). For simplicity, we use the same circulating power inside the

cavities for both scenarios which means use of higher amount of input laser power in the detuned

case than the non-detuned case, although this choice could potentially be further optimized. From

the �gure, we see that in the frequency regime! m � � <� � � � , the effects of relative cavity

differences can be largely compensated for by optimizing the relative couplings and detunings,

though we pay a price by having higher noise in the lower frequency regime of the PSD. As
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we are interested in signals in the radio band, we can see that our backaction-evasion strategy is

highly robust to the presence of small mismatches in the two cavity parameters.

4.5 Conclusions and Discussion

Detection of a rapidly delivered impulse is a ubiquitous problem in many branches of

physics. Fundamental quantum measurement noise in such a detection is often the ultimate

limitation to reaching better sensitivities. In this paper, we have demonstrated that the use of

a direct momentum sensing protocol can signi�cantly reduce this noise in comparison with the

more traditional approach of position sensing.

Here, we have presented a concrete example of this general phenomenon using an

optomechanical system involving a pair of cavities probed continuously by a laser. This speci�c

approach is ultimately limited by optical losses in a delay line which transmits the probe light

between the cavities. With currently available fabrication techniques, these losses limit the noise

reduction in this protocol to around 30 dB below the standard quantum limit. Other protocols,

for example involving discrete pulse sequences [61] or direct measurement of velocity through

an inductive coupling [95] could improve the situation, and require more detailed future study.

Given that momentum measurement or impulse detection is commonly needed, the results

presented here could have wide applications. We gave a pair of examples, one in metrology

and the other in particle physics. In the former, we suggested that our protocol is already

sensitive enough [see equation (4.32)] to monitor all of the individual gas particles colliding with

a femtogram-scale sensor in a room temperature, high vacuum environment. This could be used

for example in quantum-limited pressure calibrations. In the latter, we studied the application of
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this protocol to the detection of heavy dark matter candidates purely through their gravitational

interaction with a sensor [21]. Although the sensitivity of the simple protocol presented here

[see equation (4.41)] is too limited by optical losses to achieve the requirements of [21], this

study shows a clear path to straightforward improvements, which we leave to future work. We

hope that the example studied in this paper serves to guide the way to impulse measurement

schemes reaching the fundamental limits allowed by quantum mechanics, enabling detection of

such extremely weak signals.
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Chapter 5: Combining Squeezing with Backaction Evasion

The content of this chapter is in pre-print as Ghosh et al., arXiv:2211.14460 [96] with

collaborators Matthew Feldman, Seongjin Hong, Claire Marvinney, Raphael Pooser and Jacob

M. Taylor. 1

5.1 Introduction

State-of-the-art force sensors operate near the standard quantum limit (SQL) making

possible the detection of weak impulses relevant to a plethora of physics [28, 97–100].

Broadband impulse metrology has recently been proposed to detect dark matter [21, 36, 49] and

involves the measurement of rapid and minute impulses allowing for the detection of forces

across a wide range of frequencies. Currently, the Windchime collaboration is developing

such impulse measurement techniques using an array of mechanical sensors to aim for heavy

dark matter detection through long range interactions [22]. Impulse metrology has potential

applications in other �elds as well including but not limited to low-energy single-photon detection

and quantum noise-limited pressure calibrations accounting for gas collisions [67, 68, 70–72].

We are interested in impulse metrology with optomechanical sensors. Optomechanical sensors

work by transducing a force acting on mechanical systems to measurable optical signals and are

1I have speci�cally contributed to the mathematical analysis of the toy models and the noise limits for various
search strategies along with writing the manuscript.
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relevant to very sensitive force measurements [24,73–76,101].

In this article, we determine the advantages of probing optomechanical systems with

squeezed light in position and momentum sensing schemes combining two different quantum

noise reduction methods. We �nd that the noise reduction through squeezing is compatible with

the concurrent implementation of backaction evasion through a QND momentum measurement

in the free mass regime. Our noise reduction scheme has implications to dark matter detection

and quantum metrology more broadly, as our scheme provides an improvement over a broad

frequency band and simultaneously simpli�es the technical challenges of using squeezed light

for impulse metrology.

Squeezed light and backaction evasion (BAE) are quantum resources that may be

leveraged to reduce the measurement-induced noise below the SQL. Squeezed light has

been used to enhance the signal-to-noise ratio (SNR) in atomic-force microscopy [102] and

microelectromechanical (MEMS) cantilevers [103], and most famously to detect gravitational

waves in the LIGO collaboration [104]. However, in traditional quantum enhanced metrology,

position measurements with squeezed light have the maximum bene�t when realized for

a narrow-band force signal [77, 105]. We also consider quantum non-demolition (QND)

measurements, where repeated measurements of a single observable result in no increment

in uncertainty over time and yield the same precise result every time in the absence of any

external in�uence. A QND measurement is accomplished when an observable is unaffected

due to the quantum uncertainty produced in the corresponding non-commutative conjugate

variable [28, 45, 63, 106]. A class of QND measurements known as backaction evading

measurements are attainable when we can measure an observable devoid of backaction from the

measuring apparatus. Backaction evasion experiments have been implemented using four-wave
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mixing [107] and optical parametric ampli�ers [108], and have enhanced the sensitivity of

optomechanical systems [64, 109–112]. Several quantum noise reduction techniques have

been investigated especially in the context of gravitational wave [113–117] and dark matter

detection [118–121]. Here, we will focus on the prospect of using squeezing, backaction evasion

and QND techniques simultaneously to enhance sensitivity to weak impulses.

5.2 Bene�ts of Squeezing

5.2.1 Single-mode Squeezing Toy Model

Here, we present a toy model for a backaction induced measurement system, where light

interacts with the position of the system twice, and the interactions are separated by the free

evolution of the system in between, as seen in the schematic diagram of Fig. 5.1a and the proposed

experimental implementation of Fig. 5.3a. The interaction Hamiltonian for our toy model is given

by

H int = ~GxX , (5.1)

wherex is the position of the system,X is the amplitude quadrature of light, andG is the

optomechanical coupling strength enhanced by the displacement amplitude� . In our model,

the radiation pressure of the light alters the momentum of the mechanical system. During the

free evolution of the system, this shift in momentum causes a change in the position of the

optomechanical system as seen in Fig. 5.1a. Incorporating the free evolution in this manner

allows us to model the effect of the backaction in the system. In the subsequent interaction, the
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Figure 5.1: Position measurements using single-mode squeezed light. a) A position measurement
comprising a single-sided optomechanical system probed with single-mode squeezed light with
quadraturesX andY. In this proposed scheme the measured quadratureX � is read out using
homodyne detection by interfering the output with a local oscillator (LO). b) Phase quadrature
measurement (� = 0) at squeezing strengthsr = 0; 2 and squeezing angles� = 0; � �= 4 with
the parameter� = 1. The displacement amplitude� is normalized to the power required to
achieve the SQL. Here the power at the SQL is the solution to Eq. 5.7 where we optimize with
respect to� at �; � = 0. The optimal noise �oor for measuring the phase quadrature withr > 0
occurs at� = �= 4 while at � = 0 squeezing provides a reduced power to attain the same noise
�oor. c) Noise for measurement quadratures� = � �= 4; � �= 2 with � = 0 and� = 1 where the
optimal noise �oor occurs at a� = � �= 2, effectively an amplitude quadrature measurement. d)
Effect of loss on phase quadrature measurement. e) Effect of loss on quadrature measurements
� = � �= 4; � �= 2.

change in position is transduced to the phase quadrature of the light,Y . The above has following

unitary evolution where we approximate the more common continuous process by the third-order

Suzuki-Trotter approximation. :

Utot = Uint UfreeUint = e� i�x 0X e� i�
p2

0
2 e� i�x 0X , (5.2)
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wherex0 andp0 are the dimensionless position and momentum operators of the optomechanical

system. These are normalized to a length and momentum scale comparable to the De Broglie

wavelength� =
q

~2

2mK B T wherem andT are the mass and temperature of the moving mirror,

respectively. For a harmonic oscillator scenario, the length scale is set byK B T ! ~! . Thus, we

interpret the parameter� as a dimensionless factor accounting for the free evolution of the system

described by� = ~t=(m� 2) with the free evolution timet � 1=� where� is the cavity linewidth.

The parameter� is dependent on the displacement amplitude of the optical pulse via,� = �� ,

where� is a dimensionless quantity de�ned in terms of the interaction time and the single photon

optomechanical coupling strength in frequency unitsg, � � g=� . By applying these unitaries,

the momentum, the phase quadrature of the probing light and the position operators transform as

follows,

Uy
int p0Uint = p0 � �X ,

Uy
int Y Uint = Y � �x 0, and

Uy
freex0Ufree = x0 + �p 0.

(5.3)

The remaining unitary transformations do not change the operators sinceX , Y and p0

commute withUfree while x0 andX commute withUint . The transformation of the operators
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under the full unitary evolution Eq. 5.2 can be represented as,

Y 0 = Uy
tot Y Utot = Y � 2�x 0 � ��p 0 + � 2�X;

X 0 = Uy
tot XU tot = X;

x0 = Uy
tot xUtot = x0 + �p 0 � ��X;

p0 = Uy
tot pUtot = p0 � 2�X:

(5.4)

Let us consider the arbitrary quadratureX � output from the system described by the unitary

transformations in Eq. 5.4

X � = Y 0cos� + X 0sin�

= cos� (Y � 2�x 0 � ��p 0 + � 2�X ) + sin �X ,

(5.5)

whereX 0 andY 0 are the output amplitude and phase quadratures of the system (see Fig. 5.1a),

and� is the quadrature angle. We see that the quadrature has shot noise terms independent of� ,

signal terms proportional to� and a backaction term proportional to� 2. For the right combination

of quadratures, thesin�X term can cancel the backaction term. Another way to reduce the

backaction noise is through quantum non-demolition measurements [45]. In this scenario, we

can continuously monitor a QND variable like momentum in a free particle system instead of the

position, to reduce or eliminate the backaction term, thereby achieving backaction evasion. In

section 5.4 we discuss how to perform a QND measurement to evade backaction noise in detail.

For the toy model, we restrict our discussion to the continuous monitoring of position to showcase

the bene�ts of squeezing. We obtain the estimator variablexE for the system position by dividing
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X � by the multiplicative factor2� cos� ,

xE = X � =(� 2� cos� )

= �
Y
2�

+ x0 +
�p 0

2
�

��X
2

�
tan �X

2�
:

(5.6)

From Eq. 5.6, we see that a judicious choice of� allows us to cancel out the backaction noise from

the amplitude quadrature. We �nd that the optimal� is dependent on� 2 (which is proportional to

power� 2). The noise power spectral density (PSD) is proportional to the square of the estimator

variable,xE . To analyze the measurement-induced noise of our system we evaluateN 2 = ( xE �

(x0 + �p 0=2))2, sinceN 2 is proportional to the variance of the system position, which may be

written as

N 2 =
Y 2

4� 2
+

� 2� 2X 2

4
+

tan2 �X 2

4� 2
+

� f X; Y g
4

+
tan � f X; Y g

4� 2
+

� tan �X 2

2
.

(5.7)

For squeezed light all of the terms in Eq. 5.7 are non-zero. The vacuum expectation values

of the correlators after squeezing can be represented as [122],

hX 2i =
1
2

�
e2r cos2 � + e� 2r sin2 �

�
,

hY 2i =
1
2

�
e� 2r cos2 � + e2r sin2 �

�
, and

hfX; Y gi =
1
2

(e� 2r � e2r ) sin 2� ,

(5.8)

where r; � are the squeezing strength and squeezing angle, respectively. For a position

measurement, where the phase quadrature (� ! 0) is measured, the cross-correlator term can be
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made negative by choosing a suitable squeezing angle and increasing the squeezing strength to

reduce the noise �oor,N 2 as seen in Fig. 5.1b. We can access the same noise �oor at a lower

power by probing the system with squeezed light (red solid curve) rather than a coherent state

(blue dashed curve). A squeezing angle of� = �= 4 provides a lower noise �oor (gray dashed

curve) at the original power. This scenario is attained by adding a negative contribution from the

cross-correlator term to the noise.

Alternatively, we explore combinations of the quadratures which reduces the backaction

term to achieve a lower noise �oor when using squeezed light (see Fig. 5.1c). We may globally

minimize the contribution of the measurement-induced noise by optimizing the quadrature angle

� . The optimization at� = 0 gives us

� ! � tan� 1 (� 2� ). (5.9)

Here, we see that the quadrature angle is strongly dependent on the power of the light. Hence,

when working deep in the backaction limit, at high power we are nearly measuring the amplitude

quadrature which is devoid of any information about the system position, and slight �uctuation

in power will destroy this bene�t.

The optical losses in our system are a critical consideration when probing it with squeezed

light. Here, we evaluate the effect of the expected optical losses of our system on the noise �oor.

For an overcoupled cavity where the intrinsic losses through any channel other than the input

port are negligible, the cavity losses would approximately be of the same order as the loss at

the detection port. Thus here, we investigate only the effects of the loss at the detection port.

We determine the effect of adding vacuum noise at the output port of the beamsplitter used in
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homodyne detection. This can be represented by the following phase and amplitude measurement

output,

Yout = Y 0cos(� ) + Y 0
in sin(� ), and

X out = X 0cos(� ) + X 0
in sin(� )

(5.10)

where� 2 quanti�es the loss percentage in the system. HereY 0
in andX 0

in are the input vacuum

noise quadratures. We now focus on measuring the combination of the modi�ed output phase

and amplitude quadratures

X �; out = Yout cos� + X out sin� : (5.11)

By applying the same noise analysis as in the previous section, we demonstrate that the bene�ts

of squeezing persist even at optical losses expected in experiments (see Fig. 5.1d-e).

5.2.2 Two-mode Squeezing Toy Model

In this section, we consider using two-mode squeezed light to continuously monitor the

position of an optomechanical system. We �nd that for an approximate two-mode interaction,

all the bene�ts expected from the single-mode case can be realized. Our system comprises a

two-sided optical cavity with a pendulous mirror centered between two �xed mirrors as seen in

the schematic diagram of Fig. 5.2a and the proposed experimental implementation of Fig. 5.3b.

When the two modes are incident on opposite sides of the pendulous mirror with equal power,
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the interaction Hamiltonian is

H int = ~Gx(X 1 � X 2), (5.12)

whereX i is the amplitude quadrature of light for thei th mode. We now evaluate a toy model

where two modes drive our backaction induced measurement system. In a manner analogous to

the single-mode case, these dynamics can be characterized by applying the following chain of

unitaries to the system,

Uint UfreeUint = e� i�x 0 (X 1 � X 2 )e� i�
p2

0
2 e� i�x 0 (X 1 � X 2 ) . (5.13)

Consequently, the following operators transform to,

Uy
int p0Uint = p0 � � (X 1 � X 2),

Uy
int Y1Uint = Y1 � �x 0,

Uy
int Y2Uint = Y2 + �x 0, and

Uy
freex0Ufree = x0 + �p 0.

(5.14)

Similar to the single-mode case, the remaining transformations do not change the operators since

X i , Yi , andp0 commute withUfree andx0, andX i commute withUint . Under standard homodyne

detection schemes, we have access to sums or differences of the quadratures,X i andYi where

i denotes the modes. We consider the arbitrary combination of differences in theX 0
i and Y 0

i

quadratures between the output modes
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Figure 5.2: Position measurements using two-mode squeezed light. a) A position measurement
comprising a two-sided optomechanical system probed with two-mode squeezed light with
quadraturesX 1; X 2 and Y1; Y2. In this proposed scheme the measured quadratureX � is read
out using homodyne detection by interfering the outputs with their local oscillators (LO). b)
Phase difference quadrature measurement (� = 0) at squeezing strengthsr = 0; 2 and squeezing
angles� = 0; � �= 4. The displacement amplitude� is normalized at the power required to reach
the SQL for the single-mode (in Fig 5.1) for comparison. The optimal noise �oor for measuring
the phase difference quadrature withr > 0 occurs at� = �= 4, while at � = 0 squeezing
provides a reduced power to attain the same noise �oor. c) Noise for measurement quadratures
� = � �= 4; � �= 2 where the optimal noise �oor occurs at� = � �= 2, effectively an amplitude
difference quadrature measurement. d) Effect on phase difference quadrature measurement due
to asymmetry in the power incident on the two-sided cavity with� 2 = 0:9� 1. e) Effect of power
asymmetry on quadrature measurements� = � �= 4; � �= 2.

X � = cos� (Y 0
1 � Y 0

2) + sin � (X 0
1 � X 0

2),

= (� Y � 4�x 0 � 2��p 0 + 2� 2� � X ) cos� + � X sin� ,

(5.15)

where� Y = Y1 � Y2 and� X = X 1 � X 2 are the phase difference quadrature and amplitude

difference quadrature, respectively. Similar to the single-mode case, we �nd shot noise terms
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independent of� , signal terms proportional to� and backaction term proportional to� 2. The

estimator variable for measuring the position can be obtained by dividing the above quadrature

through the multiplicative factor ofx0 in Eq. 5.15,

xE = X � =(� 4� cos� )

= �
1
4�

� Y + x0 +
�p 0

2
�

��
2

� X �
tan �
4�

� X .

(5.16)

As in the single-mode case, we only consider the measurement-induced noise terms from

the light quadratures. Yet again, we can select a� in Eq. 5.16, to negate theX i quadratures from

adding backaction induced noise to the system. Similar to the single-mode case, we see that the

selection of the� which minimizes the backaction term is dependent on power (� 2). The noise

metricN 2 / (xE � (x0 + �p 0=2))2 for the two-mode case may be expressed as

N 2 =
1

16� 2
(� Y + 2� 2� � X + � X tan � )2. (5.17)

We now consider the effect of applying a squeezed two-mode vacuum to our two-sided

cavity. For two-mode squeezed light, we see again that we have cross-correlation terms that

are non-zero. The relevant vacuum expectation values comprising the amplitude difference and

phase difference quadratures for two-mode squeezed light can be represented as,

h� X 2i = e2r cos2 � + e� 2r sin2 � ,

h� Y 2i = e� 2r cos2 � + e2r sin2 � , and

hf� X; � Ygi = ( e� 2r � e2r ) sin 2� ,

(5.18)
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with the individual quadrature correlations represented as,

hX 2
1 i = hY 2

1 i = hX 2
2 i = hY 2

2 i =
1
2

cosh(2r ),

hX 1Y1i = hX 2Y2i = 0,

hX 1Y2i = hX 2Y1i =
1
2

sinh(2r ) sin(2� ), and

hX 1X 2i = � h Y1Y2i = �
1
2

sinh(2r ) cos(2� ).

(5.19)

From the above correlations we observe that the cross-terms can be made negative by

choosing an appropriate squeezing angle and boosting the squeezing strength, to lower the

noise �oor for position measurements , as was the case for single-mode squeezed vacuum. In

Figs. 5.2b-c we show that two-mode squeezed light is an alternative squeezing modality that may

be used in position measurements providing the same noise �oor with the same dependencies on

the squeezing parameterr , squeezing angle� , and quadrature angle� as in the single-mode case

discussed above. In the two-mode case, we are using twice the amount of power compared to

the single-mode case as both of the modes have equal amplitude. Thus, in the plot we notice that

the optimal power requirement has reduced by a factor of half which is essentially equivalent

to the single-mode case. We �nd that, at a squeezing angle of� = 0, squeezing reduces the

power required to access the SQL for our system (see Fig. 5.2b). Similar to the single-mode case

we see that for a squeezing angle of� = �= 4 and a non-zero squeezing strength the noise falls

below the SQL near the original displacement amplitude� due to the negative contribution from

the cross-correlator term given by the aforementioned parameters. We globally minimize the

noise by optimizing the quadrature angle� . The optimization gives us,� opt ! � tan� 1 (2� 2� )

which is strongly dependent on power, similar to the single-mode case. This suggests that using
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this optimization at high power, we would measure the amplitude difference quadrature which is

devoid of any signal, as in the single-mode case.

Two-mode squeezed light sources may have an asymmetry in the power of each mode.

Additionally there may be mismatches in re�ection coef�cients for the two-sided cavity. As we

will see, our toy model when driven by two-mode squeezed light or two coherent states, is robust

to small amounts of asymmetries. If we account for a typical power asymmetry, we can modify

the toy model as follows

UmeasUfreeUmeas = e� ix 0 (� 1X 1 � � 2X 2 )

e� i�
p2

0
2 e� ix 0 (� 1X 1 � � 2X 2 ) .

(5.20)

To understand the impact of asymmetry we consider a speci�c example where

the squeezing strength isr = 2 as seen in Figs. 5.2d-e. We �nd numerically that the

expected asymmetry of the modes with displacement amplitudes� 1 and� 2 should not exceed

� 2=� 1 = 0:9, as seen in Fig. 5.2d. As our example illustrates, the squeezing and quadrature

angles may be tuned to partially recover the noise �oors of the symmetric case as seen in

Fig. 5.2d-e. We expect that asr increases the amount of allowed asymmetry decreases.

5.3 Practical Design: Single-Sided Cavity

With the intuition gained from our toy model, we investigate the bene�ts of squeezing

in a single-sided optomechanical cavity as illustrated in Fig. 5.3a. The linearized interaction
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Figure 5.3: Experimental Vision: Schematics for a position measurement. a) A single-mode
squeezed light source with displacement amplitude� injected after squeezing, is used to
interrogate an un�xed mirror in an optical cavity. The phase sensitive signal is read out with
homodyne detection. b) A two-mode squeezed light source with� injected onto the twin beams
after squeezing, is used to interrogate an un�xed double-sided mirror in a double-sided optical
cavity. The phase sensitive signal is read out with a joint measurement of the twin beams using
dual homodyne detection.

Hamiltonian for the cavity is

H int = ~GxX , (5.21)

whereG is the optomechanical coupling strength in frequency per length units andx is the

position of the moving mirror. The HamiltonianH tot that describes the optomechanical system

in the rotating frame of the drive with the detuning� is as follows,

91



H tot = Hcav + Hmech+ H int + Hbath,

Hcav = � ~� aya, and

Hmech =
1
2

m! 2
mx2 +

p2

2m
,

(5.22)

whereHcav, Hmech, andHbath are the Hamiltonian terms for the optical cavity, the mechanical

oscillator and the bath coupled to the system respectively. The parametersm andp are the mass

and momentum of the moving mirror, respectively, in our system and! m is the mechanical

resonance frequency. On resonance with the drive,� = 0 , the cavity Heisenberg-Langevin

equations of motion are

_X = �
�
2

X +
p

�X in ,

_Y = � Gx �
�
2

Y +
p

�Y in ,

_p = � ~GX � 
p + Fin � m! 2
mx, and

_x =
p
m

;

(5.23)

where� is the cavity decay rate,X in andYin are the quadratures input to the system,Fin is the

external force acting on the resonator, and
 is the mechanical damping rate. The bath operators

are expressed in terms of the input �elds [37,38]. The output quadratures are related to the input

quadratures by the input-output relations

X out = X in �
p

�X , and

Yout = Yin �
p

�Y:

(5.24)
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We determineX out and Yout in terms of the input �elds. This analysis is done in the

frequency domain by solving for all the variablesX; Y; x; p in terms of the input �eldsX in ; Yin

andFin . We then apply input-output relations to write down the expressions forX out ; Yout as

X out = ei� c X in, and

Yout = ei� c Yin + G� c� m [Fin � ~G� cX in] :

(5.25)

The cavity response function� c, the mechanical response function� m and the cavity phase shift

ei� c are,

� c =
p

�
� i� + �= 2

,

� m =
� 1

m(� 2 � ! 2
m + i
� )

, and

ei� c =
� i� � �= 2
� i� + �= 2

.

(5.26)

We de�ne the measurement quadrature output from the system as

X � = Yout cos� + X out sin�: (5.27)

By inspection of Eqs. 5.25 and 5.27 we obtain the estimator variable for the input forceFE , by

dividing the output quadrature with the coef�cient of the input force termG� c� mcos�,
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FE =
X �

G� c� m cos�

=
�

ei� c tan �
G� c� m

� G~� c

�
X in +

ei� c Yin

G� c� m
+ Fin :

(5.28)

We determine the two point correlation functionhFE (� )FE (� 0)i for FE sincehFE (� )FE (� 0)i is

proportional to the noise power spectral density (PSD)SF F (� ) as

hFE (� )FE (� 0)i = SF F (� )� (� + � 0): (5.29)

Understanding how to optimize the frequency-dependent power spectral density allows us

to facilitate an intelligent search for a monochromatic or broadband signal. For a monochromatic

signal, a frequency-dependent optimization of the PSD is required to obtain the maximum

sensitivity. On the other hand, the optimized signal to noise ratio for a broadband signal

corresponds to the noise PSD integrated over a bandwidth of interest. For this case, an

optimization over a broad frequency range would be necessary to obtain maximum sensitivity.

To consider the contributions to the noise, we focus on the quantityhF 2
E i . In the limit

where the mechanical decay rate
 is much smaller than the other frequency scales (
 � ! m ; � ),

the
 -dependent imaginary term of the cross-correlator may be neglected to obtain the following

expression

hF 2
E i =

�
�
�
�
ei� c tan �
G� c� m

� G~� c

�
�
�
�

2

hX 2
in i +

�
�
�
�

1
G� c� m

�
�
�
�

2

hY 2
in i

+
�
~m(! 2

m � � 2) +
tan �

G2j� cj2j� m j2

�
hfX in ; Yingi

+ hF 2
in i :

(5.30)
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To optimally reduce the noise, we minimizehF 2
E i with respect to the quadrature angle� which

reduces the backaction noise. Prior to minimizing the noise we �x the squeezing angle� to zero.

This reveals the optimized quadrature angle

� opt ! tan� 1
�
~G2mj� cj2j� m j2(� 2 � ! 2

m )
�

: (5.31)

By inspecting Eq. 5.31 we see that� opt is strongly dependent on power (G2 / � 2) and frequency.

In the limit of high power and low frequency,� opt = �= 2 which corresponds to measuring the

amplitude quadratureX which is devoid of any signal fromFin . But in the high frequency limit

� opt approaches 0, allowing us to measure our signal at an optimally low noise �oor. Our objective

is to minimize the measurement-induced noise termsN (� ) of hF 2
E i , so we only considerN (� )

for the remainder of the section. While the thermal contribution to the noise may be reduced as

discussed in [21], it is not the focus of this article. At the optimal quadrature angle and in the low


 limit, the measurement-induced noiseN (� ) for an arbitrary squeezing angle� simpli�es to

N (� ) =
e� 2r cos2 � + e2r sin2 �

2G2j� cj2j� m j2
: (5.32)

Only the shot noise term is present in Eq. 5.32 since at� ! � opt the backaction term ofN (� )

cancels out as
 ! 0. Here the optimal choice for squeezing angle is� = 0. With these

parameters, the quantum noise is
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N (� ) =
e� 2r

2G2j� cj2j� m j2

�
e� 2r m2(� 2=4 + � 2)( � 2 � ! 2)2

2G2�
:

(5.33)

As an alternative to the previous approach, by restricting ourselves to phase quadrature

measurements, we may optimizeN (� ) with respect to power. A power optimization at� = 0

leads to a target frequency-dependent coupling strengthG,

G(� ) !
e� r

p
~j� m (� )j1=2j� c(� )j

: (5.34)

which demonstrates that when squeezing is present and the squeezing angle is zero the optimum

power requirements to access the same noise �oor are reduced, consistent with our toy model.

Moreover, when we measure the phase quadrature while operating at the original optimized

coupling strength as in the without squeezing case, a contribution to the total noise will be from

the sum of the balanced shot noise and backaction noise terms. This sum is equivalent to the SQL.

The additional contribution is from the cross-correlator term (the third term in Eq. 5.30). Careful

selection of the squeezing angle� , will force the cross-correlator term to negatively contribute to

the total noise expression, thus reducing the overall noise. Under these conditions, in the
 ! 0

limit, the total measurement-induced noise is represented as

N (� ) = ~m(� 2 � ! 2
m )(cosh 2r + sinh 2r sin 2� ): (5.35)

Equation 5.35 reveals that the measurement-induced noise is minimized by squeezing when the
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squeezing angle is tuned to� = � �= 4.

Figure 5.4: A momentum measurement where a bowtie cavity is probed by the counter-
propagating modes of two-mode squeezed light. The modes enter the cavity through a
beamsplitter. The phase sensitive measurement interferes the squeezed modes with their local
oscillators within dual homodyne detectors (as in Fig 5.3.b), enabling a momentum measurement
imparted from a pair of synchronously modulated mirrors. The spatial modes may be overlapped
by cross-polarizing the modes and using polarizing beamsplitters for injecting and collecting light
from the cavity.

5.4 Combining Backaction Evasion and Squeezing

5.4.1 Continuous Momentum Measurement

In this section we consider a backaction evading model achieved by approaching a

quantum non-demolition measurement of momentum, where we continuously monitor the

momentum rather than the position of an optomechanical system using single-mode squeezed

light. Momentum is effectively a QND variable while working in the free particle limit [45].

In our model, the light interacts directly with the mechanical momentum which is proportional

to the velocity of the movable mirror in the system above rather than the position. Thus the

97



interaction Hamiltonian is dependent on the momentum,

H int = ~G0pX; (5.36)

whereG0 is the optomechanical coupling strength in units of frequency over momentum. While

this interaction cannot be directly generated by the single-sided optomechanical cavity discussed

in the last section, there are some practical designs of optomechanical systems as described in

the set-up of [36], as well as particular electromechanical couplings which essentially showcase

the type of interaction described in Eq. 5.36. Furthermore, two-mode squeezed light can enable

an experimental realization for a momentum measurement as described in Fig. 6.3 where the

twin beams of two-mode squeezed light counter propagate through a bowtie cavity. We focus

the remainder of this section on the bene�ts of a momentum based interaction and we do not

consider its practical implementation any further. For the interaction Hamiltonian in Eq. 5.36,

the Heisenberg-Langevin equations of motion are

_X = �
�
2

X +
p

�X in ,

_Y = � G0p �
�
2

Y +
p

�Y in ,

_p = � 
p + Fin � m! 2
mx, and

_x =
p
m

+ ~G0X:

(5.37)
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The input and output quadratures for the optical �elds are related by the input-output relations

[37,38]

X out = X in �
p

�X , and

Yout = Yin �
p

�Y:

(5.38)

We solve for the output quadratures in terms of the input quadratures as was done in Eq. 5.25 in

the previous section. They are expressed as

X out = ei� c X in, and

Yout = ei� c Yin � iG0� c� mm�F in

� ~m2! 2
mG02� 2

c� mX in:

(5.39)

As in the previous section, to estimate the force acting on the system, we divide a particular

combination of the phase and amplitude quadrature as in Eq. 5.27 by the multiplicative factor for

Fin , resulting in the force estimator variable

FE =
X �

� iG0� c� mm� cos�
,

=
�

iei� c tan �
G0m�� c� m

� iG0~� cm
! 2

m

�

�
X in

+
iei� c

G0m�� c� m
Yin + Fin :

(5.40)

Our interest is in the contribution of the measurement-induced noise to the total noise PSD. To

investigate the contributions to the noise PSD, we determine the two point correlation function of

the estimator force variable as in the previous section
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hF 2
E i =

�
�
�
�

iei� c tan �
G0m�� c� m

� iG0~� cm
! 2

m

�

�
�
�
�

2

hX 2
in i

+

�
�
�
�

iei� c

G0m�� c� m

�
�
�
�

2

hY 2
in i + hF 2

in i

�
~m

! 2
m

� 2
(! 2

m � � 2) +
tan �
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(5.41)

Note that there is no backaction noise in the limit where the mechanical frequency! m ! 0,

indicating the system is in the free particle limit. Fixing� = 0, from Eq. 5.41 we �nd the optimal

quadrature angle which minimizes the noise

� opt ! tan� 1
h
~G02 m3! 2

m j� cj2j� m j2(� 2 � ! 2
m )

i
: (5.42)

In the limit of ! m ! 0, the noise is minimized by measuring the phase quadrature corresponding

to � opt = 0. Under these conditions, the backaction term is canceled leaving only the shot noise

term to contribute to the measurement-induced noise. Thus at� ! � opt , in the low
 and free

particle limit, the measurement-induced noise takes the form

N (� ) =
e� 2r � 2(cos2 � + e4r sin2 � )

2G02j� cj2
: (5.43)

SinceG02 is proportional to power, an increase in the power will monotonically lower

the noise �oor. Squeezing can further minimize the measurement-induced noise for momentum

sensing. By inspecting Eq. 5.43, we �nd that under these conditions, the optimal squeezing angle

to lower the measurement-induced noise is� = 0. As in the case of position sensing, if we focus
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on the alternative approach where we only measure the phase quadrature, we can also optimize

the measurement-induced noise with respect to power and obtain a target frequency-dependent

coupling strength

G0(� ) !
e� r

m! m

p
~j� m (� )j1=2j� c(� )j

; (5.44)

where the squeezing lowers the necessary power to attain a given noise �oor. Using the original

optimized power when squeezing is not present as an input into the total noise expression Eq.

5.41, we obtain the noise contributions from the SQL equivalent noise and the cross-correlator

terms. Similar to the toy model and the position sensing scheme presented above, we see that

by tuning the squeezing angle to� = � �= 4, we force the cross-correlator term to be negative,

thereby reducing the total noise. At the
 ! 0 limit, the measurement-induced noise expression

in this case can be represented as,

N (� ) = ~m
! 2

m

� 2
(� 2 � ! 2

m )(cosh 2r + sinh 2r sin 2� ): (5.45)

5.4.2 Comparisons

For position sensing, the coupling strengthG scales as the frequency over the cavity length.

For momentum sensing, the coupling constantG0 scales as the frequency over momentum. For

each technique, during measurement we coherently integrate the signal over the cavity lifetime.

The momentum coupling strengthG0 is then related toG by the factor1=(m� ) wherem is the

mass of the mechanical sensor and� is the cavity decay rate. We also choose1=� as it is the

natural scale in [36]. We begin by comparing the optimum quadrature angle that maximizes

the signal-to-noise for the position and momentum sensing techniques. To compare the optimal
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quadrature angles, the coupling strengthsG andG0are chosen to produce the same power in both

techniques. In Fig. 5.5a, we see that for a �xed value ofG (corresponding to an input power of

around 0.1 mW for a 1 cm cavity), the optimal quadrature for position sensing at low frequencies

is the amplitude quadrature and at higher frequencies it is the phase quadrature. Whereas, under

the same conditions, for momentum sensing we should optimally measure the phase quadrature

across a broadband frequency spectrum. By �xing the frequency (here� = 10 kHz), we �nd that

in Fig. 5.5b, the optimal quadrature for position sensing deviates from the phase quadrature at

much lower powers than in the momentum sensing case.

To compare the performance of the position and momentum sensing protocols, we must

�rst distinguish between the relevant search strategies for speci�c signals. For dark matter

detection, we distinguish between a monochromatic signal such as the coherent �eld generated

by ultralight dark matter candidates [50] and broadband impulse signals expected in heavy dark

matter candidates [21]. For the monochromatic signal, the exact frequency is unknown and

consequently we consider narrow-band or resonant search strategies. For a heavy dark matter

search including long-range interactions, the target frequency band is 1-10 MHz for the expected

rapid impulse signal, where we consider a broadband search.

We begin our calculation for broadband search effectiveness by choosing the phase

quadrature and optimally tuning the target laser power, corresponding to tuning the

optomechanical coupling at a �xed target band center on the order of� 1 MHz. We

ensure that the coupling strengths for the momentum and the position sensing techniques are

chosen such that for each technique the same target power is used during the broadband search.

As represented in Fig. 5.6, we show the potential bene�ts of squeezing while operating at the

same power. For the position sensing case, we are backaction limited at lower frequencies since
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Figure 5.5: Optimal quadrature angle comparison between position sensing (Eq. 5.31) and
momentum sensing (Eq. 5.42). a) Optimal quadrature angle plotted as a function of the
frequency. The parameters used are the same as in Fig. 5.6 other than the coupling strength
G which is �xed at 1021Hz=m and G0 ! G=m� . Position sensing hasj� j ! �= 2 at lower
frequency andj� j ! 0 at higher frequency whereas for momentum sensingj� j ! 0 for a broad
spectrum. b) Optimal quadrature angle plotted as a function of the power. Here the frequency
has been �xed at� ! 10kHz. We see thatj� j starts to deviate from 0 at much lower power for
position sensing than momentum sensing.

we are operating at high input powerP � 1 W. We need this higher power when compared to

the � = 10 kHz case due to the much high frequency band-center. However, squeezing only

provides a bene�t at higher frequencies where we are shot noise limited. For momentum sensing,

at frequencies below the mechanical resonance! m , backaction dominates, so squeezing provides

no improvement. Then backaction noise diminishes at higher frequencies than the mechanical
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Figure 5.6: Broadband search strategy for position and momentum sensing. The phase quadrature
noise is plotted for both sensing protocols while operating at the optimal power for position
sensing with a1 MHz target (using Eq. 5.34 at r=0,� = 1 MHz) . The same power is used for
the squeezed scenario. The optomechanical coupling strengths in these techniques are related
by G0 ! G=(m� ) with mechanical frequency! m = 100 Hz, cavity decay rate� = 1 MHz,
mirror massm = 1 mg, damping rate
 = 0:1 mHz, and squeezing angle� = 0. The noise
for momentum sensing is lower than position sensing across a broad frequency range. At �xed
power squeezing lowers the noise in the shot noise dominated region for both sensing protocols.

resonance! m , where we are shot noise limited. Hence, for momentum sensing, squeezing can

signi�cantly lower the noise in the regime of� > ! m . Additionally, we see that momentum

sensing is more advantageous than position sensing for broadband detection as momentum

sensing has a lower noise while operating at a �xed input power, especially for� > ! m .

We now describe the narrow-band search and its sensitivity as shown in Fig 5.7. Here we

assume that the mechanical oscillator frequency is �xed. We begin the search by tuning the input

powerP at every frequency such that we set the noise �oor to the SQL across the frequency

spectrum. Simultaneously, at every frequency we select the optimal quadrature angle, in order to

remove the backaction noise. We compare implementing our narrow-band search with (r = 2)

and without (r = 0) using squeezed light, where the power used in each case is the same. Note

that for the same power, squeezing lets us achieve a lower noise �oor in both position and the
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Figure 5.7: a) Narrow-band search strategy for position and momentum sensing. The noise
is plotted for both techniques at the optimal power (Eqs. 5.34 , 5.44 atr = 0) and optimal
quadrature angle (Eqs. 5.31, 5.42) for each frequency with a mechanical frequency! m = 100 Hz,
cavity decay rate� = 1 MHz, sensor massm = 1 mg, damping rate
 = 0:1 mHz, and squeezing
angle� = 0. The optimal noise �oor is lower in momentum sensing than position sensing when
� > ! m . Squeezing at the same power lowers the noise �oor. b) The optimal coupling strength
dependence on frequency.

momentum sensing. By selecting the optimum quadrature the backaction term is eliminated and

the remaining shot noise is reduced using squeezed light. For the position sensing case, we see

that at frequencies below the mechanical frequency (� � ! m ), the noise is proportional to~m! 2
m

and is independent of frequency. The noise remaining constant across frequency in this scenario,
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is due to selecting an optimalG. In the same regime for momentum sensing, the noise goes as

1=� 2. The opposite is true when� � ! m while operating at optimized powers, where the noise is

�at for momentum sensing while the noise goes as� 2 for position sensing. This characteristic can

be attributed to the fact that the optimized noise in the momentum sensing technique is related to

the optimized noise in the position sensing technique by a factor of! 2
m=� 2. Hence, for frequencies

well above the mechanical frequency, we �nd the momentum sensing to be more advantageous

than position sensing. With squeezing, the overall noise reduces in both cases by a constant factor

dependent on the squeezing strength. While we see no particular improvement in the minimum

noise attainable on resonance, we do see an improvement in the noise �oor across off-resonance

frequency regimes, for both the techniques through the narrow-band search strategy. This is in

addition to the bene�t from squeezing in achieving the same noise �oor at a lower power.

5.5 Outlook

In this article, we have explored how to go beyond the SQL for optomechanical sensors

using squeezing, backaction evasion, and QND techniques. From our toy model and our

practical cavity example, we con�rm that squeezing reduces the power needed to achieve a

given noise �oor for position sensing. We also examined a QND momentum sensing protocol

using a momentum coupling model, which shows equal bene�ts from squeezing in terms of

power requirements. Critically, in the momentum sensing model at the free particle limit, as the

backaction term goes to zero, we need to only measure the phase quadrature. Speci�cally, there

is neither frequency nor power dependence to the optimal quadrature angle, thereby reducing the

technical challenges of using squeezing in comparison to squeezed position sensing.
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We have also explored search strategies for monochromatic and broadband signals. For

broadband signals we determined that our momentum sensing model provides us with an

improved noise �oor over a broad frequency range. In both techniques, the noise �oor is lowered

in the shot noise dominated regime using squeezed light at the same operating power. For

monochromatic signals, in the low frequency regime position sensing outperforms momentum

sensing and at the high frequency regime we see the opposite. Furthermore, by using squeezed

light we can achieve a lower noise �oor for both protocols by optimally tuning the quadrature

angle and power.

The quantum-enhanced sensing techniques presented in this article are especially useful

in the context of direct dark matter detection as previously discussed. Our techniques may also

be used in impulse metrology experiments such as sensing the collisions from background gas

particles. In order to practically implement the momentum sensing technique, we can use speci�c

designs of optomechanical system or an electrical system for readout. The electrical alternative is

part of an ongoing work by some of the authors here and will be explored in a separate manuscript.

The analysis in this article provides the key insight that we may reduce the noise �oor for an

optomechanical sensor by combining backaction evasion through a momentum measurement and

squeezing. Moreover, the momentum sensing approach has advantages in terms of bandwidth

and a reduction in technical noise caused by power �uctuations. We foresee that deploying

these techniques would aid in reducing the measurement-induced noise �oor for optomechanical

sensors and would pave the way for extremely sensitive impulse detections.
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Chapter 6: Readout Protocols in Microwave Domain

Parts of this chapter are from a manuscript in preparation with collaborators Brittany

Richman, Daniel Carney, Gerard Higgins, Peter Shawhan, Christopher Lobb and Jacob M.

Taylor. Some of the other content is part of a manuscript in preparation, with Jacob M. Taylor

and contributions from the collaborators at the Windchime Project.1

6.1 Introduction

In this chapter we shift our focus from optical domain readout to microwave domain

readout and demonstrate the QND measurements approach in the microwave domain.

Our results rely upon a few key observations. First, we recognize that the electromechanical

coupling per photon is very similar in today's superconducting devices to the optomechanical

coupling achieved in optical systems [123, 124] – but the factor of 100,000 reduction in energy

per photon leads to dramatic reductions in total power necessary to get to the back-action limit, a

necessary step for going beyond the SQL. Also, the superconducting devices are better choices in

the context of environmental isolation. Secondly, we note that in the magnetomechanical regime,

there is a natural way to couple to the velocity of a mechanical sensor which is a QND observable

in the free particle limit. This is governed by a fundamental electromagnetic principle, Faraday's

1I have speci�cally contributed to the mathematical analysis of receivers and noise in the systems along with
writing the noise analysis part of the manuscript.
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law, which describes how a moving magnet generates an electromotive force depending on the

rate of change of the �ux. Even for an electromechanical system, we can directly access the

velocity of the system by choosing a proper readout scheme, as we will show in this chapter. All

these together motivated us to look for ways to perform measurements in the microwave domain

and achieve noise reduction.

6.2 Power Requirement in Optical and Microwave Domain

Let us consider interrogating a test mass M with pulses of light. By the usual argument,

our initial measurement imprecision leads to an uncertainty in the velocity post-measurement of

~
� x M which in turn leads to a later uncertainty in position of~�

� x M . The standard quantum limit for

position measurement is found by setting this induced imprecision to be equal to the �rst pulse's

imprecision [28], leading to

� x;SQL �

r
~�
M

: (6.1)

The number of photons needed to achieve this SQL level resolution can be analysed as in

section 2.1:

NSQL =
L2M

16Q2
c~�

: (6.2)

For Windchime-relevant numbers [21,22] we can consider a mass around a gram, a length

scale around 10� m, an optical qualityQc � 106, and a time of 1 ms. This requires1010

photons per pulse, or about a nJ with peak power of a mW. The corresponding imprecision is

10 attometers.
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Figure 6.1: a) Schematic diagram of an optical cavity with a movable mechanical oscillator
on one side where the cavity resonance frequency! c is set by the wavelength of light. b)
Schematic diagram of a microwave cavity with a variable capacitance depending on the position
of a mechanical membrane where the resonance frequency of the cavity! c is set by the value
of the capacitance and inductance. c) Peak and average power requirement to reach the SQL,
with the time in between measurements. Peak power is de�ned asP � � ~! cN and avg power is
de�ned byP � (1=� )~! cN . For optical domain,! c = 100 THz; � = 1 MHz and for microwave
domain,! c = 1 GHz; � = 10 kHz, with lengthscaleL = 10 � m and the mass of the detector is
taken to be proportional to a1 cmdetector with density105 kg=m3.

If we instead use an electromechanical setup, we can take advantage of the ability for

capacitive structures to have a strong response to position. Speci�cally, for a microwave cavity

with a re-entrant conductor or in the lumped element regime, small changes in the position of,

e.g., a capacitive plate can lead to large changes in the resonant frequency [125–127]. As a
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conservative estimate, we takeL � 1 = @x log! c � 0:1 � m� 1, which is comparable to the same

parameter for the optical cavity.

Similarly, using superconducting systems enables us to maintain a highQc & 105. We can

work at 4-8 GHz with the cavity bandwidth� � 40kHz, which is still fast compared to� = 1 ms.

However, while the total number of photons is similar for achieving SQL readout (here taking

1012 photons as theQ factor is 10 times worse), these photons are delivered over 25� s rather

than nanoseconds. Thus the peak power� N ~! c� required is much lower:

PSQL;� w � 1012(2� ~ � 8GHz)(40 kHz) � 200 nW

and the average power lower again by1=� � � 1=40.

Thus, forgetting any other considerations except power, we see that using lower frequency

light is highly advantageous if we can keep the system superconducting. Fortunately thermal

noise requirements for measuring very small impulses will require working at dilution refrigerator

temperatures, so superconductivity comes at no additional cost.

6.3 Velocity Sensing with Electro and Magneto-mechanical Systems

Now we explore the possibility of velocity measurements in the microwave domain with

electro-mechanical and magneto-mechanical systems. Here we will adapt the language of

voltage or current measurement as we focus on analysis in the lumped element equivalent circuit

picture. In our upcoming manuscript, we discuss how in a magneto-mechanical voice-coil like

con�guration, the voltage is essentially proportional to the velocity of the mechanical system

through Faraday's law:
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" =
I

C
(v � B ) � dl = 2�NRB r v = Tvv ; (6.3)

whereC is taken to be around the loops of the voice coil by integrating around the coil'sN

turns. The induced voltage is proportional to velocity via the transducer constantTv = 2�NRB r ,

which is simply the product of the length of wire used in the voice coil and the magnetic �eld.

Through this constant, the mechanical motion of the magnetic detecting mass is transduced to

a voltage, which may be measured by coupling the voice-coil con�guration to a scheme for

electrical readout.

If we want to write the Hamiltonian for such a system described in �g. 6.2, we will have

to be careful about the gauge choices which arises from the spanning tree de�nitions [128].

Incorporating the mechanical degrees of freedom introduces the canonical momentump into the

Hamiltonian. Importantly, in this casep is not necessarily the mechanical momentumm _x; the

gauge choice determines this. In particular, in the �rst gauge,p = m _x + CL Tv( _� + Tv _x). In the

second gauge,p = m _x. Upon promoting the degrees of freedom to operators where[Q̂; �̂] = � i~

and[p̂; x̂] = � i~, we �nd these two equivalent descriptions are now related via a more general

unitary (gauge) transformation

Û = e� iT v Q̂x̂=~ : (6.4)

Altogether, we �nd the Hamiltonians

H (E;v )
1 =

p2

2m
+

1
2

kx2 �
Tv

m
Qp

+
Q2

2

�
1

CL
+

T2
v

m

�
+

� 2

2L

(6.5)
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and

H (E;v )
2 =

p2

2m
+

1
2

kx2 +
Q2

2CL
+

(� � Tvx)2

2L
; (6.6)

whereQ andp are the canonical node charge and momentum, conjugate to the node �ux� and

positionx, respectively. However, with only capacitanceCL connected to the node, in this case

Q corresponds to the charge on this capacitor's plates as depicted in �g 6.2.

Similarly, an electro-mechanical system with a variable capacitance can be proposed where

the voltage generated can be shown to be proportional to the position of the mechanical system in

the following way. The mechanical detecting element consists of two oppositely charged plates

with charge� Qb
C connected by a linearized spring with spring constantk. This forms a capacitor

with one �xed plate and one movable plate of massm whose capacitance is a function of the

position of the movable plate, namely,

C(x) =
� 0A

d � x
: (6.7)

We take the area of the platesA to be much larger than their uncharged equilibrium

separationd. As the massive plate moves due to some detection event, the capacitance changes,

thereby altering the charge on the plates and the voltage across them. In total, we come to a

linearized Hamiltonian of the form

H (E;x ) =
p2

2m
+

1
2

keff(x � x0)2 �
Tx

CP
(Q � Q0)(x � x0)

+
(Q � Q0)2

Ceff
+

� 2

2L
+ V(Q0; x0) ;

(6.8)
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Figure 6.2: (a) Schematic representation of the magnetomechanical transducer, consisting of a
structured magnetic massm suspended via a linearized spring with spring constantk. In the
cross section, the radial magnetic �eld in the air gap experienced by the coil is indicated in green.
The lumped-element detector circuit for the magnetomechanical case is shown in (b), where the
magnetomechanical element of (a) is modeled as an inductorL threaded by an external �ux
� ext = Tvx (shown in green) dependent on the position of the magnetic mass. Sign conventions
for analysis are indicated as well as the reference ground node and node variablesQ; � . (c)
Schematic representation of the electromechanical transducer, including the electric �eld (dark
blue) between the charged plates of the mechanical capacitor consisting of a movable plate of
massm and charge� Qb

C connected to a �xed plate of charge+ Qb
C via linearized spring with

spring constantk. Equilibrium distances are indicated for reference. In (d), the electromechanical
element of (c) is depicted in a lumped-element detector circuit via the capacitanceC(x). Sign
conventions for analysis are indicated as well as the reference ground node and node variables
Q; � .

whereQ andp are the canonical node charge and momentum, conjugate to the node �ux� and

positionx, respectively. In this case,Q corresponds to the sum of the charge on the plates of the

two capacitors connected to the node, whilep is the mechanical momentum of the movable plate.

We de�ne the effective capacitance asCeff = C(x0) + CP and the effective spring constant to be

keff = k � CeffT 2
x

C(x0 )CP
. The pointf Q0; x0g corresponds to the equilibrium node charge and position
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when the plates are charged. While the distanced corresponds to the separation of the plates when

uncharged, as the plates charge, the plate separation decreases as electrostatic attraction shifts the

position of the movable plate closer to its counterpart. This equilibrium point corresponds to the

position where the force of electrostatic attraction and the restorative force of the spring exactly

balance. The offsetV(Q0; x0) corresponds to the energy associated with this equilibrium charge

and position con�guration. Importantly, this linearization procedure enables us to identify and

de�ne the transducer constantTx in this system:

Tx = CP
(Q0 � CP VDC )

� 0A

�
C(x0)
Ceff

� 2

; (6.9)

which characterizes how changes in the positionx of the movable plate result in changes of the

charge on the mechanically-varying capacitor's plates� Qb
C , with VDC as the source voltage i.e.,

Qb
C �

C(x0)
Ceff

(Q � CP VDC ) + Tx (x � x0) : (6.10)

We have to keep in mind that in the magneto-mechanical case, the voltage is proportional

to the charge Q and thus accessing the charge makes us sensitive to the velocity of the system.

On the other hand, the �ux through the pick-up coil is proportional to the time integral of the

voltage and thus the �ux or current is directly proportional to the position of the system.

In the electromechanical system, the voltage is directly proportional to the position of the

capacitor and thus it makes the charge variable Q position dependent. The current through the

capacitor is thus proportional to the time derivative of the charge which drives a �ux through

the associated inductor 6.2, making the �ux or current proportional to velocity. So, if we access

the �ux or current of this system, we will be directly sensitive to the velocity of the mechanical
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system.

6.4 Idealized Receivers

Our interest lies in the measurement-added noise associated with each detector scheme,

whereby a mechanical signal of interest is transduced to an electrical one. As a consequence, the

mechanical degrees of freedom are coupled to those of the electrical circuit. This is in contrast to

the standard optomechanical position-sensing problem where the mechanical position is directly

coupled to a quantity accessible to measurement, namely, a quadrature of the optical cavity, via

the cavity's position-dependent resonance.

In an effort to utilize the standard tools and procedures employed in optomechanical

analyses of this nature, we construct a system analogous to the optomechanical system described

above. We imagine nearby parametric cavities whose resonance frequency is a function of

the electric or magnetic �elds generated by each electrical circuit, as shown in Fig. 6.3. This

amounts to a measurement of the mechanically-generated electrical signal as a voltage via the

voltage drop and electric �eld of a capacitor or a current via the current �ow and magnetic

�eld of an inductor. As such, we consider generic voltage and current readout schemes for

both the electromechanical and magnetomechanical detection schemes, including the two gauge

descriptions.

We note that there are various potential strategies for voltage or current readout in

superconducting systems (e.g., a Cooper-pair box or SQUID-based readout for voltage or current

measurement, respectively [129, 130]). However, in choosing this general approach of electric

or magnetic �eld sensing via a parametric cavity, existing methods for noise assessment may be
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Figure 6.3: (a) Schematic representation of the con�guration for voltage measurement via electric
�eld sensing using a parametric cavity with a resonance frequency that depends on the electric
�eld E (indicated in dark blue) inside a capacitor of each detector circuit. (b) Schematic
representation of the con�guration for current measurement via magnetic �eld sensing using a
parametric cavity with a resonance frequency that depends on the magnetic �eldB (indicated in
green) generated by an inductorLM connected to each detector circuit. In (c), we provide a visual
table showing the different combinations of measurement schemes and detector con�gurations
considered in the main text, including indicators for which circuit elements interact with the
parametric cavities in each case.
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employed to come to a broader understanding of how different measurement schemes ultimately

in�uence measurement-added noise in electrical systems.

6.4.1 Electric Field Sensing

For a voltage measurement via electric �eld sensing, we rely on the electric �elds generated

by the voltage drop across a capacitor for measurement readout by a nearby parametric cavity,

as indicated in Fig. 6.3a and the left column of Fig. 6.3c. Therefore, we imagine the parametric

cavity to be characterized by a resonance frequency that is a function of the electric �eld of a

coupled capacitor. Generally, we can express the uniform electric �eld in a parallel plate capacitor

in terms of the charge on the plates and their area or the voltage across the plates and their

separation:E = Qb

� 0A = vb

d . However, the coupling capacitors and their associated electric �elds

are unique to each detector con�guration.

In the electromechanical case, we take the detecting capacitorC(x) to be the capacitor

coupled to the parametric cavity. To express the electric �eld in this capacitor in terms of the

degrees of freedom of the circuit, we use the linearized expression for the charge on the plates of

the mechanically-varying capacitorC(x), given by Eq. (6.10). This ensures a linear coupling to

the cavity and yields an approximate expression for the electric �eld of the form

E x �
C(x0)
Ceff

(Q � CP VDC )
� 0A

+
Tx

� 0A
(x � x0) : (6.11)

Similarly, in the magnetomechanical detector con�guration, we take the coupled capacitance to

be the parallel capacitanceCL . As the only capacitor connected to the non-reference node in this

circuit, the charge on the capacitor's plates corresponds to the node chargeQ. This yields the
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electric �eld

E v = �
Q

� 0A
= �

Q
CL dL

; (6.12)

where we have takenCL = � 0A
dL

with dL the separation of the plates. The voltage across the

capacitorvb
CL

= � Q=CL is gauge-independent. As such, Eq. (6.12) relates the degrees of

freedom of the circuit to the generated electric �eld in both gauges.

For each detection scheme, both coupling capacitors are already present in the lumped-

element circuits introduced in Fig. 6.2. Therefore, these circuits and their associated

Hamiltonians suf�ce for voltage measurement. We incorporate the parametric cavity into

the Hamiltonian description from Section 6.3 by adding a cavity Hamiltonian to the circuit

Hamiltonians given in Eqs. (6.8), (6.5) and (6.6). The electric �eld-dependent resonance may

then be used to highlight the coupling between the circuit and the cavity. This cavity Hamiltonian

takes the usual form,

Ĥ E
cav = ~! (E)âyâ ; (6.13)

where ây; â are the creation and annihilation operators of the cavity mode that satisfy the

commutation relation[â; ây] = 1 and! (E) is the resonance frequency of the cavity that depends

on the electric �eldE. To generate the usual optomechanical coupling, we expand! (E) with

respect toE in a Taylor series about some equilibrium �eld valueE0:

! (E) = ! (E0) +
d! (E)

dE

�
�
�
�
E = E0

(E � E0) + ::: : (6.14)
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We then make the substitutions forE x andE v from Eqs. (6.11) and (6.12) and truncate at linear

order to de�ne the frequencies

! (E x ) = ! (E;x )
0 + g(E;x )

Q Q̂ + gx x̂ (6.15)

and

! (E v) = ! (E;v )
0 � g(E;v )

Q Q̂ ; (6.16)

where we have collected relevant constants in each case to de�ne the coupling constantsg(E;x )
Q =

� E C(x0 )
Ceff� 0A , g(E;v )

Q = � E
CL dL

, andgx = � E Tx
� 0A , including the cavity's sensitivity to electric �elds� E =

d! (E )
dE jE = E0 . We have also de�ned the rescaled cavity frequencies! (E;x )

0 = ! (E x
0 ) � � E E x

0 �

g(E;x )
Q CP VDC � gxx0 and! (E;v )

0 = ! (E v
0) � � E E v

0 .

Altogether, we write the cavity Hamiltonian in Eq. (6.13) for the electromechanical and

magnetomechanical detector con�gurations as

Ĥ (E;x )
cav = ~! (E;x )

0 âyâ + ~
�

g(E;x )
Q Q̂ + gx x̂

�
âyâ (6.17)

and

Ĥ (E;v )
cav = ~! (E;v )

0 âyâ � ~g(E;v )
Q Q̂âyâ ; (6.18)

respectively, where in both cases we have generated the coupling between the cavity and the

circuit, akin to the optomechanical treatment.
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6.4.2 Magnetic Field Sensing

For current measurement via magnetic �eld sensing, we exploit the magnetic �elds

generated by the current �owing through an inductor for measurement readout by a nearby

parametric cavity, as shown in Fig. 6.3b. In this case, we take the parametric cavity to be

characterized by a resonance frequency dependent on the magnetic �eld of a coupled inductor,

adding a parallel inductanceLM to the circuits considered thus far, as shown in the right column

of Fig. 6.3c, such thatLM < L . As a consequence, this additional inductor provides a relatively

low-impedance element for current to �ow through.

Noting that the motion of the detecting masses will alter the current through the inductor

LM , thereby changing the magnetic �eld it generates, we consider the expression of this magnetic

�eld in terms of circuit quantities. For a long solenoid,

B = �ni b
L M

=
�n � b

L M

LM
; (6.19)

where� is the magnetic permeability of the material making up the core ofLM andn its turn

density. The current �owing through the inductori b
L M

is expressed in terms of its branch �ux� b
L M

in the usual way. We note that expressing the branch �ux in terms of circuit degrees of freedom

is dependent on the detector con�guration, and in the magnetomechanical case, also dependent

on the gauge choice. This necessitates some care in expressing� b
L M

in terms of relevant circuit

degrees of freedom.

One can perform an analogous treatment of the current measurement circuits in Fig. 6.3c

and con�rm that in the electromechanical case� b
L M

= � , while in the magnetomechanical case,
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the �rst gauge yields� b
L M

= � (�+ Tvx) and the second gauge yields� b
L M

= � � . The associated

Hamiltonians are equivalent to their voltage counterparts except for the addition of an inductive

term,(� b
L M

)2=2LM . For the electromechanical detector scheme, we �nd the Hamiltonian

H (B;x ) = H (E;x ) +
� 2

2LM
; (6.20)

while in the magnetomechanical case, we �nd

H (B;v )
1 = H (E;v )

1 +
(� + Tvx)2

2LM
(6.21)

and

H (B;v )
2 = H (E;v )

2 +
� 2

2LM
(6.22)

for each gauge.

To include the parametric cavity in the description above, we proceed just as in the voltage

measurement case, exchanging! (E) for ! (B ) and remaining mindful of the various expressions

of the magnetic �eld appropriate for different detector con�gurations and gauges. We then �nd

the cavity Hamiltonian appropriate for the electromechanical detection scheme to be

Ĥ (B;x )
cav = ~! B

0 âyâ + ~gB �̂^ayâ ; (6.23)

where we have de�ned the coupling constantgB = � B �n
L M

, the rescaled resonance frequency

! B
0 = ! (B0) � � B B0, and the cavity's sensitivity to magnetic �elds� B = d! (B )

dB jB = B 0 . Similarly,

we �nd the Hamiltonians
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Ĥ (B;v )
cav;1 = ~! B

0 âyâ � ~gB (�̂ + Tv x̂)âyâ (6.24)

and

Ĥ (B;v )
cav;2 = ~! B

0 âyâ � ~gB �̂^ayâ (6.25)

for each gauge in the magnetomechanical case.

6.4.3 Exploiting the Optomechanics Analogy

To consider the measurement-added noise in these proposed toy models, we now consider

and incorporate a drive to probe the system. To do so, we exploit the optomechanical analogy

we have constructed by following the usual formulation for optomechanical systems [131–133]

to include the drive and model the associated bath. Altogether, we arrive at the Hamiltonians

for voltage and current measurement in both the electromechanical and magnetomechanical

detection schemes, accounting for the two gauges in the magnetomechanical case.

For voltage measurement in the electromechanical case, we come to the Hamiltonian

Ĥ 0
(E;x )

= � ~�^ayâ+ ~
�

G(E;x )
Q Q̂ + Gx x̂

�
X̂

+ Ĥ (E;x ) + ĤB + Ĥ int ;

(6.26)

where we have de�ned the detuning� = ! L � ! (E;x )
0 and the HamiltonianŝHB andĤ int describe

those of the bath and the bath-cavity coupling, respectively, as de�ned in section 2.2. Relevant

constants have been collected to de�neG(E;x )
Q =

p
2�g (E;x )

Q andGx =
p

2�g x . Similarly, the
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magnetomechanical case is described by the Hamiltonian

Ĥ 0
(E;v )
i = � ~�^ayâ� ~G(E;v )

Q Q̂X̂

+ Ĥ (E;v )
i + ĤB + Ĥ int ;

(6.27)

wherei = 1; 2 for the two gauge choices and we have de�nedG(E;v )
Q =

p
2�g (E;v )

Q . In both

detector schemes, we take the drive strength� to be real, enabling the cavity-circuit coupling to

be written in terms of the amplitude quadrature of the cavity,X̂ = ( â + ây)=
p

2.

Alternatively, for current measurement in the each of the detector con�gurations and

gauges, we �nd the Hamiltonians

Ĥ 0
(B;x )

= � ~�^ayâ+ ~GB �̂ X̂

+ Ĥ (B;x ) + ĤB + Ĥ int ;

(6.28)

Ĥ 0
(B;v )
1 = � ~�^ayâ� ~GB (�̂ + Tv x̂)X̂

+ Ĥ (B;v )
1 + ĤB + Ĥ int ;

(6.29)

and

Ĥ 0
(B;v )
2 = � ~�^ayâ� ~GB �̂ X̂

+ Ĥ (B;v )
2 + ĤB + Ĥ int ;

(6.30)
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where instead we have de�ned the coupling constantGB =
p

2�g B . In what follows, we use the

Hamiltonians in Eqs. (6.26)-(6.30) to �nd and solve the Heisenberg-Langevin equations, allowing

for the assessment of noise sensitivities.

6.5 Matching Transducers to Receivers

With the generic readout and detector schemes considered, we now turn our attention to

measurement and the consequences of different transducer and receiver combinations, given by

the Hamiltonians in Eqs. (6.26)-(6.30). For each of these combinations, we write down and solve

the Heisenberg equations of motion, coming to a force noise power spectral density (PSD). This

force noise PSD is the metric we use to assess noise performance at various frequencies.

6.5.1 Finding Equations of Motion

We begin with the usual methods from input-output theory [134], writing down and solving

the Heisenberg equation of motion for the bath modesb̂(! ). This enables the equations of motion

for the cavity operatorŝa; ây to be expressed in terms of the input modesb̂in and output modes

b̂out. The details of this procedure can be found in section 2.2.

At this stage, it is preferable to recast the equations of motion for the cavity operators in

terms of quantities accessible to measurement, namely, the amplitude and phase quadratures of

the cavity,X̂ andŶ , respectively. They are de�ned aŝX = 1p
2
(â + ây) andŶ = � ip

2
(â � ây),

where[X̂; Ŷ ] = i . The input and output quadratures are analogously de�ned in terms of the input

and output bath modes aŝX in = ( b̂in + b̂y
in)=

p
2, Ŷin = � i (b̂in � b̂y

in)=
p

2, X̂ out = ( b̂out + b̂y
out)=

p
2,

andŶout = � i (b̂out � b̂y
out)=

p
2. It can be veri�ed that these each satisfy their own input-output
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relations of the form

X̂ out = X̂ in +
p

� X̂ (6.31)

and

Ŷout = Ŷin +
p

� Ŷ ; (6.32)

using their de�nitions and the input-output relation given section 2.2.

By combining the equations of motion forâ andây we �nd the equations of motion for each

cavity quadrature. These equations, in combination with the Heisenberg equations of motion

for the remaining system operators (x̂, p̂, �̂ , andQ̂), specify the complete system of equations

describing each case. Below, we explicitly show the equations of motion for each detector

con�guration, measurement scheme, and gauge, where we have included an input forceF̂in in

the equation for the canonical momentum to account for the initial impulse we wish to detect.

We �rst consider the equations of motion for voltage measurement via electric �eld sensing.

In the magnetomechanical case, the �rst gauge yields the equations of motion
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dx̂
dt

=
p̂
m

�
Tv

m
Q̂ ;

dp̂
dt

= � kx̂ + F̂in ;

d�̂
dt

= � ~G(E;v )
Q X̂ �

Tv

m
p̂ +

�
1

CL
+

T2
v

m

�
Q̂ ;

dQ̂
dt

= �
�̂
L

;

dX̂
dt

= � � Ŷ �
�
2

X̂ �
p

� X̂ in ;

dŶ
dt

= � X̂ + G(E;v )
Q Q̂ �

�
2

Ŷ �
p

� Ŷin :

(6.33)

It is convenient to rewrite these equations in a more compact form. De�ning the matrix

M 1
(E;v ) =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

0 1
m 0 -Tv

m 0 0

-k 0 0 0 0 0

0 -Tv
m 0 1

C0
L

-~G(E;v )
Q 0

0 0 - 1
L 0 0 0

0 0 0 0 - �
2 -�

0 0 0 G(E;v )
Q � - �

2

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

; (6.34)

we can rewrite Eq. (6.33) as

d
dt

Ẑ = M 1
(E;v ) Ẑ + Ẑ in ; (6.35)

where we have de�ned the vector of operatorsẐ = f x̂; p̂; �̂ ; Q̂; X̂; Ŷg and the vector of inputs

127



Ẑ in = f 0; F̂in; 0; 0; -
p

� X̂ in; -
p

� Ŷing. We also de�ne the capacitanceC0
L for convenience to be

1
C0

L
= 1

CL
+ T 2

v
m . The equations of motion for the second gauge can be similarly represented via

Eq. (6.35) with the unique matrixM 2
(E;v ) de�ned as

M 2
(E;v ) =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

0 1
m 0 0 0 0

-k0 0 Tv
L 0 0 0

0 0 0 1
CL

-~G(E;v )
Q 0

Tv
L 0 - 1

L 0 0 0

0 0 0 0 - �
2 -�

0 0 0 G(E;v )
Q � - �

2

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

; (6.36)

where we have de�ned for conveniencek0 = k + T 2
v

L . Likewise, the electromechanical case is

described by the matrix

M (E;x ) =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

0 1
m 0 0 0 0

-ke� 0 0 Tx
CP

-~Gx 0

- Tx
CP

0 0 1
Ce�

~G(E;x )
Q 0

0 0 - 1
L 0 0 0

0 0 0 0 - �
2 -�

-Gx 0 0 -G(E;x )
Q � - �

2

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

: (6.37)

We can analogously describe the equations of motion for the current measurement scheme.
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In the magnetomechanical case, we �nd for the two gauges

M 1
(B;v ) =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

0 1
m 0 -Tv

m 0 0

-k0
M 0 - Tv

L M
0 ~GB Tv 0

0 -Tv
m 0 1

C0
L

0 0

- Tv
L M

0 - 1
L 0 0 ~GB 0

0 0 0 0 - �
2 -�

GB Tv 0 GB 0 � - �
2

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

; (6.38)

and

M 2
(B;v ) =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

0 1
m 0 0 0 0

-k0 0 Tv
L 0 0 0

0 0 0 1
CL

0 0

Tv
L 0 - 1

L 0 0 ~GB 0

0 0 0 0 - �
2 -�

0 0 GB 0 � - �
2

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

; (6.39)

where we have de�ned for convenience the quantitiesk0
M = k + T 2

v
L M

and 1
L 0 = 1

L + 1
L M

. For the

electromechanical detector con�guration, we have
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M (B;x ) =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

0 1
m 0 0 0 0

-ke� 0 0 Tx
CP

0 0

- Tx
CP

0 0 1
Ce�

0 0

0 0 - 1
L 0 0 -~GB 0

0 0 0 0 - �
2 -�

0 0 -GB 0 � - �
2

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

: (6.40)

6.5.2 Assembling the Noise PSD

These are all linear equations and hence straightforward to solve in the frequency domain.

De�ning the Fourier transform of our relevant operators as follows

Ô(� ) =
1

p
2�

Z 1

�1
Ô(t)e� i�t dt

Ô(t) =
1

p
2�

Z 1

�1
Ô(� )ei�t d�

; (6.41)

the time derivatives in the equation of motion given by Eq. (6.35) for each matrixM simply

transform asdÔ(t )
dt ! i� Ô(� ).

Solving the systems of equations given by Eq. (6.35) in the frequency domain, for zero

detuning (� = 0 ), yields the general solution form

Ẑ (� ) =
�
i� 1 � M

� � 1
Ẑ in(� ) ; (6.42)
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where we focus on the solutions for̂Y(� ), given by the �nal row of Eq. (6.42). The circuit

degrees of freedom are coupled tôX , hence, the information about the circuit, the mechanics,

and ultimatelyF̂in will live in the equation of motion of its conjugatêY (as opposed tôX , the

other quantity accessible to measurement).

In the magnetomechanical system, the solutions found in each gauge are identical for

the voltage and current measurement cases, sans the solutions forp̂ and �̂ , as expected due

to these quantities being those affected by the unitary that connects the gauges. One can con�rm

that the unitary in Eq. (6.4) transforms the equations of motion appropriately. For both the

electromechanical and magnetomechanical detector schemes, the solutions forŶ (� ) may then

be used in the input-output relation, Eq.(6.32), to �nd the output quadratureŶout(� ).

We then use the solution for the output quadratureŶout(� ) to assess noise sensitivity.

Normalizing with respect to the input force, we de�ne the force estimator as the normalized

output quadrature in force units (i.e., we divideŶout by the coef�cient ofF̂in):

F̂E (� ) = F̂in + aX̂ in + bŶin ; (6.43)

wherea and b are coef�cients speci�c to each measurement scheme, witha representing the

coef�cient for the backaction noise term andb corresponding to the shot noise term in this

measurement, as we are measuring theŶ quadrature.

We then determine noise sensitivities via a power spectral density (PSD). We de�ne the

force noise PSD as

SF F (� ) =
Z 1

�1
hF̂ y

E (� )F̂E (� 0)i d� 0 : (6.44)
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The noise PSD speci�es how the signal (and its noise) is distributed over frequency, thereby

providing an indication of noise performance. It has other uses; for example, it could also be

used to determine the net impulse delivered to the detector [135]. To evaluate the noise PSD in

Eq. (6.44), we note the following regarding the resulting noise correlation functions:

hX̂ y
in(t)X̂ in(t0)i = hŶ y

in(t)Ŷin(t0)i =
1
2

� (t � t0)

hF̂ y
in(t)F̂in(t0)i = NBM � (t � t0)

; (6.45)

where we have taken the vacuum �uctuations of the cavity to be white noise and the input signal

noise from the mechanics to be Brownian noiseNBM . The signal noise and vacuum �uctuations

are uncorrelated. We also assume that there is no correlation among the input noise quadratures

as well.

Taking all of the above into consideration, the general force noise PSD for all considered

cases can be written succinctly as:

SF F (� ) =
jaj2

2
+

jbj2

2
+ NBM : (6.46)

In what follows, we list the noise PSD expressions for each detector con�guration and

measurement scheme (recalling that the solutions across gauges are identical). Then, we

discuss the features of these noise PSD expressions and compare their performances. In the

magnetomechanical case, voltage measurement via electric �eld sensing yields the noise PSD
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S(E;v )
F F =

G(E;v )
Q

2
~2�m 2(! 2

m � � 2)2

2T2
v � 2( � 2

4 + � 2)
+

m2( � 2

4 + � 2)
h
! 2

m ( � 2

! 2
c

� 1) + � 2(1 + CL T 2
v

m � � 2

! 2
c
)
i 2

2C2
L G(E;v )

Q

2
T2

v �� 2
+ NBM ;

(6.47)

while for current measurement via magnetic �eld sensing we �nd the expression

S(B;v )
F F =

m2( � 2

4 + � 2)

2GB 2T2
v �

�
T2

v

mL M
(1 �

� 2

! 2
l

) + ! 2
m (

L
LM

+ 1 �
� 2

! 2
c
) + � 2(

� 2

! 2
c

�
L

LM
� 1)

� 2

+
GB 2~2�m 2L2(! 2

m + T 2
v

mL � � 2)2

2T2
v ( � 2

4 + � 2)
+ NBM :

(6.48)

For the electromechanical detector con�guration, voltage measurement via electric �eld sensing

yields the noise PSD

S(E;x )
F F =

G(E;x )
Q

2
~2�

2( � 2

4 + � 2)(Ce� Tx + CP
Gx

G( E;x )
Q

(� � 2

! 2
ce

+ 1)) 2

"

� 2Ce�
G2

x

G(E;x )
Q

2 Tx + CP
G2

x

G(E;x )
Q

2 (
� 2

! 2
ce

� 1)

+ Ce� CP m(� ! 2
m + � 2)

#2

+
( � 2

4 + � 2)
h
Ce� T2

x + C2
P m( � 2

! 2
ce

� 1)(! 2
m � � 2)

i 2

2C2
P G(E;x )

Q

2
� (Ce� Tx + CP

Gx

G( E;x )
Q

(� � 2

! 2
ce

+ 1)) 2
+ NBM ;

(6.49)

while for current measurement via magnetic �eld sensing we �nd the expression
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S(B;x )
F F =

( � 2

4 + � 2)

2C2
e� C2

P GB 2�L 2L2
M T2

x � 2

�
Ce� (L + LM )T2

x + C2
P mL M (

L
LM

(
� 2

! 2
le

� 1) � 1)(! 2
m � � 2)

� 2

+
GB 2~2� (Ce� T2

x + C2
P m(� ! 2

m + � 2))2

2( � 2

4 + � 2)C2
e� C2

P T2
x � 2

+ NBM ;

(6.50)

where in all instances we have de�ned the following frequency scales:

! 2
m =

k
m

; ! 2
c(ce) =

1
LCL (e�)

; ! 2
l(le) =

1
LM CL (e�)

: (6.51)

If we inspect each of the noise PSD expressions, we �nd that they all have a term

inversely proportional to the coupling coef�cient squared, i.e.,G(E;x )
Q

2
andG(E;v )

Q

2
for the voltage

measurement scenarios orGB 2 for the current measurement scenario. These terms originate

from the hŶ 2
in i contribution to the noise PSD, corresponding to the factorjbj2

2 in Eq. (6.46).

As we are interested in monitoring thêYout quadrature, we understand this contribution as

shot noise — it constitutes the statistical counting error at the output port. In addition, each

noise PSD has another term which is directly proportional to the coupling coef�cient squared.

These terms arise from thehX̂ 2
in i contribution to the noise PSD, corresponding to the factor

jaj2

2 in Eq. (6.46). These terms form the basis of backaction noise on the measurement of the

output phase quadrature. Fig. 6.4 shows the individual curves representing these shot noise and

backaction noise contributions to the total noise PSD for each of the different transducer and

readout combinations as well as for varied coupling strengths. Therefore, from Fig. 6.4 we can

understand the overall frequency response of each of these terms. As expected, the shot noise

134



decreases with an increase in coupling strength (i.e., a stronger drive) whereas the backaction

noise increases.

We also note the presence of various resonance features, which we can understand in terms

of relevant frequencies in each system. For voltage readout of the magnetomechanical system,

shown in Fig. 6.4c and described by Eq. (6.47), the backaction noise term exhibits a resonance

at the mechanical frequency! m while the shot noise term has two resonances: one near! m

and the other near the self-resonance of the detector circuit! c. This is a consequence of our

chosen parameters which result in! 2
l � ! 2

c � T 2
v

mL � ! 2
m , where the quantityT 2

v
mL represents

the shift in the mechanical resonance due to the circuit coupling. Similarly, for current readout

in the magnetomechanical system, shown in Fig. 6.4d and described by Eq. (6.48), resonances

occur near
q

T 2
v

mL in both the backaction and shot noise terms. For the electromechanical

system, described by Eqs. (6.49) and (6.50) and shown in Figs. 6.4a and 6.4b, both voltage and

current readout demonstrate resonances near! m . In addition, a resonance near the circuit's

self-resonance! ce is just visible in the voltage measurement case in Fig. 6.4a. As before,

the location of these resonances are a consequence of our chosen parameters, where we note

G(E;x )
Q � Gx and! 2

le � ! 2
ce � ! 2

m .

While these resonance features might be useful for some applications, our interest is in

the broadband frequency response of the noise PSD rather than monochromatic signals, where

noise optimization at a speci�c frequency, especially efforts to tune a set-up around the resonance

frequencies, would be important. In contrast, our goal is to look for signals which have broad

characteristics in frequency space (i.e., an impulse in the time domain), requiring an integration

of the noise over a bandwidth of frequency in order to analyze a signal to noise ratio (SNR).

Additionally, if we can directly access a QND-like variable, such as the velocity of the mechanical
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